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ABSTRACT 

A new approach, based on maximum likelihood, is developed for binary object 

image restoration. This considers the image formation process as a stochastic pro

cess, with noise as a random variable. The likelihood function is constructed for 

the cases of Gaussian and Poisson noise. An uphill climb method is used to find 

the object, defined by its "grain" positions, through maximizing the likelihood func

tion for grain positions. In addition, some a priori information regarding object size 

and contour of shapes is used. This is summarized as a "neighbouring point" rule. 

Some examples of computer generated images with different signal-to-noise ratios 

are used to show the ability of the algorithm. These cases include both Gaussian 

and Poisson noise. For noiseless and low noise Gaussian cases, in order to make 

the uphill climb method work, the likelihood function is multiplied by a constant 
a2 

—a*, where an is the standard deviation of the probability function and a is a Con

or2 

stant which we have to find. The purpose of is to flatten and to decrease the 

slope of the likelihood function, such that the maximum can be smoothly converged 

cr2 

upon. To obtain a better solution it is crucial to choose an adequate -^5- in very 

low-noise cases. The results show that binary objects are fairly well restored for 

all noise cases considered. 

vii 



CHAPTER 1 

INTRODUCTION 

The aim of image restoration is the determination of the original object distribu

tion from the observed image and from knowledge of the point spread function. 

The mathematical relation between object, point spread function, and image for the 

linear image formation system can be written as1 

_ +OQ +00 

im(?,7?)= 
-OCV 

s(?,J).x,y) obj(x,y) dxdy. 
-00 

The function im(f,7j) is the energy distribution in the image plane, the function 

obj(x,y) is the object radiant energy distribution, and the function s(f,7?,x,y) is termed 

the point spread function (PSF) of the image formation system. PSF determines the 

radiant energy distribution at point (?,ij) in the image plane due to a point source of 

radiation located at point (x,y) in the object plane. Since the PSF could vary with 

position in both image and object planes, the PSF with four variables is the general 

description. Under this circumstance we call it a space variant point spread func

tion. In the following treatment the point spread function is only considered as in

dependent of the position. This is a space invariant point spread function. Then 

s(f,r?,x,y) in the equation can be written as a function of the difference in variables 

in the coordinate systems of the object and image planes, or 

+OQ +OO 

im(?,r?)= 
-o&> 

s(f-x.i)-y) obj(x,y)dxdy. 
-OO 

The problem can be further simplified if the PSF is said to be separable. That 

is, the function s(f-x,Tj-y) can be written as 

1 
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s(?-x.i?-y)-s,(?-x) s2(rj-y). 

If the PSF is separable, the integration can be written as 

O+oo 
Si1 

-OO 
(f-x) s2(rj-y) obj(x,y)dxdy. 

If we further write this in the form 
. +00 _ +00 

im(?,T/)= Sj(f-x) obj(x,y)s2(7?-y)dy 
J -00 J -OO 

dx, 

the equation shows that image formation can be viewed as separate vertical and 

horizontal blurring. This equation is the basic mathematical relation for linear 

image formation that we shall use. The image restoration problem under these con

ditions is to find obj(x.y) for given im(J,ij), s1(f-x), and s2a(i?-y). 

The above functions im(f,ij), s(f-x,ij-y), and obj(x.y) are all continuous. But in 

the real digital image restoration problem, we only have discrete data values and 

finite object and images spaces. The digital representation can be derived by sub

dividing the finite interval into a discrete number N of points and then approximat

ing the equation as 

N N 

im(i,j)=y ^T^s(i-kJ-m) obj(k.m). 

k=l m=l 

Now the coordinates are of discrete value; in order to simplify the notation we use 

i, j, k, and m in place of fj, t?j, xk, and ym, respectively, and let Ak and Am be 

equal to 1. 

The relation leads to a linear set of equations which can be expressed in the 

vector matrix form 
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im(l,l) s(0.0) s(-l,0) s(-N+l,-N+l) obj(l.l) 
im(l,2) s(0,l) s (-1,1) s(-N+l,-N+2) obj(2,l) 

im(N,N) s(N-l,N-l) s(N-2,N-l) ' ! s(6,o) obj(N.N) 

If the point spread function s(x-J,y-rj) possesses a Taylor series expansion 

s(f+l,ij,x,y)=s(f,r?,x,y)+ ^s(?,ij,x,y)+. . .S£s(f,T/,x,y)+[s(f,i?,x,y)-s(f-l,rj,x,y)], 

from this relation we see that the rows of the matrix are approximately linear com

binations of one another. Therefore the matrix is near singular, and the equations 

are very difficult to solve; they are ill conditioned. 

In terms of the complete model, the noise, term should be added to the above 

relation. Assuming the noise is signal independent, the relation will be 

N N 
im(i,j)»y~^ y s(i-k,j-m)obj(k,m) + n(i,j). 

k=l m=l 

In matrix form it can be written as 

im~[S]obj + n. 

A p «• M J 
A naive approach to find an estimate obj, call it obj, is to take [ S i  i m .  But 

the preceding imaging equation shows that, then, 

obj=obj +[S] 'n. 

