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ABSTRACT 

The Abel inversion is used to reconstruct an axisymmetric 

image from a one-dimemsional projection. It finds application in 

a wide variety of fields, such as astronomy, optical-fiber 

refractive-index measurements and spray-droplet studies where 

the geometry is often cylindrically or spherically symmetric. 

However, all Abel inversion methods have drawbacks. One such 

arises from the singularity in the lower limit of the integral. The 

smoothing techniques also usually consume a large amount of 

computer time and the error propagation calculations are 

tedious. Two methods with a different approach are presented 

in this thesis. They are the 

Integral transforms and the onion-peeling method. They are 

both easier and simpler to compute. Also, no curve fitting is 

needed and the problem of handling the singularity will not 

arise. The noise and artifact properties of these two methods are 

investigated. 
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CHAPTER 1 

INTRODUCTION 

1.1 Mathematical background of Abel inversion 

The Abel inversion is a special case of general computed 

tomography for axisymmetric distributions. It computes the 

reconstruction of a circularly symmetric two-dimensional 

function from its projection. This inversion is useful for plasma 

diagnostics and plasma spectroscopy flame studies[l][2][3][4] 

because these high temperature radiating gases are often 

produced and used in optically thin, circularly symmetric 

configurations such as arc columns and jets from nozzles. It also 

finds application in a wide variety of fields, such as 

astronomy[5][6], optical-fiber refractive-index measurements[7] 

and spray-droplet studies[8] where it is important to get space-

resolved information and where the geometry is often 

cylindrically or spherically symmetric. The main advantage of 

this method is that since the function is circular-symmetric, it 

can be constructed from just one one-dimensional projection, as 

shown below. 

Figure 1.1 shows a circular disk from a distribution 

parallel to the xy plane and with thickness Az. It is assumed to 

have a circularly symmetric distribution with respect to the z 

axis. I(x) is the line integration of the distribution which is 

called the projection and e(r) is the intensity profile at the 
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distance r from the origin, the total intensity from the column of 

length 2y and cross section AxAz gives the equation 

+yo 
I(x)AxAy = ^ e(r)AxAyAz. (1.1) 

-yo 

Passing over to infinitely small volume elements and making 

use of the symmetry we get 

"f Jo 

ryo 
I(x)=2| e(r)dy. (1.2) 

fo 

The substitution y=(r2-x2)1/2 gives the integral equation 

i w = 2  j  yy*. (i.3) 
J (r2-x2) 1 

This is the Abel integral equation which is a special case of the 

Volterra equation of the first kind[25]. Dividing both sides by 

y=(x2-r2)1/2
? ancj tfoen integrating with respect to x gives 

100 2| rf e(r)rdr 1 fr 
i-rfl"2 I I fr2.y2ll« J f.2.r2/" 

"0 

(x2-r2)1/2 I t I (r2-x2)1/2 J (x2-r2)112 

ro 

r0 

If the order of integration on the right-hand side is inverted, this 

becomes 
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r(r2-x2) 1/2(x2-r2)1/2 

dx ^ E(r)rdr. (1.5) 

» ro 

The inner integral on the right can be evaluated by elementary 

methods[25] to give k}2. Hence Eq. (1.5) is equivalent to the relation 

By differentiating this relation, we then obtain the inverse Abel 

transform 

In Eq. (1.7), it is noticed that the projection is differentiated 

and the result is then integrated. Any noise in the projection data is 

greatly amplified by the process of differentiation. Consequently, 

the Abel inversion is notoriously sensitive to noise and errors in the 

input data. Another drawback is that the center of symmetry of the 

measured intensity data must be known since noise and errors 

escalate through the inversion if the projection is shifted. Therefore, 

direct Abel inversion is undesirable, especially for projections that 

are noisy and asymmetric. 

An important application of the Abel inversion is in 

photofragment imaging[9]. Here, the measured image is a two-

(dl(x)/dx) 
(1.7) 
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dimensional projection of the three-dimensional velocity distribution 

of ionized fragments. It generates axisymmetric functions of annular 

distributions, consisting of concentric annuli of varying intensity. 

Due to experimental limitations, the data is noisy as well as off-

center. This motivates us to find a modified Abel inversion which 

can cope with noisy data, whose center of symmetry is unknown. 

1.2 Abel inversion methods 

The method of Bockasten[13] suggests that the observations 

give I(x) as a curve or as a number of points, through which a curve 

can be traced. From this curve the observations can be introduced in 

the calculations as a sequence of readings, IK , for equidistant x 

values, x =kro/n (k=0,l,2,...,n-l), where ro is the boundary radius of 

the profile. From the IK a number of values of e(r), called ej 

corresponding to rj=jro/n (j=0,l,2,...,n-l), can be calculated from the 

simple formula 

ej=Io1SajkIk- d.8) 
k 

where the aj'k are certain coefficients. For each interval *k to xk+i the 

experimental curve I(x) has been replaced by a third-degree 

polynomial Pk(x), which fits exactly the intensities IK-I, IK, IK+I and IK+2 

for corresponding x values. Eq. (1.4) can now be written 
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/•Xk+1 

ej = J-2i (1.9) 

"K-'JX K  
( X ^> '  

and after substituting x=tro/n: 

/•K+l 

Ej = ̂ £ (MO) 
"r0K.j JK (t2-j2) 

Now all the pK(*) and also the p K(0 are linear in the IK. AS they are 

also polynomials in t, the integral can be exactly evaluated in terms 

of the Ik. Finally, the various contributions to ei can be calculated 

with IK to form the Eq. (1.8). Eq. (1.10) is the summation of n-1 

integrals where the function of each integral is to compute a third 

degree polynomial approximation of the corresponding input data. 

The resulting formula for the coefficient ajk can be given by means of 

an auxiliary function f(j,k), as follows: 

ajk = n(127t)"1[f(j,k+2)-4f(j,k+l)+6f(j,k)-4f(j,k-l)+f(j,k-2)], (1.11) 

where j+1 < k < n-2; k > 2; 

f(j,k) = (3j2+6k2-2)ln[k+(k2-j2)1/2]-9k(k2-j2)iy2. (1.12) 

A set of tables of coefficients aik for transforming observed I(x) into 

e(r) can then be established. It is possible, of course, to fit a 

polynomial to a larger number of points by the method of least 

squares. In both cases the tables of coefficients would grow larger. 

Bockasten also demonstrated the gain in accuracy achievable by 
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choosing a larger n value. The errors are seen to increase 

substantially for large r values. The largest errors usually arise from 

the uncertainty in the readings I(x). It is essential that the I(x) 

readings give the slope of the curve with good accuracy. This is a 

direct consequence of Eq. (1.7), where I(x) enters only as dl(x)/dx. 

This is the main reason that the result will be highly inaccurate when 

the data is noisy. Seemingly insignificant noise in the input data 

should be smoothed out before this procedure. Unavoidably, some 

fine details of the input data will also be lost, since the smoothing 

techniques used are effectively a kind of low pass filtering. When 

the inversion is performed, the spectral characteristics of the noise, 

of the desired signal and of the smoothing algorithm are not 

considered. Therefore, there is a possibility that this loss of 

information and distortion are neglected. 

Shumaker and Wiese and co-workers[15] approached the 

problem by a single curve fit to the data. The data are fitted by 

least-squares to a function I(x) that is analytically integrable in 

Eq. (1.7) so that once the curve fitting is accomplished, the solution 

may be written down immediately. For example, the functional form 

used by Freeman[15] involves finding coefficient Q such that 

F(z) = JCi(R24 (1.13) 
i 

The solution may then be written 

G(r) = X *iCi(R2-r2)M/2. (1.14) 
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where 

a.i = (22i/jt)[(i!)2/(2!)!]. (1.15) 

It is noticed that one has to restrict the above summation to values 

of i greater than 0.5 to prevent a singularity developing in Eq. (1.14). 

Polynomials up to the twelfth degree have been tried, with the 

fourth degree being the most satisfactory. At higher degree, 

oscillations in the solution become objectionable. Fitting with a single 

polynomial gives the best results at intermediate values of the radius 

with the worst fit in general occurring near r=0 for distributions with 

off-axis peaks and r=R for distributions with a bell shape. This is 

undesirable, especially for plasma investigations since one usually 

wants to know the maximum temperature, which occurs at the 

center of cylindrical distributions. When the center of the 

distribution is indeterminate, Shumaker[15] plots the function on 

thin graph paper and folds for the best superposition of the two 

"halves". He then averages the halves before analysis. This, of 

course, does not necessarily give us an optimal point for the location 

of the center. 

Several graphical methods or semigraphical methods have 

appeared in the literature, as stated by Cremers and Birkebak[l 1]. 

The work of Friedich[ll] assumes that the quantity I(x)/x is constant 

in an incremental interval. The resulting integral is evaluated over 

this interval. Values for I(x)/x are arrived at graphically. However, 

this semigraphical approach is not easily computed. 
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Another method reported by Nestor and 01sen[12], starts from 

the Abel inversion of Eq. (1.7). A transformation of variables is 

made such that r2=v and x2=u, and it is assumed that I'(u) is constant 

over each small interval Ax=a. Then the subsequent series of 

integrals may be evaluated. After some rearranging, the emission 

coefficient at a radius of (k-l)Ax is 

N-L 
•kCO = ̂ -Zl»(x)Bk.n (1.16) 

n=k 

where 

Bk,n = -Ak.k for n=k 

Bk,n = Ajjj,.! -Aj^n for 

A _ [n2-(k-1 )2] 1/2-[(n-1 )2-(k-1 )2]1/2 

k,n 2n-l 

Here k and n represent the respective radial and lateral points under 

consideration and *n(x) is the measured radiance at a distance (n-l)Ax 

from the center. 

