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ABSTRACT 

A damage evolution theory capable of predicting the effects of edge delamination 

phenomena on composite laminate response is developed. The theory is a mechanics-based 

formulation which quantifies the damage development of a laminate under general loading, 

and incorporates it directly to the constitutive behavior of the laminate. 

The theoretical development introduces a laminate-specific constant <j>; the methodol

ogy of <j> selection is presented for [±15/±50]s, [±45/0/90]„, and [02/902]s T300 graphite/epoxy 

laminates. Edge effects are demonstrated by comparing the damage state of the above lami

nates with and without edge delamination damage. The capability of the theory in predicting 

the volume scaling effect is shown through consideration of the failure strengths of the 

[±25/90n]a laminate series. 
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INTRODUCTION 

The use of advanced composite materials, such as graphite/epoxy and Kevlar/epoxy, 

has increased dramatically in the past ten years due to material and manufacturing innova

tions. With this increase in usage, investigators have become more acutely aware of the com

plexities involved in composite material behavior. 

The structural changes composite materials undergo when loaded are many. Events 

such as matrix cracking, fiber fracture, fiber-matrix debonding, and edge delamination are all 

damage modes which effect composite material response. These modes frequently interact 

with one another, further complicating the matter. 

The analysis of composite material response has been, and continues to be, an active 

research area. In particular, the investigation of the edge delamination problem is of signifi

cant importance, because the potential exists for edge delamination to affect virtually every 

boundary or free edge on a composite structural member. 

In this thesis, the edge delamination problem will be analyzed using a damage evolu

tion approach. In the present context, edge delaminatiofl refers to those delaminations which 

arise at the free edge of a laminate, due to the presence of internal through-the-thickness 

stresses, and which are dependent upon such factors as ply thickness, laminate thickness, 

stacking sequence, fiber orientation, etc. The process of delamination buckling, whereby 

small delaminations become unstable under compressive loadings and thereby grow and 

extend, is a topic separate and distinct from the above and will not be addressed herein. 

Before the theoretical basis for the damage evolution approach is developed, pertinent 

background information is presented. In Section 1.1, a formal problem statement will be de
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veloped. Section 1.2 will present a review of literature related to the edge delamination prob

lem. The objectives of the research and the method of analysis presented herein are discussed 

in Section 1.3. Lastly, Section 1.4 will describe the thesis organization. 

1.1 Problem Statement 

Edge delamination in advanced laminated composites is a well-documented phenome

non. In a landmark paper, Pipes and Pagano hypothesized that edge delamination was caused 

by high interlaminar stresses which exist at material boundaries (Pipes, 1970). Since that 

time, a great deal of experimental and analytical work involving edge delamination has been 

documented. 

It is now known that edge delaminations arise because of stress concentrations which 

exist at geometric and material discontinuities, such as free edges and ply interfaces. These 

stress concentrations, or interlaminar stress singularities, as they are frequently termed, are 

through-the-thickness in nature; as such, they are not predicted by the plane stress formula

tion of classical laminate theory (CLT). 

CLT assumes that each laminae is in a state of plane stress, i.e., at = = ryE - 0. 

While this assumption is adequate in the interior of a laminate, it may be insufficient at the 

free edges where high interlaminar stresses are frequently observed. 

At the free edge, a boundary layer exists wherein the stress field is three-dimensional. 

This boundary layer width is generally assumed to be equal to the laminate thickness (Pipes, 

1970). In this region, the stress transfer between plies is achieved through the presence of in

terlaminar stresses. 

The interlaminar stresses devleloped in this boundary layer are caused by mismatches 

in ply properties. Specifically, differences in shear coupling and Poisson's ratio between adja

cent plies account for the development of interlaminar stresses. The nature of the boundary 
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layer and interlaminar stress interaction is shown in Figure 1, where the singularity of the in-

terlaminar stresses is evident (Pipes, 1970). 

Interlaminar shear stresses are developed when (because of the above differences in 

properties between plies and imperfect ply bonding) adjacent plies tend to slide over one 

another as the laminate is loaded. One can view this sliding as arising from the tendency of 

adjacent plies to align themselves with the loading direction. In any case, ply property mis

match is the underlying cause of interlaminar shear stresses. 

The presence of the normal stress oz at a free edge can best be understood in terms of 

the balance of moments required to satisfy equilibrium at the free edge. From Figure 2, it is 

evident that az must act at the free edge interface of the isolated ply shown in order to coun

teract the moment produced by (Jones, 1975). 

Clearly, az is very dependent on stacking sequence. This can be seen by noting that a 

rearrangement of the ply configuration will change the distribution in the various plies. 

Since az depends directly on the ayy distribution via the balance of moments, the connection 

between az and stacking sequence is evident. Furthermore, it is tensile az which influences 

edge delamination, since tensile az tends to pull apart adjacent plies while compressive az only 

serves to hold the adjacent plies together. Although az may vary between compression and 

tension as one moves out toward the free edge, in general we need only consider the sign and 

magnitude of az near the free edge - where the singularity exists - in order to determine 

whether the interface in question is delamination prone. The az distribution shown in Figure 

3 represents an interface which is prone to delamination. 

Given the above nature of the edge delamination phenomenon, the edge delamination 

problem is this - how does one develop an analytical method, sensitive to edge delamination 

effects, which is capable of predicting advanced composite laminate response under various 

loading conditions? This thesis will consider the above problem and present solutions for the 

specific case of graphite/epoxy laminates under uniaxial tensile loading. 
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Figure 3: Plot of Interlaminar Normal Stress 
versus Normalized Displacement (Pagano, 1973). 
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1.2 Literature Review 

Various analytical solutions to the edge delamination problem are found in the litera

ture. The methods used in formulating these solutions can be divided into three general areas 

- fracture mechanics, failure criteria, and damage evolution theory. In addition to these ana

lytical solutions, a great deal of experimental work related to edge delamination has been doc

umented. This section will review the relevant work that has been done in both the theoreti

cal and experimental fields. 

Fracture Mechanics 

O'Brien (1982) has presented a simple but effective fracture mechanics method for 

analyzing the edge delamination problem. He utilizes rule of mixtures theory and CLT to 

relate the strain energy release rate to the stiffness loss a laminate undergoes during edge de

lamination. As a check, this strain energy release rate is then compared with a finite ele-

ment-based strain energy release rate calculation. O'Brien continues his analysis by calculat

ing a critical strain energy release rate based on experimental tests of [±30/±30/90/90]s gra-

phite/epoxy laminates. It is assumed that this critical strain energy release rate is invariant 

with respect to laminate stacking sequence. With this assumption, predictions of edge delami

nation onset are made for [±45n/0n/90n]s graphite/epoxy laminates. These predictions are 

compared with experimental data, from which good agreement is found. 

In a more extensive fracture mechanics analysis, S. S. Wang (1983, 1984) analyzes the 

effects of fiber orientation, ply thickness, and delamination length on the edge delamination 

problem. The theory of anisotropic elasticity is used in conjunction with Lekhnitskii's stress 

potentials (Lekhnitskii, 1963) to obtain a pair of coupled, linear governing partial differential 

equations for each laminae. The general solution is then derived by introducing proper forms 
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for the Lekhnitski complex variable stress functions. The nature of the delamination crack 

tip stress singularity is revealed through analysis of a standard eigenvalue problem, solved 

numerically. Knowledge of the delamination crack tip stress field is then utilized to calculate 

the mixed-mode stress intensity factors, while Irwin's virtual crack extension concept is used 

to obtain the strain energy release rate. To investigate the effect of fiber orientation, the 

mixed-mode stress intensity factors and strain energy release rate are then plotted as functions 

of ±6 for a [±0]s graphite/epoxy laminate. Similarly, the effect of ply thickness on mixed-

mode stress intensity factors and strain energy release rate is investigated for [±45]s gra

phite/epoxy lamintes. Lastly, the effect of delamination length on the strain energy release 

rate is discussed for the [±45]s graphite/epoxy laminate. From these investigations, Wang 

concludes that fiber orientation, ply thickness, delamination length, and stacking sequence 

significantly influence the delamination crack behavior. However, there is no mention of 

effect of these factors on the critical strain energy release rate, which in the above paper 

O'Brien had assumed to be independent of stacking sequence. 

The effect of edge delamination and matrix crack development on cross-ply laminates 

is investigated in a recent paper by A. S. D. Wang et al (1985). In this work the authors cal

culate the strain energy release rate coefficient functions corresponding to 90° ply transverse 

cracking and edge delamination, for various graphite/epoxy cross-ply configurations. These 

coefficient functions are then related to the critical strain energy release rate required for the 

respective damage mode to occur, via a strain-temperature dependent equation. The strain 

levels required to initiate each damage mode are then calculated, and compared to experimen

tal observations; reasonable agreement between the two is achieved. The authors then discuss 

multiple matrix cracking and crack-delamination interaction at high load levels by using a 

three-dimensional finite element stress analysis combined with crack growth simulations. 

Failure Criteria 
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A failure criterion apprach to the edge delamination problem has been proposed by 

Rodini and Eisenmann (1980). Based on past research by other investigators, the authors 

assume that only the CTz interlaminar stress within a laminate affects that laminate's edge de-

lamination behavior. They then utilize a Pagano and Pipes az stress approximation, which 

expresses az in terms of laminate geometry and the moment M equilibriated by the az 

stresses. This moment is in turn expressed by integrating tryy over the laminate thickness, 

where Oy is determined by CLT. This integration is then expressed as a quadratic, piece-wise 

continuous function which relates the moment M to the stress <7y and laminate geometry. 

This orz stress approximation is then used in conjunction with a probability failure criterion 

which utilizes a cumulative statistical distribution first proposed by Weibull. The applied 

axial stress is the distribution's random variable. Instead of the entire trx distribution, the 

authors use only the median value. This greatly simplifies the failure criterion, for choosing 

the median value necessitates that the probability edge delamination occurs must be equal to 

0.5. (Recall that choosing the median value of a random variable results in a distribution 

function exactly equal to one-half.) 

This simplification yields a failure criterion equation expressed in terms of az and two 

material constants a and /9, which are determined through experimental data. The failure cri

terion equation is solved numerically using the Newton-Raphson Method for root extraction 

and Gaussian Quadrature for integration. 

A series of T300/5208 graphite/epoxy laminates were analyzed using the failure cri

terion to determine edge delamination onset. Experimetal tests were then performed on the 

same series; results were used to validify the proposed theory and to discuss volume scaling 

and temperature effects. (Here, the volume scaling effect refers to the phenomenon whereby 

the applied stress necessary to produce both delamination onset and ultimate failure of a 

laminate is directly related to the thickness of the constituent plies, when stacking sequence is 

invariant.) For all but one laminate series, good agreement between analytical and experi



20 

mental results was achieved. In addition, the method predicted the volume scaling effect. 

In another study on the onset of edge delamination, Kim and Soni (1984) propose 

using an average stress failure criterion combined with a laminate stress analysis for predicting 

edge delamination onset. The authors investigate laminates for which tensile oz is predomi

nant at the midsurface, and correspondingly their failure criterion is based on az only. In 

acknowledging the presence of the volume scaling effect, the authors realize that predicting 

az-influenced edge delamination via a maximum stress failure criterion is incorrect in that az 

calculated at the free edge is independent of laminate thickness (provided that the volume 

fraction of each ply orientation and stacking sequence is maintained). Thus, Kim and Soni 

choose instead an average stress failure criterion based on az, under the assumption that this 

average az stress will be dependent on laminate thickness. In order to calculate az, a global-

local laminate variational model first proposed by Pagano and Soni (1981) is used for the 

stress analysis. 

Kim and Soni analyze a large number of T300/5208 graphite/epoxy laminates in both 

uniaxial tension and compression. Onset of edge delamination is assumed to occur when the 

average value of az (determined over the fixed distance of one ply thickness along the width 

of a laminate, at the midplane, ahead of the free edge) reaches the interlaminar tensile 

strength of the laminate. In the absence of experimental data, the interlaminar tensile 

strength is assumed to be equal to the transverse strength of the composite material. For each 

laminate series, average stress failure criterion results are presented along with maximum 

point stress failure criterion and experimental results. In nearly all cases, adequate agreement 

between the average stress failure criterion predictions and experimental results is achieved. 

Damage Evolution 

An alternative approach to the subject of damage in composite materials has been 
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proposed in a two-part paper by Allen et al (1987). While the authors do not specifically in

vestigate the problem of edge delamination, their work is included here because its characteri

zation of the damaged state is relevant to the work developed in the present thesis, in that in

ternal damage is quantified and related directly to the material's constitutive equations. 

In part one of their paper, the theoretical groundwork of their analysis is developed. 

A continuum mechanics approach is used to predict the thermomechanical behavior of in

itially elastic composites, subjected to both monotonic and cyclic loadings. Damage is charac

terized by a set of second-order tensor valued internal state variables. By considering the 

thermodynamics of a media with damage (including the appropriate thermodynamic 

constraints), the authors derive the complete constitutive equations, expressed in terms of a 

damage tensor and the damage-related internal state variables. Here, each particular damage 

mode has a corresponding internal state variable description which is specific to that mode. 

To complete the model, damage growth laws are constructed. Knowledge of the exact nature 

of these growth laws, however, requires extensive experimental data. The authors then use 

experimental evidence and fracture mechanics concepts to establish a first generation growth 

law for matrix cracking. 

Part two of the work involves an application of the theoretical model to matrix crack

ing in laminated cross-ply composites. By considering the properties of a single laminae with 

known damage (i.e., matrix cracking), the value of the internal state variable is specified as a 

function of the damaged state. Then, this internal state variable is used to predict the degra

dation of axial stiffness due to increased damage, for various stacking sequences. To do this, 

the laminate equations are modified to include the presence of damage, via the damage tensor 

and matrix cracking internal state variable. The validity of the theory is evaluated by com

paring the theoretical results to experimental data. Specifically, the theoretical predicted 

stiffness loss of several cross-ply laminates is compared to the corresponding experimental 

stiffness loss, for AS4/3502 graphite/epoxy. From this comparison, the theoretical model 
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seems to be a viable analytical tool. 

In several recent papers, Frantziskonis has dealt extensively with the damage evolution 

approach. In one of his earliest works he presents his fundamental theory (Frantziskonis, 

1988a). A continuum mechanics approach is used in decomposing the modeled material into 

damaged and undamaged portions. Mixtures theory is then utilized to express the overall 

stress tensor in terms of the stress tensors in the damaged and undamaged portions, as well as 

in terms of a damage parameter. The stress tensors in the damaged and undamaged material 

are in turn related to strains via the constitutive equations. Then, on an incremental level, the 

stress differential is related to the strain differential through the use of the constitutive tensor 

and a damage tensor. To complete the theoretical formulation, a growth law for the damage 

parameter and a failure criterion for a composite ply are developed. The stress-strain 

response for graphite/epoxy and boron/epoxy is then predicted and compared with experi

mental data and linear elastic theory, from which good agreement is noted between the 

damage evolution theory and the experimental results. 

Frantziskonis extended the above theory in a later work (Frantziskonis, 1988b). In 

this paper, the original theory is presented in more detail. Then, the theory is extended to in

corporate edge delamination into the analysis. This is accomplished by formulating a new 

damage parameter corresponding to edge delamination. This parameter is related to the 

normal interlaminar stress trz in order to model the causal relationship between normal inter-

laminar stress and edge delamination. Here, the normal interlaminar stress is approximated by 

a simple moment equilibrium equation. In the laminate boundary layer (i.e., in the free edge 

damage distribution area), the total damage is then expressed by summing the edge delamina

tion damage parameter and the previous damage parameter. A numerical analysis is then per

formed to show the effect of the free edge damage distribution area on laminate strength, for 

two different graphite/epoxy laminates. 

