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ABSTRACT 

This thesis represents a relatively new aspect of computing with regard 

to robotics. The need for fast, efficient collision avoidance algorithms is growing 

rapidly. Because conventional methods are complex and require vast amounts of 

computation, heuristic algorithms are more appealing. 

The focus of this thesis is the problem of moving a point through three di

mensional space while avoiding known polyhedral obstacles. A heuristic algorithm 

to find shortest (near-optimal) collision-free paths in the presence of polyhedral 

obstacles, given initial and final positions, is presented. 

Previous methods for the problem rely on an a priori discretization of the 

space. The points in the discretization form nodes of a graph, and the collision 

avoidance problem is then solved by using some shortest path algorithm on the 

graph. The heuristic suggested here successively adds nodes to a graph, thus 

keeping the size of the graph manageable. The computational results are extremely 

encouraging. 
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INTRODUCTION 

1.0 Introduction and Organization of the Chapter 

The design and operation of intelligent robots are based on model based 

analysis. Some of the central problems in model based manipulation planning 

address issues such as placing an object among other objects (Findspace, Lozano-

Perez [1983]), moving an object without colliding with other objects (Findpath, 

Lozano-Perez [1983]), etc. The focus of this thesis is the problem of moving a 

point through three dimensional space while avoiding known polyhedral obsta

cles. An algorithm is presented which generates collision-free, near-optimal paths 

when given initial and final positions in the vicinity of polyhedral obstacles. The 

remainder of this chapter is organized as follows. The next section explains the 

problem in detail and the potential difficulties in solving it. The second section is 

devoted to some applications of this algorithm and reviews relevent literature. 

1.1 Problem Description 

In two dimensions, this class of problems is straight forward and solutions 

axe well known (Lozano-Perez and Wesley [1979]). The problem is formulated as 

a network problem and solved using shortest path techniques. The set of nodes 

for the graph contains all vertices of all the objects to be avoided. The initial 

and final positions are included as the source and destination nodes of the graph. 

For all pairs of nodes in the node set, an edge exists between them if the straight 

line segment connecting them does not intersect any object. This type of graph 

is refered to as a visibility graph because adjacent nodes can "see" each other. 

Weights corresponding to distances are given to each edge. A discrete graph 
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searching algorithm is then employed to find a minimum weight (distance) path 

from the initial position to the final position. 

In three dimensions, however, this idea is more difficult to implement. If a 

visibility graph is to be created, it is no longer sufficient to only consider the ver

tices of the obstacles. In general, a shortest path around an obstacle does not pass 

through the obstacle's vertices. Instead, a shortest path usually passes through 

points on edges and faces of the obstacle. Therefore the graph should consist of 

points lying on edges of the obstacle. The problem lies in determining which points 

on the various edges should be included in the node set. The algorithm presented 

here describes a way to identify those points efficiently. 

The algorithm presented here may be classified as a generate-and-test al

gorithm in which a path is hypothesized and tested for collisions. If collisions 

are detected, information obtained by analyzing the detection is used to propose 

a new path. This is repeated until no collisions are detected on the path. The 

algorithm may be separated into the following three phases: 

(1) Calculate the line (or line segments) created by moving the point along the 
proposed path. 

(2) Determine the intersections (if any exist) of the path with the obstacles. 
(3) Propose a new path based on (2). 

One of the major criticisms of existing algorithms that use the above structure 

is that the successive paths are generated by local perturbations of an infeasible 

path (Lozano-Perez and Wesley [1979]). This may preclude the generation of paths 

that are substantially better and radically different from the ones generated by 

the algorithm. We believe that by judiously combining global search with local 

perturbation, algorithms of the above type may be effective. One such method is 

proposed in this thesis. 
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The applications of an efficient collision avoidance algorithm axe almost lim

itless. One example of an application is in pick and place operations for industrial 

robots. The robots are required to grasp objects, move them without collisions, 

and finally place them. 

Three dimensional collision avoidance problems also arise in the context of 

avoiding mobile two-dimensional objects. The third coordinate in this case denotes 

time. In the simplest case, translating a two-dimensional polyhedron results in a 

three dimensional polyhedron. Hence collision avoidance in the presence of moving 

two-dimensional objects may be treated as a three dimensional collision avoidance 

problem. 

Another application stems from research presented by Brooks [1982] in 

which he presents the basics for building programs that check and possibly modify 

robot plans set by robot planners. Robot planners are agents that plan the actions 

to be taken by a robot. A plan checker determines if the plans generated by a 

robot planner are feasible and under what conditions the goals indicated by the 

plan are attainable. Once checked, the plan is executed by a robot controller. 

The plans set forth by the robot planner may be broken down into simpler 

subplans. The goal of the plan checker is to analyze these subplans and deal suc

cessfully with different types of uncertainties. The effects due to uncertainties are 

computed symbolically rather than numerically for simplicity. The plan checker 

accepts the plans if the effects are insignificant, otherwise, it suggests methods to 

reduce uncertainties. Efficient collision detection and avoidance is vital to such a 

plan checker. 

Brooks [1986] motivates further research for controlling the motions of a 

mobile robot using a new architecture. The architecture is based upon building 

up layers, each corresponding to a different level of competence. Each level of 
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competence has goals it is striving fors thus the system must be able to give 

priority to the appropriate goals depending on the situation. The upshot of the 

research is to produce inexpensive robots that may wander around areas where 

humans are (office, laboratory) and need no human intervention to do useful work. 

This is achieved by implementation of progressively complex levels of competence. 

Brooks suggests eight levels of which the first three are: 

(0) Avoid collisions with moving and stationary objects. 
(1) Wander around randomly without collisions. 
(2) Explore the environment by looking for distant locations that appear reach

able and then proceeding to them. 

Video and sonar sensors are used to collect information. To achieve robots 

possessing these competence levels, one must start at the bottom and work up. 

The zeroth-level is implemented and then never changed. First-level competence 

is then interfaced over the zeroth-level such that it can intervene in actions pro

posed by the zeroth-level. Additional levels of competence axe added to enhance 

the performance of the robot. Each level has its own goals and priorities, yet can 

intervene, to an extent, in the actions of the lower levels. Brooks calls this config

uration "subsumption architecture", which has been implemented successfully up 

to the second-level on a physical robot. 

