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NOMENCLATURE 

Cp Specific heat of fluid at constant pressure (kJ/kg-C). 

Cv Specific heat of fluid at constant volume (kJ/kg-C). 

Hydraulic diameter, 2 H for parallel plates (m). 

g gravitational acceleration (m/s^). 

Gr^j gP(T,-T3j)L//kv^, adiabatic Grashof number. 

Gfgirtai gPObaseli'/kv^L, Channel Grashof number. 

Gfiocai sP(TeBd-T„f)LJ'/kv^ source Grashof number, where T„f is the reference temperature: T„, T„ or 

depending on subscript. 

h q/(T,-T„f), local heat transfer coefficient, where T„f is the reference temperature: T„, Tn, or 

depending on subscript (W/m^-°C). 

H Channel wall-to-wall spacing (m). 

k thermal conductivity (W/m-°C). 

L channel length (m). 

L,. source length (m). 

Nu qjLy(T„-T„,)k, Nusselt number, where T„, is the reference temperature: T„, or depending 

on subscript 

p pressure (Pa). 

Pe Peclet number. Re Pr. 

Pr Prandtl number. 

Qbase base heat flux (W/m^). 

source heat flux (W/m^). 

Ra Rayleigh Number, Gr Pr. 

Re U„Dt/v, channel Reynolds number. 
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Rclc UoL/v, Reynolds number with source length, as characteristic length. 

T temperature (°C). 

t time (s). 

u stream wise velocity (m/s). 

Ut velocity component in Af* direction. 

Uo inlet velocity (m/s). 

UHF Uniform Heat Flux. 

UWT Uniform Wall Temperature. 

v transverse velocity (m/s). 

X channel streamwise coordinate (m). 

x^ displacement component in k'' direction. 

x' axial coordinate for thermal entrance length, x/(D^ Pe), dimensionless. 

y channel transverse or normal coordinate (m). 

Greek Symbols 

P coefficient of thermal expansion (K)"". 

H dynamic viscosity (kg/m-s). 

"k distance of element from channel entrance (m). 

V |j/p, kinematic viscosity (mVs). 

p density (kg/m'). 

0 (T-T„f)/(Te-T„f), dimensionless temperature, where T„f is the reference temperature: T„, or 

depending on subscript. 
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Subscripts 

ad adiabatic. 

base base wall heat flux. 

end end of source. 

m bulk or mixed mean temperature. 

o at channel inlet. 

s source. 

w wall. 
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ABSTRACT 

Effective cooling of electronic components arranged in vertically oriented parallel boards is 

considered. The objective of the present investigation is to examine the effects of global flow in a channel 

upon the local heat transfer from a flush mounted source. The concept of adiabatic heat transfer coefficient 

and its application is clarified by reviewing its origins and examining a series Of numerical experiments on 

a well-defined model problem. Simulations are conducted in the regions of laminar forced flow, mixed 

forced and local buoyant convection and buoyancy-induced flow. Local buoyancy effects cause a departure 

r, 

of adiabatic heat transfer coefficient from its value for pure forced convection. Calculations cover the range 

10"' < Ra < 10* at Pi^O.7. The superposition principle for temperature fields is validated for forced 

convection. The effects of mixed convection upon this phenomenon is subsequently examined. 



CHAPTER ONE 

DJTRODUCTION 

1.1 Introduction 

Increasing miniaturization of electronic devices due to increases in circuit integration has led to 

higher heat dissipation rates per unit area. Thermal considerations have been, until recently, one of the last 

factors considered in the design of electronic devices. However, with trend towards more compact and 

economical electronics, the importance of thermal control of these components cannot be overemphasized. 

Electronic systems are now designed keeping in mind the efficient dissipation of generated heat as an 

important factor. Application of improved thermal analysis and application of advanced heat transfer 

techniques such as immersion boiling and impingement flows has led to more economical devices with 

improved thermal reliability, increased power capability and physical reduction in size. 

The basic objective of effective cooling of electronic components is to maintain a constant 

component temperature below the maximum temperature reconunended by the manufacturer for reliable 

.service of temperature-sensitive components. Forced and natural convection air cooling methods are of 

major significance for low-end applications, the important advantages being low cost, low maintenance and 

high thermal reliability. The major disadvantage is the relatively high component thermal resistance leading 

to maximum allowable power dissipation on the order of 0.1 Watt per device, for a maximum operating 

temperature of KWC. 

1.2 Motivation 

Large equipment frames or cabinets have a typical configuration of air flow ( forced or buoyancy 

induced ) into vertical channels formed by adjacent boards having one wall with discrete heat sources on 

it. A typical printed circuit board ( PCB ) or card is a sheet of fiberglass-epoxy composite that has 

numerous components of various shapes and sizes mounted on it as shown in Fig. 1-1. The components 



can be capacitors, resistors and single chip packages, which perform the desired electronic functions of the 

circuit. The fiberglass-epoxy is a poor thermal conductor, but recently substrate conduction has become an 

important means of heat transfer away from the components. A promising technology is the use of 

aluminum nitride as substrate material, which has a thermal conductivity two orders of magnitude higher 

than fiberglass-epoxy. These printed circuit boards are placed in cabinets to form vertical channels, open 

at the top and bottom. Induced air flow enters the vertical channels at the bottom and ejects from the top. 

The present study follows an earUer investigation by Ortega and Moffat (1986) in which buoyancy-

induced flow and heat transfer from an array of cubes was investigated in appropriate Grashof and 

Reynold's number ranges. The earlier investigation clarified the effects of discrete, non-uniform heating 

from three-dimensional sources on natural convection in a parallel channel and developed sound physical 

principles for the prediction of steady operating temperatures of each element. That success motivated the 

present study using numerical methods to simulate the system with flush-mounted sources and analyze the 

effects of the various parameters. 

A schematic of the problem at hand is given in Fig. 1-2. The geometry is described by channel 

length, L, the wall-to-wall spacing, H, the element size, L^, and the distance of the element from the channel 

entrance, %. The heated sources are considered flush-mounted and background wall heating may also be 

present. 

1.3 Previous Studies 

The earlier work done in this field of buoyancy-induced and forced convection in a parallel-plate 

channel can be divided broadly into two categories : studies with uniform thermal wall conditions, and 

studies with discrete components mounted on one of the walls. The specific conditions at the surface of 

each wall may vary. 
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1.3.1 Uniform Thermal Wall Conditions 

An important fundamental investigation of laminar free convection heat transfer in vertical parallel 

plate channels with symmetric heating was performed by Aung et al. (1972). They considered two thermal 

conditions of channel walls : uniform heat flux (UHF) and uniform wall temperature (UWT). It was found 

that for UWT, the average Nusselt number was related to the Rayleigh number very nearly by a universal 

curve for all wall temperature difference ratios, provided the average of the two wall temperature differences 

( above T^) was used to define these parameters. Aung (1972) also studied fully developed flow for 

laminar free convection in an asymmetrically heated channel, where it was observed that the solution 

approached one for developing flow at large ratios of L/H. Aung and Chimah (1981) examined this laminar 

heat exchange using a numerical technique which was a modification of the one used by Aung et al. (1972). 

Miyatake and Fujii (1972, 1973, 1974) employed a forward-marching implicit method with 

iterations lo solve the free convective heat transfer between vertical parallel plates with different wall 

conditions : one plate thermally insulated and the other isothermally heated, or at uniform heat flux, or 

plates at unequal uniform temperatures and with unequal heat fluxes. They found that the profile of 

pressure defect, P = (p - in the vertical direction is parabolic with lowest pressure in the midsection 

of the channel (172 ). They also found that the effect of inlet velocity profile upon the local Nusselt 

number reaches no farther than a tenth of the channel length from the inlet, provided Q > 3 x 10 ', where 

Q = /q' UdY is the channel volumetric flow rate. 

Carey and Gebhart (1982) used a matched asymptotic expansion for a perturbation analysis of 

mked convection flows at large distances dovrastream over a semi-infinite surface with uniform heat flux 

and found excellent agreement with measured temperature and velocity profiles. Carey (1984) later did a 

transient analysis of the above problem in the case a high Prandtl number fluid. He found that an inner 

region exists near the surface which was dominated by viscous and buoyancy forces, while farther from the 

surface an outer region exists which is dominated by viscous and momentum effects. Shyy and Gingrich 
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(1990) considered buoyancy induced flow in a symmetrically heated channel using an adaptive grid method 

to model the entire flow field, including the region between them and the outflow region above. 

Dalbert (1982) compared mixed convection in a uniformly heated channel with forced flow aiding 

and opposing the buoyancy-induced flow, using a finite-difference scheme. Wirtz and Stutzman (1982) 

conducted experiments for natural convection from constant heat flux parallel plates to predict the maximum 

temperature variation of the plates for fully-developed flow satisfying the condition Ra < 2. 

Sparrow and Tao (1982) considered a system consisting of two parallel vertical channels that have 

a common wall across which heat was transferred from one channel to the other. The other walls of the 

system were maintained at prescribed surface temperatures that exceeded the ambient temperatures. As 

a result of this temperature imbalance, buoyancy-driven flow was induced in the channels. A parabolic 

finite difference method was employed in which each channel was'visited successively and iteratively. Once 

the flow was fully developed, convective heat transfer did not occur any longer, but transverse conductive 

heat transfer continued to exist. Nakamura et al. (1982) developed a numerical technique without using the 

boundary-layer approximation, but considered the pressure drop for free convection inside the heated 

channel. 

Heaton et al. (1964) analyzed heat transfer in annular passages with developing velocity and 

temperature distributions and constant wall heat flux. They examined the laminar and turbulent heat transfer 

and obviously observed higher wall temperatures in the case of laminar flow. Hunt and Wilks (1982) found 

the numerical solution of the boundary layer equations to be entirely consistent with the experimental 

results, particularly in the immediate vicinity of the plate for mixed convection flows adjacent to vertical 

surfaces. Zeldin and Schmidt (1972) investigated influence of gravity on developing flow in a vertical 

isothermal tube, with fluid at temperature entering the tube through a well-rounded contraction region 

designed to provide an approximately uniform entry velocity. Savkar (1970) linearized the coupled 

momentum and energy equations to obtain solutions for the developing forced and free convection flows. 



Ramachandran et al. (1985) and Lloyd and Sparrow (1970) studied aiding forced and free 

convection flows adjacent to an isothermal vertical plate. Krishnamurthy and Gebhart (1984) investigated 

mixed convection effects in a wall plume, using the method of matched asymptotic expansions for air and 

water. They found the overall effect of mixed convection on the downstream decay of surface temperature 

and on the maximum value of tangential velocity to be greater in air than in water. 

Aihara (1973) theoretically investigated effects of inlet boundary conditions on steady laminar free 

convection between vertical isothermal flat plates, using a finite difference technique. He considered the 

pressure drop due to the acceleration of the fluid to the channel inlet, and found the average heat transfer 

coefficient ( based on inlet fluid temperature T„ ) to have a distinct maximum at a medium value of 

Rayleigh number, Ra, and also approached asymptotically the single-plate solution at large values of Ra. 