In a further expansion of his theory, Frantziskonis extends the above analysis by con
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sidering the stability of both damage and delamination growth (1989). In this work, the 

above theory is first outlined; then, the author develops the equation for the rate of global 

energy balance. Two types of instabilities are then discussed - instability due to damage 

growth, and instability due to edge delamination growth. The inequality equations which 

describe the conditions for unstable damage or delamination growth are then developed 

through consideration of the total potential energy of the body and the strain energy transfor

mation rate. 

In a recent collaboration, Frantziskonis and Joshi refine Frantziskonis' base theory and 

apply it to single-ply graphite/epoxy composites (Frantziskonis, submitted). In this work, the 

basic damage evolution theory is presented again. An expression for Poisson's ratio is subse

quently developed upon the premise that Poisson's ratio is not constant during deformation. 

The authors then present a detailed methodology for determining the material constants which 

appear in the damage growth law; these constants are listed for T300 graphite/epoxy. Single 

angle ply force-deformation behavior is then predicted by utilizing a simple computer code 

implementation of the theory. Results for various orientation angles in both tension and com

pression are presented and compared with experimental data, for which reasonable agreement 

is observed. 

In still another extension of the above damage evolution theory, Frantziskonis and 

Joshi again combined to predict the response of laminated composites (Joshi, submitted). This 

work begins by outlining the previous theoretical developments. To model laminate behavior 

the classical laminate theory equations are modified to incorporate the presence of damage. 

These additional equations are then added to the computer code developed previously. The 

force-deformation behavior and the damage evolution of several cross-ply and angle-ply lam

inates is presented. Two additional laminates with more complex configurations are then ana

lyzed under compressive loading; theoretical and experimental results are then compared. It is 

found that the damage evolution theory overestimates the stiffness of the laminates; this is 
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expected since additional damage due to edge and internal delamination has been neglected. 

Other Relevant Works 

In addition to the various analytical solutions to the edge delamination problem out

lined above, researchers have pursued other endeavors related to edge delamination in compo

site laminates. These works, as they pertain to the present thesis, are outlined below. 

In an effort to understand how width and loading conditions effect edge delamination, 

Murthy and Chamis (1987) consider the effect of these conditions on laminate free edge stress 

fields. Specifically, the authors consider variable width-to-thickness ratios, as well as the 

various loadings of axial tension, in-plane shear, out-of-plane shear/bending, in-plane bend

ing, twisting moment, combined, uniform temperature, and uniform moisture. In addition, 

the effect of ply angle on the free edge axial stress variation was considered. Symmetric 

angle-ply laminates of AS graphite/epoxy are considered. The stress field is determined using 

a finite element analysis. This analysis utilizes a free edge superelement in conjunction with 

an interior uniform mesh of solid elements. Each ply and each interply layer are modeled 

with one element through the thickness. For each investigative case mentioned above, the 

stress field results are plotted for both the ply and interply layers. 

In a largely experimental investigation, Reifsnider et al (1977) have studied edge de

lamination in quasi-isotropic composite laminates. Their inquiry centers around two AS3501 

graphite/epoxy laminates - one which exhibits high tensile interlaminar normal stresses upon 

uniaxial loading, the other which exibits compressive interlaminar normal stresses. These in

terlaminar normal stresses were determined using classical laminate theory and a Pagano and 

Pipes stress approximation. The results were then checked using a three-dimensional finite 

element model. 

In an effort to correlate edge delamination and tensile interlaminar normal stresses, as 
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well as the relationship between delamination and matrix cracking, the two laminates are 

experimentally tested in quasi-static tension. Delamination onset and growth was detected by 

various means, including ultrasonic attenuation, acoustic emission, microscopic observation, 

and video-thermography. From these measurments, it is concluded that edge delamination 

occurs only for tensile interlaminar normal stresses, and that delamination interacts with, and 

may be nucleated by, matrix cracking. 

Another largely experimental work concerning edge delamination is that of Crossman 

and A. S. D. Wang (1982). In this paper, the dependence of transverse cracking and edge de

lamination on ply thickness is investigated. Various T300/934 graphite/epoxy laminates were 

considered, all of which have the same stacking sequence; only the thickness of the constitu

ent plies is changed. Each laminate was tested in uniaxial tension up to ultimate failure. 

After each load increment, the specimen damage was evaluated using x-radiographic tech

niques. After testing, microscopic observation was used to evaluate edge damage. For each 

laminate, the axial stress at onset of transverse cracking, onset of edge delamination, and ulti

mate failure was recorded. The effect of ply thickness on these quantities is then plotted. 

The processes of damage accumulation and failure is then discussed in detail for each of the 

laminates in question. Fracture mechanics arguements are used to predict strains at delamina

tion and transverse cracking onset; these values are then compared to the experimental results, 

where it is found that the effect of ply thickness on edge delamination was not accurately 

predicted with the analytical approach. 

No literature review on the subject of edge delamination would be complete without 

consideration of the landmark works of Pipes and Pagano. In their earliest paper, they exam

ined the response of a finite-width composite laminate by considering classical elasticity 

theory (Pipes, 1970). To simplify their solution, only symmetric laminates under uniform 

axial strain were considered. The field equations were derived by combining the equilibrium 

equations with the constitutive relations, the strain-displacement relations, and the displace



26 

ments. These elliptic, coupled, second-order partial differential equations were then solved 

numerically using a finite difference technique. Complete stress and displacement results 

were then obtained for a [±45]s graphite/epoxy laminate. Interlaminar stresses were plotted 

and their singularity and boundary layer behavior is then discussed. These results were then 

compared to an approximate solution formulated by Puppo and Evensen (1970). Lastly, the 

authors use their results in a discussion of the shear transfer mechanism which operates 

between layers of a composite laminate. 

In a later work, Pipes and Pagano made some observations on the interlaminar 

strength of composite laminates (Pagano, 1973). In this paper, the authors continue their 

research by presenting an approximation for the interlaminar normal stress az. Using this 

approximation, two laminates are designed - one with a high tensile az (and thus, the authors 

propose, likely to delaminate) and one in which az has been minimized (thus, least likely to 

delaminate). This hypothesis is tested by experimental analysis of the two lamiantes, from 

which it is found to be valid. 

Various aspects of the delamination phenomenon are covered in a recent paper by 

Garg (1988). This work presents an overview of the delamination problem, as well as a sum

mary of the research which has been done in this field. The causes of delamination are dis

cussed in detail, including free edge stresses, impacts, and matrix cracking. The effects of 

delamination are then considered, with emphasis placed on strength and stiffness losses under 

tensile, compressive, and cyclic loadings. Suppression of delamination via improved resins, 

through-the-thickness reinforcements, interleafing, and design considerations is then exam

ined. Garg then discusses various predictive models for determining interlaminar stresses, 

delamination onset, and delamination growth. Lastly, the evaluation of interlaminar fracture 

toughness is discussed, through the various experimental techniques of double cantilever beam 

specimens, cracked lap shear specimens, end notched flexure specimens, and edge delamina

tion tension tests. General conclusions based upon the above research review are then drawn 
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by Garg. 

Because of the emphasis this thesis places on damage evolution and material degrada

tion, a citation of works involving damage mechanics and damage accumulation is included in 

the present review. One such work is that proposed by Reifsnider et al (1988), where a thor

ough treatment of damage in composites, including items such as damage initiation, damage 

growth, stress redistribution, fracture, and nondestructive testing, is presented. The various 

damage modes prevalent in composites are defined, and their interaction with one another to 

form the characteristic damage state is detailed. Experimental results are presented to aid in 

the discussion. 

In a similar work, Stinchcomb (1986) discusses damage accumulation processes in 

advanced composites. Again, the interaction of various damage modes is discussed. Nonde

structive techniques utilized for evaluating survace damage, interior damage, and fiber frac

ture are then related. The relationship between damage and material response is also briefly 

covered. 

1.3 Objectives and Approach 

The primary objective of the research presented herein is two-fold. First, it is 

desired to extend the damage evolution model for advanced composite material response, as 

proposed by Frantziskonis and Joshi (Joshi, submitted), such that it incorporates edge delami-

nation phenomena. This extension involves both theoretical development of the model as well 

as parametric numerical analyses of the material system and laminates in question. Further

more, this parametric numerical analysis will also serve to demonstrate the feasibility and va

lidity of the newly-developed model. 

Second, the dependence of laminate strength on ply thickness is a topic which will be 

addressed by the present research. This causal relationship is an example of the volume seal
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ing effect. While some analytical models describing edge delamination are insensitive to this 

effect, it is an objective of this research to show that the present edge delamination model is 

capable of predicting this well-documented response. 

To achieve these objectives, the various equations needed to extend the base theory of 

Frantziskonis and Joshi are developed. These equations are then used to modify a Fortran 

computer program which had been developed by Frantziskonis and Joshi to implement their 

base damage evolution model. Successive runs of the updated program on the MV 10000 

computer system were used to develop the parametric numerical analysis and to investigate 

the ply thickness effect. 

1.4 Thesis Organization 

The remainder of this thesis is organized as follows. In Chapter 2, the theory behind 

the analytical damage evolution model is presented. Theory supporting the base model is first 

discussed; newly-developed theory detailing the inclusion of edge delamination into the model 

is then presented. Details of the computer implementation of the model are then given. 

Chapter 3 presents the paramteric numerical analysis. This analysis involves the de

termination of material constants, laminate parameterization, comparison of the damaged state 

with and without edge delamination, and discussion of the thickness effect. 

In Chapter 4, the theoretical and numerical work previously presented is summarized. 

Conclusions based on the results from Chapter 3 are then made. Lastly, recommendations for 

further work are presented and briefly discussed. 
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CHAPTER 2 

THEORY 

In this chapter, the analytical formulation of the proposed damage evolution-based 

edge delamination theory is presented. As stated earlier, the proposed developments are based 

on a continuum theory which attempts to quantify the damage development in laminated 

composites, and relate this damage directly to the constitutive behavior. 

The details of the theoretical formulation presented below are essentially divided into 

two sections. In Section 2.1, the damage evolution theory adopted from Frantziskonis and 

Joshi (Frantziskonis, submitted and Joshi, submitted) is discussed. This material is presented 

here for completeness, as it is the basis upon which the present edge delamination theory is 

structured. Because this base theory has already been published, it is presented with only 

those minimal details necessary for completeness. A more thorough treatment can be found 

in the cited references. 

Section 2.2 presents the extension of the damage evolution model to incorporate edge 

delamination. Here, the development of the physical model describing the edge delamination 

problem, along with the equations corresponding to this model, are discussed. After this the

oretical formulation, aspects of the computer code implementation of this newly-developed 

theory are considered. 

2.1 Damage Evolution Model 

The formulation begins by considering a small elemental volume of composite mater

ial AV. This volume is decomposed into two fractions, an undamaged or intact portion AVU 
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and a damaged portion AVd. Here, material behavior in AVU is considered elastic. Under 

continued loading, damage increases and thus AVd also increases. At every instant of time, 

AV = AVU + AVd (1) 

In addition, a volume damage ratio is defined such that 

(2) 

The above decomposition of volume suggests the use of the theory of mixtures (theory 

of interacting continua). This dictates a relationship between the stress tensors in both 

undamaged and damaged portions of material as (Bowen, 1975) 

cry = (1-r) crH + r aS (3) 

where cry is the overall average stress tensor, <7y is the stress tensor in the undamaged material 

element, and ay is the stress tensor in the damaged material element. As there is no diffusion 

between damaged and undamaged material portions, mixtures theory implies that the strains 

in the two components are equal (Bowen, 1975). Thus, 

ey = eH = eg (4) 

where £y is the mean strain tensor, and Cy and £y are the strain tensors in the u and d-parts, 

respectively. 

The stress tensors described above can be decomposed into isotropic and deviatoric 

components. From this decomposition, we have 
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(5a) 

°ij = Pu ^ij + S]j 

7$ = P
d 5:: + S?: 

(5b) 

(5c) 

where 

P= ^ (6a) 

CTkk 
Pu = -f- (6b) 

.d 
d akk ,, . Pd = -j- (6c) 

are the respective mean stresses. Additionally, Sjj, Sjj, and S-j are the respective deviatoric 

tensors, and 6^ is the Kronecker delta. 

Consider a ply of composite material and its corresponding coordinate axes, shown in 

Figure 4. Now, isolate a material element of the ply and enforce deformation such that 

damage has occured but failure has not yet been reached. In the damaged portion of this 

material element, there is no shear stiffness. Thus, 

S?] = 0 (7) 

Let ay1" and of? be the stress tensors in the matrix and fibers of the damaged portion, respec

tively. From equation (7), it follows that 
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PLY 

Figure 4: Ply Coordinate Axes (Frantziskonis, 1988a). 
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(8) 

Applying rule of mixtures in direction 1, we obtain 

ad
n = A + (1-A) of? (9) 

where 

A = £  ( 1 0 )  

represents the ratio of the area of fibers to the total area in a plane transverse to direction 1. 

Directions 2 and 3 are transverse to the fiber direction, and thus 

<Td - rrdf - fTdm - nd 
"22 ~ °22 - 22 - P 

4 „df _ _dm _d r— = CT33 = O-- = "a 
S3 ' 33 

(11a) 

( l i b )  

The fibers are assumed to be linear and elastic up to breakage. Thus, 

afi = Ef (12) 

where Et is Young's Modulus for the fibers. Furthermore, because of the statistical isotropy 

of damage in the matrix of the damaged portion, 

PD = A €KK (13) 

where A is a proportionality coefficient. 
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From the above considerations, we can now establish the constitutive equations for the 

damaged material as 

afj ~ Cijkl £ki (14) 

where constitutive tensor CyU for plane stress conditions is presented at the end of this 

chapter. In the undamaged material, stress and strain are related through the usual ortho-

tropic constitutive tensor C,"kl (Jones, 1975): 

^ij = Cijkl €kl (15) 

From equations (14) and (15), and (3), the overall stress tensor can be written as 

CTjj = (1-r) C-ju Ckl + r £ki (16) 

Because of the irreversible nature of damage, a rate formulation of the constitutive 

relations is desired. Accordingly, direct differentiation of equation (16) with respect to time 

yields 

®ij = Ljjkl £ki " Ty (17) 

where 

Lijkl = (I t) CHU + r cgu (18) 

f y = t ( o g - o g )  ( 1 9 )  
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and an overdot indicates time differentiation. Here, has the form of a constitutive tensor 

while Ty is a tensor-valued internal state variable which accounts for damage-induced aniso-

tropy (Frantziskonis, 1988a). 

To complete the model, an evolution law for r is needed. Here, we consider the rate 

independent case. It is assumed that at failure r reaches some critical value rcr. From these 

assumptions, the following law is proposed (Frantziskonis, submitted): 

r - A Cjj + B e22 + C £j2 (20) 

where A, B, and C are functions of total strain The failure criterion is written as 

rcr = a (4)2 + ai |«u 41 + b (4)2 + c (4)2 (21) 

If a similar equation holds prior to failure, then 

r = a (eix)2 + aj \en e22| + b (e22)2 + c (e12)2 (22) 

Then, combining equations (20) and (22) yields 

A  =  2 a  f j i  +  N 2 2 I  ( 2 3 a )  

B = 2b f22 + ^i Nil I (23b) 

C = 2c e12 (23c) 

Parameter Determination 
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In the presentation of the above theory, a number of material constants have been in

troduced. A systematic method of determining these constants will now be discussed. 

First, consider some simple tests which are to be performed on a ply of the material 

system in question. A uniaxial tension (compression) test in the fiber direction up to failure 

will provide (o^) and the corresponding strain (e^). The initial slope of the stress-

strain curve will determine Young's Modulus E' (Ej). Similarly, a uniaxial tension 

(compression) test transverse to the fiber direction will yield <4*2 (°22)» £% (E22)' ANC* ^2 (EIJ). 

