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ABSTRACT

The transient fields that are scattered by a branch line in a parallel plate
waveguide are presented. The scattered fields can be used to estimate the width
and the depth of the branch line. We propose this simulation problem to obtain

synthetic data for future use in parametric inverse experiments.

We employ the Fourier transformation method to solve this problem. In
the frequency domain, the Green’s function method is used to formulate the field
equations everywhere in the structure. The boundary conditions are imposed at
the aperture to establish an integral equation. The field at the aperture separating
the waveguide and branch line is found by solving the integral equation using an
approximation valid at low frequencies and the method of moments (MOM). The
reflection coefficient is evaluated over a broad enough range of frequencies to make
possible the inverse transformation to the time-domain using the inverse fast Fourier
transform (IFFT). The numerical results in both the time domain and the frequency

domain are presented and analyzed.



CHAPTER 1

INTRODUCTION

Strictly speaking, all electromagnetic phenomena are tra.ns‘ient since it is
impossible for an electromagnetic phenomenon to exist at a singie steady frequency
from t = —oco to t = oco. In practice, the engineer’s only requirement for steady
state is that the signal generators and the microwave components related to these
generators worked under a single steady frequency condition for a long period of
time. Although the study of time-harmonic problems is often much easier than that
of the transient state, there has been an increasing demand to deal with transient

electromagnetic phenomena in modern scientific problems.

Transient electromagnetic problems arise typically in the study of elec-
tromagnetic remote sensing, shielding effectiveness, electromagnetic.compatibility,
radar target indentification, and the electromagnetic effects generated by a nuclear
blast or lightning. Several techniques have been used in determining the transient
electromagnetic response of various systems. One traditional method is called the
Fourier transform method. It finds the time-harmonic response of the system under
consideration as a function of frequency. The time-domain solution is then obtained
by performing an inverse Fourier transformation. Much has been written on the
subject of the frequency domain solution of electromagnetic scattering and radiation
problems 'using an integral equation technique when applied to time-domain signals
(Mittra, 1973). Numerical methods are generally used in the frequency-domain so-

lution for many different frequencies. The development of high-speed computers has
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revolutionized the capability for solving transient electromagnetic field problems by
Fourier inversion. In short, the Fourier transform method provides a physical pic-
ture in frequency-domain problems, which are very familiar now, to aid the study
of transient problems. Since the development of high-speed computers and the in-
vention of the fast Fourier transform (FFT), the Fourier tra.nsfbrm method can be

used to efficiently solve the transient problem in practice.

When geophysical explorations are made of underground deposits, for ex-
ample, it is often necessary to. know the depth, the width and the position of the
crack where the deposits may be hidden. Sometimes such an underground struc-
ture may be simulated by a simple model, such as a parallel-plate waveguide with
a branch line. This is an example where the study of the ‘p.a.rallel-plate waveguide

structure is of significance for parametric inverse experiments.

In this work, we use ths Fourier transform approach to study the transient
scattered fields in a parallel plate waveguide in which a branch line is joined at one
‘side of the waveguide. This problem can be classified as a discontinuity problem
in uniform waveguide. Much effort has been spent on this type of problem in the
frequency domain. For example, Marcuvitz (1951) resolved the waveguide discon-
tinuity problem into its equivalent network, where each wa.veguidé geometry has
its own characteristic equivalent circuit and graphical solutions. Auda and Har-
rington (1983) have developed a moment procedure to solve waveguide junction
problems which uses the generalized network formulation for aperture problems.
Glaser (1970) has used the finite difference Green’s function approach for solving
the time harmonic scattering of a T Ej9 mode impinging' on cylindrical metal posts
in rectangular waveguides. Lee, Jones, and Campbell (1971) have investigated the

convergence of numerical solutions in iris-type discontinuity problems. Hill and
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Wait (1980) analyzed the two-dimensional model of intersecting mine tunnels with
walls of finite impedance using a three-region mode matching technique. All these
studies have emphasized the study of the frequency domain in solving electromag-
netic problems. Transient problems have been studied for some typical parallel
plate waveguide problems (Dudley and Quintenz, 1972; Shen, King and Wu, 1983;
King and Blejer, 1979). In addition, much time and effort has been spent in apply-
ing transient electromagnetic method to practical geophysical explora.tioh problems
(Wait, 1982). Other current work by Wait (1986) reviews and summarizes the basic
theoretical research on the propagation of the electromagnetic pulse signal over the
surface of the earth. Various topics are given in the bibliography. However, we have
not seen any recent publications dealing with a problem similar to the one we are

studying here.

The problem to be studied in this thesis is introduced in chapter 2. The
TM mode equations are derived from Maxwell’s equations, and the Green’s function
method (Stakgold, 1979) is invoked to find the fields in the structure. Based on
the required boundary conditions, an integral equation for determining the aperture
field is written. In chapter 3, we employ low frequency methods to solve the integral
equation and give the expressions for the fields and the reflection coefficient by this
approach. In chapter 4, the integral equation is converted into a matrix equation
by method of moments (MOM). The methods used in evaluating the matrix ele-
ments are then discussed. The fields everywhere in the structure and the reflection
coefficient are determined from the computed aperture field. Various numerical re-
sults are demonstrated. The results of MOM and the low frequency approach are
compared. The discussions in this chapter are restricted to the frequency-domain.

The time-domain responses are calculated in chapter 5 by the Fourier transform
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method. Comments are given for the numerical results. General conclusions and

recommendations for further work are included in chapter 6.



CHAPTER 2

PROBLEM FORMULATION

In this chapter, we first introduce the geometry of the problem, and the
coordinate system to be used. Next, we review the procedure for determining
the independent TM mode equations from Maxwell’s equations, and specify the
sources. We then formulate the expressions for the magnetic fields in the main
waveguide and the. branch line. We formulate the magnetic field in each region by
invoking Green’s theorem and applying the boundary conditions. We next solve
for the Green’s functions in both regions, and define the proper source in the main
waveguide. Finally, we derive an integral equation for the aperture linking the two
regions by imposing the boundary conditions and matching the field equations on

each side of the aperture.

2.1 _Geometry of a Parallel Plate Waveguide

The problem to be considered is shown in Fig. 2-1, where a perfectly con-
ducting parallel plate waveguide is bounded by the y-z planes extending to infinity,
at £ = 0 and z = ¢. We choose Cartesian coordinates for our coordinate system.
The bottom plate of the parallel plate waveguide is located at the z = 0 plane. A
branch line of width d terminated by a shorting plate at depth ¢ is located beneath
the bottom plate. One side of the branch line is at the z = 0 plane. Both regions are
air filled. The wave propagates in the main waveguide in the positive z direction.

A magnetic current sheet source is located in the main waveguide to the left of the



SOURCE
R a Region 1

. k—ptoO z

Region 2

<—d—»|

Figure 2-1 Two parallel plates of infinite extent are bounded by the y-z planes
at £ =0 and z = a. A branch line of width d and depth ¢ has one open face at the
z = 0 plane. The source is located to the left of the aperture. The electromagnetic
wave is propagating in the +z direction.
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branch line. The a-dimension is adjusted so that.only the TEM wave is above cutoff
in the main waveguide. Part of the incident wave will be scattered by the aperture.
We wish to determine the fields back-scattered by the aperture as a function of time
and space. Clearly our problem is two dimensional, since there is no variation in

the y-direction.

2.2 TM Mode Equations

In this section we describe the TM mode solution for the parallel plate
waveguide. This classical solution is the starting point for the solution of our prob-
lem. We first separate Maxwell’s equations into two sets of equations: the TE and

TM sets. Second, we derive the scalar Helmholtz wave equation for the TM modes.

' Finally, we specify the source that excites only the TM modes in the waveguide.

