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ABSTRACT 

The goal of digital image noise smoothing is to 

smooth noise in the image without smoothing edges and other 

high frequency information. Statistically optimal methods 

must use accurate statistical models of the image and noise. 

Subjective methods must also characterize the image. 

Two methods using high frequency information to 

augment existing noise smoothing methods are investigated: 

two component model CTCM) smoothing and second derivative 

enhancement (SDE) smoothing. TCM smoothing applies an 

optimal noise smoothing filter to a high frequency residual, 

extracted from the noisy image using a two component source 

model. The lower variance and increased stationarity of the 

residual compared to the original image increases this 

filters effectiveness. SDE smoothing enhances the edges of 

the low pass filtered noisy image with the second deriva

tive, extracted from the noisy image. 

Both methods are shown to perform better than the 

methods they augment, through objective (statistical) and 

subjective (visual) comparisons. 

x 



CHAPTER 1 

INTRODUCTION 

Digital image noise smoothing is part of the field 

of digital image restoration, which addresses the problem of 

deconvolution of blur and removal of noise: 

g(x,y) = ^jh(x,y:i,j)f(i,j) + n(x,y) (1.1) 

where 

g(x,y) = corrupted image to be restored 

h(x,y:i,j) = shift variant point spread function of 

blur 

f(x,y) = original image 

n(x,y) = noise . 

The blur may be due to camera motion, misfocusing, or other 

distortion effects, while the noise may be due to the type 

of imaging device used. 

Noise smoothing is the no blur case, so that we only 

wish to remove the noise: 

g(x,y) = f(x,y) + n(x,y) . (1.2) 

Some assumptions can usually be made about the noise, and 

how it corrupts the image. Factors such as the degree of 

dependence of the noise on the image, the probability 

density function of the noise, and how the noise is combined 

with the original image may be assumed known. These assump

1 
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tions can be made based on the physical imaging process, and 

used to formulate different noise models. These models are 

the basis for most noise smoothing algorithms. 

There are a number of techniques to smooth different 

types of noise. A few are iterative, although most are 

single pass algorithms. Of these, there are linear and non

linear methods, as well as spatially adaptive and non-

adaptive ones. Many filters are designed to take into 

account the sensitivity of the human visual system to noise 

in flat regions and near edges. Also, these filters may be 

designed in either the space or spatial frequency domains. 

The goal of any noise smoothing algorithm is to 

remove as much of the noise as possible without disturbing 

high frequency detail, such as edges. Overall accuracy is 

also important. These algorithms attempt to somehow 

differentiate the image detail from the noise so that the 

noise can be removed while removing as little as possible of 

the original image energy. High frequency detail is usually 

noticeably removed by most noise smoothing algorithms, 

however. Better algorithms might use high frequency 

information from the image to better differentiate the noise 

from the image and thus avoid losing any image information 

in the result. 

High frequency information from the corrupted image 

could be used to improve the performance of some existing 

noise smoothing algorithms. This study explores noise 
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smoothing using two different types of high frequency infor

mation. The first, two component model smoothing, uses a 

high frequency component extracted from the noisy image 

which better fits the image model assumed by some statisti

cally optimal adaptive noise smoothing filters. The adap

tive filter is more effective applied to this high frequency 

component rather than to the corrupted image itself. The 

second method, second derivative enhancement smoothing, uses 

high frequency information in the form of the second deriva

tive near edges. This edge information is then used to 

enhance the edges from simple low pass filtering. 

Chapter 2 begins with an overview of different image 

and noise models, and various noise smoothing methods. 

Chapter 3 discusses the two noise smoothing methods men

tioned above, including detailed discussions of the methods 

they are basea on. Implementation of the two methods will 

then be discussed in Chapter 4, with statistical and subjec

tive comparisons of these two and several other noise 

smoothing methods in chapter 5. Chapter 6 will then con

clude by summarizing the work done and the results obtained. 



CHAPTER 2 

NOISE AND NOISE SMOOTHING 

There are a number of ways in which noise can be 

modeled as combining with an image, and a greater number of 

ways in which noise can effectively be removed. Statistical 

models of both the noise and the original image are helpful, 

if not necessary, for finding optimal methods for the remo

val of different types of noise from different types of 

images. Such optimal (or sub-optimal) algorithms particu

larly depend on these models to give accurate descriptions 

of the image and noise. 

In this chapter a type of image model and a number 

of noise models are given, along with an overview of the 

many types of noise smoothing algorithms. 

2.1 Image Model 

Each two-dimensional image can be seen as part of a 

three-dimensional continuous time stochastic process. An 

individual image, called a random field, is from the ensem

ble of the process. Here, the condition of strict-sense 

stationarity implies that all statistics are constant over 

both the ensemble of images at different times and spatially 

over each image, while wide-Sense stationarity implies that 

the mean is constant and autocorrelation dependent only on 

4 
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the differences in the image coordinates. The condition of 

ergodicity implies that the spatial average statistics 

approach the ensemble statistics as the estimation block 

size approaches infinity (Pratt, 1978). Each individual 

random field can be thought of as a collection of random 

variables, each identically distributed but not independent. 

If the image probability density function is assumed to be 

Gaussian, it can be expressed as (Hunt, 1977) 

p(n) = 1 exp[-(n-Mn)TC^1(H--Mn^ ] (2.1) 

((2pi)K/2iCn!1/2) 

where n is a K : HN long column vector consisting of the 

rows of the MxN image n(x,y). The covariance matrix £n can 

be expressed as 

Cn = C11 ••• C1K 

where 

and 

( 2 . 2 )  

Cij = E[n^,nj] - WniWnj 

J4n = E[n] 

are the ensemble statistics of the random field. Also, for 

future reference, the correlation matrix is given by 
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Rn = R-| -j .. . R1K 

Rj£ 1 ... Rkk (2.3) 

where 

Rij = ECn^nj] . 

A simple image model could assume wide-sense 

stationarity in the random field, giving (Hunt,1977) 

= a constant vector 

£n = Toeplitz matrix (C^j = Cmn if i-j = m-n) 

This model could be improved by assuming that the image has 

non-stationary mean and stationary covariance. The differ

ence between the image and the non-stationary mean should 

then have a Gaussian density (Hunt and Cannon, 1976). Here 

the image is assumed to be ergodic in the mean, so that the 

mean can be calculated from local spatial averages. 

This last model is still not quite satisfactory, as 

it puts too much information in the mean. This image model 

might be further improved by assuming that both the mean and 

variance are non-stationary (Kuan et al., 1985). The dif

ference between the image and the mean will now have a more 

Gaussian distribution. The mean and the correlation are 

still calculated from local spatial averages, however. 
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2.2 Noise Models 

In a digital image noise can be loosely defined as a 

random disturbance in a pixel's original gray level (GL). 

More specifically, the noise n(x,y) is a collection of 

random variables, one for each pixel in the image, each 

having some probability density, that is combined with the 

original image. This disturbance may be due to the imaging 

process (film, CCD array, etc.), or errors in transmission 

or storage. In most cases the noise is assumed to be zero 

mean and white, with Gaussian density. White or uncorrelated 

random fields have the property that 

(2.4) 

which is satisfied if they are independently distributed at 

each pixel. 

There are a number of models for combining the 

noise with the original image, some signal dependent and 

others signal independent. Note that all of these models 

(except speckle) can be expressed as image plus image depen

dent noise. 

