
Reconstruction of electrodes and pole pieces
from randomly generated axial potential

distributions of electron and ion optical systems

Item Type text; Thesis-Reproduction (electronic)

Authors Sarfaraz, Mohamad Ali, 1960-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 26/05/2023 10:16:08

Link to Item http://hdl.handle.net/10150/276783

http://hdl.handle.net/10150/276783


INFORMATION TO USERS 

This reproduction was made from a copy of a document sent to us for microfilming. 
While the most advanced technology has been used to photograph and reproduce 
this document, the quality of the reproduction is heavily dependent upon the 
quality of the material submitted. 

The following explanation of techniques is provided to help clarify markings or 
notations which may appear on this reproduction. 

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. This 
may have necessitated cutting through an image and duplicating adjacent pages 
to assure complete continuity. 

2. When an image on the film is obliterated with a round black mark, it is an 
indication of either blurred copy because of movement during exposure, 
duplicate copy, or copyrighted materials that should not have been filmed. For 
blurred pages, a good image of the page can be found in the adjacent frame. If 
copyrighted materials were deleted, a target note will appear listing the pages in 
the adjacent frame. 

3. When a map, drawing or chart, etc., is part of the material being photographed, 
a definite method of "sectioning" the material has been followed. It is 
customary to begin filming at the upper left hand corner of a large sheet and to 
continue from left to right in equal sections with small overlaps. If necessary, 
sectioning is continued again—beginning below the first row and continuing on 
until complete. 

4. For illustrations that cannot be satisfactorily reproduced by xerographic 
means, photographic prints can be purchased at additional cost and inserted 
into your xerographic copy. These prints are available upon request from the 
Dissertations Customer Services Department. 

5. Some pages in any document may have indistinct print. In all cases the best 
available copy has been filmed. 

University 
Microfilms 

International 
300 N. Zeeb Road 
Ann Arbor, Ml 48106 





Order Number 1334311 

Reconstruction of electrodes and pole pieces from randomly 
generated axial potential distributions of electron and ion 
optical systems 

Sarfaraz, Mohamad Ali, M.S. 

The University of Arizona, 1988 

UM-I 
300 N. Zeeb Rd. 
Ann Arbor, MI 48106 





PLEASE NOTE: 

In all cases this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark V . 

1. Glossy photographs or pages 

2. Colored illustrations, paper or print 

3. Photographs with dark background 

4. Illustrations are poor copy 

5. Pages with black marks, not original copy 

6. Print shows through as there is text on both sides of page 

7. Indistinct, broken or small print on several pages 

8. Print exceeds margin requirements 

9. Tightly bound copy with print lost in spine 

10. Computer printout pages with indistinct print 

11. Page(s) lacking when material received, and not available from school or 
author. 

12. Page(s) seem to be missing in numbering only as text follows. 

13. Two pages numbered . Text follows. 

14. Curling and wrinkled pages 

15. Dissertation contains pages with print at a slant, filmed as received 

16. Other 





RECONSTRUCTION 

OF ELECTRODES AND POLE PIECES FROM 

RANDOMLY GENERATED AXIAL POTENTIAL DISTRIBUTIONS 

OF ELECTRON AND ION OPTICAL SYSTEMS 

by 

Mohamad Ali Sarfaraz 

A Thesis Submitted to the Faculty of the 

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING 

In Partial Fulfillment of the Requirements 
For the Degree of 

MASTER OF SCIENCE 

WITH A MAJOR IN ELECTRICAL ENGINEERING 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1 9  8  8  



STATEMENT BY AUTHOR 

This thesis has been submitted in partial fulfillment of requirements for an 
advanced degree at The University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of the library. 

Brief quotations from this thesis are allowable without special permission, 
provided that accurate acknowledgement of source is made. Requests for permission 
for extended quotation from or reproduction of this manuscript in whole or in part 
may be granted by the head of the major department or the Dean of the Graduate 
College when in his or her judgment the proposed use of the material is in the 
interests of scholarship. In all other instances, however, permission must be obtained 
from the author. 

SIGNED: tl- fi-i 

APPROVAL BY THESIS DIRECTOR 

This thesis has been approved on the date shown below: 

My Szilagyi 
Professor of ECE 

li 



TABLE OF CONTENTS 
page 

LIST OF ILLUSTRATIONS iv 

LIST OF TABLES vi 

ABSTRACT ' vii 

I - INTRODUCTION 1 

II - GENERATION OF PIECEWISE AXIAL POTENTIAL DISTRIBUTIONS 4 

II.al Generation via Cubic Splines 4 
II.a2 The Piecewise-Cubic Lens Model 5 
II.bl Generation via Quintic Splines 7 
II.b2 Properties of The Quintic Functions 8 
II.b3 The Piecewise Quintic Lens Model 10 

III - RECONSTRUCTION OF ELECTRODES AND POLE PIECES ... 13 

IH.a Reconstruction Based on The Cubic Lens Model 13 
IILb Reconstructio Based on The Quintic Lens Model 14 

IV - OPTICAL PROPERTIES AND FIGURES OF MERIT 16 

V - NUMERICAL EXAMPLES AND EVALUATION OF THE RESULTS . 19 
A. A Three Electrode Lens 22 
B. A Four Electrode Lens 33 
C. A Five Electrode Lens 44 

VI - DISCUSSION OF THE NUMERICAL RESULTS 54 

VII - CONCLUDING REMARKS 55 

APPENDIX A - THE RECONSTRUCTION PROCEDURE 56 

APPENDIX B - THE CHARGE DENSITY METHOD 72 

APPENDIX C - E21 PROCEDURE 76 

APPENDIX D - SOME PHYSICAL CONCEPTS 79 

REFERENCES 86 

iii 



LIST OF ILLUSTRATIONS 

A.l Normalized Axial Potential Distribution 
of a Three Electrode Lens 24 

A.2 Normalized Second Derivative of The Axial Potential 
Distribution of a Three Electrode Lens 25 

A.3 Normalized Fourth Derivative of The Quintic Axial Potential 
Distribution of a Three Electrode Lens .26 

A.4 Normalized Axial Potential Deviation of Quintic Type-I from 
Cubic for a Three Electrode Lens 27 

A.5 Reconstructed Electrostatic Lens Based on The Cubic Lens 
Model for a Three Electrode Lens 28 

A.6 Reconstructed Electrostatic Lens Based on the Quintic Type-I 
Lens Model of a Three Electrode Lens 29 

B.l Normalized Axial Potential Distribution 
of A Four Electrode Lens 35 

B.2 Normalized Second Derivative of The Axial Potential 
Distribution of a Four Electrode Lens 36 

B.3 Normalized Fourth Derivative of The Quintic Axial Potential 
Distribution of a Four Electrode Lens 37 

B.4 Normalized Axial Potential Deviation of Quintic Type-I from 
Cubic for a Four Electrode Lens 38 

B.5 Reconstructed Electrostatic Lens Based on the Cubic Lens Model 
for a Four Electrode Lens 39 

B.6 Reconstructed Electrostatic Lens Based on The Quintic type-I 
Lens Model of a Four Electrode Lens 40 

C.l Normalized Axial Potential Distribution 
of A Five Electrode Lens 45 

C.2 Normalized Second Derivative of The Axial Potential 
Distribution of a Five Electrode Lens 46 

C.3 Normalized Fourth Derivative of the Quintic Axial Potential 
Distribution of a Five Electrode Lens 47 

iv 



V 

LIST OF ILLUSTRATIONS-Continued 

C.4 Normalized Axial Potential Deviation of Quintic Type-I from 
Cubic for a Five Electrode Lens 48 

C.5 Reconstructed Electrostatic Lens Based on the Cubic Lens Model 
for a Five Electrode Lens 49 

C.6 Reconstructed Electrostatic Lens Based on the Quintic Type-I 
Lens Model of a Five Electrode Lens 50 



LIST OF TABLES 

A. Optical Properties for Infinite Magnification Conditions 
of a Three Electrode Lens 30 

B. Optical Properties for Infinite Magnification Conditions 
of a Four Electrode Lens 41 

C. Optical Properties for Infinite Magnification Conditions 
of a Five Electrode Lens 51 

vi 



ABSTRACT 

The purpose of this investigation is to examine synthesis for reconstruction 

of electrostatic lenses having an axial potential distribution four times continuously 

difFerentiable. The solution of the electrode and pole piece reconstruction is given. 

Spline functions are used to approximate a continuous function to fit a curve. The 

present method of synthesis is based on cubic spline functions, which have only 

two simultanuous continuous derivatives, and all the other higher derivatives are 

ignored. The fifth-order or quintic spline is introduced simply because it has four 

simultanuous continuous derivatives. So the reconstruction program would have 

three terms appearing in the series expansion of the off-axis potential distribution, 

with regard to two terms when using cubic functions. 

• • Vll 



I. INTRODUCTION 

The aim of electron and ion optical synthesis is to produce electrode or 

pole piece systems providing given focusing properties with minimal aberrations. 

The available methods of synthesis,I2-5) however, yield digital data sequences for 

the potential or magnetic flux density distributions along the optical axis. The 

subsequent reconstruction of the electrodes or pole pieces is a complicated problem. 

We seek axial potential distribution and its simultanuous derivatives. Spline 

functions have this property. Cubic Splines would generate such a function which 

is twice continuously differentiable. This would lead to only having two terms in 

the series expansion, and obtaining third-order aberration coefficients. 

Obviously, this method is only an approximation of the axial potential 

distribution. The surge for generating functions with higher continuous derivatives 

made us to examine the fifth-order or quintic-aplinea. This class of splines will 

provide us with functions that are four times continuously differentiable, and could 

be used to detemine fifth-order aberration coefficients as well as the third. And this 

could result in a more accurate reconstruction of the electrode pieces than cubic 

spline would. 

Theoretically, the reconstruction can easily be accomplished by simple 

power series expansions. The electric or magnetic potential at an arbitrary point 

in space is uniquely determined by the axial potential distribution. For axially 

symmetric systems the electrostatic or magnetic scalar potential u{r,z) can be cal

culated from the axial distribution of the same potential U(z) by the following series 

expansion: 

1 
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(1) 

where r is the radial and z is the longitudinal (axial) cylindrical coordinate of an 

arbitrary point in space. The components of the electric potential and magnetic flux 

density vectors axe determined by slightly different expressions. All these formulae 

require that the axial distribution be given as a 2 (n—1) times differentiable function 

of z where n is the number of terms used in the power series. Unfortunately, quite 

a large value of n is needed for a reasonable convergence. 

Usually the power series is arbitrarily truncated at a certain value of n which 

may lead to considerable inaccuracy. For example, Scherzer's early suggestion!6! of 

a potential distribution for a weak electrostatic einzel lens with minimum spherical 

aberration was transferred into a plot of equipotential lines by using seven terms 

only.!7' If the axial distributions are given as numerical data sets, the higher deriva

tives must be produced by numerical methods which are extremaly inaccurate. 

To avoid this, a method for replacing the discrete axial distribution by a 

continuous function with a minimum interpolation noise has been proposed.!8! The 

utilization of the charge density method has been proposed by HawkesJ9! 

