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ABSTRACT 

Numerical simulations of incompressible, two-dimensional, monochromati-

cally and bichromatically forced laminar free shear layers axe performed on the 

basis of a vorticity-velocity formulation of the complete Navier-Stokes equations 

employing central finite differences. Spatially periodic shear layers developing in 

time (temporal model) are compared with shear layers developing in the stream-

wise direction (spatial model). The regimes of linear growth and saturation of 

the fundamental axe quantitatively scrutinized, the saturation of the subharmonic 

and vortex merging are investigated, and the effects of a forcing phase-shift be

tween fundamental and subharmonic. For the spatial model the appearance of an 

unforced subharmonic was also examined. 

It was found that contrary to temporal sheax layers a significant control of 

vortex merging by means of a forcing phase-shift and vortex shredding are not 

possible in spatial sheax layers due to strong dispersion. 
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• 

INTRODUCTION 

Free shear layers belong to the family of free shear flows which also includes jets 

and wakes. They emerge as limited regions of high shear and intensive mixing from 

the conflux of two free streams of different velocities, and are also called mixing 

layers. Inflexional velocity profiles (Fig. 1) are characteristic for mixing layers, 

hence, their instability with respect to infinitesimal disturbances is governed by 

an inviscid instability mechanism where viscosity acts as a damping component. 

By numerically solving the spatial eigenvalue problem for a viscous free shear 

layer, i.e., the Orr-Sommerfeld equation, Ko & Lessen (1969) found no critical 

Reynolds number, if a parallel base flow was assumed. However, for very low 

Reynolds numbers the free shear layer is far from being parallel. Ko's & Lessen's 

first-order non-parallel-flow correction actually yielded a critical Reynolds number 

of only Re = 10.2 based on the shear layer thickness. Under natural and experi

mental conditions Reynolds numbers axe much larger. Therefore, shear layers axe 

generally considered unstable. 

Although three-dimensional (3D) effects have been observed (Miksad 1972), 

experiments, for example by Winant & Browand (1974) and Ho & Huang (1982), 

indicated large two-dimensional (2D) vortices which play a central role through

out the transitional regimes of shear layers. A free sheax layer is most unsta

ble to two-dimensional infinitesimal disturbances (Michalke 1969, Pierrehumbert 

& Widnall 1982) via the inviscid Kelvin-Helmholtz instability mechanism (Batch-

elor 1967). Instability waves emerge, which initially grow exponentially into the 

downstream direction, and saturate due to nonlinear effects to 2D vortices moving 
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at approximately the average velocity of the shear layer. Eventually two neigh

boring vortices will interact and merge into a single, larger vortex. As a conse

quence, the momentum thickness 62 of the mixing layer doubles. Between two 

consecutive merging locations it stays more or less constant. Winant & Browand 

discovered that successive vortex merging is indeed the primary process governing 

the spatial growth of turbulent mixing layers. Furthermore, persistant pairing 

can inhibit three-dimensional instability and, hence, keep the flow predominantly 

two-dimensional (Metcalfe et al. 1987). 

The emergence of a subharmonic component, first observed in experiment by 

Sato (1959), Wille (1963), Browand (1966), and Freymuth (1966), and its subse

quent growth is, according to Ho &; Huang (1982), catalytic to vortex merging and 

can be accounted for by appealing to a secondary subharmonic resonance mech

anism. This resonance arises, when the fundamental has reached its equilibrium 

level (Ho & Huerre 1984). 

Kelly (1967) studied subharmonic instability of an inviscid shear layer peri

odic in space and time. His prediction that the interaction between subharmonic 

and fundamental would be most pronounced when the fundamental is close to the 

linearly neutral mode was confirmed by Pierrehumbert & Widnall (1982). They 

numerically solved the temporal eigenvalue problem for secondary instability in a 

spatially periodic shear layer. As Monkewitz (1982) pointed out, Kelly's work im

plies a strong dependence of the interaction between fundamental and subharmonic 

on their phase relation. Indeed, numerical investigations based on the solutions 

of the Navier-Stokes equations for spatially periodic shear layers evolving in time 

(Patnaik et al. 1976, Riley & Metcalfe 1980) clearly demonstrated this dependence 

and its importance for vortex merging. In the limiting case, when fundamental 



11 

and subharmonic are in anti-phase, subharmonic growth and consequently sub-

harmonic vortex merging was actually suppressed and replaced by a "shredding 

interaction". Such a shredding interaction, however, was never observed in exper

iment. 

There axe qualitative differences between the temporal model and the spatial 

model (Corcos & Sherman 1984). The temporal model represents an initial value 

problem for a flow periodic in the streamwise dimension and growing in time. 

The spatial model considers a shear layer, which, as in experiment for example, 

o r i g i n a t e s  a t  a  s p l i t t e r  p l a t e ,  w h e r e  t w o  p a r a l l e l  s t r e a m s  o f  d i f f e r e n t  v e l o c i t i e s  U T  

and UB merge. In contrast to the temporal model the shear layer develops in the 

streamwise direction, as in reality. Since the governing equations are parabolic 

in time and elliptic in the streamwise coordinate, any downstream event induces 

a change of velocity everywhere in the flow field including upstream (feedback), 

whereas it cannot influence the shear layer at previous times. While the spatial 

model can account for such a feedback in space, no feedback in time is possible 

for the temporal model. Further, the temporal model considers the perturbation 

of a parallel base flow, whereas spatially developing shear layers are not parallel 

flows, as in reality. Finally, in monochromatically forced shear layers the temporal 

model usually yields instability waves, which travel at the same phase velocity 

which is equal to the average velocity of the base flow (Tatsumi& Gotoh 1959), 

independent of the wave length of the forced disturbance. 

In spatial free shear layers Nikitopoulos & Liu (1987) and Monkewitz (1988) 

investigated the influence of a forcing phase-shift on the nonlinear interaction 

between a fundamental and a subharmonic disturbance. Monkewitz's weakly non

linear analysis considered the spatial evolution of a fundamental disturbance and 



12 

its subharmonic on an inviscid parallel base flow. The frequency of the funda

mental disturbance was close to that of the neutral disturbance. His analysis took 

into account the dispersive nature of the instability waves. For supercritical fun

damental amplitudes (for temporal shear layers no critical amplitude exists) he 

reported of initially superlinear (larger then predicted by linear stability theory) 

subharmonic growth in case of a forcing phase-shift of 97 = — 0.0217T, and of ini

tially sublinear subharmonic growth for a forcing phase-shifts of tp > 0.5437T which 

became superlinear further downstream. An asymptotic optimal phase-lock be

tween fundamental and subharmonic was produced by the subharmonic speeding 

up and slowing down. The ultimate phase relation was the same for any forcing 

phase-shift. Fundamental amplitudes below a critical value yielded subharmonic 

oscillations about the exponential growth rate. Furthermore, Monkewitz demon

strated that sidebands of the unforced subharmonic modulate the subharmonic 

amplitude. 

Using an energy integral approach Nikitopoulos &: Liu investigated the spatial 

evolution of a fundamental, of its subharmonic, and of the momentum thickness of 

the base flow. They also found favorable phase relations for enhanced subharmonic 

growth, namely a forcing phase-shift of cp = 0 for the streamwise range before the 

fundamental saturates, and of cp — ir thereafter. However, their analysis did not 

incorporate dispersion, i.e., fundamental and subharmonic always traveled at the 

same phase velocity, and an asymptotic optimal phase-lock could not be achieved. 

Only few Navier-Stokes computer simulations have been performed for spatial 

shear layers. Recently Lowery & Reynolds (1986) and Pruett (1986) developed 

numerical codes for 2D and 3D mixing layers employing finite differences and 

pseudospectral Fourier approximations. Limitations of computer resources allowed 

Pruett to capture only the linear regime of the modal growth in a forced mixing 
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layer. Lowery & Reynolds appear to have mainly focused on flow phenomena 

observed in broad experimental fields including fast-chemistry reactions. 

The goal of this work is to illuminate differences between the simplier temporal 

model and the spatial model which is considered to describe better shear layers in 

reality. Emphasis is laid on laminar shear layers monochromatically forced with a 

fundamental disturbance, whose frequency is close to that of the most amplified 

disturbance, and on laminar shear layers bichromatically forced with em additional 

subharmonic forcing disturbance. In all cases the forcing amplitudes axe small and 

typical for the linear regime. 

The question is, how shear layers subject to various forcing phase-shifts be

tween fundamental and subharmonic evolve in time (temporal model) and in the 

streamwise direction (spatial model), how vortex roll-up and vortex merging de

pend on the forcing phase-shift, and if in spatial shear layers vortex merging can 

also be delayed and replaced by vortex shredding as in temporal shear layers. 

The answer is persued by analyzing results of numerical simulations based on 

solutions of the Navier-Stokes equations. The simulations were performed with a 

numerical method originally developed by Pruett and outlined in chapters 2 and 3. 

The spatial model is represented by a shear layer with the Blasius similarity 

solution at the inflow boundary (undisturbed flow), and the temporal model by 

two shear-layer types. One is the well-known antisymmetric hyperbolic-tangens 

layer. The other is a sheax layer with an initial velocity profile derived from the 

Blasius similarity solution. In chapter 4 the developments of the unforced tem

poral shear layers are compared with that of the spatial shear layer. The quality 

of the numerical results of the forced sheax layers is investigated in chapter 5 by 

examining conservation of mass and the definition of vorticity, and by comparing 
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growth rates and phase velocities with the viscous linear stability theory. Re

sults from the temporal simulations are discussed in chapter 6 and for the spatial 

simulations in chapter 7. Conclusions axe made in chapter 8. 
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CHAPTER 2 

MATHEMATICAL FORMULATION 

This work considers the motion of incompressible Newtonian fluids with constant 

density Q and constant viscosity v, which is governed by the Navier-Stokes equa

tions describing the conservation of mass and momentum (Batchelor 1967). The 

numerical simulation of this work is built upon these general equations. 

