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ABSTRACT 

Correlated double sampling (CDS) Is a widely used signal processing 

technique for removal of the Nyquist (reset) noise which is associated 

with charge sensing circuits employed In a solid state imager. In this 

thesis work, the power spectral density at the output of a correlated 

double sampling circuit with first-order low-pass filtered white noise 

at the input is calculated. A circuit constructed with discrete 

elements is made to simulate the output stage of a charge-coupled 

device (CCD). A low-pass filtered wide-band noise from a noise 

generator is added to the reset reference level when the output signal 

from this simulator is sampled by the correlated double sampling 

technique. The experiment measurements show that only about 10% of the 

noise power measured by simple sampling is obtained when CDS is 

employed. An autoregressive (AR) model is assumed to fit the sampled 

data and a recursive algorithm, based on least-squares solutions for 

the AR parameters using forward and backward linear prediction, is 

adopted for spectrum estimation. Some conclusions on choosing the 

bandwidth of the low pass filter for optimum operation is also 

included. 
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1-1 INTRODUCTION 

Solid state imaging systems using charge-coupled devices (CCD's) 

are commonly used in fields such as astronomy, where low light levels 

are encountered. In these applications the CCD is normally cooled to 

less than 200 °K so that Its dark current is negligible and the main 

noise sources are associated with the readout circuitry. A technique, 

known as correlated double sampling (CDS), can be used to remove the 

reset noise and suppress the low-frequency noise to provide low-noise 

signal processing of the video signal. In this work, a simulative 

readout circuit is used to evidence the removal of reset noise, and the 

suppression of low frequency noise is proven mathematically. 

1-2 BACKGROUND 

CCD imagers are arrays of MOS (Metal Oxide Silicon) capacitors 

fabricated in a single crystal of silicon. Charge generated by photons 

absorbed in the silicon substrate Is collected in potential wells 

formed under each capacitor electrode when a voltage is applied. By 

manipulation of the electrode voltages, the stored charge can be 



shifted sequentially from one capacitor to the next. It can be 

arranged that the serial train of charge packets (one packet from each 

pixel) is presented to a single charge sensing circuit which generates 

the output waveform. 

Floating diffusion is the most commonly used technique for 

constructing an output circuit. This technique is used in presently 

available solid state imagers. In the floating diffusion technique, a 

charge packet is dumped onto the capacitance (CFD) of a reverse biased 

diode and the resultant change in voltage is sensed by an on-chip MOS 

source follower amplifier. Before each pixel is read, the capacitor 

must be reset to a reference voltage. The noise introduced by this 

resetting will have a r.m. s. voltage value of111 (JCT/CFD)1/2, where k 

is Boltzmann's constant and T is the temperature. For T = 77 °K and 

CFD =0.1 pF (a typical value ) this noise amounts to the r.m.s. noise 

voltage of ~0.1 mV. This reset noise is usually removed by taking the 

difference between samples of the CCD output voltage before and after 

the signal charge is sensed; this technique is known as correlated 

double sampling. 

In modern CCD's, the signal charge is stored in a burled channel 

remote from trapping centers in the surface oxide layer and the noise 

associated with charge transfer is negligible. If care is taken with 

the layout of external circuitry and low noise off-chip amplifiers are 
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used, then the major noise source (assuming the CCD is cooled) is the 

on-chip MOS amplifier. 

There are two noise sources In a MOS field-effect transistor (FET) 

amplifier, namely thermal channel noise and 1/f flicker noise111. 

Since 1/f noise in MOSFETs is believed to be due to trapping in surface 

states, substantial reduction in 1/f noise can be obtained if these 

transistors are operated in a buried channel mode (i.e., the signal is 

away from the S1-S102 interface). The r.m. s. value of the thermal 

noise voltage of the channel of a MOSFET is given by[2] (<UcrABR)1/2, 

where k is the Boltzmann's constant, T is the temperature, AB is the 

bandwidth and R is the channel resistance. For T ~ 77 °K, AB = 5 MHz 

4 and R = 10 fi, this thermal channel noise has a r.m.s. noise voltage of 

~15 fiV. Therefore, this thermal noise is considered to be negligible 

compared with the reset noise. Thus, this work will concentrate 

primarily on techniques that reduce the reset noise. 
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2-1 NOISE 

It is usually found that noise is composed of randomly occurring 

voltages which are unrelated in phase or frequency. On close 

examination, noise voltages show pulse-like waveforms, some with large 

peaks, which occur quite randomly and continuously. 

Mathematical concepts used in the evaluation of noise relate 

either to noise voltages or to noise power spectral density. Since 

noise fluctuations are both positive and negative, the mean-square 

noise voltage 's first determined, which then leads to the expression 

of a.c. noise power Pn = ,,2 /R where ( ,,2 )1/2 is the r.m. s. noise 
Vn Vn 

voltage and R is the circuit resistance involved. Alternatively, it is 

sometimes more convenient to consider the spectral distribution of the 

noise present, and to evaluate its spectral density S(f) in a given 

bandwidth df. 

Since the noise power delivered to a load depends on the load 

resistance, it is necessary to define the exact nature of the noise 

power calculated. In practice, it is most usual to define the noise as 

the available noise power, i.e. the maximum noise power available In 

the load under matched conditions. 



13 

The average noise power or the mean-square noise voltage can be 

evaluated for a load resistance of 1 ft by the use of integration. The 

power spectral density function S(f) is defined as the average power at 

frequency f in a 1 Q load resistor. Hence, S(f)df gives the average 

power in the infinitesimal frequency range df and so the average power 

Pav in the random noise signal is given by 

00 

Pav = J S(f)df. (2-1) 
— 00 

Many random noise signals generated by various sources are known 

to have a uniform power distribution over a very wide range of 

13 frequencies up to about 10 Hz, which is in the ultra-violet range, 

after which it falls off as predicted by quantum theory. Such noise is 

defined as white noise by analogy with white light, which covers a 

broad band of frequencies. The nearest examples are thermal noise in a 

resistor and shot noise in transistors. 

2-2 AUTOCORRELATION FUNCTION 

In the study of many random processes such as noise, it is of 

interest to know whether there is any statistical regularity or 

correlation in the random process. Also, random functions do not lend 

themselves to Fourier methods for analysis, so the autocorrelation 

function for handling these functions is necessary to characterize 

these noise process. 
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An autocorrelation function, which is a measure of the regularity 

of the specified function, is analytic, and its Fourier transform has 

an important physical interpretation. The possibility of correlation 

between two random variables leads to the notion of the autocorrelation 

function which endeavors to correlate a random signal x(t) with itself 

but delayed by a time interval T, i.e. x(t-x). The autocorrelation 

function Rxx(x) is defined as 

where the definition applies to all forms of signals either random or 

periodic (deterministic). 