The estimate is composed of the object distribution and the noise effect. There is 
A 

no way to know, from this inverse filter approach, how much of obj is obj and 

how much is noise. In order to pick a better solution, we must choose some mean

ingful criterion, such as likelihood of estimate, a priori knowledge of object, etc. 
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If the objects are binary, for example, a page of print, then the obj(k,m) only 

has values "a" (object) or "b" (background). In order to find the background we 

can use some appropriate prefiltering operation on the image. The median window 

method is one of these operations.2 After we find the background and upper 

bound values, then these can be regarding as values a (objects) and b (background). 

The task of image restoration is then to find the spatial locations of the object 

values a in a background field of b's. 

Some authors 3,4 have applied their continuous restoring schemes to binary 

objects, but only a very few have developed restoring algorithms for specifically 

binary objects. B. R. Frieden and C. K. Zoltoni5 specially developed an algorithm 

for binary object image restoration. The algorithm was based on Monte Carlo cal

culation. They pointed out that an object which is binary represents a tremendous 

amount of a priori information, which will greatly aid in its restoration. Further

more, if we have some information about the object's shape, size, and regularity, 

and this information can be built into the restoration algorithm, it will improve the 

output estimate. Their algorithm exhibited fairly good success, as was shown in an 

example. 

In our development, a new approach based on maximum likelihood is presented. 

This approach considers the image formation process as a stochastic process with 

noise as the random variable. The object is regarded as unknown, but non-random. 

Part of the algorithm regarding the use of a priori information about object struc

ture is similar to that of Frieden and Zoltani, but is used in a different way. A 

summary of their work is in the next chapter. 



CHAPTER 2 

FRIEDEN & ZOLTANI MONTE CARLO RESTORATION OF BINARY OBJECTS 

A set of image data with noise is given in a scene. The scene has a dimension 

of NxN pixels. For simplicity, the area of a square pixel is assumed equal to 

unity, and the center of the pixel is denoted as (i,j), (i=l N;j=l N). index i is 

both a row number and a x value, and j is both a column number and a y value. 

From the set of image data we wish to retrieve the object. We assume that the 

point spread function of the image system is known. The image is assumed to be 

formed from the unknown object [obj(i,j),i=l,...,N, j=l N] by means of a convolu

tion 

for all (i,j). The obj(k.m) has values 1 or 0, since it is binary. The s(i-k,j-m) is 

the point spread function; here k and m have the analogous meaning as i and j, 

but they are at the object plane. We picture the object scene, then, as consisting 

of grains of intensity 1 placed within a field of 0's. 

From (2.1) the total number of object points could be obtained as 

since by normalization of point spread functions, the right hand side of relation 

(2.1) sums to 

N N 

data(i,j) - obj(k,m)s(i-k,j-m) + noise(ij). 

k=l m=l 

(2.1) 

N N 

^obj = LI data(i,j), 

i-1 j=l 

(2.2) 

5 
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N N N N 
obj(k,m)+ / > noise(i.j). 

J 
(2.3) 

k=l m-1 i-1 j-1 

In simulations using Poisson noise, the first sum dominates the total sum.5 With the 

Nobj known, the algorithm starts with an initial guess at the object grain positions. 

The Nobj- highest intensity positions in data(i,j) are used as the initial guess posi

tions. 

Next perturb each grain position independently, and uniformly randomly, up to 

amount ±Excurs, where Excurs is an input number. Initially, Excurs ss image 

is used. In order to have some criteria to judge whether a new grain posi

tion should be accepted or rejected, an image inconsistency term Y is defined as 

where Abj(k.m) is the updated object including the test grain position in question. 

Generally speaking, the grain position is accepted if Y decreases. But the situation 

is a little more complex. 

A clump penalty is defined as 

N N 

Y.Ty [Run(i,j)-data(i,j)]2. 

Quantity Run(i,j) is defined as 

Run(i,j)= Abj(k,m)s(i-k,j-m), 

k=l m=l 

Nobj 

i=l 

Where Cj=l if particle i has < Nclump nearest neighbors, 
Cr0 if particle i has ^ Nclump nearest neighbors. 
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If this clump penalty is used, value Nclump=3 or 4 is used. Denote the total 

Nc number of cycles as Nc cycles. The clump penalty is only turned on after L~-

cycles, with Nclump value 3. 

Then we accept the new grain position if (1) it was unoccupied, (2) the image 

inconsistency Y is reduced, and (3) total clump penalty C is reduced (if the penalty 

is turned on). If the test for the new grain position fails, the grain is kept at its 

old position. 

Nc For the first -y- cycles, the clump penalty is turned off. In these cycles, the 

aim is simply to push some grain positions out from the initial guess toward posi

tions consistent with the image data alone. After these cycles, a priori size infor

mation is used in a merge operation using the clump penalty term to keep the smal

lest object size at 3 grains, and to push previously isolated grains to the unoccupied 

nearest neighbour sites of clumped particles. This is a kind of sticking operation. 

Since the particles are presumed to be closer to their correct positions at this stage, 

Nc Excurs= 5 or 3 (reduced) are used at the second -y cycles. 

The last step is to use a priori information of object shape to move the irregu

larly placed particles on the contour of the object shapes to more regular positions. 

It is called the "creep" operation. The criterion used depends on prior knowledge 

about the object. 

This algorithm exhibited fairly good success, as was shown in an example with 

signal-to-noise ratio 10 to 1 at the brightest pixel. 



