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ABSTRACT 

In this thesis we consider an efficient cooling schedule for a mean field anneal-

ing(MFA) algorithm. We combine the MFA algorithm with microcanonical simu-

lation(MCS) method and propose a new algorithm called the microcanonical mean 

field annealing (MCMFA) algorithm. In the proposed algorithm, the cooling speed 

is controlled by the current temperature so that the amount of computation in MFA 

can be reduced without a degradation of performance. Unlike that produced by 

MFA, the solution quality produced by MCMFA is not affected by the choice of the 

initial temperature. Properties of MCMFA are analyzed and simulated with Hopfield 

neural networks(HNN). In order to compare MCMFA with MFA, we apply both al

gorithms to three problems namely, the graph bipartitioning problem, the traveling 

salesman problem and the weighted matching problem. Simulation results show that 

MCMFA produces a superior performance to that of MFA. 
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CHAPTER 1 

INTRODUCTION 

Artificial neural networks have received a great deal of attention since the early 1980s 

and considerable efforts are being made in this area[l]-[5]. One of the most promising 

suggestions was the Hopfield neural networks(HNN) model [6, 7]. This model was 

first applied as an associative memory and later for the solving of optimization prob

lems. Initial optimism surrounding HNN was shortlived due to test results which 

showed significant drawbacks of the model[10]. One major problem with HNN was 

associated with the local search rule which did not guarantee a global optimal solu

tion. Many researchers concentrated on surmounting this difficulty, and as a result, 

several effective approaches were proposed for solving the problemfll, 12]. 

One promising variation of the original HNN uses a continuous-valued neuron. 

Hopfield and Tank used the electrical circuit implementation of continuous-valued 

neurons, simulating the equation of motion on a computer. This demonstrated nicely 

that parallel circuits of simple units could solve hard combinatorial optimization 

problems. However, the shape of the continuous-valued neuron influences the per

formance of HNN and often leads to a poor solution. 

Significant progress in this area was achieved with the invention of Mean Field 

Annealing(MFA). MFA uses an analogy between HNN and a magnetic material, 

and then applies the theory of statistical physics to interpret the behavior of HNN. 

Although MFA produces a better solution than HNN, it requires excessive computa

tion. Relative to this point, however, it is to be noted that an annealing algorithm 

to reduce the amount of computation without a degradation of performance has not 

been sufficiently discussed. 
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The goal of this work is to reduce the excessive amount of computation required by 

MFA without affecting the quality of the solution produced by MFA. The behavior of 

a neuron during an execution of MFA is investigated, and the unnecessary portion of 

computation associated with the process is discussed. Based on our discussion, a new 

algorithm, called the Microcanonical Mean Field Annealing(MCMFA) algorithm, is 

proposed. Properties of the proposed algorithm are analyzed in conjunction with 

HNN simulations. We apply the MCMFA algorithm to optimization problems and 

compare the results to those produced by the MFA algorithm. 

The organization of this thesis is as follows. A brief description of both HNN and 

MFA is provided in section 2. In section 3, the execution of MFA and an efficient 

cooling strategy are discussed. In section 4, the formulation of the MCMFA algorithm 

is provided and its behavior is analyzed. Chapter 4 provides simulation results of 

MCMFA. In section 5, the results of MCMFA as applied to the graph bipartitioning 

problem, traveling salesman problem, and weighted matching problem are compared 

with those of MFA. Chapter 6 concludes the thesis. 
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CHAPTER 2 

SOLVING OPTIMIZATION PROBLEMS WITH HOPFIELD NEURAL 

NETWORKS (HNN) 

In this chapter, a brief review of HNN is provided, a theoretical background of MFA 

is described, and an efficient algorithm of MFA is discussed. 

2.1 Hopfield Neural Networks 

2.1.1 Dynamics of Hopfield Neural Networks 

Figure 2.1 shows an architecture of HNN. Each node in this figure represents a 

neuron. The output of the neuron is often called the state of the neuron, usually 

identified as either the activated state or the deactivated state. Each of these is gov

erned by an internal and an external input. The internal input comes from outputs 

of other neurons. The weight attached to the interconnection between neurons is for 

modeling the strength of influence between two neurons. If the input is large enough, 

the neuron assumes an activated state. Otherwise, it cissumes a deactivated state. 

The main feature of HNN is that neurons are fully connected and that the weights 

are symmetric, i.e., Wij = Wj{. In what follows, a mathematical description of HNN 

is provided. 

Let Si be the output of the neuron i, then it has two possible values, +1 for 

an activated state and —1 for a deactivated state. Let Wij be an interconnection 

between the neuron i and the neuron j, and let the input to the neuron i from the 

neuron j be WijSj. The total input to the neuron i, hi is equivalent to the summation 
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Figure 2.1: Hopfield Neural Network 

of inputs from all other neurons. 

hi = J2wHsj (2.1) 
i 

Any external input also applied to neuron i, identified as should be added to 

internal inputs. 

hi = wUsj + (2-2) 
j 

An output of neuron i is then determined by its input. 

Si = sgn{hi) (2.3) 

where sgn is a signum function. Each neuron then samples its input and updates 

its state according to equation 2.3. 

Assume that the states of neurons in HNN are disordered in an initial state to 

which an external input is applied. As the neurons in the initial state adjust to the 

new input, a new state is produced and produces a change of internal input so that 

other neurons may change their states again. This process of adjustment continues 

until HNN reaches an equilibrium state. Because an energy function of HNN is 

defined as: 

H  —  r ̂  W i j S i S j  ~  i i S i  (2.4) 
1 a 
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any change of s< causes a change of function H in the following way. Let A Hi be a 

change of energy due to the neuron i. 

A Hi = -[£ WijSj + i;]Ast- (2.5) 
i 

For A&i < 0 , w^Sj + it] < 0 , A Hi less than or equal to 0. For As; > 0 , 

Ej > 0. Therefore, A Hi always less than or equal to 0. Since H is bounded, 

this process of adjustment converges to the stable state where H is minimum. 

2.1.2 Solving optimization problem using Hopfield Neural Networks 

Optimization problem consists of input variables and an output real valued function 

over these variables. This output function is often called the objective function. 

