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ABSTRACT 

In this thesis, we consider determining the economic lot sizes for a 

finite production rate assembly system with n facilities. Costs at each 

facility consist of a stationary positive echelon holding cost, and a fixed set 

up cost. The goal is to determine the production lot size at each facility in 

order to minimize the long-run total average cost of the system. 

Power-of-two policies, in which the lot size at each facility is a power 

of two times some base lot size, are considered. A 94%-effective 

power-of-two policy is determined from the optimal solution to a continuous 

relaxation problem by an O(n) algorithm, while a 98%-effective 

power-of-two policy is found using an 0(n log n) algorithm. Near optimal 

solutions to the continuous relaxation problem are found by a subgradient 

optimization procedure and a cyclic coordinate descent method. 

Computational results suggest both methods are efficient for very large 

systems. 



CHAPTER 1 

INTRODUCTION 

This thesis deals with the problem of minimizing the total set up cost 

and inventory holding cost in a multi-stage assembly system. A multi-stage 

assembly system is a special case of a multi-stage manufacturing system. A 

multi-stage manufacturing system contains several stages each of which is a 

production facility, or an assembly facility. Each stage obtains input from 

one or more immediate predecessors and supplies one or more immediate 

successors. There are one or more final stages which satisfy the external 

demand. A multi-stage assembly system differs from a multi-stage 

manufacturing system in the sense there is only one final stage, and each 

stage of the multi-stage assembly system is permitted to supply only one 

immediate successor. Figure la shows an example of a multi-stage 

manufacturing system, while Figure lb depicts an example of a multi-stage 

assembly system. 

When each stage has an infinite production rate, an optimal policy 

must be nested along any directed path of the multi-stage assembly 

structure. A nested policy implies each production starting time of a facility 

must coincide with some production starting time of its successor. Nested 

policies that require facilities to start producing when installation and 

echelon inventories are zero, generally perform close to the true optimal 

policies (See Roundy 1986, and Maxwell and Muckstadt 1985). Installation 

inventory at stage i is defined as the inventory stored between stage i and 

its immediate successor. Echelon inventory is defined as the number of 

units which have passed through stage, i, but have not as yet left the system. 
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a) Multi-Stage Manufacturing System. 

b) Multi-Stage Assembly System. 

Figure 1. Example of Multi-Stage Systems. 

Under a nested policy starting production at zero level, the echelon 

inventory on any directed path of a multi-stage assembly structure follows a 

saw-tooth pattern. This pattern yields an easy formula for the average 
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echelon inventory, and hence the inventory holding cost. Relatively 

efficient algorithms to compute near optimal policies are found in the 

literature and are discussed in Chapter 3. 

In case of finite production rates, optimal policies are not necessarily 

nested nor are echelon inventories constrained to zero when production 

starts. Neither installation nor echelon inventories follow saw-tooth 

patterns, and the average inventory cost is more difficult to compute. Most 

of the models found in the literature, restrict attention to policies that don't 

guarantee near-to-optimal solutions. However, Atkins, Queyranne and Sun 

(1989) have proposed an O(n^) algorithm for the case where production rates 

are non-increasing along any path in the assembly structure. Their model 

and algorithm pair is 98%-effective, that is, it generates a policy whose cost 

is within 2% of the optimal policy. Although it is highly effective and a 

polynomial algorithm, O(n^) can be significant when n is large. In this 

thesis we develop a model and algorithm that is more efficient, and almost 

as effective as that in Atkins, Queyranne and Sun. 

The remainder of the thesis is organized as follows. In Chapter 2, we 

discuss the assumptions and notation. In Chapter 3, we present a survey 

of the relevant work done on lot size determination in continuous time 

multi-stage manufacturing systems. We present a model of the problem in 

Chapter 4 while two heuristic procedures are developed and evaluated in 

Chapter 5. We conclude in Chapter 6 with a summary. 
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CHAPTER 2 

ASSUMPTIONS AND NOTATION 

This chapter presents the assumptions and notation used throughout 

the remainder of this work. 

The assumptions made are the following: 

1. The external demand rate for the final product is deterministic. 

2. The production rate at each stage is finite, and non-increasing along 

any path of the assembly system. 

3. A fixed set up cost is incurred at each stage when each production lot 

starts, and there are no cost savings on joint production at different 

facilities. 

4. All costs and rates are stationary, and costs may differ by stage. 

5. Production at each stage has to be completed without backorders. 

6. The shipping lead time between stages is zero, that is, the finished 

items at each stage are immediately available to its successor. 

7. One item of any stage contains only one item of each predecessor. 

8. The echelon holding cost at each stage is greater than zero. 

A list of the notation that will be used throughout this thesis, is given 

below. More specific notation will be defined when necessary. 

G is an assembly system with node set N(G)={1,..., n) of stages. Stage 1 

is the final stage. 

[i, j] is the unique directed path from any stage i to a successor stage j in 
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G. A path [i,l] finishing at stage 1 is a "route". 

Qj is the lot size at stage i. 

s(i) is the unique immediate successor of stage i. It is assumed 

that the stages are numbered such that i > s(i) for each i. 

S(i) is the set of all successors of stage i. 

s'(i) is the first successor of stage i such that Qs>(i) > Qj. If Qj £ Qj for all 

j e S(i) in G then by definition s'(i) = 0. (Figure 2 shows a 5-stage 

serial system, the lot size at each stage, and the corresponding s'(i) at 

each stage) 

p(i) is the set of all immediate predecessors of stage i. 

P(i) is the set of all predecessors of stage i. 

r(j, i) is the immediate predecessor of stage i on path [j, i]. 

P'(i) is the set of all predecessors j of stage i where s'(j) = i. 

rij is the production rate at stage i when production is in 

progress. 

Fig is the external demand rate. 

Kj is the set up cost at stage i. 

Cj is the holding cost per unit time charged against the 

installation stock of stage i. 

hj is the holding cost per unit time charged against the echelon 

stock of stage i. h; = C: - A. C,-. 
i 1 He p(i) J 

is the echelon inventory at stage i at instant t. 

Ej is the average echelon inventory at stage i. 
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jj is the echelon inventory on path [i, j] at instant t. 

E[i,j] is the average echelon inventory on path [i, j]. 

(7) Qj = 9 sCl) - 0 

@ g2 . 7 s'<2) = 1 

©  s ' W - 2  

Q) . a s'(4) -1 

Q Q5 = 1 1 3'(5) = 0 

Figure 2. The s'(i) Parameters in a 5-Stage Serial System. 
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CHAPTER 3 

LITERATURE REVIEW 

This chapter presents a survey of the relevant work accomplished in 

set up cost and inventory holding cost minimization of multi-stage 

manufacturing systems. Only models dealing with continuous time will be 

reviewed. Some of the important papers written on this topic are shown in 

Figure 3. 

Moily (1986) 

Williams (1982) 

SseiuJrovite (1981) 

Schware 8«. Schrage (19?5) Maxwell £k Muckstadt (1985) 

Crowston, Vagtter S<. Williams (1973) 

Atkins, Queyratme & Sun (1989) 

Figure 3. Relevant Research on Multi-Stage Manufacturing Systems 

Optimization. 