CHAPTER 3 

MAXIMUM LIKELIHOOD APPROACH - GAUSSIAN NOISE CASE 

In the following development, a new approach based on maximum likelihood is 

presented. Maximum likelihood (ML) has previously been applied to the restoration 

of continuously gray (not binary) objects. See Lo and Sawchuk,6 and Frieden.7 

However, ML has never been applied to the restoration of binary objects. Follow

ing Frieden and Zoltani's definition, a binary object is a configuration of l's against 

a background of O's, and a restored binary object estimate should be close to con

sistent with the image data, through a convolution with the point spread function. 

With the given image data and point spread function, the problem of binary object 

image restoration is determination of the object grain (the l's) positions. In this 

determination, some a priori information, regarding object size and shape, is also 

used. This information takes the form of an algorithm called a "neighbouring point 

rule". 

In order to analyze noise effects in image data, generally we have to find the 

source of the noise. For example, in photographic film the noise which is intro

duced is a function of the detection/recording mechanism; i.e., the grains of silver 

that comprise the developed image. A grain may include a number of silver atoms. 

These atoms contitute the photographic image. Here the noise usually is signal dep

endent. How the noise is dependent on the signal is related to the different stages 

of the process. The final noise effect on the data is a cumulative summation over 

the previous noise effects. 

The relation between signal and noise is usually complicated. To simplify the 

problem, it is often assumed that the noise is signal independent. For signal inde

8 
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pendent noise, usually, we can use Gaussian noise as an approximation. The Gaus

sian distribution is the most popular distribution in physical problems. The reason 

for this popularity is its prevalance, due to the "central limit" theorem,8 which in 

its simplest form is as follows: for a random variable x which is formed as the 

sum of n independent random variable's {ym} 

x=y
1+y2+-"+yn« 

x is well approximated as obeying a normal probability density, providing the {ym} 

are i.i.d.(identically and independently distributed), and provided n ^ 4. Based on 

the above consideration we treat the case of Gaussian (zero-mean normal) noise 

first. 

3.1 Derivation of Likelihood Function: A set of image data with additive 

random noise is given. The image scene has a dimension of NxN pixels. The 

image formation equation at each pixel of the scene is 

N N 

data(i.j) = obj(k,m)s(i-k,j-m) + noise(i,j). (3.1) 

k=I m-1 

The notation used here is identical with that in chapter 2. For the Gaussian case, 

the noise is additive and intensity-independent, where 

N N 
noise(i.j) = data(i.j)-^ ^ obj(k,m)s(i-k,j-m). 

k=l m=l 

The difference between the measured data and the ideal image data is the noise. 

The noise at the each pixel is an independent realization of a Gaussian random 

variable, which is independent of the signal image. The argument of the probabil
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ity distribution function depends explicitly on the measured image data and the 

object grain positions. Let r denote the object grain positions (k,m), then 

P(data(i,j)|r) - P(noise(i,j)) 

or P(data(i,j)|r) - P 
N N 

data(i.j)-^~^ ^ obj(k,m)s(i-k,j-m) 

k=l m=l 

(3.2) 

The relation (3.2) shows that, associated with the estimated object grain positions, 

we have a probability distribution function P(data(i,j)|r). In our case, the noise at 

each point is statistically independent, and the overall joint probability distribution 

function of noise is given by 

P(DATA(i,j)|r) = "[*[ P 

NxN 

N N 

data(i,j)~y~^ obj(k,m)s(i-k,j-m) 

k=l m=l 

(3.3) 

where P(DATA(i,j)|r) is used to denote JJ P(DATA(i,j)). 

NxN 

If the random noise has independent Gaussian distribution N(0,or2
n) over the 

scene, it must be that 

N N N N N N 

yy data(i,j) * obj(k,m)s(i-k,j-m), (3.4) 

i-1 j-1 i-1 j-1 k=l m=l 

since the summed noise must be much smaller than the right hand sums. Finally, 

by normalization of the point spread function, the right hand side is equal to 

N N 

^~^obj(k,m). 

k»l m=l 
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Relation (3.4) is therefore used as an estimate of the total object energy. But 

since the object consists entirly of l's it also represents the total number Nobj of 

object grain points. 

Returning to eq.(3.3) again, by using the fact that the obj(k.m) values are 1, we 

find that 

where M denotes the (k,m) positions of the l's. 

We assumed previously that P(data(i,j)|r) is a Gaussian distribution N(0,cr2
n); this 

assumption gives 

P(DATA(i,j)|r) - JJ P data(i,j)-^s(i-k,j-m) 

2 

data(i,j) - s(i-k,j-m) 

M 
P(data(i,j)|r) - (2rra2

n) 1 exp 

at each pixel of the scene, and consequently 

2 
r 

f  NxNl 
data(i,j)- s(i-k,j-m) 

P(DATA(i,j)|r) = (2rra2
n) l- ^ (3.5) 

NxN 

overall. The logarithm of it is 
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Ln P(DATA(i,j)|r) = C - ^ 

NxN 

C - -5NxN Ln(27ror2
n). 

data(i,j)-^~s(i-k,j-m) 

M 
2a\ 

(3.6) 

This is the logarithm likelihood function for the process. 

