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ABSTRACT 

An improved nimaerical model for calculating the ultrasonic power deposi

tion in layered medium was developed and experimentally verified. The new model 

takes into account the ultrasoimd wave reflection and refraction at irregular tis

sue interfaces thereby providing improved accuracy in ultrasoxmd hyperthermia 

treatment plaiming. The model was compared with a simplified model to eval

uate when the tissue interfaces could be ignored in the hyperthermia treatment 

planning and evaluation. The effects of variations in water and tissue tempera

tures, the fat layer thicknesses, the bone-tissue interface, and the beam entrance 

angles were also investigated to estabUsh guideHnes for treatment execution. It 

was found that in most cases the effects of the soft tissue interfaces can be ignored. 

However, in some instances the acoustic focus may be shifted several millimeters 

off axis in layered medium. This is important when sharply focused transducers 

are used for ultrasoimd sturgery or imder the condition of pulsed, high temperature 

hyperthermia treatments. 
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CHAPTER 1 

1. INTRODUCTION 

For ultreisound hyperthermia treatments of tumors (Lele 1983) and also for 

determining the safety limits of diagnostic xiltrasoimd eqmpment (AIUM 1988) it 

is very important to be able to calculate the ultrasoimd field distribution accu

rately in tissue. For hyperthermia studies the pressure fields have usually been 

calculated by evaluating the Rayleigh-Sommerfeld diffraction integral over the 

surface of a radiator for each field point of interest. To simplify and speed up the 

calculations, the soft tissues have been simulated as a homogeneous, uniformly 

attenuating mediimi (for example Lele and Parker 1982, Hynynen et al, 1981, 

Swindell et al., 1982, Roemer et al., 1984, Cain and Umemtura 1986, Moros et 

al., 1988, 1990, Diederich and Hjoiynen 1989, 1990, Lin et al, 1990). Since the 

impedances of different soft tissues are very close, the soimd wave reflection and 

refraction have been ignored at the tissue interfaces when calculating the acoustic 

power in tissue. Recently, however, with the use of large aperture, sharply focussed 

and multiple tdtrasound fields to treat deep tumors (Lele 1989, Hynynen et al, 

1990) these interfaces have become more important. It has also been proposed 

that by using sharply focussed ultrasound fields at high power levels a small tissue 

volume could be treated with a short ultrasound pulse. The temperature elevation 

during a few second exposure is almost independent of the tissue perfusion which 

is the main uncertainty in the temperature calculations. Thus, it may be possible 



to calctilate the temperature elevation and eliminate the need o£ invasive temper

ature measurements during these treatments (Billaxd et al., 1989,1990, Davis and 

Lele 1989). This requires that the ultrasound field distribution and the location 

of the focus be accurately predicted. For these reasons the effects of wave reflec

tion and refraction at the soft tissue interfaces need to be studied, and improved 

nimierical models need to be developed that can provide the required information 

for treatment plamiing in ultrasound hyperthermia. This thesis describes an ul-

trasotmd beam calcxilation model that taies beam reflection and refraction into 

accoxmt at tissue interfaces. After the model is tested experimentally it is used to 

investigate the effects of various soft tissue layers on strongly focussed ultrasotind 

fields. The model is then compared with a simplified model (Swindell et at, 1982) 

to evaluate when the tissue interfaces can be ignored in the treatment planning 

and evaluation. The restdts should also show the accuracy of the system when 

used in design and optimization studies which imtil now have assumed uniform 

acoustic properties throughout the whole target volimie (for example Lele and 

Parker 1982, Hynynen et al, 1981, Swindell et al, 1982, Roemer et al, 1984, 

Moros et al., 1988, 1990, Diederich and Hynynen 1989, 1990, Lin et al, 1990). 

The effects of variation in water and tissue temperatures, the fat layer thickness, 

the bone-tissue interface, and the beam entrance angles on the acoustic field are 

also investigated to establish guidelines for treatment execution. 
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CHAPTER 2 

2. ACOUSTIC FIELD CALCULATION 

An approximate theory for acoustic field calculation has been derived for a 

concave spherical radiator in a non-absorbing medium (O'Neil 1949). The complex 

velocity potential is given by the Rayleigh-Sommerfeld diffraction integral 

where k = u/c = 27r/X is the wave number, A is the wave length, a; is the angular 

frequency, c is the velocity of propagation, r is the distance from the point source 

on the radiator to the field point, S is the area of the radiator, ds is the source 

element area, i = and Vg = voe^'^^ is the normal particle velocity on ds 

(Figure 1). Acoustic pressure at the point of interest P is given by 

p(r) = pdipfdt = iuptl) = ikZtj), (2) 

where p is the density and Z = pc is the acoustic impedance of the medium. 

Because there is no analytical solution for equation (1), numerical methods must 

be used. There are three numerical models that have been developed to evaluate 

equation (1). 

2.1 Simplified model 

The traditional way of performing this integral is to use two-dimensional 

stimmation over the face of the radiator. The rapid phase variation of the 

term forces the siunmation increments to be very small with correspondingly long 
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ds 

Figure 1. Diagram of the transducer in a medium with regard to a Cartesian 

coordinate system. The origin of coordinates is at the center of curvature and the 

z axis is perpendicxilar to the face of the transducer. 
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computation times. The essence of the simplified model is to reduce the two-

dimensionEil integral to a one-dimensional integration by considering those ele

ments of cixea on the transducer over which r is essentially constant. These ele

ments are annular strips centered on the pedal projection of the field point onto 

the plane of the transducer (Figure 2). 

In a weakly attenuating mediima, the effect of attenuation can be approxi

mated by with r' being the path length in the tissue and a being the linear 

amplitude attenuation coefficient. In order to speed up the calculations, all of the 

attenuation ray paths r' can be asstuned the same and equal to the normal depth 

from the interface of water-tissue to the point of interest in the tissue (Swindell et 

al., 1982). This assumption, which is true for a planar transducer, is a good ap

proximation for a high f-ntunber transducer, but not for a low f-number transducer 

(f-number = radius of curvature of transducer/diameter of transducer). The sim

plification allows the double integration in equation (1) to be reduced to a single 

integration to calculate the acoustic pressure distribution for a continuous wave 

iiltrasoimd transducer (Madsen et cd., 1981,Swindell et al., 1982). The integral 

can then be approximated by 

where Am is the area of m's annular strip. The total number of aimular strips, 

M, varies depending upon the location of the field point. This water-tissue model 

can be described as a two layered media with a flat interface parallel to the face 

of the transducer. The single integration method is fast; however, the effects of 

discontinmties when the wave travels through interfaces are not considered. 

(3) 
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Trtniduccr 

•'(h zone 

Figure 2. Annular sections of area Am used in simplified model (illustrated for 

a planar transducer for clarity). 



2.2 ParsJlel flat plane interface model 

In this section, geometrical acoustic theory, ray paths, are used to develop 

the paxaUel fiat plane interface model. The acoustic pressture field firom a point 

soiirce below the interface of a layered medium can be calculated by midtiplying 

the pressiu-e transmission coefficient and the amplitude diminution factor to the 

acoustic pressure in the first meditun. The incidence angle of the ray was tmiquely 

determined by the velocities of sotind, the thickness of each layer and the distance 

between the point source and the field of interest along the interface direction. 

The ray path lengths, transmission coefficients and amplitude-diminution factor 

can be computed from the incidence angles. 

