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ABSTRACT 

Unsteady flow through an earthen dam has been investigated using the 

Boundary Element Method in which the upstream reservoir level may vary in 

a cyclic manner. The seepage surface at the upstream face is included in the 

computer model when the water level drops in the upstream reservoir. The use of 

this model has been illustrated by studying the variation of the phreatic surface in 

a beach along the Colorado river in the Grand Canyon. The potentials at various 

internal points are also calculated and compared with those measured in the field. 

Very good agreement is obtained between the results using the Boundary Element 

Method and field data. 
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CHAPTER 1 

INTRODUCTION 

Analysis of unsteady flow in an earthen dam including the pressure or po

tential variation within the dam is very important for the design of the earthen 

dam. Earthen dams are used to protect the land in the regions where the water 

levels may rise and fall in a cyclic manner [1]. Repeated rising and falling of up

stream water level causes large variations of pressure and stress inside the dam. 

Since, soil is a non linear material, repeated variation of pressure or stress (from 

high pressure to low pressure) leads to an increase of total deformation within the 

soil mass after each cycle [2], which may ultimately cause the failure of the earthen 

dam. The principal causes of dam failure are surface erosion, piping and sliding 

within the dam or foundation. 

Determination of pressure variation inside the earthen dam for unsteady 

flow can be performed physically, analytically and numerically. But the physical 

method is time consuming, expensive and laborious and sometimes it is not possi

ble to obtain accurate data because of human error, weather condition etc. Exact 

analytical solutions for unsteady flow are difficult to obtain. So, with the avail

ability of high speed computers, numerical solutions have been developed by using 

different numerical methods. In the early stage, the finite difference method was 

used extensively to solve problems dealing with flow through porous media. But 
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for unsteady flow, the use of finite difference method is not widely used because 

of its limitation to geometrical adjustment and to apply boundary conditions to 

the geometry and its complexity in dealing with nonhomogeneous and anisotropic 

media. 

The finite element method was developed and is now replacing the finite d-

ifference method as the dominant technique. This method has several advantages, 

such as ease of conforming to the physical geometry and ease of applying bound

ary conditions. Variable grid spacing can be used and universal programs can be 

written to apply to any geometry and to a large number of physically different 

situations. But there are some disadvantages in the finite element method. The 

primary disadvantages are the time consuming data input of the grid and long 

computing time, especially for complex problems and three-dimensional problems 

because of large number of nodes. Lately the boundary element method has been 

developed as an alternative. The advantages of the boundary element method over 

finite element method are: 

1. Boundary element method is a direct method because the governing dif

ferential equation or differential operator is solved exactly and all the ap

proximation is confined to the boundary. This method is also known as 

inverse method because in this method the functions which are considered, 

identically satisfy the governing equations in the domain and approximate

ly satisfy the boundary conditions. So, the main concern is to choose the 

boundary element such that the variables are approximated accurately on 

the boundary which can be made from one's physical knowledge of the prob

lem. In contrast, in finite element method, the assumed functions satisfy the 



boundary conditions and are approximated in the domain, i.e., not satisfying 

exactly the governing equation. 

2. In case of unsteady flow, the following Laplace equation with appropriate 

boundary conditions is used in the boundary element method: 

, d26 d2<b d2(b , x 
V * = ^  +  ̂ + 8 ? = °  < " >  

which is simple and independent of time and physical constants such as 

hydraulic conductivity and specific storage. In the finite element method, 

the following Poisson equation is used: 

V721 d2<t> , d2<f> , se M 

(1 ' 

which accounts for physical constants such as specific storage se, hydraulic 

conductivity, k and is time dependent. Thus the equation and the algorithm 

process in finite element method for unsteady flow through an earthen dam 

is more complicated than in the boundary element method. 

3. The Boundary element method requires less time-consuming data input 

and shorter computing time than the finite element method, especially for 

complex and three-dimensional problems, because the boundary element 

method needs line integration for two-dimensional and surface integration 

for three-dimensional problems. In contrast, the finite element method re

quires volume discretization for three-dimensional and area discretization 

for two-dimensional problems. 

4. In the case of flow through an earthen dam, by using the boundary element 

method, it is possible to apply the boundary conditions at the seepage face 
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directly to the boundary. In the finite element method approximations are 

used to handle the seepage surface e.g an arbitrary area is assumed such 

that the phreatic surface meets the reservoir directly [3,4] or impervious 

boundary condition (no flow through the seepage surface) is assumed [5,6]. 

It is clear from the above discussion, that a very good solution can be 

obtained for unsteady flow through an earthen dam using the boundary element 

method. The analysis of steady and unsteady flow through an eaxthen dam has 

been studied by Liggett [7,8] using boundary element method. In his study, for 

unsteady flow the first model is investigated assuming sudden drawdown from a 

high water level to a lower water level at the downstream face. In his second model 

it is considered that the water level on the upstream face can rise with time, but 

the water level cannot decrease since there is no provision for seepage surface on 

the upstream face. 

In this study, considering the real situation in the field where water level on 

the upstream face can rise and fall, unsteady flow through an earthen dam has been 

analyzed including the seepage surface on the upstream side. Thus, the objectives 

of this study are: 

1. To develop a computer model for unsteady flow through an earthen dam by 

using boundary element method which accounts for rising and falling of the 

water level on the upstream face. 