General optimization theory has many problems whose purpose is to find input vari

ables over which the objective function has a minimum value. Some of the optimiza

tion problems have their objective functions in a quadratic form[14]. 

objective function — ~z;^2xiaijxj ~ YL hxi (2.6) 
i,j «' 

where x'^s are input variables and a^-3 and b'{s are constants representing con

straints between input variables. If we assume W{j = a,j, and ii = 6,, the energy 

function of HNN becomes the same as the objective function. In HNN, the state 

of atom evolves in the direction that minimizes the energy function. Therefore, the 

state update rule of HNN can be applied to find an optimal solution which mini

mizes the objective function. Problems of HNN come from the fact that the state 

always evolves in the direction of the lower energy. So, if a state reaches a local 

minimum, there is no mechanism for escaping this state in order to move toward a 

global minimum. 
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2.1.3 Continuous-valued neuron model 

Using the binary function of Eq.2.3, we rapidly become locked in a local optimal 

solution. A promising alternative is the use of a continuous-valued neuron model, 

the output function of which is smoothly varying, as in following equation. 

— i+FSTr <2-7> 

The parameter T, often called temperature, determines the shape of the output 

function. A large T makes the output function steep, while a small T causes a smooth 

output function. 

With the continuous-valued neuron model, the possibility of converging to local 

optimum is greatly reduced. It is important to note, however, that because T directly 

influences the final solution, its careful selection is absolutely required. MFA is well 

suited to this careful selection because it starts with a large T at the beginning of 

the algorithm and then gradually proceeds to reduce it to small value. 

In the next section, a theoretical background of MFA is provided, and an efficient 

algorithm is discussed. 

2.2 Mean Field Annealing (MFA) 

MFA models the optimization problem as magnetic material in the heat bath[15], 

and it uses the theory of interpreting the dynamics of magnetic materials to solve 

optimization problems. In this section a theory for interpreting magnetic material in 

statistical physics, and a method for applying that theory for solving optimization 

problems, is provided. A formulation of MFA from the theory is derived and pre

sented in conjunction with a previous algorithm for MFA. The section then closes 

with an examination and discussion of the problems in MFA. 
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Figure 2.2: Ising model of magnetic material 

2.2.1 The Ising model of magnetic materials 

Figure 2 presents a simple model of magnetic materials in which a set of atoms 

is regularly arranged with each atom in its particular magnetic state. Our simple 

version is an Ising model, in which each atom has just two states. These two states 

are represented by the variable s,- for the atom i and with allowed values +1 and — 1. 

The sf1 state is called spin up, and the sf1 state is called spin down[ 12]. The arrow 

on the atom in Fig. 2.2 represents the spin, which is determined by the magnetic 

field applied to that atom. The magnetic field consists of an external field generated 

outside the material, and an internal field which is generated by other atoms. If i,-

be the external magnetic field applied to the atom i, and W{j be the strength of the 

magnetic field applied to the atom i from the atom j, then the total magnetic field 

applied to the atom i , designated /i,-, is 

hi - ]T WijSj + ii (2.8) 
i 

and the spin of the atom lines up with the input hi in the following manner: 

Si = sgn(hi). (2.9) 

Now the analogy of the Ising model to HNN seems obvious. The atom of the Ising 

model corresponds to the neuron of the HNN. The spin can be considered the state 

of the neuron. It is, therefore, easy to see that the Ising system also converges to a 

stable state. It is when the Ising model reaches this state that the energy function 
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of the model is at its minimum level, which can be derived from the following: 

H = - J £ ~ (2-10) 
»\j * 

2.2.2 Thermal noise of the Ising model 

In the real world, magnetic material exists at a temperature higher than 0 and the 

state of the atom is affected by thermal noise. If we consider thermal noise as an 

another independent factor, description of the behavior of the Ising model becomes 

more complicated. The magnetic material at T > 0 has a thermal noise which makes 

atoms fluctuate from their original states. Since the direction of this fluctuation is 

random, it hinders the line-up of the input field. 

As far back as 1953, Metropolis et. al., introduced a simple algorithm for simulat

ing the evolution of material into thermal equilibrium in a heat bath. The algorithm 

introduced by Metropolis generates a sequence of states of the solid in the following 

way. Given a current state i of the solid with energy Hi, a subsequent state j is 

generated by applying a perturbation mechanism which transforms the current state 

into the next state by a small distortion. One example instance of this would be 

the displacement of a particle. The energy of the next state is Hj. If the energy 

difference, Hj — Hi, is less than or equal to 0, the state j is accepted as the current 

state. If the energy difference is greater than 0, the state j is accepted with a certain 

probability which is given by 

where T denotes the temperature of the heat bath. This algorithm is known as the 

Metropolis algorithm. 

If this algorithm is applied to the Ising model, the change of which decreases 

H is always accepted. But, the change of a,- which increases H is accepted with the 

probability of 
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(2-12) 

where AH is the amount of the energy increase. 

If the Ising system updates spins through use of Metropolis algorithm, it evolves 

into the equilibrium state. Previous research shows that this state has a Boltzmann 

distribution[14]. 
H(.f') 

Prfs/"1] oc e 

Pr^r1] oc (2.13) 

Since s+1 and s-1 are two possible states, 

1 = + (2.14) 

In the equilibrium state, the probability of spin up and spin down is as follows: 

e t 

"(41) ^(-r1) 
e T -f e T 

p T 
+i -• (2.15) «(.+ >) H(.~J) > 

e T -{- E T 

If the input field hi is greater than 0, the probability of spin up is greater than 

that of spin down. On the other hand, if the input field hi is less than 0, the 

probability of spin up is less than that of spin down. We find, then, that while the 

tendency is to move toward a lower energy state, the probability that movement will 

be in the direction of a higher energy state still exists. This moving-up probability 

is controlled by the temperature. When the temperature is high, there is a large 

moving-up probability. If the temperature is high enough to dominate the potential 

energy, the moving-up probability is almost same as the moving-down probability. 

As the temperature decreases to 0, the moving-up probability decreases continuously. 

