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ABSTRACT 

A finite-element formulation for the analysis of shielded lossy planar trans

mission lines is presented. The formulation determines the propagation character

istics of a planar transmission line and avoids spurious non-physical modes with 

non-zero divergence by requiring the field to be divergenceless. Singularities in the 

field at perfectly conducting corners axe accounted for by using singular basis func

tions. In addition, a set of entire-domain basis functions are developed to reduce 

the number of unknowns. A quasi-TEM formulation is also presented to provide a 

comparison with the full-wave analysis. Numerical results are provided to character

ize the propagation characteristics of a microstrip transmission line. In particular, 

their dependence on the thickness of the microstrip and losses in the substrate is 

examined. In addition, the propagation characteristics of symmetric coupled mi

crostrip transmission lines of finite thickness and the use of artificial magnetic side 

walls with stripline geometries are analyzed. 
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CHAPTER 1 

INTRODUCTION 

The rapid growth of microwave and millimeter wave integrated circuit tech

nology along with continuing advances in VLSI/ULSI digital electronic systems have 

made the microstrip line, stripline, and several other planar waveguiding structures 

the dominant transmission line configuration for state-of-the-art and future high-

density, low volume, multifunctional electronic systems. Consequently, the accurate 

electromagnetic characterization of these transmission lines has received significant 

attention over the past fifteen years. A large portion of this work, however, relies 

on the so-called quasi-TEM approximation. For "low enough" frequencies the lon

gitudinal components of the fields axe "small" in comparison to the transverse com

ponents and can be neglected. Thus, the electric and magnetic fields are essentially 

transverse (quasi-TEM). The analysis reduces to the solution of an electrostatic and 

a magnetostatic problem (Harrington, 1961, §2.6). The quasi-TEM approximation 

is the basis of the lumped circuit model for transmission lines (the telegraphists 

equations). The quasi-TEM approximation is a useful theoretical tool but it needs 

to be applied correctly to be effective. For example, the ambiguous terms "low" 

and "small" in the earlier statement need to be clearly defined. To mathemati

cally determine the applicability of a quasi-TEM approximation, a more rigorous 

full-wave analysis is applied to the transmission line. A full-wave analysis deter

mines the complete spectrum of hybrid modes (having both longitudinal electric 

and magnetic fields) that can propagate on a transmission line. The approxima

tions (if any) made in a full-wave analysis are less restrictive than the quasi-TEM 
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approximation. However, a full-wave analysis is often computationally intensive. 

In this thesis we present a full-wave finite-element formulation for determining the 

propagation characteristics of shielded planar transmission lines. 

We cite three reasons for developing a full-wave formulation for analyzing 

planar transmission lines. First, a full-wave analysis can determine when a quasi-

TEM analysis is applicable and measure its accuracy. In practice the quasi-TEM 

analysis should be used whenever applicable because it is less computationally in

tensive. Second, the dispersion characteristics of planar transmission lines can be 

fully analyzed. For example, the frequency dependent attenuation due to dielectric 

losses can be determined. Third, we can characterize the higher order modes of the 

structure. FVom the cutoff frequencies of the higher order modes we can determine 

the operating range over which a single mode exists in the waveguiding structure. 

In practice it is desirable to have a single mode propagating in the structure because 

it simplifies the design process from an impedance matching/power transfer point 

of view. 

In the past ten years, the use of the finite-element method for analyzing 

waveguiding structures has received considerable attention especially in the area 

of dielectric waveguides. The finite-element formulations can be grouped accord

ing to which field components are used as unknowns. The first set of formulations 

such as the one by Daly (1971) treat the longitudinal components of the electric 

and magnetic fields as unknowns. Spurious or non-physical modes were encoun

tered because the fields were not required to be divergenceless. The second set of 

formulations treats all three components of either the electric or magnetic field as 

unknowns. The problem of non-physical modes was encountered again by Rahman 

and Davies (1984). However, by adding a penalty term to the functional, Rahman 
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and Davies (1984) and Koshiba, Hayata, and Suzuki (1985) eliminated the spu

rious modes with non-zero divergence. The last set of formulations uses only the 

transverse components of either the electric or magnetic field as the unknowns. For

mulations by Hayata, Koshiba, Eguchi, and Suzuki (1986) and Hayata, Eguchi, and 

Koshiba (1989) avoid the problem of spurious modes by requiring that the fields be 

divergenceless. 

In Chapter 2, an eigenvalue problem is derived from Maxwell's equations 

for the transverse electric field to avoid spurious modes with non-zero divergence. 

The method of weighted residuals and a Galerkin approximation are used to obtain 

a weaker form of the original problem. Considerable attention is given to the finer 

points of the problem: boundary conditions and singularities of the field. Because 

the effectiveness of the Galerkin approximation is highly dependent on the choice of 

basis functions, in Chapter 3 we develop a set of entire-domain basis functions that 

are suitable for the eigenvalue problem. The implementation of these basis functions 

in the transverse electric field formulation is then discussed. A numerical example 

is presented to demonstrate the validity and accuracy of this approach. In Chap

ter 4 some typical microwave transmission lines are analyzed. Numerical results are 

provided to characterize the effects of losses in the dielectric substrate and the finite 

thickness of the strip on the propagation characteristics of a microstrip transmis

sion line. The propagation characteristics of symmetric coupled microstrip lines of 

finite thickness are also analyzed. In addition, the effect of artificial magnetic side 

walls, needed to truncate the cross-section for the application of the formulation, 

on the propagation characteristics of stripline geometries is investigated. In Chap

ter 5, we summarize our results and make recommendations for future work. We 

present a finite-element formulation for analyzing shielded planar transmission lines 
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using a quasi-TEM approximation in Appendix A. The numerical techniques used 

to solve the algebraic eigenvalue problems which arise in the various formulations 

are discussed in Appendix B. 
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CHAPTER 2 

TRANSVERSE ELECTRIC FIELD FORMULATION 

In this chapter we develop a formulation for determining the propagation 

characteristics of waveguiding structures. First, the vector Helmholtz equation for 

the electric field is derived from Maxwell's equations. Then, the Helmholtz equation 

is separated into transverse and longitudinal components. Next, we obtain a weaker 

form of the transverse portion of the Helmholtz equation by applying the method of 

weighted residuaJs. A Galerkin approximation is then used with finite-element basis 

functions to reduce the problem to an algebraic eigenvalue problem. Next, the for

mulation is modified to account for singularities of the field. Finally, an impedance 

boundary condition is developed for use with boundaries of finite conductivity. 

Consider the propagation of guided waves along a dielectric cylinder with 

arbitrary cross-section whose axis is parallel to the z-axis as shown in Figure 2-1. 

The permittivity of the cylinder is linear and isotropic but may vary as a func

tion of position in the transverse plane. The permeability is constant throughout 

the cylinder. From a macroscopic point of view, the fields must satisfy Maxwell's 

equations. Assuming e,wl time dependence, Maxwell's equations in the source free 

region of the cylinder are 

2.1 Separation of the Vector Helmholtz Equation 

V x E = —iw/xH, (2.1a) 

(2.16) V x H  =  iuii E ,  
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Figure 2-1 Cross-section of a general cylindrical waveguide. 
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V • D = 0, (2.1c) 

V • B = 0, (2,Id) 

where e = c' — ie" is the complex permittivity. By taking the curl of (2.1a) and 

substituting (2.1b) we obtain the vector Helmholtz equation 

V x V x E - k2E = 0, (2.2) 

where k2 = w2^e is the complex wave number. Assuming propagation in the z 

direction, we write the electric field as 

E = (E t  + Ezz)e^\ (2.3) 

where 7 is the propagation constant in the longitudinal direction and Et is the 

electric field in the transverse plane. We denote the transverse del operator by V*. 

In the following equations the multiplicative term e~yz is assumed and does not 

appear explicitly. Substitution of (2.3) into the first term of (2.2) yields 

V x V x E  =  ( V 4  —  7 Z )  x  ( V j  x E t ~ 7 z x E t  +  V t E s  x  z )  

= V* x (V( x Et) - 7Vt x (z x Et) + V< x (V tEz  x z) 

— yz x (V| x Et) + T2Z X (Z X Et) --yzx (VtEz x z). (2.4) 

Using the vector identity 

A x (B x C) = (A • C)B - (A • B)C, (2.5) 

we simplify equation (2.4) to 

V x V x E  =  V / x ( V f x E t ) - 7 V ( ^ - 7 2 E t + V | x ( V < E z x z ) - 7 V i x ( z x E t ) .  ( 2 . 6 )  
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Now it is easy to separate the vector Helmholtz equation into its transverse com

ponent 

Vi x (Vf x Et) - 7Vi£r - 72Et - fc2Et = 0, (2.7a) 

and its longitudinal component 

V* x (VtEz  x z) — 7V* x (z x Et) — k2Ezz = 0. (2.76) 

Using the differential form of Gauss's law (2.1c) in a volume where no charge dis

tribution exists we obtain a differential relationship between the transverse electric 

field Et and the longitudinal electric field Ez: 

V • (cE) = 0, (2.8a) 

(V* - 7Z) • (eEt + eEzz) = 0, (2.86) 

V* • (eEt) = 7IEZ. (2.8c) 

In view of (2.8c) the transverse component of the vector Helmholtz equation is 

written to only operate on Et". 