2. To apply this model to a field situation and compare the results of this 

model with the measured data. 
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BOUNDARY ELEMENT METHOD 

2.1 General 

The boundary element method is one of several numerical methods of anal

ysis for the solution of flow through porous media, whose governing equation is the 

classical Laplace equation. This method uses integral equations that axe obtained 

from the transformation of the basic partial differential equation describing the 

behavior of the unknown variable on the boundary. Thus in this method, only 

the boundary needs to be discretized. The variables at internal points are then 

calculated from the boundary solution. Since all numerical approximations take 

place at the boundaries, the dimensionality of the problem (line integration for two-

dimensional and surface integration for three-dimensional problem) is reduced by 

one and a smaller system of equations is obtained in comparison with those deter

mined through other methods e.g finite element method, with sufficient accuracy. 

The integral equation represents a relationship between the unknown (potential for 

fluid flow) and the source density or free space Green's function. The Green func

tion is the potential for three-dimensional problems or the logarithmic potential 

for two-dimensional problems and is called the fundamental solution to Laplace's 

equation. To find the unknowns on the boundary, the boundary is discretized into 

a series of small segments. The discretized equation is applied successively to all 

the nodes in the network, and the influence coefficients are computed. This results 
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in a system of linear algebraic equations which can be readily solved. The govern

ing boundary integral equations for two-dimensional free surface flow problems are 

presented in the following section. 

2.2 Integral Equations for 2-D flow problem 

The expression of continuity in a two-dimensional plane can be written in 

terms of the divergence theorem as: 

/ (V • v)dA = f vndS (2.1) 
Jd JQ 

Where V is the vector operator, v  is any differentiable vector, D is the domain of 

integration, 17 is the boundary of D and n is the unit outward normal to D on 0. 

If we take v as UVW or W"VU, where U and W are two functions, twice 

differentiable in D, such that the Equation 2.1 can be written as 

J (uv2w - WV2U^ dA = j (uvw - WWU^j • ndS (2.2) 

The above equation is Green's second identity. Substituting VW • n = 4^ and 

Vi7 • n = the above equation follows 

j„ {uv*w - wv*u)dA - Ja (ut - w9£ )dS (23) 

In Equation 2.3, U & W are chosen such that they satisfy Laplace's equation, i.e., 

V2(7 = V2W = 0. Then the Equation 2.3 becomes as [8] 

/,( 
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In the case of the potential problem, U is chosen as a velocity potential, <j>, and W 

is chosen as a 'free space Green's function' which satisfies V2W = 0 everywhere in 

D except at the source point P as shown in Figure 2.1 where it becomes infinity. 

For two-dimensional problems, the free space green function, W is chosen [9] as 

W = ln(r) (2.5) 

in which r is the distance between the source point P inside the boundary and the 

field point Q on the boundary as shown in Figure 2.1. In order to apply Equation 

2.4 to find the potential at P, the point P is excluded by a small circle of radius r0 

to avoid the singularity. Thus the integral Equation 2.4 follows as 

I_ln(r)^) iS+J," ln{r°)^) iS=0 (2-6) 

Upon applying the limit to the second integral of Equation 2.6, it follows 

limTo^o J ^ ~ ln(ro)^jrod0 = -2ir(f>(P) (2.7) 

Since, 

and 

limro-,0ln(ro)ro = 0 (2.8a) 

dln(r) 1 dr 1 1 . . 
= r = r '= " ^ 

around the circle a. 

Equation 2.6 can be written as 

2TT^(P) = jf - ln(r)WMyS (2.9) 
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Figure 2.1. Domain D surrounded by the boundary curve T and the singular point 
P is separated from D by the circle a 
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To find the potential inside the boundary, <j> and must be known every

where on the boundary. Since, both <j) and ^ are not all known, the point P is 

moved to the boundary to complete the boundary data as shown in Figure 2.2. 

The same consideration holds as before except that the integration as indicated 

in Equation 2.9 takes place over an angle which is less than 2ir. Therefore, the 

Equation 2.9 is need to be modified as 

^(P) = /r(r|- ,"(r)S)' iS (2'10) 

In which c is the angle between the boundary segment at P as shown in Figure 

2.2 and is equal to 2tx for an internal point. As shown in Figure 2.3, the boundary 

data is completed by discretizing the boundary and considering the representative 

source point as (i) and field points as (j, j+1). 

If N is the total number of elements and nodes for a closed boundary, for each 

source point i, an equation which relates <f> and over all elements is obtained. 

In that case from Equation 2.10 it can be written as 

^(i) = /r(r|-,"(r)i)'ir = S/au"+' (7£-'"(r)^)& (211) 

Assuming a linear variation of potential and its normal derivatives between the 

nodes in the element such that 

I "I" / J OJ . Of Of i j  ,  /n i n \ 
</> = - (fij H <f>j+i (2.12a) 

li lj 
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P 

Figure 2.2. Point P on the boundary where the boundary contour forms an angle 
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and from Figure 2.3 

£ = c os6=-^  
on ri.a 

(2.12c) 

Then the Equation 2.11 becomes 

/(j) Qr r* (&-*•*)*•-r*s aij + Ij — a a — a 

h  
H ; </>j+i 

h  
da 

rctij+lj 
/ ln(r ia) 