When the temperature is '0', there exists no moving-up probability. 

fMsf1] = 

JM*."1] = 
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2.2.3 Simulated Annealing (SA) 

We can use the concept of noise to avoid the local optimal solution. A search process 

begins with a high temperature so that each atom may change its spin freely. But, the 

temperature is reduced as the search proceeds, which in turn decreases the moving-

up probability. Finally, the temperature is set at 0 so that no moving-up probability 

exists. This process of lowering the temperature is often called simulated annealing 

(SA). With a slow cooling schedule, a global solution is always guaranteed by SA. 

2.2.4 Mean Field Approximation 

The probabilistic update rule of SA is not amenable to the neuron model of HNN 

because the function of the neuron does not include any probabilistics. In addition, 

SA requires an excessive computation. Mean field approximation was proposed to 

reduce the amount of computation required and for its compatibility with HNN 

implementation. 

Assuming that the spins of atoms at equilibrium have Boltzmann distributions, 

one can determine the equilibrium spin average of the ith spin, < s,- >. 

< 5 > >  =  J p r [ 3 +1](+l) + .Pr[st~1](--l) 

1 + e-(<w<-r,»-<tf (<?')> + 1 ^2'16^ 

where < H ( s f 1 )  >  and < H^sf1) > represent the average energies of the system. 

The average energy can be computed as follows: 

<  H ( s )  >  —  <  —  ̂  i j S j  y i  >  

= ~ 2 y i  ^  > _  ^ ^  ( 2 - i 7 )  

Assuming that the number of neurons is so large that the effect of any single neuron 

on any other neuron is very small, such that any two neurons are independent of 
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each other, i.e. < s;aj >=< s,- >< Sj > . , we then find that 

<  H ( s )  >= <  S i  X  S j  >  <  S i >  (2.18) 
1 ij 

and, 

< #(.s,rl) > - < H^sf1) >= 2^u>$J- < sj > +2U = 2 < hi > . (2.19) 

Therefore, Eq. 2.16 becomes 

< s' >= i e-2</>i>/r ~ (2.20) 

2.2.5 Mean Field Annealing 

The application results of mean field approximation showed that the parameter T 

influenced the quality of the final solution [14]. However, it is difficult to analyze the 

given problem and to obtain a desirable temperature value. One promising approach 

to this problem is to employ an annealing technique in which the Mean Field Ap

proximation begins with a large temperature value, which is then gradually reduced, 

much like Simulated Annealing. This algorithm is called Mean Field Annealing 

(MFA). 

• Mean Field Annealing Algorithm: 

1. Initialization : T = Tinitiai-

2. while(T > Tminimum) 

• Do until a fixed point is found. 

(a) select neuron i for update. 

(b) update the itli neuron as follows: 

< Si >= 1 + e-A<H>/T ~ * (2.21) 
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• adjust the temperature as follows: 

T  < =  T  * a .  (2.22) 

3. All states are equilibrated to -fl or —1 according to their signs. 

2.2.6 Cooling strategy for Mean Field Annealing 

MFA starts at a high temperature, and slowly reduces the temperature. However, 

an excessive computation is required by this procedure. The initial temperature, 

final temperature and cooling speed are important parameters which determine the 

amount of computation required and the solution quality. To reduce computation 

time without a degradation of solution quality, MFA requires a careful selection of 

these parameters, which is problemitized by the following: 

• Initial temperature : Starting at a low initial temperature often leads a final 

solution to a local optimal solution. Previous research shows the existence of 

a critical temperature where neurons start to move toward a final solution. To 

prevent the local optimal solution, the initial temperature should be higher 

than the critical temperature. However, starting at too high a temperature 

is wasteful since no progress is made toward a solution until the critical tem

perature is reached. Therefore, the critical temperature is ideal for the initial 

temperature. Although efforts have been devoted to finding the critical temper

ature for specific examples, there is no general technique to estimate the critical 

temperature by analyzing the structure of HNN. Therefore, it is impossible to 

choose the critical temperature as the initial temperature. 

# Cooling speed : The cooling speed has a great influence on computation time 

and the quality of a solution. A basic assumption of MFA is that the material 

exists in an equilibrium state. However, lowering the temperature changes 

the probability of a neuron state and breaks the equilibrium state. If the 

decrement step is small, the probability change is also small such that the new 
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probability is very close to the previous probability. This state is defined as 

a quasi equilibrium state, which should always be maintained throughout the 

execution of the algorithm [14]. To do so, the cooling speed should be very 

slow. Previous research shows that the change of probability is different at each 

temperature[14]. For example, a decrease of 0.05 at a temperature of 2.0 causes 

a change of 0.01 in the probability, and a decrease of 0.05 at a temperature of 

1.0 causes a change of 0.02 in the probability. In this case, the cooling speed 

at a temperature of 2.0 can be twice as fast as that at a temperature of 1.0. 

However, the cooling speed of MFA is uniform throughout the temperature 

and the slowest speed to maintain quasi equilibrium state should be chosen for 

the speed of MFA. The computation time will be saved if the cooling speed is 

adjusted according to the probability change at a current temperature. 

• Final temperature : The condition of terminating the procedure is another 

problem which affects the quality of the solution and the speed of convergence. 

The execution of MFA can be terminated if the solution is not changed by 

further execution. However, it is difficult to decide whether or not the solu

tion has settled to the optimum. In order to reduce the computation time, it 

is desirable to terminate the execution of the algorithm as soon as possible. 

Hasty termination, however, often leads to a poor solution; therefore, a careful 

selection of the termination condition is required. 
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CHAPTER 3 

PROPERTIES OF MEAN FIELD ANNEALING 

In this chapter, an efficient annealing strategy for MFA is discussed. The behavior 

of a neuron during the execution of MFA is observed, and the quality of the solution 

is investigated under various conditions of execution. Based on this investigation, 

an unnecessary portion of computation is detected and an algorithm to remove this 

portion is discussed. 

