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ABSTRACT 

The analytical solution to a model time-dependent continuous lethargy pho­

ton transport equation is evaluated numerically to obtain a benchmark solution us­

ing the Laplace transforms coupled with the multiple collision expansion method. 

The benchmark solution is then used to check the accuaracy of the multigroup ap­

proximation. Excellent agreement between continuous lethargy benchmarks and 

multigroup approximation is obtained. 
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CHAPTER 1. 

INTRODUCTION 

The theory of photon transport in matter, traditionally called "radiative 

transfer", has a great deal in common with neutron transport theory. Both theories 

are essentially statistical descriptions of particles transport that undergo repeated 

random changes in their position, energy, and direction of propagation as they 

travell in a medium. Since both theories ordinarily neglect interactions between the 

migrating particles, the starting point is the linear Boltzmann equation describing 

particle motion resulting from scattering and absorption interaction. Accordingly, 

many of the techniques that have been developed for neutron transport theory can 

also be applied to photon transport theory apart from trivial differences in notation 

and nomenclature. 

This research considers benchmark solutions to the time and energy depen­

dent radiative transport equation in an idealized one-dimensional infinite plane 

geometry. We are concerned only with the treatment of the equation of radiative 

transfer for a grey medium1 with isotropic scattering for the purpose of present­

ing an analytical solution for the case where photons are emitted from a plane 

isotropic monoenergetic pulsed source into an infinite homogeneous plane medium. 

The problem chosen is an idealized model of real physical phenomena which is to be 



12 

used as a standard. Only the radiation field will be considered here. The tempera­

ture therefore will be assumed constant and unaffected by the radiation field. This 

problem is one of the most fundemental transport problems having application, for 

example, in the analysis of pulsed gamma ray experiments and numerical methods 

development. 

Time-dependent transport problems have been studied intensively since the 

inception of transport theory. Even for the simplied infinite-medium problem, the 

time-dependent equation has required some intricate and laborious mathematical 

manipulation. By applying the singular eigenfunction expansion method, Case'2,3! 

solved the equation for a monoenergetic initial-value Green's Function (GF) problem 

analytically, however, leaving solutions in a non-transparent form which was not 

easy to implement to obtain an accurate numerical evaluation. The classical integral 

transform method has been one of the most obvious ways to solve the infinite 

medium initial value GF problem. Papmehl4 obtained a time-dependent GF by 

Fourier transforming the transport equation in both the time and space coordinates. 

Boffi5 sought the density arising from an isotropic, pulsed plane source by Fourier 

transforming the transport equation with respect to the spatial coordinate, but 

Laplace transforming with respect to time. By inverting the Fourier transform 

first and then performing the Laplace inversion, Boffi obtained expressions5 for the 

density in certain asymptotic regimes after much manipulation. More recently, by 

means of Fourier transforming the space coordinate and Laplace transforming the 

time dependence, however, Palmeri6'7 could explicitly carry out the double integral 

transform inversion by performing the Laplace inversion first followed by the Fourier 

inversion. This lead to a closed form solution for the case of isotropic scattering. 

These attemps then ran into the rather formidable task of inverting the resulting 
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transform solution, which must be approached from a purely numerical point of 

view.8 

In order to find exact numerical benchmark solutions used to test both nu­

merical computer codes and approximate analytical solutions, Ganapol9,10,11 used 

the multiple collision formalism sucessfully in providing the numerical evaluation 

of exact solutions to various infinite and anisotropical scattering medium time-

dependent monoenergetic problems. It is his method modified for the particular 

radiative that will be followed here. 

In this presentation, we will present some new results for the solution of a 

radiative transfer equation using the combination of integral transforms and the 

multiple collision formulation of the transport equation with time and frequency 

dependence. In chapter II, with both a monoenergenetic and an isotropic pulsed 

plane source at the center of an infinite isotropic plane geometry, photon transport 

is studied with the multiple collision formulation at the heart of solution. The 

basis of the multiple collision approach lies in the decomposition of the transport 

equation into component equations each representing the behavior of particles of a 

given collision order12. Through this particular decomposition, the intensity of each 

collision order can be expressed in a form leading to the resolution of the component 

equations. By summing the infinite multiple collision series, we are then able to 

obtain a closed form expression for the scalar intensity in some cases.6'7 The solution 

studied here was derived by taking the Laplace transform with respect to time 

followed by a simple variable transformation. The photon frequency was logorithmly 

transformed into a new variable corresponding to photon lethargy u. By applying 

the Laplace transform to u, the resulting transport equation can be reformulated 
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into an infinite set of multiple collision equations. The lethargy dependence can 

be seperated from the time and spatial dependence specificially because of the 

multiple collision formulation. By the application of Laplace transform inversion 

to the lethargy dependent component which is multiplied by a time and spatially 

dependent component which has already been determined previously, we obtain 

the solution for the scalar intensity that holds for all space, time and frequency. 

The advantage of this method is a double integral transform inversion is avoided in 

order to carry out the solutions, since it would not be possible to do double integral 

transform inversion numerically with today's computers. 

The main focus of this work is on the development of an accurate (three to 

five digit) standard or benchmark solution. No discrete approximations have been 

made and only numerical recursion and summation are employed. The numerical 

solution was generated from the evaluation of an analytical representation through 

standard numerical techniques with internal checks on accuarcy. This paper is 

devoted solely to the benchmark investigation. A physical setting to fit this model 

problem in reality does not exist. We present some useful numerical results based 

on the solutions obtained to function as a guide to code developers. The results 

presented here are fairly simple and straightforward, and may be of pedagogical 

interest to the non-expert and expert alike. 