A simple shear test on the ply will yield </12 and e[2, while from the initial tangent modulus of 

the stress-strain curve one can obtain G"2- From this same shear test, it follows from equa

tions (16), (45), (49), and (52) that 

°12 = 0 ~ rcr) ®12 €12 (24) 

and from equation (21), 

rcr = C (4)2 (25) 

The value of rcr can be determined from equation (24). Substituting this value into equation 

(25) yields the value of c. 

In a similar manner, values for a and b are determined from the failure stress-strain 

data of the uniaxial tension (compression) tests perpendicular and parallel to the fiber direc

tion. Note that a and b differ in tension and compression. In tension, we have at and bt, 

while in compression we have ac and bc. Additionally, constant aj is expressed as Va~a]\ 

where i = t, c and j = t, c. Here, i depends on the sign of strain in the fiber direction while j 

depends on the sign of strain transverse to the fiber direction. From the various uniaxial 

tests, the following set of nonlinear equations are obtained: 
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r
cr = ac <€ll)2 + bt («22>2 + ^ac at £11 «22 (26a) 

rcr = ac («n)2 + bt (4z)2 + ATaT«u 4 (26b) 

rcr = ^ (£a)2 + bc («22>2 + v^TaT «ii «» (26c) 

rcr = at (e?i)2 + bc (£22)2 + v^TaT «ii 4 (26d) 

where an overbar denotes the value of strain in the direction transverse to the loading direc

tion. These equations can be solved through a simple iterative technique in order to deter

mine at, ac, bt, and bc. 

The last constant to determine is A. This has different values in tension (At) and 

compression (Ac). To determine this parameter, the stress-strain relation at failure for uniax

ial stress transverse to the fiber direction is written as 

The above equation can be written for tension or compression; it is then solved for At or Ac, 

respectively. 

Application to Laminates 

The damage evolution theory outlined above is applicable only to single plies of com

posite materials. The extension of the model to allow for the prediction of composite lami

nate behavior is outlined below. 

First, the constitutive equations represented by equation (17) need to be transformed 

°22 ~ [0~rcr) ^2 + Tgp A (1 - l>2l)] ^22 (27) 
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to an arbitrary fiber orientation 6. In the transformed coordinate system, we have 

C" = TT Cu T (28a) 

and 

O* « TT O1 T (28b) 

where T is the singular transformation matrix and Cu, O1 are merely the constitutive tensors 

Cjjy, C,^y expressed in matrix form. 

Using classical laminate theory, the laminate constitutive equations are expressed as 

{S}-[iS]{5} 

where [N] = [Nx Ny N^]1, and [M] = [Mx My Mxy]T are the in-plane forces and edge 

moments, respectively, and [e°] = [e® s^y]T and [/c°] = [«£ «£y]T are the reference plane 

strains and curvatures, respectively. 

From equation (16), matrices [A], [B], and [D] are modified as 

N 

Aij = £ «l-rk) [Qijlk + rk [Q?j]k} (zk - zw) (30a) 

k=l 

N 
B i j =  \  Y .  ( ( 1 " r k )  ̂  +  r k  [ Q f j l k >  ( Z k  "  4 - i )  ( 3 0 b )  

k=l 

N 
Dij = | £ {(1_Fk) l^k + [^]k) (z* " (30c) 

k=l 
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where subscript k denotes quantities which correspond to the kth ply, and N is the total 

number of plies in the laminate. As can be seen, matrices [A], [B], and [D] are dependent 

upon r. Note that for the special case where rk = 0 for all plies, the ABD matrix reduces to 

its classical form. 

2.2 Edge Delamination 

The above section briefly described the damage evolution theory and its application to 

composite laminates. While damage events such as matrix cracking and fiber breakage are in

herently accounted for in this theory, there is no mention of the additional damage a compo

site specimen undergoes during edge delamination. The present section will discuss the exten

sion of the above model to account for edge delamination. In this extension, a technique 

capable of predicting the occurence of edge delamination is developed. In addition, the 

damage induced by the presence of this edge delamination is formulated, and incorporated 

into the previous theory. 

Physical Model 

As discussed in Chapter 1, edge delamination can be regarded as a boundary layer or 

edge effect. Away from the free edge, in the interior of a laminate, edge delamination has no 

effect on the damage state of the material. With this understanding in mind, a physical model 

accounting for edge delamination is constructed, as shown in Figure 5. As can be seen from 

this figure, each free edge of the laminate is modeled with a boundary layer. In the interior 

of the laminate, away from this boundary layer, the damage state is characterized as described 

in Section 2.1, i.e., through the damage ratio r. In the boundary layer, it is assumed that there 

is additional damage due to edge delamination. This edge delamination damage is character-
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Figure 5: Edge Delamination Model, Top View 



41 

ized by a new damage ratio re, called the edge interlaminar area damage ratio. Furthermore, 

it is assumed that this edge delamination damage is additive to the damage accumulation char

acterized by r. Thus, our physical model holds that in the interior of a laminate, there is 

simply damage due to two-dimensional deformations, as determined in Section 2.1. Con

versely, the free edge damage state consists of this damage plus the damage characterized by 

Edge Delamination Evolution Law 

Consider a free edge of a composite laminate. In this free edge boundary, one can 

divide a small interlaminar area AA into an intact part AAU and a fractured (delaminated) 

part AAd. If t is the thickness of the laminate, then the above subdivision holds for a dis

tance pt from the free edge, where p, a positive real number, is a material parameter. At 

every instant in time, 

AA = AAU + AAd (31) 

As mentioned earlier, re is the edge interlaminar area damage ratio, and in the present context 

is defined as 

r< " <32> 

Physical reasoning leads us to expect that re is a maximum at the free edge, and decreases 

continuously until a minimum value is reached at a distance pt from the free edge. When re = 

1, a complete delamination is observed. In order to eliminate the vagueness of how "small" 

our interlaminar area AA should be, we shall consider an area average of re for a unit length 



42 

in the x-direction: 

• H  re dA (33) 
P t 

Since no damage is attributed to compressive az, the above integral is evaluated only at areas 

where az is tensile. In addition, an interlaminar area stress average is introduced such that 

-*I. 
(az) dA (34) 

Pt 

where the brackets <> denote integration for tensile az only. Compressive az stresses are 

ignored because inclusion of them would result in az = 0, since az stresses must form a couple 

which equilibriates the moment due to ay. This can be seen from the az stress distribution of 

Figure 3. In addition, this moment equilibrium implies that 

^ = V oz (35) 

where 

.t/2 

oy (n) n dn (36) 

and <f>' is a scalar. Here, az is known because ay is calculated in the analysis of Section 2.1. 

Since there is a clear relationship between the tensile stress at and edge delamination, 

there must also be a relationship between the damage parameter re and az. Thus, it is 

assumed that 
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(37a) 

or 

(37b) 

where <j> is a constant. Note that a* acts on the ply interfaces, while re is a damage measure 

which is applicable throughout the entire ply thickness. From an evaluation standpoint, then, 

equations (37) must be evaluated at both the interfaces above and below a given ply. Call 

these results rCj and r^, respectively. Then, the total value of re for a ply is found by a 

simple sum of these two quantities: 

If the ply in question happens to lie at either the top or bottom of the laminate, then either 

r6i or t will be zero for that ply, thereby accounting for the free surfaces of the top and 

bottom. 

In constructing this evolution law for re, two new material constants <j> and p have 

been introduced. Constant p defines the effective free edge damage distribution area, and is 

here assumed to be equal to unity. This implies that the boundary layer of width pt is merely 

equal to the laminate thickness t. Thus, there is in effect only one additional material con

stant (namely <j>) introduced in the above theory. As will be seen is Chapter 3, <f> is dependent 

on stacking sequence and laminate thickness. 

Since the damage due to edge delamination is additive to the general damage of Sec

tion 2.1, it holds that in the effective free edge damage distribution area, damage is character

ized by rt, where 

(37c) 

rt = r + re (38) 
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In order to predict laminate behavior, equations (16) and (17) require that there be 

only one damage parameter for the entire laminate. Clearly, the above analysis dictates that 

there are two damage parameters - one in the interior of the laminate (r) and one at the free 

edge (rt). To alleviate this problem, we consolidate these two parameters into a fictitious 

effective damage parameter f, where 

f = ^ [(w - 2t) r + 2t rt] (39) 

Here, w is the width of the laminate and t is the width of the free edge damage distribution 

area. Note that for p = 1, as is the case here, t is also equal to the laminate thickness. The 

damage parameter ? is termed fictitious because it is an invented parameter which has no 

physical correspondance in the actual laminate. It has no effect on the actual material 

response; rather, it is used here to account for edge effects in laminate response. Addition

ally, note from equation (39) that in the absence of edge delamination (re = 0), rt becomes 

equal to r and ? reduces to r as well, thereby capturing the edge delamination-free behavior 

discussed in Section 2.1. It should also be pointed out here that the above definition of t 

applies only to the class of problems described in Figure 5 - namely, rectangular laminate 

coupons with no interior discontinuities (such as notches), under general loading. 

Computer Implementation 

The above theoretical formulation has been implemented into a computer code in 

order to facilitate predictions of laminate behavior. This code is capable of analyzing a gen

eral laminate subjected to a general external load, while accounting for the presence of edge 

delamination. 

The code can be thought of as being divided into two processes - a pre-ply failure 
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analysis, and a post-ply failure analysis. In both cases, ply failure is based on the new 

damage parameter f. 

Consider first the pre-ply failure analysis. It is recognized that when a laminate is 

subjected to some general load, the rate of damage growth will differ in each ply due to 

differences in fiber orientation and stacking sequence. As such, there is no single failure 

event. Individual plies will fail in some predetermined order (depending on loading 

conditions, fiber orientation, and stacking sequence); these individual ply failures lead up to, 

and interact with, the ultimate laminate failure. Thus, the notion of first-ply failure, second 

ply failure, etc. arises. 

In terms of the computer code, recall that different material properties are assigned 

for tension and compression. Thus, the nature of principal strains in each ply must be known 

so that the appropriate constants are chosen. To do this, an analysis is initially performed 

with r = 0 for all of the plies in the laminate, and the principal strains of each ply are solved 

for. 

After this initial analysis, load increments are applied in succession. At each load in

crement, equations (22), (30), and (39) are solved iteratively since both rk and tk are strain 

dependent. Note, however, that stresses are now calculated through a new equation (16), 

which is now modified to account for edge delamination damage such that 

°ii = (1 - Cjjkl eki + f Cj]kI Cy (40) 

The post-ply failure analysis begins after a specific ply has failed (i.e., tk = rcr). 

When this occurs, the failed ply is assumed to have new material properties due to the degra

dation caused by failure. In order to represent these new properties, both the Cu and Cd 

matrices of the failed ply are modified. Specifically, the elements of these matrices are rede

fined with respect to the identified damage modes at failure. These damage modes are iden
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tified by comparing the principal strains of the failed ply to the principal failure strains of the 

ply, where the failure strains of the ply are defined without consideration of restraints from 

adjacent plies. 

In the present formulation, two damage modes are accounted for. The first damage 

mode implies complete matrix degredation without complete fiber fracture. In this case, both 

transverse and shear stiffnesses in the u- and d-parts are assigned zero values. For the ply 

that fails in this manner, both r and f will continue to increase until complete fiber fracture 

occurs. Furthermore, the evolution law for r, equation (22), is now modified such that 

The second damage mode implies complete fiber fracture but only partial matrix 

degredation. When this occurs, shear stiffness and stiffness in the fiber direction are assigned 

zero values. As before, both r and f will continue to increase in the failed ply until complete 

matrix degredation is reached. The evolution law for r now becomes 

(41) 

where 

(42) 

r = rcr + b' ef2 (43) 

where 

(44) 

Ply failure results in a redistribution of stresses in neighboring plies; as a result, 

damage in these neighboring plies will increase suddenly until a new equilibrium state is 

achieved. This process of ply failure and stress redistribution continues until each ply fails in 
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at least one damage mode, at which point complete laminate failure occurs. Often, however, 

there is little or no distinction between a particular ply failure and complete laminate failure. 

This occurs when a failed ply causes, through a redistribution of stresses, a chain reaction of 

ply failures leading up to complete laminate failure. 

Because of the complexity of post-ply failure behavior in laminated composites, the 

two modes of ply failure incorporated in the present theory may be inadequate. Unfortu

nately, further failure modes are not included in the present analysis due to the lack of exper

imental data on this subject. As such, further research into this area is needed before any 

modifications to the present computer program are made. 

2.3 Constitutive Tensor Cjjkl 

The constitutive tensor CyU for plane stress conditions is presented below. In all 

cases, subscripts 1 and 2 correspond to ply axes in the fiber direction and transverse to the 

fiber direction, respectively. 

For plane stress conditions, equation (14) becomes 

Q ii Q?2 

J 
0

 0
 °22 • Ql2 Q22 

J 
0

 0
 

a12 
0 0 Q<56 

en 
e22 

Tl2 
(45) 

where, in terms of the engineering constants, we have 

Qii = 
1̂1 

1 - u12 V. '21 

(46) 
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q?2= (47) 
1 v12 V21 

Q22= x _ J 2  
v  (48) 

1 V12 V21 

Q&j = Of., (49) 

In the above, E^, E^, and Gj2 are the Young' Moduli and Shear Modulus for the damaged 

volume of material. 

From equations (10)-(13), it follows that 

En = AEf + (1 - A) A (1 - u12) (50) 

where Ef is the Young's Modulus for the fibers. Similarly, combining equations (11) and (13) 

yields 

^22 - A (1 - f2i) (51) 

Lastly, from equation (7) it naturally follows that 

G?2 = 0 (52) 
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CHAPTER 3 

PARAMETRIC NUMERICAL ANALYSIS 

Before the aforementioned computer program is utilized to solve actual problems, 

some preliminary steps are taken. First, the constants for the material system in question are 

to be determined. Second, the correct value of <j> must be known a priori in order to use the 

program in a laminate analysis; since this is not the case, some preliminary calculations for the 

selection of 4> must be made. As will be discussed, <f> is laminate dependent and must there

fore be chosen for each laminate studied. 

In this chapter, the material parameters for T300 graphite/epoxy will first be pre

sented. The methodology of <j> selection is then discussed, and results are presented for three 

separate laminates. In an effort to show the effect of edge delamination on the damage state, 

comparisons of the damage state with and without edge delamination are made for each of the 

laminates. Finally, in order to demonstrate the power of the proposed method, the sensitivity 

of the theory to a volume scaling effect is shown by investigating the variation of laminate 

strength with laminate thickness, and comparing (qualitatively) these results to experimental 

data. 

3.1 Material System 

As discussed in Chapter 2, the present theory requires that a minimum of five experi

mental tests be performed in order to determine the constants for a given ply. For T300 gra

phite/epoxy, results from such five tests can be found from Agarwal and Broutman (1980). 

From those experimental data, the following elasticity and failure related constants are then 
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extracted: 

Ex
4 = 27.125 xlO6 psi 

E2' = 1.542 xlO6 psi 

v12' = v12
c (initial) = 0.28 

f12
4 (failure) = 0.28 

Ef = 22.979 xlO6 psi 

E2
c = 2.898 xlO6 psi 

G12 =1.0 xlO6 psi 

v12
c (failure) = 0.38 

= 216 xlO3 psi 

a22ft = 5-78 x1®3 Ps' 

a12
f = 9.33 xlO3 psi 

en
ft = 0.008 

c22
ft = 0.0037 

= 216 xlO3 psi 

a22
fc = 34.0 xlO3 psi 

ej = 0.0146 

£n
fc = 0.0094 

e2/c = 0.016 

In the above, subscripts 1 and 2 correspond to the material directions (1 being parallel 

to the fibers, 2 transverse), while superscripts t, c, and f represent tension, compression, and 

failure, respectively. 