Models fall into two categories, models dealing with instantaneous 

production and models dealing with a finite production rate. Instantaneous 
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production was studied by Crowston, Wagner and Williams (1973), Williams 

(1982), Maxwell and Muckstadt (1985) and Roundy (1986). On the other 

hand, finite production was studied by Schwarz and Schrage (1975), 

Szendrovitz (1981), Moily (1986) and Atkins, Queyranne and Sun (1989). 

In order to facilitate the presentation of the reviewed papers and without 

loss of generality, we assume that only one unit of each component j e p(i) is 

needed in the production of one unit of any item i, i=2,..., n. 

Crowston, Wagner and Williams (1973) present a dynamic 

programming algorithm for the computation of lot-sizes for a multi-stage 

assembly system. Assumptions include constant continuous product 

demand, zero lot transfer times between stages, and no backlogs or lost 

sales. Under the constraint that lot sizes remain time invariant they show 

that the optimal lot size at each stage is an integer multiple of the lot size at 

its successor stage. These policies are termed "integer-multiple" policies. It 

is claimed integer-multiple policies are also optimal for the case of finite 

production, when the production rates are non-increasing along any path of 

the assembly structure. Szendrovits (1981) shows the integrality theorem 

does not hold for finite production systems, and Williams (1982) shows the 

original proof of the theorem is erroneous, and only holds for two level 

systems. 

An optimality condition of the integer-multiple lot size policies 

requires that production begins when both, the installation and the echelon 

inventory are zero. Integer-multiple lot size policies are stationary and 

nested. A stationary policy is one in which each stage uses a fixed lot size 

and a fixed reorder interval. In Figure 4, the installation and the echelon 

inventory at each stage of a 3-stage serial system with Q3 = 6Qj and 
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INSTALLATION INVENTORY AT EACH STAGE 

1 IxNNNNNNNNNNN STAGE 1 

2 -I 

i=L STAGE 2 

STAGE 3 

TIME 

ECHELON INVENTORY AT EACH STAGE 

1\N\KM\N\KN\K STAGE 1 

N 
\ STAGE 2 

ik 

STAGE 3 

TIME 

Figure 4. Echelon and Installation Inventory under an Integer-Multiple Lot 

Size Policy. 
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Q2 = 2Qj is shown. From the figure we observe that the echelon inventory 

follows the familiar saw-tooth pattern of the standard EOQ model, and the 

decision problem is the following integer non-linear programming 

problem: 

(CWW-P) Min C(Q) = X i e N ( G ) {  Kjrio/Qi + hjQj/2 } 

Subject to Q| > 0 

Qj = njQs(j) for all i e N(G) 

nj > 1 and integer. 

The dynamic programming algorithm is as follows. Let I denote the 

set of all possible non-negative integers, let Cj(Qj) represent the optimal 

cost at stage i and all predecessor stages, j e P(i), when Qj is given, and 

let fiCQj) = K^Q/Qi + hiQi/2. Then 

Ci(Qi) = fj(Qi) + Xj e i Cj(IQi} 

C* = optimal C = minimum QjC^Qi). 

The computations proceed successively from the last level of the 

system to the first level. For each stage i e N(G), Cj(Qj) is computed for each 

possible Qj. To reduce the computations, upper and lower bounds on the 
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values of Qj are given. 

As mentioned before, Williams (1982) shows the proof of the 

integrality theorem of Crowston, Wagner and Williams (1973) is erroneous 

at the point where the results for a two-level system are extended to more 

levels. The proof implicitly assumes the reorder intervals are stationary. 

Williams shows for the case of instantaneous production, that with or 

without this implicit assumption, the theorem is true in two level assembly 

systems. It is invalid for more general assembly structures without this 

implicit assumption. It remains an open question whether the theorem is 

valid for all assembly structures when processing at any given stage must 

occur only after unchanging spans of time. 

Maxwell and Muckstadt (1985) consider the problem of minimizing 

set up and inventory holding costs in a multi-stage manufacturing system 

assumed to be represented by directed acyclic graphs . Let G' denote a 

directed acyclic graph with node set N(G')={l,.-.> n} and arc set A(G'). The 

model is formulated in terms of reorder intervals under basically the same 

assumptions as Crowston, Wagner and Williams (1973). Only stationary 

and nested policies are considered. The reorder interval for each stage is 

restricted to be a power of two times a base planning period, and is termed 

a "power-of-two interval" policy. The echelon inventory, under these 

assumptions, follows a saw-tooth pattern. The resulting model is the 

integer non-linear programming problem given below. We denote Tj as the 

reorder interval at stage i, Tq as the base planning period and Dj as the 

external demand of items produced at stage i. Note that Dj is easily 

computed, and is equal to the summation of the external demand of each 

final product that contains the item produced in i as component. 
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(MM-P) Min C(T) = XU N(G.}{ ^ + ^0^/2 } 

Subject to Tj = Tq 2^i for all i e N(G'), 

Tj > Tj> 0 for all (ij) e A(G'), 

kj is a non-negative integer. 

Maxwell and Muckstadt use the following continuous relaxation of 

problem (MM-P) to find the optimal power-of-two policy. 

(MM-RP) Min C(T) = Min G N((JI) { Kj/Tj + hjDjTj/2 } 

Subject to Tj > Tj> 0 for all (i,j) e A(G') 

Problem (MM-RP) is solved by a specialized network-partitioning 

algorithm that consists of solving a number of min-flow, max-cut problems. 

This network-partitioning algorithm requires O(n^) operations to solve the 

problem. 

If T* is an optimal solution to the continuous relaxation (MM-RP), an 

optimal power-of-two solution T is determined by 

Tj = T02ki, 

kj = ceiling[log2(T*i/To) - 0.5], for all i e N(G'). 

Maxwell and Muckstadt show the optimal power-of-two policy cannot 

be more than 6% higher than the cost can be achieved following any other 
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nested policy. However, the optimal nested policies can perform poorly 

relative to all possible policies. 

Roundy (1986) extends Maxwell and Muckstadt's work (1985) in two 

directions: 1) the policies considered are non-stationary (fixed reoder 

intervals, but varying lot sizes), non-nested power-of-two interval policies, 

and 2) the set up costs on the placement of orders are associated with 

families of products instead of individual products. A product can belong to 

any number of different families. The set up cost associated with a family is 

incurred whenever one or more of the products in the family are ordered. 

The echelon inventory of any stage i e N(G') on any route r from i 

to any final stage j follows a saw-tooth pattern with period equal to 

max k e rTk The model formulation is given as: 

(R-P) Min C(T) = { Xf g F Kf/(mink e f Tk) + Xr e R Hrmaxk g fTk } 

Subject to Tj = T0 2ki for all i e N(G'), 

is an integer, 

where F is the set of families; r is a route, that is, a directed path from any 

stage i e N(G) to any final stage j; R is the set of routes in the multi-stage 

manufacturing system, and Hr is equal to hjDj/2 where Dj is the external 

demand at the final stage j. 

