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ABSTRACT 

A numerical method is developed to determine the dynamic behavior of 

delamination and transverse cracks in multilayered plates. The plate is subjected to 

a time dependent antiplane shear stress field which is acting on the plate surfaces. 

The interaction of waves diffracted at the crack tip with those reflected at the 

plate boundaries and transmitted at the material interface makes the problem very 

complicated, so analytical study of this problem cannot be carried out with our 

present state of knowledge; hence the problem is solved numerically. 

The finite element equations are obtained by variational calculus applied 

in the frequincy domain. Thus time intregation schemes axe avoided, but time 

dependent response can still be obtained after inverting the frequency dependent 

response spectra numerically by Fast Fourier Transform (FFT) routine. Another 

advantage of the frequency domain analysis is that the resonance frequency can be 

easily detected from the sharp peaks of the response spectra. 

The numerical difficulty associated with the singular behavior of the stress 

field near the crack tip has been avoided by using quarter point elements. The 

numerical results obtained from this investigation are compared with analytical 

results to verify the accuracy of the method. 
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CHAPTER 1 

INTRODUCTION 

The dynamic response of multilayered solids has been of significant con

cern in many advanced engineering structures and structural components. Modern 

technolgical progress requires continuous expansion of structural material type and 

improvement of thier properties. Demands on materials are often so diverse that 

they cannot be met by any material acting alone. It is frequently necessary to 

combine laminae of different materials into a composite to improve structural ef

ficiency of structural members. Prom the perspective of weight savings, stiffness 

and strength, the recently developed high-modulus, high strength fiber-reinforced 

composite materials are considered to be advantageous in many respect. There

fore dynamic analysis of composite materials have become crucial as composites 

are widely used today. These materials offer new opportunities to updated designs 

and fabrication methods. Modern composites have a wide range of properties with 

many advantages over conventional materials. The increasing interest in laminated 

structural components is mainly due to its low weight with high strength, stiffness 

and toughness properties. Unfortunately, due to imperfections in fabrication or in

complete wetting, flaws or cracks are often formed at the interface, which usually 

have very sharp corners and act as the neucleous of the fracture initiation. Thus a 

small crack may cause failure of a structural component and hence of a full system. 

If the composite materials are to be used effectively in high-performance structures, 

it is necessary to develop accurate reliable predictive methods for describing their 

failure behavior. 
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With this in mind, dynamic behavior of cracked fiber reinforced composites 

under time dependent antiplane loading is studied in this thesis. 

Before starting an indepth discussion on the theory and formulation of our 

problem a brief review of previous works and some fundamental words about frac

ture mechanics is warranted. 

1.1 Fundamentals of Fracture Mechanics 

To talk about the fondamentals of fracture mechanics one should start with 

the description of three parameters K\, K2 and K3 known as the stress intensity 

factors. These factors are associated with three independent modes of failure (Irwin 

1957): Opening mode or mode I, Shearing mode or mode II and Tearing mode or 

mode III. Irwin(1957,1960) first showed that the stress and displacement states in 

the close neighborhood of a plane crack in a linear elastic solid under most general 

loading conditions may be expressed in terms of the stress intensity factors. The 

primary stress components in the crack tip region (Fig. 1.1) corresponding to the 

three modes mentioned above can be expressed in the following manner: 

' » =  

In above expressions, r  is the radial distance from the crack tip and the terms 

= 1,2,3) are functions of the polar angle. The stress field possesses a 

singularity at the crack tip. 



Os 

crz. 

Fig. 1.1 Primary stress components 
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Among many uses of the stress intensity factors in fracture mechanics, per

haps their most effective application is found in the study of so-called crack prop

agation phenomena. Crack propagation can be monitored by the attainment of a 

critical value, Kc, of the stress intensity factor. The quantity Kc is considered to be 

a material property, can be determined experimentally and is known as the fracture 

toughness or- critical stress intensity factor. The stress intensity factor varies with 

crack length, specimen geometry, load pattern and intensity. So, stress intensity 

factors can be related to load and geometry of a system for determining the sub-

critical or critical size of defects. The above use of stress intensity factors in static 

fracture problems may also be applied to fracture problems under dynamic loads 

and dynamic crack propagation. In dynamic fracture problems, K values are calcu

lated as a function of time and is still the most effective factor for identifying critica 

dimensions of a cracked-structure geometry, the applied load and the subcritical or 

critical size of the cracks. 

1.2 Review of Analytical Fracture Mechanics 

In the past two decades considerable progress has been made in solving prob

lems of multilayered materials containing cracks or other types of flaws. Williams 

(1959) first examined the singular character of the stresses around a crack tip at 

a bond line of two materials. Rice and Sih (1965) considered a finite crack at an 

interface of two materials subjected to both symmetric and skew-symmetric in-

plane loadings. A variety of loadings on interface cracks in a bimaterial system 

was also studied by Erdogan (1963,1965). After these initial works on interface 

cracks a number of crack problems involving different geometries have been in

vestigated by England (1965), Malyshev and salganik (1965), Erdogan and Gupta 
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(1971a, 1971b), Chen and Sih (1971), Erdogan and Biricikoglu (1973), Goree and 

Venezia (1977), Comminou (1977,1978), Lu and Erdogan (1983a,1983b), Wang and 

Choi (1983a,1983b), Zhang (1984) and many others. Recently, Delale (1985) and 

Chang (1985) studied the fracture of bonded non-homogeneous materials under an-

tiplane shear. Delale (1985) showed that non-homogenity has significant effect on 

the fracture of bonded materials. In addition to the above mentioned analytical 

static solutions of cracked composites a number of numerical (Walsh 1973, Atluri, 

Kobayashi and Nakagaki 1975b, Lin and Mar 1976, Tong 1977, Apostal et al. 1977, 

Akin and Swamy 1978) and experimental (Slepetez and Carlson 1975, Sih 1981b) 

studies are available in the literature. 

These analytical, numerical and experimental studies of the behaviour of 

composite materials subjected to static loadings helped in developing composites 

with high strength and moduli. The shock absorption capacity of materials, i.e. 

their ability to resist impact loadings, can not be understood from the static stud

ies mentioned previously. The prediction of the dynamic behaviour of composites 

without the cracks overestimates its strength and may cause failure. In reality, 

cracks of different sizes and shapes are found at different locations in a material, 

specially at the interface of laminated composites. A knowledge on the behavior of 

composite materials in the vicinity of an interfacial crack tip is essential to achieve 

an in-depth understanding of the failure mode of composites under dynamic loads. 

