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A problem common to many studies involving the use of unsaturated flow and 

chemical transport models is determining a representative expression for the value of 

unsaturated hydraulic conductivity K(^). The accurate characterization of K(^) however, 

often requires extensive field or laboratory measurements involving relatively slow and 

tedious column experiments or extensive simulations using the transient inverse method 

and Richards equation; thus, a new steady-state inverse methodology called the multi-step 

steady-state outflow method (MSSOM) is presented for the determination of unsaturated 

hydraulic conductivity. The method offers a practical alternative for the estimation of 

K(i/0 using either the exponential model, three-parameter model, or the van Genuchten 

formulation for K(\p) and a global-optimization simplex routine (MSSOM.EXE) and 

simple outflow data from a one-dimensional .column experiment. The inverse technique 

was applied to a coarse sand using the MSSOM experimental setup and both wetting and 

drying curves were well within the range of K(i/-) expected. Conductivity data from four 

other soils in the literature were then fitted using the non-linear curve fitting routine 

[RETC.F77 by van Genuchten, 1985] and compared to the inverse solution from the 

MSSOM model. The parameters for the K(^) expressions from both the RETC program 

and the MSSOM inverse model agreed well. Additional refinement of the multi-step 

steady-state outflow laboratory apparatus and the optimization program MSSOM.EXE 

are needed however to further improve the method. 



CHAPTER 1 

1.0 INTRODUCTION 

When organized hydrologic research was in its infancy, the dominant focus 

of study was towards an understanding of water resources, their nature of 

occurrence, and the promotion of technologies to maximize their utilization. As 

technology progressed and the demand for water exceeded that available from 

surface water supplies, the development of ground-water resources commenced. 

Later the focus changed again, this time towards a better understanding of the role 

of pollutants in the environment and the preservation of the water resource as a 

whole. This was made possible largely by the advent of computer technology which 

has resulted in the large scale groundwater simulation. These simulations employ 

numerical computer models to describe flow and transport phenomena both above 

and below the surface. Thus the research hydrologist has had to increasingly delve 

into the realms of numerical analysis, computer science and applied mathematics to 

quantify groundwater flow. As the science has matured, research has turned 

somewhat from saturated groundwater studies towards the unsaturated regime where 

on a microscopic level, individual pore spaces are variably saturated by water, air, 

and other gaseous phases. 



Because of the complex nature of the groundwater flow regime and our 

imperfect mathematical description of the flow processes, both saturated and 

unsaturated flow models have had to rely heavily upon various model "parameters" 

to describe the observed behavior on both the microscopic and macroscopic levels. 

Some parameters reflect measurable properties of the media such as viscosity, 

porosity, bulk density, and hydraulic conductivity. Other parameters describe 

complex processes such as dispersion. Dispersion is commonly assigned some 

scaler value in an attempt to quantify an otherwise unclear phenomena about which 

little is known except on a qualitative basis. 

For the most part, the proper determination of parameter values used as input 

into these flow models remains crucial for successful simulations. This has been 

especially true for the new "breed" of sophisticated models which attempts to 

include other phenomena into the flow model such as fracture, multi-phase flow, and 

chemical transport processes such as adsorption or cation exchange. These models 

may either solve the individual equations governing such processes separately or 

"couple" them together with the flow equation and solve them simultaneously. 

Regardless of the method of solution, such models are written in an attempt to 

describe solute transport by recognizing the importance of these other processes in 

addition to physical fluid flow. However, even if one or more of these processes do 

dominate solute transport in certain flow regimes, it may be argued that the accurate 

description of hydraulic conductivity should receive the primary consideration, 
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especially in the unsaturated flow regime where transport predictions will only be as 

valid as the weakest link in the solution procedure, ie. the calculation of the flow 

field equations. This flow field must be solved before any attempt to implement 

transport, and the characterization of unsaturated hydraulic conductivity is an 

integral part of these calculations. 