The process of finding RXX(T) implies the multiplication of x(t) 

with the delayed signal x(t-x) and averaging the result over the time 

interval T. Since x is variable, it leads to different values of 

tfxx(x). Of particular interest is the value Rxx(O) when r=0. For 

example, if x{t) Is used to represent the voltage value of a random 

noise signal, then 

is the mean square voltage of the random noise signal or the average 

noise power delivered to a 1 CI load resistor. 

HXX(T) = lim (2-2) 

itxx(O) = lim x(t)x(t)dt 

or 

iixx(O) = lim (2-3) 



15 

2-3 POWER SPECTRAL DENSITY 

To obtain the average power Pav associated with a periodic or 

random signal x(t) which extends over an indefinite period of time t, 

it is assumed that the average power must be finite. The evaluation is 

based on the power spectral density function S(f) which is defined as 

the average power density at frequency f in a 1 D load resistor. Hence, 

S(f)df gives the average power in the Infinitesimal frequency range df 

and so the average power Pav in the periodic or random signal x(t) is 

given by eq.(2-1) 

An important relationship between the autocorrelation function 

Rxx CT} and the spectral density function S(f) is given by the 

f  A  f  
r S(f)df = I s(fc>)du. 
BM BM 

[3] 
Wiener-Khlntchine theorem which states that J?XX(T) and S(f) form a 

set of Fourier transform pairs given by 

i?xx{x)e *^2Tr^Tdx 
-oo 

(2-4) 

00 
RXX(T) = T S{f)eJznfrdf. 

J -co 
(2-5) 
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2-4 NOISE TRANSFER CHARACTERISTICS OF A CORRELATED DOUBLE SAMPLING 

CIRCUIT 

The correlated double sampling operation is performed in two 

phases: 1) clamp, e.g., sampling of a reference value and noise at Ti 

and 2) sampling of the disturbed signal with the clamped value 

subtracted at T2. If the noise at the clamp and sampling times is 

correlated, this signal-processing scheme can result in an effective 

noise reduction. 

For analytical purposes, the implementation of the correlated 

double sampling (CDS) circuit and delay-subtractor model shown in 

Fig. 2-1 will be considered. The delay block represents an ideal 

analog delay line having a delay of AT seconds. The delayed signal is 

subtracted from the direct signal, and the net difference is sampled to 

yield the output. 

If the input to the RC lowpass filter as shown in Fig. 2-2 is 

white noise with a power spectral density of Sw (V /Hz), then the input 

to the CDS circuit will be a first-order lowpass filtered noise with a 

power spectral density Sip(f) (V /Hz). 

If H(f) is the network transfer function of the RC lowpass filter, 

we have 
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Fig. 2-2 Circuit with first-order noise source and CDS. 
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ff(f) = i  (2-6) 
1+jtf/fo) 

or 

\Hif)\Z = - — (2-7) 
l+(f/fo) 

where ft> = l/(2nRC) = l/(27iTo) is the cutoff frequency and To = RC is 

the time constant of the lowpass filter. 

If SH and Slp(f) are the input and output power spectral densities 

of the lowpass filter, respectively, then 

Sout(f) _ Slp(/) _ 1 
TCIH 5S—" W/M. 

or 

Slp(f) = — (2-8) 
1 +(f/fo)Z 

2 and the average noise power, Vip, at the output of the RC lowpass 

filter is given by 

Vip = j SiP(f)df 
J -m 00 

m 
c , df = Sw -I. CO l+(f/fo)2 

= 71'Swfo 

or 

„? _ Sm _ ot, „ (2-9) 
Vlp " ~2RC~ " 2SwB 

where B is the noise bandwidth of the single pole RC filter, B = 1/4RC. 
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The autocorrelation function, i?ip(x), of the band-limited noise 

can be found by taking the inverse Fourier transformation of the power 

spectrum Sip(f), 

.00 . 

Rip(x) = 1 Sip(f)e 2̂TI Tdf = Swirfo-expf-|T|/ro) (2-10) 
— CO 

or 

Rip(x) = Ripo*exp(-|r|/To) (2-11) 

where J?ipo = i?ip{0) = SHTC/O = Vip is the average noise power at the 

output of the RC low-pass filter. 

The r.m,s. output voltage at the delay-subtractor output, Vds, is 

the difference in the input voltage level, Vip(t), at two points in 

time separated by a time interval Ax, which is given by (see Appendix 

A) 

„T/2 P -.2 ? -T/2 
lv.ptt)| dt - lig-f-J 

-T/2 L J J-T/2 

where it has been assumed that Vip(t) is stationary. Using the 

definition of an autocorrelation function 

2 2 fT/2 T "12 2 fT/2 Vds = Vip(t) dt - lim4- ViP(£)-ViP(t-Ax)dt (2-12) 
^ -T/2 L J J _T/.P 

T/2 
iilp(t) = lim y f Vip(t)Vip(t-x)d£, 

T"*° ^ -T/2 
2 Vds can be rewritten as 

Vds = 2[i?lp(0)-i?lp(Ax) ]. (2-13) 

Substituting eq.(2-11) into eq.(2-13) the following result is 

obtained: 
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2 Vda — 2[iilpo-i?lpo*exp(— AT/TO) ] 

= 2R ipo[l-exp(-AT/TO ) ] 

= 2VIP[L-exp(-AT/TO)] (2-14) 

= the average noise power at the output 

of the delay-subtractor. 

If //da(f) is the transfer function of the delay-subtractor 

modeling the clamp operation, the noise power spectrum Sds(f) can be 

written as 

Sds(-f) = Slp(f) |/fds (/) |2 (2-15) 

with |ffds(f)|2 = 2(1-COS27I/AT), (see Appendix B). 

Substituting eq. (2-8) into eq. (2-15) we have 

Sds(f) = — E2(l-cos2nfAr) ] 
1 +(f/fo)2 

2Sw (1 -cos2rcfAT ) 

l+(f/fo)2  
(2-16) 

The autocorrelation function of the noise at the delay-subtractor 

output is (see Appendix C) 

Rda (T ) = 2i?lp(x)-Jilp (T+AT)-J?lp(T-AT) .  (2-17) 

By using eq.(2-11), Kds(r) can be rewritten as 

I?ds(X) = i?ipo[2exp(-|T |/TO)-exp(-|T+AR|/TO)-exp(-|T-AT|/TO) ]. (2-18) 
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Assuming an ideal (Dirac) sampler with zero hold time is used for 

the sample and hold operation at the output of the CDS circuit, the 

voltage at the output of the CDS circuit, Vicdo, can be represented by 

the multiplication of Vds with a Dirac comb ST: 

CO 
Vicds(t) = Vds(f) Y, S(t-nTs) = Vds(£)5TS (2-19) 

n=-w 

where Ts is the sampling period. Since Vdo and STs(t) are independent, 

the autocorrelation function of the sampled noise voltage, Vicds(i), is 

* w [4j given by 

/ticds(x) = RTB (t )i?ds (x ) 