Because of the complexities of dynamic crack problems of laminated com

posites only a few idealized cases are amenable to mathematical treatments. The 

complexities arise from the interaction of waves scattered by the crack with those 

reflected by the material interface or free surfaces (Sih and Chen, 1981). The elas-

todynamic stress analysis in fracture mechanics has almost been limited to homo

geneous isotropic materials (Sih 1968,1977). Some of the works that specially deal 
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with transient response of stationary cracks axe due to Flitman (1963), Sih and Loe-

ber (1969), Mai (1970), Revera and Sih (1970), Loeber and Sih (1968, 1973), Thau 

and Lu (1971), Sih, Revera and Embly (1972), Kundu and Mai (1984), Keer, Lin 

and Achenbach (1984), to name a few. The importance of dynamic effect depends 

on the rapidity of loading as compared to lowest natural frequency of the structure. 

As a rule, if the time required to increase the magnitude of the applied load from 

zero to its maximum value is less than half the natural period of the structure, then 

the formation of stress waves due to the inertia effect should be considered in the 

analytical treatment (Chen and Sih, 1977). In the Vicinity of the crack, the stresses 

are intensified for both static and dynamic loadings. This intensification can be 

characterized by the stress intensity factor (Loeber and Sih, 1968). 

These works developed for the analysis of transient behaviour of homoge

neous, isotropic materials have had limited success in characterizing the fracture 

behaviour of laminated composites. Investigation on the dynamic behavior of mul

tiphase materials, containing imperfactions such as cracks or flaws has been meager 

as the elasto-dynamic stress analysis involves numerous parameters and is very 

complex. However, because of the increasing application of composite materials in 

modern engineering structures investigators in recent years have been engaged in 

developing techniques to study the cracked composites subjected to dynamic load

ings. Loeber and Sih (1973) investigated the diffraction of anti-plane shear waves 

by an interface crack in dissimilar media. In that study a parametric study was 

carried out to investigate the effects of crack length, wave number, incident angle, 

and mismatch of elastic properties of the adjoining materials on the interfacial crack 

response. Keer and Luong (1974) and Loung and Keer (1975) obtained the dynamic 

stress intensity factors of a crack perpendicular to the interface. Atkinson (1977) 
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reviewed some dynamic crack problems in dissimilar media. Chen (1977) investi

gated the impact response of a layered composite containing a crack perpendicular 

to the interface. 

The analytical methods developed in the above investigations applied Fourier 

transform to the space variable and Laplace transform to the time variable. The 

boundary value crack problem is formulated with stress and displacement condi

tions specified on a half plane, a portion of which represents the crack segment. 

These condition reduce the problem to a system of dual integral equations which is 

solved in the Laplace transformed plane for the dynamic stress intensity factor. The 

time inversion is accomplished by a numerical scheme. Transient semi-infinite crack 

problems were also solved by Wiener-Hopf technique (Thau and Lu 1971). Srivas-

tava, Gupta and Palaiya (1978) studied some aspects of the harmonic response of 

a crack at the interface of two half spaces. Neerhoff (1979) was the first person to 

study the diffraction of Love waves by a crack of finite width at the interface of a 

layered half space. Sih and Chen (1980) studied the impact response of a Griffith 

crack located symmetrically in the middle of a layer in between two half spaces. 

Their technique utilizes several conditions and cannont incorporate any interfacial 

crack because then the symmetry condition is violated. Kuo (1984a, 1984b) carried 

out numerical and analytical studies of transient response of an interfacial crack 

between two dissimilar anisotropic half spaces. In his analytical study he reduced 

the governing equation, boundary conditions, and continuity conditions along the 

interface to a singular integral equation. Solution of the singular integral equation 

was obtained numerically by using Jacoby polynomials. Yang and Bogy (1985) eval

uated the stress intensity factor of an interfacial crack in a layered half space for 

inplane problems. Karim and Kundu (1988) studied the transient response of three 

layered composites with two interfacial cracks due to a line load. All these works 
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on cracked multiphase materials are limited to infinite full spaces or half spaces or 

semi-infinite plates with semi-infinite or finite size cracks. 

1.3 Review of Numerical Fracture Mechanics 

While anlytical solutions for crack problems are available for many configu

rations, they are limited to idealized geometries. Hence it is important to develop a 

numerical approach which is capable of determining accurate values for stress inten

sity factors for a wide range of specimen geometries and loading conditions. Over 

the last decade or so, the finite element method has become firmly established as 

a standerd procedure for the solution of practical fracture problems. Early studies 

have been carried out by Swedlow (1966), Kobayashi et al. (1969), Tuba (1970) 

and Chen, Tuba and Wilson (1970). They used linear conventional elements with 

no special attention given to the stress singularity and found that extremely fine 

mesh subdivision was required in the vicinity of the crack tip. The development 

of higher order isoparametric elements permitted the same order of accuracy with 

coarser mesh subdivisions. 

Tracy (1971) first introduced the special triangular element, which can rep

resent crack tip singularity, obtained from quadrilateral isoparametric elements. 

Wilson (1971) also developed an approach for elastic analysis of crack problems by 

the finite element method. Tracy (1971) employed simple polynomial displacement 

field within a triangular element, this approach was subsequently generalized to a 

family of elements by Tracy and Cook (1977). Blackburn (1973), Benzley (1974), 

Atkin (1976) developed several methods to introduce singular strain field. Fawkes, 

Owen and Luxmoore (1979) have critically assessed a few of these crack tip singular

ity models for use with isoparametric elements. Pian, Tong and Luk (1971), Tong, 
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Pian and Lasry (1973), Tong (1977) and Pian and Moriya (1978) have developed 

and used the hybrid finite element in crack problems. The idea of this approach is to 

describe the stress field within the element by means of an available singular stress 

field from classical fracture machanics analysis. Another approach to hybrid formu

lation is the assumed displacement hybrid method developed by Atluri, Kobayashi 

and Nakagaki (1975a) and Apostal et al. (1977). Byskov (1970) first developed an 

element formulation based on classical singularity functions. Walsh (1973), formu

lated different elements on the basis of the classical crack tip singularity functions. 

The simplest method of obtaining singularity at the crack tip was indepen

dently presented by Barsoum (1974) and Henshell and Shaw (1975). They showed 

that for eight node quadrilateral and six node triangular elements the square root 

singularity can be achived by moving the mid side nodes to quarter points from their 

normal position. Bloom (1975) found that an eight node distorted isoparametric el

ement is cost efFfective in calculating the stress intensity factor for two dimensional 

bodies when used in conjunction with the displacement method. Banks-sills and 

Bortman (1984) showed that excellent results may be obtained with quadrilateral 

quarter point elements and displacement extrapolation for the computation of stress 

intensity factors. Cruse (1977) described a numerical analysis of fracture mechan

ics problem using Boundary Integral Method (BIM). Ogen and SchifF (1983,1985) 

developed a single super element to use in the neighborhood of the singularity. 