When sotmd waves travel through a medium, they may be reflected or 

refracted. Refraction of sound waves occurs when a soimd wave arrives at a 

discontintiity or boimdary. Some energy crosses the boundary to form transmitted 

waves and the rest is reflected. SneU's law, applied to the acoustic case in Figure 

3, is 
sin(gi) _ sin(gf) _ sin(^r) , .v 

Cl C2 Cl 

where Ci and C2 are sound velocity in medium 1 and 2; and are the angles 

of incident, reflection, and transmission, respectively, referenced to the normal of 

the interface of the medium. The pressure field firom a point source below the 

interface of a two layered medium has been studied by Hudimac (1957), Urick 

(1972) and Young (1973). To show the soimd wave reflection and refraction, 

consider a two layered medium with sotind velocity Ci, density pi, and ray path 

ri = Hi/ cos(Oi) in medium z = 1,2. A point source is located in the first medium, 

and the acoustic pressure needs to be found in the second medium. In order to 

maie the problem simple, asstime the interface of the media is a flat plane as 
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medium 1 
medium 2 

Figure 3. Acoustic wave incident on the interface of two media. 
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shown in Figiire 4. The acoustic pressure in mediiun 1, just when the ray reaches 

the interface, is that of the direct wave alone, say p\{6i), multiplied by the pressure 

transmission coefficient Ti{9i) (see Appendix A for detailed calculations), where 

= /(W£i) (5) 
ri 

and 

T ( ( i \ =  2c2P2/cos(g2) .  .  

^ ^ C2P2lcos{92)-)r CipiIcos{6i)' 

f { t )  is a function characteristic of the source. Thereafter, the ray moves with 

speed C2 in direction 62 in medium 2 at depth H2. The acoustic pressure at 

the point of interest can now be talcen as the pressure at the interface with a 

new phase term, t — ri/ci — r2/c2, times the transmission coefficient Ti(9i) and 

the amplitude diminution factor A{9x). The factor A{9i) is used to accoimt for 

additional ray-tube spreading in the propagation from the interface to depth H2. 

To determine A{9i) (see Appendix B for detailed calculations), consider two rays 

leaving the source at angles 9i and 9i -1- 69i, both rays having the same azimuth 

angle <f). They cross the interface at cylindrical distances Wi and Wi + 6Wi and 

subsequently propagate in the refracted directions ^2 and 02 + ^^2, where 

W i = H i t a n ( 5 i )  a n d  8Wi = Hise(P'{9i)66i. (7) 

The two rays cross the plane z = JIi +JI2 at radial distances of W2 and W2 +SW2, 

where by trigonometry theory, 

W2 = Hi tan(0i) + H2 tan(02)5 (8) 

and 

6W2 = Hi sec^{9i)69i + H2 sec^{92)692 

= [Hi sec^{9i) + H2C2IC1 cos{9i)sec^{92)]69i (9) 
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Z-axis 

69] 

Figure 4. Diagram of the point sotirce in a layered medium with regard to a 

Cartesian coordinate system. 
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The relation between 86i and 662 is given by the derivative of Snell's law. 

C2 cos(0i)50i = Ci COS(02)^^2 (10) 

The ray-tube area just before the ray crosses the interface is (Wi6(j>)[8Wi cos(^i)]. 

Just after it crosses the interface the ray-tube area is (W\84i)[SWi cos(02)]- When 

it reaches depth Hx -1- the ray-tube area is {W26(f>)[6W2 cos(62)]- Thus the ray 

tube area increases by a factor of (W2SW2)l{Wi6Wi), in traversing just below the 

interface to the depth ffi -|-JT2- Correspondingly, the pressure amplitude must be 

decreased by a factor of 

A(0i) = {Wi8Wrfl^/{W28W2f'^. (11) 

In this manner, one obtains the acoustic pressvire in medium 2 as 

P2(0i) = (12) 

The above idea applied to an !-(> 2) layered medium, with L — 1 flat plane parallel 

interfaces, allows the pressure in layer L to be written as: 

PL{h) = A(«.) n (13) 
j=i i=i 

where Tj is the acoustic pressure transmission coefficient in interface j, vj = 

Hjf cos{dj) is the ray path, cj is the velocity of soimd in mediimi j, and A(^i) = 

{Wi8Wiy/{W8Wy-/'^. Notice that equation (13) does not include the effect 

of attenuation. The angles 9j can be fotmd in terms of W and Hj from Snell's 

law. In general, this requires a ntmierical solution to solve a nonlinear system of 

equations. The equations are given by 

Cj sm{ej+i) = cj+i sin(^j), j = 1,2, • • -, X - 1 

L (14) 

i=i 
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for the L layered medium. The Newton-Raphson method (see Appendix C) is used 

to solve equation (14) (Press et al., 1989). Equation (14) is a set of L equations 

with L unknowns. The angles are imiquely determined by Cj, Hj and W (see 

Appendix D for detailed calculations). 

In order to apply the above idea to the ultrasoimd transducer, the surface 

of the transducer was divided into small elements so that each element could be 

treated as a point source. The integral in equation (1) has been evaluated by using 

Huygen's principle and summing the contributions from each element (Zemanek 

1971). For each small element, using equations (1), (5) and (13), one can find the 

acoustic pressure in medium 1 and in meditmi L as 

Api(er'') = (15) 

L-1 L L  

1 

M
 

exp 
i=i 3 = 2  3 = 2  

(1 

where is the area of the small source element, is the incident angle 

of the ray, kj is the wave number and aj is the linear ampHtude attenuation 

coefficient in medium j. Notice that the effect of attenuation in each medium 

j was approximated by The two mid-point rule was used to evaluate 

equation (1), i.e., sum all of the small elements over the area of the transducer. 

Now, the presstire in medium L for a whole transducer is given by 

M  N  

= E E (17) 
m = l  n=l 

where M xN are the number of elements. At power levels in the linear ultrasoimd 

propagation range, the absorbed power is given by 

Q = (IS) 



22 

where fiabs is the absorption coefficient and Zi is the acoustic impedance of 

medium L. This numerical model to calcxilate the acoustic field for a layered 

meditmi with flat interfaces is used in this study. 

2.3 Irregular interface model 

The complex velocity potential from finitely sized exciting sources in a imi-

form meditim can be calculated by the Rayleigh-Sommerfeld diffraction integral. 

The particle velocity along the radial direction can be obtained from the derivative 

of the velocity potential. In layered mediimi with irregular interfaces, the inter

face can be considered as a "Transducer" with normal particle velocities which 

was calculated according to Huygen's principle, i.e., the secondary wavefront was 

used to evaluate the velocities. 

Consider a two layered medium, separated by a single surface, with veloci

ties of sotmd Ci and densities p,-, i = 1,2 (Figure 5). The complex acoustic velocity 

potential for a finitely sized exciting source, at the field of interest, point P/j in 

medium 1, is given by (O'Neil, 1949) 

1 f f '"1 
V'i(n) = ^ Jvi„—-—dsi. (19) 

Here the integration is over the whole radiating surface Si, is the normal 

excitation velocity on the radiator, feci = ki — iai is the complex wave mimber, 

fci = a;/ci is the wave nimiber, a; is the angular frequency, ci is the speed of sound, 

cti is the ampHtude attenuation coefficient, and r-y is the distance from the field 

point to the element area dsi of the radiator. The integral can be evaluated by 

using Huygen's principle and summing the contribution from incremental areas 

representing the radiating surface. The particle velocity along the radial direction 

ri at Pfi in medium 1 can be calculated by (Ristic, 1983) 
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S2 

Figure 5. Two layered medium, separated by an irregular interface. 
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^2 =-5^i(ri)/ari 

= if IL 
For each point on the interface S2, the particle velocity in the radial direction, ri, 

before reaching the surface, can be obtained from equation (20). The magnitude of 

V2 after crossing the surface will be reduced by the particle velocity transmission 

coefficient T®. That is, the particle velocity on S2 in medium 2 is equal to v^X-Tv = 

V2. Using Snell's law and the plane wave approximation, the particle velocity 

transmission coefficient is given by (see Appendix A for detailed calculations) 