Hirt et al (1974) and Pracht (1975) used an Arbitrary-Lagrangian-Eulerian ( ALE ) technique along with 

an implicit formulation to make the numerical technique applicable to flows at all speeds. It employed a 

finite difference mesh with vertices that may be moved with the fluid (Lagrangian), be held fixed (Eulerian) 

or moved in any other possible manner. 

Buoyancy effects are largest adjacent to heated surfaces. Velocities increase near the heated walls 

with a consequent decrease elsewhere due to a fixed flow rate. In case this imbalance is too large, flow 

reversal might occur. Aung and Worku (1986) investigated flow reversal in asymmetrically heated vertical 

channels for developing as well as fully developed flow. They found that in the upper range of Gr/Re, the 

maximum pressure occurs at about the point where buoyancy effects start to be felt and the centerline 

velocity starts to decrease. Cheng et al. (1990) studied various combinations of boundary conditions at the 

respective wall surface and found flow reversal adjacent to the relatively colder wall existed within the 

channel when Re/Or was below a threshold value, which was related to the thennal boundary conditions. 

The study of uniform wall conditions is of fundamental interest and provides a better understanding 

of the underlying physics of the idea of buoyancy-induced flow and its interaction with the global flow, 



which may be forced or buoyancy-induced. But, in the actual problem, one is confronted with discrete heat 

sources mounted on the vertical plates. The sources are three-dimensional, further complicating the 

problem. This is simplified by considering flush-mounted sources of uniform surface heat flux dissipation. 

1.3.2 Discrete Components 

Keyhani et al. (1988) especially investigated natural convection heat transfer in a tall vertical cavity 

with one isothermal cold wall and several alternating heated and flush-mounted sections on the opposing 

waU. Local Nusselt numbers were found to be nearly the same as those for wide flush-mounted heater on 

a vertical plate. Kim et al. (1988) studied the effect of repeated boundary condition and wall conduction 

on laminar free convective heat transfer in channels formed between series of vertical parallel plates with 

imbedded line heat sources. Wall conduction was found to increase the mass flow rate by 155% and 

decrease the average hot surface Nusselt number by 18% . 

Lee and Yovanovich (1989) developed an analytical model for natural convection in the vicinity 

of a vertical plate with multi-step changes in surface heat flux. They observed that with the increase of the 

source spacing, the local peak temperature over the downstream source decayed and became lower than that 

over the upstream source. As far as the downstream source was concerned, the flow became an induced 

free stream flow and thus, enhanced the heat transfer rate. The use of boundary layer approximations 

restricted the results of tiiis model from the vicinity of the leading edge and locations of discontinuity in 

surface thermal variations. They also considered conjugate heat transfer from a vertical plate with discrete 

heat sources under natural convection by decoupling the problem into two distinct problems : one for the 

solid side and the otiier for the fluid side. 

Jaluria (1982) analytically studied the buoyancy-induced flow due to discrete heat sources on an 

adiabatic surface by considering tiie flow as a boundary layer problem. A shaip temperature drop occurred 

at the trailing end of the heated elements, followed by a gradual decay, as expected for a wall plume. The 
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heat transfer for the upper element was affected by the flow generated by the lower element. If the upper 

element was moved dovrastream, it was exposed to a higher velocity and a lower fluid temperature that 

resulted in an increased heat transfer coefficient The growth of the boundary layer thickness in the flow 

was fairly smooth, except for slight changes in gradient at the locations of the leading edges of the heating 

elements. 

Khalillolahi and Sammakia (1990) investigated transient flow of air in a channel that has discrete 

heated components in the presence of an adverse pressure field, by using an Eulerian-Lagrangian finite 

difference technique. As the opposing pressure was increased, flow reversals and recirculations appeared 

during the transient and even in the final steady state. Steady state heat transfer rates were found to 

decrease as the pressure increased, and this continued until the pressure field was strong enough to cause 

a significant downward forced convection. 

Kang and Jaluria (1990) carried out an experimental study of mixed convection transport from a 

protruding heat source mounted on a vertical source in an externally induced flow. The total convective 

transport from the module was found to be around 90% of the total energy input. The temperature level 

was highest for natural convection, compared to that for mixed or forced convection, because the 

combination of the buoyancy driven flow and forced flow leads to a larger velocity level and consequent 

higher heat transfer coefficients. Maximum Nu was observed near the front comer of the protruding 

component at which the flow turned and temperature contour lines were densely packed. Three-dimensional 

laminar and turbulent natural convection cooling of heated aluminum blocks mounted on an insulated plate, 

facing a shrouding wall was studied by Afirid and Zebib (1989). A finite volume scheme was used to 

mathematically model the geometry. 

Ortega and Moffat (1986) experimentally investigated buoyancy-induced forced-convection heat 

transfer from an in-line array of ten rows, each containing eight elements, on a vertical surface, and 

considered the flow both with and without a shrouding wall. Local buoyancy effects became dominant 

when Gr„yReH^ exceeded the value of 0.3 . When flow was induced by global buoyancy in a long channel. 
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the "local forced" flow was the same as a pressure-driven flow of the same Re. Local buoyancy effects 

became negligible in long channels when the flow and heat transfer became fully-developed, and this 

phenomenon was termed" buoyancy-induced forced convection Superposition of temperature fields was 

possible due to uncoupling of the hydrodynamics and thermal aspect of the fluid while buoyancy effects 

are negligible. It was thus possible to predict wall temperatures in flows under these conditions. 

1.4 Research Objectives 

Previous work has neglected the significance of the adiabatic wall temperature To,- The main 

objective here is to show the possible simplification of all the thermal functions, for example, Nu and Ra, 

when they are based on adiabatic wall temperature as a reference. Both forced flow as well as buoyancy -

induced flow shall be studied. Specifically, the objectives are : 

To investigate the deviation of the buoyancy - induced chimney flow due to increase of Ra, the 

channel Rayleigh number, towards isolated heated plate behavior. 

• To study the flow with discrete heated sources mounted on one wall in forced and buoyancy-

induced flow and verify the effects of buoyancy upon validity of the superposition of wall 

temperatures. 

•- To improve the understanding of adiabatic temperature and the adiabatic heat transfer coefficient 

as it applies to discrete heating boundary conditions encountered in electronic cooling. 

1.5 Approach 

The main focus in this investigation is the study of forced and natural convection in a parallel plate 
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channel. The working hypothesis is that global flow over a source in a channel determines the local heat 

transfer from it, regardless of whether the global flow in the channel is forced or buoyancy-induced. 

Justification of this is to show that the flow field in a buoyancy-driven channel is independent of the 

temperature of any single source in the channel. In order to validate this hypothesis, a thorough 

understanding of buoyancy-induced flow and local heat transfer phenomenon is essential. Also hypothesized 

is that the principle of the superposition of temperature fields can be applied in the buoyancy-induced flow 

channel. 

In order to investigate buoyancy-induced flow between vertical plates with uniform thermal 

boundary conditions, a finite difference technique evolved by Aung et al. (1972) was employed. The finite 

difference method neglected the axial diffusion terms in the Navier-Stokes equations. Thus, it could not 

solve for step changes in boundary conditions at the wall. For the discrete heat source, a finite element 

analysis was done using a commercially available software, NISA (EMRC, 1990), the details of which are 

given in Appendix A. For the objectives underwritten in the previous section, the study must proceed in 

a systematic order. 

Chapter Two provides a brief description of the problem at hand and the finite element method that 

was used to solve the flow domain. The Galeikin method is used to solve the finite element equations. 

Modifications of the scheme for buoyancy-induced flow are presented in Appendix A. Chapter Two further 

discusses the results for the forced convection from a discrete source in a channel flow. These data are the 

datum for the buoyancy-induced flow in the vertical channel. 

Chapter Three presents the fmite difference scheme that was developed to solve the flow when the 

walls are maintained at uniform wall boundary conditions. The scheme uses central differences in the 

transverse direction and forward differences in the longitudinal direction. Chapter Four provides the results 

for buoyancy-induced flow in a channel with non-uniform wall boundary conditions. Both the case of 

uniform wall boundary conditions as well as source on the wall are evaluated. The usefulness of the 



24 

adiabatic temperature as a reference temperature is illustrated. The validity of tbe superposition principle 

in buoyancy-induced flow is verified and the extent of its applicability is explored. 

Chapter Five sunmiarizes the results and techniques developed in this thesis and recommends areas 

of further research. 



"'-'nt ea 
Cf 

er 

1 /f=) 

0„ 

'On 
'9t., 

'^O'tti 'Pone, ocs 
*̂ 01 



26 

T. or q 

Q--

7 
/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

4 
/ 

/ 

/ 

/ 

/ 

4x 

7 
/ 
/ 

/ 
/ 
y 
ly 
/ 
/ 
/ 
/ 
/ 
/ 
1/ 

4" 
•/I 

i/ 
/ 
> 

'/ 1/ 

/ I 
'/ ! yi 
^ T 

T, cr G, 

i 1 

Entry  F i ' J ia  j  

Fig. 1-2 Schematic geometry for buoyancy-induced flow and heat transfer in a parallel piate 
channel with mounted heat source. 



27 

CHAPTER TWO 

RESULTS AND DISCUSSION FOR LAMINAR FORCED CONVECTION 

2.1 Introduction 

For the study of buoyancy-induced flow between two parallel plates, the investigation of laminar 

forced convection in the channel takes on a special significance. Here, the results for forced convection are 

studied to define a datum for the further analysis of buoyancy-induced flow and heat transfer between two 

heated parallel plates. As discussed in Chapter One, the buoyancy-induced flow in a channel approaches 

the limit of laminar forced convective heat transfer at one end, and the limit of an isolated plate at the other. 

Throughout this study, the flow is assumed to be laminar with constant properties, except for density 

changes resulting from variations in the fluid temperature. 

The flow geometry is as discussed in Chapter One. The flow between the printed circuit cards is 

analyzed as laminar forced convection between two parallel plates. The chip carriers are replaced by 

uniform heat flux sources that are mounted flush with the wall. The inlet velocity, U^, is uniform, 

producing a hydrodynamically and thermally developing flow in the channel. A detailed analysis of such 

a flow is the subject of this Chapter. 

First, the Navier-Stokes equations governing the fluid motion and boundary conditions relevant to 

the problem are specified. This provides a set of equations that were solved using finite element technique 

provided by a commercially available code. The majority of the simulations presented here were performed 

with the finite element code NISA (EMRC, 1990). Next, the wall temperature profiles due to wake 

functions of the source at various downstream locations are studied. Thereafter, the concept of the adiabatic 

wall temperature as a reference temperature, instead of inlet temperature or mixed mean temperature, for 

local thermal phenomenon is clarified. Finally, the principle of linear superposition of wall temperatures in 

case of forced convection is validated. 
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2.2 Governing Equations 

The equations governing the fluid flow phenomenon are a set of highly non-linear differential 

equations. Closed form solutions to these equations cannot be obtained for most cases of practical 

importance. Depending on the flow, the governing equations can be classified as parabolic, elliptic, or 

hyperbolic. Hows which are dominant in one direction can be called boundary layer flows where the 

governing equations are parabolic. High speed flows, in which convection is larger than diffusion, are 

governed by hyperbolic equations. A third class of problems in which the downstream conditions affect 

the flow upstream can be solved using elliptic-like methods. 