J ota 

or 

A\ij<f>j + A2ij<f>j+i 

dij + Ij — a / a  —  a , j  /  

lj \dTi J j Ij \^dTi J j_|_i 

d<j> 

- m -
B 2  i j  

\ 9n, 

da (2.13) 

(2.14) 
i+i 

where, for non singular case ( j  ̂  i  —  1 or j  ̂  i )  

A-,- - — — (cti 
ra>) +'; 1 /•».. aij+lj a 

.« ft + "2 
da (2.15a) 

or 

Aiij — 
ajj + /j 

/,• 
ian" -l /

a'j + h  4 -1 I "U — tan 
_ Pij lnPfj + a'i + 'j" 

2 h  f t ,  + "?j 
(2.156) 

a.. fHi+h a ft.. r^ij+'i i 

A 2 i i = t L  w ^ d a  ( 2 1 6 o )  

aij+/j J 

or 

4 .. — a ' i  A2H — —:— *-2 i j  
h  

tan-i (SLiLtli\ _ tan-i (a*i\ 
V  Pi )  J  \  Pij  J  .  

, P>j i Pij+a>j + li2 ,n 1/?IA 

+ 20^+4 (2'166) 
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n - .  +  l -  r a i j + h  i rai+h 
B u j  = —- I l n { r i a ) d a  —  —  I a l n { r i a ) d a  (2.17a) 

h Jan h Jciii 

or 

B u j  -  Q'^+ lj a t i j l n + /j|zn(ri,j+i) - 1 j + jian 1 

— t a n '  1 (fj)}]- [r?j+i (2,n(ri-i+i) -x) - *<•> (2in(ri'>) _ 0. ' (2.176) 

, , .ce — a,-,-
J52ij = / Inyria)—-—J-

Jaij lj 
da (2.18a) 

or 

n — &2i j  ~  T-

— t a n  -l 

h  

if)} 

aij/n^J+1 + ^|/n(r,iJ+i) - 1 j + fai^tcm 1 ^ 

ri,j+i (2/n(r»,j+i) - - r-j ̂ 2/n(ri,,-) - 1^ 
4/,-

(2.186) 

and for singular case (j=i and j=i-l) as shown in Figure 2.4 

- l j n{r)%>{~dr)~L''n(r)^dr 
(2.19) 

Since r is perpendicular to n, |^ = 0 for both elements (i-1, i) and also 

lirrir-to^§fi = 0, first two integrals of the equation are vanished. Thus Equation 

2.19 becomes 
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i  

- x 

Figure 2.4. coordinate system (Singular case) 
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J" ln^iLdr+1' '"«fH = - i " Th'n{r) (i£)dr 

- f Hir'n{r) (^)i
dr - £ tln(r) (a)HI * 

" i ' n r ' " ( r ) ( i ) 1 ' ! r  ( 2 - 2 0 " )  

or 

-.1' t , n { r ) ^ d r + l ' ' n l r ) ^ i r } = -¥ ( 2 , n ( k - ' ) - 1 }  

-¥K'>-3) (^L-H2"®-3) (£), 
(2.206) 

Therefore, 

j  —  i  1, A i i j  =  A - 2 i j  = 0; B u j  = ^ 2 l n ( l j )  —  1^;  - 0 2 i j  =  ^2l n ( l j )  3^ 

(2.21) 

j  =  i - >  - A - H j  = A . 2 i j  = 0; B u j  = — ^ 2 l n ( l j )  — 3^; -02 ij = — ^2 l n { l j }  —  1^ 

(2.22) 

Finally, Equation 2.11 can be written as, 

I>«fc = X>>(fO (2-23) 
J=1 J=1 V0 / j 

Where, L{j = A2tj (previous element) + Auj (following element) - SijCi and Rij = 

B2ij (previous element) + Buj (following element) in which <5,;- = 0 for i ^ j and 

6jj = 1 for i = j. By moving the source point around the boundary, i.e., i = 1 to 

N, the following matrix equation is obtained 

[£H« = [*l{^} (2.24) 
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where 

T  
{0} = 

and 

{ d l \ = \ f d l \  m \  [ d f \  
\ d n j  \  d n  J 1 '  \  d n  J 2  '  " \ d r a j  N 

Out of 2N values for </> & , N values will be known from the boundary 

conditions for a given problem. Equation 2.24 can then be solved for the other N 

values and Equation 2.9 can be used to calculate the potential at internal points. 

The boundary conditions as required for the solution of the N values are as follows. 

Along the upstream and downstream reservoir surface, potentials are given 

by 

<j>=h! (2.25) 

<t>=h2 (2.26) 

Where h\ and are equal to the heights of the water level of the upstream and 

downstream reservoirs respectively (Dirichlet condition). For impervious layer, 

normal derivative of the potential is zero i.e. 

I =0 <2-27> 
This means there is no flow through impervious layer (Neuman condition). Along 

seepage surface, potential is equal to the vertical elevation, y, i.e. 

<i> = y (2.28) 

For unsteady flow, the boundary condition of the free surface is 

<t> = r] (2.29) 
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Where rj .represents the vertical location of the free surface which is a function of 

horizontal distance, x and the time ,t. But for porous media, since the free surface 

is a material surface, the rate of change of the position of the free surface is equal 

to vertical velocity on the free surface, i.e. 