Reference was made earlier to the problems Findspace and Findpath. These 

are two common spacial planning problems that we as humans encounter (and solve 

without a second thought) regularly. Findspace is the problem of determining 

where an object A may be placed in an area R such that A does not collide with 

any of the objects Bj already in R. Findpath is the problem of moving A from 

one location in R to another without colliding with any of the objects Bj already 

in R. The main approach taken in most of the literature makes use of what is 
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called configuration space (Lozano-Perez and Wesley [1979], Udupa [1977], and 

Lozano-Perez [1981], [1983]). 

In the real world, the types of collisions of interest that are to be detected 

and avoided involve solid objects. The problem becomes somewhat simpler if the 

object to be moved is a point with no volume. The idea of configuration space 

is based on representing the object to be moved as a point. In essence, in order 

to "shrink" the object to a point, the obstacles to be avoided must be "grown" 

to larger dimensions corresponding to the size, shape, and orientations of the 

shrunk object. The configuration of a polyhedron A is knowledge of the location 

of every point of the object. The configuration is determined with respect to a 

reference vertex of A, denoted tva• The configuration space takes into account 

the allowed rotations and translations of A with respect to rva, and is denoted 

by C space A' The free space in CspaceA denotes those configurations of A such 

that Af\ Bj — 0, where as before, A is the object and Bj are obstacles. In order 

to determine illegal configurations, the Bj are mapped into CspaceA, resulting 

in the CspaceA obstacles due to Bj, denoted COA(B). Therefore, COA{B) is 

defined as all configurations in CspaceA such that there is a collision with some 

Bj. COa{B) may be thought of in the following manner. For simplicity, assume 

(for the two dimensional case) that the orientation of A is fixed, i.e. no rotations 

or translations are allowed. The boundaries of COA(B) may be found by tracing 

rv a around each obstacle while keeping A in contact with the obstacle. Figure 1 

shows the original obstacles Bj shaded, and the boundaries of COA(B) found by 

the tracing. It is these obstacles that the point tva must avoid. 

Thus, by using configuration space, the problem has been reduced to moving 

a point through a new set of obstacles. For the two dimensional case, the visibility 

graph may be used to find the shortest path. This approach has been proposed 

by Lozano-Perez [1983], [1981], and Lozano-Perez and Wesley [1979]. 
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Figure 1. The Cspacea obstacles due to Bj 
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Now consider the problem when A is allowed to rotate. Assume that A 

with orientaion a is to be moved from a point S to a point G with a different 

orientation (3. Let the C space a obstacles due to Bj for orientation a be denoted 

COAa(B). A new object, called an envelope, may be created that completely 

encloses the area swept out by A as it rotates from orientation a to orientation 

0 while keeping rv^ fixed. The envelope may be denoted by Aa^. To solve this 

problem, three C space a obstacle sets must be generated, one each for orientations 

a and /?, and one for the envelope. Thus a path may be found in the following 

three steps: 

(1) Find a path from S to T such that A has orientation a, the path avoids 
CO j a n d  T is clear of C0ao  

(2) Rotate A to orientation /?, 
(3) Find a path from T to G such that the path avoids COap(B). 

This problem may be refined somewhat using the concept of slices. Rather 

than creating an envelope to enclose the rotation of A from a to /?, the rotation 

is partitioned into subintervals with an envelope created for each. 

Let the rotation of A from a to /? be denoted as the 6 range of rotation. Let 

this range be broken into subranges. For each subrange, an envelope is created 

for the area swept out by A in that subrange. The C space a obstacles for each 

envelope may be created, and are refered to as 9 slices. Thus the solution can be 

refined by using more slices. 

For three dimensions, because the calculation of the CspaceA obstacle sets 

becomes very complicated, the configuration space approach is used sparingly. 

Those sections of the path not near any obstacles may require only approximations 

of the obstacles in the vicinity. Thus only sections of the path that are on or near 

obstacles require the detailed "growing" of the obstacles. 

Udupa [1977] made use of the configuration approach planning collision-

free trajectories for a computer controlled manipulator. The manipulator, which 
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consisted of two moving links (much like a human arm), was first approximated 

by a series of connected cylinders. The cylinders could then be reduced to line 

segments while the obstacles were enlarged by the radii of the cylinders. A further 

approximation could be made that enabled the entire manipulator to be approxi

mated by a point. To do this, the smaller link is ignored by enlarging the obstacles 

by its length. The larger link may then be reduced to a point by transforming the 

free space around the obstacles such that if the point lies in the space, the larger 

link is collision-free. Again, the problem has been reduced to avoiding collisions 

involving a point rather than a solid object. 

Mount [1984] considers the problem of finding a shortest path around one 

three dimensional polyhedral obstacle. The key idea behind Mount's algorithm is 

that of planar unfolding. Given an obstacle S and some point s0 on the surface of 

S, Mount's algorithm finds the shortest path from so to any other point on S. Let 

/,• and fj be adjacent faces on S. The planar unfolding of fj can be thought of as 

keeping face /; fixed while "unfolding" fj, about the edge between the faces, onto 

the same plane as /,- without overlapping The shortest path from So to any 

other point on S can be found by sequentially taking the planar unfolding of all 

the faces into one plane and drawing the straight line from So to the desired point. 

The line may then be folded back onto the surface of S by folding the planes back 

in the opposite order. Given a convex polyhedron with n vertices, this algorithm 

was found to run in polynomial time. 

A different approach to the problem proposed by Brooks [1983] focuses not 

on the obstacles but on the free space surrounding the obstacles. Brooks represents 

free space by what he calls generalized cones. These cones can be thought of as 

"freeways" by which the moved object may travel. The cones axe generated by 

examining all pairs of edges of the obstacles. Each edge has a free side, meaning 

the side of the edge that is outside the polygon it defines. A pair of edges may 
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define a cone if at least one endpoint of each edge lies on the free side of the other 

edge. Also, the free sides of the edges must face each other. A generalized cone 

then is the free space between a pair of edges that satisfies these conditions. The 

spine of the cone is defined as the bisector of the space between the edges. Thus 

if the edges are parallel, the spine is parallel to the edges and is equidistant from 

them. The cone is extended parallel to the spine at the endpoints of each edge 

(provided that endpoint is on the free side of the other edge). Once found, the 

cones are checked for intersections with obstacles and adjusted accordingly. Free 

space has now been defined as "roads" between the obstacles. 

The problem now reduces to determining the swept volume created by the 

polygon object as it moves through free space. The swept volume takes into ac

count all allowable rotations of the object and is then compared to the generalized 

cones. Some of the orientations of the object may be forbidden in parts (or all) of 

some of the cones. The legal orientations are determined for the length of every 

cone. A graph search algorithm is used to find a shortest path that follows only 

spines. Necessary orientation adjustments are made at each intersection of the 

spines to insure that the object may traverse the entire cone without collisions. 