The equations governing the fluid motion have been derived from the principles of conservation 

of mass, momentum and energy by Kays and Crawford (1980). Using Cartesian tensor notation, the 

continuity equation is written as 

ar a./""'' = « <"•» 

From conservation of linear momentum, the Navier-Stokes equations become 

' du. du. ^ 
—- +u. — 
dt * Sx, 

= P/, +  ̂; i= U.3 (2.2.2) 
aXj 

* 

where fi is the body force per unit volume in the Xi direction. Oy is the stress tensor which is defined as 

Otf = -P^u + 

Tjj is the shear stress and p is the thermodynamic pressure. 

For Newtonian fluids, Ty can be written as 

du ( d u ,  d U f \  
— i  +  — ( 2 . 2 . 4 )  
dxj ax J 
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where X is the second viscosity coefficient and |i is the dynamic viscosity coefficient. Substituting Eqns. 

(2.2.3) and (2.2.4) into (2.2.2) results in 

( d U i  d u A  
—+«.—-
dt ^cbct «/ 

M ^ A 

d X j  d X f  

The energy equation is written in the form 

dx. ctc^ 

r (du, du.\ 
M f+ i 

d X f  d X f  . \ J '/ 
+ pft (2.2.5) 

de 

dt 
A = Oj 

dUj dQj 

dXj 
9Q, (2.2.6) 

where e is the thermal energy and Qj is the heat flux conducted along the Xj - direction. aij(6u/6Xi) 

represents the work done by surface forces which can be written as 

d U f  
= -P 

obCj dx. 
+ A. 

'  d U f  d U j  d U j  

dXj dxjdx^ 
(2.2.7) 

The first term in this equation -p(5u,/?cc,) is the reversible transfer of energy due to compression. The other 

two terms are collectively called the dissipation terms and are denoted by O , i.e. 

= X 
cbc.  ̂ dXj 9x, j dx̂  

(2.2.8) 

Using Fourier's law of heat conduction, qj can be written as 

Q j  = - k m d x j )  (2.2.9) 

where T is the temperature and k is the thermal conductivity of the fluid. Substituting Eqns. (2.2.7) to 

(2.2.9) into Eqn. (2.2.6) results in 

'  d e  d e ^  
— + u.— 
dt ''dx. 

3 -n— - + — 
d X / ^  d X j  dx, 

+ $ + pfl (2.2.10) 
7/ 
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The internal energy e is replaced by c T in Eqn. (2.2.10) to give 

{ d T  a r )  — +« .— 
dt 

d = -p—= + — 

d x ^  d X j  
® (2.2.11) 

d X j )  

Summarizing the equations of motion of a fluid, the continuity, momentum and energy equations are 

(2.2.12) §P + J . ,  
dt dx^ 
^ + ^(PK,) = 0 

(du. du,] 
— +u.— 
dt dx. 

( du.] 
1 * d 11 

dx^ dx^ 
At' ' 

dx. 
\ 

dxj dx^j 

P<^t 
f d T  d T ]  
— + Up— 

dt 

d 
-p—- + — 

^k dx, 
J / 

+ pf^ (2.2.13) 

+ ® + pq (2.2.14) 

Therefore, the equations governing the flow in Newtonian fluids are defined. These non-linear equations 

must be solved simultaneously. 

2.3 Boundary and Initial Conditions 

The governing equations are, mathematically, a set of ellipdc, second-order partial differential 

equations. The appropriate type of boundary conditions are, therefore, Dirichlet or Neumann conditions on 

a closed boundary. These are written as 

j:=0 ; u = U^, v=0, T=T^ (2.3.1) 
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y=0  :  M=v=0  ,  0<jc<A,  :  57'_ 9tea* 

A.<x<(X+L^)  :  

dy k 

dT _ ^txLse (2.3.2) 

(A +L^)<x<L : 

dy k 

BT _ 9base 

dy k 

y=H :  M=v=0  ,  dT _ ^base (2.3.3) 
dy k 

x=L : v=0  (2.3.4) 

where is the background heat flux that is present along the length of the channel and q, is the additional 

heat flux at the discrete source. The opposing wall may be heated or insulated. The fluid enters the 

channel at a uniform velocity of U„ and a uniform temperature r„. In the problem studied here, conjugate 

conduction and radiation effects were neglected. The finite element formulation of these equations and 

boundary conditions was performed using NISA to be able to solve them numerically. A detailed 

description of the numerical methods employed in NISA is given in Appendix A. 

The numerical scheme used a channel of spacing {H) of 1 cm and length (L) of 50 cm. The L/H 

value, therefore, is 50. The other parameters held constant in this study were L^H of 1 (source is 1 cm 

long) and source locations at A/L of 0.1, 0.5, 0.9, unless specified otherwise. A very fine mesh was used 

near the walls to capture the momentum and heat diffusion through the boundary layer. Along the 

streamwise direction, a fine mesh was used in the entrance region and downstream of the source. This was 

done to take into account the significant changes in velocities near the entrance and the heated source. For 

forced flow, a uniform inlet velocity, U„, was used to provide a flow Reynolds number of 1260. The 

simulations were performed with various mesh sizes as shown in Fig. 2-1. Here, = 0.1 W/cm* and there 
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is no background heat flux. When the number of elements along the streamwise direction (M) was 

increased from 40 to 50 keeping the number of transverse elements (N) constant at 20, there was no 

observable difference in the wall temperature profiles. Upon keeping the M fixed at 40 elements, and 

varying the number of transverse grid points, the temperature profiles were still found to be consistent with 

the solution for 21 node points across the channel. For the case of a very coarse grid (N=10), however, 

the calculations led to an overestimation of the temperatures by 1.4 %. Except for this very coarse grid. 

Fig. 2-1 shows the results to be independent of grid-size. Here, the transverse diffusion dominates as the 

major heat transfer mode compared to streamwise diffusion. Hence, the problem was observed to be more 

sensitive to number of node points in the transverse direction than in the longitudinal direction. To save 

on computational time without loss of accuracy, 21 grid points were utilized across the channel and 41 grid 

points along the length of the channel. 

2.4 Source Wake Distributions 

Shah and London (1978) present the problem of thermal development of the flow for uniform heat 

flux on both the walls with a fully developed entry velocity profile as compared to a unifonn entry velocity. 

The Nusselt number based on the mean fluid temperature was found to decay with x' as shown in Fig. 2-2. 

Fully developed flow has an entry velocity that is fully developed and the flow is strictly thermally 

developing. For simultaneously developing flow, the flow has a uniform entry velocity at the entrance to 

a uniformly heated channel. This produces a simultaneous development of thermal and hydrodynamic 

boundary layers. As is expected, the Nusselt number for simultaneously developing is higher than that for 

fully developed flow. 

In the problem at hand, there is a source of heat flux q, = 0.025 W/cm^ at a certain location 

downstream of the channel entrance. The entry velocity is uniform at U^. The hydrodynamic boundary 

layer begins at the entrance, but the themial boundary layer starts when the flow reaches the source. At 
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the beginning of the source, the flow is already hydrodynamically developing, and the fluid velocity near 

the wall is neither as high as that for simultaneously developing flow nor as low as the fully developed 

flow. This causes the Nusselt number for the flow to lie between the two graphs shown in Fig. 2-2. 

However, for the problem at hand, i.e. uniform entry velocity with unheated starting length, an analytical 

solution is not possible. Nimierical methods have to be utilized to solve the problem. 

The numerical results for velocity and temperature profiles were obtained for source locations at 

one-quarter, one-half and three-quarters of the length of the channel. A uniform inlet velocity at an inlet 

temperature of 298 K was specified and the wall heat fluxes were kept low enough to keep the flow from 

becoming buoyancy-dominated. The nimierical scheme was used with 21 grid points across the channel 

and 40 along the flow direction. A very fine mesh was used near the walls to capture the momentum and 

heat diffusion through the boundary layer. Along the streamwise direction, there is a fine mesh in the 

entrance region and dowmstream of the discrete source. This was done to take into account the significant 

changes in the velocities near the entrance and the heated sources. 

In case there is no heating on the walls and the entry velocity is uniform at U„, the flow is purely 

hydrodynamically developing and no heat transfer takes place. If the entry velocity is fully developed (FD), 

the flow is already hydrodynamically developed and the velocity profile remains unchanged throughout the 

channel. If a heat source with q, of value 0.025 W/cm^ is now introduced at a location A/L = 0.1, the 

convective heat transfer from the source depends on the velocity profile of the incoming flow. As shown 

in Fig. 2-3, if the inlet velocity is fully developed, the flow becomes thermally developing when the source 

is reached and the temperature profile of the source is not dependent on the location of the source 

downstream of the channel entrance. The temperature profile from the source coincides with the fully 

developed analytical solution. 

If the inlet velocity is uniform, the flow starts hydrodynamically developing from the channel 

entrance, and thermally developing when the source is reached. The velocity near the walls here is higher 

than that for fully developed flow, causing better heat transfer over the source region. This causes a higher 



temperature to be observed in the case of hydrodynamically fully developed flow than for developing flow, 

as shown in Fig. 2-3. When the source is moved downstream to a location A/L = 0.5, the temperature due 

to the fully developed profile remains the same. The developing flow now is tending towards 

hydrodynamically fully developed state, giving a higher wall temperature that is closer to the fully 

developed one. 

Upon moving the source further downstream to a location A/L = 0.9, the developing flow is already 

fully-developed and the wake temperature coincides with that for fully developed entry velocity. Fig. 2-3 

compares the profiles for these three locations for fully developed velocity profile and developing velocity 

profile. The development of the temperature profile with varying K is evident from the offset plots. As 

the global flow becomes hydrodynamically fully developed, the heat transfer from the source approaches 

that for fully developed entry velocity. His is in full agreement to the argument earlier in this section for 

Fig. 2-2, except that Fig. 2-3 is for an unheated starting length. 

2.5 Choice of Reference Temperature - T.a 

Analysis of the temperatiire and velocity profiles leads to the definition of non-dimensional 

parameters such as the convective heat transfer coefficient (h), Nusselt number (Nu), Rayleigh number (Ra), 

and Grashof number (Gr). A reference temperature must be defined with respect to which the above 

quantities can be determined. The Nusselt number with as reference is given as 

Nu = (2.5.1) 

where h„f is the heat transfer coefficient with respect to q, is the wall heat flux and k is the thermal 

conductivity of the fluid (air). Tr,f is variously the inlet temperature r„, the local thermodynamic mixed 

mean temperature or the adiabatic temperature, which is defined later. 

The same source of heat flux of 0.025 W/cm^ was used here. A background heat flux of 
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0.0017 W/cm^ was provided uniformly at the walls. 