The paragraphs below briefly introduce the set of equations chosen for the 

mixing layer simulation, scales for nondimensionalization, and- the integration do

main. Boundary and initial conditions for the undisturbed and the disturbed flows 

are developed separately for the temporal and the spatial model. See Pruett (1986) 

for more details in case of 3D spatial computations. 

Among various formulations of the Navier-Stokes equations the vorticity-velocity 

representation has been chosen for the numerical method. With the nondimen-

sional velocity u = (it, v), u and v representing the velocity components in the 

streamwise-x and the transverse-y direction (Fig. 2) respectively, and the nondi-

mensional vorticity u, the equations in nondimensional form are as follows: 

2.1 Equations of Motion 

V • u  = 0, (2.1a) 

(2.1b) 

(2-ld) 

(2.1c) 

with the nondimensional Laplacian defined as 

a 2  i a 2  

dx 2 r2 dy 2 '  
(2.2) 
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and the Reynolds number 

Re = (2.3) 
v  

Equation (2.1a) governs the conservation of mass (continuity), the nonlinear vor-

ticity transport equation (2.1b) the conservation of momentum, and the linear 

Poisson equations (2.1c) and (2.1d) relate vorticity to velocity. 

Characteristic lengths in the two coordinate directions, Lx  and Ly ,  and a 

characteristic velocity U are chosen for the purpose of nondimeasionalizing the 

flow variables as follows: 

_  *  „  _  y  - 1  y  J .  t u  
X r ' T r  T ' — ~r ' L x  Ly  r  h x  L x  

«— — v — 1 — _ & L7  

(2.4) 

W rU'  U '  

where r = yr-. In case of the spatial model the scales are 
Lx 

U = UT ,  L x  = ¥ f ,  L 9  = S 2 o ,  (2.5) 
Pf  

with UT  denoting the dimensional free-stream velocity at the upper (fast-stream) 

side of the mixing layer, j3f the dimensional circular frequency of the fundamental 

forcing disturbance, and 6i0 the dimensional momentum thickness of the undis

turbed base flow at the inflow boundary. 

The temporal model requires different scales. They are 

U = U T ,  

Lx  = 1 /&f, 
(2-6) 

Ly = ^20 (Blasius), 

Ly = 5W(j/2 (tanh), 

with &} denoting the dimensional wave number of the fundamental forcing distur

bance derived from the inviscid linear stability theory, and <*20 and SUo denoting the 
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dimensional initial momentum thickness and vorticity thickness of the undisturbed 

flows respectively. Recall that for the tanh mixing layer SWQ = 4^20 (Monkewitz 

&; Huerre 1982). 

Equations (2.1b-d) axe employed as the basic set of equations for both the 

undisturbed and the disturbed flow computation. The continuity equation (2.1a) 

and the definition of vorticity, 

u  = ~(r 2 v x  -  u y ), (2.7) 

serve as means to determine the numerical quality of the simulations. 

For the undisturbed temporal flows equation (2.1b) reduces to the linear dif

fusion equation 

uit — ~^UJyy = (2.8a) 

equation (2.1c) to 

U y y  =  U y ,  (2.8b) 

and equations (2.1c) and (2. Id) are identically satisfied. For convenience, however, 

these equations are not used. 
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2.2 Coordinate System and Integration Domain 

The integration domain considered is the rectangular plane ABCD (Fig. 2) with 

the ^-coordinate into the streamwise and the y-coordinate into the transverse 

direction. The origin of the transverse coordinate is chosen to coincide with the 

inflexion point IP of the inflow u-velocity profile in case of the spatial model, and 

with the initial inflexion point in case of the temporal model. 

The integration domain extends over 

xo < ® < X N  — X Q  + nAo, 
(2.9) 

-mi = yo <  y  <  VM =  + m 2 ,  

with the parameters n,mi, and m<2 defining its size. The wave length Ao is chosen 

to be the initial nondimensional wave length of the fundamental forcing distur

bance wave according to the inviscid linear stability theory. 

In case of the spatial model the Reynolds number based on the local dimen

sional momentum thickness 6% of the free Blasius shear layer, 

ReS i{ x) = Ut8^x\ (2.10) 

defines the inflow location X Q  of the integration domain by prescribing an inflow 

Res^xo) ,  UT ,  and  v .  

C'D' is the propagating outflow boundary for the spatial computations of the 

disturbed flow. 
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2.3 Boundary and Initial Conditions for the Undisturbed Flows 

2.3.1 Spatial Model 

The velocity and vorticity profiles of the undisturbed, steady planar laminar free 

shear layer develop in the streamwise dimension in a self-similar fashion and can 

be modeled by the Blasius velocity and vorticity profiles, a similarity solution of 

the boundary layer equations (White 1974). In case of the Reynolds number being 

laid down in this work, Pruett demonstrated that the boundary layer assumption 

holds, and thus the undisturbed flow yields profiles in excellent agreement with 

the similarity solution. 

2.3.1.1 Boundary Conditions 

Inflow AB 

Let UBi ( X , y ), V B I ( X ,  y ) ,  and U >B I (X ,  y )  denote the velocity components and the 

vorticity of the free shear layer according to the self-similar Blasius solution re

spectively. Then the inflow boundary conditions are 

u(x 0 , y , t )  = uB i(x0 ,y),  

v(x 0 , y , t )  =  v B i ( x 0 , y ) ,  (2.11) 

w(so,y,f) =WBj(®o,y),  

where «bi, V B I ,  and u>bj axe obtained by a shooting method described by Pruett. 

Outflow CD 

At the outflow boundary, soft boundary conditions are desired, which induce min

imal upstream influence on the flow. The conditions chosen are 

U X X  (xN,y , t )  =  v x x (xN,y , T ) = U xx( X N ,  y , t )  =  0, (2.12) 

which render the Navier-Stokes equations parabolic at the outflow boundary. 



20 

Lower Boundary AC and Upper Boundary BD 

(2.13b) 

(2.13a) 

w(®,yo,<) = = 0. (2.13c) 

Conditions (2.13a) match the mixing layer to the free-streams at the transverse 

boundaries. Condition (2.13b) guarantees the conservation of mass, while condi

tion (2.13c) reflects the observation that vorticity is confined to a narrow region 

of high shear. 

An auxiliary condition for the v-velocity, chosen to be 

has to be imposed for uniqueness as was pointed out by Pruett. It locks the 

inflexion point of the u-velocity profile at all streamwise-x locations on the x-axis. 

This choice is somewhat arbitrary. Lock (1951) emphasized that a condition 

such as (2.14) has to be imposed on the self-similar, semi-infinite free shear layer, 

unless the streamlines axe specified far away from the region of high sheax e.g., by 

the walls of a wind tunnel. Klemp & Arcivos (1972) suggested that the leading 

edge of the sheax layer is to be examined. For there are neither a splitter plate 

included into the integration domain nor any wind tunnel nor Dirichlet boundary 

conditions at the outflow boundary, condition (2.14) appears to be a reasonable 

choice. 

v(x ,0 , t )  =  0, (2.14) 
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2.3.1.2 Initial Conditions 

The approximate steady-state solution for the undisturbed base flow is obtained 

by artificially advancing the time, beginning the computation with an initialized 

flow field, which is the Blasius solution everywhere in the integration domain. 

2.3.2 Temporal Model 

The base flows of the tempered model are flows parallel to the x-axis and indepen

dent of the streamwise x-coordinate i.e., 

v(x ,y , t )  =  0. (2.15) 

The following boundary and initial conditions axe defined for the u-velocity and 

the vorticity: 

2.3.2.1 Boundary Conditions 

Inflow AB and Outflow CD 

«(®o , y , t )  =  u(xN,y , t ) ,  
(2.16) 

w(®o , y , t )  =  uj (xN,y , t ) .  

Lower Boundary AC and Upper Boundary BD 

«(®,yo ,0  =  1 > u (x ,y M , t )  -  J J ?-, 

w(x,yo,t) = w(a= 0. 
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2.3.2.2 Initial Conditions 

The temporal development of two different base flows is under investigation. The 

temporal hyperbolic-tangens mixing layer is initialized with 

u(x ,y , t 0 )  = tanh(y), 

>^o) =  Oj (2.18) 

<o(x,y,i0) = —Apr, 
cosh (y) 

and the temporal Blasius mixing layer with 

u(x ,y , t 0 )  =  u B i ( x 0 , y ) ,  

v (x ,y , t 0 )  =  0 ,  (2.19) 

/ . s du .Bi{xQ,y)  t f ( x , y , t 0 )  =  ^  

where U B I  is obtained as in case of the spatial model. 

2.4 Boundary and Initial Conditions for the Disturbed Flows 

The disturbed flow problems require boundary conditions different from those for 

the undisturbed flows. 

2.4.1 Spatial Model 

The spatial model considers an initially steady-state miving layer developing into 

the downstream direction. It is forced time-periodically at the inflow boundary 

producing time and space-dependent instability waves traveling into the down

stream direction. 
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2.4.1.1 Boundary Conditions 

Inflow AB 

The time-dependent forcing is accomplished by superposing a small periodic dis

turbance ,  denoted  by  i t ' ,  v ' ,  and  u ' ,  on  the  base  f low,  deno ted  by  U O ,  V Q ,  and  U>o,  

at the inflow boundary. The inflow boundary conditions are 

u(x 0 , y , t )  =uo(a:o) y) + r(*) [F u ' f (y , t )  +  S  u ' a {y , t ) ]  ,  

v (x 0 j y t t )  =  v 0 (x Q , y )  +  r( t )  [F  v ' f (y , t )  +  S  v ' a (y , t ) ]  , (2.20) 

=w0(x0 ,y)+ K f) [-F w/(y,<) + 5 f  «i(y»*)] ,  

where r ( t )  denotes a ramp function allowing for a smooth start-up of the distur

bance input. It is defined as 
(  0 t 0  <t<t i  

r(t) =  < sin2 *i < t < <2 (2.21) 
I 1 <2 < i, 

where the ramp time T = t-i —1\ is specified. The parameters F and S control 

the amplitudes of the fundamental and the subhaimonic forcing disturbances. 