The likelihood function (3.5) is the joint probability distribution function of the 

data, conditional upon the estimated object grain positions.9 It reaches a maximum 

where the estimated object grain positions best fit the digitized image data in the 

sense of maximizing eq.(3.5). Since the best fit maximizes the likelihood function, it 

also maximizes the logarithm of the likelihood function. Hence, it satisfies 

d Ln P(DATA(i.i)l r) n 

dr 

From the digitized image data, we try to find the object grain positions r that 

attain this condition. In the object plane the object grain positions can only be in

tegers. However in the search for the object grain positions that maximize the lik

elihood function, we allow xk and ym to be changed continously. Continuous 

change is required by the search condition used. However, after the likelihood func

tion reaches the maximum, we round off xn and yn to integer numbers k and m. 

We derive the search algorithm next. 

3.2 Derivation of Search Algorithm: 

The change in the log-likelihood due to (continuous) changes in object grain posi

tions obeys the total differential rule of calculus 
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Nob _ OPJ 

d Ln P(DATA(i,j)|r) - ^ dLn P(PATA(i.j)| r)^ 

n=l 

Npbj 
+ -£ 9L- P(DATA(i.j)| r)^ (3,7| 

n=l 

where xn, yn are the coordinates of the n'th object grain position. Note that dxn 

and dyn should be infinitesimaly small, but in any real search we can only use 

finite changes so we must regard dxn and dyn as finite Axn and Ayn. However to 

cause the change indicated in (3.7), Ax and Ay must be very small, therefore the 

following relation should be satisfied by Ax,Ay: 

v* • • / (Axn +Ayn )-minimum. (3.8) 

n-1 

By the Langrange multiplier method, we can combine requirements (3.7) and 3.8), as 

Npbj 

X>n
J+Ayn') + 

n=l 

Npbj N0bj 
> 9Ln P(DATA(i,j)|r)Ax + V* 9yLP(DATMJlUlAy 
£—> 9xn 

n dyn  
n  

n-1 n-1 

min. (3.9) 

In this relation we view Axn and Ayn as independent variables since any grain 

position has independent coordinates xn, yn. If we take a partial derivative of 

eq.(3.9) with respect to Axn, equate it to zero and solve, we find that 

Axn - _*dLn P(DATA(i,j)| r) (3 10a) 

2 dxn 

and similarly 



Av X3Ln P(DATA(i.i)l r) 
Yn 2 3yn 

then by substituting these into eq.(3.7), we may solve for X: 

X - - 2 d Ln P(DATA(i. i)| r) 
* *obj 

£ 
n=l 

5Ln P(DATA(i.j)| r) 
3x„ 

9Ln P(DATA(i,i>[ r) 
dyn 

This known, back-substitution into eq.(3.10 a & b) produces the solution 

3Ln P(DATA(i,j)| r) d Ln p(DATA(ij)| r) 

Ax„ 

£ [ (  
n=l L L 

dLn P(DATA(i,.i)l r) 
3x„ 

dLn P(DATA(i,i)l r) 
dVn 

and 

9Ln P(DATA(i,j)| r)d Ln P(DATA(ij)| r) 
an 1 

Ay„ 

£ [ (  
n=l L L 

3Ln P(DATA(i,.i)l r) 
3x„ 

9Ln P(DATA(i.i)| r) 
dyn 

14 

(3.10b) 

(3.11) 

-,(3.12a) 

(3.12b) 

The above relations (3.12 a,b) are the basic mathematical forms which are used 

in the search for the best-fit object grain positions consistent with the image data. 

Note that the right hand side of (3.12) is a direct sum of continuous functions of 

(x,y). 

3.3 Overall Approach: In order to start the search algorithm, the number Nobj-

of object grains must be estimated. We use eq.(2.2) for this purpose. Next, we 

must choose a first guess at the grain positions (xn,yn). An obvious choice is the 

Nobj image pixels that have the hightest intensities. The fact that the object grains 



all have the same intensity helps this procedure. This first estimate usually cor

rectly locates the majority of the grains. However results will not be perfect 

because the intensity within the image field conjugate to a large object grain cluster 

is higher than for a small object grain cluster. Therefore, based on highest inten

sity as the first estimate, the estimated position points near the larger object grain 

cluster will be over placed, and those near the smaller object grain cluster will be 

under placed. 

It is convenient to divide the image plane into two parts, upper and lower. 

Because in our case the spatial extent of the point spread function is small (standard 

deviation equal to 1), the tail of the point spread function from one part does not 

overlap much into the other part, it is impossible for the computer program to push 

the grain points from one part to the other. The program can only push around 

the grain points within anyone part. Therefore, each part is restored as a separate 

problem. 

For the first grain perturbations, we use (3.6) to calculate dl-n P(DATA(i.j)j r) 
n 

and —P(DATA(i,j)| r) analytically. Now, for a given value of d Ln 

P(DATA(i,j)|r), we can calculate a vector Ax and Ay of grain positions increments. 

Adding Ax and Ay to object grain positions x and y we have the next possible 

positions. The criterion to accept a new position vector is the size of Ln 

P(DATA(i,j)|r) that results. If Ln P(DATA(i,j)|r) is increased, we accept it. If it 

is not, we reject it and divide Ax and Ay by 2, then recalculate it. We repeat 

this procedure until Ln P(DATA(i,j)|r) is increased. This procedure is carried out 

again and again until the joint probability reaches its maximum. 