A number of methods assume some sort of variation of e(r) 

over a small interval. The simplest and earliest of these is given by 

Maecker[ll]. e(r) is assumed to be constant over a small interval 

Ax=a so that the resultant series of integrals may be integrated. This 

yields, after some manipulation, 

ek(r) = ( ^ - E  en(r)Ak(11)/[2k-l]I/2. (1.17) 
^ n=k+l 

A more sophisticated approach is to assume a linear variation of I(x) 

over a small interval Ax. However, with the assumption of a linear 
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variation of I(x), this new integral has a singularity at r=0 and so the 

integration must be carried out to the point next to the axis. One of 

the more elegant assumptions to appear is embodied in the approach 

of Frie[ll]. It is assumed that the normalized emission coefficient 

may be replaced, over a small interval Ax =a again, by a second-

degree interpolation formula. That is 

- ek(r)(ik+i-r2)+ik+i(r)(r2-r%) (Ug) 

ik+r*k 

Eq. (1.18) is substituted into Eq. (1.3), and the result may be 

integrated. The recursive relation for the emission coefficient is then 

T ( X N-L 
Ek(r) = 5L{^- £ en(rMCkin-CfclI.1)J (1.19) 

k,k n=k+l 

where 
ck,» = —r2 

r( [n2-(k-l)2]2/3-[(n-l)2-(k-1 )2\™ \. 
3[n 2-(n- 1)^J 

The method developed by Cremers and Birkebak[ll] consists of 

breaking the data into several zones or segments to each of which a 

polynomial integrable in Eq. (1.7) is fitted by least squares. 

Polynomials of varying degree were tried with fourth degree 

working best. The resultant equation for the radiance, over one 

interval of the data, is 

I(x) = A+BX+CX2+DX3+EX4. (1.20) 

Note that l'(x)=0 at x=0, and consequently the curve does not have 

the desired zero slope at the center that a circularly symmetric 
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distribution should have. The coefficients in Eq. (1.20) are 

determined by fitting a least-squares curve through the data 

segment under consideration plus three points from each of the 

adjacent segments. The resultant Eq. (1.17) then can be 

differentiated and substituted in Eq. (1.7), yielding 

Here the subscript m refer to the data segment under consideration. 

Rm is the outer radius of the mth segment counting out from the 

center and Rm-i < r < Rm . 

Maldonado et al[17] developed a method whereby the emission 

coefficient is expanded in terms of a set of orthogonal functions with 

circularly symmetric elements. The Abel integral equation is then 

used to determine the unknown expansion coefficients. It is stated 

in the article that this method is a special case of a more general one 

that is applicable to asymmetric radiance distributions. However, 

difficulty arises in applying these methods to data with appreciable 

irregularities. An infinite series of functions must be terminated at 

some term such that the large scale behavior of the profile is well 

approximated, but the high frequency signal or small scale 

fluctuations are not reproduced. 

All the above mentioned methods have drawbacks. One such 

drawback arises from the singularity in the lower limit of the 

integral. Handling the singularity poses problems in the numerical or 

e(r) =; (Bm+2Cmx+3Dmx2+4Emx3)dx ... _ . 

(x2_r2)l/2 
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analytical schemes. Another drawback is that the data we have are 

usually shifted or off-center. That is, the measured intensity data 

are usually symmetric about some unknown point, but not at the 

origin of the xy plane. The most common technique for locating the 

center uses trial and error in the least squares sense. This does not 

always give the best result[14]. The smoothing techniques also 

usually consume a large amount of computer time and the error 

propagation calculations are tedious[16]. 

1.3 Integral transform and Onion-peeling methods 

Smith[10] approached the problem with integral transforms. 

This transform is equivalent to the Fourier transform followed by the 

inverse Hankel transform. Smith[10] also develops a maximum 

likelihood estimator for the shift of the noisy data which is based on 

the probability density function of the random noise. This approach 

also allows the best symmetric sampling point to have a non-integer 

shift from the geometrical center for a particular set of data. 

Another method with a totally different approach to the 

problem is called onion-peeling. Gordon[18] classified this technique 

as an algebraic reconstruction one where a priori knowledge of 

axisymmetry is used in the selection of the optimum geometrical 

rings into which the profile is divided. The concept of this method is 

very simple. 

This thesis presents an investigation into the noise and artifact 

properties of these two methods. The reason to select these two 

methods is that from the standpoint of computation, they are easier 
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and simpler than the other methods that we have discussed. No 

curve fitting is needed and the problem of handling the singularity 

will not arise. In the next chapters, both techniques are discussed in 

detail. Experiments with different projection profiles are done to 

verify and investigate the properties of these two methods. We find 

that the choice between these two methods depends on the shape of 

the profile and the amount of noise that is embedded in the signal. 
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CHAPTER 2 

ABEL INVERSION USING INTEGRAL TRANSFORMS 

2.1 Mathematical background 

The Abel inversion is a special case of signal reconstruction 

from projections used in image processing and computed 

tomography[17]. The measured projection I(x), as discussed in 

Chapter 1, is given in terms of emission coefficients, e(r), through the 

Abel transform[2] 

I W - 2  [  ( 2 . 1 )  J (r2-x2) ' 

where x is the displacement of the intensity profile and r is the 

radial distance of the source. The function e(r) is the radial profile of 

a two-dimensional circularly symmetric distribution. One method 

for Abel inversion uses integral transforms. The variables in 

Eq. (2.1) are changed to pure cartesian coordinates, so that r is 

replaced by (x2+y2)1/2 
} (r2-x2)1/2 js replaced by y and dr=ydy/Vx2+y2 

The Abel transform then becomes 

I(x) = 21 e((x2+y2)1/2)dy. (2.2) 
Jo 

Since the function e((x2+y2)1/2) js symmetric along the x and y-axis, 

Eq. (2.2) can be written as 
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I(x) = I E((x2+y2)1/2)dy. (2.3) 
J-oa 

The one-dimensional Fourier Transform of I(x) is 

( FT[I(x)] = I E((x2+y2)1/2)dye-j2ltP*dx. (2.4) 

Changing back to polar coordinates using: 

(x2+y2)1/2 —> r 

x —> rcosG 

dxdy —> rdrdQ 

gives the transform over t and 0 , thus: 

FT[I(x)] = | j e(r)e-J2llPrcoserdedr, (2.5) 

o 

After some manipulation, Eq. (2.5) can be expressed in the form 

FT[I(x)] = 

f" 
1 71 

*L re(r)2ji[;J-| e-j2nPrcos0d0]dr. (2.6) 

The innermost integral is called the zero-order Bessel function[18], 

J(2jcrp). Thus, 
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FT[I(x)] = 2K Jre(r)Jo(2jn,p)dr. (2.7) 
o 

The right-hand side of Eq. (2.7) is known as the zero-order 

Fourier-Bessel transform or zero- order Hankel transform of E(r)[19]. 

Hence, from Eq. (2.7), the Fourier transform of the projection I(x) 

equals the Hankel transform of the profile e(r) 

FT[I(x)] = HT[e(r)]. (2.8) 

Performing the inverse Hankel transform of both sides of Eq. (2,11) 

gives 

e(r) = HT"1[FT[I(x)]]. (2.9) 

One of the properties of the Hankel transform is that the forward 

transform is the same as inverse transform, 

e(r)=HT[FT[I(x)]]. (2.10) 

Therefore e(r) can be obtained from I(x) by means of a Fourier 

transform followed by a Hankel transform. This procedure can be 

written in two steps: 

The Fourier transform of I(x) 

I(x)e-j2*fxdx. (2.11) 

Then, the Hankel transform of G(f) 
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£(r) = 2K I G(f)fJ0(2jtfr)df. (2.12) 
Jo 

Eq. (2.10) has several advantages over the direct inversion 

method discussed in Chapter 1. First, we have avoided the 

singularity at the lower limit of integration. Second, following the 

Fourier transform of I(x), a smoothing filter may be applied in the 

frequency domain to reduce noise. Also Eq. (2.10) can be 

approximated with fast transform algorithms to decrease 

computation time. However, the projection data I(x) is usually only 

available at discrete sample points. Therefore, we have to 

implement the integral transform in discrete form. The discrete 

Fourier transform (DFT) is 

N-L 
G(kAf) = X I(iAx)e-i2n<iA*>icAfAx (2.13) 

i=0 

where I(x) is now represented by N samples with uniform spacing 

Ax. The continuous frequency f is now represented by discrete 

frequency kAf; k=0,l,....,N-l, such that Af=l/NAx. Hence, Eq. (2.13) 

becomes 

N-l -j2nik 
G(kAf) = ^ I(iAx)e N AX. (2.14) 

i=0 

Since I(iAx) is ideally real and even, its DFT G(kAf) is also real and 

even. The principal advantage of using the DFT is that it can be 

performed with the assistance of the Fast Fourier transform (FFT) 
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algorithms. Since the spectrum is always even, only N/2 points of 

the DFT will be required. This further speeds up the process. 

Several phenomena must be considered in interpreting the 

computed DFT of I(x). Aliasing caused by undersampling results in 

some loss of high frequency information. Another possible source of 

error is spectral leakage, which occurs whenever the input data is 

spatially truncated prior to transformation. However, the projection 

data that we are dealing with always go to zero within a finite 

distance from the center. Therefore, this leakage effect will not be 

significant. 