= -4—6Ts(T)i?dB(T) (2-20) 
IB 

where i?Ts(x) and J?ds(x) are the autocorrelation functions of STS(£) and 

Vds(t), respectively. Furthermore, the power spectral density Sicds, 

after ideal sampling, is the Fourier transformation of eq.(2-20): 

CO 

Sicds(f) = f 5Ts(x)J?ds(x)exp(-j2Ttfx)dx 
-co 

1 00 

= £ J?ds(nTs)exp(-j2itfnTs) (2-21) 
n=-co 

which after some calculations and hyperbolic transformations (see 

Appendix D), leads to the solution 

• •i-H <2-22) 

or 

[ ScSi2^°-S(g)' + sinh«H (2"23» 



23 

where To = RC = time constant of the low-pass filter 

fB = sampling frequency 

Ts = 1/fs = sampling period 

AT = time interval delayed by the delay-subtractor 

0 = TS/TO 

= ratio of sampling period to low pass filter 

time constant 

Y = AT/TS 

= ratio of delayed time to one sampling period. 

Moreover, in practical cases a signal is sampled and held with a 

hold time tA. Thus the expression of the output spectral density Sleds 

will be damped by a [sin(Trx)/(Trx) ]2 function141: 

Scds(f) = Sleds* tA'Sine2(ftA) 

• s"^- [ SccXI:°!c^i' +»lnh(gar)]-slnoiWf.) (2-24) 

where tA = hold time of sampler 

a = tA/Ts = duty cycle 

sinc(x) = sin(nx)/(7ix). 

In summary, if a single-pole lowpass filtered white noise with 

power spectral density Sw is presented at the input of the CDS circuit, 

then the output power spectral density can be expressed as 

Scds (f) = * slnh(/Jy)] •  s i n c 2 ( a f / f o ) .  
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Fig. 2-3 shows computer generated plots of the spectral density 

2 
Scds normalized with respect to the sine function as a function of 

frequency f/fs for different ratios of sampling time to filter time 

constant 0 = Ts/xo as parameter, where 

Sn(f) = Soda (f)/[Swa2-slnc2(ajf/fa) ] 

= <2-25' 

is the normalized power spectrum. 

In Fig. 2-3, the output-noise spectrum Sn(f) of the CDS circuit 

has a "whitened" shape (for large |3) due to aliasing of the 

band-limited input noise. The normalized output-noise spectrum remains 

relatively flat even at |3 « 2 for y = 0.5. It is also interesting to 

note that for p < 2, the power spectral density of the noise is 

attenuated at low frequencies. According to the transfer function of 

CDS |ffds(f)|2 = 2(l-cos2irfAr), which is derived in Appendix B, noise at 

frequencies that are much less than 1 /bx can be substantially 

suppressed. This characteristic of CDS is especially effective in 

suppressing the 1/f noise contributed by the on-chip MOS source 

follower amplifier as long as the 1/f corner frequency of this MOS 

amplifier is sufficiently low. 

For y s 0.5, the normalized CDS output-noise spectrum at one-half 

the sampling frequency (i.e., Sn(0.5fs)) is plotted in Fig. 2-4 for a 
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fixed sampling rate fa. The power spectral density of the noise 

increases proportionally to the bandwidth B = 1/4TO of the input noise 

for undersampling (j3 > 2), while it demonstrates clearly the good noise 

reduction properties of the circuit for oversampling O < 2). 
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3-1 OPERATION OF A CHARGE COUPLED DEVICE 

As mentioned in Chapter 1, a charge coupled device (CCD) is a 

metal-oxide-semiconductor (MOS) structure, as shown in Fig. 3-1, which 

can collect and store minority-carrier charge packets in localized 

potential wells at the S1-S102 interface. The CCD can transfer charge 

packets in discrete-time increments via the controlled movement of 

potential wells. The charge packets can then be detected at the output 

via capacitive coupling. A charge coupled device acts as an analog 

shift register composed of three sections. 

(1) The input section which contains a diffusion the source of 

minority carriers and whose potential can be controlled, and an 

input gate that can be turned on and off to control the flow of 

charge from the source diffusion into the first potential well. 

(2) The transfer section, containing a series of electrodes which 

control the potential at the Si-Si02 interface. When the voltages 

on the electrodes are properly manipulated, the potential wells 

are moved toward the output, and the charge packets follow. 

(3) The output section is a reverse biased p-n Junction capacitance 

whose voltage is changed when a charge packet is transferred into 

it. The diode is then reset via a reset switch to prepare for the 
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next packet to be transferred into it. This node is typically 

connected to a MOS amplifier. 

3-2 FLOATING-DIFFUSION AMPLIFIER 

The floating diffusion amplifier (FDA) Is the most popular 

approach for detecting the output signal with an on-chip amplifier. 

The on-chip preamplifier is shown in Fig. 3-2. The floating diffusion 

is periodically reset to the drain voltage, VREF. Then, before each 

signal charge packet is introduced into the floating diffusion, the 

floating diffusion is isolated from the drain by the reset gate 
RESET 

To detect the output signal, the floating diffusion is connected to the 

gate of an on-chip MOS amplifier. The detected signal at the gate of 

the MOS device Vout is 

(3-D 

where CFD is the total capacitance associated with the floating 

diffusion. 

Fig. 3-3 shows the equivalent circuit of the reset MOS resistance 

RHOS and the sense node capacitance CFD with an initial charge Qo and 

corresponding Vo. At t = 0, a noiseless ideal switch is closed, 

charging the capacitor to the voltage VREF through the MOS resistance 

RHOS. It can be showntsl that the mean-square deviation of the voltage 
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Fig. 3 — 2 Floating diffusion amplifier. 
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thermal noise. 
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across CFD is given by 

ZfT 
v2(t)=-^ [l-exp(-2t/RH0SCFD)] (3-2) 

where k is the Boltzmann's constant and T is temperature. The complete 

charging curve is shown in Fig. 3-4. 

Now consider the conventional CCD output circuit in Fig. 3-2. The 

readout sequences is as follows. The output diode (floating diffusion) 

is reset to some large reverse-bias voltage, VREF, through a MOS 

switch. The time constant of the resetting of the output capacitance, 

which is given by RHOs(on) *<7FD, is typically 104 n-10~13 F = 10~9 sec. 