1.1 Definition of terminology. 

In order to further explain the concept of unsaturated hydraulic conductivity, 

a definition of terminology is in order. The second law of thermodynamics specifies 

that the change in internal energy for an isolated system will always tend to decrease 

towards equilibrium, ie. matter will tend to move from a high energy state to one 

that is lower. This carries the implication that the movement of water in the 

subsurface is caused by the existence of a difference in soil water energies within the 

system. Soil water contains both kinetic and potential energy. In the subsurface 

environment, the kinetic energy of soil water is considered to be negligible because 

the velocity is so small. (Since the kinetic energy is proportional to the square of the 

velocity, this component of soil water energy is generally neglected.) The potential 

energy however, plays an important role in determining flow. The differences in 

potentialZ energy of soil water with respect to a standard reference state is called the 
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soil-water potential. The total soil water potential may be expressed as the sum of 

individual component energies due to conditions of pressure, gravity, matric 

(suction), osmosis, electrical, temperature, and other influences: 

• total = <t>ff 
+ <frp + <l>in + <l>o + <t,e + <l>t+ (1-0) 

These individual components are not always present simultaneously, nor do they 

always work together. For example, the potential due to soil water pressure (<£p) at 

hydrostatic pressures greater than atmospheric is considered to be positive, while the 

potential at pressures less than atmospheric (<£„) is considered to be negative. The 

two are generally assumed to be mutually exclusive, saturated soils have a positive 

pressure potential but no matric potential, while unsaturated soils exhibit a matric 

potential expressed in negative pressure units, but no pressure potential. This is 

understandable since pressure potential is understood as the hydrostatic pressure of 

the water referenced to the atmospheric pressure, while matric potential is the result 

of capillary and adsorptive forces of the water film due to the physical properties of 

the soil matrix. 

If the soil-water potential is expressed as the potential energy per unit weight 

of water, the energy can be expressed in terms of an equivalent height or "head" (H) 

of water in a column. In most groundwater environments, gravity and pressure are 

the dominant components governing the flow of water, thus equation 1.0 may be re



written in terms of total hydraulic head (Ht) or: 

Htotal = "3 + Hp 
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(1.1) 

When the pressure head Hp is negative as in unsaturated conditions, the quantity is 

often referred matric suction and signified by the greek letter \p\ this is the 

convention used in this paper. 

As previously mentioned, the flow of water is dependant upon the presence 

of a driving force or gradient of total soil water potential within the system. In a 

saturated system, the equation known as Darcy's law relates the flow rate of water 

per unit area (q) and the hydraulic head unit distance (s), known as the total 

hydraulic gradient (VHt,) by a constant of proportionality. For one dimensional 

flow the equation is: 

The constant of proportionality is known as the hydraulic conductivity (K) which is 

a property of both the soil and the water together. If the total hydraulic head (H,) is 

considered to be composed of only a gravity and a pressure component as in 

equation 1.1, then Darcy's law may be extended to the unsaturated case which for 

one-dimensional flow in the vertical direction becomes: 
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g, = -Jf(ilr) 11•1 dz 
( 1 . 3 )  

where the unsaturated hydraulic conductivity K(^) is defined as a function of the 

matric suction in the soil. 

With these concepts as background we may now describe the mathematics 

used to define the velocity flow field upon which most unsaturated flow models are 

based and its dependency upon a reliable estimation for unsaturated hydraulic 

conductivity. Most unsaturated flow models rely upon some form of combination of 

the unsaturated version of Darcy's Law with the mass continuity equation 

(conservation of mass) to describe the flow field spatially and temporally. The 

result is known as the Richards equation: 

V(JT(i|r) • VH) =4? C1-4) 
0 t 

where 
= Matric suction (negative pressure head) 

K = Hydraulic conductivity tensor 
H = Hydraulic head gradient, which may 

include both suction and gravity components 
8 = Volumetric water content 
t = Time 
V = del operator 
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From equation 1.4 we may infer that the correct estimation of the K(^) parameter is 

of paramount importance for ALL models using the Richards equation as their basis. 

The above equation was written for three dimensional flow where the unsaturated 

hydraulic conductivity and head gradient are allowed to vary in space. For the 

purpose of discussion in this thesis, we will address the unsaturated hydraulic 

conductivity K(^) not as a tensor with directional properties but rather as the 

average effective scaler hydraulic conductivity K(0) averaged over a representative 

elementary volume (REV) of porous media in which flow is considered to be 

darcian. Although a complete description of unsaturated hydraulic conductivity 

might consider scale, spatial heterogeneities, and other factors, this thesis will 

address the description of unsaturated hydraulic conductivity as it is measured and 

characterized for soil samples at laboratory scales. 