V( x (Vt x Et) - Vi |V,-(cEt) - (7 + k2)E t  = 0. (2.9) 

Similarly the longitudinal component may be rewritten in terms of Ez. The vector 

identity 

V x (A x B) = A(V • B) - B(V • A) + (B • V)A - (A • V)B, (2.10) 

allows the terms of (2.7b) to be manipulated to give 

V* x (Vi Ez x z) = VtEz(Vt • z) - z(V( • X?tEz) + (z • V|)Vi£2 - (VtEz • V<)z 

= -z(V(2£z), (2.11a) 
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and 

V* x (z x Et) — z(V* • Et) - Et(V( • z) + (Et • V<)z — (z • Vt)Et 

= z(V* • Et), (2.11b) 

so that the longitudinal component becomes 

Vi2E, + 7(V, • Et) + k2E, = 0. (2.12) 

In a region where the permittivity does not vary with position (2.9) and (2.12) 

simplify further to 

Since Ez  can be obtained in straightforward manner in terms of Et via equa

tion (2.8c), the eigenvalue problem is completely defined in terms of (2.13a) which 

only involves Et. This formulation does not suffer from spurious modes ELS explained 

in (Hayata, et al., 1986) and (Hayata, Eguchi, and Koshiba, 1989). 

Instead of requiring equation (2.13a) to hold at every point in the cross-

section S of the waveguiding structure we will satisfy the equation in an average 

sense. In anticipation of having to discretize the cross-section in some manner in 

order to obtain a numerical solution, we consider a region 12 of the cross-section over 

which the permittivity is independent of position. Forming the residual of (2.13a) 

and weighting it with an appropriate testing function we obtain 

([V, x (V< x Et)]4>i)u ~ (tV,(V, - Et- {(7
2 + k2)Et<t>i)n = 0 (2.14) 

V< x (Vt x Et) - V*(V, • Et) - (7
2 + k2)Et = 0, (2.13a) 

V,2J5s + (7
2 + k2)Ez  = 0. (2.136) 

2.2 Weighted Residual Formulation 
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for £ = 1, 2 , . . .  where surface integration is denoted by 

(•)(!= f<.-)dS. (2.15) 
Jn 

Using the vector identity 

V x (vA) = Vt> x A 4- uV x A, (2.16) 

we integrate the first term of (2.14) by parts to produce a more symmetric formu

lation. Applying the relationship 

[ V x AdS = ®  n x A  dl, (2.17) 
Jn Jan 

where n is the outward normal to the contour dft, we can rewrite the first term of 

(2.14) as 

([V< x (Vt x Et)]<£i)n = f n x (Vt x Et)<f>i dl ~ {\7 t<f>i x (V* x Et))fi . (2.18) 
J 

Application of the identity 

f VvdS = <p hvdl , (2.19) 
JSl Jan. 

and (2.8) to the second term of (2.14) allows it to be written as 

<[V,(V, • Et)]*i)„ = (V,(7£,A0)n - ((Vt • Et)(V^,))n 

= /  fi7^i<n-<(Vi-Et)(V,A-))n .  (2.20) 
Jdtl 

Finally, the weak formulation takes the form 

((V, x E t) x V^,-)n + {(Vt • E0(Vtfc)>„ - <(72 + k2)Et<i>i)a = IE +1« (2.21a) 
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where 

(2.216) 
Jdti 

(2.21c) 
Jan 

for i = 1,2,.... Observe that (2.21) is a more symmetric formulation than (2.14) 

since both the unknown and the testing function are required to have first derivatives 

that are square integrable. In addition, the integration by parts that led to (2.21) 

provides a convenient way to apply boundary conditions. Note that in Ie the 

tangential electric field is present and in Iff the longitudinal magnetic field Hz is 

involved. As a result Ie will vanish over the portion of the boundary that is a 

perfect electric conductor (PEC). We can simplify some problems by exploiting 

the symmetry present in the geometry of the structure. Often a perfect magnetic 

conductor (PMC) is inserted at a plane of symmetry. On a PMC it is useful to 

write 

In the weak formulation we have made an approximation in that the solution 

we find satisfies the original problem only in an average sense. Note that the solution 

of the original problem is also a solution of the weak formulation. In this section 

we make a second approximation which is necessary for the numerical solution 

of the weak formulation. We again reduce our solution space but this time by 

(2.22) 

and recognize that Iff is zero. 

2.3 Galerkin Approximation 
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assuming the solution can be generated from a finite-dimensional basis. Because of 

the symmetry present in the formulation we assume that the testing functions can 

also be generated by the same basis. The approximation we have just made is the 

well known Galerkin approximation. The selection of a basis is a critical step in the 

formulation because the choice we make relates directly to the computational effort 

required and the accuracy of a solution. We use the finite-element method (Becker, 

Carey, and Oden, 1981) to aid in our selection of a basis. 

To summarize the finite-element method, the original domain is discretized 

into smaller regions, called elements, and the unknown is expanded in a piecewise 

manner over all the elements. The contribution from each of the elements is cal

culated and individual contributions are assembled. In order to use the weighted 

residual formulation of the previous section, the elements are generated so that the 

permittivity can be assumed constant over each element. In addition, the sides of 

the elements axe parallel to one of the transverse coordinate axes. 

Up to this point the formulation has been independent of the coordinate 

system used to describe a point in the transverse plane. Because we are interested 

in planar transmission lines, the use of a rectangular coordinate system simplifies 

the application of the boundary conditions. In a rectangular coordinate system 

(2.21a) becomes 

<(™ •• s §- (§ - io t- <*•* 

= IE+IH (2.23) 
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for i = 1,2,.... The unknown is expanded in terms of the standard finite-element 

Lagrange polynomial basis functions , viz: 

NE 

m*,v) = £ t2-24) 
j=l 

where the superscript e denotes that the domain of interest is that of a typical 

element and Ne is the number of nodes in the element. We formulate an algebraic 

eigenvalue problem by substituting (2.24) into (2.23) and testing with <f>i = i/>f. 

Using matrix notation we can write the resulting eigensystem as 

(Ae - Be - 72Ce)Ee = 0. (2.25a) 

The matrices Ae, Be, and Ce are square matrices of order 2Ne. However, because 

of the vector nature of the problem we will treat the matrices as partitioned matrices 

of order Ne whose entries are matrices of order 2. The entries of the matrix Ac are 

given by the 2x2 matrices 

/ / M M  +  M M  _  k2*beibe\ l*£-dS dJ±dS\ _ / \sist + k  1 J/oe  \5itlfy ~ sist)^ 
A < ; - |  / M M  +  M M  _  k 2 i t c i b c \  

\ /Qe \ d* 5x ' IJy <fy J/ne 

(2.256) 

Similarly the entries of Ce are given by the matrices 

<*-f ' !** :>' /  \  I- m 
\ 0 {W)* 
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The entries of the matrix Be axe written as the sum of two matrices 

(2.25 d) 

where n = n^x + rtyy. The first matrix contains the entries due to Ie and the 

second matrix contains entries corresponding to Iff. The unknown Ee is a column 

vector of order Ne. An element of the unknown vector is given by 

The matrix in equation (2.25a) is the elemental stiffness matrix which gives the 

contribution from an element in the discretized domain. The integrals that form the 

entries of the elemental stiffness matrix are evaluated numerically using Gaussian 

quadrature. The global stiffness matrix is obtained by summing the contribution 

from each of the elements with the standard finite-element assembly procedure. 

When the finite-element assembly procedure is applied, the electromagnetic 

boundary conditions at the inter-element boundaries must be satisfied. Because we 

are formulating an eigenvalue problem there are no sources present in the cross-

section. Then from Maxwell's equations the tangential field components and the 

normal components of the flux densities are continuous across inter-element bound

aries. 

Because the element boundaries are parallel to either x or y, the only time 

the inter-element boundary conditions are not automatically satisfied is at an inter

face between two adjacent elements with different values of permittivity. Gauss's 

(2.25e) 
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law shows that the normal component of the electric field will be discontinuous 

across the interface. Thus the normal component of the unknown will have differ

ent values on each side of the interface. To overcome this complication we use the 

following procedure. First, we assign to each interface node one of the permittivity-

values associated with the interface. Next, we form the elemental stiffness matrices 

as usual. Finally, for an element lying on the interface that has a permittivity value 

different than the one assigned to an interface node in the element, we multiply the 

appropriate column of the elemental stiffness matrix by the ratio of the permittiv

ities. This procedure results in each interface node having a unique values but at 

the cost of destroying the symmetry of the stiffness matrix. 

Recall that Ie and Iff involve the tangential field components. Since the 

integrands in Ie and Ijj are continuous across an interface, the contributions to 

Ie and Iff from adjacent elements will be equal in magnitude but opposite in sign 

because of the different direction of the normal in each element. As a result Ig and 

Ih need only be computed on the boundary of the waveguiding structure. It should 

be clear that Ie and Iff in the form of Be provide a convenient way to introduce 

the boundary conditions on dS. At a PEC, since Ie is zero, the entries of Be 

are those of the second matrix in equation (2.25d). Enforcement of the Dirichlet 

boundary condition that the tangential component of the electric field is zero results 

in only one non-zero entry in Be involving the tangential derivative of the normal 

component of the unknown. Similarly, at a PMC, because Iff is zero, Be is equal 

to the first matrix in equation (2.25d). The Dirichlet boundary condition that the 

normal component of the electric field is zero is enforced so that the only non-zero 

entry in Be is related to the tangential derivative of the tangential component of 

the unknown. 
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Observe that a conductor inside S can be modeled as having either finite 

or infinite conductivity. For finite conductivity the conductor is discretized and the 

conductivity is accounted for by the complex permittivity e. For a PEC the surface 

of the conductor becomes part of dS so that the conductor does not have to be 

discretized. 