- Maxwell’s Equations in the frequency domain are given by

— —

VxE=—iwpH - M (2-1)
Vx B =iweE +J (2-2)

where M = M, + yMy + ZM, and J = %, + §Jy + ZJ; are the magnetic and
electric current density sources, respectively, and Z, 7, Z are the unit vectors in the
z, y, z directions, respectively. In the above equations, e time dependence is

assumed.

Because the problem is independent of y-variation, we may set

2 =0 (2-3)
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in (2-1) and (2-2). Equations (2-1) and (2-2) can be written in terms of Cartesian

field components as follows:

—% = —twpH; — M; (2-4)
_(%‘E; - acf:) = —twpHy — My (2-3)
%:—-iw [AH?—Mz (2-6)
—%H;% = iweE; + Jz (2-7)
aéiz—aiz:iwe.Ey'l’Jy “(2‘8)
% = tweE; + J; (2-9)

Equations (2-4), (2-6) and (2-8) form an independent set, while (2-5), (2-7) and
(2-9) form a second independent set of equations. The first set, consisting of E,,
H,, H, and sources Jy, Mz, M, is transverse electric (TE) to the direction of »
propagation. The second set, consisting of Hy, E;, E., and sources My, J;, Jz, is
transverse magnetic (TM) to the direction of propagation.

In the present situation, where 8/dy = 0, it is clear that the TM and TE
fields are uncoupled. It would therefore be possible to excite one set independently
of the other by an appropriate selection of sources J and M. Recall that we require
that the only permissible mode propagating in the waveguide, prior to incidence
upon the branch line, is the TEM mode. We consider, therefore, the TM mode set,

which contains the TEM mode as a set member. To this end, we set all sources
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equal to zero except My in equations (2-4) through (2-9). The result is that the TE
equations are source-free and yield only the trivial solution.

To derive the TM mode equations, we differentiate equation (2-7) with re-
spect to z and (2-9) with respect to z, and subtract to obtain:

8°H,
oz?

azHy 3 aEz aEz
t o= = iwe( 9z 0z

) (2-10)

Substituting (2-5) into the bracket of the right hand side of (2-10), and grouping

the source terms on the right>ha.nd side, we have the following TM mode equations:

V2 H, + k*Hy = iweMy = — f (2-11)

_ 1 8H,
B = twe 0z (2-12)

1 8H,
e = foc o (2 - 13)
where

3

V2, = 3t (2 - 14)

322

2.3 Solution to TM Mode Equations

In this section, we formulate the expressions for the magnetic fields in the
main waveguide and in the branch line. We do so by invoking Green’s theorem and
imposing the boundary conditions.

The TM mode equations are given in equations (2-11) through (2-13). We

first take the inner product of (2-11) with a Green’s function and then apply Green’s

theorem to obtain:
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Region 1:
a 0H
/ o1 dzdz = f Hy[-(V2; + k)] g1 dwdz — / (Hy5e —a152)| _ dz
Ry Ry z=0
on 0H, agl 0H,
+/ (H!I oz 9 oz )L=adz+/ (H Y (‘4] Oz ) z=°°dz
¢ O BHy
"/0 (Hygz——yl 3% |z=_°°dz (2 — 15)
Region 2:
a3gs 3H -
[, B0+ B o [ (@52 - T
892 aHy / Bgz aH_,,
/ (Hy s )L=odz+ 0 (Hy 6z 9275z )l z=
=¢ agz aHy _
(H, Yoz 925z )l _odz—o (2 —16)

where R; and R indicate regions 1 and 2, respectively (Fig 2-1). Note that the
assumption of y-independence causes the disappearance of integrations with respect
to y in (2-15) and (2-16).

The components of E tangential to the perfectly conducting surfaces are
zero; in addition, H vanishes as z approaches infinity since we assume a small loss
in the medium in the waveguide; therefore, from equations (2-12) and (2-13) the
normal components of the derivative of Hy are zero in equations (2-15) and (2-16),

and Hy = 0 at 2 = ==oco.

The Green’s function for this problem is chosen to satisfy

~(V2, +k)g=6(z—z')(z - 2) | (2-17)
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and the following boundary conditions :

Region 1:
9H, g _
Oz lz=0,a - Oz 1z=0,a =0 (2 18)
Hy |zmrto0=10 g1 |z=200=10 (2 - 19)
Region 2:
dH, _ dg2 _
0z lz=—c,0 =0 0z lz=—c,0 - (2 20)
dH, dg2 _
8z lz=0,4 0z lz=04 ~ (2-21) .

By imposing the boundary conditions metioned above and substituting the
Green’s function and the relationship 8Hy/8z = iweE, in equations (2-15) and

(2-16), we obtain the magnetic field in the main waveguide as

d
Hy (z,2) = / g1 f dz'dz' — iwe / aEn dz (2-22)°
R 0 z'=0
and the magnetic field in the branch line as
d
Hy(z,2) = z'we/ g2 Ez2 o dz' (2 — 23)
0 =

where Hy; and g; are the magnetic fields and the Green’s functions, respectively,

and ¢ = 1, 2 denotes the different regions.



12

2.4 Gljeen’s Functions

To complete the solutions for the fields, the Green’s functions must be de-

termined from the following differential equations and boundary conditions:

Region 1:
~(V, + K)gy = b(z — ) (= — 2) (2 - 24)
g1 _
9z lz=0a ~ 0 (2-25)
q |z—b:!:oo= 0 (2 - 26)
Region 2:
—(Vi: + kg2 = §(z - =) (2 - &) (2-27)
dg2
oz z=—¢,0 - (2 28)
dg2 _ :
0z lz=0,d - (2 29)

We begin by considering the solution in Region 1. The spectral expansion
for the operator —d?/dz? with Neumann boundary conditions is given by the Fourier

cosine series (Friedman, 1956). We therefore expand g; as follows:

o0
€ nnr
a=)_4 /—é'-an(z) cos —— (2 - 30)

n=0

where ¢, is the Neumann constant

_J1, n=0 _
4 5"‘{2, n #0. (2-31)



13
We substitute equation (2-30) into equation (2-24) and then take the inner product

with the orthonormal function /% cos ™% producing the result

a

2 1
_(%+k3)a,m = ‘/%"cos m7e 6(z —2) (2-32)

where
2 1.2 - mr 2 N 5 _
K= (25) | (2—33)
We set
b = (2 — 34)
/em mn
— c0§ ——
‘ a a
to give
d? 2 '
—(;i-;-z-+kz)bm=6(z—-z) (2—35)

From (2-26), the boundary condition for this eigenvalue problem is

Equations (2-35) and (2-36) form a standard Green’s function problem.
Following the conventional method by applying the continuity condition and the

jump condition (Friedman, 1956) at z = 2/, we obtain

e—ik.z’ eik' F-1
2tk,

eik'z'e—ik.z

2k,

, 2< 2
(2 -37)

b =
z>2.
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Substituting equation (2-37) into equations (2-34) and (2-30) yields

. '
®© ¢, eik(z=%) mrz  mnz

s —ces——, 2 < 2
gz, 2| ',2') = { ™=0 (gt (2—38)
®© ¢, e~tkz(z—2) mrz  mnz ,
— - cos cos , z>2.
meo & 2tk a a

where Im(k;) <O.