Using the above material constants and following the parameter determination proce

dure outlined in Chapter 2, the damage related constants are calculated as: 

r„ = 0.36 c = 1668.8 

at = 5355.24 ac = 61.22 

bt = 26284.1 bc = 1395.77 

At = 1.567 xlO6 psi Ac = 0.7887 xlO6 psi 

Note that all damage related constants, except A, are dimensionless. The above con

stants completely describe the ply behavior, relevant to the present analysis. 
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3.2 Procedure for <f> Selection 

In this section, the methodology used for the selection of <j> for laminate analysis is 

discussed. After this general discussion, results of the <f> estimation process are presented for 

three separate laminates : [±15/±50]o, [+45/0/90]s, and [02/902]g. 

Due to the lack of appropriate experimental data for T300 graphite/epoxy, the process 

of selecting 4> is necessarily a qualitative approach. However, even in the presence of appro

priate experimental data, the parametric analysis for <j> would still be useful in that performing 

this analysis results in a greater physical insight into the theory. 

The method of <j> selection can be divided into two phases. First, strength reduction 

plots are constructed for each laminate, using tables of computer-generated data. In these 

plots, laminate strength is plotted as a function of the laminate's width-to-thickness ratio w/t, 

for various values of <j>. (Here, as throughout this thesis, laminate strength or ultimate 

strength refers to the uniaxial tensile failure stress c£. Thus, strength and stress are used 

interchangeably in this context.) In the next phase, specific strength reduction constraints are 

applied to each laminate. With the information obtained from the above two steps, an 

approximation for <j> is made. 

The following subsections detail the above discussion. The fundamental basis for 

considering strength reduction plots is first considered. Strength reduction constraints are 

then examined in detail. After this discussion, results are presented for the three laminates 

specified above. As will be seen, 4> is laminate specific as well as material specific. Certainly, 

this is to be expected; edge delamination is very much laminate specific, and since <j> is 

directly related to the presence of edge delamination via equations (37), one would assume 

that it, too, is laminate specific. 

Strength Reduction Plots 
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The proper selection of <f> for each laminate configuration is by far the lengthiest step 

in the entire laminate analysis presented herein. Ideally, <p selection would be a simple matter, 

given experimental failure stresses for the laminates and material system discussed in this 

work. With these experimental failure stresses, one could then find the correct value of <f> 

simply by varying <f> until the computer program duplicates the experimental failure stress. In 

the absence of such experimental data, however, a different process is followed. 

It is known (Hull, 1981) that composite laminates susceptible to edge delamination 

exhibit a specific uniaxial tensile failure stress corresponding to their w/t ratio, and that as 

this ratio is decreased, so is the tensile failure stress. This occurs because specimens of nar

rower widths exhibit a greater free edge effect, and the free edge effect is strength debilitat

ing in nature. When the tensile failure stress is plotted as a function of w/t, the ensuing 

curve, which shall be referred to herein as a strength reduction curve (for it shows the reduc

tion in laminate tensile strength as the ratio w/t is decreased), is always monotonically in

creasing and asymptotic in nature. Specifically, the curve is asymptotic with respect to the 

tensile failure stress of the same laminate of infinite width. Thus, each laminate has a partic

ular strength reduction curve which is peculiar to itself. An example of one such curve is 

shown in Figure 6. 

Using this knowledge, the process of selecting $ is as follows. First, through dimen

sional analysis and trial-and-error program runs, it is found that <f> should be in the approxi

mate range 0 < 0 < 9. Outside of this range, edge effects are either underestimated or overes

timated. 

For each laminate in question, a series of strength reduction curves are plotted for a 

range of <j> values. An example of such a plot is shown in Figure 20. The correct <f> value is 

(presumably) within this range of plotted <t> values. Corresponding to each plot is a table of 

computer-generated failure stress data, such as that shown in Table 1, from which the plot (in 

this case, Figure 7) is derived. These tables list, for various <j>'s and w/t ratios, the final ten-
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sile failure stress of the laminate. In addition, the tables present information on the failure 

mode of each laminate. Here, failure mode refers to the sequence of ply failure leading up to 

complete laminate failure. The exact mechanism by which a particular ply fails is discussed 

in several particular examples. Thus, each laminate has a table of strength data and an associ

ated plot of strength reduction curves. 

Strength Reduction Constraints 

By considering the strength data and strength reduction curves for each laminate, an 

upper limit is placed on the range of <f> values for that laminate. This limit is determined in a 

purely qualitative manner as outlined below. 

Consider a laminate's strength reduction curves, e.g., Figures 8 and 10. In some in

stances, there is a point after which increasing <j> results in oscillatory curve behavior. Such 

behavior is usually characterized by a knee or peak in the curve at w/t 6.2, after which the 

curve begins to level off. Occasionally, however, this oscillatory behavior is found at the 

begining of the curve, at 2 < w/t < 4. An example of the former behavior is shown in Figure 

8, while the latter behavior is revealed in Figure 10. This oscillatory behavior is not exhibited 

in experimental data, and is therefore attributed to <t> values which are too large, and thus 

overly emphasize the effect of edge delamination. Hence, this behavior serves as a dividing 

line between acceptable and unacceptable <j> values. 

In other instances, an abnormally quick convergence of neighboring strength reduction 

curves is observed. These curves converge among themselves to some failure stress value 

below the asymptotic value. After convergence, the curves behave similarly, and monotoni-

cally increase to the asymptotic failure stress value. Such behavior is shown in Figure 17. 

Note how the curves for <j> = 0.5 to <j> = 2.0 converge into one at w/t =10; this one curve then 

increases asymptotically from there. This behavior is clearly abnormal, if one considers ratios 
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of w/t > 10. At these ratios, Figure 17 implies that changing <f> from 0.5 to 2.0 has no effect 

on the failure stress of the laminate. However, equations (37), (38), and (39) demonstrate that 

increasing <f> increases the damage due to edge delamination re, which ip_ turn increases t. 

Clearly, any increase in damage will result in a decrease in failure stress; such is the intrinsic 

nature of damage. Thus, increasing tj> yields a decrease in failure stress. Therefore, it is con

cluded that <j> values > 0.5 are unacceptable in that they over emphasize the effect of edge 

delamination, thereby causing artificial material response. An upper limit on <j> can thus be 

set based on these observations. 

An upper limit on <j> can also be set by considering a laminate's table of strength data. 

In virtually every table considered, there is some point at which the failure stress actually in

creases upon an increase in <f>, for a given w/t. Clearly, this is impossible; thus this behavior 

sets an upper limit on <f>. In reference to the strength reduction plots, behavior such as this 

corresponds to strength reduction curves overlapping one another. However, the actual over

lapping is difficult to see because it occurs on such a small scale, and so the table of strength 

data is used to observe this erratic behavior. 

Three methods are thus available to qualitatively set an upper limit on <f>: oscillatory 

behavior, abnormal convergence, and curve overlapping. Usually, oscillatory behavior or 

abnormal convergence events set the lowest upper limit, since curve overlapping is often a 

direct result of oscillatory behavior. 

With an upper limit of $ having been determined for a given laminate, the original 

range of <fi values is divided into an acceptable range and an unacceptable range. The plot of 

the laminate's strength reduction curves is then broken up into two plots, one plotting the 

acceptable range of <j> and one plotting the unacceptable range of <f>. This is done, for exam

ple, in Figures 7 and 8, respectively. Here, as in all cases, the acceptable range of ^ is de

fined as 0 < <t> < upper limit. 

The acceptable range of <f> values is then analyzed to determine which value of </> is 
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ideal for the laminate. It is assumed that for all laminates studied (with the exception of the 

cross-ply) the strength reduction for various w/t ratios can be quantified as 

w/t = 2 -+ 40 % strength reduction 

w/t = 5 -» 20 % strength reduction 

w/t = 30 —» 0.5 % strength reduction 

These assumptions are made based on the experimental plot of Figure 6, which is derived for 

angle ply laminates with 9 = 50°. This figure is used due to the lack of experimental data for 

more general laminates. 

Now, within the acceptable <j> range for each laminate, the above constraints are used 

to select the ideal 4>. In all cases, no <j> value was found that satisfies exactly all three constra

ints. Thus, some estimation and approximation is involved in the final <j> selection. 

For the cross-ply laminate, the same procedure is used. The constraints, however, are 

different. It is known (A. S. D. Wang et al, 1985) that the [02/902]„ laminate experiences 

little, if any, edge delamination when loaded in uniaxial tension. Thus, a separate set of 

strength reduction constraints are adopted to account for this material behavior. These con

straints are assumed to have the form 

w/t = 2 -• 2 % strength reduction 

w/t = 5 -» 1 % strength reduction 

w/t = 30 -• 0.1 % strength reduction 

Again, no single <j> value satisfies exactly all of the constraints above; instead, a value 

of $ is chosen such that it fits all three constraints with the least amount of error. 

Here, it should be pointed out that of the three constraints given for each laminate, 
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the condition at w/t = 30 is met by no single <t> value for any of the laminates investigated. 

Accordingly, this constraint is weighed less than the other two in the selection process. 

Selection Results 

The above selection methodology is applied to three laminates with stacking sequences 

[±15/±50]„, [±45/0/90]s, and [02/902]s. In all cases, the thickness of each ply is assumed to be 

0.0057 inch (1 inch = 2.54 cm). For each laminate, a table of tensile uniaxial failure stresses 

for various <j> values and w/t ratios is generated by repetitive program runs. These tables also 

present the failure modes which each laminate, at each w/t and <j>, undergoes. 

From this data, the strength reduction curves for each laminate are constructed. Ini

tially, one plot is made for the entire range of <t> values. From this plot, the upper limit of <j> 

is determined as outlined previously; then, the acceptable and unacceptable <j> ranges are 

divided so as to form two separate plots. In the results that follow, only the two divided plots 

for each laminate are presented, as the initial unified plot would only be redundant. 

The tables of strength data and figures of strength reduction plots for each laminate 

are discussed below. 

• [±15/±50]a : The selected value of </> for this laminate is <j> = 0.3. The associated 

computer data table, acceptable <j> range strength reduction plot, and unacceptable <f> range 

strength reduction plot are shown in Table 1, Figure 7, and Figure 8, respectively. 

For the [±15/±50]„ laminate, two failure modes appear as described in Table 1. The 

first and most prevalent is characterized by -50° first ply failure, followed by complete lami

nate failure (here, recall the general process of laminate failure, discussed in Chapter 2). The 

second mode begins with -50° first ply failure, followed by 50° ply failure. At this point, the 

laminate will withstand some increase in load until either (1) complete laminate failure occurs, 
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TABLE I: ULTIMATE STRENGTH VALUES FOR 
[±15/±50]„ GRAPHITE EPOXY LAMINATES 

w — $=.05 $=0.1 $=0.2 $=0.3 $=0.4 $=0.5 $=0.6 

0.0912 2 77977 71092 59504 50364 43151 37389 32941 
0.1368 3 80478 75598 66948 59504 53110 47737 43524 
0.1596 3.5 81164 76956 69296 62498 56633 51463 46974 
0.2280 5 82533 79454 73790 68515 63829 59504 55531 
0.3420 7.5 83564 81504 77522 73790 70195 68255* 66152' 
0.3990 8.75 83797 82076 78656 75370 72216 69916* 68032' 
0.4560 10 84026 82533 79454 76505 73790 71092 69283 
0.6840 15 84598 83564 81504 79454 77522 75598 75120 
0.9120 20 84830 84026 82533 80936 79454 77976 77948 
1.3680 30 85171 84598 83564 82532 81504 80590 80570 
1.5960 35 85175 84715 83797 82881 82076 81386 81369 

w w 
t 

$=0.7 $=0.8 $=0.9 $=1.0 $=1.2 $=1.4 

0.0912 2 29264 26241 23759 21710 18479 16005 
0.1368 3 39127 35249 32941 27531 26241 23005 
0.1596 3.5 43151 39670 36736 28399 29697 26241 
0.2280 5 52010 55125* 52707* 50511* 63265* 60845' 
0.3420 7.5 64053* 62641 71526* 71534* 68660* 66787' 
0.3990 8.75 66456 66410 72959* 71967* 70313* 66370 
0.4560 10 69239 74726* 73953* 73165* 69181 69170 
0.6840 15 75085 77044* 75072 75068 75059 75050 
0.9120 20 77923 77919 77916 77912 77905 77898 
1.3680 30 80557 80555 80552 80549 80545 80539 
1.5960 35 81358 81356 81354 81352 81347 81343 

Note: The selected $ value is 0.3. Ply thickness is 0.0057 inch. The failure modes are as fol
lows. When unmarked, -50° ply fails first, which in turn causes catastrophic laminate failure 
(elf). When marked by *, -50° ply still fails first, but this then causes 50° ply to fail. At this 
point, program either 1) continues to elf, or 2) continues to -15° ply failure, then elf. The 
latter occurs only for $ > 0.9. Note that in this table, as in all others, values of ultimate 
strength are in psi, while values of width are in inches. 



phi=.05 
phi<=. 1 
phi=.2 
ph i«=.3 
phi=.4 

10 20 30 40 

w/t 

Figure 7: Acceptable Range of Strength Reduction 
Curves for [±15/±50]„ Laminate. 



60 

S X10 5 

1.00 

0.75 

0.50 

0.25 

0.00 

0 10 20 30 40 

w/t 

Figure 8: Unacceptable Range of Strength Reduction 
Curves for [±15/±50]a Laminate. 



61 

or (2) the -15° ply fails, thereby causing complete laminate failure. This second mode only 

appears for <f> > 0.5. Since this is larger than the selected </>, it is believed that this mode is 

abnormal and not one which would be observed experimentally. Its presence is artificially 

imposed by 4> values which over-emphasize the edge delamination effect. 

Comparing Figures 7 and 8 shows the stark difference in material response when <j> is 

in the acceptable and unacceptable range, respectively. While Figure 7 shows several well-

behaved strength reduction curves which agree with expectations, Figure 8 demonstrates the 

oscillatory curve behavior which occurs when <j> is overestimated. In addition, note the abnor

mal convergence of the curves in Figure 8. This effect, as mentioned earlier, is also due to 

excessive <t> values. 

• [±45/0/90]s : For this laminate, the selection process yields <f> = 0.09. The corres

ponding computer data table and strength reduction curves are shown in Table 2, Figure 9, 

and Figure 10. 

From Table 2, it is observed that three distinct failure modes appear. The first and 

most predominant failure mode is dictated by the following events. First, the 90° plies fail, 

followed by the -45° plies. Failure of the -45° plies then causes the 45° plies and 0° plies to 

fail in quick succession. 

The second failure mode observed is again initiated by 90° ply failure. However, this 

in turn causes 0° ply failure, which results in complete laminate failure. This mode occurs in 

those laminates for which ij> < 0.4. 

The third failure mode is characterized by the 90° plies failing twice; that is, the ply 

experiences both complete matrix degradation and complete fiber fracture. After this double 

failure, the complete laminate fails. This mode occurs only for very small w/t ratios, and 

then only when $ > 0.07. 

