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ABSTRACT 

Many computer programs have been developed for solving slope stability problems. 

Since slope stability problems can be characterized as optimization problems, many 

optimization techniques can be used for searching for the lowest safety factor for a given 

problem and the corresponding critical slip surface. Most of the slope stability programs 

use the direct search method which requires only the function value (i.e., safety factor 

value). In this thesis, a new optimization technique, the Broyden (1970), Fletcher (1970), 

Goldfarb (1970), and Shanno (1970) (BFGS) quasi-Newton optimization method, is used in 

conjunction with the STABR program of Lefebvre (1971) to solve slope stability problems. 

This method of optimization requires the function value and the first derivative value, 

which can be found by the finite difference method. A new program CSLIP3, 

incorporating the BFGS technique, is used to solve a variety of realistic slope stability 

problems. It is determined that CSLIP3 is reliable and efficient 
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CHAPTER 1 

INTRODUCTION 

The determination of a slope's stability depends on its geometry, the applied 

loading, the soil properties, and the postulated failure surface geometry. Many analytical 

approaches are available, including deformation analyses, limit analyses, variational 

methods, and limit equilibrium methods. Most slope stability analyses are done by limit 

equilibrium methods, including the ordinary method of slices (Fellenius, 1936), and those 

of Bishop (1955), Morgenstem and Price (1965), Janbu (1954, 1973), and Spencer (1967). 

Because of the various assumptions made in each method, each of these methods uses a 

somewhat different equation to calculate the safety factor for a given slip surface. 

Solving slope stability problems is not just a matter of evaluating the safety function 

equation; it also is a matter of optimization, which requires finding the minimum factor of 

safety and the associated critical slip surface. Because it is not possible to determine the 

minimum safety factor directly, many trials with different slip surfaces are necessary. 

Direct minimization requires an explicit function to differentiate, and the resulting 

derivatives (or partial derivatives if the function contains more than one variable) are set 

equal to zero. The point that satisfies the resulting equations and gives a positive value of 

the second derivatives of the function is a local or global minimum. Unfortunately, the 

safety factor function is nondifferentiable and direct minimization is therefore impossible. 

However, numerical optimization techniques are available for this purpose. 

Many new algorithms for optimization have been developed since the advent of the 

digital computer. Some of these algorithms, such as the simplex method (Nelder and Mead, 

1965), Powell's conjugate direction method (Powell, 1974), and dynamic programming 
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(Baker, 1980), have been used previously to identify the minimum safety factor for a slope 

stability analysis. 

Advanced techniques of unconstrained optimization include the quasi-Newton 

methods which are iterative and whose algorithms require a knowledge of the function 

value and its first derivatives. The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method 

(Fletcher, 1980) is the most effective quasi-Newton method available at this time. This 

method is a potentially efficient and reliable method to be used with slope stability 

problems. 

The purpose of this study is to investigate the feasibility of using the BFGS quasi-

Newton method in conjunction with a computer-aided slope stability analysis. This is 

done by studying how fast this method converges to the solution. The investigation of the 

BFGS quasi-Newton method involves two parts: (1) testing the algorithm with analytic test 

functions; and (2) testing with real slope problems. In the case of slope stability problems, 

the BFGS algorithm is integrated into an existing slope stability code, the STABR program 

of Lefebvre (1971). A comparison between the results of the old and new slope stability 

programs will be discussed to demonstrate the accuracy, efficiency, and reliability of the 

new program. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 Available Optimization Techniques 

Optimization techniques have been used in a variety of engineering analyses. In 

general, optimization techniques can be classified into three broad categories based on the 

type of information supplied: 

1. Direct search methods, which use only function values. 

2. Gradient methods, which require a knowledge of the function and accurate values of 

the first derivatives. 

3. Second order methods, which, in addition to the above, also require the second 

derivatives. 

These three categories cover the following available methods (DeNatale, 1983): 

1. Second derivative (or Newton methods), 

2. Quasi-Newton methods, 

3. Discrete (or finite-difference) Newton methods, 

4. Restricted-step (or trust-region) methods, 

5. Conjugate gradient and conjugate direction methods, and 

6. Direct search (or ad hoc) methods. 

These methods as arranged (from one to six above) are roughly in order of 

decreasing efficiency. The second derivative methods are generally the most efficient 

algorithms, and the direct search routines are typically the slowest and most basic 



procedures. A comparison of the various classes of optimization techniques which are 

mentioned above is presented by DeN'itale (1983) and shown in Table 1. 

2.2 Existing Slope Stability Programs 

Many slope stability programs have been developed to find the minimum safety 

factor. Most of these programs consist of two parts: one part to calculate the function 

value and the other to search for the critical slip surface. Table 2 presents a chronological 

list of many of the programs that have been developed based on limit equilibrium solutions 

(Gillett, 1987). As shown in Table 2, most of the computer programs use either a grid 

search or pattern search technique to find the critical slip surface and corresponding 

minimum safety factor. 

The grid search method is a direct search method which is used in many slope 

stability programs. As shown in Figure 1, this method works by setting up a coarse 

network of points representing slip circle centers of a sufficiently large area to include the 

centers of all probable failure surfaces. The safety factor is evaluated for each circle. A 

second set of trials is made by constructing a new network with finer spacing around the 

point which gave the minimum safety factor in the first iteration, in order to locate the 

lowest factor of safety and the critical circle. Sometimes, for accuracy, it may be 

necessary to repeat the analysis a third time using a still smaller and finer grid. The grid 

is either set up by the user or generated by the computer (Gillett, 1987). The major 

disadvantage of the grid search procedure is its inherent slowness; all evaluation points are 

fixed in advance, and the direction of the search is only slightly affected by the safety 

factor values at prior evaluation points. 
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Table 1. A Comparison of the Various Classes of Optimization Techniques 
(After DeNatale, 1983) 

Class Requirements Advantages Disadvantages 

Second 

Derivative 

Methods 

•function 

•gradient 

•curvature 

•superlinear 

convergence 

•self-corrective 

•possible to dis

tinguish between 

local minima and 

saddle points 

•may not converge from 

poor initial guess 

•requires second 

derivatives 

•requires solution of 

n-linear equations at 

each iteration 

Discrete 

Newton 

Methods 

•function 

•gradient 

•same as for 

Second Derivative 

Methods 

•inefficient for large-

dimension problems 

•optimal differencing 

intervals must be 

determined 

Quasi-

Newton 

Methods 

•function 

•gradient 

•requires first 

derivatives only 

•no equation solving 

is required 

•round-off errors can 

have large effect on 

performance 

Restricted 

Step 

Methods 

•function •excellent 

convergence 

•requires many arith

metic operations 

Conjugate 

Direction 

and 

Conjugate 

Gradient 

Methods 

•function •requires little 

core memory 

•few arithmetic oper

ations per iteration 

•excellent for 

large problems 

•less efficient and 

robust than Newton 

type methods 

Direct 

Search 

Methods 

•function •extremely general and 

simple to code 

•immune from rounding 

errors and 31-

conditioning 

•requires little 

core memory 

•rather slow 

convergence 

•function evaluations 

increase exponentially 

with the dimension of 

the problem 

•a large number of user 

specified constants is 

required 



Table 2. A Comparison of Available Stability Programs 
(After Gillett, 1987) 

Program 

Name References 

Utile St Price (1958) 

Horn (1960) 

ICES- Bailey St Christian (1969) 

LEASE-1 Newman (1985) 

STABR Lefebvre (1971) 

MALE Schiffman (1972) 

- Schiffman St Jubenville (1975) 

SSTAB1 Wright (1974) 

SSTAB2 Chugh (1981) 

SLOPE Fredlund (1974) 

Fredlund St Krahn (1977) 

CIVILSOFT (1976) 

SLOPE-H Fredlund St Nelson (1985) 

Geo-SIope (1987) 

PC-SLOPE Fredlund St Nelson (1985) 

Geo-SIope (1987) 

STABL Siegel (1975a) 

Siege! (1975b) 

Siegel et al. (1979) 

STABL2 Boutrup (1977) 

Boutrup et al. (1979) 

STABL3 Chen (1981) 

Safety Factor 

Formulation 

Bishop's Modified 

Method 

Swedish Circle Method 

Bishop'* Modified 

Method 

Bishop's Modified 

Method and Ordinary 

Method of Slices 

Morgenstem's Method 

Spencer's Method 

Spencer's Method 

All State-of-the-Art 

Methods 

Swedish Circle Method 

All State-of-the-Art 

Methods 

All State-of-the-Art 

Methods 

Bishop's Modified 

Method and Janbu's 

Simplified Method 

Bishop's Modified 

Method and Janbu's 

Simplified Method 

Bishop's Modified 

Method and Janbu's 

Simplified Method 

Search 

Technique 

None 

Pattern Search 

Grid Search 

Pattern Search 

Grid Search 

Grid Search 

Grid Search 

Grid Search 

Grid Search 

Grid Search 

Randomly 

Generated 

Grid Search 

Randomly 

Generated 

Grid Search 

Randomly 

Generated 

Grid Search 
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Table 2. A Comparison of Available Stability Programs—continued 

Program 

Name 

STABL4 

SSDP 

References 

Lovell et al. (1984) 

PCSTABL4 Carpenter (1985) 

Baker (1980) 

Celeatino te Duncan (1981) 

Safety Factor 

Formulation 

Bishop's Modified 

Method and Janbu'a 

Simplified Method 

Bishop's Modified 

Method and Janbu's 

Simplified Method 

Spencer's Method 

Spencer's Method 

Search 

Technique 

Randomly 

Generated 

Grid Search 

Randomly 

Generated 

Grid Search 

Dynamic 

Programming 

Alternating 

Variable 

REAME 

SWASE 

STABRG 

SLOP8RG 

CSLIP2 

Huang (1981) 

Huang (1983) 

Huang (1983) 

Nguyen (1985) 

SB-SLOPE Von Gun ten (1985) 

GEOSOFT (1986) 

GEOSOFT (1986) 

GEOSLOPE GEOCOMP (1986) 

CSLIP1 Awad (1986) 

Abifadel (1987) 

Bishop's Modified 

Method 

Sliding Block 

BMiop'a Modified 

Method it Mbrgenatem-

Price Method 

Bkhop'a Modified 

Method 

Bkhop'a Modified 

Method and Ordinary 

Method of Slice* 

Spencer's Method 

Handles Noncircular 

Surfaces 

Baaed on STABL 

Bah op's Modified 

Method 

Bishop's Modified 

Method 

Grid and 

Pattern Search 

None 

Simplex Method 

of 
Spendley et al. 