An obvious choice of Tr.f is the inlet temperature of the fluid or T„, tlie local mixed mean 

temperature of tlie fluid. Mean Nu„ averaged over the source length was computed with reference to 

the local fluid mixed mean temperature as follows 

As shown in Fig. 2-4, mean Nu„ is seen to be constant for the case of zero background heating and fully 

developed flow. Mean Nu„ decreases monotonically with distance for developing hydrodynamics with 

distance from the enhance as is expected for a boundary layer which thickens in the direction of flow. For 

non-zero background heating, mean Nu„ for both the uniform as well as the fully - developed entry velocity 

profiles, decreases monotonically, because the flow temperature profile develops to the fully-developed state. 

Again, it should be note that these are local Nusselt numbers averaged over the source. 

Fig. 2-5 contrasts the above results with Nusselt number defined in terms of the locally computed 

adiabatic temperature, Nu^ for both the zero and non-zero background heating. The experimentally 

measured adiabatic temperature of an electronic component on a board is the equilibration temperature in 

the absence of self-heating. It has been found to be a useful reference for correcting the substrate 

conduction due to the influence of neighbor components. For no wall conduction, the adiabatic temperature 

is the temperature of the approaching coolant fluid nearest the wall. This temperature may be elevated by 

thermal dissipation of other components on the board. In the present numerical experiments, was 

computed as the temperature just upstream of the source. From Fig. 2-5, the adiabatic heat transfer 

coefficient is the most well-behaved definition of h, that is the definition that is independent of thermal 

(2.4.2) 

(2.4.3) 
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dissipation of neighboring elements. Indeed, ha, depends solely upon the local hydrodynamics. For non

uniform thermal boundary conditions, intolerable variability is produced in the value of heat transfer 

coefficient defined in terms of T„ or upon r„, as shown in Fig. 2-4. From Fig. 2-4, the danger of using an 

inappropriate choice of reference temperature in defining the heat transfer coefficient is clearly illustrated. 

Comparing the case of developing flow witti = 0 and with non-zero background board heating, one 

notes that the mixed mean Nusselt number is 20 to 30% lower in the presence of background heating for 

the identical flow. A heat transfer coefficient which is dependent on both the hydrodynamics and the 

upstream power dissipation is clearly not useful for the prediction of temperature in PCBs. 

In Fig. 2-5, the Nusslet number based on the local adiabatic wall temperature as the reference 

temperature is shown for the same cases as Fig. 2-4. What is clearly shown is that the heat transfer 

coefficient, when defined in terms of the adiabatic wall temperature, is no longer dependent on the upwind 

power dissipation, but depends solely on the nature of the local hydrodynamics. The data for the developing 

velocity profile is identical for a heated component on a heated board. The significance of this for practical 

thermal computations in electronic component boards is stunning : the adiabatic heat transfer coefficient, 

and not the mixed mean heat transfer coefficient, is the only definition of h which is practically useful. 

Nu^ is independent of the level of background heating, and decreases monotonically to a constant fully-

developed value. The important observation is that the adiabatic heat transfer coefficient is not dependent 

on the temperature history, depending solely on local hydrodynamics. This provides with the most 

important application in situations of non-unifonn thermal boundary conditions as in electronic package 

arrays. 

2.6 Temperature Prediction using Linear Superposition 

When the flow is not yet in the buoyancy-dominated regime, the local buoyancy does not 

significandy affect the flow and therefore the heat transfer at any location. This indicates that the local 
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hydrodynamics are unaffected by local buoyancy and are independent of the local fluid temperatures. 

Because of the linear, homogenous nature of the energy equation , the local velocity and temperature fields 

are uncoupled. A sum of solutions is again a solution. It is thus possible to construct a solution for any 

arbitrary surface temperature variation with length by merely breaking up the surface temperature into a 

number of constant-temperature steps and summing, or superposing, the constant surface-temperature 

solutions for each step. A validation of the above for the case of discrete sources with background heating 

is presented here. 

A predictive study of this technique for cubical arrays was done by Ortega and Moffat (1986). 

They demonstrated a method for predicting the temperatures of the individual array elements irrespective 

of their individual power dissipations. From the definition the source temperature may be found from 

the following relation, 

mi) - (2-6.1) 

where is the adiabatic wall temperature, T, is the source temperature, q, is the surface heat flux at the 

source and ha, is the adiabatic heat transfer coefficient. The adiabatic wall temperature can be calculated 

by superposition of the thermal wake functions of all the upwind heated sections of the channel. Figures 

2-6 through 2-8 consider a constant background wall heating, of 0.0017 W/cm^ either on both walls 

or on one wall while the other is insulated. The source was maintained at a heat flux g, = 0.025 W/cm^ 

Figure 2-6 depicts the wall temperatures for one wall heated at the specified base flux q^^ and the 

other insulated, with the source at a q, of 0.025 W/cm^ In case of only background heating ( without the 

source), the wall temperature increases monotonically to a maximum temperature rise of 2.61 K above the 

entry temperature of 298 K. For the heated source alone with zero background heating, the wall 

temperature remains at inlet temperature of 298 K until the source is reached and then it rises until the 

end of the source where it reaches a maximum of 7.32 K above T^. The wall temperature with source then 
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drops downstream of the source, as the heated fluid near the wall must now dissipate the internal energy 

to the surrounding fluid. When both the background heat flux as weU as the source are present, the 

resultant temperature field is simply the linear superposition of the above two temperature fields. The final 

wall temperature remains the same as the one with background heating only until the source is reached. 

TTiereafter, the sum of the two temperature fields is observed. In Fig. 2-6, the solution referred to as "q, 

and is the numerical solution for both the source and background heating computed simultaneously. 

The solution referred to as the "sum" is the linear superposition of two separately computed solutions, one 

for background heating and the other for source heating only. 

Next, the source is moved midway into the channel as shown in Fig. 2-7. The Reynold's number 

of the flow was kept the constant at 1260. Here, the temperature at the exit with only background heating 

remained the same as that for the earlier case. The temperature field due to the source alone is the same 

as that for Fig. 2-6, except that it is now shifted downstream by dimensionless distance, x/L = 0.4. The 

resultant wall temperature rise due to the source as well as background heating increased to 9.36 K. 

Maintaining the same inlet Reynold's number, a further demonstration of the superposition 

technique was done by movhig the source downstream to a location x/L = 0.9. As shown in Fig. 2-8, the 

resultant temperature fields still obey the rule of linear superposition closely. The wall temperatures near 

the exit were higher now, due to the temperature field of the background heating monotonically rising along 

the channel. Due to the high Reynold's number, the flow was still not buoyancy dominated. This was also 

studied by Ortega and Moffat (1986) for buoyancy effects to be small as far as Gr/R^ < 0.3. 

The principle of superposition can also be extended to the case of two or more sources mounted 

on the channel wall as shown in Fig. 2-9. For two sources of equal heat fluxes q, of 0.1 W/cm^ mounted 

at 5 cm and 25 cm downstream of the entrance in a channel with spacing H of 1 cm, i.e. x/L = 0.1 and 0.5, 

with H/Lj = 1, the phenomenon were still found to occur. The background heating, q^, was maintained 

at 0.002 W/cm^ and the inlet fluid velocity was uniform at 1 m/s. For the first source, the wall temperature 



remained the same as the inlet temperature of 298 K till the source was reached. Then, the wall heated up 

to a maximum of 345.8 K at the end of the heated source, after which the wall temperature dropped 

uniformly to 300.6 K at the channel exit. For the source at 25 cm location , a similar temperature 

distribution was observed, only that now it was displaced downstream of the channel by 20.0 cm and the 

maximum temperature reached was lower now. For the background heating only, the wall temperattire rose 

uniformly to 303.2 K at exit Here, the ratio Gr/Re^ is extremely small (10""). The resultant temperature 

field was found to be close to the calculated one. Actually, the prediction using the technique of linear 

superposition was exactly the same as the resultant temperature field. 

Thus, it has been successfuUy demonstrated that principle of superposition can be used for 

temperature prediction in the case of forced convection in a channel. The adiabatic wall temperature at any 

location on the wall is simply the sum of all the upwind temperature fields to which the flow was exposed. 

The analysis of whether this principle still holds for buoyancy-induced flow shall be done in Chapter 4 

which discusses the results for buoyancy-induced flow. 
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Fig. 2-7 Principle of superposition shown by wall temperatures as a function of x/L with one 

wall heated at qa.. of 0.0017 W/cm^ having a source of 0.025 W/cm^ at 25 cm, and the 
other wall insulated. Res 1260. 
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CHAPTER THREE 

FINITE DIFFERENCE FORMULATION OF THE PROBLEM 

3.1 Introduction 

The first objective of this investigation is to understand the behavior of buoyancy-induced 

convection in vertical channels with uniform thermal boundary conditions. The deviation of the channel 

flow in forced convection to buoyancy-induced chimney flow resulting due to increase in Ra is studied here. 

The walls are subjected to uniform thermal conditions of constant temperature or constant heat flux. The 

approach used by Aung, Fletcher and Semas (1972) is used here to solve the flow between plates with 

uniform boundary conditions. For solving the problem of channel flow at hand, one must first identify the 

equations that govern the flow. The equations that govern the flow are elliptic in nature, i.e. conditions at 

any location in the flow regime affect the overall flow. Thus, downstream conditions also influence the 

flow upstream. The fmite difference technique is utilized to obtain the equations for the flow in matrix 

form and then the flow parameters solved. For subsequent work on discrete heat source boundary 

conditions, a conmiercial fmite element code, which was unavailable for the work described in this section, 

was utilized. The fmite difference code was used only for the tmiform boundary condition cases. 

3.2 Governing Equations 

The fluid is assumed to be of one species and Newtonian, and the flow field two-dimensional and 

steady. The equations governing laminar free convection are essentially the same as those for forced 

convection. In accordance with Kays and Crawford (1980), the applicable equations are continuity, 

^ ^ = Q (3.2.1) 
flbc dy 

where, u is the x-direction velocity and v is the y-direction velocity. 
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The gravitational force is oriented in the negative x-direction, causing = -p^. The momentum 

equation can be simplified by making the Boussinesq approximation for free-convection flows. It neglects 

all variable property effects, except for density and it approximates the buoyancy difference term with a 

simplified equation of state 

P.  -  P =  P„HT-TJ (3.2.2) 

where (i is the volumetric coefficient of thermal expansion. The momentum equation is then given as 

follows 

( du du\ dP ) u— + V— 
\ dx dy) dX 

ci^u . 

[dx^ dy'J 

where n is the viscosity and p is the density of the fluid, respectively. 

The energy equation for the temperature T of the fluid is 

P8 (3.2.3) 

dT dT u— + V— = a 
dx dy 

'^T ^ Pr(^ (3.2.4) 

when the streamwise diffusion terms are neglected, where a is the thermal diffusivity of the fluid expressed 

as a = k/pc, where k is the thermal conductivity and c is the specific heat capacity of the fluid. Prandlt 

number, Pr = iic/k, is the ratio of momentum and thermal diffusivities of the fluid. 