3.1 The effect of the temperature 

In order to investigate the effect of the temperature, we investigated the change 

in the state of the neuron according to the change of the temperature. Our HNN 

for the simulation consists of 100 neurons and 100 edges connecting them. The 

strength of interconnections are either +0.5 or -0.5. We started with the initial 

temperature of 2.0. Fig. 3.3 shows the states of neurons at each temperature. Above 

a temperature of approximately 1.5 all neurons have states of '0', but they begin 

to evolve into their final states at about 1.5 which means that '1.5' is the critical 

temperature of our HNN. One interesting observation was that some neurons did not 

evolve into their final states until the temperature reached about '1.0'. Below this 

temperature, all neurons evolved into their final states, and there was no change of 

state until the temperature reached 0. From this result, we can conclude that the final 

temperature should be near this temperature. If the final temperature is higher than 

this temperature, some neurons will not evolve into their final states so that a poor 

solution may be produced. However, a final temperature lower than this temperature 

causes wasteful computation since a computation below this temperature does not 
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Figure 3.3: Changes of neuron states during the execution of MFA. 

make any contribution to the final state. 

We investigated the effect of the initial temperature and the final temperature on 

the quality of the solution, which is estimated by the energy function of HNN, We 

used the same HNN as above and randomly generated interconnections 100 times. 

The quality of solution was estimated at each interconnection, and the average of 

the 100 trials is shown in Fig. 3.4, with the effect of the initial temperature shown 

in the real line of the figure. In this simulation, MFA starts with various initial 

temperatures from 2.0 to 0.1 with the final temperature set at 0.0. It is shown that 

a higher initial temperature generally results in better quality, however, the quality 

difference at any temperature higher than '1.0' is almost negligible. Starting with 

initial temperatures less than 0.5, continues to cause a severe degradation of quality. 

The dotted line in Fig 3.4 shows the effect of the final temperature on the quality 

of the solution. In this simulation we executed MFA with various final temperatures 

from 1.9 to 0.1, with the initial temperature set at 2.0 for all simulations. The 

resulting quality at any temperature less than '0.5' occupied a very narrow range of 

fluctuation, while final temperatures exceeding '0.5' resulted in a severe degradation 

of quality. 
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3.2 Cooling Speed 

In addition to the initial temperature and the final temperature, another important 

parameter of the annealing strategy is the cooling speed. Cooling speed depends on 

both the decrement size of the temperature and the number of iterations at each 

temperature visited. 

The previous method adopted a relatively large decrement of temperature and 

updated the neuron states until an equilibrium state was reached. However, computa

tion of the equilibrium state is not necessary at every temperature visited. Therefore, 

we can reduce the amount of computation required by decreasing the temperature 

before the equilibrium state is reached. We consider a simple algorithm in which 

the temperature is decreased at every step where the decrement size should be very 

small. 

Using the 100 neuron HNN used above, we compared the previous method and 

our continuously decreasing temperature strategy. The previous method obtains the 

average solution quality of 43.6 with about 80,000 iterations. In our method, the 

solution quality depends on the decrement size. Fig. 3.5 shows the quality of the 

solution vs. the cooling speed. At about 10000 iterations we obtained the energy 

function of 43.5, which is almost the same as the quality of the previous method at 

80,000 iterations. 

3.3 Conclusions and Discussions 

• The initial temperature need not be higher than the critical temperature. If 

the initial temperature is higher than the critical temperature, wasteful com

putation is performed so that the amount of computation is increased without 

any improvement of performance. 

• It is not necessary to reach the equilibrium state at every temperature visited. 
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Figure 3.5: The cooling speed vs. the quality of the solution. 
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• There are two critical temperatures where the final state is determined. There

fore, the cooling speed should be slow near these temperatures, while at other 

temperatures, fast cooling may not severely degrade the quality of the final 

solution. 

• The final temperature can be high near the lower critical temperature. 

To adapt the above strategy it is necessary to have knowledge of the critical 

temperature. But, there is no general technique of analyzing the structure of HNN 

and finding the critical temperature. However, during the execution of MFA, it is 

possible to check the current state and determine whether the current temperature 

is the critical temperature. In the following sections we will discuss an algorithm 

which can check the status of the neuron during the execution of the algorithm and 

adaptively adjust the next temperature. 
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CHAPTER 4 

MICROCANONICAL MEAN FIELD ANNEALING (MCMFA) 

At about the same time SA was proposed, Microcanonical simulation(MCS) of the 

Ising system was proposed by Bhanot [18]. MCS checks the energy change of an 

atom and reflects it on the next update. In this chapter, this property of MCS is 

combined with MFA to adjust the cooling speed. 

4.1 Microcanonical Simulation of Hopfield Neural Networks 

The original proposal of MCS is intended to simulate the behavior of the Ising system. 

However, our interest is the simulation of HNN. Since the behavior of HNN is the 

same as that of the Ising system, MCS can be applied to HNN. In this section a brief 

review of MCS is provided. For the remainder of the paper, HNN is used for the 

explanation of MCS, instead of the Ising system. 

MCS considers a closed system consisting of HNN and an imaginary particle 

called a demon[16]. The total energy of this system is the sum of the energy in HNN 

and the demon energy. Let E be the total energy and H and Ed be the energy of 

HNN and that of the demon respectively. Then, 

E = H + Ed. (4.23) 

The demon hops from neuron to neuron trying to flip their states. Let H ( s f 1 )  

re p r e s e n t  t h e  e n e r g y  o f  t h e  i t f l  n e u r o n  w h e n  i t  i s  i n  t h e  a c t i v a t e d  s t a t e  a n d  H ( s ^ )  

when it is in the deactivated state. If the state of the ith neuron is in the activated 

state, introduction of the demon will cause the state to be changed to a deactivated 
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state assuming that 

E d >  H i s - 1 ) - H i s f 1 ) .  (4.24) 

Otherwise, the state remains unchanged. If His?1) > //'(sf1), the state is always 

changed from the activated to the deactivated state. After a demon changes the 

state of the neuron, it absorbs energy from the neuron or emits energy to the neuron 

so that the total energy of the system remains unchanged. Assuming E'd is the demon 

energy after a state change, then, 

E'd = Ed + [- J/(»r')]- (*•») 

The state change from a deactivated state to an activated state is similar to the 

reversed case already mentioned. Eq. 4.26 is the condition for the update, while Eq. 

4.27 shows the change in energy of the demon: 

E d  >  H ( s } ' )  -  H ( s - > )  (4.26) 

E's = Ed + [JSrtsr1) " (4.27) 

The characteristics which distinguish MCS from SA are as follows: 

• MCS uses a deterministic update rule. 