2.4 Singular Basis Functions 

It was noted earlier that the effectiveness of the Galerkin approximation 

depends on the choice of basis functions. In this section we introduce a set of basis 

functions that better interpolate the behavior of the field near a perfectly conducting 

wedge. 

It is a well-known fact that the transverse components of the electric and 

magnetic fields become singular at a perfectly conducting wedge (Meixner, 1972). 

As a result we will have difficulties analyzing most planar transmission lines with 

the transverse electric field formulation. Consider a node at a corner of a PEC 

microstrip as shown in Figure 2-2. The standard finite-element basis functions will 

not be able to accurately interpolate the field at this node because the Lagrange 

basis functions require the unknown to be the value of the field at the node. 

The order of the singularity can be determined by a quasi-static approxima

tion (Van Bladel, 1985). Assume that the transverse electric field may be written 

as the gradient of a scalar potential. The form of the potential is chosen so that it 

is proportional to the distance from the corner raised to a power, viz: 

3? = apv sin v(4> — (2.26) 
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<t> = v 

PEC 

Figure 2-2 Geometry of a typical PEC corner in planar transmission lines. 



25 

The constants v and ifi are determined by application of the boundary conditions at 

the PEC. For the general case of multiple dielectric materials an expression of the 

form (2.26) is assumed for the potential in each region. By applying the continuity 

of the potential and the jump in its normal derivative at each dielectric interface we 

obtain a transcendental equation for v. For the configuration shown in Figure 2-2 

the values of v satisfy 

U7T 
tan VTT = —er tan —(2.27) 

The leading singular behavior of the electric field is given by the gradient of (2.26) 

for 0 < u < 1. A basis function may be constructed (Webb, 1988) which contains 

the proper singularity. The singular basis function defined at node u is given by 

Si = fue - he
u (2.28a) 

where the singular behavior is contained in the term 

= pv~ l  (sin[(i/ - 1 )<f> - vi/>]x. + cos[(i/ - 1)<j5> - uifly). (2.286) 

The second term 

NE 
i>s=Y. (2-28c) 

v=l 

where 

fe — f fa v >!/«)> U ^ V fjoj\ 
uv 

~ {0, u =« {2
'
28d) 

is needed to satisfy the requirement that the finite-element basis function be zero 

at all nodes except at the node u where it is defined. The transverse electric field 

in an element with node ti at a PEC corner is given by 

NE 
E t =  E  ( 2 * 2 9 )  
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Thus we have avoided assigning a value to the electric field at a singular node. The 

unknown associated with a singular node is a coefficient to the actual behavior of 

the field. At first it may seem that we have improved the formulation with very 

little effort but the integrals associated with the elemental stiffness matrix (2.25) 

still must be computed. Recall that the singular basis function is the gradient of a 

scalar. Using the vector identity 

V x V $  =  0  ( 2 . 3 0 a )  

and the fact that the potential satisfies Laplace's equation 

V * V$ = V2$ = 0 (2.306) 

we determine that 

V X = 0 (2.31a) 

V • f* = 0. (2.316) 

Talcing into account the above relations when substituting the singular basis func

tion expansion (2.29) into the weak formulation (2.21a) we observe that the only 

contributions to the elemental stiffness matrix come from terms involving h£ and 

terms containing the product of a singular basis function and a testing function. 

Testing with the standard finite-element basis functions t/>? we find that the entries 

of Ae become 

(2.32 a) 

A°iu = \ Ox dx dy dy 9x,u f ̂  
/ dtf . fit/-? \ 
\ dy dx ' 8x dy /Q 
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in the column corresponding to the singular node u. For Ce the entries become 

The matrix Be only needs to be modified for elements that contain a singular node 

and have a side in common with the conductor. For this case Be is determined 

solely from the contribution from IJJ, viz: 

The term g® has a singularity on the boundary of the element. We evaluate the 

singular integrals using Gaussian quadrature. Because Gaussian quadrature is an 

open method it does not evaluate the integrand at the end points of the integration 

interval. We can improve the accuracy in approximating the value of the integral by 

increasing the order of the quadrature and by concentrating the quadrature points 

near the singularity (Telles, 1987). 

The concept of an equivalent surface impedance is a useful tool for the 

solution of electromagnetic boundary value problems. An impedance boundary 

condition simplifies the treatment of an interface with a complex medium and allows 

the transverse electric field formulation to be applied to a larger class of problems. 

In addition, the surface impedance boundary condition gives us yet another option 

for modeling conductors. 

(2.32c) 

2.5 Surface Impedance Boundary Condition 
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Let us consider the case of a metallic waveguide with walls of finite conduc

tivity. The tangential electric field on the walls can be written as 

Erf + Ezz — Z3(h x H) = ZsJs, (2.33) 

where Z3 is the surface impedance of the conductor and f = n x z is the tangent 

vector. On the boundary of the structure the continuity equation 

V • J = dp 
at' 

(2.34) 

becomes 

Vj, • (n x H) = —n • iweEt, (2.35) 

where the del operator on the boundary is given by 

J-? d . d „ 
(2.36) 

Using (2,33) we find that equation (2.35) becomes 

—V& • [Erf -f Ezi\ = —ii • iweEt 
Zs 

(2.37) 

Then by applying (2.8) in a homogeneous region we determine that (2.37) becomes 

V6 —(Vt • Et)z + Erf 
7 

= —n • iufiZgEt. (2.38) 

Now the surface impedance term can be incorporated into Ig, viz: 

IE = I n 
Jdn 

,  \dE r  

dr 
+ ii-oeZsi\ • Et <f>i dl. (2.39) 
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Similarly the surface impedance can be integrated into I// by using (2.1a) and (2.33) 

to yield 

n x (V( x Et) — n x 

= — i i o f i H z f j  

= ~^rr. (2.40) 

Then IJJ becomes 

l H = i  T ^ E r f r d l .  ( 2 . 4 1 )  
JdSl 4S 
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CHAPTER 3 

VECTOR POTENTIAL FORMULATION 

In this chapter we develop a set of entire-domain basis functions in an at

tempt to improve the efficiency of the Galerkin approximation used in the previous 

chapter. The modes of the associated partially-filled waveguide evaluated at cut

off are used as entire-domain basis functions. The term associated partially-filled 

waveguide is used throughout this thesis and refers to the partially-filled waveguide 

formed by the outer shield and the dielectric substrates of the shielded planar trans

mission line structure with all the conducting strips removed. The modes are eval

uated at cutoff so that the formulation reduces to an algebraic eigenvalue problem. 

Because an expansion of the transverse electric field using the modes at cutoff is not 

complete we expand the vector potentials instead. As a result the entire-domain 

basis functions cannot simply replace the finite-element basis functions used in the 

transverse electric field formulation. In the first part of this chapter we develop 

a weighted residual formulation using the vector potentials for the problem of a 

paxtially-filled waveguide. A numerical example is then used to demonstrate the 

advantages of the modes-at-cutoff (MAC) basis functions. The remainder of this 

chapter is devoted to coupling the vector potential formulation and the transverse 

electric field formulation. A simple numerical example is used to demonstrate that 

the two formulations are properly coupled. 
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3.1 Vector Potentials 

The magnetic vector potential A and the electric vector potential P are 

powerful tools in the solution of electromagnetic problems. The use of an auxil

iary set of unknowns such as the Hertz potentials or the vector potentials is well 

documented in the literature (e.g., Harrington, 1961, §3-12). For the source-free 

electromagnetic problem the vector potentials satisfy 

(V2 + Jfc2)A = 0 (3.1a) 

(V2 + fc2)F = 0. (3.16) 

The vector potentials provide an alternate path to a solution by introducing an 

intermediate step. The field components are obtained by differentiating the po

tentials. The potentials for a problem are not unique. The guide to choosing the 

non-zero components of the vector potential for a problem are the sources of the 

fields and the boundary conditions of the problem. 

Consider the problem of the partially-filled waveguide shown in Figure 3-1. 

