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ABSTRACT 

A low variance pulse time-of-arrival (TOA) estimator is 

considered. It should be insensitive to all non TOA 

parameters and operate without a priori information about any 

pulse parameters assuming they are constrained to a wide 

range. The estimator is driven by a wide-band input diode 

detector with a narrow filtered base-band output. 

The double differentiator TOA estimator is selected. It 

marks inflection points of pulses and noise. An event 

qualifier is necessary to distinguish the pulse-only TOAs and 

is synthesized using the unique polarities of pulses and their 

derivative by detecting level crossings on both. It 

experiences errors of mis-detection and false alarm with noise 

present. 

Error performance is established at constant false alarm 

rate (FAR), set by choice of threshold level pairs. Detection 

probability is maximized by simulation over the locus of 

constant FAR levels. Design information for operating a 

qualifier is provided. 
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I. INTRODUCTION 

A. Purpose. 

One of the basic and commonly used detection and 

estimation systems is that of Time of Arrival (TOA) 

estimators. The theory of these systems is well developed, 

however there are still many realization scenarios in which 

deviations from the known optimal methods are usually made 

[1], [2]. Two of the primary obstacles to realization are 

bandwidth of the incoming process and need for real time 

operation of the estimator. An attempt is made at finding a 

relatively simple and realizable TOA estimator that exhibits 

low variance and operates at video bandwidths. 

Additional restrictions are placed on the study of the 

TOA estimators, since the resulting design is intended for an 

actual system that is specified by a client. Inputs to this 

system are signals in the form of pulses, whose TOA, width, 

amplitude, and frequency are to be estimated. The TOA 

estimator is one of several estimators in an array. Its input 

comes from a radio frequency (RF) pre-processor, and is 

converted to baseband video via a crystal diode, having a 

square law transfer characteristic. 
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The development of a method for detecting both the 

leading and trailing edges of pulses is presented [3], [4]. 

It operates on the second derivative of the incoming pulse by 

marking the zero crossings of the process which correspond to 

the inflection points of the pulse edges. There are other 

zero crossings of the derivative which must be removed by an 

appropriate qualifier. Statistics of operation of this method 

are derived and measured from the point of view of supporting 

proper design and operation of the estimator. 

B. Background. 

1) System Overview. 

Operation of the TOA estimator is partly governed by the 

signal interfaces to other units. An overview of the system 

is presented which shows the TOA estimator as an element of an 

estimator array. Each element's purpose is to simultaneously 

gather information on a single stimulus in real time. 

Descriptions are in signal path precedence order, as shown in 

Fig. 1. 
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Figure 1. System block diagram. 

At the origin of the signal path is the radio frequency (RF) 

preprocessor, which consists of a source, amplifiers, filters, 

frequency shifting converters, and attenuators, which operate 

on a desired segment of the RF spectrum, and provide the array 

of detectors and estimators with the proper operating signal 

levels. Once the operating parameters are programmed into the 

RF preprocessor, it is to be viewed as a linear time-invariant 

system. 

The instantaneous frequency measurement subsystem (IFM) 

is capable of very short time frequency estimation. A 
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detector log video amp (DLVA) produces compressed-in-amplitude 

baseband video signals and the peak amplitude processing unit 

(PAPU) is used to digitize them the maximum envelope 

amplitudes of the pulses. Input to the TOA estimator is from 

the crystal detector and its post amplifier. It produces 

voltages proportional to the input power of the diode. The 

TOA estimator detects edges of the pulses. Having TOA data on 

both edges gives a width estimate. The measurement data 

integration sub-system integrates data from the individual 

estimators. Finally, the data processing system performs 

tasks such as storage, display, and is used to adjust the RF 

subsystem via the data integration unit. 

As there is no side information assumed regarding the 

time of arrival of the signals, the estimators operate in 

continuous time without synchronization to any system time-

base. Their outputs are later formatted and synchronized to 

data handling clocks. 

There are restrictions on the TOA processor, due to the 

positioning in and connections to other parts of the system, 

which drive its design considerations : 

a) The TOA processor is at the front most level of video 

processing which means that no other subsystem can assist its 
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operation by providing it with information. 

b) The outputs of the TOA processor are used by other 

subsystems. The IFM and, optionally, the PAPU use a detect 

strobe from the TOA subsystem as triggers for their 

measurements. An appropriate detection function is therefore 

necessary in that unit. Furthermore, the measurement 

integration subsystem uses the TOA of both leading and 

trailing edges, frequency data, and amplitude data for 

adjustment of the RF preprocessor operating parameters. 

2) RF process description. 

Since it is not intended to analyze the entire system, 

all descriptions will be in reference to the detector input on 

the TOA estimation channel. 

Signals are pulsed RF, at a center frequency of several 

GHz, with substantial variability of their parameters. Actual 

signals may exist with any attributes, however, signals 

limited to the following ranges are meaningful. The pulse 

width ranges from 100 ns to 100 us, the rise times and fall 

times range from 10 ns to 1 us, amplitude range is 3 5 dB, and 

the average repetition rate is under 500 KHz. Pulses are of 
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simple shape such that there is a monotonic rise in the 

envelope to a single peak, and a monotonic fall. Signals of 

non-pulse nature such as FM, PSK communications, or just 

carriers are assumed not to exist. Presence of one or more 

sources is assumed which implies that pulses may be 

arbitrarily spaced and even overlap. 

A priori information of where a process falls in the 

above described parameter space may or may not be known, 

therefore the design of each estimator assumes that anything 

in the allowed ranges of parameters may exist at any time. 

RF noise will be modelled by a zero mean Gaussian random 

process which is assumed stationary for any constant settings 

of the RF preprocessor and additive in nature. The power 

spectral density of the noise generators is nearly white. In 

most normal operating scenarios, the signal to noise ratio is 

better than 10 dB at the peak of a pulse, when viewed through 

a hypothetical filter that maximizes SNR for the given pulse 

shape. 

Both signals and noise are processed through a wide band

pass filter with a center frequency of several Giga-Hertz and 

bandwidth of approximately 1 GHz. Note that the power 

spectral density (PSD) of the noise is defined by the shape of 
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the filter, while the PSD of the narrower bandwidth pulses is 

passed through this BPF without much change. This usually 

results in different bandwidths of noise and signal at the 

output of the band-pass filter. 

3) Baseband process description. 

Processing of the RF through a diode detector results in 

a non-coherent conversion to a baseband video signal. A 

typical transfer characteristic for the detector is shown in 

Fig. 2. [5]. All signals in the following analyses will be 

assumed to have been transformed by the square-law region of 

the detector. 
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Figure 2. Typical detector diode transfer characteristic. 
From Hewlett-Packard application note 923 [5]. 

Bandwidths of both the noise and signal are widened by 

harmonic generation, and cross modulation of all input 

components. Of course, the shapes of the pulses are 

distorted, but estimation of TOA involves recognition of 

consistent pulse features, which fortunately remain after the 

non-linearity. At this point, the signal to noise ratio is 
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degraded because of loss of phase information of the pulses in 

addition to the spurious frequency components. Noise becomes 

non-zero mean and non-gaussian. 

Following the diode is amplification and low-pass 

filtering with a Gaussian frequency response shape. The 

bandwidth of the baseband noise is much reduced and, in some 

cases, the energy spectral density of the pulses is also 

reduced. It will be shown later that this filter extracts a 

component of the noise which is nearly Gaussian in both 

amplitude and PSD. 

This low-pass filtered process is used for the actual 

detection and estimation operation. 

4) Other design criteria. 

Realization of the TOA estimator is restricted by a 

number of familiar stipulations. To allow integrating many 

arrays of estimators, the thermal and mechanical features, and 

unit reproducibility must be considered. Power consumption, 

size, weight, complexity, and fabrication costs need to be 

limited. 

In addition, the subsystem must operate in real time with 
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propagation delays of the order of a few tens of nanoseconds. 

5) Anomalies and exceptions. 

At this point it is clear that an extremely complicated 

detector and estimator is needed to handle nearly all of the 

possible combinations of signals and noise that have to be 

processed. For example, the situation of one pulse 

overlapping with another makes it difficult to estimate the 

TOAs of both edges of each pulse. Even if the average pulse 

rate is acceptable, there are situations where several pulses 

arrive close together, inundating the estimator. Signals 

outside the ranges of interest do exist and may detrimentally 

affect the estimator. Finally there are the classic problems 

with noise such as false alarms, mis-detections, and high 

variance estimates. With some probability or expected rate, 

all of the mentioned and many other anomalous behaviors will 

occur. Any realized estimator will be somewhat unreliable in 

the aforementioned input environment. 