The dissipation term of Eqn. (3.2.4) depends on the velocity of the fluid as well as the Prandtl 

number. Viscous dissipation for fluids with Prandtl number near unity is important only when the fluid 

velocities approach the speed of sound. Under conditions of the channel flow, k can be treated as a constant 

and the viscous energy term can be neglected. The energy equation (3.2.4) then becomes 

dT ^ dT 
u— + V— 

dx dy 
= a-^T 

dy^ 
(3.2.5) 



The Eqns. (3.2.1), (3.2.3) and (3.2.5) govern the flow of fluid in the channel 
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3.3 Non-dimensionalization of Equations 

The walls of the channel can either have a uniform heat flux (UHF) across them or they can be 

maintained at a uniform wall temperature (UWT). The above equations are non-dimensionalized using 0 

as the non-dimensional temperature, and Gr as the other parameter, following the procedure of Aung et al. 

(1972). For UHF - uniform heat flux at the walls with the heat flux at the hotter waU as q„ the non-

dimensional parameters are defined as 

For UWT - uniform wall temperature with hotter wall at temperature Tj, the non-dimensional 

parameters are deflned as 

e  
T - T„ 

2 ; Gr 
q^HIk Lv^k 

(3.3.1) 

6 
Lv^ 

(3.3.2) 

Using the above parameters, the governing equations are non-dimensionalized as 

dU 

dX 
+ (3.3.3) 

uML ^6 
dX dY dY^ dX 

(3.3.4) 

jjm ^ ^ 1 

dX dY PrSY^ 
(3.3.5) 
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where 

LGr 

X (3.3.6) 

and 

p ^ (P Po)H* . _ nc 

pL^v^Gr^ * k 

(3.3.7) 

where p„ is the pressure that would apply at any level in the channel if the fluid therein was at the ambient 

temperature T^. 

A final constraint is imposed by specification of the flow rate. A dimensionless flow rate M, is 

defined as 

where, is the entry velocity of the fluid. 

Representing the heat flux at the cooler wall by ^2 and the cooler wall temperature by the heat 

flux and temperanire ratios, r„ and Tj, respectively are given as follows. 

where r„ and vary from 0 to 1. The boundary conditions can be expressed as, 

for X = 0 and 0 < Y < 1 : 
U = M ,V = 0 (3.3.10) 

for Y = 0 and X > 0 : 

For Uniform Heat Fluxes : 

M 
LvGr 

(3.3.8) 

(3.3.11) 
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(3.3.12) 

(3.3.13) 

For Uniform Wall Temperatures : 
t /  =  0 , F = 0 , e  =  l  ( 3 . 3 . 1 4 )  

at X = 0 and X = 1/Gr : 
P = 0 (3.3.15) 

The non-dimensional Eqns. (3.3.3) through (3.3.5) need to be written in finite difference form in order to 

study the flow. 

3.4 Finite difference Formulation 

Consider the finite difference grid in Fig. 3-1. The grid is very fine near the walls due to the 

presence of high velocity and temperature gradients there. Also, the grid is fine in the entrance region, to 

enhance the development of the flow. Typically, 21 grid points were taken across the channel and 40 along 

the flow direction. 

A central difference method was used in the transverse direction, while forward differencing was 

used in the streamwise direction. Let (i, j )bs the location of a typical grid point, as shown in Fig. 3-2. 

The spacing in the x-direction is defined as fAX). = (.y, - X;.j ), where X; and X/.j are x-coordinates of 

adjacent grid points and 2 < i < M. The spacing in the y-direction is defined as (AY)j = (.Yj- Yj,,), where 

Yj and Yj., are y-coordinates of adjacent grid points and 2 < j ^ N. For a function f(x), the forward 

difference is given as follows, 

For Uniform Wall Temperatures : 
C/ = 0 , F= 0 , 0 = Tj. 

for Y = 1 and X > 0 : 

For Uniform Heat Fluxes : 

£ /  =  0 , F  =  0 ,  —  =  1  
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f'(X •) = 

~ AXj 
(3.4.1) 

The forward difference was used for marching in the streamwise direction. Central differences were used 

to compute the fluid quantities in the transverse direction at each step along the flow. 

The central difference approximation of the first derivative is given by, 

d 
y/ix,y)j ^ -fj., 

1 
^ AXj 

-A 
r/ AXj ^ 

7+1 
L\ 

AX 'jnj 

^ f j  

1 

1 
AX, AXj^,^ (3.4.2) 

while the central difference approximation of the second derivative is given as follows, 

2/y ^ /r \ ^ 
—Ax,y)i - — 
dx^ ^ AX/AX, + AX,,i) AX^AX^.I 

2/, 
(3.4.3) 

7+1 

AX,,i(AX, + AXj,i) 

The above finite difference approximations of the derivatives can then be implemented into the 

non-dimensional governing equations, viz. Eqn. (3.3.3) through (3.3.5). Let be the midpoint of the 

channel, i.e. 7^ = (n+l)/2, where n is the number of grid points across the channel. Then, the continuity 

equation in the range 2 < j < is expressed in finite difference formulation as follows. 

AK 
V = V - i 

and in the range j^+1 < j < n as follows, 

^ ^iJ-1 

AX i+1 AX i+l 

(3.4.4a) 

Ar 
V = V + 7+1 

AX i+l AX 1+1 

(3.4.4b) 
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The momentum equation (3.3.4) can be expressed as below. 

u _±M—y.+v.. 
V ay 

1 1 

2 _ 2 Uj+ij ^ 2 ~^i ^ Q 

AYj AYj^AYj^, AI} AYj^r LYj^, Al} + Ar^,, AX, <+i 

(3.45) 

The pressure gradient tenn is considered to be significant only in the x-direction. Also, the last term in the 

above equation accounts for the buoyancy due to heating of the fluid. 

The energy equation (3.3.5) can be similarly expressed in finite difference terms as follows, 

t/, y + K, 
W AX 

"•i+l 

J_ 
Pr 

0 

Q 

2 0, 

0 

Ay^AY^+Ay^,, Ay; Ay,,, 
tiJ. + ^ 

0 

Ay/Ay^+Ay,,,) 

i+lj+l 

LYj^, Ay^+Ay^,! 

(3.4.6) 

The above equations are the full finite difference expansions for the governing equations of the 

flow of fluid between the channel walls. In addition to these equations, the mass flow expression, viz. Eqn. 

(3.3.8) can be decomposed using Simpson's rule to get the following. 

I UdY= 

J/-. 

Y ^-Y ^ ^1*1 

3 

/ y  2 _ y  2 ^  
'j-l 

Y ^-Y ^ •0+1 

(.Yj-Yjn'XYj-Yj-x') 3 

Y 2_v 2^ 
'j*l V-1 

y  ^ - y  '  
y-i 

3 

2 
2 

Yui^-Y, 

(3.4.7) 



where, j = 2,.. (n-1). 

The above equation approximates the integral over the range Yj,, to Yj^j. It is summed over the 

grid points across flie channel widtti to provide the mass flow between the plates. This completes the finite 

difference definition of the flow. 

3.5 Solution Technique 

The solution of the difference equations was obtained by first selecting U^, the non-dimensional 

entry velocity, and r„ or r^j-. Then, a marching procedure was utilized to evaluate the variables U, V, 0 and 

P for each row beginning at row i = 2 using the values at the previous row. This was done using Eqns. 

(3.4.4) through (3.4.7) to obtain a system of (2n - 3) Unear equations with (2n - 3) unknowns. 

This system of linear equations was solved using the Gauss-Jordan method with full pivoting in 

accordance with Press et al (1986). Full pivoting was used to eliminate the importance of diagonal 

dominance in the coefficient matrix. If the exit P was close to zero, the solution was assumed to be 

converged, for the given flow rate. However, if P at the exit was positive, the flow was recomputed using 

a lower value of U„, or if P at the exit was negative, the flow was recomputed using a higher value of t/„. 

The iterations were continued till the condition I/*! < iCf" was satisfied at flie exit 

The above mefliod of solution had to be modified for the case of uniform heat fluxes (UHF) at the 

walls. The solution then was obtained using successive approximations. For any row i + 1, tlie wall 

temperatures were first set equal to those on Uie previous row as below, 

«M.l - 0,.I ; 

where, denotes the successive approximations. Using these, a solution for the interior points at row 

i + 1 was obtained as described above. Then, new wall temperatures were calculated using a three-point 

derivative formula. The procedure was continued until convergence of successive results of two iterations 



on 0;, and 0,„ was observed within 0.01%. In both the UHF and UWT, the condition of P at exit 

approximately zero was the final check, and the flow field was recalculated otherwise. 

This finite difference technique was used to solve the buoyancy-induced flow between two channels 

only in the case of uniform wall boundary conditions. In case of a step change in the wall heat flux or the 

wall temperature, the above method did not converge, because axial diffsion terms in the Navier-Stokes 

equations were neglected here. The next chapter discusses the results for buoyancy-induced flow between 

two heated plates using the fmite difference approach described here. For the case of non-uniform boundary 

conditions, the finite element method described in Appendix A was utilized. 
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p-p. 
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HotWaB 

q.wT, 

Cold WaU 

"..T. 

Fig. 3-1. Finite difference grid for numerical simulations. 

X,.. 

(U) 

j . i  J  j  +  i  

Rg. 3-2. A typical grid point location showing various incremental distances in longitudinal and 
transveise directions. 
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CHAPTER FOUR 

RESULTS AND DISCUSSION FOR NATURAL CONVECTION 

4.1 Introduction 

Fluid motion may, under certain circumstances, be strongly affected by the presence of gravity. 

This is by virtue of the body force induced. Its magnitude at a given point is proportional to the local fluid 

density difference from that of the neighboring fluid. At one extreme is the forced convection which was 

discussed in Chapter Two. The basic characteristics of forced convection under the assumption of constant 

density are uninfluenced by gravity. When density non-uniformities become significant, the flow is no 

longer pure forced convection and local buoyancy becomes important 

Results for buoyancy-induced convection were studied for heat transfer between two heated walls. 

First, the variation of the velocity and temperature profiles across the channel were studied. Next, the 

departure of the local Nusselt number from the forced convection limit was studied. Analysis of the 

variation of mean Nusselt number was made over the channel length with wall heating using the finite 

difference scheme elaborated in Chapter 3. Later, buoyancy-induced flow for discrete heat sources was 

investigated using NIS A/3D-FLinD. Finally, the validity of the superposition principle, that was successful 

for the forced convection, was verified for the buoyancy-induced flow. 

4.2 Temperature and Velocity Development 

An important parameter for buoyancy-driven flow is the Rayleigh Number. It is representative of 

the buoyancy-dominated flow regimes. The Rayleigh number is defined as follows, 

Ra = GrPr (4.2.1) 

where, Gr is the Grashof number for the channel as defined by Eqn. (3.3.1) for uniform wall heat flux, and 

Eqn. (3.3.2) for uniform wall temperature. Gr is the ratio of buoyancy to viscous forces. Pr is the Prandtl 
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number for the working fluid, i.e. the ratio of kinematic viscosity to thermal diffusivity, taken to be 0.7 for 

air. 

In the problem at hand, the sources dissipate energy in a manner that closely follows a uniform 

heat flux source. Therefore, the case of uniform heat flux (UHF) for the channel walls is of direct 

consequence to the physical situation. Figs. 4-1 through 4-4 concentrate on the development of the 

temperature and velocity profiles in the UHF case with changing Rayleigh numbers. Rayleigh numbers for 

the uniformly heated channel can be increased either by increasing the channel spacing, H, or by increasing 

the heat flux or wall temperature for the UHF and UWT cases, respectively. 

