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ABSTRACT 

Two "collision biasing" schemes have been tested in a major production, 

Monte Carlo neutron and photon transport code MCNP. The intent is to reduce 

the variance that is inherent in all Monte Carlo calculations and increase the Monte 

Carlo efficiency in problems where the phase space is not sampled adequately. 

The first scheme, called collision biasing, already exists in the French code 

TRIPOLI. This method samples several post-collision coordinates and randomly 

selects one in proportion to an input importance function. 

The second scheme, called track biasing, is original and differs from col

lision biasing in that several particle tracks (trajectories) are sampled from one 

distance-to-collision calculation to the next distance-to-collision calculation, and 

one is chosen randomly in proportion to an input importance function. 

The effect of track biasing was found to be problem dependent. For trans

port along a long narrow cylinder the Monte Carlo efficiency increased, however for 

a deep penetration problem it decreased. 
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CHAPTER 1 

INTRODUCTION 

1.1 Radiation Transport 

Radiation transport is a field of study in which particle distributions in 

energy, space, and time are determined mathematically by an analytical solution 

to the transport equation, a numerical solution to the transport equation, or by a 

Monte Carlo solution which does not solve the transport equation explicitly. An

other solution is the experimental method which is not practical in very many cases. 

Radiation transport is important in many applications, including the de

sign of nuclear reactors, and radiation detectors, and oil well logging. There are 

several ways one may calculate the transport of radiation through material. In ad

dition to the Monte Carlo technique described here there are deterministic methods, 

which solve the transport equation for the average particle behavior. The Monte 

Carlo method does not solve an equation explicitly but rather obtains answers by 

generating random particle trajectories, which follow the constraints of the physical 

system, and recording the aspects (tallies) of their average behavior.1 The average 

behavior of the particle trajectories in the real (physical) system is inferred from 

the average behavior of the particle trajectories in the simulated system. 
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1.2 The Monte Carlo Method 

When neutron transport calculations were first being developed in Los 

Alamos in the 1940s, the Monte Carlo method was applied to a class of mathemati

cal methods by scientists to determine the neutron path length per unit volume per 

second, called the flux, in the fissioning of the atomic bomb.3 The Monte Carlo 

method simulates neutron and photon behavior on a computer in radiation trans

port problems. Random numbers are used in the Monte Carlo method to determine 

particle trajectories. A typical figure for the number of random numbers required 

for a Monte Carlo calculation today is on the order of at least a million and usually 

more! In 1945, solving problems with the Monte Carlo method was neither practical 

nor as statistically reliable as is possible with present-day computers. There were 

no digital computers to determine the analytical solution of the transport equa

tions, so the Monte Carlo method was used as a last resort to calculate the flux. To 

do a Monte Carlo problem without calculational assistance was a long and tedious 

job because the random numbers required for the calculations were obtained from 

tables. The major field of study where Monte Carlo computer codes axe used is in 

radiation transport calculations. 

The Monte Carlo method for radiation transport calculations suffers from 

its inherent statistical errors. One of the problems in Monte Carlo processes occurs 

when a particular region of phase space is not adequately sampled. Phase space 

is the position, angle, and energy that a particle has in its trajectory. When few 

particles make it to the desired region of the geometry—because they did not have 

enough energy due to previous collisions, or escaped out the side of the container, 

or were captured, etc.—the statistics in that region are very poor. One solution to 

this problem is a method called variance reduction. The variance in a statistical 
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sample is a measure of the spread of values in a given set of data. Variance reduc

tion increases the efficiency of the Monte Carlo calculation by either reducing the 

variance in the statistical sample or reducing the time required to do the calcula

tion (in this case, the computer time), or some combination of the two. The goal is 

to simultaneously reduce the statistical variance and minimize the computer time. 

Then, the efficiency may be defined to be inversely proportional to the product of 

the variance and the computer time (Chapter 2). 

1.3 Ob iective 

The objective of this thesis research is to implement a variance reduction 

scheme in an already existing Monte Carlo neutral particle* transport code to 

improve the effciency of the Monte Carlo method. The existing code is the inter

nationally known, general-purpose transport code, MCNP (Monte Carlo Neutron 

Photon) described in Ref. 1. 

The variance reduction scheme is titled "col l i s ion b ias ingThis thesis 

presents two different methods of collision biasing. The first already exists in an

other major production Monte Carlo transport code and it is desirable to investigate 

how well this method would work if implemented in MCNP. The second is an orig

inal idea by the author and his advisor, t 

* Neutrons and photons only. The Monte Carlo method can be used in electron transport, but that 

will not be discussed here. 

^ Dr. Thomas E. Booth at the Los Alamos National Laboratory. 
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The second method described above will be known from now on as " track  

biasing". Track biasing samples several particle tracks and randomly chooses one. 

A particle track is from one distance-to-collision calculation to the next distance-to-

collision calculation. In between the two calculations, the particle may cross from 

one medium to another, enter a preferred region, get captured, cause a fission, etc. 

A preferred region is one for which the neutron population is of interest. All of 

these variables will affect which of the sampled particles are chosen as well. 

1.4 Previous Work and Existing Literature 

The French TRIPOLI code6 uses collision biasing to sample several post-

collision coordinates. Post-collision coordinates are a particle's weight (the factor 

by which the score is multiplied when the particle scores)* , energy, direction, lo

cation, velocity, and time. Then, one is randomly chosen and the random walk 

continues. During the course of sampling the post-collision coordinates, a neutron 

has the possibility of being captured, causing a fission, escaping the geometry of the 

problem, scattering into a preferred region, scattering into a non-preferred region, 

etc. All of these events affect which sample will be chosen. 

Other attempts have been made by L. L. Carter, et al. at Los Alamos 

National Laboratory to bias collision events with no success. 

TRIPOLI collision biasing and MCNP track biasing have been implemented 

in MCNP. Their efficiencies are compared to a "regular" MCNP run where no 

variance reduction schemes are used. This is known as an analog run. At present the 

* A score is any neutron that contributes to the flux. 
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results in both the TRIPOLI collision biasing scheme and the MCNP track biasing 

scheme indicate that the extent of the increase in the efficiency of the Monte Carlo 

method has increased. Based on the efficiency, the TRIPOLI scheme is no better nor 

worse than the MCNP scheme: One may have better statistics but required more 

computer time, while the other may have poorer statistics but require less computer 

time, resulting in about the same efficiency for each calculation. Of course this is 

problem dependent, and only two problems were tested: An infinite slab of concrete 

200 centimeters thick and an iron cylinder of radius a and length I where a <C /. 
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CHAPTER 2 

REVIEW OF STATISTICAL AND PROBABILITY THEORY 

The Monte Carlo method is statistical in nature and uses "games of chance" 

to solve transport problems. Random numbers are generated and particle trajec

tories are evaluated based on these random numbers. Because of the statistical 

nature in the Monte Carlo method, a review of some results from probability and 

statistical theory is appropriate here. 

