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ABSTRACT 

Accurate calculations of the axial chromatic aberration 

coefficients of geometrically symmetric three-cylinder 

tripotential electrostatic lenses are presented for two 

different center electrode lengths. This is an extension 

of the first-order properties and the third-order spherical 

aberration coefficients published by Harting and Read. 
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INTRODUCTION 

Three-cylinder electrostatic lenses for focusing 

charged particles have received considerable attention 
(1-7) 

because of their simplicity and flexibility. Accurate and 

extensive data have been published on their first-order 

properties and spherical aberration coefficients. In order 

to more completely estimate the performance of a lens in an 

electron or ion optical system, however, the chromatic 

aberration must also be considered. The effect of 

chromatic aberration is especially important for focused 
( 8 )  

ion beams produced by liquid metal ion sources. Very little 
( 2 , 6 )  

has been published on this matter in the literature. The 

purpose of this paper is to extend the first-order 

properties (focal lengths and principal planes) and the 

third-order asymptotic spherical aberration coefficients of 

axially symmetric thin-walled three-cylinder electrostatic 
( 1 )  

lenses presented by Harting and Read with data on their 

asymptotic axial chromatic aberration coefficients. 

I. LENS GEOMETRY 

The lens geometry of the three-electrode cylindrical 

lenses treated in this paper is identical to those of 
( 1 )  

Harting and Read and is shown in Figure 1. All of the lens 

parameters are given in terms of the fundamental unit of 



length D which is the diameter of the lens. The refer

ence plane is considered to pass through the geometric 

center of the lens perpendicular to the optical axis. The 

two gaps separating the three electrodes are both equal to 

a distance G = 0.1D and the distance A from the center of 

one gap to the center of the other is 0.5D for the first 

group of lenses and 1.0D for the second group. The ends of 

the outer cylinders are terminated by 60-degree cones (not 

shown) with their bases at distances 5D from the reference 

plane and their apexes on the axis. Since the properties 

of the lens are only dependent on the electrode potential 

ratios, the voltage V} at the object side will remain the 

unit potential while the center electrode potential V2 and 

the image-side electrode potential V3 are varied as 

described in section II. 

II METHOD OF CALCULATIONS 

To obtain the optical properties of each cylindrical 

lens the axial potential must first be found. The charge-
(9) 

density method has been used to solve Laplaces's equation 

which produced the axial potential for the given lens geo

metry and applied potentials. 

The charge-density program was run on a VAX 11/750 

computer with a UNIX operating system in double precision. 

560 axial mesh points were used for each run with a maximum 
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absolute error allowed to be less than 0.001V. Since the 

charge density program takes a large computing time for each 

run, scaling transformations were used to facilitate 

analysis. Two different scaling transformations were used 

to obtain more accurate data: 

1. (vlfv2,v3)=(-1V,0V,+1V) and (v1,v2/V3)=(+1V,0V,+1V) 

represent the first set of electrode voltage inputs to the 

charge-density program producing the axial scaling 

potential distributions P^ and P-^t respectively. The 

axial potential distribution U(z) for each voltage set 

(vl'v2'v3) is then given in volts as a function of P-q and 

J?12 by 

U(Z)=V2+(V3-V1)P11(Z)/2 

+(vi+v3-2v
2)pi2(z)/2 (1) 

2. (v-L»V2rV3) = (1V,0V,0V) , (virV2»V3) = (0V,1V,0V) and 

(vl»v2»v3)=(0V,0V,1V) represent the second set of electrode 

voltage inputs producing the distributions P2i'p22 an<^ p23f 

respectively. The axial potential distribution for each 

voltage set is now given by 

U(Z)=ViP2i+V2P22+V3P23 (2) 

After scaling for the given ratios (1rV2/Vi,V3/V1) and 

obtaining the axial potential distribution U(z), the length 

of the lens was determined. It is defined as the length of 

the region bounded by field-free spaces on both sides. For 



a field-free space du(z)/dz=0, so our data were edited to 

exclude regions outside the points where dU(z)/dz had just 

reached zero and remained essentially zero thereafter. 
(10) 

Munro's ray tracing program was then used to find the 

object-side chromatic aberration coefficients which can be 
(7) 

expressed as second-degree polynomials in 1/M as follows: 

cco=cco0+ccol(1/M)+cco2(1/M)2 (3) 