All behaviors of this type will be referred to as 

exceptions, and will be ignored in the development of the TOA 

estimator, barring the last mentioned noise effects. 
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C. Objectives 

First, an estimator topology is selected on the basis of 

the aforementioned criteria. A special feature of the needed 

estimator is adaptation to, or insensitivity to, large 

variations of pulse parameters that do not define the TOAs. 

The best performance is that of the double differentiator 

which detects the inflection points to mark pulse edges. 

Host TOA estimators require a pulse detector to qualify TOA 

events such as to distinguish pulse-caused ones from noise-

caused ones. An event qualifier suitable for the double 

differentiator is synthesized from examination of pulse 

waveforms and their derivatives. Performance of this 

qualifier is evaluated to determine its agreement with the 

project needs. The parameters of highest interest are ones 

which characterize the signal detection and estimation 

statistics in the presence of noise. Additional information 

is obtained by simulation, which is necessary for operating 

parameter adjustment to obtain optimal performance of the 

chosen design. 
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Several methods of estimating the TOA are presented in 

this chapter for comparison of features and performance. 

A. Matched filter method. 

The matched filter is a classic method of TOA estimation. 

Let s(t) be the pulse waveform and s(t-a) its delayed form, 

where a is estimated as a. The matched filter g(t) is applied 

by the convolution 

eo 

u(t) = f  g r (t-l) x t f )  d? <D 

where x(£) = s(£) + n(£) is the input signal plus noise 

process and u(t) is the filter output. To obtain the TOA from 

the filter, the peak of u(t), or equivalently the u'(a) = 0 

condition is detected. 

g(t) can be derived in the frequency domain for the case 
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of arbitrary PSD of the noise by 

G ( f )  =  S * ( f )  ( 2 )  
N ( f )  

where G(f) is the Fourier transform of the filter response, 

S(f) is the transform of the pulsed signal, and N(f) is the 

power spectral density ( PSD ) of the noise. If the noise is 

white, then the denominator is a constant, and the filter g(t) 

becomes the time reversal of the signal s(t), or s(-t). In 

the filter convolution, the g(») term may have a reversed-in-

time argument, canceling the reversal. 

oo 

u ( t )  =  / s ( ? - t ) x < ? ) d ?  ( 3 )  
— 00 

The output then becomes a correlation against s(t), therefore 

the customary name "correlation method", [6]. The forms of 

(2) and (3) assume that a non-causal filter may be applied to 

x(t). A shifted version of s(-t) is used to make the filter 

causal with a shift equaling the length of the signal. 

To obtain the TOA from the correlator, the argument of 
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u(t), or lag, is found such as to maximize u(t), or 

equivalently make u'(S) =0. This lag is the estimate of the 

time delay of the incoming pulse. 

The matched filter uses the entire pulse for 

determination of the TOA. It is the most efficient linear 

estimator, and it asymptotically meets the Cramer-Rao bound 

for additive Gaussian noise, as the signal-to-noise ratio 

increases [6]. 

Realization and use of the matched filter is not 

practical, primarily because of the real-time requirement, and 

lack of pulse shape knowledge. The primary problems are: 

a) The method estimates the TOA of the entire pulse, but no 

information is estimated on the width. One solution to this 

problem is to take the derivative of the incoming pulses and 

use the correlator method to find the TOA of the edges. 

b) No a-priori information is assumed on the shape of s(t). 

Therefore, it is not possible to perform the correlation with 

the appropriate template waveform, either in the direct or 

derivative form. An undesirable solution is to perform the 

correlation against a huge array of possible shapes, then 

choose the one with the largest correlation peak. It would 
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require too much hardware and/or time. 

c) At multi-MegaHertz bandwidths, the correlator(s) are 

large and power hungry processors which may be inappropriate 

in the case of just one correlator. 

B. Fraction of peak thresholder. 

A method that is commonly used at high process bandwidths 

and has a long track record of acceptable performance is the 

fraction of peak thresholder [7], [8], and [9]. 

The topology is shown in Fig. 3. 

Input Process Detect 

Strobe 

Reset Time 

Stamper 

LONG 
DELAY 
LINE 

PEAK 
AMPLITUDE 
ESTIMATOR 

CONTROLER 

input THRESHOLDER 
(COMPARATOR) 

REFERENCE 

THRESHOLDER 
( EVENT 
QUALIFIER ) 

Figure 3. Fraction of peak TOA estimator topology. 
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At some time before the incoming pulse occurs, a peak 

estimator is activated. This is an algorithm that outputs the 

largest value of its input process since activation. A 

comparator ( or thresholder ) outputs a true logical value 

while a delayed version of the process exceeds a fixed 

fraction of the estimated peak value. The estimated peak 

value is treated as the height of the incoming pulse. The 

thresholder output is then true when the delayed pulse 

persists above the fraction of its own peak. One half of the 

peak is a common level for marking pulse edges. Time stamping 

of the thresholder output transitions is then used for TOA 

estimation of the pulse edges of the delayed pulse. After the 

pulse disappears, the peak estimator is reset and re

activated. 

The algorithm described above will threshold on the first 

peak of an arbitrarily small amplitude. Another thresholder 

is necessary to prevent this circuit from capturing noise or 

pulses that are too small to be of interest. This additional 

thresholder may be viewed as an event qualifier. Also, the 

additional thresholder is a good source of event-present 

strobes which may be used for triggering other measurements. 

The estimation efficiency of this method is non-optimal 
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in a TOA variance sense, because of extraneous errors on the 

actual process of time-marking the pulse edges. There are 

sources of bias as well. In some applications of this method, 

the estimation errors may be small enough to allow its use. 

One source of error is noise produced variation in the 

detection of edges as defined by the fraction of the peak. 

This is because addition of a random quantity to a sloping 

edge effectively translates the fixed amplitude levels in 

time. This is an effect that is inherent in all pulse plus 

noise processes and therefore all methods of estimation based 

on fixed level crossings are equally affected. Pulses with 

slower edges are more susceptible to TOA translation of its 

edges. 

To minimize the translations, a filter that maximizes the 

SNR before the detector is needed. Since the PSD width of the 

pulses varies over several orders of magnitude, little signal 

to noise ratio (SNR) optimization is possible. Also, the 

filter must be realizable in passive or active linear form, 

and must operate at the desired video bandwidths. 

Estimation of the peak pulse amplitude is another source 

of error. The threshold levels, whose crossings are time 

marked, vary and cause time translation errors in a similar 
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way to noise. A more optimal way to estimate the peak value 

is to average amplitude over the flat-top portion of the 

pulse. In these signal scenarios, however, the length and 

position of that peak portion is not known a-priori. Again, 

the use of a filter that maximizes the SNR is useful. 

The usual realization involves a peak detector circuit, 

[10], which captures the maximum value of the signal plus 

noise process as described before. This estimator of 

amplitude is biased because it only considers extreme values 

of the noise process and only in one direction. In the case 

of a long pulse, the sum of the greatest excursion of the 

noise on top of the peak and the peak itself become the 

estimate, resulting in greater bias than for short pulses. 

These peak estimators only work acceptably in high SNR 

situations. 

A delay line is used for delaying the thresholder input, 

such that the peak estimator has captured the undelayed 

pulse's peak before the TOA thresholder triggers on the 

delayed pulses's leading edge. Properties of this delay line 

are another problem. Since the length of the delay line must 

be greater than the length of the longest pulse and there is 

a 1000:1 range in pulse width, the line is very long compared 

to rapid features of short pulses. Time errors, proportional 
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to the line length, may be large compared to the features of 

these short pulses. Effects of temperature stability, aging 

stability, distortions due to delay line filtering effects 

that modify the group delay for different pulse shapes, or 

dispersion all add as errors of the TOA estimate. 
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C. Double differentiator estimators. 

The inflection points of a pulse's edge are another 

feature that may be detected for TOA estimation. These are 

readily detectable by marking the zero crossings of the second 

derivative which is derivable with relatively simple high 

speed analog circuits. Distinguishing the direction of the 

zero crossings allows recognition of leading and trailing 

edges. The ability to distinguish edges only has brought 

attention to this circuit because of potential application to 

environments which have constant RF signals present and could 

be used to estimate TOAs of short pulses that overlap onto 

much longer ones [7]. 