The distrubance functions are obtained by solving the spatial linear Rayleigh 

eigenvalue problem for the Blasius mixing layer by a method which is derived from 

Michalke (1965) and described by Pruett. The fundamental and subharmonic 

u'-disturbance velocities axe 

" / ( f '* )  =  R e a l  {uRay f (y )  ,  
(2.22) 

u ' 9 (y , t )  =  Real  |uKa», (y )  e ^ - ^}  ,  

where /?/ and /3S axe the real fundamental and subharmonic frequencies respec

tively. tpo specifies an initial forcing phase-shift. Similar equations exist for the 

other disturbance functions v' and u>'. URay, VRay, and u>Ray denote the complex 

Rayleigh eigenfunctions. They axe normalized such that the maximum norm of 

URay equals unity, and the phase of the disturbance stream function equals zero 

at the inflexion point y = 0. 
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Lower Boundary AC and Upper Boundary BD 

Inviscid linear stability theory predicts that small instability waves decay expo

nentially in the regions away from the region of high shear. On ground of this 

theoretical result, the following conditions at the lower and upper boundaries are 

formulated for the w-velocity: 

ar is chosen to be the wavenumber of the fundamental forcing disturbance. It fits 

exactly only at the inflow boundary for the fundamental disturbance. Nevertheless, 

if the transverse extent of the integration domain is chosen sufficiently large, the 

influence of the choise of ar on the development of the shear layer is minor, even 

hardly noticeable in the region of high shear. 

The continuity equation (2.1a) is incorporated into the boundary conditions 

for the u-velocity: 

Experimental observations showed that in disturbed mixing layers the vor-

ticity is concentrated in the region of high shear and decays rapidly in the outer 

regions. This justifies the following boundary conditions for the vorticity: 

(2.23) 

v y (x ,y 0 , t )  =  —u x (x ,yo , t ) ,  

v y (x ,y M , t )  =  -u x (x ,yM, t )  
(2.24) 

u(x ,yo , t ) = a}(x ,y M , t )  =  0. (2.25) 
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Outflow Boundary C'D' 

Instability waves in free shear layers axe characterized by initially very large am

plification rates and highly nonlinear interactions between waves and base flow, 

and between the wave components themselves. For this reason severe difficulties 

arise, when outflow boundary conditions are to be designed, which guarantee for 

all wave components to pass the boundary without significant upstream influence 

or even reflexions (Pruett 1986). 

A propagating boundary C'D' (Fig. 2) moving ahead of the leading edge of 

the disturbance with an adjustable downstream velocity can minimize undesired 

upstream influence. This boundary moves into the streamwise-a; direction until it 

reaches the outflow boundary CD of the integration domain of the undisturbed 

flow. Then the computation terminates. Let XB be the instantaneous position of 

the propagating boundary, and the boundary conditions be 

u(x B , y , t) = u 0 (x B , y ) ,  

v (x B ,  y ,  t )  =  vo(x B ,  y ) ,  (2.26) 

w(®s,y,t) = w0(xB,y)-

2.4.1.2 Initial Conditions 

The flow field is initialized to the approximate steady-state solution for the base 

flow. 

2.4.2 Temporal Model 

While the spatial mixing layer is disturbed by time-periodic forcing at a fixed 

location in space, the inflow boundary, is the temporal mixing layer disturbed by 

space-periodic forcing at an initial instant of time everywhere in the flow field. 
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2.4.2.1 Initial Conditions 

The initial condition is obtained by superposition of the undisturbed parallel base 

flow, denoted by «o, VQ, OJQ, with uo = 0, and a small forcing disturbance periodic 

in the streamwise-x direction denoted by u', v', and u': 

u(x ,y , to)  =  u 0 (x ,y , t 0 )  +  F u ' f (x ,y )  +  S  u ' 9 (x ,y ) ,  

v (x ,y , t 0 )  =  v 0 (x ,y , t 0 )  +  F v ' f (x ,y )  +  S  v ' a (x ,y ) ,  (2.27) 

w(®,y , io)  =  u 0 (x ,y , t 0 )  +  F u ' f (x ,y )  +  S  u>' s (x ,y ) ,  

where the parameters F and S control the amplitudes of the fundamental and the 

subharmonic forcing disturbances. 

The initial disturbance functions are obtained by solving the temporal lin

ear Rayleigh eigenvalue problem for the initial base flow profile (Michalke 1964, 

Pruett). The fundamental and subharmonic u'-disturbance velocities are 

= Real { u Rav f (y) e , ( V o + a f X )  \  , 
, (2.28) 

u ' ,(x,y) = Real {"fl<»9.(y) e , ( + a ' I ) | ,  

where a/ and a3 are the real fundamental and subharmonic wave numbers respec

tively. tpo specifies a forcing phase-shift. Similar equations exist for the other dis

turbance functions v' and ui'. URay, VRay, and uiRay denote the complex Rayleigh 

eigenfunctions. They are normalized as for the spatial model. 
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2.4.2.2 Boundary Conditions 

Inflow Boundary AB and Outflow Boundary CD 

The temporal model delivers a flow periodic in the streamwise-x direction, hence, 

periodicity conditions have to be imposed on the streamwise boundaries: 

"(so  ,V , t )  =  u(x N , y , t ) ,  

v (x 0 ,  y ,  t ) = V(XN,  y ,  t ) ,  (2.29) 

w(x0,y,i) = u(x N , y , t ) .  

Lower Boundary AC and Upper Boundary BD 

The same transverse boundary conditions for the u-velocity and the vorticity hold 

for the spatial and the temporal model: 

Q 
Q-  {"(®,yo ,  t )  -u 0 (x ,y 0 )}  =  —a f r  {u(x ,y 0 , t )  -  u 0 (x ,y 0 )} ,  

q (2-30) 
gj j  {u(x ,y M , t )  -  u 0 (x ,y M )}  =  +<*fr  {u(x ,y M , t -  u Q (x ,y M )}  ,  

u ( x , y o , t )  =  < x > ( x , y M , t )  =  0 ,  (2.31) 

where a/ is the wavenumber of the fundamental forcing disturbance. 

Unfortunately, Neumann boundary conditions (2.24) for the u-velocity cannot 

be applied to the temporal model, for the v- velocity would not be uniquely defined 

due to the periodicity conditions (2.29) at the streamwise boundaries (see appendix 

for more detail). Instead, conditions similar to equations (2.30) are chosen. Taking 

into account a parallel undisturbed flow with vo(x, y) = 0, the boundary conditions 

for the u-velocity are 

v y (x ,y 0 , i )  = -o/r v(x ,y 0 , t ) ,  
(2.32) 

V y ( x , y \ f , t )  =  + a / r  v ( x , y M , t ) -

Thus conservation of mass is not enforced at the transverse boundaries, but ex

amined throughout the numerical simulations. 
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CHAPTER 3 

NUMERICAL METHOD 

The current chapter briefly reviews the numerical method by which approximate 

(numerical) solutions are obtained for the temporal and the spatial models. The 

original code developed by Pruett (1986) for computations of 3D forced spatial 

mixing layers was modified for the 2D temporal and spatial simulations. Not 

taking into account differences in the boundary conditions, the numerical method 

is the same for computing the undisturbed base flows and the disturbed flows of 

the temporal and the spatial models. 

The rectangular integration domain is discretized in the streamwise-x and 

the  t ransverse-y  d imens ion  in to  N and M equal ly  spaced  in terva ls  of  length  Ax 

and Ay respectively (Fig. 3). Let n and m denote grid point indices such that 

xn=xo+nAx for n = 0,1,... ,iV, 
(3.33) 

y m = y o + mAy for m — 0,1,..., M .  

Time is advanced by constant time increment At  with I  denoting the time index 

(time step): 

ti = t0 + lAt for 1 =  0 ,1 , . . .  (3.34) 

Let adopt the convention 

um,n = u(.xmymitl) (3.35) 

with similar conventions holding for the transverse v-velocity and the vorticity u>. 

Central finite differences of second order are employed to approximate the 

spatial derivatives, for example 

^  + 0(Ax 2 ) ,  
(3.36) 

«al,n = um'n+\zm'n-x +0iAx>) ,  

»«lL.n = + O(Ax'). 
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Time is advanced by a combination of an ADI scheme for the linear diffusion 

terms of the vorticity equation (2.1b) and an explicit Adams-Bashforth scheme of 

second order for the nonlinear convection terms (first-order Euler for the first time 

step). At each half-time step the velocity Poisson equations (2.1c) and (2.1d) have 

to be solved. For the spatial model this is accomplished by approximate factoriza

tion (Ballhaus, Jameson & Albert 1978). in case of the temporal model, however, 

the Poisson equations are solved directly by making use of highly vectorized LIN-

PACK routines (Dongarra et al.) for band matrices (Cholesky decomposition). 

These routines allow a significant reduction of computation time, but cannot be 

employed for the spatial case due to a larger integration domain and excessive 

storage size required. 
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UNDISTURBED FLOWS 

Undisturbed flows (base flows) of the spatial model and the temporal model are 

examined. Differences in their natures are outlined, and primarily spreading rates 

compared. 

4.1 Principle Differences 

Fundamental differences exist between the temporal and the spatial base flows. 

The spatial base flow is an approximate steady-state solution of a sheax layer 

developing  in  space ,  i . e . ,  ve loc i ty  and  vor t ic i ty  prof i les  do  not  depend on  t ime t  

but on the streamwisd-a: coordinate, giving rise to a transverse velocity compo

nent. The temporal base flows, however, are time-dependent and do not depend 

on the streamwise-x coordinate. Therefore the transverse velocity component is 

either a constant or zero (in this work). Unless the ratio of the free-stream veloc

ities is small, there exists no Galilean transformation between the spatial and the 

temporal models. 