2.1 The Central Limit Theorem 

The central limit theorem states that 

lim Prob 
N—*oo *,) + a-fr < , < EM + = -2= f (2 - 0, 

where E(x ) is the expected value of x ,  x  is the mean, a is the standard deviation of 

the mean (or2 = Var(x), the variance of x), N is the number of histories, and a and 

/? can be any arbitrary real values. For large values of N (N —* oo) and identically 

distributed independent random variables Xi with finite means and variances, then 

the distribution of the means (x's) will tend to a normal distribution. Therefore, 

the distribution of the x's will be distributed approximately normally with mean 

E(x). Thus, it is seen that the relative standard deviation varies as 1/VW. AS 

the number (N) of histories increases, the relative standard deviation decreases. 

Concurrently, as the number of histories increases, so does the computer time. 
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2.2 Random Variables 

Random variables can be either discrete or continuous. A discrete real-

valued random variable X on a probability space £2 assumes only a finite or count-

ably infinite number of values xi,x2, A continuous real-valued random variable 

X on a probability space 12 is a function X(w),  w € fi, such that 

P({u\X(co)  = a;}) = 0, —oo < x  < oo, 

that is, such that X takes on any specific value x  with zero probability. 

2.3 The Random Walk 

Neutral particles in a scattering medium follow what is called a random 

walk. Let X be the random variable for the distance travelled between collisions 

in a scattering medium. Consider a sequence of events such that during the nth 

event a random variable Xn is observed. Let Sn, n > 0, denote the total distance 

travelled after n collisions. If the particle began with a distance a; from the origin 

then Sq = x and 

S„ = x  + Xi  + X2 + • •  •  +  X n ,  n  > 1.  

The set So, Si, S2,... is an example of a stochastic process2 (any collection of ran

dom variables). In this example Xi, X2,X3,... are independent and identically dis

tributed random variables. Under this assumption, the process Soi Sj,... is called 

a random walk. 
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2.4 Examples of Discrete and Continuous Random Variables 

Examples of discrete and continuous random variables are very common

place. Consider the experiment of rolling a fair die where the face value on the 

die is the score, e.g., if a 2 is rolled then a score of 2 is tallied. Let X denote this 

quantity. It is clear that X can take on only the values 1, 2, 3, 4, 5, or 6. It cannot 

be said with certainty which of these values X will have, since that value depends 

on the outcome of the random experiment. 

Consider now the probabilistic model for the decay of a radioactive sample. 

Let T be the random variable denoting the time until the first particle in the sample 

decays. The probability that the first particle decays at any specific time is zero 

(e.g., T = 3.0000... seconds) and hence T is a continuous random variable. This 

of course assumes that time is not discretized. 

2.5 Expected Values of Discrete and Continuous Random Variables 

The next quantity of interest is the expected value (or mean) of a random 

variable. Typically, EX or E{x) denotes the expected value of a random variable 

X. Then 

EX = E(x)  = ^2p( x i ) x i  ( 2 - 1 )  
t 

for a discrete random variable and 

/

CO 
p(x)xdx (2 — 2) 

-OO 

for a continuous random variable where p(xi )  is the normalized discrete probability 

density of obtaining Xi and p(x) is the continuous probability density for the con

tinuous random variable X. Continuing with the examples in Section 2.4, p(xi) is 
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6 equal to 1/6 for each face on a fair die. Also, ]Ci=iKx«) = 1, as it should be for 

any (normalized) probability density. Then by Eqn. (2 — 1), the expected value is 

6 

E( x) = Yl p ( x i ) x > 
i= 1 

= —(1 + 2 + 3 + 4 + 5 + 6) 
D 

- El  
6 

The radioactive decay example is a little more complicated than the fair 

die example because p(x) in Eqn. (2 — 2) is unknown at this time. However, 

it can be determined from an elementary knowledge of radioactive decay. From 

experimental data, it is known that radioactive isotopes decay according to the 

differential equation 

iJw[ - -A"«> 

where A > 0 is a fixed constant of proportionality and has the dimensions of inverse 

time. Thus, the number of atoms surviving up to a time t is proportional to the 

number present at time t. The solution to the above equation is 

N(t)  = N{ 0)e~ M .  

Therefore, the fraction of the atoms surviving to time t  is 

m _ Af  

n(o) - • 

Hence, the fraction of the atoms that have decayed by the time t  is 

P(t)  = 1 -  e~ x t  

which can also be written 

P(t) = / \e~ X x dx.  
Jo 
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This equation represents the distribution of t .  The integrand is the density function, 

and has the property that if t —> oo P(oo) = 1, as it should be. Hence, the density 

function is 

* > s  ̂  

Now the expected value (in this case, the expected time) that a given atom will 

decay can be calculated. From Eqn. (2 — 2), 

E( t )  = f ° °  Xe~ M t d t  
Jo 

_ 1 
~ A' 

Thus, the expected time for any given atom in the sample to decay is 1/A. 

2.6 The Variance of Discrete and Continuous Random Variables 

The variance of discrete and continuous random variables can be defined in 

terms of the moment of a random variable. Let X be a discrete random variable, 

and let r > 0 be an integer. Then the rth moment of X is defined to be EXr. Thus 

by Eqn. (2—1) the rth moment of X is 

EX r  = J2p(x i ) x l  (2-3) 
I 

For r  = 1, the first moment of X is just the expected value of X.  Then the var iance  

of X, denoted by Var X or V(X), is defined by 

V(X)  =  E[(X  -  EX) 2 ] .  (2-4) 
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or 

Expanding the right hand side gives 

V(X)  =  E[X 2  -  (2X) (EX)  +  {EX) 2 }  

=  EX 2  -  2(EX) 2  + (EX) 2  

V(X)  =  EX 2  -  (EX) 2 .  (2 - 5) 

It should be noted from Eqn. (2 — 5) that the variance is the second moment minus 

the square of the first moment. Quite often, however, V(X) is denoted by cr2 and 

EX by  f i  so  tha t  a  =  ̂ V(X ) ,  ca l l ed  t he  s tandard  dev ia t ion  of  X.  

The variance of a continuous random variable is defined in the same way. 