The uphill climbing method has worked fairly well for high-noise cases. For 

noiseless and low-noise cases, the direct uphill climbing method does not work. 
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From the Gaussian probability density distribution function (Fig. 1) we see that as 

the standard deviation approach zero, it approaches a Dirac 5 function. In a one 

dimensional case, the relation 

d2Pfr) 1 

dx* js* 
— - 1 
a2 1 e 2or 

shows that the slope of Gaussian function reaches its maximum at x=cr. In our 

2Nobj--dimensional case, the function will be more complicated but it will have simi

lar results: When a approaches 0, the slope becomes very large before the curve 

reaches its peak. From eq(3.12 a.b) we see that if —P(DATA(i,j)| r) Qr 

dLn P(DATA(i,j)| r) js very large, the Axn or Ayn that results will be very small, 
•J n 

and the calculation fails. However, there are two ways to overcome this problem. 

These can be used together or separately, and are described next. 

or2 

A constant —, which is less than 1, is made to multiply Ln P(DATA| r) before 

ff2 

taking the derivative (for noiseless and for low noise cases). The purpose of is 

to flatten and to decrease the slope of the likelihood function. For a given signal-

cr2
n ff2 

to-noise ratio, the multiplier is spatially a constant no matter how small is, 

and this remains true even if we change the value at different steps. Now, when 

a2 a2 

Ln P(DATA|r) is multiplied by —5-, we need to calculate —g-

8Ln P(DATA(i.j)lr) ^ < dLn P(DATA(i.))| r) ^ whe„ a c°on. 
, n " a 

stant -p- multiplies function Ln P(DATA(i,j)|r) another problem arises. As the 
a 

curve is flattened and the slope is decreased, the change in r that results becomes 

insensitive to the slope. In order to make this method work, it is crucial to choose 

a2 

an adequate parameter in low-noise case. For signal-to-noise ratio greater than 
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Figure 1. Gaussian functions 

Curve a cr-0.05, curve b or-0.5, and curve c a-1.0 



ff n O 
20, we keep as a variable in the iteration process. That is, a different -^r 

value is used at different iteration steps. 

The second way to make the uphill climb method work is also based on slope 

decreasing considerations. We assumed previously that in the Gaussian case the 

noise is independent and has the same probability density distribution at each pixel. 

We can further assume that if there is noise present the degradation will be more 

serious for a pixel with lower gray level than for a pixel with high gray level. So 

we use the joint likelihood function only at the pixels with gray levels exceeding 

0.1 of the maximum value over the ideal image. The idea is that we calculate the 

joint probability well inside the blurred image field only, instead of over the whole 

scene. For signal-to-noise ratio greater than 20 cases, the value 0.1 defines a noise 

suppression rule over the scene. From eq.(3.5) it means that we drop the terms for 

data(i.j) with value less then 0.1. This will dramatically cut down the data points 

which we have to track during the calculation. This second approach does not 

work for noiseless case since there the an is equal to zero. 

At this stage, we have formed the ML object grain position distribution. How

ever, due to the computational approach or due to the influence of noise, some 

points will usually overlap at the same pixel. Such overlap should not be allowed, 

by the restriction of a binary object. To avoid such a situation, an overlap-point-

reposition operation is executed. An area of 5x5 pixels is searched, with the center 

of the area on the overlapped position. For each searched pixel, first check that 

the pixel is unoccupied; then calculate the joint probability due to re-positioning the 

particle into this pixel. We choose the pixel with the calculated highest joint pro

bability, as the repositioned object particle position. The restriction of a finite size 

for the search area is based on the finite standard deviation of the point spread 
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function. 

The next step is to get rid of isolated points in the scene, and strangely located 

points around the contour of the object shapes. Actually this step is another noise 

suppression procedure, and is based on some a priori knowledge about the object. 

Of course when a single point is removed from the scene, energy conservation will 

be violated. However, the total energy is only known to an approximation anyway. 

This is not a serious violation. 

The a priori knowledge, regarding object size and shape, can be summarized as 

a neighbouring point rule as follows. There are eight positions which can be consi

dered as nearest neighbours to a particle position (i,j). The eight positions are 

(i,j+l), (i+l,j+l), (i+l,j), (i+l,j-l). (i,j-l), (i-l.j-1), (i-l,j) and (i-l,j+l). Define an 

object grain position weight for these positions as follows. The weight for a grain 

located at (i,j+l), (i+l,j), (i,j-l). or (i-l,j) is equal to 1. While at (i+l,j+l), (i+l,j-l), 

(i-1 ,j-l), or (i-l,j+l) the weight is equal to 0.5. But if a neighbouring point does 

not have a grain, then the weight is equal to zero. If the total neighbouring posi

tion object grain weight is i>2.5, the grain at the center position (i,j) can be 

accepted. If the above condition is not satisfied, the grain at the position (i,j) is 

viewed as an "isolated" point in the scene, or as a point which is strangely located 

around the object contour. Hence it is removed or relocated. 