Now we go back to Eq. (2.12) and put it in discrete form. If the 

sampling in x, f and r is such that x=iAx, f=kAf and r=RAr, then 

Eq. (2.12) becomes 

— -l 
2 

e(RAr) = 2k £ G(kAf)kAfJ0(27cRArkAf)Af. (2.15) 
k=0 

The summation is from k=0 to k=(N/2)-l because G(kAf) is an even 

function . If we let Ax=l/NAf and Af=l/NAr, Eq. (2.15) can also be 

expressed as 

— -l 
2 

e(RAr) = 2k Y G(kAf)kJ0(^^-). (2.16) 
N2(Ax) k=o N 

Eventually, the direct Hankel transform requires time-

consuming calculations of the zero-order Bessel functions. 
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2.2 Mathematical background of the modified Integral 

Transform technique 

A faster technique for computing the Hankel transform 

known as the Fourier selection summation algorithm was proposed 

by Candel[20], and later modified by Smith[21]. 

In Eq.(2.12) the integrand is integrated from zero to infinity, 

which means that the function fG(f) is not defined on the negative f 

axis. Therefore, we can define 

G(-f) = -G(f) (2.17) 

so that fG(f) is an even function. Note that in the discrete form, N 

data points of I(x) are used for the DFT of G(kAf). Therefore, only 

N/2 spectral components are unique. These N/2 points of kAfG(kAf) 

from k=0 to k=(N/2)-l are half the data points of the even function 

that we now define. Due to symmetry, Eq. (2.15) can then be 

expressed as 

e(r) = it I fG(f)J0(2mf)df. (2.18) 
J •« 

The zero-order Bessel function J(2nrf) can also be expressed by a 

finite integral [22] as 

(2.19) 

giving 



i 
p+i 

E(r)=| fG(fJ | ̂ pdtdf. (2.20) 

Replacing t with cosG (t varies from -1 to +1) and replacing dt by 

sin0. Eq. (2.20) becomes 

r r e(r) = I fG(f) I e-j^frcos0d0df. (2.21) 

Note that the limit of integration with respect to t is from 0 to k. 

Changing the order of integration gives 

e(r) = I M fG(f)e-j2nf(rcose)dfJd0. (2.22) 

o 

The expression inside the bracket of the right-hand term is the 

Fourier transform of fG(f) in the domain of rcosG. If the Fourier 

transform of fG(f) is O(^), then the discrete form is 

-j2rckm 
O(mA0 = X G(kAf)Afke ^ Af (2.23) 

k=0 

where m=0,l, ,N-1. Eq. (2.22) is further modified as 

-f Jo 
e(r) = | O(rcos0)d0. (2.24) 
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On the other hand, due to symmetry in the rcosQ domain, the 

integration limit of Eq. (2.24) can be changed to 0 -> n/2. Eq. (2.24) 

then becomes 

tnll 
e(r) = 2 J <D(rcos0)d0. (2.25) 

Jq 

Once again, Eq. (2.25) is changed to discrete form for practical 

purposes: 
u.i 
2 

e(RAr) = 2£ O>(RArcos0„)Ae (2.26) 
n=0 

where the integration interval of TI/2 is divided into N/2 small 

intervals of A0 each, so that 0 = rcn/N and A0 = JC/N. Eq. (2.26) can 

then be written as 

—- l  
2 

e(RAr) = 2 Y <J>(RArcos(^))£. (2.27) 
N N 

Here, we run into a problem since «!>({;) is only known at integer 

sample points, but RArcos0 lie at points in between. This problem 

is solved by using nearest neighbor interpolation. That is, for a 

particular RAr, RArcos0 values will be approximated by the nearest 

integer values. This procedure can be shown to be 

d(n,RAr) = Rcos(0n)+O.5 (2.28) 

where n=0,l, N/2-1. 
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N 
2 

e(RAr) = 2^ ®(int[d(n,RAr)])& (2.29) 
n=0 2 

where R=0,1, ,2N-1 and int[.] represents the truncation of the 

nearest (low) integer operation. In order to make this process faster, 

Smith[14] reduced the number of additions by setting N=21 so that 

Eq. (2.29) becomes 

R 
e(RAr) = «E>(int[d(n,RAr)]) (2.30) 

n=0 

where R=0,1, ,2N-1 

d(n,RAr) = Rcos(6n)+0.5 (2.31) 

where n=0,l, ,R. 

This means for each Hankel transform estimate, e(RAr) requires 

only R instead of N/2 additions. The closer the radial distance of e(r) 

from the center, the smaller RAr will be. This in turn reduces the 

number of additions at the expense of accuracy. 

2.3 Off-centered noisy data 

Another issue that we are going to address is the method of 

determining the axis of symmetry when the projection is corrupted 

with noise and off-centered[10]. The projected intensity data is 

assumed to be shifted from the origin, corrupted with additive 

random noise, and samples at a fixed interval are modeled as 

S(m) = I(m+Am)+n(m) (2.32) 
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where m is the discrete sample number, Am is the shift and n(m) is 

the sampled value of random noise. The discrete Fourier transform 

of S(m) is given by 

j27tkAm 
S(k) = G(k)e M +N(k) (2.33) 

where S(k), N(k) and G(k) are the Fourier transforms of s(m), n(m) 

and I(m) respectively. The total number of points in the discrete 

Fourier transform is M. A portion of the noise can be removed by 

applying a low-pass filter, since the signal information is usually 

contained in the lower frequencies while the high frequency 

components are mostly noise. Assuming the noise is stationary, 

Eq. (2.33) can be written 

-j2nkAm -j2nkAm 
G(k) = S(k)e ^ -N(k)e ^ (2.34) 

or 
-j2nkAm 

G(k) = S(k)e—-N(k) (2.35) 

since the noise is stationary. 

As discussed before, I(m) is real and even. Therefore, G(k) 

which is the Fourier transform of I(m), is also real and even. The 

imaginary part of the right-hand term of Eq. (2.35) must then be 

zero. Eq. (2.35) is broken up into its real and imaginary components. 

G(k) = SR(k)cos(2jtkAm/M)+Si(k)sin(27ikAm/M)-NR(k) (2.36) 

0 = Si(k)cos(27ikAm/M)+SR(k)sin(27tkAm/M)-Ni(k) (2,37) 
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where the subscripts R and I refer to the real and imaginary 

components of each function. Eq. (2.37) shows that 

Nj(k) = Si(k)cos(2jtkAm/M)+SR(k)sin(27ckAm/M) (2.38) 

which means the imaginary part of the noise is a function of Si(k)? 

Sit(k) ancj ̂ m. The noise is further assumed to be an uncorrected, 

bandlimited Gaussian random process. Its spectral components can 

be modeled as independent Gaussian random variables[26], each 

with probability density function 

, -N?(k) 
PN(NI(K))=^J=E-^R-. (2.39) 

Substituting Eq. (2.38) into Eq. (2.39) and taking the ensemble 

probability density function over all values of k in the passband of 

the filter as the product of the individual probability functions yields 

the conditional probability density of S given Am as 

P(SIAm) = —!_e^I [S,(k)cos(2l^m.)-SB(k)sin(2akAm.)]2] 
(27tCT)k/2 ° k=0 

where K is the number of spectral components contained within the 

passband. The probability density function of Eq. (2.40) is then 

maximized with respect to Am. This gives us a maximum likelihood 

estimator for the shift. The resulting equation for the estimate Am 

can be shown as 

K-l **•» /s ^ 
X k{2SR(k)Si(k)cos(47ukAm/M)-[Sj(k)-SI

2(k)]sin(4jtkAm/M)] =0. (2.41) 
k=0 
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This equation is then solved by iterative techniques to determine the 

estimate for the shift. Once we obtain the estimate Am, S(k) of Eq. 
-j2flkAin 

(2.33) is multiplied by e m . The first term on the right hand side 

of Eq. (2.33) becomes 

-j2nkAm -j2nkAm 
G(k)e ^ e M (2-42) 

which will be very close to G(k). The remaining imaginary 
-j2FlkAm 

components of S(k)e M are assumed to be due to noise, and so 

can be set equal to zero. Therefore this whole process not only 

tends to shift the data back to the estimated origin but also 

eliminates part of the noise. 

Smith[10] also derived expressions for the autocorrelation 

function and variance of the output noise resulting from the Abel 

inversion of wide-sense stationary input noise. The results show the 

functional form of the nonstationary output noise autocorrelation 

explicitly as a function of the radial position. More important, for 

values of the radius-bandwidth product greater than one, the 

variance of the input noise is directly proportional to the variance of 

the input noise and to the bandwidth, and inversely proportional to 

the radial distance from the origin. 

var = (2.43) 

where rB > 1. 



The algorithms that have been discussed in this chapter will 

examined with experimental data in Chapter 4. 
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CHAPTER 3 

ABEL INVERSION BY THE ONION-PEELING METHOD 

3.1 General description 

In the "onion-peeling" technique, the 2-D axisymmetric 

distribution is modeled as a series of M concentric annular rings of 

uniform intensity. The projection corresponding to this model is easy 

to compute, since the geometry of the annular cross-section is simply 

defined. Therefore the whole profile of the cross-section can be 

reconstructed by a straightforward form of back projection. The 

process is started at the outermost ring and works step by step 

inwards until it reaches the innermost ring. 

Since the input data are discrete, each ring will contain a 

certain number of data points instead of a continuous distribution. 