T„ = 2picicos(gi) 
" P2C2 cos(0i) + piCi cos(02) ' 

where the 6i, i = 1,2 is the incident and transmission angles, respectively, refer

enced to the normal of the surface 52- The normal particle velocity, U2n, on S2 

just across the STirface due to the exciting source Si is 

cos(^2) = •yjT„(0i) cos(02)- (22) 

Using equation (20) and dividing S i  into M x N  small area elements A5j"", which 

are treated as point sources, equation (22) becomes 

_ JVf iV fi— i k c i r i  / 1 \ 

"2. = ^ E E"'.—;7- A5r«r.(sr)cc.s(«r"), (23) 
m=l n=l ^ 

where and 6^^ are incidence and transmission angles for each A5]"". The 

complex velocity potential in medium 2, at the point of interest P/2, can then be 

calculated by using equation (19) 

1 f f  p- i k c i r 2  
^ 2 ( r 2 )  =  —  / /  i ; 2 „  d s 2 ,  ( 2 4 )  

J JS2 ^2 
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where fcc2 is defined in the same way as feci ? and ^"2 is the distance from the element 

area ds2 to the field point Pf2- Notice that the siirface S2 can be considered as a 

new radiator. The integration in equation (24) is calculated as in equation (23). 

The above idea can be expanded to multiple layers. The acoustic pressure in 

medium 2 is then calculated by 

where Z2 = P2C2 is the acoustic impedance of medium 2. Finally, the absorbed 

power density is calculated by 

For simulation purposes in hyperthermia, when a focused transducer is 

used, the siirface S2 can be considered a finite size and divided into small area 

elements. In this way the single ultrasound wave reflection and refraction at the 

irregialar interfaces can be handled. All the simulation results were calculated 

by using the CONVEX C240 mini-supercomputer at the University of Arizona 

Computer Center. 

P2 = P2dtjP2ldt = iu}p2tp2 = ik2Z2'lp2, (26) 

(26) 
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CHAPTER 3 

3. EXPERIMENT 

3.1 Measurements 

3.1.1 Acoustic power measurement 

A power transmission test was performed on polyethylene sheets of different 

thickness. These sheets were large enough in their lateral dimension so that all the 

power passed through it. Measurements were done twice, with and without the 

plastic. The equipment used to produce these results, consisted of the transducer, 

an absorbing target, and an electronic balance (Metter, Model AE 160). The 

plastic sheet was placed between the transducer and the absorbing target, which 

were both in the tank filled with degassed water. The average acoustic power 

was computed at each different electrical input power level (see (Stewart 1982) 

for a review of the acoustic power measiirements). The natural logarithm of the 

transmitted power was then plotted as a function of the thickness of the plastic 

with the attenuation coeflacient calculated from the slope (m) of the straight line, 

a = —mf2 (Fry and Dunn 1962). 

3.1.2 Ultrasound field measurement 

The relative pressure amplitude squared distributions in a water bath were 

obtained by scanning an ultrasoimd detector along a raster pattern imder com

puter control. A thermocouple embedded in a small plastic bead was used to 

detect the field dtiring continuous wave ultrasoimd pulses (pulse length 60 ms) 
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(Martin and Law 1983). The thermocouple probe was moved by stepper motors, 

typically with 0.5 mm steps across the beam and 2 mm steps in the axial di

rection. In order to reduce the electrical noise, five pulses were emitted at each 

thermocouple location to obtain an average value at that position. The exper

iment was performed twice: first, in water only; and second, with polyethylene 

in front of the transducer to sim\alate a layered medium. Air-backed transducers 

(Table 1) were driven using an RF pulse/function generator (Wavetek model 271) 

and an RF power amplifier (ENI model 240L). The overall process was supported 

by a Hewlett Packard laboratory computer system (9000 computer, 3456A digital 

voltmeter, 3497A acquisition unit). All the transducers were electrically matched 

to the amplifier's output impedance by using a passive matching network. The 

voltage applied to the transducer was kept high enough to obtain a good signal 

and low enough to avoid cavitation or nonlinear effects. 

3.1.3 Speed of sound measurement 

The speed of soimd in polyethylene was measured in a water tank by pass

ing sound through blocks of different thicknesses of polyethylene. The equipment 

used in the measurements were: a flat transducer (air-backed), RF pulse/function 

generator (Wavetek model 271), RF power amplifier (ENI model 240L), hy

drophone and digital storage oscilloscope (Tektronix 336). First, the time of flight 

of a sound pulse from the transducer to the hydrophone was measured. Second, 

a polyethylene block of known thickness was inserted between the transducer and 

hydrophone and the time of flight of the second pulse was measured. The speed 

of soimd in the polyethylene was determined using 

_ L 

L/Cyj -F At 
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Frequency 

{MHz) 

Diameter 

(cm) 

Radius of 

Curvature 

{cm) 

Transducer 1 0.5 7.0 35.0 

Transducer 2 0.558 10.0 10.0 

Transducer 3 1.0 7.0 25.0 

Transducer 4 0.5,1.0,2.0 10.0 10.0 

Transducer 5 1.75 10.0 20.0 

Table 1. Ultrasotmd transducers used in the experiments and simulations. 
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Amplitude 

Speed of Attenuation 

Material Thickness Density Sotmd Coefficient 

(cm) {kg/m^) {mis) {Np/m/MHz) 

Ultra-high 4.88 

Molecular 2.00 

Weight 1.27 938.0» 2210.0^ 

t—
1 

Polyethylene 0.97 

Sources: "Modem plastics encyclopedia 1990. ' Measured. 

Table 2. Plastic sheets used in the experiments and simulations. 
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where L is the thickness of the polyethylene, Cu, is the speed of sound in water, 

At is the second time of flight minus the first. Notice that the At is a negative 

ntunber. The meastired speed of soimd of polyethylene was 2210 irn/s) with a 

standard deviation of 20 {m/s). 

3.2 Simulation models 

3.2.1 Flat plane interfaces 

In order to verify the layered mmierical model and investigate the effect of 

soft tissue interfaces on the ultrasoimd wave propagation, two models were used 

in this thesis. 

Water-polyethylene-water model : This three layered medium has 

flat plane interfaces with a water temperature of 22° C and the thickness of the 

polyethylene being 4.88 and 1.27 cm (Figure 6A). The properties of polyethylene 

are given in Table 2. Transducer 1 and 2 were used in the experiments and 

mmierical simulations with different incidence angles. 

Water-skin-fat-muscle model : This four layered medium has flat 

plane interfaces with various fat layer thicknesses, water temperatures and tissue 

temperattires (Figure 6b). The properties of the tissue are given in Table 3-5. 

Transducer 3 and 4 were used in the numerical simulations with different incidence 

angles. The speed of sound as a function of temperature is varied as shown in 

Table 6. The density of water is 998 (kg/m^). 

3.2.2 Curved interfaces 

A half polyethylene tube was used to simulate the curved interfaces and 

verify the mmierical model similarly as in Section 3.2.1. 
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X 

(A) 

polyethylene water water 

X 

(B) 
/ ' •  

skin fat muscle water 

Figure 6. Diagram of parallel flat plane interface models used in the experiments 

and simulations. The Z-axis is defined in the ajdal direction, the X-axis is defined 

in the radial direction, the Y-axis is pointed out of the paper and parallel to the 

interface of the medium. Notice that the ultrasoimd field is symmetry about the 

X-Z plane and the transducer can be tilted. (A) water-polyethylene-water three 

layers, (B) water-skin-fat-muscle four layers. 
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Tissues Velocity Attenuation Density Absorption 

{mis) (Np/m) (kg/m^) (Np/m) 

Bone 1500 - 3700 150 - 350 1380 -1810 — 

Brain 1516 - 1575 4 - 2 9  1030 1.2'^ - 6.4® 

Fat 1400 - 1490 5 - 9  921 — 

Liver 1540 -1640 3.2 - 18 1060 2.3 - 3.2 

Muscle 1508 - 1630 4.4 - 15^ 1070 -1270 2 - 1 1  

Skin 1498" 14 - 66= 1200 — 

Temperature: "23°C, ^40°C, not reported. 