For an averaged-size laminate, the second failure mode described above seems to be 
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TABLE 2: ULTIMATE STRENGTH VALUES FOR 
[±45/0/90]„ GRAPHITE EPOXY LAMINATES 

w w 
t 

$=.03 $=.05 $=.07 $=0.1 $=0.2 $=0.3 $=0.4 

0.0912 2 59381* 51578* 43795' 31672' 16164' 10850' 8479' 
0.1368 3 64686 58398* 52787* 45761' 24136' 16164' 12035' 
0.1596 3.5 65358 60493* 55536* 48943* 27959' 18894' 14198' 
0.2280 5 66483 64686* 60823* 55536* 41924* 41725* 41635' 
0.3420 7.5 67274 66146 65021 61375* 55915* 53963 53653 
0.3990 8.75 67609 66595 65584 63251* 59320* 55974 56944 
0.4560 10 67724 67093 66033 64686* 60871 59268 59250 
0.6840 15 68175 67610 67046 66146 64336 64322 64308 
0.9120 20 68640 67950 67499 67093 66644 66194 65745 
1.3680 30 69298 68421 68061 67610 66871 66644 66308 
1.5960 35 69518 68750 68175 67836 66982 66866 66886 

w w 
t 

$=0.5 $=0.6 $=0.7 $=0.8 $=0.9 $=1.2 $=1.4 

0.0912 2 06868' 05793' 05208' 05216' 05224' 05247' 2359' 
0.1368 3 09881' 08479' 07298' 06439' 05793' 05216' 3539' 
0.1596 3.5 11282' 09665' 08479' 07512' 06654' 05043' 5220' 
0.2280 5 39947 39932 39917 37191 37179 37143 37108 
0.3420 7.5 53634 53615 50151 50136 50121 50076 50032 
0.3990 8.75 56926 56907 53249 53235 53220 53177 53133 
0.4560 10 59233 59215 55470 55456 55442 55401 55359 
0.6840 15 64294 60392 60380 60369 60358 60324 60291 
0.9120 20 65296 62636 62627 62618 62609 62582 62555 
1.3680 30 66228 64887 64880 64874 64867 64848 66228 
1.5960 35 66886 65453 65447 65441 65436 65419 66886 

Note: The selected $ value is 0.09. The ply thickness is 0.0057 inch. The failure modes are 
as follows: When unmarked, the 90° ply fails, then the -45° ply fails. This second failure 
quickly causes either 1) 45° and 0° plies to fail in succession, or 2) complete laminate failure 
(elf). Items marked with a star (*) denote 90° ply failure, then 0° ply failure, which causes 
elf. Primed items denote double failure of 90° ply; i.e., fiber fracture and matrix failure. 
This causes elf. 
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TABLE 3: ULTIMATE STRENGTH VALUES FOR 
[02/902]o GRAPHITE EPOXY LAMINATES 

w w 
t 

$=.03 $=.05 $=.07 $=.09 $=0.1 $=0.2 $=0.3 

0.0912 2 110417 109540 108662 107895 107456 103509 99671 
0.1368 3 110746 110197 109649 109101 108882 106140 103509 
0.1596 3.5 110855 110417 109978 109430 109210 106908 104605 
0.2280 5 111075 110746 110417 110088 109978 108333 106689 
0.3420 7.5 111294 111075 110855 110636 110526 109430 108333 
0.3990 8.75 111294 111184 110965 110746 110636 109759 108772 
0.4560 10 111404 111184 111075 110855 110746 109978 109101 
0.6840 15 111513 111404 111184 111075 111075 110526 109978 
0.9120 20 111513 111404 111294 111294 111184 110746 110417 
1.3680 30 111513 111513 111404 111404 111404 111075 110746 
1.5960 35 111513 111513 111513 111404 111404 111184 110855 

w w 
t 

$=0.4 $=0.5 $=0.6 $=0.7 $=0.8 $=1.0 $=1.2 

0.0912 2 95943 92325 81689* 69956* 61184* 49013* 40789* 
0.1368 3 100877 98246 95943 93531 91228 73465* 61184* 
0.1596 3.5 102412 100000 98026 95943 93860 85746* 71491* 
0.2280 5 105044 103289 101974 100439 98904 95943 93092 
0.3420 7.5 107237 105921 105044 104057 102961 100877 98904 
0.3990 8.75 107785 106798 106031 105044 104167 102412 100658 
0.4560 10 108333 107237 106689 105811 105044 103509 101974 
0.6840 15 109430 108772 108333 107785 107237 106140 105044 
0.9120 20 109978 109430 109101 108662 108333 107456 106689 
1.3680 30 110526 110088 109978 109649 109430 108882 108333 
1.5960 35 110636 110307 110197 109978 109759 109211 108772 

Note: The selected $ value is 0.07. The ply thickness is 0.0057 inch. The failure modes are 
as follows: When unmarked, the 90° plies fail, followed by the 0° plies. When marked with a 
star (*), double failure of the 90° plies occurs. This causes complete laminate failure. 
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the most plausible; i.e., the 0° plies should fail before the ±45° plies, as the ±45° plies will try 

to rotate so as to orient themselves with the loading direction. This rotation effect should 

serve to delay their imminent failure. Furthermore, note how this failure mode appears in 

abundance around <f> = 1.0, which is approximately the value chosen in the selection process. 

This phenomenon lends more credibility to both the plausibleness of this failure mode, and 

the <f> selection process in general. 

A comparison of Figures 9 and 10 again reveals what Figure 8 previously displayed -

that excessive <f> values cause abnormal material response, as indicated by the exaggerated 

oscillatory nature of the strength reduction curves in Figure 10. 

• [02/902]e : Using the separate constraint conditions for cross-ply laminates listed 

earlier, it is found that <f> = 0.07 yields ideal material behavior. The computer data table and 

associated strength reduction plots are shown in Table 3, Figure 11, and Figure 12. 

Table 3 shows that for high 4> values and small w/t ratios, failure is dictated by com

plete matrix degradation and fiber fracture of the interior 90° plies. This failure mode, which 

also occurred in the previous laminate, is an unusual mode which one would not expect to see 

in typical experimental tests; it seems improbable that fiber failure would occur in the 90° 

plies, as they are transverse to the loading direction. From the damage evolution perspective, 

high <j> values combined with narrow specimens will result in an excessively high contribution 

of damage from edge delamination; it appears that this excessive edge delamination damage is 

responsible for the unusual failure mode. 

For all other cases, failure is characterized by 90° first ply failure, followed by 0° ply 

failure. These failure events agree with experimental data, such as that reported by A. S. D. 

Wang et al (1985). 

Figure 11 shows the acceptable <f> range strength reduction curves; the behavior of the 

curves is as expected in that no anomolous convergence or oscillations are observed. In Figure 
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12, the curve for <j> = 0.6 appears well-behaved. Indeed, the separation between acceptable 

and unacceptable <f> values is somewhat more vague here than for the other two laminates, 

although a visible distinction between <j> = 0.5 and <j> = 0.6 was evident on the initial unified 

strength reduction plot. 

3.3 Damaged State With and Without Edge Delamination 

The above results confirm that the damage evolution theory, as applied to edge del

amination, is valid insomuch as correct strength reduction behavior can be achieved for any 

laminate by proper selection of <j>. How does the damage state predicted herein compare with 

the damage state predicted for the case of no edge delamination? This question will be 

addressed in the following section. To do this, the damage ratios t (with edge delamination) 

and r (without edge delamination) are plotted as a function of laminate strain for various plies 

in the above three laminates. Afterwards, comparisons are made between the peak stresses 

and strains for each laminate, with and without edge delamination. 

Comparison Between r, 9 for Various Laminae 

To show the effects of incorporation of edge delamination on the damage state of a 

ply, the damage ratios r and ? are plotted, as a function of strain £x, for the second and fourth 

plies of each of the three laminates analyzed above. The second and fourth plies are chosen 

simply because they yield a good representation of the damage progression in each laminate. 

In constructing these plots, the respective <f> values selected earlier are used for the 

laminates. Additionally, each laminate is assumed to have a unit width, w = 1 inch, and 

assumed to have material properties as given earlier. Then, for each plot, the computer pro

gram is run; each data point represents the data for r f, and ex at one particular load incre
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ment. The plots are shown in Figures 13, 14, and 15. 

In Figure 13, as in Figures 14 and 15, strain ex is plotted in units of inch/inch along 

the horizontal axis, while damage (r and f) is plotted along the vertical axis. There are three 

important points worth mentioning pertaining to Figure 13. First, note that the progression of 

damage via r and ? is essentially nonlinear. This is to be expected, given the nature of equa

tion (22). 

Second, observe that in both plies, the inclusion of edge delamination increases the 

amount of damage in each ply. This should come as no surprise, given equations (38) and 

(39). This increase in damage is not constant throughout the laminate, but rather, it varies 

from ply to ply due to the variation of az at the various ply interfaces. 

Lastly, it should be pointed out that the damage in the fourth ply (here, the -50° ply) 

is greater than the damage in the second ply (here, the -15° ply). This agrees with the earlier 

failure mode assesment, in which the -50° ply was always observed to fail first. 

Figure 14 shows the damage progression for the [±45/0/90]„ laminate. In this case, 

the second ply has an orientation of -45°, while the fourth has an orientation of 90°. While 

similar observations about the nonlinearity of damage progression and the increase in damage 

due to edge delamination can be made here as before, the important item to note here is the 

presence of the "knee" in the 90° ply's damage progression curve. This knee corresponds to 

the first ply failure of the 90° ply, which is in agreement with the discussion earlier about 

failure modes for this laminate. After the 90° ply failure, damage in this ply continues to 

accumulate (because the fibers are still intact), but at a much slower rate due to the stress 

redistribution, until the entire laminate fails. 

In Figure 15, the damage progression for the interior 0° ply and the exterior 90° ply 

of the [02/902]s laminate is shown. This figure incorporates all of those items previously dis

cussed - i.e., the nonlinearity of damage progression, the knee in the damage progression 

curve, and the agreement with the previous failure mode assesment (in this case, that the 90° 
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plies fail first). However, note that the increase in damage due to edge delamination is very 

minimal for this cross-ply laminate; in fact, the increase is nonexistant in the 0° ply, and only 

appears in the 90° ply after the initial ply failure. This minimal damage increase corresponds 

to the observance that the [02/902]s laminate shows very little edge delamination when tested 

(A. S. D. Wang, 1985). 

Comparison of Peak Stress and Strain Points 

A comparison of the peak stress and strain points for each laminate, with and without 

edge delamination, is presented in Figure 16. In constructing this plot, the failure stresses and 

strains for each laminate are calculated with edge delamination (using the selected <f> values for 

each laminate) and without edge delamination (by setting <j> = 0). In both cases, material pro

perties are identical to those taken before, and a laminate width of 1 inch is used. 

From Figure 16, note that the presence of edge delamination reduces significantly 

both the failure stress and failure strain for the [±15/±50]o and [±45/0/90]s laminates. This 

agrees with the data from the above subsection, i.e., the increase in damage due to edge de

lamination results in a reduced failure stress and failure strain, as expected. 

Conversely, the [02/902]a laminate shows no change in peak stress or peak strain. But, 

since this laminate is known to exhibit little or no edge delamination, and since, from the 

above subsection, there is little damage due to edge delamination, this lack of change in peak 

stress and strain is by no means incongruous. 

The peak stress and peak strain points, then, closely parallel the developments in the 

preceding subsection - when edge delamination is expected these peak points will decrease, 

and when edge delamination is not expected, the peak points will remain relatively 

unchanged. 
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3.4 Laminate Strength as a Function of Overall Thickness 

The above sections have demonstrated the validity of the present theory. In an effort 

to further demonstrate this validity, an investigation of the effect of laminate thickness on 

laminate strength is undertaken. 

It has been noted by various researchers that the onset of delamination in a composite 

laminate is directly related to the thickness of the plies making up the laminate, when the 

layup sequence is invariant. This is the so-called "volume scaling effect" (Rodini and 

Eisenman, 1980; O'Brien, 1982; Garg, 1988; Kim and Soni, 1984). Presumably, then, the ul

timate strength of a laminate will also depend on the ply thicknesses. Crossman and Wang 

(1982) have shown this to be true for [±25/90n]o T300-934 graphite-epoxy laminates, where n 

represents the number of 90° plies. 

To investigate whether the present theory will portray this thickness effect, the 

behavior of [±25/90n]„ laminates is investigated, where n = 0.5, 1.5, 3, and 8. This laminate is 

chosen so that the experimental results of Crossman and A. S. D. Wang (1982) can be utilized 

in a comparison with the results of the present theory. The material system is assumed to be 

the same as that used earlier. Additionally, each laminate is assumed to have a width of 

0.9843 inch (2.5 cm) in order to correspond more closely to the experimental data of Cross-

man and Wang (1982). The analysis involves two steps. First, for each of the four laminates, 

a value of <j> must be selected. Then, through the implementation of the proper <j> value for 

each laminate, the ultimate strength of each laminate is obtained through a computer program 

run. From this latter data, a plot of ultimate strength S versus n is constructed for the lami

nate series. 

<j> Selection for [±25/90n]s Laminate Series 
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For brevity, only the complete range of (j> values for each laminate is plotted in 

strength reduction curves. Since, the process of <j> selection has already been detailed, this sec

tion will merely present and discuss the plot of strength reduction curves, the table of com

puter data, and the selected <j> value for each laminate. 

For the [±25/90OB]a laminate, the computer data table and strength reduction curves 

are shown in Table 4 and Figure 17. From Table 4, note the presence of three distinct failure 

modes. The first, and most prevalent, consists of a first ply failure of the 90° plies, followed 

by failure of the -25° plies. This then causes complete laminate failure. 

The second mode, observed erratically at high <j> values, is characterized by 90° first 

ply failure, followed by simultaneous failure of both the 25° plies and the -25° plies. Since 

this mode appears at only extreme <f> values (<j> > 2.0), it is attributed to an overestimate of the 

effect of edge delamination on the damage state in the laminate, and is thus disregarded. A 

third failure mode appears for those laminates which have an extremely small w/t ratio com

bined with <t> > 0.2. In this mode, failure is characterized by a double failure of the 90° plies; 

i.e., matrix degradation and fiber fracture. This mode is identical to those double-failure 

modes which occured in the 90° plies of both the [02/902]s and [±45/0/90]a laminates, and is 

due to the large free edge effect which exists when w/t and <j> are in the ranges described. 

For the selected <j> value of 0.3, the predominate failure mode is the first mode dis

cussed above, that is, 90° failure followed by -25° failure. This failure mode seems reason

able; one would expect the 90° plies to fail first, and, upon failure, to increase the damage in 

the adjacent -25° plies such that, with increasing load, these plies are next to fail. 

In Figure 17, the initial oscillations and abnormal convergence of strength reduction 

curves in the range <j> > 0.5 clearly mark this range as unacceptable. In contrast, the curve for 

<t> = 0.3 is characterized by ideal strength reduction and monotonicity. 

The next laminate investigated is the [±25/908]B laminate. The computer data table 

and strength reduction curves for this laminate are presented in Table 5 and Figure 18. Table 
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TABLE 4: ULTIMATE STRENGTH VALUES FOR 
[±25/90o 5]b GRAPHITE EPOXY LAMINATES 

0.0520 2 
0.0912 3.5 
0.1368 5.3 
0.1596 6.1 
0.2280 8.8 
0.3420 13.2 
0.3990 15.4 
0.4560 17.5 
0.6840 26.3 
0.9120 35.1 

$=.05 $=.10 

99967 90027 
104665 98597 
106823 102511 
107413 103878 
108591 106036 
109573 107803 
109771 108199 
109968 108591 
110363 109573 
110560 109968 

$=.20 $=.30 

67499' 47415' 
87501 76492' 
94696 87501 
96841 90416 
100943 96255 
104272 100943 
105252 102314 
106036 103487 
107803 106036 
108591 107217 

$=.50 $=.70 

29440' 21029' 
49709' 36324' 
75116 65289 
79363 73176 
87501 86701 
95668 95647 
98201 98183 
99959 99942 
103875 103863 
105836 105826 

w ~ $=1.0 $=2.0 $=3.0 

0.0520 2 14911' 7567' 5107' 
0.0912 3.5 25808' 13000' 8705' 
0.1368 5.3 64488 64377 64265 
0.1596 6.1 73138 73014 72889 
0.2280 8.8 86663 86538 86462* 
0.3420 13.2 95616 95513 95478* 
0.3990 15.4 98154 98060 98036* 
0.4560 17.5 99917 99831 99812* 
0.6840 26.3 103844 103782 103774" 
0.9120 35.1 105812 105763* 105759' 

Note: The selected $ value is 0.30. The ply thickness is 0.0052 inch. The failure modes are 
as follows: When unmarked, the 90° plies fail, followed by the -25° plies. This results in 
complete laminate failure (clf). When marked with a prime ('), double failure of the 90° plies 
occurs, causing clf. When marked with a star (*), both the 25° plies and the -25° plies fail 
simultaneously after 90° ply failure, resulting in clf. 
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5 utilizes the same <f> increments as does Table 4, although the column of data for $ = 3.0 is 

neglected, since the ideal <f> value is obviously not this large. This can be seen by observing 

the abnormally small values of ultimate strength recorded for 4> = 2.0 and w/t = 2, 3.5. 