CCo0fCCoi Cc02 are the asymptotic chromatic aber

ration coefficients of expansion and M is the lens's magnif 

cation. Note that Cco0 is equivalent to the chromatic 

aberration coefficient for infinite magnification (Cco ) 

and Q.nnn is related to the image-side coefficient for zero 
(7) 

magnification Cc^(M=0) as follows: 

cco2=(Vv3>1,5cci(M=0) <4> 

The first-order asymptotic optical properties and the 

object-side asymptotic third-order spherical aberration 

coefficients have been calculated in order to compare the 

results with those obtained by Harting and Read and check 

the results with the Helmholtz-Lagrange relationship 

(f0/f^)=(V1/V3)®*5 where fQ and f^ are the object- and 

image-side focal lengths, respectively. 

The image-side spherical and chromatic aberration 

coefficients can easily be obtained from the object-side 
(7) 

aberration coefficents as follows: 
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Csi-W'WV1-5 (5) 
and 

cC:L=cCOm2(v3/v1>1,5 (6) 

They were computed directly by the procedure described 

above only for checking the accuracy. 

The object-side aberration coefficients for retarding 

lenses (Vg/V^,V2/V2»1) have also been computed but only for 

comparison with the following equations: 

CSQ (1/M, V3/V1 f V2/V\ ' 1) =Cso (M, 1 ,V2/V1, V3/Vx) M4 (V3/V-L)1 •5 (7) 

and 

Cco(1/M,V3/V!,V2/V1,1)=Cco(M, 1,V2/Vl'v3/vl)M2(v3/vl>1'5 (•8) 

III ACCURACY 

The optical properties generated as described above 

were compared with the tabulated values of data published 

by Harting and Read. The focal lengths fQ and f^ were 

within 3%, the principal planes HQ and H^ were within 5% 

(where 'o' refers to the object side and 'i' refers to the 

image side) and the five spherical aberration expansion 

coefficients were all within 5% of Harting and Read's data 

except for the end values of V2/V-l for a few of the tables 

where discrepancies of 6% to 10% were observed. This is con

sistent with Harting and Read who estimated the accuracy of 

their data being about 10% and also with the fact that the 

greatest errors occur at the highest and lowest values of 
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V2/Vi for each Vg/V^ value (the end values of the tables). 

Also, for our data, the focal lengths agreed within 3% with 

the Lagrange-Helmholtz relationship. 

The image-side chromatic aberration coefficient (Cc^) 

was computed as described in Section II for magnifications 

ranging from 0.01 to 100. These directly computed values 

agreed with the Cc^ values computed using our Cco data 

(see Eqn. 6) within 5%. 

IV. RESULTS 

For each triple-element lens, as described in section I, 

the chromatic aberration coefficients (Cco0/D,cCOL/D,cCO2/D) 

were computed. In addition, the values of Cco /D and Cco /fQ 

were plotted vs. V2/V2 for fixed values of V3/V2. Figures 

2,4 and 6 show plots of Cco /D for Vj/V-j^l.0,5.0 and 25.0, 

respectively. Figures 3,5 and 7 show plots of Cco /f0 for 

V3/Vi=l.0,5.0 and 25.0, respectively. For each value of 

V3/V1, plots for A/D=0.5 and A/D=1.0 are given on the same 

graph for comparison. The results show that for Vg/V^S 

lenses with the shorter center electrode (A/D=0.5) have 

lower values of Cco /D at low values of V2/V-j_. As 

V3/V1 increases, minimum values of the chromatic aberration 

coefficient occur at growing values of Also as 

V3/V1 increases the values of Cco /D and Cco /fQ are shown 

to vary less over the range of with smoother plots 
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observed for lenses with the shorter center electrode 

(A/D=0.5). The results show that lenses with higher Vj/Vj 

ratios not only have lower chromatic aberration coeffi

cients for infinite magnification but provide greater stab

ility with respect to voltage variations. 

We also have computed the ratio |M|Cco/D as a 

function of the absolute value of the linear magnification 

ranging from |M|=0.1 to |M|=10.0. They are represented as 

log-log plots in Figures 8-19 for Vg/V-^l.0,5.0 and 25.0. 