Often when unsaturated hydraulic conductivity data at field scales are 

unavailable, measurements made at the laboratory scale from column experiments 

are used as a substitute. Although such methods for the determination of 

unsaturated hydraulic conductivity in the laboratory have been well established, 

collection of enough data representative of the entire study area can be slow and 

labor-intensive. As a result, the spatial variability of unsaturated hydraulic 

conductivity in hydrologic systems is often inadequately characterized or even 

overlooked resulting in a poor overall representation of the unsaturated hydraulic 

conductivity for the system. This inadequacy can be translated directed into error 



when a hydrologic simulation is performed because of the important role that the 

parameter plays in flow simulations. It is apparent that efforts in hydrologic 

modeling may be thwarted from the very beginning when input parameters such as 

unsaturated hydraulic conductivity do not reflect the true system. Thus it has 

become increasingly important to develop new techniques in which to quickly and 

accurately estimate unsaturated hydraulic conductivity. First we will review the past 

and present state of technology with regards to the measurement and estimation of 

unsaturated hydraulic conductivity. 

1.2 A review of measurement techniques for unsaturated hydraulic conductivity. 

The measurement of the conductivity in the unsaturated environment is 

somewhat different from that done under saturated conditions because the water 

content within the soil is variable during flow. The result is that unsaturated soils 

have greatly diminished ability to transmit water as compared to their saturated 

counterparts. This can be easily seen from the hypothetical soil shown in figure 

1.0. When water attempts to flow through such a soil, it will attempt to avoid the 

air filled pores and flow only within the water filled spaces where the resistance is 

smallest. Resistance is determined by a pressure difference across the liquid-gas 

interface called the capillary pressure. As the soil begins to dry, the water filled 



Figure 1.0 Air and water filled pores in unsaturated soil. 

Typical Unsaturated Hydraulic 
Conductivity Function for a 
Fine Sand. 

Increasing Soil Matric Suction \j/ (cm) 
(Negative pressure head) 

Figure 1.1 Typical unsaturated hydraulic conductivity function for a fine sand. 
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pores become smaller causing an increase in curvature of the liquid-gas interface 

thereby increasing the capillary pressure and the degree to which the water is held 

into the pores. As the pores become smaller, the path through which the water may 

flow becomes increasingly contorted until finally fluid flow effectively ceases. The 

result is a very non-linear behavior between conductivity and water content (or 

matric suction ) as shown in figure 1.1. Typically, unsaturated hydraulic 

conductivity is characterized by a rapid decrease in conductivity with a concurrent 

decrease in water content. 

Publications describing the various methods for measuring unsaturated 

hydraulic conductivity and diffusivity of porous media in the laboratory are many. 

(For an excellent general review of these methodologies the reader is referred to 

Klute [1972].) They commonly require the collection of a variety of discrete data 

points involving the measurement of flux, water content, and matric suction. In 

general, the methods may be broadly categorized into steady-state and transient 

techniques. 

1.21 Steady state methods. 

The steady-state methods are almost exclusively laboratory methods that yield 

a conductivity - pressure head relationship. The conductivity - water content 



relationship must be inferred either from a known water retention curve or by 

measuring the water content simultaneously at each steady-state step. Conductivity 

K(\p) values are measured by applying a constant hydraulic head difference (5h/6z) 

across a soil sample and measuring the resultant one-dimensional steady-state flux 

(q). They may be performed as either horizontal or vertical flow experiments and 

there are advantages and disadvantages to each variation. For horizontal flow 

Darcy's law may be expressed as: 

Qx = -KW dijr 
dx 

(1.6) 

and taking the gravity term into account for vertical flow the equation is: 

Qz = ~K(xJr) + i 
oz 

( 1 . 7 )  

The usual procedure is to incrementally change the boundary conditions thereby 

obtaining as many conductivity-matric suction pairs as necessary to delineate the 

unsaturated hydraulic conductivity function K(^). Since the water retention curve 

(water content - matric suction relationship) generally shows hysteretic behavior, the 

wetting and drying K(\p) relationship is accounted for as well by first proceeding 

through a series of increasing flows (wetting) followed by a series of decreased 

flows (drying). 

The short column procedure uses a short slab of soil (usually columnar) held 



between two porous barriers that serve to impose the boundary conditions. A 

differential hydraulic gradient is produced by a series of hanging water columns or a 

controlled gas pressure device greater than atmospheric. The gradient is generally 

measured within the short sample between the two porous barriers by tensiometers 

to avoid errors introduced by head losses across the barriers. Darcy's law is then 

represented as a finite difference approximation of equation 1.6 or 1.7, thus for the 

horizontal case: 

where Ax=xz-x1 is the difference in position between the two points of pressure 

head difference Ah=h2-h1, and K is the mean conductivity. The primary problem 

with the technique is caused by gravity which tends to leave the top portion of the 

sample at a drier than the bottom. Since conductivity measured in this way is the 

mean conductivity between the two points of pressure difference, it is generally 

associated with the arithmetic mean of the pressure head difference (h=h2-h,/2). 

