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ABSTRACT 

A maximum-likelihood parameter-estimation method is 

developed that allows the mean of coarsely digitized data to 

be determined to far greater precision than that inherent in 

the digital quantization. The method is used to determine the 

mean responses of photomultiplier tubes in a medical 

scintillation camera. The mean responses as determined by the 

estimation scheme are applied to two tasks. The first is the 

development and construction of a feedback-control loop to 

stabilize photomultiplier tube responses, which helps ensure 

consistent image quality over time. The second is a method 

to characterize the camera face for the construction of a 

look-up table of maximum a posteriori position estimates used 

in image acquisition. 

The algorithm is developed in detail, based on the 

assumption that the photomultiplier tube responses are Poisson 

distributed. The statisitics are analyzed experimentally with 

high-precision equipment to evaluate and confirm the validity 

of this assumption; the Poisson distribution is found to be 

a reasonable approximation to the observed data. The quality 

of images collected with a look-up table based on the proposed 

estimation scheme is compared with the quality of images 

collected with a look-up table based on a method that makes 
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no assumptions about the statistics of the photomultipliers. 

Image quality was found to be virtually identical. 

The implementation of the parameter-estimation algorithm, 

its applications in both the stabilization of photomultiplier 

tube response and image look-up table construction, and the 

analysis of photomultiplier tube statistics, are considered 

to be the niajor contributions of the work presented in this 

thesis. 
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CHAPTER 1 

INTRODUCTION 

Radiological imaging applies various forms of radiation 

to the human body to form medical images. The most familiar 

form of radiological image is the X-ray, obtained by passing 

radiation through the body. The radiation is attenuated to 

varying degrees depending upon the material it is passing 

through, creating a "shadow" of the internal structure of the 

body. X-ray images provide primarily anatomical information. 

From an X-ray, it is impossible to judge how well the body is 

functioning; in fact, it is impossible to even tell whether 

the patient is dead or alive. The main objective of nuclear 

medicine, on the other hand, is to provide information about 

certain physiological functions, such as blood flow or iodine 

uptake in the thyroid gland. Although some physiological 

information can be determined from X-rays, nuclear imaging is 

unique in its imaging capability. 

1.1 Nuclear Imaging 

In nuclear medicine, the patient is given a 

radionuclide-tagged pharmaceutical which is accumulated in a 

particular organ. The radionuclide begins to decay, emitting 

gamma rays—high-energy photons essentially equivalent to X-

rays, but usually of a higher energy. These rays are detected 
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and recorded over a period of time to construct an image that 

is indicative of the function, and sometimes structure, of the 

organ. Unfortunately, images in nuclear medicine often have 

poor spatial resolution in comparison to other radiological 

imaging techniques. This is primarily due to the statistical 

nature of the process. In addition, efforts to reduce the 

radiation dose to patients result in images that suffer 

severely from a low signal-to-noise ratio. The main thrust 

of research in nuclear medicine at present is directed towards 

producing better quality images. An image of an actual 

thyroid collected with the modular camera described in this 

thesis is shown in Fig. 1.1. 

Organs frequently imaged in nuclear medicine include the 

lungs, in which perfusion and ventilation can be mapped; the 

liver, in which cirrhosis and metastases can be detected; and 

the brain, thyroid, and bones, in which tumors can be 

detected. Dynamic images of the heart can also be obtained, 

providing valuable information about the pumping capacity and 

shunts between the left and right ventricles. As the speed 

of digital technology increases and new pharmaceuticals are 

developed, more applications for nuclear medicine are becoming 

possible. 

1.2 The Scintillation Camera 

Since there is no way to record high-energy photons 



Fig. 1.1. Thyroid image collected with modular 
gamma camera 

13 
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directly in the way that optical photons are recorded by 

photographic film, a different system is needed to detect and 

record them. The system commonly used in nuclear medicine is 

known as the scintillation or gamma-ray camera. The camera 

consists of a scintillation crystal, several photomultiplier 

tubes, and position-estimating electronics. The scintillation 

crystal, usually thallium-doped sodium iodide (Nal(Tl)), 

converts the high-energy photons to visible light. When a 

high-energy photon collides with the atoms of the crystal, it 

transfers enough energy to raise the electrons from the 

valence band to the conduction band, creating electron-hole 

pairs. These electron hole-pairs eventually recombine, and 

their energy is converted to an optical photon. Since the 

gamma-ray energy is much greater than the optical energy, an 

entire "shower" of photons is emitted for each gamma-ray 

interaction event. 

This shower of optical photons is then detected by an 

array of photomultiplier tubes (PMTs) optically coupled to the 

crystal face. Each photomultiplier tube converts the light 

to an electronic signal with an average magnitude proportional 

to the amount of light that PMT is able to "see" from its 

location on the crystal. The relative strengths of the PMT 

signals are used to estimate the location of the scintillation 

event in the crystal. This position estimate is either used 

to control the beam deflection of a CRT illuminating 
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photographic film or stored in digital memory. 

The main workhorse of nuclear imaging until recently has 

been the Anger camera, developed in 1956 by Hal Anger. It 

consists of a round scintillation crystal with seven to 91 

PMT•s arranged hexagonally on the crystal face. (See Fig. 

1.2) A capacitor circuit combines the PMT outputs into four 

voltages: a positive and negative x-direction and a positive 

and negative y-direction. These voltages are applied to a CRT 

to control the position of the spot on the screen. All four 

voltages are summed together to control the spot intensity. 

Photographic film is exposed to the CRT display, and an image 

is built, a point at a time, until a sufficient number of 

events have been recorded. 

As an example, consider a scintillation event that 

occurs under PMT 5 of Fig. 1.3. PMT 5 will detect the most 

light, but a smaller amount of light will still be detected 

by the other PMTs. Since the PMTs above and below PMT 5 will 

detect an equal amount of light, the positive and negative 

y-direction signals will be equal. The overall y signal will 

be zero, causing no CRT beam deflection in the y-direction. 

However, the large signal from PMT 5 will cause the negative 

x-direction signal to outweigh the positive signal, and the 

CRT will deflect the beam in the x-direction. The degree of 

deflection corresponds to the position of the scintillation 

event in the crystal [1]. 
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In order to generate a faithful image, both the x- and 

y-direction voltages should be linear with respect to position 

across the crystal face. However, due to reduced light 

collection efficiencies around the edges of the crystal, the 

voltage response falls off dramatically at the edges, leading 

to spatially distorted images. 

The design of the Anger camera has not changed 

significantly since 1958. The major improvement has been 

digitization of the x and y position signals, which are stored 

in computer memory and later displayed on a CRT. Digitization 

of the images allows multiple copies to be made without 

reducing image quality and permits image-enhancement 

techniques to be applied after the fact. A completely digital 

gamma camera was designed by Genna in 1981 [2], but the 

position estimation still used a weighted-sum method analogous 

to the capacitor circuit in the traditional Anger camera. In 

1976, Gray and Macovski [3] proposed a maximum a posteriori 

statistical estimate to determine the position coordinates. 

This method requires intensive computations, and because of 

difficulties they encountered with the optical computer chosen 

to implement the position estimation, the system never became 

practical. 

1.3 Imaging Systems 

When a stationary Anger camera is used, the resulting 
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image is a two-dimensional representation of a three-

dimensional object. Many planes are superimposed onto one, 

causing structures of possible interest to be obscured [l]. 

To eliminate this problem, data collection methods have been 

developed that image a single plane sharply while blurring all 

others. Such images are known as tomographic images, from the 

Greek word tomo, meaning slice. 

The isolation of data from a single plane can be achieved 

in several ways. The first uses a stationary Anger camera 

with special "focusing collimators", sheets or tubes of lead 

between the source and the camera that allow only gamma-rays 

traveling parallel to the collimator to reach the camera face. 

(Fig. 1.4) (Those not traveling parallel to the collimator 

are absorbed into the lead.) The disadvantages of this type 

of system are that the collimator usually must be rotated and 

the angular view of the camera is limited. 

In the second method, one or two Anger cameras are 

rotated completely around the source to obtain data from all 

angles. Such systems are commonly used in major hospitals all 

around the world. The disadvantages associated with these 

systems are poor spatial resolution and data-collection times 

of 20 minutes or more, making them unsuitable for dynamic 

studies. The process is also tedious for the patient, who 

must remain motionless throughout the entire period. 