Using Eqn. (2 — 2), the rth moment of a continuous random variable is 

/

OO 
p(x )x r dx .  (2 -  6) 

-OO 

Then the variance a2 is given by 

/

OO 
(a; — n) 2 p(x )dx .  (2 — 7) 

-OO 

To see that this is indeed the variance, expand the right hand side of Eqn. (2 — 7): 

/

OO 
(x2 — 2 n x  + H 2 )p (x )dx  

-OO 

/

oo yoo /»oo 

x 2 p(x )dx  — 2 f i  I  xp(x )dx  + f i2  I  p(x )dx  
•OO J  — oo J— OO 

/

OO 
x 2 p(x )dx  — 2  n 2  + fx 2  

•OO 

/

OO 
x 2 p(x )dx  — fi2  

•OO 

/

oo r poo "12 

x 2 p(x )dx  — I  xp(x )dx  
•oo u-oo 

= EX 2  -  (EX) 2  
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and so the variance is given by Eqn. (2 — 7). 

2.7 The MCNP Figure of Merit 

The figure of merit is a measure of the calculational efficiency in MCNP. It 

is defined as 

where a is the relative error or standard deviation and T is the elapsed computer 

time. Note that a longer computer time generally means a smaller error and vice 

versa. Hence the form should be a constant. To demonstrate that the fom is 

a constant for a given Monte Carlo calculation, consider a certain Monte Carlo 

calculation that has taken a time Ti with an associated relative error 0\. It is 

desired that the relative error be reduced to some e so the problem is run for a 

longer time Te. Prom Eqn. (2 — 0), the relative error varies as 1/y/N, where N is 

the number of histories. Also, the elapsed time is proportional to the number of 

histories N, which implies that the error varies as 1/y/T. Hence, the ratio of two 

Monte Carlo runs of the same problem with times Ti and T2 can be formed: 

( 2 - 8 )  

y/% ax 

or 

t 2 = T l d  
°2 

Letting er2 —» e, T2 —• Tc gives 

Te 

From Eqn. (2 — 8) 

f om(cr i ,T i )  



and 
1 

fom( f, Tt) = 2T. . 
f f 

Using the expression for Tt in fom( f, Tt) gives 

22 

and the flgure of merit is constant. The goal of this thesis research is to increase the 

MCNP fom. This will be accomplished if both the relative error and the computer 

time can be reduced, or if one can be reduced more than the other is increased. 
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CHAPTER 3 

VARIANCE REDUCTION 

Variance reduction is a method that helps better sample a region of phase 

space that would not have been adequately sampled in an analog run. Not sampling 

a phase space adequately results in very poor statistics and an unreliable answer. 

As an example, consider the iron cylinder in Figure 3-1 or the concrete slab in 

Figure 3-2. There is a point mono-directional neutron source at the bottom of 

the cylinder directed parallel to the cylinder axis in Figure 3-1 and a point mono-

directional neutron source directed perpendicular to the bottom surface in Figure 

3-2. Consider the average number of neutrons crossing the top surface in both 

cases. Without an abundance of computer time, this cannot be determined without 

some sort of variance reduction scheme. 

Unfortunately, answers are usually required in these regions that are not 

adequately sampled. Granted, if a neutron flux is to be calculated, then it will be 

small in these regions. But if this region is where human beings will be working then 

it is of the utmost importance that this flux be calculated. When it is calculated the 

statistics must be good enough to insure a reliable answer. How does one sample 

a region of phase space more frequently without getting a "biased" answer? The 

solution is to use a weight multiplier (described earlier). 
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3.1 Particle Weights and Weight Multipliers 

Perhaps the best way to describe the par t i c l e  we igh t  is to say that it is the 

factor by which the score is multiplied when the particle scores. A score is when 

a particle crosses a tally surface. For example, if there is a neutron source at the 

center of a sphere of carbon then the number of neutrons crossing the surface of 

the sphere will be the tally and the surface of the sphere is the tally surface. Thus 

if wX{ denote the weight and score, respectively, of the ith particle, then upon 

scoring, WiXi will contribute to the tally. If each particle has a probability p(xi) of 

scoring, then the average number of particles that score is found from Eqn. (2 — 1), 

E(x) = 5Zp(x*)wixi• (3 ~ 
i  

Usually in Monte Carlo runs that do not use variance reduction schemes, the weight 

multiplier Wj is just equal to unity. Thus Eqn. (3 — 1) reduces identically to Eqn. 

(2 - 1). 

3.2 Expected Values Using Weight Multipliers 

When Wi ^ 1 then it is certain that the resulting answer needs to equal the 

analog answer. Requiring the equality of the two answers will yield a relationship 

for Wi. Let E(x) be the analog mean as in Eqn. (2 — 1) and let E(x) be the alleged 

"biased" mean. Denote the weight multiplier by u>,- and the probability density by 

p(xi) to be consistent with E(x). Then the biased mean is 

^(®) = (3 — 2) 
» 

Requiring E ( x )  =  E ( x )  would require 
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that is, 
. . , .. , , unbiased probability 

weight adjustment = —— -—— . 
biased probability 

Returning to the problem of the fair die, what if the die were not fair but 

biased so that a 3 is rolled three times more often than in the fair die case? In the 

fair die case the 3 had a probability of 1/6 of being rolled. In the biased case it has 

a 3(1/6) or 50% chance of being rolled. If the other faces on the die remain equally 

probable, then each must have a probability of less than 1/6 if the new probability 

distribution is to be normalized to unity. 

If the 3 on the die has an occurrence probability of 1/2 then the remaining 

faces on the die must each have a probability of 1/10 of being rolled. This can be 

seen by requiring that the sum of all biased probabilities be equal to 1: 

6 

5ZP(®«') = !• 
i=l 

Since p(x3) = 1/2, then 

P(» i )  +  P(®2)  +  P(x 4 )  +  p(x 5 )  +  p(x e )  =  

If all faces other than 3 have an equal chance of occuring, then 

5p(x i )  =  —,  i  ^ 3, 

or 

P(*0 = ^j> i ^ 3. 
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With these biased probabilities the corresponding weight multipliers can be obtained 

from Eqn. (3 — 3): 

to i = 

w3 = -

lt>4 = 

p(*l) 1/6 5 

p{x  i) 1/10 3 

p( x  2) 1/6 5 

P{*2)  1/10 3 

P(z 3) 1/6 1 
p(*s) 5/10 3 

p(x4) 1/6 5 

p{Xi )  1/10 3 

p( I5) 1/6 5 

P(®s) 1/10 3 

P(®e) 1/6 5 

p(x 6 )  1/10 

Then from Eqn. (3 — 2) the biased expected value is 

u 

&(x) = 

-te)(s)«»(n)(;)°"©(i)'» 
- (=) (!)<»- (n) (i)<»-(s) (l)®> 
_ 21 

6 

=  E ( x ) ,  

the same as the unbiased expected value. What about the variance? The variance 

in this example has increased relative to the variance in the fair dice game. These 

variances can be calculated from Eqn. (2 — 5): 

V = 2* and ? _ HI. 
36 36 

V  has increased because the probability density chosen from which to sample was 

not in fact the optimum density to use. What was demonstrated here was that 
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the expected value would be the same in the biased game as in the unbiased game. 