Brain: '^grey matter, ®wliite matter. 

Source: Goss et al. 1978, 1979, 1980; Chivers and Parry 1978; Lyons and Parker 

1988; WeUs 1977. 

Table 3. Acoustic properties of mamma,lia.n tissues at a temperature of 37°C 

and a frequency of 1 MHz. 
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Tissues Thickness 

(cm) 

Velocity 

{mis) 

Attenuation 

{NplmlMHz) 

Density 

{kglm^) 

Bone various 2600 150 1595 

Brain various 1545 4 1030 

Fat 

o
 

C
O
 1 
p
 

o
 1445 7 921 

Muscle various 1569 9 1138 

Skin 0.17 1498 14 1200 

Table 4. The specific values of tissue properties used in the simtdations. 
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Tissues Temperature Velocity Attenuation 
(°C) {mis) (Np/m) 

Bovine liver 37 1597 17 (approx.) 

43 1595 (approx.) 17 {approx.) 

Bovine fat 37 1430 12 {approx.) 

43 1400 {approx.) 12 {approx.) 

Source: Bamber and Hill (1979). 

Table 5. Tissue properties for variation of temperature at 1 MHz. 



Temperature Speed of sound" 
(°C) {mis) 

5.0 1426.1 

15.0 1465.9 

20.0 1482.3 

25.0 1496.6 

26.3 1500.0 

35.0 1519.8 

37.0 1523.6 

43.0 1533.5 

45.0 1536.4 

"All data rounded to the nearest one-tenth. 

Source: Del Grosso and Mader (1972). 

Table 6. Sound speed in pure water. 
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Water-polyethylene-water ; This three layered medium has two 

ctirved interfaces with the corresponding radius of curvatures of 5 cm and 3 cm 

(Figure 7A). The water temperature was 22°C. 

In order to gain an understanding for the ultrasound hj^erthermia treat

ments of timiors, five anatomical geometries were studied: (1) a brain model, (2) 

a neck model, (3) a body model, (4) a buttocks model, and (5) a bone model. 

Brain model: The brain model was a sphere containing two layers: skin 

and brain. The radius of curvatxire of the sphere was 9 cm and the skin thickness 

was 1.7 mm. 

Neck model ; The neck model was a cylinder containing two layers: fat 

and muscle. The radius of curvature of the cylinder was 7 cm and the fat layer 

thickness was 1 cm. 

Body model : The body model was the same as the neck model except 

that the radius of curvature was 15 cm and the fat layer thickness was 2 cm. 

Buttocks model ; The buttocks model had two layers: fat and muscle, 

with spherical interfaces. The radius of curvattire was 10 cm. The fat layer 

thickness was 3 cm. 

Focused transducers were used during the treatment simvdations. First the 

transducer axis was aimed through the center of the geometry, then the transducer 

was moved toward the edge of the geometry while keeping the focal distances the 

same (Figure 7B). 

Bone model : The bone model was one layer (muscle) with the bone 

positioned on the transducer axis and behind the focus. The bone was a cylinder 

with a radius of curvature of 1 cm (Figure 7C). 
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(A) 

X 

(B) 

polyethylene 

anatomical geometry 

(C) 

Figure 7. Diagram of curved interface models used in the experiments and 

simulations. The Z-axis is defined in the axial direction, the X-axis is defined 

in the radial direction, and the Y-axis is pointed out of the paper. (A) water-

polyethylene-water three layers, (B) anatomical geometries, except bone model, 

(C) bone model. 
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CHAPTER 4 

4. RESULTS 

4.1 Compeirison between the theory and the experiment 

4.1.1 Layered model 

The sq\aaxe of the acoustic pressure ampHtude distribution across the focus 

of two transducers has been measured in water with a polyethylene plate between 

the transducer and the focus to test the abiKty of the model to predict the effect 

of layered meditim. Examples of the experimental and theoretical results are 

displayed in Figures 8,9 and 10. In Figure 8 the normalized ultrasound pressure 

amplitude squared distributions across the acoustical focus of transducer 1 are 

presented with the polyethylene plate (thickness is 4.88 cm) at different angles 

with respect to the surface of the transducer. Both theory and experiments were 

normalized to their peak value in water without the plate. Similar graphs for 

transducer 2 are presented in Figure 9 with a 1.27 cm thick plate. For this 

transducer the measurements are taken with two angles only, due to the physical 

constraints of the measurement arrangement. In Figure 10, the ultrasound field 

distributions meastired and calculated in the axial plane axe given for the case 

presented in Figure 9B. The theoretical ultrasoimd field appeared to be sUghtly 

more narrow and the focus about 1 mm deeper than measured in the experiments. 

This trend is typical, that is the experimental focus is closer to the transducer 

than the theory predicted. This agrees with earlier waterbath measurements and 
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Figure 8. The theoretical and experimental normalized square of pressure am

plitude response as a function of radial distance at the acoustic focus. The 35 cm 

radius of curvature and 7 cm diameter transducer has been used with a frequency 

of 0.5 MHz. The points correspond to the experiments and the smooth lines to 

the theory. The data is normalized to the peak value in water (both theoretical 

and experimental to its own value) and thus, the curves with a peak value of 1 are 

for the water only case and the other curves are for the water-polyethylene-water 

model. The thickness of the polyethylene is 4.88 cm. The angle between the 

transducer face and the interface of the media is : (A) 0°, (B) 4°, (C) 15°, (D) 

20°. 
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Figure 9. The theoretical and experimental normalized square of pressinre am

plitude response as a function of radial distance at the acoustic focus. The 10 

cm radius of curvature and 10 cm diameter transducer has been used with a fre

quency of 0.558 MHz. The points correspond to the experiments and the smooth 

lines to the theory. Curves with a peak value of 1 are for the water (data nor

malized to the peak value in water) only case and the other curves are for the 

water-polyethylene-water model. The thickness of the polyethylene is 1.27 cm. 

The angle between the transducer face and the interface of the media is: (A) 0°, 

(B) 8.7°. 
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Figure 10. The contour plot of the relative pressure amplitude squared distribu

tion for the water-polyethylene-water case; (A) experiment, (B) simulation. The 

conditions axe the same as in Fig. 9 (B). 
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ultrasound field calculations (Moros and Hynynen 1991). Overall these results in

dicate that the theoretical relative xiltrasound field distributions across the focus 

agree well with the measured distributions in water. The effect of the polyethylene 

plate is also well predicted at various angles. Thus, it appears that this program 

can be used to model the effect of different soft tissue layers on the relative ultra-

soimd field distributions. 

4.1.2 Irregulcir model 

The acoustic pressure amplitude squared distribution across a focus of the 

transducer has been measured in water with a half polyethylene tube (thickness is 

2 cm) between the transducer and the focus to verify the numerical model to pre

dict the effect of curved interfaces. An example of the experimental and theoretical 

results are shown in Figures 11 and 12. Both theoretical and experimental values 

were normalized to their peak value in water without the polyethylene. In Figure 

11 transducer 1 was used and the distance from the center of the polyethylene-

tube to the acoustic focus was 1.1 cm. When the transducer axis moved from 

the center of the polyethylene-tube to its edge, the ultrasound field distribution 

distorted and shifted 1.5 mm in the lateral direction. In Figtire 12 transducer 2 

was used and the disteince from the center of the polyethylene-tube to the acous

tic focus was 1.4 cm. When the transducer axis moved from the center of the 

polyethylene-tube to its edge, the ultrasound field shifted 2 mm. For this strongly 

focused transducer, when the transducer axis was 2 cm away from the center, the 

magnitude reduced 60% from the case in which the transducer axis was aimed 

through the center. The simulation and experimental results agreed very well. 