The potential distributions of electrostatic lenses can be characterized by 

the following simple parameters: (1) the length L of the potential where the lens 

action takes place; (2) the positions and values of the extremal points of the poten

tial distribution (including the end values); and (3) the positions of the inflection 

points of the distribution and the potential values at these points. A meaningful 

comparison of different lenses must be based on these parameters. We note that 

it is more convenient to use dimensionless parameters; therefore, it is desirable to 

relate the quantities defined above to assume normalization factors. 



It is important to remember that the potential length L is defined rather 

arbitrarily as the region where the electrostatic potential practically exists. It would 

be nice to have a more objective parameter instead, e.g., some effective length, but 

we do not really need that. Indeed, if the boundaries of the lens are defined by 

the two planes z = a and z = 6, where the lens potential practically disappears, 

electrostatic lenses can be considered bounded from both sides. [We note that the 

situation is different for single-aperture lenses where there is a potential on at least 

one side of the lens and for sources (cathode lenses) where the potential is abruptly 

terminated on the object side. We shall not consider these lenses here.] It means 

that the potential distribution of the lens must end with zero slope at both sides. 

This is certainly not the case for open systems like aperture lenses unless the 

end electrodes are extended in the axial direction in the form of some additional 

tubes held at the same potential or the next electrode of the optical column is 

not very far and has the same potential as the end electrode of the lens. The 

additional tubes will shield the lens from the fringing potential caused by the zero 

potential at infinity in the axial direction. The length and diameter of these tubes 

are too frequently overlooked, but quite important parameters that may significantly 

influence the performance of the lens boundaries are quite uncertain. To avoid this 

difficulty we have to be able to define the lens boundaries as exactly as possible.!16' 



II. GENERATION OF 

PIECEWISE AXIAL POTENTIAL DISTRIBUTION FUNCTIONS 

An analytical procedure with the potential function along the axis as the 

input has been proposed by Butler.t10l The Butler gun has an axial potential ex

pressed as a simple cubic function of z. 

Quite acceptable accuracy has been achieved by fitting the numerical data 

sets with smooth cubic spline curves.I11! In this case the difficulty is that when we 

are trying to fit the data set piecewise, the higher derivatives are undefined at the 

boundaries of the pieces. However, the cubic spline method, suggests a simple and 

accurate solution for the entire problem of reconstruction. 

II.al-GENERATION VIA CUBIC SPLINESt12! 

Let us seek the axial distribution U(z) in the form of a series of cubic 

expressions 

Uk{z) = Ak + Bk{z - Zk) + Ck(z - zk)2  +Dk{z- zk)3 (2)  

where Zk is the coordinate of the k th  interval's left end point (k = 1,2, • • •, N) and 

the continuity of the function itself as well as its first and second derivatives are 

required. The third derivative is not continuous but it does not appear anywhere 

and, therefore, can not cause any problem. The higher derivatives are still undefined 

at the boundaries of the regions. 

Then expression (1) could be considered in the following way 

. . ... . r2 d2U(z) 
u(r,z) = U(z)~ (3) 

4 
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which is now the formula for the potential distribution at an arbitrary point in 

space. The coefficients Ak, Bk, Ck and Dk are different for each region. Therefore, 

both U(z) and its second derivative have differentJ expressions for each region but 

they are both continuous functions for the entire length of the optical system. By 

using this simple formula we are able to produce the equipotential surfaces that will 

provide the same functions U(z), U'(z), and U"(z) and thus the same first-order 

properties and aberrations as the original distribution. 

II.a2-THE PIECEWISE-CUBIC LENS MODELt12! 

The axial electrostatic or magnetic scalar potential distribution will be a 

piecewise-cubic function. 

First let us divide the length of the lens 

into n equal regions, where z\, and za are the boundaries of the lens. The unknown 

distribution U(z) is sought in the form of (2) for each region (k = 1,2,••• ,n and 

Zk is the axial coordinate of the starting point of the kth region). The coefficients 

Ak,Bk,Ck and Dk are different for each region. Naturally, both U(z) and U"(z) 

have different expressions then for each region. It is very easy, however, to ensure 

the continuity of both functions in the right-hand side of (3). As the third derivative 

does not appear in (3), its continuity is not required. The continuity conditions for 

L = Zf, — za (4) 

U(z), U'(z), and U"(z) are 

0*+i(zfc+i) = Uk{zk+1) 

U'k+1(zk+x) = U'k{zk+1) 

(5) 

(6) 

and 
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02+i(*+i) = UH(zk+1) (7) 

respectively (& = 1,2, •••,» — 1). These expressions provide the following relation

ships between the coefficients: 

•Ajfc+i = A* + Bkh + Ckh!2 + Dkh3 (8) 

BK+I =BK + 2 Ckh + ZDkh3 (9) 

and 

Ck+i = Ck + ZDkh (10) 

where 

h = L/N = Zk+1 — zk = constant. (11) 

It is convenient to relate the potential distribution to UQ by choosing 

AX = 1 (12) 

It is usually required that the fields vanish at both the object and the image 

U'(z0) = U'{zi)= 0 (13) 

This condition yields 

Bi  =0  (14) 

and 

BN + 2 Cnh + 3Dnh2 = 0 (15). 

Equations (8)-(15) leave only the coefficients C\ and Dk {k = 1,2, • • •, n — 1) free. 



H.bl-GENERATION VIA QUINTIC SPLINESt13"14) 

7 

Let us now seek the axial distribution U(z) in the form of a series of quintic 

expressions 

Uk{z) = Ak+Bk{z-Zk)-\rCk{z-Zk)2+Dk{z-Zk)z+Ek{z-zk)A+Fk{z-zk)h (16) 

where zk is the coordinate of the k th  interval's left end point (k = 1,2, •••,«) 

and the continuity of the function itself as well as its first, second, third and fourth 

derivatives are required. The fifth derivative is not continuous but it does not appear 

anywhere and, therefore, can not cause any problem. The higher derivatives are 

still undefined at the boundaries of the regions. 

Then expression (1) could be represented as 

, , , r3 d2U r4 d4U 
a(r,z) = V{z)--1? + -— (17) 

which is now the formula for the potential distribution at an arbitrary point in space. 

The coefficients Ak, Bk, Ck, Dk, Ek and Fk are different for each region. Therefore, 

both U{z) and its second and fourth derivatives have different expressions for each 

region but they are all continuous functions for the entire length of the optical 

system. By using this simple formula we are able to produce the equipotential 

surfaces that will provide the same functions I7(z), U'(z), U"{z), U"'(z) and U""(z) 

and thus the same first-order properties and aberrations as the original distribution 

with a certain error. 
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II.b2-PR0PERTIES OF THE QUINTIG FUNCTIONS 

A quintic spline s with n knots a = z\ <•••< zn — b consists of n — 1 

quintic polynomials 

Pk = Ak + Bkx + Ckx2 + wDfcX3 + Ekx4 + Fkx5 (18) 

x = z-zk\ fc = 1,« • • ,n (19) 

that are joined smoothly at the knots Z2, • • •, zn-1 such that s € C4[a, &]. Among 

all quintic splines with interpolating conditions 

s{zk) = yik! k = 1, • • •, n (20) 

where the y* are given ordinates. We distinguish between four types of (symmetric) 

end conditions with prescribed values for various orders of derivatives at a and b. 

TYPE I:a'(a),a"(a),3'(&),3"(&) (21) 

TYPE II: 3'(a),a'"(a),a'(6),a'"(6) (22) 

TYPE HI: a""(o),«'(&),s""{b) (23) 

TYPE IV: s"'(a),s""(a) ts"'(b),s""{b) (24) 

TYPE V: a"(a),^'"(a),^),*""^) (25) 

All types exist uniquely. If, for type-IV, the values in (24) are zero we have 

a so-called natural function. 

Quintic splines can be used successfully for the approximation of linear 

functionals , i.e., for interpolation, numerical differentiation and integration, and 

for suitably small distances for the knots they give better results than cubicsJ15! 
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The fifth degree splines do not appear visually to be smoother than the 

cubic splines. However, they are useful for two reasons in the approximation of 

functions and linear functionab, since higher derivatives can be approximated si

multaneously, and fewer data points are needed. 
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II.b3-THE PIECEWISE-QUINTIC LENS MODEL 

The axial electrostatic or magnetic scalar potential distribution will be a 

piecewise-quintic function. First let us divide the length of the lens 

into n equal regions. The unknown distribution U(z) is sought in the form of (16), 

and for each region [k = 1,2,• • • ,n and z* is the axial coordinate of the starting 

point of the kth region). The coefficients Ak, Bk, C*, Dk,Ek and Fk are different 

for each region. Naturally, U(z),U"(z) and U""(z) have different expressions then 

for each region. It is very easy, however, to ensure the continuity of both functions 

in the right-hand side of (17). As the fifth derivative does not appear in (17), its 

continuity is not required. The continuity conditions for U(z), U'(z), U"(z), U'"(z) 

and U""{z) are 

L — Zb — za (26) 

^fc+l(*k+l) = ^fc(*fc+l) 

0*Vi(**+i) = »*(**+1) 

(27) 

(28) 

(29) 

(30) 

and 

v'ZM+i) = (31) 
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respectively (k = 1,2, •••,» — 1). These expressions provide the following relation

ships between the coefficients: 

AK+I — AK + Bkh + Ckh2 + Dkh3 + Ekh4 + Fkhs  (32) 

•Bfc+i = Bk + 2 Ckh + ZDkh? + 4Ekh3 + 5 Fkh4 (33) 

Cfc+i — 2 Ck + 6 Dkh + 12Ekh2 + 20 Fkh3 (34) 

Dk+1 = 6jDk + 24 Ekh + 6QFkh* (35) 

and 

where 

Ek.i-i = 24 Ek + 120 Fkh (36) 

h— — = zk+i — zk — const. (37) 
ft 

It is convenient to relate the potential distribution to UQ by choosing 

AX = 1. (38) 

It is usually required that the fields vanish at both the object and the image. 

This condition yields 

B i = 0  ( 3 9 )  

and 

Bn + 2Cnh + ZDnh? + 4 Enh? + 5 Fnh* = 0. (40) 

Equations (27)-(40) represent the system of equations needed to be solved. 

By applying another end point condition this system is uniquely solvable. For in

stance, by extracting the second boundary condition from (21) we obtain the follow

ing two additional equations to complete the uniquely solvable system of equations 

for the so-called quintic-spline type-1. 

Ci = 0 (41) 
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and 

Cn + ZDnh + 6Enh2 + 10Fnh3 — 0. (42) 

For numerical examples please see figurel of sets A,B and C on pages 24,35 and 45. 