In chapter III, we will apply a discretization in lethargy that is common to 

virtually all deterministic computational methods, namely the multi-group approx­

imation. We will study the solution of the multigroup intego-differential equation 

describing photon behavior with the space-time variation. The multigroup method 

proposed in this paper is based on a combined analytical-numerical approach which 
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was originally derived and applied to one-group neutron problems11 and then ex­

tended to multigroup problems. In this method, the lethargies of all the photons 

are divided into intervals called groups. The photons within each group are lumped 

together and are all subject to the processes of scattering and absorption. The 

interactions within each group interval are described in terms of suitably averaged 

cross sections which are collectively known as group constants13. In the multigroup 

formulation, the multiple collision-like expansion will also be employed. By means 

of integral transport theory and induction, the group intensity is determined analyt­

ically. The code TEMPSGP14, originally written to calculate the group scalar flux 

for neutrons, will be used to obtain group scalar intensities directly with appropriate 

group constants. 

In chapter IV, some results of the multigroup approximation calculation 

and comparisons with the continuous lethargy benchmark solution are presented 

and discussed. Finally, Chapter V contains the conclusions of this research and 

suggestions for future reseaxch in this subject axea. 
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CHAPTER 2. 

CONTINUOUS FREQUENCY RADIATIVE TRANSFER 

2.1 Theory 

Consider the equation of radiative for a one-dimensional, isetropically scat­

tering, gray, plane medium 

d  d  '  

a t + "& +  1  

1>1 j- oo 

Ifl(x,/i,i/,<) = - j dp '  J dv ' f ( v ' - v )IB ( x , i j ' , v ' , t )  

- )  ( 2 . 1 )  

JB(x,^,t/,0) = 0 

where Ib (x , is the angular radiation intensity, x is measured in units of the 

total mean-free-path (by replacing x  by xa t )  and t is mean-free-time (by replacing 

t by tatc). v is the frequency of photon, w is the mean number of photons produced 

per collision or the number of secondary photon per collision (single scattering 

albedo). /(v' — u) is the scattering kernel describing the probability of scattering 

from wavelength v' to du about v with only down scattering case considered. This 

scattering kernel is chosen based on Compton scattering where photons scatter from 

free electrons at rest. Compton scattering is the most important form of scattering 
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process in radiation hydradynamic problems. The scattering kernel for Compton 

scattering is given by Klein-Nishina formula15 

rg 1 + C2 

2 [1+7(1-012 
1 + 

72(1"02 

( l  +  f ) [ l + 7 ( l - 0 ] J  
u  

(2'2) 

where £ = f2 • fl', N is the electron density and ro is the classical electron radius. 

7 is a dimensionless frequency, 7 = hu/rriQC2. We see from the argument of the 

delta function in this formula that the final energy is always less than the initial 

energy15. Note that Eq. (2.1) indicates that the photon frequency redistribution is 

of a particular form, isotropic and dependent on u — u' only. This special scattering 

kernel suggests the possibility of using the convolution theorem and considered for 

this reason. B(x, u, t) is the source of photons resulting from a blackbody emmision, 

thus B(x,v,t) is Planck function 

n 1 ..3 

g ( l , ' / ' t ) = cgexp(W^)-  1  (2'3> 

where h and k axe the universal Planck and Boltzmann constants, respectively, cq is 

the speed of light in a vacuum, and T is the absolute temperature of the blackbody 

(K)16. Here T is considered to be constant through the medium. 

This equation can be solved by means of the initial-value infinite-medium 

Green's function 

/

OO f t  f l  poo 

dx 0  /  d t 0  I  duo  /  du 0 B(xo , vo , to ) -
•00 JO J—l JO 

•  I ( x , f i , u , t ; x 0 , f i Q ,UQ, t 0 ) ,  (2.4) 
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where I ( x ,  n , v , t ; xo , fMo ,vo , to )  is the Green's function satisfying 

+ I J L ^ C  + l ^ I ( x , ( i , v , t ; xo , i J ,o , vo , to )  =  

pi rOQ 
J  J dp '  J du ' f (u  -  v ' ) I ( x , f j . ' , u ' , t ; xo , i *o , i / o , t o )  

+  S(x  -  x 0 )6 (v  -  iy 0 )6 ( f j ,  -  f j , 0 )6 ( t  -  t 0 )  

d_  
d t  

(2.5) 

lim I ( x , t i , v , t ; x o , no ,u o , t o )  =  0  
|x|—'+00 

I ( x , f i , v , t ) xo ,no ,uo , to )  =  Q,  t<  0. 

Applying translational invariance, we have 

I ( x  -  x Q , f j , , u , t -  Ho ,  Vq)  =  l ( x ,n , v , t ;0 ,  f j . 0 ,1 /0 ,0 ) ,  (2.6) 

which obeys 

\ d  
I {x ,n , v , t )  =  J d fx '  J dv ' f ( v ' - v ) I ( x , f j , ' , v ' , t )  

+  8(x )5 (v  -  v 0 )6 ( i i  -  f i Q )S ( t )  

lim I ( x ,  \ i ,  v ,  t )  = 0 
|r|—>oo 

(2.7) 

where x replaces x  — xq and t replaces t  — to ,  f j ,0 and uq in I ( x ,  /i, v ,  t \  f i o ,  u 0 )  axe 

suppressed for ease of notation. We will now solve the Green's function analytically. 