Thus dc-wise and noise-wise, the circuit will have reached its 

**8 
equilibrium state in a typical reset time 10 to 10 sec after the 

reset MOS has been turned ON. As the reset MOS is switched OFF, there 

will be a drop in the voltage waveform across CFD due to reset clock 

feedthrough in the reset transistor (see Fig. 3-5); there will also be 

a longer delay having a time constant Rnos(off)-CFD, which is typically 

12 -13 -1 10 £2*10 F = 10 sec. Next, the charge packet is clocked into the 

output diode, reducing its reverse bias. Typically, the voltage is 

sampled at instant B with respect to some fixed reference; in this case 

1/2 the r.m.s. noise voltage (KT/C) present on the output waveform 

during the resetting determines the potential on the diode following 

the arrival of the signal charge packet, i.e., this noise is 

effectively present in the waveform at instant B. However, if two 

samples are taken, one at A just after the reset MOS is turned off and 
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Fig. 3—4 Curves of mean voltage and noise voltage 
across a capacitor as a function of time. 
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amplifier output circuit, showing 
sampling points A and B. 
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the other at B after the signal charge has been clocked Into the output 

diode, and If the time between A and B is much less than RH0s(0ff)-CFD, 

then the noise on these samples is correlated and can be removed by 

subtracting VA from VB. This process is called correlated double 

sampling. The subtraction process is achieved by inverting and storing 

the reset voltage [at A) for subsequent comparison with the signal 

voltage (at B). 

3-3 CORRELATED DOUBLE SAMPLING 

The correlated double sampling (CDS) technique was first developed 

by M. White et. al. 161 for low light level image arrays. This 

technique not only has the capability, if properly implemented, to 

achieve very low noise levels but also has the additional advantages of 

being linear, stable and that Implementation can be easily performed 

off chip (or on-chip) with only a few MOS transistors. 

Fig. 3-6(a) is a schematic presentation of the circuit which was 

used to implement CDS. The portion of this circuitry which was on the 

CCD chip is composed of two MOSFETS, (shown In Fig. 3-6(a) as a switch 

and MOSFET), Ml and Mz. The purpose of transistor Ml (shown as a 

switch) Is to preset the output capacitance CFD (the capacitance of 

node A) to a reference voltage VREF. The signal packet is then 
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Fig. 3-6(a) Schematic diagram of a CDS processor. 
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transferred onto this capacitor and discharges it towards ground. The 

resultant change in voltage is sensed by the source follower amplifier 

M2 and is brought off the chip at point B. The voltage waveform which 

is observed at point B is shown in Fig. 3~6(b). The four distinct 

timing subintervals employed in the readout circuit of Fig. 3-6 can be 

described as following: 

(1) Reset interval (to ~ ti): Close and then open the reset switch Ml. 

Node A is reset to the reference voltage VREF with a noise 

2 1/2 uncertainty (Vn) . This noise voltage may be introduced through 

inadequate filtering of the reference supply voltage and the 

Nyquist noise contribution of the reset switch Mi, where the 

- latter is given by111 (V£)1/2=(JCT/CFD)1/2. The full Nyquist 

voltage appears across CFD when RHOs(on)-CFD « (ti-to). At the 

start of the reset interval (time to) the pixel charge is in 

transit to the last well of the electrical bit (d> in Fig. 3-2) 
4 

adjacent to the transfer gate <f> and the collection diode {see 
M 

Fig. 3-2). 

(2) Read reset interval (tl ~ t3): Close and then open the clamp 

switch M3 at time tz. This procedure charges the clamp capacitor, 

Cciamp, to a voltage indicative of the voltage on the gate of the 

source follower M2, which is (VREF + Vn). With the clamp switch 

off, the measured reset noise is holding on the high impedance 

node D formed by Cciamp and the input impedance of the buffer 

amplifier A2. 
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(3) Minority carrier signal input interval (£3 ~ ti): Cycle the 

transfer gate voltage <p to transfer a charge packet to the 
n 

collection diode. The voltage on the circuit node A during this 

subinterval is 

Vslg + VREF + Vn 

where Vslg is the signal voltage. 

(4) Read signal interval (t4 ~ £6): Close and then open the sample and 

hold switch M4 to hold the signal at the output of the buffer 

amplifier kz. After the transfer gate (0 ) is turned off, the 
H 

output voltage across capacitor Cciamp consists of a time 

correlated difference signal between the input signal plus the 

reset level and the reset level due to the fact that the clamp 

switch M3 is now in the open state. Since there is negligible 

leakage of the reset level at circuit node A due to the long 

discharge time constant RMOsfoff) "CFD, the reset noise is 

correlated within a pixel time window. Thus the voltage appearing 

across the clamp capacitance, Cciamp, is a measure of the time 

difference between the signal plus the reset level minus the reset 

level, i.e., 

[Vslg + VREF + Vn] - [VREF + Vn] = Veig (3-3) 

The signal increment is amplified and passed to the output of the 

signal processor by the closure of the sample switch M4. 
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What is significant about the operation of CDS is that the sampled 

noise, i.e., the Nyquist voltage uncertainty at the "read reset" time 

is correlated to that sampled at the "read signal" time. The time 

correlation method provides the removal of Nyquist noise in the reset 

MOSFET switch. 

3-4 SIMULATION OF CCD OUTPUT CIRCUIT 

A laboratory model has been made as shown in Fig. 3-7 to simulate 

the operation of a CCD output circuit. In Fig. 3-7, capacitor CI is 

used to simulate the last potential well in a CCD array. Before the 

readout takes place, CI is charged to a signal voltage Vsig through 

switch Ji. Thus, a charge packet Qsig = Vsig-Ci is stored in the 

storage capacitance CI prior to the transfer gate J2 being turned on. 

Diode Di works as the collection diode (floating diffusion) and 

capacitor Gz presents the total capacitance associated with the 

floating diffusion in a CCD array. Operational amplifier AI with 

resistors Ri ~ R4 forms a unit-gain summer and operational amplifier A2 

in association with resistors Rs ~ R7 gives the function of a unit-gain 

inverter. Hence, what appears at the output of the operational 

amplifier A2 is the sum of a reference level VHEF and a calibrated 

noise which is introduced by a Hp 3722A noise generator. Switch Si 

provides the option of whether to have the noise present to simulate 
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the reset noise or not. Transistor J3 has the same function as a reset 

switch by means of controlling gate voltage <f> . The combination of 
RESET 

transistor J4, capacitor C3 and"resistors Rs ~ R9 is a source follower, 

and the voltage taken from the source of transistor J4 is sent to CDS 

for further processing. In the source follower transistor, J4 is 

self-biased using a source resistance R9 and the resistance Ra provides 

dc continuity for the gate terminal. 