III. RECONSTRUCTION OF ELECTRODES AND POLE PIECES 

III.a-ELECTRODE-RECONSTRUCTION 

BASED ON THE CUBIC LENS MODEL [l] 

The reconstruction procedure is very straightforward. First we investigate 

the function U(z) and count the number K of its inflection points. Evidently, the 

number of electrodes or pole pieces will be K+1. If the value of the second derivative 

is negative between two inflection points or between the start/end point and the 

nearest inflection point, then we choose the electrode potential slig htly higher than 

the maximum value of the axial potential in this interval. If the second derivative 

is positive, the electrode potential must be lower than the minimum value of the 

axial potential. Substituting the electrode potential for U(r, z) in expression (3) we 

obtain the following simple relationship r = r(z) for the shape of the given electrode 

or pole piece: 

The only limitations to the accuracy are the finite size of the physical system and 

the influence of the neglected higher derivatives. As the electrodes are separated 

from each other by the inflection points, the value of r at the end of each electrode 

rapidly approaches infinity. Naturally, we have to cut the electrodes somewhere and 

this imposes some inaccuracy on the reconstruction. On the other hand, cutting the 

electrodes ensures the minimum distance between them so that electric breakdown 

does not occur. We can also simplify the electrode shapes during this process. 

(43) 

13 



HI.b-ELECTRODE RECONSTRUCTION 

BASED ON THE QUINTIC LENS MODEL 

14 

In this case the reconstruction procedure is more complicated. Since from 

expression (17) we get a more complicated form of r = r(z), which is a fourth-order 

equation, the solution of which in power of two of r is 

.I  .  J /g'My 
U""(z) y V u""(z)) V u""(z) ) ' ' 

We can write (44) in the following form 

r = 
\ 

8U»(z) 
U""{z) 
(1± (45) 

The condition that must be satisfied for the above equation to reach real 

values is to have the expression under the square root positive. This yields 

(fffc) - u(r,z)) U""(z) 
(»"(«))' " 

The reconstruction procedure in this case is being done with considering 

the fourth derivative as the main pivoting element, as was the second derivative 

in the cubic case. The denominator in (46) is always positive. If the value of the 

fourth derivative is negative between two secondary inflection (i.e., zero of the fourth 

derivative) points or between the start/end points and the nearest secondary inflec

tion point, then we choose the electrode potential slightly lower than the minimum 

value of the axial potential in this interval. If the fourth derivative is positive, the 

electrode potential must be higher than the maximum value of the axial potential. 

As in the previous case the only limitations to the accuracy are the finite size of 

the given electrode or pole pieces and the influence of the neglected higher deriva

tives. As the electrodes are separated from each other by the secondary inflection 
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points, the value of r at the end of each electrode rapidly approaches infinity. This 

approach is not seen as obviously as in the previous case, simply because here we 

are dealing with a more complex r = r(«). Lets assume an imaginary asymptote 

extending from the pivot point to infinity. In the cubic case the two consecutive 

electrodes lie on two sides of this line and each make their approach from one side. 

In the quintic case it may not happen this way. The electrodes would approach 

infinity alright but this may happen from one side of the imaginary asymptote. 

This has not occurred in the examples that are to come but even if such a thing 

happens it is easily avoided by cutting the electrodes. So once again we have to 

cut the electrodes somewhere and this inaccuracy imposed on the reconstruction is 

somewhat improved compared to the previous case, simply because there are four 

terms considered in the series expansion. As the minimum value of r is increased 

this improvement would be more pronounced. By cutting the electrodes the mini

mum distance between them is larger than the previous case for the same design, 

thus the electric breakdown condition would improve. This is a very significant 

improvement of this procedure. For numerical examples please see figures of sets 

A,B and C on pages 29,40 and 50. 



IV.OPTICAL PROPERTIES AND FIGURES OF MERIT 

Optical properties represent the performance of an Electron-Ion optical sys

tem. A focal point is the image of a bundle of rays incident on a lens parallel to the 

axis. The plane perpendicular to the axis and passing through the focal point is 

known as the 'focal plane'. The extension of the incident ray and the refracted ray 

intersect, the perpendicular planes to the axis passing through these intersections 

are called the 'principal planes'. The main property of the principle planes is that 

they have unit-positive lateral magnification. The distance from the focal point to 

the principal point is called the 'focal length'. The image-side focal length is mea

sured from the image-side principal plane. The object side focal length is measured 

from the object-side principle plane. The requirements of different applications may 

be totally different or even contradictory. For example, in transmission electron mi

croscopes we need lenses with very high refractive powers (short focal lengths) while 

in probe-forming systems large working distances (long focal lengths) are required. 

Therefore, one always has to analyse the performance of a given optical system from 

the view point of the application. 

One requirement is common, however, for all applications: we want to re

duce the aberrations as much as we can. Two types of aberrations are of importance 

to us. First, the spherical aberration or aperture defect. The latter name is used 

since it is the only type of geometrical aberration that exists for a point on the 

axis and is mainly due to the aperture size. The aberration figure is a circle in 

the Gaussian plane with a radius proportional to the cube of the aperture radius. 

This defect is the same for all points on the object. Second type is the chromatic 

aberration. Because of the thermal velocity spread of electrons and the interaction 

16 
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of beam with matter, such as in an electron microscope, the velocities of different 

electrons are not constant, and this leads to a deviation referred to as chromatic 

aberration a notation analogous to that of light optics. Just as in light optics in 

which a change in wavelength or color of the light alters the index of refraction, a 

change in velocity of the electrons can be regarded as a change in optical behavior. 

Chromatic aberration also results when the accelerating potential is not constant. 

The relevant equations to spherical and chromatic aberration coefficients are given 

in Appendix-C (i.e., eqs 5-6). 

According to the scaling laws of Electron and Ion Optics, however, one can 

arbitrarily scale an optical system up and down. It, however, inevitably means that 

the electrodes become very close to each other which, in turn, leads to practical 

difficulties like electric breakdown. Under usual circumstances electrodes cannot 

withstand potentials stronger than 15kV/mm although in very high vacuum some 

special materials can do better. This puts a practical limit to miniaturization. In 

addition, scaling the dimensions down leads to shorter working distances which may 

not be usable at all. 

If we wish to compare electrostatic and magnetic lenses with each other, 

we need some universal figures of merit. We may choose for the quantity to which 

the aberrations are related one of the following parameters: the physical length of 

the focusing system, its effective length, the length L of the lens' potential, the 

object- or image-side working distance, the object- or image-side focal length, etc. 

They all provide valuable information about the performance of lenses and make 

comparisons of different lenses possible. 

In our opinion, for a really meaningful comparison the aberration coeffi

cients of different lenses with equal refractive powers must be compared for the 

case of infinite magnification at equal potential ratios. Although in many cases we 
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work at nearly unit magnification, we still do not see better general figures of merit 

for probe-forming optics than the spherical aberration coefficient referred to the 

object-side focal length and the axial chromatic aberration coefficient defined 

the same way (^-). Since the axial aberration coefficients usually increase when 

the focal length is increased, the challenge is to reduce the values of the above two 

figures of merit and at the same time keep the potentials within reasonable limits. 

Evidently, for low acceptance angles the chromatic figure of merit is more 

important, for high acceptance angles the spherical figure becomes dominant.^16) 



V. NUMERICAL EXAMPLES AND EVALUATION OF THE RESULTS 

In this section, we shall look at three designs designated by letters (A, B and 

C), first of which is a three electrode asymmetrical lens, the second one being a four 

electrode asymmetrical lens and the last one a five electrode asymmetrical lens. For 

each design there are six graphical figures and a table. It must be mentioned that 

all the coordinates and values appearing (i.e., electrode potentials) are normalized 

to be dimensionless. 

The first figure of each set shows the normalized axial potential distribution, 

for four different approximation methods (i.e., cubic, quintic type-I, quintic type-II 

and quintic type-Ill). The second figure shows the normalized second derivative of 

the three quintic types. The third figure shows the normalized fourth derivative 

of the three quintic types. The fourth figure of each set shows the potential con

tribution (i.e., the deviation of axial potential from cubic to quintic type-I) due to 

generation of a higher-order spline. The fifth and sixth figures show the recon

structed electrostatic lenses based on the cubic lens model and the quintic type-I 

model respectively. And finally the performance properties are tabulated in the fol

lowing form. Each table consists of five sets of data. The first two sets each consist 

of two lines. The first line of the first set gives the optical properties obtained from 

an axial potential distribution which is generated by means of approximating a cubic 

spline through five pairs of points. By using this axial distribution, E21 calculates 

the optical properties. The second line of the first set gives the optical properties 

obtained by means of the cubic lens model reconstruction of the electrodes. In this 

case Charden is used to generate the axial potential distribution, and then E21 

calculates the optical properties using this axial potential distribution. The second 

19 



20 

set is obtained in very much the same manner as the first one, but instead of using 

the cubic spline approximation, quintic spline approximation is used. 

The next three sets are the main focus of our data evaluation, they only 

differ in the type of quintic approximation (i.e., type-1,2 or 3). The first line of 

each set gives the optical properties obtained directly from the generation of the 

original axial potential distribution using quintic spline approximation of a type 

by Munro's ray tracing program or the so called ESI. The second line consists of 

the optical properties obtained from input data generated from reconstruction of 

the electrodes using quintic spline approximation into the charden. This inturn 

generates axially symmetric potential distribution to be used as input data into 

E21. This reconstruction procedure is based on the quintic lens model. The third 

line gives the optical properties obtained from reconstruction of the electrodes by 

means of the cubic lens model. This is elaborated in more detail in the following 

paragraph. 

Each design is initiated by randomly generating 5 pairs of points ( i.e., 

each pair consists of an axial coordinate and a potential value). Then a polynomial 

function is approximated between the consecutive pairs (i.e., for five pairs of points, 

a four interval spline is constructed). (1)- This process would give us the original 

axial potential distribution. In our analysis this original distribution is a spline of 

degree five (i.e., Quintic spline approximation). From this original axial potential 

distribution the optical properties are obtained. These values represent the base 

case, meaning that all the comparisons are made with respect to it. (2)- The second 

case is where the optical properties are obtained from electrodes reconstructed by 

using three terms in the series expansion (i.e., Quintic Lens Model). (3)- The last 

case is where the axial potential distribution considered in (1) is approximated by 

a cubic spline process. The electrodes are reconstructed with having two terms in 
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the series expansion (i.e., Cubic Lens Model). And from the structure of electrodes 

and use of charge density method the axial potential distribution is regenerated and 

the optical properties are once again obtained. In discussion of the designs, the rel

ative error or agreement of focal length, spherical aberration coefficient, chromatic 

aberration coefficient and the spherical and chromatic figures of merit obtained by 

the three processes are considered for comparison with the base state. 
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A-A THREE-ELECTRODE LENS 

In this first design example as obvious as it is from FIGURE Al, all four 

potential distributions are very close to each other and the potential contribution 

as shown in FIGURE A4 is relatively small (i.e., —0.45 < < 1.0). Therefore 

smoothness has not been sacrificed for higher-order continuity, and as shown the 

performance for such a case could only be at least not worse by using Quintie Lena 

Model. Reconstruction based on the cubic model results in aberration coefficients 

obtained by the two different methods of generating axial potential distribution 

mentioned above within a relative agreement of 3.85 percent for spherical aberration 

coefficient, and 8.04 percent for the chromatic aberration coefficient. And the focal 

length is within 1.84 percent. But the two figures of merit that represent the 

performance of the lens are in a relative agreement of 2 percent for spherical and 7.32 

percent for chromatic. The second data set in table-A gives optical properties for 

reconstruction based on quintie model considering two terms in series expansion with 

first and second derivatives vanishing at the boundaries. The aberration coefficients 

stay within 14.2 percent for spherical and 2 percent for chromatic. The focal length 

is within 38 percent. The spherical and chromatic figures of merit are within 10.4 

and .73 percent respectively. 