When the Laplace transform with respect to t, 

pOO 
i ( x , f i , u , s )=  /  e~ 9 t I { x ,n ,u , t )d t ,  

Jo  

is applied to equation (2.7), we obtain the following equation for I ( x ,  f i , u , t )  

d  '  A00 
5  +  ̂ dx  +  1  ^  =  i  J  x  d f i '  J  d u ' f ( v  ~  v ' )K x i  s )  

+  6(x )6 (u  -  u Q )S ( f i  — f xo )  

(2.8) 
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(2.9) 

A new variable u is defined as photon lethargy which is identical to the lethargy 

used in neutron transport theory 

i u°  u = In —. 
v  

Thus 

and 

du  — — 
dv  

v  

6( v  — Uq)  =  
8 ( u )  

v  

I ( x ,n ,u , s )  

V 

JV _ = MzjD. 

(2.10a) 

(2.106) 

(2.10c) 

(2.10<f) 

(2.10e) 

Equation (2.9) then becomes 

s + ''al + 1 

i j j  r  i /•« 
I { x ,n ,u , s )  =  -  J  d f i '  J  du ' f (u -u ' ) I ( x ,n ' , u ' , s )  

+  8(x )8 (u )8 ( f i  — f j . 0 ) .  (2.11) 

Then by taking the Laplace transform with respect to u of equation (2.11) 

JAOO 
f  e ~ p u I ( x ,  f i , u , s )du  
o  

(2.12) 

and using the convolution theorem, we find 

[s + J d fx ' I ( x , t J . ' , p , s )  +  8 (x )8 ( i i - f i 0 )  (2.13) 

lim I ( x , f j . , p , s )  = 0. 
|r|—oo 
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f ( p )  is the Laplace transform of /(«), f ( p )  =  / 0 ° °  e~ p u f ( u ) .  Since Eq. (2.13) 

is essentially a one-group transport equation, I(x, fx,p,s) can be recast into the 

following convergent multiple collision series11: 

I (x ,P,P,s)  = ^U(p )T$«(x ,  l l , p , s ) .  (2.14) 
Ti=0 

When Eq. (2.14) is introduced into equation (2.11), we obtain the set of multiple 

collision equations: 

for n=0 (uncollided) 

s + "aJ + 1 
Ipo (x,ju,p,s) = <5(x)<$(^ - Ho)  (2.15a) 

and for n  >  1 (collided) 

d  
s + "d i  + 1 

^n{x ,n ,p , s )  =  -  J  <W>„_l(z,/*,£>, s) (2.156) 

lim ipn(x,n,p,s) = 0. 
|x|—>00 

The solution to equation (2.15a) is found to be; 

T / \ 1 (! + S)X1 r ,  ,  ip Q ( x ,iJi, p , s )  =  - exp  \o ( ( i -n 0 ) .  
V J 

(2.16) 

This result shows that the uncollided intensity is actually independent of p. Since 

the collided photons result from the uncollided photons, the uncollided intensity 

behavior is inherited by collided intensity; consequently, tj>n(x,fj,,p,s) will also be 

independent of p. By performing the Laplace transform inversion in equation (2.16), 

we obtain the usual uncollided intensity 

, - t  

V>o(x, H ,  t )  =  —  H f i  -  -  H o ) ,  (2.17) 
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where r j  =  x / t .  This quantity represents the characteristic variable for particle 

motion in an infinite medium11. Equation (2.15b) can therefore be inverted to give 

the one-group transport equation for the nth collided decomposed intensity which 

is identical to the neutron transport case 

Id  a  
d t + f , f c + 1  

t j j  c  
V>„(x,/M) = 2  J  (2.18) 

lim =  0 ,  
\x \—*oo 

i p n ( x , i j , , t )  = 0 t  <  0. 

Equation (2.18) has been numerically evaluated using the code TEMPS11 in order 

to get the individual collisionai components ipn(x,t) of the scalar intensity. Finally, 

by recombing the solutions for spatial, time and lethargy dependence of multiple 

collision formulation series, the scalar intensity turns out to be of the following form 

(with an integral transform inversion remaining): 
OO 

I( x ,  u ,  t )  = i p 0 ( x ,  t )S(u) +  ̂ 2  fn{u ) ip n ( x ,  t), (2.19) 
n=l 

where fn(u) = £~*[/(p)]n. The second term on the right side of equation (2.19) 

is the contribution of collided photon intensity. ipn(x,t) (for n > 1) is the collided 

intensity of order n for the one-group equation. fn(u) is the function required to 

obtain the lethargy dependent intensity. The scalar intensity is then processed 

numerically in order to produce meaningful graphical representations which are 

discussed both with respect to physical and computational grounds in section (2.3). 

2.2 Numerical Evaluation 

The evaluation of the lethargy dependent scalar intensity given by Eq. (2.19) 

involves the following numerical approximations: 
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a), the evaluation of f n (u )  

b). the evaluation of i p n ( x , t ) .  

In the remainder of the work, we investigate a simple case where the Laplace 

inversion can be performed analytically. Let 

f ( u )  =  exp ( -au )  (2.20) 

therefore the energy variation turns out simply to be 

/»(«)= £:'[/(p)r (2.21a) 

that is 
e~ a u  

f n i v )  =  ( — ( 2 . 2 1 6 )  

It is noticed that the f n (u ) can be obtained numerically for general scattering kernel. 

For simplicity, the Eq. (2.20) is chosen. 