The effect of the curved surface on the ultrasoimd wave propagation is also well 

predicted. 
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4.2 Comparison with the simplified model 

Since the simplified model developed by Swindell et al. (1982) has been 

extensively tested in water and in tissue (Moros and Hynynen 1991), it was used 

to compare with the new models. The simplified model is theoretically accurate 

in nonattenuating medium such as water and thus, all of the models shovdd give 

identical ultrasoimd field distributions in water. The simulation results verified 

this, giving similar (within the ntimerical accuracy of the calculations) absolute 

pressure amplitude values for all of the models (Table 7). 

However, the simplified model does not taJce the tissue interfaces into ac-

coimt and assimies uniform ultrasoimd velocity throughout the medium. In addi

tion, the attenuation factor has some theoretical inaccuracy as shown in Section 

2.1. To estimate how these factors influence the ultrasoimd fields, the simplified 

model was compaxed with a water-tissue two layered model with the interface 

parallel to the transducer (Figure 13). Three cases were simulated with the new 

model: First, the speed of sound and the acoustic impedance were kept constant 

to give an idea of the error associated with the attenuation approximation. Gen

erally, the simplified model overpredicted the peak pressure ampHtude squared 

value. The maximum error in the overprediction was about 7% with the f-number 

1 transducer and decreased with reduced focussing. This error decreased to about 

1% with an f-nvimber 3.6 transducer. The percentage difference increased linearly 

with frequency up to 25% for an f-nxmiber 1 transducer at a frequency of 3 MHz. 

Second, the speed of sound in tissue was reduced to 1400 m/s. This change 

moved the focus about 5 mm deeper (at a depth of 50 mm in tissue) and reduced 

the peak value by an additional 10%. This reduction was not f-number dependent. 

Third, the speed of sound in tissue was increased to 1600 m/s. This caused a 
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Figure 11. The theoretical and experimental normalized square of presstire am

plitude response as a function of radial distance at the acoustic focus. The 35 cm 

radius of curvature and 7 cm diameter transducer has been used with a frequency 

of 0-5 MHz. The points correspond to the experiments and the smooth lines to the 

theory. Curves with a peak value of 1 axe for the water (data normalized to the 

peak value in water) only case and the other ctirves axe for the water-polyethylene-

water model. The distance between the center of the polyethylene-tube and the 

transducer axis is : (A) 0.0 cm,(B) 0.5 cm, (C) 1.0 cm, and (D) 1.5 cm. 
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Figure 12. The theoretical and experimental normalized square of pressure am

plitude response as a function of radial distance at the acoustic focus. The 10 cm 

radius of curvature and 10 cm diameter transducer has been used with a frequency 

of 0.558 MHz. The points correspond to the experiments and the smooth Hnes 

to the theory. C-urves with a peals value of 1 axe for the water (data normalized 

to the peak value in water) only case (A) and the other curves are for the water-

polyethylene-water model. The distance between the center of the polyethylene-

tube amd the transducer axis is : (B) 0.0 cm,(C) 0.5 cm, (D) 1.0 cm, (E) 1.5 cm, 

and (F) 2.0 cm. 
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Radius of SimpMed Layered Irregular 
Frequency Diameter Curvature Model Model Model 
(MHz) (cm) (cm) (Pressure Amplitude Squared) 

0.5 7.0 35.0 1.000000 0.9978949 1.025474 

CPU-Time(s) 4.7 x 10""' 0.5366810 101.7891 

0.558 10.0 10.0 1.000000 1.000005 1.001149 

CPU-Time(sl 3.7 x 10"'' 1.067264 208.6746 

1.0 7.0 25.0 1.000000 0.9992149 1.004764 

CPU-Time(s) 4.3 x lO""* 1.058572 208.5341 

1.0 10.0 10.0 1.000000 1.001373 0.99907S1 

CPU-Timeis) 3.8 x lO""* 1.067795 210.1394 

.3.0 7.0 35.0 1.000000 1.001286 0.9999449 

CPU-Time(s) 3.5 x 10"'' 1.039538 427.2026 

Note; The accuracy of CPU time is in microsecond. 

Table 7. Comparison of three models in water. The relative square of pressure 

amplitude distribution at the acoustic focus was computed for each transducer 

with given frequency. The data are normalized by the simplified model's results. 
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1 ' r 
14 16 18 20 22 24 26 28 

Axial Distance (cm) 

Figure 13. Square of relative pressure amplitude response as a function of the 

axial distance in water-tissue model calculated with three different methods. 1) 

Simplified model (dotted line), 2) 2-dimensional integration (soHd line), 3) 2-

dimensional integration with sound speed in water 1500 m/s and tissue 1600 m/s 

(dashed line), 4) same as method 3 but with the soimd speed in tissue being 1400 

m/s (chained Hne). The attenuation was 0.1 Np/cm/MHz. (A) The transducer 

had a 10 cm radius of curvature and a 10 cm diameter. The interface is 5.0 cm 

from the transducer. (B) The transducer had a 25 cm radius of curvature and a 

7 cm diameter. The interface is 12 cm from the transducer. The frequency is 1 

MHz for both cases. 
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similar change in the ultrasoimd field distribution except that now the peak pres

sure value was increased (from the 1500 m/s value) and its location was moved 

closer to the transducer. 

4.3. Effects of multiple tissue layers and coupling water temperature 

In order to simulate patient treatments, a water-skin-fat-muscle (WSFM) 

four layered model was used. With this model several parameters were varied 

to obtain guidelines for clinical idtrasound hyperthermia treatments. First, the 

effect of the thickness of the fat layer on the axial ultrasoimd field distribution was 

studied when the beam was normal to the surface of the tissue layer (Figure 14A). 

From the results it appears that an increase in the fat layer wiU shift the peak 

value of the ultrasound field further away from the transducer. For the f-number 

1 transducer, the increase in focal depth was about 2.5 Trrm when the fat-layer 

was increased from 0 to 3 cm. The peak value increased slightly. 

Second, the effect of the coupling waterbath temperature on the axial ul

trasoimd field distribution was studied with three different firequency xiltrasoimd 

fields (Figure 14 B-D). The increase in the water temperature moved the focus 

deeper and also reduced the absolute peak value of the field. The maximum dif

ference in the focal location was 5 mm (focussed at a distance of 50 mm from the 

tissue surface) and the reduction in the peak value was about 20% when the tem

perature was increased from 5°C to 45° C. The effect of the water temperatiire 

appeared to increase with increased frequency. 

Third, the effect of variation in tissue temperature on the axial and radial 

ultrasound field distribution was studied with two different temperatures (Figure 

15). The water temperature was fixed at 26.3°C. When the tissue temperature 
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Figure 14. Relative pressure amplitude squared as a function of axial distance in 

the water-skin-fat-muscle (WSFM) layered model. The transducer was 10 cm in 

diameter and had a 10 cm radius of curvature. The distance from the transducer 

to the skin was 5 cm. (A) fat thickness changed from 0 to 3 cm. Frequency was 

1 MHz. (B), (C), (D) fat thickness was 1 cm. Water temperature changed from 

5 to 45 degrees. The frequency was: (B) 0.5 MHz; (C) 1 MHz; (D) 2 MHz. The 

angle of incidence was 0° in all cases. The properties of the tissue are given in 

Table 4. 
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changed firom 37°C to 43°C, the peaJc value was reduced by about 5%, and the 

focus was moved about 1 mTn deeper. 

Finally, the effect of the tilt angle between the tissue surface and the propa

gation direction of the wave was investigated as a function of the fat layer thickness 

and the coupling water temperature. Figure 16 shows the ultrasoimd field distri

butions along the axial plane for three different tilt angles for one transducer. The 

fat layer thickness was 10 mm and the coupling water temperature was 26.3°C. 