Again, the same three failure modes appear, with the 90° ply failure followed by -25° ply 

failure the most abundant, as expected. The other point to note from this table is the small 

magnitude of the failure stresses, relative to the n = 0.5 laminate. 

The selected <f> value for this laminate is 0.05. Because this value is the smallest in the 

range investigated, Figure 18 shows a large range of unacceptable <j> values. These fall into 

the range <f> > 0.2, and the strength reduction curves for these values are characterized by large 

oscillations and abnormal convergence - effects due to the excessive estimation of edge de-

lamination damage contributions. 

With the behavior of the two laminates having extreme thicknesses documented, the 

two laminates of middle thicknesses are investigated next. Since, for the two previous lami

nates ^ is in the range 0.05 < <f> < 0.3, it is assumed that <f> for the [±25/901 6]s and [±25/903]s 

laminates will also fall into this range. This proves to be an accurate assumption. 

For the [±25/901<6]s laminate, the pertinent data are collected and displayed in Table 6 

and Figure 19. 

Since from the above assumption the maximum <j> value to be investigated has been 

reduced by a factor of 10, the failure mode previously evident at <j> > 2.0 (characterized by 

simultaneous 25° and -25° ply failure) is no longer a factor. However, the other two failure 

modes discussed previously, namely the 90° ply double failure and the 90° ply failure fol

lowed by -25° ply failure, are observed. It should be noted also that the failure stresses for 

this laminate lie between those found earlier for n = 0.5 and n = 8. 

From Figure 19, the boundary between acceptable and unacceptable <j>'s can be 

deduced from the oscillatory behavior evident at </> = 0.18. The selected value of <j>, 0.15, 

closely straddles this border, yet displays acceptable strength reduction curve behavior. 
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TABLE 5: ULTIMATE STRENGTH VALUES FOR 
[±25/908], GRAPHITE EPOXY LAMINATES 

w w 
t 

$=.05 $=.10 $=.20 $=.30 $=.50 $=.70 

0.2080 2 21075' 10802' 6388' 4515' 2833' 2017' 
0.3640 3.5 27086 18579' 9415' 7157' 4756' 3506' 
0.5200 5 27767 26211 23353 20937 17036 15880 
0.7800 7.5 28350 27232 25193 23353 21417 21412 
0.8840 8.5 28496 27523 25678 23982 22528 22522 
1.0400 10 28642 27767 26211 24756 23688 23683 
1.5600 15 28934 28350 27232 26211 25771 25767 
2.0800 20 29032 28642 27767 26988 26743 26739 
3.1200 30 29179 28934 28350 27767 27715 27713 
3.6400 35 29227 28984 28496 28010 27959 27957 

w w 
t 

$=1.0 $=2.0 $=3.0 

0.2080 2 1411' 720' 480' 
0.3640 3.5 2497' 1249' 816' 
0.5200 5 15873 15850 15380 
0.7800 7.5 21403 21375 21372 
0.8840 8.5 22514 22486 22486 
1.0400 10 23675 23652 23652 
1.5600 15 25761 25746 25746 
2.0800 20 26734 26723 26723 
3.1200 30 27709 27702* 
3.6400 35 27954 27948* 

Note: The selected $ value is 0.05. The ply thickness is 0.0052 inch. The failure modes are 
as follows: When unmarked, the 90° plies fail, followed by the -25° plies. This results in 
complete laminate failure (clf). When marked with a prime ('), double failure of the 90° plies 
occurs, causing clf. When marked with a star (*), both the 25° plies and the -25° plies fail 
simultaneously after 90° ply failure, resulting in clf. 
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Figure 18: Strength Reduction Curves 
for the [±25/908]„ Laminate. 
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Lastly, for the [±25/903]B laminate, the computer data table and strength reduction 

curves are presented in Table 7 and Figure 20. Again, only the two failure modes discussed 

above are evident in Table 7. Additionally, the failure stresses listed lie between those calcu

lated for the [±25/90liB]fl and [±25/908]„ laminates. This would seem to indicate a thickness 

effect, as the failure stresses for each laminate in the series seem to decline as n increases. 

However, further investigation of each laminate at the selected <f> values is necessary to docu

ment this. 

Figure 20 exhibits a sharp boundary between acceptable and unacceptable <f> values, 

based on oscillatory behavior at <j> = 0.15. The selected <f> value of 0.12 properly lies under

neath this boundary. 

Thus then, there appears to be a thickness effect based on the above calculations, and 

this effect is investigated further in the next subsection. Additionally, there seems to be a 

thickness effect which dictates the calculation of <j>, since as n increases, $ decreases. More 

will be said about this later. 

Thickness Effect Results 

To quantify thickness effects in the above analysis, a plot of ultimate strength as a 

function of n is constructed for the [+25/90n]s laminate series. Four laminates are considered, 

corresponding to n = 0.5, 1.5, 3, and 8. For each n, the appropriate <j> value is used in a com

puter program run to determine the ultimate strength S. All other inputs to the program are 

identical to those used for <j> selection previously. 

The result of this analysis is shown in Figure 21. From the figure, it is very clear that 

there is a thickness effect; the strength of the laminate drops as n increases. Thus it appears 

that the present theory is sensitive to the volume scaling effect. 

In an effort to make some comparisons between Figure 21 and experimental data, 
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TABLE 6: ULTIMATE STRENGTH VALUES FOR 
[±25/9015]b GRAPHITE EPOXY LAMINATES 

w w 
t 

$=.05 $=.07 $=.09 $=.12 $=.15 $=.18 

0.0728 2 77582 73420 69407 58571' 47623' 40096' 
0.1092 3 81471 78413 75499 71344 67609 58571' 
0.1274 3.5 82584 79941 77303 73697 70237 67057 
0.1820 5 84673 82723 80776 78135 75499 73005 
0.2730 7.5 86345 84952 83698 81749 79941 78135 
0.3094 8.5 86764 85510 84394 82585 80916 79385 
0.3640 10 87183 86205 85092 83698 82168 80776 
0.5460 15 88020 87323 86625 85649 84673 83698 
0.7280 20 88439 87882 87461 86625 85927 85092 
1.0920 30 88859 88578 88161 87740 87183 86625 
1.2740 35 88998 88718 88439 88020 87600 87044 

w w 
t 

£=.22 <j>=. 26 $=.30 

0.0728 2 32981' 28054' 24359' 
0.1092 3 48582' 41465' 36128' 
0.1274 3.5 56108' 48034' 42012' 
0.1820 5 69822 66782 64021 
0.2730 7.5 75777 73559 71344 
0.3094 8.5 77302 75222 73282 
0.3640 10 78969 77165 75499 
0.5460 15 82444 81192 79941 
0.7280 20 84116 83142 82168 
1.0920 30 85928 85369 84673 
1.2740 35 86486 85928 85370 

Note: The selected $ value is 0.15. The ply thickness is 0.0052 inch. The failure modes are 
as follows: When unmarked, the 90° plies fail, followed by the -25° plies. This results in 
complete laminate failure (elf). When marked with a prime ('), double failure of the 90° plies 
occurs, causing elf. 
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TABLE 7: ULTIMATE STRENGTH VALUES FOR 
[±25/903]b GRAPHITE EPOXY LAMINATES 

w w 
t 

$=.05 $=.07 $=.09 $=.12 $=.15 $=.18 

0.1040 2 52877 49872 41427' 31550' 25413' 21289' 
0.1560 3 55501 53363 51326 46222' 37496' 31550' 
0.1820 3.5 56279 54431 52587 50066 43345' 36537' 
0.2600 5 57739 56376 55015 53169 51326 49582 
0.3900 7.5 58908 57934 57057 55695 54431 53169 
0.4420 8.5 59200 58323 57544 56375 55209 54043 
0.5200 10 59493 58810 58032 57057 56084 55015 
0.7800 15 60078 59590 59103 58421 57739 57057 
1.0400 20 60371 59981 59687 59103 58615 58032 
1.5600 30 60664 60468 60176 59882 59493 59103 
1.8200 35 60761 60566 60370 60078 59785 59396 

w ^ <f>=.22 $=.26 $=.30 

0.1040 2 17453' 14768' 12850' 
0.1560 3 25988' 22056' 19179' 
0.1820 3.5 30207' 25700' 22344' 
0.2600 5 47451 45325 43394 
0.3900 7.5 51520 49969 48516 
0.4420 8.5 52587 51132 49775 
0.5200 10 53752 52586 51326 
0.7800 15 56181 55209 54431 
1.0400 20 57350 56669 56084 
1.5600 30 58616 58225 57739 
1.8200 35 59006 58616 58226 

Note: The selected $ value is 0.12. The ply thickness is 0.0052 inch. The failure modes are 
as follows: When unmarked, the 90° plies fail, followed by the -25° plies. This causes com
plete laminate failure (elf). When marked with a prime ('), the 90° plies fail twice (fiber 
fracture and matrix degredation). This results in elf. 
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consider Figure 22 (Grossman and Wang, 1982). This figure details experiments performed on 

[±25/90n]o laminates. In these tests, laminate geometry is identical to that used above, while 

the material system used is T300/934 graphite/epoxy. Thus, any conclusions drawn from a 

direct comparison of Figures 21 and 22 must be tempered by the knowledge that the material 

systems used in the two figures are not identical. 

In general, the two curves shown in the respective figures are similar (note that the 

curve in Figure 21 is compared to the ultimate failure curve in Figure 22) in that both show a 

decrease in strength as n is increased. However, the experimental curve appears invariant to 

thickness changes until n > 3. In contrast, the analytical data of Figure 21 shows no invari-

ance to thickness changes. While Figure 21 only incorporates four data points and is thus of 

limited accuracy, it appears safe to say that, given a larger number of data points, a differ

ence between the two figures would still exist in regards to thickness invariance. 

The cause (or causes) of this discrepancy is not fully understood. While it could 

simply be attributed to the difference in material properties, it may also be due in part to 

some manifestation of the present theory. It is known (Crossman and Wang, 1982), for exam

ple, that both a% and ryz influence the delamination mode for the [±25/90]a laminate series. 

Because the present theory ignores ryz effects, it may be possible that attributing the cause of 

edge delamination solely to az results in an overestimate of <f>, thereby resulting in an excessive 

strength reduction for n < 3. Alternatively, perhaps there is some interaction between ryz and 

az, ignored in the present theory, which accounts for the thickness invariance for n < 3. 

Further work and investigation into this question is needed to determine any theoretical cause 

of this discrepancy. 

The above comparison does reveal, however, that the present theory is sensitive to the 

volume scaling effect. Thus, the present theory shows much promise in being a viable 

approach to the edge delamination problem. Further work, especially in the areas of <j> selec

tion, general (interior) delamination, and experimental verification is needed before this goal 
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CHAPTER 4 

SUMMARY, CONCLUSIONS, AND COMMENTS 

ON FURTHER RESEARCH 

This chapter is divided into three sections. In Section 4.1, the developments of the 

previous chapters are summarized. Conclusions are then drawn from this research, and dis

cussed in Section 4.2. Lastly, Section 4.3 presents some suggestions and comments on further 

research. 

4.1 Summary 

A damage evolution theory capable of predicting the effects of edge delamination 

phenomena on composite laminate response has been presented. This theoretical formulation 

quantifies the damage development of a laminate under general loading, and relates this 

damage directly to the constitutive behavior of the laminate. The theory as it applies to non-

delaminated laminates has been adopted from Frantziskonis and Joshi (Joshi, submitted); in 

this thesis edge delamination effects have been studied further. 

This modified theory has been incorporated into a computer program to facilitate cal

culations for the case of uniaxial loading. The computer program was then utilized in per

forming a parametric numerical analysis, where this analysis consisted of (1) demonstrating 

the methodology of selection of the introduced constant <f>, and presenting <f> selection results 

for three separate laminates, (2) demonstrating the effect of edge delamination incorporation 

by comparing the damage state of laminates with and without edge delamination, and (3) in

vestigating the variation of laminate strength with laminate thickness, thereby demonstrating 
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sensitivity to the volume scaling effect. 

4.2 Conclusions 

From the above parametric numerical analysis, the following conclusions can be made: 

1. The inclusion of edge delamination effects in the damage evolution theory raises 

damage levels in all plies and reduces peak stress and strain points for all laminates, except the 

[02/902]8 cross-ply laminate. This lack of change in the cross-ply laminate agrees with the 

minimal edge effects the laminate exhibits experimentally (A. S. D. Wang et al, 1985), and is 

caused by insufficient tensile crB development. 

2. Underestimating tj> yields reduced edge effects in laminate response, while overes

timating <f> results in inconsistant laminate behavior. This inconsistant behavior is character

ized by abnormal convergence, curve overlapping, and oscillatory behavior of the strength 

reduction curves for each laminate. Thus, the proper <j> value can be estimated by com

promising between these two extremes. 

3. Constant <f> is dependent upon laminate stacking sequence; varying the stacking 

sequence significantly alters the value of </>. 

4. When laminate stacking sequence is invariant, <f> becomes dependent upon the 

overall laminate thickness. As a result, the present theory predicts a volume scaling effect. 

5. The present theory represents a viable approach to the edge delamination problem, 

based on the analysis of Chapter 3. Refining both the assumption of only normal stress influ
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ence on edge delamination and the strength reduction constraints for general and cross-ply 

laminates will only serve to make the theory an even more accurate tool for edge delamination 

investigations. 

4.3 Comments on Further Research 

This section will discuss additional areas in which research on the present edge delam

ination model can be pursued. These areas include: extending the theory to include general 

delaminations (far from the free edges), incorporating shear stresses into the edge delamina

tion theory, including temperature and moisture loadings, and investigating edge delamination 

instabilities. 

The present theory considers only edge delaminations. One avenue for further 

research would be the extension of the theory to incorporate general (interior) delaminations. 

General delaminations arise from differences in the stress fields of adjacent plies. These 

differences in stress fields are influenced by such factors as impact loadings, internal voids or 

other manufacturing defects, and matrix crack intersections, among others. All of these fac

tors serve to produce stress concentrations in the immediate area of occurance. Of these fac

tors, both impact loadings and manufacturing defects cannot be modeled by the present 

theory, because it is assumed that all loadings are quasi-static and all material is free of 

defects. Neglecting these two factors, a general delamination model can be developed such 

that interior delaminations are predicted when differences in stress levels of adjacent plies 

reach some predetermined critical magnitude. 

This model must necessarily incorporate some degree of three-dimensional stress anal

ysis; ideally, both interlaminar normal stresses and interlaminar shear stresses would be 

accounted for, to allow for interaction between normal and shear stress components. Further

more, damage derived from this general delamination model would apply only in the interior 
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of the laminate, just as damage derived from the edge delamination model applies only to the 

laminate's free edges. 