- | j  +  £ - V ( s - » / )  =  0  ( 2 - 3 0 )  
at n 

In which q is the specific discharge and n is the porosity. If the unit vector is 

defined as 
„  _  V ( z - r t )  

U Mz- r , ) \  

the above equation can be written in 

drj _ ( 

dt i 

Substituting 

M z - V ) \  

and 

Q 

the above equation follows 

dr) _ k 
dt n 

or 
dr) _ k 
dt n 

the following form. 

- • n|V(z - rj)\ (2.31) 

2n 

= -kV<t> 

+ (5)1 V<t> • h (2.32) 

1 + (D1 
2 d(f> 

dn 
(2.33) 

Assuming a dimensionless time, to such that 
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where t is the real time, k is the hydraulic conductivity and L is the characteristic 

length scale, then the Equation 2.33 becomes 

dr] 
dt 

1 + (Dl d<f> 

dn 

or 

(2.34) 

(2.35) 

Where /? is the angle between the free surface profile and the x-axis as shown in 

Figure 2.5, such that = —tan/3 and <j> = rj. Alternately the Equation 2.33 can 

be written as 
d<f> (?l) =_J_ 

\ d t )  x  c o s i  
(2.36) 

cos/3 dn 

In finite difference form using a weighting factor of 8 for t + At, the Equation 2.36 

is as follows 

or 

— <l>t 

At 

— 4>t 

cos/3 [e{sn)nA, + (1 e){snJ,l 
(2.37) 

(2.38) 

Equation 2.38 indicates that, if (f> and is known at time t then <j> and can be 

computed at time t + At on the free surface. 

As mentioned earlier, the potential for internal point is calculated from 

Equation 2.9 which, for c = 2n, becomes as 

*"*' = /r(rtr'"Wf)'i5 (239) 



25 

cosfi dn 

Figure 2.5. Boundary conditions for an unsteady state flow through an earthen 
dam 
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where i is the internal point as shown in Figure 2.6. And the derivatives of the 

potential in x and y directions are as follows 

ds (2.40) 

d y ) i  2 7 r  7 r  d y \ r d n )  d n d y \  )  
ds 

Finally, upon integration, Equation 2.40 and 2.41 becomes 

N 
=-! 

dx ) .• 2ir 
Y + Axjl<j)j+1 + Bxj I — j + Bxji I J 
j=i J i+i 

(2.41) 

(2.42) 

?£\ = — 
dy)i 2tr 

N 

Y  A y j ^ i  +  +  B y i  +  B (  
d f \  

d n ) j + 1  j  

where 

(2.43) 

+ 

A x j  =  -  j  ( < * i j  +  I  j o c o s e  -  P i j s i n e  |  ( ^ 2 ^ -  -

r, {("" + l')s m e + ~  n j ) +  

«} (2.44) 
C O S 0 (  _ ! a i j  +  l j  .  

—-—< tan ———-—tan 
h  I  P i j  

Axji = |aijeosO - f3ijsin()\ f \-
h I J \ri,j+i ri,i 

- j - U i j s i n d  +  P l e a s e | (^-77^- -
I J \ ri,}+1 '>,] J h r*,j 

-1 aij 1 

Nl 

COS0 ( -1 aij + lj . -
H—;— < tan ———- — tan 

h I 
(2.45) 



Figure 2.5. Definition sketch for the interior solution 
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—sin6 + ̂ i-cos6lnr,''+1 + —sinditan 1 ° t%^ ̂  tan (2.50) 
h  r i , j  h  \  P i j  P a  J  

By j \  = — cosoftan-1 ^ 
l j  I  r i t j  V  P i j  P i j J )  

+sinQ — ^i-cos6ln''•?+1 — sindi tan~ l  —^—-^-tan-1^-^ (2.51) 
h  r i t j  l j  V  N  P i j J  

In the above expressions, rtJ-, r i j + i ,  f c j ,  a t { j  and l j  are evaluated from 

coordinates (Xi,yi), (Xj,yj), (zj+i, j/j+i) as follows 

r . - j + i  =  ( z y + i  - X i ) - p  +  ( y j + i  —  y i )  •  q  

or 

r',i+1 = [C^j+1 - X i f  -  ( y H  1 -  y,)2] 

r ' , j  ( x j  - X i ) - p  +  ( y j  -  y { )  •  q  

or 

r>j = [0; - *02 - ( y j  -  y i ) 2 } 2 

l j  =  [ ( . T i + i  -  X j ) 2  +  ( y i + 1  -  y j ) 2 } 1  

^ _ yj+1 ~ yj xj+1 ~_ -
lj lj 

P  =  - n  =  - V j + 1  ~ V j  - p +  X j + 1  ~  •  q  
h h 

&  _  X j + 1  -  X j  y j + 1  -  y j  _  .  

h h 
- _ («> - g»)(gj+i - yj) _ (yj - y«)(a:j+i - »>) 

lj lj 

( X j  -  x i ) ( x j + 1 - X j )  ( y j  -  y»)(yj+i -  y j )  

l j  +  l j  

P i j  =  r i , j  •  n  =  

otij = r. j • a - —- r1 — + 

The above equations are used while developing a computer program for 

analysing unsteady flow through an earthen dam. 
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CHAPTER 3 

NUMERICAL MODEL 

The boundary integral method as discussed in the previous chapter has been 

. used in this study to investigate the flow through an earthen dam. The provision for 

both rising and falling of upstream water level is considered in this study. In reality, 

in the case of falling head, a seepage surface, as shown in Figure 3.1, is developed 

at the upstream reservoir. Realizing this fact, a seepage surface provision at the 

upstream face has been implemented in the computer model. The algorithm of this 

model is described in the following 

For a typical stage variation (Figure 3.1), when the upstream water level 

starts falling, this model considers seepage surface on the upstream boundary. 