• The effect of demon energy is similar to that of the temperature in the Metropo

lis algorithm[19]. The amount of demon energy controls the frequency of the 

state change. If Ed is large, the state change occurs frequently while a small 

Ed causes infrequent state change. 

• MCS simulates a closed system which is the combination of HNN and the 

demon. During simulation, the energy is transferred between the demon and 

the Ising system so that the total energy of the closed system is conserved. 
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This property can be used for adjusting the cooling speed of MFA. However, 

MCS does not include a concept of temperature. Bhanot considers a large number 

of demons participating in the simulation. In this case, the energy of each demon 

cannot be exactly determined, but the distribution of energy state is provided. In 

the next section a formulation of MCS with a large number of demons is provided. 

4.2 Probabilistic microcanonical simulation of Hopfield Neural Networks 

If a large number of demons take part in updating the states of the neurons, the 

amounts of energy are different from each other. The total energy of the demons, 

Eoi is the sum of the energy of all demons 

ED = ^Ed. (4.28) 

We relate MCS to the temperature by assuming that demon energy has a Boltzmann 

distribution, 

P r [ E d ]  oc e~Ed/T (4.29) 

where T represents the temperature of the system. The deterministic update rule of 

MCS is then changed to a probabilistic rule as follows: 

Pr\stl/sT1} = Pr\E< > H(4') -

Pr[s7'hV\ = pAEi > His-') - (4.30) 

where s,- represents the state of the ith neuron, and H{s) represents the energy 

function of HNN. The update rule of Eq. 4.30 is the same as the one in the Metropolis 

algorithm. However, the total energy in MCS is conserved. Therefore, the decrease 

of HNN energy causes the increase of demon energy as follows: 

< E'd >=< ED > -A < H > (4.31) 

where <> represents the average value. In the equilibrium state, the average demon 

energy is the same as the temperature. 

< Ed >= T. (4.32) 
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Therefore, Eq. 4.31 becomes: 

T '  =  T - A < H > / / 3  (4.33) 

where /3 is the number of demons in the system. The temperature is changed by the 

equation after the state of the neuron is changed, and the next update is controlled 

by the new temperature. If A < H > is greater than 0, the temperature is decreased. 

On the other hand, if A < H > is less than 0, the temperature is increased. 

4.3 Microcanonical Mean Field Annealing 

Microcanonical simulation makes it possible to adapt the cooling speed according to 

the state of HNN. This adaptive cooling can solve some of the problems encountered 

in MFA. If the initial temperature is lower than the critical temperature, MFA of

ten produces a poor solution. However, using the second term of Eq. 4.33, we can 

increase the temperature to the critical value. Additionally, if the initial tempera

ture is too high, MFA wastes a large amount of computation until the temperature 

reaches the critical temperature, but using the second term of Eq. 4.33, quickly 

reduces it to the critical temperature. Consequently, we not only reduce wasteful 

computation, but also avoid the problem of finding a local optimal solution. The 

above observations are incorporated in a new algorithm called microcanonical mean 

field annealing(MCMFA) as follows: 
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• Microcanonical Mean Field Annealing Algorithm: 

1. Initialization : T = T{nm 

2. while(T > Tminjmum) 

(a) se/ec< neuron i for update. 

(b) update the ith neuron as follows: 

2 
< Si >_ 1 + e-A<H>/T 

(c) adjust the temperature as follows: 

T  < =  T - a  —  A < H > / ( 3 .  (4.35) 

3. All states are equilibrated to +1 or — 1 according to their signs. 

The update rule of Eq. 4.34 is the same as that of MFA. The difference between 

two lies in the cooling schedule of Eq. 4.35. In the MFA, a determines the cooling 

speed and the quality of the solution. The MCMFA adds the A < H > term to the 

cooling schedule of MFA, and /? determines the influence of A < H > on the cooling 

speed. If f3 is small, A < H > plays an important role on the cooling speed. As the 

value of /3 increases, however, the effect of A < H > decreases. At the point where 

reaches infinity, then, MCMFA behaves as MFA. 

MCMFA adapts the cooling speed based on the current temperature. During the 

cooling process, large AH means important decisions are made at this temperature. 

Therefore, the decrement step at this temperature should be small. If the tempera

ture is too low compared with the state of HNN, the temperature is then increased 

to its critical value. Thus MCMFA can eliminate the difficulty of carefully choosing 

the initial temperature. 

(4.34) 
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4.4 Analysis of Microcanonical Mean Field Annealing 

In this section we describe the dynamics of MCMFA. We analyze a simple HNN and 

provide a qualitative description of the general HNN based on the analysis. 

4.4.1 Equilibrium State 

MCMFA generates a sequence of HNN states converging to an equilibrium state. We 

analyze the equilibrium state of MCMFA with simple HNN where Wij = w > 0 for 

all i,j. Although this is not the general case, we can obtain a qualitative description 

of the behavior of a general system from this specific example. In our case, the mean 

values of neuron states are all the same: < st- >=< 5 > for all i. In the equilibrium 

state, the temperature of the neural networks should be identical to the temperature 

of the demon. Therefore, the mean value of the final state is 

< S 1 -|_ e-2Ntu<a>/<Ed> ~ 1 (4.36) 

where N is the number of neurons. The average energy function becomes 

< H  > — — ̂  ^ > W { j  < S j  > ^ ' < S i  > i i  
» i • 

=  ~ ^ N 2 w  < s > 2 - < s > J 2  U .  (4.37) 
^ « 

Since our purpose is to obtain a qualitative understanding of the final state, a 

specific external input,i,-, does not have an important effect on our analysis. We 

assume all external inputs to be 0 for the sake of clarity. 

< H >= -l-N2w < s >2 (4.38) 

From the energy conservation property we have 

< H >  +  < E D  > = <  E i n i i i a ,  >  .  (4.39) 

From Eq. 4.28 and 4.38 we have 

- iN2w < S > 2  + <Y^Ed >=< Hinitial > + <J2 Ed,initial > • (4.40) 
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If /? is the number of demons, then 

\N 2W < S >2= /?(< Ed > - < Ed,initial >)- < Hinitial > . (4.41) 

Eq. .4.41 is graphically depicted in Fig. 4.6. The straight line corresponds to 

the right-hand side of Eq. 4.41, and the curve represents the left-hand side. The 

initial state is reflected on the straight line, and the final state is the intersection of 

the two graphs. From Fig. 4.6 we can expect the behavior of MCS to be as follows. 