Grid Search 

Pattern Search 

Pattern Search 

Simplex Method of 

Nelder & Mead 

Powell's Conju

gate Direction 

Method 
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Lowest value 
in grid 

Second grid 

(a) Initial (coarse) Grid 

Final grid' 

Lowest value in grid 

(b) Second (finer) Grid 

««(•>**- 'True niniaum 

(c) Final Grid 

Figure 1. A Typical Three-Grid Analysis (after Giilett, 1987). 



The pattern search method used in the STABR (Lefebvre, 1971) and REAME 

(Huang, 1981, 1983) programs represents a major improvement over the grid search 

method. Initially, the user locates the center of the circle and the final grid spacing. 

After the calculation of the safety factor and determination of the critical circle for the 

initial point, the program calculates the safety factor for four new points (i.e., 1,2,3, and 4, 

as shown in Figure 2) around the initial one at a radius equal to twice the given final grid 

spacing. These four points form a square where each corner is equidistant from the center. 

The program rotates around the initial point to calculate the safety factor at each point in 

a clockwise direction, and if any of these points has a safety factor less than the safety 

factor value of the initial point, the program does not go to the other point; it takes this 

point as a new center of rotation. A search path around the new center is made, and the 

procedure continues until the minimum safety factor is calculated. However, when a 

complete rotation is done without getting a safety factor less than that at the center of 

rotation, the radius of rotation is reduced to the given final grid spacing and another four 

point rotation is performed. If a smaller safety factor is still not found, a new search 

rotation starts around the same center at a 45-degree angle with radius length equal to 

1.414 times the given final grid length, as shown in Figure 2b. After getting the minimum 

safety factor, another trial may be necessary with a smaller final grid length to locate the 

center of the true critical circle. The disadvantage of this method is that convergence 

towards the minimum is slowed because the search moves from one point to another on a. 

constant step length. Also, it may be necessary to repeat the analysis using a still smaller 

step length until the lowest value of the safety function is found. 
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1 

2 

(a) First dockvise rotation around 
the given center, A. The rotation 
starts at point 1, with radius of 
rotation twice the final step 
length. 

x 

(b) The 45-degree clockwise rotation 
around the center, B. The rotation 
starts at point 1, with radius of 
rotation 1.414 times the final 
step length. 

Rgure 2. The Pattern Search Method Used in STABR (after Lefebvre, 1971). 



Another direct search method used in slope stability programs is the alternating 

variables procedure, used by Celestino and Duncan (1981) to search for the critical slip 

surface. As shown in Figure 3, the search starts at some point x^) and searches in the 

direction of the xx-axis seeking the minimum in this direction to find A, where the 

tangent to the contour is parallel to the xj-axis. From A, the searching is in the direction 

of the x2-axis and parallel to it proceeding to B and then to C until the minimum value is 

found by searching in directions parallel to xx and x2. 

Another direct search method, the simplex method of Spendley, Hext and 

Hinsworth (1982), has been used by Nguyen (1985) in conjunction with slope stability 

analysis. In this method, a set of (n+1) mutually equidistant points in n-dimensional space 

is known as a regular simplex. Thus, in two dimensions, the simplex is an equilateral 

triangle, and in three dimensions, a regular tetrahedron. By evaluating the function of 

values at the (n+1) vertices of the simplex, the simplex is moved towards the optimum 

point during the iterative process. A wad (1986) used the simplex method of Nelder and 

Mead (1965), which is a modification of the Spendley et al. (1962) method. The 

modification allows the simplices to become non-regular by the application of three basic 

operations: reflection, expansion and contraction for the step length. A wad (1986) found 

that using the simplex method in slope stability programs was significantly more efficient 

than using any of the other direct search methods described subsequently. 

Recently, Abifadel (1987) used another direct search technique, "The Powell's 

Conjugate Direction Method" developed by Powell (1974). In this method, the minimum 

value of an n-dimensional function is determined by searching along n mutually conjugate 

directions. If dx, d2, —, dn are n mutually conjugate directions, and (x^), x^), —, xfi1)) 

is an arbitrary starting point for the quadratic objective function <Hxv x2, xn), a search 
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Figure 3. Alternating Variable Search Method (after Swann, 1972). 
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along dx from the starting point continues until the point (x^), x^), x^)), which 

minimizes #x^), x^), •••, x^)) is reached. Then a new search along d2 from (x^), x^), 

—, xflO) starts in order to reach a new minimum point (x^+0, x^+1), —, x^+O). This 

process continues along each of the n-conjugate directions until the final point (x(n+1), 

x£n+l), x^+0), which is the optimal point, is reached. For functions that are not 

exactly quadratic, Powell's algorithm requires more than one cycle of n-line searches to 

converge to the true minimum (Powell, 1964). This method is more efficient than the 

pattern search techniques and generally as good as or better than the simplex method 

(Abifadel, 1987). 

By applying other optimization techniques, new slope stability programs may be 

developed which are more efficient and reliable. Since the BFGS quasi-Newton method is 

one of the most effective optimization techniques, it is discussed here and used in 

conjunction with the slope stability program, STABR, to investigate its reliability and 

efficiency. 

2.3 The BFGS Quasi-Newton Method for Optimization 

Quasi-Newton methods are based primarily upon properties of quadratic functions. 

The quadratic model is obtained from a truncated Taylor series expansion of f(x) about 

x(k) which can be written (Fletcher, 1980) 

f(x<« • 5) - f« • g(k)T 8 • i «T G<k> S (1) 

where 6 = x - xM, T indicates the transpose of the vectors (g and 8), and g and G are the 

first and second derivatives, respectively. The quasi-Newton method uses the observed 

behavior of f and g to accomplish the process of optimization. Quasi-Newton methods are 

based on the fact that an approximation to the curvature of a nonlinear function can be 

computed without explicitly forming the Hessian matrix (G). 
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In the quasi-Newton approach, the inverse Hessian G"1 is approximated by a 

symmetric, positive-definite matrix, H, which is updated at each iteration. Thus, the k-th 

iteration has the basic structure (Fletcher, 1980): 

a) Set Sk = -Hk gk (2a) 

b) Line search along Sk giving x(k+') = x(k) + a(k) s(k) (2b) 

c) Update H(k) giving H(k+*) (2c) 

where x(k) denotes the k-th solution vector, s(k) represents the k-th search direction and 

a(k) is a positive scalar (see Section 2.4). The initial matrix H^) can be any positive 

definite matrix, although in the absence of any better estimate, the choice H^) = I (where 

I is the identity matrix) is often made. After repeated updating to the arbitrary matrix 

H0) , it changes into a close approximation to G(k) *. 

In order to derive the matrix (H), let s(k) be the step taken from x(k), and 

consider expanding the gradient function about x(k) in a Taylor series along S^k), i.e., 

g (x(k) + 5^k)) = g(k) + + ••• (3) 

where the higher order terms approach zero for a quadratic function and are convenient to 

neglect, and if differences 

5<k) = a(k) S(k> = x(k+D - x(k) (4) 

^(k) = g(k+l) _ g(k) (5) 

then the Taylor series (3) gives: 

T<k) = G(k) j(k) (6) 

or 
dk) = G(k)"i ^k) (7) 



Since 6^ and if(k) can be calculated only after the line search is performed in step (2b), 

gM"1 does not usually relate these vectors correctly. Hence, the update inverse Hessian 

H<k+1) is selected so as to guarantee that s(k) and are properly related: 

S(k) = H<k+1) #) (8) 

This is generally called the quasi-Newton condition. Thus, all quasi-Newton methods 

which have been developed try to find the best formula which is simple and effective to 

satisfy the above condition. 

According to Broyden (1965), Wolfe (1959) was the first to implement a quasi-

Newton update. Since that time, a large number of additional updating formulae have 

been proposed. Perhaps the two best known formulae are the Davidon-Fletcher-Powell 

(DFP) and the Broyden-Fletcher-Goldfarb-Shanno (BFGS) updates (DeNatale, 1983). The 

DFP update was the preferred formula until 1970, when Broyden, Fletcher, Goldfarb, and 

Shanno independentiy conceived the more effective form (Broyden, 1970; Fletcher, 1980): 

"SSf g s - " *  1 + : ^ ] (  
s ST 

* T 7 

H + H 5 5J 
(9) 

where the subscript k has been dropped from the right-hand side for convenience. 