The procedure to solve g; is similar to the procedure to solve g;. We use the
Fourier cosine spectral expansion for —d?/dz? with Neumann boundary conditions

to give

o0
g2 = Z v/ %'a,.(z) cos n—:;f (2 —39)

n=0

After using a series of procedures which are similar to those for solving for g1, we

vobtain
a
by = ———— 2 — 40
" eos B -
and-
d? 2 '
where
2 _ g2 (M) _
K=k - (ZF) (2—42)
The boundary condition for this eigenvalue problem is
dby _ dby, _
dz lz=0 - dz lzg=—c =0 (2 43)
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Folllowing the same procedure as in the case for g1, we obtain

f: €m coskz(z' +c)cosk,z  mm2! cosTTE o g
= d kysin kze - d d’ !
!N — m=0
92(zszlzaz)_ o ! }
€m coskz(z + c)coskyz! mw2 . mmz ,
-2 = : cos cos , <z

(2—-44)

2.5 Exgressiohs for the Fields

To produce an incoming TEM wave propagating in the positive z direction,

we define the magnetic current source as follows:
M, = §(z' + p) ' (2 — 45)

where p > 0. Equation (2-45) states that the source is located on the left hand ‘
side (Fig 2-1) of the aperture, and is independent of z and y variation. We combine
equations (2-11), (2-22) and (2-45) and perform the integral to obtain the source
term. Note that the source point is always on the left hand side of the aperture;
therefore, we use the expansion for g;, which is applicable wherever z > 2’, in the
source term. Since the source is z independent, the integral over z will vanish
except when m = 0. This means that k, degenerates to k and only the TEM wave

survives.

After carrying out the integral over the source, we obtain Hy; (z, 2) for 2 < 0

e—ik(z+p)

Hy (z,2) = —iwe—m—

d L gik(z=2') R iks(z—2)
-4 ¢ € mnrz N sy _
. '/0 [ 2ika ¥ m=1 tk.a 82 ] En(0,27) dz' (2 - 46)
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and Hy;(z,2) for z > d as

e—tk(z+p)

Hyl (2:, z) = —zwe——ér

d . —ik(z—2") 0 —iks(z—2")
- fwe / [e_______ + Z : cos mwz] E,(0,2")d2'  (2-147)
0

and Hy (z,2) for0<z< das

e—ik(z+p)
2tk

) z e—ik(z—z') b e—ik,(z—z’) m7rz
"“"{/0 [ +mz=l ra o) Bal(0,2) 7

d r gik(z—2) o e;;k.(z—z) m7rz ,
+./; [ 2ika +§=:1 T Jsz(O z)dz'} (2 - 48)

Hy (z,2) = —iwe

The magnetic fields in Regicn 2 are as follows:

_ cosk(z + ¢)
Hyz(x’z)_—m/o ey
2cos kz(z + ¢) mr2  mrz '
+Z kydsinksc cos = d ‘74 ]Ez2(0 2')dZ (2 —49)

Equations (2-46) through (2-49) conclude the formulations for the magnetic
fields in both regions. The only unknowns in these expressions are the aperture fields

E;1(0,2') and E;3(0, z'). Our task in the next section is to find these unknown fields.
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2.6 _Integral Equation

In order to find the aperture fields, we will match the fields in the main
waveguide and in the branch line across the aperture by imposing the boundary
conditions, and an integral equation will result. The integral equation is solved for

the aperture field which can be used to find the field a.nywherebin the two regions.

We first find the magnetic fields in the aperture of both regions. This can be
achieved by setting £ = 0 in equations (2-48) and (2-49). The fields at the aperture

can be written as:

. —:Ic(z+p) e—ik(z— z) —tks(2—2)
Hy1(0,2) = —twe—mr— — zwe{/ [ 5Tha ——]Ezl (0,2) d2’
d . ik(2—2") X gtkz(2—2") .y
+L [ZMa +2;—ﬁ;rﬂEnm¢)a} (2 — 50)

d )
) cot ke 2 cot k¢ mrz' mrz
Hy(0,2) = —zwe/ [T+ E Z dz cos —— cos — ]E’zz(O ') d2'
0 m=1 z

‘ (2 - 51)
Let Hy1(0,2) = Hy2(0,2) and E;(0,2') = E.2(0,2') = E4(2') by the continuity
of tangential electromagnetic fields at the aperture. We then obtain the following
integral equation:

e—tk(z+p) z  o—ik(2—2') X —tkz(2—2') N
F=-—x ‘_/0 [ +,§=:1 e |Bale) de

d . ik(z—2") 00 iks(z—2')
€ ¢ N g,
+ /; [ 2tka + mz=:1 tk.a ]EA(Z ) dz

d 00
cot ke 2cotkze  mwz  mwz ,
_/0 [ mz=1 T con T cos T | Bal) a2’ (2-52)
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In next two chapters, we will use two approaches to evaluate this equation. This
will yield the aperture field E4 (2') which can then be substituted into the field

equations to obtain the complete solution set for the fields.



CHAPTER 3

LOW FREQUENCY APPROXIMATION

In this chapter, we propose to solve the integral equation (2-52) by a low
frequency approximation. We will also derive the reflection coefficient in the main
waveguide from the fields obtained by this approximation. Finally, a curve of the
reflection coefficient will be drawn. The advantages of using the low frequency
approximation are two fold. First, the integral equation reduces to an algebraic
solution. Second, the reflection coefficient obtained can be used as a check on

method of moments computations in the next chapter.

We start with the integral equation (2-52). It is well-known (Marcuvitz,
1951) that in the low frequency limit, calculations of field quantities away from the
aperture become insensitive to the assumed form of the aperture field; therefore,

we treat the aperture field E4(2') as a constant so that it can be taken out of the

2z g—ik(z—2') . d gik(z—2') ,
F(z) = EA[/O 2ika %2 +L 2k %

etkz(2—2')

dz-l—/ Z ik,a

cot Icc 2cot kzc mnz' mnz |,
— /; / Z 7 cos 7 dz]

integral.

e~kz o oik(z=d) __ 2 _ 2gk cot ke
2ak?

=,

19



R e—tkaz 4 etkz(z—d) _ 9 ]

+ k2a

m=1

We set the observation point in the middle of the aperture, i.e. z= d/2, then

20

(3-1)

r@onfu@ea@] e

where
d e“"% —1—akcotke
()~ -9
d 2 e""""% -1
o(3) -2 &=

m=1

In (3-2), M is the TEM contribution, while A is the contribution from the higher

order modes. We shall derive a condition under which the TEM contribution dom-

inates in the integral equation.

Recall in last chapter that Im(k;) < 0. For the low frequency case,

mn .
k< -a— | (3 5)
therefore,
mm
kz ~ —tT (3 - 6)
also
kg % —i (3-17)
d
Substituting (3-6) into (3-4), we have
d = 1—e %5
A(E) zEZa—W (3—8)
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We will try to find the upper bound of A(d/2). Since

€ 2a
—5 > 0 (3-9)
thus
l1—e2a -5 = 2a a
|A<>|—|Z <Zm27r2=§ (3 -10)
m=1
where we used the result (Collin, 1960)
00
1 72
._._ = e 3 e
z; — = (8-11)

Nete that for frequencies low enough,

d cot k¢ cos ke 1
M(E)“- 5 ksimke " k- ke (3-12)

Comparing (3-10) and (3-12), we see that M dominates A so long as

ka-ke<3 ' (3-13)

Therefore, we can eliminate all terms except the m = 0 term in the low frequency
approximation so long as (3-13) is valid. The assumption that E 4 is a constant and
the neglection of the higher order modes leads us to an integral equation that can

‘be solved analytically. The solution can be obtained in closed form as follows:

e—ik(%-i-p)

Ep=—ak -
21 (e""% —1—akcot k’c)

(3—14)
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The reflection coefficient is defined as the ratio of the reflected voltage to

the incident voltage according to transmission line theory. In our problem, only
the TEM wave can propagate along the main waveguide; therefore, we eliminate all
higher modes in the field expressions. This can be achieved in practice by properly

adjusting the width of the waveguide with respect to the wavelength.