For the partially-filled waveguide, selecting the non-zero components of the vector 

potentials to be those in the direction perpendicular to the dielectric interface is 

the preferred choice. Since the dielectric interface is perpendicular to y the choice 

A(z, y, z) = Ay(x, y)e~yzy (3.2a) 

F(®, 2/> z) - Fy(x, y)e~' { Zy (3.26) 

will lead to the LSMy (longitudinal section magnetic) and LSEj, (longitudinal section 

electric) modes of the structure. The relationship between the potentials and the 
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Figure 3-1 Cross-section of a partially-filled rectangular waveguide. 
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Ex  = - 7^ (3.3a) 

1 d^F 
Hz = T^y + -«-?• (3-3rf) 

electric field is given by (in the Lorentz gauge) 

1 d2A„ 
itoe dxdy 

<3'3b> 

E, = (3.3c) 
iwe ay ox 

The magnetic field is related to the potentials by 

1 d2I 
iwfi dxdy 

h»=^(!?+*2 )F s  (3 -3 e )  

dAy 7 dFy 
dx iu}fi dy 

The dependence of the material parameters on position has been supressed but 

must be taken into account when evaluating (3.3). Observe that at cutoff 7 = 0 so 

that Et is only dependent on Ay and Ht is only a function of Fy. An expansion 

of the transverse electric field in terms of the modes at cutoff will not be able to 

represent an arbitrary field distribution because only the LSMy modes are used in 

the expansion. It  is for this reason that the unknowns are chosen to be the A y  and F y  

potentials rather than the transverse components of the electric field. Substituting 

the form of the potential (3.2) into the vector Helmholtz equation (3.1) we obtain 

Vt2i4y -f (7s + = 0 (3.4a) 

Vt2Fy + (7
2  + k2)F y  = 0. (3.46) 

. (3.3/) 
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3.2 Weighted Residual Formulation 

A weak form of (3.4) is now obtained by applying the procedure used in the 

previous chapter. First, the method of weighted residuals is applied in a region ft 

where k is independent of position, viz: 

{(V«2^?)n + <(7
2 + k2)Av4 ?)„ = 0 (3.5c) 

{(V,2iW/)n + {(72 + *2Wf)n = 0 (3.56) 

where i — 1,2,... and (f>{ are suitable testing functions. Using the vector identity 

V • (uA) = A • Vv + vV • A, (3.6) 

we integrate the term involving the Laplacian by parts 

( V f 2 u ) v  = V< • ( v V t u )  — V f u  • Vtv. (3.7) 

Application of a degenerate form the divergence theorem 

f V- Ads = (p h-Adl (3.8) 
J(i Jan 

where n is the outward normal to dQ produces the relationship 

{(Vi2v)u)fi = A n • (uVtv)dl - (VfM • Vtv)n. (3.9) 
Jdil 

From the relationships in (3.3) and the electromagnetic boundary conditions at a 

o n  n  j  
material interface we conclude that -g*- and A y ,  7-3^ are continuous across the 
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dielectric interface. Using this information and relationship (3.9) we can write the 

weak form for the entire cross-section as 

- (iv,As • V,«)5 + (i(75 + dl (3.10a) 

- (v,F, • Vt<t,{)s  + ((t2 + = -£s  dl (3.106) 

for i = 1,2,.... Observe that the portion of the line integrals along an interface 

between two dielectric materials canceled because of the continuity of the integrand 

and the change in direction of the normal. Note that the surface integrals in (3.10) 

must be evaluated in a piecewise manner because of the dependence of k on position. 

3.3 Modes-at-Cutoff (MAC*) Basis Functions 

Next we apply a Galerkin approximation but instead of using the finite-

element basis functions we use a finite set of the modes of the partially-filled wave

guide at cutoff, viz: 

M N 
Ay(x> y)=^Z12 A^a

mn{x, y) (3.11a) 
m=1 n=l 

M N 
Fy{x,y) = ^ ^ ^ ̂  ?/)• (3.116) 

m=l n=l 

The waveguide MAC were shown to be ideally suited for use as expansion functions 

for the problem of dielectric loaded waveguides by Csendes and Silvester (1971). 

The waveguide modes form an orthogonal set of functions that satisfy the bound

ary conditions of the problem. Because of the close correspondence between the 
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propagating modes and the MAC, relatively few terms should be required in expan

sion (3.11). For the PEC waveguide shown in Figure 3-1, the basis functions for 

the magnetic vector potential are given by 

6 a  ( x  v )  -  sin \—x\ I C°S ° ~ y ~ h (1 12a) y) - sin cos _y)] h<y<b (3.12a) K,mn!/] 0 < y < h 

where the constant 

Cmn — 

COS 

cos - *)] 
(3.126) 

is needed to satisfy that A y  is continuous across the dielectric interface. For the 

electric vector potential, the basis functions take the form 

^4n(x>y) = cos (
m — 1)tt 

X 
a 

^ sin K(m-l)»f] 0<y<h 

sin [fc£(m_1)B(6 - y)] h < y < b  

(3.12c) 

where 

sin [4,nni/j] 
Dmn = r~ r-

sin I A$,mn(6 - A) I 
(3.12d) 

enforces the continuity of F y  across the interface. The wave number along y in each 

region is given by 

2 
kl,mn ~ k2 + 72 (= ) •  (3.12e) 

The basis functions are evaluated at the appropriate cutoff frequencies where 7 = 0 

so that and are not functions of the eigenvalue. The eigenvalue problem 

is simplified because the eigenvalue only appears as a multiplicative term resulting 
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from the Laplacian of A and F. The cutoff frequencies are determined by solving 

the transcendental equations that result from enforcing the two remaining boundary 

conditions at the dielectric interface. For the LSMy modes, the cutoff frequencies 

are determined from 

The symmetry of the structure can be used to reduce the number of un

knowns in the formulation. To exploit the symmetry, either a PMC or a PEC is 

placed at the plane of symmetry and only half of the structure is analyzed. At a 

PMC the tangential magnetic field must vanish. From (3.3f) it is apparent that 

only odd values of m should be used in (3.12a) when a PMC is located at a: = a/2. 

Similarly from (3.3e) and (3.3f) only even values of m should be used in (3.12c). 

Because the tangential electric field at a PEC is required to be zero, equations (3.3b) 

and (3.3c) indicate that only even values of m are necessary in (3.12a) when a PEC 

plane is situated at x = a/2. Similarly from equation (3.3c) only odd values of m 

should be used in (3.12c). 

When the Galerkin approximation is applied, the functions 4>%xn ^mn 

replace the testing functions and <{>{ in (3.10). The weak formulation becomes 

tan kyjnnh — ky,mn ^0 (3.13a) 

For the LSEy modes, the cutoff frequencies satisfy 

(3.136) 

+ (;(72 + = IA (3.14a) 

- ((V,^ • ^L)Fmn)s + ((T2 + k2)Fm„^i4L)s = If- (3.146) 
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where 

I
* = -£ s:g t^d '  (314c> 

iF=-£Mrtdl (3
-
ud) 

for i, m = 1,2,..., M  and j, n  =  1 , 2,. . . ,  N .  For the problem of a partially-filled 

waveguide the integrals I A and IF vanish because either the testing function or 

the normal derivative of the vector potential is zero on the PEC walls. However, 

in general, the integrals and IF do not vanish. Equation (3.14) can be written 

using matrix notation as 

(DA - T2CA)A = IA (3.15a) 

(Df-72CF)F = If (3.156) 

The entries of the matrices (using <f> = <f>a or <f> = 4>f accordingly) are 

= ^t$mn^ (3.15c) 

C p g  —  ^ ^  ( 3 . 1 5 c / )  

where 

p = ( m ~ l ) N  +  n  (3.15e) 

q  =  ( i - l ) N + j .  (3.14/) 

The integrals in (3.15c) and (3.15d) are evaluated analytically in each dielectric 

layer using orthogonality relationships for the sine and cosine functions. 
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3.4 Numerical Example 

In this section, we apply the weighted residual formulation for the vector 

potentials to a partially-filled waveguide in order to determine approximately how 

many MAC basis functions are needed to represent a propagating mode. The cross-

section of the partially-filled waveguide appears in Figure 3-1. The dimensions are 

a = b = 12.7 mm and h = 1.27 mm. The dielectric has a relative dielectric constant 

of er = 8.875. We will restrict our attention to the first two modes of the waveguide. 

By exploiting the symmetry of the cross-section we are able to consider the LSMn 

and LSEoi modes individually. To analyze the LSMn mode we place a PMC at the 

plane of symmetry and apply the formulation to half of the original cross-section. 

Similarly, to consider the LSEoi mode we position a PEC at the plane of symmetry 

and apply the formulation to half of the cross-section. 

In Figure 3-2 we compare the phase constant fi of the LSMn mode calcu

lated by the vector potential formulation as a function of N (for M = 1) to the 

exact phase constant calculated from equation (3.13a). Similar results are presented 

for the LSEoi mode in Figure 3-3 where the exact results are now calculated from 

equation (3.13b). The cutoff frequency of the LSMn mode is 10.914 GHz and for 

the LSEoi mode the cutoff frequency is 11.425 GHz. Observe that the value of N 

required for an accurate estimation of the phase constant depends on how close the 

frequency of operation is to the cutoff frequency of the propagating mode. Intu

itively we expect that more modes evaluated at cutoff would be required to represent 

a propagating mode as the frequency of operation increases. However, we observe 

that for fairly significant increases in frequency relatively few MAC basis functions 

are needed to accurately determine the phase constant. 
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3.5 Coupling of the Vector Potential and Electric Field Formulations 

The weak formulation for the vector potentials was derived because the 

modes of the structure evaluated at cutoff cannot be used to expand the transverse 

electric field. However, the entire-domain basis functions can be used in conjunction 

with the transverse electric field formulation by separating the original domain 

into two regions and applying the appropriate formulation in each region. The 

two formulations are coupled by treating the interface between the two regions as 

material interface and equating the tangential components of the field across the 

artificial material interface. 