Torrieri [3] has compared the level crossing variances 

(CTc2) of the peak amplitude method (PA) , and double 

differentiator (DD) to find that 

(°c ) dd ^ c ) PA 

This is a sufficient improvement in estimation variance over 

fraction of peak amplitude to warrant investigation of the 

double differentiator method. By eliminating the peak 

estimator, we reduce the fore mentioned estimation biases that 
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are functions of process parameters such as noise variance and 

pulse width. 

The estimator alone is not usable because there are many 

zero crossings of the second derivative that are not related 

to edges of pulses but to inflection points of the noise 

process. Several cases can occur: 

a) Noise without signal has frequent inflection points, 

therefore crossings will occur with no signals present. 

b) The tops of pulses are assumed to be of one peak by the 

specifications, but in reality there are possibilities for 

noise to split a pulse's top into many local maxima, with 

corresponding inflection points in between. 

c) Edges of pulses are generally regions where the signal 

derivatives are of largest magnitude, such that band-limited 

noise rarely exhibits large enough excursions to change the 

signs of them. There will be occasions where the pulse edge 

acquires additional inflection points. Confusion in the 

estimator will result. To manage the complexity of analysis, 

this situation is declared an exception and will not be 

considered further. 
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It is evident that cases a) and b) require handling by an 

additional algorithm that is called an event qualifier. Its 

purpose will be to determine which zero crossings of the 

second derivative are likely to be related to pulsed signal 

edges and is thus a pulse edge detector. 

Information to detect edges is already available in the 

double differentiator topology, namely the process itself and 

its derivative. These can be used as input to an event 

qualifier. A deterministic analysis of a pulse shape suggests 

a detection method. A pulse and its first derivative have 

specific signs which are unique to each part of the pulse as 

shown in Fig. 4. 
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X(t) 

X' (t) 

X"(t) 

t 

Figure 4. Double differentiator waveforms for a pulse edge. 

1 X(t) 

X'(t)excursion 

I 'Window' 

t 

Figure 5. Generation of the window from Fig. 4 waveforms. 

The signs of the process and derivative can be extracted with 

comparators and used by a detector which recognizes the pulse 
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edges from them. 

Extending the reasoning to magnitudes in addition to 

signs gives a basis for distinguishing pulses of only specific 

heights and edge slopes. 

In the presence of noise, the pulse cannot be recognized 

deterministically, because of contributions of the noise 

itself and its derivative. This results in a probability of 

detection less than one and creation of false alarms. An 

algorithm is needed to combine the values of both the process 

and its derivative such that pulse edges are recognized with 

minimal and acceptable error rates, while adhering to the 

project objectives. 

Development of an algorithm that is optimal in a maximum 

Pd given constant FAR sense is not attempted. The author 

expects that an optimal algorithm would be too complex, hence 

realizable in a circuit that is too big or too slow. The 

algorithm must be realizable with enough bandwidth and small 

enough delay to be useful in qualifying second derivative zero 

crossings that occur almost concurrently. 
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One simple algorithm was chosen for trial analysis and 

experimentation. It uses comparators to threshold on levels 

of the process and derivative as shown in Figs. 5 and 6. 

X'(t) 

X(t) window 

AND 

— double 
Differentiator 

THRESHOLDER DIFFERENTIATOR 

THRESHOLDER 

Detect Strobe 

Figure 6. 
Event qualifier topology suggested for the double 
differentiator TOA estimator. 

When both thresholds have been exceeded by a joint 

excursion of their inputs, then a time window is declared. If 

a second derivative zero crossing in the correct direction 

occurs during a preset positive and negative delay of this 

window, then an inflection on a pulse edge may be declared. 

A comparison to a clock value may then be made to determine 

the TOA of that inflection. 
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Informa'tion on setting the levels of these thresholders 

will be presented in Chapters IV and V. 
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III. NOISE CHARACTERISTICS 

A characterization of the two thresholder event qualifier 

in the presence of noise requires knowledge of the statistical 

parameters of the noise. 

A. Noise Specifications 

For the FAR derivations presented in the next chapter, we 

need to know the amplitude distribution and the 

autocorrelation function of the noise leaving the low-pass 

filter. Fortunately the amplitude distribution of the noise, 

at the output of the low-pass filter is nearly Gaussian. 

Also, the power spectral density ( PSD ) is nearly the same as 

the square of the transfer function of the low-pass filter. 

To analyze the noise, we need to look at the system 

portion that generates it (see Fig. 7). A stationary, zero-

mean, white Gaussian noise source is assumed as the system 

noise generator, with an output process N(t). 
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N(t) BAND-PASS 
z(t)  (.\2 

Y(t)  LOW-PASS x(t)  

FILTER 
• w W 

FILTER 
w 

Figure 7. Equivalent baseband noise generator. 

In a realizable system, the bandwidth is constrained. In 

this project, there is a bandpass filter preceding the diode 

detector. We model this filter with either a Gaussian or 

rectangular ( in frequency ) shape. Center frequencies of the 

pulsed RF are not known a priori and vary over a large range. 

The bandwidth of this filter is several orders of magnitude 

wider than the bandwidth of the pulsed signals under 

consideration. The band-pass noise is called Z(t). 

A square-law detector follows and converts Z(t) to Y(t), 

a non-zero mean, non-Gaussian process. 

Finally the low-pass filter is used to select the desired 

baseband signal X(t) from Y(t). This filter is modelled as 

either Gaussian or rectangular (in frequency). 
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A square law device will not produce a Gaussian noise. 

One major reason is that the output of the device is unipolar. 

Distortion of the density tails must be expected. Statistical 

operation of a level crossing device will be effected if the 

levels are set far out on the density function tails. The 

magnitude of the errors produced by the density not being 

exactly Gaussian is not known. Likewise, the errors produced 

from assumption of a Gaussian autocorrelation, where the 

actual process PSD is only a Gaussian approximation, are not 

known. 

B. Density by series approximations 

The noise generation system described above is very 

common due to the utility of the crystal diode [1], [2], [10], 

[11], and [12]. Properties of the noise have been studied by 

many authors in a non-closed form by series approximations. 

Emerson used the Gram-Charlier series to demonstrate that the 

amplitude density function of the X(t) process tends toward 

Gaussian as the ratio of the band-pass to low-pass filter 

bandwidths increases [13]. 

In Fig. 8 from Emerson's 1953 paper [13], one sees that 
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pthe density of the low-pass filter output appears close to 

Gaussian, even for bandwidths differing by one order of 

magnitude. 

Bondwidth rotio j • g ̂  

Input: White noise only 

Output voltage 

Noise power into detector 

Normalized output voltogc Y 

Figure 8. Amplitude density functions representing a range of 
filter bandwidth ratios. As the ratio increases, the function 
becomes more Gaussian. 
Emerson, [13, fig. 3]. Reprinted with permission from Journal 
of Applied Physics. 

The Gram-Charlier series terms consist of the Gaussian 

function and its derivatives [14]. The mean and variance of 
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the Gaussian function that is differentiated is the same as 

that of the process being modelled. All coefficients of the 

series are also exclusively functions of the moments of the 

process being modelled. This allows the use of the Gram-

Charlier series to approximate the density of any process when 

only its moments are known. 

The series does not necessarily converge to the true 

density function as the number of terms increases [15]. Some 

of the terms are known to likely worsen the approximation of 

the density when a limited number of coefficients are used. 

An Edgeworth series is a modification of the Gram-Charlier 

series, that uses only selected terms which usually provide 

for a better approximation [14]. Because of the convergence 

problem, there are no guarantees on the quality of the 

approximation. The Gram-Charlier series does not justify that 

the density of X(t) converges to Gaussian as the band-pass to 

low-pass filter bandwidth ratio approaches infinity. 

C. Autocorrelation function 

We use the same processes as above in derivation of the 

autocorrelation function. The noise input to the system is 

N(t), which is bandpass filtered to become Z(t). A square-law 
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operation modifies it to Y(t) which is low-pass filtered to 

become X(t). 

The processes are first derived in the frequency domain. 

N(t) is stationary zero-mean white Gaussian noise. Using 

S z ( f )  =  S N i f )  I I2 (5) 

where is Gaussian band-pass filter transfer function, we 

define the frequency response of the filter such that the one 

sided PSD of the detector input is 

S A f )  =  
2 

exp 1 
2 W? 

(6)  

A is an amplitude constant and f0 is the center frequency of 

the band-pass filter. 

