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ABSTRACT 

The light scattered from a scatterer depends on the geometrical properties such as size, 

shape, and their distributions as well as electromagnetic properties such as the complex 

index of reflection. The four major Mueller scattering matrix elements have been experi

mentally measured for an aluminum rough surface scattering laser light at A = 441.Gram 

for various incident angles. Measurements were also made for non-conducting diffuse sur

face and an aluminum coated diffuse surface. The sixteen Mueller matrix elements of 

these diffuse surfaces were measured in order to study the relative role of reflectance and 

roughness for scattering from a rough surface. Some representative matrix elements for 

the rough surfaces as well as for conducting and non-conducting rough surfaces are shown. 

Sn, and £34 are sensitive to illumination angles and surface variation. £33 are sensitive 

to illumination angles only. 63,1 are very sensitive to the change of refractive index from 

real to complex. 
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CHAPTER 1 

INTRODUCTION 

The scattering of the light is a natural phenomenon. We know the sky is blue because 

of the scattering of the solar rays by the air molecules. Otherwise the heavens would 

be black. This phenomenon was understood around 1500 by Leonardo da Vinci through 

lus experiments with the scattering of sunlight by wood smoke observed against a dark 

background. In 1871, Lord Rayleigh was interested in the scattering of light by particles 

in the earth's atmosphere. He conceived a sphere as being the simplest model for such 

scatterers, and gave the quantitative explanation of the blue sky. 

Bartholinus, a Danish scientist, discovered polarized light. He observed the effect of 

double refraction which occurred when the light passed through a calcite crystal. This 

crystal separated natural light into two perpendicularly polarized components and sent 

them in different directions which caused a double image. This description was very 

important for both Newton and Huygens in their investigations of the natural light. The 

complete explanation of polarization was made by Young. He suggested that the ether 

must have transverse vibrations. In the mean time, Malus passed partially reflected light 

through a calcite crystal and found that it was polarized. Malus took Newton's idea 

about how double reflection might be because the "particles of light" were asymmetric to 
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explain the double-reflection and partial-reflection phenomena. He considered the "light 

particles" to be randomly oriented before they passed through a double-refracting crystal. 

The particles would align and become ordered, after passing through the crystal. Brewster 

also measured the polarized intensities at various angles of incidence. 

Now we know most of light around us is partially polarized. Scattering of the sun's 

rays can produce the polarization. The reflecting surfaces in nature that are "horizontal" 

produce the reflecting light with polarization in the horizontal direction. Eye glasses that 

are coated with a film which transmits only the vertical polarized light will remove the 

most of the reflected light. These are called polarizing sunglasses. The calcite crystal 

can be used as a linear polarizer. When an electromagnetic wave is incident on a plane, 

it reflects according to the law of reflection. The reflected EM field depends on the 

wavelength, the angle of incidence and the electrical properties of this plane. Normally 

the law of reflection by a plane can be solved, and the electrical properties of material 

can be determined from the wavelength dependent reflection coefficient. 

Dirt, scratches, and other defects can make a smooth surface rough. When the plane is 

not smooth, flat, and specular, the light incident on it is scattered. If the irregular surface 

is not too rough, the reflected light is composed of a specular component and a diffuse 

component which is scattered over a wide range of angles centered around the specular 

peak. 

Vincent Iafelice and William Bickel (1987) studied the polarized light scattering matrix 

elements for select perfect and perturbed optical surfaces[l]. They studied two kinds of 

ideal surfaces. One was a perfect optical surface which reflects the propagation wave in 
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the specular direction as determined by the law of reflection. The other was a perfectly 

diffuse reflector which scatters light according to Lambert's cosine law. The intensity in 

any direction varies as the cosine of the angle between that direction and the normal to 

the surface. Usually, a real life rough surface scatters light with the scattered intensity 

falling anywhere between the two ideal cases. They also compared their experimental 

results with existing theories. 

This thesis deals mainly with the scattering of light from rough surfaces and coated 

rough surfaces. Our data are represented in the context of the Mueller light scattering 

matrix elements. 
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CHAPTER 2 

MATHEMATICAL DESCRIPTION OF 

POLARIZATION 

2.1 Polarization 

The electromagnetic wave E and H can be expressed as 

E = EQexpi(k •F-U>t) 

H = Ho exp i(k • r — ut) 

If the amplitudes EQ and EQ are constant and real vectors, the electromagnetic wave is 

said to be linearly polarized. Therefore, the EM wave can be completely described by 

specifying its frequency, amplitude, direction, phase, and state of polarization. In daily 

life, the more common unpolarized light can represented by light whose instantaneous 

polarization fluctuates rapidly in a random manner. 

Consider the special case of two linearly polarized waves of same amplitude EQ, polar

ized orthogonal to each other with phase difference between these two waves of f. Choose 

the electric vectors of the two waves to be in the x and y direction, respectively. Then 

the total electric field is the vector sum of the two component fields. 

E = EQ[X cos(kz -  w<) + y sin( / ;2  — wi)] (2.1) 
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This type of wave can be treated as single wave in which the electric vector at a given 

point is constant in magnitude but rotates with the angular frequency u>. The wave 

is said to be circularly polarized. The device for creating circular polarized light is a 

quarter wave plate. The plate is made of a double refractive transparent crystal, which 

has the property that the index of refraction is different for the two different directions 

of polarization. The crystal is cut into a slab so that the axis of larger index n\ (the slow 

axis) and the axis of smaller index n2 (the fast axis) lie at right angles to one another 

in the plane of slab. If the slab thickness is d, then the optical paths are n\d for light 

polarized in the direction of slow axis and n2d for light polarized in the direction of the 

fast axis. To make a quarter-wave plate, d is chosen to make the difference of n\d — n2d 

equal to one fourth of the wavelength incident on the plate. 

d(ni -  n2) = 

or 

d — 
~ 4(rci - n2) 

The circular polarized light is thus produced by a phase shift of j between two orthogonal 

components of linear polarized light. 

If the amplitudes of the components XEQ cos(kz — u>t) and yE'a  sin(fc. e  — u>t) in Equa

tion 2.1 are not the same, i.e. EQ EQ, at a given point in space, the resultant electric 

vector will both rotate and change in magnitude. The end of the rotating E vector de

scribes an ellipse. The wave is called elliptically polarized. If we let Eo be a complex 

vector amplitude 

EQ = XEQ + iyE'Q ,  



16 

then the electromagnetic wave 

E = Eo exp i(kz — ut) 

can be used to represent any type of polarization. 

1. If Eo is real, the wave is linearly polarized. 

2. If Eo is complex, the wave is elliptically polarized. 

3. If the real part and imaginary part are equal, the wave is circularly polarized. 

2.2 Stokes Vectors 

A powerful representation of polarized light was developed by G. G. Stokes in 1852. He 

introduced four quantities which are functions of the observables of an electromagnetic 

wave. These four quantities are the components of the Stokes vector. They are very 

convenient to describe the different kinds of polarization, especially with regard to the 

light scattering calculation. The vectors describe the intensity and polarization states of 

the light. A beam of light may be polarized completely, partially, or it can be unpolarized. 

These four quantities are time-averaged intensity. The average of intensity is taken over 

a period long enough to get a practical measurement. They are denoted by a column 

vector as 

I 

Q 

u 

v 
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The four quantities /, Q ,  U ,  and V  are called total intensity, horizontal polarization, +45° 

polarization, right-circular polarization respectively. A parameter with a negative value 

represents the orthogonal state of polarization. For example, if V has the value —0.5, the 

polarization is left-circular polarization instead of right-hand circular polarization. 

The basic way to define the Stokes vector is to use four polarizing filters called Fi, Fv, 

F3, and F4. Each filter except F\ transmits half of the incident unpolarized light. Each 

filter can be oriented so that its surface is perpendicular to the incident beam and rotated 

through angle <f> about the beam axis. F\ is isotropic, essentially a sheet of glass or clear 

aperture. It has the same effect on the incident beam in any orientation. The transmission 

axis of polarizer F^ is horizontal. Polarizer F3 is opaque to the light polarized at —45°, 

and transmits only +45° light. The last filter F4 is a circular polarizer which is opaque 

to left-circular polarized light. It transmits only right-circular polarized light. 

The operational definition of the Stokes parameter is given by the following relations[2] 

I = Io 

Q = 2A-Jo 

U  =  2 / 2  - I o  

V = 2 /3- /0  

where Io, I\, /2, and /3 are the intensities of light which the F\, F2, F3, and F4 polarizers 

transmit. These are individually measured by the detector. I is the incident irradiance 

while Q, U, and V specify the state of polarization. Q > 0 represents a horizontal 

polarization state; Q < 0 represents a vertical polarization state. When Q = 0, the 
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transmitted beam is independent of the orientation of horizontal and vertical axes. The 

state of the beam could be at ±45°, right or left circular, or unpolarized. U represents 

the orientation of transmitted light in the state of+45° (U > 0), —45° (U < 0) or neither 

of ±45° (U = 0). V represents the transmitted light right-circular (V > 0), left-circular 

(V < 0) or neither (V = 0). 