Consider, for example, a shielded microstrip transmission line. The fields 

away from the microstrip may be viewed as perturbed cases of the fields of the asso

ciated partially-filled waveguide where the perturbations are caused by the presence 

of the microstrip. The above assumption seems plausible when one considers that 

the higher order modes of a shielded microstrip transmission line are determined 

approximately by the modes of the associated partially-filled waveguide. Under 

this assumption a large portion of the cross-section does not have to be discretized 

because the vector potentials can be expanded using the entire-domain MAC basis 

functions. If the transmission line causes only a small perturbation of the fields 

of the associated partially-filled waveguide then few terms will be needed in the 

vector potential expansions which results in a significant reduction of the number 

of unknowns. 

In the region near the transmission line, the transverse electric field formula

tion is applied. The transverse electric field formulation can account for conductors 

in the region. The finite-element method can easily handle arbitrary configurations 
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of conductors that form the transmission line. In addition, the transverse elec

tric field formulation can model the conductors as having either finite or infinite 

conductivity or replace them with an equivalent surface impedance. 

Let us define a plane below the transmission line at y = y\ and a plane above 

at ?/ = t/2 and label the three regions 5i, S2, and S3 as shown in Figure 3-4. The 

vector potential formulation is applied in Si and 1S2. Note that I A and Ip are not 

necessarily zero over the planes y = y\ and y — y2- The normal derivatives of the 

vector potentials that appear in I A and IF introduce an additional set of unknowns 

because the normal derivatives cannot be evaluated using (3.11). These values have 

to be provided as boundary condition data. However, a suitable expansion for 

the normal derivatives of the potentials is suggested by (3.11) and the boundary 

conditions at x = 0 and x = a, viz: 

As before, the symmetry of the structure can be exploited. When a PMC plane is 

located at x = a/2, only odd values of m in (3.16a) and even values in (3.16b) are 

used. Note that the normal derivative of Ay is proportional to Hz so the contribution 

to I A over the PMC is zero. Likewise, since the testing function in Ip is proportional 

to Hy, the contribution to If over the PMC is also zero. If a PEC plane is placed 

at x = a/2 only even values of m in (3.16a) and odd values in (3.16b) are used. As 

was the case with the partially-filled waveguide, I A and Ip vanish on the PEC. 

(3.16a) 

(3.166) 



Figure 3-4 Definition of the regions Si, S2, and S3. 
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The transverse electric field formulation is applied in S3. The line integrals 

IE and IJJ can be computed as before on the regions common to S and S3. Recall 

that IE and IJJ involve the tangential electric and magnetic fields components re

spectively. If we treat the artificial interfaces Fi = dS\ fl dS$ and To = dSo fl dSi 

as material interfaces then the tangential field components are continuous across 

r„. The continuity of the z component of the tangential electric field and magnetic 

field can be enforced by expressing the integrals IE and Iff in terms of the vector 

potential basis functions (3.12) and the normal derivatives of the vector potential 

on the artificial interface (3.16). Using (3.3) we write the tangential components of 

the field on the artificial interface as 

Es = 7 dAy _ dFy 
z  iojg dy dx 

(3.17 a) 

= (3.176) 
o x  t u j f j L  o y  

Then along each interface, IE and IJJ become 

= M*- (3.181) 

Note that the coupling introduces terms involving the eigenvalue 7 and its square 

which complicates the algebraic eigenvalue problem. 

To complete the coupling of the two formulations, the continuity of the other 

tangential components Ex and Ux across the artificial interfaces must be enforced. 

Consider the y component of (2.1b), viz: 

d H z  
-̂ T + = -tujeEy. (3.19) 
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Because each term on. the left-hand side is continuous across each artificial interface, 

the quantity eEy is also continuous across each interface. Rather than requiring Hx 

to be continuous it is equivalent and convenient to enforce eEy to be continuous. In 

Si and S2 we express Ex and Ey using (3.3) and (3.4a), viz: 

Consider the right-hand side of equation (3.20a). Note that the expansion for 

Fy (3.11b) evaluated on the interface is a Fourier cosine series. Likewise, the 

we interpret the right-hand side of (3.20a) as a Fourier cosine series for Ex. Simi

larly, we interpret the right-hand side of (3.20b) as the Fourier sine series for Ey. 

Instead of enforcing the continuity of Ex and eEy at a number of discrete points on 

each artificial interface, we apply a method that more effectively couples the two 

representations of the field. The finite-element basis function representation (2.24) 

of Et on the interface is converted to the appropriate Fourier series representation. 

The coupling is then accomplished by equating the Fourier series coefficients. Using 

this method we couple all the values of Ex and Ev on an interface to the vector 

potentials and their normal derivatives. 

The resulting eigenvalue problem can be written as 

(3.20a) 

x derivative of the expansion for (3.16a) is also a Fourier cosine series. Thus 

/X X X X X\ / Et \ 
0 X 0 X 0 Ay 
O O X O X  F y  =  0  
X X 0 0 0 a 

V x  0  X X 0/ V b /  

(3.21) 
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where an X indicates a non-zero matrix of the form A — 7B — 72C. Note that the 

above matrix is not symmetric and banded like the stiffness matrix in the transverse 

electric field formulation. However, the above matrix is sparse and of much smaller 

order due to the use of the entire-domain basis functions. In addition, closed-form 

expressions for many of the entries in the matrix are known. Observe that once the 

region £3 is defined, the matrices from the vector potential formulation only have to 

be computed once for a particular cross-section. Additionally, if the discretization 

in the x direction is kept constant then only the stiffness matrix from the transverse 

electric field formulation changes for modifications to the interior of S3. 

3.6 Numerical Example 

In this section we verify the coupling of the transverse electric field and 

vector potential formulations by analyzing the partially-filled waveguide considered 

in Section 3.4 with the coupled formulation. We use 56 nodes (42 elements) in the 

region .S3 defined by y\ = 0.785 mm and 3/2 = 2,0 mm (see Figure 3-4). Again 

we consider the LSMn mode and the LSE01 mode individually by exploiting the 

symmetry of the cross-section. For each case we use M = 2 and TV = 4 or eight 

MAC basis functions in each expansion for Ay and Fy. 

In Figure 3-5, the phase constants of the first two modes of the partially-

filled waveguide calculated by the coupled formulation are compared with the exact 

values determined from equations (3.13a) and (3.13b). The results are in excellent 

agreement which demonstrates that we have properly coupled the two formulations. 
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CHAPTER 4 

NUMERICAL RESULTS 

In this chapter we apply the previous formulations to some specific mi

crowave transmission lines. The first case study is of a shielded microstrip trans

mission line. The effect of varying the thickness of the microstrip on the propagation 

characteristics is considered first. Next the effect of a lossy dielectric substrate is 

examined. The second case study considers a pair of coupled microstrip transmis

sion lines. The separation between two finite-thickness microstrips is varied and 

the effect on the propagation characteristics of the even and odd modes is analyzed. 

The third case study is of a stripline transmission line. We examine the validity of 

using PMC side walls to truncate the cross-section of an ideal stripline transmission 

line. 

A SUN SPARCstation 1 is used to perform the various numerical com

putations. The formulations are implemented in single-precision FORTRAN77. 

Non-uniform discretizations employing four node rectangular elements in conjunc

tion with bilinear finite-element (Becker, Carey, and Oden, 1981) and singular basis 

functions are used in the transverse electric field formulation. The LINPACK soft

ware library is used to factor matrices, calculate determinants, and solve systems of 

equations. All of our figures are made using MacDraw II and Cricket Graph on a 

Macintosh II with the exception of the vector field plots, which axe generated with 

PV-WAVE. 
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4.1 Microstrip Transmission Line 

In this section a shielded microstrip transmission line is analyzed. The 

cross-section of the transmission line is indicated in Figure 4-1. The dimensions of 

the structure axe a — b = 12.7 mm and w = h — 1.27 mm. The thickness of the 

microstrip varies from t = 0.25 mm to t — 1.27 mm. The substrate has a relative 

dielectric constant of er = 8.875. The symmetry of the cross-section is exploited 

by analyzing half of the original cross-section twice. First, half of the structure is 

analyzed with a PMC placed at the plane of symmetry and then it is analyzed again 

with a PEC located at the plane of symmetry. By analyzing only half of the cross-

section at a time we can use finer discretizations while the number of unknowns is 

reduced in comparison to the original problem. 

For a microstrip thickness of t = 0.25 mm half of the cross-section is dis-

cretized into 132 elements (164 nodes). In Figure 4-2 the phase constant f3 of the 

dominant mode calculated by the transverse electric field formulation is compared to 

the results from the quasi-TEM formulation in Appendix A. The transverse electric 

field distribution of the dominant mode at / = 10 GHz is displayed in Figure 4-3. 

For frequencies below 10 GHz, where the longitudinal field components are negli

gible with respect to the transverse components, the two formulations are in good 

agreement. However, for frequencies below « 1 GHz some numerical difficulties 

are encountered with the transverse electric field formulation. As the frequency is 

decreased the terms in Ae involving k2 become negligible with respect to the other 

terms. As a result the elemental stiffness matrix becomes independent of the mate

rial properties of the element and the global stiffness matrix no longer corresponds 

to the original operator. For a pure TEM mode the terms V* x Et and V • Et in the 
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Figure 4-1 Cross-section of a shielded planar microstrip transmission line. 
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Figure 4-2 Phase constant of the dominant mode of a shielded microstrip trans
mission line calculated by the transverse electric field and quasi-TEM formulations. 
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shielded microstrip transmission line at / = 10 GHz. 



weak formulation (2.21a) are zero so that the expected result ~ f 2  =  — k 2  is obtained. 