« />n(a ; ,  t )  has been previously determined numerically in code TEMPS11 which 

was originally written for neutron transport. For completeness, the numerical eval­

uation of ipn(x,t) will be described briefly. The code TEMPS11 has been developed 

to provide accurate time-dependent fluxes for a variety of anisotropically scatter­

ing, one-dimensional, infinite-medium one-group problems. The general one-group 

neutron transport equation in plane infinite geometry with a pulsed source at x=0 

is 

d  d  

9? + "aI + 1 
f ! , t )  =  c  J d f i ' g ( i i '  — » +  Q ( j i ) 6 ( x ) 6 ( t ) ,  (2.22) 
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where is the angular flux, c is the number of secondaries and —> //) is 

the anisotropic scattering kernel. The scalar flux can be expanded in the following 

convergent multiple collision series: 

OO 
(2.23) 

n=0 

where 

- M) (2.24) 

9(u )  is the Heaviside step function. The reduced collided scalar flux V'n(7?) is nonzero 

for 1771 < 1; therefore, it can be expressed as the following Legendre Polynomial 

expansion in the variable 77: 

°° OL I 1 
V'nM =  ̂ 2  2  f n , k p k (v ) ,  n>n 3  (2.25) 

fc=0 

where 

f n , k  =  J ̂ dr)Pk(T])ipn(ri). (2.26) 

The the scalar flux becomes 

p- t  n »~ 1  ( r * \n  nu I 1 

= — E (2.27) 
n=0 ' Jfc=0 

where 

MO = T- E ^-SU- (2.28) 
n=nt 

As the result of singular nature of the source, the uncollided scalar flux and in some 

cases the first collided flux are also singular. Since the very slow convergence of 

legendre expansion near singularities, it is best to remove these components from 

the expansion. In Eq. (2.27), uncollided and in some instances the first collided 

fluxes can be obtained analytically (n < ns). A recursion algebraic relation has 
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been found to determine the expansion coefficient /® after g(fj,' —> fj) has been 

expanded in terms of the truncated Legendre polynomials 

g(/i' -*• f i )  = 21 * 1 u jq  = 1 (2.29) 
1=0 

/n,o == (a;')n/d)o /o,o = J drjPi(r])Q(r]) (2.30a) 

(* + «)/»,* = -(k-n- l)/i|fc_2 + [ViTfc-i + + 

+ n«i [/J_1|fc - /i_i,fc_2] (2.306) 

where 

/i,» =0 K 0. 

In addition 

/o.Jt = J ̂ dnPiWQiji) (2.30c) 

which is the starting condition to determine /® required for evaluating the scalar 

flux given by equation (2.27). The numerical implementation of Eq. (2.27) requires 

three numerical procedures including the determination of 

a) the expansion coefficients f ° k  from the recursion relation (2.30) 

b) multiple collision summation (over n) 

c) Legendre series summation (over k). 

The multiple collision component, t) given by Eq. (2.24) is determined 

as a part of the multiple collision summation procedure. Once t) has been 
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determined, it is multiplied by the appropriate /„(u) = £~ l  [ f (p ) ] n  providing the 

fo l lowing  app rox ima t ion  t o  I ( x ,u , t )  

N  

I ( x ,  £ « 1 t ) (2.31) 
n=0 

this procedure is continued until the relative difference between the last term added 

and the partial sum is less than a specified tolerance. 

2.3 Results and Discussion 

All the results presented are for isotropic plane pulsed photon source and 

purely scattering medium (single albedo = 1). 

Figures 2.1a-h present the comparsion of the influence of different values of 

a on scalar intensity distribution in lethargy. It can be concluded from the figures 

that smaller values of a cause a greater photon intensity at the higher lethargies 

for any particular instant of time. This is true because for lower values of a, the 

photons have a higher probability (f(u) = e~au) of reaching the same lethargy. 

More photons appear and accumulate at higher lethargy for any one collision if 

a < 1. This is most evident when a = 0, for which case the intensity increases the 

fastest as lethargy and time increase. Since the scattering kernel f(u) = e~aw is 

normalized to 1 /a, if a < 1 the medium acts like a reproductive one. Thus for pure 

scattering (a? = 1), when a < 1, the system is identical to the supercritical neuton 

transport problem. This is the reason for the rapidly increasing intensity for small 

values of a with increasing time. 
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Figures 2.2a and 2.2b, present the comparison of the influence of three dif­

ferent values of a on the photon intensity distribution in time for x=l and 4 mfp 

with u=l. As before for smaller values of a, the intensity increased at a given 

lethargy at any particular time. It was also found that the intensity when x=t 

initially increased very quickly as photons begin to arrive at that position. A peak 

then results as the intensity subsequently decreases. For example at x=l with u=l, 

the uncollided photons just arrive when t=l. Once emitted, the scattered photons 

require time to slow down by collision and therefore do not arrive until after x=l. 

The intensity initially increases very quickly since many more photons are arriving 

than are being scattered from this position. At the peak the number of photons 

scattering to this position equals that scattered away. The shape of the intensity 

distributions in time at particular lethargies are similar at different positions, how­

ever, the magnitudes decrease at positions further away from source because the 

photons experience more collisions, thus sending more and more photons to higher 

lethargies. 

Figures 2.3a-d show the intensity variation with lethargy and the spatial 

positions for various times and an a of one. Figures 2.3e-h are for a =0.1 and 

various t. The graphs show the spatial and lethargy development of the photon 

intensity as time increases. It is easily seen that with increasing time, the photon 

density appears more intense at higher lethargies. Furthermore, the distribution is 

shifted towards higher values of position. As before, for different values of a, the 

pattern development is the same. The smaller a values increase the intensity and 

rapidity of the lethargy development because of the higher probability of collision. 
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Figures 2.4a-i show the entire photon intensity distribution at particular 

spatial coordinates. Figures 2.4a-d are for a of 1 and 2.4e-h are for a of 0.5. The 

whole process of photon travelling and slowing down can be observed from these 

series of figures. When time is small, at a position close to the source more low 

lethargy photons exist because they have had fewer collisions. As time increases, 

the photons penetrate to and collide at further positions and the intensity gradually 

becomes more intense at higher lethargies. We also find that smaller a values cause 

more photons to reach higer lethargy levels at the same times than larger a values. 