The above mentioned developments and many others for the analysis of 

cracked structure were mostly applied to homogeneous materials. Atluri et al. 

(1975b, 1978) developed an assumed displacement hybrid finite element procedure 

to use for fracture mechanics analysis of composites. Lin and Mar (1976) have pre

sented hybrid singularity element solution of the bimaterial crack problems where 
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the crack is either parallel or perpendicular to the material interface. Akin and 

Swamy (1978) analysed material interface cracks by a triangular singular element. 

The problem of a stationary crack in a finite elastic body subjected to tran

sient loading has been analysed by several investigators with finite element and 

finite difference methods (Chen 1975, Aberson, Anderson and King 1977, Glazik 

1-978, Mall 1979, Mall et al. 1977a, 1979b, 1980, Kelley and Sun 1979). Aberson, 

Anderson and King (1977), Glazik (1978) and Kelley and Sun (1979) have solved 

various stationary crack elasto-dynamic problems with the help of special singu

lar elements. The time dependent stress intensity factors were determined directly 

from the singular element formulations. Harrop (1978) and Mall (1979) employed 

the quarter point triangular and quadrilateral elements to analyze cracked struc

ture under dynamic loads. They found excellent agreement between their results 

and previous investigations (both numerical as well as experimental) and showed 

the capabilities and reliabilities of this simple singular element for solving dynamic 

fracture problem with stationary cracks. Kelley and Sun (1979) developed a trian

gular finite element for the purpose of computing time dependent stress intensity 

factors in stationary cracked panels subjected to dynamic loadings. On the other 

hand, conventional elements at the crack tip have also been succesfully employed for 

dynamic fracture anlysis (Mall et al. 1979a, 1979b). The dynamic stress intensity 

factor was determined with an indirect procedure in these finite element analyses 

with conventional elements as well as with quarter point singular elements (Mall 

1979). 

So far most numerical works on interface crack problems were limited to 

static cases only. On the other hand, dynamic analysis of crack problems were 

limited to homogeneous materials. To the authors knowledge only Kuo (1982) 

investigated the transient response of an interfacial crack using hybrid stress crack 
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tip elements. Kuo (1982) studied the transient response of an interfacial crack 

between two dissimilar elastic, fully anisotropic or orthotropic materials and found 

good agreement between analytical and finite element results. The anisotropy of the 

composite materials considered in that study was due to fiber reinforcement. Kundu 

and Hassan (1987) studied the transient response of an interfacial crack between 

two dissimilar elastic, isotropic materials using the finite element method. They 

considered Griffith type crack and developed a method to evaluate the dynamic 

stress intensity factor for time dependent antiplane loading. 

However experimental investigations show that when a multilayered com

posite plate is struck by an impactor both delamination and transverse cracks are 

originated as shown in Fig.1.2 [Joshi and Sun (1985)]. Very few investigations 

have been carried out with geometries containing bent cracks or cracks with sev

eral branches. Crack kinking under static antiplane shear loading has been recently 

solved by Thecaris and Makrakis (1987) using Mellin transform. Anderson (1969), 

Hussain, Pu and Underwood (1974), Bilby and Cardew (1975,1977), Knauss (1978) 

and Wu (1978) are among other investigaors who attempted at this problem by 

different techniques with some success. All these analytical techniques are limited 

to static loading and kinked crack in an isotropic and homogeneous solid. With 

our present state of knowledge it is impossible to think of any analytical tool that 

can handle a complex geometry as shown in Fig.l under dynamic loading. Hence 

a numerical technique is sought to solve this problem. The finite element formula

tion for elastodynamic problems involving isotropic layers and delamination cracks 

derived by Kundu and Hassan(1987) is extended in this work to incorporate delam

ination cracks, transverse cracks or cracks intersecting the interface in isotropic or 

orthotropic layers in a plate. Only the Tearing mode (Mode III) is considered in 

this research. For this study, a finite element code has been developed using eight 
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node quadrilateral elements. The crack tip singularity is achived by using quarter 

point elements. 
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Fig. 1.2 Impact induced fracture in a three layered fiber reinforced 

composite !}lat.e 

(After Joshi and Sun(l985)) 
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CHAPTER 2 

THEORY 

In this chapter governing equatons of the problem of our interest are derived. 

The analytical study of a similar type of problem considered in this research has 

been performed by Kundu (1987), and is discussed at the end. 

2.1 A Crack under Antiplane Loading 

2.1.1 Isotropic Layers 

Let a crack be subjected to an antiplane stress field as shown in Fig. 2.1. 

In this situation crack surfaces slide over each in the z-direction. If the crack 

propagates under this loading, it is called the Tearing mode or mode III crack 

propagation. 

The displacements u x  and u y  are zero under anti-plane loading. The only 

non-zero displacement is uz. So the constitutive relation takes the following form: 

1̂2 — 2/xeZ2 — fi „ (2.1) 

o du
* <x y z  = 2fie y z  = n— 

and the governing equation of motion in a layer becomes 

da x z  d<7 y z  d 2 u z  

dx +  dy ~ P  dt 2  
(2.2) 

d 2 u z  d 2 u z  2  _ 1 d 2 u z  

dx 2  +  dy 2  U z  0 2  OP 
(2.3) 



A Crack under Anti-plane Loading 

Fig. 2.1 A crack under anti-plane loading 
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where /? is the shear wave velocity of the layer material and is given by 

f-yfc  <2-4> 

and n and p are shear modulus and density of the layer material respectively. 

Equation (2.3) is the well known wave-equation for antiplane problems. 

2.1.2 Orthotropic Layers 

For an orthotropic body the stress-strain relation under antiplane condition 

is given by 
Gxz = 2C44£xz  

Cyz ~  2C55e y j :  

_ 1 f l u ,  ( 2 . 5 )  
~  2  dx 
— 1 d"* 

Where C44 and C55 are material properties. Combining equations (2.2) and (2.5) 

one can obtain 

r  4-r  d * U z  . -P* U z  (0  
dx 2  dy 2  P  dt 2  (  ^ 

Fourier transform of the above equation gives 

cfiTT rP-T! 
^44^ + C55|f = (2.7) 

Where U is the Fourier time transform of u z  

2.2 The Crack Tip Stress Singularity 

Equation (2.3) can be solved analytically in terms of an infinite series for the 

static case (when the right hand side of equaion (2.3) is zero) for a semi infinite crack 
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following Williams method (William 1957). Prom this series solution the stress and 

displacement fields near a crack tip in a homogeneous material can be computed as 

K* A-
a" ~ V^COS(2} ~ ̂  

K3 .  /9 .  - .  
= ^2nr 

Sin 2 = ~<Txz (2-11) 

I<3 [to . 9 
u  = \  —sin(-) 

(J, V 7T 2 

where r  and 9 are polar coordinates of the point of interest as shown in Fig 2.1. 