If we use the electric field to describe the polarization state of the incident light, the 

Stokes parameters can be defined as following 

/ = EXE' + EVE; 

2 i 2 =  +  a* 

Q = ExEx — EyE y  

2 2 =  a % - a y  

U =  E X E* +  E y E* x  

= 2axay  cos 6 

V = i (E x E; -  E y E* x )  

= 2 axay  sin 6 

where 

E = J^oexp i(kz —ut) 

E0  = xEx  + yEv  

Ex  = ax  cx]){-idx) 

II ayexp(-i5j,) 
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k -  — 
A 

A = wavelength of light 

OJ = angular frequency of the light 

ax .  ay  = amplitudes of the electric field 

SX. 6Y = The phase angles of the two complex amplitudes 

8 = Sx  — Sy ,  is the phase difference between two field components 

When the filter F\ is in the beam, the detector sees IQ and IQ is the same as I. From 

the definition, the irradiance I of the incident beam is 

/ = \E\2  = \E0\2  

= (xEx  + yEy) • (xEx  + i /Ey)*  

= EXE* + EVE* 

= al + al 

With the filter F2 is in, only the x component of the electric field is transmitted and 

the detector sees the irradiance I\ = EXE* 

Q  =  2 h - I 0  

= 2EXE*X - (EXE*X + EyE*y) 

= EXE*X - EyE* 

2 2  =  a* -  a; 

When the filter F3 is in, only the +45° of the electric field is transmitted and the 

detector sees the irradiance Ii. As we know, any polarization form can be represented by 
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a linear combination of two vectors representing orthogonal polarization forms. Although 

the light vector is usually written as a linear combination of horizontal and vertical polar

izations, it can be expressed as a linear combination of +45° and -45° components, right 

and left circular components, or any other two components that satisfy the conditions of 

orthogonality. In this case we need to transform the representation of the electric vector 

from x, y axes into the sum of +45° and —45°. 

I2  = ^=(EX + EY)^=(EX + EYY 

= \{EXE*X + EYE*Y + EXE*Y + EYE*) 

U = 2/2-/O 

= (EXE; + EYE'Y + EXE; + EVE'X) -  (EXE-X + EVE;) 

= EXE*Y + EYE'X 

= [ax  exp(-i6x)ay  exp(i<5j,) + ay  exp(~i6y)ax  exp(i6x)] 

= axay{exp(-i((5x - 5y)] + exp(i(5x - ̂y)]} 

= 2axay  cos 6 

When the filter F4, a right-circular polarizer, is in. The beam is converted to circularly 

polarized light. When the electric field rotates clockwise as we looking at the beam, this 

light is defined as right-circular polarization. Right-circular polarization occurs when 

the x component is advanced f in phase with respect to the other component. We also 

represent our basis vectors from x, y axes as the sum of right and left circular components 

to represent right and left circular polarized light. The transmitted irradiance is I3 

I3 = ~ ~ ̂ y) 
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= \{EXE; + EVE; + IEXE; -  iEY E * X )  

Then 

V = 2/3- /0  

= (m; + EvE; + IExE,• -  z^) - (ExE; + /?„£*) 

= i{ExE*y  - EyE*x) 

= i[or exp(—exp(i^) - ay exp(-i5y)ax exp(i5y)] 

= iaiaylexpf-i^x - £y)] - exp[i(£® - tfH)]} 

= iaxay(—2isin£) 

= 2axay  sin 6 

Since the four Stokes parameters are functions of the two orthogonal electric field 

amplitudes and the phase angle between them, they are not all independent. The Stokes 

parameters satisfy the relation of I2 > Q2 + V2 + V2[3]. When light is 100% polarized, 

the equality holds. When the light contains an unpolarized component, the inequality 

holds. 

2.3 Mueller Matrices 

When light, represented in terms of an initial Stokes vector, passes through a optical 

system or scatters from a surface, a new set of Stokes vectors is needed to describe the 

new state of light. IIow can one quantitatively predict the effect of an optical device or a 

scatterer on the initial polarization state? The optical system can be related to a 4 x 4 
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Mueller matrix. The matrix converts one Stokes vector into another. It can be written 

in a mathematical form as follows 

I' Su S\2 S13 S14 I 

Q' S21 S22 S23 S24 Q 

U' S31 5*32 S33 S34 U 

V' S41 S42 S43 S44 V 

or 

|Kmt| = [5«]l^-nl 

Here [Jy] is the Mueller matrix of the optical device, the matrix transforms Stokes vector 

|V;n| into the Stokes vector |%ut|. Or we can say the initial beam represented by Stokes 

vector |Vj„| is converted to |V0U(| by a scattering matrix [5,j] 

I' = snl + SnQ + S13U + SuV 

Q' = S21I + S22Q + S23U 4- S24V 

U' = 5317+532(5 + 533^ + 53^ 

V' = S41I + S42Q + S43U + S44V 

In the general case, each final polarization state can be a mixture of the initial polarization 

states, each weighted by the appropriate Mueller matrix element. The [5,j] is related to 

the efficiency of converting one polarization state to another or the effectiveness of the 

scattering interaction to cause depolarization. Each element is then a measure of how 

much of a particular input component is converted by the scatterer into a particular 
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output component as a function of the scattering angle 9. For example, matrix element 

S12(0) describes how much of the incident horizontal polarized light is converted as a total 

intensity unpolarized light as a function of 0. The elements of the first column in [5;j] 

are called total intensity matrix elements which represent total intensity only. All other 

matrix elements axe called polarization matrix elements which relate the polarization 

input and output polarization. Moreover, the [Sfj] contain information about the shape 

and the symmetry of the scatterer. Each element is a function of scattering angle 0. 

If the scatterer has spherical symmetry, cylindrical symmetry or an isotropic symmetric 

scatterer with mirror symmetry, not all of the elements will be independent. Some could 

be zero, some equal to others or differ by a negative sign. The general form of the 

scattering matrix is given by Van de Hulst[4]. 

For example, a +45° linear polarizer can be represented by an [5,-j] to describe this 

optical device. 

(a) [50] will convert the unpolarized light into a 45° polarized light with \ of the 

incident irradiance. 

iKuil = 

•511 S12 Sl3 Sl4 

Sn S22 S23 S24 

S31 S32 S33 S34 

S41 S42 S43 S44 



5n 

521 

S31 

S41 

From comparison of the first and third part of this equation, we could have 

5n = 5*31 = - and S21 = 541 = 0 

(b) [5,-j] will convert the horizontal polarized light into a 45° polarized light with 

the incident irradiance. 

1 

0 

1 

0 

| 5l2 S13 SU 

0 S22 S23 S24 

5 S32 S33 S34 

0 S42 S43 S44 

5 + 5; 12 

S22 

\ + ^32 

S42 

From comparison of the first and third part of this equation, we could have 

Si 2 = S22 — S32 = S42 = 0 
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(c) [Sij] will let all the 45° polarized light transmit. 

1 
2 0 £13 S14 

0 0 S2 3 S24 

1 
2 0 S33 S34 

0 0 S43 S44 

\ + ^13 

S23 

| + 533 

S43 

From comparison of the first and third part of this equation, we could have 

5"i3 = S33 — 2 anc^ ^23 = ^43 = ® 

(d) [5,j] will convert the right-hand circular polarized light into a 45° polarized light 

with 5 of the incident irradiance. 

1 \ 0 \ S1A 1 

0 0 0 0 & 0 

1 1 0 I *5*34 0 

0 0 0 0 544 1 

2 + 5*14 

S24 

2 + S34 

S44 
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Again, by comparing of the first and third part of this equation, we could have 

SU — •S'24 = •S'34 = 5*44 = 0 

[#j] - 5 

From the calculation above, the Mueller matrix of the 45° linear polarizer can be 

written as 

10 10 

0 0 0 0 

10 10 

0 0 0 0 

Experimentally, each matrix element for the scatterer will have a value depending on 

the scattering angle 8 and will be represented by ^-dependent intensity curve. General 

speaking, there are two ways the Mueller matrix - Stokes vector technique is used to study 

scatterers. One is called the direct problem and the other is the inverse problem. Theory 

can predict the Mueller matrix elements for a given particle of specified shape, size, and 

composition which is illuminated by a beam of specified irradiance, polarization, and 

wavelength. This is so called direct problem. Experimentalists can measure the Mueller 

matrix elements of any scatterer. These are then used to try to predict the geometry 

and optical constants of the scatterer, this is the so-called inverse problem. Bohren and 

Huffman mentioned these examples in their book where they showed that determining 

the tracks made by a given dragon is an easy problem - the direct problem. Whereas 

determining the shape of a dragon from given tracks is a hard problem - this is the 

inverse problem [5]. 
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CHAPTER 3 

REFLECTION AND REFRACTION OF 

ELECTROMAGNETIC WAVES 

In general, the metals are the best reflectors, a fact which is related to their ability 

to conduct electricity, and possess high absorption. Here, we start with the simpler 

case of reflection and refraction of electromagnetic waves at a plane interface between a 

nonconducting dielectric. The very basic phenomenon of reflection and refraction of light 

is investigated from the standard point of electromagnetic theory. 

3.1 Reflection and Refraction at Surface of a Non-absorbing Medium 

Consider a plane harmonic wave incident upon a plane boundary separating two dif

ferent optical media. There will be reflected and transmitted waves. The medium above 

and below the boundary plane z — 0 has permeability and dielectric constant fi, e and 

fi', c' respectively. Therefore, the indices of refraction are n = yjjii and n' = vV£'- A 

plane wave with a wave vector K and frequency u> is incident from medium (i, e. The 

refracted and reflected waves have wave vectors IV and K" respectively and n is a unit 

normal directed from medium \i, e into medium /z', e'. See Figure 3.1 for more detail. 



28 
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Me \ / xaxis 
H'e' \ 

n ' A 

Figure 3.1: Incident wave K strikes plane interface between two different media, giving 
rise to a refracted wave K' and a reflected K". 