The third set represents reconstruction based on the quintie model consid

ering three terms in series expansion with first and second derivatives vanishing 

at the boundaries. The spherical and chromatic aberration coefficients are within 

18.22 and 4.96 percent respectively. The focal length is within 6.15 percent. The 

two figures of merit spherical and chromatic are within 12.54 and 1.25 percent re

spectively. Reconstruction based on the Cubic Lena Model of this design, has its 
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spherical and chromatic aberration coefficients within 15.7 and 4.38 percent respec

tively, and its focal length within 4.22 percent.The two figures of merit are within 

10.97 for spherical and 0.1 percent for chromatic. 

The fourth set gives data for reconstruction based on quintic model having 

three terms in the series expansion with first and third deivatives vanish at the 

boundaries. The spherical and chromatic aberration coefficients are within a relative 

error of 16.26 and 11.28 percent respectively, the focal length is within 6.40 percent 

of relative error. The figures of merit are within 24.18 percent for sherical and 5.25 

percent for chromatic. 2.87, 7.24 and 9.4 perecent respectively. 

The model based on type-IV quintic does not achieve the kind of results, 

to be discussed comparably as could be seen from the given data. 

In this example both of the reconstructed lenses are good usable lenses. In 

order to have a good usable lens certain conditions must be met as we have already 

discussed, (1)- < 10, (2)- V,i < 15kV, (3)- object plane being outside the field, 

(4)- small aberration coefficients and figures of merit. All these restrictions are 

met for these two lenses. In set-l quintic reconstruction shows an improvement in 

spherical aberration coefficient and figure of merit over the cubic. In this example 

we can coclude that the quintic reconstructed lens is better than the cubic one. 

Even data from set-4 shows promising results. 
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Figure A.l- Normalized axial potential distribution. 
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Figure A.2- Normalized second derivative of the axial potential distribu

tion. 
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Figure A.3- Normalized fourth derivative of the quintic axial potential dis

tribution. 
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Figure A.4- Normalized axial potential deviation of quintic type-I from 

cubic. 
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Figure A.5- Reconstructed electrostatic lens based on the cubic lens model. 
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Figure A.6- Reconstructed electrostatic lens based on the quintic type-I 

lens model. 



TableA- OPTICAL PROPERTIES FOR DESIGN-A 
FOR INFINITE MAGNIFICATION CONDITIONS 

(THE ABERRATION COEFFICIENTS ARE REFERRED TO THE OBJECT SIDE) 

OBJ. SIDE IM. SIDE OBJECT PIUNC FOCAL SPIIER. CIIROM. 
VOLTAGE VOLTAGE PLANE PLANE LENGTH AB. AB. 

VO/VO VI/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

SET-1 

RECONSTRUCTION 
BASED ON CUBIC SPLINE, CONSIDERING TWO TERMS IN SERIES EXPANSION 

1.0000 2.0000 -0.0522 0.3373 0.3895 0.4087 0.1011 1.0493 0.4135 
0.9099 1.9990 -0.4921 0.3331 0.3823 0.3932 0.1478 1.0280 0.3808 

SET-2 

RECONSTRUCTION 
BASED ON QUINTIC SPLINES, CONSIDERING TWO TERMS IN SERIES EXPANSION 

WITH FIRST AND SECOND DERIVATIVES BEING ZERO AT THE END POINTS 

1.0000 2.0000 -0.0410 0.2957 0.3308 0.2018 0.1371 0.7775 0.4071 
0.9870 2.0003 -0.0393 0.3100 0.3494 0.2989 0.1412 0.8555 0.4041 

SET-3 

CASE-1 
THE BASE CASE 
QUINTIC TYPE-1 

DATA FROM THE ORIGINAL FUNCTION 

1.0000 2.0000 -0.0410 0.2957 0.3308 0.2018 0.1371 0.7775 0.4072 

CASE-2 
QUINTIC TYPE-1 LENS MODEL PROCESS 

0.9903 1.9998 -0.0487 0.2073 0.3101 0.2141 0.1303 0.080 0.4123 



Table A - Continued 

VO/VO VI/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

RELATIVE PERCENTAGE OF ERROR OBTAINED DY 
COMPARING DATA FROM CASE-2 WITH THAT OF THE BASE CASE 

S.15 18.22 4.98 12.54 1.2S 

CASE-3 
CUBIC LENS MODEL PROCESS 

0.9980 2.0003 -0.0395 0.3115 0.3510 0.3029 0.1431 0.8028 0.4070 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-3 WITH THAT OF THE BASE CASE 

4.2? 15.70 4.38 10.97 0.1 

SET-4 

CASE-1 
THE BASE CASE 
QUINTIC TYPE-2 

DATA FROM THE ORIGINAL FUNCTION 

1.0000 2.0000 -0.0518 0.3234 0.3752 0.3507 0.1543 0.9507 0.4114 

CASE-2 
qUINTIC TYPE-2 LENS MODEL 

0.9220 2.1570 -0.0555 0.2957 0.3512 0.4147 0.1309 1.1800 0.3898 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-2 WITH THAT OF THE BASE CASE 

0.40 10.20 11.28 24.18 5.25 

CASE-3 
CUBIC LENS MODEL PROCESS 

$0.9202 1.9972 -0.0497 0.3234 0.3732 0.3582 0.1450 0.9599 0.3887 



Table A - Continued 

VO/VO VF/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

RELATIVE ERROR PERCENTAGE OBTAINED BY 
COMPARING DATA FROM CASE-J WITH THAT OF THE BASE CASE 

0.53 0.42 8.03 0.97 5.52 

SET-5 

CASE-1 
QUINTIC TYPB-S 

DATA FROM TIIE ORIGINAL FUNCTION 

1.0000 0.0000 1.0029 2.5549 1.5519 2370.237 5.4643 1527.250 3.5209 

CASE-2 
QUINTIC TYPE-3 LENS MODEL 

5.8432 27.237 -0.2048 0.2194 0.4240 8.7848 0.8234 15.9528 1.4702 

RELATIVE ERROR PERCENTAGE OBTAINED BY 
COMPARING DATA FROM CASE-2 WITH THAT OF THE BASE CASE 

72.88 99.71 88.59 98.98 58.24 

CASE-3 
CUBIC LENS MODEL PROCESS 

0.8084 5.8188 11.879 28.947 17.088 •••«•« 0082.4 •*•••• 44.3987 

RELATIVE ERROR PERCENTAGE OBTAINED BY 
eenterline COMPARING DATA FROM CASE-3 WITH THAT OF THE BASE CASE 

999.81 110845.59 •••• 1181.00 
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B-A FOUR-ELECTRODE LENS 

The potential deviation is once again very small as shown in FIGURE B4 

(i.e., —.13 < < 0.6). The focal length, the spherical and chromatic aber

ration coefficients are within 5.23, 4.36 and 0.77 percent agreement respectively 

in the case of cubic model when comparing the optical properties obtained directly 

from axial potential distribution and the one obtained by reconstruction of the elec

trodes using Cubic Model. The figures of merit for this model are within 5.95 and 

3.5 percent for spherical and chromatic figures of merit respectively. For the case 

of quintie type-I with having two terms in the series expansion the two methods of 

obtaining the optical properties are within 0.698,6.64,1.19,5.96 and 0.64 percent of 

agreement for focal length, spherical and chromatic aberration coefficients, spherial 

and chromatic figures of merit respectively. The third set which is again quintie 

type-I but having three terms in the series expansion gives the following relative 

agreement values with respect to the base case. The focal length, the spherical and 

chromatic aberration coefficients, the sherical and chromatic figures of merit are 

within 0.15, 0.04, 0.14, 0.18 and 2.12E—3 percent of agreement respectively. Re

construction based on the cubic model gives the following relative error values with 

respect to the base case, 0.61, 6.60, 1.03, 6.11 and 0.42 for focal length, spherical 

and chromatic aberration coefficients and spherical and chromatic figures of merit 

respectively. For the remaining two cases we just give the same values in the same 

order as above. For the case of quintie type-II the absolute error values are 9.65, 

22.30, 2.36, 21.54, and 2.97 percent. This is the relative error of case-2 with respect 

to the base case. And the error values for cubic lens model with respect to the 
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base in the same format as above are as following: 1.17, 2.24, 3.38, 3.38 and 2.18. 

And finally for the case of quintie type-Ill these absolute error values are as follows 

6.42, 10.76, 46.87, 18.36 and 43.23 percent. The same error values for cubic case 

are 1.04,1.95, 2.96, 2.96 and 1.90. And also by looking at the two lenses appearing 

in FIGURE B5 and FIGURE B6, there is a certain improvement in the shapes 

of the electrodes from a practical point of view (i.e., the electrodes reconstructed 

by the quintie type-I model maintains a larger distance between each other so the 

breakdown occurs farther away than in cubic model). 

This example has not resulted in reconstruction of good usable lenses. Al

though the first three conditions are met, the aberration coefficients and figures of 

merits are too large. The object plane appears to lie outside the field in set-4 of the 

quintie type processes only. Throughout these three examples set-5 data seem to be 

off, by looking at the third figure of each set the reason could easily be seen. The 

number and location of zeros of the fourth derivative may change from one type of 

quintie type to another. 
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Figure B.l- Normalized axial potential distribution. 
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Figure B.2- Normalized second derivative of the axial potential. 
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Figure B.3- Normalized fourth derivative of the quintic axial potential, 

distribution 
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Figure B.4- Normalized axial potential deviation of quintic type-I from 

cubic. 
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Figure B.5- Reconstructed electrostatic lens based on the cubic lens model. 
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Figure B.6- Reconstructed electrostatic lens based on the quintic type-I. 



Table B- OPTICAL PROPERTIES FOR DESIGN-B 
FOR INFINITE MAGNIFICATION CONDITIONS 

(THE ABERRATION COEFFICIENTS ARE REFERRED TO THE OBJECT SIDE) 

OBJ. SIDE 1M. SIDE OBJECT PRINC FOCAL SPI1ER. CIIR. SPII. CIIROM. 
VOLTAGE VOLTAGE PLANE PLANE LENGTH AB. AB. P.M. P.M. 