This model was built upon the assumption of no up scattering, similiar to 

Compton scattering. Under this assumption, it is always true that the final energy is 

less than the initial energy. In the case of up-scattering, like the the photons interact 

with moving electrons, called the inverse Compton scattering. The electrons can 

impart some or all of their energy to photons and increase photons' frequency. This 

model can not give accurate results when up scattering is present. However, in the 

case of photons scattering from a relativistic Maxwellian gas of free, non-degenerate, 

electrons. The scattering kernel is derived as 

The Legendre moments of this scattering kernel axe defined in the usual way as 

2.4 Limition of Theory 

= J dvj 

\2DD' \2DD' 

(2.30) 
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Some typical results for these moments are shown in figures 2.5a-c. We could see 

from these figures that although the pure down scattering assumption is never true 

for inverse Compton scattering, it is still a very good approximation to the reality 

except for lower energy photons. We can conclude that the method developed in 

this work is applicable to high energy photons. In next section, we will test the 

accuaracy of multigroup algorithm. 
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Figure 2.3c Intensity Distribution of Space and Lethargy at t=5 and a=l 
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Figure 2.3d Intensity Distribution of Space and Lethargy at t=7 and a=l 
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Figure 2.3e Intensity Distribution of Space and Lethargy at t=O.l and a=O.l 
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Figure 2.3f Intensity Distribution of Space and Lethargy at t=l and a=0.1 
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Figure 2.3g Intensity Distribution of Space and Lethargy at t=3 and £*=0.1 
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Figure 2.3h Intensity Distribution of Space and Lethargy at t=5 and (*=0.1 
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Figure 2.4a Intensity Distribution of Time and Lethargy at x=l and a=l 
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Figure 2.4b Intensity Distribution of Time and Lethargy at x=2 and a=l 



49 

Figure 2.4c Intensity Distribution of Time and Lethargy at x=4 and a=l  
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Figure 2.4d Intensity Distribution of Time and Lethargy at x=8 and a =1 
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Figure 2.4e Intensity Distribution of Time and Lethargy at x=l and a=0.5 



Figure 2.4f Intensity Distribution of Time and Lethargy at x=2 and a=0.5 
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Figure 2.4g Intensity Distribution of Time and Lethargy at x=4 and a=0.5 



Figure 2.4h Intensity Distribution of Time and Lethargy at x=8 and a=0.5 
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CHAPTER 3. 

TIME-DEPENDENT MULTIGROUP RADIATIVE TRANSFER 

3.1 Derivation of Multi group Equation 

As stated in chapter 2, in an infinite isotropically scattering medium, the 

time dependent continuous lethargy radiative transfer equation is 

" 1 3  d  .  . ]  T ,  .  
~adi + + = 

1 f1 f°° 
— /  d f i '  /  du 'a a (u) f (u  — u ' ) I (x , f i ' ,u \ t )  
2  J-1 Jo 

+ S(x ,n ,u , t )  (3.1) 

lim ) = 0 
|i|—+oo 

I (x ,  = 0 t  < 0 

where t and x are in physical units. The upper integral limit of lethargy on the right 

hand side was set to oo since f(u) = 0 when u < 0. S(x, //, u, t) is the general photon 

source. To derive the multigroup equations, we first divide the lethargy range into G 

intervals. The photons in group g are taken to be just those with lethargy between 

and ug, hence the group number increases as the lethargy increases. Our 
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objective now is to obtain an approximation to the continuous lethargy transport 

equation in terms of the group intensity 

/•"« 

I g (x , i i , t )= I  dul (x , / j ,u , t ) .  (3.2) 
Ju g - i  

We proceed by dividing the lethargy integral in equation (3.1) into the contribution 

for each lethargy group and integrate equation (3.1) over the lethaxgy group u C 

\ug-i,ug\. The following equation results; 

We now formally define the total group cross section and group source as: 

Replacing the integral over u'  on the right side of equation (3.3) by a sum of integrals 

of u' C , ugi] over all the G groups gives; 

(3.3) 

(3.4) 

(3.5) 

(3.6) 
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Then if we assume that the source only occurs in the first group, Eq.(3.3) becomes; 

I d  d  1  r  ,  .  

, c a + " & + < r " J  )  =  

1  f 1  f U 0  f U « '  
-  dy!  /  du  2 ^  /  du 'cr 3 (u) f (u  -  u ' ) I (x , f j , ' ,u ' , t )  
*  J - l  J u a - 1  „ » = ! • / « , / _ !  

(3-7) 

where the group transfer cross section has been defined as; 

G s g ' g  

1 /"»« /"V 
— -r / du du 'cr 3 (u) f (u-u ' ) I (x ,n ' ,u ' , t ) .  (3.8) 
lg ' \ X ,  f l ,  t )  J U g _i  Ju a l_  1 

So finally equation (3.3) becomes the standard multigroup equation; 

G  
I d  d  

Zdt +f ifc+art9 
Ig{x ,  ^  ] n&sg'g  [  dp »0 

3'=1 ^ -7"1 

+ 5(x,/x,i)5gl. (3.9) 

For convenience, the time and position will be measured in terms of the mean-free-

t ime and mean-free-path  of  the  f i rs t  group by le t t ing t  —• ta t \c  and x  —> xa t \  

G  
d _  d  O t g  

d t  ^  d x  a t i  
Ig(x ,V, t )  =  (  dfJ , ' I g l (x , fJ . ' , t )  

g ^l 2  J- i  

+  S g ( x , f i , t ) 6 g l .  (3.10) 

Note Eq. (3.10) is not applicable to space and time dependent cross section. If we 

let Wg = ^ and ojsg<g = <T^r
8'8, the multigroup radiative transfer equation is given 

by 

G  
d  d  

ai +"di + Us Ig(x ,  [ i , t }  — ^ ] ti^sg 'g  I >*0 
9'=l 2 J~l 

+  S ( x , n , t ) 6 g \ .  (3.11) 
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Equation (3.11) is a general expression for both up-scattering and down-scattering 

cases. The group scalar intensity for only down-scattering case has been deter­

mined from the numerical evaluation of Eq. (3.11) with appropriate source in code 

TEMPSMG14. 