The spacing of each ring will then be related to the number of data 

points in the corresponding ring. As discussed before, all the 

functions that we deal with are circularly symmetric. This property 

can be used to simplify the algorithm by having rings with equal 

spacing. Each ring will then have the same number of data points. 

Figure 3.1 shows the cross-section of the distribution with several 

equally spaced concentric rings. The distribution is divided into 

rings from the edge of the profile and then works inwards into the 

center. It is noticed that the innermost ring sometimes will not have 

the same number of data points as the other rings. This is because 

the total number of data points may not be a multiple of the number 
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of data points in each equally spaced ring. This situation will be 

discussed later in the chapter. 

Let us assume that all rings, including the innermost one have 

the same number of data points. We then divide the profile into a 

number of strips as shown in Fig. 3.1. In this model, we assume that 

the intensity in each ring is constant. Therefore, the number of rings 

or the width of each ring controls the resolution of the 

reconstruction. If the number of rings is very small, the model of the 

distribution will lack fine detail and vice versa. The integration of 

each strip is equivalent to the average of the corresponding group of 

projection points. 

3.2 Mathematical background 

The projection of Si involves only the outermost ring, ri. In S2, 

the projected intensity is composed of contributions from the two 

outmost rings, ri and r2, and so on. Since the projection is symmetric, 

only half of the strips are needed. The number of rings equals the 

number of strips. In order to make the notation consistent, Si or rj 

will always be farthest from the center, while SM or TM will be closest 

to the center, where M is the number of rings. 

Two notations are now introduced to simplify the expression: 

seg(A.B) denotes the segment area where A is the radius and B is the 

perpendicular distance from the center to the chord of the sector that 

corresponds to the segment. 

partCA.B) denotes the portion of projection that is contributed by TA 

in SB. Examples of seg(5,4) and part(l,3) are also shown in Fig. 3.1. 
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The notation part(A,B) can be expressed 

part(A,B) = seg(M-A+l,M-B)-seg(M-A+l,M-B+l)-seg(M-A,M-B)-seg(M-A,M-B+l) (3.1) 

where M is the total number of Tings. 

One advantage of this expression for part(.) is that no matter 

which ring or strip of part(.) we are computing, there are at most 

four terms on the right-hand side of Eq. (3.1). Hence, the 

computation time will be the same for any part(.). It is also noticed 

that as the strip gets closer and closer to the center, it contains 

contributions from more and more different rings. However, the 

intensity of the segment which is in the center of the strip is always 

the only one that we have to calculate. The intensity of other rings 

in that strip has been obtained from the previous strips. The 

intensity of ri will then be 

e(l) = (3'2) 

seg(M.M-l) 

where 1(1) is the projection value at strip 1. 

The intensity of *2 will then be 

_ I(2)-£(l)xpart(l,2) 
K seg(M-l,M-2) { } 

and so on. 

The intensity of I'M can be generalised as 
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m-l 
[e(b)xpart(b,m)] 

e(m) = prj—r • (3.4) 
seg(M-m-l,M-m) 

Eq. (3.4) can be easily written as a computer program for fast 

computation. As the strip gets closer and closer to the center, more 

and more computation time is needed, since, in Eq. (3.4), the number 

of terms for summation will increase as m gets larger. Notice also 

that as m increases, the denominator on the right-hand side of Eq. 

(3.4) gets smaller. A computer program for this algorithm is listed in 

Appendix A. 

Eq. (3.4) is based on the assumption that each ring contributes 

the same number of projected data points. However, the total 

number of data points is not necessarily a multiple of the number of 

data points in each ring. The last ring will then produce a false 

result. A simple fix is to set the reconstructed profile to zero at the 

center. For some applications, this may not be a problem because the 

central part of the profile has no significant information. However, 

for other applications, such as plasma spectroscopy of flames, the 

highest temperature usually is at the center, while the profile at the 

edge is not interesting. There is a simple way to solve this problem. 

Remember that originally we construct the outermost ring first, then 

move inwards to the center. Now we construct the innermost ring 

first, and then move outwards. It will be the outermost ring instead 

of the innermost ring that is discarded. The outermost ring is then 

set to zero and the rest of the procedure is the same. We can also 

combine these two sets of output profiles so that we have the 



3 9  

complete intensity data from the center to the edge. This, of course, 

doubles the computation time. 

3.3 Projection corrupted by noise 

When the projection is corrupted by noise, the intensity profile 

will not be reconstructed correctly. Eq.(3.4) can be rearranged as 

m-l ^ 
2 [E(b)xpart(b,m)] 

g/„\ b=l /o c\ 

seg(M-m-l,M-m) seg(M-m-l,M-m) 

where e(.) and I(.) are the noisy intensity and projection respectively. 

According to Eq. (3.5), the error of E(.) can be viewed as coming 

form two sources. The first one is from the first term on the right-

hand side of Eq. (3.5). Since the noise is embedded in the projection, 

as m gets larger, the denominator term seg(M-m-l,M-m) gets 

smaller and therefore the noise variance of the first term gets larger. 

It is also noticed from the second term of Eq. (3.5) that the noise of 

each ring in e(b) propagates to the next strip when we do the 

summation. Therefore, the overall result is that e(.) gets more and 

more noisy as it gets closer to the center. Fig. 3.2 is the plot of (a'/°)2 

against r, where a2 is the variance of the stationary noise in the 

projection and a'2 is the variance of the noise in the reconstructed 

profile. This curve is enveloped by 1/r2 and 1/r4 . After using a 

curve-fitting technique, it is found that the curve can be 

approximated as a linear combination of 1/r, 1/r2 and 1/r3. In the case 

of Integral transforms, the variance of the corresponding noise is 

directly proportional to 1/r. 
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In the noise free case, each strip should contain only 1 data 

point, since local averaging will only reduce the resolution of the 

profile and there is no noise to smooth. This yields the maximum 

number of rings for a given set of data. The resolution of the output 

will be as good as the sampling frequency of the data. However, the 

sampled data is seldom noise free. 

In the noisy case, by changing the number of data points in 

each ring, we can control the degree of local averaging of the 

projection. If we assume the noise is random, the more the data 

points in each ring, the more will the noise be suppressed, but at the 

same time, more of the fine details are smoothed out and vice versa. 

It should be noted that since this is a process of local spatial 

averaging, information on the spectral characteristics of noise and 

the desired signal are not directly applied. The intensity of each ring 

is constant, therefore the output profile is staircase-like due to the 

averaging process. If we know the bandwidth of the signal, we can 

use a low-pass digital filter with the cut-off frequency at that 

bandwidth. This will remove the high frequency components that 

contribute to the sharp corners and noise. Another way to smooth 

the staircase-like features is to use a D/A reconstruction filter. The 

staircase profile is then viewed as the sampled data convolved with a 

rectangular function, i.e. 

{x(f)£ 8(t-mT)}*rect(i) (3.6) 
m A 
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where x(t) is the continuous waveform and T is the number data 

points in each strip. In the frequency domain, Eq.(3.6) becomes 

{X(t)*£ 8(f-5r)} xTsinc(fT). (3.7) 
n ^ 

Therefore, X(f), the frequency component of the smoothed waveform, 

can be obtained by first dividing the Fourier transform of the 

staircase-like profile by Tsinc(fT) and then passing through a low-

pass filter with the cutoff frequency at 1/2T. It is noticed that when 

the number of data points in each ring increases, the cut-off 

frequency of the low-pass filter decreases, which in turn gives lower 

resolution. 

The basic theory of onion-peeling which has been discussed is 

quite straightforward. We can control the shape of the output by 

changing the number of data points in each ring and applying 

different digital filters in the final stage. In the process of 

increasing the width of the rings, some noise is smoothed out, but it 

also creates a staircase pattern in the output. Therefore, this process 

can be viewed as filtering out some noise but at the same time 

adding new noise, mostly high frequency, to the signal. The function 

of the digital filter is basically to remove this new added noise. 
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CHAPTER 4 

EXPERIMENTS 

4.1 Overview 

In this chapter, a simulated profile is used to show the 

properties of both the Integral transform and the onion-peeling 

techniques. It is interesting to note that the reverse of the onion-

peeling method can be used to calculate the projection profile from 

the circularly symmetric two-dimensional function. The intensity of 

each layer or ring is the input, and we work backward to calculate 

the integration of each strip that forms the projection. The only 

difference is that no local averaging is done. Therefore, each strip 

contains only one data point. It is obvious that the inverse onion-

peeling method is very useful for simulation. The computer program 

for this algorithm is also listed in the Appendix B. In this chapter, a 

uniform intensity profile is used to investigate the ringing effect 

when applying the Integral transform method. Then a two-point 

intensity profile and a concentric annulii intensity profile are used to 

compare the performance of the Integral transforms and the onion-

peeling method. 

4.2 Uniform intensity profile 

4.2.1 Zero-padding for Integral transforms 

Figure 4.1(a) shows the radial intensity of a uniform circular 

tomographic slice. Figure 4.1(b) is the projection of Fig. 4.1(a), which 

is obtained by the inverse onion-peeling method. For the Integral 
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transform technique, this projection is then Fourier transformed. As 

discussed in Chapter 2, the picket-fence effect is produced by the 

inability of the DFT to observe the spectrum as a continuous function 

since computation of the spectrum is limited to integer multiples of 

the fundamental frequency. In a sense, observation of the spectrum 

with the DFT is analogous to looking at it through a picket-fence. We 

cannot see the spectral component between two of the discrete 

transform lines. Some important spectral information, such as a 

major peak, may lie between them. One way to reduce the picket-

fence effect is to vary the number of points in the frequency domain 

by adding zeros to the end of the original record. This is called zero-

padding, The Fast Fourier transform algorithm that we use in this 

paper requires the number of discrete inputs to be a power of two. 