The advantages of this algorithm are the following: 

(a) It is fast. 

(b) It generates paths that Eire, in general, equally far from all obstacles, which 

keeps "close scrapes" to a minimum. 

The algorithm does not perform well, however, in highly cluttered space and paths 

are restricted to follow the spines. 

Jim and Shin [1988] present yet another method based on a probabilistic 

approach. They propose that the workspace be divided into a finite number of 
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equally sized cubes (or squares in the two dimensional case). An obstacle is de

scribed by the cubes it occupies. Cubes are represented by their center points. 

The algorithm they present borrows from the configuration space approach in 

that it assumes the object to be moved may be shrunk down to one cube (one 

point) while enlarging the obstacles accordingly. One goal of the algorithm is to 

minimize the occurence of movements sideways or backwards with respect to the 

final position. These movements obviously increase the length of a path. For a 

given final position, a cube (point) is said to be a deadend if all its neighbors axe 

occupied by obstacles or a move to any of its neighbors would be sideways or back

wards. Rather than selecting an initial and final position pair, all possible pairs 

are considered in the form of their probability distribution. With the knowledge of 

the probability distribution for the initial/final pairs, the probability that a point 

becomes a deadend can be calculated for each point in the workspace. A path 

is generated by choosing a point that is least likely to become a deadend while 

keeping the distance to a minimum. 

Graph search techniques were employed to generate the paths. From re

sults obtained in experimentation, it was found that the direction of the search 

contributed to the efficiency of the algorithm (Jun and Shin [1988]). Since prob

abilities of deadends Eire dependent on the final position, certain paths were gen

erated more quickly when they started at the final position and searched towards 

the initial position. To remedy this, a search is conducted from both the final and 

initial positions. The two paths will meet (possibly very close to the final or initial 

positions) and the result is the collision-free path. 

Lozano-Perez [1981] also makes use of partitioning the workspace into cells. 

However the algorithm he presents employs a heuristic to avoid unnecessary detail 

of space in wide open spaces where no obstacles are present. Detail is needed 

only when near obstacles, thus space is divided into nonuniform cells. The wide 

open spaces are enclosed in rectangles, aligned with the coordinate axis, such 
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that the rectangles are as large as they can be without overlapping an obstacle. 

What remains of the workspace is smaller cells (of any shape) that are occupied 

by obstacles and some free space near the obstacles that was not included in the 

larger rectangles. The larger rectangles covering the wide open spaces (and any 

cells containing only free space) are denoted as EMPTY cells. Cells that contain 

only an obstacle (or part of one) are called FULL. Cells containing some free space 

and parts (or all) of an obstacle are called MIXED. 

The MIXED cells may be partitioned into smaller cells of FULL, MIXED, 

and EMPTY. Eventually each MIXED cell can be broken down into just FULL and 

EMPTY cells. To find a collision-free path through the workspace, the following 

steps are taken: 

(1) Choose the largest EMPTY cell containing the initial position if such a cell 
exists. Otherwise choose a MIXED cell containing the initial position and 
partition it. If the EMPTY part contains the initial position, stop, else 
repeat. 

(2) Do step (1) for the final position. 
(3) Construct a free space graph consisting of EMPTY cells as nodes. Two 

nodes are adjacent if the EMPTY cells they represent touch or overlap. 
(4) Do a graph search to find the shortest path. 
(5) Choose a piecewise linear path through the EMPTY cells found in step (4). 

Since the above is simply an application of Dijkstra's algorithm, it finds the short

est path in the discretized space. This is a good example of the direction of 

collision-avoidance reseEirch. However, the surface has only been scratched for 

new heuristic algorithms. 

A related problem deals with shortest rectilinear distance paths in two 

dimensions. The rectilinear distance between two points (®i,j/i) and (x2,t/2) is 

defined as |xi — X2I + |l/i — 1/21• Rectilinear distance is sometimes refered to as 

right-angle distance. The problem is to find minimum rectilinear paths while 

avoiding obstacles. Research into this problem is presented by Larson and Li 



[1981]. This problem manifests itself in every day life. Traveling by automobile in 

a city is a good example. The automobile must only travel on the streets, which 

axe usually laid out in a rectangular grid configuration. The obstacles to avoid 

could be parks, cemeteries, rivers, etc. A traveler wishes to find the quickest way 

around the obstacles while following a right-angle path (the streets). The location 

of power lines is another example. Due to the vast amounts of farmland in the 

midwest, there are areas where power lines are allowed only to be located along the 

east-west or north-south boundaries between sections of land. Obstacles for this 

problem include lakes, towns, or specially zoned sections not available for power 

line routing. 

The problem is formulated as a network problem. The node set contains 

all vertices of all obstacles and the final and initial positions. A rectilinear path 

between two nodes zig-zags in the shape of a staircase (i.e. a connected sequence 

of line segments alternating horizontal, vertical, horizontal, vertical, etc.). The 

staircase may go "up" or "down" but not both. 

Two points are said to communicate if an obstacle causes no net increase 

in the rectilinear distance between them. Thus the concept of communication 

between two points is similar to visibility between two points only more relaxed. 

Whereas the opposite corners of a rectangular obstacle are not visible to each other, 

they do communicate. The rectilinear distance between them may be covered by 

traversing the edges of the rectangle (a one step staircase path). The following 

observations may now be made: 

(1) Two points communicate if and only if there is at least one feasible staircase 
path between them. 

(2) Any minimum distance path between two communicating points must be 
a staircase path. 

(3) Any Lwo points that may be joined by a straight line such that the line does 
not intersect an obstacle are said to communicate. 
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Prom (3) it may be concluded that all adjacent pairs of vertices on an obstacle 

communicate. In addition, two points communicate if a third point exists such 

that the three points form a right triangle with the two communicating points 

defining the hypotenuse. 

The problem is solved by finding all points in the node set that communicate 

with the initial position. Place those nodes in a set S and the remaining nodes 

in a set C. If the final position is in S, stop. Otherwise, define an error term for 

each node in C equal to the difference between the true minimum distance to the 

initial position (including the additional distances created by obstacles), and the 

rectilinear distance to the initial position. One by one, nodes with the smallest 

error terms axe removed from C and placed in S. When the final position is placed 

in S, stop. Minimum rectilinear paths axe found in this manner. 