The timing diagram for operating the simulation model is shown in 

Fig. 3-8. A signal charge packet Qsig is generated by charging 

capacitance Ci via switch Ji. Note that when switch Ji is on, switch 

Jz is turned off (see Fig. 3-8), thus capacitor Ci is isolated from the 

rest of the circuit. During time interval to to t1, capacitance Ci is 

charged to a voltage Vsig. If Ci = 500 pF and Ron = 50 12 then the 

' charge time constant will be 25 nsec. Hence, a charging time interval 

(when switch Ji is on) of 1 jxsec will be sufficient to charge Ci to 

Vsig, Meanwhile, capacitor Cz is charged to the reference level VREF 

(or VREF + noise if switch Si is closed) through switch J3. At time tz 

a clamp switch in the CDS circuit is turned on to sample and hold the 

reference level (plus noise). During the "minority carrier signal 

input" interval (t3 ~ t4) switches Ji and J3 are turned off and switch 

Jz is turned on, capacitance Cz is charged to a level equal to 

Vsig* [Ci/(Ci+C2) ]. After switch J2 being turned off at t4, capacitance 
i 

Cz will hold a charge packet of Qsig = Vsig* [Ct/{Ci+Cz) ] 'Cz. One can 
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Fig. 3-8 Timing diagram of CDS operation 
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assume that in a real CCD array, the charge transferred to the 

collection diode is Just Qsig. For simplicity, Qsig will be used 
/ 

instead of Qsig. Switch 6 in the CDS circuit is turned on and then 
SH 

off at time ts to complete one cycle of the signal readout, i.e., read 

out one pixel. 

Recall that the Nyquist noise contribution of the reset switch J3 

1/2 has an r.m. s. value given by (kT/Cz) . In the simulator, Cz has a 

value of 100 pF which is much greater than CFD = 0. 1 pF in a typical 

CCD array and therefore the reset noise introduced onto capacitance Cz 

in the simulative circuit is very small. To evidence the removal of 

the reset noise, the Hp 3722A noise generator is connected to one of 

the summer's terminals to introduce simulated reset noise at a visible 

level. 

3-5 EXPERIMENT SETUP 

A block diagram of the experiment setup is provided in Fig. 3-9. 

Most of the equipment shown is from the CCD Array Test Facility which 

is located in the Optical Detection Lab at the Optical Sciences Center. 

The CCD Array Test Facility is a set of programmable hardware 

modules interfaced to a controlling microcomputer. The instrument 
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control computer is a Hewlett-Packard Hp 9000 Series 300 computer. The 

Hp 9000 Series 300 computer communicates with the test rack 

instrumentation modules over the HPIB or IEEE 488 bus. The test rack 

instrumentation consists of the following: 

(1) a Pulse Instruments PI-952 interface unit. 

(2) a Tustin 14-bit high-speed A/D converter unit with correlated 

double sampling modification. 

(3) an Interface Technology RS-432 programmable pattern 

generator. 

(4) 18 Pulse Instruments PI-451 programmable pulse drivers. 

(5) 6 Pulse Instruments PI-702 programmable dual bipolar DC 

voltage source modules. 

The equipment necessary to operate the simulation model includes 

the pattern generator and clock drivers. These devices produce the 

waveforms that are needed to switch transistors Ji ~ J3 on and off in 

an orderly manner. The microcomputer is used to process the different 

timing sequences for different tests. The signal from the output of 

the simulation model is sent to the CDS circuit which is combined with 

a variable gain amplifier installed inside the Tustin A/D converter. 

The A/D converter converts each pixel signal into a digital signal that 

is stored in the Hp 9000 Series 300 computer for future noise spectrum 

estimation. A Hewlett-Packard Hp 3722A noise generator is also 

employed to introduce band-limited white noise with calibrated 

characteristics. 
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3-6 SPECTRUM ANALYSIS 

Estimation of the power spectral density (PSD) function, or simply 

the spectrum, of discretely sampled deterministic and stochastic 

processes is usually based on procedures employing the fast Fourier 

transform (FFT). This approach to spectrum analysis is computationally 

efficient and produces reasonable results for a large class of signal 

processes. In spite of these advantages, there are several inherent 

performance limitations of the FFT approach. The most prominent 

limitation is that of frequency resolution, i.e., the ability to 

distinguish the spectral responses of two or more signals. The 

frequency resolution in hertz is roughly the reciprocal of the time 

interval in seconds over which sampled data is available. A second 

limitation is due to the implicit windowing of the data that occurs 

when processing with the FFT. Windowing manifests itself as "leakage" 

in the frequency domain, i.e., energy in the main lobe of a spectral 

response "leaks" into the sldelobes, obscuring and distorting other 

spectral characteristics that are present. Skillful selection of 

tapered data windows can reduce the effects of spectral leakage, but 

always at the expense of reduced resolution. These two performance 

limitations of the FFT approach are particularly troublesome when 

analyzing short data records. In an attempt to alleviate the inherent 

limitations of the FFT approach, many alternative spectral estimation 

procedures have been proposed within the last decade. 
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Windowing of data makes the implicit assumption that the 

unobserved data values outside the window are zero, which is normally 

an unrealistic assumption. Often, one has more knowledge about the 

process from which the data samples are taken, or at least is able to 

make a more reasonable assumption other than to assume the data is zero 

outside the window. Use of a priori information (or assumptions) may 

permit selection of an exact model for the process that generated the 

data samples, or at least a model that is a good approximation to the 

actual underlying process. It is then usually possible to obtain a 

better spectral estimate based on the model by determining the 

parameters of the model from the observations. 

3-7 AUTOREGRESSIVE SPECTRUM ANALYSIS ALGORITHM 

Autoregressive (AR) spectrum analysis has become a popular 

alternative to the conventional FFT approach for estimating the power 

spectral density of a sampled process. For example, a data set sampled 

by correlated double sampling can be a good candidate for using AR 

spectral estimation. Autoregressive spectral estimates do not have the 

distortion produced by sidelobe leakage effects that are inherent in 

the FFT approach to spectrum analysis. 



50 

The method used to estimate the autoregressive model parameters is 

the key to the performance of the AR technique. If M+l lags of the 

autocorrelation function for a process are known, the M autoregressive 

parameters can be obtained by solving the Yule-Walker normal equations 

[7] 
using the Levinson recursion algorithm 

If an autoregression Is a reasonable model for the data, then the 

observed sequence {xn} is the output from a pth order AR model driven 

by a white noise sequence {wn} of zero mean and variance o* . 

Mathematically, the output sample xn is a weighted sum of p past output 

samples plus a noise term: 
P 

Xn = -T a *Xn-k + Wn. (3-4) 
. k k=l 

where a^ is an AR parameter of the pth order AR process. 

To estimate the PSD, a relationship, known as the Yule-Walker 

equations, between the AR parameters and the autocorrelation function 

[7] 
[known or estimated) of xn may be written as : 

P 
> - J] a^Rxx(k~£), for k > 0 

Rxx(k) = 
P— 1 

1 (3-5) 
P 2 - J] affRxx(-£) + <r , for k = 0. 

1=1 

The output power spectral density Sx(f) is related to the input noise 

power spectral density S(f) = <r At by 

Sx(f) = (3-6) 
P 2 [1 + J] a •exp{-j2nfkbt) I 
k=l k 
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where At is the autocorrelation lag interval in seconds. Thus, to 

2 estimate the PSD. one need only estimate {a , a , ..., a , o* }. To 
12 P 

determine the AR parameters, one can choose p equations from eq. (3-5) 

for k > 0, solve for {a^, a^,. . . , a^}, and then find & from eq. (3-5) for 

k  =  0, i.e., 

2 P 
(T = Acx(0) + £ apRxx{-Z). (3-7) 

t =  1  t  

The Levinson algorithm provides an efficient solution to eq.(3-5). 