3.2 Brief Description of the Multigroup Solution 

For completeness, the numerical evaluation of group scalar intensity in code 

TEMPSMG14 will be described briefly in this section. For a source of the form 

= S(x)S(fi — fj.0)6(t), The group intensity in Eq. (3.11) can be 

expanded by the following multiple collision series 

OO 

Ig(x, /i,t) = J2 X3Ij,g(x> V, 0- (3.12) 
j - o  

When this expansion is introduced into Eq. (3.11), an infinite set of partial dif­

ferential equations for the reduced group intensity Ijtg(x,fi,t) can be found. The 

general solution of Ijt9 can be obtained from integral transport theory 

I j i 9 ( x , n , t )  =  [  d t ' e ' ^ ^ ^ q j ^ x  -  f i ( t - t ' ) , n , t ' )  (3.13a) 
J o  

where 

q o > g  =  S ( n  -  n o ) S ( x ) S ( t ) 6 g i ,  (3.136) 

1 v""* f1 

Qj>9 =  9 ^  w g'g  I  dp  I j—V- >0> 3  — (3.13c) 
2 s'=l J

~
x 

The uncollided contribution (n=0) then becomes 

e - t  
I Q , g ( x , n , t )  = — 8 ( n  -  f i 0 ) S ( n  -  r ] ) S g i .  (3.14) 



62 

By means of induction, the group intensity can be shown to be 

0 0  t n ~ l  

Ig(x ,  t) = Jop(x, /X, t) + ̂  ̂  | v)' (3.15) 

n = 1  

The first term on right hand side of Eq. (3.15) is the uncollided contribution and 

second term is the collided contribution. Since the wave front initiated by the 

source in the first group is inherited by all succeeding groups (\rj\ < 1), the scalar 

component ££(//) can be expanded by Legendre polynomial in oder to evaluate the 

group scalar  in tens i ty  I g (x , t ) .  

(sM = '£^1CiPk(v) (3.16) 
fc=0 

where 

£n'?fc = J i  
dl*pM J i  driPk(-n)i9

n(n, 77) .  (3.17) 

A coupled set of algebraic equations for the moments ^9
k has been obtained to 

determine the expansion coefficients 

(k  + „)£» l ) (£_ 2  + ̂ ±[(1  + l )# '*  + 

+ n[u} S g'gSi j Q  — W 3 ][^ n ' f . 1 J f c  — ^ n ' l 1 ) f c _ 2 3 + ™ —  £n- l ,*-2]*(^18)  
g ' = 1  

The starting value for this four-level recursion relation is the moment n=0 

and the moment for k=0 

= (-1 )"<s (3.20a) 

where 

i> lo,g = Qrfgi, Qi = J dnPt(n)8(n-n0) (3.206) 
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G  

$ n , g  = <*>g*l>h- l , g  ~  S10 ^ u»g'g^ n - l , g ' -gr n—1,3 (3.20c) 

The procedure of numerical evaluation of group scalar intensity in Eq. (3.15) is same 

to one-group case except the expansion coefficient satisfies a four-level recursion 

relation. 

Before the multigroup transport calculations can be carried out, values of 

the multigroup cross sections atg and cr3gig must be made available. As indicated 

by the definition in equation (3.4) and (3.8), however, the evaluation of group cross 

sections requires that both the detailed lethargy dependence of the cross section 

and the spectral intensity (or weighting function) be known. For simplicity we 

assume that the cross section is independent of lethargy. This is done in order to 

compare to the analytical solution. Assume the lethargy dependence of the angular 

photon intensity for each lethargy group is seperable and can be approximated as 

the  produc t  o f  a  known func t ion  of  l e thargy  w(u)  and  the  group  in tens i ty  I g (x , f i , t )  

The energy dependent spectral weighting function w(u)  is normalized by definition 

of group intensity to 

where f  is defined as the integral over lethargy of group g (u g - i  < u < u g ) .  The 

simplest case is to assume that 

3.3 Determination of Group Parameters 

= I g (x , f j , , t )w(u) ,  U g - 1 <u <u g .  (3.21) 

(3.22a) 

(3.226) 
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so we have for the group cross section and group transfer cross section 

= — = 1 (3.23) 
° t \  

and 

w ag'g  =  f  d u  f  d u ' f ( u  —  u ' ) .  (3.24) 
a t i  A u g  J g  J g ,  

Recall that for the special scattering kernel used in continuous lethargy calculation, 

f ( u  -  u ' )  =  e - a ^ u ~ u " > d ( u  -  u ' ) .  