First, if the intersection of the straight line and the x-axis is greater than the critical 

temperature, the final energy of HNN is '0'. The final temperature of the demon is 

the intersection of the straight line and the x-axis. Second, if this intersection is less 

than the critical temperature, the final energy of HNN is less than '0'. If the slope of 

the straight line (/?) is small, the final temperature is near the critical temperature. 

As grows larger, the final temperature is decreased. If /? is infinity, the behavior 

of MCS is the same as that of the Metropolis algorithm. 

4.4.2 Cooling Speed 

Since MFA is a sort of local search algorithm, the initial state influences the final 

solution. To remove the effect of the initial state, the initial temperature should be 

higher than the critical temperature. Even when the initial temperature is higher 

than the critical temperature, however, the rapid decrement in temperature also 

causes the solution to converge to the local optimal solution. Therefore, the change 

of temperature should be sufficiently small to maintain the following condition 

| < Si( T ' )  > - <  S i ( T )  > | < 6 (4.42) 

where < s,(!T) > is the state of the ith neuron at temperature T, and < Si( T ' )  > is 

the state of the iih neuron at temperature T', which is slightly smaller than T, and 

e is a small positive number. The condition of Eq. 4.42 , then is equivalent to the 

condition of the SA algorithm for maintaining the quasi equilibrium state. Next, we 
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Figure 4.6: Graphical Solution of the Equilibrium State 
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investigate the effects of the cooling speed on the number of iterations required to 

obtain a final solution. This is done for both MFA and MCMFA using the simple 

HNN described earlier: 

a) MFA : 

The change of state results in the change of energy. From Eq. 4.37, 

|A < H > | = |^iV2(u; < s > A < s > +(A < s >)2| (4.43) 

If we assume the change of state is small ( A  <  s  > < <  s  > )  w e  can neglect the 

second term of Eq. 4.43. Therefore, 

|A < H > | = |ijV2(u; < s> A <s >)|. (4.44) 
A 

The condition for maintaining a quasi equilibrium state, then, becomes: 

| A  < / / > | <  i . / V 2 w < s > e. (4.45) 

We define M as \ N 2 w  <  s  > e. Consequently, the condition can be written in a 

simple form, 

|A < H > | < M. (4.46) 

During the annealing process, the amount of energy change is different at each 

temperature : 

|A < H  >  |  =  f A T ( T ) .  (4.47) 

Here, the function /at(T) is determined by the structure of HNN. However, it is 

difficult to find the function /aT(T) by analyzing the structure of HNN. For our 

simple HNN, the /AT(T) function is shown in Fig. 4.7. For the case of uniform 

MFA, the cooling speed is determined by the maximum value of /at(^). If C is the 

maximum value of /AT(T), then, the condition of Eq. 4.42 becomes 

\A < H >max | = C\AT\ < M. (4.48) 
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Therefore, the amount of temperature decrement is and the total number of 

iterations is 
( 4 4 9 )  

where Tinmai is the initial temperature. 

b) MCMFA : 

From Eq. 4.39 we have 

AE = AH + 0AT. (4.50) 

Since C is the maximum of /at(!T), 

AE < AH + 7^A/7. (4.51) 
G 

To satisfy Eq. 4.42, 

|A£| < (1 + ^)|A < H >  | (4.52) 

and 

|AE| < (1 + ^)M. (4.53) 

Therefore, the decrement size of total energy should be (1 + q)M where number of 

iterations is 

l-^initia/ Efina{\ (•£'Dl«nilia/ ~f" -^iniita/) [Eujinal "I" Hfjnal) 

A E  ( 1  +  § ) M  
(4.54) 

(1 + §)M (1 + i)M' 

Since C /3 is the usual condition, 

|£inifia; — Ejinal \ _ /3Tjnitial !Ai/| 

AE M M 

fiTinitial . 1 

flTinitial + AH ^ 

+ (456) 
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A H 

Figure 4.7: The amount of computation for the annealing process. The amount of 
computation for MFA is the square enclosed by x = Tc and y = C. The amount of 
computation for MCMFA is the area enclosed by the function JAT(T) . The shaded 
area is the improvement in the amount of computation as a result of using MCMFA. 

The first term of Eq. 4.56 is smaller than CT$''al. Fig. 4.7 shows the difference 

between the second term of Eq. 4.56 and Eq. 4.49. CTimtia/corresponds to the area of 

the square enclosed by x = Tc and y = C. For the case of MCMFA, fkr{T)dT 

is the area enclosed by the function /AT{T ) ,  and as can be seen in Fig. 4.7, the 

improvement in the computation time is proportional to the shaded area. 

4.5 Simulation of Micro canonical Mean Field Annealing 

MCMFA is simulated with HNN consisting of 100 neurons and 100 edges. The 

initial energy of HNN is chosen to be l0\ and /3 is chosen to be '1'. The initial 

step is to examine the energy of HNN in such a way that, starting with an initial 
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temperature of 2, the temperature is decreased by 0.1 with each subsequent step. At 

each temperature visited, the state is updated until the HNN reaches the equilibrium 

state ( The energy of the equilibrium state at each temperature is examined and 

shown in Fig. 4.8 ). Since this is not the model of ferromagnetic material, the 

energy function is greater than that shown in Fig.4.6. However, the main features of 

both are quite similar to Fig. 4.6. 

The analysis of the previous section shows that HNN moves toward the equi

librium state, and that the temperature is changed as the state of the neuron is 

changed. The results of examining the movement toward the equilibrium state from 

five different initial temperatures are shown in Fig. 4.9 a. If the initial temperature 

is less than the critical value, the temperature will converge to some point near the 

critical value. If the initial temperature is '2', which is greater than the critical value, 

the temperature remains unchanged (see Fig. 4.6 ). 

Fig. 4.9 b shows the simulated effects of changing values when the initial energy 

of HNN is chosen to be '0' and the demon temperature is chosen to be '0.1'. If /? is 

relatively small, the final temperature converges to the critical temperature. As the 

value of (3 increases, the convergent temperature decreases. This simulation result 

confirms the analytical result derived in the previous section. 