VO/VO VI/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

SET-1 

RECONSTRUCTION 
BASED ON CUBIC SPLINES , CONSIDERING TWO TERMS IN SERIES EXPANSION 

1.0000 0.1000 -0.1631 1.3823 1.5454 30.9208 7.9438 20.0115 5.1400 
1.0158 0.09T9 -0.1401 1.41T0 1.5572 29.3088 8.2882 18.8213 5.3225 

SET-2 

RECONSTRUCTION 
BASED ON QUINTIC SPLINES , CONSIDERING TWO TERMS IN SERIES EXPANSION 

WITH FIRST AND SECOND DERIVATIVES BEING ZERO AT THE END POINTS 

1.0000 0.1000 0.0235 1.1713 1.1478 14.8441 5.3921 12.9328 4.8978 
1.0019 0.1000 0.0238 1.1790 1.1552 15.8304 5.4572 13.7038 4.7242 

SET-3 

CASE-1 
THE BASE CASE 
QUINTIC TYPE-1 

DATA FROM THE ORIGINAL FUNCTION 

1.0000 0.0997 0.0235 1.1713 1.1477 14.8453 5.3940 12.9339 4.8995 

CASE-2 
QUINTIC TYPE-1 LENS MODEL PROCESS 

1.001S 0.0999 0.0285 1.1759 1.1494 14.8394 5.4018 12.9104 4.8998 



Table B - Continued 

VO/VO VI/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-2 WITH THAT OF THE BASE CASE 

0.15 0.04 0.14 0.18 2.12E-5 

CASE-3 
CUBIC LENS MODEL PROCESS 

1.0005 0.0999 0.0238 1.1786 1.1547 15.8192 5.4497 13.8990 4.7193 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-3 WITH THAT OF THE BASE CASE 

0.81 8.80 1.03 8.11 0.42 

SET-4 

CASE-1 
QUINTIC TYPB-2 

DATA FROM THE ORIGINAL FUNCTION 

1.0000 0.1000 -0.1028 1.3151 1.4057 23.1322 8.9848 18.4557 4.9544 

CASE-2 
QUINTIC TYPE-2 LENS MODEL 

1.0127 0.1080 -0.1323 1.2821 1.5414 28.2908 8.7999 20.0009 4.8074 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-2 WITH THAT OF THE BASE CASE 

9.85 22.30 2.38 21.54 2.97 

CASE-3 
CUBIC LENS MODEL PROCESS 

1.0123 0.0983 -0.0910 1.3312 1.4222 22.8142 7.2003 15.9002 5.0828 



Table B - Continued 

VO/VO VI/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-3 WITH THAT OF THA BASE CASE 

1.17 2.24 3.38 3.38 2.18 

SET-5 

CASE-1 
QUINTIC TYPE-3 

DATA FROM TIIE ORIGINAL FUNCTION 

1.0000 0.1000 -0.1104 1.3417 1.4582 28.0305 7.4571 18.2024 5.1139 

CASE-2 
QUINTIC TYPE-3 LENS MODEL PROCESS 

0.3857 0.0980 -0.1030 1.2009 1.3040 29.4903 3.9020 21.0155 2.9034 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-2 WITH THAT OF THE BASE CASE 

0.42 10.70 40.87 18.30 43.23 

CASE-3 
CUBIC LENS MODEL PROCESS 

1.0102 0.0980 -0.1081 1.3052 1.4733 20.1110 7.0777 17.7221 5.2110 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-3 WITH THAT OF THA BASE CASE 

1.04 1.95 2.94 2.90 1.90 
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C-A FIVE-ELECTRODE LENS 

At this point, from the last design examples it is obvious that the best 

performance among the four quintic set of results is achieved for quintic type-I 

having three terms in the series expansion. So in this last design example, we 

would consider only this best case of Quintic Reconstruction. First we look at the 

absolute error between the optical properties obtained by the two different methods 

of reconstruction with respect to the base case. For the case of the quintic lens 

model the relative error for the focal length, the spherical aberration coefficient, 

the chromatic aberration coefficient, the spherical figure of merit and the chromatic 

figure of merit are 1.15, 7.48, 4.23, 5.45. For the case of cubic lens model process 

the relative errors are 3.13,11.82, 10.19, 8.98 and 7.29 percent respectvely. 

In this example none of the reconstructed lenses are good usable lenses, 

since none of the conditions mentioned above are met. Of course the purpose 

of this investigation has not been to produce usable lenses but to investigate the 

possibility of using quintic spline lens model. Considering set-3 cubic model shows 

better perfomance than the quintic one. 
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Figure C.l- Normalized axial potential distribution. 
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Figure C.2- Normalized second derivative of the axial potential distribution. 
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Figure C.3- Normalized fourth derivative of the quintic axial potential, 

distribution 
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Figure C.4- Normalized axial potential deviation of quintic type-I from 

cubic. 
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Figure C.5- Reconstructed electrostatic lens based on the cubic lens model. 
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Figure C.6— Reconstructed electrostatic lens based on the quintic type-I 

model. 



Table C- OPTICAL PROPERTIES FOR DESIGN-C 
FOR INFINITE MAGNIFICATION CONDITIONS 

(THE ABERRATION COEFFICIENTS ARE REFERRED TO THE OBJECT SIDE) 

OBJ. SIDE IM. SIDE OBJECT PRINC FOCAL SPIIER. CIIROM. 
VOLTAGE VOLTAGE PLANE PLANE LENGTH AB. AB. 

VO/VO VI/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

SET-I 

RECONSTRUCTION 
BASED ON CUBIC SPLINES , CONSIDERING TWO TERMS IN SERIES EXPANSION 

0.2500 1.5000 0.5794 3.4800 2.9008 12.2529 0.7048 4.2242 0.2030 
0.2040 1.4780 0.0731 3.7053 3.0322 13.4085 0.7988 4.4221 0.2835 

SET-2 

RECONSTRUCTION 
BASED ON QUINTIC SPLINES, CONSIDERING TWO TERMS IN SERIES EXPANSION 

WITH FIRST AND SECOND DERIVATIVES BEING ZERO AT THE END POINTS 

0.2500 1.5000 1.5207 5.4929 3.9802 42.7500 1.9402 10.7780 0.4907 
0.2433 1.5003 1.4784 5.3401 3.807T 39.2038 1.7708 10.1817 0.4594 

SET-3 

CASE-1 
THE BASE CASE 
QUINTIC TYPE-1 

DATA FROM THE ORIGINAL FUNCTION 

1.0000 8.0000 0.0858 0.5818 0.4957 5.3441 0.2433 10.7798 0.4908 

CASE-2 
QUINTIC TYPE-1 LEN MODEL PROCESS 

0.9858 5.9940 0.0881 0.5681 0.4900 4.9443 0.2330 10.1925 0.4758 



Table C - Continued 

VO/VO VI/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-I WITH THAT OF THE BASE CASE 

1.15 7.48 4.23 5.45 3.10 

CASE-S 
CUBIC LENS MODEL PROCESS 

0.9980 8.0012 0.0578 0.5381 0.4802 4.7122 0.2185 9.8114 0.4550 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASB-3 WITH THAT OF THE BASE CASE 

3.13 11.82 10.19 8.98 7.29 

SET-4 

CASE-1 
THE BASE CASE 
QUINTIC TYP&2 

DATA FROM THE ORIGINAL FUNCTION 

0.3219 0.9958 0.8839 32.0701 0.8089 48.4785 0.9000 

CASE-2 
QUINTIC TYPE-2 LENS MODEL PROCESS 

0.4542 1.3334 0.8791 83.9873 1.1542 95.5283 1.3128 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-2 AND THAT OF THE BASE CASE 

28.54 157.80 90.18 97.08 45.77 

CASE-3 
CUBIC LENS MODEL PROCESS 

0.4159 1.2346 0.8187 02.1484 0.9825 75.9042 1.1758 

1.0000 8.0000 

0.8558 5.9000 

10.8820 5.8948 



Table C - Continued 

VO/VO VJ/VO ZO/L ZP/L F/L CSO/L CCO/L CSO/F CCO/F 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-3 AND THAT OF THE BASE CASE 

19.71 90.23 58.59 58.58 0.3054 

SET-5 

CASE-1 
QUINTIC TYPE-3 

DATA FROM THE ORIGINAL FUNCTION 

1.0000 8.0000 1.0029 2.5549 1.5519 2370.2375 5.4843 1527.2501 3.5209 

CASE-2 
QUINTIC TYPE-3 LENS MODEL PROCESS 

5.8432 27.2372 -0.2040 0.2194 0.4240 0.7040 0.S234 15.9520 1.4702 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-1 AND THAT OF THE BASE CASE 

72.08 99.71 88.59 98.90 58.24 

CASE-3 
CUBIC LENS MODEL PROCESS 

0.8084 5.8168 11.8793 28.9474 17.0681 757.8007 •••••• 44.3987 

RELATIVE PERCENTAGE OF ERROR OBTAINED BY 
COMPARING DATA FROM CASE-3 AND THAT OF THE BASE CASE 

999.82 ***** 13768.21 •***• 1101.00 



VI-DISCUSSION OF THE NUMERICAL RESULTS 

What is understood from these results is the possibility of axial potential 

approximation by quintic splines, that would result in third order optical properties 

achieving comparable performance with that of the cubic splines. But in case of 

quintic functions the reconstructed electrodes are more accurate, and if one chooses 

to calculate the fifth order optical properties he/she can do so, since there exists 

four continuous derivatives. 

Since we are generating axial potential distribution functions artificially, 

the deductions are limited to this type of function at least. The axial potential 

distribution function is sought in the form of a four times continuously differentiate 

function. The most consistent results are obtained when the first two derivatives 

vanish at the boundaries. The first, which is the case of vanishing first derivative, 

was also, the case in cubic spline method, which physically means that the field 

vanishes at the boundaries. The second free parameter could have been one of the 

three posibilities, but- the best behavior was found in the type-1 model. By Gauss's 

law this could be interpreted rather easily by saying that the electric field is always at 

the right angle with the normal component of its surface element at the boundaries 

of the lens, meaning the surface charge density vanishes at the boundaries of the 

lens. 
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VII-CONCLUDING REMARKS 

This work was initiated very sceptically, as far as the practicality of high-

order splines were concerned. The question was whether we could reach good results, 

or be able to draw some valuable information or not. One of the first obstacles was 

the choice of the second free parameter next to the vanishing first derivative. It 

is now a fact that the most consistent and best results are obtained with having 

the second derivative vanish at the boundaries of the lens next to the first. By 

looking at the second figure of each design, it is obvious that the fluctuations of the 

second derivative with vanishing second derivatives at the boundaries are the most 

pronounced, but the ratio of its maximum to its minimum the smallest of all three. 

The appearance of the third term in the series expansion is definitely im

proving the performance of an electrode system. And it would even have larger 

effects as the gap is increased. By looking at the tables, and comparing , we see 

a better agreement for quintic spline type-1 with three terms in the series expan

sion. Another very promising improvement over cubic model is concerned with the 

breakdown voltage, which is of enormous practical importance. 