Since additional seepage points are introduced to account for the seepage surface, 

the number of points on the boundary is more than the number of points on the 

boundary in the case of rising reservoir level as shown in Figure 3.2. The extent of 

the seepage surface increases continuously with the falling of the upstream water 

level. When the upstream water level starts rising from the point of lowest water 

level of a typical cycle, the extent of the seepage surface decreases. In the course 

of further rising, the magnitude of the seepage surface will becomes negligible 

(tolerance limit 0.01) at some time. When that happens all the seepage nodes are 

eliminated and the initial number of nodes in the model (no seepage surface at 
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Figure 3.1. Number of nodes during falling of reservoir level 
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5Z. 

Figure 3.2. Number of nodes during rising of reservoir level 
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upstream) is obtained. Thus renumbering of the boundary nodes is necessary 

depending on the existence of seepage face at the upstream reservoir during any 

typical cycle of water level variation. 

Two subroutines are developed in the computer program to include the 

seepage surface model at the upstream reservoir. The first subroutine determines 

whether a seepage surface exists. The second subroutine is used to renumber the 

nodes including specification of the type (code) of nodes (free surface node, seepage 

surface node etc.). The application of this model in analyzing a sample problem is 

presented in the following chapter. 
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CHAPTER 4 

RESULTS OF APPLICATION AND DISCUSSION 

4.1 General 

A computer program was developed by the author using the integral equa

tions as presented in Chapter 2. As mentioned in Chapter 3, the provision for 

seepage face at the upstream reservoir side is implemented in the computer pro

gram. Thus the program is capable of handling unsteady flow with falling head. 

The program is then used to show the application of BEM for solving potential 

problem such as a Colorado river beach at Grand Canyon where the boundary pres

sure and internal pressure variation at different points are determined due to the 

variation of upstream water levels. The results of these analyses are then compaxed 

with the available field results. 

4.2 Beach model 

To illustrate the use of this program, a beach along the Colorado river is 

analysed to determine the pressure or potential variation at phreatic surface and 

internal pressure at different points. Figure 4.1 shows the profile of a sandy beach 

along the Colorado river in the Grand Canyon. The corresponding numerical model 

of the beach considered for this study is shown in Figure 4.2. The beach has slopes 

of 1:6 and 1:1.5 at the upstream and downstream sides respectively. It is assumed 
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Figure 4.1. Profile of Grand Canyon beach 
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Figure 4.2. Beach model as used in this study for BEM analysis 



that, there is an impervious layer of 110 meters in length at an elevation of 66 

meters, and a constant head on the downstream side which is always equal to the 

lowest level of the upstream head for any type of stage variation. All these analyses 

are performed for two different five-days stage variation as observed in the Colorado 

river. These stage variations (Flow E & Flow G) are shown in Figures 4.3 and 4.4. 

The values for the hydraulic conductivity, k and the porosity, n, are considered to 

be 0.823m/hr. and 0.43 respectively. 

4.3 Results and Discussion 

4.3.1 Variation of phreatic surface within beach 

The variation of the phreatic surface within the beach during a typical cycle 

is presented in Figure 4.5 and Figure 4.6 for the Flow E and Flow G respectively. 

As can be seen from Figure 4.5 when the upstream water level goes to the highest 

point of the cycle of stage variation, the phreatic surface rises accordingly on the 

upstream side. But there is no change of phreatic surface at the downstream side. 

On the other hand, when the upstream water level is at the lowest point of the 

cycle, the part of the phreatic surface is higher than that of the upstream water 

level. This is due to the slow movement of the water inside the dam than compared 

with that of the water level in the river. Thus between the river water level and the 

phreatic surface, a seepage face is formed. Upon rising from the lowest level, (Figure 

4.5) this seepage face still exists but the extent of the seepage face is reduced as 

the phreatic surface shows a tendency to fall (downward direction of flow of water 

on the phreatic surface). At one moment, the water level of the upstream reservoir 

and the phreatic surface becomes same and the existence of the seepage surface is 

eliminated. After that the phreatic surface rises with the rising of upstream water 
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Figure 4.3. Stage variation in Colorado river (Flow E) 
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Figure 4.4. Stage variation in Colorado river (Row G) 
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Figure 4.5. Phreatic surface variation within beach (Flow E) 
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Figure 4.6. Ftireatic surfoce variation within beach (Flow G) 



level. But the position of the phreatic surface near the downstream face remains 

same as before. This behavior of the phreatic surface indicates that the pressure 

variation of the phreatic surface occurs significantly in the region near the river. 

In the case, as shown in Figure 4.6 (Flow G), when the rate of falling of 

the upstream water level is lower than that of the phreatic surface, the extent of 

the seepage surface is reduced such that at one moment both the upstream water 

level and the phreatic surface reaches on the same level during the course of falling. 