For dynamic problems the r and 9 depedence of stress and displacement fields do 

not change but the stress intensity factor IC3 becomes a function of time (Chen 

and Sih, 1977). It can be easily shown that the nature of the stress singularity 

in equation 2.8, do not change if the crack is at the interface of two materials 

(Appendix A). 

2.3 Interface and Intersecting cracks in isotropic layered plates: 

A plate of length 2L is made of three homogeneous isotropic ,elastic layers,1,2 

and 3 of thickness hx, hi and h$ as shown in Fig.2.2. pj and (3j are material density 

and shear wave velocity of the j-th layer respectively. A crack of length 2a\ is 

located at the interface of layers 1 and 2. Another crack of length 2a^ intersects the 

interface at an angle 9. The top and bottom surfaces are subjected to a uniformly 

distributed antiplane shear stress field ayz = f(t) when its two corners A and B are 

fixed. The plate geometry, its material properties and applied stresses are invariant 

in  z-di rec t ion.  The problem has  only  z-componeni  of  nonzero  displacement ,  u z ,  

which is  a  funct ion of  x and y .  
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*y ory2 
= f (f) 

<\ Jo 

cs/7/ 
^3^3 h3 

L M n 
PzSz h2 

h— 
_p ^ 
2a, p\A 

B 

hl 

t > 

2L 

Fig. 2.2 A general schematic of a three layered plate with one delamintion 
and one inclined crack with antiplane sheax stress field ayz = /(<) applied at the 
two surfaces of the plate. 
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CHAPTER 3 

NUMERICAL FORMULATION 

The finite element equations for the solution of interfacial and intersecting 

crack problem are derived in this chapter. Geometry and material properties of the 

plate which is considered in the finite element analysis is shown in fig 2.2. the plate 

gemetry, its material properties, and applied stresses are invariant in 2-direction. 

From wave equation (governing equation) and boundary conditions in the 

frequency domain the finite element equations are obtained by variational method. 

Solution of this matrix equation gives the unknown nodal displacements in the 

frequency domain. Differece in displacements at two sides of the crack gives crack 

opening displacement (COD). The time dependant COD is obtained by numerical 

Fourier inversion technique using the Fast Fourier Transform (FFT) routine. 

3.1 Construction of the Functinal from Variational Principle 

Isotropic case: 

A variational principle has been used to obtain the finite element equations. 

The governing equation and boundary conditions in frequency domain are given 

below. 

Governing Equation: 

U, X X  +U, y y  +km
2U = 0 (3.1) 



where, 

U = z-direction displacement in the fourier transform domain 

rn  =  1,2 for materials 1 and 2 respectively. 

km = wave number of materials 1 and 2 

Boundary conditions(see fig. 3.1): 

On AB 

on CD 

on BC 

Or 

on FGH and FIH 

on LMN and LPN 

or 

Vi  U, y  = F(w)  

f i2U,y=  F(w)  

&XZ = 0 

U, x  = 0  

&nz — P 

ayz =0 

17, y  —  0 

where F(w ) is the Fourier transform of the applied load f ( t ) .  

®nz  = lnx&xz  Iny^yz  

= ± sin 6a xz cos Qa y z  

= m[dbU, x  s in  6  U, y  cos  6]  
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In what follows it is shown that the governing equation and boundary con

ditions are satisfied by minimizing the following functional, 

n . I  u, k lU 2 dA +  
F(w)  

M i  JAB L F{w)  
Udx  —- f Udx 

M3 JCD 
(3.4) 

For stationary value of the above functional, SO, = 0; where 

SQ SL\ U, x  6U, X  +U, y SU , y - k
2
mUSU d.A 

F(w)  
+  f  SUdx  -Uml  f  sUdx 

M i  JAB M 3  JCD 

—  — j  j  \ U , X X  +U , y y +km
2U SUdA 

+ J J^U, x 8U) , x +{U, y 6U) i y ^dA+ 

f  SUdx-^ t  f  SUdx  
M i  JAB M 3  JCD 

-ill UjXZ + U , y y  + 1iJUJ SUdA +  J  j U, x  SU, X X  + U , y  SU) , x y  

F ^ [  SUdx  — f  SUdx  
JAB M 3  JC 

dS+ 

MI JAB 

U, v  6Udx+ 

= -JJA 
+u>yy +fcm2c/J SUdA + |-[7, 

icD [ 
[  U, x SUdy-  f  U , x  SUdy+  
JBC JDA 

L 
I 

Mi 
SUdx+ 

U, x  sin 9  — U , v  cos 9  SUds-

U, x  sin 9  — U , y  cos 9  SUds  +  /  U, y  SUdx  
JLPN 

-  f  U , y  SUdx  
JLMN 

* 
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Clearly 8CI — 0 guarantees the satisfaction of governing equation and boundary 

conditions. 

3.2 Construction of Functional-Orthotropic Case: 

Following the steps for isotropic case it can be shown that the first variation 

of the following functional satisfies the governing equation and nattu-al boundary 

conditions. 