Fig. 4-1 shows the variation of the streamwise component of the exit velocity, given as (U^UJ, 

across the channel as a function of the Rayleigh number. For the symmetrically heated UHF case, the 

velocity at the channel exit is nearly parabolic for low Rayleigh numbers. This is similar to the results 

obtained by Aung et al. (1972) where velocity profiles at channel exit agreed well with fully developed flow 

distributions. The flow is similar to forced convection at low Rayleigh numbers. This pattern is observed 

for fairly moderate Ra, with no major variation in the exit velocities. As the channel Rayleigh number is 

increased beyond 10', fluid becomes entrained towards the walls, causing maximum velocity near the walls. 

This trend continues till Ra of the order of l(f, when the flow has clearly a uniform velocity area in the 

central part and boundary layer flows at each wall. When Ra was increased further, significant backflow 

occurred into the channel due to entrainment of fluid from the top of the channel into the heated channel. 

Temperature development for varying Rayleigh numbers is shown in Fig. 4-2 for symmetrically 

heated UHF case. The maximum temperatures at the walls occur at the channel exit. Thus, the non-

dimensional temperatures were normalized by the exit wall temperature to obtain Fig. 4-2. The temperature 

profiles for all the Rayleigh numbers are symmetrical due to the symmetrical boundary conditions. For very 

low Ra, the temperature drops smoothly from the channel wall to an intermediate temperature at the channel 

centerline, and then it rises up again towards the opposite wall. As the Rayleigh number was increased. 
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the fluid at the center of the channel remained at a far lower temperature than the walls. At very high Ra, 

the fluid temperature remained at the entry temperature r„, except close to the walls, where a steep rise in 

fluid temperature was observed. This accounts for the boundary-layer type flow as the walls are separated 

by larger distances, i.e. by increasing Ra. 

For the case of asymmetric UHF, one wall was heated at heat flux q, while the other was insulated. 

The velocity profiles obtained thereafter are shown in Fig. 4-3. As was observed by Miyatake et al. (1973), 

for the case of one wall unifonnly heated and the other insulated, the velocity profiles were now skewed 

towards the hotter wall. At low Rayleigh number, local buoyancy forces were not dominant The flow was 

exactly like that for the forced convection limit With the increase in Ra, the fluid near the hotter wall gets 

more buoyant and rises, causing more fluid to be entrained from the surrounding area towards the hotter 

wall. When the thermal boundary layer develops simultaneously with the development of the velocity 

boundary layer, the flow begins to show a tendency to approach the heating side wall. This occurs due to 

the predominance of buoyancy forces near the hot wall. This phenomenon was observed to continue till the 

plates were very far apart Essentially, the flow approached that for an isolated heated plate in a quiescent 

fluid at high Ra. 

For the temperature profiles of Fig. 4-4, the fluid temperature was normalized by the wall 

temperature at the channel exit. For low Ra, the normalized non-dimensional fluid temperature dropped 

uniformly from 1.0 at the hot wall to a lower value at the other wall. The temperature gradient at the left 

wall is representative of the applied heat flux q,. ITie slope of the temperature profile at the other wall is 

zero because of the wall being adi^atic. The temperature gradient at the hotter wall became more negative 

upon increasing the channel Ra. A very sharp temperature profile was obtained at Ra of the order of l(f, 

which is a characteristic of the limit of an isolated heated plate in a fluid. 

Of the uniform wall temperature case (UWT), the one with both the walls isothermally heated to 

different temperatures is important to depict the temperanire development as Ra changes. The variation of 
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the non-dimensionless temperature at the channel exit as a function of transverse distance is shown in Fig. 

4-5. These results were found to be in good agreement with those obtained by Miyatake et aZ.(1972). The 

fluid temperature is heated to a linear gradient aaoss the channel if the channel length is sufficiently long. 

This, in effect, means that the fluid acts necessarily as a conduction medium, with convection no longer 

importanL At high Ra, the temperature slopes at the wall become sharper till the hot wall is no longer 

influenced by the presence of the other wall. 

The non-dimensional pressure defined in Eqn (3.3.7) is a characteristic of buoyancy-driven flows. 

The non-dimensional pressure as a function of distance along the channel is shown in Fig. 4-6. Aung et 

al. (1972) were the first to analyze this pressure distribution. The pressure P varies parabolically with the 

axial distance. This causes the so-called "chimney effect". It comprises of entrainment of the surrounding 

fluid into the heated channel, and the flow up in the channel till the pressure defect is zero at the top of the 

channel. This pressure defect due to density imbalance is the basic reason for the phenomenon of 

buoyancy-induced convection. 

4.3 Local Heat Transfer Mechanism 

The temperature and velocity development with varying Rayleigh numbers has a direct correlation 

with the heat transfer from the wall. The non-dimensional parameter that is utilized to determine heat 

transfer from a surface is the Nusselt number. It is equal to the dimensionless temperature gradient at the 

surface and is defined by Eqn. (2.5.1) with temperature as the reference temperature. It provides a 

measure of the convective heat transfer occurring at the wall surface. For the case of the parallel plate 

channel with uniform wall heating conditions, UHF or UWT, Nusselt number decays along the normalized 

axial direction. The Nusselt number was evaluated with reference to r„, the mixed mean fluid temperature 

at that axial location. The change in the flow Reynold's number due to varying wall conditions needs to 

be taken into account. For this purpose, the distance in axial direction was normalized by the quantity, H 
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Re Pr. The simultaneously developing forced convection flow values of Nu were found to be the same as 

that obtained by Shah and London (1978) for pure forced convection as shown in Figs. 4-7 through 4-10. 

In each case, this curve is provided to compare the departure of Nu from this limit as the channel Ra is 

changed. 

For the case of symmetrically heated uniform heat flux (UHF) walls, the Nusselt number drops as 

the flow proceeds in the axial direction. This is due to the hotter fluid downstream being close to the walls 

lowering the convective heat transfer from the wall. Once the flow is thermally and hydrodynamically fully 

developed, the Nusselt number asymptotes to a constant value. From Fig. 4-7, increasing the Ra of die 

channel causes the Nu„ to depart from the forced convection limit. A higher Nusselt number is now 

observed due to the channel spacing being larger. When the channel is sufficiently long, the thermal 

boundary layers merge, as discussed in the earlier section, and a fully-developed flow results. However, 

if the channel is not long enough, the flow is still developing at the exit. A buoyancy force is introduced 

on the fluid within the thermal boundary layer and the fluid is accelerated. The development of thermal 

boundary layer explains the increase in Nu„ from the forced convection limit with an increase in the channel 

Rayleigh number. 

Some fascinating behavior is observed. For very large Ra of the order of 10^ - 10', die heat 

transfer is purely by buoyancy induced boundary layer flow. For moderately high Ra in the range 10 -10*, 

the heat transfer is best described as weakly buoyant mixed convection and an asymptotic, fully-developed 

mixed convection behavior is observed at large x^. Here, it is notewothy that "mixed convection" refers to 

the combined effects of naturally-induced chimney flow, which is the "forced" component and local 

buoyancy mechanism near the wall, which is flie "free convection" component. At low Ra of the order of 

10'^ -10, the flow becomes buoyant channel flow which is indistinguishable from the forced flow solution. 

A fully-developed mixed convection behavior is no longer observed. The deviation from tiie forced 

convection limit is found to increase as Ra is raised demonstrating the tendency of the flow to approach that 
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for a heated isolated plate in a quiescent fluid. Thus, the solution for Ra = 0.04 is ostensibly for a channel 

whose flow becomes fully developed buoynancy-induced chimney flow, and the flows for decreasing Ra 

exhibit similar behavior at small distances from the inlet, but diverge from the buoyancy-induced forced 

convection result as accumulative buoyancy effects become significant. The largest Ra represents behavior 

approaching isolated plate boundary layer behavior. 

A similar trend is shown in Fig. 4-8 for the case of the unsymmetrical UHF case, with one wall 

heated at uniform Qj and the other wall insulated. Here, the Nu„ for the forced convection asymptotes to 

a lower value than that for the symmetrical UHF case. When the walls are symmetrically heated, there is 

a higher rate of fluid flow through the channel, causing better heat transfer from the walls. The mass influx 

into the channel is lower if only one wall is heated. This results in poorer heat transfer than the previous 

case. As was observed for the earlier case, here too the buoyancy-induced flow results deviate from the 

forced convection limit as the Ra is increased. In the presentation of Figs. 4-7 and 4-8, the data point at 

the largest value of x' represents the channel exit, which is at the same physical distance for each case. 

For the symmetrically heated isothermal walls (UWT), the Nu variations with Ra are shovra in Fig. 

4-9. The forced flow Nusselt number asymptotes to a value that is slightly lower than that for the 

symmetrical UHF case. The distribution for a low Ra of 4.0 x 10^ remains the same as that for forced 

convection. Significant deviation from the forced convection limit starts to occur beyond the value of Ra 

of 40.9. Thereafter, the induced flow becomes buoyancy-dominant and further deviation is observed as the 

walls are placed wider apart. For the unsymmetrically heated UWT case, with one wall heated isothermally 

and the other insulated, the results are shown in Fig. 4-10. Again, the deviation of Nu as the channel 

Rayleigh number is increased is observed. As expected, the forced flow Nusselt number asymptotes to a 

value less than that for both walls isothermally heated. It is of interest to note that asymptotic, fully-

developed, mixed convection behavior is obtained only at small Ra, in this case for Ra > 40.9. For larger 

Ra, no true fully-developed behavior is observed. 
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The traditional manner to represent the departm'e of the channel flow from the forced convection 

limit to the isolated plate limit is to plot Nusselt number based on inlet temperature averaged over the 

channel length as a function of the channel Rayleigh number. These co-ordinates were utilized by Aung 

e/ al. (1972) and Miyatake et al. (1973) after the original paper due to Elenbaas (1942). The advantage of 

using such co-ordinates is that a single curve represents the results for all heat flux ratios. As shown in Fig. 

4-11, one end of the flow characteristics is the limit of fully developed channel flow, while the other end 

comprises of the fully developed plate flow. At low Rayleigh numbers, the flow was predominantly forced 

convection and this coincides to the dotted Une in Fig. 4-11. Upon increasing the channel Rayleigh number, 

local buoyancy forces became dominant. Wall effects influence the flow significantly in buoyancy-induced 

flow. This led to the flow reaching the limit of isolated plate flow at very high Rayleigh numbers. It seems 

that the wall is then unaffected by the presence of the other wall, but this requires a very large plate 

spacing. 

Fig. 4-12 represents the mean Nusselt number variation as the channel Ra is changed for the 

unsymmetrical UHF - one wall heated at a uniform heat flux, and the other insulated. The trend in the 

previous case was maintained here. At low Rayleigh numbers, the flow emulated forced convection heat 

transfer between two parallel plates. As the plates were dravm apart, causing the flow Rayleigh number 

to rise, the flow approached that for heat transfer from a isolated plate suspended in space. The transition 

from forced convection limit to the plate limit was smooth and the flow gradually became buoyancy 

dominant at large Rayleigh numbers. 