Here the data for the two center electrode lengths, A/D=0.5 

and A/D=l.0 are plotted separately for clarity. For each 

V3/V1 value, curves of |M| vs. |M|Cco/D are plotted over 

the range of V2/V1 given in the previous figures. For each 

case separate plots for low and high values of V£/V^ are 

given to show clearly the variance of |M|Cco/D with the 

center electrode voltage. For low values of V^/Vj, as given 

in Figures 8,10,12,14,16 and 18, |M|Cco/D will increase with 

increasing ^2^1 • For higher values of ̂ 2^1 this trend 

reverses and |M|Cco/D will decrease with increasing ^2^1 

as shown in figures 9,11,13,15,17 and 19. We also observe 

from the graphs that for a given ratio of Vj/V^ the lower 

values of |M|Cco/D can be found for lenses with A/D=1.0. 

The minimum value of |M|Cco/D for each voltage ratio 

occurs at some optimum value of magnification M0pj.. The 



value of |M0pj. | lies approximately between 0.6 and 1.0, and 

it decreases as Vg/Vj increases, except for lenses for 

which A/D=l.0 and V3/Vi<10 where lMQpt| was observed 

between 1.0 and 2.0 for high values of ^2^1' T^e calcul~ 

ated value of Mopt is given by the simple relationship^ 

Mopt=~ ̂co2/^co0 ̂ ^ 

Mopt' calculated using our data, was found to agree with 

this formula within 0.05%. For einzel lenses (V3/V^=l) we 

have Cc02—C^q0 and iM^p^1—1.0. 

Further Cc0/D was computed for absolute values of the 

linear magnification between 0.01 and 100 for the case of 

V3/Vi=5.0, V2/Vi=0.9, a/D=1.0. The dependence of CCO/D on 

IM| is shown in Figure 20. As to be expected, Cco/D nears 

the expansion coefficient Cco0/D as |M| increases, and as 

!M| decreases Cco/D approaches infinity. 

For each voltage ratio (1,V2/V1FV-J/VJ) the image-side 

optical properties as well as the optical properties for 

retarding lenses (V3/V1,V2/V1,1) were computed from the 

axial potential files following the procedure of Section II 

The data for these cases can be obtained easily from the 

object-side accelerating lens data, as given by equations 

5-8. The object- and image-side chromatic aberration coef

ficients of an accelerating lens are equivalent to the 

image- and object-side values, respectively, of the corres



ponding retarding lens with reciprocal magnification. The 

figure of merit Cco/fQ for retarding lenses is calculated 

with ease using equation 8 and the following relationship 

fi(l,v2/vlfv3/v1)=f0(v3/v1,v2/v1,l) (10) 

All image-side properties for accelerating lenses and the 

object- and image-side properties of retarding lenses can 

be deduced from the object-side properties of the 

respective accelerating lenses by using Eqs. 5-8. 

We shall now make a comparison of the three-cylinder 

lens with the two-cylinder lens, as discussed in a previous 
(11) 

paper, with respect to their chromatic aberration. 

For both the two- and three-cylinder lenses lower 

values of Cco /D, Cco /iQ, and |M|Cco/D are obtained by 

increasing the image-side potential (^/V^ for the two-

cylinder system and Vj/V^ for the three-cylinder system) 

with respect to the object-side potential. It is clear 

that for the two-cylinder system smaller gaps between the 

object- and image-side cylinders produce lower chromatic 

aberration values for each value of V2/V^. For the three-

cylinder system the chromatic aberration values are mainly 

dependent on V2/V^ for each value of Vj/Vj with a lesser 

dependence on gap size and center electrode length. 

It is evident that a two-cylinder system with V2/V1=VX 

is approximately equivalent to a three-cylinder system with 
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V2/Vi=l and However, by increasing the value of 

V2/Vi up to a certain value in the three-cylinder system 

the results improve dramatically. For example, the two-

cylinder system with V2/V2=5.0 has Cco /fQ=1.3 and the 

three-cylinder system with V^/V^l.O and V3/Vi=5.0 has 

cco /f0=l«3. But with V2/V1=40.0 and V3/Vi=5.0 we have 

Cco /fo=0.23. A value of Cco /fQ<0.3 for the two-

cylinder system studied requires a value of V2/V2>100.0. 