We substitute equation (3-14) into (2-46) to obtain the magnetic field for

—-p < z <0, viz:

) e—tk(z+p) . eikz(e-ikd - 1)
Hy = —iwe X WEEAT (3—15)
The z-component of the electrical field is
_ 19H,
27 fwe 8z
e~ik(z+p)  gikz(gmikd _ 1)
- 2 + 1By oea (3—16)
The voltage is found by integrating E; across the waveguide to give
—k(z+p) ikz( ,~tkd __
V = —af > +iE4S ("% D (3-17)

The first term on the right hand side of equation (3-17) corresponds to the incident
voltage and the second term corresponds to the reflected voltage. After substitut-
ing the aperture field E4 into equation (3-17), we find the reflection coefficient as

follows:

ei2hz(g—ikd _ 1) e—iks

I'w) = (3-18)

2 (e"."% - l—akcotkc)
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The curve of the reflection coefficient as a function of the normalized fre-
quency w/w, is shown in Fig 3-1 with the parameters ¢ = 1.5, d/a = 1.333, and
c¢/a = 4.666, where w, is the first higher mode cutoff frequency in the main waveg-
uide. When we draw the curve we set z = 0 in equation (3-18). This simply
changes the time reference when we analyse the transient response of the reflection

coefficient in chapter 5. Also we set

2r BRI R " (3 - 19)

k=T Ac_' 2a a

in equation (3-18) for computing convenience, where R is a parameter (0 < R < 1),
‘and A = 2a is the first cutoff wavelength in the main waveguide (Shen and Kong,
1983). Although the low frequency approach can not be used in general, it is a
simple tool for checking the results of other approaches and can be utilized to find

the fields in low frequency cases.

It is interesting to compare our result in (3-18) with what would be obtained
in a simple transmission line model. According to transmission line theory, our
geometry (Fig 2-1) can be represented by a simple equivalent circuit (Fig 3-2). The

reflection coefficient I'r for the equivalent circuit is given by
Zin — 20 Zg

Tr = = 3-20
T Zintz 220+ 2 ( )

where 2y models the main line for 2z > d and 2z, models the branch line terminated

by a short at £ = —c¢. In our case, we easily find from transmission line analysis

that
id

T= 2acot ke + td (3-21)
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Figure 3-1 The amplitude of the reflection coefficient by the low frequency
approximation as a function of w/w,, where a = 1.5, d/a = 1.333, and ¢/a = 4.666.

(we = 6.28 x 10® radians/second)



Figure 3-2

Zin=2,1+2p [] Zy

The equivalent circuit for the transmission line model.
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If we use small argument approximations to the exponentials in (3-18),

' — I

26

(3-22)



CHAPTER 4

SOLUTION BY METHOD OF MOMENTS

In the last chapter, we solved the integral equation approximately by a
method valid at low frequencies. We also found the reflection coefficient. All results
obtained in the last chapter can only be applied to low frequency cases. In general,
it is neéessa,ry to solve equation (2-52) numerically since the analytic solution to
this problem does not exist in closed form. In this chapter, the method of moments
(MOM) will be used to solve the integral equation. Before solving, the singularities
of the integral equation will be investigated. It is important to properly select the
expansion function and point testing function when using MOM. The reasons for
selecting the pulse function as the expansion function and the impulse function as
the point testing function will be explained. Some effort will be made to speed the
calculation of the matrix elements as well. The reflection coefficient will be derived
after the aperture field is found and compared to the low frequency result. Finally,

the numerical results will be presented and discussed.

4.1 Singularities of Integral Equation

To find the solution of the integral equation by MOM, it is necessary to
investigate the characteristics of the integral equation and discuss the singularities.
In this section, we shall investigate the singularities of the integral equation (2-52)

for further calculations.

27
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Note that as m — oo,

mm\ 2 mn
k== () — = (4-1)
=K — (M7, _;mm -
k=B~ () — ~iT (4-2)
and
cot kze — 1. (4-3)
- Also
e—ik.l z—z'| 6—131| z—z'l
e mm (4-4) ,
and v
cot k¢ 1
ked . mr (¢-35)

Subtracting and adding the asymptotic terms mentioned above, the integral
equation (2-52) can be rewritten as:

F=/d{ e~ _ cot ke + f: [e"""l"‘"’"| 3 e"""ﬁ“"'l + 51
0

2ika kd —_ tk.a mir

o0 .
2cotkze 2 mrz  mmwz N g
- b L -6
E [ *od +— ] cos —— cos — + Sy } E4(2) dz (4-—6)

m=1
where

(4-7)
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and

2 mrz mnz
cos ——

T d d

=-% [ln4+1n|sin-2%(z+z')l+1n|3in'21rz(zf'zl)

| @-9

When z approaches 2/, both S; and S have a logarithmic singularity. Consequently,
equation (2-52) has a logarithmic singularity.
There is also a spatial singularity at z = 0 and z = d due to the edges of

the waveguide. If the permittivities are the same in the main waveguide and in the

branch line, the singularities behave approximately as [2(z — d)]'%. (Jackson, 1975;

Mittra and Lee, 1971; Andersen, 1978).

The singularities mentioned above will cause problems when solving the
integral equation. In the next section, we will discuss the method for solving the

integral equation that circumvents these singular problems.

4.2 Formulations for Method of Moments

The method of moments (MOM) is one of the important numerical methods
used to solve differential and integral equations numerically (Harrington, 1968).
MOM converts the differential or integral equation to a matrix equation by proper
choice of the expansion function and the point testing function. The matrix function
is then solved by known computational techniques. MOM also permits treatment
of problems not solvable by exact methods. In our problem, we use collocation
(Harrington, 1968); that ié, the pulse function and impulse function are chosen as

the expansion function and the testing function, respectively.
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We divide the aperture into IV intervals of equal width. Over the nth interval

a pulse function can be described as follows:

d d
P,,(z’) = {1, (n—l)ﬁSz’sn—N—;v (4_9)
0, otherwise. N

The testing function Wy(2) is located at the center of every interval; it is expressed

as

Wg(z)=6[z—-(2—ez_-ﬁl—)£] (4 - 10)

We approximate the aperture field by (Fig 4-1)

N
Ea(2') = ) anPu(2)) (4 —11)

n=1

After substituting equation (4-11) into (2-52), we take the inner product of both
sides of equation (2-52) with the testing function W(z) and obtain the following
matrix equation:

[Aenllan] = [Fe] (4-12)

where £ =1,2,...... ,N,and n=1,2,..... , N. For nondiagonal elements (£ > n},

% _‘k[§2¢—l!d zl] 00 e_ikz [!2!2—1!4_31]
—_ - )
tn = _/I_N_Ln-l d 2ika + Z tak, }dz

m=1

cot Icc Z 2 cot Iczc mnz' ,
(28 1) cos dz' (4-13)
(n=1)d [ 2N d

In our case, the matrix is symmetric; therefore,
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En(2')
) |
! !
~ & -
|
|
1 2] |n N-1| N
N z.
0 o (2I-1.)A/2 o d

Figure 4-1 The sketch map of the distribution of the aperture field. n denotes

. ] . d
the source point, and £ denotes the observation point. A = A
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For-diagonal elements, (£ = n)

LW.L“"I d_¢ ik [QZ_%I_E__Z ] 00 e—ik; [iuw_l-)ﬁ—z']

+ ;
fr}"vl_li = 2ka fopar) tak,
m;rz’ } dz'

/gg e.'k [I—N)—";‘ do] oo ik [ogHde]
+
2¢—-1 d+€

— + ;
2ika = tak,

mm
m(ze — 1) cos

cotkc Z 2cotkzc (28-—1) cos™ }d ' (4-15)

Finally, the elements of the source column vector are
. 2¢-1)d
Fy = — it S5 4]  (4-16)
2ik
It is clear from equation (4-10) that the observation point z approaches
0 and d but never arrives at these limits until N approaches infinity. Thus, in

any numerical approximation, the edge singularities are avoided. Performing the

integration in (4-13), we obtain

. e—ikA@L=2n+1) _ g—ikA(2t~2n—1) . i e—iksA(2t=2n+1) _ —ikxA(2~2n—1)
tn =
2k%a k2a

m=1

_cotke <= 2ot Bo2 ] gin T (28 4 2n — 1) —sin T (2 + 20— 3)
kN £ kgmm 2N "o

. mmw . mmw . a
—sm-é—ﬁ(%—Zn—l)+smm(2£—4n+1)] (4-17)

where

A= — (4 - 18)
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We take advantage of the integrability of the logarithmic singularity, ex-
change the integral and the summation sign with each other, and integrate term by

term to obtain

e~tkA 1 cot ke 2. e~k
Au = la +2 Z
m=1

_ Z Cotkzc [sin%(‘ie‘l) —sin-;—nl\l;-(4£—3) +2s1n——] (4 —19)

Although we overcame the singularities by choosing the proper expansion
function and testing function, the summations in Ay, and A converge slowly. We

shall find ways to speéd the convergence of these summations in the next section.