This thesis is organized as follows. Chapter 2 presents a heuristic algorithm 

for three dimensional collision avoidance. This includes a conceptual description, 

the manner in which points are chosen for the graph, and the manner in which 

the graph is traversed to achieve the minimum distance collision-free path. The 

algorithm is first described for avoiding one obstacle, and then generalized to avoid 

multiple obstacles. Chapter 3 discusses the implementation and experimental 

results of the algorithm. Ideas for future work are also included. 



CHAPTER 2 

20 

HEURISTICS FOR THREE DIMENSIONAL COLLISION AVOIDANCE 

2.0 Introduction and Organization of the Chapter 

In this chapter, an algorithm to obtain a collision-free path that avoids 

multiple three-dimensional obstacles is presented. To begin, a collision-free path 

is defined. A path will be designated as being collision-free if no segment of the 

path lies in the interior of any of the obstacles. Note that such a path could touch 

the surface of an obstacle. Hence in practice one may have to perturb such a 

path before declaring it entirely collision-free, or perhaps, the idea of growing the 

obstacle a small amount may be used to obtain a "cushion" about the obstacle. 

Both methods prevent the path from scraping obstacles. 

The algorithm presented here is one that generates a path and tests whether 

it is collision-free. It is based on the premise that if the problem may be formulated 

as a graph, it can be easily solved using graph search techniques. The difficulties 

lie in choosing the node set for the graph. Since the problem is in three dimensions, 

the vertices of the obstacles are no longer sufficient. One must include points on 

the edges of the obstacles if a reasonably short path is to be obtained. One goal 

of this algorithm is to determine which points on the edges of the obstacles to 

include in the graph. 

The algorithm is described in two phases. The first phase is devoted to 

obtaining paths around a single convex polyhedron and is further broken down into 

two sections. First a procedure to find one collision-free path is discussed. One 

can think of this scheme as a method to generate a graph that consists of only one 

chain. This method is then extended to one that forms several alternative chains. 

The second phase is an extension of the first in that the algorithm is extended to 
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include multiple convex polyhedral obstacles. Hence, this chapter is subdivided 

into three main sections: (a) formulating a single chain graph, (b) formulating a 

multi-chain graph, and (c) avoiding multiple obstacles. The first two sections deal 

with only one obstacle. 

2.1 Formulation of a Single Chain Graph 

The algorithm is based on the following logic. Initially, the path is given by 

the straight line segment between the initial and final positions. The line segment 

is tested for collisions with the obstacle and if none are found, the path is accepted 

as collision-free. If a collision is detected, the algorithm generates an intermediate 

point somewhere on the surface of the obstacle. The algorithm then proceeds to 

repeat the process by finding which, if either, of the segments contains a collision. 

If no collisions are detected, the path is accepted. If either of the segments contains 

a collision, another intermediate point is found for each collision. In this manner, 

a sequence of connected line segments is eventually found such that there are no 

collisions. 

2.1.1 The Intuitive Idea 

The algorithm needs complete knowledge of the polyhedral obstacle. A 

convex polyhedral object is completely described by the coordinates of each of its 

vertices. While it is possible to obtain all faces and edges of the obstacle from this 

information, such an undertaking can be time consuming. Hence the algorithm 

requires faces and edges as inputs. To define each face, any three vertices belonging 

to the face axe needed to calculate the equation of the face. Finally, each edge 

of the obstacle is defined by the two vertices that are the endpoints. With this 

information, the algorithm has complete knowledge of the obstacle. 

Before presenting the three dimensional case, the algorithm is described in 

two dimensions. Consider moving in the plane from a point S to a point G. From 



Figure 2, it is obvious that line segment SG intersects (collides with) obstacle 

0. Now imagine creating a narrow rectangle with SG passing through its center. 

This rectangle is allowed to "grow" such that SG remains at its center. The idea 

is to grow this rectangle to the width at  which one of the two sides parallel  to SG 

is completely clear of the interior of O. This is to be achieved while keeping the 

width W to a minimum. Prom Figure 3, the minimum width W is shown and the 

point on the surface of 0 which intersects the rectangle is T. This point is deemed 

the next point on the collision-free path of travel. The next step is to test each 

segment of the path for collisions. 

Line segment ST is free of collisions, but TG is not. Thus, the procedure is 

repeated. A rectangle is grown about line segment TG as described. A minimum 

width W is achieved and the next intermediate point on the collision-free path is 

V (see Figure 4). A test for collisions is now made for TV and VG. Since there are 

none, the collision-free path from S to G is (S, T, V, G). It is reiterated here that 

although TV intersects 0, it is a surface intersection'and is clear of the interior of 

O. It is considered safe and is not a collison. 

When switching from two to three dimensions, a different object is used to 

"grow" about a proposed path. Since three dimensional objects have depth, the 

grown object also needs depth. Thus, the growing of a rectangle in two dimensions 

corresponds to the growing of a cylinder in three dimensions. The cylinder will 

be grown such that the given line segment remains at its center. The cylinder 

is to be grown to the size for which one line on the surface of the cylinder is 

completely clear (non-intersecting) of the interior of the obstacle. It is emphasized 

that the entire surface need not clear the interior of the obstacle, but rather a 

section of the surface such that a straight line segment on the surface is clear 

of the obstacle. Again, this is to be achieved while keeping the diameter of the 

cylinder to a minimum. Thus the algorithm is employed as in the two dimensional 

case using a cylinder rather than a rectangle. Intermediate points axe defined as 



Figure 2. Colliding path. 



Figure 3. Growing the rectangle. 
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Figure 4. Growing the rectangle. 



the last point at which the cylinder clears the interior of the obstacle. Individual 

segments axe tested as before, with the cylinder grown on the segments resulting 

in collisions. 

To illustrate the above idea, consider again moving from a point S to a point 

G in three-space. Suppose that the obstacle to be avoided, O, is a rectangular 

box. Assume without loss of generality that line segment SG intersects O such 

that SG is parallel to the faces to its left and right. Imagine growing a cylinder 

about SG keeping SG at the center as depicted in Figure 5. The cylinder is grown 

until part of it is completely clear of the interior of O. Again, the diameter is 

kept to a minimum while achieving this goal. Figure 6 depicts the situation as 

viewed from the point of view of S looking towards G. Line segment SG appears 

as a point. Since SG runs parallel to the left and right faces, O appears as a 

rectangle. From that particular point of view, the growing cylinder is seen from 

the end, thus it appears to be a growing circle. It is at point T that the circle (the 

cylinder) reaches the surface of O, which makes T an intermediate point on the 

collision-free path. No collisions axe detected on ST, but there is a collision on 

TG. A new cylinder is grown, this time about TG, until it is clear of the interior 

of O. Looking from T to G, the box appears as in Figure 7. At point V, the 

cylinder completely clears the interior of O (Figure 8), so it is also an intermediate 

point on the collision-free path. Since TV and VG are free of collisions, the path 

from S to G is (S, T ,  V ,  G). 