After that both the level falls simultaneously such that there is no gap between 

them up to the lowest point of the cycle. 

4.3.2Potential along base 

For Flow E & Flow G, the change of potential or pressure at the base 

(impervious layer) for a typical cycle is illustrated in Figures 4.7 and 4.8. From 

these figures, it is observed that the pressure at the upstream side of the base 

varies accordingly with the variation of the upstream water level. In other words, 

the pressure at the upstream side of the base is dependent upon the position of 

the phreatic surface. The potential at the downstream face remains constant as 

observed for the phreatic surface. But when the water level on the upstream face 

approaches to the lowest point of the cycle, the middle portion of the impervious 

base experiences a higher pressure or potential compared to the sides of the base. 

This is due to the fact that, during falling the water inside the dam moves vertically 

downward and hits the impervious base. After hitting the impervious layer, the 

water turns its direction of movement both towards the upstream and downstream 
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Figure 4.7. Potential along impervious base (Flow E) 
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Figure 4.8. Potential along impervious base (Row G) 



faces to flow out from the dam. But in the middle the water experiences obstacle 

due to impervious layer and thus does not get any access to relieve the pressure. 

4.3.3 Comparison of computations with field data 

To demonstrate how the results of this method (BEM) compares with the 

actual measured data, the potential at different internal points of the Grand canyon 

beach are calculated for the two different stage variations as considered earlier. 

The results at these internal points are presented in Figure 4.9 to Figure 4.12. 

The experimental results (Appendix 1) for these are also shown in the figures for 

comparison with the BEM solutions. It can be observed from these figures that 

the potentials as obtained using the BEM agree well with the experiment. This 

comparison demonstrates that the BEM is a very good direct approach to find out 

the time dependent potential flow through porous media. 
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Figure 4.9. Potential vs. time at well 2 (Row E) 
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Figure 4.10. Potential vs. time ot well 2 (Flow G) 
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CHAPTER 5 

CONCLUSIONS 

Based on the analyses performed in this study, the following conclusions can 

be drawn. 

1. The boundary element method is a direct approach which can account for 

the seepage surface at both the upstream and downstream face as expected 

in the field. 

2. This method gives boundary pressure as well as internal pressure directly 

and easily 

3. The results as obtained in this study using BEM are in excellent agreement 

with those of field data. 

4. A marked variation of pressure or potential is observed in the region near 

the upstream face of the beach with respect to stage variation. 



APPENDIX A 

Appendix 1: The 5 days stage variation in Colorado river and the 
potential variation at different wells in Grand Canyon beach 

Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well #4 (hrs.) 

(meter) (meter) (meter) (meter) 
0.50 80.29 80.82 80.70 80.62 
1.00 80.49 80.82 80.71 80.64 
1.50 80.78 80.85 80.75 80.74 
2.00 81.15 80.93 80.87 80.93 
2.50 81.55 81.06 81.10 81.38 
3.00 81.87 81.22 81.50 81.73 
3.50 82.12 81.41 81.83 82.00 
4.00 82.30 81.59 82.05 82.18 
4.50 82.42 81.77 82.21 82.32 
5.00 82.49 81.91 82.31 82.40 
5.50 82.57 82.04 82.41 82.48 
6.00 82.62 82.13 82.47 82.53 
6.50 82.64 82.20 82.52 82.56 
7.00 82.66 82.26 82.54 82.58 
7.50 82.68 82.31 82.58 82.61 
8.00 82.69 82.34 82.60 82.62 
8.50 82.70 82.37 82.61 82.63 
9.00 82.71 82.40 82.63 82.64 
9.50 82.72 82.42 82.64 82.65 
10.0 82.74 82.44 82.66 82.67 
10.5 82.75 82.46 82.67 82.68 
11.0 82.74 82.47 82.68 82.68 
11.5 82.75 82.47 82.67 82.67 
12.0 82.67 82.44 82.62 82.61 
12.5 82.57 82.38 82.52 82.52 
13.0 82.42 82.28 82.39 82.37 
13.5 82.23 82.16 82.19 82.20 
14.0 82.01 82.05 82.04 82.00 
14.5 81.78 81.92 81.86 81.80 
15.0 81.55 81.80 81.69 81.59 



Appendix 1 (Continued) 

Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well $4 (hrs.) 

(meter) (meter) (meter) (meter) 
15.5 81.33 81.69 81.55 81.41 
16.0 81.13 81.59 81.46 81.29 
16.5 80.95 81.51 81.40 81.19 
17.0 80.80 81.43 81.29 81.10 
17.5 80.68 81.37 81.21 81.04 
18.0 80.58 81.31 81.15 81.01 
18.5 80.49 81.25 81.10 80.93 
19.0 80.43 81.20 81.05 80.88 
19.5 80.38 81.15 81.00 80.84 
20.0 80.35 81.11 80.96 80.81 
20.5 80.33 81.07 80.93 80.78 
21.0 80.31 81.04 80.89 80.75 
21.5 80.29 81.00 80.86 80.73 
22.0 80.29 80.98 80.83 80.71 
22.5 80.28 80.95 80.81 80.69 
23.0 80.28 80.92 80.79 80.67 
23.5 80.27 80.90 80.76 80.66 
24.0 80.27 80.88 80.75 80.64 
24.5 80.33 80.86 80.73 80.63 
25.0 80.49 80.86 80.74 80.66 
25.5 80.78 80.90 80.79 80.77 
26.0 81.14 80.98 80.90 80.95 
26.5 81.54 81.10 81.14 81.38 
27.0 81.86 81.27 81.53 81.72 
27.5 82.11 81.45 81.86 81.98 
28.0 82.27 81.63 82.07 82.15 
28.5 82.40 81.81 82.21 82.29 
29.0 82.49 81.95 82.33 82.39 
29.5 82.55 82.06 82.41 82.46 
30.0 82.59 82.15 82.47 82.51 
30.5 82.63 82.22 82.51 82.54 
31.0 82.66 82.28 82.55 82.57 
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Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well #4 (hrs.) 