Another method involves banks of special-purpose 
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collimators and detectors surrounding the patient in a variety 

of interesting geometries. The disadvantage of these systems 

is that the detector bank must be moved in some manner, again 

rendering them incapable of imaging dynamic processes. In 

addition, the detector geometry is designed for a specific 

task, such as imaging the brain or chest. A few systems exist 

in which the detectors remain in position and pieces of lead 

with either pinholes or slits, known as "coded apertures", are 

placed between the source and detectors. The apertures allow 

only limited data through, which are used to reconstruct 

images [4]. 

1.4 The Modular Gamma Camera 

In the design of the scintillation cameras used in this 

project, an attempt has been made to improve both the 

performance of individual cameras and the imaging system as 

a whole. Each camera, or "module", consists of a 10 cm x 10 

cm scintillation crystal and four PMTs, followed by digital 

signal-processing electronics and a dedicated computer system. 

The processing and electronics are entirely digital, providing 

fast data collection. Each module will have its own 

processing electronics, allowing the entire system to achieve 

much higher data-collection rates than existing systems. Most 

current systems contain only one or two sets of processing 

electronics, severely limiting the rate at which the entire 
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system can collect gamma-rays. The data-collection rates of 

the modular-camera system should be high enough that the 

system will be able to collect many frames of the heart within 

a single beat. 

To estimate the position of the scintillation events, 

the maximum a posteriori statistical method proposed by Gray 

and Macovski [3] is used. The best position estimate for 

every possible combination of PMT signals is determined ahead 

of time and stored in a look-up table. When a particular set 

of PMT responses is received, it is used as an index into the 

look-up table. The best x and y estimates are simply the 

contents of the look-up table at that index value. The x-y 

position estimate will then be used to increment the pixel 

value at that location in the digital image memory. The 

maximum a posteriori position estimator eliminates the need 

for the PMT voltage signals to be linear with respect to 

position across the entire crystal face and takes the unique 

characteristics of each crystal (non-uniformities in response, 

etc.) into account automatically. This leads to better 

resolution and less spatial distortion than currently existing 

systems. 

Since the modules are small and independent, they will 

be reconfigurable to a variety of imaging geometries. This 

will allow the system to be easily modified for specific 

tasks. And as the modules can be configured to completely 
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surround the patient, it will be possible to obtain 

tomographic images without any detector motion. One possible 

imaging configuration is shown in Fig. 1.5. 

1.5 Photomultiplier Tube Characteristics 

The photomultiplier tube is essentially a photoemissive 

detector and a low-noise amplifier contained in the same 

vacuum jacket [5]. A photoemissive layer, referred to as the 

photocathode, is deposited on one end of the glass vacuum 

tube. It is followed by a series of alkali antimonide plates, 

or dynodes. Each dynode is maintained at a higher electric 

potential than the previous one by applying a negative high 

voltage to the photocathode while maintaining the last dynode, 

or anode, at ground potential. The gain of the PMT is a 

direct function of the applied voltage. 

When a photon strikes the photocathode, an electron is 

ejected with a certain probability, known as the quantum 

efficiency. The electron is accelerated by the electric field 

to the first dynode, where a cascade of secondary electrons 

is emitted as a result of the collision. Each of these 

electrons is subsequently accelerated to the next dynode, and 

the process continues until a current multiplication on the 

order of 106 is achieved. (Fig. 1.6) By this mechanism, each 

light flash detected by a PMT generates a current pulse with 

a mean height proportional to the brightness of the flash. 



Fig. 1.5. Brain imager 
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If a PMT is exposed to a continuous light source, a train of 

pulses is generated that appears as a DC signal. However, 

scintillation flashes are infrequent enough (on the time scale 

of the PMT response) that individual pulses are resolvable. 

Because of the quantum nature of the particle 

interactions, photon detection and current amplification are 

statistical processes, exhibiting noise similar to that found 

in avalanche photodiodes. If a light source of constant 

amplitude is flashed several times, the resulting pulses at 

the anode will not all have the same height, but a 

distribution of heights. For this reason, it is necessary to 

characterize PMT performance in terms of "average quantum 

efficiency" and "mean detector response". 

1.6 Problem of Interest 

Much of the current research in nuclear medicine is 

directed towards producing better quality images so that 

anatomical points of reference can be more easily identified 

and normal tissue more easily distinguished from unhealthy 

tissue. Because the position estimate of a scintillation 

event is determined from the relative responses of the PMTs, 

the role of the latter in image quality is critical. If a 

PMT's response is too strong or too weak relative to the other 

PMTs, the resulting images will be distorted. Ideally, a PMT 

should give the same response to a constant light input at all 
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times. The response of actual PMTs, however, can vary 

unpredictably over time. The causes of this long-term 

variation in gain, or "drift", are not well understood. Two 

of the factors known to affect PMT sensitivity are temperature 

and magnetic fields. In fact, some PMTs are even affected by 

the earth's magnetic field. Gradual migration of cesium from 

the photocathode to the dynodes is thought to be another 

factor that causes a reduction in PMT sensitivity. 

If a PMT has drifted over time, no longer responding 

with the same sensitivity as when the position estimate look

up table was constructed, the position coordinates associated 

with a certain set of PMT signals may no longer be valid, 

causing the wrong pixel location in image memory to be 

incremented. If the PMT response is too strong, the image 

will be drawn toward that PMT. If the PMT is too weak, the 

image in the region directly under that PMT will fade, and the 

image will be pulled towards the other PMTs. An example of 

the image distortion caused by incorrect high-voltage settings 

is seen in Figs. 1.7 and 1.8. 

To prevent this, a feedback control system to monitor 

and modify the PMT responses is proposed. The system will use 

a constant-amplitude light pulser to provide a reference 

input. The mean PMT responses to this input at the time the 

look-up table is built will be recorded, and when the mean PMT 

responses to the reference input vary significantly, the high 
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voltage will be modified until the desired response is 

achieved. Because the response of a PMT to a change in 

applied voltage is essentially instantaneous, the control 

system will not have dynamic time response characteristics 

such as overshoot and settling time, which constitute the core 

of most control problems. The main problem in this case is 

one of signal estimation—how to accurately determine the mean 

sensitivity of the PMTs, which is addressed in this thesis. 

The principal objectives of this thesis are to develop a 

method to determine the mean detector response, to use this 

method to establish a relation between the applied voltage and 

mean response, and to construct a feedback control loop based 

on this information. The mean detector response as a function 

of radioactive source position under the camera face will also 

be determined and used to construct a look-up table for image 

formation. 

1.7 Outline of the Thesis 

Chapter 2 will describe the detector system in greater 

detail and explain the limitations that system physics, 

electronics, and statistics place on PMT signal determination. 

In Chapter 3, a maximum-likelihood algorithm for determining 

the mean detector responses based on the Poisson nature of the 

statistics will be developed. It will also describe 

experiments performed to examine the validity of the Poisson 
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assumption, along with an analysis of the results. Chapter 

4 will discuss applications of the maximum likelihood 

algorithm, including the design and implementation of the 

control loop, and the role of the algorithm in constructing 

look-up tables of position estimates. Finally, some 

conclusions and suggestions for future improvements and 

refinements are given in Chapter 5. 

The major contributions of this work are: 

(i) Implementation of a maximum-likelihood estimation scheme 

for determining the mean of PMT responses based on the 

detector statistics. 

(ii) An analysis of PMT statistics based on high-resolution 

experimental data, and an evaluation of the assumptions 

and simplifications that can be validly adopted 

regarding PMT statistics. 

(iii) A feedback control mechanism to stabilize PMT response 

and improve image quality in a scintillation camera. 
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CHAPTER 2 

ESTIMATION PROBLEM 

2.1 Modular-Camera Electronics 

The modular-camera system has two data-acquisition modes, 

termed "image mode" and "histogram mode". Image mode is the 

method used in clinical studies. It requires that a valid 

look-up table, mapping PMT signals to position estimates, 

already be present in the 2Mb look-up table memory. (See Fig. 