4.3 Improvement of Convergence

In this section, the asymptotic terms in the summations of the matrix el-
ements will be found first, and will then be added to, and subtracted from the
matrix elements to speed the convergence. Finally, the formulations of these ele-

ments, which are used to perform the numerical work, are presented.

The summations in the matrix elements converge slowly. To improve the
convergence, we first note that the following terms have asymptotic behaviors as m

approaches infinity:

e—tksz Pl
T (4 — 20)
Cob ks i ma —» ——2_sinma (4 —21)

k.m= m2q?
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Note that the summation

isinmz=f(z) (4 - 22)

2
m
m=1

is called Clausen’s integral and there exists an algorithm to speed its convergence

(Abramowitz and Stegun, 1964). Invoking Euler’s identity,

i e—ms i et(imz)
m2 m?

[¢ ]
>
i ( cos my sm my >
me

m=1

m=1 m=1

cos zma: sm imz
m2

3

I

2 = +if(y) (4 - 23)

where y = 1z. The second summation on the right hand side of equation (4-23) is
the same as (4-22). Abramowitz and Stegun (1964) give an analytic result for the
first summation on the right hand side of (4-23) in which the argument is real. The
result is also valid for complex arguments.

The asymptotic terms (4-20) and (4-21) are added to equations (4-17) and
(4-19), and the results can be recognized as the special functions for which quick
numerical a.lgorit_;hms exist. On the other hand, when the asymptotic terms are sub-
tracted from the original terms, the resulting combinations of summations converge

rapidly. After rearranging the terms, the final results are:
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e—tkA(20-2n+1) _ o—ikA(20-2n-1)

Aen = 2k?a
00 ) s |
—‘sz 20-2n-1 — I A(2L-2n+1
+ mZ—l [ t ( n + m27r2 e n ]
o0
- [_l_e—ik.A(zt-zn-l) + 2 e-maﬂa(zz—zn—u]
m=1 ke mim?
o0
- Z el [e‘%"A(2¢-2n+1) - e—-"%A(zz—zn_l)] __ cotke
m=1 mn? kN

2cotkzc . mmw mr
_E [ k mn mzﬂ_z][smm(28+2n—1)—smaﬁ(2£+2n—3)

Sm——(% 2n —1) +sin 7r(21:-27;-;-1)]

o0
d .. mm .. mmw

+ g;l —3 [ sin 5—1—\’—(22 +2n —1) —sin W(ZZ +2n —3)

— sin 2(2¢ — 2n — 1) +sin "(ze—2n+1)] (4 — 24)
2N :

and
e 8 1 cotke e | a ( _mma
A= k?a kN +2Z[ kia +m21r2(e * —1)]

m=1

_mra a4 cot kze
_szz,,z ¢ E_Z [ kg m27r2]

m=1

. mm m
X [smm(u—l)—-smﬁ(ﬁ 3)+2smﬁ

00

d .. mrn . mm . mx
+ E pooe [sm m(&— 1) —sin -é—ﬁ(4£— 3)+ 2smm] (4 —25)

m=1
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The efficiency of the addition and subtraction of (4-20) and (4-21) is demon-
strated in Tables 4-1 and 4-2, where we show the results of the summations (4-20)
and (4-21) summed directly for various z, the number of terms employed, the true

value, and the relative error.

After evaluating all matrix elements Ay, the matrix [Asy,] is known. The
source vector [Fy] is known, too. Hence, the coefficients of the series o, where
n=12,...... , IV, can be determined by finding the inverse matrix [Am]_l. Finally,

we solve for the approximation to the aperture field E4(2') in (4-11).

4.4 Reflection Coefficient by MOM

In this section, we shall use the results of MOM to derive the reflection co-
efficient. The procedure is similar to the low frequency case. We are still concerned
only with the reflected wave of the TEM mode. In this case, the magnetic field for

—p < z < 0 can be written as

e—tk(z+p) /d gik(z—2") N
0

= ) € i — § N,
Hy (z,2) = —twe 570 iwe X nz=:1a,.Pn(z ) dz

e~ ik(z+p) X oy kb ik(z—nd
—_— e Y s s | — N 'k(z_w-) _—
iwe—0-r twe E Thta [ (1 —e*W)e ] (4 — 26)

n=1

From the TM mode equations,

1 8H,

z = )
twe 9z

_ _e-—ik(z+p) +_§ ant [(1 _ ikﬁ) ik(z—5¢) ] (4—27
= 2 ~ 2ka ¢ ¢ )




Table 4-1 Number of terms of convergence for Z

o0 .
sinmex

m=1

m2
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True Value

Summation

Terms

Relative Error

6.000

—6.4078266 x 107!

—6.4079596 x 10™1

500

2.0755869 x 10~

6.000

—6.4078266 x 107!

—6.4077969 x 10~

1000

4.6349569 x 10~

4.000

—5.6814395 x 101

—5.6814242 x 101

500

2.6929795 x 106

4.000

—5.6814395 x 10!

-5.6814329 x 10~!

1000

1.1616774 x 10~

3.000

9.8026218 x 10~2

9.8026260 x 10~2

510

4.2845680 x 10~7

3.000

9.8026218 x 10~2

9.8026020 x 10~

800

2.0198678 x 10~

1.000

1.0139591 x 10°

1.01391527 x 10°

150

4.3295632 x 1078

1.000

1.0139591 x 10°

1.01396144 x 10°

500

2.2683361 x 10~®

0.100

3.3027240 x 10!

3.3027109 x 10!

2000

4.2389252 x 10~¢

0.100

3.3027240 x 101

3.3027237 x 107!

3000

0.0834111 x 108

0.010

5.6051716 x 10~2

5.6039555 x 10~2

2000

2.1696035 x 10—+

0.010

5.6051716 x 10~2

5.6050681 x 102

3000

1.8465090 x 10~%

0.010

5.6051716 x 10—2

5.6055661 x 10~2

4000

7.0381431 x 10~5

0.010

5.6051716 x 102

5.6047902 x 10~2

5000

6.8044304 x 10~5

0.001

7.907755 x 10~3

7.4041089 x 103

1000

6.3690150 x 102

0.001

7.907755 x 10~3

7.9094912 x 103

5000

2.1955663 x 104

0.001

7.907755 x 10~3

7.9166983 x 103

10000

1.1309531 x 1073

0.001

7.907755 x 10~3

7.9065290 x 10~3

20000

1.5503768 x 104

0.001

7.907755 x 1073

7.9073744 x 1073

50000

4.8129969 x 1078

0.001

7.907755 x 10~2

7.9076701 x 103

1.0736296 x 10~

100000



o0

m=1

Table 4-2 Number of terms of convergence for E ¢

—mz

m2
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z True Value Summation Terms Relative Error
0.100 1.3121894 1.2990876 10 0.9846867 x 10~3
0.100 1.3121894 1.3121890 - 80 3.0483404 x 10~7
0.010 1.5888574 1.5209690 10 4,2727812 x 102
0.010 1.5888574 1.5873907 100 9.2311620 x 10~*
0.010 1.5888574 1.5888221 300 2.2154285 x 10~8
0.010 1.5888574 1.5888554 500 1.2587662 x 10~
0.001 1.6370261 1.6298457 100 4.3862465 x 10~3
0.001 1.6370261 1.6368777 1000 9.0652189 x 103
0.001 1.6370261 1.6370073 2000 1.1484240 x 1075
0.001 1.6370261 1.6370225 3000

2.1991097 x 106
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The voltage across the waveguide can be determined by integrating equation (4-27),

viz:
a
V=/ Edz
[¢]
eik(z+n) N o g dedy
=—g— Intl g — k) eik(z— %) -
at— +§12k[(1 e )e ] (4 - 28)

Comparing the reflected voltage with the incident voltage in the voltage expression,

we obtain the following reflection coefficient:

3 ani (1= ) eih(==3)
oy o (1)

kae—tk(z+p) (4 - 29)

Note that, although we have discarded all higher order modes at the observation
point where we calculate T, the higher order mode effects in the aperture are con-

tained in the sequence {oy}.