With the boundary conditions (2.17) imposed, the temporal mixing layer will 

finally approach the steady plane Couette flow with a linear u-velocity profile 

and constant vorticity across the computational domain. Due to the decoupled 

equations (2.8) and the boundary conditions (2.17) vorticity finally assumes a 

wrong value (u> = 0) for t —> oo. However, the time period of interest in this work 

is suflBciently short. Vorticity has not difFused close to the transverse boundaries 

when the computations terminated at time step I = 1280 (fig. 4), and the temporal 

base flows are far from having developed into a Couette flow. Thus boundary 

conditions (2.17) are justified. 
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4.2 Flow Parameters 

Three undisturbed mixing layers have been chosen as base flows for the disturbed-

flow computations. One mixing layer (SBL) with Blasius profiles as inflow bound

ary conditions (2.11) represents the spatial model and two mixing layers the tem

poral model. One mixing layer (TBL) develops from the initial conditions (2.19) 

with an asymmetric u-velocity profile derived from the Blasius similarity solution, 

the other (TTH) from conditions (2.18) with the antisymmetric hyperbolic-tangens 

u-velocity profile. 

The SBL-layer, an approximate steady-state numerical solution, was obtained 

by artificially advancing in time until the maximal residue eu of the discretized 

vorticity transport equation (2.1b) was eu < 10-8. This residue is equivalent to a 

maximal u-velocity difference e„ between two consequtive time steps of £„ < 10-6. 

The parameters for the undisturbed-flow computations are listed in table 1 

below. 

Table 1: Parameters for the undisturbed flow computations. 

Res2 
UB 

Ut 
UT 

i f ]  

yo VM Ay Ax At  Lx r 

SBL 185.6 0.181 2.1 -48 +48 0.250 0.24073 0.049087 0.011612 0.11417 

TBL 185.6 0.181 2.1 -32 +32 0.250 0.19635 0.080496 0.006523 0.20323 

TTH 185.6 -1.0 2.1 -16 +16 0.125 0.19635 0.032358 0.005964 0.44460 

The parameters for the SBL-layer and the TBL-layer are equivalent to those of 

Pruett's investigations. They were chosen to be close to the experiment by Mik-

sad (1972). The free-stream velocity ratio UB/UT of the TTH-layer has been 

altered to a value common in literature for hyperbolic-tangens profiles. The com

putational grids have smaller step sizes than Pruett's. They will be discussed in 

chapter 5. 
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4.3 Flow Development 

The spatial and temporal development of the undisturbed flows can be readily-

compared by means of the momentum thickness, an "energy thickness", and a 

similarity parameter. Thus let define the momentum thickness Si{p) as 

VM 
u (ViP)  ~  UB/UT 

yo 

the "energy thickness" 8$(p)  as 

UB/UT 
yo 

_  u(y ,p) - UB/UT 
1  -  UB/UT 

dy ,  (4.1) 

C , . .X  7«(» ,?)  -  UB/UT L (u{y ,p)  -  U B /U T \  
~ J 1 -UB/UT 1 _  \  I-U B /U T  )  

yo 

dy ,  (4.2) 

and the similarity parameter as 

H ^W)-  (4-s) 

The limits of integration are the lower and the upper boundaries of the integra

tion domain. The variable p is either the streamwise-a; coordinate for the spatial 

model or time t for the temporal model. Recall that the transverse boundaries 

of the integration domain are far away from the region of high shear, thus any 

contribution by integrating from the boundaries to infinity is neglegable. 

The momentum thickness 62, the energy thickness S3, and the similarity pa

rameter #23 of the base flows axe monitored in figure 5. They axe functions of 

the  t ime s tep  ITBL = T/^TBL ( tempora l  model )  and  of  [ (£  — XO)/U] S G L /ATTBL 

(spatial model), (x — 5o) is the dimensional downstream distance from the inflow 

boundary, U = \{UT + UB) the dimensional average velocity of the mixing layer, 

which is the observed approximate downstream velocity of large-scale structures 

in a disturbed mixing layer, t the dimensional time, and Athe dimensional 

time-step size of the TBL-computation. 
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What the momentum thickness 82 is concerned there is almost no difference in 

the spreading rates between the temporal mixing layers. Note that the spreading of 

the TTH-layer is independent of the free-stream velocity difference ~U. This can 

be derived from the diffusion equation (2.8a). The temporal amplification rates 

of small disturbances in a tanh mixing layer, however, scale with ~U (Monkewitz 

& Huerre 1982). ~U for the TTH-layer is larger than for the TBL-layer, thus 

in the disturbed TTH-layer any disturbance develops faster. Therefore the time 

interval for the computation of the TTH-layer is shorter. 

The difference in profile shape between the two temporal mixing layers is 

better reveiled by the "energy thickness" 83 in figure 5b and the similarity param

eter H23 in figure 5. The "energy thickness" of the TTH-layer is slightly larger. 

H23 of the TTH-layer retains the constant value of H23 = 2/3, which is the exact 

value for antisymmetric velocity profiles. Any diviation from this value can be 

regarded as a measure for asymmetry. For the TBL-layer, H 23 approaches as

symptotically H23 = 2/3, i.e., with time increasing the TBL-layer profiles loose 

their asymmetric character. However, within the time interval of interest a slight 

asymmetry is retained, which will be shown to be responsible for dispersion of 

instability waves. 

The spatial mixing layer (SBL) experiences a slightly larger spreading rate 

as the TBL-layer. The similarity parameter H23 is almost constant. It deviates 

the most near the left boundary due to slight inconsistencies of the Dirichlet-type 

inflow boundary conditions, and it approaches a finite value further downstream. 

This behavior gives evidence to the self-similar character of the spatial mixing 

layer. 

Summarizing the results, it can be concluded that on comparable time-space 

scales the spreading behaviors of the undisturbed spatial and temporal mixing lay-
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ers are similar. Temporal shear layers, however, gradually become antisymmetric 

and thus nondispersive. 
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DISTURBED FLOWS: CODE VERIFICATION 

Numerical simulations of physical phenomena based on mathematical nonlinear 

equations such as the Navier-Stokes equations do only approximate actual physics. 

The finiteness of the computational domain, numerical boundary conditions, dis

cretization and round-off errors play a decisive role in numerical simulations and 

determine their quality. 

This chapter is to give an answer on the question of quality and reliabil

ity of the numerical results of the disturbed-flow computations. Conservation of 

mass (2.1a) and the definiton of vorticity (2.7) axe examined, and grid refinement 

is discussed. Finally in case of the spatial model, it is investigated as to how far 

downstream from the inflow boundary periodically disturbed flows can be consid

ered periodic in time. This important question concerns the reliability of Fourier 

mode analysis, the upstream influence of the leading edge of the disturbance wave, 

and the effect of vorticity being carried towards the transverse boundaries where 

zero-vorticity boudary conditions (2.25) have been imposed. 

But first let the parameters of the mixing layers under investigation be intro

duced. 
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5.1 Flow Parameters 

In order to investigate disturbed mixing layers, the base flows described in the pre

vious chapter were forced. This was accomplished by means of superposition with 

a small space-periodic disturbance at an initial instance of time everywhere in the 

computational domain (temporal model), or by superposition with a small time-

periodic disturbance at the inflow boundary (spatial model). See equations (2.20) 

and (2.27) for details. Several cases have been under investigation: monochro

matic fundamental forcing, monochromatic subharmonic forcing, and bichromatic 

fundamental-subharmonic forcing at different forcing phase-shifts (fo. The forcing 

phase-shift is defined by equation (2.22) for the spatial and by equation (2.28) for 

the temporal model. 

In this work, fundamental forcing is considered as forcing the mixing layer at 

a frequency /?/ (wave number a/ for the temporal model) close to the one of the 

most amplified disturbance according to the inviscid linear stability theory, and 

subhaxmonic forcing is forcing at a frequency f5a = /3//2 (wave number a3 = a//2). 

Refer figure 6. 

Ho & Huang (1982) found in experiment that at fundamental forcing the re

sponse frequency /3r equals the forcing frequency /?/. Subharmonic forcing yielded 

a response frequency /?r of either the forcing frequency or of its first harmonic 

which is the fundamental frequency /?/ = 2/?s. Hysteresis was observed between 

these two stages. In the numerical simulations of this work the response frequency 

equals the forcing frequency in case of monochromatic forcing. In case of bichro

matic forcing with a subharmonic and a fundamental disturbance the response 

frequency equaled the fundamental frequency. 

The flow parameters for the disturbed flows are the same as for the undis

turbed flows (table 1). Additional forcing parameters are listed in table 2 below. 
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Table 2: Forcing parameters for the disturbed flow computations. 

F 5 <Po 

SBL: x n  — xo= 24Aq, Pf  — 1 

SBL1 0.001 0.0 0.0 

SBL2 0.0 0.001 0.0 

SBL3 0.001 0.001 0.0 

SBL4 0.001 0.001 I.OTT 

TBL: x n  — xq  — 2Aq,  a f  =  1 

TBL1 0.001 0.0 0.0 

TBL2 0.0 0.0001 0.0 

TBL3 0.001 0.0001 0.0 

TBL4 p.ooi 0.0001 0.57t 

TBL5 0.001 0.0001 0.97r 

TBL6 0.001 0.0001 1.07t 

TTH: Xn ~ XQ = 2Aq, = 1 

TTH1 0.001 0.0 0.0 

TTH2 0.0 0.0001 0.0 

TTH3 0.001 0.0001 0.0 

TTH4 0.001 0.0001 0.5tt 

TTH5 0.001 0.0001 0.8tt 

TTH6 0.001 0.0001 1.07t 

For the spatial and the temporal runs the grid resolution in the transverse-?/ 

direction was 4 mesh points per initial momentum thickness ^20. In the streamwise-

x direction the resolution was 32 mesh points per fundamental wave length Ao for 

the temporal runs, and 16 mesh points for the spatial runs. The time-step size was 

chosen such that 128 steps add up to one time-period of the fundamental forcing 

disturbance according to the inviscid linear stability theory in the SBL-layer and 

the TBL-layer. An equivalent time step was chose for the TTH-layer simulations. 
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The spatial runs SBL1-4 were joined by run SBL5 computed on a grid with 

a finer resolution in the streamwise-a: direction and a larger transverse extend of 

the computational domain: 

SBL5 :  yo  = —64, yM = +64, Ax = 0.12036 

Otherwise run SBL5 is equivalent to run SBL1. 