Similarly, for a quasi-TEM mode these terms are approximately zero and the prop

agation constant is equal to some effective value of the wave number. However, in 

the Galerkin approximation of the weak statement, these nullifications do not occur 

until after the coefficients and jB® • in (2.24) have been computed. Thus, the 

terms involving fc2 are essential to the eigenvalue problem. The relative magnitude 

of the terms involving k2 also depends on the electrical size of the elements. For the 

smaller elements the difference in magnitude is more significant. In other words, to 

overcome this numerical difficulty, it is desirable to have elements that are large in 

comparison to the wavelength in the element. However, in order to accurate predict 

the behavior of the field, the discretization must be fine in comparison to the wave

length. In general we find that the formulation is not suited for analyzing a TEM 

mode at low frequencies. For a quasi-TEM mode the formulation produces valid re

sults at higher frequencies because the longitudinal field components are significant. 

On the other hand, for a pure TEM mode the formulation works at higher frequen

cies because the terms involving j2 and k2 in the stiffness matrix dominate. These 

numerical difficulties have been observed by other investigators (Webb, 1990). 

The characteristic impedance is ail essential element of the propagation 

characteristics of a transmission line. However, because of the hybrid nature of the 

modes of many planar transmission lines such as the microstrip, a unique definition 

of voltage in terms of an integral of the electric field does not exist. Likewise, 

a unique definition of the characteristic impedance is also not available. Several 

accepted definitions have been developed (Hoffmann, 1987, §2.6). We employ the 
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power-current definition where the characteristic impedance is given by 

(E x H* • i ) s  

|/P 
(4.1) 

The current I is calculated by Ampere's Law 

1= <f Hdl. (4.2) 
JC 

The contour c used to calculate the current passes through the elements that lie on 

the border of the microstrip. The relevant field components axe interpolated at the 

center of each element and axe assumed be constant over the element for the numeri

cal approximation of equation (4.1). In Figure 4-4 the frequency dependence of the 

characteristic impedance of the dominant mode of the finite-thickness microstrip 

transmission line is presented. The quasi-TEM analysis calculates a static value of 

Zo = 93.9 Ohms. 

In Figure 4-5 the dispersion characteristics of the first six higher order 

modes of the microstrip transmission line are displayed. The phase constants of 

the modes associated with the PMC wall at the plane of symmetry (EZ even) are 

smaller than the values determined by Mittra and Itoh (1971) for the same trans

mission line with an infinitesimally thin microstrip. Note that the Bs-even and 

£?r-odd higher order modes of the same order give similar values of 7 and can be 

paired together. The transverse electric field distribution of the first higher order 

mode displayed in Figure 4-6 is very similar to the dominant LSMn waveguide 

field distribution. As a result the higher order modes of the same order tend to be 

associated with the air-dielectric interface (i.e., the LSEy and LSMj, partially filled 

waveguide modes). 
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Figure 4-4 Frequency dependence of the characteristic impedance of the dom
inant mode of a shielded microstrip transmission line. 
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Figure 4-5 Dispersion characteristics of the first six higher order modes of a 
shielded microstrip transmission line. 
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Figure 4-6 Transverse electric field distribution for the first higher order mode 
of a shielded microstrip transmission line at / = 12.5 GHz. 



Now we apply the coupled (transverse electric field and vector potential) 

formulation to the microstrip transmission line considered above. In order to reduce 

the number of MAC basis functions needed to expand the potentials AY and FY, 

we will restrict our attention to the first two modes of the transmission line. Again 

we will exploit the symmetry of the cross-section by analyzing half of the original 

cross-section with a PMC located at the plane of symmetry. We will apply the 

transverse electric field formulation in the region S3 defined by y\ = 0.785 mm and 

1/2 = 2.0 mm. The region £3 is discretized into 60 elements (85 nodes). Eight MAC 

basis functions (M — 2, N — 4) are used to expand the potentials. In Figure 4-7 

we compare the phase constants of the first two modes of the transmission line 

calculated by the coupled formulation to the values calculated by the transverse 

electric field formulation. The two formulations are in good agreement for the 

dominant mode. The coupled formulation calculates larger phase constants for the 

first higher order mode which are in better agreement with the values calculated 

by Mittra and Itoh (1971). Talcing into account the representation of the field in 

the coupled formulation and the field distribution of the first higher order mode, 

we believe that the phase constant of the first higher order mode is estimated more 

accurately by the coupled formulation. 

Next we consider how the thickness of the microstrip affects the phase con

stant of the dominant mode. In Figure 4-8 the phase constants of the dominant 

mode for a thin (t — 0.25 mm), thick (t = u>/2), and square (f = w) microstrip are 

compared. The decrease in the phase constant as the thickness of the microstrip is 

increased can be explained physically in terms of the fringing fields. As the thick

ness of the microstrip is increased, the fringing fields that emanate from the vertical 

sides of the microstrip cause more of the electric field to be concentrated in the air 
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Figure 4-7 Dispersion characteristics of the first two modes of a shielded mi-
crostrip transmission line calculatcd by the coupled formulation. 
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region. As a result, the phase velocity of the mode decreases. On the other hand, 

as the frequency increases the electric field tends to concentrate in the dielectric 

substrate. The smaller differences in the phase constants are than attributed to the 

reduction of the fringing fields. This result is in agreement with the results in (Shih, 

Wu, Jeng, and Chen, 1989). The effect of the fringing fields at low frequencies is 

also observed in the quasi-TEM analysis. The discretization of the cross-section 

requires the nodes to be concentrated around the microstrip in order to accurately 

calculate the effective dielectric constant. 

Finally, for the microstrip transmission line, the effects of losses in the di

electric substrate on the propagation characteristics of the dominant mode of the 

microstrip transmission line are considered. Three values of substrate conductivity 

a = 0.005, 0.01, and 0.05 S/m are used for the microstrip of thickness t = 0.25 mm. 

The values of conductivity correspond approximately to a loss tangent in the range 

10~4 to 10~2 for frequencies between 10 and 30 GHz. Figure 4-9 gives the vari

ation of the attenuation constant a with frequency calculated by the transverse 

electric field and quasi-TEM formulations. The phase constant in Figure 4-2 does 

not change appreciably for the values of conductivity considered. The apparent 

frequency independence of the quasi-TEM results can be explained as follows. Con

sider the standard lumped circuit model of a transmission line with loss. The 

propagation constant is given by 

For a transmission line with perfect conductors and a low-loss (G wC) dielectric 

the first two terms of a binomial series approximation to (4.3) are 

7 = y/{R + iu>L)(G + iu>C). (4.3) 

(4.4) 
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Figure 4-9 Attenuation of the dominant mode of a shielded microstrip trans
mission line with substrate conductivities of a = 0.005, 0.01, and 0.05 S/m. 



64 

which clearly shows that the attenuation constant is independent of frequency and 

the phase constant does not depend on G. For the lower frequencies near where 

the quasi-TEM approximation is valid, the transverse electric field and quasi-TEM 

formulations produce similar results for the two smallest values of conductivity. 

However, for the higher frequencies and the largest value of conductivity, the full-

wave analysis is needed to accurately predict the attenuation due to dielectric losses. 

4.2 Coupled Microstrip Transmission Lines 

In this section we analyze the propagation characteristics of a shielded pair 

of coupled microstrip transmission lines. The cross-section of the coupled microstrip 

transmission lines is indicated in Figure 4-10. It is well known that the symmetry 

of the structure and the type of excitation can be used to classify the fundamental 

modes of the coupled transmission lines as either an even mode or an odd mode. For 

the electromagnetic eigenvalue problem the even mode corresponds to analyzing half 

of the original structure with a PMC inserted at the plane of symmetry. Similarly, 

for the odd mode it is equivalent to analyze half of the structure with a PEC located 

at the plane symmetry. 

Coupled microstrip transmission lines are typically characterized by the ge

ometric parameters s/h, w/h and the material parameter er. We are interested in 

how the finite thickness of the microstrip and the associated fringing fields affect the 

propagation characteristics of the transmission lines. The parameters w/h — 0.5 

and er = 9.6 are kept constant and the distances between the two lines is varied. 

The dimensions that do not change in the analysis are 6 — 12.7 mm, w = 0.635 mm, 
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Figure 4-10 Cross-section of a shielded pair of coupled microstrip transmission 
lines. 
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h = 1.27 mm, and t  =  0.25 mm. The parameter s /h  is varied by adjusting a and 

keeping the distance between the microstrip and the closest shielding wall constant. 