4.5  Numerical Results

In this section, we will present the numerical results from the formulations
we derived previously. Before presenting the results, we replace k in (2-48), (4-24),
(4-25) and (4-29) by the relation (3-19), and set z = 0 and p = O in (2-48) and
(4-29).

Fig 4-2 through Fig 4-6 are plots of the product of the amplitude of the
aperture electrical field distribution | E4 | and the width of the aperture ¢ versus
different N (the number of intervals in the aperture) for the parameters a = 2,

d/a = 0.044, ¢/a = 1.33, and k = 0.706. The larger N becomes, the closer to
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Figure 4-2 The product of the amplitude of the aperture field distribution E 4
and the width of the aperture d, with ¢ = 2, d/a = 0.044, ¢/a = 1.33, k = 0.706,
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Figure 4-3 The product of the amplitude of the aperture field distribution E4
and the width of the aperture d, with a = 2, d/a = 0.044, ¢/a = 1.33, k = 0.706,
and N = 20.
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Figure 4-4 The product of the amplitude of the aperture field distribution E4
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and N = 30.
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Figure 4-5 The product of the amplitude of the aperture field distribution E4
and the width of the aperture d, with @ = 2, d/e = 0.044, ¢/a = 1.33, k = 0.706,
and N = 50.
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Figure 4-6 The product of the amplitude of the aperture field distribution E4
and the width of the aperture d, with a = 2, d/a = 0.044, ¢/a = 1.33, k = 0.706,
and N = 100.
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the edges the observation points move. It can be seen that the minimum values
of | E4d | are similar; however, the maximum values of each curve are different,
implying that the field distributions near the edges become large as N increases.
This behaviour is due to the edge singularities at z = 0 and z = d which we

predicted in section 4-1.

The amplitude of the reflection coefficient versus NV is plotted in Fig 4-7. It
is clear that when IV is greater than or equal to 20, | I' | is virtually independent of

N. Henceforth, we frequently use N = 30 for further computations.

The amplitude of the reflection coefficient versus the ratio ¢/X is presented
in Fig 4-8 for the following geometric dimensions: a = 2, d/a = 1.333, k = 0.706, '
and N = 30 (plotted here for 0.0 < ¢/A < 1.0). It is observed that the reflection
coefficient | T' | has resonant characteristics and varies periodically vs. ¢/A\. When
¢/A ~ 0.25,0.75, | T |- 1, and when ¢/A = 050, 1.0, | T |- 0. Invoking
transmission line theory, for the former case, the input impedance of the branch
line at its input reference plane is equivalent to an open circuit since the wave is
unable to propagate and is completely reflected (| I' |— 1). The input impedance
of the branch line at its reference plane for the latter case, however, is equivalent
to a short circuit since | T' |— 0, and the branch line appears absent. According
to transmission line theory, the maximum values of the reflection coefficient must
take place at 0.25A, 0.75A, etc., and the minimum values of the reflection coefficient
mus{ take place at 0.5, 1.0, etc. for an ideal transmission line. However, the peak

values of the reflection coefficient shift slightly to the left in Fig 4-8, meaning that
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Figure 4-7 The amplitude of the reflection coefficient by MOM as a function
of N, where a = 2, d/a = 0.444, ¢/a = 1.554, and k = 0.706.
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Figure 4-8 The amplitude of the reflection coefficient by MOM as a function
of ¢/A, where a = 2, d/a = 1.33, and k = 0.706.
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the resonant frequency f, becomes lower. From circuit theory, the definition of the

resonant frequency of a LC circuit is (Huelsman, 1984)

fr_—“"l—"“ (4 — 30)

" 2nVIC

Therefore, increasing both L or C will cause f, to decrease. The corners of the
aperture give rise to high charge concentrations compared to other regions in the
waveguide and branch line. This effect is equivalent to an extra discontinuous
structure capacitor at the aperture; therefore, the shift of the resonance curve is

caused by this structure capacitor.

Fig 4-9 shows the amplitude of the reflection coefficient .as a function of the
ratio d/\. As we expect, the reflection coefficient approaches zero as the ratio d/A
becomes smaller and smaller. This phenomenon is in accord with the real physical
situation: as the width of the aperture becomes smaller and smaller, the effects of

the branch line vanish.

Fig 4-10 and Fig 4-11 are plots of the amplitude of the reflection coefficient
versus the normalized angular frequency w/w., where w is the operating angular
frequency and w, is the cutoff angular frequency of the first higher order mode in
the main waveguide. Both plots have the parameters a = 1.5 and ¢/a = 4.666, but
the d/a parameters are different, being equal to 1.166 for Fig 4-10 and 0.666 for
Fig 4-11. In Fig 4-10, there are visible irregularities which occur when w/w, > 0.85,
which is the first higher mode cutoff frequency in the branch line. This phenomenon
is caused by the existence of the higher mode wave in the branch line when the op-

erating frequency is higher than the cutoff frequency. It is the existence of the
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Figure 4-9 The amplitude of the reflection coefficient by MOM as a function
of d/\, where a = 2, ¢/a = 0.955, and k = 0.706.
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Figure 4-10 The amplitude of the reflection coefficient by MOM as a func-
tion of w/we, where a = 1.5, d/a = 1.166, and c¢/a = 4.666. (w. = 6.28 x 10°
radians/second)
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Figure 4-11 The amplitude of the reflection coefficient by MOM as a func-
tion of w/w., where a = 1.5, d/a = 0.666, and c/a = 4.666. (w. = 6.28 x 108
radians/second)
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higher mode wave that affects the local shape of the reflection coefficient wave-
form. On the contrary, Fig 4-11 does not reveal this feature since the operating
frequency is lower than the first cutoff frequency in the branch line and the higher
mode wave does not appear. Recall that as ¢/A = 0.25, 0.75, ..., I takes on a
maximum value and as ¢/A = 0.5, 1.0, ..., [ takes on a minimum value. For the
curve shown in Fig 4-11, the values of w/w, =~ 0.107, 0.321, 0.535, 0.750, 0.964
correspond to ¢/A = 0.25, 0.75, 1.25, 1.75, 2.25, respectively, and the values of
w/w, =~ 0.214, 0.428, 0.644, 0.857 correspond to ¢/A = 0.50, 1.0, 1.5, 2.0, respec-
tively. It can be seen that the results shown in Fig 4-11 agree with the calculated
results at low frequencies, but at higher frequencies the peak values and node points
of the reflection coefficient tend to shift to values below those of the calculated re-
sults (by approximately 2 ~ 3 %) despite the absence of the higher mode wave.
This is due to the effects of the shunt capacitor which, according to circuit theory,

becomes more prominent at higher frequencies.