The problem of minimizing the relaxed average cost of a power-of-two 

policy is formulated as a dual of a non-linear network-flow problem, on 

what is called the cost network. The nodes of the cost network correspond 



2 0  

to the routes in R and the families in F. The dual problem is essentially the 

same problem that Maxwell and Muckstadt (1985) solved in order to 

minimize the relaxed average cost of a stationary nested policy. Therefore, 

their algorithm is used to solve the dual problem, but the computations are 

done over the cost network instead of the product network. The running 

time of the algorithm is between 0(n^4>^) and O(n^O^) where 0 is the 

number of final products. For assembly systems there are more efficient 

algorithms that solve problem (R-P) in 0(n log n) operations (See Thompson 

1962). 

If T* is an optimal solution to the continuous relaxation (MM-RP), an 

optimal power-of-two solution T is determined by 

Tj = T02ki, 

kj = ceiling[log2(T*i/r0) - 0.5], for all i e N(G'). 

In addition, the following two theorems demonstrate the 

effectiveness of the power-of-two policy. 

Theorem 3.1 

For every Tq > 0 there is an optimal power-of-two policy with effectiveness 

at least 94% whose order intervals are all powers of two times TQ. 

Theorem 3.2 

There is an optimal power-of-two policy whose order interval for each i is a 

power of two times T*Q, (T*Q e [ 0.5 ̂ 2, 2]) whose effectiveness is at 
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least 98%. 

A 98%-effective policy can be found from the solution to the relaxed 

problem, by an 0(n log n) algorithm. 

We next consider the papers that use a finite production rate. 

Schwarz and Schrage (1975) present a model for finite production 

rate assembly systems in which no lot splitting occurs in the shipping 

between stages, that is, no production is shipped from stage i to stage s(i) 

until the entire batch is completed at i. The model is formulated under 

basically the same assumptions made by Crowston, Wagner and Williams 

(1973). The integrality theorem is assumed to hold, and consequently, the 

restrictions in the model, although helpful to facilitate analytical tractability, 

do not necessarily lead to optimal policies. Under the integer-multiple lot 

size policies considered, the echelon inventory at each stage follows a 

saw-tooth pattern. The model is as follows: 

(SS-P) Min C(Q)= Zj g N(G) { Kj n0 / Qj + (1/2) h'j Qj } 

Subject to Qj > 0, 

Qj = njQs(j) for all i e N(G), 

nj > 1 and integer, 

where h'j = (1 + Tlg)!^ + 2\lQIUi g p(i) hj . 
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A very efficient algorithm to solve the continuous relaxation of 

problem (SS-P) is presented and integrated as a lower-bounding algorithm, 

into a branch and bound algorithm that solves problem (SS-P) to optimality. 

Nevertheless, the major concern of the paper is to present theoretical and 

empirical evidence for the near optimality of system myopic policies which 

are fast and easy to compute. The system myopic heuristic determines the 

nj values for problem (SS-P), by considering each stage i and its successor 

s(i), i=2,..., n, as a two stage system. The optimal integer nj for such 

systems, is the greatest integer satisfying 

nj(nj + 1) > Mi? 

where Mj is the myopia ratio and defined as: 

^i= ̂ i h s(i) / (^s(i) ^ P-

After all the nj values have been found, we determine the optimal value for 

Qj by differentiating the following formula with respect to Qj and setting 

the result equal to zero 

(SS-P2) Mm C(Q,) = Ii 6 + (Qj/2)Zj g ^<3,^11',. 

The final result is: 
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<2l = P "O £„ W/S,. N<G)
mi'1^I/2 • 

where mj = i=2,..„ n; mj=l. 

Computational results show that system myopic policies are very close 

to optimality on average, however, only small systems with less than five 

stages are considered. 

The Schwarz and Schrage's model assumes that optimal policies in an 

assembly system require the lot size at any stage must be an integer 

multiple of the successor's lot size. Szendrovits (1981) presents two counter 

examples showing this assumption does not hold. In one example the 

optimal lot size at a stage is smaller than the lot size at its successor, while 

in the other, the optimal policy does not have lot sizes where Qj/Qs(i) are 

integers. 

Moily (1986) considers the finite production rate assembly system lot 

sizing problem under integer-split lot size policies. In an integer-split policy 

the ratio Qs(i)/Qi is an integer. These policies are the opposite to the 

integer-multiple policies (Qj/Qs(j) integer) considered by Schwarz and 

Schrage (1975). The assumptions used by Moily are identical to those used 

by Crowston, Wagner and Williams (1973). The integer-split lot size 

policies are non-stationary (fixed lot sizes, but varying reorder intervals) 

and non-nested. Figure 5 shows the installation inventory at each stage of a 

3-stage serial system under an integer-split lot size policy where 

Q3 = (l/2)Qj and Q2 = (l/2)Qj. The figure shows that the integer-split lot 

size policy ensures that the installation inventory at each stage follows a 

saw-tooth pattern, and the model is formulated as follows: 
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(M-P) Min C(Q)= £. e N(Q) { Kj n0 / Qi + (1/2) (l/ns(i) - l/TI^ Qj } 

Subject to Qj> 0, 

Qj = niQS(i) for all i e N(G), 

nj > 1 and integer. 

installation inventory at each stage 

stage 1 

I l i I 

A/h . . 
t i i , I j » • i 

i/Li 
time 

Figure 5. Installation Inventory under an Integer-Split Lot Size Policy. 

stage 2 

stage 3 
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If the nj's are known, problem (M-P) can be rewritten as: 

(M-P2) Min C(Q,) = 1. e ^(KMJIWQ, + (Q,/2)n0I. < 1/n,) 

where nij = (l/n^m^^, i=2, .... n; mj=l. 

Differentiating (M-P2) with respect to Qj and setting the result equal 

to zero yields: 

Ql = PS,. N<G)(W^i, NC^i)' 1/ni>'1/2 3,1 

An upper and a lower bound for each nj can be found. Therefore, an 

optimal procedure for solving problem (M-P) consists of searching the set of 

positive integers within the range of these bounds. When the set of 

values has been specified, Qj is determined using 3.1. Unless the range on 

each nj value is small, the procedure is computationally inefficient. 

If one ignores the condition the nj values must be positive integers, 

their optimal values can be obtained using partial differentiation and are: 

ni = ̂ s(i)^V^s(i)" ^i^^i^s(i)^/^s(s(i))" ̂ s(i)^' 

A heuristic procedure consists of rounding these values and evaluating Qj 

using 3.1. 

Experimental results (see Moily, 1986) suggest that the rounding 
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heuristic performs well and has an average loss of optimality of 0.482% with 

a standard deviation of 0.913% based on a total of 300 trials. In 30% of the 

trials the heuristic resulted in optimal solutions. Note that optimality in this 

case is relative to Moily's assumption that each stage has lot splitting. 

Experimental results on a set of examples favoring component lot-splitting 

show that considerable savings can be achieved under suitable situations 

using integer-split policies instead of integer-multiple policies. 