In Figure 4-11 the variation of the even- and odd-mode effective dielectric 

constants with frequency for the values of s/h = 1,2, and 3 is displayed. For 

the range of frequencies considered, comparison with the quasi-TEM approxima

tion results is inappropriate. Instead we will compare our results with closed-form 

expressions (Kirschning and Jansen, 1984) for the even- and odd-mode effective di

electric constant of infmitesimally thin (f = 0) coupled microstrip transmission lines 

without shielding. In Figure 4-12 the values of the effective dielectric constants for 

the coupled microstrip transmission lines calculated from the design equations of 

Kirschning and Jansen (dashed curves) and by the transverse electric field formu

lation (solid curves) axe presented. Because of the small aspect ratio t/w of the 

finite-thickness microstrip lines considered, we expect and observe significant differ

ences in the values of the effective dielectric constant at the lower frequencies where 

the effect of the fringing fields is more noticeable. The differences are also large when 

the lines are strongly coupled (s/h = 1), which is understandable. However, the 

differences for the even-mode effective dielectric constant are larger than the odd-

mode for all separations, which was unexpected. Recall that we observed the effect 

of the fringing fields when analyzing the dominant mode of a single finite-thickness 

microstrip which has a field distribution similar to the even-mode distribution for 

one of the coupled microstrips (see Figures 4-3 and 4-13). Therefore we expect 

some change in the even-mode effective dielectric constant. However, considering 

the field distribution for the odd mode, we expect the fringing fields to have a more 

significant effect on the odd-mode effective dielectric constant. 
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4.3 Stripline Transmission Line 

In this section, we consider a stripline transmission line. The ideal stripline 

consists of a PEC strip between two infinite PEC ground planes separated by a 

homogeneous dielectric. Unlike the microstrip transmission lines analyzed in the 

previous sections, the ideal stripline supports a pure TEM mode. The phase con

stant of the dominant mode of the structure is given by the wave number in the 

homogeneous dielectric. Of course, practical structures have ground planes of finite 

extent. For striplines with ground planes of finite extent, the departure from a 

pure TEM mode is minimized if the width of the strip is much less than the width 

of the ground planes. In order to apply the transverse electric field formulation 

to the ideal stripline, the infinite structure must be truncated with an appropri

ate boundary condition. Similarly, for the case of striplines with ground planes of 

finte extent, an appropriate truncation boundary condition is required to bound the 

computational domain. Because the electric field lines terminate at right angles to 

the ground planes, we will truncate the structure with PMC side walls. From a 

computational point of view we would like to locate the terminating side walls as 

close as possible to the center conductor in order to reduce the number of unknowns 

in the formulation. Figure 4-14 displays the cross-section of the stripline structure 

used to analyze the effects of varying location of the terminating PMC side walls. 

The dimensions of the strip axe t = 0.25 mm and w = 1 mm. Three values of b are 

considered: 4, 6, and 8 mm. The homogeneous dielectric has a relative dielectric 

constant of er = 1. 

Figure 4-15 displays the phase constant as a function of the separation be

tween the terminating PMC side wall and the edge of the strip at / = 10 GHz. 



71 

P M C  

eo^o 

P M C  

—1 

I 

i 
y 

t i 

•j 

•\ f h-

Figure 4-14 Cross-section of a truncated stripline transmission line. 



72 

300 

280 -

2G0 
T3 
ra 

2 240 H <D 
m 

220 -

b = 8 mm 

b «= 6 mm 

b = 4 mm 

200 
0 .4  0.6 

T 
0.8 

-> r 
1.0 1 .2  1 .4  

d / w 

Figure 4-15 Phase constant of the dominant mode of a truncated striplinc 
transmission line as a function of PMC side wall location at / = 10 GHz. 



73 

The phase constant of the ideal stripline transmission line is fi = ko — 209.6 rad/m. 

The optimum value of separation is approximately d/w — 1.25. Similar results were 

observed for striplines with different dielectric fillings. For smaller separations the 

PMC plane is an inappropriate boundary condition for the fringing fields emanating 

from the vertical side of the conducting strip. Note that slightly smaller separations 

can be used for structures with larger PEC ground plane separations b. The increase 

in the phase constant for larger separations results from discretization errors. For 

larger cross-sections there are more unknowns in the formulation which makes the 

eigenvalue problem numerically harder to solve with a high degree of accuracy. As 

the number of unknowns increases there is a tendency to overestimate the eigen

values. Non-uniform discretizations are iteratively refined in order to improve the 

accuracy of the eigenvalues we calculate. 
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CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

In this thesis, we have presented a finite-element formulation for determining 

the propagation characteristics of shielded planar transmission lines. Starting with 

Maxwell's equations, we derived the Helmholtz equation for the electric field. Using 

the method of weighted residuals we developed a weak formulation for the trans

verse component of the Helmholtz equation to avoid spurious modes with non-aero 

divergence. Next we applied a Galerkin approximation using finite-element basis 

functions to obtain an algebraic eigenvalue problem. We modified the standard 

finite-element assembly procedure to handle discontinuities in the normal compo

nent of the electric field at dielectric interfaces. We also found that singular basis 

functions were needed to account for singularities in the transverse electric field at 

conducting corners. 

In order to validate the transverse electric field formulation, we applied it to 

a shielded finite-thickness microstrip transmission line. The number of unknowns 

in the formulation was reduced by exploiting the symmetry of the cross-section. We 

determined the dispersion characteristics of the fundamental and first six higher or

der modes of the transmission line. Results were in agreement with a finite-element 

quasi-TEM formulation and previously published results. Similarities between the 

higher order modes of the enclosed transmission line and the modes of the associ

ated partially-filled waveguide were noted. In addition, a limitation in the electrical 

dimensions of structures that can be accurately analyzed was observed. We found 
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that the transverse electric field formulation has numerical difficulties analyzing a 

TEM mode at low frequencies. 

Next, we considered the effect of varying the thickness of the microstrip 

on the propagation characteristics of the fundamental mode. We observed that 

at low frequencies the fringing fields caused significant portion of the field to be 

concentrated in the air region. In addition, the fringing fileds became more promi

nent as the thickness of the microstrip was increased. At higher frequencies, the 

field tends to concentrate in the dielectric substrate. A consequence of the fring

ing fields is a noticeable reduction in the phase velocity of the dominant mode of 

a finite-thickness microstrip transmission line at low frequencies. Finally, for the 

single microstrip transmission line we considered the effect of losses in the dielec

tric substrate on the propagation characteristics of the dominant mode. For small 

values of conductivity and low frequencies the results from the quasi-TEM analysis 

were in good agreement with the full-wave formulation. However, for large values of 

conductivity and high frequencies the full-wave formulation is needed to predict the 

frequency dependence of the attenuation constant. For the values of conductivity 

considered the phase constant did not change significantly. Hence, the search region 

for the propagation constant in the complex plane could be restricted to the line 

formed by complex numbers with their imaginary part equal to the phase constant 

of the lossless transmission line. 

Because of the effect the fringing fields had on a single finite-thickness mi

crostrip transmission line, we investigated the coupling between two finite-thickness 

microstrip transmission lines. In order to determine the effects of the finite-thickness 

conductors, we compared the values of effective dielectric constants calculated by 

the transverse electric field formulation with values obtained from design equations 
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for infinitesimally thin microstrips. As expected, we observed differences at lower 

frequencies where the fringing fields are more significant and for small strip sep

arations where the strips axe strongly coupled. Unexpectedly we observed larger 

differences for the even-mode rather than the odd-mode effective dielectric constant. 

Next we analyzed how the use of terminating magnetic side walls affect the 

propagation characteristics of an ideal stripline transmission line. We considered 

one frequency and three different ground plane separations. We found that the side 

walls can be located as close as approximately 1.25 times the width of the strip. For 

closer separations, the PMC side wall is an inappropriate boundary condition for the 

fringing fields emanating from the vertical side of the strip. When the side walls are 

farther away, errors due to the discretization affect the accuracy of the eigenvalues. 

We found that as the number of unknowns is increased, the algebraic eigenvalue 

problem becomes numerically harder to solve. As the number of unknowns in

creases, the eigenvalues tend to be overestimated. Non-uniform discretizations were 

iteratively refined in order to improve the accuracy of the eigenvalues. 

In an effort to reduce the number of unknowns in the formulation, we de

veloped a set of entire-domain basis functions based on the modes of the associ

ated partially-filled waveguide evaluated at cutoff. Because an expansion of the 

transverse electric field in terms of MAC basis functions is incomplete, we instead 

expanded a properly chosen set of vector potentials. We then integrated the vector 

potential formulation into the transverse electric field formulation by applying each 

formulation in an appropriate region of the cross-section of a transmission line. The 

formulations were then coupled by treating the interface between the two regions as 

a material interface and enforcing the continuity of the tangential field components 

across the artificial material interface. 
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The trivial problem of a partially-filled waveguide was used to verify the 

coupling of transverse electric field and vector potential formulations. We accurately 

determined the phase constant of the first LSE and LSM modes of the waveguide 

which demonstrated that the formulations had been properly coupled. Next we 

applied the coupled formulation to a shielded microstrip transmission line. Again 

the phase constants of the first two modes of the structure were calculated. The 

results obtained using less than half the number of nodes and only eight MAC basis 

functions in the vector potential expansions were in good agreement with the results 

from the transverse electric field formulation. This represents a significant reduction 

in the number of unknowns. Because we did not take advantage of the sparse nature 

of the matrix in the coupled formulation when solving the algebraic eigenvalue 

problem, the transverse electric field formulation was less computationally intensive 

for the single substrate microstrip transmission line. 