Nothing was said about the variance and if it would increase or decrease. In fact, 

the probability density from which to sample must be chosen carefully if one desires 

the variance to decrease. This is discussed in the next section. 

3.3 Importance Sampling 

One way to choose an optimum probability density from which to sample 

is to consider the integral 

G =  J  p(x )xdx  (3 — 4) 

where the function p(x )  is not necessarily the best density function to use in a Monte 

Carlo calculation. Instead, sample from a different density function as follows: 

G = I (3"6) 

where 

p(x )  >0, J  p(x )dx  = 1. (3 — 6) 

The variance of G when p(x) is used then becomes 

V(G)  = f 
J  i  p(Z)  .  

2 

p{x )dx  — G 2  (3 — 7) 

where G 2  is fixed. For V(G)  to be a minimum, the integral in Eqn. (3 — 7) must 

be minimized subject to the constraint of Eqn. (3 — 6). This suggests a Lagrange 

multiplier A (not to be confused with the decay constant mentioned previously). 

Using the method of Lagrange multipliers, p(x) must be found such that 

L{p}  = P dx  +  \  J  p(x )dx  (3-8) 
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is minimized.3 Considering small variations of p(x ) on the bracketed quantity and 

having this variation vanish, 

![-] = »• 

yields 
x 2 p 2 ( x )  

p (x )  
4- A = 0 

or 

P( x )  =  ~ j jP( x ) x -  ( 3  -  9 )  

The function p(x )  will be known from now on as the "importance function". Re

quiring f p{x)dx = 1 gives A — G2 and 

(3-10) 

Using this function in the dice problem, the variance V(G) becomes 

6 *>(*.-) _2 G2 
*(G) = Ep-£W -

^  P( x i )  

y -  P 2 (* i> l  C 2  
p(x i ) x i /G  

6 

= <*]Pp(a:,)x; -  G 2  = 0. 
i=l 

Thus by choosing the function p{x )  by the above method, a zero variance solution 

results. 

The individual biased probabilities for the dice game then become: 
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1 
P6 — q P& 3*6 

1 
= ~qP5X5 

1 
Pa = -qPAx4 

_2_ 
3 G 
_5_ 
6 G 
_1 
G 

The point to this problem is that one may arbitrarily choose an importance function 

from which to sample, as was done in choosing the 3 to be rolled three times more 

often than the other faces on the die, but the importance function chosen might not 

be the best one to use. This was seen from the demonstration that choosing the 3 

to occur three times more often than the other faces led to an increased variance. 

The goal here is to reduce the variance. 

The importance function method can be applied to Monte Carlo calculations 

in order to better sample those regions of phase space that would not have been sam

pled sufficiently, and possibly to approach a zero-variance solution. Zero-variance 

solutions cannot be obtained in general, but there is certainly some motivation in 

choosing an importance function that will reduce the variance. 
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Figure 3-1 Iron cylinder with point mono-directional neutron source at one end. 
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Figure 3-2 Infinite concrete slab 200 cm thick with point mono-directional neutron 

source on left-most surface. 
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CHAPTER 4 

COLLISION BIASING AND TRACK BIASING IN MCNP 

The problem of concern here is poor statistics due to a particular region of 

phase space being sampled inadequately. The ideas of Chapters 2 and 3 will be used 

to better sample the phase space of interest and lower the variance associated with 

the calculation. Preserving the mean is the primary concern; reducing the variance, 

while desirable, is secondary. 

Refering to Figure 3-1, it is desired that the mono-directional particles start 

from the bottom of the iron rod and reach the top of the rod, where a tally will 

be taken across the top surface. Cleaxly, the further along the rod a particle has 

traveled, the more computer time has been invested in it, and the less desirable it 

i s  t ha t  t he  pa r t i c l e  wi l l  e scape  the  t a l ly .  To  avo id  such  cos t ly  los ses ,  a  co l l i s ion  

biasing or track biasing scheme be implemented into an already existing Monte 

Carlo computer code. 

MCNP1 is a general Monte Carlo code for neutral particle (neutrons and 

photons only) transport. The current variance reduction methods in MCNP give 

acceptable statistics for a problem like the iron rod of Figure 3-1 when the problem 

is run for 60 minutes or longer. The solution to this problem is to implement 

a collision biasing or track biasing scheme in MCNP that will give a "correct" 

answer with acceptable statistics in less computer time. Keep in mind that one 
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particular variance reduction scheme may work well on one problem and not on 

another problem. MCNP is full of variance reduction schemes. Each one was 

designed with a particular problem in mind. 

Two methods of biasing the collision using an input importance function 

to estimate the expected score have been tested in MCNP. One of the methods 

already exists in the Ftench code TRIPOLI; the other as yet exists only in the 

author's version of the MCNP Monte Carlo transport code and not in any public 

versions of MCNP. 

4.1 TRIPOLI Collision Biasing Scheme 

The TRIPOLI collision biasing scheme samples severed post-collision co

ordina te s  and  chooses  one  randomly ,  i n  p ropor t ion  t o  the  expec ted  sco re .  Le t  n  

denote the number of post-collision coordinates to be sampled. 

If n  tracks axe sampled and the jth one is selected in proportion to its 

expected score Ej, then the probability of selecting the jth track is 

Pi  =  E .  > ( 4 - 1 )  

where pj is the biased probability of the jth track. An unbiased sampling would 

have selected track j with probability 1/n, Hence track j was made npj times 

more likely to occur. In order to preserve the expected weight, the weight must be 

multiplied by ibj, where 

n ELi  E-
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Note that each of the sampled tracks may have progeny (for example, due to a 

fission or an (n, 2n) reaction). The expected score of the jth outcome is the sum of 

the expected scores from its progeny. Let Ujk be the fcth track of the jth sample. 

Then the expected score of the jfth sample is 

Ei = Y,UjkEk, (4-3) 
k  

where E k  is the expected score of track k .  The probability of selecting the jth track 

would be 

-  V j k E k  .  .  
p' ' E?„1 E* (4 4) 

and the corresponding weight correction is 

W i =  
k V i i E k  •  < 4 - 6 »  

Note that from Eqn. (4 — 4) the probabilities p j  are normalized to unity as they 

should be for a discrete probability. 

During the sampling of the post-collision coordinates, a cumulative proba

bility is formed from the pj's. A random number is generated and a binary search is 

done on the random number to find its location in the cumulative probability. This 

location in the cumulative probability corresponds to the particle of choice. After 

the choice has been made, the particle continues its random walk with weight wj 

until the next collision event, where the process is repeated. 