5.2 Conservation of Mass and the Definition of Vorticity 

The velocity divergence D and the vorticity residue R axe defined as 

D = u x  + v y ,  (5.4) 

R = U !  + (r 2 v x  — U y ) .  (5.5) 

Conservation of mass is exactly satisfied if D = 0, and the definition of vorticity 

if R = 0. 

In behalf of the spatial runs, figure 7 gives an account of the velocity diver

gence D and the vorticity residue R for run SBL4 in the subdomain 

x0 < a: < x0 + 10Ao, —32 < y  < 4-32. 

at time step 1=1536, which includes the range from the inflow boundary to beyond 

the location where the first vortex merging happens. There is a divergence inflow 

spike (Fig. 7a) of the order of 0.5% with respect to the largest streamwise u veloc

ity gradient in the subdomain due to inconsistencies between the inflow boundary 

conditions obtained by interpolating from the highly refined grid for the Blasius 

profile calculation to the coarse computational grid of the numerical simulations, 

and the coarse-grid discrete divergence operator. Note that the inflow inconsisten

cies appear to affect the mixing layer within only half a wave length, and disappear 
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rapidly with increasing downstream distance from the inflow boundary. As Pru-

ett pointed out, this behavior is in agreement with the maximum principle for 

Laplace's equations which holds for the velocity divergence and states that the 

largest value of the velocity divergence is located on the boundaries. Recall that 

mass conservation is enforced at the transverse boundaries. 

The vorticity residue R appears to increase with the streamwise-x coordinate 

where the upstream influence of the leading edge of the disturbance becomes more 

pronounced. The residue R is also large, where vortex merging happens and large 

strain rates are achieved in the flow. The maximum vorticity residue assumes a 

value of the order of 5% with respect to the largest vorticity in the subdomain. 

Velocity divergence and vorticity residue can easily be reduced by grid refinement. 

The temporal model does not enforce conservation of mass on the boundaries. 

Consequently the velocity divergence does not vanish on the transverse bound

ar ie s .  F igure  8  presen t s  t he  ve loc i ty  d ive rgence  D and  the  vor t i c i ty  r e s idue  R 

for run TBL3 within the whole computational domain at time step I = 1280. At 

this time vortex merging has already happened, and the subharmonic wave com

ponent dominates recognizably the fundamental. The maximal divergence is of 

the order of 4% with respect to the largest streainwise velocity gradient. It can 

be significantly reduced by enlarging the transverse extent of the computational 

domain. When vortex merging is suppressed (run TTH6), the maximal velocity 

divergence D reduces to the order of 0.1%. 

In case of the temporal model the maximal vorticity residue R is of the order 

of 5% and of only 1% when vortex merging is suppressed (rund TTH6), i.e., no 

large strain rates are produced. 

From computational experiments and experience with boundary layer simula

tions it can be concluded that conservation of mass and the definition of vorticity 
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are satisfied to a sufficient degree (Rist & Konzelmann 1988, Universitat Stuttgart, 

private communication). 

5.3 Grid Refinement 

Numerical simulations of spatially developing flat-plate boundary layers (Fa-

sel 1974) and spatially developing plane Poiseuille flows (Bestek 1980) have clearly 

documented that the choices of the mesh size of the computational grid and of the 

time-step size At can exercise significant influence on the rates at which instability 

waves grow. Coarse grids which do resolve the disturbances insufficiently yield in

accurate spatial amplification rates — a,-. Small wave lengths require smaller mesh 

sizes than larger wave lengths. 

The primary interest of this work is the nonlinear interaction of a fundamental 

disturbance with its subharmonic. Since the wave length of the fundamental is 

shorter than that of the subharmonic, it is sufficient to compare fundamental 

growth rates obtained by numerical simulations with those predicted by the linear 

stability theory. The subharmonic growth rate will agree even better with the 

linear stability theory. 

In this section the fundamental spatial amplification rates — a,- computed for 

the runs SBL1 and SBL5 are compared among themselves, with the viscous linear 

stability theory, and with the value obtained by Pruett (1986) for the linear regime. 

Furthermore, fundamental phase velocities are compared. 

First, let state the definitions of some flow quantities used below for the 

purpose of comparison. The energy e of a disturbance wave component is defined 

as 

with p being either the streamwise-x coordinate (spatial model) or time t  (temporal 

(5.6) 
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model). According to linear stability mode analysis of paxallel flows the stream 

function of an instability wave *fr(x,y,t) can locally be described by 

*(®,y,<) = S(y) 

In the spatial model /? is real and a is complex, thus —a,- is the spatial amplification 

rate or growth rate. In the temporal model (3 is complex and a is real, thus +/?i is 

the temporal growth rate. Following linear stability theory, the growth rate g is 

defined as 

(s-7) 

For the spatial model g(x)  =  — a,- is the spatial growth rate, and for the temporal 

model g(t) = /?; the temporal growth rate. The phase velocity cr is defined as 

<=-(?) = I ̂  <spatial rdeli'n (5.8) 
[  Pr /a  (temporal model). v ' 

For the spatial model the real part of the complex wave a is computed from 

ar(a:) = (5.9) 

and in the temporal model the real part of the complex circular frequency (3  is 

computed from 
aa 

Pr( t )  = (5.10) 

where 0 is the phase of the stream function at the location of the inflexion point 

of the u-velocity profiles of the undisturbed base flow. 

The choice of this location is motivated by observations of the TTH-layer, 

which reveiled that prior to vortex merging the fundamental and the subharmonic 

change their transverse phase distribution of the stream function without affecting 

the phase at the inflexion point. Phases do not differ much if measured at the locus 
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of the average free-stream velocity, or on the x-axis since these locations stay close 

to each other. 

Phases and amplitudes of the wave components can be obtained by Fourier 

analysis o f  t h e  f l o w  q u a n t i t i e s ,  w h i c h  a x e  c o n s i d e r e d  p e r i o d i c  f u n c t i o n s  o f  t i m e  t  

(spatial model) or the streamwise-x coordinate (temporal model). In order to 

resolve a subharmonic wave component, an interval of analysis must include at 

least two periods of the fundamental component (one period of the subharmonic 

component). In the discussions below concerning the spatial model, a time interval 

is named after the time step at the end of the interval. Interval 1536, for example 

denotes the time interval between time step 1280 and time step 1536. 

Pruett used a grid with the same step size Ax and twice the step size A y  as 

chosen for run SBL1. Furthermore, his time step At was twice as large as for the 

spatial runs of this work. In the linear regime close to the inflow boundary he found 

an approximate fundamental growth rate of —ai(Ly/Lx) = 0.056. Run SBL1 

resulted in —ai(Ly/Lx) = 0.0635 (Fig. 9a) compared to 0.0591 computed after 

the viscous linear stability theory. Further grid refinement by halfing the step 

size Ax (run SBL5) improved the spatial growth rate to —ai(Ly/Lx) = 0.0602, 

which is very close to but still larger than the theoretical value. The large step 

size Ax of run SBL1 yielded a slightly lower fundamental phase velocity (Fig. 9b) 

compared to run SBL5. Additional grid refinement has not been carried out. 

The effect of refining the streamwise step size Ax appeares to slightly spead up 

the transitional process, at least at the initial stages of growth of the subharmonic 

before the saturation of the subharmonic. On the coarse grid the fundamental 

grows faster in the linear regime (Fig. 10a) but attains the same saturation level 

thereafter. The subharmonic appears earlier due to the higher "background-noise" 

level represented by the larger discretization error of the coarse grid (Fig. 10b). 
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However, there is no qualitative difference between run SBLl and run SBL5. This 

can be confirmed by comparing the fundamental velocity and vorticity profiles 

of runs SBLl and SBL5 (Fig. 11) at a location approximately l| wave lengths 

downstream of where the fundamental saturates. Therefore the coarse grid of 

run SBLl has been preferred to the refined grid of run SBL5 in order to save 

computation time. 

The temporal computations, however, have been performed on a refined grid 

with 32 mesh points per fundamental wave length. As will be discussed in chap

ter 6, excellent agreement with the linear stability theory has been accomplished 

in the linear regime. 

5.4 Temporal Periodicity of the Spatial Shear Layer 

For the Fourier analysis of the SBL-layer (spatial model) one needs to know down 

to which location the flows can be considered periodic in time. 

Recall that the disturbance amplitude at the inflow boundary is initially in

creased from zero to its final magnitude by the non-periodic ramp function equa

tion (2.21). This start-up causes a leading edge of the disturbance wave which 

contains a non-periodic broad-band frequency spectrum. Certainly, locations still 

under noticeable upstream influence of the leading edge cannot be regarded peri

odic in time. One would like to advance the computational time until this leading 

edge has traveled far downstream, so that its upstream influence on the region 

of interest is neglegable. Unfortunaltely, every vortex merging implies additional 

spreading of the mixing layer, i.e., after every vortex merging vorticity is carried 

closer to the transverse boundaries where zero-vorticity boundary conditions (2.25) 

have been imposed. Vortex merging happens particularly rapidly in the leading 

edge of the disturbance wave due to the broad-band frequency spectrum. Eventu

ally large-scale vortex structures touch the transverse boundaries. This behavior 
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becomes obvious in figure 12, an iso-vorticity contour plot of the disturbed mixing 

layer (run SBL1) at time step I = 2048, 16 periods after initiation of the distur

bance input. It can be clearly discerned, how by vorticity touching the transverse 

boundaries the whole mixing layer is gradually moving towards the lower bound

ary. 

Another consequence of vorticity touching the transverse boundaries seems 

to be a feed of energy into the subharmonic wave component. Figure 13 monitors 

the subharmonic u-velocity profiles of run SBL1 at a location one fundamental 

wave length downstream of the inflow boundary for various time intervals. With 

time advancing the amplitudes increase continuously everywhere across the flow 

field. At time step I = 1536 vortical structures are sufficiently far away from the 

transverse boundaries, and it seems to be reasonable to choose time interval 1536 

for further analyses in order to ensure that no effects of vorticity being carried too 

close to the transverse boundaries can blur the results. 