This in turn restricts the number of zeros we can add to the 

projection. Figure 4.1(c) is the reconstructed profile of a uniform 

intensity distribution function computed by Integral transforms. The 

number of points for the uniform projection is 125 and a FFT of 128 

points is applied. That means we only added 3 zeros. Figure 4.1(d) 

is the reconstructed profile of the same function. All the parameters 

of the algorithm in both cases are the same, except the number of 

zeros for zero-padding. In Fig. 4.1(d), the FFT of 256 points is 

applied, which means 131 instead of 3 zeros are added. By 

comparing both results, the improvement due to the reduction of 

picket-fence is evident. 

4.2.2 Ringing in Integral transforms 
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One property that is noticed in both cases is the ringing effect 

at the edge of the profile. We are now going to investigate this 

property by going through each step of the algorithm in detail. As 

discussed in Chapter 2, the reconstructed intensity profile by the 

Integral transform technique is given as 

where G(f) is the Fourier transform of the projection. In this case the 

projection of Fig. 4.1(b) can be viewed as a rectangle function whose 

sharp edges are smoothed. This means that the high frequency 

components are reduced substantially. The Fourier transform of a 

rectangle function is a sine function 

e(r) = fG(f)e-J27cf(rcos0)dfj d0 (4.1) 

where rect(x) is defined as 

FT[rect(x)] =-^—^=sinc(£) (4.2) 

0, lxl>l/2 

rect(x) = { 1/2, 1x1 = 1/2 

1, lxl<l/2 



4 5  

The Fourier transform of the projection is then expected to be similar 

to a sine function but with a larger main lobe and smaller, faster 

decaying side lobes. According to Eq. (4.1), we then multiply half of 

G(f) (f > 0) by a frequency ramp function. The output will then be 

used to create an even function. The result is shown in Fig. 4.2(a) 

where there are 90 points on the projection and zero-padding up to 

128 points is used. Only 64 points of the spectral components are 

unique. The second half of the curve corresponds to the negative 

frequency axis. The ramp function is increasing linearly while G(f) is 

approximately exponentially decreasing. The curve shows that the 

rate of decrease of G(f) is larger in the beginning and gradually the 

rate of increase of the ramp function catches up with it. Notice also 

that the dc value is zero due to the ramp function. This product then 

goes through the Fourier transform again as stated in Eq. (4.1). 

Intuitively, we would expect the transform to look like a rectangle 

function with zero average value. The result is shown in Fig. 4.2(b). 

Without the ringing near the discontinuity, the result is indeed what 

we would expect. 

This ringing effect is a form of the classic Gibbs phenomenon. 

We can only have a finite number of frequency components in the 

discrete Fourier transform. The high frequency part is therefore 

thrown away. In the case of a rectangle function, we expect the 

approximation to become better as more and more high frequency 

components are included. This is true except in the vicinity of the 

discontinuity where infinitely high frequency components are 
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required in the reconstruction. Therefore, we cannot totally 

eliminate the ringing effect. In the next paragraph, we will see that 

the ringing property of the reconstructed intensity profile is related 

to the ringing effect occurred by FT[fG(f)], which in turn is due to the 

Gibbs phenomenon. Fortunately, we seldom encounter intensity 

profiles that are uniformly distributed; most have tapered edges due 

to limited high frequency content. 

The last step of the algorithm is to do the integration with 

respect to 0. As discussed in Chapter 2, the discrete form of Eq. (4.1) 

is 
N 
2 

e(RAr) = 0(int[d(n,RAr)]) (4.3) 
N n=0 

where R =0,1,...,2N-1. Therefore, the integration becomes the 

summation for each point in the domain of rcostf as stated in 

Eq. (4.3). Nearest neighbor interpolation is used to determine RArcosO 

and the summation is from n=0 to 1 instead of n=0 to N/2 in order to 

reduce the number of additions. Eq. (4.3) becomes 

R 
e(RAr) = §•£ ®(int[d(n,RAr)]) (4.4) 

n=0 

where R=0,1,...,2N-1 

For example, when we calculate the intensity at RAr where 

R=30, Eq. (4.4) becomes 

30 
e(30Ar) = ®(int[d(n,30Ar)J). (4.5) 

n=0 
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Therefore 31 additions are needed for that point. Table 4.1 shows 

the sequence of point indices that their corresponding values in 

Fig. 4.2(b) are added to give the value of E(RAr) at R=30. In other 

words, these numbers in Table 4.1 are nearest neighbor 

interpolations of RArcosG. Sequence of numbers for points 20 and 25 

are also shown in Table 4.1. It is noticed that in each sequence, the 

largest number appear most often. As a matter of fact, this is true 

for calculating every point of e(RAr). This means when point 30 of 

e(RAr) is calculated, the value corresponding to point 30 in Fig. 4.2(b) 

has a relatively dominant effect on the result of the summation. This 

is only true when the values of all the corresponding points are 

relatively close. When samples of e(RAr) closer to the center are 

calculated, this effect is not obvious, since, as shown in Fig. 4.2(b), the 

corresponding values are almost constant when they are close to the 

center. However, when the profile in Fig. 4.2(b) gets farther away 

from the center, the range of fluctuations increases. The influence of 

the last few points on the result of the summation becomes more 

obvious. 

Comparing Fig. 4.2(b) and 4.2(c), we notice that the shape of 

both curves is exactly the same for the five points immediately to 

the left of the discontinuity. However, the data points of the 

reconstructed intensity profile to the right of the discontinuity do not 

follow this trend because the values of the points in Fig. 4.2(b), 

especially those that are near the discontinuity, are not so close. 

Also, N is set to 2R as stated in Eq. (4.3) to speed up the summation 
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process. Therefore, we would expect the result to be less accurate 

for those points that are close to the center. It is because as R gets 

larger and larger, JI/R and the summation from n=0 to 1 of Eq. (4.4) 

will be closer to 2TC/N and the summation of n=0 to N/2 of Eq. (4.3) 

respectively. However, this seems to be not true in our example 

because the data points that are near the center in Fig. 4.2(b) are 

almost constant and for those that are far away, the Gibbs 

phenomenon or the ringing effect becomes much more dominant. 

We can improve the result a bit by using the linear interpolation 

approach instead of nearest neighbor interpolation to calculate 

samples of RArcosS . The result is shown in Fig. 4.2(d). It is noticed 

that the most obvious improvement is the portion of the curve right 

after the discontinuity. However, the modification requires more 

computation time. 

It is now easy to see that in order to reconstruct a perfectly 

uniform intensity profile through the process of summation, the 

shape of FT[fG(f)], which is shown in Fig. 4.2(b), needs to be constant 

all the way up to the discontinuity, and then decrease sharply at the 

discontinuity. However, due to Gibbs phenomenon, it is bound to 

have ringing artifacts near the sharp edge. 

4.3 Two point intensity profile 

Generally, there are two approaches to the onion-peeling 

method when the projection profile is corrupted by noise. One way 

is to smooth the noise first by increasing the number of data points 

per ring. This results in a staircase degradation in the reconstruction 
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of the intensity profile. This staircase intensity profile can then be 

regarded as the sampled data convolved with a rectangular function, 

which is similar to a sample-and -hold signal encounted in A/D 

processing. Since we know the sampling frequency and the width of 

the rectangular function, we can construct the appropriate D/A 

reconstruction filter and get back the smoothed intensity profile. 

Another way is to pre-smooth the projection profile with a low 

pass filter and then reconstruct the intensity profile with the onion-

peeling method by have one data point per ring. This of course 

assumes we know the bandwidth of the projection. The choice 

between these two options depends on the shape of the projection 

and the amount of information that we know about the noise and the 

signal. 

The intensity profile we use in this experiment is a two point 

distribution (Fig. 4.3(a)). The projection is shown in Fig. 4.3(b). This 

projection is then corrupted by white Gaussian noise with zero mean 

and the standard deviation of about 16% of the lower peak of the 

projection. The SNR which is the ratio of the square of the peak to 

the variance of the noise is about 16dB. The noisy projection is 

shown in Fig. 4.3(c). According to the first approach, the noisy 

projection goes through the onion-peeling process with 4 data points 

per ring. The result is shown in Fig. 4.3(d) and the staircase 

characteristic is obvious. It is then processed by the D/A 

reconstruction filter and the smoothed intensity profile is shown in 

Fig. 4.3(e). Due to local averaging, the degree of resolution is limited. 
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However, at least these two peaks are easily identified from the 

output profile. 

When the second approach is used, the projection is first 

filtered by a low-pass filter and then goes through the onion-peeling 

process with each ring containing one data point. In this case, the 

projection goes directly through the onion-peeling process and the 

result is shown in Fig. 4.3(f). It is noticed that the reconstructed 

profile is much noiser than the one using the first approach. It is 

difficult to tell the number of peaks from the output profile. 

Therefore, when the noisy projection is not pre-smoothed, the first 

approach with local averaging gives a better result. Although the 

resolution of that output is degraded, some of the noise is smoothed 

and this reduces the chance of false alarm. However, when the noisy 

projection is pre-smoothed by a low pass filter, the second approach 

gives a result that is at least as good as the first one. The pre-

smoothed projection and the reconstructed profile with the second 

approach are shown in Fig. 4.3(g) and 4.3(h) respectively. 