Atkins, Queyranne and Sun (1989) study the multi-stage assembly 

system lot sizing problem under integer-ratio policies and using the same 

assumptions given in Chapter 2. An integer-ratio lot size policy, is a policy 

which satisfies the following: For each stage i e N(G), the lot size Qj is 

stationary; for each pair of stages i e N(G) and j e S(i), either Qj/Qj or 

Qj/Qi are positive integers; each stage i e N(G) starts producing at instant t 

if its installation inventory is zero and its immediate successor s(i) already 

produces or starts producing at instant t; all the stages start producing at 

t = 0. 

A special case of an integer-ratio lot size policy is a power-of-two lot 

size policy where each lot size Qj is of the form Qj = Qo2^i for some positive 

base lot size QQ and some integer KJ. 

The integer-ratio policies are non-stationary (fixed lot sizes, but 

varying reorder intervals) and non-nested. The echelon inventory does not 

follow a saw-tooth pattern along the routes [i,l] of the assembly structure, 

however for paths [i, j] such that Q{ > Qk, for all k e [i, j], and Qj < Qsq the 

echelon inventory follows a saw-tooth pattern. The following expression for 

the average echelon inventory on [i,l] is obtained using this property: 
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E[i,l] ~ n0 e [i,l]^lyTls(k)" l/n^max j e Q|. 

Therefore, the problem is: 

(AQS-P) 

Min C(Q) = Iia N(G){ KjiyQ, + Hi(l/2)n0Ike [U](l/ns(k)-l/nk)max |e [ik] Q,} 

subject to Qj > 0 for all i e N(G), 

Qj/Qj, or Qj/Qj is integer for all i e N(G) and j e S(i). 

The continuous relaxation to (AQS-P) yields a lower bound, C*, on the 

average cost of an integer-ratio lot size policy. 

(AQS-RP) 

C*= N(0){Kino'Qi+ H,(l/2)n0Zk€ 1, [IkJ Q,} 

subject to Qj > 0 for all i e N(G). 

A key result is that problem (AQS-RP) is not only a lower bound to 

problem (AQS-P), but also a lower bound on the cost of any feasible policy. 

The following Lemma relates the solution to (AQS-RP) to an optimal 

power-of-two policy. 

Lemma 3.3 

If Q * is an optimal solution to the continuous relaxation (AQS-RP) and Q is 
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obtained by 

Qi = Q02Ki. 

kj = ceiling[log2(Q*j/Qo) - 0.5], for all i e N(G), 

then Q is an optimal power-of-two lot size solution to (AQS-P) for a given 

positive lot size Qg 

Lemma 3.3 is used to extend Roundy's 94%-effectiveness and 98%-

effectiveness theorems to problem (AQS-P). The results are: 

Theorem 3.4 

For every fixed QQ > 0 there exist an optimal power-of-two lot size policy 

with base lot size QQ, whose effectiveness is at least 94%. 

Theorem 3.5 

There exits an optimal power-of-two lot size policy with base lot size Q*Q in 

the interval [0.5*^, 2*^], whose effectiveness is at least 98%. 

The algorithm to find an optimal power-of-two policy is as follows. 

Step 1. Solve relaxation (AQS-RP) by iteratively using a specialized 

maximum flow algorithm. 
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Step 2. Use Lemma 3.4 to generate an optimal power-of-two solution, 

with at least 94% effectiveness, from a solution to 

(AQS-RP) for a fixed base lot size Q0. Using Roundy's 

method, derive an optimal base lot size QQ and a 

corresponding optimal power-of-two lot size policy, which 

has at least 98% effectiveness. 

We note that the computational difficulty in the algorithm is in step 1. 

The algorithm to solve the subproblem in step 1 requires O(n^) steps. In 

the next section we present another model for determining integer-ratio 

policies. A new form for the objective function leads to a convex 

non-differentiable optimization problem. 
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CHAPTER 4 

MODEL FORMULATION 

This chapter presents a new model formulation for the multi-stage 

assembly system lot sizing problem. Integer-ratio lot size policies are 

considered. The objective of the model is to minimize the average set up 

and inventory holding cost of this kind of policies over an infinite planning 

horizon. 

We first present an expression for the average echelon inventory on 

each path [i, r(i, s'(i))] of the assembly system under an integer-ratio lot size 

policy. Assume that Qj is known for each i, and recall that s'(i) is the first 

successor to i such that Qs'(j) > Qj. 

For any integer-ratio lot size policy, Qs'(i/Qi = m is an integer, that 

is, stage i makes m lots over the time interval stage s'(i) is making one lot 

Q Therefore, because of the definition of s'(i), the path echelon 

inventory r^j has the saw-tooth shape when each lot Qj is 

producing as shown in Figure 6. 

From Figure 6 it is easy to compute the cumulative echelon inventory 

for each lot Qj, which is (1/2)110(l/ns.^ - l/IIj)Qj2. We multiply this 

term by the number of set ups^in a unit time T = n0/Qj to obtain the 

average route echelon inventory on path [i, r(i, s'(i)J 

E[i, r(i, s'(i))] ~(1/2) n0 < 1/ns'(i)" 1/ni > Qi" (4.1) 
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Figure 6. Echelon Inventory on Path [i, r(i, s'(i))L 

Expression 4.1 shows that we can decompose the echelon inventory at 

stage i into several parts following the saw-tooth shape, 

Ei = E(i, r(i, s'(i))J + E[s'(i), r(s'(i), s'Cs'G)))] + - + % U, (4.2) 

where j = s'(s'(...s'(i)...)) and s'(j) = 1. 

Using expression 4.2 we can now compute the total average cost of the 

system per unit time. The average echelon holding cost at stage i, AEHCj, is 

given by the echelon holding cost rate at stage i, hj, times the average 

echelon inventory at stage i, Ej, 

AEHCj = hjEj. 
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The average set up cost at stage i, ASUCj, is given by the cost per set up, 

Kj, times the average number of set ups per unit time IIQ/Q^, 

ASUCJ = K^o/Qi. 

The total average cost C(Q) is equal to the summation of the set up cost and 

the echelon holding cost at each stage i, 

C( Q ) = Z UN(G)(K1 n 0/Qi + hjEi}. 

If we express the average echelon inventory at stage i, Ej, using 4.2 then 

the average path echelon inventory s,^, for all i e N(G), appears in 

the expression of the echelon inventory at i and each stage j e P'(i)> k e P'(j)» 

I e P'(k), Grouping all terms containing the expression E^ we 

obtain 

C(Q) = Zj G N(G) { Kjrio/Qi + Hj Eti) r(i> }, 

where Hj = hj + Xj e p.^ Hj. Finally, from expression 4.1, we have that 

the total average cost of an integer-ratio policy is given by 
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C(Q) = Ij e N(G) { Kjno/Qi + Hi (1/2) n0 (i/ns.(i) - l/ity } (4.3) 

where Hj = hj + Xj g p(.} Hj. 