Additive 

Additive noise is the simplest case, giving the 

corrupted image 

g(x,y) = f(x,y) + n(x,y), O~x~M, O~y~N (2.5) 

The noise i s assumed to be zero me an , and may be dependent 
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or independent of the image f(x,y). Thermal noise is 

modeled as image independent Gaussian density additive 

noise, with variance cr^ = N.J./R (Pratt, 1978). Here = kTB 

is the maximum output thermal noise power, where k is 

Boltzman's constant, T the absolute temperature in degrees 

Kelvin, and B the signal bandwidth. The resistance R is the 

resistance across which the noise voltage is measured. 

Thermal noise is usually due to the random motion of elec

trons in conductors. 

Film Grain 

The degradation model for film grain noise gives 

(Pratt, 1978) 

g(x,y) = f(x,y) + alpha*f1/^(x,y)u(x,y) (2.7) 

alpha = .66(a/A)^^ 

a = average film grain area 

A = examination area of film 

While the noise itself is image independent, the total noise 

term in Eqn. 2.7 is image dependent. This noise is due to 

the inherent randomness of silver grain formation and 

distribution over the surface of the film. 

Poisson 

Poisson noise is photon noise in images detected at 

low light levels, usually due to photodetectors (Kuan et 

al., 1985). It is modeled as 



g'(x,y) = Poissonlambda(f(x,y)) (2.8) 

Poisson-^arabda( ) = Poisson random number generator, 

with 

p(g'(x,y)|f(x,y)) = (lambda*f (x,y))g^x»y^*E(x,y) 
g(x,y)! 

E(x,y) = exp(-lambda*f( x, y)) 

g'(x,y) = g(x,y)/lambda 

lambda = a proportionality constant 

Speckle 

Speckle noise is due to the random interference of 

wavelets scattered by the microscopic fluctuations of the 

object surface in coherent imaging (Kuan et al., 1987). The 

corruptive process has the single phase model 

g(x,y) = |b(x,y)|2 (2.9) 

b(x,y) = h(x,y)**[f1/2(x,y)*exp(j*phi(x,y))] 

h(x,y) = coherent point spread function of system 

phi(x,y) = random phase function 

Here, the phasor exp(j*phi(x,y)) is from the random rough

ness of the object surface, with phi(x,y) an uncorrelated 

random field, uniformly distributed between 0 and 2pi. This 

model is for the case where the object surface is rough 

compared to the wavelength of the coherent light. 

2.3 Noise Smoothing 

Noise smoothing filters can be divided between those 

designed in the space domain and those designed in the 
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spatial frequency domain. Many of these are optimal estima

tors, based on image statistics, while others use more 

subjective means of removing the noise. The more sophisti

cated subjective techniques are designed to remove the noise 

without blurring edges and other high frequency information. 

Some of these use the fact that the human eye is more 

sensitive to noise in flat regions than in regions with 

significant edge activity. 

2.3.1 Space Domain Techniques 

Average. This simplest noise smoothing algorithm 

uses as the output at each pixel the average value of the 

pixels in some surrounding neighborhood. This is the same 

as convolving with the following mask (for a 3x3 neighbor

hood) : 

1/9 * 

1 1 1 

1 1 1 

1 1 1 

More noise is removed as the block size is increased, but 

unfortunately the same happens for any high frequency detail 

in the image. This method is linear and spatially non-

adaptive . 

Median. The median filter is a type of order sta

tistic filter, using as the output at each pixel the median 

value of the pixels in some surrounding neighborhood. It 



has favorable characteristics regarding removal of impulsive 

noise and edge preservation, but is less effective with high 

variance or wideband noise. This is a non-linear method, 

and is also spatially non-adaptive. Ordering is also used, 

in conjunction with local edge information, in an algorithm 

developed by Bovik, Huang, and Munson (1985). 

Statistically Based Estimators. A number of filters 

are derived to optimize image restoration based on the 

statistical properties of the image and the noise. One 

general class of estimators uses Bayes1 rule and tries to 

maximize the a-posteriori density 

p(fjg) = p(j[i£)p(£)/p(j[) . (2.10) 

They all assume an additive noise model, although no 

assumptions are made about the dependence of the noise on 

the signal. As such they can all be used to remove any of 

the noises modeled in section 2.2 (except speckle). 

The maximum a-posteriori (MAP) estimate 

£mAP = «f + cfcn1t£ " 1mAP] (2.11 

can be found directly from equation 2.10 assuming an image 

with Gaussian density, and is the mode of the a-posteriori 

density (Hunt, 1977). Trussel and Hunt (1978) give a 

recursive form of the MAP estimator. 

The minimum mean-square error (MMSE) estimate is the 

mean of the a-posteriori density, and is thus identical to 

the MAP estimate for symmetric image densities. A linear 
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version of this estimator, using locally estimated statis

tics (LLMMSE), is given by Kuan et al. ( 1985). Lee (1980) 

first derived this estimator from an intuitive perspective. 

Other recursive statistical estimators use two-

dimensional forms of the Kalman filter (Aboutalib, Murphy, 

and Silverman, 1977). These filters use optimal prediction 

based on past estimates and the present degraded image pixel 

to estimate the image. 

Note that these are all restoration filters which 

can be used for noise smoothing. Also note that those 

estimators which assume non-stationary statistics can be 

made spatially adaptive by estimating the statistics locally 

at each pixel. 

Others. There are a number of other noise smoothing 

methods. Subjective measures of image edge information can 

be used (Anderson and Netravali, 1976; Abramatic and 

Silverman, 1982) to apply different filtering functions to 

the image at different positions based on edge activity. In 

fact, the statistically based estimators described above can 

be seen as this type of filter (Kuan et al., 1985). 

A number of other variously motivated adaptive noise 

filters are reviewed by Mastin (1985). 

2.3.2 Frequency Domain Techniques 

The noise is usually assumed to be white, implying 

equal power spectral density S^(v) at all frequencies, while 
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the image is bandlimited: 

\ 

We can therefore use this information to design filters 

which will optimally remove as much of the noise as possible 

while preserving the high frequency power of the image. 

Low Pass Filter, The simplest way to remove the 

noise is to apply a simple low pass filter, whose cutoff 

frequency is tuned to the approximate point where the noise 

power dominates the signal power. The filter can be of any 

order or of any type. These filters are non-adaptive, and 

therefore will remove some high frequency image information 

along with the high frequency noise. Note that the 

averaging filter is a low pass filter. 

Weiner Filter. The Weiner filter is a restoration 

filter, and is the frequency domain version of the MAP 

filter described above. Here the solution is the filter 

transfer function: 
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Hr(u,v) = H*(u.v) (2.12) 
IH(u,v)|2 + Sn/Sf 

= 1 

1+Sn/S^. If no blur, 

Sn(u,v) = Power spectrum of noise = FT[Rn(k,l)] 

Rn(k,l) = E[n(x,y)n(x+k,y+l)] 

Sf(u,v) = Power spectrum of signal 

It is easy to see that this is a low pass filter which tunes 

itself to the signal-to-noise ratio (SNR) of the degraded 

image. Note that as stationarity is required for the auto

correlation and therefore the power spectrum, this filter 

cannot be made spatially adaptive. 

2.3.3 Using High Frequency Information 

As mentioned in the introduction, most of these 

noise smoothing algorithms tend to remove some high 

frequency energy along with the noise. To reach the goal of 

noise removal with high frequency preservation, high 

frequency information extracted from the noisy image could 

be used. 

One image model assumes nonstationary mean and non-

stationary variance. Some adaptive filters use this model 

to better characterize the image locally. Such characteri

zation might be more accurate if the image could be made 

more stationary. Then an adaptive filter would be more 

accurate near edges and other intensity changes. One method 

of improving image stationarity is to extract a low 
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frequency component, such as the local mean, from the noisy 

image. Then the residual high frequency component will be 

more stationary and have lower variance than the original 

image, and will contain most of the noise. An adaptive 

filter applied to this component should better remove the 

noise without smoothing or otherwise degrading the image 

near edges. The reduced variance of the high frequency 

component should also increase the effectiveness of such a 

filter. 