When g  —  g '  then the within group transfer cross section is 

= ^T1T— fdu f  du 'e- a ( u - u , ) e(u-u ' )  
<7*1 Aug  JQ Jq, 

u sg 'g  

a s g  1  

<7ti a otAug 

When g  >  g '  

+  - i U -  ( 3 - 2 5 )  

Wsg'g  =  —IT— f du f  du 'e- Q { u - u , ) 6(u-u ' )  
( T t l  A  U g '  J „  J Q ,  L 9'  Jg  Jg  

=  — (e- a u °- 1  -  e~ a U a ){e Q U B'  -  e « V - i ) .  ( 3 . 2 6 )  
crn a2Aug/v ' v ' 

These multigroup cross section will be used in Eq (3.11) for comparison with the 

benchmark solution in the following chapter. 

3.4 Generation of One-Group Results from Multigroup Equation 

In order to demonstrate the accuracy of multigroup approximation method, 

we can sum all the group scalar intensities together to yield 

G  

l(x,0 = £/,(*,*)• (3-27) 
9=1 
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From Eq. (3.11), this result should be identical to the one-group solution when 

G  

ug = 1, ^ >^"9'g = (3.28) 
3=1 

In the following procedure the derivation of one-group equation satisfied by 

I(x,t) (from continuous lethargy transport equation) is presented. If the one-group 

angular scalar intensity is defined as 

the following equation can be obtained from Eq. (3.1) with constant cross sections 

by integrating over lethargy u 

(3.29) 

J- i Jo Jo 
oo 

duS(x ,  

I  d f i '  I  du '  I  ducr 3 f (u  — u ' ) I (x ,iJ. ' ,u ' , t )  

(3.30) 

For the scattering kernel f (u  — u ' )  = e a^u normalized to we obtain the 

one-group time dependent equation; 

d d  ^ r  i 

di + "di + l \ t) = : k  

+ S(x , / j , , t ), (3.31) 

where x  —> o t x  and t  —• Utct .  The equation (3.31) can be solved by the direct ap­

plication of code TEMPS11 with appropripate source in order to check the accuracy 

of multigroup calculation which will be done in next chapter. 
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CHAPTER 4. 

NUMERICAL RESULTS AND DISSCUSSION 

To check the accuarcy of multigroup calculations, the scattering kernel f (u  — 

and by summing all the group scalar intensity 

G  

/(*,*) = £/,(*,*). (4-2) 
9=1 

The result must be equivalent to the one-group solution I(x,t) of equation (3.31) for 

all cross sections set to unity with the number of secondaries replaced by u/a. For a 

purely down scattering problem with five groups ( G=5) and a seires truncation error 

10-4 and a = 1.0, the comparison of equation (4.2) with the solution of equation 

(3.31) shows a difference in the fourth place. Table (4.1) gives one example of the 

u ' )  = e a(u u  ^8 ( u  —  u ' )  has been used. A fictitious multigroup problem equivalent 

to the one-group problem has been tested by setting 

G  

(4.1) 
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comparison of the five-group and one-group results at t=l. 

Table 4.1 

Comparison of the Multigroup 
with One-Group Results 

at t=l 

X Multigroup One-Group 
0.01 6.7542E - 01 6.7541E - 01 
0.11 6.6814E - 01 6.6811E — 01 
0.21 6.4899E - 01 6.4892E - 01 
0.31 6.1845E - 01 6.1841E — 01 
0.41 5.7757E - 01 5.7754E - 01 
0.51 5.2754E - 01 5.2753E - 01 
0.61 4.6982E - 01 4.6980E - 01 
0.71 4.0584E - 01 4.0584E - 01 
0.81 3.3693E - 01 3.3690E - 01 
0.91 2.6319E — 01 2.6321E - 01 
1.01 0.0000E + 00 0.0000E + 00 

As a demenstration, a few group calculation (G=3) is presented in figures 

4.1a-d. It is found that as time increases the group intensity profile becomes de­

populated in lower lethargy group and increases in higher lethargy group. 

Figures 4.2a-g present the comparison of ten group (G=10, the first and last 

groups excluded ) scalar intensity with the analytical solution for the continuous 

lethaxgy. Figures 4.2h-n for G=23. Excellent agreement is observed for multigroup 

calculation and continuous lethargy benchmark. In addition, as the number of 

multigroups increases, better agreement is observed. 
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Figures 4.3a and 4.3b show the comparison of multigroup results of a par­

ticular group u [0.1,1] with the results of integrating the continuous scalar intensity 

over that lethargy group interval. The trapezoidal rule, 

fb 
I g ( x , t )  =  I  I { x , u , t ) d u  

J  a  

=  A i 4 / ( a ; ' 0  + I ( x ' h ' t ]  + £ I ( X ,  n,-,01, (4.3) 
1=1 

is applied to perform the integration. The results also show excellent agreement 

between the multigroup scalar intensity and analytical continuous lethargy scalar 

intensity. 

In addition, the group structure for ten-group calculation is presented in 

table (4.2) and group transfer cross section for ten-group is shown in table (4.3). 