The optimal integer-ratio policy is found by solving the following 

integer non-linear programming problem, 

(P) Min C(Q) = X. g N(G) { Kjno/Qi + Hj (1/2) nQ ( l/n«,(i) - 1/nj )Qj } 

subject to Qj > 0 for all i e N(G) 

Qj/Qj, or Qj/Qj is integer for all i e N(G) and j e S(i). 

The following continuous relaxation to problem (P) gives a lower 

bound C* on the total average cost of an integer-ratio lot size policy. 

(RP) Min C(Q) = X. e N(G) { K^o/Qi + Hj (1/2) n0 ( l/ns.(i) - l/T^ )Qi } 

subject to Qj > 0 for all i e N(G). 

The next proposition shows the total average cost in 4.3 is equivalent 

to the total average cost given in the objective of AQS-P for all Q > 0. 

Proposition 4.1 

Expression 4.3 is equivalent to 



C'(Q) = SU N(0){K1n0A3,+ h|(l/2)Il0Zk< u [lk,Qr} (4.4) 

for all Q > 0. 

Proof Expression 4.3 can be written as 

C(Q) = Ij e N(G) {ASUCj + AEHCj}. 

Since ASUCj = KjllQ/Qj, we must prove that 

AEHCj = hi(l/2)n0Sk e ^^(l/ns^-l/n^woxjg [ijk]Q| 

or, equivalently, that 

Ej = (i/2)n0Zk g ^ - l/nk)max 16 fij k] Q|. 

From expression 4.2 we have: 

Ei = E[i, r(i, s'(i))] + E[s'(i), r(s'(i), s'(s'(i)))] + - + E[j, 1]' 

where j = s'(s'(...s'(i)...)) and s'(j) = 1. 

From expression 4.1 we have 



3 5  

E[k, r(k, s'(k))] " <1/2> n0 (1/ns'(k) " 1/nk) Qk> 

and substituting in the previous expression we obtain 

E, = oonja/n^-i/iyQ, + U/n^-i/n^pQ,.,,,+... + (MvvnpQj]. 

Since ( l / n t V y i m , )  = Z k  s n r(is.(i))](l/ns(k) - l/nk), the previous 

expression can be rewritten as: 

Ei = (i/2)n0 [ X k 6 [ .  r ( ,  ,(i))]U/n1(k) - i/nk)Qi 

+ ^kE [s'(i), r(s'(i), s'(s'(i)))](1/I1s(k) " 1/FIk^s(i) + 

+ e (j, l/^ns(k) " 1Alk)Qj]-

Using the definition of s'(i), we now have the following: 

Qi = maX I e [i, r(s'(i), i)] ^1' Qs'(i) = max I e [i, r(s'(s'(i)), s'(i))] ^1 ' 

Qj = ™**|e [i. 1]Q|-

Therefore, 

Ei= (1/2)n0^k g [i, l](1/ns(i)" I 6 [i, k] Q|- • 
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From Proposition 4.1 we deduce that the following results that were 

proved by Atkins et al. (1989), are true for problem (P). 

i) The optimal solution of the continuous relaxation (RP) is a lower 

bound on the cost of any feasible policy. 

ii) If Q* is an optimal solution to the continuous relaxation (RP) and Q 

is obtained by 

Qi = Q02ki. 

= ceiling[log2(Q*j/Qg) -0.5], for all i e N(G), 

then Q is an optimal power-of-two lot size solution to (AQS-P) for a 

given positive lot size Qg (Lemma 3.3) 

iii) For every fixed Qq > 0 there exist an optimal power-of-two lot size 

policy with base lot size QQ, whose effectiveness is at least 94%. 

(Theorem 3.4) 

iv) There exits an optimal power-of-two lot size policy with base lot size 

Q*0 in the interval tO.51^2, 2^2], whose effectiveness is at least 

98%. (Theorem 3.5) 

We now consider the solution to problem (RP). Note the problem is 

difficult since the index s'(i) depends on the actual values of the lot sizes. 
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The next theorem states that expressions 4.3 and 4.4 are strictly convex in 

the positive orthant. 

Theorem 4.2 

The total average cost function, given by expressions 4.3 or 4.4, is strictly 

convex in the positive orthant. 

Proof Since we have shown that the functions are equivalent for all 

Q > 0, we use expression 4.4 to prove the result. Since and are 

nonnegative, expression 4.4 is a sum of convex functions and maximums of 

convex functions and so is a convex function for Q > 0. (See Appendix A for 

a direct proof using Jensen's inequality). • 

The strict convexity property is fundamental to the development of 

the solution algorithms presented in the next chapter, and implies that if a 

optimal solution exists, it is unique. Finally, we restate the difficulty of 

(RP). The coefficients multiplying the Qj's in 4.3 depend on the s'(i) indices. 

Small changes in Q lead to different s'(i) indices. Therefore, (RP) is a 

convex non-differentiable programming problem. In the next chapter we 

present a subgradient algorithm and a myopic heuristic for solving (RP). 
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CHAPTER 5 

THE OPTIMIZATION ALGORITHM 

In this chapter, an algorithm for finding power-of-two policies with 

94% and 98% approximate effectiveness is presented. The general 

procedure is basically the method proposed by Atkins, Qupyranne and Sun 

(1989). However, a Subgradient Optimization Procedure and a Cyclic 

Coordinate Descent Method, which find near optimal solutions for the 

continuous relaxation problem (RP), are proposed instead of the O(n^) 

maximum flow network algorithm. 

The general procedure for finding optimal power-of-two policies is 

given below: 

Step 1. Find an approximate solution to relaxation problem (RP) using a 

Subgradient Optimization Procedure or a Cyclic Coordinate 

Descent Method. 

Step 2. Using Lemma 3.4, generate an optimal power-of-two solution, 

with at least 94% approximate effectiveness, to (P) for a fixed 

base lot size Qg. Using Roundy's method, derive a base lot 

size Qg and a corresponding power-of-two lot size policy, 

which has at least 98% approximate effectiveness. 
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5.1 The Subgradient Optimization Procedure. 

The subgradient optimization procedure presented in this section is a 

specialization of the general method discussed in Held, Wolf and Crowder 

(1974). 

The n-vector u(Q) is a subgradient at Q e Rn of the convex function 

C(Q) on Rn if 

C(Q') i C(Q) + u(Q) • (Q* - Q) 

for all Q' e Rn. If the convex function C(Q) is differentiate at Qe Rn then 

the gradient 

VC(Q) = OC(Q)/3Q1, 3C(Q)/3Qn) 

is the unique subgradient u(Q) at Q e Rn. If the convex function C(Q) is not 

differentiable at Q e Rn then a subgradient at Q is the gradient of one of 

the function sections that intersects at the point (Q, C(Q)). In Figure 7, the 

gradient (or slope) of Tj(Q) or T2(Q) is a subgradient at the non-

differentiable point (Q, C(Q)). 
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C(Q) 

0 

Figure 7. Subgradients at a Non-Differentiable Point. 

The general subgradient optimization procedure is as follows. 

Initialization step. Choose an initial solution Qq. Go to main step. 

Main step. Given Qk> let Qk+1 = Qk - tjcu(Qk), where tk is a scalar greater 

than zero. Replace k by k+1 and repeat the main step. 