This is the first step toward using quintic-splines for Electron and Ion Op

tical synthesis. We have a reason to be optimistic that quintic splines might result 

in better minimal optical properties and design of electrostatic lenses. If so, they 

could be used as an alternative method to improve synthesis, and being able to 

compute the fifth-order properties as well. But, we would be sure only when the 

optimized optical properties of the quintic model are compared with that of the 

cubic. 
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APPENDIX-A 

THE RECONSTRUCTION PROCEDURE 

RECONSTRUCTION PROGRAM FOR QUINTIC TYPE-II 

HAVING FOUR TERMS IN THE SERIES EXPANSION 

c This progarm provides two types of outputs, one is the axial 

c potential distribution obtained by QUINTIC SPLINE procedure 

c and is saved in file 'FOR012', this data file will be used 

c in E21 program to evaluate the optical properties of such a 

c axial potential distribution. The other output is the geometrical 

c and physical character of the constructed lens, saved in file 

c 'CHARDE.RES'. This data file is input to charge density method. 

c This data is saved into two different forms (i.e., format), one 

c as already mentioned to be used for charden input, and the other 

c for graphical purposes in file 'FOR021'. 

program recon 

implicit real* 8 (a-h,o-z) 

dimension za(700),va(700) 

open (unit=33,file='for020') 

read (33,*) 

read (33,*) app 

read (33,*) kmax 

read (33,*) radm 

kout=500 
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i—0 

1 i=i+l 

read (33,*) za(i),va(i) 

if (za(i).ne.O.O.or.va(i).ne.O.O) goto 1 

lmax=i-l 

call rec(za,va,lmax,app,radm,kmax,kout) 

stop 

end 

c SUBROUTINE: Electrode Construction — recqq 

c Input variables: 

c app = apperture radius 

c radm = maximal electrode radius 

c za(.) = Z-values of the given a.p.d.(required in increasing 

c order) 

c va(.) = given potential values 

c lmax = number of input a.p.d. points 

c kmax = number of interpolated points (sugg. 250jkmaxj400 ) 

c kout = number of interpolated points in charden 

c Other variables: 

c k = index for interpolated points 

c kini = initial index in an electrode 

c kfin = final index in an electrode 

c i = index for electrode points 

c j = index of electrodes 
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c jmax = number of electrodes 

c iini(.) = initial indexes of electrodes 

c ifin(.) = final indexes of electrodes 

c z(.) = interpolated Z-values 

c v(.) = interpolated potential values 

c svn(.) = potential's first derivative 

c ssvn(.) = potential's second derivative 

c sssvn(.)=potential's third derivative 

c ssssvn(.)=potential's fourth derivative 

c dssv = allowed uncertainly of ssvn 

c dssssv= allowed uncertainity of ssssvn 

c zz(.) = Z-values of the electrode points 

c rr(.) = electrode radius 

c hlg = leght of the lens 

c vel(.) = electrode voltage 

c Initialization 

git********************************************************** 

subroutine rec (za,va,lmax,app,radm,kmax,kout) 

implicit real*8 (a-h,o-z) 

dimension za(l),va(l) ,z(600) ,v(600),zz(600),rr(600) ,r(600) ,rl(600) 

dimension svn(600) ,ssvn(600) ,iini(50) ,ifin(0:50) ,vel(50) ,r2(600) 

dimension sssvn (600),ssssvn (600) 

hlg=za(lmax)-za(l) 

delta=hlg/(kmax-1) 

dssv=1.0e-8*dabs(va(l)) / (hlg*hlg) 



dssssv=1.0e-8*dabs(va(l))/(hlg**4) 

do 5 k=l,kmax 

5 z(k)=za(l)+delta*(k-l) 

call intp5 (za,va,lmax,z,v,svn,ssvn,sssvn,ssssvn,kmax) 

c First apperture 

c********************************************************** 

ip=int (2. * app / delta) 

do 10 i=l,2*ip 

zz(i)=za(l)-delta*2*(3*ip-(i-l)) 

10 rr(i)=app 

do 20 i=l,2*ip 

zz(2*ip+i)=za(l)-delta*(2*ip-(i-l)) 

20 rr(2*ip+i)=app 

c********************************************************* 

c Cycle for electrodes 

ifin(0)=4*ip 

kfin=0 

j=0 

30 j=j+l 

iini(j)=ifin(j-l)+l 

kini=kfin+l 

call electrode(j ,za,v,ssvn,ssssvn,iini,ifin,kini,kfin, 

x vel,zz,rr,r,rl,r2,kmax,radxn,app,delta,hlg,dssv,dssssv) 

if (kfin.lt.kmax) goto 30 



jmax=j 

c********************************************************* 

c Last apperture 

g********************************************************* 

do 40 i=l,2*ip 

zz(ifin(jmax)+i)=za(lmax)+delta*i 

40 rr(ifin(jmax)+i)=app 

do 50 i=l,2*ip 

zz(ifin(jmax)+2*ip+i)=za(lmax)+delta*2*(i+ip) 

50 rr(ifinQmax)+2*ip+i)=app 

g********************************************************* 

c Saving results 

g********************************************************* 

open (unit=21,file=,for021') 

open (unit=22 ,file='charde.dat') 

iini(l)=l 

ifin(jmax)=ifin(jmax)+4*ip 

write(22,*) 

do 70 j=l Jmax 

write(21,*) 

do 72 i=iini(j),ifin(j) 

72 write(21,*) zz(i),rr(i) 

do 74 i=iini(j),ifin(j)-l 

74 write(22,*) i+l-j,i+l-j,rr(i),rr(i+l),zz(i), 

x zz(i+l),velQ) 

70 continue 



write (22,80) 

80 format('-l,0,0.,0.,0.,0.,0.',/,'500,.00001,0.',/,-1,0.,0.,0.,0.') 

write(22,82) kout,za(l)-3.*app,za(lmax)+3.*app 

82 format(i5,' \2fl.0.5,/,'-l,0.,0.') 

close (unit=21) 

close (unit=22) 

return 

end 

^3|c4t4E34c4e]f(4c4c3|c3|i4e9|c4c4c4c3|c^i4c4i4c^cift4E]|c4c4c4c3fc3|C3ic4c9|c^e3|i4c4c4c3|e3|c}|c3|c]|c4c3|c3fc4e3|C3ici|c4c3it34c3|(]|c9|c4e4e 

c Subroutine electrode 

lie * * Id * * * * id III * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * # 1(11* * * * * * * * * * * * * 

subroutine electrodeQ ,za,v,ssvn,ssssvn,iini,ifin,kini,kfin,vel, 

x zz,rr,r,rl,r2,kmax,radm,app,delta,hlg,dssv,dssssv) 

c Input variables: za, v, ssvn, ssssvn, iini, kini, delta, kmax, radm, app 

c j, hlg, dssv, dssssv 

c Output variables: ifin, kfin, vel, zz, rr 

implicit real*8 (a-h,o-z) 

dimension za(l),v(l),ssvn(l),sssvn(l),ssssvn(l) 

dimension iini(l),ifin(0:50),zz(l),rr(l),vel(l),r(l),rl(l),r2(l) 

100 if (dabs(ssssvn(kini)).lt.dssv) then 

kini=kini+l 

goto 100 

end if 

kfin=kini 

110 if (ssssvn(kini)*ssssvn(kfin+l)-ge.(-l.)*dabs(ssssvn(kini))*dssv. 

x and.kfin.lt.kmax) then 
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kfin=kfin+l 

goto 110 

end if 

vmin=l.elO 

do 120 k=kini,kfin 

if (vmin.gt.-v(k)*dsign(l.,ssssvn(kini))) then 

vmin=-v (k) * dsign (1. ,ssssvn (kini)) 

kk=k 

end if 

120 continue 

sss8v=dsign(dmaxl(dssv,dabs(ssssvn(kk))),ssssvn(kini)) 

velft) =v(kk)-ssvn(k) *app*app / 4.+SSBSV* (app* *4) / 64. 

i=iiniQ) 

do 130 k=kini,kfin 

888sv=dsign(dmaxl(d88v,dabs(s88svn(k))),ssssvn(kini)) if (ssvn(k).eq.0.0) 

goto 130 

r (i)=1(v (k)-vel (j)) *ssssv / ssvn(k) * *2 

if(r(i).lt.0.0) goto 130 

rl(i)=8. *ssvn(k) * (1 ,-dsqrt (r (i)) 

rl(i)=rl(i)/ssssv 

p2(i)=8.*8svn(k)*(l.+dsqrt(r(i)) 

r2(i)=r2(i)/ss88 

rr(i)=dsqrt(dmaxl(app*app,rl(i),r2(i))) 

— zz(i)=za(l)+delta*(k-l) 

i=i+l 

if (rr(i-l).gt.radm) i=i-l 
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130 continue 

ifin(j)=i-l 

return 

end 

SUBROUTINE INTP5 (X,Y,N,Z,V,VPl,VP2,VP3,VP4,NI) 

implicit double precision (a-h,o-z) 

DIMENSION X(5),Y(5),H(4) 

DIMENSION D(5),E(5),F(5),C(5),B(5) 

DIMENSION V(1),VP1(1),VP2(1),VP3(1),VP4(1) 

INTEGER TRM 

double precision m(25,25),s(25),g(25) 

OPEN(UNIT=ll,FILE='for012',STATUS=<UNKNOWN') 

OPEN(UNIT=12,FILE=,for2^STATUS=,UNKNOWN,) 

OPEN(UNIT=13,FILE=,for21,,STATUS='UNKNOWN') 

OPEN(UNIT=14,FILE=4for22',STATUS=,UNKNOWN') 

OPEN(UNIT=15,FILE=<for23',STATUS=,UNKNOWN') 

OPEN(UNIT=16,FILE=,for24',STATUS='UNKNOWN') 

DATATRM/0/,LUN12/12/,LUNl3/13/,LUN14/14/,LUN15/15/,LUNl6/16/| 

DATA LUNll/11/ 

do 40 i=l,25 

do 30 j=l,25 

30 m(ij)=1.0E-20 

G(i)=0.0 

40 S(i)=0.0 

DO 45 1=1,4 

H(I)=X(I+1)-X(I) 



45 G(I)=(Y(I+1)-Y(I))/H(I) 

m(l,l)=l. 

m(l,2)=h(l) 

m(l,3)=h(l)**2 

m(l,4)=h(l)**3 

m(l,5)=h(l)**4 

m(2,6)=l. 

m(2,7)=h(2) 

m(2,8)=h(2)**2 

m(2,9)=h(2)**3 

m(2,10)=h(2)**4 

m(3,ll)=l. 

m(3,12)=h(3) 

m(3,13) =h(3) * *2 

m(3,14)=h(3)**3 

m(3,15)=h(3)**4 

m(4,16)=l. 

m(4,17)=h(4) 

m(4,18)=h(4)**2 

m(4,19)=h(4)**3 

m(4,20)=h(4)**4 

m(5,l)=l. 

m(5,2)=2.*h(l) 

m(5,3)=3.*h(l)**2 

m(5,4)=4.*h(l)**3 

m(5,5)=5.*h(l)**4 



m(5,6)=-l 

m(6,6)=l. 

m(6,7)=2.*h(2) 

m(6,8)=3.*h(2) * *2. 

m(6,9)=4.*h(2)**3 

m(6,10)=5.*h(2)**4 

m(6,ll)=-l. 

m(7,H)=l. 