It should also be mentioned that quasi-Newton methods can be applied to no-

derivative problems where finite difference approximations to first derivatives are used to 

estimate elements of the g vector (Fletcher, 1980). 

2.4 The Line Search Algorithm 

The algorithm for the line search used in quasi-Newton's methods is presented by 

Fletcher (1980) and DeNatale (1983). This algorithm is designed to find the scalar step 
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length a; (Eq. 2b), which locates the minimum of the functions in the specified search 

direction Sj. The main elements of this algorithm are (1) bracketing a in an interval (ax, 

a2), which contains the interval of acceptable a-values, and (2) sectioning, which is 

employed to reduce the size of the search interval. Figure 4 shows the structure of this 

algorithm. The line search accuracy depends on many parameters which are user-specified 

scalar constants (<r, p, and r), and other factors. The a constant is used to insure that the 

slope at the acceptable point must be greater than some multiple ae (0,1) of the initial 

slope (Fletcher, 1980). A value of a = 0 will lead to the precise location of the minimum 

in the current search direction, where the search becomes less and less exact as a is 

increased from a = 0 to a = 1. Also, when a is small, the number of iterations increases. 

For some problems, a small value of a has to be used until the minimum value of the 

function is located. So, the <r-value can vary from one problem to another. 

The line search at each iteration chooses a new value of a to decrease the interval 

(ctj, a2). When the new value a is near the extremes, a small reduction in the function 

value will result and leads to the convergence where {f^} may not be the minimal. To 

avoid this case, the new value of a must be chosen to be away from the extremes of the 

interval (crlt a2). To insure that the new value of a is not near the extremes, two things 

can be done. The first one is to limit the minimum value of the difference between the 

values of the f^ and f^+1. Golden (1965) did this according to the following condition: 

f£ - f£+l > -par, 

where p  e (0,1/2) is a fixed parameter and f is the first derivative. In practice, a value of 

p = 0.1 or evel less is more usual. The second thing is to make a restriction on the new 

value of a to a new interval less than the interval (a^atj). This was done by reducing the 
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interval to be [otj+rAa, a2-rAa], where Act = atj - a2 and r is a preset parameter 

(typically r = 0.1 although t < a is advisable). 

However, this algorithm is not the only one; there are other line searches which 

have been used with other optimization techniques, like the conjugate direction method. 

Two of these alternate algorithms are discussed by Powell (1964) and Brent (1973). A 

complete discussion of the algorithms shown in Figure 4 is provided by Fletcher (1980) 

and DeNatale (1983). 
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Figure 4. The Structure of the Line Search Algorithm (DeNatale, 1983). 



CHAPTER 3 

MATERIALS AND METHODS 

3.1 Modelling Slope Stability Problems for Optimization 

Modelling of slope stability problems into computer problems requires a knowledge 

of the types of failure. These types include planar, circular, piecewise linear and/or 

composite slip surfaces. Each one of these slip surface types depends on the geometry and 

the soil properties of the slope. For example, if the soil is homogeneous, and the 

dimensions of the slope are large enough, the most critical failure will be circular. 

However, if the dimensions are not large enough for a circle to develop, as in the case of 

an infinite slope with depth much smaller than length, the most critical failure surface will 

be planar. 

When optimization techniques are used to find the critical slip surface in a stability 

problem, the number of variables which control the safety function must be specified. 

The number of variables, called the degrees of freedom, varies from one type of slip 

surface to another. Various types of slip surfaces have been observed in practice, 

including planer surfaces, circular surfaces, logarithmic spiral surfaces, piecewise planer 

surfaces, and composite surfaces consisting of a combination of the above. 

To illustrate the concept of degrees-of-freedom, two types of planer slip surfaces 

are first considered (Figure S). In Figure 5a, the plane passes through the toe; in this case, 

the only variable that needs to be changed is the variable a, until the lowest safety factor 

is found. This can be shown analytically from the safety factor expression, which is given 

by (DeNatale, 1987) 



C = cohesion 

7 = total unit weight 

a. Plane failure through the toe. 

c<. 

b. Plane failure passing through the slope face. 

Figure 5. Planar Slip Surfaces. 



30 

where the various parameters are those defined in Figure 5a. In this case, the problem is 

one-dimensional (i.e., the degree of freedom is equal to one). If the plane surface is 

permitted to intersect the slope face (as in Figure 5b), the problem becomes two-

dimensional where the two variables include the angle a and the distance y. 

In the case of circular slip surfaces, generally, the degrees of freedom equal three: 

the x and y coordinates of the center of the circle, and its radius, R (Figure 6a). For some 

problems, when the slip surface either passes through a point or is tangential to a 

horizontal surface, the number of degrees of freedom is reduced from three to two. The 

two degrees of freedom are x and y only, where the circle has a fixed radius and the 

radius is no longer an independent variable. One case where a point can be specified on 

the slip surface is when the critical slip surface is assumed to pass through the toe (Figure 

6b). Also, the depth at which the critical surface is tangential to the horizontal can be 

specified for some problems where the base circle can be developed (Figure 6c). The 

determination of the point through which the critical slip surface can pass, or the level 

where it is tangential, requires good engineering judgement. 

The other two types of slip surfaces, piecewise linear and composite, generally 

develop when the soil deposits are stratified, with parallel or intersecting bedding planes, 

seams, and/or fissures. The number of degrees of freedom in this case is equal to 2S, 

where S is the number of segments defining the slip surface (refer to Figures 7a and 7b). 

The independent variables for these kinds of problems include the orientation and the 

length of each segment 

The STABR program (Lefebvre, 1971) is used to solve slope stability problems by 

using Bishop's Modified Method (Bishop, 1955) and the Ordinary Method of Slices 

(Fellenius, 1936). These two methods assume the failure surface to be circular which 



C  ( X ,  Y  )  

a. General circular slip surface. 

C ( X , Y )  

7/AVW/ 

b. Circular failure passing through the toe, "Toe Circle". 

c. Circular failure tangential to a level, "Base Circle". 

Figure 6. Circular Slip Surfaces. 
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a. Piecewise linear failure surface (with S = 4). 

J 
I 

I 
/ 

// 
/ 

Composite failure surface. 

Figure 7. Piecewise Linear and Composite Failure Surfaces. 
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correlates well with many observed failures. The new program CSLIP3 uses the same 

subroutines of STABR that calculate the safety factor. This means that the number of 

dimensions (or independent variables) which are optimized by the BFGS Quasi-Newton 

Method, is three if the circular failure surface is general, or two if it is further restricted 

to be a base or toe circle. 

3.2 Structure of CSLIP3 

Two tasks are performed by any slope stability program. The first one is 

computing the safety factor for a specified circle, and the other is searching for the critical 

circle which gives the lowest safety factor. In the new program CSLIP3, the first task is 

done by using the subroutine FVALUE which contains those segments of the STABR 

program which compute the safety factor for a given circle. The second one uses another 

subroutine, LINMIN, which searches for the critical circle according to the BFGS quasi-

Newton optimization technique. These two subroutines are called by the SEARCH 

subroutine during the search for the critical circle. 

Program CSLIP3 begins by calling up two subroutines for data reading: OPDATA 

and SSDATA. Subroutine OPDATA reads all information required by the BFGS quasi-

Newton minimization procedure, while subroutine SSDATA reads all information required 

by those subroutines of STABR used in CSLIP3. The arrangement of the input data is the 

same as that described in the STABR User's Manual (Lefebvre, 1971), except for the first 

three lines, which are as follows: 

1. The first line contains the title of the input data (as in STABR User's Manual) 

2. The second line gives the following input data required by BFGS quasi-Newton 

algorithm: 
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NDIM = Number of dimensions (2 or 3) 

2 for base or toe circle 

3 for general circular slip surface 

IMAX = Maximum number of iterations permitted 

FERR = Maximum permissible error in computing F 

XERR = Maximum permissible error in the x-coordinate location 

a = The value of the line-search parameter 

P = The value of the first bracket-check parameter 

r = The value of the second bracket-check parameter 

3. The third line gives the value of (x,y) coordinates of the center of the starting slip 

circle, and its radius if NDIM=3. 

The computer program for the BFGS quasi-Newton method was developed by 

DeNatale (1983). This program is introduced to the CSLIP3 as the subroutine, LINMIN. 

The structure of CSLIP3 is shown in Figure 8, and a complete listing of Program CSLIP3 

is provided for reference in Appendix A. 

Many analytic test functions were developed to evaluate the efficiency of different 

optimization techniques (Cornwell, et al., 1980). The functions used in this thesis to test 

the BFGS quasi-Newton algorithm, and to compare the results with those obtained by 

Awad (1986) are described in Section 4.1. These functions were also used to test the 

simplex method of Nelder and Mead. The results obtained from the two methods will be 

compared with respect to the number of function evaluations required before termination. 

33 Sample Problems for Testing the Program (CSLIP3) 



Has the search 
converged to a 
local minimum? 