In behalf of all spatial runs, fundamental and subharmonic u-velocity profiles 

at two streamwise-x locations are presented in figure 14 for various time intervals, 

including some early time intervals. Energy is plotted in figure 15. Down to, say, 

41 wave lengths downstream of the inflow boundary the flow can be considered 

periodic. Further downstream the influence of the leading edge increases, and the 

flow is not yet periodic. However, deviations from a time-periodic state can be 

considered small down to, say, 8 wave lengths downstream of the inflow boundary. 
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DISTURBED FLOWS: TEMPORAL MODEL 

Results of the numerical simulations of the temporal mixing layers (TBL, TTH) 

are discussed. These mixing layers are periodic in the streamwise-x direction, 

forced at an initial instance of time everywhere in the computational domain, and 

they develop in time. It is investigated how a forcing phase-shift cpo influences the 

nonlinear interaction between the fundamental and the subharmonic disturbance. 

The forcing phase-shift ipo is defined by equations (2.28). The energy e, the 

temporal growth rate the phase velocity cr, and the phase 6 axe defined by 

equations (5.3-5) and (5.7). The flow parameters are listed in sections 4.2 and 5.1. 

6.1 Disturbance Growth and Spreading of the Mixing Layers 

Figure 16 presents iso-vorticity contour plots for the temporal Blasius mixing layer 

forced at a forcing phase-shift of <po = 0.57T (rim TBL4). It surveys the typical 

evolution of a mixing layer bichromatically forced with both a fundamental and a 

subharmonic initial disturbance. Almost up to time step I = 384 the fundamental 

grows in the linear regime. Thereafter it grows at smaller rates and eventually 

saturates just before time step / = 640. Vorticity appears to have "rolled-up" 

to distinct vortices ("vortex roll-up"). A subharmonic disturbance of significant 

amplitude has not yet emerged. 

During the saturation of the fundamental the velocity and the vorticity pro

files of the fundamental alter their shapes. Let consider the transverse amplitude 

distribution of the vorticity of the fundamental (Fig. 17). Initially, it is known for 

two distinct relative maxima on either side of the inflexion point (y « 0) of the 

u-velocity profile of the base flow, and a phase jump of almost AO = tt in between. 



46 

Once the fundamental has saturated, the phase jump and the two relative max

ima disappear and the profile evolves into a single-maximum-type profile. When 

the fundamental saturates, the subharmonic profile (Fig. 18) temporarily becomes 

somewhat distorted. 

The evolution of the mixing layer continues with sustained growth of the 

subharmonic, and gradually the relative vorticity maxima (Fig. 16) become dis

placed somewhat into the transverse-?/ direction at time step I = 768. Monke-

witz (1988) suggested that this effect can be explained by wave kinematics—the 

subharmonic amplitude surpasses in magnitude the fundamental amplitude—and 

cannot exclusively be accounted to nonlinear wave interaction. Finally, at about 

time step / = 1152 the subharmonic saturates and vortex merging can be ob

served. Note how the two relative maxima visible at time step I = 1024 (Fig. 16) 

rotate about a common center when time advances. As for the fundamental, the 

two-maxima-type vorticity profile of the subharmonic (Fig. 18) becomes a single-

maximum-type profile when it saturates. Thus clearly not wave kinematics but 

nonlinear interactions between mean flow, subharmonic, and fundamental have to 

be accounted for the latter stage of vortex merging. 

From figures 17 and 18 it becomes evident that vortex merging is accompanied 

by rapid spreading of the mixing layer. But contrary to Ho & Huang (1982) who 

found in experiment that the mixing layer thickness doubles, the temporal model 

results in larger spreading of the mixing layer during vortex merging (Fig. 19). 

Figures 20 and 21 (TBL) offer a more detailed insight into the growth of the 

fundamental and the subharmonic. They suggest to describe the evolution of the 

temporal mixing layers up to including vortex merging in terms of four distinct 

stages. 
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Stage 1 is the initial linear regime with little interaction between the funda

mental and the subharmonic. Up to about time step I = 128 the fundamental 

and the subharmonic grow at rates equal to those predicted by the viscous linear 

stability theory (Fig. 21). 

At stage 2, up to about time step I = 384 the fundamental continues to grow 

according to the linear theory. Nonlinear interaction becomes noticeable for the 

subharmonic in the bichromatically forced mixing layer. At a forcing phase-shift 

of = 0 the subharmonic grows faster than according to linear theory, and slower 

at phase-shifts of cpo > 0.5tt. 

In case of a spatially developing mixing layer Nikitopoulos & Liu (1987) found 

the same dependence of the subharmonic growth rate on the forcing phase-shift for 

the regime prior to the saturation of the fundamental (stage 2). They performed 

an energy integral analysis for various forcing phase-shifts. But their analysis did 

not allow the the phase relation between the fundamental and the subharmonic to 

alter with the streamwise coordinate, because the analysis lacked the inclusion of 

dispersion of instability waves. Furthermore, an energy integral approach requires 

shape assumptions for the profiles of the base flow and the disturbances. Once 

the profiles change in shape in a comparable experiment or numerical simulation, 

the analytical results of such an analysis may become inaccurate. At least there 

is a discrepancy between the following stages of the evolution of the temporal 

mixing layers in the numerical simulations and the results from the energy integral 

analysis. 

At stage 3 (/ < 640) when the fundamental begins to saturate, Nikitopoulos 

& Liu found enhanced subharmonic growth for ipo = ir and reduced subharmonic 

growth for fo = 0. In the numerical simulations, however, the growth of the 
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subharmonic was always reduced independent of the forcing phase-shift. It was 

was even lower for tpo = TT than for ipo = 0 (Fig. 21b). 

Thereafter at stage 4, the subharmonic resumes its growth a rates surprisingly 

close to those predicted by linear theory. It saturates at a level of almost one order 

of magnitude higher than that of the fundamental independent of the forcing 

phase-shift. This is in agreement with Metcalfe et al. (1987) who found that a 

saturated fundamental does not turn off the subharmonic. Evidently, a forcing 

phase-shift temporarily interrupts the growth of the subharmonic and delays the 

second growth of the subharmonic up to the saturation level. The oscillation 

pattern of the energy of the saturated fundamental (Figs. 20a and 21a) is shifted 

by the amount by which the second growth of the subharmonic (Figs. 20b and 21b) 

is delayed. 

As long as the fundamental outweighs the subharmonic, it extracts all of its 

energy from the mean flow and is more or less independent of the energy transfer 

to the subhaxmonic (Nikitopoulos &; Liu). When the subharmonic surpasses the 

fundamental and saturates, interaction between subhaxmonic and fundamental 

becomes more pronounced for the fundamental (Fig. 20), and the evolution of the 

fundamental becomes increasingly dependent on the forcing phase-shift. At this 

stage there is little energy transfer between the fundamental and the mean flow 

(Metcalfe et al. 1987). 

There is no qualitative difference between the evolution of the temporal 

hyperbolic-tangens (TTH) mixing layer (Fig. 22 & 23) and the temporal Blasius 

mixing layer (TBL) except in case of a forcing phase-shift of tpo = 7r. As reported 

by previous authors (Patnaik et al. 1976, Riley h Metcalfe 1980), the tanh-layer 

and the erf-layer experience what is called "vortex shredding" at a forcing phase-

shift of (pQ = TT. These are mixing layers with antisymmetric U-velocity profiles. 
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Unlike in mixing layers with asymmetric profiles, there is no dispersion in the 

linear regime (Tatsumi & Gotoh 1959), i.e., in the linear regime all disturbance 

waves travel with the same phase velocity which is equal to the average free-stream 

velocity U = \{UT + UB)- Thus, unless there is nonlinear interaction, any initial 

phase relation is maintained. 

When the tanh-layer is forced at y>o = IT  the growth of the subharmonic 

comes to a halt at stage 3. Thereafter, at about time step I = 896 the subharmonic 

begins to resume its growth (Fig. 22b), but is eventually turned off and suppressed 

at a level of three orders of magnitude lower than the fundamental. Thus the 

flow appears to develop as in absence of a subharmonic, and vortex merging is 

suppressed and replaced by a "shredding interaction" (Patnaik et al.). 

6.2 Phase Velocity and Phase Relation 

The peculiarities of the evolution of the subharmonic behavior at the stages 3 and 4 

become more obvious in this section. So far it was found that a zero-phase-shift is 

favorable for uninhibited subharmonic growth, while a non-zero-phase-shift delays 

the second growth and saturation of the subharmonic. 

Figures 24 and 25 show the phase velocities c r  of the fundamental and the 

subharmonic in the TBL-layer in the TTH-layer respectively. In figure 26 the 

phase difference Ad between the fundamental and the subharmonic is plotted as 

a function of time step I. Figure 26 documents that a phase adjustment between 

the subharmonic and the fundamental has to be completed (optimal phase-lock) 

before the subharmonic can enter stage 4 where it saturates (compare figure 20a 

with figure 26a). If an optimal phase-lock cannot be achieved (in the TTH-layer 

forced at (fio = 7r), the subharmonic remains suppressed on a low level (of the order 

of 10-3 in the TTH-layer, Fig. 22b). 
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It appears that the subharmonic must be amplified beyond a threshold de

pending on the forcing phase-shift before the stage of phase adjustment (stage 3) 

is entered. Phase adjustment is delayed the more and occurs the more violently 

the larger the forcing phase-shift. Figures 24b and 25b support this observation. 

They also reveil that the phase adjustment is accomplished by the subharmonic 

slowing down and subsequently speeding up, a process which is clearly launched 

at later times for larger forcing phase-shifts. 

Phase adjustment is succeeded by a phase jump of the fundamental in time 

(Fig. 26) which is A9 = w. This phase jump is not restricted to one transverse 

location but can be observed across the whole mixing layer and occurs at the climax 

of vortex merging. No further statements can be made at this point, because the 

observed phase jump has yet to be examined. 