Similar results hold for Cco /D and |M|Cco/D. Thus, 

for the three-cylinder lens lower chromatic aberration 

values are possible at lower potentials than for the two-

cylinder lens. The three-cylinder system is also more 

versatile than the two-cylinder lens. 
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PIG. 1. Schematics of the symmetric three-cylinder electro
static lens. 
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FIG. 2. The chromatic aberration coefficient for infinite 
magnification Cco /D as a function of the voltage ratio 
V2/Vl for V3/V1=1.0. 
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FIG. 3. The ratio of the chromatic aberration coefficient 
to the object-side focal length Cco /fQ as a function of 
the voltage ratio V^/V^ for Vg/V^i.O. 
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FIG. 4. The chromatic aberration coefficient for infinite 
magnification Cco /D as a function of the voltage ratio 
V2/Vi for V3/V1=5.0. 



22 
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PIG. 5. The ratio of the chromatic aberration coefficient 
to the object-side focal length Cco /f_ as a function of 
the voltage ratio V^/V-^ for V3/Vi=5.0. 
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FIG. 6. The chromatic aberration coefficient for infinite 
magnification Cco /D as a function of the voltage ratio 
V2/Vl for V3/V1=25.0. 
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V3/V1 =25.0 
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PIG 7. The ratio of the chromatic aberration coefficient 
to the object-side focal length C ,fQ as a function 

the voltage ratio V2/V! for 25.0. 
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VGA/^1.0 A/D=0.5 
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10° 
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|M|CC0/D 

FIG. 8. The product of the magnification and the Ob] 
side chromatic aberration coefficient |M|CCQ/D as a 
function of magnification |M| for A=0.5D and for th 
age ratio V^/V^ ran9in9 from -0.6 to 0.7 with Vj/V^-.. 
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VGA/^1.0 A/D=0.5 
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FIG. 9. The product of the magnification and the object-
side chromatic aberration coefficient |M|CCq/D as a 
function of magnification |M| for A=0'.5D ana for the y°lt-

age ratios V2/V1 ranging from 1.3 to 18.0 with V3/V1=1.0. 
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V3/V1=1.0 A/D=1.0 
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FIG.10. The product of the magnification and the object-
side chromatic aberration coefficient |M|CCg/D as a 
function of magnification |M| for A=1.0D ana for the volt
age ratio V2/V]_ ranging from 0.0 to 1.1 with V3/V]_=1.0. 
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FIG.11. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=1.0D and for the voltage 
ratio V2/V^ ranging from 1.6 to 18.0 with Vj/V-^l.O. 
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FIG.12. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=0.5D and for the voltage 
ratio V^/V^ ranging from -1.2 to 2.5 with V3/V2=5.0. 
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FIG.13. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=0.5D and for the voltage 
ratio V2/V1 ranging from 3.0 to 14.0 with V-$/V^=5.Q. 
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FIG.14. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func 
tion of magnification |M| for A=1.0D and for the voltage 
ratio V^/V-l ranging from 0.0 to 2.5 with V3/Vi=5.0. 
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FIG.15. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=1.0D and for the voltage 
ratio V2/V2 ranging from 3.0 to 25.0 with V3/Vi=5.0. 
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FIG.16. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=0.5D and for the voltage 
ratio V2/V2 ranging from -2.6 to 10.0 with V3/V2=25.0. 
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PIG.17. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=0.5D and for the voltage 
ratio V2/V^ ranging from 12.0 to 40.0 with V3/V2=25.0. 
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FIG.18. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=1.0D and for the voltage 
ratio V2/V1 ranging from 0.2 to 8.0 with ¥3/^=25.0. 
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FIG.19. The product of the magnification and the object-
side chromatic aberration coefficient |M|Cco/D as a func
tion of magnification |M| for A=1.0D and for the voltage 
ratio V2/Vi ranging from 10.0 to 30.0 with V3/V1=25.0. 
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FIG.20. The chromatic aberration coefficient Cco/D for the 
case V-j/Vt=5.0 and Vo/V-i^B.9 with A/D=l .0 and |M | ranging 
from 0.01 to 100.0. 
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