YES 

close all files 

CALL EXIT 

Open all Input and Output files 

CALL OPEN 

Read all data needed to define the 
BFGS Quasi-Newton method 

CALL OPDATA 

Select the x-y center coordinate and 
radius of the trial slip circle 

CALL SEARCH 

Compute the safety factor for the trial 
slip circle using Bishop's Simplified Method 

CALL FVALUE 

Read all data needed to define the 
soil and slope properties 

CALL SSDATA 

Figure 8. The Structure of Program CSLIP3. 
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The program CSLIP3 is applied to several cases previously examined using programs 

STABR (Gillett, 1987), CSLIP1 (Awad, 1986), and CSLIP2 (Abifadel, 1987). These cases 

are: 

1. Steep slopes in homogeneous soils, 

2. Mild slopes in homogeneous soils, 

3. Slopes in soils whose shear strength increases with depth, 

4. Slopes in stratified soil deposits, 

5. Published case histories that have been examined by others. 

Finally, the results of the safety factor and the number of iterations needed to reach 

to the lowest safety factor, obtained by using the BFGS quasi-Newton algorithm, are 

compared with those obtained by using the simplex algorithm (as presented by Awad, 

1986). 
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CHAPTER 4 

PRESENTATION AND DISCUSSION OF RESULTS 

4.1 Application to Analytical Test Functions 

The BFGS quasi-Newton minimization algorithm is applied to analytical functions 

to evaluate its efficiency and reliability. These functions were also used by Awad (1986) 

in his testing of the simplex algorithm of Nelder and Mead (1965). As shown in Table 3, 

these functions are: 

1. Rosenbrock's Parabolic Valley function, 

2. Powell's Four-Parameter function, and 

3. Cube function. 

A comparison between the two algorithms with respect to the number of function 

evaluations required to analyze these functions is shown in Table 4. The minimum value 

of the above functions and the corresponding location are shown in Table 3. Table 4 

suggests that the BFGS quasi-Newton algorithm is much more efficient than the Simplex 

Method for solving the analytical functions. 

4.2 The Effect of the Parameter a on the Performance of 
the BFGS Quasi-Newton Algorithm 

The interval value of a was discussed in Section 2.4. Two of the functions in Table 

3 were used to see the effect of varying the a value. Table 5 shows the number of 

function evaluations required for convergence when a is decreased from 0.9 to 0.0, where 

the program converges each time to the same point and the same function value. When 

the value of a is equal to 0.9, which means the least exact line search, the convergence to 
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Table 3 A Brief Description of the Analytical Test Functions 

Function Function 

Number Name 

Recommended Minimum 

Number Starting F-Value St 

of Point Location 

Dimensions (xx, Xj, •-) (xx, x2. ") Function 

Rosen brock's 

Parabolic 

Valley 

Powells 

Four-Parameter 

Function 

Cube 

Function 

(-1, 2,1) F = 0 F=100(x2 -Xj )2 +(l-xx )2 

at (1. 1) 

(3, -1, 0,1) F = 0 F=(xj +10x2 )2 +S(x3 -*4 )2 

at (0,0,0,0) +(x2-2x3)4+10(x1-x4)3 

(OS, OS) F = 0 F=100(X2 -X\)2 +(l-x2 )2 

at (1,1) 
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Table 4 A Comparison Between 'the BFGS Quasi-Newton and Simplex Algorithms When 
Applied to Analytical Functions 

Function Name 

Number of Function Evaluations Required 

Simplex BFGS Quasi-Newton 
Method Method 

Rosenbrock's Parabolic Valley 

Powell's Four-Parameter Function 

Cube Function 

94 

169 

76 

48 

37 

37 



Table 5 The Effect of a on the Efficiency of the BFGS Quasi-Newton Algorithm 

Number of Function Evaluations 

Powell Four Parameter Cube 
a Function Function 

0.9 37 37 

0.8 36 37 

0.7 36 45 

0.6 35 34 

0.5 36 46 

0.4 42 45 

0.3 47 46 

0.2 52 45 

0.1 90 45 

0.0 110 63 
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the minimum is faster than that when a = 0.1. Consequently, using a = 0.9 is better than 

using a = 0.1, and a = 0.1 is used in the case where a = 0.9 does not give the minimum 
/ 

value of the function. However, this case is not found with the two functions used here. 

From Table 5, it can be seen that the best value of a ,  i.e., the one which gives the 

lowest number of function evaluations, is a = 0.6. Because a = 0.9 is suitable for use with 

all the functions and the difference between the number of iterations in the cases a = 0.6 

and a = 0.9 is not significant, a value of a = 0.9 is recommended. 

4.3 Application of the Quasi-Newton Method to Slope Stability Problems 

The quasi-Newton BFGS method is applied to slope stability problems to evaluate 

its reliability and efficiency. The kinds of slopes were mentioned in Section 3.1. The 

evaluation of the program is done according to the value of the safety factor and the 

number of function evaluations that are required by the algorithm to converge to the most 

critical slip surface. The safety factor value and the associated number of function 

evaluations depend on the position of the selected starting point, the maximum permissible 

error, and the values of the control parameters a, p, r. 

In order to study the effect of the starting error, four levels of starting-point 

accuracies were defined; "expert", "good", "fair", and "poor". These different levels of 

starting point were explained by Gillett (1987) and are used here for each problem. 

The values of the parameter FERR, which determines the maximum permissible 

error for the difference between the function value at iteration k and iteration k+1 (i.e., 

FERR = F(k+1) - FM), was decreased from 0.1 to 0.0001 to determine its effect on the 

accuracy of the safety factor and the program termination. Also, different values of 

XERR, which determine the maximum permissible error between the vector (Xk) and 



(Xk+1), were investigated when XERR was decreased from 0.1 to 0.0001. The parameters 

a, p, and r, which are used in the line search (Section 3.3), are discussed to give a clear 

idea for the user about their effect and the recommended values of each. These criteria 

(FERR, XERR, a, p, r) were tested only for one problem, and the recommended values 

were used for the rest of the analyses. 

Finally, a comparison between the BFGS quasi-Newton method and the simplex 

method is provided at the end of the analysis for each problem. 

4.3 a Problem 1 - Steep Slopes in Homogeneous Soil 

The critical slip surface for a steep slope in a homogeneous soil passes through the 

toe of the slope. Consequently, the problem is a two-dimensional problem, and this must 

be specified to the program. Otherwise, the result may be incorrect This type of problem 

is illustrated Figure 9. The testing and evaluation of the program for this type of 

problems conducted as follows: 

1. Effect of Starting Error 

As mentioned before, four levels of starting point accuracies are used to evaluate the 

starting error. These levels are shown for this problem in Figure 10. By running 

program CSLIP3 for each starting point, with FERR = 0.001 and XERR = 0.1, the 

results are as shown in Table 6. It is clear that when the starting point is far away 

from the critical point, the number of function evaluations needed for CSLIP3 to 

converge is nearly the same as when the starting point is near the critical point. For 

example, when the starting point is (129,72), where its level of accuracy is fair, 14 

function evaluations are required for termination with a safety factor value of 1.14. 
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(100,100) 

(111.55,120) 

X - 120 pcf 

c • 500 psf 

40* 

Figure 9. Problem 1 - Steep Slope in Homogeneous Soil (Gillett, 1987). 
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39,62) 
poor initial gritix 

(81.62) 

(129,72) fair initial gri<K (91,72) 

(119,82) 
good initial gri<h 

/(101.82) 

(114,87) (106,87) 

(110 .91) ̂ "•exp expert initial grid 

(100,100) 

(111.55,120) 

Figure 10. Initial Grids and Starting Points for Problem 1 (Gillett, 1987). 
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Table 6 Effect of Varying Starting Point in Problem 1 

Starting Starting Point FS^ Number of Function 
Guesses (x,y) Evaluations 

Expert 114, 87 1.09 9 

Expert 106, 87 1.09 10 

Good 119, 82 1.10 14 

Good 101, 82 1.10 13 

Fair 129, 72 1.144 14 

Fair 91, 72 1.130 9 

Poor 139, 62 1.170 15 

Poor 81, 62 1.158 12 

\ 
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On the other hand, when the starting point is (114,87), where the level of accuracy is 

expert, 9 function evaluations are required for termination with a safety factor value 

of 1.09. Regardless of the insignificant difference between the number of function 

evaluations for both starting points, the difference between the two safety factor 

values must be recognized if it is significant or not. By drawing the slip-surfaces 

associated by each value of the safety factor, as shown in Figure 11, it can be said 

that the difference is insignificant because the two slip surfaces are almost identical. 

Therefore, it can be said that CSLIP3 is reliable and efficient for solving steep slope 

problems in homogeneous soil. 

2. Effect of FERR and XERR: 

The purpose of using the FERR and XERR criteria is to terminate the program at the 

desired accuracy. In CSLIP3, when the specified value of FERR or XERR is 

reached, the program will be terminated. First, a testing of the FERR effect on the 

program was done at a value of XERR equal to 0.0001 to be sure that the conver

gence depends only on FERR. According to the results shown in Table 7, a value of 

FERR smaller than 0.001 is not recommended because the number of function evalua

tions is increased without improvement in the safety factor value. A large value of 

FERR (e.g., FERR = 0.1) decreases the number of function evaluations, but may or 

may not converge to the lowest safety factor. Second, as shown in Table 8, the value 

of XERR is not as important as the variation of FERR because convergence is due 

primarily to FERR, unless the value of XERR is large (e.g., XERR >1). A value of 

XERR equal to 0.1 is recommended. 
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Slip Starting 
Surface FS Guesses 

1.181 

1.149 

1.093 expert 

poor 

fair 

(100,100) 

(111.55,120)^ 

Figure 11. Comparison Between the Slip Surfaces for Different Values of the Safety 
Factor for Problem No. 1. 