6.3 Dispersion 

Dispersion of instability waves in free shear layers was thought to be unique to 

the spatial model. To the knowledge of the author only shear layers with anti

symmetric w-velocity profiles of the tanh-type or erf-type have been considered for 

temporal analyses and simulations. Instability waves traveling in these shear-layers 

lack the property of dispersion according to the linear stability theory (Tatsumi 

& Gotoh). From figure 25 (TTH-layer) it can be seen that both the fundamental 

and the subharmonic initially travel at the same phase velocity cr = 0 which is the 

average free-stream velocity. But even on small energy levels nonlinear wave inter

actions alter the subharmonic phase velocity and cause temporary wave dispersion 

during the process of phase adjustment; 

The temporal model can take into account dispersion in the linear regime 

by considering mixing layers with asymmetric u-velocity profiles like the Blasius 
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mixing layer profile of the TBL-layer. Though small and different from the spatial 

model, there is dispersion of instability waves in the TBL-layer. While the average 

free-stream velocity is U = 0.5905, the fundamental travels initially at the phase 

velocity cr = 0.6076 and the subharmonic at cr = 0.5972 according to the viscous 

linear stability theory. As in spatial mixing layers, the phase velocities are above 

the average velocity U (Monkewitz & Huerre 1982), but contrary to the spatial 

model the subharmonic does not travel at a larger but at a slower velocity than 

the fundamental. Since the asymmetry of the u-velocity profile smears out, the 

difference between the phase velocities of the fundamental and the subharmonic 

phase velocities decreases (Fig. 24). However, a difference in the phase velocities 

remains. Any initial phase difference A6 due to a forcing phase-shift (po = ir is 

not maintained. Even forcing at anti-phase cannot suppress the subharmonic in 

the long run. Thus vortex merging occurs for all forcing phase-shifts. 

In jet flows (Peterson 1978) and two-dimensional mixing layers (Ho & Huang 

1982) it was experimentally observed that the fundamental and the subharmonic 

must assume the same phase velocity as a prerequisite for vortex merging. While 

Peterson found that vortices merge at locations where the subharmonic becomes 

non-dispersive, found Ho & Huang that the non-dispersivness of the subharmonic 

did not occur at the same location as vortex merging but rather further upstream. 

In the TBL-layer both the fundamental and the subharmonic become non-

dispersive in the sense that their phase velocities assume values close to the average 

free-stream velocity U. First, at about time step I = 512, the fundamental adjusts 

its phase velocity (Fig. 24) when it saturates (Fig. 17). Meanwhiles the subhar

monic adjusts to the fundamental phase and thereafter becomes non-dispersive t: 

not prior to vortex merging but at the same time, in both of the temporal mixing 

layers (Figs. 24b and 25b). 
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The primary effect of dispersion on the evolution of temporal mixing layers 

is that at any forcing phase-shift the subharnxonic can adjust to the fundamental 

phase. Vortex merging occurs always, hence, "vortex shredding" as observed in 

numerical simulations of the temporal erf-layer (Patnaik et al. 1976) and of the 

tanh-layer (Riley & Matcalfe 1980) cannot occur if dispersion is taken into account. 
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DISTURBED FLOWS: SPATIAL MODEL 

Results from the numerical simulations of the spatial mixing layer (SBL) axe dis

cussed. The mixing layer is time-periodically forced at the inflow boundary. The 

dependence of the spatial evolution of the mixing layer on the forcing phase-shift <po 

defined by equation (2.22) is investigated. Furthermore, monochromatic forcing 

with a fundamental disturbance will be briefly discussed, which contrary to the 

temporal model gives rise to an unforced subharmonic disturbance. The energy e, 

the spatial growth rate — a,-, the'phase velocity cr, and the phase 0 are defined by 

equations (5.3-6). The flow parameters are listed in sections 4.2 and 5.1. 

7.1 Monochromatic Fundamental Forcing 

This chapter considers results of run SBL5 (refined grid). The range within almost 

two wave lenghts downstream of the inflow boundary belongs to the linear regime, 

where the fundamental grows exponentially at rates close to those predicted by 

the viscous linear stability theory (Figs. 27a and 28a). 

When the fundamental begins to saturate, an unforced subharmonic distur

bance wave component with a time-modulated amplitude appears (Fig. 27b) . 

Amplitude modulations are caused by excitation of sidebands of the unforced sub

harmonic (Monkewitz 1988). Within the range l| < (x — XQ)/\O < 4 the growth 

rate of the subharmonic fluctuates about a value which is about 75% lower than 

according to the viscous linear stability theory. Further downstream, when the fun

damental has saturated, the subharmonic is suddenly amplified at higher rates fluc

tuating exactly about the theoretical values (Fig. 28b). At about (x — XQ)/\Q > 7 

the subharmonic is sufficiently large for subharmonic-fundamental interaction ca
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pable of exerting noticeable influence on the fundamental. However, this far down

stream care has to be taken when results are interpreted, because there might be a 

slight upstream influence of the leading edge of the disturbance (ref. section 5.4). 

The growth of the subharmonic agrees qualitatively with experimental results 

of a shear layer monochromatically (mode I) forced with a fundamental disturbance 

(Ho & Huang 1982). In Ho's & Huang's experiments the subharmonic (their 

figure 18) also grows at lower rates prior to saturation of the fundamental and at 

larger rates thereafter. As in the numerical simulations of this work the unforced 

subharmonic grows never at larger rates than the fundamental. Miksad (1972), 

instead, found that the subharmonic initially grows faster than the fundamental. 

As in the TBL-layer the saturation of the fundamental is also accompanied 

by an adjustment of the phase velocity of the fundamental (Fig. 29) to the average 

free-stream velocity U = 0.5905 at about (x — XQ)/\O = 3|. 

7.2 Bichromatic Fundamental and Subharmonic Forcing 

7.2.1 General Description and Spreading of the Mixing Layer 

An overview of the evolution of the spatial mixing layer (SBLl-4) is provided by 

f i g u r e  3 0  w h i c h  f e a t u r e s  i s o - v o r t i c i t y  c o n t o u r  l i n e s  i n  t h e  s u b d o m a i n  X Q  <  x  <  

4- 10Ao, —32 < y < +32. Recall from section 5.4 that the forced mixing layer 

can be considered periodic down to (x — XQ)/XQ =5 and almost periodic down to 

about  (x — XQ)/\Q = 8.  

Within the first two wave lengths downstream of the inflow boundary the 

fundamental grows in the linear regime (Figs. 30b-d). Thereafter nonlinear effects 

cause saturation of the fundamental at about (x — XQ)/\Q = 4, and vorticity 

appears as concentrated lumps ("vortex roll-up"). 

Further downstream sustained growth of the subharmonic causes the relative 

vorticity maxima to be gradually displaced into the transverse-y direction. The 
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displacement is perceptible near (x—xo )/Ao = 5 if the shear layer is bichromatically 

forced (Figs. 30c-d), and further downstream if the shear layer is monochromati-

cally forced (Figs. 30a-b). Eventually the saturation of the subharmonic invokes 

vortex merging which occurs in the range about (x — xo)/Ao = 5^ if the mixing 

layer is bichromatically forced (Figs. 30a and 30d). Vortex merging thickens the 

mixing layers and temporarily interrupts the spreading of the mixing layer further 

downstream. 

Figures 31 and 32 present vorticity amplitude profiles of the fundamental and 

the subharmonic in the mixing layer bichromatically forced at <po = r (SBL4). As 

for the temporal model (Figs. 17 and 18), the two distinct relative maxima of the 

vorticity profile of the fundamental disappear, and the profile assumes a single-

maximum shape when the fundamental saturates at about (x —xo)/Ao = 4. In this 

range the vorticity profile of the subharmonic profile is also distorted (Fig. 32). 

After the fundamental has saturated the subharmonic continues to grow and 

saturates. As in the temporal mixing layer the vorticity profile of the subharmonic 

relaxes to the initial two-maxima-type profile at (a: — XO)/\Q = 5, before it eventu

ally becomes a compact single-maximum-type profile. The profile shape, however, 

cannot completely relax before the subharmonic saturates, as in the temporal mix

ing layers investigated in this work, because the spatial mixing layer is forced at 

a higher subharmonic level, and therefore the subharmonic saturates immediately 

after the fundamental. 

Down to the location where the fundamental saturates, the forced spatial mix

ing layer has spread slightly less (Fig. 31) than the forced temporal mixing layer 

at the comparable time step / = 640 (Fig. 17), whereas it is rather the reverse if 

no forcing is applied (Fig. 5a). From here to (x — xo)/Ao = 5| where the sub

harmonic saturates, the momentum thickness 62/6^ of the mixing layer (Fig. 33) 
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approximately doubles before spreading is interrupted. This result agrees with 

experimental measurements (Fig. 25 of Ho & Huang). The temporal model, how

ever, renders a larger growth of the momentum thickness (Fig. 19). Downstream 

of (x — XQ)/XQ =6 the mixing layer continues to spread due to an increasing 

upstream influence of the leading edge of the disturbance wave. 

7.2.2 Disturbance Growth and Phase Relation 

As in the temporal mixing layers the growth of the fundamental is almost unaf

fected by subharmonic interaction in the linear regime (Figs. 34a and 35a). There

after the fundamental saturates on the same level as in the temporal mixing layers 

(Figs. 20a and 21a). 

The effects of a forcing phase-shift (Figs. 34b and 35b) on the subharmonic, 

however, appears to be different from the temporal model (Figs. 20b and 21b). 

In the temporal mixing layers the growth of the subharmonic is temporarily sup

pressed for large forcing phase shifts. In the spatial layer, instead, the growth of 

the subharmonic is first governed by a slight oscillation about the rates predicted 

by the viscous linear stability theory (Fig. 35b), down to about (x — xo)^o = 3. 

Then, in the range 3 < (x — XQ)/\Q < 4| where the fundamental saturates, the 

subharmonic grows at rates larger than in case of monochromatic subharmonic 

forcing . 