Incident wave 

E = Eqexpi(K •¥ —ut) 

Refracted (Transmitted) wave 

E' = E'a exp f-ut) 

Reflected wave 

E" = Eft exp i(K" • f— uit) 

B" = 



29 

Boundary conditions at z = 0 must be satisfied at all points on the plane all the time. 

Therefore, the spatial and time variation of all fields must be the same at 2: = 0. Conse

quently, we must have the phase factors all equal at z = 0. 

(IC . f%=0 = (/?'. f)z=0 = (K" • #*)«=0 

These equations imply that all three wave vectors /?, /?', and K" must lie in a plane and 

that their projection onto the boundary plane are all equal. Then we will have 

K sin#,- = K' sin0( = /{""sin#,. (3.1) 

Since the space containing the incident and reflected wave (z > 0) is the same medium, 

the wave vectors have same magnitude; that is, K = K". The first part and third part 

of Equation 3.1 then reduce to the familiar law of reflection 

0i = 0r 

The angle of incidence equals the angle of reflection. The other parts of Equation 3.1 are 

equivalent to Snell's law 

sin 9i K sJii't'1-; TV 
^ - (3.2) 

sin 6t K' n 

Now apply the well-known boundary conditions which require that the normal components 

of D and B and the tangential components of E and 11 be continuous. In terms of the 

incident, reflected, and transmitted field, these boundary condition at z = 0 are 

[e(E + E') - e'E'0] -n = 0 (3.3) 

(/? X E0 + K" X 4' - /?' X 4)' 3 = 0 (3.4) 

(Eo + E%-El))xn = 0 (3.5) 
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-(/? x E0 + K" x 4') - —,(K' X 4)1 x n = 0 (3-6) 
•A4 I1 \ 

It is convenient to consider two different cases as suggested by Jackson[3]. The first case 

is that in which the electric vector of incident wave is parallel to the boundary plane; that 

is, the incident plane wave is linear polarized with polarization vector perpendicular to the 

plane of incidence. The case is called transverse electric or TE polarization, which is shown 

in Figure 3.2. The second case is that in which the magnetic vector of the incident wave 

is parallel to the boundary plane; that is, the polarization vector is parallel to the plane 

of incidence. This is called transverse magnetic or TM polarization, which is shown in 

Figure 3.3. The arbitrary elliptical polarization can be obtained by an appropriate linear 

combination of these two results. Since the electric and magnetic fields are transverse 

waves, the vectors can be decomposed into the electric field components parallel and 

perpendicular to the interface. The four boundary equations will then have two unique 

equations for each field component at each interface. 

1. TE polarization 

We first consider the electric field perpendicular to the plane of incidence as shown 

in Figure 3.2. Then, the Equations 3.3, 3.4, 3.5 and 3.6 reduce to two boundary 

equations. 

E0 + E(S - E'0 = 0 

sJ^{E0 - E'J) COS 6{ - ,JjpE'0 cos 9t = 0 

By making two assumptions, these two equations can be solved for the ratio of 

transmitted and reflected electric fields to the incident electric field. The first as

sumption is that the media are non-magnetic, so fi = \i' allowing us to replace y/JIe 
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TE Polarization z axis 

K" 

x axis 

Figure 3.2: Electric field perpendicular to the plane of incidence. 

and y/p'e' with the complex reflective index n and n'. The second assumption is 

no coupling between the parallel and perpendicular components. The coefficient of 

transmission t± and coefficient of reflection rj_ are defined as the amplitude ratio 

of the transmitted (refracted) beam and the reflected beam with the incident beam 

respectively. 

EQJTE N  cos D{ + n' cos 9 T  

EQ \  _ n cos 0{  — n'  cos 9 T  

EQ J TE N  cos 9{  + n' cos 9T 

2 n cos 9{ 

(3.8) 

(3.7) 

where, using Snell's law from Equation 3.2 cos 9t is given by 

cos9t = (n'2 - 7i2sin2 $i)*n' 

2. TM polarization 
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z axis 

E" 
\ / K" 

Orjr B" 

/ x axis 
H'e' 

a < 0\ 

B> \ 
\ K' 

Figure 3.3: Electric field parallel to the plane of incidence. 

If the electric field is parallel to the plane of incidence as shown in Figure 3.3; the 

boundary conditions Equation 3.3 , 3.4, 3.5, and 3.6 require that the tangential E 

and H be continuous therefore 

cos9{(E0 - EQ) - cos0tE'o = 0 

y/^(EO + ES)-y/^E'o = 0 

Then the equations can be solved giving transmission and reflection coefficients 

*-(f  
_ (Eq\ nf cos &x n cos 6t 

11 \EOJTM 7i'cos0, + ncos0< ^ ; 

\ = 2n cos ft 

/ TM N> COS 0« + n cos 61 

These Equations 3.7, 3.8, 3.9, and 3.10 are the well-known Fresnel's equations, rx and 

7*|| are known as the Fresnel reflection coefficients. <x and £|| are known as the Fresnel 

transmission coefficients. 
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The density of the energy flux of an electromagnetic field is represented by the Poynting 

vector § 

S  =  4 ~ ( E X H )  
47T 

- frw 

The reflectances are defined as the ratios of reflected to incident energies 

*x = W) =®L = r* 
TE 

</i \  2 

I5' !TM ~ ~ rll 
R„ = I £!1\  - (SLY - .2  

The transmittances are given by 

71 = (lS)rB 
= " ©rs = ̂  

t | l =  ® ) t m
=  "  ® t m =  

For normal incidence on an isotropic medium, the reflection and transmission coefficients 

can be expressed in term of the index of refraction 

^ 

^ = I'll = pw 

3.2 Reflection at the Surface of an Absorbing Medium 

For the case of an absorbing medium, we need to replace the real refractive index n' 

by n' — ik' from Snell's law Equation 3.2 

. „ n sin 0i 
sm9< = ~iF 

Now sin dt is complex and therefore does not represent the angle of refraction except for 

the special case 0{ = Ot = 0. For this special case, the Fresnel reflection coefficients can 
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be easily found 

re — (re' — ik') 
r± r" re + (re' - ik') 

which gives for the reflectance of the surface 

„ _ _ (»-»Oa  + fe" 
1 11 (n + re')2 + k'2 

For the case other than normal incident expressions, the reflectance expressions are cum

bersome, and approximations are used. Max Bornfll] discussed in the detail the types of 

approximations which are useful in this problem. For many absorbing materials, particu

larly in visible region, the wavelength is from 3800A to 7800A, and we have n'2 + k'2 > 1. 

With this approximation the reflectance reduces to [12] 

(re'2 + k12) — 2 re' cos 0,- + cos2 0; R± = 

Tin = 

(re'2 + k'2) + 2 n' cos + cos2 

(re'2 + k'2) cos2 6{ - 2re' cos 9{ + 1 
(re'2 + k'2) cos2 6{ + 2re' cos 0,- + 1 

The Fresnel transmission coefficients have no direct significance for the wave entering the 

absorbing medium since the attenuation of the wave is severe and depends on the distance 

traveled in the medium. 

3.3 Diffuse Reflection 

The first law of difTuse reflection was introduced by Lambert (1760) on the basis 

of the observation that a white wall illuminated by sunlight appears equally bright at 

all observation angles. lie assumed that such a surface behaves as though it itself were 

radiating independent of the angle of incidence of radiation. Kortiim (1969)[13] considered 
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the diffuse surface of a solid uniformly irradiated by parallel beam of light at angle of 

incidence 0,-. Then the radiation flux per unit surface area is 

dli _ , 
-77 = 50cos Oi 
df 

where So is the irradiation intensity for normal incidence. The remitted radiation flux 

per unit surface area of the irradiated surface is 

^r = Bcos0duj (3.11) 
df 

where B is the proportionality factor called the radiation density (surface brightness). 0 

is the angle at which the radiating surface is observed and dui is the solid angle. The total 

reemitted radiation strength is then 

f B cos 6 dbj = (2 f B cos 0 sin 0 dO dip = 7TB 
J n Jo Jo 

since the incoming and outgoing radiation intensity must be proportional to each other 

CSQ cos OI = TTB 

n 
or B = — So cos Oi (3.12) 

7r 

Here C is a constant. From Equations 3.11 and 3.12, the reemitted radiation flux per unit 

area and solid angle is 

—= B cos 0 = —So cos 0{ cos 0 
did 7T 

This is proportional to the cosine of the incident angle <?,- and to the cosine of the angle 

of the observation 0. This is known as Lambert cosine law. In this law, the constant 

C gives the fraction of the incident radiation flux which is reemitted, and is always less 
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than 1. Some portion of the radiation is always absorbed. Generally, deviations from the 

Lambert law are always found so there is no such thing as an "ideal diifuse reflector" in 

real life. 

3.4 The Relation Between Fresnel Coefficients and Scattering Matrix 

Elements 

One goal of this work was to put the Fresnel coefficients (for reflection) into the Mueller 

matrix - Stokes vector context (for scattering). The nephelometer measures the four 

Mueller matrix elements Sn, S12, S33, and 63,1 for a smooth non-absorbing coated surface. 

These elements can be defined in terms of the electric fields. Using the transformation 

matrix [5] 
( \ 

% 
E±s 

I 
exp ik(r — z) 

—ikr 

S2 S3 

S4 St 

\ / \ 
E\\i 

Exi 

Where the Sj (j= 1,2,3,4) are amplitude scattering matrix elements. Si is the perpendic

ular component and S2 is the parallel component of the electric field under reflection and 

transmission. The S3 and S4 elements are zero, since the media are not optically active. 