Table 7 Effect of Varying FERR in Problem 1 (XERR = 0.0001) 
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The Starting Point 

Fair (129, 72) Expert (114, 87) 

FERR FS # of Function FS # of Function 
Evaluations Evaluations 

0.1 1.166 8 1.098 6 

0.01 1.144 14 1.098 8 

0.001 1.144 14 1.096 11 

0.0001 1.144 17 1.096 11 

0.00001 1.144 17 1.096 14 



Table 8 Effect of Varying XERR in Problem 1 (FERR = 0.0001) 
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The Starting Point 

Fair (129, 72) Expert (114, 87) 

XERR FS # of Function FS # of Function 
Evaluations Evaluations 

15.0 1.149 8 1.096 9 

5.0 1.146 11 1.096 9 

1.0 1.144 14 1.096 14 

0.1 1.144 17 1.096 14 

0.01 1.144 17 1.096 14 

0.001 1.144 17 1.096 14 
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3. Effect of the Line Search Parameters (<r, p, r): 

These three parameters were discussed in Section 3.3. Here, a test for each of them is 

done to evaluate the effect of their variation and to choose the appropriate values to 

be used with the slope stability problems. First, a test of the a effect is done by 

decreasing its value from 0.9 to 0.0, with the two other parameters fixed at p = 0.001 

and r = 0.2. The results of the analysis are shown in Table 9. It is clear that a small 

value of a increases the number of iterations without improvement in the safety factor 

value. Consequently, a fixed value of a equal to 0.9 is recommended and is used in 

the rest of the CSLIP3 analyses. Second, from Table 10, varying r from 0.01 to 0.4 

(where <7=0.9 and p = 0.001) gives different values for the number of function 

evaluations between 13 and 17 without a change in the safety factor value. So, a 

value of r = 02 is recommended and is used in the rest of the CSLIP3 analysis. 

Third, Table 11 shows the effect of varying the p-value (where a = 0.9 and r = 0.2) 

on the CSLIP3 results. It is clear that no change in CSLIP3 results at all. Therefore, 

a value of p- 0.001 is recommended and is used in the reset of the CSLIP3 analysis. 

4. Comparison Between the BFGS Quasi-Newton Method and the Simplex Method 

The results of the BFGS quasi-Newton method, which is used in the CSLIP3 program, 

are compared with those obtained by using the Simplex Method. The CSLIP1 

program, performed by A wad (1986), is the most powerful program available at this 

time. By analyzing Problem 1 with both programs, (with FERR = 0.001), two things 

can be noted from the results, as shown in Table 12. First, the values of the safety 

factor, given by CSLIP3, become less accurate as the starting point gets further away 

from the critical point, whereas CSLIP1 converges to the critical point for all 



Table 9 Effect of Varying a Value [Starting Point is (129, 72)] 
(p = 0.001, r « 0.2) 

Number of 
Function 

a FS Evaluations 

0.9 

0.7 

0.5 

0.3 

0.1 

0.0 

1.144 

1.144 

1.144 

1.144 

1.144 

1.144 



Table 10 Effect of Varying r Value [Starting Point is (129, 72)] 
(a - 0.9, p  = 0.001) 

Number of 
Function 

r FS Evaluations 

0.01 1.144 13 

0.1 1.144 16 

0.2 1.144 14 

0.3 1.144 17 

0.4 1.144 15 



Table 11 Effect of Varying p Value [Starting Point is (129, 72)] 
(a  = 0.9, r  =  02 )  

Number of 
Function 

p FS Evaluations 

0.2 1.144 14 

0.1 1.144 14 

0.01 1.144 14 

0.001 1.144 14 
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Table 12 Comparison Between CSLIP3 and CSLIPl Results for Problem 1 

CSLIP3 CSLIPl 

Starting 
Guesses 

Starting 
Point 
(x,y) 

FS 
Number of 
Function 

Evaluations 
FS 

Number of 
Function 

Evaluations 

Expert 114, 87 1.09 9 1.09 11 

Expert 106, 87 1.09 10 1.09 11 

Good 119, 82 1.10 14 1.09 19 

Good 101, 82 1.10 13 1.09 19 

Fair 129, 72 1.14 14 1.09 29 

Fair 91, 72 1.13 9 1.09 27 

Poor 139, 62 1.17 IS 1.09 37 

Poor 81, 62 1.16 12 1.09 38 
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starting points. Second, the number of function evaluations required for convergence 

using CSLIP3 for the different starting points does not change significantly. This is 

because convergence takes place before the minimum value is reached. However, if 

the convergence took place at the lowest value, the number of function evaluations 

will increase, but it may not be large. On the other hand, the number of function 

evaluations required by CSLEP1 to converge increases as the starting point gets further 

away from the critical one. However, CSLIP1 converges at the critical point for all 

the starting points. 

As discussed before, the difference between the safety factor values at the expert 

starting point and the poor starting point are not significant for this type of problem. This 

means that CSLIP3 is reliable and efficient when used for analyzing steep slope problems 

in homogeneous soiL The advantage of the CLIP1 program over the CSLIP3 program is 

that it converges to the lowest value of the safety factor for all the starting points. The 

robust nature of the simplex algorithm has been well documented in optimization literature. 

Finally, a comparison of the results of the analysis of Problem 1 between the 

STABR pattern search analysis (performed by Gillett, 1987), CSLIP1 simplex-based 

analysis (performed by Awad, 1986), and CSLIP2 Powell's Conjugate Direction method 

(performed by Abifadel, 1987) is shown in Table 13. Based on the previous discussion, 

CSLIP3 is the best one in the matter of efficiency, but not in the matter of accuracy,-

unless the starting point is expert or good. If the starting point is expert or good, CSLIP3 

is the best overall. 
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Table 13 Comparison Between the Number of Function Evaluations Between CSLIP3, 
CSLIP2, CSLIP1 and STABR, with FERR - 0.001 

Average Number of Function Evaluations 

Initial 
Guesses CSLIP3 CSLIP2 CSLIP1 STABR 

Expert 12 17 16 33 

Good 14 24 19 39 

Fair 12 42 28 52 

Poor 14 45 38 76 
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4.3.b Problem 2 - Mild Slope in a Homogeneous Soil 

In this section, a second type of slope stability problem is discussed. This type 

involves a mild slope in homogeneous cohesive soil, underlain by a firm stratum, as shown 

in Figure 12. It is known that the critical circle is tangent to the top of the firm layer 

(Terzaghi, 1943). Therefore, the problem reduces to a two-dimensional search for the 

minimum safety factor. CSLIP3 is again applied to this problem by using different 

starting points, as shown in Figure 13. 

The results of varying the starting point are shown in Table 14. As observed in 

Problem 1, the accuracy of the safety factor values decreases when the starting point gets 

far from the critical center, with an increase in the number of function evaluations 

required. It is clear that there is no significant difference between the results of the 

analysis when the starting points are at the left or at the right of the critical center. An 

evaluation for the safety factor values for the different guesses are shown in Figure 14. 

From Table 14, the difference between the safety factor values for a poor starting point 

and an expert starting point is about 02. This small difference gives about 47 ft between 

the positions of the failure at the top of the slope, and about 29 ft when the safety factor 

value difference is equal to 0.1 for fair and expert starting guesses. Thus, it can be said 

that CSLIP3 gives safer results as the starting point gets farther away from the critical 

center, but the results are unconservative. 

A comparison between the results of CSLIP3 and CSLIP1 programs is shown in 

Table 15. Again, CSLIP1 converges at the lowest safety factor value for all the starting 

points, where the number of function evaluations is increased significantly. Because a 

small difference in the value of the safety factor has a major affect on the slip surface 

envelope, CSLIP3 is not as accurate as CSLIP1 unless the starting point is expert or good. 
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(100,100) 

30' 

(152,130) 

- 120 pcf 
jf- 0 
c • 800 psf 

30* 

Figure 12. Problem 2 - Mild Slope in Homogeneous Soil (Gillett, 1987). 
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Figure 13. Initial Grids and Starting Points for Problem 2 (Gillett, 1987). 