The above rule indicates that the smallest acceptable object grain cluster is four 

points, and is arranged as a square. An object grain cluster of less then three 

points with any shape will be removed from the scene, scince it is regarded as 

"isolated". Even if an object grain cluster has more than three points, however, 

there is a chance that it will be viewed as "isolated". For example, consider a four 

object grain cluster which is not arranged in square shape, but in a triangle (Figure 



2). In the first check, only one point, as marked with an arrow, satisfies the 

neighbouring point rule, and the other three points do not. Hence these three points 

will be viewed as isolated points. For these three points, the relocating operation 

described latterly is carried out, and the four point object grain cluster is re

arranged into a square. If the four point object grain cluster is configured as a 

line, then the four point object grain cluster will be gotten rid of, scince they are 

regarded as isolated points. If we find single points over the scene, we simply 

ignore them. 

The weight factor, which is assigned to the nearest neighbouring points, is arbi

trary. The criterion for judging a point as either an isolated point in the scene or 

merely a strangely located point around the object contour, is dependent on the 

nature of the specific object for the case. For example, if we change the weight 

factor for the nearest neighbouring position, or change the criterion, we could make 

a triangle-shaped four point-object grain cluster to be acceptable. How to choose 

the weight factor and the criterion used are totally dependent on a priori informa

tion about the object. 

Figure 3 shows an application of the "strangeness" rule. The rule is used to 

find strangely located points around the contour of the object, a noisy version of 

the letters ICS. By the rule, the points marked with an arrow will be viewed as 

strangely located points around the object contour. These points must be relocated. 

After the points with the neighbouring position object grain weight of less than 

2.5 are found, the operation for relocating each point is carried out one point at a 

time as follows. Regard these points as "flagged". If the distance from a flagged 

point to its nearest point is great than 2, the flagged point is viewed as an isolated 

point and is simply ignored. If a flagged point passes this first test, we search its 
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Figure 2. Four points cluster in triangle shape 
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Figure 3 Configuration to show strangely located points 
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neighbourhood over an area of radius VS for all occupied grain sits. Then centered 

on each occupied grain site, we search the eight nearest-neighbouring positions for 

unoccupied sites. For each such site, first we check: if the position were newly 

occupied by the flagged grain would the position be an isolated point or a strangely 

located point? If the answer is no, then we calculate the joint probability for the 

flagged grain at that point. The flagged grain will be relocated to the position with 

the highest joint probability value. 

In relocating an object grain around the object contour, sometimes we cannot 

find a position for relocating the object grain. This circumstance happens when the 

grain is located somewhere on the contour of a smoothly shaped filled region where 

its presence causes a local "lump" from the contours, then any candidate relocation 

will be a strange location around the object contour. In these cases we also simply 

ignore the flagged point. It becomes regarded as an isolated point. 

After we use the a priori information to get rid of isolated points over the scene 

and strangely located points around the object contour, the total number of object 

grains will be decreased. This is the price paid for using the a priori information. 

Finally, we look over each object grain cluster to see if there is an isolated hole 

inside the object cluster. An isolated hole is defined as a pixel without an object 

grain but with object grains in its eight neighbouring positions. If there is an iso

lated hole we just fill it with an object grain. This operation is based on our a 

priori knowledge about the object, although the action will violate energy conserva

tion, just as when we ignore isolated points over the scene. It will tend, however, 

to add back energy, and hence to change total energy back towards the correct 

value, counteracting the deletion of some isolated points. 
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Retrieval of the letter S, in particular, is very difficult. Special care, based on 

a priori information about the object, has been taken to retrieve the letter S. 

3.4 Examples: Some examples of computer generated images with the same object 

(Figure 4), point spread function, but different signal-to-noise ratios, are used here 

to test the above algorithm. These are shown in Figs. 5-9. Each figure shows (a) 

the input image data, (b) the initial guess object, (c) the direct ML output, and (d) 

the final output after using the neighbouring point rule. The signai-to-noise ratio is 

defined as the brightest intensity in the ideal image to the standard deviation of the 

noise. 

OPT 
ICS 

Figure 4. Object 

Thirty seven gray levels are used to display each image. Each gray level has 

the intensity interval Ai where 

Aj hightest intensity - lowest intensity 
37 

In this way, the highest gray level is displayed as white and the lowest gray level 
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is denoted as black in each picture. Numbers of dark dots are used to define in-

between gray levels, the more dark dots the lower the gray level. 

Noiseless case: This case is used to show that without the influence of noise, the 

objects are retrieved very well. All object points are located at the places where 

they should be. See Fig. 5(d). Low noise case: The signal-to-noise ratio is 50:1. 

See Fig. 6. Moderate noise case: The signal-to-noise ratio is 10:1. See Fig. 7. 

High noise case: The signal-to-noise ratio is 5:1. See Fig. 8. Severe noise case: 

The signal-to-noise ratio is 3:1. See Fig. 9. 

From the figures, the restorations are indeed improved over their corresponding 

images. This is shown quantitatively in table 1 as well, where RMS errors from 

the true object are shown. We also see that, so long as the image is degraded by 

noise, some of the object grains will be misplaced from their true positions. Physi

cally, this is because, due to the influence of noise in the data, we initially lose 

some detailed information about the object. In general, the lower the signal-to-noise 

ratio, the more frequent and greater are the misplaced object grain positions from 

their true positions. The above examples also show that the restored object grain 

positions are much closer to the true object grain positions than in the initial guess 

image. The difference between these two images shows the value of the overall 

ML approach. The number of misplaced points in the restorations are zero for the 

noiseless case, 4 for the low noise case, 10 for the moderate noise case, 57 for the 

high noise case, and 70 for the severe noise case. 