2.1) When a scintillation event is detected, an address is 

generated by the processing electronics. This is used to 

address the look-up table, which contains either the best 

position estimate for that particular set of PMT signals, or 

a value indicating that the set of PMT signals is highly 

unlikely to have occurred as a result of a scintillation 

event. If the latter is true, the event is rejected; 

otherwise the position indicated is incremented in image 

memory. 

Histogram mode is used primarily to collect data to 

evaluate the PMT responses. In this mode, the 2Mb memory 

space is cleared prior to data collection, and each time a 

particular address is received, the contents of that location 

are incremented. If a number of flashes are accumulated in 

memory, a distribution or "spectrum" for each tube can be 

reconstructed from the data. 
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In clinical situations, the system must be able to process 

data at rates of up to 300,000 scintillation events (or 

"counts") per second. To acheive this, special-purpose 

hardware was designed by Alan Landesman of the Optical 

Sciences Center. The hardware is able to process each 

scintillation event in as little as 2 microseconds. 

Countrates of up to 350,000 counts (scintillation events) per 

second have been measured on the system in histogram mode. 

The hardware is comprised of two main stages: the signal-

processing electronics, which convert each set of PMT signals 

into an address, and the computer-interface boards, which 

route the event information to the correct location in memory. 

The PMT signals are initially current pulses, which are 

shaped, converted to voltage pulses, and amplified by a factor 

of 500. These voltage signals are then fed to a sample and 

hold followed by a fast eight-bit A/D converter. The eight-

bit digitized signals are input to an erasable programmable 

read-only memory (EPROM), which nonlinearly compresses the 

signal to five bits. Up to this step, the signal from each 

PMT is processed independently in parallel electronics. At 

this point, the 5-bit signals from each of the four PMTs are 

•  •  20 concatenated to form a 20-bit address, which addresses 2 

words, or 2 megabytes. Since this is as much memory as is 

currently practical to support on the computer system, the PMT 

signals are restricted to this five bit quantization. 
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Initially, the 5-bit A/D signals were immediately 

concatenated to form the 20-bit address. However, it was 

found that too much information was lost in the quantization, 

even with signal estimation methods designed to recover some 

of this information. The addition of even one more bit per 

PMT signal, or 6 bits for each signal, would require a look

up table memory space of 16 megawords per module, which is not 

presently feasible. However, in an attempt to retain more 

signal information in the quantization step, it was decided 

to initially quantize the signals to 8 bits, and compress the 

8 bits to 5 bits in a way that maximizes the signal 

information. Bartlett [6] determined that a square-root 

mapping transforms a Poisson random variable to one of 

approximately constant variance. Such a mapping is especially 

effective for low signals where the source is far from the 

PMT. In this situation, a relatively large change in position 

corresponds to only a small change in PMT signal. With direct 

quantization, the change in the PMT signal is too small to 

show up in the digitized signals. With the square-root 

mapping, however, low signals are "amplified" by the steep 

slope of the compression curve at the origin. In essence, the 

square-root compression matches the variance of the quantizer 

to the variance of the Poisson signal. Dolazza and Poulo [7] 

have shown that such a quantization, known as a uniform linear 

quantizer, transfers the maximum amount of information in a 
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fixed number of bits. The effect of the square-root 

compression is shown pictorially in Fig. 2.2. Fig. 2.3 

demonstrates the significant improvement in image quality due 

to square-root compression for a thyroid phantom. 

The 20-bit addresses generated by the signal-processing 

board are routed to a custom interface card residing on the 

computer bus. Since no microprocessors were available that 

could process the data at the required rate, special-purpose 

hardware was designed (also by Alan Landesman) that takes 

control of the bus and ties in directly with computer memory. 

The computer system was designed around the VME bus 

architecture because of its flexibility, modularity, and 

speed. The main CPU is a Motorola 68020 microprocessor 

running at 20MHz. It sets up the special-purpose hardware and 

performs intermediate calculations, such as determining the 

mean detector responses. Each VME system is capable of 

supporting up to 12 modular cameras. 

2.2 Signal Estimation Problem 

As mentioned earlier, data collected in histogram mode can 

be broken down into response distributions for each tube. The 

means of these distributions are sought for two reasons: 

1) as criteria by which to judge the consistency of the PMT 

responses, and 2) as a factor in the algorithm to determine 

the maximum a posteriori position estimates for the look-up 
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(a) 

(b) 

Fig. 2.3. Effect of square-root compression on image quality 
(a) Thyroid-phantom image without square-root compression 
(b) Thyroid-phantom image with square-root compression 
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table. The success of each objective is dependent on the 

quality of the mean detector response values. 

Each spectrum will only have 32 bins, or "channels", as a 

result of the 5-bit digitization. Obviously a significant 

amount of information has been sacrificed in the digitization 

process. Simple statistical techniques to determine the 

distribution mean, such as selecting the channel with the 

maximum number of counts or taking a weighted average of the 

coarse channels, are not precise enough. To extract more 

information from the coarse spectra, what is known about the 

statistics of the detection process must be exploited. 

However, before discussing PMT statistics, some discussion of 

the physics of the photoemission and electron multiplication 

processes is in order. 

2.3 PMT Physics 

The phenomenon of photoemission was first observed by Hertz 

in 1887 in his experiments with electromagnetic waves. If 

light of a sufficiently short wavelength falls on certain 

solids, electrons are emitted. The maximum energy of the 

electrons emitted will be: 

E = hc-W (2.1) 
A 

where 

A = the wavelength of the light, 



40 

h = Planck's constant, 

c = speed of light, and 

W = work function, energy with which 
electrons are bound to a material. 

However, many of the electrons emitted will have much less 

energy; in fact, some will not escape at all. The probability 

of an electron being emitted when a photon strikes the 

material is the quantum efficiency, which is always less than 

one. However, because the number of photons in a beam of 

monochromatic light is proportional to its intensity, and the 

probability of photoemission is the same for every photon, the 

average number of photoelectrons emitted per unit time is 

exactly proportional to the intensity of the incident light 

beam. 

The process of photoemission is similar to that described 

for a scintillation event. Light is absorbed by the material 

and its energy is transferred to electrons in the crystal 

lattice, raising them from the valence band to the conduction 

band. In addition to the band-gap energy, there is an 

additional energy barrier to overcome at the crystal-vacuum 

interface. This barrier is known as the electron affinity, 

Ea, and is strongly dependent on impurities and dislocations 

at the surface of the material. Materials that are seemingly 

identical can have very different electron affinities, and 

therefore photoemission thresholds. For this reason, no two 
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detectors ever have the same response or dark emission, and 

the same detector may even vary in sensitivity across its 

area. 

In order to escape from the photocathode, the electron must 

not only have enough energy to overcome the band gap and 

electron affinity, but must be able to reach the surface 

without interacting with other electrons. If an electron 

collides with another electron in the valence band, it can 

lose its energy in the creation of an electron-hole pair. Or 

it can lose its energy through transfer to mechanical 

vibrations in the crystal lattice. To be an efficient 

photoemitter, then, a material must be optically absorbent, 

yet have relatively long mean-free paths. This requires that 

few energy levels be available near the Fermi level, so that 

the energized electrons do not transfer and lose their energy 

to neighboring electrons. 

The class of materials that best fulfills all the 

requirements above are semiconductors, especially p-type semi

conductors with an adsorbed n-type region near the surface. 

The p-type doping keeps the Fermi level near the valence band, 

allowing for good electrical conduction, but low thermionic 

emission. The n-type region is adsorbed on the material to 

bend the conduction band nearer to the Fermi level at the 

surface, thereby reducing the electron affinity that electrons 

produced in the p-type region must overcome to escape. Cesium 



42 

is the compound usually adsorbed onto the photocathode to 

produce this n-type surface region. It is also suspected of 

playing a role in the long-term drift mentioned earlier [8]. 

The so-called "bialkali" photocathodes (SbRbCs or SbKCs) are 

well-suited for scintillation detection, since they have good 

responsivity to the blue light given off by scintillation 

crystals. 

Electron multiplication at the dynodes is very similar to 

photoemission, the only significant differences being that 

the escaping electrons are initially generated by energetic 

electrons rather than photons, and a cascade of several 

electrons is emitted for each initial electron. 