In these graphs a radial distance of 0 indicates the location of the geometric cen

tral axis of the beam in imiform medium. These resTilts clearly indicate that the 

layered meditim has a significant effect on the ultrasound field distribution mainly 

shifting it off axis and distorting the radial symmetry of the beam especially at 

the larger angles. Figure 17 shows the effect of the tilt angle on the peak value 

of the field with two different fat layer thicknesses and coupling water tempera

tures. The peak value appears to increase slightly as a function of angle until it 

peaks at around 60° and then drops rapidly. The thickness of the fat layer and 

the coupHng water temperature has only a slight effect on the ctirves. Similar 

graphs for the distance of the peak ultrasound field value from the central axis 

are given in Figure 18. The off-axial displax:ement is a strong function of the angle 

and can reach as much as 6 mm at angles about 60°. However, the magnitude 

of the displacement depends on the fat layer thickness and the coupling water 

temperature. 
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Figure 15. Relative pressure ajnplitude squared as a function of axial (A) and 

radial (B) distance in water-skin-fat-liver layered model. The transducer was 10 

cm in diameter with a 10 cm radius of ctirvature. The distance from the transducer 

to the skin was 5 cm. The frequency was 1 MHz ( 37°C, 43°C). 
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Figure 16. Contour plot of relative pressure amplitude squared for the water-

skin-fat-muscle (WSFM) layered model. The transducer had a 25 cm radius of 

curvattire and a 7 cm diameter with a frequency of 1 MHz. The axial distance 

from the transducer to the skin was 12 cm. The tilted angle of the transducer 

was: (A) 30°, (B) 45°, (C) 60°. 
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Figure 17. The maxiinmii of the relative pressure amplitude squared response as 

a function of the angle of the transducer tilted in the WSFM layered model. The 

transducer had a 25 cm radius of curvature and a 7 cm diameter with a frequency 

of 1 MHz. (A) variant of fat thickness (water temperature 26.3°C); (B) variant 

of water temperature (fat thickness 1 cm). 
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Figure 18. The distance of the maximtun pressure of amplitude from the central 

axis as a function of the transducer tilt angle. All of the conditions are the same 

as in Figure 17. 
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4.4 Effect of curved tissue interfaces 

In order to study the effect of curved tissue interfaces on power deposition, 

the irregular interface program was applied to the five models above. The nor

malized absorbed power depositions as a function of radial distances were studied 

in the following simulations. For the brain model (Figure 19), four transducer 

axis locations were studied. The centred eixial distance from the treinsducer to the 

skin was 13 cm when the transducer axis aimed through the center of the sphere. 

The focus of the beam shifted no more than 3 Tnm when the transducer central 

axis was 7 cm away from the center of the sphere. Since the attenuation distances 

Wets reduced quadraticaUy as the distance of the central axis to the center of the 

sphere was increased, the maximum value was increased and dominated the effect 

of the sotmd wave reflection and refraction on the tissue interfaces. In Figure 20 

the iiltrasoxmd field in the axial plane is given. The whole acoustic focus shifted 

when the transducer axis moved to the edge of the brain. 

For the neck model, the axial distance from the transducer to the tissue 

interface was 13 cm when the transducer axis was aimed through the center of 

the cyUnder (Figure 21). When the transducer central axis was moved 4 cm 

laterally, the beam focus was shifted up to 2.5 mm and the maximum value was 

increased slightly. When the transducer central axis was 5 cm away from the 

center, the maximum value was increased about 25% of the 0 cm case and the 

beam distorted slightly. For the body and the buttocks models, the beam focus 

was shifted slightly when the transducer axis was moved away from the center of 

the geometries (Figure 22 A,B). The amplitude of the power field was increased 

because the attenuation distances was decreased quadraticaUy. 
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Finally, the effect of ultrasoiind wave reflection from bone on the pressure 

amplitude squared distributions was studied (Figure 23). The standing wave 

pattern is shown in the calculated field. The amplitude of the standing wave was 

reduced when the focus of the transducer was moved away from the bone. The 

magnitude of the acoustic field was large near the tissue-bone interface. 
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Figure 19. Normalized absorbed power as a function of radial distance for tiie 

brain model. The 20 cm radius of curvature and the 10 cm diameter transducer 

•was used with frequencies 1.75 MHz. The central axial distance from the trans

ducer to the tissue interface was 13 cm. The centimeters in the legend indicate 

the distance from the transducer axis to the center of the brain. The position of 

the center of the axis of the transducer from the center of the model is given in 

the Figure 7B. 
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Figure 20. Contoiir plot of normalized absorbed power for the brain model 

studied in Figure 19. The distance from the transducer axis to the center of the 

brain is: (A) 0.0 cm, (B) 3.0 cm, (C) 6.0 cm, (D) 7.0 cm. 
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Figure 21. Normalized absorbed power as a function of radial distance for the 

neck model. The 25 cm radius of curvature and 7 cm diameter transducer was 

used with a frequency 1 MHz. The central axial distance from the transducer to 

the tissue interface was 13 cm. The centimeters in the legend indicate the distance 

from the transducer axis to the center of the neck. 
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Figure 22. Normalized absorbed power as a function of radial distance for (a) 

the body and (b) the buttocks models. The 25 cm radius of curvature and 7 

cm diameter transducer was used with a frequency of 1 MHz. The central axial 

distance from the transducer to the tissue interface was 13 cm. The centimeters 

in the legend indicate the distance from the transducer axis to the center of the 

body or buttocks. 
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Figure 23. The squared pressure amplitude as a function of axial distance. 

The 25 cm radius of curvature and 7 cm diameter transducer was used with a 

frequency of 1 MHz. The tissue interface is at 12 cm. There was a bone, which 

was a cylinder with radius 1 cm, in the tissue layer along the central axis. The 

central axis distance from the transducer to the tissue-bone interface was (a) 23.5 

cm and (b) 29.5 cm. ( without bone, with bone) 
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CHAPTER 5 

5. DISCUSSION 

When the theoretical model was compared with the experimental restilts 

there was good agreement between the simulated and the measured pressure am

plitude squared distributions. When the speed of soimd differences are very large 

between media, the theory does not give the correct results because the contri

butions of a multi wave reflection and refraction are ignored. The contribution 

from multi reflected wave was estimated to be less than 2% at soft tissue inter

faces. When a longitudinal wave travelled through a liq\iid-solid interface, both a 

longitudinal and shear wave are generated inside the solid. The shear wave would 

cause more energy to be reflected at the boundary and more shift of the beam 

profile for the transducer tilted case. The new model does not consider the shear 

wave in the calculations because dtiring an ultrasound hyperthermia treatment 

the propagating waves are mainly longitudinal with the shear waves being gen

erated only imder special circumstance (Frizzell and Carstensen 1976; Madsen el 

al. 1983; Chan et al. 1974). 

The differences between the experiments and the simulations can also be 

attributed to : (1) a real transducer does not emit power uniformly over its siuface; 

and (2) the surface of the plastic may have not been smooth, causing more energy 

to be lost at the interface. 
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Since the beam size is limited for a focused transducer, the size of the 

secondary wave front was limited too. Usually, the diameter of the tissue interface 

used in the simiilation was less than the diameter of the transducer, especially for 

strongly focused transducers. In order to get acciurate numerical results, the 

element area of the interface was taken as ten or twenty times less than the wave 

length squared. For this specific calciilation method, the interface size should be 

larger than the beam width in order to get correct results, otherwise the phases 

of the particle velocities would not have enough contributions to keep the focus 

at the right location. When the interface was very curved, the interface shotdd 

be divided into smaller axea elements to reduce the phase error. The calculation 

time for this irregular interface model proved to be a htmdred times larger than 

the parallel plane interface model. 