Excluding the shift caused by the shunt capacitor, the su'perposition of the
TEM mode and the higher mode fields make the situation much more complicated
at high frequencies. Fig 4-12 presents the amplitude of the reflection coefficient
versus the normalized frequency w/w, with the parameters a = 1.5, d/a = 1.5, and
¢/a = 4.666. The shunt capacitor causes the peak values and node points to shift
by approximately 2 ~ 3 % when w/w. > 0.4. As w/w. exceeds 0.666, the first
higher mode appears in the branch line; therefore, the resonance characteristics of
the curve can be considered a combination of the TEM mode and the higher mode.
This can also be interpreted from basic transmission line theory. For example,

resonances occur at w/we = 0.67 and 0.74 which correspond to the ratio ¢/A; = 0.25
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Figure 4-12 The amplitude of the reflection coefficient by MOM as a func-
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radians/second)
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and 0.75, respectively, where )y is the guided wavelength in the branch line (to be

distinguished from A) (Liao, 1985),

= (4 —31)
1-(3)

[

When w/w, = 0.7, we would expect | I' | to have a value of zero since ¢/Ag =~ 0.50
due to existence of the first higher order wave. | I' | however, is nonzero as can be
seen from Fig 4-12. The finite value of | T | is due to the presence of the TEM wave
for which ¢/X # 0.50.

We combine the amplitude of the reflection coefficient from MOM and from
the low frequency approximation in Fig 4-13. In chapter 3 we showed that the TEM
mode is the dominant term in the formulation of the low frequency approximation
as long as ka - ke < 3 (equation (3-13)). When w/w, = 0.09, the calculated value
of ka - ke is about 0.5. This result can be seen in Fig 4-13. Good agreement exists
between the two curves when w/w. < 0.09 which confirms that the low frequency

approximation is valid under the restriction in equation (3-13), as we expected.

In this section, we have shown the numerical results computed by a VAX
11/750 computer. First of all, we presented the products of the amplitude distribu-~
tion of the aperture field with the width of the aperture d. These results verify the
theoretical prediction: there exist singularities at the edges. We have also proven
that the amplitude distribution for a narrow aperture is in agreement with a phys-

ical model. Secondly, the graph of | I’ | versus N has demonstrated how quickly



55

The solid line denotes | I' | by MOM as a function of w

[we, and
ation as a

where a = 1.5, d/a = 1.333, and ¢/a = 4.666. (w. = 6.28 x 108

Figure 4-13
the dashed line with o denotes | I' | using the low frequency approxim

function of w/we,
radians/second)



56
MOM converges. We then plotted the amplitude of the reflection coefficients ver-
sus ¢/, d/A, and w/w,. They are in good agreement with the conclusions from
transmission line theory. Finally, a comparison was made of the reflection coeffi-
cients for the case where MOM was used and for the case where the low frequency

approximation was used.



CHAPTER 5

TIME DOMAIN RESULTS

Having computed the reflection coefficient in the frequency domain by MOM
in chapter 4, we can now determine the time response of the exciting signals in
the waveguide by the Fourier transform method. It will be seen that there is a
discontinuity in the slope of the transient response. This discontinuity is caused
by the reflection of the wave from the bottom of the branch line when the double

exponential pulse function is applied as an input.

In this chapter, we begin with a brief introduction of the basic principle
of the Fourier transform method. We next discuss the input pulse — the double

exponential pulse. Finally, we will display the numerical results.

5.1 Fundamentals of Fourier Transform Method

One of the most frequently used method for dealing with transient phe-
nomena in time-invariant media is the Fourier integral transform technique. Here,
the time variable in the field equations appears solely through the derivative oper-
ator 8 /3t. When the field equations are represented in terms of the exponential
eigenfunctions exp(:wt), as in the Fourier transform, then the temporal dependence
is removed. The resulting “time-harmonic” field is of interest in its own right,
and from its solution the transient field is recovered by application of the inverse

transform.
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We treat our structure as a linear system. Since we are interested in the
reflection coefficient in the main waveguide, the transfer function of this system is

the expression of the reflection coefficient we obtained in the last chapter.

f) ant (1 - ei"ff) k(- H)

I‘(w).= _n=l1

kae—k(z+p) (5-1)

where k = 27 /X = w/v., and v, is the speed of light in free space.

Physically, the transfer function is the response of the system for a §—function
input. According to linear system theory, if the transfer function of a system is
known, the responses of the system for various exciting sources can be obtained
theoretically by convolution. For most numerical cases, however, it is easier to
employ a Fourier transform algorithm than to perform the convolution. Using the

convolution property of the Fourier transform, if

f(®) RN F(w) = f_ : f(t)e ™t dt (5-2)

F oo i ;
h(t) «— H(w) = / h(t)e™™" dt (5-3)
where f(t) is the exciting signal and h(t) is the é-function response, then

£(t) * hit) < Plw)E W) (5-4)

Therefore,

f(2) * h(t) = F[F(w)H(w)] (5-5)
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In our problem, H(w) is I'(w) which is known; therefore, we are able to
obtain the time response of the reflection coefficient when the exciting signal is
properly selected. We will discuss the input signal in the next section.

To sum up, the procedure used to solve the transient problem by the Fourier
integral transform method is:

(1) Solve the corresponding problem in the frequency domain in order to
obtain the system response as a function of frequency.

(2) Find the spectral function of the exciting signal using the Fourier trans-
form.

(3) Perform the inverse Fourier transform of the product of the system
response in the frequency domain with the spectral function of the exciting signal

so that the system response in time domain is solved.

5.2 Exciting Signal

We choose the normalized double exponential pulse function to be the input
pulse, i.e.,

f(t) = Ao(e™ — eP)u(t) (5-6)

where u(t) is the unit step function and Ap is a normalization factor so that the
maximum of f(t) is unity. Since f(¢) has only one local maximum at ¢t = ¢y, we can

find Ao and Zo by applying simple calculus rules.

For t > 0, we set the derivative of f(t) equal to zero at t = to, viz:

fd_f.‘ —_ —ye—ato —pBtoy — -
dtlt:to = Ao(—ae™®0 + fe70) =0 (5-17)
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If Ag # 0 then
ée—pto = e-—ato (5 ot 8)
a
or
B -
lnz—ﬂto = —alg (5-—9)

which can be solved for #p to give

1 B
to—ﬂ_alna (5 10)
We now find Ag by setting the maximum value of f(t) equal to 1, i.e.,
f(to) = Ag(e™% — e~Pio) =1 (5—-11)
and solve for Ag to obtain
_ 1
Ay = e r— T (5 —12)

The advantage in choosing the double exponential pulse function as the input signal
is that this function can practically simulate either the step function or the 4-

function by properly adjusting both « and 8.

We perform the Fourier transform of equation (5-6), yielding the spectral

function

P =70l = [ foea=to(Fn-grm) G-

Fig 5-1 and Fig 5-2 are plots of the normalized double exponential pulse function

and its spectral function, respectively a = 1.0 x 107 and 8 = 1.0 x 108,
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5.3 _Analysis_of Transient Responses

Recall that we set z = 0 and p = 0 when we obtained the numerical results
for the frequency domain solutions in the last chapter. In this case, the transient
response of the system g(t) for a given input pulse f(t) is the inverse Fourier trans-

form,

g(t) = F7[F(w) +T(w) - F(w)]
= f(t) + %/;:I‘(w) - F(w)e™t dt
= f(t) +g9-(¢) (5 —14)

where g,(t) is the transient response of the reflected signal due to the branch line.

If we move the source point and observation point away from the aperture
(p # 0 and z < 0), we can still obtain the transient response. We define §(t) as the
time response for this case. Then §(t) can easily be evaluated according to the time

shifting property of the Fourier transform, if we have a known g(t), viz:

g(t)=f<t—p:-z>+gr<t—p—z) (5 - 15)

¢ Ve

The difference between g(t) and §(t) is the time delay; therefore, it is not

necessary to compute §(t) for the general case.
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5.4 Numerical Results

In this section, we present the numerical results of the transient response.
We use the algorithm SIG (Lager and Azevedo, 1985) to compute the inverse Fourier

transform and plot the curves.