For Y(t) & Z2(t), Davenport & Root [16] gives us 

R y{t) = R z{0 ) 2  +  2  (Rz(x))2 =  A 2  + 2A 2  e x p  (  -4iz2t2Wi ) 

(7) 
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The terms of the sum result from representing Y(t) as a zero 

mean random process plus a non-zero constant. It is Fourier 

transformed for application in the frequency domain as 

S y { f )  =  A 2 6 ( f )  + 2 A 2  

j2nW1 <J2 
exp 1  f 2  

2 2 w} 

( 8 )  

Let the low-pass filter transfer function be 

H l p ( f )  =  G  
y/2nW2 

exp 111 
2 wi 

( 9 )  

G is a filter gain constant. Passing through the low-pass 

filter, we have the final process PSD. 

S x ( f )  =  S y l f )  |  H l p ( f )  | 2  

1 

W0y/2n 

G 2 A 2  

2nW? 
6 ( f )  2  G 2 A 2  

J2 JV, W? 2 iz 
exp 1 

2 wt 

(10) 
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W? = wl wi 

2 m wl 
2 2 

With the assumption that W2 « Vu disregarding of the DC term, 

and extensive algebraic manipulation, we obtain 

Sx(f) = 
<4 

exp 111 
2 W? 

(ii) 

with 

al = 
2r?2 AZG 

2-KW^ 

Transforming back to the time domain 

Rx(x) = Ox exp (-2ti2t2Wq ) (12) 

Note that under the W2 << Wj condition, W0 -» W2 / 2, thus 

the spectral shape of X(t) becomes nearly independent of the 

input bandpass filter shape. The PSD approximates the 
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magnitude squared response of the filter. 

D. Heuristic arguments 

1) Amplitude density function 

The Central Limit Theorem helps justify the Gaussian 

amplitude density assumption. This is due to the property of 

the square law detector which causes a down-conversion to 

baseband of all input signals without consideration of their 

center frequency. Another way of looking at this is that the 

detector multiplies/mixes any signal with itself, resulting in 

a difference frequency of zero. Since the bandwidth of the 

diode input is much greater than that of the filtered output, 

many independent parts of the input noise process are 

converted to, and add to the same baseband. 

A description of the base-band process is formulated by 

looking at the conversion process in the frequency domain. 

Let's assume that the bandpass filter is rectangular in its 

frequency response. Fig. 9 [16] illustrates how the output 

spectral density is formed. 
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2A W1 — 
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-  2W1 -
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Figure 9. Band-pass process formation through diode viewed in 
the frequency domain. 
From Davenport and Root [16 p. 257]. 

The detector multiplies the signal by itself in the time 

domain, which, by convolution in the frequency domain, results 

in a triangular power spectral density ( PSD ) component at 

baseband. The DC component produces an impulse in the PSD at 



44 

the origin. Since the DC component can be compensated by an 

offset in the thresholder realizations, we may ignore it. 

Assume that the low-pass filter is also rectangular, and 

has a width twice that of the band-pass filter. Also assume 

that the band-pass filter is narrow compared to its center 

frequency. This filter will pass the entire baseband signal 

only. A much larger ratio of filter bandwidths is of 

interest, however. The width of the desired low-pass filter 

is made much narrower than that of the band-pass. 

We may represent the band-pass filter by summing the 

outputs of many narrow rectangular filters that have adjacent 

and equal cutoff frequencies, but don't overlap. We then have 

an equivalent wider band-pass filter. See Fig. 10. 
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Figure 10. Many narrow and adjacent band-pass filters 
comprise a wider band-pass filter. The diode square law 
characteristic converts processes in each of the narrow band-
passes to overlap in the sane baseband process. 

Inputs to each of these narrow band-pass filters are 

independent, because the input noise process is white. The 

response of the square law device is to convert the output of 

each of the filters to identically shaped and distributed 
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finite variance base-band processes. The shape of each is a 

triangle centered at zero frequency. These are low-pass 

filtered and added to form X(t) . By the Central Limit 

Theorem, the distribution of this sum converges to a Gaussian 

process. 

The cross product terms are also involved. Their spectra 

are triangles that overlap the desired baseband. At the 

origin, the contribution of the cross products is zero and is 

small near the origin. A low-pass filter that is relatively 

narrow, will pass a negligible amount of these terms. 

2) Autocorrelation function 

The properties of the X(t) PSD are similarly explained. 

Let's return to the single band-pass filter. The baseband 

part of the detector output is either a triangle, if the band-

passes are rectangular, or Gaussian if the band-passes are 

Gaussian. In each case, the base-band bandwidth is twice as 

wide as the band-pass. Lets consider the segment of the 

baseband detector output which corresponds to the pass-band of 

the low-pass filter. The PSD in this segment is nearly flat 

under the assumption of large band-pass to low-pass 

bandwidths. Passing it through the low-pass filter results in 

a X(t) PSD that approximates the low-pass filter magnitude 
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squared response. 

In the next chapter, the PSD of X(t) will be only the 

low-pass filter response to white noise, and X(t) will be 

assumed zero-mean. 
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A. Introduction 

The double differentiator TOA estimator has merit due to 

its low estimation variance. The performance of the qualifier 

for it is described in this chapter. In Chapter II, this 

qualifier was derived by inspection of noise free pulsed 

waveforms and their time derivatives. For noise free stimuli, 

it can be shown that the qualifier marks pulse edges without 

error. The detection performance in the presence of noise and 

its determination methods are presented in this chapter. 

Operation of the qualifier is described in terms of 

relating the probability of detection ( Pd ) and the false 

alarm rate ( FAR ) . A point of view of holding the false 

alarm rate constant is used in the performance analysis. The 

two values of the thresholds, which are used in the detection 

method, can be viewed as members of a two dimensional 

parameter space consisting of real number pairs. There exists 

a continuum of pairs of threshold levels that produce a 

specific false alarm rate. The objective, then, is to find 

the pair that maximizes the Pd for that FAR. 



49 

There may exist an optimal ( in maximizing the Pd given 

fixed FAR ) method for combining information from a series of 

the process X(t) and many or all of its derivatives. The 

optimal decision rule operating on this series is likely to be 

complicated. The decision rule is also likely to have 

function components that are continuous and non-linear. 

Implementation of such a decision rule is undesirable due to 

its complexity. Instead, the chosen function uses only two, 

one bit quantizations (from the thresholders) and simple high 

speed logic. 

The two thresholders operate on the processes X(t) and 

its first derivative X'(t). X(tl) and X(t2) are un-correlated 

for tl = t2. For tl ?*t2, they are only partially correlated; 

therefore, the outputs of the thresholders provide not-

completely redundant information about the input process. A 

function of the thresholder outputs is needed to combine their 

information about the presence of a pulse edge. The 

previously shown method of logically intersecting the 

thresholder outputs will be analyzed. A joint true event will 

be referred to as a "window". This window fortuitously occurs 

in the vicinity of the TOA event, the zero crossing of the 

second derivative. In the no noise case, the decision rule 

operates at a Pd = 1. 
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Qualification of the TOA event can be done by time domain 

gating of the event by an indicator function generated from 

the window. The specifics of such algorithms are beyond the 

scope of this thesis. 

Examination of the window statistics is a basis for 

describing the performance of the over-all TOA estimator, even 

though the actual circuit/algorithm that uses the window for 

gating events may modify the performance. 

In the extreme case, where the threshold on the 

derivative approaches negative infinity, the window is no 

longer a function of the derivative. An example of such 

operation is the typical, single comparator qualifier, that is 

commonly used for the fraction of peak TOA estimator. 

Therefore, analysis of this case in the two thresholder 

topology, provides for a direct comparison between the typical 

fraction of peak qualifying method and the two thresholder 

qualifier implementation for the double differentiator as 

described above. 

B. Tools. 

Several computer aided engineering (CAE) tools were used, 
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in addition to analytic methods, for several parts of this 

investigation. 

1) BOSS 

' The Comdisco communication system design and analysis 

package, Block Oriented System Simulator ( BOSS ) , is capable 

of generation of deterministic or random processes in sampled 

numerical form and operation on them with user selected or 

user defined blocks. Display of waveforms is the usual 

output. 

The user has a large library of predefined functions, or 

blocks. It is possible to create new blocks from the provided 

ones, or create entirely new ones from source code. There is 

also a utility for design of infinite impulse response filters 

via the bi-linear transformation. All filters, such as the 

input low-pass filter and the differentiators, were created 

with this utility. 

BOSS was used for numerical simulation of pulses and 

noise throughout the TOA estimator and its associated 

qualifier. Statistics of event occurrence were the primary 

output, and were time waveforms from event accumulator 

outputs. BOSS was installed on a SUN 3/80 platform and was 
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run under UNIX. 