Table 14 Effect of Varying Starting Point in Problem 2 

60 

Starting 
Guesses 

Starting Point 
(x,y) 

SF Number of Function 
Evaluations 

Expert 

Expert 

138.5, 63 

113.5, 63 

1.29 

1.29 

10 

13 

Good 

Good 

151.0, 50.5 

101.0, 50.5 

1.31 

1.31 

13 

13 

Fair 

Fair 

181.0, 20.5 

71.0, 20.5 

1.38 

1.35 

15 

18 

Poor 

Poor 

210.5, -9.0 

41.5, -9.0 

1.49 

1.50 

18 

19 



Slip 
Surface 

Starting 
Guesses 

expert 

Figure 14 Comparison Between the Slip Surfaces for Different Values of the Safety Factor 
for Problem 2. 

o 
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Table 15 Comparison Between CSLIP3 and CSLIPl Results for Problem 2 

CSLIP3 CSLIPl 

Starting 
Guesses 

Starting 
Point 
(x,y) 

FS 
Number of 
Function 

Evaluations 
FS 

Number of 
Function 

Evaluations 

Expert 138.5, 63 129 10 129 15 

Expert 113.5, 63 1.29 13 129 16 

Good 151.0, 50.5 131 13 129 37 

Good 101.0, 50.5 131 13 129 39 

Fair 181.0, 20.5 138 15 129 42 

Fair 71.0, 20.5 135 18 129 36 

Poor 210.5, -9.0 1.49 18 130 43 

Poor 41.5, -9.0 1.50 19 129 49 
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4.3 .c Problem 3 - Slope in Stratified Soil 

This type of slope stability problem consists of a slope in cohesive soil with an 

intermediate sand layer. The soil profile is shown in Figure 15. Theoretically, the critical 

surface is tangent to one of the soil interfaces. For this problem, the minimum safety fac

tor for different circles tangent to the interfaces are shown in Figure 16. It can be seen 

that the minimum safety factor occurred for the slip curve tangent to the top of the sand 

layer, which was equal to 1.27. For this failure circl", the effect of varying the starting 

point on CSLIP3 accuracy was done for the points shown in Figure 17. The results are 

shown in Table 16. Again, the accuracy of the safety factor value decreases as the starting 

point gets further away from the lowest value, where the change in the number of func

tion evaluations is not significant By drawing the failure circles, as in Figure 18, for the 

factor values shown in Table 16, the increase in the safety factor value gives a safer slip 

surface, but is unconservative. However, the difference between the results of expert and 

good starting points is not significant, like that for the expert and fair or poor starting 

points. 

Table 17 shows a comparison between the results of the analysis using CSLIP3 and 

CSLIPl. As discussed in Problem 1, CSLIPl converges at the lowest safety factor value for 

all the starting points with an increase in the number of function evaluations as the starting 

point gets further away from the critical center. Because accuracy is important here, as 

shown in Figure 18, CSLIPl is more reliable than CSLIP3 unless the starting point is 

expert or good. 

4.3.d Problem 4 - Slope in Soil with Continuous Variation of Strength 

This problem is a slope in soil whose strength increases linearly with depth, as 

shown in Figure 19. The shear strength increases from 200 psf at the top of the slope to 

800 psf at a depth equal to 120 ft It was found by Gillett (1987) that the critical circle is 
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Figure IS. Problem 3 - Stratified Soil Deposit (Gillett, 1987). 
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Figure 16. Critical Circles for Three Different Tangent Elevations (Gillett, 1987). 
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Figure 17. Initial Grids and Starting Points for Problem 3 (Gillett, 1987). 
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Table 16 Effect of Varying Starting Point in Problem 3 

67 

Starting 
Guesses 

Starting Point 
(x,y) 

SF Number of Function 
Evaluations 

Expert 

Expert 

124.0, 80.0 

111.0, 80.0 

1.28 

1.23 

10 

12 

Good 

Good 

130.5, 73.5 

104.5, 73.5 

1.30 

1.30 

10 

12 

Fair 

Fair 

145.5, 58.5 

89.5, 585 

1.38 

1.38 

13 

13 

Poor 

Poor 

161.0, 43.0 

74.0, 43.0 

1.49 

1.48 

15 

21 
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Starting 
FS Guesses 

1.49 poor 

1.38 fair 
1.30 good 

(100,100) 

(134.5,120) 

Slip 
Surface 

Figure 18. Comparison Between Slip Surfaces for Different Values of the Safety Factor 
for Problem 3. 
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Table 17 Comparison Between CSLIP3 and CSLIPI Results for Problem 3 

CSLIP3 CSLIPI 

Starting 
Guesses 

Starting 
Point 
(x,y) 

FS 
Number of 
Function 

Evaluations 
FS 

Number of 
Function 

Evaluations 

Expert 124.0, 80.0 128 10 127 18 

Expert 111.0, 80.0 128 12 127 16 

Good 130.5, 73.5 130 10 127 29 

Good 104.5, 73.5 130 12 127 23 

Fair 145.5, 58.5 138 13 127 38 

Fair 89.5, 58.5 1.38 13 127 31 

Poor 161.0, 43.0 1.49 15 127 45 

Poor 74.0, 43.0 1.48 21 127 48 
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c " 200 psf 
(100,100) 

20' 

(134.64,120) 30 

100' 

L_ 

- 800 psf 

Figure 19. Problem 4 - Shear Strength which Increases with Depth (Gillett, 1987). 
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tangent to a level which is 25.5 ft below the top of the slope. The critical safety factor is 

0.781. The effect of varying the starting point on the efficiency and reliability of CSLIP3 

was studied according to the points shown in Figure 20. The result of the analysis is 

shown in Table 18. The accuracy of the safety factor values decreases as the starting point 

gets further away from the critical one, with a small increase in the number of function 

evaluations. As shown in Figure 21, the increment of the safety factor value when the 

starting point is poor has a significant difference on the position of the failure at the top 

of the slope. Again, the analysis of CSLIP3 is safer but is not conservative unless the 

starting point is expert or good. 

A comparison between the analysis of CSLIP3 and CSLIP1 is shown in Table 19. 

This comparison indicates that CSLIP1 is more reliable than CSLIP3 unless the starting 

point is expert or good. If the starting point is expert or good, CSLIP3 is more reliable 

and efficient. 

4.4 Case Histories 

In this section, some case histories to verify slope stability computer programs 

which were proposed by Krahn and Fredlund (1977) are used to check the validity of 

CSLDP3. They are illustrated in Figures 22 to 30 (as presented by Gillett, 1987) with the 

critical failure surface determined using the program STABR. Table 20 summarizes a 

review of these case histories using the programs CSLIP1, CSLIP2, and CSLIP3 for the -

same starting point and also the same safety factor. It is clear from this table that CSLIP3 

is the most efficient program where it converges at the lowest safety factor and the lowest 

number of function evaluations. This happens because the starting points are near the 

expert or good guesses. Finally, it can be said that CSLIP3 is reliable and efficient for all 

kinds of problems if the starting point is near the expert or good guess. 
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Figure 20. Initial Grids and Starting Points for Problem 4 (Gillett, 1987). 
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Table 18 Effect of Varying Starting Point in Problem 4 
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Starting 
Guesses 

Starting Point 
(x,y) 

SF Number of Function 
Evaluations 

Expert 

Expert 

123, 81.5 

112, 81.S 

0.78 

0.78 

15 

11 

Good 

Good 

124, 75.5 

106, 75.5 

0.80 

0.80 

15 

18 

Fair 

Fair 

142, 62.5 

93, 62.5 

0.85 

0.84 

18 

15 

Poor 

Poor 

150.0, 49 

79.5, 49 

0.90 

0.90 

21 

21 
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Figure 21. Comparison Between the Slip Surfaces for Different Values of the Safety 
Factor for Problem 4. 
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Table 19 Comparison Between CSLEP3 and CSLIPl Results for Problem 4 

CSLIP3 CSLIPl 

Starting 
Guesses 

Starting 
Point 
(*,y) 

FS 
Number of 
Function 

Evaluations 
FS 

Number of 
Function 

Evaluations 

Expert 123, 81.5 0.78 15 0.78 14 

Expert 112, 81.5 0.78 11 0.78 11 

Good 124, 75.5 0.80 15 0.78 21 

Good 106, 75.5 0.80 18 0.78 18 

Fair 142, 62.5 0.85 18 0.78 41 

Fair 93, 62.5 0.84 15 0.78 33 

Poor 150.5, 49 0.90 21 0.78 44 

Poor 79.5, 49 0.90 21 0.78 37 
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Figure 22. Congress Street Open Cut (Gillett, 1987). 
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F-S-mi„- 1-35 
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Figure 25. Northolt Slide (Gillett, 1987). 
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Figure 26. Selset Landslide (Gillett, 1987). 
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Figure 27. Green Creek Slide (Gillett, 1987). 
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Figure 28. Bishop and Morgenstem's Example (Gillett, 1987). 
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Figure 29. Spencers Example Problem (Gillett, 1987). 
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Figure 30. Morgenstern and Price's Example Problem (Gillett, 1987). 
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Table 20 Results Obtained by Running CSLIPl, CSLIP2*, and CSLIP3 for Some Case 
Histories 

Number of 

Safety Function Evaluation 

Number of X,Y,R of Circle Factor 

Caae History Dimensions Starting (FS) CSLIPl CSLIP2 CSLIP3 

Congress Street open cut 2 ISO, 60, 95 1.12 IS 25 10 

Brightlingsea slide 2 100, '90, 22 0.99 — 29 15 

Seven Sisters'slide 2 100, 60, 73 1.34 ~ 36 15 

Northolt slide 2 140, 50, 90 1.36 15 47 12 

Selset landslide 2 160, 25,122 1.10 17 24 12 

Green Creek slide 2 180, 20,160 1.00 16 22 13 

Bishop and Morgenstern's 2 300,-60,280 1.12 24 33 13 

example 

Spencer's example problem 2 250, -50,200 1.00 22 27 16 

Mbcgenstem-Price example 2 200, 20,200 1.80 47 31 18 

*The results a* obtained by Abifadel (1987). 
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SUMMARY, CONCLUSION AND RECOMMENDATIONS 

5.1 Summary 

The direct search methods which are used in most slope stability programs are 

inefficient. As shown in the literature, many optimization techniques can be used which 

are more efficient than the direct search method. One such optimization technique, which 

is superior in solving the analytical function as compared with the other techniques, is the 

BFGS quasi-Newton method. This method was applied to three analytical test functions 

which were also analyzed by using the Simplex method by Awad (1986). Because the 

BFGS quasi-Newton method proved to be much more efficient than the Simplex Method 

for convergence, it was implemented into the STABR program of Lefebvre (1971) to 

analyze slope stability problems. The new program, CSLEP3, was then used to find the 

minimum safety factor and corresponding critical slope circle for a series of example 

problems and case histories analyzed previously using the STABR program of Lefebvre 

(1971), CSLIP1 of Awad (1986), and CSLIP2 of Abifadel (1987). The parameters which 

influence the efficiency of the program CSLIP3 were examined. Finally, the results which 

were obtained by the different programs were listed and compared. 