Similar results are represented for the symmetrically and unsymmetrically heated UWT in Figs. 

4-13 and 4-14, respectively. Here, too, the mean Nusselt number over the channel length was observed to 

vary form the fully developed forced convection limit to the fully developed plate flow with increasing 

Rayleigh numbers. 

To this point, the walls have been considered to have uniform boundary conditions. The finite 
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difference code could only handle uniform wall boundary conditions, UHF or UWT. Upon the presence 

of a hot spot or a source on the wall, the numerical scheme failed to converge. This is because the axial 

diffusion terms in the governing Navier-Stokes equations were neglected in the finite difference method. 

Thus, the finite difference method could not solve the flow regime for non-uniform heating of the walls. 

For the subsequent results for the source on the wall, the finite element scheme explained in Appendix A 

was utilized. 

4.4 Behavior With Discrete Sources 

In the physical situation, there are differently heated components on a printed circuit board that are 

cooled by the buoyancy-induced flow as depicted in Fig. 1-1. The previous analysis of uniform wall 

boundary conditions acts as the standard solution to the problem of heated sources on-the walls. An 

investigation of heat transfer from discrete heat sources is discussed next. 

The wall was heated at a unifonn wall heat flux of and the source of length 1 cm located at 

A/L = 0.1 was heated at an additional heat flux of q,. The inlet velocity profile was specified as uniform 

or fully-developed. Aihara (1973) studied the effects of inlet boundary conditions on laminar free 

convection between vertical parallel plates. As shown in Fig. 4-15, the results obtained for a uniform inlet 

velocity are compared to those for a parabolic one. The flow Reynolds number, Ret^., for this section is 

defined with the source length, L^, as the characteristic length. The ratio of Nusselt number to its value with 

forced convection is plotted against the ratio of local Grashof number to the square of the Reynolds number. 

The reference temperature is taken as the inlet fluid temperature. At very low values of Gr,^^RejJ, 

the Nusselt number ratio is close to unity. The convective heat transfer is flie same as it would be for 

forced convection. As the ratio Gr/RciJ increases, a monotonic departure of the Nusselt number is 

observed. This is due to more fluid being induced towards source at higher wall heat fluxes. The higher 

fluid velocity perpetuates a higher Nusselt number. This explains the monotonic increase in Nu as Gr/ReiJ 
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is increased. 

For a fully-developed inlet velocity profile, the fluid near the walls is at a lower velocity causing 

a more rapid transition into a buoyancy-dominant flow. This causes the Nusselt number at the same Gr/R^ 

to be higher for the fully-developed profile, since the local buoyancy augments the local heat transfer. The 

same trend is observed in Fig. 4-16 where the reference temperature is T^, the mixed mean fluid 

temperature. The adiabatic temperature, 7^ is defined as the temperature of the ^proaching fluid nearest 

to the wall. It equibrates to a value dependent on both the upwind and downwind neighbors. Fig. 4-17 is 

plotted with as the reference temperature for the Nusselt and Grashof numbers. Here, the variation 

between the two inlet velocity profiles was found not to have a significant effect on the Nusselt number. 

The importance of adiabatic temperature has already been discussed in Chapter Two. 

Departure of adiabatic heat transfer coefficient for pure buoyancy-induced convection from the 

forced convection limit is depicted in Fig. 4-18. The source was located at A/L = O.I and the local Grashof 

number in terms of q, was Jield constant at 4.6x10'^. The cases of possible flow conditions within the 

channel are tabulated as follows: 

Table 4-1. Flow conditions for discrete heat source in a channel. 

Case Characteristics Source Gr,„„, Channel Inlet Velocity, U„ g 

Case I Pure Forced 
Convection 

constant 6.2 X 10-^ Specified off 

Case II Forced 
Convection, 
Allowing local 
buoyancy 

constant 6.2 X 10'^ Specified on 

Case in Buoyant 
"Chimney" flow, 
with local 
buoyancy 

constant 6.2x10-^-8.3x10'' Not specified on 

For the case of pure forced convection, an inlet velocity was specified and gravity was not 



considered to be acting on the channel. The forced convection case was solved by turning the gravity off 

in the numerical code. For the forced convection within the plates, the adiabatic heat transfer coefficient, 

is found to decrease monotonically as a power law with decreasing flow Reynolds number, For 

Case II that signifies "mixed convection", refers to forced convection and local buoyant convection. Local 

buoyancy effects were included in the computations. Gravity was present in these numerical experiments. 

The flow field was solved by an upstream marching technique. The ha, deviates form the forced convection 

limit for RCj^ lower than 2x10^ Case III depicts a pure buoyant convection situation with gravity effects 

present. The global Grashof number is varied from 6.2x10"^ to 8.3x10'' and no inlet velocity was specified. 

This produces a buoyancy induced "chimney" flow allowing for local buoyant convection from the source. 

The entire flow field was solved simultaneously. The deviation of from the forced convection limit was 

found to be the same as Case n. Whether the global flow is forced convection or buoyancy-induced 

"chimney" flow, ha, is the same and it deviates from the forced convection limit due to local buoyancy. 

A close agreement between the results for forced convection allowing local buoyancy and buoyant 

"chimney" flow allowing local buoyancy leads to the result that solving the entire flow field can be foregone 

by use of upwind technique for narrow channel spacing. However, this cannot hold for large channel 

spacing, as the flow approaches isolated plate boundary layer flow and entry fluid no longer has a uniform 

inlet velocity. 

4.5 Temperature Superposition in Buoyancy-Induced Flow 

For forced convection heat transfer between two parallel plates, the principle of superposition is 

validated in Chapter Two. It was demonstrated that the technique of linear superposition can be used for 

temperature prediction in forced convection. The adiabatic wall temperature at any location was simply the 

sum of all the upwind temperature fields to which the fluid was exposed. This holds true while the 

buoyancy effects were small. An investigation of the superposition principle of temperatures for buoyancy 



dominated flows is perfomied here. 

There are two governing parameters when a source is present in buoyancy-induced flow. The 

global Rayleigh number, Ra^,^, is a characteristic of the channel flow, while the local Rayleigh number, 

R^tocaiy is a characteristic of the local hydrodynamics at the source. These two Rayleigh number are defined, 

respectively, as follows, 

: (4.5.1) 

The ratio of local to global Rayleigh number is representative of the relative significance of local 

buoyancy effects to the global buoyancy effects. Two combinations of low with low or high 

were studied here. Temperature fields for each of these cases are shown in Figs. 4-19 and 4-20. 

To analyze the effects of and Ra^,^^, values of heat fluxes q, and of the order of 10"' 

and 10respectively, were applied to the walls. For low local Rayleigh number of 6.3x10' {q, = 0.025 

W/cm^) as well as low global Rayleigh number of 8.6 = 0.0017 W/cm^), the flow is primarily 

buoyancy-induced forced convection. A uniform inlet velocity was specified. First, only was switched 

on and the temperature profiles at the wall surface was obtained. The temperature with only base heating, 

Ibcst' rises monotonically with the axial distance. The flow Reynold's number was computed for the case 

of background heating only and the inlet velocity, U^, calculated. Then, the background heating was 

switched off and only the source was powered at q,. The fluid inlet velocity was maintained at U^, the one 

for background heating only. For the source heating only, the fluid temperature remains the same until the 

source is reached. The wall temperature rises to a maximum at the end of the source, after which it decays 

steadily to a value close to the ambient fluid. Maintaining the same inlet fluid velocity, both the source and 

background heating were switched on. The resultant temperature field with both the base heating along with 

the source is compared to the sum of the individual temperature fields for q^^ and q, and is found to be 

witliin 1.2 % of the sum. Thus, the superposition principle holds well for the case of low local and global 
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Rayleigh numbers when Gr,^^ReJ - 0.026 and is even lower. This closely emulates the 

forced convection situation where the flow has weak buoyancy effects, local or global. 

Figure 4-20 shows the temperature fields for a high local Rayleigh number of 3.8x10* {q, = 0.14 

W/cm^), but a low global Rayleigh number of 8.6 = 0.0017 W/cm^). This occurs when Uie local 

buoyancy effects dominate the global chimney flow. For this flow, the ratio Gr,„^JRe^ is 0.47. The error 

obtained due to the superposition principle is II % which is fairly large. This implies that the validity of 

the superposition principle depends largely on whether the buoyancy effects are globally or locally 

dominant. 

The superposition principle thus holds for the case of low local buoyancy effects in the channel, 

whether the channel flow is induced by forced flow or low Ra^,^ chimney flow. The technique can also 

be utilized even under the circumstances where buoyancy effects are beginning to be important. The 

dominant heat transfer mechanism should be forced convection for linear superposition principle to be valid. 

However, as verified above, when local buoyancy effects become significant, the supeiposition of 

temperature fields is no longer applicable, because the velocity field is no longer independent of 

temperature. 
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Velocity Distribution for UtIF-Asymmetric Wall  Conditioos 
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CHAPTER FIVE 

CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

The convective heat transfer results for varied heating in parallel plate vertical channels have been 

investigated in this study. Numerical solutions are obtained for the developing flow as well as 

hydrodynamically fully-developed flow. Consistency is obtained for the results for this study with previous 

work. The walls are either uniformly heated or have a source on them that may be accompanied with 

background heating. There is a clear demonstration of the transition from forced convection to buoyancy-

dominated convection as the channel spacing is inaeased. 

For forced convection heat transfer in the heated channel, the following conclusions can be drawn: 

The hydrodynamic and thermal boundary layers develop together along the channel length for 

uniform boundary conditions on the wall, viz. uniform heat flux or uniform wall temperature. For 

the source without background heating, the fluid remains at the inlet temperature until the source 

is reached. 

• For developed hydrodynamics, the Nusselt number based on ambient temperature or mean fluid 

temperature decreases monotonically with distance from the entrance. However, with the adiabatic 

temperature, as the reference temperature, the Nusselt number is found to be independent of 

the temperature field upstream of the source location, depending solely on local hydrodynamics. 

• The principle of superposition of temperature fields is verified to be valid for temperature 

prediction. The discrete source solution can be superimposed upon the uniform heat flux solution 

to obtain the combined solution. 
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The characteristics of forced convection remain uninfluenced by gravity under the assumption of 

constant fluid density. When density non-uniformities become significant, the flow is no longer forced 

convection and buoyancy forces dominate the flow. The adiabatic Rayleigh number, Ra^ is the appropriate 

descriptor of buoyancy in the flow. It varies directly as the channel spacing. 

Examination of local as well as global buoyancy-induced flow is done. The present results 

reveal the following: 

• The heat transfer is not affected significantly by local buoyancy effects in a channel flow, as long 

as the ratio GrJRej] is not more than 0.3. A parabolic variation of the pressure defect with axial 

direction drives the flow in buoyancy-dominant case. 

For thermally and hydrodynamically developed flow, the Nusselt number asymptotes to a constant 

value. When UH is not large enough for the flow to develop fully, an increase in Ra is causes a 

departure of the Nusselt number from the forced convection limit. This departure is found to 

increase at higher Ra due to more dominance of buoyancy effects. 