Therefore, the four Mueller matrix elements can be given via Fresnel equations [5] 

5-n = 1 (|Sx|2 + |S2|2) S12 = 1 (|S2|2 - |6i|2) 

S33 = Real (S1S2) S34 = Imaginary (S2S1) 

The total intensity matrix element, 5n, is the average of intensity of the two electric field 

components. The other three elements show ratios of the various polarizations. Especially, 

for non-absorbing media, 634 is always zero. 
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CHAPTER 4 

NEPHELOMETER TECHNIQUE 

The instrument was used in this work is called a nephelometer. It can be used to 

study different types of scatterers by using various optical elements, electronic sampling, 

and laser-detector techniques. The schematic diagram of the nephelometer is shown in 

Figure 4.1. We have known that the Stokes vector characterizes the polarization state of 

light and the Mueller matrix characterizes the scatterer. From this experimental setup, 

the Mueller matrix elements S;j can be experimentally determined. The complete design 

and operation can be found in Hunt and Huffman (1973)[6], Bickel et al. (1976)[7], Bell 

(1981)[8], and Iafelice (1985)[9]. 

The light source was a 16 mW He-Cd laser (441.6 nm). The incoming beam passes 

through a variable neutral density filter which can be used to control the intensity of the 

beam. It then passes through a spatial filter which is used to adjust the laser beam profile 

and spot size. A linear polarizer-photoelastic modulator combination is used to set the 

polarization of the input beam. Before the laser beam illuminates the sample, it passes 

through a pinhole aperture which serves as a spatial filter. After the beam goes through 

the filter and polarizer it is not only of the highest quality but it is also in the desired 

polarization state. 
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A platform which consists of an x, y, z translator, tilt positioner, and a rotational mount 

is used to hold the sample holder so that the sample could be placed at the exact rotation 

center of the detector. The samples under investigation were mounted on a black painted 

holder to prevent unnecessary scattering from the holder. Generally, the scattered light 

from a sample goes into all space. Some of the light scattered by the sample is detected 

by a photomultiplier tube, which is mounted on a rectangular arm with slit, polarizer, 

quarter wave plate, and filter. A dc motor rotates the 0-scan arm from 0° to 170° about 

the sample. An exit slit, of width 0.5 mm, is placed before the PMT about 29 cm away 

from the slit. Therefore, the angular spread A9 of the scattered light into the detector is 

A0 = °^nm = 0.00172 rad ~ 0.2° 
29 cm 

The PMT can be operated at any voltage up to a maximum of 1100 volts dc. For 

total intensity measurements, negative 600 volts was used. The dc signal from the PMT 

was connected to a logarithmic picoammeter (Keithley model 26000). In order to keep 

intensity of light in an appropriate range (above dark current and below tube saturation) 

the incident laser beam intensity was adjusted with neutral density filters to stay between 

10-5 and 10-9 amp. The dc signal from the logarithmic picoammeter is sent to an analog 

to digital converter (ADC), and then to a Motorola VME/10 minicomputer for calculation, 

analysis, and storage. The other matrix elements are polarization signals and a different 

measuring technique was used. The ac component of the PMT signal was detected by a 

lock-in amplifier (PAR IIR-8). The lock-in amplifier essentially tunes in on the frequency 

and amplifies the polarization carried on the modulated ac signal. The amplitude of the 

ac signal detected by the lock-in amplifier is proportional to the percent polarization of a 



40 

particular polarization state. During the measurement, a dc portion of PMT signal is fed 

to a constant current servo, which is designed to keep the PMT output current constant 

for a varying intensity input. A beam stop made of a black plastic tube prevented the 

saturation of PMT at 6 = 0° and during the first few degrees of the scan. 

4.1 Polarization Modulation Techniques 

A major technique developed by Hunt and Huffman (1973)[6] was used to determine 

experimentally the Muller matrix element Sij. The technique uses a polarization modu

lated beam and lock-in detection to produce the various scattering matrix element 5,-j. 

The modulator tunes in on certain harmonics and the detected signal is proportional to 

the matrix elements. 

4.1.1 The Modulator 

The birefringent piezo-elastic modulator (Morvue electronic system photoelastic mod

ulator PEM-3) is a block of amorphous quartz which is driven at its 50K Hz natural 

frequency by a piece of crystalline quartz of similar properties. The modulator is aligned 

with its face perpendicular to the laser beam and its long dimension parallel to the scat

tering plane. The orientation of the linear polarizer and modulator is fixed as a unit. The 

incoming light passes through the polarizer first and then goes through the modulator. 

The light input to the modulator is prepared to be linearly polarized 45° with respect to 

the modulator axis in order to modify the state of incoming light. The amplitude of the 

oscillator circuit is adjustable to select the applied stress which squeezes or compresses the 
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amorphous quartz. This phenomenon induces a periodic birefringence of the quartz. The 

changing of index of refraction n modifies the polarization state of the incoming light from 

linear to alternately right and left circular polarized light, depending on the modulator 

axis. 

For example, when the modulator axis is at 90°, the 45° polarizer will create a 45° 

polarized light for the modulator. This polarized light can be represented by two compo

nents of the electric field Ex = Eox sin 2^* and Ey = EQv sin Each component enters 

the modulator in phase but travels through the modulator at different speed depending on 

the index of refraction nx and ny for each component. When the modulator is squeezed or 

extended a phase shift of one component will occur. The amplitude of the modulator can 

be adjusted to create exactly a ^ (90°) phase shift between these two components. At one 

extreme, when the modulator is compressed and the amplitude is adjusted properly so 

that nx > ny, the x component will travel slower in the modulator than the y component. 

The x component will retarded by exactly £ by the time it leaves the modulator. The 

rotation of the resultant E vector is counterclockwise (left-circular) as seen for the wave 

coming at you. At the other extreme when the modulator is extended so that nx < ny, 

the y component will be retarded exactly by A right-circular light will be formed. 

When the modulator is relaxed, nx = ny, no phase shift occurs and the modulator passes 

the 45° linear polarized light through unaltered. Between the points where the modulator 

is compressed and relaxed the elliptical polarization state occur where the major axis is 

tilted by 45°. 
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The rapidly changing indices of nx and ny in the modulator essentially causes the slab 

of quartz to act as a sinusoidally varying phase plate. Consider the phase retardation 

varying with time [10]; 

. 27vd 
= —— ssinwi 

A 

= .dsinwf 

where 

d = thickness of the modulator element 

A = wavelength of transmitted light 

s = stress coefficient 

u> = resonant frequency of the slab (50K Hz) 

Since the phase retarder causes the time-dependent polarization of the incident beam, 

the signal of the scattered light will contain harmonics which are proportional to different 

input polarizations. When the input light is described by the Stokes vector |Vin|, the 

emerging light |VoUt| can be found by the product of the Mueller matrices of the all 

optical elements with the input Stokes vectors. 

|Vr
OBt| = [5I,]...[52][5i]|V5„| 

In the experimental setup, two combinations of linear polarizer and modulator are used. 

One is : polarizer at 45° and modulator fast axis at 90°; the other is : polarizer at 0° 

and modulator fast axis at 45°. In these two cases, the relative angle between the input 

polarizer and modulator is 45°. 
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Consider the arrangement given by case I. The initial linear polarizer is at 45° with 

the modulator fast axis at 90°. The Stokes vector of the unpolarized incoming light is 

given by 

1 

0 

0 

0 

The Mueller matrix for an 45° ideal homogeneous linear polarizer is 

10 10 

0 0 0 0 

10 10 

0 0 0 0 

The Mueller matrix for a ideal homogeneous linear retarder with fast axis at 90° is 

10 0 0 

0 10 0 

0 0 cos 8 — sin 8 

0 0 sin 8 cos 8 

where 6 is the angle of retardation. The Stokes vector representing the light as it emerges 

from the modulator is given by the matrix product 

[Mgoo] = 

1 0 0 0 1 0 1 0 1 1 

1 0 1 0 0 0 0 0 0 0 _ 1 0 

2 
0 0 cos 8 — sin 6 1 0 1 0 0 

~ 2 
cos 8 

0 0 sin <5 cos 8 0 0 0 0 0 sin 8 
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The scattering from a scatterer is given by the scattering Mueller matrix operation on 

above Stokes vector 

Sil 5l2 513 -Sl4 1 5x1 + 5i3 cos 6 + 5i4 sin 6 

1 •S21 S22 S23 SU 0 _ 1 S21 + £23 cos 6 + 6*24 sin 6 

2 ~ 2 
5*31 £32 S33 S34 cos 6 531 + S33 cos 6 + 534 sin 6 

541 <5*42 543 544 sintf S41 + 543 cos 6 + 544 sin S 

(a) If there is no further polarizer in the light path, the photomultiplier will response to 

the total intensity of light which is the first element of Stokes vector, 

Idet = + si3 cos S + Su sin 6) 

where A: is a constant depending on the phototube sensitivity, light collecting efficiency 

etc. 