3.3 Construction of the Finite Element Equation 

For the isoparametric element the ^-direction displacement U can be written 

as 

Where, 

[iV] is the matrix of interpolation functions 

U{ is the vector of nodal displacements 

Differentiating the equation (3.4) with respect to x and y respectively, we 

get the strain displacement relationship as followes: 

f i  — pw 2 U 2  dA- \ -
(3.3 a)  

{U}  =  [N\ {Ui ]  (3.4) 

(3.5) 

Where, 

[5] is the strain diplacement transformation matrix 
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Using equations (3.4) and (3.5) we can write the functional 0, in equation 

(3.3) as 

" = /  U^lBf iBpJA-h l  [  f  U i [Nf [N}U i dA+ 

V1 Jab ^3 J cd  

Now, 

6Q =  f  J[B] T [B]dAUi  -k 2
m J  J[N] r [N}dAUi+  

f  [ N ] T d x /  [ 7 Y ] r ^  
VI Jab ^3 J cd  

From variational principle, 6Q = 0, we get 

{Ia I[B]T[B]dA ~k2mJAJMT[ArR4) Ui = 

f  [ N f d x  +  *M [  [x f t e  ( 3 6 a )  

Jab ^ 3 J cd  

The stiffness matrix [K] and load vector Q are as follows: 

[ I< \  =  /  / [B] T [B]dA -  le i  f  f  [ iVniV]<M 

VI  Jab / < 3  Jcd  

(3.6 b)  

Following the steps for isotropic case the stiffness matrix [K]  and load vector Q for 

orthotropic materials are as follows: 

\K}=  f  f [B] T [C) [B)dA-pw 2  f  f [Nf [N]dA 
JaJ . JaJ (3.6c) 

Q =  -F(u>)  /  [Nfdx  +  F(w)  /  [Nfdx  
Jab Jcd  

Where, 
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[C) = C55O 
OC44 

*4 = U>2 

/% 
8 2  = FM 

Mm 

Pm 

F^M ~ shear 

pm — density of m — th layer 

Pm — S — wave velocity of the m — th layer 

km = wave number of the m — th layer 

The rest of the analysis can be found in any text book on Finite Element Method 

(Zeinkiewicz 1979, Gallagher 1975, Desai 1979, Dcsai and Abel 1972). The shape 

functions, Jacobian matrix and its inverse and determinant of the eight node 

isoparametric element are given in Appendix B. 

3.4 Finite Element Modelling of the Plate with Interfacial Crack 

The strain or stress singularity of the crack tip can be achieved by quar

ter point triangular or quadrilateral elements developed by Hanshell and Shaw 

(1975) and Barsoum (1976). They independently showed that singularity can 

be achived by simply placing the midside nodes, near the crack tip, at the quarter 

points. The main advantage of this quarter-point element is that a cracked structure 

may be modelled with the similar elements (serendipity quardrilateral isoparamet

ric element) through out its domain, there is no need to incorporate special crack 

tip elements. Moreover, these elements in their non-singular formulation satisfy the 

essential convergence criteria, namely, inter-element compatibility, constant strain 

modes, continuity of displacements, and rigid body modes. They also pass the patch 

test (Barsoum 1976). In the present research the bimaterial plate with interfacial 
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crack will be modelled by eight-node isoparametric elements, where the crack tip 

singularity will be obtained by quarter-point elements. 

3.5 Singularity of the quarter-point element 

The quadratic isoparametric element of Figure 3.2 will be considered to show 

the power of singularity of the quarter-point element. The desired stress singularity 

can be introduced at node 1 (crack tip) by moving the midside nodes 2 and 8 to 

quarter positions. For mathematical simplicity we will consider only the edge 1-3, 

defined by 77 = — 1. The shape functions for nodes along the edge 1-3 are (Appendix 

B) as follows: 

Locating the origin at node 1 and denoting the length of edge 1-3 as 1, we can write 

A T 2 = ( l - £ 2 )  

jv-s = |e(i+0 

(3.7) 

For isoparametric element we can write 

x = NiXi = -^£(1 - 0®i + C1 - &)®2 + ^£(1 + 0®3 (3.8) 
«'=i 

Sl = 0,22 = -, .T3  = I  (3.9) 

From (3.8) and (3.9), we get 

® = + + 01  

Or, 

(3.10) 

The displacement variation along edge 1-3 can be written as 
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Fig. 3.1 Quadratic quarter-point element. 
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Fig. 3.2 Triangular quaxter-point element. 
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«  =  - | f ( l  -  0 U 1  +  (1  -  C 2 )U2  +  ̂ ( 1  +  0 u 3  
2 " * ' v ' " 2" 

Substituting value of £ from (3.10) into the above equation gives, 

u=~! (~i+2\/f) (2_2\/f)"i+4(\/f"f)"2+ 

K-1+2Vt) (2vf)"s 
Direct strain in the x-direction is then 

6U 

(3.11) 

£-. — 
5a; 

_1 
2 

3 

y /x l  

1 4 

\ / x i  i  

4 
/ 

"3 

Wl + 
\fxi 

U2 + (3.12) 

From equation (3.12)we see that the square root singularity along edge 1-3 is ob

tained by moving the midside node to the quarter point. Similarly, the square root 

singularity can be obtained along edge 1-7. 

Hibbit(1977) and Barsoum (1977) showed that for quadratic elements the 

strain variation within the element is not of the form which is only along the 

element edges. So, they recommended the use of collapsed triangular quarter point 

elements in the crack tip zone where singularity is obtained along any ray within 

the element as well as along the edge. But later Ying (1982) and Banks-Sills and 

Bortman (1984) showed that in a quarter point eight node isoparametric element 

the stresses are ^ singular within the element in a small region adjacent to the 

crack tip. 

The singular behaviour of the quarter point triangular element along the ray 

within the element can be easily shown by the following derivation. The quarter 
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point triangular element developed by Barsoum (1976) was formed by coalescing 

nodes 1, 7 and 8 of the quadrilateral element (Fig. 3.3) and moving mid side nodes 

near the crack tip to the quarter points adjacent to the crack tip node which is 

along the a:-axis (77 = 0) we have 

N 1 = N 3  = n 5 =N 7  = - i ( i  -  e)  

N2 = N6 = h l-£2) 
(3.13) 

*4 = -(l + 0 

*. = 1(1-0 

Locating the origin at node 1, 

a;i = x- j  = xg = 0 

x 2  = x 6  = 1/4  (3.14) 

£3 = £4 = £5 = I 

For isoparametric element, using equation (3.13) and (3.14), we can write 

or, 

« = -1+2\/f 
The displacement distribution along the i-axis is given by 

8 

U =  Y, N i U > 
t=l 

Expanding the above relation and using (3.13) we get 

u  =  _ i ( i  _  £2) ( U l  +  U 3  +  U 5  +  U 7 j  +  i ( i  _  f ) ( U o  +  u 6 )  +  | (1  +  0U* +  \ ( l  

(3.15) 

~0 u & 
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Now ui  =  117 = u$,  so  we get the strain distribution as 

6u  Su  1 .  1  
= — = —-7- = -(2ui-2u2+u3+u5-2u6) 7=(Zui-2u2+u3-u4+u5-2ue) 

ox  o£  ox  I  2V lx  
(3.16) 

It is seen that the strain component exhibits the square root variation along rays 

within the element. 