Upon varying the channel Ra over a large range, the flow is found to deviate from fully 

developed channel flow to that for an isolated plate in a quiescent fluid. The transition is found 

to be smooth with increasing Rayleigh number. 

The source heat transfer is characterized by the local Rayleigh number based on the adiabatic 

source temperature. The local heat transfer coefficient departs from the forced convection limit 

when buoyancy effects become dominant in the flow regime. 

The principle of superposition of temperature fields is valid for low local Rayleigh numbers, 

independent of the global flow being forced or buoyancy-induced low Ra^,^ chimney flow. The 

principle fails when local buoyancy effects dominate the flow. This is consistent with the expected 

behavior since it is local buoyancy that governs heat transfer from the source. 



5.2 Recommendations 

The investigation presented here is for a particular set of boundary conditions in conjunction with 

particular flow constraints. The idea of buoyancy-induced convection has been demonstrated for flush-

mounted sources. There exist many parameters in the physical world that could be justified for further 

examination. 

The first is the issue of the flow over real packages that are mounted as modules on the printed 

circuit board. Cavity flow as well as flow reversal shall occur under these ciromistances. The three-

dimensional arrangement of modules on the board can be studied for possible interactions between the 

packages. The second issue is turbulence in case of buoyancy-induced channel flow with real packages. 

Here, the flow has been assumed to be laminar throughout, a far cry from the real situation. Transition to 

turbulence-is highly likely to occur at shear layers between the modules within the channel. 

The next issue is the conduction through the board. Tbe heat transfer in a vertical channel can be 

enhanced significantly by distributing the sources over a highly conducting substrate. Additionally, the 

conduction flow regime may be stable or imstable. 

The entry velocity at the channel bottom is strictly two-dimensional. For a complete investigation 

of the flow, this two-dimensional flow regime could to be solved elliptically. The fluid properties have been 

assumed to remain constant except the density term. In reality, the properties of air vary over the range 

of temperatures considered. A study with varying fluid properties can be performed in conjunction with 

a database that stores the fluid properties at different temperatures. 
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APPENDIX A 

FINITE ELEMENT FORMULATION 

A.l Introduction 

NISA/3D-FLUID ( Numerically Integrated elements for System Analysis for 3D-FLUID 

mechanics) is a general purpose fmite element program developed by EMRC for the analysis of a wide 

spectrum of problems encountered in fluid mechanics. A brief overview of the theoretical basis for the 

finite element calculations is given below. 

Briefly, the fmite element mefliod is a powerful numerical technique for approximate solution of 

continuiun mechanics problems. A continuum with infinite number of degrees of freedom is replaced with 

a discrete system with finite number of degrees of freedom, causing the method to be strictly approximate. 

The method involves subdividing a continuum into a finite number of regions called elements connected 

at a fmite number of points called nodes to which the loads or boundary conditions are applied. An 

approximate admissible solution is constructed over the assemblage of elements, and the solution continuity 

is maintained at the inter-element boundaries. 

A.2 Galerkin Method 

The objective of the finite element method is to approximate the differential equations by a system 

of algebraic equations. The finite element equations can be formulated by employing the residual methods, 

one of which is the Galerkin method. This is done by discretizing the flow domain into a number of simply 

shaped regions called elements. Within each element, the dependent variables are approximated by simple 

polynomial functions. The coefficient of these polynomials are obtained from nodal values of the dependent 

variable. 

Mathematically, the velocity, pressure and temperature in an element can be written as 
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u , U . t )  =  , ^  2  „  

p U . t )  •  v ^ p i e )  , ^ 2  2 )  

T U . t )  .  B ' t U )  , ^ 2  3 ,  

where the unknowns «„ p and T are column vectors of nodal points and V|/, (p and 0 are column vectors of 

the shape functions. Substituting these into the governing equations yields a set of equations of the form 

f  ( i | f ,  < p , 0 ,  U i , p ,  T) = ^ ( ^ 2 4 )  

where R is the residual resulting form the use of the approximations of Eqn. (2.4.1). The Galerkin form 

of the metbod of weighted averages seeks to reduce the error, residual, to zero. This is done by achieving 

orthogonality between the residual and weighting functions of the element which is expressed as 

where is the element domain. 

An element shape function, also known as an interpolation function, is a fiinction which has a unit 

value at the nodal point, and zero value at all other nodal points. Nisa supports a wide range shape 

functions. The problem at hand being two - dimensional, a four - noded isoparamatric quadrilateral was 

used. Shape functions are expressed most conveniently in terms of natural coordinate of the element, i.e. 

^ and Ti. For a 4 noded isoparametric quadrilateral, the shape function y is defined as 
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t = 4 

( 1 - 5 )  ( 1 - T l )  

( 1 + S )  ( 1 - T l )  

( 1 + S )  ( 1 + T l )  

( 1 - S )  ( i + t i )  

( A . 2 . 6 )  

For an incompressible laminar flow, the governing equations (2.2.12) through (2.2.14) can be 

written as 

^ = 0 
d x ,  °  ( A . 2 . 7 )  

To convert the above governing equations to the ones used for Galerkin's method, the Green-Gauss 

theorem was used. This reduced the second - order diffusion terms and the pressure term to first order 

terms plus a surface integral. The appearance of surface integrals containing the applied surface stresses 

( traction and heat fluxes ) correspond to the 'natural' boundary conditions for the problem. The fluid 

properties Cv, k, p and /i in the equations may be dependent on temperature. In addition, the viscosity n 

may be a function of the strain rates. Using Galerkin's method of weighted residual, the above equations 

become 
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=  0  ( A . 2 . 1 1 )  
V dX: 

/
r OUJ /* dll^ 

^ef .^dv * 4-

( A . 2 . 1 2 )  

Writing the above equations for an element in matrix form gives 

Mil + K(Ui,T)u = F(u ,̂T) ( A . 2 . 1 3 )  

where M = 

AT 0 0 0 0 

0 M 0 0 0 

0 0 Af 0 0 

0 0 0 0 

0 0 0 0 0 

K21 K2^^+2K22*K22+A^{UJ)  K22 0 

^31 -Ksa i^ll+^22+2if33+Ai(U^) 0 

0 0 0 ^ll'^^22'^^33'*'^i^ 

Bz 0 
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Un 

U = 

T 

P 

F = 
^ 3 

G 

0 

The coefficients of the matrix are in the form of integrals which can be numerically integrated. These 

coefficients are as follows 

M = f pi|rijr^dV 
J V 

N = J pC^B^dV 

( A . 2 . 1 4 )  

r - f  J C ^  d V  

A , { U j )  =  

D , ( U j )  =  f ^ p c ^ u j ^ ^ d v  

Fj = f t^i lrds + f  pO^dV 
J s  r  r  

G  =  - j  ( g g  +  g - ^  +  g ^ ) 0 d s  +  j  ̂ q j d d v j ^ ^ B d V  

Combining the set of equations for each element into a global set of equations yields a global stiffness 

matrix which can be solved using various solution techniques. 
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A.3 Solution Techniques 

Once the equations are decomposed in accordance with the Galerkin's method of weighted 

averages, the problem at hand can be solved by several numerical methods depending on the accuracy of 

the results needed and the specific boundary conditions. 

A.3.1 Upwind Technique 

It is well known that the classical Galerkin finite element method applied to convection dominated 

flow problems produces oscillatory solutions. To preclude such oscillations, various 'upwind' finite element 

schemes similar to those in finite difference theory have been presented. However, it has been shown that 

the classical upwind procedure which is applied only to the convection term produces very poor results 

when a source term is present. Therefore, the Petrov - Galerkin method [Zienekicz et al, 1984] was used 

here. Here, instead of using shape function as the weighting function, a modified weight function is created 

as follows 

P/(x) = N{.x)  + aP{x)  
(A.3.1) 

N(x) is the shape function, and 

(A. 3.2) 

where V is the absolute value of the local velocity, i.e. 

V = l^u^ + V'+iv"! 
(A.3.3) 

and h is defined as 

h =  l u j A x  +  l v | A y  +  | w | A z  ]  ( A . 3 . 4 )  

The parameter a is given in tenns of the local Reynold's number, is given as 



a = cot h Re. -
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1 
^  R e ^  ( A . 3 . 5 )  

The upwind method with the above modification works fine in the case of high RC L - However, when the 

typical local flow velocities are low, e.g. in natural convection flows, the above method is likely to give 

erroneous answers. 

A.3^ Penalty Method 

The fundamental difficulty in solving Eqn. (2.2.11) is that solution to Eqn. (2.2.9), u, should also 

satisfy Eqn. (2.2.8) from which the pressure field is to be calculated. In this stream function - vorticity 

formulation, this is accomplished by using the mathematical properties of vector - field. An alternative 

approach is to use the concept of variational calculus, viz. extremization subject to differential constraints. 

This is the penalty method and has been in use in structural mechanics for quite some time. In fluid 

mechanics, the penalty method replaces the continuity equation by a perturbed equation 

•1 p = -A, * 
dx^. (A. 3. 6) 

In matrix form, this becomes 

from which p is found to be 

where 

MGP - ACIFLJ (A.3.7: 
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C = [ q ,  C 2 ,  0 3 ] ^  ;  i  =  1 ,  2 ,  3  

Ci = r -i^dV i M. = f <p<p^(iV ( A .  3 . 9 )  
J V OXj ^ J 

When a penalty method is used, the pressure in the Navier - Stokes equation is replaced by the above 

compressibility constraint. The matrix equation, therefore, becomes 

[Af]{«} + [X]{«} = {F} (A.3.10) 

where M, u, F and K are matrices. 

Using these equations, velocity components are calculated, which were then substituted in the 

compressibility constraint to obtain pressure. The pressure term was incorporated as a source term on the 

right hand side of the continuity equation, details of which are given in appendix A. Due to the elimination 

of pressure, the system of equations requires only velocity boundary conditions and pressure boundary 

conditions need not be required here. 

A.33 Formulation of Natural Convection 

For the problem of free convection, it was assumed that density variation is negligible in all terms 

except the body force tenn, where temperature induced variation gives rise to a body (buoyant) force p^, 

which causes fluid motion. This is flie so-called Boussinesq approximation. It was also assumed that 

density in the term pg; satisfied an equation of state of the form p = p^ [1 - P(T-Tp)], where the subscript 

o denotes a reference state and P is the volumetiic expansion coefficient for the fluid. is the reference 

temperature and p is the density at this reference temperature. 

Numerically, it was treated as 



PS, = PA[1 - Pcr-Tp)] 
= PJS,[l  + PT-p - m (A.3.11) 

= Po»,(l + P?p) - Po»iP^ 

where T is the independent variable. The second term in the above equation is sensitive to the solution 

method. In order to stabilize it, the above equation was rewritten as 

P8, = PA(1  ̂ P^p) + PoKiPf  ̂ -
PpgiP^.. (A.3.12) 

Af •' 

The first term on the right hand side of this equation is always positive. The second term is calculated from 

the velocity and temperature solution of the previous iteration. The last term is moved to the left hand side 

of the equation of Eqn. (A.3.10). This was done to stabilize the effect of the body force term on the 

solution. 
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