2) MathCAD 

MathCAD is a convenient tool for manipulation of 

numerical data. The features used for this project were the 

plotting utilities, interpolators, root solving utilities, and 

MathCAD's ability to numerically invert complicated algebraic 

and calculus expressions, in both single function and 

simultaneous functions situations. MathCAD was used on 

various IBM AT compatibles and was run under DOS. 

3) Investigative methodology 

In general, the detection statistics of joint excursions are 

cumbersome to analytically describe for noise alone. The 

addition of a signal that is variable over several parameters 

makes the analytical description very difficult. On the other 

hand, computer simulations of the random processes are very 

CPU time consuming, if the simulations are long enough to 

obtain large enough samples for estimation of statistics. 

A combination approach, utilizing the easiest method for 

each part of the investigation is the best solution. First 

the false alarm rate is fixed. Computer simulations over the 
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two dimensional parameter space, for approximately localizing 

the set of level pairs that produce the desired FAR, is not 

feasible due to the > 100,000 hours of CPU time that would be 

required. Analytical derivation is however feasible. Once 

the relation of levels that result in the desired FAR is 

known, the Pd may be obtained by simulation over a 

representative set of level pairs corresponding to that FAR. 

Since only a subset of the two threshold parameter space needs 

to be explored for localizing the best Pd, only about 3 000 

hours of cpu time is needed. The exact peak producing levels 

can not be determined with a finite number of simulations, but 

interpolation between mindfully chosen experimental values can 

find levels close enough for practical use. 

C. False alarm rate. 

Here we examine the rate of occurrence of the windows, 

the joint excursions of the process and the derivative. The 

quantity to be derived is the expected value of the number of 

windows, normalized per unit time, 

E [  N ( T )  ]  3  

T  



54 

where N(T) is the number of windows in the interval (t,t+T). 

The indicator function is defined as 

X { A >  (arg. ) A { 1, arg. e ( A I 
0, arg. £ { A } 

when A is the set of interest. 

Let X(t) be the incoming process and X' (t) its 

derivative. Also, let a function H(t) depict the occurrence 

of the windows. 

H(t) is 1 when the process X(t) has crossed level L, and X' (t) 

has crossed level Iand is zero otherwise. 

The derivative of H(t) gives impulses at the edges of the 

windows and summing their count renders twice the number of 

windows, provided that the counting interval does not start or 

end during a window. Therefore N(T) can be expressed as 

H ( t )  A  X [ L i f M ) (  X ( t )  )  •  X [ i 2 | t o ) (  X ' ( t )  )  .  (14) 

t+T 

d t  (15) 

t 
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Since H(t) is a random process, N(T) is a random variable 

that counts the number of windows for a particular sample 

function of X(t). The quantity of interest is the average 

number of windows per unit time, therefore we expectate N(T) 

and normalize by T. 

E [  N ( T )  ]  =  _ 1 _  
T  2 - T  

E  

t+T 

J \-&mt)\dt (16) 

H(t) is stationary because it is a time invariant operator on 

the stationary input process, and likewise is its derivative, 

therefore 

E [ W ( T ) ]  _  1  „  
T  2  E  d t  

H i t )  (17) 

By applying the product and chain rules of differentiation 

d t  
H i t )  d t  [ L i ' 0 0 )  
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= \x'(t) | «(x(t)-L1) yilLtim){x'(t)) * |x"(t) | 5u/(t)-L2> x[£l,„) U(t)) . 

(18) 

Now we can expectate the two terms of the sum in eq. (18) 

separately. This amounts to counting excursion edges of X(t) 

conditioned on X'(t) having an excursion at that time, plus 

counting X'(t) excursion edges conditioned on X(t) having a 

simultaneous excursion. Equation (17) then averages the two 

count values. 

Fig. 11 illustrates the relationship of impulses to both 

X(t) and X'(t) excursions under four elementary sequence 

possibilities that result in a window. 
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Figure 11. The fundamental sequences of two excursions that 
result in a joint excursion and impulses that result from the 
differentiating indicator functions of the above. 

First we evaluate 

El | Jf'(t) | 6(X(t) - LI) Xtv., (X'lt)) ] = 

= f f |*il *(x0 - L l )  d x 0 d x x  
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+ 00 

- J 1-Xj.l (X^) fxx'( / x 1 ) dxx 
—00 

=  /  l * l l  fXX'(Ll'Xl) <*Xi (19) 

Since X(t) and X'(t) are un-correlated and the derivative of 

a gaussian process is also gaussian, they are independent. 

fxx'i',-) = fx(') • fx<(') • 

From Papoulis [17], 

E[X2] = Rx(0) and E[{x')2] = -J^'(O) . /20 

We can then form its components 

f y ( x „ )  = i  exq-— X° ) (2 1)  
*  °  \ j 2 n R ( 0 )  I  2  R (  0 )  )  



59 

and 

v/2tt (~R"(0) ) 
exp|-- *1 

- R " ( 0 )  )  

( 2 2 )  

Then we evaluate eq. (19) 

/  I  xi I  fx(L1) ^  

exp ( - — *12 

»// 
) dx1 (23) 

where 

jq = -f*Ux) x -
y/2n{-R"(0) ) 
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It will be shown later, that the threshold on the 

derivative, I^, may be used at both positive and negative 

values. 

First, we let Lj > 0, then evaluate 

/ x, exp 1 
2 -R"(0) 

dx1 = 

-•pH R" (0) exp Ll 

2  -R"{0 )  
(24) 

Therefore, 

E[ \x'{t) |  6(X(t)-L1 )  X [ L 2 f - )  (X'(t) ) ] = 

1 

271 'N 

~ R (  0 )  
i?7 /(0) 

exp 1 
2 

T 2 •"2 

( i?(0) —i? /> r(0) J 
(25) 
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K, R"(0) exp(-- |  
x2 X1 

-R"( 0) 
) R"{0) exp(--i 

2 -£"(0) 
) 

1 
2k -R(0) 

R"(0) 

exp ~ — 
i?(0) 

-2 + exp _1 
2 

r 2 

•"2 
\\ 

_p// * " ( o >  

(26) 

The second term of eq. (18) , the window edge impulse 

generation formula is expectated as 

E [  \ X " ( t ) \  6  ( X ' ( t )  - L 2 )  X [ L i j < o )  ( X ( t ) )  ]  

00 00 OS 

~ f f f <*b> 1*2 I ^ (Xl~ ̂2^ fxx'x" (X0 ' *1' X2^ dx
0dxldx2 

— Q» -CS —OO 
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= / / \xz\ fUQ,L2,x2) dx0dx2 . (27) 

—09 -M 

The joint density of X, X', X'' is obtained from the 

correlation matrix of these random variables 

C = 

E  [ X X ]  E [ X X ' ]  E [ X X " ]  

E [ X ' X ]  E [ X ' X ' ]  E [ X ' X " ]  

E  [ X U X ]  E  [ X " X ' ]  E  [ X " X " ]  

( 2 8 )  

where only the correlations at zero lag are evaluated (i.e., 

the terms are constants independent of time). 

From Papoulis [17] we have 

d m + n  t l ,  t 2 )  
R y ( m ) y ( n )  (  t l ,  t 2 )  = —  (29) 

d t r e t 2 "  

X® designates,the i-th derivative of the process X. 
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•R(O) 0 R"{ 0) 

C = 0 -R"{0) 0 

i?7 /(0) 0 i?<4)( 0) 

(30) 

To simplify the notation, let a = R(0) , b = -R" (0) , c 

R(4)(0), and d = |C| the determinant of C. Then 

and 

a 0 -b ' 
c = 0 & 0 (31) 

-jb 0 c 

d = b(ac-b2 ) (32) 

f ( x 0 , x 1 , x 2 )  =  
\j (2n) 3d 

exp C-1 
V- \  •*o \ 

\ 2 
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= K2 exp| (bcxo + abx% + 2jb2x0x2) J (33) 

with 

K2 = exp ac-b2 

2 d  ~r= 
/ a/ (2 it \/  (27t) 3d 

We then evaluate the integral 

I f  \x21 exp/ (bcxQ + abxl + 2b2x0x2) J dx0dx. 
-"00 £j. 

'0^2 

• £ ) 
+ C, 

jb3+d 
exp 1 Z-ijbc 

2iUd 
1 - 2 0  Li 1,8 V d (2>3+d) 

(34) 

Q(#) is defined as one minus the Gaussian distribution 

function. 
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-y2 

Q ( x )  A  f —•— e  2  d y  .  { \/2W 

The previously derived term of the average rate 

expression ( equations (26) , (26) ) is restated with the a, b, 

c, d variables. 