Fig. 4.10a shows the change in temperature as a function of time during the 

cooling process. As can be seen, MCMFA adapts the cooling speed as the temper

ature undergoes an initial drop below the critical temperature, but then increase to 

approximately match the critical value for a short interval before finally beginning 

a gradual decrease. The closer the temperature gets to the critical temperature, 

the slower the cooling speed, while movement toward '0' results in an increase of 

the cooling speed. Fig. 4.10b shows the change of temperature as a function of 

time when the initial temperature is less than the critical temperature. As can be 

seen, the temperature increases up to the critical value and then it goes down to '0'. 

Therefore, the effect of choosing an initial temperature disappears as a result of this 

adaptation process, and MCMFA avoids convergence to a local minimum. 
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CHAPTER 5 

SOLVING OPTIMIZATION PROBLEMS USING 

MICROCANONICAL MEAN FIELD ANNEALING 

In this chapter we estimate the performance of the proposed algorithm (MCMFA) by 

measuring its convergence speed and the quality of the solution obtained. We apply 

MCMFA to three typical optimization problems, namely, the graph bipartitioning 

problem(GBP), the traveling salesman problem(TSP), and the weighted matching 

problem(WMP). We then compare the results with those obtained by MFA. 

5.1 The Graph Bipartitioning Problem 

If we have a graph with p nodes and q edges, the GBP is finding two partitions of 

the given graph such that each partition contains the same number of nodes while 

the edges crossing these two partitions is minimal [12]. 

5.1.1 The Energy Function 

To solve the GBP, HNN should have the same number of neurons as nodes in the 

given graph. If s,- is the state of neuron i, sf1 means that node i is included in one 

partition, while s,"1 means that node i is included in the other partition. C,j, then, 

represents the edge joining node i and j (i.e. C,j = 1 if node i and j are connected). 

Otherwise, C,j = 0 . The energy function for GBP is then defined as the summation 

of two terms. 

« = 'E»i)! + (EECsWi) (5.57) 
• » j>i 
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The first term states that the number of nodes in each partition should be the same. 

The second term corresponds to the number of edges crossing the two partitions. 

The minimum value of the energy function does not always mean that two terms 

in the energy function are minimized at the same time. Therefore, the first term is 

often not '0' ( i.e., the number of nodes in the two partitions is not the same). If 

large r is selected, the final solution tends to minimize the first term more strictly. 

However, too large an r causes the second term to be insufficiently small ( i.e. there 

are unnecessary edges crossing between the two partitions ). Careful selection of r 

is therefore required for a good result. If we multiply the equation, we get 

H = rN-Y, £(£.•; - 2r ) s i s j  (5.58) 
• J>» 

where N is the number of nodes in the graph. Therefore, the weight for the graph 

bipartitioning problem should be set to Wij = Cij — 2r. Since rN is constant, we 

check £;> i(Cij — 2r)sisj for the quality of the final solution. 

5.1.2 Simulation Results 

In the simulation we used 100 neurons and 100 randomly generated edges. We tried 

this problem 100 times with different interconnections, and averaged the results. The 

details of the cooling schedule are as follows: 

M F A  :  The cooling process starts with an initial temperature '2', which is well 

above the critical value and ends at '0'. A neuron is then selected and its state is up

dated by Eq. 4.34. After the state of the neuron has been updated, the temperature 

is decreased by small a amount a. 

T = T — a (5.59) 

In general, the convergence speed and the quality of the solution depend on a. 

Therefore, we tried various a values. 
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M C M F A  : The initial temperature and the end condition are the same as those 

of MFA. However, Eq. 4.35 is used for the cooling schedule instead of Eq. 5.59. 

We then started with (3initial = 0.1, and increased it exponentially following the 

algorithm. 

f3 = ea initial. (5.60) 

In order to examine the effect of the initial temperature, MFA and MCMFA 

were executed with various initial temperatures from 0.1 to 2.0. To investigate the 

performance, the quality of the solution and convergence speed were examined. We 

observed £« — 2r)s,sj for the quality of the final solution and the number 

of iterations for the convergence speed. Fig. 5.11 shows the effects of the initial 

temperature on the final solution, which are very similar for both algorithms when the 

initial temperature is higher than 1.5, the critical value. As the initial temperature 

decreases below the critical temperature, the solution quality of MFA becomes poor. 

The difference in the energy function between T = 1.5 and T = 0.3 is about 2.0. 

The solution quality of MCMFA on the other hand experiences no degradation even 

when the initial temperature is less than the critical temperature, thus showing that 

the solution quality of MCMFA is not affected by the initial temperature. 

Next, we examined the quality of solution vs. the convergence speed. Fig. 5.12 

shows that MCMFA produces better solutions than MFA with fewer iterations. To 

reduce the energy of HNN to 42.0, MCMFA needs about 1400 iterations while MFA 

requires more than 2000 iterations. For 43.0, MCMFA requires about 3000 iterations 

and MFA requires 5000 iterations. 

5.2 The Traveling Salesman Problem 

The traveling salesman problem(TSP) is probably the best known among the opti

mization problems. If we have a distribution of cities which should be visited by a 

salesman, TSP consists of finding a minimal tour that permits the salesman to visit 
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each city once, and then return to the starting point. 

5.2.1 The Energy Function 

To solve TSP with HNN, the energy function has to be formulated like GBP. However, 

in this case the state of a neuron is assigned to 1 or 0 instead of +1 or -1. To support 

the 1/0 neuron, the update rule of Eq. 4.34 is changed to 

<*> =
1 + e -< / .> / r -  < 5 ' 6 I >  

We chose neuron nta to represent possible solutions: nlo = 1 if and only if city i is 

the ATH stop on the tour. Therefore, there are N2 neurons in all. There are several 

formulations for the energy function for the TSP, however, we chose the following 

energy function. 

H  =  +  i )  +  ̂ E ( 1 - 2] n «) 2  +  l I ( 1 - ]C n « , ») 2 ] -  ( 5 - 6 2 )  
Z ij,a Z o i t a 

In this equation the first term corresponds to the total tour length. The second 

term is the constraint that each city appears only once on the tour, while the third 

term states that each stop on the tour is at just one city. Weighting of the constraint 

terms was achieved by use of a constraint r. 