Alternately, high frequency information could be 

used more directly. A noise smoothed result with high 

frequency blurring could be enhanced by high frequency 

information extracted from the noisy image. This informa

tion would have to be largely noise free itself, and be able 

to enhance edges of varying sharpness. A simple noise 

smoothing such as the low pass filter could be used to 

remove the noise if the high frequency component extracted 

contained enough detail to return most of the high frequency 

energy to the resultant image. 



CHAPTER 3 

NOISE SMOOTHING USING HIGH FREQUENCY INFORMATION 

The goal of noise smoothing is to remove the noise 

from the degraded image, while preserving as well as poss

ible the edges and other high frequency detail present in 

the original image. If high frequency information can be 

extracted from the noisy image independently, it can be used 

to augment some existing noise smoothing algorithms to 

satisfy the above goal. 

The focus of this work has been in studying two 

approaches of using high frequency information in noise 

smoothing: smoothing using a two component model (TCM 

smoothing), and smoothing using second derivative 

enhancement (SDE smoothing). TCM smoothing is based on the 

LLMMSE filter, while SDE smoothing is based on a simple low 

pass filter. 

3.1 Two Component Model Smoothing 

This method is based on the LLMMSE filter derived by 

Kuan et al. (1985). Its operation is augmented by a two 

component source model for the image, which separates the 

image into low- and high-frequency components. The LLMMSE 

filter is applied to the high frequency component, which has 

lower variance and is more stationary than the original 

16 
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image. The operation of the LLMMSE filter is thus 

improved. 

3.1.1 LLMMSE Filter 

As mentioned above, the LLMMSE filter is a linear 

form of the minimum mean-square error estimate of the a 

posteriori density p(fj£): 

^LMMSE = Wf + CfgCg1(£ ~ wg) (3.1) 

It uses a nonstationary mean nonstationary variance (NMNV) 

image model, which results in a residual component 

fQ(x,y) = f(x,y) -juf(x,y) (3.2) 

with 

<5^0( x, y) = cf^(x,y) , (3.3) 

a nonstationary variance zero mean white Gaussian density 

image, where ;Uf(x,y) is the nonstationary mean of the image. 

Using this model and the assumptions of white, zero mean, 

signal independent noise, equation 3.1 can be reduced to the 

point process 
A 
fLLMMSE(x»y) = Mf(x,y)+k(x,y) [g(x,y)-jng(x,y) ] (3.4) 

k(x,y) = <s|(x,y) 

cff(x,y) + o^(x,y) 

The algorithm is local in that the image and noise 

statistics can be computed using local spatial averages. 

Note that no assumptions are made about the densities of 

the image or noise, but their first and second order statis
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tics must be known. 

3.1.2 Two Component Source Model 

Image source modeling is motivated by coding tech

niques which seek the lowest data transfer rate for digital 

images. They use a nonstationary mean model to form a low 

variance high frequency residual component r(x,y), which may 

be formed by extracting a discontinuous linear component 

d(x,y) from the original image (Mitrakos and Constatinides, 

1982; Chaparro, Kanefsky, and Papoutsis, 1986): 

f(x,y) = d(x,y) + r(x,y) (3.5) 

The residual then will have an approximately stationary 

Gaussian density, which can be coded to optimize transfer 

rate and error. The discontinuous component can be coded 

without error. 

These methods are derived intuitively, and are thus 

suboptimal. Another similar method is derived using rate 

distortion theory, and while not optimal, is the best sub-

optimal method (Yan and Sakrison, 1977). The rate distor

tion function R(D) gives the lower bound on the transmission 

rate that can be achieved given some distortion D, and 

Shannon's coding theorem states that codes can be constructed 

which come arbitrarily close to this bound (Shannon and 

Weaver, 1963). 

Yan and Sakrison's method attempts to minimize the 

distortion seen by a human observer. A Gaussian density is 
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assumed for the source, as it is the only one for which a 

random field can be completely specified. Then the only 

error criterion for which the rate distortion function can 

be solved is the weighted square error. As the human visual 

system is sensitive to changes in image intensity rather 

than absolute intensity, a non-linear transform is first 

performed on the image. The weighted square error measure 

on the transformed image is then only modestly suboptimal 

with respect to the human visual system. Here, a cubic root 

is used as the transform as this seems to give the best 

performance (Mannos and Sakrison, 1974). Then a residual 

component is formed by extracting a discontinuous component 

from the cube root of the image: 

u(x,y) = [f(x,y)]1/3 = d(x,y) + r(x,y) (3.6) 

The residual will be a Gaussian random field with 

much lower variance than the original image, as shown in 

fig. 3«1> and can then be best coded using a code with a 

weighted square error distortion measure. As the human 

visual system does not use this distortion measure, this is 

not a completely optimal code. However, no better perfor

mance could be expected by attempting to find a more accu

rate distortion measure for the human visual system (Yan and 

Sakrison, 1977). 

3.1.3 Combining the Two Methods 

The two component source model is used to augment 
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the performance of the LLMMSE filter in TCM noise smoothing. 

The residual image from the two component model will have 

lower variance than the original image and will be more, 

although not completely, stationary in the mean and var

iance. It will thus contain fewer large discontinuities 

(edges) than the original image, and will also contain most 

of the noise. 

The LLMMSE filter is applied to this residual, 

allowing the statistics involved to be estimated more 

accurately in regions of high variance in the original 

image. The filtered residual is then added back to the 

discontinuous component for the result. We have thus oper

ated on the component of the image containing most of the 

noise, without affecting the edges as much as operating on 

the original image would. The LLMMSE filter is better able 

to adjust to the small discontinuities in the residual than 

to the large ones in the original image. Thus the result 

using TCM smoothing should contain fewer artifacts, 

especially close to edges, and should be more accurate 

overall than using the LLMMSE filter alone. Also, as more 

noise can be removed near edges and in small regions, TCM 

smoothing should give a higher resultant SNR. 

3.2 Second Derivative Enhancement Smoothing 

This second method is an ad-hoc way of meeting our 

goal of noise removal with edge preservation. Here, the 
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second derivative is found from the noisy image, and added 

to a severely low pass filtered version of the image. There 

are two ways of finding the second derivative: the 

Laplacian-of-Gaussian (LOG) edge detector, and a polynomial 

image approximation. 

3.2.1 Laplacian-of-Gaussian Edge Detector 

Marr and Hildreth (1980) derived an edge detector 

based on certain properties of the human visual system. 

This theory of edge detection applies a LOG operator to the 

image to find the second derivative, and finds edges as zero 

crossings of the second derivative. 

According to this theory, intensity changes in 

natural images occur over a wide range of scales so that a 

more optimal edge detector would operate at a number of 

scales, as is hypothesized for the human visual system 

(Wilson and Bergen, 1979). Thus, a prefilter is applied to 

the image for each scale before the second derivative is 

taken to detect sharp intensity changes. This prefilter has 

two constraints: that it be frequency limited, and that it 

be spatially localized. The frequency limitation is to 

limit the range of frequencies over which edges are detected 

at each scale. The constraint of spatial localization is so 

that pixels are averaged over an area near an edge, not over 

the whole image. The only filter which will optimize both 

of these constraints simultaneously is the Gaussian filter: 
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G( r) = 1 expC-r 2 ) 
2pi62 262 

(3.7) 

r2 = x2 + y2 

The airection of the edges detected at each point is 

not important, only the magnitude. Therefore, the Laplacian 

operator is used to find the second derivative of the 

prefiltered image: 

V'2 = 02 + 02 • 
ox 2 oy2 

(3.8) 

The zero crossings of the output of the Laplacian operator 

will correspond to edges if the condition of linear 

variation is satisfied (Marr and Hildreth, 1980). This 

condition is satisfied if intensity variations in the 

prefiltered image along a line parallel to and near a line 

of zero crossings is linear. The Gaussian filtered image 

will satisfy this condition. 