If there are further polarizers used for the analysis of the polarization state before it en

ter the detector, we calculate the Stokes vector emerging from the final ideal homogeneous 

linear polarizer as fellows : 

1 cos 29 sin 29 0 

cos 2 9 cos2 29 cos 29 sin 29 0 

sin 29 cos 20 sin 2# sin2 29 0 

0 0 0 0 

where 

5n + 5i3 COS 6 + 5H sin 8 /' 

521 + S23 cos S + S24 sin S _ 1 Q' 

~ 4 
S31 + 533 cos 6 + 534 sin 6 U' 

S41 + 543 cos 6 + 544 sin 6 V' 

9 = 

I' = 

the angle of polarizer 

(Sn + S21 cos 29 + 5*31 sin 29)  + (S13 + S23 cos 29 + S33 sin 29)  cos 6 
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+(5i4 + S24 cos 29 + 5*34 sin 29)  sin S 

Q'  = (Sn cos 29 + S21 cos2  29 + S31 cos 29 sin 29)  

+(Si3 cos 29 + 6*23 cos2 29 + 533 cos 29 sin 29)  cos S 

+(Si4 cos 29 + S24 cos2  29 + 534 cos 29sin 29)  sin S 

U'  = (Sn sin 29 +  S21 cos 29 sin 29 + S31 sin2  29)  

+(5i3 sin 29 + S23 cos 29 sin 29 +  S33 sin2 29)  cos S 

+(Si4 sin 29 + 1S24 cos 29 sin 29 + S34 sin2  29)  sin 6 

V'  =  0  

(b) If we use a horizontal linear polarizer (9 = 0°), The Stokes vector will be 

1 1 0  0  •Sii + SI3 cos 6 + S14 sin 6 

1 1 0  0  S21 + S23 cos 6 + 524 sin 6 

0 0 0 0 S3\  + S33 cos S + 534 sin <5 

0 0 0 0 54i + 543 cos 6 + 544 sin S 

(5ii + 5 21) + (5i3 + S23) cos 6 + (S14 + 524) sin 5 

^ (•S'xi + <52i) + (5i3 + 5*23) cos S + (Su + ^24) sin 6 
~ 4 

0 

0 

The detector sees only the total intensity which is the first component of this vector 

Idet = + ^l) + (*S"l3 + S23) COS S + (5l4 + 524)sin<5] 
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(c) In the experiment, we use a 45° linear polarizer. The Stokes vector emerging from the 

final polarizer is 

10 10 Sn -f- i9i3 cos 6 -|- S\4 sin 6 

0 0 0 0 S2 i  4" S23 cos S -f-  iS<24 s in S 

10 10 S31 + S33 cos 6 -f-  .S34 sin S 

0 0 0 0 541 + 543 cos 8 + £44 sin 6 

( S u  + 531) + (5,3 + 533) cos S  + ( S u  + 534) sin 6  

0 

(•S"n 4- 5*31) + (*S'i3 + S33) cos 6 + (S14 + 534) sin S 

0 

The detector sees 

Idet — 4 [("Sii + ^l) + («S"i3 + S33) cos 8 + (5"i4 + S34) sin <5] 

(d) If we use right-circular polarizer, the Stokes vector will be 

1 0  0  1  

0 0 0 0 

0 0 0 0 

1 0  0  1  

5"n + 5*13 cos S + Su sin S 

S21 + <?23 cos 6 + 5"24 sin 6 

S31 + 5*33 cos 6 + S'34 sin S 

S41 + 1S43 cos 6 + >944 sin 6 

(SU 4- 541) + (S13 + 543) cos 6 + (S14 4- <?44) sin S 

0 

0 

(•S*!! + >?4l) + (5"l3 + £43)COS £ + (5i4 + .f>44)sin£ 
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The detector sees 

Idet = •^•[(•S'ii + <§4i) + (£13 + -S^) cos 6 + (5j4 + £44) sin 5] 

For the case II, the initial linear polarizer at 0° with modulator fast axis at 45°. We 

10 0 

10 0 

0 0 0 

0 0 0 

as the Mueller matrix of a 0° ideal homogeneous linear polarizer and 

1 0 0 0 

0 cos S 0 — sin 6 

0 0 1 0 

0 sin 6 0 cos S 

as the Mueller matrix of an ideal homogeneous linear retarder with fast axis at 45°. The 

calculations for the intensity measured by the photomultiplier are similar to those used 

in case I. 

4.2 Lock-in Detection and Electronic System 

4.2.1 The Constant Current Servo 

Since the detected signal contains a dc and two ac terms, the dc portion of photomul

tiplier tube signal is separated electronically and fed to a constant current servo (ccs) to 

control the PMT high voltage in order to keep PMT output current constant for a varying 

use 
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intensity input. As Ijet changes, PMT current i changes. The picoammeter measures the 

current i and generates a voltage proportional to this current. At the same time, the 

voltage unbalances the present value of ccs, creating another voltage, which decreases the 

voltage V on PMT. Decreased voltage at the PMT decreases the tube gain and reduces 

the current i until the ccs is balanced. Since the response is very fast (< msec), i can be 

considered remaining constant independent of 7^. This effectively divides the detector 

signal by dc component so the current from the detector in cases (a), (b), (c), and (d) are 

respectively 

where R is the response of PMT. The ac portion of this signal goes through a preamplifier 

then into the lock-in amplifier which is tuned to pick out and amplify the desired harmonic. 

4.2.2 Lock-in Amplifier 

The phase retarder is a sinusoidal function of time. From the derivation, it occurs as 

an argument of the trigonometric function in the current. Expanding sin 6 and cos 6 in 

terms of Bessel functions, 

(4.4) 

(4.2) 

(4.1) 

(4.3) 

sin 6 = sin(.Asinu><) = 2Ji (A) sin wt + 2J^A sin 3urf + -** (4.5) 

cos <5 = cos(.Acosw<) = JQ(A)  +  2J2(A)COS2UT +  • •  •  (4.6) 
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Insert the Equation 4.5 and 4.6 into Equation 4.1, 4.2, 4.3, and 4.4 we will have 

(o)»„ = [l + |i2j0(A) + |H2J2(A)cos2w< + |^2J1(/l)sinwf + ---]i2 (4.7) 
Oil ^11 ^11 

(6) 16 = [1 + y13 * y23 J Q { A )  +  S L 3  *  S 2 3 2 J 2 ( A )cos2ut 
011 + 021 011 T 021 

+ f14 "j" f24 2Ji(A) sin ut H }R (4.8) 
>311 + <->21 

(c)ie = [1 + y" + I33MA) + ~!13 + S332J2(A)cos2ut 
*->11 T *->31 ^ll + »->31 

+ ̂ 14 + f342J1(A)sina,f+...]i? (4.9) 
ill + *331 

W id = [1 + i13 | y43^o(>l) + ̂  | Si32J2(A)cos2u>t 
^11 -r J4l &ll T *->41 

+ c14 ~i~ c*14 2J\{A) sinaif -f • • •]•/? (4.10) 
on + ^41 

These equations depend on the resonant frequency u> of the modulator and contain linear 

combinations of the matrix elements. To simplify the data interpretation, the amplitude 

of the vibration of the modulator is adjusted to A = 138° which corresponds to the first 

zero of the JQ{A) function. With the lock-in tuned to U (=50K Hz), from Equation 4.7 

to Equation 4.10 the output is equal to the rms value of the fundamental frequency 

(a) ±RUm°)§± = sU 

(b) ^^•(138°)?;:+£;= 
n* 
J 24 

(c) e* 
°34 

( d )  O* J 44 

The signal denoted as S*j (for example £23 = ) because they are the actual elements 

extracted, when detecting the above combination of matrix elements. In the calibration 

procedure, we set the constant in front of each matrix element combination to unity. 
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When the lock-in frequency is tuned to 2w (=100K Hz), Equation 4.7 to Equation 4.10 

give signals : 

( a )  = s;3 

(6) >«i3<:+£:= C# 
23 

( c )  c* 
°33 

( d )  q* 
°43 

4.3 The Experimental Matrix S' j (0)  

The orientation of the input and analyzing optics required to measure each matrix 

element and the required lock-in reference frequency for each measurement is shown in 

Figure 4.2. All the combinations of matrix elements obtained here were worked out in 

detail by Bell (1981)[8]. The matrix elements are measured by scanning the detector 

through angle 0. 

4 . 4  Calibration 

The optical orientations and lock-in frequencies needed to calibrate the nephelometer 

are shown in Figure 4.3. The calibration requires that the polarization component of 

the input light be totally converted to the output state to be measured. This makes 

the calibration procedure very easy. To calibrate for full scale (100%) for a particular 

polarization, the detector is set at 0°. We then adjust the electronics and filters to 

give a ±100% polarization swing on the lock-in when the analyzing polarizer is rotated 

±90°. The instrument is then calibrated to give a 100% signal when the "pure" input 
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Figure 4.2: Orientations of the optical elements required to measure 5,j. 
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Figure 4.3: Calibration orientations and lock-in frequencies to measure matrix elements. 
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Stokes parameter is entirely converted to the output Stokes parameter. Since the total 

irradiance detected is forced to be a constant by the constant current servo, the measured 

irradiance is always the fraction of the total irradiance in the particular Stokes parameter 

being analyzed. Therefore after calibration, the fraction of polarized irradiance detected 

divided by the total irradiance detected is equal to one. As mention before, from the 

relation of the I2 > Q2 + U2 + V2, the equality holds for totally polarized light and 

inequality holds for an unpolarized component is present or partially polarized light. The 

fraction of polarization can be determined by [3] 

( Q 2  +  U 2  +  V 2 ) 1 / 2  

* = j 

Thus, a particular measurement of a Stokes parameter at some fixed angle 9 yielding a 

signal of ±100% (total polarized) implies that all other Stokes parameter at this angle 

are equal to zero. 