The advantages of the coupled formulation become apparent when a mul-

tilayered structure is considered. The algebraic eigensystem resulting from the 

application of the transverse electric field formulation to such a structure would be 

numerically difficult to solve accurately because of the large number of unknowns. 

Significant contrasts in the material properties of the layers or multiple conductors 

would further complicate the accurate solution of the problem. On the other hand, 

there would not be a significant increase in the number of unknowns if the coupled 

formulation was used, because only the regions near the conducting strips need to 

be discretized. Another advantage of the coupled formulation is that many of the 

entries in the resulting matrix only have to be computed once for a specific layered 



78 

structure. The coupled formulation is ideally suited for design applications requir

ing that the characteristics of a structure be calculated for different configurations 

of conducting strips. 

Recommendations for future work with the transverse electric field formu

lation include the following. First, multilayered structures could be analyzed effi

ciently by replacing the dielectric substrates with an equivalent surface impedance. 

Secondly, an equivalent surface impedance could also be used to model the effect 

of perforated ground planes on the propagation characteristics of transmission lines 

common in packaging applications. Finally, the transverse electric field formulation 

could be used to investigate the occurrence of complex modes in lossless transmis

sion lines (Huang and Itoh, 1988). 

Future work with the MAC basis functions should include the following. 

First, exploit the sparse nature of the resulting matrix when solving the algebraic 

eigenvalue problem. This would reduce the computational effort required to solve 

the eigenvalue problem. Secondly, limit the region where the transverse electric 

field formulation is applied so that it contains only a portion of the cross-section 

in the x direction. This change would entail modifying the coupling of the two 

formulations but the modification would take advantage of the fact that the MAC 

basis functions satisfy the boundary conditions at the dielectric interface. Finally, 

apply the coupled formulation to multiconductor transmission lines by using the 

transverse electric field formulation in multiple regions. 
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QUASI-TEM FORMULATION 

In this appendix a finite-element formulation based on a quasi-TEM ap

proximation for the analysis of shielded planar transmission lines is presented. As 

discussed earlier, the quasi-TEM approximation is a useful tool. The formulation 

presented in this appendix is used to supply initial guesses for the iterative eigen

value problem solver and to compare results with the full-wave analysis. The formu

lation is applicable to shielded planar transmission lines with uniform cross-section. 

Conductors may be infinitesimally thin or have a finite thickness. 

Under the quasi-TEM approximation, the longitudinal components of the 

field are negligible with respect to the transverse components. As a result, the 

transverse electric field may be written as the gradient of a scalar, viz: 

Et = -V<$. (A.l) 

The potential satisfies a more general form of Laplace's equation, namely, 

Vt • (eVt$) = 0 (A.2) 

with the boundary conditions $ = 0 on the outer shield and $ = uon the second 

conductor. The potential and the normal component of the electric flux density 

are continuous across dielectric interfaces. 

A weak form of (A.2) is obtained by applying the method of weighted resid

uals and a Galerkin approximation. In a region fi where the permittivity is inde

pendent of position, the residual of (A.2) is weighted with an appropriate testing 

function <pit viz: 

«V|2«Wi>n = 0 (A3) 
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for i  = 1,2, The relationship 

(V,2®)^,- = V, • (®V4&) - V,$ • V,& (A.4) 

is used to integrate (A.3) by parts. Application of a degenerate form of the diver

gence theorem produces ' 

f  d$  
<eV*$ • V(fc)n = f e-z-fc dl (A.5) 

Jdn v n  

for i  = 1,2, — A Galerkin approximation is then implemented by expanding the 

potential in terms of the finite-element basis functions ipj in rectangular coordinates, 

viz: 

Ne 

*"(*.!/) = I>J^5(s.v) (A6) 
J = 1 

where the superscript e indicates the domain is that of a typical element and N e  is 

the number of nodes the element. Substituting (A.6) into (A.5) and testing with 

4>i = ip* produces the weak formulation. The weak formulation may be written 

using matrix notation as 

Ke$e = Fe (A .7a)  

where the entries of the elemental stiffness matrix Ke and the forcing vector Fe are 

given by 

Ke = /fMM 4- (A 7h\ 
i j  \  d x d x +  d y  d y  ) Q e  ^  ^  

F?= <k dl (A.lc) 
Jdile Vn  

for i  = 1,2, ...,JVe and j  = 1,2,... The global stiffness matrix is obtained 

by assembling the contributions from each element. Observe that the contributions 
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to Fi from inter-element boundaries will cancel because of the continuity of the 

integrand and the changes in the sign of the normal. Thus Fi only needs to be 

calculated on the boundary. Since the potential is known on the boundary, the 

testing functions are chosen to be zero on the boundary. The only non-zero entries 

in F will be due to the nodes on the conductor at the non-zero potential. 

To exploit the symmetry of the structure, it is necessary to insert either a 

PMC or a PEC at a plane of symmetry. To handle a PMC boundary, the tangential 

magnetic field, which is proportional to the normal derivative of the potential, is 

forced to be zero on the PMC by setting the corresponding F/'s equal to zero. 

For a pure TEM structure, the propagation constant depends only on the 

frequency and the material parameters, viz: 

However, for a non-TEM structure (such as the microstrip), a different approach is 

needed for obtaining the propagation characteristics under quasi-TEM conditions. 

To determine the propagation constant two similar problems must be solved. First, 

the per-unit-length (PUL) capacitance C of the original structure is calculated. 

Next, the PUL capacitance C' of the original structure with the dielectric materials 

replaced by vacuum is found. The relationship for TEM structures 

7 = iwy/jle. (A.8) 

fie = LC (A 9) 

can be applied to determine the PUL inductance L\ viz 

r' _ 
A' 

(-4-10) 
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Because the dielectric materials do not effect the PUL inductance of the transmission 

line, we find that L = L'. The PUL capacitance of a structure is calculated from 

the stored electric energy per-unit-length, namely, 

The potential difference v  between the conductors is known from the boundary 

conditions. The electric field is calculated by applying (A.l) to (A.6) at the center 

of each element. Once the PUL capacitance and inductance are known, (A.8) 

and (A.9) are used to determine the propagation constant. Note that C/C' can be 

interpreted as the effective dielectric constant of the geometry being analyzed. The 

characteristic impedance of the transmission line is given by 

The above formulation can be easily extended to handle multiconductor 

transmission lines. The PUL capacitance and inductance become matrices whose 

elements are determined from a generalization of the above procedure. In addition, 

the above formulation can account for lossy dielectric materials by replacing e with 

the complex permittivity e and noting that potential and the PUL capacitance are 

also complex quantities (Hoffmann, 1987, §2.4.4). 

( A l i a )  

= \C\VF. (A.Ub) 

(A. 12) 
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SOLUTION OF THE EIGENVALUE PROBLEMS 

In this appendix the numerical methods used to solve the algebraic eigen

value problems in the transverse electric field and coupled formulations are dis

cussed. The methods attempt to exploit the characteristics of each particular eigen

value problem. The eigenvalue problems are different in that we are only looking 

for eigenvalues corresponding to propagating modes. The associated eigenvalues 

will not necessarily be the smallest or the largest eigenvalues. In addition, the ma

trices associated with the eigenvalue problem are not symmetric and will often be 

complex. 

For the transverse electric field formulation the algebraic eigenvalue problem 

is of the form 

The matrices A and B are banded. For lossless transmission lines the matrices will 

be real. When the materials associated with the transmission line have losses, the 

quantities A, B, and 7 will be complex. Because relatively good estimates of the 

eigenvalues are available standard numerical root finding techniques are applied to 

the function 

For the dominant mode, the quasi-TEM analysis in Appendix A is used to provide 

estimates for the eigenvalues. The modes of the associated partially-filled wave

guide can be used to provide estimates for the eigenvalues corresponding to higher 

order modes of the enclosed transmission line. The eigenvectors are calculated using 

(A — 72B)X — 0. (B. 1) 

f(7) = det(A — 72B). (B. 2) 
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inverse iteration after the eigenvalues are determined. For certain lossless transmis

sion lines f(7) is assumed to be a real valued function of the imaginary variable 

7 = ifi. If f(7) changes sign in a finite interval then a bisection algorithm is guar

anteed to converge to an eigenvalue since f is a polynomial. If losses are present in 

the materials, f(7) and 7 are complex numbers. The secant method and the con

tour integration method (Singaraju, Giri, and Baum, 1976) are then used to locate 

the zeros of f(7) in the complex plane. The efficiency of the method is due to two 

reasons. First, the matrix is banded, a fact which reduces the computational effort 

needed to evaluate the determinant. Secondly, relatively few iterations are needed 

to determine the eigenvalues because of the quality of the initial estimates. 

For the coupled transverse electric field and vector potential formulation, 

the eigenvalue problem takes the form 

Again standard numerical root finding techniques are applied to the function 

The addition of the term involving 7 does not increase the computational time 

because the time spent forming the matrix for each value of 7 is negligible compared 

to the time spent evaluating the determinant. The increase in computational time 

is due to the fact that the resulting matrix is not banded. However, the matrix is 

sparse and of much smaller order than the matrix in (B.l). 

(A - 7B - 72C)X = 0. (B.3) 

f(7) — det(A - 7B — 72C). (B.4) 
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