The two operations can be combined into one filter, 

the LOG filter: 

v- 2G(r) = -1 [1 - r 2 JexpC-r 2 ) 
2pi cr4 202 262 

(3.9) 

The filter is shown in the space and spatial frequency 

domains in Fig. 3.2. Edges can then be detected as zero 

crossings of the output of this operator. 

3.2.2 Haralick's Step Edge Detector 

The second derivative is also used in an edge detec-

tor derived by Haral ick ( 198 4). Here, a cubic polynomial 

fit is taken at every image pixel in a surrounding neighbor-
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Figure 3.2 Laplacian-of-Gaussian operator. 
a) Space Domain, b) Frequency Domain. 
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hood, taking the form 

f(r,c) = + k2r + k^c + k^r2 + k^rc + kgc2 (3.10) 

+ kyr^ + kgr^c + kgrc2 + k-jQC^ 

(y - a) < r _< (y + a), (x - b) < c _< (x + b) , 

a,b some neighborhood size. A set of discrete orthogonal 

polynomials, in this case the discrete Chebyshev polynomials 

(Beckman, 1973)> are used to generate a series of masks 

which are then used to determine fitting coefficients for 

the orthogonal polynomials. These fitting coefficients are 

then used to determine the cubic polynomial coefficients at 

each pixel. 

The first and second derivatives of the image may 

then be found from these cubic polynomial coefficients. 

Haralick's method takes the second derivative in a direction 

indicated by the first derivative, and detects edges as 

negatively sloping zero crossing of the second derivative 

where the first derivative is not equal to zero. Hypothesis 

testing, based on the generated cubic polynomial coefficients 

and a calculated residual fitting error, is then used to 

test for the existence of edges found from the algorithm. 

The edge direction information can be used for connectivity 

tests. 

3.2.3 Second Derivative Enhancement 

At positive edges the second 

positively to a maximum equal to the 

derivative will slope 

maximum gradient 
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magnitude of the edge, then negatively to a zero crossing at 

the point of maximum gradient of the edge. The second 

derivative will then similarly go to a negative maximum and 

back to zero, as shown in Fig. 3.3Cc] (showing the negative 

of the second derivative). The negative of the second 

derivative can then be added to the severely low pass 

filtered noisy image, enhancing the smoothed edges as shown 

in Fig. 3.3Cd]. 

The low pass filter can be of any design and any 

order, and its cutoff frequency determined by the user, 

based on the frequency spectrum of the noisy image. The 

user thus has much freedom in choosing a filter to give a 

result with as high a SNR as desired while still preserving 

edges. However, small detail will be lost unless the second 

derivative operator is effective at small scales, and in the 

presence of noise. 
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Figure 3.3 Typical edge profile. 
a) Edge of maximum gradient m. 
b) First derivative of edge. 
c) Negative of second derivative. 
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CHAPTER 4 

IMPLEMENTATION 

There are a number of factors which must be taken 

into account concerning the best possible implementation of 

these algorithms. The ultimate goal of any image restora

tion algorithm is to give the highest accuracy possible. 

However, the system should also operate with as much speed 

and as little user intervention as possible. There is then 

the constraint of the capabilities of the hardware used, for 

example the ease with which the image can be manipulated, 

the resolution (number of possible gray levels) of each 

pixel, the maximum image size, and the amount of memory 

available. Often, these latter constraints largely deter

mine the effectiveness of the algorithm implemented. 

The two noise smoothing algorithms have been devel

oped and tested in the Signal Processing Laboratory and the 

Digital Image Analysis Laboratory of the Department of 

Electrical and Computer Engineering at the University of 

Arizona. The development system is microcomputer based and 

consists of a PCVISION frame grabber board from Imaging 

Technology Inc., used in an IBM PCXT. The Imagelab and 

Imagetool software packages from Werner Frei are also used. 

These packages allow the user to address blocks of image 

28 
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data from the frame grabber as arrays, and consist of a 

mouse based operating system containing a number of image 

manipulation and analysis functions, and a library of 

functions which the programmer can use to manipulate and 

process images, respectively. All programs have been com

piled using Microsoft FORTRAN versions 3.2-4.01. This chap

ter deals with the actual implementation of the TCM and SDE 

noise smoothing algorithms, as determined by the factors 

mentioned above. 

4.1 Original and Noisy Images 

The algorithms have been tested using 128x128 pixel 

sections taken from the 256x256 pixel USC-Girl image from 

the USC Image Processing Institute database, shown in Fig. 

4.1. This is a high quality eight bit per pixel GL image, 

with GL values ranging ranging from 0 to 255, and is com

monly used in image processing studies. It also contains a 

good deal of high frequency detail and edges at many scales. 

The Gaussian noise is generated using a random num

ber generator with uniform probability density between zero 

and one. The central limit theorem is invoked to transform 

this into Gaussian noise with zero mean and user specified 

standard deviation. This noise is in turn added point by 

point to each image pixel, producing the noisy image. 

The algorithms have been tested on a 128x128 pixel 

section from the upper left quadrant of the USC-Girl image, 
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Figure 4.1 USC-Girl image. 
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shown in Fig. 4.2[a]. This section has global statistics of 

Mf = 94.9 and <y2 = 1423.35. Figure 4.2[b] shows a line 

profile from this image, from row 105 column 0 to row 105 

column 127. All subsequent line profiles will be taken from 

between the same pixels. The noisy image and profile shown 

in Figs. 4.3Ca,b] have noise added with an = 10.0, giving 

SNRijj = 14.23 and mse = 100.01 The mean squared error (mse) 

is calculated between the original image and whatever other 

image is being considered. The signal-to-noise ratio (SNR) 

for a noisy image is found by dividing the noisy image 

vairance minus the noise variance by the noise variance. 

Figure 4.4 is a histogram of the noisy image, showing that 

is does not possess anything resembling a Gaussian density. 

The image statistics are found using sample average 

estimators. A border of four pixels is discarded to avoid 

border effects from some processes. The noise statistics 

from the results are estimated globally in a portion of the 

image with low variance, here a 20x20 square with upper left 

corner at row 5, column 60. Local statistics are found 

using the following biased estimators (Kuan et al., 1985): 

F(x,y) = 1 x+^ y+\ f(p,q) (4.1) 
(2r+1)(2s+1) p=x-r q=y-s 

varf ( x, y) = 1 x+£ (4.2) 
(2r+1)(2s+1) p=x-r q=y-s 

c(x-p,y-q)[f(p,q) - F(p,q)]2 

c(i,j) = 9 exp[-4.5(i2/r2 + j2/s2)] 
2pi*r*s 
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The local statistics are estimated in 5x5 pixel neighbor

hoods (r=s=2). The weighting function c(i,j) is used so 

that more emphasis is put on pixels from the center of the 

neighborhood, thus making variance estimates near edges of 

images more accurate. 