The calibration orientations and lock-in frequency used for the fourth column calcu

lation are indicated by the calibration example. When we set the initial polarizer 

0°, the modulator fast axis to 45°, and lock-in frequency at 50K Hz, the emergent light 

is right-circular polarized. This circularly polarized light can be resolved into two plane 

polarized components which are out of phase. With a quarter wave plate, this phase 

difference can be removed. Therefore, a 45° plane polarized light emerges from the fi

nal analyzing 45° polarizer before entering the PMT. Therefore the 100% right-circular 

polarized light can be detected. At the same time, the modulator amplitude, ccs, and 

lock-in setting are adjusted to produced a full scale deflection on the lock-in. Since the 

ac signal is held constant by the ccs, the calibration is preserved through all scan angles 
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and is independent of the source intensity fluctuations. The total intensity measurements, 

elements in the first column, do not use the ccs and their signals vary over several orders 

of magnitudes. They are normalized to unity at some chosen angle after the data are 

transferred to the computer. After calibration for each column, the necessary output 

optical elements are chosen to measure the desired matrix element shown in Figure 4.2. 
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CHAPTER 5 

SAMPLE PREPARATION 

The goal of the study reported here is to examine the scattering properties of Mueller 

Matrix elements of samples as a function of surface roughness or index of refraction. In 

this method, an initial starting point will be a smooth surface whose scattering properties 

will change when perturbations (defects) are added to surface. 

To study surface scattering, eight aluminum substrates were initially polished to create 

high reflectivity surfaces. Then a family of rough surfaces were created. Aluminum 

substrates # 1 to # 7 (they were exposed to the air and a layer of aluminum oxide 

was on those surfaces) were each roughened to different amounts (from zero roughness 

to saturation) by the method of glass sandblasting. A photograph of the glass sand is 

shown in Figure 5.1. Sample # 0 remained a mirror and was treated as a reference. The 

other seven mirrors were sandblasted to increasing the roughness by the increasing the 

duration of sand blasted. The rms surface roughness (a) of the samples are shown in the 

Table 5.1. Micrographs of these surfaces were taken on the ISI super III- A SEM machine 

and are shown from Figure 5.2 to Figure 5.9. The photographs show the increasing of 

surface roughness. 
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Figure 5.1: Micrograph of the glass sand which was used to create the aluminum rough 
surface. 

sample # rms surface roughness a 
sample # 0 0.056 /im 
sample # 1 0.371 /im 
sample # 2 1.470 /im 
sample # 3 1.566 /zm 
sample # 4 2.101 /im 
sample # 5 2.700 /im 
sample # 6 3.479 /xm 
sample # 7 3.607 /im 
sample # 10 11.317 /im 
sample #11 11.090 /xm 

Table 5.1: Measured rms surface roughness (tr) for samples. 
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Figure 5.2: Micrograph of smooth surface sample # 0. 

100 pm 

Figure 5.3: Micrograph of sample # 1 substrate roughened by sandblasting. 
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Figure 5.4: Micrograph of sample # 2 substrate roughened by sandblasting. 

100 nm 

Figure 5.5: Micrograph of sample # 3 substrate roughened by sandblasting. 
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Figure 5.6: Micrograph of sample # 4 substrate roughened by sandblasting. 

>-
100 nm 

Figure 5.7: Micrograph of sample # 5 substrate roughened by sandblasting. 
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Figure 5.8: Micrograph of sample # 6 substrate roughened by sandblasting. 

•< 

100 nm 

Figure 5.9: Micrograph of sample # 7 substrate roughened by sandblasting. 
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lOOfim 

Figure 5.10: Micrograph of diffuse surface sample # 10. 

Another two samples # 10 and #11 were commercial diffuse surfaces. These surfaces 

were made of glass spheres. The sizes of glass sphere range from 30 fim. to 50 fim. The 

distance between neighboring glass spheres varies roughly from 0 /im to 30 /im. See 

Figure 5.10 and Figure 5.11 for surface structure detail. These surfaces were used to 

study the change of the index of refraction. A micrograph of sample # 10 is shown in 

Figure 5.10. Sample # 11 was identical to sample # 10 but it was coated with a layer of 

500A thick aluminum. The aluminum was deposited by vacuum deposition under 10-6 

torr high vacuum. This coating changed the index of refraction but did not change the 

surface profile. The micrograph of the sample # 11 is shown in Figure 5.11. 



100 Jim 

Figure 5.11: Micrograph of aluminum coated diffuse surface sample # 11. 
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CHAPTER 6 

THE MEASUREMENTS 

Light scattering from perfect smooth surfaces, perturbed (slightly rough) surfaces, and 

very rough surfaces have been studied by using the nephelometer to measure the Mueller 

matrix elements. The Mueller matrix elements S{j are a signature of surface quality and 

the Sij must respond to surface changes. The samples were placed in some orientation 

a at the scattering position. The reflection, scattering, and absorption depended on 

the surface structure and optical constants. At the same time, the detector measured 

the  in tens i ty  and  po la r i za t ion  o f  the  sca t t e red  l igh t  a s  a  func t ion  o f  sca t t e r ing  ang le  6 .  

This ^-dependent signal obtained from the combination of input-output optical devices 

was a particular matrix element Sij for a particular surface orientation a. Therefore a 

complete signature consists of all 16 matrix element curves which contain all the scattering 

information available at 441.6nm (Ile-Cd Laser). 

All the 16 Mueller matrix elements were measured for the case of near grazing incident 

angle (a « 15°) (« 75° from normal) for the sample # 4. Measurements shown in Fig

ure 6.1, are representative of the entire 16 Mueller matrix elements of a surface. The four 

unique matrix elements •S'ii,.S'i2,'S'33, and ,$3,1 were also measured as function of incident 

angle a for all eight aluminum substrate. The specific angles of incidence a were equal 
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to 15°,30°,45°,60°, and 75° (75°,60°,45°,30°, and 15° from the normal respectively). 

These results are shown from Figure 6.2 to Figure 6.9. 

The samples # 10 and #11 were used to study the effects of the change of reflective 

index. All the 16 Mueller matrix elements were measured for the case of 45°, and 90° 

(45° and 0° from normal) before and after the aluminum coating. These data are shown 

from Figure 6.10 to Figure 6.13. 

Because of the total intensity of light scattered from these samples changes drastically 

with angle, the logarithms are taken before the first column elements are plotted. The 

other twelve elements were measured in the polarization mode. The signals from a scat-

terer will vary between —100% and +100% indicating the efficiency for converting the 

input Stokes vector component to the output Stokes vector component. All the polariza

tion matrix elements were plotted in percentage vs. scattering angles. We therefore get 

the polarization conversion efficiency for this scatterer. 
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Figure 6.1: Experimental measurements of the sixteen light scattering Mueller matrix 
elements of a substrate # 4 (slightly roughened) illuminated at gracing incident angle 
a & 15° (A = 441.6nm). 
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Figure 6.2: Experimental measurements of the four light scattering Mueller matrix ele
ments of a substrate # 0 illuminated at a = 15°)30o,45o,60°) and 75° (A = 441.6nm). 
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Figure 6.3: Experimental measurements of the four light scattering Mueller matrix ele
ments of a substrate # 1 illuminated at a = 15°, 30°,45°, 60°, and 75° (A = 441.6nm). 
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Figure 6.4: Experimental measurements of the four light scattering Mueller matrix ele
ments of a substrate # 2 illuminated at a = 15°, 30°, 45°, 60°, and 75° (A = 441.6ram). 
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Figure 6.6: Experimental measurements of the four light scattering Mueller matrix ele
ments of a substrate # 4 illuminated at a — 15°, 30°,45°, 60°, and 75° (A = 441.6nm). 
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Figure 6.7: Experimental measurements of the four light scattering Mueller matrix ele
ments of a substrate # 5 illuminated at a = 15°, 30°,45°, 60°, and 75° (A = 441.6nm). 



150 180 0 60 90 120 150 180 

150 180 0 30 

SCRTTERING ANGLE 
60 90 120 150 180 

Figure 6.8: Experimental measurements of the four light scattering Mueller matrix ele
ments of a substrate # 6 illuminated at a = 15°, 30°, 45°, 60°, and 75° (A = 441.6nra). 
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Figure 6.9: Experimental measurements of the four light scattering Mueller matrix ele
ments of a substrate # 7 illuminated at a = 15°, 30°,45°, 60°, and 75° (A = 441.6/im). 
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Figure 6.10: Experimental measurements of the sixteen light scattering Mueller matrix 
elements of a diifuse surface # 10 (before aluminum coating) illuminated at a — 45°. —•-1 
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Figure 6.11: Experimental measurements of the sixteen light scattering Mueller matrix 
elements of an aluminum coated diffuse surface #11 illuminated at a = 45°. -1 
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Figure 6.12: Experimental measurements of the sixteen light scattering Mueller matrix 
elements of a diffuse surface # 10 (before aluminum coating) illuminated at a = 90°. —i O 
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Figure 6.13: Experimental measurements of the sixteen light scattering Mueller matrix 
elements of an aluminum coated diffuse surface #11 illuminated at a = 90°. 
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CHAPTER 7 

RESULTS 

All the 16 Mueller matrix elements were investigated for the rough surface # 4 and 

plotted in Figure 6.1. These curves give all the information for the surface and show that 

only 4 unique matrix elements (5n, £12, S33, and 63,1) need to be measured. Iafelice 

[9] mentioned that for a sufficiently symmetric scattering system, some elements are zero 

(5i3 = 5*14 - 5*23 = S24 = 0), some are identical (S12 = 1S32 = S42; 5*11 = S31 = .S41), some 

are inverse (534 = —643), and some are combinations of matrix elements (5*21 = Sn + -Si 2 

but 5n = S'22 for the spherical particle). These results are also shown in Figure 6.1. 