Characteristics that are conducive to photoelectron emission 

are also conducive to secondary emission. However, in 

secondary emission the optical properties of the material are 

no longer a factor, so a broader range of materials are 

suitable. 

2.4 PMT Statistics 

If the statistical aspect of PMT response is neglected 

temporarily, an expression for PMT gain as a function of 

voltage can be derived by assuming that each dynode stage has 

the same secondary emission ratio g given by: 

g = A•Ea (2.2) 

where 
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A = constant, 

E = interstage voltage, and 

a = a coefficient determined by dynode material 
and geometric structure. 

The value of a generally ranges between 0.7 and 0.8. For n 

dynode stages, the overall current amplification G is: 

G = gn = (A-E)™ (2.3) 

Assuming that the total applied voltage V is equally 

distributed among the n stages, 

E = _V_ (2.4) 
n+1 

and 

°-[A te)]" (2 -5 )  

or 

G = / A \ttn Van = K*Van , (2.6) 
V n+1 ) 

where K is a constant with respect to V, though it varies with 

n. 

However, the secondary emission ratio at each stage is not 

a constant, but is a random variable. Not enough is known 

about PMT physics to determine the true secondary emission 

distribution, so usually a distribution is assumed, and the 

theoretical results are compared with experimental data. 

Several theories exist that have been shown to fairly 

accurately model the actual behavior under certain conditions. 
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The most commonly accepted theories, along with their 

advantages and disadvantages, will now be described. 

Poisson Assumption 

In 1961, Lombard and Martin, in their classic paper 

[8]#[9]> assumed that each stage of dynode multiplication is 

a Poisson process. This has no physical basis, since the 

exact behavior of the particle interactions is unknown. 

However, given only the qualitative understanding of dynode 

statistics at present, this assumption is not unreasonable. 

No matter what specific distribution is assumed for 

secondary electron emission, the entire multiplication process 

is a cascade of the statistical processes at each stage. The 

final distribution at the anode will be a compound or 

multiplied distribution. For a two-stage cascaded process, 

the generating function of the result is [10] 

Qab = A[B(S)], (2.7) 

where 

Qab = the generating function of the combined 
event, 

A(s) = the generating function of the first 
event, and 

B(s) = the generating function of the second 
event. 

The mean of the cascaded event can be shown to be 

n12 = n, • n2 (2.8) 
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and the variance is given by the Burgess variance theorem 

[11]: 

*122 = nzV + D1V (2-9) 

where 

n, = the mean of the first process, 

n2 - the mean of the second process, 

n12 = mean of the compound process, 

o* = the variance of the first process, 

a22 = the variance of the second process, and 

CT122 = the variance of the combined process. 

If the Burgess variance theorem is applied iteratively to an 

n-stage process, the resulting overall variance CTt2 can be 

shown to be: 

/r 2 - n2 ctt - G 

2 2 2 °\  +  ° z  +  ••• + % 

8l2 8l822 g^z-gn.^n2 
(2.10) 

where the g{ *s are the mean gains of each dynode stage, or 

average number of secondary electrons released for each 

impinging primary electron, aj2,s are the variances of each 

stage, and G is the overall mean gain, defined as: 

G = ... *gn. (2.11) 

It is of interest to note that most of the contribution to the 

increase in variance is from the first two or three dynode 

stages—the latter stages contribute only negligibly. The 

larger the gain values, the less the contribution. 
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If a Poisson distribution is assumed for each stage and if 

the mean gain at stage i is g{, the variance at that stage is 

also g{, and the total variance reduces to [10]: 

1 + 1 + ... + 1 
— (2.12) 

Si 8^2 8182 • • • 8n 

For moderate values of interstage gain, the compound Poisson 

distribution resembles the initial Poisson distribution at the 

first dynode, but with slightly higher tails and a broader 

peak. As in the general case, the first few dynode stages 

essentially determine the final variance, regardless of the 

number of stages in the chain. 

Polva Assumption 

Some PMTs have been found to exhibit even greater pulse-

height distribution broadening than that predicted by the 

compound Poisson distribution. In some cases they do not even 

have a peak, but are almost exponential in shape. This is 

hypothesized to be due to the fact that real dynodes are not 

uniform, but may vary in gain from point to point. Such an 

additional variance would cause the distribution to be smeared 

even further. With this in consideration, Prescott [8],[12] 

developed a second-order distribution that takes into account 

variation in gain across each dynode. Known as the Polya 

distribution, it contains a parameter b that is related to 

the degree of dynode nonuniformity: 

P(x) - jil (1 + b/i)"x'1/b II (1 + ib), (2.13) 
x! i=1 
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where 0 < b < 1. If b=0, the distribution reduces to the 

compound Poisson, and if b=l, it reduces to the exponential 

distribution. The observed behavior of most tubes can be 

fairly well predicted by the Polya distribution. However, it 

has no real physical basis, and the question has been raised 

as to whether the adjustable parameter has any physical 

significance, or is simply an elaborate curve-fitting device 

[ 8 ] .  

Overall Poisson Assumption 

In some photomultiplier tubes, the additional noise, 

or increase in variance, contributed by the latter dynode 

multiplication stages is negligible. In such cases, the 

pulse-height distribution at the anode can be fairly well 

modeled by a Poisson distribution. One advantage of assuming 

Poisson behavior is, of course, the simplicity. It allows 

mathematical relations based on PMT statistical behavior to 

be determined explicitly. For many PMT's with good dynode 

uniformity, the assumption is a valid one. 
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CHAPTER 3 

LOGARITHMIC MATCHED FILTERING 

3.1 Introduction 

As described in Chapter 2, a more accurate method is 

needed to determine the means of the quantized distributions 

collected by the modular camera. A parameter estimation 

method, termed "logarithmic matched filtering", has been 

developed by Barrett* and implemented as part of this thesis. 

The method is based on the maximum likelihood principle, which 

has two important properties as an estimator: it is unbiased 

and asymptotically approaches the true value of the parameter. 

The maximum-likelihood estimate is defined as the value of the 

parameter having the greatest likelihood of producing the data 

actually observed. A general form for the logarithmic matched 

filtering algorithm is developed, and the algorithm is 

implemented assuming that the PMT repsonses are Poisson 

distributed. 

3.2 Development of the Estimation Algorithm 

The objective of the maximum-likelihood method is to 

determine which value of a parameter of a distribution is 

*Some preliminary details on this method can be found in [13]. 
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"most likely" to have produced the observed data. The 
/ 

observed data in this case are the number of counts collected 

in each coarse histogram bin of the modular camera. The 

entire set of observed data is denoted by {J^}, where N{ is the 

number of counts in bin i, for i=0,...,31. 

The first step is to develop an expression for the 

probability of the observed data as a function of the 

parameter being sought. This expression is known as the 

likelihood function. In this case, the parameter being sought 

is the mean of the PMT pulse-height distribution, or the "mean 

detector response", l. We wish to find the value of T that 

maximizes the probability of the observed data, or, in other 

words, the value of I that maximizes: 

P({N, } jT)  (3.1) 

where 

i = observed histogram bin or quantization level, 0-31, 

Nj = the number of counts recorded in a bin i, and 

1 = the mean detector response. 

First consider the distribution of counts in a single 

bin i. If the initial source is Poisson, then the total 

number of events detected in a specified time, NT, is a 

Poisson random variable. The formation of a histogram becomes 

a series of Bernoulli selections from the total number of 

trials Nt (either a count is recorded in a particular bin or 

it is not). The overall process is thus a binomial process 
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in cascade with a Poisson. Such a process can be shown to be 

Poisson distributed [1] with a mean 

N"j = Nt p(ijT) (3.2) 

where NT is the total mean number of counts detected and 

p(i|T) is the probability of detecting a count in bin i, given 

that the mean detector response is I. Thus, if the initial 

source is Poisson distributed, the number of counts collected 

in bin i in a specified period of time is also Poisson 

distributed. This is true regardless of the distribution that 

p(i|T) is chosen from. Thus the result above is independent 

of the statistical distribution of the PMT responses. And as 

there is little doubt as to the Poisson nature of a decaying 

radioactive material [1], the result is always true for a 

histogram collected from a radioactive source. 