The algorithm proceeds recursively to compute the parameter sets 

(a ,<r2}, {a ,a ,<r2},..., {a ,a a ,<r2}. Note that an 
ll' ' 21' 22* ' ' pi' p2 pp' p 

additional subscript has been added to the AR parameters to denote the 

order. The final set at order p is the desired solution. In 

particular, the recursive algorithm is Initialized by 

a = —Rx x (1) /f?x x (0) 
ll 

= (l-|ai i |2)i?xx(0) 

(3-8) 

with the recursion for k  = 2,3 ,p given by 

k-1 
a = -[Rxx(k) + £ au  Jixx(k-£)]/<r2  

kk ^ ^ K™ 11 v K**X 

a  .  -  a  , + a *a 
kl k-l, i kk k-l,k-I 

2 /. | • 2 v 2 <r = (1- a )*c 
k kk k-l 

Note that the Levinson algorithm also provides the AR parameters for 

all the lower order AR models. 
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A host of techniques are available for estimating the AR 

parameters from data samples. The most obvious approach is to first 

make estimates of the autocorrelation lags with the available data, and 

then apply the usual Levinson recursion using the estimated lags. 

Spectral line splitting and the shifting of spectral peaks from their 

[7] 
true locations are the reasons that this approach is rarely used 

The most popular approach for AR spectral estimation is the Burg 

[7] 
algorithm . This algorithm utilizes a constrained least squares 

estimation procedure to obtain the M estimated autoregressive 

parameters from N data samples. The constraint requires the AR 

parameter estimates to satisfy the Levinson recursion. AR spectral 

estimates based on the Burg algorithm suffer from the two same 

problems spectral line splitting and shifting of spectral peaks. 

In 1980, a recursive algorithm was published by Marple'101 for AR 

parameter estimation , based on a least-squares solution for the AR 

parameters using forward and backward linear prediction. The AR 

spectra yielded by Marple's algorithm present no line splitting and 

reduced spectral peak shifting. Also, Marple's algorithm has 

comparable computational complexity to the popular Burg algorithm. It 

is Marple's least squares algorithm that has been adopted in this 

thesis work for AR parameter estimation. 
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CHAPTER IV DATA ANALYSIS 

4-1 CALIBRATION BETWEEN NOISE GENERATOR AND MARPLE'S AR SPECTRUM 

ESTIMATION 

As mentioned in the last chapter, the spectrum estimation strategy 

adopted for work is an autoregressive CAR) model using Marple's 

algorithm to determine its parameters. A computer program, MARPLE, 

coded in BASIC is used for handling data sampling and spectrum 

estimation. Before MARPLE became a reliable tool for handling spectrum 

estimation it was necessary to do some calibration. 

For the purpose of calibrating MARPLE, an experimental arrangement 

is shown in Fig. 4-1. The Hp 3722A noise generator has a built-in 

lowpass filter with cutoff frequencies at 50 KHz, 15 KHz, 5 KHz, 

1.5 KHz, 500 Hz, 150 Hz, etc. Another low-pass filter with variable 

cutoff frequency is also available when a cutoff frequency other than 

those provided by the noise generator is needed. According to the 

operation manual of the Hp 3722A noise generator, this equipment can 

produce Gaussian noise with a spectrum as shown in Fig. 4-2. 

During the calibration, 16384 samples were taken at a sampling 

frequency of 250 KHz. Before the sampled data was used to calculate 
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the AR parameters, the mean value of this set of data was subtracted 

from each sample in order to have a sequence of data with zero mean. 

2 Furthermore, the mean-square value, rms , of the zero-mean data samples 

was obtained by 

1 N  

rms2 = —jrj— £ x2. (4-1) 
1=1 

where x ,x,...,x are the N samples of the (zero mean) data. After 
1 2  n  

processing this data using Marple*s least squares algorithm, a plot of 

power spectral density versus frequency was generated. Twice the area 

beneath the power spectral density curve, which is the power delivered 

by the noise generator, is also calculated. 

Fig. 4-3 illustrates the computer printouts of the power spectral 

density versus frequency. Curves in Fig. 4-3(a) and Fig. 4-3(b) show 

the spectrum of the noise after passing through a low-pass filter with 

cutoff frequencies of 5280 Hz and 10080 Hz, respectively. Together 

with these plots are the values of the mean-square and twice the area, 

which are very consistent. In Fig. 4-3(c) ~ (g), spectra were obtained 

for noise coming from the noise generator directly. The cutoff 

frequencies of the built-in lowpass filter were set at 50 KHz, 15 KHz, 

5 KHz, 1.5 KHz, and 500 Hz, respectively. They also show good 

consistency between the mean-square value and power (twice the area 

beneath the curve). The shapes of those plots are approximately 

rectangular. 
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Aliasing is observed when the sampling frequency fs is not high 

enough. Fig. 4-4 shows the results of undersampllng and oversampling. 

The cutoff frequency fc of the band-limited white noise is set at 

15 KHz and the sampling frequencies are adjusted to 250 KHz, 125 KHz, 

62.5 KHz, 50 KHz, 25 KHz, 12.5 KHz, 6.25 KHz and 5 KHz. When the ratio 

fs/fc is decreased below two, the aliasing effect becomes pronounced. 

4-2 NOISE REDUCTION IN CORRELATED DOUBLE SAMPLING 

The goal of correlated double sampling (CDS) is to remove the 

reset noise introduced by the reset switch used in the CCD output 

stage. Theoretically, if the noise values at the time of "clamp" and 

"sampling" {tz and £s In Fig. 3-6) are correlated, then the noise can 

be reduced by the correlated double sampling technique. The principle 

of CDS operation has been provided in Chapter 3. In this section, the 

experimental results are presented. 

The experiments were performed in the Optical Detection Lab to 

show the noise reduction effect. The experimental arrangement is shown 

in Fig. 3-9. First of all, the power spectral density of the noise 

source alone, which is added to the reference level later in the 

experiment, is measured. Fig. 4-5(a) shows that the noise generator 

delivers band-limited white noise with bandwidth of 15 KHz. It also 

shows the power Inside the band is approximately 0.087 V2. 
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Next, the noise source is added to the reference level and a 

simple sampling and A/D conversion is made at the output of the 

simulated CCD output stage. The power spectrum of this output signal 

is illustrated in Fig. 4-5(b). From Fig. 4-5(b) one can see that it 

has very close characteristics with Fig. 4-5(a). It also shows that 

about 22/4 more power than that delivered by the noise source is 

present. This can be accounted to the noise contributed by the circuit 

components such as the MOS source follower. 