m(7,12)=2.*h(3) 

m(7,13)=3.*h(3)**2 

m(7,14)=4.*h(3)**3 

m(7,15)=5.*h(3)**4 

m(7,10)=-l. 

m(8,16)=JL.» 

m(8,17)=2.*h(4) 

m(8,18)=3.*h(4)**2 

m(8,19)=4.*h(4)**3 

m(8,20)=5.*h(4)**4 

m(8,21)=-l 

m(9,2)=l. 

m(9,3)=3.*h(l) 

m(9,4)=6.*h(l)**2 

m(9,5)=10.*h(l)**3 

m(9,7)=-l. 

m(lO,7)=l. 

m(lO,8)=3.*h(2) 



m(10,9)=6.*h(2)**2 

m(10,10)=10.*h(2)**3 

m(10,12)=-l. 

m(ll,12)=l. 

m(ll,13)=3.*h(3) 

m(ll,14)=6.*h(3)**2 

m(ll,15)=10.*h(3)**3 

m(ll,17)=-l. 

m(l2,17)=l. 

m(12,18)=3.*h(4) 

m(12,19)=6.*h(4)**2 

m(12,20)=10.*h(4)**3 

m(12,22)=-l. 

m(13,3)=l. 

m(l3,4)=4.*h(l) 

m(13,5)=10.*h(l)**2 

m(13,8)=-l. 

m(l4,8)=l. 

m(14,9)=4.*h(2) 

m(14,10)=10.*h(2)**2 

m(14,13)=-l. 

m(15,13)=l. 

m(15,14)=4.*h(3) 

m(l5,15)=10.*h(3)**2 

m(l5,18)=-l. 

m(l6,18)=l. 



m(16,19)=4.*h(4) 

m(16,20)=10.*h(4)**2 

m(16,23)=-l. 

m(17,4)=l. 

m(17,5)=5.*h(l) 

m(17,9)=-l. 

m(18,9)=l. 

m(18,10)=5.*h(2) 

m(18,14)=-l. 

m(19,14)=l. 

m(l9,15)=5.*h(3) 

m(19,19)=-l. 

m(20,19)=l. 

m(20,20)=5.*h(4) 

m(20,24)=-l. 

m(21,l)=l. 

m(22,2)=l. 

m(23,21)=l. 

m(24,22)=l. 

c ************************************ linear eqs solv program 

do 50 j=l,25 

do 60 k=j+l,24 

if (dabs(m(kJ)).lt.l.0E-10) go to 60 

if (dabs(m(j j)).gt.l.0E-10) go to 75 

do 77 jj=j,25 

77 m(jjj)=m(jjj)+m(kjj) 



GO>G(j)+G(k) 

75 p=mQj)/m(kj) 

do 70 l=j,25 

70 m(k,l)=m(j,l)-m(k,l)*p 

G(k)=G(j)-G(k)*p 

60 continue 

50 continue 

s(25)=G(25)/m(25,25) 

do 80 i=2,25 

j=26-i 

sum=0. 

do 90 k=j+l,25 

90 sum=sum+s(k)*m(j,k) 

s(j)=(G(j)-sum)/m(j,j) 

80 continue 

DO 100 1=0,4 

B(I+1)=S(1+5*I) 

C(I+1)=S(2+5*I) 

D(I+1)=S (3+5*1) 

100 E(I+1)=S(4+5*1) 

DO 1011=0,3 

101 F(I+1)=S(5+5*I) 

L=X(N)-X(1) 

V0=Y(1) 

DELZ=(X(5)-X(1))/NI 

WRITE (LUN11,220) 



220 FORMAT ( 1H ,///// ) 

Z=X(1)-DELZ 

J=1 

DO 230 I=1,NI+1 

Z=Z+DELZ 

250 IF(Z.GE.X(J).AND.Z.LE.X(J+l))GO TO 240 

J=J+1 

IF(J.EQ.5)GO TO 240 

IF(J.LT.5)GO TO 250 

240 Z1=Z-X(J) 

V(I)=Y(J)+B(J)*Z1+C(J)*(Z1**2) 

+D(J)*(Z1**3)+E(J)*(Z1**4)+F(J)*(Z1**5) 

W=V(I)/V0 

VP1(I)=B(J)+2.*0(J.)*Z1 

+3.*D(J)*(Z1**2)+4.*E(J)*(Z1**3)+5.*F(J)*(Z1**4) 

VP2(I)=((2.*C(J) 

+6.*D(J)*Z1+12.*E(J)*(Z1**2)+20.*F(J)*(Z1**3))/V0)/(L**2) 

VP3(I)=6.*D(J)+24.*E(J)*Z1+60.*F(J)*(Z1**2) 

VP4(I)=24.*E(J)+120.*F(J)*Z1 

ZZ=(Z-x(l))/L 

WRITE(LUN 11, *) Z, V(I) 

WRITE(LUN12,*)ZZ,W 

WRITE (LUN13,*)Z,VP1(I) 

230 WRITE(LUN14,*)ZZ,VP2(I) 

WRITE(LUN15,*)Z,VP3(I) 

230 WRITE(LUN16,*)Z,VP4(I) 



WRITE (LUN11,260) 

260 FORMAT ( 1H , ' 0.0 0.0 '/ ' NSYM 

CLOSE(UNIT=ll) 

CLOSE(UNIT=12) 

CLOSE(UNIT=13) 

CLOSE(UNIT=14) 

CLOSE(UNIT=15) 

CLOSE(UNIT=16) 

RETURN 

END 
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By having the zeroes of the fourth derivative and lens 
boundaries (i.e., start/end points), we can specify the 
equipotential surfaces by fixing; u(r,z) on electrodes. 

/ U(z) <0 \ 
' between two pivot 
points or a pivot point 
S. and a start/end > 
\ point 

u ( r . z )  
r ( z >  

Output: 

The electrode pot. 
is chosen slightly 
higher than the 
maximum value of 
the axial potential 
in this interval. 

The electrode pot. 
is chosen slightly 
lower than the 
minimum value of 
the axial potential 
in this interval. 

Ouintic spline approximation results in the axial 
potential distribution U(z) and its four continuous 
derivatives U(z), U(z>, U(z) and U(z>. 

Input: 
z,U(z): Generated pairs of points 
Appi Apperture radius 
Radmi Maximal electrode's radius 
Kmax: Number of interpolated points 

Having obtained each electrode's voltage, all the 
variables on the right hand side of eq. (45) are known, 
so by solving for r(z) the shape of each electrode is 
uniquely constructed. 

The pivot point ie where U(z) vanishes. 
(To construct the equipotential surfaces, one needs 
to find where the fourth derivative is zero (eq. 46), 
at which point the electrode's radius r approaches 
Infinity, but Radm limits the extension of r.} 



APPEND IX-B 

THE CHARGE DENSITY METHODl17) 

There are three principal numerical methods of calculating electrostatic 

potentials inside cylindrically symmetric electrode systems. They are the FINITE 

DIFFERENCE METHOD (FDM), the FINITE ELEMENT METHOD (FEM) and 

the CHARGE DENSITY METHOD (CDM). Technically, the CD method is really a 

finite boundary element method. Of the three, the CD method is probably superior 

to the other two for most applications of interest in the design of electron or ion 

optical systems. For a given resoloution of the potential, if the FD method and/or 

the FE method require storage of N data points, the CD method would require 

the storage roughly \/N points. This means that the CD method is feasible on a 

modest sized computer and runs in a relatively short time (costing less money). This 

comes about because the CD method deals only with data points actually on the 

electrodes (roughly linear with the "resolution") whereas the FD and FE methods 

deal with data points in the volume enclosing the electrode system (varying roughly 

as the square of the resolution). The principle disadvantage of the CD method is 

that the geometry of the electrode is restricted to thin walled electrodes. However, 

thick walled electrodes may be approximated by a hollow outline of thin walled 

electrodes. This is perhaps only a minor inconvenience because much of the work 

on electrostatic optics appearing in the literature is concerned with thin walled 

electrodes. 

Of the three methods the CD method is the only true solution to the "in

finite domain problem". It attempts to find the surface charge distribution on the 
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electrodes consistent with the specified voltages on those electrodes. Once it has 

the charges it then can easily compute the potential at any point in space out to 

infinity. (The potential at infinity is automatically fixed to be zero.) 

The FD and FE methods try to find a set of potential values throughout 

a volume enclosing the electrodes that is consistent with Maxwell's equations, the 

potential specified on the electrodes and the potential specified on the boundary 

enclosing the volume containing the electrodes. Apart from determining the voltage 

at a rather large number of points that are not needed (i.e., the majority of the off-

axis points are not needed), the FD and FE methods require the user to specify the 

potential on a surface enclosing the electrodes. This is not always possible. Usually 

this surface is taken as being far away (greatly increased number of data points is 

required) and made asymptotically agree with the electrodes. 

The first step in the CD method is to represent the specified electrode 

configuration as a finite number of straight line segments in the r — Z plane. Each 

electrode is typically divided into 20-100 straight line boundary elements Si. Then 

the surface charge distribution is adjusted (in CHARDEN via relaxation method) 

so that the voltage Vj at the midpoint of each element as calculated from the surface 

charge distribution is the same as the voltage specified for that electrode. If there 

are a total of N boundary elements on the electrodes then 

where is the surface charge on the ith electrode element (assumed to be constant 

over the element). The voltage at any point (r, Z,0) due to a particular distribution 

of surface charges may be written out in cylindrical coordinates as 

(1) 

V(r,Z,B) = 
s t  ((Z - Zi)2 + (r + r»)a - 2rr,(l + cos(0 - 0,))) * 

qi(rj, Zi)ridridzid9i 
(2) 
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Because of cylindrical symmetry the 0, integration may be done explicitly. 

Assuming that g»(r, Z) is constant over Si leaves 

4gi 1st r*K{u)dr*dZj 

Y((^-^)3 + (r + ri)')» 

where K(u) is the complete elliptic integral of the first kind and 

(3) 

41*?* * 
U = ((Z — Zi)2 + (r + r$-)3) 

Now eq.(l) can be seen to be a simple (although large) set of linear equations 

N 
= i = i,2,---,JV (5) 

4 [ riK{uji)dndZi 
J ((Zy-Z)» + (ri + r.)a)^ 

u .. 4rjr' m 

((^-^•)a + (ry + r<)3) 

where Vy is the voltage at midpoint of each boundary element, qi is the surface 

charge on each element (assumed to be constant throughout the element) and Fj% is 

the geometrical factor relating ft and Vj. These may be solved by many well known 

matrix solving algorithms. CHERDEN uses relaxation. 

CHARDEN uses a 4 point Gaussian quadrature formula to evaluate the 

integral in eq (6) and thus avoids evaluating the integrand at the singularity (in 

K{uji) where u = ry, Zi — Zj and tty< = 1. Also fC(u) is evaluated using expression 

given by Abramowits and Stegum. 

Once CHARDEN has found the s to satisfy eq (5) it is then a simple 

matter to calculate the voltage at any point in space (for example, on the axis) vi 

a eq.(3). 
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It should be pointed out that the Fji is somewhat difficult to calculate 

and in comparison to FD method (which has a sprase matrix) is fully populated. 