Since the number of counts in each bin are Poisson 

distributed (and thus independent), the probability of 

observing the histogram data is the product of the individual 

Poisson probabilities, or 

P({N:)JL) = n N;n' e'N| (3.3) 

Substituting for N,- from (3.2) gives 

[ NT p( i |T) ]N- e"MTP<i!T) 

P (<N,.} 11) n N,! 
(3.4) 

where the probabilities p(ijl) are known as the "prior 

probabilities". Since we are seeking 
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max p({N,}!T) (3.5) 

and since the logarithm of a function increases and decreases 

monotonically with the value of the function, maximizing the 

logarithm of the function is equivalent to maximizing the 

function itself. Taking the logarithm of the above expression 

gives 

In [ p ( {Ni} 11) = E Nj [ In NT + In p(i|I) 
i 

- E NT p(i|!) - E In NJ ]. (3.6) 
i 1 i 1 

Since for any probability distribution 

S p ( i | T ) = l  ( 3 . 7 )  
i 

and the terms E N,lnN. andElnNJ are not dependent on I, for the j 1 I , I 

purpose of maximization, the only term remaining to be 

considered is 

E N- In p (i|7) (3.8) 
i 1 

giving the result that 

max p ( {N{) | I) = max E Ns In p (i|T) (3.9) 
T T 

To maximize the above expression, values for T are chosen on 

a much finer scale than the 0 to 31 scale of the observed 

data. The values of In p(ijT) can be calculated and stored 

in advance, and E N- In p(ijl) calculated for each possible value 
i ' 

of I. 

3.3 Calculation of the Prior Probabilities 

In order to implement logarithmic matched filtering, some 
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distribution must be chosen to describe the PMT pulse-height 

distribution so that the prior probabilities p(i}T) may be 

calculated. 

The first assumption regarding the detection statistics 

is that the optical photons arriving at the PMT photocathode 

from each pulse of the LED or scintillation flash in the 

crystal are Poisson distributed. The Poisson arises as a 

result of the discrete nature of many physical processes, for 

example, the flow of electrons in electrical current (shot 

noise) , or the photons in light. It can be derived (with 

photons as the quanta) given three physically reasonable 

assumptions: 1) the photons arrive independently, 2) the 

probability of detecting one photon in a vanishingly small 

time interval AT is directly proportional to AT, and 3) the 

probability of detecting more than one photon in AT is zero 

[1]. The Poisson distribution can also be derived as a 

limiting case of the binomial distribution for rare events, 

i.e., processes for which the probability of success is small 

in a very large population [8]. 

The number of optical photons liberated in a 

scintillation crystal by a single gamma-ray can be argued to 

be a Poisson random variable based on the fact that not all 

the gamma-ray energy is transferred to the optical photons in 

the scintillation event. If it were, there would be no 

variance in the number of optical photons generated at all— 
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the number of photons generated for each gamma ray would 

simply be a constant. In actuality, energy is dissipated in 

the form of phonon generation, causing the number of photons 

generated to be a random variable. Experimental evidence 

supports the assumption that the number of photons liberated 

is Poisson distributed [1], although the statistical behavior 

of scintillators is still an open question. The statistics 

of the light pulses emitted by the LED are unknown, but it is 

assumed for the purposes of this thesis that they can be 

approximately modeled by a Poisson distribution. 

The photons that do arrive at the photocathode are now 

subject to another random process: photoemission. The 

photoemission process can be considered strictly binomial. 

A photoelectron is either emitted or not emitted (because it 

loses its energy to other interactions in the crystal lattice) 

with a probability equal to the quantum efficiency. The 

overall process is a cascade of two statistical processes— 

a Poisson process followed by a binomial process. It can be 

shown mathematically that the output of a binomial process in 

cascade with a Poisson process is itself a Poisson process 

[1]. This allows the photoelectrons emitted from the 

photocathode to be assumed Poisson distributed if the light 

source is Poisson. 

The next assumption made is the "overall Poisson 

assumption", which assumes that the noise contribution from 
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the dynode multiplication process is negligible, i.e., the 

multiplication process does not significantly increase the 

variance of the pulse height distribution. This implies that 

the distribution of electrons at the PMT anode is identical 

to the distribution at the photocathode, except for a 

proportionality factor (the average gain of the dynode chain). 

If the two assumptions are combined, the overall model 

predicts that the final pulse-height distribution at the anode 

will be Poisson. This assumption is not an unusual one in the 

field of nuclear medicine, given how little is known about the 

true distribution and the fact that the assumption allows the 

statistical relationships to be manipulated analytically. To 

determine its applicability in this case, a series of 

experiments was performed to compare the actual distributions 

with the theoretical predictions. These experiments are 

described in full in Section 3.5. 

The values of In p( i j T )  are calculated by incrementing 

I to each of the possible values on the fine scale. For each 

value of I, the values of the Poisson distribution within four 

standard deviations of T are calculated, and the voltage into 

the A/D converter corresponding to each number of 

photoelectrons is determined. This voltage is just linearly 

proportional to the number of photoelectrons. The voltages 

are then input to a square-root function which emulates the 

square-root compression of the signal-processing circuit. The 
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p(ijl) for each bin i=0,31 is then the sum of the Poisson 

probabilites of all the photoelectron values whose voltages, 

if digitized, would fall into that bin. 

3.4 Advantages of Logarithmic Matched Filtering 

The logarithmic matched filtering algorithm reduces the 

maximization of the likelihood function to simply finding the 

maximum of a weighted sum of the data set {Nj}, making it fast 

and efficient to implement. The mean detector response Y can 

be determined to 1/32 of the original binning resolution, or 

a total of 1024 quantization levels, in only seconds of 

computer processing time. Because the stored logarithmic 

probability distributions are matched to the distribution that 

maximizes (3.8), the algorithm can be interpreted as a matched 

filter. (Hence the name "logarithmic matched filtering".) 

The concept of matched filtering, or the comparison of more 

accurate theoretical data to coarser observed data, is not 

new. However, the logarithmic matched filtering algorithm 

takes advantage of the Poisson nature of the data, which 

allows determination of the best match to become the 

maximization of a sum of logarithmic values. Thus it is 

essentially a new, unique result based only on the assumptions 

of Poisson-distributed PMT responses, statistical independence 

among the responses, the relationship derived by Barrett and 

Swindell [1] (Equation 3.2), and the principle of maximum 
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likelihood. It is implemented in a FORTRAN routine called by 

the assembly language program which controls data acquisition 

for the modular camera. 

With the additional resolution provided by logarithmic 

matched filtering, changes in PMT response are now much more 

accurately detected. Without logarithmic matched filtering, 

the high-voltage power supply of a PMT required a change of 

9 to 14 volts, a theoretical change in response of 5%, before 

the bin containing the maximum number of counts would shift 

by one. With logarithmic matched filtering, a change in 

responsivity of only 0.3% can be detected. 

3.5 Evaluation of the Statistical Model 

To appropriately evaluate the actual PMT statistics, it 

was necesssary to obtain pulse-height distributions with 

greater resolution than the 32 channels given by the modular 

camera. To accomplish this, the PMT signals were connected 

to a high-resolution multi-channel analyzer, or MCA. The MCA 

operates in basically the same way as the modular camera 

system in histogram mode. Each pulse is converted to a 

voltage pulse in the amplifying electronics, digitized (but 

with a much greater number of bits than the modular camera) 

and used as an address to a memory location which is 

incremented each time that signal is received, forming a 
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histogram or spectrum. The MCA used in the experiment was a 

Nucleus Personal Computer MCA with 1024 channels, or levels 

of quantization. At this resolution, the distribution 

parameters can be very accurately determined. The data were 

analyzed to determine the mean, full-width at haIf-maximum 

(FWHM), fractional width, and Fano factor (ratio of the 

variance to the mean). These values were then compared with 

the respective quantities predicted by the theoretical model. 

The deviation between the two distributions was also evaluated 

with chi-square curve-fitting statistics. 