However, because the gravity term causes the conductivity to be a function of 

vertical position within the core, the calculated K will not truly correspond to the 

arithmetic mean pressure head h. One way to reduce this effect is to reduce the 

vertical height of the sample, but then it may difficult to measure the pressure head 

by tensiometers unless they are mounted flush to the sides of the sample container. 
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If the vertical version of the short column method is used (figure 1.2), the 

finite difference approximation is: 

Q z  = -K  Ah 
A z 

+ 1 ( 1 . 9 )  

where it is advantageous to achieve a unit hydraulic gradient (5h/5z = 1) because 

when the pressure head and water content are constant within the sample, the 

hydraulic conductivity is equal to the flux out of the sample. It is not always easy 

to attain the unit gradient criteria however, and the process can require considerable 

time to adjust to the appropriate gradient. 

CONTROLLED 
GAS 
PRESSURE 
INLET 

CONTROLLED 
GAS PRESSURE 
OUTLET 

WATER 
INFLOW 

TENSIOMETERS 

->• WATER 
OUTFLOW 

Figure 1.2 Experimental setup for the vertical version of the short column 
steady-state method. 
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Figure 1.3 Experimental setup for the long column steady-state method. 
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The long column approach uses a much longer column of soil and vertical 

flow only, in either the downward or upwards directions. For the downward case, 

if a constant water flux is applied to the top end of the soil column, it will dry (or 

wet depending on the case) to a point where steady-state unit gradient flow is 

achieved in the upper portion of the soil column. The upper portion of soil will 

then have a constant water content and pressure head associated with the applied 

flux. A series of tensiometers can be installed in the side of the column to ensure 

that unit gradient has been achieved (figure 1.3). 

The primary problem with the long column method is that unless it is limited 

to relatively coarse soils, considerable time must be allowed for the column to reach 

steady-state. During these delays between readings it is not uncommon for the soil 

to change its hydraulic properties due to such phenomena as settling of the soil and 

the growth of biologic fauna within the column. An additional problem can occur 

when the water used in the experiment absorbs air and then is de-aerated within the 

pore spaces due to the matric suction within the soil pores, thereby creating bubbles 

which inhibit flow. 

1.22 Transient methods. 

Most transient methods are used to determine the soil-water diffusivity which 



are then related to unsaturated hydraulic conductivity through the water retention 

curve relation of \f/ to 0. The soil-water diffusivity function D(0) is defined as: 

where C(0) = 86/8\p is called the specific water capacity for the soil. Transient 

methods involve the measurement of the rate of change of one or more hydraulic 

parameters to measure D(0). 

A common implementation is the outflow method originally proposed by 

Gardner [1956] in which the volume of water extracted as a function of time is 

measured for a sample in hydraulic contact with a porous plate by incrementally 

raising or lowering the pressure. From these data, a value for the soil water 

diffusivity D(0) can be calculated by solving the diffusion equation. By neglecting 

gravity and assuming that the hydraulic conductivity is constant over the pressure 

increment, the equation: 

can be solved analytically. By fitting the experimental data to the theoretical curve, 

the soil water diffusivity associated with the mean water content or pressure head 

can be determined. The problem with the method is that the pressure increments 

must be small enough to ensure the validity of the assumption of constant 

on) = *<e> §  = (1.10) 

(1.11) 
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conductivity and water content while providing enough outflow to be accurately 

measured. 

The technique was later improved upon again by Gardner [1962] and Doering 

[1965] as the one-step outflow method where a single large pressure increment was 

substituted for many small increments. Gardner derived the equation: 

n/Q\ — 41.2  30 1 
D m - - ^S i  -WSJ  ( 1-1 2 )  

where L is the soil thickness and D(0) is the diffusivity at the average volumetric 

water content 0 at the outflow rate 86/8t. The final water content 6{ is obtained by 

weighing the entire sample at the end of the run. The method was a great 

improvement over the simple outflow technique because it was faster, since there 

was only one pressure increment to measure, and the outflow rate was easier to 

measure. The disadvantage however, is that only the drying curve may be measured 

because the assumption of uniform water content uptake during the wetting of a 

sample is invalid. 