(meter) (meter) (meter) (meter) 
31.5 82.67 82.33 82.58 82.60 
32.0 82.68 82.36 82.60 82.61 
32.5 82.69 82.39 82.62 82.63 
33.0 82.71 82.42 82.63 82.64 
33.5 82.71 82.43 82.63 82.64 
34.0 82.72 82.45 82.64 82.65 
34.5 82.73 82.46 82.65 82.65 
35.0 82.74 82.47 82.66 82.67 
35.5 82.74 82.48 82.66 82.68 
36.0 82.64 82.45 82.60 82.60 
36.5 82.55 82.39 82.52 82.51 
37.0 82.40 82.29 82.38 82.37 
37.5 82.22 82.18 82.22 82.20 
38.0 82.01 82.06 82.04 82.01 
38.5 81.78 81.93 81.85 81.80 
39.0 81.54 81.81 81.70 81.60 
39.5 81.33 81.70 81.56 81.41 
40.0 81.13 81.61 81.45 81.30 
40.5 80.95 81.53 81.38 81.20 
41.0 80.81 81.45 81.29 81.11 
41.5 80.68 81.39 81.22 81.04 
42.0 80.58 81.33 81.16 81.00 
42.5 80.50 81.27 81.11 80.94 
43.0 80.44 81.22 81.06 80.90 
43.5 80.39 81.17 81.01 80.86 
44.0 80.35 81.13 80.97 80.82 
44.5 80.33 81.09 80.93 80.79 
45.0 80.31 81.06 80.90 80.77 
45.5 80.29 81.02 80.87 80.75 
46.0 80.29 80.99 80.84 80.71 
46.5 80.28 80.97 80.82 80.70 
47.0 80.28 80.94 80.80 80.69 
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Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well #4 (hrs.) 

(meter) (meter) (meter) (meter) 
47.5 80.27 80.92 80.78 80.67 
48.0 80.27 80.90 80.76 80.65 
48.5 80.33 80.88 80.75 80.65 
49.0 80.58 80.88 80.75 80.68 
49.5 80.79 80.92 80.81 80.78 
50.0 ' 81.15 80.99 80.92 80.97 
50.5 81.53 81.12 81.15 81.40 
51.0 81.85 81.28 81.52 81.72 
51.5 82.05 81.45 81.81 81.94 
52.0 82.21 81.61 82.00 82.10 
52.5 82.31 81.76 82.13 82.22 
53.0 82.40 81.88 82.24 82.31 
53.5 82.48 81.99 82.33 82.40 
54.0 82.54 82.08 82.39 82.45 
54.5 82.58 82.17 82.47 82.51 
55.0 82.63 82.23 82.51 82.55 
55.5 82.65 82.29 82.55 82.58 
56.0 82.67 82.34 82.58 82.61 
56.5 82.69 82.37 82.60 82.63 
57.0 82.70 82.40 82.62 82.64 
57.5 82.71 82.42 82.63 82.64 
58.0 82.73 82.44 82.64 82.65 
58.5 82.74 82.46 82.65 82.65 
59.0 82.75 82.47 82.66 82.66 
59.5 82.65 82.48 82.66 82.66 
60.0 82.55 82.45 82.61 82.61 
60.5 82.40 82.39 82.52 82.51 
61.0 82.22 82.30 82.38 82.37 
61.5 82.01 82.18 82.22 82.19 
62.0 81.77 82.07 82.03 82.01 
62.5 81.54 81.94 81.86 81.80 
63.0 81.33 81.82 81.70 81.60 
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Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well #4 (hrs.) 

(meter) (meter) (meter) (meter) 
63.5 81.13 81.71 81.56 81.43 
64.0 80.95 81.62 81.45 81.30 
64.5 80.81 81.53 81.38 81.19 
65.0 80.68 81.46 81.30 81.11 
65.5 80.58 81.39 81.23 81.05 
66.0 80.50 81.33 81.17 81.00 
66.5 80.43 81.28 81.11 80.94 
67.0 80.39 81.23 81.06 80.90 
67.5 80.35 81.18 81.02 80.86 
68.0 80.32 81.14 80.98 80.82 
68.5 80.31 81.10 80.94 80.80 
69.0 80.30 81.06 80.91 80.77 
69.5 80.29 81.03 80.88 80.75 
70.0 80.28 81.00 80.85 80.73 
70.5 80.28 80.97 80.83 80.70 
71.0 80.27 80.95 80.80 80.68 
71.5 80.27 80.92 80.78 80.67 
72.0 80.32 80.90 80.76 80.65 
72.5 80.48 80.88 80.75 80.65 
73.0 80.76 80.88 80.75 80.68 
73.5 81.15 80.92 80.80 80.77 
74.0 81.56 80.99 80.92 80.96 
74.5 81.87 81.13 81.16 81.41 
75.0 82.10 81.29 81.56 81.75 
75.5 82.27 81.48 81.87 82.00 
76.0 82.40 81.66 82.07 82.17 
76.5 82.50 81.83 82.23 82.31 
77.0 82.56 81.98 82.34 82.42 
77.5 82.60 82.08 82.42 82.48 
78.0 82.63 82.17 82.48 82.53 
78.5 82.65 82.24 82.52 82.56 
79.0 82.67 82.30 82.56 82.60 
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Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well #4 (hrs.) 