Finally, the output signal is sampled by using the correlated 

double sampling technique instead of using simple sampling. The time 

interval between "clamp" and "sampling" is 2 tisec which is about 

one-half the sampling period (4 jisec). The power spectral density 

function after CDS is given in Fig. 4-5(c). It is observed that the 

power density is decreased by about 88% at low frequencies. Also, the 

total power is reduced by about 90%. Therefore, the effect of reducing 

noise by correlated double sampling is evident. 
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5-1 CHOOSING BANDWIDTH OF LOW PASS FILTER 

It is evident from the previous chapters that by using the CDS 

technique, the reset noise from the reset switch can be removed, and 

the 1/f noise at low frequencies introduced by the on-chip MOS 

amplifier can be suppressed. Therefore, the dominant source of noise 

left in the readout circuitry is the thermal noise component generated 

in the on-chip MOS amplifier. If very low noise levels are required, 

careful optimization in the timing of the sampling pulses as well as 

introduction of appropriate filtering should be taken to eliminate the 

thermal noise contributed by the on-chip MOS amplifier. For 

understanding the tradeoff involved in this optimization, further 

analysis of the charge detection circuitry will be discussed in this 

section. 

For convenience, Fig. 3-6 is redrawn as Fig. 5-1. It is stated in 

previous chapters that the CDS technique can reduce the reset noise 

contributed by reset switch Mi and suppress the 1/f noise introduced by 

source follower M2. Besides suppressing the 1/f noise of transistor 

M2, the CDS circuit also affects the thermal noise component generated 

by this device. The purpose of the single pole low pass filter with 
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time constant RFCF which follows Ma in Fig. 5-1 (a) is to bandlimit the 

thermal noise of transistor M2 and thus, to introduce correlation of 

this noise between the two samples at tz and ts. Taking this 

correlation into account, the resultant r.m. s. noise after bandlimiting 

[8 ]  
and double sampling is given by 

1 /p 1 /o 
Vn = VH2 (1/4RFCF) • {2 [1-expC-Ax/RFCF) ] } (5-1) 

where VH2 is the r.m. s. noise voltage from transistor M2. From 

eq. (5-1) it can be seen that either decreasing the bandwidth of the 

RFCF filter (increasing the bandlimiting of the wide band noise VH2) or 

decreasing the ratio AT/RFCF, (increasing the correlation between the 

two samples), will result in a decreased noise level. Therefore, it 

would appear desirable to increase RFCF while decreasing the time 

between the clamp and sample pulse. However, as the time constant RFCF 

of the filter is increased, the voltage swing which represents the 

signal is attenuated by the factor, l-exp[-(t4-t3)/RFCF]. 

To maximize this factor, the largest possible amount of time 

should be given for the signal transient to occur. Therefore, the 

sample at ts should occur just before the following reset occurs at te 

(see Fig 5-1(b)). 

Another consideration which also limits the maximum size of RFCF 

is that a fraction exp[-(t2-ti)/RH0sCFD] of the reset noise introduced 

by switch Ml will remain after the clamp has occurred because of the 
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correlation effects introduced by the bandlimiting. This fraction can 

be decreased by minimizing the width of the reset pulse (£1 « to) and 

by clamping (i.e., the sample at £2) Just before the signal is 

transferred at £3. Therefore, the tradeoff involved in choosing the 

bandwidth of the low pass filter, RFCF, is that the wide band noise of 

M2 should be bandlimited to as low a frequency as possible which 

Implies a long time constant. However, this long time constant 

attenuates the signal swing as well as decreases the reset noise 

suppression. 

A suitable compromise of the above considerations suggested by 

[8] 
Brodersen and Emmons is to allow three of four time constants (RFCF) 

between the reset and clamp pulses as well as between the signal 

transfer and the sample pulse. The optimum timing subject to this 

constraint is given by 

£1 - to « Ts (5-2) 

£2 - £0 ~ t3 - £0 (5-3) 

ts - to « Ts (5-4) 

where Ts is the sampling period. To obtain four time constants for the 

above mentioned Intervals, the low pass filter should have a bandwidth, 

f3dB = 1/2TIRFCF, given by 
1 

f 3 d B  ~ 0.24 fa 

where fs is the sampling frequency. 
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5-2 SUMMARY 

It has been shown that CDS provides a considerable noise reduction 

in the readout circuit of a CCD array. The main reason for using the 

CDS technique is to remove the reset noise contributed by the reset 

switch and to eliminate the 1/f noise introduced by the on-chip MOS 

amplifier. If very low noise levels are required, then the timing of 

the sampling pulses should be carefully optimized, and appropriate 

filtering should be Implemented. There is a tradeoff between low noise 

levels and high signal swing ability involved In this optimization. 
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Vds{t) = Vip(t) - VipU-Ar). 

-T/2 - pi/"*: 
Vds = lim Vds(t)dt 

T-XD T J 
-T/2 

T/2 
= lim [Vip(t)-Vip(t-AT)]2dt 

-T/2 

T/2 = MS 4-J vfP(t)dt 
-T/2 

T/2 

" Ik51 "4-f VipCt)ViP(t-Ar)d£ T"7W 1 J 
J - 1 / 2  

T/2 
+ lim -i-f Vip(t-Ax)dt. 

-T/2 

If Vip is stationary, then 

T/2 T/2 

iAS -i-f Viptt-AxJdt = lim -l-f Vip(t)dt 
T-X» T I T->co T I 

J-T/2 J-T/2 

and thus, 

T/2 T/2 

Vds = lim if V?p(t)dt - lim f Vip(t)Vip(t-Ar)dt. 
T->oo 1 J T-Joo i I 

J-T/2 J-T/2 
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APPENDIX B TRANSFER FUNCTION OF THE DELAY-SUBTRACTOR MODEL 

wm - Y(x) 
" "xn?T~ * 

If x(£) = Sit), y(t) = 5(t)-5(t-Ax) and X(x), Y(x) are the Fourier 

transformations of xCt) and y(t), respectively, then 

X(f) = £{x(t)> = 5{5U)> = 1 

and 

Y(f) = ?{yCt)> = ?{S(t)-S(t-Ax)} = 1 - e"J27rfAT, 

Thus, 

H(f) - Y{X) 
H{n " "xIlFT 

. -j2nfAr = 1 — e 

= [1 - cos(2irfAx)] + Jsin(27ifAr). 

Therefore, 

\H(f)\2 = [1 - cos(2rcfAx)]2 + [sln(2TrfAx)]2 

= 1 - 2cos(2nfAx) + cos2(27rfAx) + sin2(2ni"Ax) 

or 

\H(f)\2 = 2-11 - cosC2TtfAx)] 



APPENDIX C DERIVATION OF EQUATION 2-17 

Vds(t) = Vlp(t) - Vlp(t-Ax). 