1 b  
2 n  ^  a  

1 b  
2 n  \  a  

L[ 
2  a  
t 

2 N 

2 b  

-2exp 
2 a 

L2> 0 

exp 
2a 

lT 
2 b ,  

L2£0 

(35) 

The false alarm rate, which is depicted as the expected 

rate of the windows per unit time, is then the sum of 

equations (34) and (35). No further simplification of this 

sum is done, because all further utility of it is numerical. 

Computer entry of a larger unified formula is more cumbersome 
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than the two smaller ones. 

From the autocorrelation derived in Chapter 3, we 

evaluate a = ctx2, b = 4<7xtt2W2, c = 48ctx7t4W4, and d = 

IZSOxiT6^6. ax is the variance of X(t) and W is the width of 

the gaussian low-pass power spectral density of X(t) 

S{£) = 
s/2tz W 

exp 1 x !  
2 w2 

As expected from intuition, the FAR is monotonically 

decreasing with respect to the levels L, and Lj, and is 

increasing with respect to the variance and bandwidth of the 

input process X(t). 

D. Verification of the FAR 

Confirmation of the results from the previous section was 

done using BOSS. MathCAD was used to effectively invert the 

FAR expressions, such that solutions for one of the threshold 

levels could be found, given the other level, the variance, 

and bandwidth parameter of X(t). 
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Several sets of constant FAR level pairs were derived, 

that covered a representatively wide test value range of 

threshold levels and FARs. Simulations were set up on BOSS as 

shown in Fig. 12. 

X"(t) X(t) LOW-PASS 

FILTER 
THRESHOLDER 

WHITE 
GAUSSIAN 

NOISE 

DIFFERENTIATOR 

DELAY 

LINE 
> THRESHOLDER 

WINDOW FALSE 

ALARMS 

COUNT 

AND ACCUMULATOR 

EDGE TRIG. 

IMPULSE 
GENERATOR 

Figure 12. FAR estimation simulation system implemented on 
BOSS. 

The low-pass filter was constructed by BOSS's bi-linear 

transformation utility, from a table of S-plane polynomial 

parameters. A Gaussian filter cannot be constructed due to 

the causality stipulation of the simulation and the 

approximations used to create the transfer function by means 

of a few discrete poles. The readily available parameter 



68 

tables for the family of Gaussian-transitional filters were 

the source of the pole locations. Gaussian transitional 

filters are derived as LMS approximations to the peak portion 

of the Gaussian function, and exhibit a roll-off that is not 

Gaussian beyond the transition points. In this case, the 

transitions were specified as the -12 dB points on the 

Gaussian function. 

Likewise, the differentiator was constructed as a filter 

with a S-plane zero at the origin and a pair of low Q poles at 

a frequency much higher than the bandwidth of the low-pass 

filter-. These poles were not necessary for this experiment, 

but were included to verify that a realized differentiator 

could work in this detector despite its inevitable high 

frequency roll-off. 

Two thresholders are used to detect excursions on X(t) 

and X'(t). Their outputs are logically ANDed together to 

produce the window. An impulse generator produces an impulse 

for each leading edge of the window. Impulses are then 

counted by an accumulator which outputs the number of windows 

that have occurred up to the current time. The estimate of 

the FAR is the total number of windows summed over the length 

of the simulation divided by the simulated duration. 
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Since the differentiators are designed with high 

frequency poles, there is a group delay through them that is 

not accounted for in the mathematical derivations. Delay 

lines are used in the logical thresholder output paths to 

compensate for these delays. Hardware realization of the 

relatively short and logical level delay lines is easily done, 

unlike the long analog delay line that was described as an 

error source in Chapter 2. 

Many simulation results were compared to the target FAR 

values that were used to derive the simulation parameters. 

The order of the low-pass filter was varied. Also the 

sampling rate of the simulation was varied. A set of 

simulation parameters was found that would render FARs within 

a few percent of the target, over the broad set of test 

values. The FAR expression has a significant sensitivity to 

all of its parameters. Since there were the numerous 

aforementioned approximations introduced in the simulation, 

discrepancies of noticeable magnitude may have been 

introduced. The variances of the FAR estimates from the 

finite length simulations could also account for the errors. 

The results were close enough to declare success of the 

FAR formulas. BOSS and the actual data used to verify the FAR 

expression was destroyed by a hard disk re-formatting and 
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therefore is not presented. 

Calibration of the FAR formula expression was performed 

to deter the propagation of FAR errors. As described above, 

the simulation setup is an approximation to the system assumed 

in the FAR formula derivation. There are also random 

variations of the FAR due to the finite statistical sample 

size in each simulation that uses an independent noise 

sequence. 

There are four parameter inputs to the FAR expression. 

During the FAR test simulations, the levels LI and L2 were 

explicitly set to values that resulted in FARs close to the 

desired level. Ll and L2 were therefore known. Variance 

measurements of the X(t) process were made during the 

simulations. The FAR was measured. Only the PSD of X(t) was 

unknown. The PSD bandwidth was then the logical FAR formula 

parameter to modify, as compensation for errors from all 

sources. MathCAD was used to solve the FAR expression for the 

bandwidth, given all the other known parameters. With the 

modified bandwidth parameter, the FAR formula results matched 

the simulation FAR with high precision. 

This calibration was done using a specific noise 

realization which rendered a specific X(t) variance and a 
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particular number of windows. To preserve the calibration, 

the subsequent use of these simulation setups includes 

repeating the same noise sequence, which is done by using the 

same pseudo-random generator seed. Thus, the FAR 

corresponding to each setup has been made non-random from 

simulation to simulation. 

Three simulation setups were constructed in this manner 

corresponding to FAR levels of .01, .001, and .0001 per 

second, normalized to a system with a low-pass filter having 

a -3 dB bandwidth of one radian per second. The simulation 

length of each setup was different such that the lower FAR 

setups were longer to account for the lower numbers of events 

expected to sum in the accumulators. 

It should be noted that other simulation parameters, 

which are not directly part of the system under study, need 

special consideration. The sampling rate needs to be high 

enough to allow representation of all frequency components 

that effect the system, as roughly delineated by some multiple 

of the low-pass filter bandwidth above which energy is 

effectively removed. Since the filters and differentiators 

are designed by BOSS with the bi-linear transformation, there 

is distortion of the high frequency response. To make the 

distortion negligible at frequencies that matter, the sampling 
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rate is actually set much higher than required by the Nyqist 

criterion. This high sampling rate combined with the need for 

extensive simulations to obtain sufficiently large statistical 

samples, is the reason for the large CPU time requirements of 

this research. 

E. Maximizing the Pd. 

A major preliminary issue is the definition of a 

successful detection and distinction of it from a false alarm. 

The event that should be called a detection, is a joint 

excursion, or window, that is caused by an incoming pulse 

(signal). As the process X(t) is examined for occurrence of 

windows there is no means for its comparison to windows from 

the same realization of the noise component alone, at the same 

time. It is therefore not possible to know if the observed 

window would have occurred without a pulsed signal as a false 

alarm. In fact, it is possible for an observed window to be 

unrelated to a pulse, be caused by a pulse, or both. Noise 

can also prevent a pulse from being detected ( as a window ) 

thereby causing a mis-detection. 

Simulations provide for side information because the 

signal is known, unlike in the actual operating case. The 



73 

search for windows that are at the right place in time is a 

way of correlating the occurrence of these windows to that of 

pulses, thus identifying the pulse-caused ones. Noise varies 

the causally pulse related windows in both time of start and 

stop. These perturbed events have mean times of occurrence, 

relative to the causing pulse, that are assumed to be equal to 

the unperturbed ( no noise ) times. The times of the events 

also vary randomly. 

Windows that occur in the simulation may be recognized as 

pulse caused by performing a detection problem on the time 

variable. A window may be declared as pulse-caused if its 

occurrence in time is within a fixed interval to its expected 

time. This is done in addition to the detection in amplitude 

performed by the thresholders, so we have a two dimensional 

detection problem. The distinction of pulse-caused windows in 

the aforementioned manner is subject to the errors of mis-

detection and false alarm from both decision variables. 

One may also count all windows during a simulation, then 

subtract the expected number of false alarms. Since the false 

alarm rate is not known precisely, an estimate of it would be 

used instead, the estimation error of the FAR would add to the 

detection rate estimate. Simulations are finite in length, 

therefore the estimate of the number of false alarms during 
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the run has a variance, which adds to the detection estimate 

variance. The possibility of noise-caused windows overlapping 

with pulse-caused ones would cause two windows to be counted 

as one, thereby a bias in the detection count would result. 