Experimental Configuration 

The signal from a single PMT was fed directly into a 

Canberra Model 2005 pre-amplifier with a four-inch RG58 

coaxial cable to minimize any capacitive effects. The output 

of the pre-amplifier was connected to a Canberra Model 2021 

Spectroscopy amplifier, which was in turn connected to the 

Nucleus Personal Computer MCA. (See Fig. 3.1) These 

particular models of pre-amplifier and spectroscopy amplifier 

were chosen because they are both specifically designed for 

the integration and shaping of photomultiplier tube 

scintillation pulses. They are also designed to work together 

as a pair. The spectroscopy amplifier was set to deliver 

unipolar pulses with 1.5 n s pulse shaping. The 

preamplifier/amplifier/MCA system was calibrated for each gain 
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GAIN 

30 

1000 

3000 

SLOPE 
(bins/mV) 

0.2852 

8.5533 

26.4171 

ZERO-OFFSET 
(bins) 

19 

23 

31 

Table 3.1 — Gain Calibrations 
of Amplifier Electronics 

setting of the spectroscopy amplifier by applying an 

electrical pulse of known magnitude to the test input of the 

preamplifier and recording the corresponding channel response 

in the MCA. The best line as determined by the least-squares 

method was then fit to the calibration data, giving the 

relative gain and zero-offset for each setting. These results 

are summarized in Table 3.1. 

Spectra for both the light pulser (configured as 

described in Chapter 1) and a scintillation source were 

collected. The MCA was gated with the light pulser TTL 
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trigger during collection of the light pulser spectra to 

eliminate as much dark current noise as possible. The light 

pulser was pulsed at a frequency of approximately 1500 Hz, to 

avoid an overload on the amplification electronics, with a 

pulse width of 3 /zs. The scintillation source was l mCi, or 

roughly 3.7xl07 decay events, or counts, per second. However, 

because the source was finely collimated, only 300 counts/sec 

were actually detected by the PMT. Each spectrum was 

accumulated for 3 min., or approximately 50,000 counts, since 

that is the length of time commonly used in actual practice 

and the effect of any drift in the power supply will be 

negligible in such a short period. 

At this point, the MCA channels are simply proportional 

to the voltages of the spectroscopy amplifier pulses, and are 

not directly related to numbers of photoelectrons. Since the 

Poisson distribution is physically based on the number of 

discrete photoelectrons in each pulse, in order to determine 

the degree of match to a Poisson distribution, the MCA 

channels must be converted to equivalent photoelectron units. 

To obtain the necessary conversion factor, the MCA channel 

corresponding to a pulse containing only one photoelectron, 

or "one-photoelectron peak", must be determined. This was 

done using the method recommended in the RCA Photomultiplier 

Tube Handbook [10]. The light pulser was operated at such a 
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low amplitude that the majority of pulses to reach the PMT 

face consisted of one or two electrons, or were not detected 

by the PMT at all. The PMTs have sufficient resolution, 

operated near the maximum allowable voltage of 1500 V, to show 

distinct peaks corresponding to pulses containing one 

photoelectron and pulses containing two photoelectrons. (See 

Fig. 3.2) Once the channel number of the one-photoelectron 

peak was determined, the spectra were easily converted to 

photoelectrons by first subtracting the zero-offset of the 

electronics (Table 3.1) , and then dividing each channel by the 

one-photoelectron peak value to convert to photoelectron 

units. 

After conversion to photoelectron units, the mode and 

FWHM of each spectra were determined. The Fano factor can be 

calculated from the mode and FWHM by using a Gaussian 

approximation to the distribution, which is 

P(x) = 1 e-ix-nY72o? (310) 

V27T02™ 

At the maximum point, x is equal to the mean /x, so that the 

exponential term is unity, and p(x) = 1 . Thus at the 
y/2nad 

half maximum 

p(x) = l e-(x-M#2<72 = j J . (3-11) 
yJl-KO£ 2 yJllSO* 

Solving (3.11) for the variance a2 leads to 

a2 = (x-u)2- (3.12) 
21n2 
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But since (x-ji) = FWHM. 
2 

o2 = pWHMj 2 

21n2 

= FWHM2. (3.13) 
81n2 

Thus the Fano factor is 

F - o2 = FWHM 2 . (3.14) 
fi 81n2 

where is approximated by the mode of the distribution. 

It is worth noting that the value of the Fano factor is 

relatively sensitive to both the value of the one-

photoelectron peak and the zero offset of the gain 

calibration. The above expression for the Fano factor, when 

the FWHM and mean are expressed in units of the raw spectral 

data is: 

F = TFWHM/(k-z>I2 

(M-zl 81n2 
k-z 

= FWHM2 (3.15) 
(k-z)(M-z)81n2 

where M is the mode of the raw distribution, k is the raw MCA 

channel of the one-photoelectron peak, and z is the zero-

offset of the gain setting. Thus the Fano factor is directly 

proportional to the value of the one-photoelectron peak, while 

the zero offset affects the value of both the mode and the 
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one-photoelectron peak. 

Some uncertainty exists in the value of the one-

photoelectron peak itself. It was assumed in these 

experiments that the mean value of the one-photoelectron 

distribution was equal to the mode, since the true 

distribution is unknown. Any error introduced by this 

assumption would propagate through the rest of the analysis 

as well. 

Experimental Results 

When collecting the light pulser spectra, the gain was 

set so that the one-photoelectron peak and a photopeak of 

several photoelectrons could be collected simultaneously at 

the same amplifier gain setting. This eliminated the need to 

scale the MCA-bin-to-photoelectron conversion factor by 

relative gain factors and introduce potential error. (See 

Fig. 3.3.) The scintillation source, however, only required 

an amplifier gain of 30. Since the one-photoelectron peak is 

not visible at this gain, it was approximated from the one-

photoelectron peak at the 1000 gain setting by 

(PEAK at GAIN=30) = 

(PEAK at Gain=1000) (GAIN FACTOR at 30) (3.16) 
(GAIN FACTOR at 1000) 

where the gain factors are taken from Table 3.1. 

The Fano factor approximation described above gave a Fano 

factor for the light pulser of 0.81, indicating that the LED 
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source is sub-Poisson. Such a result is highly unexpected 

given the discrete nature of the particle interactions of the 

LED. The scintillation source proved to be slightly super-

Poisson, with several measurements resulting in an average 

Fano factor of 1.3 with the source placed directly under the 

photomultiplier tube, and 1.1 with the source placed in the 

center of the crystal. 

To further evaluate the degree of match to the Poisson 

distribution of both the light pulser and the scintillation 

source, Poisson theoretical distributions with the same mean 

as the experimental spectra were generated, and the 

distribution closest to the observed data was determined using 

a chi-square goodness-of-fit criterion. However, the 

experimental spectra could not be directly compared with 

theoretical Poisson distributions, since the Poisson 

distribution is discrete, while the spectra are comprised of 

bins which correspond to non-integral photoelectron values. 

For example, at the 1000 gain setting, since the one-

photoelectron event corresponds to MCA channel 45, each 

channel represents 1/45 or 0.0222 photoelectrons. The 

experimental spectra were condensed, or "rebinned", to form 

a histogram in which each bin is an integral number of 

photoelectrons. The rebinning was performed by modeling the 

experimental distribution as rectangles of unit width centered 
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over each integer value. All events in the MCA channels 

corresponding to i+0.5, where the i's are integer numbers of 

photoelectrons, were summed into one bin. Theoretical 

distributions with means near the mode of the experimental 

distribution were then generated, and their goodness-of-fit 

evaluated by the x2 statistic: 

x2= E (y. - Np°.f (3.17) 
Np0/ 

where y. is the observed distribution, p0j is the hypothesized 

distribution, N is the the total number of counts in the 

observed distribution, and n is the the number of bins 

(degrees of freedom). To eliminate the effect of any 

scattering noise in the spectra, particularly in the case of 

the scintillation peaks, the curve was fit only down to the 

half-maximum points of the peak. 

The values of the chi-square statistic were, in all 

cases, three to four times the number of degrees of freedom. 

This indicates that the hypothesis that the Poisson 

distribution is a good fit to the data should be rejected, and 

indicates that the data cannot be considered truly Poisson in 

a x2 sense, which agrees with the Fano factor values. Two 

experimental distributions along with the corresponding best-

fit Poisson distributions are plotted in Figs. 3.4 and 3.5. 