4.2 MCNP Track Biasing Scheme 

This method splits a particle of weight w into n  particles, each of weight 

w/n, at a distance-to-collision calculation, (n — 1) of the n particles will temporarily 
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be stored in an array, while the one not stored will be tracked to its next distance-

to-collision calculation, where its expected score will be calculated. This particle is 

stored in another (temporary) array, and the next particle is retrieved from the first 

array and tracked in the same manner as just described. One by one, particles are 

pulled out of the first array, tracked to their next distance-to-collision calculation, 

and then stored in the second array. When all particles have reached the second 

array one is picked randomly, as described above, and the random walk continues. 

At the distance-to-collision calculation the particle is split into n  particles. 

Let Wj represent the weight for track j. In this case Wj = constant = W/n, where 

W is the weight of the original particle, 

n 

W = (4-6)  
«=i  

The unbiased probabilities of the jth track would then be 

W j  
Pj  =  

X£,i w 
Wj_ 
w '  

(4-7)  

Thus, (since W j  = constant) any one of the tracks has an equal chance of being 

chosen. Therefore, the track of least interest has the same chance of being chosen 

as the track of most interest. It would be preferable to be able to choose the tracks 

of greater interest more often than the tracks of lesser interest. This can be done 

by sampling the various tracks in proportion to their expected score. 

If each track is sampled in proportion to some other probability density, 

such as the expected score, the sampling will become biased. It must be shown, 

then, that the expected weight is preserved in the biased case. Let Ej be the 
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expected score per unit weight for the jth sample. Then the expected score of the 

jth track is the product of its weight (physical number of particles) and its expected 

score per unit weight, 

S j  =  W j E j .  (4-8)  

Let the biased probability of the Jth sample be p j .  Then 

* = (4"9) 

and the corresponding weight correction is 

.  a t  .  S y ( 4 - i o )  
3  p j  E j W  v  '  

After the n  tracks have been sampled, one must be chosen. One is chosen 

randomly from a cumulative probability as in the TRIPOLI case. The particle 

selected resumes the random walk with weight W = ]CT=i W{. To prove this, let 

n 

M j  = ^ W {  with probability p j  
i=i 

= 0 with probability (1 —  P j )  

Then the average value (or expected score) of M j  is 

t 

But from Eqn. (4 — 7), 

W j  
Pi = ^' 

so Mj becomes 
w. __ 

Mi = m w' •  
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Suppose the sampling is also made from a biased density p j .  A weight 

adjustment must be made in order for the game to be unbiased. From Eqn. (4 —10) 

Pi  m  s ,  w w ,  
'  Pi  E jZ iW,  

Letting Mj be the biased mean, 

= WjPjJ^Wi  
i  

=  ( E j W j E A  f w jE j  \  (T \  

\E jZ iWiJ \E iWiEj  W ' J  

=  Wi  

and the expected weight is preserved. 

On the jth sample the expected weight is the product of the weight adjust

ment and the weight followed: 

Wj = 

Y,  j W jE j  

E jE iWi 2 ^  '  

= t^w'e" 

So the score on the jth sample is, (see Eqn. (4 — 8)), 

S j  =  W j E j  = Y^WiEi ,  (4-11)  
t 

This is independent of which sample was chosen. In other words, any sample will 

give the same expected score as any other sample. 
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CHAPTER 5 

RESULTS OF BIASING A COLLISION 

Biasing a collision event may or may not increase the efficiency of the Monte 

Carlo calculation. This is problem dependent, as will be seen below. The iron 

cylinder represents a problem where it is difficult to keep neutrons (or photons) 

propagating parallel to the cylinder axis so they can contribute to a tally on the 

top surface. 

The infinite slab of concrete 200cm thick represents a deep penetration 

problem. This type of problem is of concern because nuclear reactors are generally 

behind thick concrete walls, and one always wants to know the number of neutrons 

reaching the outside surface of the concrete. Generally, there will always be very 

few neutrons penetrating the outer surface, but nonetheless the flux must be known 

to within a few percent. 

Tables 1 through 4 show the results for track biasing and collision biasing 

where the source is on the bottom surface and left-most surface of the iron cylinder 

and concrete slab, respectively. These two surfaces are synonymous with "surface 

2". Tables 5 through 8 are the results of the same calculation except the source has 

been moved to the mid-point of the geometries as shown in Figures 5-1 and 5-2. To 

say that the source is at the mid-point of the geometry is synonymous with saying 

the source is on "surface 7" for the iron cylinder and "surface 12" for the concrete 
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slab. Tables 9 and 10 are the results for an arbitrary importance function. These 

calculations were done with the source on surface 7 of the iron cylinder and surface 

12 of the concrete slab. 

The results of the collision biasing and track biasing tests axe summarized 

in Tables 1 through 10. The following quantities are found in the tables: 

(i: The mean. Average number of particles crossing the tally surface (flux), 

cr^: Relative standard deviation of the mean. 

f om:  MCNP figure of merit. 

r ips :  Number of particles started from the source. 

t :  Computer time (minutes) required for the calculation. 

n:  Number of tracks or post-collision coordinates sampled. 

Figure-of-merit ( fom)  results from the collision biasing and track biasing 

schemes will be compared to the fourth entry in column two of the Tables 1 through 

4. This entry shows the result of using only the input importance function to 

estimate the expected value of each of the particles. The figure-of-merit allows one 

to compare apples to apples and not apples to oranges. The goal is for the fom in 

the collision biasing and track biasing schemes to be greater than the fom in the 

scheme where only the input importance function is used. In Tables 5 through 8 the 

fom results are compared to the second entry in column two for the same reasons 

as above. In Tables 9 and 10 the fom results are compared to the analog result? 

obtained for collision biasing in the iron cylinder and concrete slab with the source 

at the mid-point of the geometries. 
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5.1 Track Biasing Results for Iron Cylinder 

Table 1 contains the results of the track biasing scheme for the iron cylinder 

tested in MCNP. In this scheme the following methods axe compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

imp: Uses the geometry splitting/Russian roulette method in MCNP. Described 

in Ref. 1. 

wwg: Uses the weight window generator in MCNP to generate weight windows 

based on cell importances. Also described in Ref. 1. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

tbias: MCNP with track biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 1 

Track Biasing Results for Iron Cylinder 
Method fJL X 10~b f om rips t  n  
analog 6.75 0.130 1 9,331,096 60.00 NA 
imp 7.18 0.011 145 1,135,196 60.00 NA 
wwg 7.34 0.025 26 3,041,685 60.00 NA 
saeww 7.41 0.018 50 5,489,224 60.00 NA 
tbias 7.57 0.032 16 4,467,812 60.00 1 
tbias 7.45 0.018 53 1,780,768 60.00 2 
tbias 7.23 0.018 55 516,910 60.00 5 
tbias 7.47 0.043 9 268,431 60.00 8 

The first entry in column two of Table 1 has a 13% error. This is indicative 

of the difficulty in getting neutrons up a thin cylinder of iron 200 cm long. The 



41 

fom column shows that the figure of merit is largest when five particle tracks were 

sampled. Eight tracks uses too much computer time and sampling only one track 

does not generate a cumulative probability from which to sample. Five particle 

tracks is an optimum number in this case and the track biasing scheme has proven 

to be successful in the iron cylinder problem. However, the imp results shown in 

Table 1 is by far the best answer because the fom is a factor of three larger than 

the track bias sample where five tracks were sampled. The imp method currently 

exists in MCNP and was added only as a demonstration. 