4.2 Two Component Model Smoothing 

Two different two component source models were 

discussed in section 3.1.2. The first model simply 

calculates a discontinuous image component from the original 

image and finds a residual component as the difference 

between the original and the discontinuous component. The 

second model calculates the discontinuous component from the 

cube root of the noisy image, to better optimize the model 

with respect to a human visual system model. Both of these 

models were tested in the implementation of TCM noise 

smoothing. 

Earlier two component model implementations used a 

piecewise polynomial approximation of degree zero (constant 

line segments) (Mitrakos and Constantinides, 1982; Yan and 

Sakrison, 1977) to calculate the discontinuous component. 

In this study a two-dimensional piecewise polynomial approx

imation, or spline fit, of order three is used. The cubic 

spline fit can be found numerically using an algorithm based 

on the principle of minimum curvature (Briggs, 1974). This 

algorithm was originally derived for machine map contouring, 
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and will fit the solution to a set of given observation 

points, whether or not they are on a regular grid. The 

specific version of the algorithm used here is given as a 

FORTRAN IV program by Swain (1976), and thus had to be 

modified for the version of FORTRAN and the image processing 

system used. 

4.2.1 Model I 

This model first calculates the discontinuous compo

nent (Mitrakos and Constantinides, 1982). The noisy digital 

image is sampled at every fourth pixel and input to the 

minimum curvature fit program, giving the result shown in 

Fig. 4.5[a]. This sampling interval is used to produce 

observation points so that little of the noise and other 

high frequency information will be in the fit image. The 

line profile of this fit in Fig. 4.5[b] shows that this is 

no longer a discontinuous component. However, it does give 

a residual image with Gaussian density and more stationary 

variance than the original image. 

The resultant fit image is then subtracted from the 

noisy image to give a residual, shown in Fig. 4.6[a]. It is 

shown with a GL offset of 127. The histogram of this resi

dual, shown in Fig. 4.7, indeed shows that the residual 

possesses a Gaussian-like density. 

The 5x5 LLMMSE filter then operates on the residual 

image. The statistics needed in equation 3.4 must first be 
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found. As the noise is assumed to have zero mean, the 

original image mean u^ can be approximated by the noisy 

image mean Hg. Also, as the noise and image are assumed to 

be independent of one another, the image variance can be 

approximated as 

af = °| - cl • 
Then the algorithm depends only on the noisy image 

statistics. The result of the 5x5 LLMMSE filter is then 

added back to the minimum curvature fit to produce a noise 

smoothed result. A line profile from one such result, Fig. 

4.8[b], indeed shows that the noise has been reduced, while 

much of the small detail has been preserved. 

Figures 4.8[a] and 4.9 show two results. The first 

uses varn = 130, estimated from the residual image, and the 

second uses varn = 100, estimated from the noisy image. The 

statistics of these results are listed in Table 4.1. Both of 

these results are statistically and visually substantial 

improvements over the original image. The two-dimensional 

fast Fourier transforms (FFT's) of the original and noisy 

images and the result of Fig. 4.8[a] are shown in Figs. 

4.10, 4.11, and 4.12, respectively. They show that this 

noise smoothing method removes most of the noise from the 

image while preserving the high frequency energy. Note that 

there is still some high frequency noise left, greatly 

reduced in magnitude. In these FFT's the d-c frequency 

(0,0) is in the upper left corner, while the normalized 
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Figure .4.8 Result of noise smoothing using model I, varn = 
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Figure 4.9 Result of noise smoothing using model I, varn = 
100. 
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Process SNR mse 

Noisy image, crn = 10 

Model I, varn = 130 

Model I, varn = 100 

Model II, varn = = 63 

Model II, varn = : 100 

14.23 100.01 

62.68 67.64 

42.91 61.43 

26.43 63.30 

44.315 59.45 

Table 4.1 Noisy image and TCM result statistics. 



Figure 4.10 FFT of original image. 

Figure 4.11 FFT of noisy image. 

Figure 4.12 FFT of noise smoothed result using model I, 
varn = 130. 
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frequency (vx,vy) = f/fs = 1 is in the center. A GL of 255 

(white) corresponds to 0 dB, a GL of 0 (black) to -60 dB. 

4.2.2 Model II 

This model takes the discontinuous component of the 

cube root of the image (Yan and Sakrison, 1977). The 

cuberoot image, shown in Figs. 4.13ta,b], is scaled by a 

factor of 40. This is because the variance of the residual 

without scaling is too small for the LLMMSE filter to be 

effective. Figures 4.14[a,b] show the minimum curvature fit 

to the cube root, and Figs. 4.15[a,b] show the residual. 

The line shows the residual here to have slightly better 

stationary behavior, while the histogram of Fig. 4.16 shows 

the residual to have a Gaussian density, although with 

reduced variance. 

The LLMMSE filter is applied to the residual as 

before, the result added to the fit, scaled by 1/40, and 

cubed to produce the result. Figures 4.17 and 4.18 show two 

results. The first uses varn = 63.5, estimated from the 

residual, and the second uses varn = 100, estimated from the 

noisy image. The statistics of these results are also given 

in Table 4.1. Here the noise estimate from the noisy image 

gives better results instead of that from the residual as 

before, suggesting that the best noise estimate is the 

highest which will not produce artifacts in the result, and 

therefore raise the mse. These artifacts are caused by 
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Figure 4.16 Histogram of cube root residual. 

Figure 4.17 Result of noise smoothing using model II, varn 
= 63.50. 

Figure 4.18 Result of noise smoothing using model II, varn 
= 100. 
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over- and under-estimates of the image statistics near edges 

in regions of high variance, which in turn causes over- and 

under-estimates of pixel values by the 5x5 LLMMSE filter in 

these regions. Also, while there are definite statistical 

improvements over the noisy image here, they are not as 

dramatic as with Model I, suggesting that it is a better 

model. 

4.3 Second Derivative Enhancement Smoothing 

The second derivative can be calculated by the 

method of either section 3.2.1 or 3.2.2. However, there is 

some debate as to the relative accuracy of the two 

algorithms (Grimson and Hildreth, 1985; Haralick, 1985). 

While it does appear that Haralick's method may be more 

accurate, especially for images with low SNR (Delp and Chu, 

1985), the algorithm's complexity and memory intensiveness 

make it less desirable. Each of the fitting coefficients 

and in turn the polynomial coefficients must be found at 

each pixel, requiring a number of arrays the same size as 

the image. Memory space must also be reserved for the 

first and second derivatives at each pixel. 

Therefore, the LOG filter is used to find the 

second derivative of the noisy image. A filter with a 

standard deviation of 2.5 requires a 21x21 pixel neighbor

hood to properly approximate the continuous LOG filter 

shape. This mask is convolved with the noisy image to 
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produce the second derivative. However, the LOG kernal is 

separable and can be implemented by successively applying 

one-dimensional filters in the x and y directions (Chen, 

Huertas, and Medioni, 1987). Then, the same convolution is 

increased in speed by a factor of eight. 

Fine detail is extracted from the image by convolv

ing it with a 13x13 pixel LOG filter with standard deviation 

of 1.4. This size filter is chosen based on visual compa

rison of results from filters of various sizes. The second 

derivative at edges is found by keeping those negative 

pixels in a 5x5 pixel neighborhood of any positive pixels 

from the result of this convolution, thus saving pixels 

about zero crossings. The noise in low variance regions of 

the noisy image causes the LOG filter to give false output. 

This is eliminated by thresholding the second derivative by 

its magnitude. The image and line profile in Figs. 

4.19La,b] show this local second derivative. The corre

sponding edge map in Fig. 4.20 is found by classifying all 

positive pixels from the second derivative with negative 

neighbors as edges, thus finding edges as zero crossings of 

the second derivative. Note the degree of detail in such 

regions as the lower right corner in the edge map. 