3.6 Quarter-point Triangular Element Versus Quadrilateral Element 

Barsoum (1976) first showed that the triangular quarter-point elements give 

better results than quadrilateral quarter-point elements. He also demonstrated 

that in case of triangular elements the stress is singular along any ray from the 

crack tip, where as in case of quadrilateral element the stress is singular only along 

the edges. Shih, deLorenzi and German (197C) also found in their investigation 

that triangular elements are more accurate than quadrilateral elements. According 

to Hibbitt (1977), the reason for better performance of triangular elements than 

the quadrilateral elements is that the strain energy of the quadrilateral elment is 

unbounded, whereas that in a triangular element is bounded. Later, Ying (1982) 

proved that Barsoum's (1976) and Hibbitt's (1977) statements are incorrect. Ying 

(1982) showed that the stresses are square-root singular on all rays emanating from 

the crack tip in a quadrilateral element also. He also showed that the strain energy 

of a quarter-point quadrilateral element is bounded. Bank-Sills and Bortman (1984) 

re-examined the quarter point quadrilateral element and found that the behavior 

of the stresses is square-root singular on all rays emanating from the crack tip in a 

small region of the element and the strain energy of the element is bounded. They 

showed that the use of quarter-point qudrilateral elements give exellent results and 

does not have any poor behavior associated with it. They also found that the 
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triagular elements show some improvement but at the expense of mesh refinement. 

Although it is easier to construct finite element meshes in problems with varying 

crack lengths using a qudrilateral crack tip element, the collapsed triangular quarter-

point element is always found to be preferred (Barsoum 1977, Lynn and Ingraffea 

1978, Ymada et al. 1979, Harrop 1978, Pu, Hussain and Lorensen 1978, Vasilakis 

and Pu 1981, Peano and Pasini 1982, Kuo, Saul and Levy 1983) as in all cases 

it yields better results than quadrilateral one. When the triangular quarter-point 

element edges are straight lines it yields most reliable results. 
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CHAPTER 4 

NUMERICAL RESULTS 

In this chapter numerical results are presented for layered plates with 

isotropic as well as anisotropic layers. First a three layered plate with two interfacial 

(delamination) cracks is analyzed and only one plot of crack opening displacement 

for a plate with isotropic layers is provided to have a qualitative comparison be

tween our numerical results for a finite plate and Kundu's analytical results for 

a three layered infinite plate. This comparison also shows the effect of the finite 

dimension of the plate on the crack opening displacement values. Then a two lay

ered isotropic plate is analysed to study the interaction of two cracks intersecting 

the interface. Most of the numerical results are provided for a three layered plate 

with orthotropic layers. Various combinations of delamination and matrix cracks 

are analysed to observe the mutual influence. By carrying out this study we tried 

to understand the complex interaction of matrix cracks and delamination under 

antiplane loading. The applied stress field and problem geometries are described in 

more detail in the subsequent sections. 

4.1 Applied Stress Field 

The time dependence of the applied stress field on the plate surface is given 

where P defines the peak value and r is the duration of the applied stress field 

(Fig. 4.1). P is set equal to 1 KN/mm2 in our calculations. The Fourier transform 

of the excitation is given by 

by 

(4.1) 

In the limit as w goes to zero jF(w) becomes equal to ĵ t. 
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P 

Fig. 4.1 Variation of exitation load with times. 
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4.2 Three Layered Plate with Isotropic Layers: Delamination Cracks 

Geometry of the layered plate with isotropic layers is shown in Fig. 4.2. A 

crack of length 2 mm is located at the copper-steel interface and a second crack of 

length 4 mm is located at the quartz-steel interface. The thickness and material 

properties of each layer are given in table 1. 

Table 1: Material Properties and Dimensions of the Three Layered 

Plate with Isotropic Layers 

Layer layer Thickness Density S-Wave Speed 

Number Material h in mm p(gm/cc )  f3 {km/sec )  

1 Copper 0.5 8.9 2.32 

2 Steel 0.5 7.9 3.20 

3 Quartz 0.5 2.2 3.77 

These properties are identical to those considered by Kundu(1988) for the 

analytical solution of an infinite layered plate. A finite element program using 

eight-node isoparametric elements is developed to solve this problem. Collapsed 

quarter point elements axe used to model the crack tip singularity [Henshell and 

Shaw(1975), Barsoum(1976)]. 

The crack opening displacement is computed at 0.04 MHz exciting frequency 

at the center of the 2 mm crack in presence of the 4 mm crack. The result in 

frequency domain is shown in Fig. 4.3. Fig. 4.3 corresponds to F(oj) = 1. For any 

other F(u>) it should be simply multiplied by the constant factor F(u>). In Fig.4.3 

COD obtained by the analytical study [Kundu(1988)] and this numerical study axe 

plotted together to show the boundary effects. Fig. 4.3a shows the finite element 

mesh associated with the problems for numerical study. The lengths of the plate 

considered for problem #1 and problem #2 are 10 mm and 15 mm. The mesh 

shown in Fig. 4.3a is for 10mm plate. For 15 mm plate the length of the region 'a' 

and V is doubled keeping the length of the middle region 'b' fixed. The number of 

elements doesn't change from one mesh to another. The analytical result in Fig.4.3 
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Fig. 4.2 Two delamination cracks in a three layered composite plate. 
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Fig. 4.2a Finite element mesh associated with problem shown in Fig 4.2. 
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Fig. 4.3 Spectral amplitudes of crack opening displacements (COD) of the 2 mm 

long crack (see Fig.4) at 0.04 MHZ for finite plates (numerical, curve #1 for 10mm. 

long plate and curve $2 for 15mm. long plate) and infinite plate (analytical, from 

Kundu(1988)). 
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is for an infinite plate (the plate and its loading are extended to infinity in 

both -\-x and —x directions with no constraint in its motion), while the numerical 

result is for a finite plate (length 2L, in a;-direction) which is kept fixed at two corner 

points. The overall nature of the crack opening is found to be similar. 

4.3 Two Layered Isotropic Plate: Intersecting Cracks 

The geometry of the problem is shown in Fig. 4.4. A layered plate of length 

2L is made of two layers d\ and d2- Their densities and shear wave velocities are 

denoted by pi, p% and /?i, /?2 respectively. Two cracks of length 2a intersect the 

interface at an angle of 45° as shown in Fig. 4.4. The top and bottom surfaces are 

subjected to a uniformly distributed antiplane shear stress field ayz = f(t) when its 

two corners A and B are fixed. Material properties of the layers (Fig. 4.4) of the 

plate are given in Table 2. 