This partially offsets the previously mentioned advantages of the CDM in terms of 

memory requirements. 



APPEND IX-C 

E21 PROCEDURE!17! 

C-l BRIEF DESCRIPTION OF THE PROCEDURE E21 

This procedure computes the electron and Ion optical properties of any 

rotationally-symmetric electrostatic lens whose axial potential distribution has been 

computed previously using CHARDEN or SPLINE INTERPOLATING METHOD. 

(Since electrostatic lenses are never used with a physical object immersed within 

the lens potential, no distinction between 'objective' and 'projector' properties is 

required in the case of such lenses.) The program can handle zero, low, high or 

infinite magnification conditions. For a specified range of object side and image-
• * 

side voltages (or outer electrode and central electrode voltages in the case of a 

symmetric einzel lens), the program computes the object plane or image plane, 

the magnification, the spherical aberration coefficient and the chromatic aberration 

coefficient. 

C-2 METHODS USED IN E21 PROCEDURE 

One generally wishes to compute the optical properties of an electrostaic 

lens for a range of values of the object-side voltage U0 and image-side voltage Vj in 

the case of an asymmetrical lens. The program therefore takes the axial potential 

distribution UA(Z) as computed using CHARDEN or SPLINES. For a two electrode 

system, and for each specified value of the object-side voltage UA and image-side 

voltage UI (or outer electrode voltage U0 and central electrode U{ in the case of a 

76 



77 

symmetrical lens) the corresponding axial potential distribution is generated using 

the formula; 

_ Ui-Uo 
1 Ua{Zi)-Ua(Z0) w 

„ = UoUg(Zi) - UjUajZo) 
2  U a (Zi ) -U a (Zo) .  w  

Using the axial potential distribution U{Z ), paraxial electron trajectories 

r(Z) are then computed numerically, using a fourth-order Runge-Kutta formula to 

solve the paraxial ray equation: 

Z7' V" 
r " + 2 t r + « r = °  < 3 >  

where V ( Z )  is the axial potential distribution and primes denote differentia tion 

with respect to Z. The spherical and chromatic aberration coefficients, referred to 

the object plane Z0 or the image plane are then computed numerically by using 

Simpson's rule to evaluate the aberration integrals 

lev^o jW#' 
+ + ~ \^j)2r'arl)^dZ (5) 

(wr'a + 4ur<*) r« 
^ dZ (®) 

where Ua=U(Z0), rQ(Zo)=0 and r'a(Z0)=l if the aberration coefficients are referred 

to Z0, or Ua—U{Zi) , ra(Zi)=0 and r'a(Zi) = — 1 if the aberration coefficients 



78 

are referred to Zi. For low or high magnification conditions, the magnification is 

calculated from the formula 

where a0 and a» are the convergence angles of the trajectory, and Ua and 17, are 

the corresponding voltages, at Z0 and Z, respectively. 



APPENDIX-D 

SOME PHYSICAL CONCEPTS 

A beam consists of charged particles moving in a direction approximately 

parallel to the axis of the beam. This axis may be curved if the beam passes 

through a transverse electric or magnetic field. Sometimes there is a background 

of 'neutralizing' particles of opposite sign to those with directed motion, which has 

little or no mean drift velocity. 

A particle motion is defined to be 'approximately parallel' to the axis. In 

most practical beams the particle motion makes a small angle with the axis, and 

furthemore the spread of energy of the particles is small; sometimes it is a few 

percent, and often considerably less. 

The motion of the particles in a beam depends both on external fields 

and on the fields arising from other particles in the beam. Interaction with other 

particles are basically of two kinds in the beam. First, the force in which the 

fields from a large number of particles combine to form an electric field which only 

varies appreciably in a distance large compared with the interparticulate distance. 

Second, where the force is essentially short range, and describes collisions between 

individual beam particles, or even such particles and stationary ions or atoms. 

In very dilute beams both types of these interactions axe virtually absent 

and collective behavior cannot occur. The properties of such beams can be found 

by summing the motion of individual particles in the external field. This is the 

province of charged-particle optics. 
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In the absence of collective forces, the trajectory of a particle with a given 

charge to mass ratio is determined entirely by external focusing fields and the three 

components of momentum at a specified point in space. Once these are known the 

orbits can be calculated from the equations of motion in terms of a known force 

on a moving charge. This is of course not easy to do, however many concepts 

from geometrical optics have been introduced to enable practical designs to be 

carried out in a systematic manner. Without interacting particles, a beam may 

be thought of as an ensemble of moving charges whose trajectories constitute a 

'bundle*. The diameter of this bundle is small compared to its length, and the 

trajectories through any cross section usually make a small angle with the 'axis', 

defined as a specially chosen trajectory within the bundle. Charged particle-optics 

deals with the determination of such trajectories and the collective properties of the 

bundles (i.e., beams). Trajectories are also called as 'orbits' and 'rays'. 

It is necessary to have knowledge of the particle distribution in space and 

velocity, (i.e., the space charge density and the velocity distribution) in order to 

describe a particle beam. For this the mechanical equations of motion, Maxwell's 

equations and the equation of the conservation of energy, must be solved simul

taneously. This is an unsolvable problem, if one needs rigorous solutions. It is 

practically possible to find approximate solutions for some special cases. 

Usually, the following parameters can be given or measured and serve as 

starting data: 

I = the total current of the beam; 

UQ = the accelerating potential of the beam; 

j(r) = the current-density distribution across the beam; 

$(r) = the potential distribution inside and in the vicinity of the beam. 
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Geometrical dimensions: the beam length, initial sizes, the shape of the 

cross section of the beam. 

The following characteristics are particularly important: perveance, stabil

ity, current transmission. 

The ratio of the beam current in amperes to the 3/2 power of the accel

erating voltage in volts is called perveance. The perveance can be thought of as a 

measure of the extent to which the flow pattern of the beam is influenced by the 

space-charge. On the basis of practical experience, a charged particle beam is said 

to be ' intensive', i.e. space-charge effects must be considered when 

P > 10-"[^r! 

In our treatment, the beam's perveance is well below this limiting case, so 

the space-charge effects are ignored. 

The stability is the resistance of the beam against external or random per

turbations, i.e., against variations of the initial conditions or instabitlities of the 

focusing voltages. The greater the focusing forces the better is the stability. 

The current transmission is the ratio of the current passed through a given 

system to the current emitted by the cathode. This factor determines the practi

cality of the focusing system. 

The three most important effects caused by space-charge in electron beams 

are as follows: 

(i) The negative space-charge produced by the electrons causes the depres

sion of the potential in the beam region. 

(ii) Repulsive forces between electrons cause the spreading of the beam. 

(Hi) The beam current is limited by space-charge. 

Brightness: 
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The final aim of any probe-forming optics is to compress as much current 

into as small an area as possible. The mechanism of image or probe formation is 

based on the fact that each point of the object is a source of different rays owing 

to the energy spread in this beam. This energy spread is the cause of chromatic 

aberration. 

Let's consider emission of particles from a point source. At the source the 

space charge effects are dominant. The current density has its maximum value at 

the source. Since the particles' initial velocities have a it Maxwellian distribution, 

the current density spreads out away from the beam axis far from the source. So 

the current density can be represented by a Gaussian curve along the beam axis 

with its maximum value at the source. The boundaries of the beam can be defined 

by replacing a gaussian beam with an equivalent uniform beam of a total current I 

across the beam. 

So one can express the following relationship 

I = nr0
2J0 = 7rr,-2 J, 

where Ja and Ji are the current densities at the object and image, respec

tively. 

In light optics the image brightness could be expressed as the product of 

the object brightness and the square root of refractive indices of image and object 

spaces. The relationship expressed in terms of ray angles and image sizes is known 

as the Helmholtz Lagrange relation; in electron optics the refractive index must 

be replaced with the normalized product of the particle's velocity and the total 

energy of the particle in general. The correspondence of light optics and charged 

particle optics could easily be seen by comparing the Fermat's principle with the 

principle of least action; the refractive index and the canonical momentum are the 

corresponding quantities. 
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Supposing the object is the source itself and that the cathode is being held 

at zero potential and also the initial velocities are being distributed in a way that 

the object side's acceptance half angle 70 = TT/2, one can obtain Langmuir's famous 

formula for the maximum current density attainable at the image formed by an 

ideal system. 

Ji = Jo[ 1 - QU{zi)/(kT)]sm^i 

Aberrations may reduce the current density but nothing can raise it above 

this value. It is evident that we can increase the current density by using a source 

with a higher emission capability, by increasing the image voltage U{zi) and by 

increasing the angle 7,- subtended by the cone of particles at the image. But this 

may also lead to breakdown or higher aberrations as well. 

The quantity /? is called the specific brightness, and is a means of char

acterizing the source performance. The ratio of the current density to unit solid 

angle related to the absolute value of the voltage is then a measure of the source 

performance: 

& - T%dlfi[Al(Vm2attrad) 

where fl is the solid angle occupied by the cone of particles. It is measured 

by the area on the surface of a sphere of unit radius cut by the cone with half-angle 

T 

fl = 2tt(1 — cos7) 

As 7 approaches zero, then CI approaches iry2. The brightness is defined as 

the current density per unit solid angle 

b = p\u(z)\ = j/n 

which approaches I/(irr~i)2A/(m2sterad) as 7 approaches zero, it generally 

is not an invariant unless the potential is a constant. 
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Evidently, to limit aberrations, we need a source with a high brightness: 

high current density into a small solid angle. For small angles 7,- the calculated 

brightness is: 

»=I/W-AMI) i] 

or 

fi = JoQUfikT) 

The radius r<~t- of the Gaussian image is given by 

rG* = {I/bi) l / 2 /{ ir i i )  

where 6,- is the value of the brightness at the image. The radius of the 

guassian image can approach zero only if the brightness would approch infinity. 

This is of course impossible since the brightness is always finite and its value is 

determined by the source. The size of the Gaussian image is determined by the 

current, the brightness, and the acceptance half-angle of the beam. For a small 

spot size we must use as high an image voltage as possible. The space charge and 

especially the Boeraeh effect contribute to the reduction of brightness. The space 

charge is a local property of the beam; the emittance and chromatic aberration are 

determined by the source or by scattering of beam particles one by another at the 

waist, this latter phenomenon is known as the Boeraeh effect. 

The concept of brightness is extremely important for finite-size sources. In 

field-emission and field-ionization sources the source is of such a small size that the 

Gaussian image constitutes only a negligible part of the final spot size. The value 

of the brightness for thermionic sources may be four orders of magnitude lower. 

However, in the previouse case it is difficult to use the brightness since the current 

density from a very small source approaches infinity. The beam is then considered 

to be originated from a virtual source much smaller than the field-emission tip 

itself. The virtual point may be treated as a point and the beam as a cone with 
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half-angle 70. The current is defined through the angular brightness (or angular 

current density or angular emission intensity) dl/dfl as 

i = ^^di/dn 

This expression defines the acceptance half-angle required for a given beam 

current. 
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