5.2 Collision Biasing Results for Iron Cylinder 

Table 2 contains the results of the collision biasing scheme for the iron 

cylinder in MCNP. In this scheme the following methods are compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

imp: Uses the cell importance method in MCNP. Described in Ref. 1. 

wwg: Uses the weight window generator in MCNP to generate weight windows 

based on cell importances. Also described in Ref. 1. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

cbias: MCNP with track biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 
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TABLE 2 

Coll ision Biasing Results for Iron Cylinder 
Method fJL X 10~b Cp fom nps i n 
analog 6.75 0.130 1 9,331,096 60.00 NA 
imp 7.18 0.011 145 1,135,196 60.00 NA 
wwg 7.34 0.025 26 3,041,685 60.00 NA 
saeww 7.41 0.018 50 5,489,224 60.00 NA 
cbias 7.73 0.033 15 2,176,277 60.00 1 
cbias 7.42 0.023 30 1,820,585 60.00 2 
cbias 7.01 0.021 38 1,329,044 60.00 5 
cbias 7.09 0.027 23 1,041,597 60.00 8 

In Table 2 the results are not as good as the track biasing results in Table 

1. The fom dropped from 55 to 38 when sampling 5 post-collision coordinates. In 

this case one is better off using only the input importance function (saeww value). 

The collision biasing scheme is not as efficient as the track biasing scheme 

because it only samples post-collision coordinates whereas the track biasing scheme 

samples the track from one distance-to-collision calculation to the next distance-

to-collision calculation. In other words, the track biasing scheme gathers more 

information about particle trajectories than the collision biasing scheme does. The 

more information that can be obtained in a Monte Carlo calculation, the higher will 

be the efficiency. 

5.3 Track Biasing Resets for 200cm Concrete Slab 

Table 3 contains the results of the track biasing scheme for the infinite 

concrete slab 200cm thick. In this scheme the following methods are compared: 
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analog: No variance reduction. This was referred to earlier as a "regular" run. 

imp: Uses the cell importance method in MCNP. Described in Ref. 1. 

wwg: Uses the weight window generator in MCNP to generate weight windows 

based on cell importances. Also described in Ref. 1. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

tbias: MCNP with track biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 3 

Track Biasing Results for Concrete Slab 
Method H x 10-' fom rips t n 
analog 0.00 0.000 00 1,814,236 60.00 NA 
imp 2.48 0.018 50 157,043 60.00 NA 
wwg 2.53 0.010 155 576,947 60.00 NA 
saeww 2.50 0.019 43 634,349 60.00 NA 
tbias 2.57 0.022 34 539,771 60.00 1 
tbias 2.47 0.025 26 196,778 60.00 2 
tbias 2.56 0.030 18 67,533 60.00 5 
tbias 2.68 0.036 13 41,896 60.00 8 

The results for track biasing in a deep penetration problem axe not encour

aging. This can be seen by comparing the values in column four of Table 3; as the 

number of tracks sampled increases, the fom decreases. It is recommended that 

in a one-dimensional deep penetration problem to use only the input importance 

function; it has the largest fom. The second and third methods could also be used. 

They axe currently available in MCNP. 
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5.4 Collision Biasing Results for 200cm Concrete Slab 

Table 4 contains the results of the collision biasing scheme for the infinite 

concrete slab 200cm thick. In this scheme the following methods are compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

imp: Uses the cell importance method in MCNP. Described in Ref. 1. 

wwg: Uses the weight window generator in MCNP to generate weight windows 

based on cell importances. Also described in Ref. 1. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

cbias: MCNP with track biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 4 

Collision Biasing Results 'or Concrete Slab 
Method H X 10- ' (Tf t  fom nps  t  n  

analog 0.00 0.000 00 1,814,236 60.00 NA 
imp 2.48 0.018 50 157,043 60.00 NA 
wwg 2.53 0.010 155 576,947 60.00 NA 
saeww 2.50 0.019 43 634,349 60.00 NA 
cbias 2.65 0.022 33 18,245 60.00 1 
cbias 2.52 0.022 34 14,996 60.00 2 
cbias 2.44 0.025 26 10,161 60.00 5 
cbias 2.53 0.028 21 7,815 60.00 8 

The results for collision biasing are slightly more desirable than the results 

for track biasing in a deep penetration problem. The deep penetration problem 
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does not appear to need any collision biasing or track biaising method. It does fine 

with only the input importance function or the current methods in MCNP. 

5.5 Track Biasing Results for the Iron Cylinder: Source on Surface 7 

Table 5 contains the results of the track biasing scheme for the iron cylinder 

tested in MCNP. In this calculational series the source has been moved from the 

bottom of the cylinder half way up the cylinder to the center (see Figure 5-1). 

This allows an analog calculation to be made that will have reasonable statistics to 

compare the biasing schemes' results to. In this scheme the following methods are 

compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

tbias: MCNP with track biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 5 

Track Biasing Results for Iron Cylinder: Source on Surface 7 
Method li x 10~3 fom nps t n 
analog 3.78 .0056 538 8,616,357 60.00 NA 
saeww 3.80 .0030 1909 9,464,519 60.00 NA 
tbias 3.83 .0099 170 35,911 60.00 1 
tbias 3.82 .0120 119 11,670 60.00 2 
tbias 3.80 .0140 80 3,002 60.00 5 
tbias 3.76 .0190 49 1,542 60.00 8 
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An analog answer was obtained with about a half percent error. Perusing 

the fom, column indicates that an analog calculation, or one involving only the 

input importance function, is the best. Track biasing loses out here. 