To put it in a different light, the algorithm works as follows. From the 

point of view of the initial position, one looks toward the final position. If the 

final position is in sight, the algorithm stops. However, if the final position is 

not in sight, what can be seen is the obstacle. Assume for the moment that the 

sensor (or human) doing the sighting cannot perceive depth. So without the aid 

of depth perception, the obstacle appears as a two dimensional object. The idea is 

to get around this "shape" as quickly and easily as possible. Figure 9 depicts the 
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Figure 6. An end-on view of the path and obstacle. 
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Figure 7. An end-on view of a link colliding with the obstacle. 



Figure 8. Growing the cylinder. 
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situation. The point of view is positioned at S  looking toward G .  The obstacle 

appears as a two dimensional object. What is desired is the shortest path from 5 

to the perimeter of the "shape" (the quickest way around it). The shortest path 

is that from S to T where T is actually some three dimensional point on an edge 

of the obstacle. Once the actual point is determined, the view point is placed 

there. From T, one can look back at S and forwards to G to determine if either 

point is in sight, and if not, find a point on the perceived shape. This procedure 

is repeated until all segments are collision-free. 

2.1.2 An Algorithmic Implementation 

This section is devoted to the description of procedures to locate interme

diate points on the path. The identifying procedure is somewhat complicated so 

the presentation will consist of several easier steps. Assuming that a collision is 

detected on one of the segments of the path, a series of steps is performed which 

results in the choosing of a particular point on an edge of the obstacle. These 

steps are as follows: 

(1) Project the obstacle's vertices onto the plane perpendicular to the colliding 
line segment. 

(2) Find the convex hull of the projected points. 
(3) Find the nearest edge on the perimeter of the convex hull (from the initial 

position). 
(4) Determine the real edge corresponding to the edge found in (3). 

(5) Find the desired point on the edge found in (4). 

What follows is a closer look at these steps. 

As stated earlier, the idea behind the algorithm is to position the point of 

view at the initial position, look towards the final position, and find the shortest 

way around the perceived shape in the way. That idea is based on perception of 

a three dimensional object as a two dimensional object. Thus, when a collision 
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Figure 9. Two dimensional view of a three dimensional obstacle. 



33 

is detected, the first thing to do is project the obstacle to two dimensions so 

that it is easier to handle. A plane is created containing the initial position and 

perpendicular to the line of travel. The vertices of the obstacle are projected onto 

this plane. An outline of steps to find the projections is given in Listing 1. 

Listing 1: Find Projections 

(1) Calculate Aq =final position — initial position. 
(2) Calculate P = I — Aq, 
(3) Calculate g =point to project — initial position. 
(4) Calculate p =initial position +Pg. 

Here P and I are 3x3 matrices (J is the identity matrix), Aq and g are row 

vectors, and p is the projection. This method of finding projections is adapted 

from Luenberger [1984]. 

Now the plane has a scattered set of points with the initial position in the 

interior of the convex hull of these points. Given this set of points in the plane, the 

next step is to construct the convex hull of these points. The convex hull is actually 

the perceived "shape" as seen from the point of view of the initial position. The 

procedure to obtain the convex hull is adapted from Preparata [1985]. An outline 

of steps for finding the convex hull is given in Listing 2 and described below. 

First, an x-axis is arbitrarily chosen. The two extreme points (largest and 

smallest) with respect to the axis are found and the line between them calculated. 

Now the points have been divided into two sets, although all points may lie above 

or below this line. Consider for the moment that points lie above and below the 

line, (however, it does not matter how the points are scattered about the line). 

Each set of points is handled separately. The upper set is used as an example here. 

For all points above the line, the points axe first numbered in such a way 

that the point with the smallest x-coordinate has the largest index and that with 
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the largest x-coordinate has the smallest index. The smallest and largest points 

defining the line are numbered first as 1 and 2 respectively. Figure 10 shows the 

projections, the line, and the numbered upper set of points. The point denoted 

by an asterisk represents the initial position. The list of points is stored in a 

doubly linked list. The algorithm traces around the ordered points examining 

three points at a time, starting with points 1, 2, and 3. The three points are 

checked to see if they comprise a "right turn". That is, if when traveling from 1 

to 2 to 3 the path literally turns to the right, the middle point (2 in this case) 

is excluded and the examining process is backed up one step. Considering Figure 

10, the algorithm examines points 1, 2, and 3, A "left turn" is made, and hence 

examination proceeds to the next set of three points (points 2, 3, and 4). Again, 

a left turn is made, so examination advances. Upon examining points 3, 4, and 

5, however, a right turn is discovered. Point 4 is excluded from the linked list 

and examination backs up a step to points 2, 3, and 5, because 3 is now linked 

to 5 in the list. Points 2, 3, and 5 result in a left turn, so the algorithm proceeds 

to points 3, 5, and 6. Here another right turn is encountered. Hence point 5 is 

deleted and the examination process backs up. Points 2, 3, and 6 make a left turn, 

so the algorithm advances to points 3, 6, and 7. These points also result in a left 

turn. Next, points 6, 7, and 1 are examined and are found to make a right turn, 

however slight. Point 7 is deleted and points 3, 6, and 1 are examined. Since this 

results in a left turn with the third point being the point the search started with, 

the upper hull is complete and consists of points 1, 2, 3, and 6. 

This procedure is repeated in a similar fashion for the lower set. The upper 

and lower sets are then connected and the middle line separating them is deleted. 

The complete convex hull is shown in Figure 11. Listing 2 gives an outline of steps 

for the above description. 
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Figure 10. The projections. 
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Figure 11. The convex hull of the projections. 



Listing 2: Find Convex Hull 
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(1) Choose axis, locate max and min points, partition into upper and lower 
sets. 

(2) For each set, order points (descending for upper, ascending for lower). 
(3) Trace around each set deleting points resulting in "right turns". 
(4) Combine upper and lower sets deleting the partition line. 