The noise-free projection is now corrupted by white Gaussian 

noise with zero mean and the standard deviation is 1% of the lower 

peak of the projection. It is now processed by Integral transforms 

and the onion-peeling method in order to compare the two methods. 

The results are shown in Fig. 4.4(a) and 4.4(b) respectively. It is 

noticed that the onion-peeling method gives a better result. The 

reason is that, as discussed in the beginning of this chapter, even 

when the projection is noise free, the reconstructed intensity profile 
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will not be perfect due to Gibbs phenomenon. However, as the noise 

gets larger, the Integral transforms will give a better result than the 

onion-peeling method. When the standard deviation of the the white 

Gaussian noise is 12% of the lower peak of the projection, the 

reconstructed intensity profile by the onion-peeling method is shown 

in Fig. 4.4(c). It is noticed that we cannot really tell whether there 

are two or three peaks in the profile. Fig. 4.4(d) is the intensity 

profile reconstructed by Integral transform. We can still easily 

identify that there are two peaks in the profile. When the standard 

deviation of noise is 10% of the lower peak of projection, the 

reconstructed intensity profile of the two methods are about the 

same. The profiles that are reconstructed by the onion-peeling 

method and the Integral transform are shown in Fig. 4.4(e) and 

Fig. 4.4(f) respectively. 

4.4 Concentric annulii of varying intensity profile 

The advent of intense laser sources in the ultraviolet region of 

the spectrum has spurred the development of several laser-based 

techniques for the measurement of the velocities of laser-ionized 

photofragments. One such technique is photofragment imaging[9] 

which utilizes a laser source to dissociate a molecule entrained in a 

skimmed supersonic molecular beam. The radical fragments of the 

photodissociation event are selectively ionized by a second intense 

laser beam and projected by electric fields onto a position sensitive 

detector. The result is an image which is the 2-D projection of the 

3-D spatial distribution of the ionized photofragments occurring a set 
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time after the photolysis laser pulse. From analysis of the image, the 

velocities of the fragments can be determined and information about 

the dynamics of the photodissociation process obtained. 

4.4.1 Noise-free projection in Integral transforms 

A typical intensity profile of ionized photofragments consists of 

concentric annulii of varying intensity. This intensity profile is 

shown in Fig. 4.5(a). It should be noticed that Fig. 4.5(a) is just half 

of the profile while the other half is the mirror image of this curve 

and is located on the left hand side of the origin. The projection of 

this profile, calculated by the inverse onion-peeling method, is shown 

in Fig. 4.5(b). In general, the projection has fewer fine details than 

the corresponding intensity profile. This is because the line integral 

operation tends to reduce the abrupt changes in the intensity profile. 

Conesequently, the bandwidth of the projection is usually narrower 

than that of the corresponding intensity profile. 

In order to compare the output of different cases easily, the 

intensity profile in Fig. 4.5(a) is used as the input in all examples. 

The first peak is located at point 40, the second and the third at 

points 47 and 55 respectively. The amplitude ratio of these three 

peaks is 1:4:2. Since we are usually interested in the relative 

intensity value instead of the absolute one, this ratio will be used as 

the parameter to indicate how accurate the reconstructed profile is. 

Figure 4.5(c) is the profile reconstructed using Integral transforms. 

All the peaks reconstruct at the same points as in the original profile. 

The ratio of reconstructed peaks is 1:4.11:1.93. 
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Now we use another intensity profile that has the same shape 

as Fig. 4.5(a) but the first peak is located at point 10 instead of 40. 

This means the first thirty zeros of Fig. 4.5(a) are thrown away. The 

profile is then closer to the center. As discussed before, we expect 

the output to be less accurate when it is nearer to the center. The 

reconstructed profile is shown in Fig. 4.5(d). The ratio of the peaks is 

1:3.80:1.89, which indeed is less accurate than the previous case. 

4.4.2 Projection with noise in Integral transforms 

For the noisy case, Fig. 4.6(a) shows a projection that is 

corrupted by noise. The noise which is artificially added to the 

projection is Gaussian random white noise. Its mean is zero and the 

standard deviation is 8% of the lowest peak of the projection. The 

output reconstructed by Integral transforms is shown in Fig. 4.6(b). 

It is noticed that for some portions of the curve that are supposed to 

be zero, the magnitude of the noise is as large as or even larger than 

the magnitude of the lowest peak of the signal. If we set the 

threshold at the magnitude of the lowest peak to detect the number 

of peaks, then many false alarms will occur. The ratio of the peaks is 

1:5.1:2.45. 

Usually, some spectral characteristic of the projection, such as 

the maximum possible frequency, is known before the experiment. 

We can then pass the noisy projection through a digital filter first 

before applying the Integral transform. The highest frequency 

component of the noise-free projection is about 0.12 of the sampling 

frequency. Using a 100-tap moving-average Hamming window with 
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a cutoff frequency of 0.15 resulted in the filtered projection shown in 

Fig. 4.6(c). As explained in chapter 2, the next step is to obtain the 

Fourier transform of fG(f) as stated in Eq. (4.1). The result is shown 

in Fig. 4.6(d). Since this is the output of the Fast Fourier transform, 

only half of the data points are unique. It is noticed that in Fig. 

4.6(d), three peaks are more dominant than the rest of the data. The 

locations of these peaks are exactly the same as the ones in the 

intensity profiles. This relationship holds for all the other profile 

that consists of concentric annulii. Therefore, if we only want to 

detect the location and the number of peaks in the intensity profiles, 

this can be the final step of the algorithm, thereby reducing the 

computation time. 

4.4.3 Modification of the Integral transforms 

For the intensity profile of the ion's velocity distribution, the 

value of the data points is zero from the center up to a certain 

distance, which we usually know a priori. This piece of information 

can help us to improve the result of the output. For example, if the 

first 25 points from the center are all zero, then the first 25 points of 

the perfectly reconstructed profile should also be zero. According to 

Eq. (4.3), this can only be true if the first 25 points of O(RArcos0 ), 

which is the discrete Fourier transform of fG(f), are also zero. On the 

other hand, as stated in Chapter 2, in order to reduce the picket-

fence effect, zero-padding is applied to the projection. For example, 

in Fig. 4.6(d), the number of data points originally is 136, and we 

zero-pad it up to 256 points. The reconstructed profile will then also 
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have 256 points. By comparison with the original profile, we know 

that 120 points out of 256 points have to be zero. These are points 

69 through 189, due to symmetry. By the same reasoning as above, 

according to Eq. (4.3), this can only be possible if points 69 to 189 of 

the discrete Fourier transform of fG(f) are also zero. Therefore, the 

modified version of Fig. 4.6(d) will have zero value for the first and 

last 25 points and from points 69 to 189. The result is shown in 

Fig. 4.6(e). The reconstructed profile is then obtained by applying 

Eq. (4.2). This operation is also modified by using linear 

interpolation instead of nearest neighbor interpolation for RArcosG as 

explained before. The final result is shown in Fig. 4.6(f). The ratio of 

those peaks is 1:3.91:2.01. This ratio is much better than the one in 

Fig. 4.6(b) and very close to the original one. The whole profile in 

general is not as noisy as the one in Fig. 4.6(b). The lowest peak of 

the signal is also much larger than the noisy background. This in 

turn can reduce the chance of false alarms when detecting the 

number of peaks in the profile. 

In the original intensity profile, the data points from the center 

up to the first peak and right after the third peak are zero. However, 

in Fig. 4.5(c), which is the reconstructed profile of the noise free case, 

the noise before the first peak is small while the noise after the third 

peak is relatively large. This is because we use the nearest neighbor 

interpolation approach for RArcos0 in Eq. (4.3). The Fourier 

transform for fG(f) of that input is shown in Fig. 4.6(g). Each point of 

the output profile is obtained by doing the summation process of 
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Eq. (4.3). By using the nearest neighbor approach, some error will be 

generated due to roundoff. For example, if RArcos0 is 12.6, then the 

value corresponding to point 13 in Fig. 4.6(g) will be used because 

RArcosG is only known at integer sample points. In Fig. 4.6(g), it is 

noticed that for summation of the data points before the first peak, 

even if RArcos6 is off by 1 or 2 point due to roundoff, the error will 

not be very large because basically the corresponding values are all 

the same and close to zero. However, for the summation of the data 

points after the first peak, especially for those that are close to the 

zero-crossing part in Fig. 4.6(g), even 1 point off will make a big 

difference, due to the large swing of the curve within that range. 

This in turn contributes to the larger error that we observe after the 

peaks in Fig. 4.5(c). 

4.4.4 Reconstruction with onion-peeling method 

In the case of onion-peeling, when the input data is noise free, 

each strip should contain only 1 data point, since there is no noise to 

smooth and the profile is perfectly reconstructed. When the input 

data is corrupted with the same random Gaussian noise as before, 

each strip should then contain more than one data point for local 

averaging. Figures 4.7(a), 4.7(b), 4.7(c) show the reconstructed 

profiles of 4, 3, and 2 data points per strip respectively. It is obvious 

that this process smooths the noise at the expense of resolution. For 

real data, especially without a priori knowledge, we usually have to 

try different numbers of data points per strip and then choose the 

most appropriate one. Digital filters are then used to remove the 
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high frequency components of this reconstructed intensity profile. 

In order to compare this case to the one using Integral transforms, 

we will assume we have the same information of the profile before 

the experiment. This means that we only know the bandwidth of the 

projection profile instead of the intensity bandwidth. Therefore, the 

best we can do to eliminate the noise is to use the same digital filter 

as before for the intensity profile, though in general the bandwidth 

of the intensity profile is narrower than the projection bandwidth. 