There is no means of separating the noise-caused and 

pulse-caused windows with certainty. 

A method of qualifying the X''(t) zero crossings, by 

logical anding of a X''(t) detector output with the window 

directly, was considered at the time of the simulation setup. 

A simulated detector of this type was implemented on BOSS, 

such that both the qualifier topology, and the detection 

probabilities could be studied at once. See Fig. 13. 



75 

X'(t) X( t )  

DETECTS 
COUNT 

SHAPING 
LOW-PASS 

FILTER 

THRESHOLDER 
LOW-PASS 

FILTER 

WHITE 
GAUSSIAN 

NOISE 

IMPULSE 

GENERATOR 

DIFFERENTIATOR 

DELAY 

LINE 

RECTANGULAR 
PULSE 

GENERATOR 

THRESHOLDER 

DELAY 

LINE 
ACCUMULATOR AND 

Figure 13. Probability of detection estimation system 
implemented on BOSS. 

Simulations were done without noise to determine the 

position of the X'' (t) zero crossing, which corresponds to the 

inflection on the leading edge of the test pulse. An impulse 

generator was created that triggered off of the pulse 

generator with the prescribed delay that places the impulses 

at the same time as the X''(t) zero crossings. The impulses 

were ANDed with the outputs of both thresholders, such that 

only impulses that occurred within joint excursions of X(t) 
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and X' (t) were passed. Delays in the logic were used again to 

compensate the differentiator group delays. The impulses were 

counted with an accumulator as before. To estimate Pd, the 

sum of gated impulses was divided by the total number of 

impulses generated during the simulation. 

This topology employs the detection method, which 

recognizes windows that occur close to their expected time as 

pulse-caused. The window becomes the detection interval for 

gating the impulses. The position of pulse-caused windows 

varies in time with respect to the pulse stimulus, as does its 

width. Thus, the detection thresholds (in time) are not 

constant. It is possible that such variations in the decision 

rule of detection, which are functions of the same noise that 

produces the detection errors themselves, may introduce bias 

to the estimate of detection probability. 

A couple of cases demonstrate the way in which the 

detection method varies with time, and therefore measures the 

probabilities in an inconsistent way. In each, it is assumed 

that the window under discussion is pulse-caused. 

a) There is a window of long duration present. Variations 

in the position of this window can be relatively large and the 

impulse to be counted will still be within it. This detection 
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case counts windows over a wide range of TOA variation. The 

probability of a pulse plus noise causing a long window is the 

statistic being estimated. 

b) A window of short duration is caused by the pulse plus 

noise. A small variation in the position of this window will 

cause it to not overlap with the pulse edge marking impulse, 

and the impulse will not be counted. Now the probability 

estimated is that of there being enough joint amplitude in 

X(t) and X' (t) , and that of the narrow window not being 

translated much in time. 

The possibility of counting a false alarm as a detection 

is effectively eliminated by this method, because, the impulse 

used to probe the existence of the window, occurs where the 

pulse-caused window is expected to be. In the case where 

noise only windows would straddle the impulse, there is a 

certain detection, and it is counted as one. A debatable 

possibility of counting a false alarm is, if the pulse-caused 

window is translated in time away from the impulse, but a 

noise caused window occurs over the impulse. In this case the 

mis-detection of one pulse-caused window is replaced by an 

erroneous count of a noise-caused one, so this event is 

treated as though a detection had occurred. 
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As mentioned previously, there are numerous pulse 

parameters that vary. A system that operates on the relative 

amplitude of a process and its derivative is intuitively 

expected to be sensitive to the shape of pulse edges and pulse 

amplitudes. The rise-time of the pulses was chosen as the 

primary stimulus variable to vary. Two different pulses were 

used in the Pd simulations. The fast rising pulse was 

produced by generation of a rectangular pulse, then passing it 

through a filter with an impulse response of one third the 

duration of the impulse response of the low pass filter. The 

slow pulse was created from a longer rectangle, but passed 

through a filter with three times the impulse response 

duration of the low-pass filter. Both shaping filters were 

low-pass structures, with a Gaussian-transitional at 12 dB 

response. 

Since the simulation is geared for edge detection 

statistics, the length of the pulses, and the frequency are 

not directly relevant. To prevent the trailing edge from 

modifying the leading one, the pulse must be long enough for 

the transient responses of the shaping filter, caused by the 

leading and trailing edges, to not overlap significantly. 

A pulse train is used to provide multiple stimuli for 

statistical sampling. The number of events being large enough 
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to render an acceptably low variance of the Pd estimate. This 

is more convenient than performing large numbers of 

simulations with just one pulse each and different noise 

samples. To treat the pulses and the noise as independent, 

the entire system has to sufficiently settle from all stimuli 

in the vicinity of one pulse, before the next pulse occurs, 

hence a low repetition rate is required. All of the sampling 

rate considerations have already been built into the setup, 

since the system is operated identically as during the FAR 

verification and calibration runs. 

The three FAR levels (.01, .001, .0001 per second) were 

used against the two pulse shapes. For each of these six 

experiments, the threshold levels on X(t) and X'(t) were 

varied according to a constant FAR criterion, until there were 

enough data points to show both a representative range of 

response statistics and the maximum value was localized well 

enough to interpolate the position and value of the peak. 

Results from the Pd simulations are presented and discussed in 

the next chapter. 
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V. CONCLUSIONS 

Implications of the simulation results are given in this 

chapter. 

A. Pd simulation data 

The following graphs show actual data points, including 

cubic spline interpolation curves. The two sets of curves 

represent the simulation of rapidly rising: fast, and gently 

rising: slow pulses generated as described in Chapter IV. On 

the horizontal axis is the value of L,. It is understood that 

the value of L, was chosen such that the correct FAR was 

achieved, even though the value is not shown. The L, 

boundaries of the graphs are roughly representative of the 

boundaries of the parameter space that results from positive 

Lj values. Negative values of L, were not considered, because 

the performance of the detector is relatively poor in that 

region and hence, has little practical value. 
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Figure 14. Pd for FAR = .01 with fast rising pulses. 
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Figure 15. Pd for FAR = .001 with fast rising pulses. 
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Figure 16. Pd with FAR = .0001 with fast rising pulses. 
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Figure 17. Pd for FAR = .01 with slow rising pulses. 
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Figure 18. Pd for FAR = .001 with slow rising pulses. 
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Figure 19. Pd for FAR = .0001 with slow rising pulses. 
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In Table 1 , the values of best Pd performance and the 

thresholds that produced them are presented for each of the 

experiments. 

Simulation parameters Max Pd LI L2 

Fast rise FAR = .01 .79 . 090 .24 

Fast rise FAR = .001 .53 . 13 . 32 

Fast rise FAR = .0001 .29 .21 .37 

Slow rise FAR = .01 .96 . 32 -.12 

Slow rise FAR = .001 .86 .41 -.055 

Slow rise FAR = .0001 . 67 . 50 -.016 

Table 1. Maximum Pd performance values for each Pd 
simulation given stimulus leading edge slope and fixed false 
alarm rate. 

Figures 20 and 21 show the effect of changing the FAR on 

the Pd in a relative operating characteristic (ROC) form. 

Comparison of the slow rising edge and fast rising edge 
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data for determining the effect of the pulse shape on the Pd 

at a constant FAR value must not be made. The amplitudes, 

rise-times, energies, and durations were different for the two 

stimuli, preventing the possibility of correctly deducing the 

quantitatively comparative effects of any single parameter on 

the ROC. The purpose of the data is to allow a qualitative 

understanding of the qualifier operation. 

1 

Pd 

0 

.0001 .01 .001 

FAR 

Figure 20. ROC curves for fast rising pulses'. 
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Figure 21. ROC curves for slow rising pulses. 

B. Interpretation of results 

Judgement of the results is based upon the project 

objectives, specifically the need for an event qualifier that 

operates on pulsed stimuli with parameters varying over a 

large range. 

Examination of the Pd versus threshold value graphs 

reveals that the qualifier operation is significantly 

dependent on the thresholds chosen. Each graph shows that 
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there is exactly one set of threshold values that maximize the 

Pd. 

The peaks occur in vicinity of each other as the FAR is 

varied over the large range in the simulation. As the FAR is 

decreased, the peaks become narrower, such that use of the 

system at low FARs is less tolerant of threshold level error 

or mismatch to a given incoming stimuli. 