5.6 Collision Biasing Results for the Iron Cylinder: Source on Surface 7 

Table 6 contains the results of the collision biasing scheme for the iron 

cylinder tested in MCNP. The source has been moved to the center of the cylinder 

as was done in the previous calculation to obtain an analog result. In this scheme 

the following methods are compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

cbias: MCNP with collision biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 6 

Collision Biasing Results for the Iron Cylinder: Source on Surface 7 
Method H x 10~3 Of- fom nps t n 
analog 3.78 .0056 538 8,616,357 60.00 NA 
saeww 3.80 .0030 1909 9,464,519 60.00 NA 
cbias 3.79 .0046 801 4,159,992 60.00 1 
cbias 3.80 .0048 713 3,299,717 60.00 2 
cbias 3.81 .0056 538 2,407,962 60.00 5 
cbias 3.79 .0063 417 1,861,631 60.00 8 
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The best calculation is with the input importance function. However, note 

the dramatic increase in the fom between track biasing and collision biasing in 

Tables 5 and 6. The collision biasing fom results exceed the track biasing results 

by factors of four and higher. 

5.7 Track Biasing Results for the Concrete Slab: Source on Surface 12 

Table 7 contains the results of the track biasing scheme for the concrete 

slab tested in MCNP. The source has been placed at the mid-point of the slab to 

yield an analog calculation as in Section 5.6 (see Figure 5-2). In this scheme the 

following methods axe compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

tbias: MCNP with track biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 7 

Track Biasing Results for Concrete Slab: Source on Surface 12 
Method /1 x 10~3 fom nps t n 
analog 1.10 .0250 26 1,436,418 60.00 NA 
saeww 1.12 .0065 396 3,428,103 60.00 NA 
tbias 1.09 .0071 333 126,463 60.00 1 
tbias 1.14 .0090 207 131,123 60.00 2 
tbias 1.29 .0100 157 53,453 60.00 5 
tbias 1.30 .0120 124 34,754 60.00 8 
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The results here look very suspicious. The last two entries in column two of 

Table 7 disagree with the other results by about 16%. Generally this would indicate 

that the particle weights were not correctly adjusted in the computer coding. How

ever, the computer coding here is identical to the computer coding that generated 

the results in Table 5 for track biasing in the iron cylinder. The only difference is 

the material and the importance function. 

5.8 Collision Biasing Results for Concrete Slab: Source on Surface 12 

Table 8 contains the results of the collision biasing scheme for the concrete 

slab tested in MCNP. Again, the source has been moved to the mid-point of the 

slab. In this scheme the following methods are compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

saeww: Regular MCNP run using only the input importance function, with no track 

biasing or collision biasing. 

cbias: MCNP with collision biasing using the importance function to estimate the 

expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 8 

Collision Biasing Results for Concrete Slab: Source on Surface 12 
Method H X 10~3 fom nps t n 
analog 1.10 .0250 26 1,436,418 60.00 NA 
saeww 1.12 .0065 396 3,428,103 60.00 NA 
cbias 1.09 .0100 166 199,280 60.00 1 
cbias 1.10 .0099 169 157,669 60.00 2 
cbias 1.09 .0110 141 113,278 60.00 5 
cbias 1.10 .0120 114 88,184 60.00 8 
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Note here that the fom results for collision biasing are 20 to 30 percent 

lower on the average than the track biasing results. 

5.9 Sampling from Other Importance Functions 

It was mentioned in Section 3.3 that one may sample from any probability 

distribution function and still obtain the correct result. The variance, however, 

may not decrease but instead increase. This section presents the results of using a 

different importance function than was used in the previous calculations. The one 

used was arbitrarily chosen to be 

/ = 1 + cosfl, 0 < / < 2 

where 6 is the angle with respect to the initial direction of the neutron source in 

Figures 3-1, 3-2, 5-1, or 5-2. By using this function it can be seen that if neutrons 

are going in the backwards direction (cos# fa —1) then / « 0 and that neutron 

is not very important. On the other hand, if the particle is going in the forward 

direction (cos# fa 1) and / fa 2, then the neutron is more important. 

Tables 9 through 12 contain results for collision biasing and track biasing 

in the concrete slab and iron cylinder (respectively) using the above importance 

function in MCNP. The source is on surface 7 for the iron cylinder and surface 12 

for the concrete slab. In this scheme the following methods are compared: 

analog: No variance reduction. This was referred to earlier as a "regular" run. 

cbias: MCNP with collision biasing using the 1 + cos0 importance function to 

estimate the expected score of each collision. The number of post-collision 

coordinates sampled is the last column in the table. 
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tbias: MCNP with track biasing using the 1+cos# importance function to estimate 

the expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 9 

Collision Biasing Resu ts for Concrete Slab: / = = 1 + cos# 
Method H X 10~3 <7M form nps t n 
analog 1.10 .025 26 1,436,418 60.00 NA 
cbias 1.11 .039 11 600,735 60.00 1 
cbias 1.10 .038 12 374,385 60.00 2 
cbias 1.10 .055 5 259,424 60.00 5 
cbias 1.04 .032 16 205,446 60.00 8 

TABLE 10 

Track Biasing Results for Concrete Slab: / = L + cos# 
Method H X 10~3 fom nps t n 
analog 1.10 .0250 26 1,436,418 60.00 NA 
tbias 1.06 .0289 20 1,130,235 60.00 1 
tbias 1.09 .0215 36 422,435 60.00 2 
tbias 1.11 .0246 28 173,578 60.00 5 
tbias 1.20 .0616 4 110,183 60.00 8 

TABLE 11 

Collision Biasing Results for Iron Cylinder: / = 1 + cos# 
Method H x 10~3 crM fom nps t n 
analog 3.78 .0056 538 8,616,357 60.00 NA 
cbias 3.79 .0092 192 3,140,529 60.00 1 
cbias 3.79 .0096 181 2,607,738 60.00 2 
cbias 3.78 .0110 142 1,924,351 60.00 5 
cbias 3.77 .0120 116 1,541,445 60.00 8 
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TABLE 12 

Track Biasing Results for Iron Cylinder: / = 1 + cos# 
Method H X 10-3 fom nps t n 
analog 3.78 .0056 538 8,616,357 60.00 NA 
tbias 3.79 .0064 412 6,588,763 60.00 1 
tbias 3.83 .0068 359 2,999,931 60.00 2 
tbias 3.84 .0098 172 908,037 60.00 5 
tbias 3.83 .0129 100 468,091 60.00 8 

The results for the concrete slab and iron cylinder Eire not as encouraging 

as one might have expected. The only result that looks like an improvement over 

the analog result is the third entry in Table 10 where two tracks were sampled. The 

fom almost doubled. 

Similar to the dice results described in Section 3.3, an importance function 

should not be arbitrarily used. The use of 1 + cos8 as an importance function 

resulted in an increase in the variance which lowered the fom. 

5.10 Biasing Verses the Same Number of Histories 

Now look at the some of the same calculations in a slightly different light. 