The interfaces and tissue layers can be ignored for most hyperthermia cases, 

and thus, the simplified model is adequate for treatment field prediction. This 

is especially true since random thickness variation wotdd cause less beam shift 

(Wang et al., 1990) and thus, our calculations are for the worst case situation. 

The advantage of the simplified model is that the calculation is hundreds of times 

faster than the double integration method used in this study. This simpHfied 

model has also been compared with a real focused ultrasound source and has 

been found to give a reasonable approximation of the pressiire field (Madsen et 

al, 1981, Moros and Hynynen 1991). The assumption in attenuation distance is 

good with no large effects on the pressure field except for the small i^-mmiber 

transducer and high frequencies. 

The layered tissues will have an impact on the location of the focus when 

sharply focussed ultrasotmd beams axe used to deliver the treatment dtiring a 



high power short duration pxilse (Billaxd et at, 1989,1990, Davis and Lele 1989). 

Both the location and the acoustic presstire amplitude will be aiFected enough to 

bring xmacceptable imcertainty in the thermal expostire, tinless the tissue layers 

aie accounted for in the model. 

The effect of the fat layer on the beam shape can be explained by the 

speed of sound in the medium. When the wave is propagating from water (high 

velocity) into the skin-fat layer (low velocity), the refracted wave deviated towaxd 

the normal direction. When the fat layer thickness was increased, the distance the 

refracted wave traveled grev/ and caused the focus to become longer. When the 

water temperature was increased, the speed of sound in water became larger than 

the tissue. This effect caused the refracted wave, which originally deviated away 

from the normal, to deviate toward the normal. This phenomenon lengthened 

the focus. In a layered medium, when the flat plane interfaces had an angle with 

the transducer, the wave would deviate more in one part of the transducer than 

others, this would cause the focus to become narrower with a larger tilt angle. 

There is a critical angle beyond which total reflection wiU occtir when the 

soimd wave travels from the low velocity medium to the high velocity medium, 

ci < C2. The critical angle is given by sin~^(ci/c2) (Chivers and Santosa, 1986). 

From the simulation results, it is clear that when the transducer is tilted aroimd 

60°, complete reflection is reached. For typical values of the speed of soimd in 

fat (1445 m/s) and in muscle (1569 mjs) used during the simulation, the critical 

angle was 67.1°. This angle agrees well with the simulated results. In most clinical 

situations the incident angles are small. 

When the central axis was moved toward the edge of anatomic geometries, 

the attenuation distance was reduced quadraticaUy and the maximum amplitude 



of the ultrasound field was increased. The effect of attenuation distance dominated 

the effect of sound wave reflection and refraction because the impedance of the soft 

tissue was quite close and the beam incident angle was much less than the critical 

angle for total reflection . There was a beam shift when the central axis of the 

transducer was away from the center, but the shift distance was smaller for curved 

interfaces than for the flat plane tissue interface model. The beam shift was larger 

for the brain and the neck models than for the body and the buttocks models. 

This is because the radius of curvature of the interfaces for the brain and the neck 

models were smaller than the other two models. Since the radius of curvatures of 

the interface were relatively large, the effect of soimd wave reflection and refraction 

was small for these fotir models. When the transducer axis was aimed near the 

edge of the anatomical geometry, a beam distortion could happen, especially for 

weakly focused transducers. Since the acoustic impedances of bone is very much 

different from the soft tissues, the bone reflects the energy and distorts the beam 

geometry. This phenomena was agreed with the experimental resxilts given by 

Lele (1967). 
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CHAPTER 6 

6. CONCLUSIONS 

A theoretical computer model that taJkes reflection and refraction of an 

iiltrasound beam at tissue interfaces into account was developed, tested, and used 

in this study. The aim was to obtain a quantitative measure of the effect that 

soft tissue interfaces have during hyperthermia treatments. Generally, the effect 

of the interfaces was small and it could be ignored during scanned focussed ul

trasound hyperthermia treatments where focussed ultrasound beams are scanned 

to treat the target volume (Lele 1983, 1989, Hynynen et al, 1987, 1990). If the 

entrance angle of the beam is smaller than 60°, then the beam pattern can be well 

approximated by the imiform model. The small deviations caused by a fat layer, 

or water temperature variations will not have a major impact on the temperature 

distribution. The other imcertainties, such as the location of the timior boimd-

ary (an uncertainty of typically 5-10 mm) and temperature distribution variations 

caused by blood perfusion (the temperature can be as much as a factor of 5 higher 

in necrotic tissue than in highly perfused tissue when exposed to the same ultra-

soimd field (Hynjmen et al, 1990)) are significantly larger than the effect of the 

soft tissue interfaces observed here. 

The new model results give some important information in order to develop 

an acctirate treatment plan in ultrasoimd hyperthermia. For instance, the theory 

can predict how large of an angle the transducer can be tilted, how far the beam 
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profile will be shifted oiF the central axis, and how much the beam distortion 

will be; all o£ which are extremely important for treating small tumors. The 

tdtrasound imaging beams formed by much smaller aperttires, are hkely to be 

refracted through the same angle as the therapy beams are reflected. Therefore, 

ultrasound imaging co\ild be used to locate the target volume and to a.i-m the 

therapy beams (HynjTien et al, 1987). It is important to prevent a bone inside 

the cone of soimd in the ultrasoimd surgery. 
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APPENDIX A : Plane Wave Theory 

Consider a plane, one dimensional acoustic wave is travelling in two layered 

meditun with the flat plaxie interface, see Figure 3. The acoustic velocity potential 

for incident, reflected, and transmitted waves is given by 

' •0i(r) = Ai exp(iu;ni - r/ci) 

< V'r(r) = Arexp(za;nr • r/ci) (^-1) 

. •0t(r) = Atexp{iijjnt • r/c2) 

where u is the angular frequency; n,-, nr, n< are unit vectors normal to the di

rection of wave propagation; Ai, Ar, At are the amplitude of the incident, the 

reflected and the transmitted wave; r is the two dimensional position vector; Cj 

is the velocity of sound in medium i, i = 1,2. Notice that the bold face charac

ter represents a vector in this appendix. In terms of the coordinate system, imit 

normal vectors are given by 

' ni = isin(^, ) — jcos(0i) 

< nr = isin(^r) + jcos(^r) (^-2) 

. nt = isin(^t) — jcos(0t) 

where 6i, 6r, Bt are the incident, the reflected and the transmitted angles refer

enced to the normal of the interface; i and j are unit vectors in the x and the y 

direction. Since the position vector is r = ix -1-jy, the velocity potential can be 

written as 
' y) = Ai exp [iuj (a;sin(^i) - y cos(&i)) /ci] 

< V'r(a;, y) = Ar exp [iuj (x sin(^r) + y cos(9r)) /ci] (^-3) 

. y) = At exp [iu {x sm{6t) — y cos{6t)) /C2] • 
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Since acoustic pressure P = pdrj^/dt and the velocity V = — V^, the pressure and 

velocities for incident, reflected and transmitted waves axe 

' Pi = 

< Pr = —iojpitpr (-^-4) 

. Pt = —iu3p2ipt 

' Vi = [-isin(0,-) + j cos(0i)] /ci 

< Vr = [-isin(^r) + j cos(^r)] M (A5) 

KYt= [-isin(0t) + j cos(0i)] /c2 . 