T/2 
i ?ds(f) =  l i m — f  Vds {t) Vds (£—x)d£ 

T-XO T J _yri 
-T/2 

-T/2 
= lim-i-f [Vip(£)-Vip(£-Ax)] [Vip(£-x)-Vip( £-x-Ax) ]d£ 

T~*° -T/2 

T/2 

= lim-J-f VlpCt)Vlp(t-T)dt 
T->oo I J 

J -T/2 

T/2 
- Vip(£)Vip[£-(x+Ax)]d£ 

T->oo I J 
" -t/2 

T/2 
- lim-i-f Vip(£-Ax)Vip[ (£-Ax)-(x-Ax)]d£ 

T->co 1 J 
J-T/2 

T/2 
+ ViP(£-Ax)ViP((£-Ax)-x)d£ 

-T/2 

= f?i p(x)-flip (x+Ax)-Rip (x-Ax)+iiip(x) 

or 

/?ds (x) = 2/?ip(x)-i?ip(x+Ax)-i?ip(x-Ax). 
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00 
Slcda = ^ f 5T8(T)i?do(r)exp(-J2TrfT)dT 

" —m - c o  
rrt 

1 = ^ Y. fids (nTs)exp(-JZTtfnTo) 
n = - o o  

00 

= —£ exp(-|nTa| / T o)exp(-J27r/"nTs) 
1 B 

n=«oo 

00 

- —£ exp (-1 nTa+Ax | /TO ) • exp (-JZnf nTs) 
n = - r o  

P 05 

- £ exp{-|nTs- A T | / T o )  *exp(-J27rfnTs). (D-l) 
n = - c o  

The first term of eq. CD-I) Is 

00 

E exp (-1 nTs | /To) * exp (-J2nf nTs) 
n = - o o  

_ 2fiipo I" +EXP(„2TJEJ{P(jZnfZTs) +exp()exp(JZnfTa)+1 
I s  I  T o  T o  

+  e x p  ( )  e x p  ( -jZnfla)  + e x p  ( )  e x p  { -j2nfZTs) +.. . 1 
T o  T o  I  

2Ripo r . , ZTB,,eJ2nfZTB+e~J2nfZT* 
Ts 

[...+ 2exp(-^g )(-  ̂ ) 

T J27TfTs -J2Tr/"Ttj -1 
+ 2exp(——) (- 1® ) + 1 

T o  ^  

2Rlpo [...+ 2exp{-—)cos(27rf2Ta)+2exp(-—)cos(2TrfTs) + 1] 

ZRl 

Ts TqJ 

oo 
po 

Ts 
I" 2 £ exp(- ̂ ^)cos(2nfnTs) + ll 
L  n = i  T °  • »  
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Since Ts a AT, we have that for n < 0 

InTs - AT| = -nTo + AT 

|nTs + AT| = -(nTo + AT) 

and for n > 0 

InTs - AT| = nTs - AT 

|nTs + AT| = nTs + AT . 

The expression of the second and third terms of eq. CD—1) can be 

written as following: 

R 00 

- J] exp(- InTa+ A T  | / t o) •exp(-j2TT.fnTo) 
n = - o o  

_ ro 
- Y, exp(-1 nTs-AT |/TO) *exp(-j'2TrfnTs) 

n - - c o  

r? r 00 

E exp(-[nTB+AT|/To) •exp{-j27TfnTs) 
Ln=-ro 

00 

+ J] exp(-|nTs-AT|/To)'expC-^IRFNTS)] CD—2) 
n = - c o  

in which 

00 00 

£ exp(-|nTs+AT |/To) *exp(-J27rfnTo)+ £ exp(-|nTs-AT|/To) *exp(-J27ifnTs) 
n - - c o  n = - o o  

=. .. + exp { _+2Tb At ) eXp (j2nf2TB ) +exp (-+T° At ) exp (jZnfTa) +exp C ) 
T o  T o  T o  

+ exp(-^^^)exp(-J2TrfTa)+exp(-^^^)exp(-J2jrf2Ts)+. . .  
T o  T o  

+... +exp ( -2Ts+At ) exp (J2trf2TS)  + e x p  ( )  e X p  ( j2nfTa) +exp C -—) 
T o  T o  T o  

+ exp(-^—^)exp(-J2TtfTa)+exp(- â T̂)exp(-J2Trf2Ts)+.. . CD—3) 
T o  T o  
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After rearrangement, eq. CD—3) can be written as 

+oc;;p(^2Ts~AT) exp(+ J2rcf2TB) +exp(-J2nf2Ts)J 

i 2cxp( Ts~At) |*exP t + J27rfTa) +exp (-J2irfTn)j 

+2exp(_lEi^I) j^exp (-jZnfTa) +exp(+J2rcfTg) j 

+2exp(~2Ts +̂ T) rexp(-J2Trf2TB)4exp(^2Trf2Ts)1+ (_AT} 
T o  1 2  1  T o  

00 09 
= 2 £ exp (-nTs T̂)cos(2rrfnTs) +2 Y exp (-nTs +̂ T) cos (27ifnTs) +2exp () 

T o  T o  T o  
n = l  n = 1  

CO 00 
= 2exp(—) T exp(-^^)cost2irfnTu)+2exp(-—) V exp(-^^)cos(2TrfnTs) 

T o  T o  T o  "  T o  
n = l  n ~ l  

+ 2exp(- —) 
T o  

= exp(-—) 1*1+2 J exp(-^^)cos(2rtfnTu)l+exp(-—) 
T o  I  "  T o  T o  L  n = l  J  

+exp{^) J"l+2 Y, exp(-^^)cos(2irfnTs)j-exp(^) 
To l n=1 

To J To 

= fl+2 J] exp(-2^)cos(2TrfnTs)l l"exp(-—)+exp(—)1 + [exp(-—)-exp{—)1. 
L  T o  J  T o  T o  J  T o  T o  J  

Therefore (D-2) can be rewritten as 

"~Ts~ ̂ 1 + 2 Y, exp(-^^)cos(2TrfnTs)j |exp(-^)+exp(^)j 

+[exp(^)"exp(?!)]}-

Thus, 
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•||\+2 J] exp(-2-£|)cos(2trfnTs)J ̂ 2-[exp(-^)+exp(^) ] j 

in which 

[9] 

, IITB» sinh(Ts/ro) 1 + 2 v exp( )cos(2nfnTB) = . , \ 
U  T o  COSh(Ts/T o)-COs(2TLfTs) n=l 

and 

and 

AT*. ,AT ,  . » r expC- )+exp(—) 
AT,. ,AT , ,  „  „ F  ^  T O  ^  T O  2 - [exp(-^)+exp(^) ] = 2 - 21-
T o  TO  I  

= 2[1-cosh(AT / T O ) ]  

exp(-—) - expC—) = -2sinh(—). 
T o  T o  T o  

Therefore, 

S.cd, = cosh(TB/To^(-*cos(2nfTs)' ̂  " cosh(AT/T.)]+slnh(4T/T.)]. 
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