Figure 4.7(d), 4.7(e) and 4.7(f) are the corresponding outputs for 4, 3 

and 2 data points per strip respectively. The ratio of the peaks for 

these three cases are 1:4.54:2.15, 1:2.93:1.59 and 1:3.40:1.96 where 

the original ratio is 1:4:2. It is noticed that by changing the number 

of data points per ring, both the ratio and the shape of the curve 

changes dramatically. The locations of the peaks also becomes less 

accurate than those we obtain by Integral transforms. In the case of 

4 data points per ring, the peaks occur at points 36, 44 and 52, while 

the correct locations are point 40, 47 and 55. The main reason for 

this is that when averaging the data locally, new distortion has been 

added to the signal in the frequency domain. 

4.5 Comparison with other methods 

Finally, the two techniques are compared with the methods of 

Minerbo and Levy and of Anderson[24], using the data presented in 

[24]. Two test functions (curve A and B) are used. The intensity 

profile of curve A can be expressed as: 
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l-2r2, 0<r<0.5 

e(r) = { 

2(1 -r)2, 0.5<r<1.0 

while the projection profile is 

J-[2a( 1 +2x2)-p( 1 +8x2)] _4x2in(J+S_)j 
3 0.5+P 

I(X)= { 

|a(l+2x2)-4x2ln(±±&), 

a = (l-x2)1/2
f p = (0.25-X2)1/2. (4.7) 

Curve B is 

, * 0-lr)2 

e(r) = (1-r2) e~^7" (4.8) 

while the projection profile is 

(l.lx)2 

100 =|y(l-x2)-"2e-l^r. (4.9) 

The intensity profile for curves A and B are shown in Fig. 4.8 and 4.9. 

Throughout, N=101 points are reconstructed and three measurement 

noise variances were considered in noisy data tests: 8.3521 x 10~6 , 

0.0001, 0.01. The results are shown in Table 4.2. All the data, 

except those that are related to the Integral transform and the 

Onion-peeling method, are taken from [24]. The notation a(f;m,n) 

denotes the standard deviation of error, measured over the interval 

[m,n]. It is measured in three different ranges. The first one is from 

points 1 to 101, which is the whole profile. The second one is from 

(4.6) 

0<x<0.5 

(4.6) 

0.5<x<1.0 
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points 6 to 96, therefore small portions near the edge and the center 

are not included. The third measurement is from points 11 to 91, 

which is even farther away from the edge and the center. For the 

onion-peeling method, in order to be consistent, each strip will 

contain 3 data points in all cases, except for the noiseless case. They 

then go through a D/A reconstruction filter. In the noise free case, 

we know that if we only allow 1 data point in each ring, the intensity 

profile will be perfectly reconstructed. In Table 4.2, it is noticed that 

the Integral transform performs better than the onion-peeling 

method. When the variance of the noise is small, the Integral 

transform does not perform as well as other methods. However, 

when the noise variance is 0.01, which is the largest in the table, the 

Integral transform performs better than other methods most of the 

time. The onion-peeling method does not perform as well in general. 

The standard deviation of error for different noise variance does not 

change very much. For other methods, as the variance of the input 

noise increases, the standard deviation of the noise also increases. 
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CHAPTER 5 

CONCLUSIONS 

In this paper, two methods for reconstructing the intensity 

profile of an axisymmetric distribution from a single 1-D projection 

are compared. It has been shown that the Integral transform 

method is equivalent to the Fourier transform followed by the 

inverse Hankel transform. Some information about the intensity 

profile, such as the location and number of peaks in the distribution, 

can be obtained after just going through the first few steps of the 

algorithm. This in turn can save computation time. For the noisy 

data, this FT technique is made practical by frequency domain 

filtering. Fast Fourier transform is also used in the evaluation of 

both the Fourier and inverse Hankel transform to improve the 

computational efficiency. The shift of the noisy data is calculated by 

a maximum likelihood estimator that is derived from the assumed 

noise characteristics. Zero padding of the input data is recommended 

for reducing errors caused by the picket-fence effect. 

The ringing effect at the sharp edge of the reconstructed 

uniform intensity profile was also investigated. It is concluded that 

this is due to the Gibbs phenomenon. This ringing effect is highly 

dependent on the shape of the intensity profile. It becomes more 

serious when the intensity profile has sharp edges, and more high 

frequency components. Fortunately, most practical profiles do not 

contains discontinuities. Therefore, the ringing effect is not very 
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serious in reality. Since the distributions that we are interested in 

consist of concentric annulii of varying intensity, further modification 

of the Integral transform is made for this special case in order to 

improve the accuracy. However, the price to pay is more 

computation time. 

Another method that has been discussed is the Onion-peeling 

technique. This is based on the relationship between the area of 

each ring and its corresponding projection. The general form of this 

algorithm is developed in this paper. It is shown that if the noise 

that corrupts the projection profile is stationary, the noise of the 

reconstructed intensity profile will be a function of r, where r is the 

distance from the center of the profile. The closer we get to the 

center, the noiser the output intensity will be. The noisy data can be 

first filtered by local averaging. The local averaging process is done 

by controlling the number of data points in each layer. The staircase 

pattern of the output is then filtered by a D/A reconstruction filter 

or a low pass filter if the bandwidth of the intensity profile is known. 

This can be regarded as smoothing the sharp corners of the profile. 

We also showed that without any pre-smoothing for the onion-

peeling method, increasing the width of the rings gave a better result 

than the one with a ring of width 1. This is more obvious when the 

noise is relatively large. The former approach at least smoothed 

some of the noise and showed the general shape of the profile. 

From the data of several experiments that have been 

presented, it is noticed that when the projection is noiseless, the 
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reconstructed one by Integral transforms will not be noiseless due to 

Gibbs phenomenon. However, it will be perfectly reconstructed by 

the onion-peeling method. Therefore, when the projection is 

noiseless or slightly corrupted by noise, the Onion-peeling method 

gives better result than the Integral transform. When the noise gets 

larger, the Integral transform generally performs better. On the 

other hand, the shape of the digital filter is the only parameter that 

can be changed when using the Integral transform. In the case of 

the Onion-peeling method, both the number of data points per ring 

and the shape of the reconstruction filter can be manipulated by the 

user. Therefore, this method can be regarded as more flexible. 
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Fig. 3.1 The intensity profile and its corresponding projection for 
onion-peeling method. The shaded area is seg(5,4). while the area 
•.vith stripes is paru 1.5 .<• 
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Fig. 3.2 variance of noise against radial 
distance. The vertical axis(variance) is log 
scaled. 
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Fig. 4.1 Uniform intensity 
4.1 (a) radial intensity 
4.1 (b) projection 
4.1(c) reconstructed profile with FFT of 128 points 
4.! (d) reconstructed profile with FFT of 256 points 
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Fig. 4.2 The ringinq effect 
4.2(a) fG(f) 
4.2(b) FT[fG(f)] 
4.2(c) reconstructed profile with nearest neighbor interpolation 
4.2(d) reconstructed profile with linear interpolation 
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Fig 4.3 Two point intensity profile 
4.3(a) radial intensity 
4.3(b) projection 
4.3(c) projection with noise 
4.3(d) output of local averaging 
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4.3(e) output of 4.3(d) by D/A reconstruction filter 
4.3(f) reconstructed profile by OP process with 1 data point per 
ring and no pre-smoothing 
4.3(g) smoothed noisy proje'ction 
4.3(h) reconstructed profile by OP process with 1 data point per 
ring and pre-smoothing 
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Fig. 4.4 Comparing two methods with two point intensity profile 
4.4(a) reconstructed profile by IT with a=l% 
4.4(b) reconstructed profile by OP with cr=l% 
4.4(c) reconstructed profile by OP with a= 12% 
4.4(d) reconstructed profile by IT with a=12% 
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4.4(e) 4.4(f) 

4.4(e) reconstructed profile by OP with <y=lO% 
4.4(f) reconstructed profile by IT with o=l0% 
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Fig. 4.5 Concentric annulii of varying intensity profile with IT 
4.5(a) radial intensity 
4.5(b) projection 
4.5(c) reconstructed profile with the first peak located at point 40 
4.5(d) reconstructed profile with the first peak located at point 10 
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Fig. 4.6 Noisy concentric annulii of varying intensity profile with IT 
4.6(a) projection with noise 
4.6(b) reconstructed profile without modification 
46(c) smoothed projection 
4.6(d) FT[fG(f)] of the smoothed projection 
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4.6(e) modified FT[fG(f)] of the smoothed projection 
4.6(f) reconstructed profile with modified method 
4 6(g) FT[fG(f)] of the noise free case 
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Fig. 4 7 Noisy concentric annulii of varying intensity profile 
4 7(a) reconstructed profile with 4 data points per strip 
4.7(b) reconstructed profile with 3 data points per strip 
4.7(c) reconstructed profile with 2 data points per strip 
4.7(d) smoothed profile of 4.7(a). The ratio of peaks is l :4.54:2.15 
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4.7(e) smoothed profile of 4.7(b). The ratio of peaks is 1:2.93: t.59 
4.7(f) smoothed profile of 4.7(c). The ratio of peaks is 1:3.40:1.96 
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Fig. 4.8 Fig. 4.9 

Fig. 4.8 intensity profile of curve A for comparison with the methods of Minerbo 
and Levy and of Anderson 
Fig. 4.9 intensity profile of curve B for comparison with the methods of Minerbo 
and Levy and of Anderson 
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14 14 1 4 
15 16 16 
16 17 17 
17 18 19 
18 19 20 
18 20 21 
19 21 22 
19 22 23 
20 22 24 
20 23 25 
20 24 26 

24 26 
24 27 
25 28 
25 28 
25 29 

29 
30 
30 
30 
30 

point 20 point 25 point 30 

Table 4.1 sequence of numbers derived from nearest neighbor 
interpolation for point 20, 25 and 30. 