Having obtained the convex hull, the next step is to avoid it. From the 

initial position, located in the interior of the convex hull, what is desired is the 

shortest path to the perimeter of the hull. Therefore, a perpendicular is dropped 

to each edge of the hull, defining a point where it intersects the edge. If this point 

belongs to the convex hull, then it is used as the point defining the distance of 

the initial point to the edge in question. If however the point lies outside the hull, 

then the nearest end point of the edge is the point used to define the distance of 

the initial point to the given edge. What results from this operation is a series of 

points, on the convex hull, such that each edge has a point representing the nearest 

point to the initial position. The point with the minimum distance from the initial 

position is chosen. The edge containing this point, defined by the two projections 

that axe its endpoints, is next examined. This edge may be the projection of one or 

more edges in three dimensions. In the case where there is more than one possible 

edge, the edge of the three dimensional obstacle which has the nearest distance 

to the initial point is chosen. The point (on the chosen edge) that gives the least 

distance is then the point that is to be added to the path. Listing 3 contains an 

outline of steps for finding the correct edge. 



Listing 3: Find Edge 
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(1) Find distances from initial point to each edge of convex hull. 
(2) Pick nearest edge and determine which projected points lie on it. 
(3) Determine all possible real edges comprising the nearest hull edge. 
(4) If there's more than one edge, pick the one nearest to the initial position. 

Now that the edge is known, all that remains is to locate the desired point 

on the edge. This is a fairly simple procedure. Figure 12 shows the convex hull, 

the initial position S, the nearest hull edge AB, and the perpendicular ST to AB. 

It is point T that corresponds to the desired point on the known real edge. The 

desired point is found as follows. The lengths of line segments AB and AT are 

computed. The ratio R of these distances is found by dividing the smaller distance 

by the larger distance. Therefore, T lies some ratio R (0 < R < 1) along the length 

of AB. The desired point lies the same ratio R along the real edge corresponding 

to AB, Thus if T lies half way between A and B, the desired point lies half way 

between the endpoints of the real edge, and so on. 

Thus far, all of the necessary procedures to find a collision-free path have 

been outlined. In this form, the algorithm will generate a single chain of points 

resulting in a single path. The next section extends this idea to develop a more 

extensive graph consisting of multiple chains of points in hopes of eliminating any 

poor choices of points. 

2.2 Formulation of a Multi-Chain Graph 

The above procedures describe the way the algorithm generates one 

collision-free path. Next a method that examines multiple paths so as to avoid 

accepting myopically generated paths is described. Recall for a moment the proce

dure for obtaining the convex hull. The algorithm described in the previous section 

locates the nearest edge (on the convex hull) to the initial position. This choice 



39 

R 

Figure 12. Convex hull and nearest edge. 
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of edge could result in a poor path around the obstacle. To remedy this problem, 

rather than one edge, the two closest edges on the convex hull are determined, thus 

resulting in two possible next points on the collision-free path. These two points 

are denoted M and N. If the initial position is S and the final position is G, two 

possible paths have just been identified: (5, M, G) and (5, N, G). The algorithm 

assumes for the moment that each segment of each path is collision-free and calcu

lates the length of each path by summing the lengths of each segment of the path, 

i.e. SM and MG. These distances are the lower bound for the lengths of the 

paths, for although the distances can be longer due to collisions, they cannot be 

any shorter. The path with the minimum lower bound is chosen. Assume for this 

example that path (S, N, G) is shorter. Each segment is then tested for collisions. 

Assume SN is collision-free, but NG is not. In this case, the above procedures 

are done on NG resulting again in two more possible points, say C and D. The 

p r o p o s e d  p a t h  ( S ,  i V ,  G )  h a s  n o w  b e e n  s p l i t  i n t o  t w o  p o s s i b l e  p a t h s :  ( 5 ,  A T ,  C ,  G )  

and (S,N,D,G). At this point, there are three possible paths, including the two 

just mentioned, and (S,M, G) (the one previously rejected). Figure 13 gives a 

pictorial representation of the situation. 

Again, the two new paths are assumed to be collison-free and their lengths 

are calculated. The lengths of the three paths are compared and the minimum is 

chosen. The whole process is repeated by checking each segment of the proposed 

path for collisions. If no collision is found, a collison-free path is at hand. If 

collisions axe found, the path is "broken" up into two more possible paths as before 

and the procedure continues in this manner until a collision-free path is found. 

Listing 4 presents an outline of steps for finding the shortest collision-free path 

using a multi-chain graph. Note that given the efficiency of network optimization 

algorithms, one could use each edge of the planar convex hull to generate a point 

on the graph. Thus each iteration would generate as many points on the graph as 
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Figure 13. Finding the path. 
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there axe edges on the convex hull. However, this could become quite laborious. 

Hence two points per iteration appears to be a reasonable compromise. 

Listing 4: Find Path 

(1) If no collision is detected on any link of the proposed path, stop. Otherwise 
goto step (2). 

(2) Find (through previous Listings) the two nearest points on the collision-free 
path. 

(3) Calculate the length of the two new resulting paths (assuming no collisions). 
(4) Choose the minimum length path (of all paths generated thus fax) and test 

each link for collisions. 
(5) If no collisions axe detected on the proposed path, stop. Otherwise goto 

step (2). 

The following section describes how the algorithm is generalized to avoid any 

number of convex polyhedral obstacles. 

2.3 Avoiding Multiple Obstacles 

The procedures described above work well for avoiding a single obstacle. 

However, a slightly different approach must be used when dealing with multiple 

obstacles. The same procedures discussed eaxlier are used, but with the following 

changes. Given a particular link of a path, the link is tested for collisions with all 

of the obstacles. At any iteration of the extended scheme, only those obstacles that 

cause a collision are of interest. For each of these obstacles, the procedures outlined 

in section 2.1.2 are performed separately. Therefore each obstacle's projections are 

found, the convex hull of each set of projections is found, and the nearest edge 

on each convex hull is found. Recall that the distance to the nearest edge on 

the convex hull corresponds to the minimum radius cylinder described previously. 

Thus for each obstacle causing a collision on the link, the distance to the nearest 

edge on the convex hull is known. It is these distances that are used to determine 
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the next point on the collision-free path. The distances are compared, and the 

minimum one is chosen. The next point will be on an edge corresponding to the 

obstacle with the minimum distance. The actual point is found in the manner 

described in previous sections. This implies that the obstacle posing the least 

"interference" on the path, or in other words, the obstacle easiest to get around, 

has been chosen to avoid. This choice, however, may present a problem if the 

obstacle is small relative to the other obstacles. The choice of the small obstacle 

implies that an intermediate path point will lie on an edge of the small obstacle. 