Some theoretical results relating to an appropriate choice of the step 

size tjj, have been given. One of the early results is due to Poljak (1967) 

and states that C(Qjj) converges to the minimum C* under the conditions 

that: 
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lk~*0 *><> .)tk = -. 

A specific function for t^, discussed by Held et al. (1974), is : 

tk= xk (c(Qk)" c') /' "(Qk) I2' 

where I • I is the euclidian norm, C' is an underestimate of C* and X is a 

scalar. Generally, a good rule is to set X = 2 for 2N iterations (N is a 

measure of the problem size), and then successively halve both the value of 

X and the number of iterations, until some threshold value z of iterations is 

reached. Next, X is halved every z iterations until the resulting is 

sufficiently small. Notice this procedure violates the condition: 

e {o ~)lk ~ °°' 

therefore, it may be possible to converge to a non-optimal point, although 

experimental work shows this rarely happens. 

Another possible problem, is that t^ can be large enough to make 

Qj < 0, for some i e N(G). An alternative to overcome this problem, is to 

halve the value of t^ until > 0. An apparent theoretical difficulty 

appears when the current solution is near to a boundary of the feasible 

region and the direction -u(Qj{) points out of that boundary. In this case, 
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the step size computed by the procedure could be too small, and may cause 

the method to converge to a non-optimal point near to the boundary. 

Nevertheless, since the set up costs are positive at each stage, the total 

average cost function, C(Q), tends to infinity when a solution approaches a 

boundary, and so the subgradients at Q values near the boundaries point 

into the feasible region. 

An underestimate C' of C* can be easily determined by solving each 

stage as an independent system, and summing up their optimal costs. Then 

c = ̂ i e N(G) ( Ki no / Qi+ W) ̂ (1 - n0/ni)Qi}, 

Qj = l2Kjn0 / hj(l - no/nj)]1/2, for all i e N(G). 

A subgradient u(Q) at Q e Rn can be determined by evaluating the 

partial derivative of the function section defined at Q. The result is: 

Uj = -KjnoAQi)2 + Hj(i/2) n0(i/ns,(i) - l/nj), i=i,..., n, 

At each iteration k, the reallocated holding costs for all i e N(G) 

must be recomputed based on the current values of Qj. We use the 

following procedure. 

Step 1. Set Hj = hj for i = 1,..., n. 

Step 2. Set i = n. 
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Step 3. If s'(i) * 0 then set Hs.^ <- Hs<^ + Hj. Set i <— i -1. 

If i > 2 repeat step 3, else stop. 

5.2 The Cyclic Coordinate Descent Method. 

The method described in this section is a specialization of the standard 

cyclic coordinate method (see Bazaraa and Shetty, 1979), however, we use 

an additional step to improve the final solution. The method proceeds in the 

following manner. Given an initial solution Q, the function C(Q) is 

minimized from Q along a direction d, Q is then adjusted and set equal to 

the optimal solution along that direction. The method searches cyclically 

along the directions d],d2,—, dn + l w^ere dj> i=l>—> n> is a vector of zeros 

except for a one at the ith position; and dn+j is the vector (mj,.„, mn) 

where nij = Qj/Qj, j=l,..., n. 

Along the search direction dj, i=l,.„, n, the variable changes, while 

all other variables remain constant. If Qj increases, the value of s'(i) must 

change (when Qj reaches the value of Qs<(j)) and becomes s'(s'(i))- Also stage 

j, which is a predecessor of i and belongs to P'(s'(i)), is added to P'(i) when 

Qj changes to a value greater than Qj. If Qj decreases, the value of s'(i) must 

change (when changes to a value smaller than Qj) and becomes j, stage j 

is a successor of i and belongs to P'(s'(i)). Also stage j e P'(i) is deleted 

from P'(i) when Qj reaches the value of Qj and s'(j) becomes s'(i). Each 

feasible combination of the values of s'(i) and P'(i) define a strictly convex 
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differentiable function along dj when substituted into C(Q). The function 

C(Q) in direction dj is composed of sections of these functions (see Figure 8). 

Note that C(Q) is continuous (in the interior of the domain). The continuity 

of C(Q) follows immediately from the convexity property. 

C(Q) 

Figure 8. Function C(Q) in Direction dj (i = 1,..., n). 

We define Ij as the interval of Qj values in which C(Q) is equal to 

Fj(Qj). Ij has Nj_j as lower bound and Nj as upper bound (let Nq = 0, and 
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Nj = oo for the last interval Ij). Let QQy be the value of Qj corresponding to 

the point of Fj(Qj) with zero derivative: 

A necessary and sufficient condition for optimality in direction d} is the 

following: A solution Q* is optimal along direction d j if and only if there 

exist some j such that either Qj* = QQy and QQy e Ij or Qj* = Nj and 

QQj j+1 < Nj < QQjj. In the first case Q* is a differentiable optimal solution, in 

the second case Q* is a non-differentiable optimal solution (see Figure 9). 

QQy = pKi/Hjd/ ns.(i) - l/nj)]1^. 

C(Q) 

N, QQ N N, 
3 Qi i2 2 

a) A Differentiable Optimal Solution. 
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C(Q) 

QQi? N2 QQi2 N3 n. Q 1 

Q* 
i 

b) A Non-Differentiable Optimal Solution. 

Figure 9. The Optimal Solution Qj* along Direction dj (i = 1,..., n). 

A general optimization procedure along direction dj is the following: 

Step 1. Choose an initial solution Qj. Set j equal to the index of the 

interval containing Qj. 

Step 2. Compute QQjj- If QQjj e Ij then set Qj* = QQjj and stop. Else If 

QQy > Nj go to step 3, else go to step 4. 
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Step 3. a) Set j <— j +1. Compute QQjj. 

b) Repeat step 3a until QQjj < Nj. If QQy e Ij set Qj* = QQy, else 

set Qj* = Nj.r Stop. 

Step 4. a) Set j «- j-1. Compute QQy. 

b) Repeat step 4a until QQy > N^. If QQy e Ij set Q}* = QQy, else 

set Qj* = Nj. Stop. 

In the above procedure we require that the Nj values are known. At 

any iteration of the procedure the upper limit, Nj, of the current interval Ij 

is equal to the minimum Q^ value such that k is equal to s'(i) or is a 

predecessor of i which belongs to P'(s'(i)); and the lower limit, Nj_j, is 

equal to the maximum Q^ value such that k belongs to P'(i) or is a successor 

of i which belongs to P'(s'(i)). 

The problem of minimizing C(Q) along dn+j; which optimizes Qj while 

keeping the ratios Qj/Qj constant, for j e N(G); is given as: 

Mix aQj) = ^(Kj/mpiIo/Q, + (Qj/2) n0Il€ ̂ m^d/ ns.(1) -1/E!;). 