Regarding recognition, it is evident that in all cases but that of severe noise. Fig. 

9, the restored outputs are more legible than the inputs. Hence, the restoring 

approach might be of value in enhancing damaged, aged, or otherwise degraded 

documents. 
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Table 1. RMS difference between the true object and various images (Gaussian 
cases). 

sharp object to image data initial guess intermediate output restored object 

noiseless 0.194 0.152 0.092 0.000 

low nose 0.195 0.136 0.160 0.056 

moderate noise 0.216 0.155 0.206 0.088 

high noise 0.283 0.287 0.298 0.210 

severe noise 0.351 0.364 0.324 0.232 



a) Blurred image (no noise). b) Initial guess 

OPT OPT 
IC!5 ICS 

c) Intermediate output before using 

neighbouring point rule. 

d) Restored object. 

Figure 5. Noiseless case 
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a) Noisy and blurred image. b) Initial guess 
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c) Intermediate output before using d) Restored object. 

neighbouring point rule. 

Figure 6. Low noise Gaussian case (S:N - 50: 1). 
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a) Noisy and blurred image. 

c) Intermediate output before using 

neighbouring point rule. 

b) Initial guess 

d) Restored object. 

Figure 7. Moderate noise Gaussian case (S:N - 10: 1). 
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a) Noisy and blurred image. b) Initial guess 

c) Intermediate output before using d) Restored object. 

neighbouring point rule. 

Figure 8. High noise Gaussian case (S:N • 5: l). 



a) Noisy and blurred image. 

·. - . • 

b) Initial guess 
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c) Intermediate output before using d) Restored object. 

neighbouring point rule. 

Figure 9. Severe noise Gaussian case (S:N - 3: 1). 
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CHAPTER 4 

MAXIMUM LIKELIHOOD APPROACH - POISSON NOISE CASE 

In the previous chapter, the maximum likelihood approach was applied to an in

dependent noise (Gaussian noise) case. As mentioned before, noise sources exist 

over all stages from image detection to the recording process. Many noise sources 

are intensity dependent. For example, when a radiation detector absorbs energy 

from a radiation field in increments of hi;, where h is a Plank's constant and v is 

the frequency of the radiation, the output must exhibit fluctuations which are 

known as Poisson noise. 

Poisson noise plays a crucial role in radiographic imaging systems because hv is 

so large for X-rays and 7-rays.10 Due to the large h// in radiological imaging a 

diagnostic X-ray film is typical by exposed to 107 X-ray photons/cm2, while for a 

typical photographic film the figure is 10u-1012 photons/cm2. 

Film grain noise is a more complicated type of noise which can be modelled 

somewhat as Poisson noise. 

4.1 Derivation of Likelihood Function: Assuming the image im(i,j) suffers from 

noise(i,j) and rides atop a known background B, 

N N 

data(i,j)-^ ^ obj(k,m)s(i-k.j-m) + noise(i,j) + B. (4.1) 

k=l m=l 

Here the noise is Poisson. The ideal original image is 

N N 
(4.2) 

k=l m=l 
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The model for Poisson noise can be found in almost any statistics textbook.8 In 

applying it to our case, it says: Let the signal image im be given as photon counts, 

each count consisting of energy increment Yiv. Then the resulting data always fol

lows the Poisson law, 

P(data(i JJIry-e-MiJ) (4'3) 

at each pixel, and 

P(DATA(i,j)| r)= JJ e"im(i.j) (4.4) 

NxN 

for the whole scene. We assume further that the noise at each pixel is indepen

dent. This is easily attained. The latter probability law is actually the likelihood 

function for Poisson noise case. The logarithm of it is 

N N 

Ln P(DATA(i.j)| r)»^ ^ [-im(i,j)+data(i,j)Ln(im(i,j)) - Ln(data(i,j)!)]. 

i»l j»=l 

4.2 Overall Approach: By maximizing the given logarithm likelihood function, we 

followed the same steps as in chapter 3 to find a solution. For brevity, this will not 

be shown here. Notice, also that from (4.3) we have 

<data(i,j)|r>=im(i,j), 

and 

N N N N 
y^y^<data(i,j)|r)>«=y~^y^im(i.j). 

i=l j=l i=l j=l 

This means that energy conservation can still be used to estimate the total number 

of object points, 
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N N 
Nobi jm('»j) - N2B, 

i-1 j«>l 
and we will use it to estimate the object points in the upper and lower parts res

pectively. 

Mathematical derivations analogous to those in Chapter 3 for X, Ax and Ay were 

also carried through. The likelihood function now has a different form, for the 

Poisson case eq.(4.4), in comparison to the Gaussian case eq.(3.5). After the ML 

solution is found, we use a priori shape information to reach the final distribution 

just as we did in Chapter 3. In the Poisson case, the signal-to-noise ratio is def

ined as the maximum average count divided by the standard deviation, and the 

signal-to-noise ratio will fall off in background regions. From the Poisson law, at 

each pixel the signal-to-noise ratio is actually equal to the square root of the aver

age count. 