The boundary conditions axe that the acoustic pressure and the normal component 

of the velocity are continuous across the interface at y = 0, i.e, 

Pi-\-Pr = Pt (A.6.a) 

[(Vi+V,)-Vt] . j  =  0 . (A6.&) 

From equation (A.6.b), the following relation can be obtained, 

cos(^i) f- ^ • /a \\ cos{$r) . A 2: ... A 
^—^Aj-exp tu:— smf^i) —^Arexp loj— smf&r) 

ci V ci 7 ci V ci ' 7 

_ ££!(^Atexp (iuj- sin(^t)) = 0. (A7) 
C2 V <^2 / 

Equation (A.7) must hold for any value of x, therefore the following two equalities 

can be obtained 

sin(0i)/ci = sin(0r)/ci = sin(0t)/c2 (^-S) 

which leads to 

6i = 6r, and C2 sin(^j) = ci sin(^f). (^-9) 
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Applying these results to the boundary condition for the velocity (equation 

(A.6.b)) yields 

cos{di){Ai-Ar)lci=cos{62)Atlc2 . (^.10) 

Here the notation for 9 was changed to —>• 6i, > 02- Similarly, the boimdary 

condition for the pressure, given by equation (A.6.a) becomes 

Pli^Ai + Ar) = P2At- {A.ll) 

Solving the system of equations (A.IO) and (A.ll), the equations for the ampli

tudes of Ar and At in terms of Ai are 

X. = 2,.c.cos(^,) 
/92C2 COS(0l) + PlCi COS(&2) 

Ar = COs(gi) - piCi €03(^2)^^^ 

P2C2 COs(^l) + PlCi COS(02) 

The acoustic pressure ampHtudes for the incident, the reflected and the transmit

ted waves from equation (A.4) are 

Af = uipiAi, Al = uipiAr, A\ = ujp2At . (^-14) 

Using equation (A.12), the acoustic pressure transmission coefficient is 

' A? 22C0s(«i) + Zicos(e2)' ^ ' 

where Zi = piCi is the acoustic impedance in medium i, i = 1,2. From equation 

(A.5), the amplitudes of the velocities for the incident, the reflected, and the 

transmitted waves axe 

AJ =a;Ai/ci, Al =uiArlci, A\ =u:Atlc2. (^.16) 
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Finally, the velocity transmission coefficient is 

^ ^ ̂  __2£;_cos(60_ 
Ay Z2COs(ft)+ZlCOs(«2) ^ ' 

and the velocity reflection coefficient is 

_ _ Zz cos(gi) - Zi cos(g2) 

^ AV Z2cos(0i) + Zxcos(02) ' ^ 
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APPENDIX B : Amplitude Diminution Factor 

Differentiating equation C.l (see Appendix C) produces the following re

lation 

Ci cos(c'j) 

Differentiating equation C.2 (see Appendix C) and applying the above relation 

yields 

J—1 V J / 

Since Wi = Hi tan(^i), its differential is 6Wi = Hi 560^(61)661. The amplitude 

diminution factor, A(6i), is obtained by combining the above relations. 

661. 

A{6i) = 
W18W1 
wsw 

1/2 

Hf taii(0i) sec^(0i )66i 

cos(ei) 
Cl 

t Hi tan(Sj) j f g sec2(«,)^ j 

1/2 

This equation can be rewritten as 

A { d j )  =  Hi 

N 

Hi + 
j=2 c o s ( 6 j )  

1/2 
N 

- ,1/2 

-ffl + X) COs3(^j) 
i=2 

where the following relation has been used 

tan(^j) _ cjcos(^i) 

tan(0i) cicos(^j) 
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APPENDIX C : Newton-Raphson Method 

C.l Equation for finding ray trace 

For given point sources in an iV layered medium with parallel plane inter

faces, the ray trace of the acoustic wave can be found in terms of the velocity of 

sound Ci and the thickness of the layers Hi, i = 1, • • • ,iV. According to Snell's 

law, the following system equations can be obtained 

where 9i is the angle of incidence in medium i and Ci is the velocity of soimd in 

medium i. In order to solve 6i uniquely, one more equation is needed 

where W is the distance in the X-axis direction between the point source and the 

field point of interest. 

The Newton-Raphson numerical method (Press et cZ., 1989), was used to 

solve the nonlinear system of equations given by equation (C.l) and (C.2). Define 

t h e  f o l l o w i n g  f u n c t i o n s  b y  u s i n g  t h e  r e l a t i o n  s i n ( 0 , )  =  X i / y / H f  X f  

Ci sm(Oi+i) = Ci+i sm{di), i = 1, • • •, iV - 1, (C.l) 

N 

(C.2) 

f N { X ^ , X 2 , - - - , X N )  =  X i + X i  +  - - -  +  X „ - W  

2 = 1 • - • N -1 

(C.3) 
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then the matrix equation 
N ^2 ~ (C.4) 

can be solved by LU decomposition (Press et aL, 1989), where 

ocij = dfi/dXj, = -fi. (C.5) 

Xi is obtained by the following iteration procedure. 

X^cw ^ i = l,---,N (C.6) 

The iteration continues until 6Xi is less than a given tolerance. Finally, the 

incident angle $i is obtained from Xi. 

C.2 Method for solving the matrix equation 

The matrix in equation (C.4) has the following form (assume it's N x N) 

The matrix A is sparse and almost triangular. In order to save computation time, 

a simplified Gaussian ehmination technique is used to solve the hnear system of 

equations AX = B. Note that only the last row needs to be row reduced, i.e., all 

entries in the last row axe zeroed except for the NN entry. Consequently, only 

the last row in the column matrix B will change, i.e. 

f Oil a\2 0 
0 ^22 023 0 

0 \ 
0 

A = 

0 
V 1  

B'^^ = B°j^^ — Li^iBi/ai\ — iiV2-52/a22 ^NW-i-Sjv-i/aiV-iN-i, 
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where 
f Lni = 1 

LN2 = 1 — LN\o-I2/O.I\ 

. XjViV-l = 1 — LNN-2aN-2N-l/o.N-2N-2 

After some algebra, the matrix A can be manipulated into an upper triangular 

matrix, with the same element values as the original A matrix elements, except 

for the following changes in the last row. All entries in the last row become zero 

except for the NN entry which becomes 

O.NN = 1 — LNN-IO'N-IN/O.N-IN-I • 

The value for X can be obtained by back substitution. 
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APPENDIX D ; Distances 

D.l Distance &om a point tc a plane 

The distance d from a point (xo, ?/o, ^o) to a plane Ax + By + Cz + D = 0 

is given by 

J _ |Axo + Byo + Czq + .PI (r)i) 
VA^ + 52 + C2 ' ^ 

•where ( A ,  B ,  C )  is the normal direction of the plane. 

D.2 Distance W along a plane between two points separated by the 

plane 

Consider two points i = 1,2 separated by a plane (Figure 

D.l). From each point draw a line perpendiciilax to the plane and denote the 

intersection points on the plane as {xi,yi,Zi), i = 1,2. The distance between 

these two points needs to be found. Assimie the plane equation is 

Ax + By + Cz + D = 0. {D.2) 

The two line equations can be written as 

~ _ Vi ~ ~ _ J. _ 1 o /- 7-> 
-—W~ -

where the hnes are in the direction of { A , B , C )  and t - i  is a parameter. From 

equation (D.3) the following relation can be obtained 

f Xi = Xi + Ati 
\ yi =Yi + Bti {DA) 

I. Zi = Zi -j- Cti . 
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Since (xi, y,, Zi) is on the plane, it must satisfy equation (D.2). Substitute equation 

(D.4) into equation (D.2), and solve for fi, 

A X i - ^ B Y i ^ C Z i ^ D  
^2 + 52 + ^2 

The distance between these two points is given by 

W  =  V ( x i  - X 2 ) ^ +  ( y i  - y 2 y  +  -  Z 2 Y  

^2 + 52 + C2 ' 

where X  =  X i  -  X 2 ,  Y  =  Y i  -  Y 2 ,  a n d  Z  =  Z .  -  Z ^ .  

» 

plane 

/ 
1 w •-

( 1 

Figure D.l. Two points separated by the plane. 
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