7.1 Mueller Matrix Elements for Rough Surface 

The 4 unique matrix elements were measured as a function of the illumination angle 

a from grazing to near normal incidence (when sample is illuminated at angle a, the 

9scat = a to 180°. See Figure 4.1 for detail.) for all aluminum samples. This study was 

performed to see how sensitive the matrix elements are to the different illumination angles 

and surface variation. 

Consider the total intensity Su. We get higher intensity for smaller incident angles a 

and lower intensity for larger incident angles at specular peak. This phenomenon is not 



79 

so prominent when the surface is very rough. This shows in Figure 6.9. On the contrary, 

smaller incident angles have lower scattering intensity and larger incident angles have 

higher scattering intensity. This phenomenon is still very prominent when surface is very 

rough. Surface roughness also can be distinguished by 5n. Smoother surfaces have higher 

intensity and rougher surfaces have lower intensity. This is true for both the specular peak 

and the scattered light. 

For the S12, except for sample # 0, it shows that smaller incident angles have lower 

percent polarization at the specular peak and higher percent polarization in the scatter

ing region. On the other hand, larger incident angles have higher percent polarization 

at the specular peak and lower percent polarization in the scattering region. These phe

nomena will be wiped out with the increasing surface roughness. The S12 in Figure 6.9 

for sample # 7 are similar for different incident angles whereas the percent polarization 

becomes smaller with the surface roughness. The polarization approaches zero when the 

surface roughness becomes saturated (adding more deflects to the surface does not affect 

the scattering). This phenomenon represents the well known masking curve[14]. These 

properties are not true for the smoothest surface sample # 0. 

The S33 is strongly dependent on incident angles. For the conducting surface, the 

curves start from positive percent polarization and go to negative percent polarization 

for 15° and 30° incident angles only. The other incident angles start with negative polar

ization for all the 0 scans. The incident angles smaller than 40° have a positive percent 

polarization but have a negative percent polarization for angles larger than 40°. This is 

true for all aluminum samples except sample # 0 in this study. For the non-conducting 
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surface, the polarization will not have this property (see Figure 6.10). But 633 still goes to 

negative percent polarization in the backscattering region (see Figure 6.10 to Figure 6.13). 

In the backscattering region, we can see that both smooth surfaces and rough surfaces 

are sensitive to a change in the incident angle. 633 shows that smaller incident angles 

have higher percent scattering polarization and larger incident angles have lower per

cent scattering polarization in the backscattering region. At the same time, the surface 

roughness information could be decided at the negative percent polarization area (after 

40°). The smoother surfaces have sharp negative polarization specular peaks. For the 

rougher surfaces, the negative polarization specular peaks are not so sharp. No specular 

peaks are seen at all in the roughest surface sample# 7 (see Figure 6.9). Unfortunately, 

surface roughness is independent of the percent polarization in the backscattering region, 

therefore; surface roughness information can't be obtained at backscattering angles. 

For the .S34, the polarization for different incident angles is more sensitive to the 

surface roughness. The percent polarization decreases with increasing the incident angles 

for smoothest surface only at the specular peak and in the backscattering region. On 

the other hand, the percent polarization for .S34 is independent of illumination angles for 

rougher surface. The polarization gradually loses its phase information with increasing 

surface roughness. When the surface becomes very rough, different illumination angles 

give the same percent polarization. S34 for the roughest surface sample # 7 has the same 

percent polarization for different incident angles (see Figure 6.9 for this phenomenon). 
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7.2 Change Index of Reflection for Rough Surface 

The complete 16 Mueller matrix elements for study the change of refractive index are 

given in Figure 6.10 to Figure 6.13. Only five matrix elements Sn, S12, S22, S33, and 

534 are independent after comparing with all the 16 matrix elements measurements for 

the diffuse surfaces sample # 10 and sample # 11. Figure 6.10 and Figure 6.11 show 

the Mueller matrix elements illuminated at 45° for non-conducting (non-absorbing) and 

conducting (absorbing) diffuse surface respectively. Figure 6.12 and Figure 6.13 represent 

the Mueller matrix elements illuminated at 90° for non-conduction and conduction diffuse 

surface respectively. 

7.2.1 45° Incidence 

For the Sn, the backscattering intensity from the non-absorbing diffuse surface (un-

coated with aluminum) is stronger than the intensity from the absorbing diffuse surface 

(aluminum coated). At other scattering angles, the scattering intensity from the absorbing 

diffuse surface is higher than from the non-absorbing diffuse surface. 

For the S12, the polarization fluctuates in the scattering region before 90° after which 

the percent polarization increases and approaches zero for the non-absorbing (uncoated) 

diffuse surface. On the other hand, the polarization increases and approaches zero without 

any distinguishable fluctuations for the absorbing (aluminum coated) diffuse surface. The 

percent scattering polarization for the coated surface is higher than those for the uncoated 

surface. 
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For the S22, the percent polarization for a non-absorbing diffuse surface is about 5% 

to 10% lower than absorbing diffuse surface at scattering angles before 150°. At the 

backscattering angles (about after 150°), the percent polarization from non-absorbing 

diffuse surface is higher than for the absorbing diffuse surface. 

For the £33, the percent polarization before 80° is positive. After 80° the percent 

polarization decreases for the uncoated diffuse surface. The percent polarization for the 

coated diffuse surface starts decreasing at 45° and reaches its minimum at 90°. 

For the S34, the percent polarization for uncoated diffuse rough surfaces is almost zero 

for all scattering angles. On the contrary, the percent polarization is at its maximum at 

45° and then decreases to zero for the aluminum coated diffuse surface. 

7.2.2 90° Incidence 

The Mueller matrix elements for uncoated and coated diffuse rough surfaces illumi

nated at 90° incidence are not drastically different than those illuminated at 45°. Su for 

uncoated and coated diffuse surface are similar but the intensity for the uncoated surface 

is about one order of magnitude lower. For S12, the percent polarization for the uncoated 

diffuse surface is 10% lower than the polarization of coated surface and it reaches a pos

itive polarization and then approaches zero. For £22, the percent polarization from the 

uncoated diffuse surface is from 20% to few percent lower than those of coated diffuse 

surface. The percent polarization is the same for scattering angles greater than 140°. 

For S33, the percent polarization for the aluminum coated diffuse surface is much lower 

(it varies from 75% to a few percent) than for the uncoated diffuse surface. For £34, 
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again the percent polarization fluctuates around 0% for the uncoated diffuse surface. For 

the coated diffuse surface, the polarization starts around 10% then approaches zero as 

scattering angle increases. 

7.3 Conclusion 

7.3.1 Sandblasted Aluminum Rough Surface 

In the study of light scattering as a function of incident angle for a rough surface, the 

SiJ strongly depend on the incident angle a. 

Although 5*11 depends on the incident angles and surface roughness at its specular peak, 

Sii strongly depends on the incident angles and surface roughness in the backscattering 

region. In the backscattering region, the scattering information does not change with 

either change the incident angle or surface roughness. Therefore, the backscattering 

signal for Sn can be used to determine the incident angle or to study the degree of 

surface roughness. 

S12 is still dependent on the incident angle and surface roughness both at the specular 

peak and in the backscattering region for smoother surfaces. As the surface becomes 

rougher, S12 is not sensitive to the change of incident angle or surface variations. This 

phenomenon is related to the masking effect - where certain surface features become 

invisible and undetectable. 

For S33, the percent polarizations are positive before 40° and negative after 40°. This 

phenomenon shows that 40° (approximately) is a critical point for S33. Positive polar

ization (before 40°) can be used to distinguish the incident angle smaller than 40° for 
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conducting surface. In the backscattering region, S33 is sensitive to a change in the inci

dent angle. The change of incident angle can be distinguished by the degree of polariza

tion easily. Surface roughness information can be distinguished by S33 from the negative 

specular peak polarization but not from the percent polarization in the backscattering 

area. 

For smoother surfaces, S34 is dependent on incident angle and surface variation at the 

specular peak angle. S34 is independent of illumination angle and surface geometry at all 

scattering angles. Figure 6.9 shows this example. 

A summary of the distinguishing ability for illumination angles and surface variations 

for the four Mueller matrix elements is shown in Table 7.1. 

7.3.2 Diffuse Surface 

Our study of light scattering by changing index of reflection and the angle of incidence 

a, show that the efficiency of converting polarization for the case of 45° incident angle is 

higher compared with the case for 90° either before or after the surface coating. Another 

interesting phenomenon is that the S34 polarization changes from zero to positive polar

ization. This is because the index of refraction for a non-absorbing medium is real, so the 

polarization for S34 is zero, while the index of refraction for absorbing medium is com

plex, so the polarization for S34 is nonzero. This was verified experimentally. Therefore, 

S34 is the best Mueller matrix element for distinguishing the non-absorbing and absorb

ing media. Table 7.2 shows the distinguishing ability of the Mueller matrix elements for 

non-absorbing and absorbing diffuse surfaces. 