If this obstacle is in the vicinity of much larger obstacles, the point found could 

be unnecessary, for while avoiding a large obstacle, the smaller obstacle may be 

automatically avoided (see Figure 14). Because of this, the algorithm chooses one 

other point on a different obstacle. Of the cylinders corresponding to each object, 

the one with the largest radius is also chosen. This may correspond to the obstacle 

posing the most interference to the path. Thus another intermediate point may 

be found on an edge of this obstacle. Listing 5 presents an outline of steps of the 

procedure described above. 

Listing 5: Find Path for Multiple Obstacles 

(1) If no collisions are detected on any link of the proposed path, stop. Other
wise goto step (2). 

(2) For each obstacle causing a collision, find the projections. 
(3) For each set of projections, find the convex hull. 
(4) For each convex hull, find the distance to the nearest point on the convex 

hull (from the starting point). 
(5) Of the distances found in (4), choose the minimum and the maximum. 
(6) For the obstacles corresponding the the min and max found in (5), find the 

corresponding next points on the collision-free path. 
(7) Calculate the length of the two new resulting paths (assuming no collisions). 
(8) Choose the minimum length path (of all paths generated thus far) and test 

each link for collisions. 
(9) If no collisions are detected on the proposed path, stop. Otherwise goto 

step (2). 
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Figure 14. Shortest path for large and small obstacle pair. 
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In the case of avoiding only one obstacle, it was stated that two intermediate 

points were chosen to eliminate a given collision. This was done to eliminate any 

poor choice of a point that might have resulted in a bad path. For each collision, 

two alternative points were found. The same is done while avoiding multiple 

obstacles, but in a different manner. For a highly cluttered area, by choosing the 

obstacle with the least interference, a point is found on a path that most likely 

travels through the middle of the area. This path, however, may turn out to 

be very long. Thus by also choosing the obstacle with the most interference, a 

point is found on a path that may travel completely around the cluttered area. In 

addition, the paths are not strictly "through the middle" or "around the outside" 

paths. By construction, each link that causes a collision has a choice of the two 

points described to eliminate the collision. Therefore, a path may travel through 

the middle of the cluttered area, then emerge to the perimeter and travel around 

the axea. Likewise, a path traveling around the perimeter of the area may find it 

quicker to cut through the middle of a portion of the area. The choice of points 

helps to insure that radically different paths are created in hopes of eliminating 

potentially poor paths and finding potentially good ones. 

As a final precautionary step, a procedure is included to eliminate any 

poor choice of points that may have occured. At the end of each iteration, each 

potential path is checked for any unnecessary points. Assume that a path consists 

of a sequence of n points (pi,P2,P3} ...,pn)- For each pair of points (^>f,Pi-f-2) 

i = 1,2, ...n — 2, the line between the pair is calculated and tested for collisions. 

If a collision is detected with any of the obstacles, no change is necessary. If, 

however, no collisions are detected with any of the obtacles, then the point pi+j is 

unnecessary, and therefore deleted from the path and all other points are relabeled 

Pj-Uj >i + l. Thus, starting with pi, the link to p3 is calculated and tested for 

collisions. If there are none, P2 is deleted, and so on until point pn is reached and 

checking ceases. 
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IMPLEMENTATION AND RESULTS 

3.0 Introduction and Organization of the Chapter 

In this chapter we discuss the results of implementing our algorithm. An 

alternative method for collision avoidance is outlined and then compared to this 

algorithm. Experimented results are given, followed by ideas for future work. 

3.1 A Comparative Analysis 

It was stated in Chapter 1 that there is a great need for heuristic algo

rithms to achieve efficient collision avoidance in three dimensions. It is difficult 

to conclude whether this heuristic algorithm provides reasonable solutions with

out having something to compare it to. Therefore, another method for collision 

avoidance is developed here. This method is very similar to the one proposed in 

Lozano-Perez [1981]. The only difference is that our implementation does not use 

successive discretization as proposed in Lozano-Perez. 

Recall that in the two dimensional case the idea of a visibility graph was 

described. All vertices of all obstacles belong to the graph. A pair of vertices are 

adjacent if the line connecting them does not intersect the interior of any obstacle. 

The idea may be extended to three dimensions, where the definition of the 

visibility graph remains unchanged. However, it was noted that in three dimen

sions, vertices axe no longer sufficient to achieve efficient, near-optimal, collision-

free paths. Rather than vertices, it is points belonging to edges that are of interest. 

The idea of the visibility graph may be taken one step further by completely "dis-

cretizing" the entire volume containing the obstacles. Imagine creating a three 

dimensional graph, or lattice, of points containing the obstacles. The points in 
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the graph are distributed uniformly throughout the area. Given this dense set 

of points, one could employ some shortest path algorithm to find the shortest 

colllision-free path. Of course, the points lying in the interior of the obstacles are 

not part of the graph, as including them in a path would result in a collision. 

It is this idea of a completely discretized space that would be a sensible 

approach to find shortest collision-free paths. This method results in very good 

paths, however it is extremely slow. The algorithm used on the graph for this 

comparison is Dijkstra's algorithm. It is a labeling algorithm that guarantees 

finding the shortest path through a graph. To employ Dijkstra's algorithm, the 

three dimensional lattice of points is created. The obstacles to avoid are then 

placed in the lattice at the desired locations. The points belonging to the interior 

of the obstacles are deleted from the graph. Given a starting and ending point, 

the algorithm proceeds to find the shortest path between the two points. The 

main difference between this method and the one presented in this thesis is the 

following. For the heuristic, the graph contains only the starting and ending points 

to begin with. Points are created one at a time and added to the graph, whereas 

in Dijkstra's algorithm, all points in the space are already part of the graph. 

As one might expect, the "courseness" of the discretization determines so

lution quality. The graph can be very sparse, resulting in crude, approximate 

paths, or the graph can be very dense, resulting in better approximations. For 

this comparison, the discretized volume is taken to be a 10 X 10 X 10 lattice of 

points. The obstacles to avoid are on the order of size 5 x 5 x 5, or roughly one 

eighth the volume of the discretized volume. The edges of the graph are described 

as follows. Two points are adjacent if they belong to the same unit cube in the 

discretized space. A unit cube contains 8 points as its corners and all 8 points are 

adjacent to one another. 