The noisy image is then smoothed using a simple FIR 

low pass filter. The filter coefficients are calculated 

using the Fourier series method (Ahmed and Natarajan, 1983). 

This method uses the fact that the frequency response of any 
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Figure 4.19 Second derivative of noisy image. a) GL image. 
b) Line profile. 
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discrete filter is periodic with period equal to the 

sampling frequency fs. A filter with real frequency 

response will have the desired property of linear phase, and 

the discrete impulse response can be calculated as truncated 

Fourier series coefficients of the desired frequency 

response. The impulse response coefficients can then be 

windowed with the Hamming window. Ahmed and Natarajan give 

a FORTRAN implementation of an algorithm which can be used 

to generate impulse response coefficients for bandpass and 

band reject filters. This method is not optimal, but is 

sufficient for this application. 

The bandpass filter generation method from this 

algorithm is used to generate low pass filters. Using a 

lower cutoff frequency v1 of zero in such a band pass filter 

will generate a low pass filter that attenuates the lower 

frequencies, due to the shallow slope of the filter near the 

cutoff frequency, however. Therefore a negative frequency 

must be used for the lower cutoff, so that the mean of the 

filtered image is the same as that of the original image. 

Figure 4.21[a] shows the noisy image bandpass filtered at 

v1 = -0.01, v2 = 0.35, giving a low pass filter with cutoff 

frequency vc = v2. This frequency is chosen on the basis of 

observation of the FFT of the noisy image. Figure 4.22[a] 

shows the result of the addition of the negative of the 

second derivative and this smoothed image, while Figs. 

4.21[b] and 4.22[b] show lines from the smoothed image and 
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result, respectively. It is easy to see the restored edge 

detail in the result, and the low amount of noise present. 

The statistics of this result are shown in Table 4.2. The 

SNR is a drastic improvement over that for the original 

image, and could be raised even further by smoothing at a 

lower cutoff frequency. The mse is also quite low, suggest

ing a high degree of accuracy in the result. Figures 4.23 

and 4.24 give FFT's of the smoothed image and the SDE 

smoothed result respectively, showing noise removal at high 

frequencies, with preservation of some high frequency 

detai1. 

Figure 4.24 also shows that much high frequency 

detail, especially that along the diagonals, has been lost. 

This is due to the thresholding. Some of the weaker edges, 

such as the edges of the white vertical stripe, get removed 

along with the noise. It can be seen from the unthresholded 

second derivative and edge map in Figs. 4.25ta,b] that the 

second derivative should be more correlated locally near 

actual edges than in the flat region, which is dominated by 

noise. A threshold based on local correlation is therefore 

used. This thresholding can be implemented by calculating 

the correlation coefficient 

rwz = Cwz/^z (4-4) 

at every pixel between a 1x5 row (5x1 column) centered on 

the pixel and the rows (columns) two rows (columns) above and 

below (to the left and right). 



Process SNR 

Using magnitude thresholded 
second derivative 217.70 

Using correlation thresholded 
second derivative 212.70 

Table 4.2 SDE result statistics. 
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Figure 4.23 FFT of low pass filtered image. 

Figure 4.24 FFT of result of SDE smoothing. 



a) 

b) 

Figure '4.25 Unthresholded output of LOG filter. a) Second 
derivative. b) Edge map. 
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Each of these outer rows (columns) is shifted by values from 

-2 to 2 with respect to the central row (column), resulting 

in 20 coefficients at each pixel. If any of these is above 

some threshold, the pixel is deemed an edge and kept. If 

none are over the threshold, the pixel is set to a value of 

127. Figures 4.26[a,b] show the output of this process 

applied to the unthresholded second derivative and a line 

from the output respectively. It can be seen that the edges 

including the faint edges of the white stripe have been 

kept, while artifactual edges from noise in the flat regions 

are removed. 

The result shown in Fig. 4.27 is produced by adding 

the new thresholded second derivative to the low pass fil-

tered image. The statistics of this result are also listed 

in Table 4.2. Both of these measures are slightly worse 

than before, but not enough to be significant. More impor-

tantly, a visual comparison of this result, the previous 

result, and the original image show that this last result 

has more natural edges than the previous one. However, 

comparison of the FFT's of the previous result and the 



Figure. 4.26 
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Figure 4.27 Result of SDE smoothing, using correlation 
threshold. 

Figure 4.28 FFT of new result of SDE smoothing. 
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current one in Fig. 4.28 show no increase in high frequen

cies preserved with this thresholding method. This is 

because the only edges that were previously lost were the 

lower frequency ones. We have thus gained little high 

frequency information using the correlation threshold, but 

have gained some subjective image quality. 



CHAPTER 5 

STATISTICAL AND SUBJECTIVE COMPARISONS 

As the TCM and SDE algorithms are extensions of 

existing algorithms, it is instructive to compare the 

results obtained using them with results from the algorithms 

they are based on. These basic noise smoothing algorithms 

are the LLMMSE and low pass filters. The comparisons are 

made on the basis of image quality metrics, subjective 

comparisons, and time required for implementation. Compari

sons are also made for different noise levels and for images 

with higher variance and edge content. 

5.1 Image Quality 

The metrics used to compare the results are the SNR 

and mse, as given above. While both metrics give some 

indication of the amount of noise removed from the degraded 

image, the mse gives a more direct indication of the reduc

tion in noise power. It also give an indication of the 

accuracy of the processed image. The SNR is used as it is a 

standard. Unfortunately, as shall be seen, the mse does not 

give a reliable indication of edge quality. There are error 

metrics that do take into account edge quality, however. 

These metrics find a mean-square error between the original 

and result images, both first transformed by some model 
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(Hall, 1981). While these metrics do seem to correlate well 

with subjective rankings of image restoration quality, the 

differences in edge quality among the results here are 

easily discernible. Therefore, the SNR and the mse are the 

only two image quality metrics used. 

Figure 5.1 shows the result of the 5x5 LLMMSE filter 

applied to the noisy image, using varn = 50. Using a higher 

estimated noise variance only adds over- and under-estima-

tion artifacts to the image, as with TCM smoothing. Two low 

pass filters are used: one with a cutoff frequency vQ = 0.5 

in both directions, the other with horizontal vc = 0.6, 

vertical vc = 0.35. Results from the two filters are shown 

in Figs. 5.2 and 5-3» respectively. A filter with vQ = 0.6 

in both directions and the horizontal-vertical filter above 

are also applied to a residual image, giving the results 

shown in Figs. 5.4 and 5.5, respectively. 

Table 5.1 lists the S N R QUT and mse for all of these 

results, with rankings given in parentheses. From these 

rankings the horizontal-vertical filter might be judged to 

give the best results. It gives the lowest squared error 

and the second highest SNRquj. However, visual comparison 

with any of the previous results, such as that from TCM 

smoothing, show that the low pass filtered image has much 

lower edge strength, and less high frequency detail overall. 

The same applies to all the results obtained using low pass 



Figure 5.1 Result of noise smoothing using LLMMSE filter. 

Figure 5.2 Low pass filtered noisy image, vc = 0.5. 

Figure 5.3 Low pass filtered noisy image, vch = 0.6, 
vcv = 0.35. 
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Figure 5.4 Low pass filtered residual, vc = 0.6. 

Figure 5.5 Low pass filtered residual, vch = 0.6, vcv = 
0.35. 