Fig 5-3 shows the early time portion of the transient resp;)nse of the reflected
wave g, (w.t) with the parameters a = 1.5, d/a = 1.333, and ¢/a = 4.833. It can be
seen that g,(w,t) rises and falls in synchronism with f(w.t) before a certain w,t is
reached (w.t = 30 radians in Fig 5-3). This means tha.t.there is no reflection when
wet < 30 radians. But a discontinuity exists at this point. The time required for
the wave to travel from the source to the bottom of the branch line and back is
calculated to be wet = 29.3 radians. Therefore, the result from the figure matches
the theoretical result. Another example is given in Fig 5-4. It shows a truncated
gc(wct) with the parameters @ = 1.5, d/a = 1.333, and ¢/a = 24.0. The theoretical
calculation gives w.t = 150.72 radians for these parameters and the reflection time

obtained from the curve is about 150 radians.

The effects of the first higher order mode.in the branch line can be seen in
the transient response. When the incident impulse impinges on the bottom of the
branch line, a portion of it is reflected. Meanwhile, amplitude oscillations occur
which eventually damp to zero. In Fig 5-5, we employ the same parameters as
in Fig 5-3. The interval betwgen two ripples (when w,t > 120 radians) in Fig 5-5
is about 8.28 radians, which correspbnds to the first higher order cutoff frequency
(w/we = 0.75) for this case; therefore, the ripples in Fig 5-5 are caused by the higher
order mode. If we increase d/a, the interval between two ripples changes. Fig 5-6

shows g,(wct) with the same parameters as those of Fig 5-5, except d/a = 2.666.
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Figure 5-3 The transient response of the reflection coefficient gr(wct), where
a=1.5, d/a=1.333, and ¢/a = 4.833. (w. = 6.28 x 108 radians/second)
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Figure 5-4 The transient response of the reflection coefficient gr(w.t), where
a =15, d/a =1.333, and ¢/a = 24.0. (w, = 6.28 x 108 radians/second)
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Figure 5-5 The transient response of the reflection coefficient g,(wct), where
a =15, d/a =1.333, and ¢/a = 4.833. (w. = 6.28 x 10° radians/second)
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Figure 5-6 The transient response of the reflection coefficient g,(wct), where
a = 1.5, d/a = 2.666, and c/a = 4.833. (w. = 6.28 x 108 radians/second)
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The period between two ripples in Fig 5-6 must be double that of Fig 5-5, i.e. 16.70
radians. The intervals measured from the curve are about 17.14 radians, which

correlates with the calculated value.

We next consider a case (Fig 5-7) where the higher order mode does not
propagate until a frequency beyond where we have truncated the spectrum. How-
ever, small ripples are still present. We attribute these to truncation error. Indeed,
let us increase the rise time and fall time of the double exponential function and see
if the amplitudes of the ripples increase or decrease. Fig 5-8 shows g,(w.t) whose
parameters are the same as those for Fig 5-7 except for the rise time and fall time
(rise time = 41.8ns, fall time = 228ns). It is obvious that the ripples have smaller
amplitudes than the previous plots. Ideally, we would recover the signal in time do-
main undisturbed if the frequency spectra were of infinite bandwidth. However, this
is impossible to achieve in practice. When we perform the numerical computation,
we truncate I'(w)F(w) at 99 MHz. In fact, this procedure is similar to multiplying
a window function W (w) with I'(w)F(w). The window function behaves like a low
pass filter. It will cut out the frequency components outside of the window. The
counterpart to the frequency domain window function is the sinc function,

sinef(t) = 2t (5 - 16)
In time domain, the system response is the convolution of g,(t) with sinc(t). The
interval between the two nodes of sinc(t) is 1/f. (10.1ns in our case). We count
the intervals between two ripples and find that they are almost all similar and are
approximately equal to 11.0ns. Considering the sample errors and measurement

errors, this value is close to the calculated result.
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Figure 5-7 The transient response of the reflection coefficient g,(wct), where
a = 1.5, d/a = 0.833, ¢/a = 4.666, rise time = 14.28ns, and fall time = 134.12ns.
(we = 6.28 x 108 radians/second)
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Figure 5-8 The transient response of the reflection coefficient g,(w.t), where
a = 1.5, d/a = 0.833, ¢/a = 4.666, rise time = 41.8ns, and fall time = 228ns.
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Fig 5-9 shows plots of two curves: one is identical to Fig 5-4, and the other

is for the case where a = 1.5, d/a = 1.333, and ¢/a = 10. Both curves have the
same inputs. The difference between the two curves is that the discontinuity point
of the slope takes place at different w,?; the deeper the branch line, the longer the
reflection time. The value of w,t at which the discontinuity occurs allows us to
estimate the depth ¢. Fig 5-10 shows the transient response for a different width of
the aperture but with the same branch line depth. It is clear that the reflections
take place at the same time but that the peaks differ slightly due to the different

amplitudes of the reflection coefficients in frequency domain.

Finally, we remark that there is one more waveform characteristic that al-
lows us to estimate the parameter ¢. In Fig 5-7, note that the major feature of the
waveform resembles a damped sinusoid. The sinusoidal appearing oscillation has a
period of 58.34 radians or w/w, = 0.107. This frequency corresﬁonds to ¢/A = 0.25,

and we can obtain an estimate of ¢ therefrom.
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Figure 5-9  The solid line denotes g,(w.t) with the parameters a = 1.5, d/a =
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Figure 5-10 The solid line denotes g (w.t) with the parameters a = 1.5, d/a =
1.333, and ¢/a = 4.666. The dashed line with o denotes g,(w.t), with the parameters
a = 1.5, d/a = 1.166, and c/a = 4.666. (w, = 6.28 x 10® radians/second)



CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

The transient scattered fields from a junction between a parallel-plate waveg-
uide and a branch line have been determined when a TEM wave impinges on the
junction. Our task can be divided into roughly two parts. The first part is the de-
termination of the reflected wave in the frequency domain by solution of an integral
equation at the aperture. This includes the derivation of the TM mode equations
from Maxwell’s equations, the formulation of the field expressions in the structure
by means of the Green’s function, and the establishment of the integral equation
by imposing boundary conditions. The solution of the integral equation is acheived
by means of two approaches, namely, the method of moments (MOM) and the low
frequency approximation. The second part of this work involves the determina-
tion of the transient scattered field response in the waveguide by using the Fourier
transform method. The transient response provides enough information to estimate
the depth and the width of the branch line as well as its position for a parametric

inverse experiment, where the scatterer can be described by input and output data.

It was necessary to study the singularities of the Green’s functions and the
singularities at the edges of the structure before we started the numerical work.
This study led us to properly choose the expansion function and the point testing
function so thaﬁ; those singularities are overcome when performing computational
work. In addition, speeding/the convergence of the summations in every matrix

element is very important for our work to be successful. For example, to compute
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the frequency-domain response using a 40 X 40 matrix with the asymptotic terms
may take about 20 minutes of CPU time. We have not tried to compute a 40 x 40
matrix without the asymptotic terms, but an average of 2 hours of CPU time is
required to directly sum 100,000 terms in a single summation (see Table 4-1 and
Table 4-2). Since there are 6 summations per matrix element, about 20,000 hours

(over two years) of CPU time would be required to compute the matrix.

Having seen the accuracy of the mathematical model in predicting the chara-
teristics of the simulator, we could use these results as a starting point in analysing
more complicated systems that occur in practice. An example would be the case
where the wavegiude and branch line have different permittivities, permeabilities,
and conductivities. In this situation, the singularities caused by the edges would
differ from our problem. It would also be possible to expand the model to include
several branch lines of varying sizes at different positions in the waveguide. This
would be more representative of actual geophysical well logging where there may be
several bed boundaries and intrusions of varying sizes and chemical composition.
Such a situation would be more difficult to analyse because the reflected waves
themselves impinge on the discontinuities causing multiple reflections and coupling

between branch lines.
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