Table 4.2 Comparison of the Onion-peeling method and integral transformO.T.) 79 
with Deterministic, Minerbo-Levy(M-L) and Anderssen(A-1 and A-ll) Methods 

Curve A 

Noiseless Data Onion IT. Deterministic M-L A-l A-ll 
a(f; 1,101) 0.0 I.85E-2 I.09E-3 3.15E-3 8.88E -4 5.63E-3 
o(f;6,96) 0.0 1.91E-2 8.43E-4 2.58E-3 3.23E -4 1.08E-4 

a(f; 1 1,91) 0.0 1.97E-2 8.37E-4 2.62E-3 2.83E -4 9.84E-5 

Noisv data Onion IT M-L A-l A-ll 
R=8.352 1 E-6 

o(f; 1,101) 3.34E-2 I.86E-2 4.50E-3 9.75E -3 4.03E-3 
c(f;6,96) 2.35E-2 1.9IE-2 3.96E-3 2.93E -3 2.73E-3 
a(f; 1 1,91) I.88E-2 I.97E-2 3.86E-3 2.44E--3 2.81E-3 

R=0 0001 

a<f; 1,101) 3.34E-2 1.86E-2 9.02E-3 1.59E -2 7.62E-3 
a(f;6,96) 2.35E-2 1.92E-2 8.65E-3 7.02E -3 6.12E-3 
a(f; 1 1,91 ) I.89E-2 I.98E-2 8.28E-3 6.38E -3 5.79E-3 

R=0.0 1 

o(f; 1,101) 3.37E-2 2.60E-2 7.24E-2 6.62E -2 5.60E-2 
a(f;6,96) 2.39E-2 2.57E-2 7.32E-2 6.56E--2 5.42E-2 
o(f;l 1,91 ) 1.94E-2 2.59E-2 7.02E-2 6.25E--2 5.5 IE-2 o(f;l 1,91 ) 

Curve B 
Noiseless Data Onion IT Deterministic ChL A-l A-ll 

a(f; 1,101) 0.0 2.68E-2 1.62E-3 1.45E-2 1.68E--4 1.29E-2 
a(f;6,96) 0.0 2.73E-2 1.68E-3 1.02E-2 1.67E--4 2.20E-4 
o(f; 1 1,91 ) 0.0 2.73E-2 1.72E-3 9.99E-3 I.39E--4 1.59E-4 
Noisv data Onion I T .  M-L A-l A-ll 

R=8.352 1 E-6 

o(f; 1,101) 8.79E-2 2.67E-2 I.56E-2 4.92E--3 7.25E-3 
a(f;6,96) 9.06E-2 2.72E-2 1.16E-2 3.63E--3 4.78E-3 
a(f; 1 1,91 ) 9.27E-2 2.74E-2 M3E-2 3.39E--3 4.72E-3 
R=0 000 1 

a(f; 1,101 ) 8.79E-2 2.72E-2 1.9IE-2 1.03E--2 I.88E-2 
o(f;6,96) 9.06E-2 2.76E-2 I.57E-2 8.1 IE--3 1.16E-2 
a(f; 1 1,91) 9.27E-2 2.77E-2 1.53E-2 7.36E--3 1.20E-2 

R=0.01 
a(f;!, 1 0 1) 8.78E-2 3.09E-2 7.92E-2 6.29E--2 7.50E-2 
a(f;6,96) 9.06E-2 3.1 IE-2 7.88E-2 5.56E--2 5.I4E-2 
o(f;1 1,91 ) 9.27E-2 3.12E-2 7.60E-2 5.07E--2 5.64E-2 



APPENDIX A 

This is the computer program for the onion-peeling method. 



$storage:2 

program onion 
c*****onion-Peeling Method***** 
c 
c Patrick YUEN. April 1989 

real proj(512),aproj(250),inv(250),ainv(250) 
integer q,start,fin,re,ndata 
character*5 header 
character*20 fname 
character*20 gname 

c Open input files 
c Projection Data 
103 write(*,*)•Name of INPUT projection file?' 

read(*,102)fname 
102 format(A20) 

open(1,file=fname,status='oldl,err=103) 
read(1,*)q 
write(*,*)'Name of OUTPUT reconstruction file? 
read(*,102)gname 

c Initialize Arrays 
do 1 i=l,q 
inv(i)=0.0 
ainv(i)=0.0 
proj(i)=0.0 

1 aproj(i)=0.0 

q=o 
111 read(1,*,end=222)proj(q+l) 

q=q+l 
goto 111 

222 write(*,*)'No. of input data in projection = ' 

c Averaging both sides of projection 
c do 2 i=l,q/2 
c2 proj(i)=(proj(i)+proj(q-i+l))/2.0 

write(*,*)'Enter center of data' 
read(*,*)ncent 

write(*,*)'No. of layers in onion model?' 
write(*,*)'maximum no. of layers is ',ncent 
read(*,*)n 
q=ncent 
re=mod(q,n) 
ndata=q/n 

do 3 i=l,n 
start=(i-l)*ndata+l 
fin=i*ndata 
do 4 j=start,fin 

4 aproj(i)=proj(j)+aproj(i) 
aproj(i)=aproj(i)/ndata 

c if(i.eq.n)then 
c start=i*ndata+l 
c fin=i*ndata+re 



c do 7 j=start,fin 
c7 aproj{i)=proj(j)+aproj(i) 
c aproj(i)=aproj(i)*ndata/(ndata+re) 
c endif 
c calculate Each Strip 
3 continue 

do 10 m=l,n 
a=n-m+l 
b=l 
call moon(a,b,c) 
ring=c 
p=m-l 
do 40 x=l,p 
al=n-x+l 
bl=p-x+2 
call moon(al,bl,c) 
cl=c 
bl=bl-l 
call moon(al,bl,c) 
c2=c 
slicel=cl-c2 
al=al-l 
call moon(al,bl,c) 
cl=c 
bl=bl-l 
call moon(al,bl,c) 
c2=c 
slice2=cl-c2 
strip=slicel-slice2 
count=p+i 

40 aproj(count)=aproj(count)-inv(x)*strip 
10 inv(m)=aproj(m)/ring 

do 200 i=l,n 
start=(i-1)*ndata+l 
fin=i*ndata 
do 300 j=start/fin 

300 ainv(j)=inv(i) 
c if(i.eq.n)then 
c start=i*ndata+l 
c fin=i*ndata+re 
c do 400 j=start,fin 
c400 ainv(j)=inv(i) 
c endif 
200 continue 

c create a hole in the center (origin) of the reconstruction 

do 600 i=l,re 
600 ainv(j+i)=o 
c 
c reverse reconstruction abcissa 

do 700 i=l,q 
700 inv(i)=ainv(q+l-i) 

c Open Output Pile 
open{2,file=gname,status='unknown1) 
write(2,500) 

500 format(•.dat.') 
do 999 i=l,q 



999 write(2,*)inv(i) 
open(3,file=•whole.asc•,status=•unknown1) 
write (3,900) 

900 format{1.dat') 
do 901 i=l,q 

901 write(3,*)inv(q-i+l) 
do 902 i=l,q 

902 write(3,*)inv(i) 
close(3) 
close(1) 
close(2) 
stop 
end 

c************************************* 
subroutine moon(a,b,c) 
temp=(a-b)/a 
theta=acos(temp) 
sect=a*a*theta 
tri=a*sin{theta)*(a-b) 
c=sect-tri 
return 
end 
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APPENDIX B 

This is the computer program for generating the projection 

from an intensity profile. 



program gen 
real proj(512),sig(5l2) gg 
open(1,file='sig.dat1,status=1unknown•) 
read(1,*)n 
do 1 i=l,n 
sig(i)=o.0 

1 proj(i)=0.0 
do 2 i=l,n 
temp=n-i+l 

2 read(1,*)sig(temp) 
do 10 m=l,n 
a=n-m+l 
b=l 
call moon(a,b,c) 
ring=c 
p=m-l 
count=p+l 
do 4 0 x=l,p 
al=n-x+l 
bl=p-x+2 
call moon(al,bl,c) 
cl=c 
bl=bl-l 
call moon(al,bl,c) 
c2=c 
slicel=cl-c2 
al=al-l 
call moon(al,bl,c) 
cl=c 
bl=bl-l 
call moon(al,bl,c) 
c2=c 
slice2=cl-c2 
strip=slicel-slice2 

40 proj(count)=proj(count)+strip*sig(x) 
10 proj(count)=sig(m)*ring+proj(count) 

do 30 i=l,n 
temp=2*n+l-i 

3 o proj(temp)=proj(i) 
open(2,f ile='proj.dat',status='unknown1) 
write(2,50) 

50 format(•.dat.1) 
n2=n*2 
do 60 i=l,n2 

60 write(2,*)proj(i) 
close(l) 
close(2) 
stop 
end 

subroutine moon(a,b,c) 
temp=(a-b)/a 
theta=acos(temp) 
sect=a*a*theta 
tri=a*sin(theta)*(a-b) 
c=sect-tri 
return 
end 
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