67 



1---3 
Q) 

0'" 
1-' 
CD 

IJl . 
~ 

~UlH 
t-J· 8 s 
(1"00> 
:JOOQ 

c1"CD 
q::r ::s ...., • ..o 

::s c 
JJOQQ) 

1-' 
~ Q) t-J· 

o~--'c1" 
.OQ'< 
oo . ., s 

I-'· CD 
(1"c1" 
:J""'S 
8 1-'· 
en o .. (/.) 

Q)H) 

-oo 
"O"""S 
1--' 
1-'· 0.. 
ct> t-J· 
Q..H) 

H) 

c1"ct> 
0 """S 

ct> 
::s ::s 
Oc1" 
1-'· 
Ul ::s 
'<0 

t-J· 
1-'•(Jl 
8 ct> 
Q) 

()Q 

ct> 

Process 

Noisy Image, o-n = 1 o.o 

TCM smoothing, model I, varn = 130 

TCM smoothing, model I, varn = 100 

TCM smoothing, model II, varn = 63 

TCM smoothing, model II, varn = 100 

SDE smoothing 

LLMMSE filter of noisy image 

Low pass filtered noisy image, vc = .5 

Low pass filtered noisy image, vc = .6h, .35v 

Low pass filtered remainder, vc = .6 

Low pass filtered remainder, vc = .6h, .35v 

SNR -

14.23 

62.68(5) 

42.91(8) 

26.43(10) 

44.315(7) 

212.73(1) 

35.20(9) 

85.51(4) 

109.55(2) 

52.05(6) 

97.42(3) 

mse -

100.01 

67.64(9) 

61.43(5) 

63.30(6) 

59.45(4) 

52.99(3) 

113.62(10) 

49.17(2) 

49.17(1) 

64.70(7) 

66.61(8) 

0\ 
(X) 



69 

filtering. In addition, the results from low pass filtering 

the residual image show large artifacts, such as near the 

edge of the hat in the center of the image. These are due 

to the smearing of the edges in the ·residual by the low pass 

filter. Of those results remaining, the result obtained by 

applying the LLMMSE filter to the noisy image is the worst. 

In fact, the squared error of this result is higher than 

that for the noisy image. Visual inspection of this result 

shows some noise removal in the larger flat regions, but 

with much noise and artifact around edges and in regions of 

high frequency detail. These problems are most likely due 

to errors in estimating the local statistics, a problem the 

TCM smoothing algorithm should solve. 

The result from SDE noise smoothing can therefore be 

considered the best. In addition to having the highest 

SNRouT and the third lowest squared error of any of these 

results, it also has good edge preservation and overall 

retains much of the high frequency detail of the original 

image. The best result using TCM noise smoothing is that 

using varn = 130. Although its mse is higher than for any 

of the other TCM results, the difference is small, while its 

SNRouT is the highest for this group. More importantly, TCM 

smoothing has been shown to be a definite improvement over 

LLMMSE filtering, with the model given by Mitrakos and 

Constantinides the more desirable one. 
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5.2 Higher Variance and Noise Images 

The TCM and SDE noise smoothing algorithms have also 

been applied to the original image with higher variance 

noise added, and to a second section from the USC-Girl image 

with higher variance at two noise levels. Figure 5.6 shows 

the original image with noise of ~n = 14.0 added. Results 

from TCM and SDE smoothing are given in Figs. 5.7[a,b] 

respectively, with quality metrics given in Table 5.2[a]. 

The spots in the lower left of the TCM result are due to 

over-estimates of pixels in this region by the 5x5 LLMMSE 

filter. A low pass filter with v c = 0.3 is now used. While 

TCM smoothing gives drastic improvements in both metrics, 

SDE smoothing does even better. SDE smoothing removes more 

noise and produces fewer artifacts, such as in the lower 

right corner of the image. However, TCM smoothing does give 

slightly better high frequency detail, as seen on the hat 

bands of the results. 

The second 128x128 pixel image tested is taken from 

an area with upper left corner row 20, column 350 in the 

USC-Girl image. This section, shown in Fig. 5.8, has more 

GL contrast and edge activity than the previous image sec

t i on u s e d , and h a s s t a t i s t i c s J..t f = 1 1 7 • 2 0 and cr¥ = 3 4 7 0 • 5 3 • 

To this image noise with on = 15.0 is added, giving a noisy 

image with SNRrN = 16.09 and mse = 221.35, shown in Fig. 

5.9. TCM and SDE noise smoothing are applied to this noisy 

image, with low pass filtering at vc = 0.3, giving the 



Figure 5.6 Noisy image section, ~n = 14.0. 

a) 

b) 

Figure 5.7 Results of two noise smoothing algorithms, 
applied to original image with 6

0 
= 14.0. 

a) TCM smoothing. b) SDE smooth1ng. 
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Process SNR mse 

Noisy image, crn = 14.0 

TCM smoothing 

SDE smoothing 

7.30 

29.09 

104.46 

195.48 

108 .06  

65.28 

a) 

Noisy alternate image, crn = 

TCM smoothing 

SDE smoothing 

15.0 16.09 221 .35 

75.92 187.90 

366.47 114.48 

b) 

Noisy alternate image, = 

TCM smoothing 

SDE smoothing 

22.0 7.17 465.20 

31.10 272.87 

142.13 141.18 

c) 

Table 5.2 Image quality metrics for two noise smoothing 
algorithms. 
a) Applied to original image with <5n = 14.0. 
b) Applied to alternate image with tin = 15.0 
c) Applied to alternate image with <rn = 22.0. 
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Figure 5.8 Alternate image section. 

Figure 5.9 Noisy alternate image, ~n = 15.0 



74 

results shown in Figs. 5.10[a,b], respectively. The quality 

metrics in Table 5.2[b] and visual inspection of the results 

show that the relative quality of the results is the same as 

for the previous image. However, the difference in the 

amount of small detail preserved by the two methods is more 

dramatic. With this image, while TCM smoothing does not 

remove as much noise, it does preserve much more of the 

detail in the image, as can be seen from the brim of the 

hat. While SDE smoothing blurs the stripe around the brim 

of the hat, TCM smoothing preserves it. 

Figures 5.11 and 5.12[a,b] show the same image with 

noise of 0"n = 22.0 added and the results from TCM smoothing 

and SDE smoothing with prefiltering at vc = 0.3, respect

ively. Statistics for these results are given in Table 

5.2[c]. Again, the relative quality of the results is the 

same as for previous results. Figure 5.13ta] gives a plot 

of SNRqut vs. SNRJJJ for both noise levels, while Fig. 5.13 

[b] gives a plot of mse vs. SNRjjj for both noise levels. It 

appears from these plots that as the noisy image SNR goes 

up, the SNR of the result for the two methods will diverge. 

The SNRQUJ for SDE smoothing will probably level off as the 

noise level is reduced, however, so that the resultant S N R  

for TCM smoothing may eventually approach it. It also ap

pears that as the noise level goes down, the mse for TCM 

smoothing will approach that of SDE smoothing. In fact the 



a) 

b) 

Figure ~.10 Results of two noise smoothing algorithms, 
applied to alternate image with crn = 15.0. 
a) TCM smoothing. b) SDE smoothing. 
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Figure 5.11 Noisy alternate image, ~n = 22.0. 

a) 

b) 

Figure 5.12 Results of two noise smoothing algorithms, 
applied to alternate image with ~n = 22.0. 
a) TCM smoothing. b) SDE smoothing. 