Sn 
position illumination angles a surface roughness cr 

specular peak intensity decreases with 
increasing incident angle 

intensity decreases with 
increasing surface roughness 

backscattering region intensity increases with 
increasing incident angles 

intensity decreases with 
increasing surface roughness 

specular peak and backscattering region can be used to distinguish illumination 
angle and surface variation 

Su (except sample # 0) 
position illumination angles a surface roughness a 

specular peak polarization increases with 
increasing incident angle 

polarization increases with 
increasing surface roughness 

backscattering region polarization decreases with 
increasing incident angles 

polarization decreases with 
increasing surface roughness 

specular peak and backscattering region can be used to distinguish illumination 
angle and surface variation for smoother surface only 

5*33 (except sample # 0) 
position illumination angles a surface roughness o 

specular peak polarization decreases with 
increasing incident angle 

distinguish ability 
is not prominent 

backscattering region polarization decreases with 
increasing incident angles 

distinguish ability 
is not prominent 

specular peak and backscattering region can be used to distinguish illumination 
angle 

534 
position illumination angles a surface roughness a 

specular peak polarization decreases with 
increasing incident angle 

polarization decreases with 
increasing surface roughness 

backscattering region polarization independent 
on illumination angles 

polarization approaches 
zero with increasing 
surface roughness 

specular peak can be used to distinguish illumination angle and surface variation 
for smoother surface only 

Table 7.1: The distinguishing ability of the four Mueller matrix elements for illumination 
angles and surface roughness . 
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Su 
position non-absorbing diffuse surface absorbing diffuse surface 

backscattering region higher intensity lower intensity 
other scattering region lower intensity higher intensity 
Absorbing diffuse surface has higher intensity at scattering angles except in the 
backscattering region 

Si 2 
position non-absorbing diffuse surface absorbing diffuse surface 

backscattering region higher polarization lower polarization 
other scattering region lower polarization higher polarization 
Absorbing diffuse surface has higher percent polarization at scattering angles 
except in the backscattering region (approaches zero) 

S22 
position non-absorbing diffuse surface absorbing diffuse surface 

backscattering region higher polarization lower polarization 
other scattering region lower polarization higher polarization 
Absorbing diffuse surface has higher percent polarization at scattering angles 
except in the backscattering region 

£33 
position non-absorbing diffuse surface absorbing diffuse surface 

backscattering region lower polarization higher polarization 
other scattering region higher polarization lower polarization 
Absorbing diffuse surface has lower percent polarization at scattering angles 
except in the backscattering region 

S34 
position non-absorbing diffuse surface absorbing diffuse surface 

backscattering region zero polarization nonzero polarization 
other scattering region zero polarization nonzero polarization 
Absorbing diffuse surface has nonzero polarization at scattering angles 
S34 is the most sensitive element for non-absorbing and absorbing diffuse surface 

Table 7.2: The distinguishing ability of the Mueller matrix elements for non-absorbing 
and absorbing diffuse surface. 
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We have found it advantageous to study light scattering from rough surfaces using 

systematic and controlled procedures. When a small perturbation is added to the perfect 

system, the matrix elements will show a particular change. When we understand the 

idealized system, we get insight to how a degraded system scatters. In this study, we 

also find that when surfaces become more complex, 633 and £34 become less sensitive to 

the surface variation. Therefore, these two elements are not reliable as a diagnostic tool. 

<5*34 is very sensitive to a change from real index of reflection (non-absorbing medium) 

to complex index of reflection (absorbing medium). In general, the polarization matrix 

elements become independent of illumination angle as the surface becomes rougher. On 

the other hand, the polarization matrix elements depend more on the index of refraction 

as the surface becomes rougher. 

In reality a rough surface could be as complex as the earth's surface which is composed 

of many different kinds of substances (sand, soil, clay, • • •). The ingredients and particle 

sizes can be found in Table 7.3. All have different degrees of roughness and different optical 

properties. The Mueller matrix elements will therefore be complicated and perhaps not 

reveal important information about the surface. The four Mueller matrix elements for 

sand, sandy soil, clay soil, and loamy soil illuminated at grazing incidence are shown from 

Figure 7.1 to 7.4. Which show that information loss in the four matrix elements signals 

creates light scattering data that are not unique to the scattering interaction. Without 

a doubt, the inversion will yield highly uncertain or even wrong values for this system. 

However, in some cases, the data are still sufficient to partially characterize the scattering 

system. Presently, there is no theory to predict these complex systems but the interest in 
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sample clay silt sand 
<0.002mm 0.002mm-0.05mm 0.05mm-2mm 

sand 2.0 % 1.7 % 96.3 % 
sandy soil 12.3 % 29.0 % 58.7 % 
clay soil 33.0 % 18.0 % 49.0 % 
loamy soil 20.7 % 39.7 % 39.6 % 

Table 7.3: Ingredient and size range of particles in four soils. 

their scattering properties is very great and this is also a very important topic in remote 

sensing from satellites. Therefore more experimental research and theoretical study are 

needed before we fully understand the light scattering from such rough surfaces. 
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Figure 7.1: The experimentally measured Mueller matrix elements for sand measured at 
three different positions on the surface (illuminated at grazing incidence). 
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Figure 7.2: The experimentally measured Mueller matrix elements for sandy soil measured 
at three different positions on the surface (illuminated at grazing incidence). 
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Figure 7.3: The experimentally measured Mueller matrix elements for clay soil measured 
at three different positions on the surface (illuminated at grazing incidence). 
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Figure 7.4: The experimentally measured Mueller matrix elements for loamy soil measured 
at three different positions on the surface (illuminated at grazing incidence). 
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APPENDIX A 

SCANNING ELECTRON MICROSCOPE TECHNIQUE 

A.l Introduction 

The scanning electron microscope (SEM) is one presently of the most versatile instru

ments available for the examination and analysis of the microstructural characteristics of 

solid objects. The most important reason for using SEM is due to the high resolution 

which can be obtained when bulk objects are examined. Values of order 50A are usually 

quoted for commercial instruments. Another important feature of the SEM is the three-

dimension appearance of the specimen image, which is a direct result of the large depth of 

field. The greater depth of field of SEM provides much more information about a speci

men. Another advantage of SEM is the wide variety of electron-specimen interactions that 

can be used to form an image and to furnish qualitative and quantitative information. 

The large depth of field, the excellent contrast, and the straight-forward preparation of 

solid specimens are reasons people use the SEM for the imaging of surfaces. 

A.2 Principle of the Scanning Electron Microscope 

The scanning electron microscope (SEM) and the electron probe microanalyzer 

(EPMA) are in reality very similar instruments. Therefore, several manufacturers have 



94 

constructed instruments capable of being operated as an electron microprobe and as a 

high resolution scanning electron microscope. Figure A.l [15] shows a schematic of the 

electron and x-ray optics of such a combination instrument. 

The principle of the SEM is shown in the Figure A.l. This machine consists of the 

electron gun and two or more electron lenses. The electron gun provides a stable source of 

electrons which is used to form the electron beam. These electrons are usually obtained 

from a source by a process called thermionic emission. Electrons from a thermionic or 

field-emission cathode are accelerated by a voltage of 1 to 50 KV applied between the 

cathode and anode. The smallest beam cross section at the gun, the crossover, with a 

diameter about the order of 10 to 50 fim for thermionic and 10 to 100 nm for field emission 

guns, is demagnified by a two or three stage electron lens system. Therefore the electron 

probe of diameter 1 to 10 nm carrying an electron probe current of 10~10 to 10-12 A is 

formed at the specimen surface. This current can be obtained from the emission current 

density Jc which is described by Richardson law[15], 

JC = ACT2 exp(—Ew/KT) A/err? 

where Ac A/cm2K2 is a constant which is the function of the material, T(K) is the 

emission temperature, Ew is the work function of the cathode, and K is the Boltzmann 

constant. For modes of operation that need a higher electron probe current of 10~9 to 

10~8 A, the electron probe diameter increases to 0.1 to 1 fxm. 

The final object (probe forming) lens lias to operate with a relatively long working 

distance, that is, the distance between specimen and lower pole piece, so that the various 

particles and quanta emitted can be collected with the desired efficiency and if necessary, 
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with zero magnetic field at specimen. This requirement increases the spherical aberra

tion of the probe forming lens and, therefore, the smallest attainable electron-probe size. 

Electron-probe current, aperture, and size can all be varied but not independently by 

changing the magnetic field strength of the first condenser lenses. Apertures of the order 

of the milliradians are used for routine work and high resolution. One to two orders of 

magnitude smaller apertures are necessary to increase the depth of the field and improve 

the angular resolution in electron channeling patterns. 

A deflection coil system in front of the last lens scans the electron probe in a raster 

across the specimen and in synchronism with the electron beam of a separate cathode-

ray tube (CRT). The magnification can be increased simply by decreasing the scan-coil 

current and keep the image size on CRT constant. Figure A.2 shows the image of same 

specimen with two different magnification. 

The electron-probe aperture, that is, the semi-apex angle of convergent cone of electron 

trajectories, is small around the order of few tens of milliradians with the result that the 

depth of field is much larger than in light microscopy. Therefore, specimens with large 

variations in depth can be sharply imaged even at lowest magnification of 20 to 50 times. 

A.3 Operation Parameters of using ISI Super III-A SEM 

The micrographs for each sample taken by using ISI Super III-A SEM, were shown 

from Figure 5.2 to Figure 5.11. The operation parameters used to take these micrographs 
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are as fellows. 

Instrument : ISI Super III-A SEM 

Magnification : 100X 

Bar scale : lOO/zm 

Voltage : middle 

tilt : 0 degree 

Dynamic focus : 0 degree 

Working distance : 8 mm 

Spot size : 1:00 

Contrast : 15 jiA 

Brightness : 35 (iA 

Film type : Polaroid 52 

Aperture of camera : 16 

The working distance can be varied from 5 to 30 mm. As the working distance increases, 

magnification increases, giving a large spot size and a better depth of field. On the 

contrary, decreasing working distance decreases spot size and results in better resolution. 

The magnification on SEM is given by M = L/l, where L is the constant length of CRT 

and I is the length of the electron beam scan on sample. This magnification can be read 

from the display. 
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