To determine how much error is incurred in determination 

of the mean when the distribution is assumed to be Poisson, 
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Gaussian distributions were also fit to the observed data, and 

the means of the best-fit Gaussian distributions compared with 

the means of the best-fit Poisson distributions. A Gaussian 

distribution was found to result in a good fit to the data, 

with average chi-square critical values of 0.48, and can 

therefore be considered a reasonable substitute for the true 

distribution (See Fig. 3.6). The means of the best-fit 

Poisson distributions were very close to the means of the 

best-fit Gaussian distributions, varying at most by two 

channels on a 1024-channel scale, and on the average by only 

one channel, or 0.1%. The Poisson means tended in general to 

be larger than the Gaussian means; however, the average 

difference between the two means is approximately equal to the 

statistical difference in the means from sample to sample. 

The results of this test are summarized in Table 3.2. 

The programs used to determine the Fano factors and chi-

square best-fits were both written by Eric Hansen of Dartmouth 

University, with slight modifications by the author. Dr. 

Hansen has performed similar experiments, but did not use the 

light pulser as a means of accurately determining the one-

photoelectron peak. 

It is apparent that the multiplication of the PMTs does 

produce some additional spreading, but the assumption of a 

Poisson-distributed output is still a reasonable 
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MEAN OF GAUSSIAN MEAN OF POISSON % DIFFERENCE CRITICAL 
DISTRIBUTION DISTRIBUTION VALUE OF 

GAUSSIAN 
FIT 

820.79 821.35 0.056 0.66 

819.50 820.07 0.055 0.32 

820.56 821.05 0.048 0.80 

821.82 832.30 0.145 0.49 

821.05 823.30 0.198 0.38 

828.03 827.83 0.012 0.22 

Table 3.2 — Best-fit Gaussian and Poisson Means 
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approximation, especially in light of the fact that the means 

given by Poisson fits to the data are virtually the same as 

the means given by good Gaussian fits. The assumption of 

Poisson statistics was further tested when images collected 

with a look-up table based on the logarithmic matched 

filtering algorithm were compared with images based on a 

method which makes no assumptions about the statistics of the 

PMTs. (Both methods of look-up table construction are 

discussed in greater detail in Chapter 4.) The images 

collected through the other look-up table showed no visible 

improvement over images collected via logarithmic matched 

filtering, indicating again that the assumption of Poisson 

statistics does indeed yield reasonable results. (Fig. 3.7). 
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(a) 

(b) 

Fig. 3.7. Comparison of thyroid-phantom images collected 
with on-the-fly and logarithmic-matched-filtering 
look-up tables 
(a) on-the fly look-up table 
(b) Logarithmic-matched-filtering look-up table 
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CHAPTER 4 

APPLICATIONS OF LOGARITHMIC MATCHED FILTERING 

There are two instances in the operation of the modular 

camera system where the logarithmic matched filtering 

algorithm described in Chapter 3 can be employed usefully: 

in PMT stabilization and in the construction of the look-up 

table of best position estimates used in image-collection 

mode. 

4.1 Feedback Control of PMT Response 

As mentioned in Chapter 1, consistent PMT response plays 

a critical role in image quality. When a maximum-likelihood 

look-up table is constructed, it inherently incorporates the 

relative responses of each of the four PMTs. If the 

sensitivity of the PMT changes, the address formed from the 

concatenation of the four PMT responses will now be different 

from the one formed when the look-up table was built. This 

results in the wrong look-up table location being addressed 

during image collection, and thus the wrong xy-location in 

image memory being incremented. To ensure consistent image 

quality, a method of stabilizing the PMT response sensitivity 

at the level present when the look-up table was built is 

required. 
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The system designed and implemented to stabilize PMT 

responses periodically checks the PMT responses to a reference 

light input. The present response is compared with the 

response at the time the look-up table was built and the PMT 

high-voltage adjusted so that the PMT once again gives the 

same response. Logarithmic matched filtering is used to 

accurately determine the PMT responses. 

Feedback LOOP Configuration 

Since the scintillation crystal and PMTs are housed in 

an aluminum can, which is itself enclosed in a lead casing to 

protect the module from stray radiation, the light input is 

carried by means of an optical fiber inserted through the back 

of the module and coupled to the crystal face. (See Fig. 4.1) 

The light reflects diffusely off the aluminum housing of the 

scintillation crystal back into the PMTs. It was decided to 

introduce the reference input as direct light rather than 

light emitted from a scintillation event because of the 

convenience and repeatibility of the direct light input. Use 

of a scintillation flash would require a radioactive point 

source to be positioned in exactly the same place under the 

camera face each time a calibration becomes necessary. This 

would involve the design of some type of accurate source-

positioning mechanism and the involvement of the camera 

operator to obtain and position the source. 

The reference light source is a Berkeley Nucleonics model 
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6010 stabilized light-pulse generator. The light emitter in 

the generator is a 470nm wavelength (green) LED, which closely 

matches the peak spectral response of the Hamamatsu R1034-07 

PMTs. The LED itself is stabilized by a feedback control 

system within the light pulser to +0.2%. 

The remainder of the feedback system consists of the 

processing electronics and VME computer system described 

earlier, and a Lecroy 1440 1024-channel high-voltage power 

supply, which can be controlled remotely through a serial link 

with the VME computer system. Fig. 4.2 shows a schematic of 

the entire control system. 

Control Procedure 

The light pulser is set to pulse at a frequency of 2000 

Hz, which is equivalent to a typical event rate of an actual 

scintillation source. Immediately after a look-up table is 

constructed, the logarithmic matched filter responses of each 

PMT to the light pulser are recorded and stored as set-points. 

A relationship for the change in response of each PMT as a 

function of the change in voltage is determined ahead of time, 

also through the use of logarithmic matched filtering. 

Periodically, on operator demand, the calibration procedure 

will be requested. At this point, a program, resident in the 

VME system, begins executing. It collects the responses of 

the PMTs in histogram mode until a total of 50,000 counts are 

collected. It then determines the mean response of each PMT 
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via logarithmic matched filtering. These responses are 

compared with the set-points, and the change in voltage 

required to achieve the proper response is determined from the 

voltage-response relationship. The voltage is then increased 

by a command through the serial link and the mean detector 

responses are measured again. If they are within a certain 

specified range of the set-points, the procedure is 

terminated. If not, the procedure is repeated until the 

desired response is achieved. The tolerance is determined 

from the voltage-response function sensitivity—if the PMT 

response is within an interval corresponding to the response 

change of a one volt change in high voltage, then the response 

is acceptable. The program that performs PMT calibration is 

written in Motorola 68000 assembly language and handles all 

aspects of data collection, analyis, and high voltage 

modification automatically. 

It was decided to perform the calibration on operator 

demand rather than at regular intervals because automatic 

sampling would require that the light pulser remain on 

constantly, since it is not controllable through a computer 

interface. Allowing the light pulser to remain on is not 

feasible, because during data collection, the light pulser 

pulses would be indiscernible from actual scintillation 

pulses. Also, the time period of PMT drift is long enough 

that calibration once a day is sufficient. 
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PMT Response-Voltaae Relationship 

To determine how much the PMT voltage must be changed to 

achieve the desired response, the theoretical relationship 

between gain and high-voltage 

G = KV*n (4.1) 

is employed. Since for a constant light input, the response 

is proportional to the gain, one obtains 

R = K2Van , (4.2) 

where R is the PMT response. Taking the logarithm of both 

sides of (4.2) gives 

log R = log K + an logV. (4.3) 

Taking the derivative of this expression with respect to logV 

yields: 

d (loqR) = an, (4.4) 
d (logV) 

which leads to the relation 

AlogR = an«AlogV. (4.5) 

To determine an, the mean detector response of each PMT to a 

constant light pulser input at several high voltages is 

measured with logarithmic matched filtering. The term an is 

simply the slope of the least-squares best-fit line of logG 

versus logV. Plots of logR vs. logV are given for four 

different PMTs in Fig. 4.3. 

Equation (4.5) can be re-arranged to yield an expression 

for the new voltage: 
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AlogV = AloeR 
an 

(4.6) 

or 

logV0 = AlogR + logV^ (4.7) 
an 

where V. is the present voltage and V0 is the new voltage. 

Thus to determine the new approximate high-voltage necessary 

to achieve the set-point response, logV0 is calculated and 

exponentiated. 