76 



220 

200 

180 

160 
D 
D 
0 

£ 140 

~ 
.c; 

ll 
120 

0 

E 100 

"' 0 
80 a:: 

z 
Ill 

60 

40 

20 

0 

280 

260 

D 240 
0> 
0 

220 £ 
" 200 D s 
0 180 0 

E 

"' 160 

0 

~ 
140 

120 

" ~ 100 

::> 
CT 

"' 
80 

~ 60 

~ 40 

20 

0 

Figure 5.13 

0 

0 

SNR's of Restoration vs. Noisy Image 

SOC Smoothi"9 

2 4 8 10 12 14 16 18 20 

SNR of Noi'Y lm<><:Je 

a) 

MSE vs. SNR of Noisy Image 
Error - Original lm"9"-Reslorotion 

7 .17 16.09 20 

Signal-to-Noise Ratio of Noisy lm<><:Je 

b) 

Image quality metrics vs. noisy image SNR for 
alternate image. 
a) SNRour vs. SNRrN· b) mse vs. SNRrN• 

77 



78 

mse for TCM smoothing should drop below that for SDE smooth

ing because most of the error for TCM smoothing is from 

artifact due to high noise variance. The accuracy in SDE 

smoothing is on the other hand limited by the second deriva

tive map, whose accuracy is not limited by the image noise, 

but by the variance of the LOG filter, and the angle of the 

edge. 

5.3 Time Considerations 

It might also be instructive to compare these algo

rithms with respect to time and ease of implementation. If 

either of them are to be implemented at or near video rates, 

they must be performed by dedicated hardware. Although the 

amount of user intervention necessary to both would seem to 

preclude any "real time" applications, implementation time 

is still important for single frame applications. The user 

should not have to enter many control parameters for inter

mediate results, and those that must be entered should be 

able to be found objectively. 

The TCM smoothing method requires the recursive 

solution of the minimum curvature fit to the noisy image. 

Iterations of the solution are done on grids whose spacing 

is reduced until a spacing of one is reached. Consequently 

the later iterations take much longer than the initial ones. 

The user inputs the initial grid spacing. A typical image 

requires about 90 iterations, taking about 40 minutes in 
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all. The 5x5 LLMMSE filter itself is relatively simple and 

fast, but estimating the required statistics takes about 20 

minutes on a 128x128 pixel image. Also, it seems the best 

value for the estimated noise variance is the highest which 

does not give too many artifacts in the result. Therefore, 

finding this value requires some subjective evaluation of 

intermediate results by the user, and it would be useless to 

try to adapt hardware for this algorithm. Table 5.3 gives 

implementation times for the processes necessary, to the 

nearest minute. 

SDE smoothing uses straight forward one-dimensional 

convolutions to find the second derivative and low pass 

filter the image. While the filter coefficients must be 

provided by the user, the same coefficients can be used for 

a wide variety of images. On the other hand, the correla

tion thresholding operation adds extra time, and extra user 

intervention. Still, the process takes a total time of 

about 20 minutes, as shown in Table 5.3. In addition, both 

convolutions could easily be performed in existing hardware, 

greatly reducing implementation time. The SDE smoothing 

algorithm therefore appears to be superior with respect to 

time and ease of implementation. 
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Process Time (min) 

SDE smoothing 

LOG filter 8 

Correlation threshold 6 

Low pass filter 5 

Miscellaneous 1 

Total: 20 

TCM smoothing 

Minimum curvature fit 42 

Statistic estimation and 
LLMMSE filter 20 

Miscellaneous 1 

Total: 63 

Table 5.3 Implementation times for intermediate processes 
of the two algorithms, to the nearest minute. 



C H A P T E R  6  

C O N C L U S I O N S  

Digital image noise smoothing may be accomplished by 

a number of methods that may or may not be linear, adaptive, 

or statistically optimal. Many methods are special cases of 

image restoration algorithms, and are derived to be statis

tically optimal. Some noise smoothing methods also try to 

take into account the sensitivity of the human eye to noise 

in flat regions and near edges, but these tend to be overly 

complicated. It is the goal of this study to explore 

practical noise smoothing methods using high frequency 

information, in order to preserve edge quality in the pro

cessed image. 

For a statistically optimal noise smoothing method 

to be valid, the uncorrupted and noisy images must be 

modeled accurately from a statistical point of view. If an 

individual image is thought of as a time sample of a contin

uous time stochastic process, invoking ergodicity allows it 

to be characterized through spatial average statistics. 

However, images are better modeled with nonstationary mean 

and variance to accurately follow local variations in these 

statistics. The statistics are still calculated from 

spatial averages. 
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Noise processes that can be modeled as signal depen

dent or independent and additive can be smoothed optimally 

using Bayesian estimators. One such estimator, the LLMMSE 

filter, is a linear form of the minimum mean-square error 

estimate with statistics estimated in a local neighborhood 

at each pixel. It is derived assuming a NMNV image model 

and can be reduced to a point process with some other basic 

assumptions. As this filter might be more effective 

operating on a more stationary lower variance version of the 

image, a two component source model can be used. This model 

separates the image into low frequency discontinuous and 

high frequency residual components, the residual being more 

stationary, with reduced variance, and containing most of 

the noise. Applying the LLMMSE filter to this residual 

should thus give effective noise smoothing without blurring 

edges and other high frequency detail. This method of noise 

smoothing is called TCM smoothing. 

Another more ad-hoc method of noise smoothing is 

possible. Here, the negative second derivative is found 

from the noisy image and added to a severely low pass 

filtered version of the noisy image. The second derivative 

will be most significant at edges and in areas of high 

frequency activity, forming a high frequency component, and 

enhances the smoothed edges when subtracted from them. 

While this method, called SDE smoothing, is not optimal it 

has the advantage of being simple to implement and giving 
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the user flexibility in choosing a suitable filter for the 

actual noise removal. 

The two noise smoothing methods have been imple

mented, and the results are compared with respect to two 

quality metrics: the SNR and mse. As these two method are 

extensions of other methods, these results are also compared 

with those from the basic methods: the LLMMSE filter for TCM 

smoothing, and the low pass filter for SDE smoothing. Sub

jective (visual) comparisons of the results are also made. 

The two noise smoothing methods are additionally compared at 

different noise levels and for different noisy images. 

Based on these comparisons, SDE smoothing can be 

seen to best fulfill the original goals of noise removal 

with edge and high frequency preservation. High resultant 

SNR and low error are achieved with this method, with excel

lent edge preservation. It is also reasonably simple and 

fast to implement. TCM smoothing also performs better than 

the other methods tested, although not as well as SDE 

smoothing. TCM smoothing is unfortunately also a time con

suming process, with little hope of improvement in this 

regard. However, TCM smoothing does give the improvement on 

the LLMMSE filter desired. Comparison between the two 

methods at different noise levels shows that while SDE 

smoothing will remove more noise than TCM smoothing at any 

input noise level, the mean-squared error for TCM smoothing 
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should approach and even drop below that for TCM smoothing 

as input SNR rises. 

Both methods have the disadvantage of requiring the 

user to input parameter values at intermediate points during 

the process. Many of these parameters must be found based 

on the users best judgment. This required user intervention 

thus tends to keep these algorithms from being considered 

for hardware implementation or video rate applications. 

Future work on these methods would involve reducing the 

number of user input parameters needed, or at least investi

gating more analytical means of finding them. 

Other work might involve implementing the minimum 

curvature fit in hardware, or finding other methods of 

extracting the low frequency component which might be faster 

and easier to implement. The statistical estimation 

involved with the LLMMSE filter might also be done faster, 

using non-weighted estimates but with estimates made over 

segmented sections of the image. Application of the two 

component model to general restoration filters, such as that 

which the LLMMSE filter is based on, should be investigated. 

The FIR filter used in SDE smoothing could also be improved 

upon, or replaced with a more optimal filter. 
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