5.2.2 Simulation Results 

A 10 city problem is solved by MFA and MCMFA. The distribution of the cities is 

randomly generated over a 10x10 square. Both algorithms are executed 100 times 

with different distributions. The percentage of valid tours and the average length of 

a valid tour over 100 executions are found. The cooling schedule is similar to the 

one used for GBP. 

In order to investigate the effect of the initial temperature, both algorithms were 

executed with various initial temperatures. Fig. 5.13(a) shows the percentage of 

valid tours, while Fig. 5.13(b) shows the average length of a valid tour. MCMFA 
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can then be seen to produce a higher percentage of valid tours than MFA regardless of 

the initial temperature. In addition, the percentage is not degraded with a decrease 

of the initial temperature, while The percentage of valid tours produced by MFA is 

severely degraded as the initial temperature decreases to less than 4. In Fig. 5.13(b), 

the difference in average length is not as large as the difference in the percentage 

of valid tours. This is because tour length is only averaged over valid tours. For 

MCMFA, the average tour length is not affected by the initial temperature so that 

a distance of about 31 is maintained throughout the temperature variation. On 

the other hand, the length produced by MFA begins to increase at an approximate 

temperature of 3. With an initial temperature of 1, the average length is almost 1.5 

times longer than with a high initial temperature. 

The next simulation compares the relationship between the cooling speed and the 

quality of the solution. The initial temperature is chosen to be 3.0 and the result is 

shown in Fig. 5.14. For both algorithms, the quality of the solution becomes better 

as the number of iterations is increased. Fig. 5.14(a) shows the percentage of valid 

tours. MCMFA produces a higher percentage of valid tours throughout the graph. 

As the cooling speed is decreased, both algorithms produce a higher percentage of 

valid tours. At about 20000 iterations, the percentage increase of MCMFA becomes 

saturated. The percentage of valid tours near 50000 is 90 percent. From Fig 9 a, 

we note that the performance of MFA becomes saturated near 20000 iterations with 

a percentage of valid tours of 55. The percentage produced by MCMFA, however, 

is almost twice as large as that of MFA ( see Fig. 5.14(b) for the average length of 

valid tours vs. the number of iterations). 

5.3 The Weighted Matching Problem 

Our final application is the weighted matching problem. Given a set of N points with 

a known distance between each ij pair, the problem is to link the points together 

in pairs with each point linked to exactly one other point so as to minimize the total 

length of the links. 
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5.3.1 The Energy Function 

We assign a unit n,j,i < j ,  to each pair of sites in the problem, N ( N  — l)/2 units 

in all. Each candidate solution of the problem corresponds to a state of the network 

with riij = 1 if there is a link connecting point i and point j , but n,j = 0 if there is 

not. Our problem is to find a way of specifying the values of the connection strengths 

Wijtki between the units [12]. We have to minimize the total length of the links 

L = Y1 dann (5-63) 
«<? 

subject to 

= 1 for all i. (5.64) 
j 

This constraint states that each point should be connected to exactly one other 

point. We define = rij; when j < i and take n,-,- = 0 

5.3.2 Simulation Results 

The WMP was solved by MFA and MCMFA and the results were compared. We 

tried a 10 point problem and used a network of 45 neurons. The cooling strategy 

used was similar to those used for solving the GBP and the TSP. We tried various 

initial temperatures ranging from 0.25 to 2.0, and show the results in Fig. 5.15. 

Fig. 5.15(a) shows the percentage of valid solutions each of which indicates that 

each point is connected to other point exactly once. MCMFA produces a higher 

percentage of valid solution than MFA. In addition, MCMFA is not affected by 

the initial temperature. Fig. 5.15(b), which shows the average distance of a valid 

solution, indicates MFA produces better solution in this case, but this is because the 

distance is averaged over the number of valid solutions. 
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CHAPTER 6 

CONCLUSIONS 

Mean field annealing(MFA) is an algorithm that combines features of the simulated 

annealing(SA) algorithm and the Hopfield neural network(HNN). MFA produces 

SA-like solutions with a convergence rate similar to the one exhibited by neural 

networks. However, the final solution produced by MFA depends on the careful 

choice of three major parameters: the initial temperature, the cooling speed, and 

the final temperature. In this research an algorithm for eliminating the effects of the 

above parameters is considered. 

In order to reduce the computation time of MFA, and to eliminate the effect of 

the initial temperature on the final solution, a new algorithm called microcanonical 

mean field annealing(MCMFA) is proposed. MCMFA combines the properties of 

microcanonical simulation(MCS) with those of MFA such that the cooling speed can 

be scheduled adaptively during the annealing process. MCMFA raises the tempera

ture to the critical temperature if the initial temperature is lower than the critical 

one. Therefore, the initial temperature does not effect the solution quality produced 

by MCMFA. In addition, unlike MFA, MCMFA increases the cooling speed at the 

temperature where computation makes little contribution to the final solution. Con

sequently, MCMFA produces a far better quality of the final solution than MFA with 

equal amounts of computation. 

We applied the proposed algorithm to three problems, namely, the graph bipar-

titioning problem(GBP), the traveling salesman problem(TSP), and the weighted 

matching problem(WMP). These problems are typical optimization problems which 

have rich applications. Therefore, an algorithm suitable for these problems can be 
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applied to a lot of practical engineering problems. For example, since TSP is an 

typical NP-complete problem, a heuristic for TSP can be applied to any other NP-

complete problem. In addition, many problems in CAD and network flows, such as 

routing through congestion, can be solved by applying these problems. 

These problems are also solved by MFA and the convergence speed and the quality 

of the solution were compared. The results clearly indicate that MCMFA provides 

better quality and a faster convergence speed than MFA. Furthermore, the problem 

of choosing the initial temperature is solved in MCMFA. 

Future work will include an improvement of the algorithm and an implementation 

in hardware. To do so, the property of the final temperature will be analyzed. An 

adequate choice of the final temperature based on the analysis will further reduce the 

computation amount of MCMFA. Various heuristics will be also examined to reduce 

the computation amount. In order to implement MCMFA in hardware, mapping 

the algorithm on standard multiprocessor will be investigated. In addition, a new 

architecture which is suitable to MCMFA will be also considered. 
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