Comparison of the slow and fast edge pulse results 

indicates that the optimal sets of levels are significantly 

sensitive to the edge shape. The fast pulses posses a larger 

first derivative relative to the pulse amplitude. Therefore, 

the faster pulses are best detected with a greater emphasis of 

the derivative level; i.e., the threshold on the derivative 

is set higher for maximum Pd, than on the slow pulses. The 

author presumes that the shift in threshold levels is 

monotonic with respect to changes in the pulse rise-time 

Thus, extremely slow edged pulses are not subject to the 

derivative thresholding, and impulses require the greatest 

emphasis on the derivative. 

The emphasis concept used above comes from the logical 

ANDing of the thresholder outputs. A threshold level that is 

relatively high has smaller probability that it is crossed at 
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any given time than one that is set low. The assumed Gaussian 

process and its derivative are independent at any given time, 

the thresholder set at a higher level is more likely to have 

an excursion overlapping one on the thresholder that is set 

low, than the low level thresholder is to have an excursion 

overlapping one on the thresholder that is set high. The 

thresholder that is set high is then more likely to indicate 

the joint event (excursion). Hence, the emphasis is on its 

input, and not on the one set low. 

For unclear reasons, the Pd peaks from the slow edge 

simulations are much sharper than those of the fast rise 

pulses. 

There is a substantial Pd penalty for setting the levels 

away from the ones that produce the maxima, so this detector 

is not one that would operate well over the large specified 

range of pulse parameters. It is only a step closer to this 

goal. The slow and fast edge stimuli used in the simulation 

were, however, representative of the parameter range that 

defined the performance of the detector. Use of shorter or 

longer pulses is expected to result in similar results to the 

ones already presented. 

A comparison to the single thresholder operation reveals 
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the merits of adding a thresholder on the derivative of the 

process. In Figures 14 through 19, the right-most point is 

representative of the one threshold operation. First let's 

note that the two thresholder operation improves the Pd for 

both the slow and fast pulses used for the simulation. For 

the fast rising pulses, the Pd improvement with two 

thresholders is by a factor ranging from six to thirteen, to 

one, over the one thresholder case. 

If one sets the thresholds to optimize for the fast pulse 

case, the Pd loss in the slow pulse case is by a factor from 

two to six, to one. With the well behaved (monotonic) 

threshold shift assumption, an intermediate setting will 

produce a compromise that is significantly better than either 

the one thresholder case, or the settings optimized for the 

fast pulses only case. 

C. Directions for further study 

Extension of the rise-time signal set to include faster 

and slower rising pulses in the simulation is a natural 

continuation. The specifications include rise/fall time 

values, but do not mention the detailed shape of the edges. 

Experimentation with shaping filter responses other than 
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Gaussian may give different results. 

Pulse height values were chosen to make the collection of 

statistics easy. The number of detections and mis-detections 

was kept large. During normal system operation, the desired 

Pd may be much higher, such as .999, so that the number of 

mis-detections is a small fraction of the number of pulses 

simulated. Very long simulations would be necessary to have 

a sufficiently large statistical sample of mis-detections. 

The delays in the simulation were to compensate for the 

group delays of the differentiators only, but other values may 

improve the performance of the detectors. A large number of 

variations could be explored, including negative delays. 

During the Pd simulation setups, it was noted that the 

position of the TOA event was not centered with respect to the 

windows, and the changes of the levels at any constant FAR, 

changed this time relationship. Perhaps the delays should be 

functions of the FAR for better Pd. 

A major problem with arbitrary delays is the 

determination of constant FAR producing level sets. The FAR 

formula derivation relied on the independence of the process 

and its derivative at any given instant. This is not true in 

the general case of arbitrary time delays prior to the ANDing, 
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for the process and its derivative are correlated. The 

derivation of the FAR expression is then much more difficult. 

Width of the pulses is not a first order consideration, 

because the edges of the pulses are all that is estimated (in 

time) . A long noisy pulse is likely to have more than one 

relative maximum, and several pairs of inflection points, 

which, by the simple definitions, would mean that it would be 

considered as several separate pulses. As width increases, 

the likelihood of noise splitting pulse peaks increases. To 

properly identify multi-peaked pulses, a new definition of the 

pulse edges is needed, requiring additional algorithms. 

A special case of the long pulse is the pulse-on-pulse 

condition where stimuli overlap, or there is presence of a 

constant signal unrelated to the pulses. This may be handled 

with multiple thresholders on the process and multiple windows 

for different levels of background signal. An adaptive scheme 

for setting thresholds of the imbedded events relative to the 

background may be utilized. The number of exceptions that 

occur increases dramatically as the signal space increases in 

complexity. 

Repetition rate is of little significance, as long as the 

events are not too close together. The situation of pulses 
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affecting the filter responses of each other, without actual 

overlapping, consists of a continuum of possibilities that are 

best defined as exceptions, since handling of even a minority 

of them would be enormously complicated. 

Another generalization is to replace the thresholders and 

conjunction function with a different function. An algorithm 

that uses more thresholds or uses continuous values and 

processes them through more complicated functions, is likely 

to give better performance. The implementation of arbitrary 

non-linear or transcendental functions is probably not 

possible at the desired bandwidths intrinsic to this project. 

In the no-noise case, the process and first derivative is 

sufficient for Pd = 1 operation; there is nothing to be gained 

by looking at higher derivatives. There may be information in 

higher derivatives that would increase the Pd with noise 

present. Complexity of a system that uses the additional 

information discourages experimentation. 

A Pd survey of all of the aforementioned directions, 

concurrently and with prior knowledge of constant FAR 

parameters, would multiply the number of simulations by 

thousands fold. Computer utilization would increase to 

millions of hours at Sun 3 speeds. If the constant FAR 
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parameters were not known before Pd simulations, but needed to 

be found by trial and error simulation, the computer workload 

would be astronomical. 

Another approach would be useful to speed up results. 

One possibility is the construction of high speed circuits 

that would actually process pulses and noise. The circuits 

could be operated by a computer to allow unattended sequences 

of experiments. 

D. Design implications 

For the case of any specific stimulus and desired FAR, 

the FAR expression and the simulation techniques given above 

will provide the appropriate threshold values for best Pd. 

This is valuable in saving system adjustment time. Otherwise, 

a two dimensional parameter space search would have to be done 

experimentally, in hardware, with a simulated signal source, 

to find the correct threshold pair. 

For variable signal parameters, a representative stimuli 

set may be chosen, then simulated to find representative peak 

performance. Given a set of cost functions covering each 

error type, versus the signal characteristics in the set, and 



94 

relative rates of occurrence of the various stimuli, a cost 

minimization may be performed to find the best pair of 

thresholds for that signal set. 

Data from an array of simulations, that represent the 

actual range of stimuli, can be used in a more general system 

which interpolates between simulation points according to 

immediate needs. Such a system would be directed 

automatically and/or by operator command so as to optimize the 

system for current signal conditions. Note that this method 

of optimization is not one of the original objectives in the 

specifications. A simple system of the discussed type, that 

can effectively and simultaneously operate on pulses with 1000 

to 1 parameter ranges is not currently known, or may not 

exist. 

The problem statement calls for TOA estimation on both 

the leading and trailing edges. This is easily accomplished 

by a third thresholder which looks at the derivative in a 

negative sense. Its output is true if X'(t) has an excursion 

below the threshold level. The joint excursion is defined as 

the intersection of this inverted X'(t) thresholder output and 

that of the original X(t) thresholder. Also the sense of the 

zero crossing direction, on the second derivative is reversed 

on the trailing edge of the pulse. All of the previous 
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results apply if the level on this additional thresholder is 

the negative of the original X'(t) thresholder level. 

A new problem arises when there is either a false alarm 

or a detection on the leading edge detector, but there is 

neither on the trailing edge detector. The TOA estimator is 

then confused into timing an apparent pulse of possibly very 

long duration. A practical solution is to use a time-out 

mechanism to force a termination of the anomalous condition. 

E. Summary 

A method for qualifying the pulse time of arrival events 

from a double differentiator type estimator is presented from 

a statistical detection viewpoint. 

The chosen qualifier method is shown to be a substantial 

improvement in qualifier performance over the single level 

detector, in the case of pulses that have edge step responses 

that have the same order, or faster rise-time, than the step 

response of the bandwidth limiting low-pass filter. 

Negligible improvement is expected for very slowly 

transitioning pulse edges. 
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Only one pulse edge rise-time results in peak performance 

of the qualifier. The objective of designing a qualifier 

which is completely insensitive to pulse parameters is 

therefore not met. 

Methods presented for finding the simulation parameters 

are valuable for setting the operating levels of other like 

systems, such as a physical realization of the system. 
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