Table 13 contains the results of track biasing, collision biasing, and the 1 + cos 9 

importance sampling for the iron cylinder where all problems ran the same number 

of histories. This allows one to look at which method gives the best answer per 

number of histories. In this section the following methods are compared: 

analog: No variance reduction turned on. This was referred to earlier as a "regular" 

run. 
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cbias: MCNP with collision biasing using the input importance function to es

timate the expected score of each collision. The number of post-collision 

coordinates sampled is the last column in the table. 

tbias: MCNP with track biasing using the input importance function to estimate 

the expected score of each track. The number of tracks sampled is the last 

column in the table. 

coscb: MCNP with collision biasing using the 1 -f- cos# importance function to 

estimate the expected score of each collision. The number of post-collision 

coordinates sampled is the last column in the table. 

costb: MCNP with track biasing using the 1-f cos0 importance function to estimate 

the expected score of each track. The number of tracks sampled is the last 

column in the table. 

TABLE 13 

Results for Biasing Verses the Same Number of Histories 
Method H X 10~3 Op. fom nps t n 
analog 3.40 .171 480 10,000 .07 NA 
cbias 3.65 .086 735 10,000 .18 2 
tbias 3.81 .013 120 10,000 51.33 2 
coscb 2.70 .184 126 10,000 .24 2 
costb 4.33 .115 370 10,000 .20 2 

From a statistical point of view, the track biasing method gives the best 

answer. More information is gained per track than in the other methods tested, 

thus lowering the variance. However, the calculational efficiency is the lowest in 

this calculation and the highest in the collision biasing calculation. In fact, it might 

be a good trade-off to use the collision biasing method and run the problem for 

approximately 5 minutes. This would lower the relative error to about 2%. 
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5.11 The fom is Constant 

In Section 2.7 it was demonstrated mathematically that for a well-behaved 

calculation the fom was constant for a given Monte Carlo calculation. Figures 

5-3 through 5-6, plots of the fom verses number of histories demonstrate this 

characteristic. Figure 5-3 is from an analog calculation in the iron cylinder where 

the source is at the mid-point of the cylinder as shown in Figure 5-1. Figure 5-4 is 

from a track bias calculation in the iron cylinder with the source at the mid-point of 

the cylinder as in Figure 3-3 where five tracks were sampled. Figure 5-5 is from the 

calculation where five tracks were sampled in the concrete slab with the source on 

the left-most surface as in Figure 3-2. Figure 5-6 is from a collision bias calculation 

in the concrete cylinder with the source on the left-most surface as in Figure 3-2 

where eight post-collision coordinates were sampled. 
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Figure 5—1 Iron cylinder with point mono-directional neutron source mid-way in 

the cylinder. 
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Figure 5-2 Infinite concrete slab 200 cm thick with point mono-directional neutron 

source mid-way in the slab. 
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Figure 5-3 Number of histories verses f om for the analog calculation in the iron 

cylinder with the source mid-way in the cylinder. 
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Figure 5-4 Number of histories verses f om for track bias calculation in the iron 

cylinder with the source mid-way in the cylinder where 5 tracks were 

sampled. 
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Figure 5-5 Number of histories verses f om for track biasing in the concrete slab 

with the source on the left-most surface as in Figure 3-4 where five 

tracks were sampled. 
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Figure 5-6 Number of histories verses fom for collision biasing in the concrete 

slab with the source mid-way in the slab where eight post-collision 

coordinates were sampled. 
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CHAPTER 6 

CONCLUSIONS 

Two collision biasing schemes have been implemented and tested in the 

major production, general-purpose neutron and photon Monte Carlo transport code, 

MCNP. Monte Carlo calculations have inherent statistical problems when regions 

of phase space are not adequately sampled. The goal of this thesis research has 

been to increase the Monte Carlo efficiency in regions where the phase space has 

not been adequately sampled by implementing a collision biasing or track biasing 

scheme in MCNP. 

The French code TRIPOLI uses a collision biasing scheme where n post-

collision coordinates are sampled and then one is randomly chosen in proportion 

to an input importance function that estimates the particle's expected score. This 

method of biasing a collision event was implemented and tested in MCNP to observe 

the calculational efficiency in two problems; the iron cylinder and the infinite slab 

of concrete 200 centimeters thick. 

Another method of biasing a collision event, called track biasing, was im

plemented and tested in MCNP to observe the calculational efficiency in the same 

two problems mentioned in the previous paragraph. This method samples n parti

cle tracks from one distance-to-collision calculation to the next distance-to-collision 

calculation and randomly chooses one in proportion to the same input importance 

function mentioned in the previous paragraph. 
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The results have shown that the track biasing scheme works well in a prob

lem like that of an iron cylinder of radius a and length I where a <C / when sampling 

two or five collisions. The collision biasing scheme did not increase the Monte Carlo 

efficiency in the iron cylinder problem because it only sampled post-collision co

ordinates and did not obtain enough information about the rest of the trajectory. 

The track biasing scheme, on the other hand, sampled the entire track from one 

distance-to-collision calculation to the next distance-to-collision calculation, gaining 

more information about the particle's trajectory and thus increasing the efficiency. 

Neither the collision biasing scheme nor the track biasing scheme increased 

the efficiency in the deep penetration concrete problem; the efficiency decreased. 

The recomendation here is to use only the input importance function for a problem 

of this nature or the other variance reduction methods currently available in MCNP. 

The results for track biasing and collision biasing with the source at the 

mid-point of the geometry did not prove to be successful either. That is to say that 

the current methods in MCNP axe adequate to calculate this problem efficiently. 

However, there was a dramatic increase in the forrt between the two methods in the 

iron cylinder. The collision biasing fom results exceed the track biasing results by 

factors of four and higher. At this point it is not known what this can be attributed 

to. There seems to be a good trade-off here with the collision biasing and track 

biasing. Collision biasing does a better job from an efficiency stand point and track 

biasing does a better job from a statistics stand point. But, the collision biasing 

problem will run in about one fifth to one tenth the time. So, it depends on how 

much computer resources are available to the user. 
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Sampling from just any importance function showed that generally one will 

not increase the calculational efficiency of the Monte Carlo calculation. This was 

tested here by using an importance function that biased particles in a forward 

direction by increasing the neutron importance if the cosine of the angle between 

the cylinder axis and the particle trajectory was close to one, and decreased the 

neutron importance if the cosine of the same angle was less than or equal to zero. 

The problem with this method is that if particles have cosines of these angles in the 

neighborhood of .1 or .2 then they are still biased in the forward direction. When 

actually they are not going in a preferred direction at all. 

In conclusion, there were only two problems tested here because of the 

difficulty in obtaining the input importance function. For each problem a new 

importance function must be generated. Once it is generated, no parameters in 

the problem may be changed; e.g., length of cylinder, radius of cylinder, energy of 

source neutrons, direction of source neutrons, etc. 
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