In the following section we present a comparison of the two methods. 
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Both the heuristic algorithm described in this thesis and the discretized 

approach were implemented using "C". All coding was done on an IBM compatible 

personal computer. The compiler used was the Microsoft QuickC compiler. 

There are two measures of comparison that are examined here. One is the 

length of the path. The shortest path is desired. The other measure is computation 

time. Again, a short amount of time is desired. Time is of the essence in real time 

applications where a succession of collision avoidance problems may have to be 

solved within a matter of seconds. 

For avoiding a single obstacle, a number of cases are examined. The obsta

cles used were a cube, a rectangular box, a cone, and a triangular wedge. The cone 

used is actually an approximation to a cone, like a multi-faced pyramid. Different 

types of paths are presented for the obstacles. One type of path was a surface 

path, meaning the entire path was on the surface of the obstacle, including the 

starting and ending points. The other type of path had starting and ending points 

not on the surface. 

It was found that, in general, the paths generated by both algorithms were 

almost identical. Slight differences arose in the form of approximating line seg

ments. Since Dijkstra's algorithm is employed on a discretized space of uniformly 

distributed points, a line segment may be approximated by a series of jagged 

"stair" steps. (This is due to the nature of the edges in the graph. Two points in 

the graph are adjacent if they belong to the same small cube that the discretized 

space is partitioned into. Since the points are distributed uniformly, the space has 

been partitioned into small cubes with the points as their vertices. If two points 

belong to the same lxlxl cube, they are adjacent.) Also, the implementation 

of Dijkstra's algorithm does not check the links of the paths for collisions, thus a 
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link may "cut the corner" of an obstacle when rounding an edge. This is where 

Lozano-Perez [1981] recommends further discretization. 

The main difference arose in the computation time. The heuristic algo

rithm took, on average, approximately 0.5 seconds to find a path. The discretized 

version, however, took, on average approximately 120 seconds to find the same 

path. The results of avoiding these single obstacles are shown in Figures 15-18. 

In all figures, the bold path denotes the path found by the heuristic. 

For avoiding multiple obstacles, a number of different configurations were 

also examined. Again, both algorithms found similar paths, and the times to 

compute them were also very different. The heuristic algorithm found paths in 

times on the order of 2 seconds, while Dijkstra's algorithm found paths in times on 

the order of 130 seconds. For multiple obstacles, the lengths of the paths differed 

for the two algorithms. In the three cases tested, the heuristic algorithm found 

slightly shorter paths. The results of the comparisons are given in Table 1. 

In all cases considered, the heuristic clearly performed better. Granted that 

given a highly cluttered area, Dijkstra's algorithm may find a shorter path, yet it 

is quite clear that it may be extremely time consuming. 

3.3 Future Work 

There are a number of directions in which this thesis may be extended. 

The heuristic presented here may be extended in several directions. For the single 

obstacle case, two points on the convex hull were chosen to add to the graph. One 

might extend this to include more than two points. Perhaps adding one point from 

each edge of the convex hull would lead to the generation of a graph with shorter 

paths. The types of obstacles to avoid may also be extended. The algorithm 

presented in this thesis is restricted to finding paths around convex obstacles only. 

Future work might involve extending this scope to include nonconvex obstacles. 

It is possible to approximate a nonconvex obstacle by its convex hull, but this 
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Figure 15a. Paths for a triangular wedge. Time to compute for heurtistic: 0.33 
seconds, and for Dijkstra's: 43.67 seconds. Length of path for heuristic: 
7.41 units, and for Dijkstra's: 6.3 units. Note: Dijkstra's path is shorter 
due to the arcs "cutting the corners" of the obstacle. 

Figure 15b. Paths for a triangular wedge with ending points off the surface. Time 
to compute for heuristic: 0.38 seconds, and for Dijkstra's: 137.56 seconds. 
Length of path for heuristic: 9.15 units, and for Dijkstra's: 9.56 units. 
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Figure 16a. Paths for a rectangular box (same path found). Time to compute for 
heuristic: 0.27 seconds, and for Dijkstra's: 133.52 seconds. 

Figure 16b. Paths for rectangular box with ending points off the surface. Time 
to compute for heuristic: 0.60 seconds, and for Dijkstra's: 134.79 seconds. 
Length of path for heuristic: 11.25 units, and for Dijkstra's: 11.61 units. 
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Figure 17. Paths for a cone (same path fotmd). Time to compute for heuristic: 
0.55 seconds, and for Dijkstra's: 138.46 seconds. 
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Figure 18a. Paths for a cube. Time to compute for heuristic: 0.27 seconds, and 
for Dijkstra's: 117.10 seconds. Length of path for heuristic: 11.18 units, 

and for Dijkstra's: 11.39 units. 

Figure 18b. Paths for a cube with ending points off the surface. Time to compute 
for heuristic: 0.56 seconds, and for Dijkstra's: 136.78 seconds. Length of 
path for heuristic: 11.02 units, and for Dijkstra's: 11.29. 



Table 1. Summary of paths avoiding multiple obstacles. The lengths of the paths 
are given in generic units, while the times to compute are given in seconds. 
Boxes refers to rectangular boxes and wedges refers to triangular wedges. 

Algorithm Obstacles Length Time 
Heuristic 2 cubes 9.44 0.49 
Dijkstra 2 cubes 9.56 120.51 

Heuristic 3 boxes 10.41 3.02 
Dijkstra 3 boxes 10.65 156.21 

Heuristic 3 wedges 9.60 1.98 
Dijkstra 3 wedges 9.83 123.25 
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could eliminate certain minimal paths, depending on the size of the moved object. 

It is also possible to define a nonconvex obstacle as the union of several convex 

obstacles. 

Another avenue worth exploring is to consider moving a three dimensional 

object rather than a point. It is true that the moved object may be shrunk to 

a point by "growing" the obstacle set, but again, this can lead to elimination of 

possible minimal paths. A problem related to this involves growing the obstacles 

when the moved object is allowed to rotate. Rather than growing the obstacles a 

single time for a fixed configuration of the moved object, the grown obstacles are 

allowed to change as the moved object rotates to different configurations. This 

implies that the growing operation is to be executed many times which may be 

undesirable as this operation is computationally expensive. 

Finally, one might examine the problem of avoiding three dimensional mov

ing obstacles. The idea of avoiding a moving two dimensional object was shown 

to be a case of avoiding a three dimensional obstacle. By increasing the dimension 

by one, the resulting problem is that of collision avoidance in four dimensions. 
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