Table 4.2 

Group Structure for G=10 

9  U q  —  i U q  A u „  
1 0.0 0.1 0.1 
2 0.1 0.7 0.6 
3 0.7 1.3 0.6 
4 1.3 1.9 0.6 
5 1.9 2.5 0.6 
6 2.5 3.0 0.5 
7 3.0 3.5 0.5 
8 3.5 4.0 0.5 
9 4.0 4.5 0.5 
10 4.5 50000.0 49995.5 
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Table 4.3a 

Group Transfer Cross-Section for G=10 

£jl 
9=1 9=2 g=3 g=4 

4.837E - 02 4.294E - 01 2.356E - 01 1.293E — 01 
0.000E + 00 2.480E - 01 3.393E - 01 1.862E — 01 
0.000E + 00 
0.000E + 00 

0.000E + 00 2.480E - 01 3.393E - 01 
0.000E + 00 0.000E + 00 3.393E - 01 

0.000E + 00 0.000E + 00 0.000E + 00 O.OOOE + 00 
O.OOOE + 00 
O.OOOE + 00 

O.OOOE + 00 O.OOOE + 00 O.OOOE + 00 
O.OOOE + 00 O.OOOE -f 00 
O.OOOE + 00 

O.OOOE + 00 
O.OOOE + 00 
O.OOOE + 00 

O.OOOE + 00 
O.OOOE + 00 

O.OOOE + 00 

O.OOOE + 00 
O.OOOE + 00 

O.OOOE + 00 
O.OOOE + 00 

O.OOOE + 00 O.OOOE + 00 

Table 4.3b 

Group Transfer Cross-Section for G=10 
(Continued) 

9=5 

7.097E - 02 

<7=6 

3.397E - 02 

la_ 
9=7 

2.060E - 02 
9=8 

1.250E - 02 
1.022E - 01 4.891E - 02 2.966E - 02 1.799E — 02 
1.862E - 01 8.912E - 02 5.405E - 02 3.278E - 02 
3.393E - 01 1.624E - 01 9.849E - 02 5.974E - 02 
2.480E - 01 2.959E - 01 1.795E - 01 1.088E — 01 
O.OOOE + 00 2.131E — 01 3.096E - 01 1.878E - 01 
O.OOOE + 00 O.OOOE + 00 2.131E — 01 

O.OOOE + 00 
3.096E - 01 

O.OOOE + 00 O.OOOE + 00 
O.OOOE + 00 

2.131E — 01 
O.OOOE + 00 O.OOOE -1- 00 O.OOOE + 00 
O.OOOE + 00 O.OOOE + 00 O.OOOE + 00 O.OOOE + 00 



Table 4.3c 

Group Transfer Cross-Section for G=10 

(Continued) 

t^sq 'q  

9 '  9  = 9 g = 10 

1 7.579E - 03 1.168E - 02 
2 1.091E — 02 1.682E - 02 
3 1.988E - 02 3.065E - 02 
4 3.623E - 02 5.585E - 02 
5 6.602E - 02 1.018E - 01 
6 1.139E - 01 1.756E - 01 
7 1.878E - 01 2.895E - 01 
8 3.096E - 01 4.773E - 01 
9 2.131E — 01 7.869E - 01 
10 O.OOOE + 00 1.000E + 00 
10 O.OOOE + 00 1.000E + 00 
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CHAPTER 5. 

SUMMARY AND SUGGESTIONS 

The subject matter of this thesis was divided into two major sections. In the 

first and most important section an analytical solution for the continuous lethargy 

time-dependent Boltzmann equation was generated. This solution was then applied 

to a fictitious radiative transfer problem demonstrating its benchmarking capability. 

In the second section a multigroup approximation for the same fictitious radiative 

transfer problem was compared to the benchmark solution in order to assess its 

accuaracy. 

In the benchmark generation section, a fictitious radiative transfer problem 

was considered. The basis of the problem was Compton scattering, photon colli­

sions with electrons at rest with the scattering kernel was assumed isotropic and 

dependent only on the lethargy differences before and after collisions. The constant 

speed of the photons provided the possibility of applying the Laplace transform in 

lethargy reducing the problem to a one-group problem. After Laplace transform­

ing the lethargy variable as well, the resulting equation was then attacked by the 

multiple collision formulation method. Finally, the equation was formally solved 

giving a non-transparant (with Laplace inversion of lethargy remaining ) analyti­

cal representation. The analytical representation was then evaluated to obtain a 

solution suitable as a numerical benchmark. For simplicity the Laplace transform 
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inversion of f (p ) n  for the particular scattering kernel f (u  — u ' )  =  e~ a ^ u ~ u ' ^9{u  — u ' )  

was evaluated analytically. The main effort of this research was the numerical eval­

uation of the analytical representation given by equation (2.18). Since no discrete 

approximations were made in deriving the analytical solution, very accurate results 

were obtained for use as a standard in testing the validity of numerical transport al­

gorithms or as an approximation to real situations. For a purely scattering medium, 

and a < 1 in the scattering kernel of the system was found to be reproductive sim­

ilar to to the supercritical neutron case. Some graphical representations were then 

given illustrating the time-dependent nature of the problem. 

In the second section, the physically interesting multigroup approximation 

to the continuous lethargy equation was studied. The photon intensity was treated 

collectively. The multigroup radiative transfer equation was derived from the con­

tinuous lethargy equation by discretion of the lethargy variable. The resulting multi-

group equations were then solved by the multiple collision formulation. No spatial 

or time discretization was applied to the resulting multigroup equations. Instead, 

the time and position variables were treated continuously, making the multigroup 

results accurate and also reliable. A five group calculation was first performed and 

compared to an already existing time-dependent one-group benchmark. The results 

of this comparison indicated that the multigroup algorithm was correct. Finally, 

after the validity of multigroup algorithm was verified, ten group and twenty-three 

group calculation were performed for comparison to the continuous lethargy bench­

mark solution. The results of this comparison were also presented and excellent 

agreement was obtained. That indicated that the multigroup algorithm is accurate. 
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The techniques developed here axe very powerful and provide excellent re­

sults for those interested in benchmarks. Although not contained in this work, the 

method is extendable to to the higher-order anisotropic scattering, and nongray 

media. By means of the plane-point and point-line transformations, this approach 

may also be directly applied to infinite spherical and cylindrical geometries. Furture 

work could also include cross sections with a polynomial time dependence. 
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