If interlaminar shear stresses are incorporated into the general delamination model, 

they could then be applied to the edge delamination model as well. Recall that the current 

edge delamination damage evolution law considers only normal interlaminar stress a%. While 

this is quite sufficient for most laminates, there may be some laminates whose edge delamina

tion behavior is dictated by both interlaminar normal and shear stresses, as hypothesized at the 

end of Chapter 3. A simple shear stress approximation would be ideal for incorporation into 

the model, in that this would avoid lengthy numerical calculations or finite element method 

techniques. This approximation could be added to the model through equations (37). 

Another topic for further research is the inclusion of moisture and temperature load

ings. Currently, the theory assumes no moisture or temperature changes take place in the 

laminate. Practically, however, moisture and temperature frequently vary, both in the manu

facturing and application of composite laminates. Inclusion of these loadings would be rela

tively straightforward; equation (29) must be modified to include stress resultants and stress 

couples which arise from strains induced by temperature or moisture changes. 

One last topic which should be addressed here is that of edge delamination instability. 

The present theory accounts for stable delamination growth within the free edge boundary 

layer only. However, experimental analysis shows that edge delaminations will extend beyond 

this boundary into the interior of a laminate under sufficient loading (Crossman and Wang, 

1982). Edge delamination growth beyond the boundary layer is an unstable process usually 

occuring at high load levels. Research into this instability would involve energy considera

tions for the entire laminate; by applying these developments to the present computer code, a 

more accurate predictive tool for determining composite laminate behavior would be realized. 



96 

APPENDIX 1 

COMPUTER SOURCE CODE AND USER'S MANUAL 

In this appendix, the source code developed for the theoretical formulation of this 

thesis is presented. The program is written in the Fortran computer language. In an effort to 

make the program easily readible, numerous comments have been inserted throughout the 

code. While the theory is capable of handling general loading, the program is currently only 

set up to accomodate uniaxial loading in the global X-direction. 

After the source code listing, a user's manual detailing the operation of the program 

will follow. 

A.l.l Source Code 

c 
c 
c f771ink/debug try4 
c 
c This program utilizes damage evolution theory to predict the 
c response of a general composite laminate, subjected to a general 
c external load, while accounting for edge delamination. The variables 
c used in the program are defined below. 
c 
c cu: matrix Cu 

c cd: matrix C^, where for both cu and cd the first numeral 
c in their dimension statement corresponds to tension or 
c compression cases. 
c cub: matrix Cu 

c cdb: matrix C*, where for both cub and cdb the first 
c numeral in their dimension statement corresponds to the 
c ply number. 
c stn plane stresses in each ply of the laminate. 
c stp: principal plane stresses in each ply of the laminate, 
c strdel: actual stresses when delamination is present. 



el: right-hand-side of equation (29). 
e: plane strains for each ply of the laminate. 
ep: principal strains for each ply of the laminate. 
pload: general load applied to laminate, or, the left-hand-

side of equation (29). 
aload: actual applied load based on strdel stresses, 
th: angle of orientation for each ply of the laminate, 
phi* value of material parameter <f>. 
width: width of laminate. 
n damage ratio r for each ply of the laminate, 
rp: previous value of r; used_ forcon vergence check, 
rel, re2, re: damage ratios r^, r^, and re. 

rt damage ratio rt. 
rhat damage ratio t. 
axisl-axis6: data points used for plotting. 
elft failure strain in direction 1, for tension. 
elfc: " " compression. 
e2ft " " 2, for tension. 
e2fc: " " compression. 
e3f: shear failure strain. 
elt Young's Modulus in direction 1, for tension, 
elc: " " compression. 
e2t " " 2, for tension. 
e2c: " " compression. 
gl2: Shear Modulus G^. 
anul2: Poisson's ratio v^. 
ac, be, at, bt material parameters ac, bc, at, and bt. 
almadt (almadc): material parameter A in tension (compression). 
rcn critical damage ratio rcr. 
abd: partitioned matrix ABD. 
z: vector of ply thicknesses (or eccentricities). 
zzz: vector of ply thicknesses. 
iflag, iflag2: flags used in failure analysis. 
a, b, c, al, a2: vector of values of material parameters for each ply. 
ml, m2: flags determining the signs of principal strains in each ply. 
np: number of plies. 
pine: load increment (for uniaxial loading). 
ijunk: number of iterations^ 
zz: moment arm used in az calculation._ 
sigzl, sigz2: az for calculating re^ and re^. 

The above represent the main variables used in the computer pro
gram. The main body of the program and its various subroutines are 
listed below. 

Dimension and define all variables, common areas, and files 

implicit double precision (a-h, o-z) 
parameter(ipath= 1 ,lda=6,nq=6) 



dimension cu(2,3,3),cd(2,3,3),th(50) 
dimension cub(50,3,3),cdb(50,3,3),e(50,3),r(50),ep(50,3) 
dimension stp(50,3),el(6),rp(50) 
dimension strdel(50,3),zzz(50),aload(50) 
dimension axis1(2000),axis2(2000) 
dimension axis3(2000),axis4(2000),axis8(2000) 
dimension axis5(2000),axis6(2000),axis7(2000) 
common/strain/el ft,e 1 fc,e2ft,e2fc,e3f 
common/matmod/e 1 t,e 1 c,e2t,e2c,g 12,anu 12 
common/matcons/ac,bc,at,bt,almadc,almadt,rcr 
common/junk/abd(6,6),z(50),iflag(50),iflag2(50) 
common/junkl/a(50),b(50),c(50),al(50),a2(50) 
common/junk2/str(50,3),phi,width,t,pload(6),rhat(50) 
common/junk3/rt(50) 
open( 1 ,file="ou 1 .dat") 
open(2,file="ou2.dat") 
open(3,file="ou3.dat") 
open(4,file="ou4.dat") 
open(7,fi!e="ou5.dat") 
open(9,file="inp.dat") 
open( 12,file="out2.dat") 
data e 1 t,e 1 c,e2t,e2c,g 12,anu12/27.125d6, 

1 22.979d6,1.542d6,2.898d6,1 .d6,.28/ 
data elft,elfc,e2ft,e2fc,e3f/ 

1 .008,-.0094,.0037,-.016,.0146/ 
data ac,bc,at,bt,almadc,almadt,rcr/ 

1 61.220,1395.77,5355.24,26284.1 
2 ,.7887d6,1.567d6,.36/ 

data cu,cd,str,th/18*0., 18*0., 150»0.,50^0./ 
data rhat,rt,r,strdel/50*0.,50*0.,50*0., 150*0./ 
data cub,cdb,e,ep/450*0.,450*0.,150*0., 150*0./ 
data stp,el,pload,rp/l 50*0.,6*0.,6*0.,50*0./ 
data abd,z,iflag,iflag2/36*0„50*0.,50*0,50*0/ 
data zzz,aload/50*0.,50*0./ 
nr=0 
t=0. 

Calculate constitutive tensors cu and cd, for both tension 
and compression cases. 

anu21 t=anu 12*e2t/e 11 
anu21 c=anu 12*e2c/e 1 c 
ent= 1 .-anu21 t*anu 12 
enc= 1 ,-anu21 c*anu 12 
cu(l,l,l)=elt/ent 
cu(2,l,l)=elc/enc 
cu( 1,1,2)=anu 12*e2t/ent 
cu(2,1,2)=anu 12*e2c/enc 
cu(l,2,2)=e2t/ent 
cu(2,2,2)=e2c/enc 
cu(l,3,3)=gl2 
cu(2,3,3)=gl2 



cd(l,l,l)=cu(l,l,l) 
cd(2,l,l)=cu(2,l,l) 
cd( 1,2,2)=almadt*( 1 .-anu21 t)/ent 
cd(2,2,2)=almadc*(l .-anu21c)/enc 
cu(l,2,l)=cu(l,l,2) 
cd(l,l,2)=cu(l,l,2) 
cd(l,2,l)=cd(l,l,2) 
cu(2,2,1 )=cu(2,1,2) 
cd(2,1,2)=cu(2,1,2) 
cd(2,2,1 )=cd(2,1,2) 

Read from input file <f>, laminate width and thickness, 
number of plies, fiber orientation for each ply, and thickness for 
each ply. 

pi=atan(l.)*4. 
print* ."input phi, width, thickness of laminate" 
read(9,*)phi,width,thick 
print*,'"input number of plies " 
read(9,*)np 
do 7 i=l,np 

print*,"input ply orientation in degrees for ply ",i 
read(9,*)th(i) 
print*,"input ply thickness in inch for ply ",i 
read(9,*)z(i) 
th(i)=th(i)*pi/l 80. 
t=t+z(i) 
zzz(i)=z(i) 

7 continue 

Replace ply thicknesses with ply eccentricities. 

t=t/2. 
do 22 i=l,np+l 

if(i.eq.l)then 
zz=z(l) 
z(l)=-t 
go to 22 

endif 
zl=z(i) 
z(i)=z(i-l)+zz 
zz=zl 

22 continue 

Read from input file initial force for pre-ply failue analysis. 

print*."input initial force for ml m2 calcul " 
read(9,*)pload(l) 

Calculate transformed constitutive tensors Cu and for each 

do 200 i=l,np 
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ii=i 
call qbar(cu,cd,cub,cdb,th,stp,ii,ml ,m2) 

200 continue 
c 
c Calculate ABD matrix, then solve linear system of equations. 
c 

call aaa(r,cub,cdb,np) 
call dlslds(nq,abd,lda,pload,el) 

c 
c Calculate stresses, principal stresses, then use qbar subroutine 
c to calculate the correct ml, m2 values. 
c 

do 288 i=l,np 
do 299 j-1,3 

299 e(i, j)=el( j)+el( j+3)*(z(i+1 )+z(i))/2. 
c3=dcos(th(i)) 
c4=dsin(th(i)) 
do 500 k=l,3 
str(i,k)=0. 

do 500 1=1,3 
str(i,k)=str(i,k)+( 1 .-r(i))*cub(i,k,l)* 

1 e(i,l)+r(i)*cdb(i,k,l)*e(i,l) 
500 continue 

stp(i, 1 )=str(i, 1 )*c3**2+str(i,2)*c4**2+2 .•c3*c4«str(i,3) 
stp(i,2)=str(i, 1 )*c4!<1*2+str(i,2)'|!c3**2-2.*c3*c4*str(i,3) 
stp(i,3)=(str(i,2)-str(i, 1 ))*c4*c3+(c3*,"2-c4<,*2)*str(i,3) 

288 continue 
do 20 i=l,np 

ii=i 
call qbar(cu,cd,cub,cdb,th,stp,ii,m 1 ,m2) 

20 continue 
c 
c Read from input file the load increment to be used. 
c 

print*,"input the load increment " 
read(9,*)pinc 

c 
c Initialize the uniaxial load, then begin main load incremental loop 
c 

pload(l)=0. 
do 1000 n=1,5000 

pload( 1 )=pload( 1 )+pinc 
ijunk=0 

23 continue 
ijunk=ijunk+l 
call aaa(r,cub,cdb,np) 

c 
c Check ABD matrix term-by-term to ensure no error has occured 
c 

do 24 i=l,6 
aaaa=0. 



do 25 j=l,6 
25 aaaa=aaaa+abd(i,j) 

if(aaaa.It..l)go to 65 . 
24 continue 

Solve system of equations for applied incremental loading. 

call dlslds(nq,abd,lda,pload,el) 

Calculate ply strains and ply principal strains. 

do 28 i=l,np 
do 29 j=l,3 

29 e(i,j)=el(j)+el(j+3)*(z(i+l)+z(i))/2. 
c3=dcos(th(i)) 
c4=dsin(th(i)) 
ep(i, 1 )=e(i, 1 )*c3**2+e(i,2)*c4**2+c3*c4*e(U) 
ep(i,2)=e(i, 1 )*c4'"2+e(i,2)*c3,,,*2-c3*c4*e(i,3) 
ep(i,3)=(-e(i,l)+e(i,2))*c3*c4,»2.+(c3,,"»2-c4«*2),'e(i,3) 

From strains, calculate r and ? for each ply. Then, 
use r values to calculate stresses and principal stresses for each ply. 

rp(i)=r(i) 
ii=i 
call ra(ep,r,cu,cd,cub,cdb,th,stp,ii,np) 
do 50 k=l,3 
str(i,k)=0. 

do 50 1=1,3 
str(i,k)=str(i,k)+( 1 .-r(i))*cub(i,k,l)* 

1 e(i,l)+r(i)*cdb(i,k,l)*e(i,l) 
50 continue 

stp(i, 1 )=str(i, 1 )*c3**2+str(i,2)*c4**2+2.'i'c3*c4*str(i,3) 
stp(i,2)=str(i, 1 )*c4**2+str(i,2)*c3**2-2.*c3*c4'»str(i,3) 
stp(i,3)=(str(i,2)-str(i, 1 ))*c4*c3+(c3**2-c4**2)*sti{i,3) 

28 continue 

For first pass, check calculation of ml ,m2. 

if(n.eq.l)then 
do 31 i=l,np 

ii=l 
call qbar(cu,cd,cub,cdb,th,stp,ii,ml,m2) 

31 continue 
endif 

Check for convergence of r. If converged, proceed to next load 
increment. If no convergence, repeat calculations at same load increment. 

do 32 i=l,np 
check= 1 .-(rp(i)/r(i)) 
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nn=n 
term=r(i),*nn/l 00000. 
if(ijunk.gt.50)go to 32 
if(dabs(check).gt.term)go to 23 

32 continue 
c 
c After convergence on r, calculate t for each ply. 
c 

do 184 i=l,np 
id=i 

call dlam(str,z,phi,width,t,pload,r,rhat,np,id) 
184 continue 

c 
c Calculate the actual laminate stresses, based on t. 
c 

do 181 i=l,np 
do 182 k=l,3 

strdel(i,k)=0. 
do 182 1=1,3 

strdel(i,k)=strdel(i,k)+(l.-rhat(i))*cub(i,k,l)* 
1 e(i,l)+rhat(i)*cdb(i,k,l)*e(i,l) 

182 continue 
181 continue 

c 
c Calculate the actual applied stress on the specimen. 
c 

apload=0. 
do 183 i=l,np 

aload(i)=strdel(i, 1 )*zzz(i)*width 
apload=apload+aload(i) 

183 continue 
streav=0. 
streav=apload/(thick*width) 

c 
c Set up plotting information, then print to screen (and write 
c to file) results. 
c 

rr=0. 
do 33 i=l,np 

if(rhat(i).gt..31 )rr=rhat(i) 
33 continue 

npr=mod(n,10) 
if(npr.eq.0.or.rr.gt..31 )then 

nr=nr+l 
axisl(nr)=el(l) 
axis2(nr)=dabs(pload( 1)) 
axis3(nr)=dabs(apload) 
axis4(nr)=r(4) 
axis5(nr)=rhat(4) 
axis6(nr)=r(2) 
axis7(nr)=rhat(2) 
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axis8(nr)=streav 
print*,n,streav,r( 1 ),rhat( 1 ),r(3),rhat(3) 

c write( 1 ,*)pload( 1 ),el( 1 ),el(2),r( 1 ),ijunk,n 
endif 

c 
c If any ply has not failed, increment load. Else, leave loop and 
c write results to output plotting files. 
c 

do 34 i=l,np 
if(iflag(i).eq.0)go to 1000 
if(i.eq.np)go to 65 

34 continue 
1000 continue 

65 write(l,*)nr 
write(l ,*)(axisl(i),i= 1 ,nr) 
write(l ,*)(axis3(i),i=l ,nr) 
write(2,*)nr 
write(2,*)(axis l(i),i=l ,nr) 
write(2,*)(axis4(i),i=l ,nr) 
write(2,*)(axisl(i),i=l,nr) 
write(2,*)(axis5(i),i=l ,nr) 
write(2,*)(axisl (i),i=l ,nr) 
write(2,*)(axis6(i),i=l ,nr) 
write(2,*)(axisl(i),i=l ,nr) 
write(2,*)(axis7(i),i=l ,nr) 
write(3,*)nr 
write(3,'l')(axis 1 (i),i= 1 ,nr) 
write(3,*)(axis8(i),i=l ,nr) 
write(7,*)(axis 1 (i),i= 1 ,nr) 
write(7,*)(axis6(i),i=l ,nr) 
stop 
end 

c 
c 
c 
c _ Subroutine qbar calculates the transformed constitutive tensors 
c Cu and C* for each ply. 
c 

subroutine qbar(cu,cd,cub,cdb,th,stp,i,ml,m2) 
implicit double precision (a-h, o-z) 
dimension cu(2,3,3),cd(2,3,3),cub(50,3,3), 