(meter) (meter) (meter) (meter) 
79.5 82.68 82.34 82.59 82.61 
80.0 82.70 82.37 82.61 82.62 
80.5 82.71 82.41 82.63 82.65 
81.0 82.72 82.43 82.64 82.65 
81.5 82.73 82.45 82.65 82.66 
82.0 82.74 82.46 82.65 82.66 
82.5 82.74 82.47 82.66 82.66 
83.0 82.75 82.49 82.67 82.67 
83.5 82.75 82.50 82.67 82.67 
84.0 82.66 82.47 82.62 82.61 
84.5 82.56 82.40 82.52 82.52 
85.0 82.40 82.30 82.39 82.37 
85.5 82.22 82.19 82.23 82.20 
86.0 82.00 82.07 82.01 82.00 
86.5 81.77 81.94 81.87 81.80 
87.0 81.55 81.82 81.71 81.61 
87.5 81.33 81.72 81.57 81.42 
88.0 81.13 81.62 81.46 81.31 
88.5 80.96 81.54 81.48 81.20 
89.0 80.81 81.47 81.31 81.12 
89.5 80.68 81.40 81.24 81.05 
90.0 80.58 81.34 81.18 81.01 
90.5 80.50 81.28 81.12 80.95 
91.0 80.43 81.23 81.07 80.90 
91.5 80.39 81.19 81.03 80.86 
92.0 80.35 81.14 80.98 80.83 
92.5 80.33 81.11 80.95 80.80 
93.0 80.31 81.07 80.92 80.77 
93.5 80.30 81.04 80.89 80.75 
94.0 80.29 81.01 80.86 80.72 
94.5 80.29 80.98 80.83 80.70 
95.0 80.28 80.95 80.81 80.69 
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Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well #4 (hrs.) 

(meter) (meter) (meter) (meter) 
95.5 80.28 80,93 80.79 80.67 
96.0 80.27 80.91 80.77 80.66 
96.5 80.27 80.89 80.75 80.65 
97.0 80.49 80.89 80.76 80.68 
97.5 80.77 80.92 80.81 80.78 
98.0 81.14 81.01 80.93 80.96 
98.5 81.53 81.13 81.15 81.39 
99.0 81.85 81.30 81.54 81.73 
99.5 82.09 81.48 81.84 81.98 
100.0 82.27 81.66 82.06 82.17 
100.5 82.40 81.84 82.22 82.31 
101.0 82.48 81.98 82.33 82.39 
101.5 82.55 82.09 82.41 82.46 
102.0 82.60 82.17 82.48 82.52 
102.5 82.65 82.25 82.54 82.57 
103.0 82.67 82.31 82.57 82.59 
103.5 82.69 82.35 82.59 82.61 
104.0 82.71 82.38 82.61 82.63 
104.5 82.72 82.41 82.64 82.63 
105.0 82.73 82.44 82.65 82.64 
105.5 82.73 82.46 82.65 82.65 
106.0 82.74 82.47 82.66 82.66 
106.5 82.74 82.49 82.67 82.67 
107.0 82.75 82.50 82.68 82.68 
107.5 82.75 82.51 82.68 82.68 
10S.0 82.66 82.48 82.62 82.62 
108.5 82.56 82.41 82.53 82.53 
109.0 82.41 82.31 82.39 82.38 
109.5 82.22 82.20 82.21 82.21 
110.0 82.01 82.08 82.06 82.02 
110.5 81.78 81.96 81.88 81.81 
111.0 81.55 81.83 81.71 81.61 



Appendix 1 (Continued) 

Time Stage in Potential Potential Potential 
(hrs.) Colorado river at well #2 at well #3 at well #4 

(meter) (meter) (meter) (meter) 
111.5 81.33 81.73 81.57 81.41 
112.0 81.13 81.63 81.46 81.30 
112.5 80.96 81.55 81.39 81.20 
113.0 80.81 81.48 81.31 81.12 
113.5 80.68 81.41 81.24 81.05 
114.0 80.57 81.35 81.18 81.01 
114.5 80.50 81.30 81.12 80.94 
115.0 80.43 81.24 81.07 80.89 
115.5 80.38 81.20 81.03 80.86 
116.0 80.35 81.15 80.99 80.83 
116.5 80.32 81.11 80.95 80.80 
117.0 80.31 81.08 80.92 80.77 
117.5 80.29 81.05 80.89 80.75 
118.0 80.29 81.02 80.86 80.72 
118.5 80.28 80.99 80.83 80.71 
119.0 80.28 80.96 80.81 80.69 
119.5 80.27 80.94 80.79 80.67 
120.0 80.27 80.92 80.77 80.65 
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