Table 2: Material Properties and Dimensions of the Two Layered 

Plate with Isotropic Layers 

Layer layer Thickness Density S-Wave Speed 

Number Material h in mm p(gm/cc )  j3 (km/sec )  

1 Copper 2 8.9 2.32 

2 Quartz 3 2.2 3.77 

Two cracks have same length, 2.828 mm, and are located at a center to 

center distance of 2 mm. Crack opening displacement(COD) at the center of the left 

crack (#1) is computed in presence and absence of the right crack (#2). These two 

responses are compared to study the influence of one crack on the performance of its 

neighboring crack. Response spectra are computed first, then they are numerically 

inverted by Fast Fourier Transform (FFT) routine to obtain the time histories. 

Response spectra of COD in Fig. 4.5 and Fig. 4.6 show that the presence of the 

second crack significantly increases the high frequency response of the first crack. 

It should be noticed here that both magnitude and frequency of COD increases in 

presence of the second crack. Further study is necessary to see at what crack to 

crack distance the effect of second crack can be neglected. 
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Fig. 4.4 Geometry of the pro*-1 



Fig. 4.4a Finite element mesh associated with problem shown in Fig 4.4. 
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Fig. 4.5 Spectral amplitudes (in mm-micro sec) of COD at the center of the 
crack #1 in presence of the crack #2. 
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Fig. 4.6 Spectral amplitudes (in mm-micro sec) of COD at the center of the 
crack #1 in absence of the crack #2. 
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4.4 Three Layered Plate with Orthotropic Layers 

A three layered plate made of unidirectional fibre-reinforced composite ma

terials is now considered. The material properties and fiber directions of the layers 

are given in Table 3. Each layer has a thickness of 1 mm. 

Table 3: Material Properties and Dimensions of a Three Layered 

Plate with Orthotropic Layers 

Layer Fiber C44 C55 Density 

Number Orientation GPa GPa p(gm/cc )  

1 0° 4.50 6.75 1.57 

2 CO
 

o
 

o
 

3.15 2.10 1.38 

3 0° 4.50 6.75 1.57 

Three problems axe solved to study the behaviour of delamination cracks and trans

verse cracks. Fig.4.7 shows the geometry of the first problem. Here the length of 

the delamination crack is 6 mm and the length of each transverse crack is 1.414 

mm inclined at an angle of 45°. In Figs.4.10 and 4.11 the spectral amplitudes of 

COD of the delamination crack very close (.125 mm) to the crack tip are plotted in 

presence (4.10) and in absence (4.11) of the transverse cracks. It is clearly observed 

that in presence of the transverse cracks there is distinct increase in COD of the 

delamination crack at low frequency. The spectral amplitude is about the same 

at higher frequency range, with or without transverse cracks. The lower frequency 

response suggests that the propagation of delamination crack is easier in the pres

ence of transverse crack behind the crack tip in the adjacent layer. Fig.4.8 shows 

the geometry of the second problem with orthotropic layers. Here the length of 

the delamination crack is 6 mm and the length of the transeverse crack is 0.707 

mm. In this case, the transverse cracks are not merged into the delamination crack 

and delamination crack tip is ahead of the transverse cracks as in the first case. In 

Fig.4.12 spectral amplitudes of COD of the delamination crack at the same point 

as Fig.4.10 are plotted in presence of the transverse crack. Figs. 4.13 and 4.14 

show the spectral amplitude of COD of the transverse crack very close (.125 mm) 
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to the crack tip. Figs. 4.12, 4.11, 4.13 and 4.14 show that the COD, and hence 

the stress intensity factor, of one crack (delamination or transverse) increases sig

nificantly in presence of a second crack (transverse or delamination) when these 

two cracks are not connected to each other. This is due to the fact that one crack 

tip significantly increases the stress field in the neighborhood of the other crack 

tip if the two crack tips are located close to each other. Thus the crack tip open

ing displacement of the delamination or transverse crack increases significantly in 

presence of a transeverse or delamination crack. However, as soon as the transe-

verse crack joins the delamination crack, the high stress concentration due to the 

stress singularity at the transverse crack tip vanishes and COD near the crack tip 

also decreases significantly as shown in Fig.4.10. Fig.4.9 show the geometry of the 

third problem considered. Here a small delamination crack of length 2 mm and 

two transverse cracks of length 1.414 mm are considered. Figs.4.15 and 4.16 show 

the spectral amplitudes of COD of the delamination crack in presence (4.15) and 

in absence (4.16) of the transeverse crack respectively. Fig.4.17 and 4.18 show the 

spectral response of COD of the transverse crack in presence (4.17) and absence 

(4.18) of the delamination crack respectively. General behavior of these spectral 

plots is similar to those in Figs. 4.11, 4.12 4.13 and 4.14. Here also the presence 

of a second crack significantly increases the response of the first crack. Figs. 4.15 

and 4.17 indicate that transverse crack and delamination crack will propagate with 

ease in presence of each other. The transverse crack shows peak COD response at 

very low frequency while delamination crack shows peak response in mid-frequency 

range. Significant drop in the COD values from Figs 4.13, 4.14, 4.15, 4.16, 4.17, 

4.18 (separated cracks) to Figs.4.11 and 4.12 (united cracks) should also be noted 

here. It indicates that propagation of delamintion crack with merging transverse 

crack is more likely to happen rather than just the delamination alone. 
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Fig. 4.7 Mathematical model of delamination and transverse cracks in a three 
layered composite plate similar one observed experimentally(see Fig.l). 



Fig. 4.7a Finite element mesh associated with problem shown in Fig 
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Fig. 4.8 One delamination crack and two small transverse cracks in a three 
layered composite plate. 
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Fig. 4.8a Finite element mesh associated with problem shown in Fig 4.8. 
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Fig. 4.9 Two transverse cracks one small delamination crack in a three layered 
composite plate. 