1 cdb(50,3,3),th(50),stp(50,3) 
c 
c Based on principal stresses, define ml and m2. 
c 

if(stp(i, 1 ).gt.0.)m 1=1 
if(stp(i,l).le.0.)ml=2 
if(ml.eq.l.and.stp(i,2).ge.0.)go to 123 
if(ml.eq.2.and.stp(i,2).le.0.)go to 123 
if(ml .eq. 1 .and.stp(i,2).lt.(-stp(i, 1 )))then 

ml=2 
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go to 123 
endif 
if(m 1 .eq.2.and.stp(i,2).gt.(-stp(i, 1 )))m 1=1 

123 m2=ml 
c 
c Calculate appropriate terms for each matrix. 
c 

uu 1=(3.*cu(m 1,1,1 )+3.*cu(m2,2,2)+2 *cu(m2,1,2)+4 *cu(m 1,3,3))/8. 
ud 1 =(3.*cd(m 1,1,1 )+3.*cd(m2,2,2)+2.*cd(m2,1,2)+4.*cd(ml ,3,3))/8. 
uu2=(cu(m 1,1,1 )-cu(m2,2,2))/2. 
ud2=(cd(ml, 1,1 )-cd(m2,2,2))/2. 
uu3=(cu(m 1,1,1 )+cu(m2,2,2)-2.*cu(m2,1,2)-4 *cu(ml ,3,3))/8. 
ud3=(cd(m 1,1,1 )+cd(m2,2,2)-2.*cd(m2,1,2)-4.*cd(m 1,3,3))/8. 
uu4=(cu(m 1,1,1 )+cu(m2,2,2)+6.*cu(m2,1,2)-4 *cu(m 1,3,3))/8. 
ud4=(cd(m 1,1,1 )+cd(m2,2,2)+6."'cd(m2,1,2)-4.*cd(m 1,3,3))/8. 
uu5=(cu(ml ,1,1 )+cu(m2,2,2)-2.*cu(m2,1,2)+4 *cu(ml ,3,3))/8. 
ud5=(cd(ml, 1 ,l)+cd(m2,2,2)-2 *cd(m2,1,2)+4.*cd(ml,3,3))/8. 
cl=dcos(2.*th(i)) 
c2=dcos(4 *th(i)) 
sl=dsin(2.*th(i)) 
s2=dsin(4.*th(i)) 
cub(i, 1,1 )=uu 1 +uu2*c 1 +uu3*c2 
cdb(i, 1,1 )=ud 1+ud2"'c 1+ud3*c2 
cub(i, 1,2)=uu4-uu3*c2 
cdb(i,l ,2)=ud4-ud3*c2 
cub(i,2,2)=uu 1 -uu2*c 1 +uu3*c2 
cdb(i,2,2)=ud 1 -ud2*c 1+ud3*c2 
cub(i,l ,3)=uu2*sl/2.+uu3*s2 
cdb(i, 1,3)=ud2*sl /2.+ud3*s2 
cub(i,2,3)=uu2*sl /2.-uu3*s2 
cdb(i,2,3)=ud2*sl/2.-ud3*s2 
cub(i,3,3)=uu5-uu3*c2 
cdb(i,3,3)=ud5-ud3*c2 
cub(i,2,1 )=cub(i, 1,2) 
cdb(i,2,1 )=cdb(i, 1,2) 
cub(i,3,1 )=cub(i, 1,3) 
cdb(i,3,1 )=cdb(i, 1,3) 
cub(i,3,2)=cub(i,2,3) 
cdb(i,3,2)=cdb(i,2,3) 
return 
end 

c 
c Subroutine ra calculates r and calls subroutine dlam to calculate 
c t. This subroutine then checks for failure based on f. 
c 

subroutine ra(ep,r,cu,cd,cub,cdb,th,stp,i,np) 
implicit double precision (a-h, o-z) 
dimension ep(50,3),r(50),cu(2,3,3),cd(2,3,3),cub(50,3,3) 
dimension cdb(50,3,3),th(50),stp(50,3) 
common/strain/e 1 ft,e 1 fc,e2ft,e2fc,e3f 



common/matcons/ac,bc,at,bt,almadc,almadt,rcr 
common/junk/abd(6,6),z(50),iflag(50),iflag2(50) 
common/junk 1 /a(50),b(50),c(50),al (50),a2(50) 
common/junk2/str(50,3))phi,width,t,pload(6),rhat(50) 
common/junk3/rt(50) 

Call subroutine dlam, then for each ply check failure flags based 
on value of t. 

call dlam(str,z,phi,width,t,pload,r,rhat,np,i) 
if(iflag(i).eq.l.and.iflag2(i).eq.l)go to 3 
if(iflag(i).eq. 1 ,and.iflag2(i).eq.0)then 

if(rhat(i).ge.(2.*rcr))then 
iflag2(i)=l 
do 4 k=l,2 

cu(k,l,l)=0. 
cu(k,2,2)=0. 
cd(k,2,2)=0. 

cd(k,l,l)=0. 
4 continue 

else 
go to 3 
endif 

endif 

Check principal strains in direction 1. For each case (tension 
or compression), define the value of a, al and rati. Note that rati, 
rat2, and rat3 are the ratios of principal strains to failure strains, 
for the directions 1 (along fibers), 2 (transverse to fibers), and 3 
(in shear). 

if(ep(i,l).gt.O.)then 
a(i)=at 
al(i)=dsqrt(a(i)) 
ratl=ep(i,l)/elft 

else 
a(i)=ac 
a 1 (i)=dsqrt(dabs(a(i))) 
ratl=ep(i,l)/elfc 

endif 

Check principal strains in direction 2. For each case (tension 
or compression), define the value of b, a2, and rat2. 

if(ep(i,2).gt.0.)then 
b(i)=bt 

a2(i)=dsqrt(at) 
rat2=ep(i,2)/e2ft 

else 
b(i)=bc 
a2(i)=dsqrt(dabs(ac)) 



rat2=ep(i,2)/e2fc 
endif 

Define values for c and rat3, then calculate rat (the maximum of 
of rati, rat2, and rat3) 

c(i)=1668.80 
rat3=dabs(ep(i,3)/e3f) 
rat=dmax 1 (rat 1 ,rat2 ,rat3) 

If ply has failed, then set flag. 

if(rhat(i).ge.rcr)then 
iflag(i)=l 

Check for mode 1 failure (fiber fracture but only partial matrix 
degredation). If mode 1 failure has occured, change appropriate 
constitutive tensor values, then set a, c, and al to zero and redefine 
material parameter b. 

if(ratl.eq.rat)then 
do 1 k=l,2 

cu(k,l,l)=0. 
cu(k,l,2)=0. 
cu(k,2,l)=0. 
cu(k,3,3)=0. 
cd(k,l,l)=0. 
cd(k,l,2)=0. 
cd(k,2,l)=0. 
cd(k,3,3)=0. 

1 continue 
a(i)=0. 
c(i)=0. 
al(i)=0. 
if(ep(i,2).ge.0.)b(i)=rcr/e2ft**2 
if(ep(i,2).lt.0.)b(i)=rcr/e2fc**2 

endif 

Check for mode 2 failure (complete matrix degredation but no 
fiber fracture). If mode 2 failure has occured, change appropriate 
constitutive tensor values, then set b, c, and al to zero, and redefine 
material parameter a. 

if(rat2.eq.rat.or.rat3.eq.rat)then 
do 2 k=l,2 

cu(k,2,2)=0. 
cu(k,l,2)=0. 
cu(k,2,l)=0. 
cu(k,3,3)=0. 
cd(k,2,2)=0. 
cd(k,l,2)=0. 
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cd(k,2,l)=0. 
cd(k,3,3)=0. 

2 continue 
b(i)=0. 
c(i)=0. 
al(i)=0. 
if(ep(i, 1 ).ge.0.)a(i)=rcr/elf t**2 
if(ep(i, 1 ).lt.0.)a(i)=rcr/el fc**2 

endif 
c _ 
c If ply has failed, re-calculate Q and ABD terms. 
c 

ii=i 
call qbar(cu,cd,cub,cdb,th,stp,ii,ml ,m2) 
call aaa(r,cub,cdb,np) 

endif 
c 
c Calculate new r value based on evolution law. 
c 

3 r(i)=a(i)*ep(i, 1 )**2+b(i)*ep(i,2)**2+c(i)*ep(i,3)**2+ 
1 dabs(a 1 (i)*a2(i)*ep(i, 1 )*ep(i,2)) 

c 
c If ply has failed in only one mode, let damage continue to increase. 
c 

if(iflag(i).eq. 1 .and.iflag2(i).eq.0)r(i)=rcr+r(i) 
return 
end 

c 
c 
c 
c Subroutine aaa calculates the ABD matrix necessary for the solution 
c of the laminate's constitutive equations. 
c 

subroutine aaa(r,cub,cdb,np) 
implicit double precision (a-h, o-z) 
dimension r(50),cub(50,3,3),cdb(50,3,3) 
common/junk/abd(6,6),z(50),iflag(50),iflag2(50) 

c 
c Initialize the ABD matrix to zero. 
c 

do 10 i=l,6 
do 10 j=l,6 
abd(i,j)=0. 

10 continue 
c 
c For each ply, calculate the terms of the A, B, and D submatrices. 
c 

do 24 j=l,3 
do 24 k=j,3 

do 24 i=l,np 
abd(j,k)=abd(j,k)+((l.-r(i))*cub(i,j,k)+r(i)*cdb(i,j,k)) 
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1 *(z(i+l)-z(i)) 
abd(j+3,k)=abd(j+3,k)+.5*(( 1 .-r(i))*cub(i ,j,k)+r(i) 

1 *cdb(i,j,k))*(z(i+l)**2-z(i)**2) 
abd(j+3,k+3)=abd(j+3,k+3)+(( 1 ,-r(i))*cub(i,j,k)+r(i) 

1 *cdb(i,j,k))*(z(i+l)*',I3-z(i)**3)/3. 
24 continue 

c 
c Enforce symmetry conditions to fill entire ABD matrix. 
c 

abd(5,l)=abd(4,2) 
abd(6,l)=abd(4,3) 
abd(6,2)=abd(5,3) 
do 26 j=l,3 

do 26 k=j,3 
abd(k,j)=abd(j,k) 

26 continue 
do 27 j=4,6 

do 27 k=l,3 
abd(k,j)=abd(j,k) 

27 continue 
do 30 j=4,5 

do 30 k=j,6 
abd(k,j)=abd(j,k) 

30 continue 
return 

end 
c 
c 
c 
c Subroutine dlam incorporates the equations for edge delamination 
c damage into the general computer program. Here, a*, re, rt, and 
c ? are calculated. 
c 

subroutine dlam(str,z,phi,width,t,pload,r,rhat,np,i) 
implicit double precision (a-h, o-z) 

dimension str(50,3),z(50),pload(6),r(50),rhat(50) 
common/junk3/rt(50) 

c 
c Here, we assure that sufficiently small laminate stresses are set 
c to zero. 
c 

term=0. 
do 123 m=l,6 

term=term+pload(m) 
123 continue 

do 124 m=l,np 
do 124 n=l,3 

term 1 =dabs(str(m,n)/term) 
if(terml .lt.l .d-5)str(m,n)=0. 

124 continue 



Initialize the stresses (ij and £72 to zero-

sigzl=0. 
sigz2=0. 

$ 
If at top of laminate, do not calculate any crj stresses. 

iii=i 
if(i.eq.l)go to 571 

* 
Calculate the moment arm zz, then calculate <7j. 

do 569 jj=iii,np 
zz=z(j j)-z(i)+(z(j j+1 )-z(j j))/2. 
sigzl=sigzl+str(jj,2)*(z(jj+l)-z(jj))*zz 

569 continue 
571 continue 

• — 
Ignore compressive aj stresses, then calculate r^. 

if(sigz 1 ,lt.0.)sigz 1 =0 
rel=phi*sigzl 

* 
Now, repeat the same calculations for Do not calculate 

if at bottom of ply, and ignore compressive stresses. 

if(iii.lt.np)then 
do 570 jj=iii+l,np 

zz=z(jj)-z(i+l)+(z(jj+l)-z(jj))/2. 
sigz2=sigz2+str(jj,2)*(z(jj+l)-z(jj))*zz 

570 continue 
else 

re2=0 
endif 
if(sigz2.1t.0.)sigz2=0. 
re2=phi*sigz2 

Calculate the total re. 

re=rel+re2 

Restrict re to be no greater than 0.64, so that rt can be 
no greater than 1.0 (where 1.0 represents a complete delamination). 

if(re.gt..64)re=.64 

Calculate the total r at the interlaminar volume. 

rt(i)=r(i)+re 
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c Calculate f. 
c 

rhat(i)=iywidth*((width-4.*t)*r(i)+4.*t*rt(i)) 
return 
end 

A. 1.2 User's Manual 

As mentioned earlier, the computer program presented above is currently set up to 

handle only uniaxial loadings (tension or compression). Additionally, the program is struc

tured such that all input is read directly from a input file (The program could easily be 

altered so that input is read directly from the screen). This input file is structured in a simple 

format, as described below. 

The first line of the input file contains the values for the material parameter <t>, the 

laminate width (in inches), and the laminate thickness (in inches), in that order. The second 

line contains only the integer number of plies which the laminate contains. After this, each 

successive line contains either the ply orientation or ply thickness (in inches), for each succes

sive ply in the laminate. That is, the third line will contain the orientation for ply 1, the 

fourth line will contain the thickness for ply 1, the fifth line will contain the orientation for 

ply 2, the sixth line will contain the thickness of ply 2, etc. until all plies of the laminate have 

been entered. After the specific ply information has been entered, the next line contains the 

initial uniaxial load necessary for calculation of ml, m2; i.e., the calculation of the signs of 

the principal strains for each ply in the laminate. This load must be in the same direction as 

the applied load; therefore, it must be positive (tension) or negative (compression). The 

actual numerical value of the load is arbitrary (as long the load is smaller than the failure 

load). The last line of the input file contains the load increment (in pounds); for tensile 

(compressive) loading, this number must be positive (negative). The load increment can be 

set to any desired value; smaller load increments will result in longer program runs but greater 
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accuracy. 

As an example, consider the laminate [±25/903]g. Assume this laminate has a <f> value 

of 0.12, a width of 0.9843 inches, and a ply thickness of 0.0052 inches. Further assume that 

we are loading in uniaxial tension, with a load increment of 5 lbs. To simplify the input file, 

the six 90° plies can be consolidated into two thicker 90° plies, each with a ply thickness of 3 

X 0.0052 = 0.0156 inches. Using this simplification, the input file will look as follows: 

0.12 0.9843 0.0520 
6 
25. 
.0052 
-25. 
.0052 
90. 
.0156 
90. 
.0156 
-25. 
.0052 
25 
.0052 
10. 
5. 

Note that an initial load of 10 lbs has been used. The maximum number of plies 

which can be entered in this manner is 50, although if larger laminates needed to be studied 

this number could easily be changed. 
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