The optimal Qj value is found by partial differentiation and yields: 

< 3 i  = V & , « / Z i .  ̂ H , ( V  n s . ( i )  - 1 /  l y j W .  
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The Cyclic Coordinate Descent Method may not converge to the optimal 

solution, since it can stall at a non-differentiable point (see Bazaraa and 

Shetty, 1979). The performance of the Cyclic Coordinate Descent Method is 

tested against the performance of the Subgradient Optimization Procedure in 

the next section. (See Appendix B for a formal statement of the algorithm). 

5.3 Performance Evaluation. 

The performance of the subgradient optimization procedure has been 

studied by Held et al. (1974) and others. Experimental results show that 

subgradient optimization is effective in finding the minimum of convex 

functions, and very efficient in solving large problems. A simple analysis 

lead us to obtain the complexity of the subgradient optimization procedure 

in terms of the number of iterations performed. The most complex step at 

each iteration is the adjustment of the parameters s'(i) and the costs Hj, and 

requires no more than 0(n-') operations, where n is the number of stages. 

Therefore, the total number of operations performed in I iterations is 

O(In^). The above analysis shows the subgradient optimization procedure 

can perform O(n^) iterations before it becomes more time consuming than 

the 0(n5) algorithm proposed by Atkins et al. (1989). Based on the previous 

work, and the shape of the objective we expect the subgradient optimization 

procedure will obtain a highly effective solution in a number of iterations 

substantially smaller than O(n^). Our concern then, is to test the 

performance of the cyclic coordinate descent method against subgradient 

optimization. 
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In order to empirically test the effectiveness of the cyclic coordinate 

descent method, against the subgradient optimization procedure, we 

measure the improvement of the subgradient optimization solution over the 

cyclic coordinate solution using the following formula: 

Cyclic Coordinate Descent Solution - Subgradient Optimization Solution (100). 
Cyclic Coordinate Descent Solution 

One hundred assembly system and one hundred serial system 

problems with 7, 31 and 127 stages were generated randomly. In the 

assembly systems each stage, except those in the last level, had two 

predecessors. The echelon holding cost hj, and the set up cost Kj, for 

i e N(G), where generated uniformly in the interval [1000, 1000000]. The 

external demand n q was generated uniformly within the range [1000, 

10000]. The production rate for each stage i e N(G) was generated 

uniformly in the interval (nS(j), ns^+10000] to ensure an increasing 

production rate. We set N = n, z = 30 and a termination \ value of 0.0001 

for the subgradient optimization algorithm, and a = 0.999 for the cyclic 

coordinate descent algorithm. We initialized both algorithms with Qj = 1 for 

all i e N(G). The algorithms were coded in Turbo Pascal Version 4.0 and 

run on a PC with a 10 MHZ 8088-1 microprocessor. Statistics on the number 

of iterations, the processing time and the improvement were computed. The 

results are shown in Tables 1 through 3. 

Tables 1 and 2 show that the cyclic coordinate method performed 

very efficiently: the mean processing time required by this method for 

solving each set of problems, was less than that required by the subgradient 
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TABLE 1 

Performance of the Subgradient Optimization Procedure 

Stages Number of 

Problems 

Number of 

Iterations 

Mean Processing Maximum Processing 

Time (sec) Time (sec) 

Processing Time 

Std. Deviation (sec) 

Assembly Systems 

7 100 434 55.67 56.30 0.46 
31 100 483 269.19 273.64 1.79 

127 100 805 1838.97 1862.63 10.45 

Serial Systems 

7 100 434 56.20 57.50 0.37 
3 1 100 483 275.55 279.57 1.91 

127 100 805 1984.92 2034.88 20.80 

optimization procedure for the same set of problems. This efficiency was 

due, in part, to the small number of iterations required to satisfy the 

terminating condition: the greatest average number of iterations was 4.2, 

and the greatest maximum number of iterations was 11. It is important to 

notice the processing time spent for both algorithms is greater for the serial 

system problems than for the assembly system problems, which indicates 

the actual running times of the methods are closely related to the number of 

levels in the system. 

Table 3 shows the cyclic coordinate descent algorithm solutions were 

very close and sometimes better than the subgradient optimization solutions. 
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TABLE 2 

Performance of the Cyclic Coordinate Descent Method 

Stages Number of Average No. Mean Processing Max. Processing Processing Time 

Problems of Iterations Time (sec) Time (sec) Std. Dev. (sec) 

Assembly Systems 

7 100 3.20 0.48 0.83 0.08 
3 1 100 3.81 3.54 4.28 0.33 

127 100 4.20 54.62 59.21 1.86 

Serial Systems 

7 100 3.44 0.57 0.93 0.11 
3 1 100 3.62 4.76 8.95 1.09 

127 100 4.19 131.25 223.93 11.45 

The greatest average improvement was 1.06%, and the greatest maximum 

improvement 5.08%. Nevertheless, the above results do not indicate that, 

in some cases, the performance of the cyclic coordinate descent method is 

more effective than the performance of the subgradient optimization 

procedure. More experimentation to fine tune the parameters of the 

subgradient optimization procedure is needed to ensure convergence. In 

the current implementation we may be decreasing the step size too quickly 

or may be stopping when the step size is still too large. 
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TABLE 3 

Comparison of the Cyclic Coordinate Descent Method and the Subgradient 

Optimization Procedure 

Stages Number of Average Maximum Minimum Improvement 

Problems Improvement Improvement Improvement Std. Deviation 

Assembly Systems 

7 100 0.00 0.43 -0.94 , 0.17 
31 100 0.27 1.59 -0.18 0.23 

127 100 0.67 1.19 0.23 0.21 

Serial Systems 

7 100 0.13 2.26 -0.95 0.39 
3 1 100 0.80 2.97 -0.49 1.00 

127 100 1.06 5.08 -0.08 1.00 

Note that even though the product structures are somewhat simplistic, 

the above results provide evidence on the efficiency and effectiveness of the 

cyclic coordinate method. 
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SUMMARY 

AND CONCLUSION 

A new model formulation for the finite production rate multi-stage 

assembly system lot sizing problem under integer-ratio policies was 

presented. An algorithm for computing 94%- and 98%-effective 

power-of-two policies from the optimal solution to the continuous relaxation 

was given. A Subgradient Optimization Procedure and a Cyclic Coordinate 

Descent Method were proposed to find near optimal solutions to the 

continuous relaxation. Experimental work showed that the performance of 

the cyclic coordinate method was good when compared against the 

subgradient optimization procedure. Its effectiveness was almost as high as 

subgradient optimization, and its running time was lower. Both the 

subgradient optimization procedure and the cyclic coordinate method are 

effective for finding near optimal solutions to large assembly system lot 

sizing problems, and represent an alternative to the optimal O(n^) 

maximum flow algorithm proposed by Atkins et al. (1989). 
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APPENDIX A 

PROOF OF THE CONVEXITY OF THE COST FUNCTION 

In this appendix we give a detailed proof of Theorem 4.2 using 

Jensen's inequality. 

Proof Since we have shown that the functions are equivalent for all 

Q > 0, we use expression 4.4 to prove the result. Strict convexity requires 

that CftQj + (1 - X )Q2) < XC(Q2) + (1 - X )C(Q2) for all X e (0,1) and all Qj > 0 

and Q2 >0, Qj =*= Q2. 