For Poisson cases the quality of the outputs not only depends on the highest 

signal-to-noise ratio, but also depends on the signal-to-noise ratio in the back

ground. Two specific cases, with a background signal-to-noise ratio equal to -JS : 

1 and 5 : 1 respectively, and the highest signal-to-noise ratio equal to 10 : 1, 

shows the effect ( see Figures 10 and 11). From the restored objects, one can see 

that the lower the background signal-to-noise ratio is, the better is the result. This 

complies with intuition as well. 

4.3 Examples: Two cases with highest signal-to-noise ratios of 10 : 1, and 5 : 1 

are shown in Figures 10 - 12. 

One thing should be mentioned here. When we use the uphill climb method to 

find the object positions for the signal-to-noise ratio 5 : 1 case, the program will 



push some object grains out of the scene. The number of points which will be 

pushed out depends on the noise's spatial distribution. For different noise spatial 

distributions, anywhere from 15 to 30 points will be pushed out. 

From these figures, we can see the restored objects are closer to the true object 

than for the initial guess. The number of misplaced points is 13 for signal-to-noise 

ratio 10 to 1 with background noise -v/5 : 1, 23 for signal-to-noise 10 to 1 with 

background noise 5:1, and 39 for signal-to-noise ratio 5 :1 with background noise 

-v/5: 1. The root mean square error between the sharp object and each of the 

image data, first estimation, intermediate output and restored object is shown in 

Table 2, for the different signal-to-noise cases. From Table 2 we can see that the 

root mean square errors are reduced, generally, for the restored objects. Because 

we define the signal-to-noise ratio in different ways for the Gaussian and Poisson 

cases, it is hard to say whether the algorithm is more successful in the Gaussian or 

in the Poisson case. 
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Table 2. RMS difference between the true object and various images (Poisson 
Cases). 

sharp object to image data initial guess intermediate output restored object 

moderate noise a 0.202 0.171 0.206 0.100 

moderate noise b 0.208 0.180 0.222 0.133 

high noise 0.242 0.258 0.247 0.173 



a) Noisy and blurred image. I I • ~ . 
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c) Intermediate output before using d) Restored object. 

neighbouring point rule. 

Figure 10. Moderate noise Poisson case (s:N - 10: I background S:N - v'5: 1]. 
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a) Noisy and blurred image. 

c) Intermediate output before using 

neighbouring point rule. 

OPT 
IC! 
b) Initial guess 

d) Restored object. 

Figure II. Moderate noise Poisson case (S:N - 10: I background S:N - 5 : 1) . 
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a) Noisy and blurred image. b) Initial guess 
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c) Intermediate output before using d) Restored object. 

neighbouring point rule. 

Figure 12. High noise Poisson case [ S: N - 5: I background S: N - J5: I ]. 



CHAPTER 5 

CONCLUSIONS 

The overall approach gives fairly good success in both Gaussian and Poisson 

cases. Although we define the signal-to-noise ratio in different ways for Gaussian 

and Poisson cases, for the same value of signal-to-noise ratio 10 : 1 the restored 

object for the Gaussian case is closer to the true object than for the Poisson case. 

Signal dependent noise is much harder to suppress than additive noise. This is the 

same result as was pointed out by Lo and Sawchuk.6 

The maximum likelihood function gives the most probable object distribution in 

the presence of noisy data. The use of supplemental prior information, which is 

summarized as a neighbouring point rule, greatly reduces the influence of data noise 

and improves the final results. The restored objects are much closer to the true 

objects than are the intermediate outputs in all figures. Tables 1 and 2 quantify 

this, showing that: after we use a priori information, the RMS errors for the 

restored objects are significantly reduced from the RMS errors of the noisy and 

blurred image data. The a priori information for our problem plays a role of 

effective noise suppression in the restored outputs. 

The final results are successful and interesting. The restoring approach might 

be of value in enhancing damaged, aged, or otherwise degraded documents. It 

might be also used to enhance the images of man-made objects (which are 

frequently binary) during manufacture, in remote sensing, etc. 

In order to prevent error propagation, double precision arithmatic was used in 

the calculation. Since the algorithm requires heavy calculation and the computer 

(Micro Vax II) that was used has very limited core memory usually takes 6-7 hours 

CPU time for one example. 



APPENDIX A: SOME IMPORTANT RELATIONS 

Gaussian Point Spread Functions and their Derivatives 
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Derivatives of Logarithm-Likelihood Functions 
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Poisson Case: 

N N 
3Ln P(DATA(i,i)|r) _ data(ij) 

9xn / */ im(i,j) 
i=l j-1 

N N 
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APPENDIX B: NOISE GENERATION 

We will next show how we generated Gaussian noise and Poisson noise. 

Gaussian noise: 

A random variable x is formed as 

v5 
X=_ cr (y^Ya+. - .+y^) ,  

where the variables yn come from a uniformly random number generator. Then x 

has the required distribution N(0,a2). The derivation of the formula for three terms 

in the sum may be found in Reference 8. 

Poisson noise: 

m 
Define E(m)-^ e~' 

n-1 

where i is a given average value, and m ^ 1000. 

Let y be a uniformly random input. Then we can use the relation 

E(m-l)£y£E(m) 

to determine m. Quantity m is an output variable, which obeys Poisson statistics, 

satisfying 

P(m | i)-E(m)-E(m-1)- e-« 

as required. 
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