55 

Fig. 4.9a Finite element mesh associated with problem shown in Fig 4.9a.-
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Fig. 4.10 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the delamination crack in presence of the transverse 
cracks. 
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Fig. 4.11 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the delamination crack in absence of the transverse 
cracks. 
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Fig. 4.12 Spectral amplitudes (in xnm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the delamination crack in presence of the transverse 
cracks. 
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Fig. 4.13 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the transverse crack in presence of the delamination 
cracks. 
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Fig. 4.14 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the transverse crack in absence of the delamination 
cracks. 
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Fig. 4.15 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the delamination crack in presence of the transverse 
cracks. 
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Fig. 4.16 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the delamination crack in absence of the transverse 
cracks. 
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Fig. 4.17 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the transverse crack in presence of the delamination 
cracks. 
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Fig. 4.18 Spectral amplitudes (in mm-micro sec) of COD near the tip (0.125 
mm from the crack tip) of the transverse crack in absence of the delamination 
cracks. 
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CHAPTER 5 

SUMMARY, CONCLUSION AND DISCUSSION 

In this research an attempt has been made to study the dynamic behavior of 

delamination and transverse cracks and cracks intersecting the interface of a layered 

plate under dynamic loadings. A versatile numerical method is established for this 

purpose. This scheme is capable of incorporating a.ny number of layers and any 

number of cracks with any orientation. The results presented in this research qual

itatively explain the experimental observation of Joshi and Sun(1985) that showed 

the union of transverse and delamination cracks in a layered pln.te before the crack 

propagation came to an end. Although all results are given for antiplane problems 

it should be kept in mind that in the real world antiplane waves are hardly observed, 

specially for fiber-reinforced layered plates. Except for 0° — 90° — 0° lay ups no other 

fiber combinations are capable of producing SH waves. Hence antiplane problems 

are considered as purely academic problems. Still as a first step this problem is 

important to solve to get some preliminary understanding about more complex in-

plane or three dimensional problems. Thus in this research without worrying about 

the crack face friction and the nonlinear effects of the crack closer pheonomenon we 

could qualitatively explain some experimental observations. 

The analytical method developed by Kundu (19SS) cannot incorporate in

tersecting cracks or plate of finite length. But this method can handle problems 

with any geometry with multiple cracks oriented at different angles. 

Although only antiplane problems are considered here inplane problems are 

more challanging as well as realistic. Future problems can be undertaken for inplane 

problem analysis. 
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APPENDIX A 

Stress Singularity at the Interface Crack Tip 

To obtain the order of stress singularity at the interfacial crack tip under 

antiplane stress field we will consider the Fig. A.l, where the semi-infinite crack 

lies along the x-axis. The origin is taken at the tip of the interfacial crack between 

two dissimilar isotropic, elastic materials. The shear moduli of the mateials are n\ 

and respectively. The antiplane static shear stress are applied at infinity. 

Fig. A.l Semi-infinite crack subjected to anti-plane stress field 

The boundary conditions and continuity conditions are as follows: 

Boundary conditions: 

ogz
l  =0 at 8 = —IT 

a$ z
2  = 0 at 0  =  i t  
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(A.la) 

(A.16) 
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Continuity conditions: 

u*1 = u z
2  at 6  =  0  (A.2a)  

00z 1 =croz 2  at 6  =  0  (A.2b)  

Where, 

superscripts 1 and 2 stand for materials 1 and 2 respectively. Hereafter u z  will be 

written as u. The governing equation of this problem is given by 

V2u = 0 (A3) 

Substituting the Williams' function 

_ _A+1 u = r F(6)  (AA)  

in the governing equation and then solving, we get 

ti1 = rA+1 [a i  sin {(A + 1)5} + a2 cos {(A + 1)0}] (A5) 

u2 = rA+1 [a3 sin {(A + 1)5} + a4 cos {(A + 1)5}] (-^-6) 

Where, u1 and u2 are the displacements in materials 1 and 2 respectively. 

Using the constitutive relations in polar co-ordinates, 

o M du 
<?6z = 2 /ie0Z = - — 

r off 
du 

a r z  = 2fJ .e r z  = n  — 
(A.  7 )  

and boundary conditions (Eqn. A.l) and continuity conditions (Eqn A.2), we get 

ai cos {(A + l)7r} + a2sin{(A + 1)tt} = 0 C^-8) 

a3 cos {(A + l)7r} + a4 sin {(A + 1)^} = 0 (A9) 
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0 .2  = O4 

ii\a\ = M2a3 

Replacing a3 and a4 from equation (A.9) by (A.10) and (A.ll), we get 

fiiai cos {(A + l)7r} — n20,2 sin {(A + 1)tt} = 0 

For non-trivial solutions of aj and a.2 in equations (A.8) and-(A.12) 

det 

or, 

cos{(A + l)7r} sin{(A + l)7r} 
Hi cos {(A + l)?r} —/Lt2sin{(A + l)7r} 

;(/xt + fj.2) sin(2^A) = 0 

= 0 

From (A.13), we get 

So, we can write 

2' 
n  =  0 ,±1 ,±2 ,  . . . e t c  

u = *)Tr> + 1 F n {0 )  
n 

erg 2  = ]>^r*<? n (0 )  
n 

0TZ = 

(A.10) 

(A.ll) 

(A.12) 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

It can be easily shown that in equations (A.16) and (A.17) the terms corresponding 

to n = — 1 is the dominating term, among the acceptable ones. So, the stress terms 

have the square root singularity at the vicinity of the interfacial crack tip. 



APPENDIX B 

Shape Functions 

-1 < £ < 1 

-i < V < 1 

Ni — 1- 0(1 -*?)(!-£ + >?)/4 

n2 = l -^ 2 ) ( l - r? ) /2  

W3 = l  +  0( l - ' 7 ) (£ - '7 - l ) /4  

iV« = l  +  0( l -»? 2 ) /2  

n6 = I  +  0 ( I  +  »?) (£  +  ' ? - I ) /4  

N6 = i - e 2 ) ( i+»?) /2  

Nr = 1-0(1+»/ ) ( -£  +  »7- l ) /4  

Na = 1 £r
v 1 
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Jacobian Matrix and its Inverse and Determinant 

dNj  =  dty  dx  d fy  dy  

d£  dx  d£  dy  d£  
dNj  _  dN± dx  dN± dy  
dr j  dx  dr j  dy  dr \  

dNi  )  " dx  dy  "I f  dNi  
J ^ _ di  dx  

dNi  (  dx  dy  i 

dNi  
. dri J . dr )  dri - I  dy  

=  [J \  

dNj  
dx  

dNj  
dy  

We will need the relation 

dNi  ^ 
"£i dn'  (  dNi  (  dNi  " 

dx 1 - dx  dx  dZ 
• -W" '  $  • dNj  f  ~  * 

dNi  • -W" '  $  • 
•  d y  )  - d y  d y - {  dr j  J I dr)  

From the above equations the value of [«/] ' can be given by 

'  dy  dy  
1 dr j  d t  _ 1 [ J22  J12 

\J \  dx  dx  |J| L-J21 ^11 
-  d r j  d £ -

Where, 

Yi  
j  dx  J-r  dNi  

Jn -dn-2~f^r x »  j 2 2 -a^  = l^-^rYi 

dNj  

** t i  

d T > drf  

8 

* 

dr> dr j  

w -
dNj  

f—'  dr j  s'H (tM 
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