In Drubka's study of a turbulent jet (Drubka 1981), Monkewitz (1988) found 

oscillations of the subharmonic growth rate. They appear to be similar to the 

results of run SBL4 (y?o = tt)- He explained this phenomenon with a result of 

his analysis, which predicts such ocillations of the growth rate of the subharmonic 

if the fundamental assumes a certain subcritical amplitude. Once the the funda

mental becomes supercritical, enhanced subharmonic growth begins. 
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Although the critical fundamental amplitude estimated from Drubka's exper

iment appears to be of the same order as the value calculated by Monkewitz, the 

theoretical assumption of a neutral fundamental which is made in the analysis is 

considerably strained, as Monkewitz pointed out, because the fundamental is fax 

from having saturated. In the numerical simulations of this work the fundamen

tal does also not yet saturate. Therefore, a somewhat different scenario for the 

evolution of the subharmonic is suggested. 

For the range where the fundamental grows in the linear regime, the,scenario 

takes into consideration results from the energy integral analysis of Nikitopoulos 

&: Liu (1987). Where the fundamental saturates it refers to Monkewitz. The 

screnario does not  consider  the forcing phase-shif t  but  the local  phase difference AO 

between fundamental and subharmonic (Fig. 36) as the parameter which detemines 

the growth of the subharmonic. 

Let consider forcing at <po = i t  (SBL4) and the range downstream of (x — 

xo)/Ao = away from inflow inconsistencies. Prior to saturation the growth 

rate of the subharmonic oscillates about the values according to the viscous linear 

stability theory (Fig.35b). At about (X — X0)/\Q = i the subharmonic experiences 

sublinear growth, and the local phase difference is still close to Ad = IT (Fig. 36) 

in agreement with Nikitopoulos & Liu. Gradually the phase difference decreases 

and drops below AO = TT/2 at about (a; — XQ)/\Q = l|. Here, in agreement 

with Nikitopoulos &: Liu, the subharmonic becomes superlinear. At about (x — 

zo)/Ao = 3 j the fundamental begins to saturate, and Nikitopoulos' & Liu's results 

fail to describe correctly the relation between phase difference and growth of the 

subharmonic. Instead, Monkewitz's results agree with the subsequent stage, where 

the subharmonic experiences enhanced growth due to a small phase difference 

of AO fa 0.4. Meanwhiles the subharmonic has achieved an optimal phase-lock 
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with the fundamental. Note how the phase difference changes only slightly at 

(x - ®o)/Ao = 4§. 

Now, let consider forcing at ipo = 0. Close to the inflow boundary it re

sults in superlinear growth of the subharmonic. When the phase difference ex-

eeds AD = tt/2 in the range 2 < (x — XQ)/XQ < 3, the growth becomes sublineax 

in agreement with Nikitopoulos & Liu. Further downstream the fundamental be

gins to saturate, and the phase difference reduces to A0 = 0 at (x — a:o)/Ao = 4. 

According to Monkewitz this causes enhanced subharmonic growth. The growth, 

however, cannot be superlinear, since the subharmonic already begins to saturate. 

Nevertheless the subharmonic grows faster than in case of monochromatic subhar

monic forcing. It can be concluded that a forcing phase-shift shifts the oscillation 

pattern of the growth rate of the subharmonic. 

As for the temporal model, vortex merging requires an optimal phase-lock 

of the fundamental and the subharmonic independent of the forcing phase-shift. 

The favorable phase difference (A0 ss 0.4) is accomplished at (x — xa)/\a = 4|. 

Further downstream, in agreement with Monkewitz, the phase relation is the same 

for any forcing phase-shift. Deviations are due to numerical errors. 

7.2.3 Phase Velocity-

Figure 37 presents the phase velocities of the fundamental and the subharmonic. 

Recall from section 5.3 that due to a coarse computational grid the calculated 

phase velocities axe too low and can easily be improved by grid refinement (Fig. 29). 

Within numerical accuracy the fundamental travels according to the viscous 

linear stability theory down to about (x — x0)/\o = 2|. When the fundamental 

saturates, its phase velocity equals the average free-stream velocity U = 0.5905, if 

the mixing layer is monochromatically forced. In case of bichromatic forcing the 
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fundamental would also assume average free-stream velocity, if the subharmonic 

would not yet begin to saturate and launch vortex merging. When vortex merging 

climaxes at (x — xo)/^o = 52 subharmonic has achieved the optimal phase-

lock by slowing down and speeding up (Fig. 37b). Just before the climax of 

vortex merging the phase velocity assumes average free-stream velocity U, i.e., 

the subharmonic becomes non-dispersive. 

In the temporal mixing layers vortex merging is associated with a sudden 

phase jump of the fundamental in time (Figs. 24-26). In the spatial mixing layer, 

however, the phase of the fundamental changes violently yet gradually in the 

streamwise-x direction (Fig. 36) while the fundamental speeds up and slows down 

(Fig. 37). In the range of vortex merging the total streamwise variation of the 

phase difference between fundamental and subharmonic is about x. The same 

amount was observed in the temporal mixing layers. 

In Monkewitz's analysis the streamwise variation of the subharmonic phase 

velocity (his figure 7) is very sensitive to a forcing phase-shift <po- For example 

a minimal change of v?o = 1.0437T to <po = 0.9797T yields a completely different 

streamwise development of the phase velocity of the subharmonic. In the numerical 

simulations the comparable range is 2\ < (x — XQ)/\Q < 5. Forcing, however, 

was applied further upstream. Thus a close comparison of the numerical with the 

analytical results is difficult if not impossible. At a first glance Monkewitz's case of 

V?o = 1.0437T appears to qualitatively agree with the numerical results for ipo = 0 

in the range downstream of (x — :ro)/Ao = 2|, where the numerical simulation 

renders a local phase difference of Ad « ir/2, though. 

In Monkewitz's analysis the phase velocity of the subharmonic approaches 

cr = U as in the numerical simulations when the subharmonic saturates. This 

is remarkable, because he assumed constant profiles for the base flow and the 
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disturbances. In reality, however, these profiles change due to nonlinear effects, 

and one might have expected some qualitative differences between analysis and 

numerical simulations. 

It could not be confirmed that the subharmonic and the fundamental as

sume the same phase velocity at the same location prior to vortex merging (Ho 

& Huang). As was also observed in the temporal model the fundamental rather 

becomes non-dispersive prior to and the subharmonic during vortex merging by 

assuming average free-stream velocity. 
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CHAPTER 8 

CONCLUSIONS 

The temporal and the spatial models of 2D laminar shear layers forced both 

monochromatically and bichromatically were compared. The sheax layers were 

forced with small disturbance amplitudes typical for the linear regime. According 

to both models the presence of a subharmonic disturbance with a smaller ampli

tude than the fundamental has no effect on the growth of the fundamental in the 

linear regime and on its subsequent saturation (vortex roll-up). Unlike in tem

poral shear layers vortex roll-up goes along with the appearance of a (unforced) 

subharmonic. Its amplitude is modulated by sidebands. 

In bichromatically forced shear layers the development of the subharmonic is 

strongly dependent on the forcing phase-shift. According to the temporal model 

large phase differences Ad temporarily limit subharmonic growth. An optimal 

phase-lock Ad = 0 has to be accomplished before the subharmonic can resume its 

growth and lead to vortex merging. In the tanh-layer, which has an antisymmetric 

it-velocity profile, forcing at anti-phase (cpo = tt) prevents phase-lock, and vortex 

merging is replaced by vortex shedding. The initial phase difference, however, 

does change if fundamental and subharmonic initially travel at different phase 

velocities (dispersion) as in temporal shear layers with antisymmetric it-velocity 

profiles. Then even with forcing at anti-phase an optimal phase-lock is always 

achieved and vortex merging cannot be suppressed. 

Contrary to the temporal shear layer, strong dispersion, i.e., a large differ

ence in the phase velocitites of fundamental and subharmonic is characteristic 

for spatial shear layers. The subharmonic immediately adjusts its phase to the 



62 

fundamental, and an optimal phase-lock (AO = 0.4) is always accomplished prior 

to vortex merging. During phase adjustment the growth of the subharmonic is 

determined by the local phase-shift between fundamental and subharmonic. Prior 

to saturation the subharmonic oscillates between superlinear (small phase differ

ences) and sublinear growth (large phase differences). A forcing phase-shift simply 

shifts this oscillation pattern, but cannot persistantly result in either superlinear 

or sublinear growth. Thus vortex shredding as observed in temporal shear layers 

with antisymmetric u-velocity profiles is impossible in spatial shear layers. 

The temporal and the spatial models yield a similar local dependence of the 

growth of the subharmonic on the local phase difference. The global effect of 

a forcing phase-shift on the shear-layer development, however, is different. It is 

weak for spatial and strong for temporal shear layers. This can be explained by 

the unphysical absence of strong dispersion in the temporal model. 
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As noted in section 2.4.2 the Neumann boundary conditions (2.24) do not 

deliver the velocity v taniquely defined for the temporal model due to the periodicity 

conditions (2.29). A more detailed explanation is given below. 

Consider the Poisson equation (2. Id): 

vxx +  ̂ 2Vyy =  (A-l)  

where v and ui  are periodic in the streamwise-x dimension with period 21,  and the 

boundary conditions 

and 
w£n)(yo,<) = -« a «(n)(yo,0> 

"v n ) (yAf ,0  = - i  a u ( n ) (yAf»i) i  

with a = nir / l  for  a l l  wave components  n  6  Z.  

(A.2) 
v y (x ,y 0 , t )  =-u x (x ,y 0 , t ) ,  

Vy{x,VM,t)  = ~u x (x ,yM , t ) .  

Applying Fourier transforms for periodic functions, 

+oo 

u(x,y , t )  = 2>">(y,i) e i a? x ,  
—oo 
+oo 

v(x ,y , t )  = ]Tv(n)(?/,i) e i B^ x ,  (A.3) 
—oo 
+oo 

u(x,y , t )  = J^^ n>(y,<) e i a?- x ,  
—oo 

equations (A.l) and (A.2) become 

_>6(.) + (a.4) 

(A.5) 
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In case of the wave component n = 0, equations (A.4) and (A.5) axe 

ws)(y'<) = °i vi0)(yo,t) = vl0)(ym,t) = o, (a.6) 

with the solution 

v ( 0 \y , t )  = C (A.7) 

for some constant C. Thus, the velocity v is not uniquely defined. 
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