In 1976, Gray and Macovski [3] proposed a maximum a 

posteriori estimator for the position estimates of 

scintillation cameras, but never successfully implemented it. 

An equivalent maximum-likelihood (ML) estimator that takes 

into account the square-root compression circuit and the 

binning caused by digitization has been implemented on the 

modular camera system in the present project. In general, the 

ML estimate is the value of a parameter or variable 6 that 

maximizes the probability of obtaining the observed data, or, 

mathematically, 

where rj> is the observed data and p(#) is the conditional 

probability of rf> given 6. In the case of the modular camera, 

6 is the vector of position coordinates (x,y) and V is the 

5.2 Role in Look-up Table Construction 

max{p (W)) (4.8) 
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vector of PMT responses {ABCD} [4]. The (x,y) coordinates 

that maximize the probability of receiving a particular set 

of PMT responses is sought. These (x,y) coordinates will then 

be the contents of the look-up table at the address of that 

set of responses. Since for the modular camera it is a 

reasonable assumption that all position coordinates are 

equally likely, p(0), or the a priori probability density, is 

uniform across the crystal face. It can be shown that under 

these conditions, the maximum a posteriori and ML estimators 

are equivalent [4]. 

By the law of large numbers [11], the likelihood function 

at a particular set of position coordinates (x0,y0) can be 

approximated by positioning a source at a particular (x0,y0) 

and collecting a histogram of the ABCD responses via histogram 

mode. One method of creating an ML look-up table, known as 

the "on-the-fly" method, is to position a source at each 

position sequentially and collect a histogram of ABCD values 

[4]. In separate memories, there are also the maximum 

histogram values found so far for each ABCD and the (x0,y0) 

that corresponds to that maximum histogram value. Each time 

a histogram is collected at a point, all elements of the 

histogram memory are compared with all elements of the 

maximum-value memory. If the new histogram value is greater, 

it replaces the value in the maximum-value memory, and the 

current (x0,y0) replaces the old value in the (x,y) memory. 
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After this procedure has been performed at all possible 

locations, the memory containing the (x0,y0) values is a look

up table mapping each ABCD combination to the ML position 

estimate [4]. 

The disadvantage of this method is the time involved in 

collecting and analyzing the data. Since modular camera 

images consist of 64x64 pixels, the radioactive source must 

be positioned in 642, or 4096 locations, and a comparison of 

220 memory locations performed at each location. The entire 

procedure requires about 4 hours. 

A new, less time-consuming method of determing ML 

position estimates has been devised by Aarsvold et. al.[13], 

which utilizes the mean detector responses determined by 

logarithmic matched filtering. In this method, it is assumed 

that the four PMT signals are statistically independent so 

that 

p(ABCD|xy) = p(A!xy)p(B|xy)p(C|xy)p(Djxy) (4.9) 

= ITpC1  ! xy) -
i 

The (x,y) that maximizes p(ABCDjxy) is sought to store in the 

look-up table at that ABCD value. The values of the p(ijxy) 

are found in the following manner: A radioactive source is 

placed at every fourth pixel location in the image space, and 

the mean detector responses T(x,y) determined with the 

logarithmic matched filtering algorithm. The mean detector 

responses at the remaining intermediate locations are 
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interpolated to form a mean detector response function (MDRF) 

for each tube over the entire image space. With T known at 

each (x,y) , p(i|l"(x,y)) is also known, since p(ijT) for each 

1=0,1023 was calculated earlier to be used in the logarithmic 

matched filtering algorithm. For each possible {ABCD}, a 

nested search is performed over the entire xy-space, and the 

(x,y) location that gives the largest probability product 

H p(i|xy) is stored in the look-up table at that ABCD 
i 

location. The number of computations required can be reduced 

by not searching over (x,y) locations where any one of the 

p(ijxy) is below a certain threshold, indicating that the 

likelihood function will be very small at that location. 

This method has several advantages over the on-the-fly 

look-up table method. Most importantly, it requires data from 

a radioactive source at only 16x16 or 256 location, or one-

fourth of the number of locations required by the on-the-fly 

method. Secondly, the Poisson probabilities p(ijT), where 

1=0,1023, can be calculated in advance. The search is then 

limited to only (x,y) locations with p(ijxy) that will give 

reasonable likelihood function probabilities. The computation 

time is fairly short, about 30 minutes on a Motorola 68020 

processor. Also, the MDRF collection requires approximately 

one hour. It could be argued that the on-the-fly look-up 

table is inherently more accurate, since it requires no 

intermediate estimation such as logarithmic matched filtering. 
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However, comparison of images collected with both types of 

look-up tables has shown that the on-the-fly look-up table 

does not lead to superior images (Fig 3.7). 

/ 
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CHAPTER 5 

CONCLUSIONS 

In this chapter, the major contributions of this thesis 

are highlighted, and suggestions for further research based 

on the work thus far conducted are presented. 

5.1 Contributions 

The central contribution of this thesis is the parameter 

estimation method logarithmic matched filtering. Although 

matched filtering is a fairly well-known technique in signal 

estimation, this thesis develops and implements a unique 

extension of matched filtering by taking advantage of the 

Poisson statistics of the modular camera. Because of the 

exponential nature of the Poisson distribution, maximization 

of the likelihood function becomes simply a summation of 

logarithms of the probabilities. This makes the algorithm 

fast and easy to implement, while allowing the mean detector 

response to be determined with a precision far greater than 

that inherent in the original digitized data. 

Two subsequent contributions are the applications of 

logarithmic matched filtering. Logarithmic matched filtering 

can be used to determine mean detector response as a function 

of high voltage. This relationship can then be used in a 
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feedback control loop to stabilize PMT response, thereby 

ensuring consistent image quality. Logarithic matched 

filtering can also be used to determine mean detector response 

as a function of radioactive source position across the camera 

face. These relationships can then be used to calculate 

maximum likelihood position estimates for look-up table 

construction. Images collected with the logarithmic matched 

filtering look-up table have been compared with images 

collected via another look-up table which makes no assumptions 

about the statistics whatsoever, and found to be of similar 

quality. 

The final contribution is an examination of the actual 

PMT statistics with high-resolution equipment. While the 

Poisson distribution was not found to be a good fit to the 

data in the chi-square sense, good position estimates were 

obtained using the assumption of a Poisson distribution and 

an implementation of logarithmic matched filtering. This is 

supported by the comparison of images created from a look-up 

table based on the Poisson assumption and one created by a 

process which needs no assumption on the distribution. Thus, 

for the present camera resolution, the distribution 

characteristic necessary to obtain a sufficiently good 

estimate are modelled well by the Poisson distribution. 

The analysis of the PMT statistics suggests, however, 

that the best-fit Poisson distributions are not good in a chi-
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square sense. What was found is that the means of the best-

fit Poissons matched those of the best-fit Gaussians, which 

were good fits a the chi-square sense. This implies that for 

the present application, the Poisson distribution sufficiently 

models the necessary characteristics of the response 

distribution, but that more accuracy may be gained by 

improving the model of the distribution. 

5.2 Suggestions fpr Further Investigation 

One of the interesting problems to pursue would be to 

investigate whether the deviations from Poisson statistics 

could somehow be incorporated into the logarithmic matched 

filtering algorithm. If the resolution and /or accuracy of 

the algorithm could be improved by this means, it is possible 

that the spatial resolution of the modular camera could be 

increased. 

A minor improvement for the feedback control loop would 

be to add a light pulser that is controllable through a serial 

interface with the VME system, so that the operator will no 

longer be required to turn the light pulser on and off 

manually before and after calibration. Such light pulsers are 

just now becoming commercially available, but are not yet 

manufactured with light output in the wavelength necessary for 

PMT detection. It would also be useful to observe the PMT 

drift in modular cameras in clinical use over a long period 
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of time. Analysis of these data would help determine more 

exactly the appropriate time interval between calibrations and 

verify whether once a day is actually sufficient. 

Finally, it would be very worthwhile to follow up on the 

statistics of the light pulser, as the result that the LED is 

sub-Poisson is highly unexpected. If this result can be 

repeated and explained, it would undoubtedly be of interest 

to a broad audience. 
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