C(MJ, + (1 -1 )Q2> = X., N^KryttQ,. + (1 - XJQjj)} 

+ 
N(0){ - W^ax „ m (XQU+ (1 - WQ2J) j 

J.C(Qj) + (1 - J. )C(Q2) = 

1 N(o,{Kino'<3..i
+ KC'2'".!,, • m t)maxu [lkJQ, ,} 

+ (i- A.) SjE N(G){ Kinc/^2.i+ hi(]^)n0Xke u (iik]Q2J) 

Then, 
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XCCQ^ + d-^JCCQ^ = IieN(G){Kin0(VQ1. + (l-?i)/Q2i)} + 

N(G)^i^1/'2^n0^'kG[j,l]^^ns(k)"1^nk^ma-t le[i,k]^l,l + maX le li.k]^1 "^*^2.1 ̂  

The following Lemmas are used to get the desired result. 

Lemma 4.2.1 

maX I 6 [i,k] X Ql.I + maX I e [i,k] (1_ *-)Q2,l - maX I e [i,k] ^ Qi.i+ (!" k)Q2.|)» for a11 

X e (0,1), all i e N(G), and all k e S(i). 

Proof. 

max, g k]  X QJJ + max, e m (1- X)Q2, > 

{max, e fi  k]  XQV + max. e f. k]  (1- X)Q2j  st I = j) = 

Equality holds only if max , g ^_k]  X Qj>( and max , g [i>lc](l-k)Q2)i occur at 

the same index I. • 

Lemma 4.2.2 

X/Qu + (1-X)/Q2 j > 1/(X Qj j + (1-A.)Q2;) for all X  e  (0,1) and all i e N(G), and 

equality holds only if Qj. = Q2 .. 
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Proof. We will prove the result by showing that the ratio 

R = (\/Qu + (1-X)/Q2 i)/(1/(X Qj; + (1-\)Q2 •)) 

is greater or equal to one for all X e (0,1) and all i e N(G). 

R = (VQlii + (l-A.)/Q2i)/(l/aQli+ (l-a.)Q2i)) 

=  ( X  Q 2  .  +  ( l -^Qj.)( X Q l. + (I-^QJ jVCQJ j Q2i) 

= X2 + X(\-X){{Qhi)2 + (Q2i)2)/(Q1; Q2;) + il-X)2. 

Since Qj; 2 0 and Q2; > 0 then 

((Q],i)2 + (Q2,i)2)/(Qi,i Q2ti)*2, 

and equality holds only if Qj. = Q2 .. Therefore, 

R > 7? + 2X(\-X) + (1-X)2 = 1, 

for all X e (0,1) and all i e N(G), and equality holds only if Qj. = Q2.. • 

From Lemma 4.2.1 and Lemma 4.2.2, and the initial assumption 

Ql 56 Q2> which implies Qj j * Q2j for at least one ie N(G), it 

immediately follows that 



• "0 < P103 0 < 10 II« pue '(I '0) 3 X IP* JOJ 

( Z D )3( x  - 1) +  ( t D ) dy >  ( z f ) (  x  -  D +  l C w )o 
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APPENDIX B 

STATEMENT OF THE CYCLIC COORDINATE DESCENT METHOD 

In this appendix we give a formal statement of the Cyclic Coordinate 

Descent Method. and Njj are the lower and upper bound for interval Ij 

respectively. QQj is the value of Qj where the derivative of the function 

Fj(Qj) equals zero. 

Initialization Step. ( Compute s'(i). Hj and Cq(Q) ) 

1. Choose a scalar a e (0,1) to be used for terminating the algorithm. 

Choose an initial solution Q. 

2. Sort and list the stages in nondecreasing order of Qj. Let A(i) denote 

the stage that is immediately after i in the list, and B(i) denote the 

stage that is immediately before i in the list. Set B(u) = 0 for stage u 

first in the list and A(v) = n+1 for stage v last in the list. 

3. Set Hj = hj for i=ln. 

4. Set s'(i) equal to the first successor j of i with Qj > Qj (If > Qj for 

all j e [s(i), 1] then set s'(i) = 0) for i=l,..., n. Set i = n. 
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5. If s'(i) * 0 then set Hs.^ <- Hg.^ + Hj. Set i <— i -1. If i > 2 repeat 

step 5, else go to 6. 

6. Set C0(Q) = XieN(G){ Kin0/Qi+ 1^(1/2) nQ (1/ ns.(i) - l/n^Qi }. 

Set i =1, and k = 1. 

Main step. ( Compute Q  and Cjc ( Q )  until termination ) 

1. Set QQj = [2Kj / Hi(l/ns.(i) - 1/rij )]1/2 and v = i. If QQ, > QA(i) and 

A(i) < n + 1 then go to 2, If QQ{ < Qg(i) and B(i) > 0 then go to 3, 

else set Qj = QQj and go to 4. 

2. Set v <- A(v). If v g P(i) and s'(v) = s'(i) then set NL = Qv, Hj <- Hj + Hy 

and s'(v) = i; if ns^ = Ilj then set QQj = °°, else set 

QQj = [2Kj / Hj(l/ ns.(i) - lAli)]1/2. 

Else if v = s'(i) then set NL = Qv, Hy <- Hy - Hj, and s'(i) = s'(v); if 

ns-(i) = IIj then set QQj = else set 

QQj = [2Kj / Hj(l/ ns.(i) -
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If QQj > Qa(v) and A(i) < n + 1 repeat 2; else if QQj > Qv then set 

Qj = QQj, else set Qj = N^. Set i immediately after v in the list. Set 

i «- i +1. If i < n repeat 1, else go to 4. 

Set v <r- B(v). If v e P(i) and s'(v) = i then set Ny = Qv, Hj <- Hj - Hy, 

and s'(v) = s'(i); if = Elj then set QQj = else set 

QQi = [2Kj / Hj(i/ ns.(i) - 1/TIj)]1^2. 

Else if v e S(i) and s'(v) = s'(i) then set Ny = Qv, Hy <- Hy + Hj, 

and s'(i) = v; if n = rij then set QQj = else set 

QQi = [2Ki/Hi(l/ns.(i)-l/ni)]1'2. 

If QQj < Qg(v) and B(i) > 0 repeat 2; else if QQj < Qv then set Qj = QQj, 

else set Qj = Ny. Set i immediately before v in the list. Set i <- i +1. 

If i < n repeat 1, else go to 4. 
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4. Set mj = Qj/Qj for i = 1,..., n. Set 

Q1 ~ 6 N(G)(Ki/mi)/Sj£ N(G)mjHj(l/ris^^ - l/rij)]^. 

Set Qj = mjQj for i = 1,..., n. Go to 5. 

5. Set Ck(Q) = Xie N(G){ Kin0/Qi+ Hj(l/2) nQ (l/ns-(i) - l/npQi }. 

If Ck ( Q  )/Ck. j ( Q  ) > a then stop; else set k <- k +1 and i = 1. 

Go to 1. 
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