52 Conclusion 

The comparison between the results obtained by using the BFGS method and those 

obtained by using grid and pattern searches, Simplex, and Powell's conjugate direction 

methods, indicate that the BFGS quasi-Newton method is the most efficient method. 

However, the BFGS quasi-Newton method does not converge to the lowest function value 

when the starting point is far away from the minimum point This "failure" is due to 
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numerical errors which accumulate during the numerous required matrix operations. 

However, because the given starting point given by the user will generally not be far away 

from the minimum point, this disadvantage will be eliminated. 

5.3 Recommendations 

It is obvious from the analysis which was done in this thesis that the BFGS quasi-

Newton method is an efficient and reliable optimization technique for solving slope 

stability problems. In order to improve and to extend the application of the program 

CSLEP3, it is recommended that the following aspects be investigated. 

1. To test different line search algorithms that can be used with the BFGS quasi-Newton 

method. This may lead to an improvement of the CSLIP3 efficiency and accuracy 

when the starting point is away from the minimum point. Two of these alternate 

algorithms are discussed by Powell (1964) and Brent (1973). 

2. Implementation of a new matrix multiplication algorithm to further reduce 

accumulated round-off errors which cause the BFGS algorithm to terminate prior to 

locating the minimum safety factor when a fair or poor starting point is used. 

3. To adapt the BFGS quasi-Newton method into a computer program which permits the 

analysis of different slip surface shapes, like piecewise linear or composite surfaces. 
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FORTRAN LISTING OF CSLIP3 
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C PROGRAM CSLIP3 

C FOR SLOPE STABILITY ANALYSIS 

C BY BISHOP'S SIMPLIFIED METHOD 

C WITH A SEARCH ROUTINE BASED ON 

C THE BFGS QUASI-NEWTON METHOD (1970). 

C 

C WRITTEN BY DR. J. S. DeNATALE 

C DEPT OF CIVIL ENGINEERING AND 

C ENGINEERING MECHANICS 

C THE UNIVERSITY OF ARIZONA 

C TUCSON, ARIZONA 85721 

C 

C VERSION 1.00 

C JUNE 1988 

C 

PROGRAM CSLIP3 

CALL OPEN 

CALL OPDATA 

CALL SSDATA 

CALL SEARCH 

CALL EXIT 

END 

C 

C 

C 

SUBROUTINE OPEN 

CHARACTER*20 NAME 

WRITE (*,100) 

100 FORMAT(IX,'INPUT DATA FILENAME = ?',$) 

READ (*,110) NAME 

110 FORMAT(A20) 

OPEN (UNIT=5,FILE=NAME,STATUS='OLD* ) 

WRITE (*,120) 

120 FORMAT (IX,'OUTPUT DATA FILENAME = ?',$) 

READ (*,110) NAME 

OPEN (UNIT=6, FI LE=NAME, STATUS =' NEW' ) 

RETURN 

END 

SUBROUTINE EXIT 

CLOSE (UNIT=5) 

CLOSE (UNIT=6) 

STOP 

END 



SUBROUTINE OPDATA 

PARAMETER (NX=3) 

COMMON/BLK1/NDIM,NFMX,FERR,XERR,CI,C2,C3 

COMMON/BLK2/NI,NF,NG,F2,S2,XI(NX),X2(NX),ICON 

COMMON/BLK3/D1 (NX),D2(NX) ,G1(NX) ,C-2(NX) ,DG(NX) ,DX(NX), 

* HI (NX, NX) , H2 (NX, NX) 

CHARACTER TITL(20)*4 

800 FORMAT(20A4) 

900 FORMAT(1H1,4X,20A4//) 

904 FORMAT(5X,'INPUT DATA:'/5X,'CONSTANTS AND CONTROL CODES:' 

* /5X,28('-')// 

* 10X,'NUMBER OF DIMENSIONS = ',13/ 

10X,'MAXIMUM NUMBER OF FUNCTION EVALUATIONS = ',13/ 

* 10X,'CONVERGENCE CRITERION FOR F(X) = '.1PE10.3/ 

* 10X,'CONVERGENCE CRITERION FOR XI,...,XN = ',EiO.3/ 

* 10X,'VALUE OF THE LINE-SEARCH PARAMETER, SIGMA = ',E10.3/ 

BRACKET-CHECK PARAMETER, ROA = ',E10.3/ 

BRACKET-CHECK PARAMETER, TAU = ',E10.3) 

908 FORMAT(//5X,'INPUT DATA/5X,'INITIAL VALUES OF THE FUNCTION ', 

•VARIABLES XI,X2,...,XN:'/5X,54('-')//7X,9(2X,1PE10.3)) 

(5,800) TITL 

NDIM,NFMX,FERR,XERR,C1,C2,C 3 

(X2(I),1=1,NDIM) 

TITL 

NDIM,NFMX,FERR,XERR,C1,C2,C3 

(X2(I),1=1,NDIM) 

10X,'VALUE OF THE 

10X,'VALUE OF THE 

FORMAT(//5X,'INPUT DATA: 

READ 

READ 

READ 

WRITE 

WRITE 

WRITE 

RETURN 

END 

(5, *) 

(5, *) 

(6,900) 

(6,904) 

(6,908) 

SUBROUTINE SEARCH 

PARAMETER (NX=3) 

COMMON/BLK1/NDIM,NFMX,FERR,XERR,C1,C2,C3 

COMMON/BLK2/NI,NF,NG,F2,S2,XI(NX),X2 (NX),ICON 

COMMON/BLK3/D1(NX),D2(NX) ,GI(NX),G2(NX),DG(NX),DX(NX), 

* HI(NX,NX),H2(NX,NX) 

NI = 0 

F2 = FVALUE(X2) 

NF = 1 

DO 100 11=1,NDIM 

100 G2(II) = GVALUE(II,NDIM-) 



NG = 1 

DO 110 1=1,NDIM 

DO 110 J=1,NDIM 

110 H2(I,J) = 0.0 

DO 120 1=1,NDIM 

120 H2(I,I) = -1.0 

CALL MVPROD(H2,G2,D2,NDIM) 

S2 = DTPROD(G2,D2,NDIM) 

PERFORM THE LINE SEARCH 

130 CALL LINMIN 

STOP IF A MINIMUM HAS BEEN ISOLATED. 

OTHERWISE, UPDATE THE HESSIAN, COMPUTE A NEW 

DIRECTION, AND PROCEED WITH THE NEXT ITERATION 

IF( ICON.EQ.1) RETURN 

CALL UPDATE(NDIM) 

CALL MVPROD(H2,G2,D2,NDIM) 

GO TO 130 

END 

SUBROUTINE LINMIN 

PARAMETER (NX=3) 

COMMON/BLK1/NDIM,NFMX,FERR,XERR,C1,C2,C3 

COMMON/BLK2/NI,NF,NG,F2,S2,XI(NX),X2(NX),ICON 

COMMON/BLK3/D1(NX),D2(NX),G1(NX),G2(NX),DG(NX),DX(NX), 

HI(NX,NX),H2(NX,NX) 

INITIALIZE AND UPDATE ALL PARAMETERS 

LEND = 0 

FEND = F2 

S2 = DTPROD(G2,D2,NDIM) 

IF(S2.GE.0.0) GO TO 600 

NI = NI+1 

A1 = 0.0 

A2 = 1.0E+06 

F1 = F2 

SI = S2 



DO 100 11=1,NDIM 

01(11) = D2(II) 

Gl(II) = G2(II) 

Xl(II) = X2(II) 

DO 100 JJ=1,NDIM 

100 H1(II,JJ) = H2(II,JJ) 

C 

C ESTABLISH AN INITIAL VALUE OF ALPHA 

C 

IF(NI.EQ. 1) GO TO 105 

Z1 =10.0*FERR 

IF(DF.LT.Zl) DF = Z1 

AA = 1.0 

Z1 =-2.0*DF/Sl 

IF(AA.GT.Zl) AA = Z1 
105 IF(NI.EQ. 1) AA = 1.0E+03 

C 

C EVALUATE THE FUNCTION F(X1,X2,...,XN) 

C ENSURE THAT ALPHA IS NOT TRIVIALLY SMALL 

C 

C 

200 IF(NF.GE.NFMX) GO TO 500 

DO 210 11=1,NDIM 

DX(II) = AA*D1(II) 

210 X2(II) = XI(II)+DX(II) 

F2 = FVALUE(X2) 

NF = NF+1 

C 

C CHECK TO SEE THAT ALPHA IS WITHIN THE ACCEPTABLE INTERVAL. 

C CHECK UPPER BOUND 

C 

DF = F1-F2 

Z1 =-C2*AA*Sl 

IF(DF.GE.Zl) GO TO 300 

C 

C CHECK FAILS. COMPUTE AN ACCEPTABLE VALUE BY 

C QUADRATIC INTERPOLATION 

C 

A2 = AA 

Z1 = A2-A1 

Z2 = 2.0*(1.0+DF/(Z1*S1) ) 

AH = A1+Z1/Z2 
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C UPDATE BRACKET. ENSURE THAT ALPHA IS NOT NEAR THE EXTREMES 

C 

Z2 = C3*Z1 

IF(AH.LT.(A1+Z2)) AH = A1+Z2 

IF(AH.GT.(A2-Z2)) AH = A2-Z2 

AA = AH 

C 

C CHECK FOR THE PROJECTED CHANGE 

C IN THE VALUE OF THE OBJECTIVE FUNCTION. 

C 

Z1 = ABS((AA—A1)*S1) 

IF(Zl.LE.FERR) LEND = 1 

IF(LEND.EQ. 1) GO TO 300 

GO TO 200 

C 

C CHECK SUCCEEDS. EVALUATE THE GRADIENT AND SLOPE 

C 

300 DO 310 II=1«NDIM 

310 G2(II) = GVALUE(II*NDIM) 

NG = NG+1 

S2 = DTPROD(G2# D1,NDIM) 

IF(LEND.EQ.l) GO TO 400 

C 

C CHECK TO SEE THAT ALPHA IS WITHIN THE ACCEPTABLE INTERVAL. 

C CHECK LOWER BOUND 

C 

IF(S2.GE.(C1*S1)) GO TO 350 

C IF(S2.GE.(C1*S1)) GO TO 400 

C 

C CHECK FAILS. COMPUTE AN ACCEPTABLE VALUE BY 

C QUADRATIC EXTRAPOLATION 

C 

Z1 = AA-A1 

Z2 = S2/(S1-S2) 

AH = AA+Z1*22 

C 

C UPDATE BRACKET. ENSURE THAT ALPHA IS NOT NEAR THE EXTREMES 

C 

Z2 = C3*Z1 

IF(AH.FT.(AA+Z2)) AH = AA+Z2 

Z2 = 9.0*Z1 

IF(AH.GT.(AA+Z2)) AH = AA+Z2 

Z2 = (A2—AA)/2.0 



IF(AH.GT.(AA+Z2) ) AH = AA+Z2 

A1 = AA 
AA = AH 

F1 = F2 

SI = S2 

GO TO 200 

C 

C RE-CHECK LOWER BOUND IF THE 

C STRICT TERMINATION CRITERION IS EMPLOYED 

C 

350 IF(ICUB.EQ.l) GO TO 400 

IF(ABS(S2).LE.(-C1*S1)) GO TO 400 

C 

C CHECK FAILS. COMPUTE AN ACCEPTABLE VALUE 

C BY CUBIC INTERPOLATION 

C 

Z1 = AA-A1 

DD = (2.0*(F1-F2)+Z1*(S1+S2))/(Zl**3) 

CC = (S2-S1+3.0*DD*(A1**2-AA**2 ))/(2.0*Zl) 

BB = (AA*S1-A1*S2-3.0*DD*A1*AA*Z1)/Z1 

AH = BB/(-CC-SQRT(CC*CC-3.0*BB*DD)) 

C 

C UPDATE BRACKET. ENSURE THAT ALPHA IS NOT NEAR THE EXTREMES 

C 
A2 = AA 

Z2 = C3*Z1 

IF(AH.LT.(A1+Z2)) AH = A1+Z2 

IF(AH.GT. (A2—Z2)) AH = A2-Z2 

AA - AH 

GO TO 200 

C 

C TERMINATE THE LINE SEARCH. CHECK FOR CONVERGENCE 

C 

400 CONTINUE 

IF(LEND.EQ.O) GO TO 410 

IF(F2.GT. Fl) S2 = SI 

IF(F2.GT. FI) F2 = Fl 

410 CONTINUE 

ICON = 0 

DF = FEND-F2 

IF(DF.LE.FERR) ICON = 1 

DP = 0.0 

DO 420 11=1/NDIM 
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420 DP = DP+DX(II)* * 2  

DP = SQRT(DP) 

IF(DP.LE.XERR) ICON = 1 
IF(NDIM.EQ.2) X2(3) = RVALUE(X2(I),X2(2)) 

IF(ICON.EQ.1) WRITE (6,430) F2,(X2(II),11=1,3) 

430 FORMAT(//5X,'THE MINIMUM SAFETY FACTOR BY BMM IS F = ', 

* F7.3/5X,'THE CENTER COORDINATES AND RADIUS OF THE 

* 'CRITICAL CIRCLE ARE (X,Y,R) = (',1PE10.3,',',E10.3,',', 

* E10.3,')1) 

RETURN 
500 WRITE (6,510) 

510 FORMAT(/5X,10('*'),' ADDITIONAL SAFETY FACTOR 

* 'EVALUATIONS ARE NOT PERMITTED ',10('*')) 

ICON = 1 

RETURN 

600 WRITE (6,610) 

610 FORMAT(/5X,10(),' THE SLOPE OF THE COMPUTED ', 

* 'SEARCH DIRECTION IS NO LONGER NEGATIVE ',10('*')) 

ICON = 1 

RETURN 

END 

C 

C 

C 

SUBROUTINE UPDATE(NDIM) 

PARAMETER (NX=3) 

COMMON/BLK3/D1(NX), D2 (NX),G1(NX),G2(NX),DG(NX),DX(NX), 

* HI(NX,NX),H2(NX,NX) 

DIMENSION SV(NX),SM(NX,NX) 

DO 100 11=1,NDIM 

100 DG(II) = G2(II)-G1(II) 

CALL MVPROD(HI,DG,SV,NDIM) 

Z1 = DTPROD(DG,SV,NDIM) 

Z2 = DTPROD(DX,DG,NDIM) 

Z3 = {Z1/Z2-1.0)/Z2 

CALL WPROD( DX, DX, SM, NDIM) 

DO 110 11=1,NDIM 

DO 110 JJ=1,NDIM 

110 H2(II,JJ) = H1(II,JJ)+Z3*SM(II,JJ) 

CALL WPROD(SV,DX,SM,NDIM) 

DO 120 JJ=lfNDIM 

120 H2(II,JJ) = H2(II,JJ)-SM(II,JJ)/Z2 



CALL WPROD (DX, DG, SM, NDIM) 

CALL MMPROD(SM, HI, SV,NDIM) 

DO 130 I1=1,NDIM 

DO 130 JJ=1,NDIM 

130 H2(II,JJ) = H2(II,JJ)-H1(II,JJ)/Z2 

RETURN 

END 

C 

C 

C 

FUNCTION DTPROD(VI,V2,ND) 

PARAMETER (NX=3) 

DIMENSION VI(NX),V2(NX) 

DTPROD =0.0 

DO 100 11=1,ND 

100 DTPROD = DTPROD+Vl(II)*V2(II) 

RETURN 

END 

C 

C 

C 

SUBROUTINE WPROD(VI,V2,V3,ND) 

PARAMETER (NX=3) 

DIMENSION VI(NX),V2(NX),V3(NX,NX),V4(NX,NX) 

DO 100 11=1,ND 

DO 100 JJ=1,ND 

100 V3(II,JJ) = V1(II)*V2(JJ) 

RETURN 

END 

C 

C 

C 

SUBROUTINE MVPROD(V3,V1,V2,ND) 

PARAMETER (NX=3) 

DIMENSION Vl(NX),V2(NX),V3(NX,NX),V4(NX,NX) 

DO 100 11=1,ND 

V2(II) = 0.0 

DO 100 JJ=1,ND 

100 V2(II) = V2(II)+V3(II,JJ)*V1(JJ) 

RETURN 

END 

C 

C 



SUBROUTINE MMPR0D(V3,V4,V1,ND) 

PARAMETER (NX=3) 

DIMENSION VI(NX),V2(NX),V3(NX,NX),V4(NX,NX) 

DO 110 JJ=1,ND 

DO 100 11=1,ND 

Vl(II) = 0.0 

DO 100 KK=1,ND 

100 Vl(II) = VI(II)+V3(II,KK)*V4(KK,JJ) 

DO 110 11=1,ND 

110 V4(II,JJ) = Vl(II) 

RETURN 

END 

C 

C 

C 

FUNCTION GVALUE(IX,ND) 

PARAMETER (NX=3) 

COMMON/BLK2/NI,NF,NG,F2,S2,XI(NX),X2(NX),ICON 

DIMENSION XX(NX) 

DO 100 II=1#ND 

100 XX(II) = X2(II) 

XX(IX) = X2(IX)+1.5*IX 

GVALUE = (FVALUE(XX)—F2)/(1.5*IX) 

NF = NF+1 

RETURN 

END 
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