The last transient method reviewed here is called the instantaneous profile 

method. In the laboratory version, the soil may undergo wetting from ponded water 

at the top, the bottom, or be allowed to drain from an initial known moisture 

content. The experiment usually takes place in a long column where both the water 

content and the pressure head distribution may be measured. The water content can 
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be determined by a non-destructive technique such as gamma ray attenuation, and 

the pressure head can measured using a series of tensiometers. These data may then 

be used to determine the unsaturated hydraulic conductivity from Richards equation 

in the following way. Given Richards equation for one-dimensional vertical flow: 

ae 
dt «•> m ( 1 . 1 3 )  

Integration over depth z yields: 

2 

/ aid z  K-§H 
dz 

= q(z2 ,  t) -g(z l t  t) ( 1 . 1 4 )  

If the water content distribution is known, the integral can be evaluated. If only one 

flux is known, given the water content profile, the other may be calculated. Then 

using the measured pressure profile, K can be calculated at each position. The 

pressure head profile is easily determined from the fact that during internal drainage 

of a deeply wetted profile, the hydraulic gradient tends towards unit gradient, 

ie. 5H/5z = 8\p/8z + 1 = 1. Although the method works well, the necessary 

measurement of water content can be time consuming when done by gamma ray 

attenuation, and enough tensiometers must be used to delineate the hydraulic 

gradient. 



1.3 Approximating unsaturated hydraulic conductivity data by empirical or 
analytical equations. 

Because of the elegance of closed-form analytical expressions for the 

representation of the unsaturated hydraulic conductivity function, both empirical and 

theoretical formulations have been developed. Vereecken et al. [1990], outlined 

three different approaches used in the past to conceive these expressions. 

The first approach arose from the fact that the measurement of hydraulic 

conductivity for unsaturated media is difficult and time-consuming. Because of this 

many investigators have attempted to formulate K(^) relationships from easily 

measured soil properties such as pore size distribution, inferred by the grain size 

profile. Some of the earliest attempts were made by Kozeny [1927] and Carman 

[1939] who attempted to formulate an expression for permeability (k) based on the 

ratio of porosity ij to particle surface area or hydraulic radius where a is the specific 

surface exposed to the fluid, and c is a constant for the particle shape factor: 

k =  ( 1 . 1 5 )  
ca2 (l-t|)2 

Marshall [1958] based his work on trying to develop a relationship between 

permeability and pore-size distribution and produced: 

K = -9iL (riz+3rz"z+5r3"2+. .  .  +  ( 2 W - 1 )  z>2) ( 1 . 1 6 )  
8 N2  
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where 77 is the porosity and the mean pore radii represented by r,, r2, ... rN 

are in decreasing order for each of the N equal fractions of total pore space. 

Although these models have been adequate for certain idealized circumstances, to 

date no direct general relationship between pore size factors and unsaturated 

hydraulic conductivity has been demonstrated. 

The second approach was based on relating the parameters of the empirical 

formula itself to non-hydraulic soil properties. Typical functions of this type were 

derived by Wind [1955]: 

•W) = -rV (1.17) 
W 

K( 1|0 = K sa te <a+) (1.18) 

and Gardner [1958] for sands and clays: 

= "TTif—Z C1-19) 

where KMt is the saturated hydraulic conductivity, \p is the matric suction, and a, b, 

n, and a are empirical constants (different for each equation). 

The third and most rigorous approach that has been used to date involves the 

theoretical prediction of hydraulic conductivity apriori from the soil-moisture 
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retention curve and knowledge of the saturated conductivity. Both Mualem [1976], 

and Burdine [1953] have defined formulations where the relative hydraulic 

conductivity for a medium can be formulated into a closed form analytical 

expression. Mualem used a capillary bundle approach and found that unsaturated 

hydraulic conductivity could be expressed in terms of retention and saturated 

conductivity KMt by: 

K(6) =Kaa tSe» 

0 
f dd 

J If 
er-o 

If 

e„t 

f c© 
J * er-o * 

(1.20) 

where n is a fitting parameter, and Se is the dimensionless water content also known 

as effective saturation or reduced water content defined as: 

e-er  

"sat: "r 
(1.21) 

where 0„t and 0T are the saturated and residual water contents respectively. 

Van Genuchten [1980] used Mualems theory to derive an analytical expression for 

conductivity by first suggesting an S-shaped empirical relationship for the retention 

curve Se such that: 

Se = 
1+ (ai |r)w  

(1.22) 



. 

36 

where a, n, and m are empirical constants characteristic of the soil. By substituting 

equation 1.22 into equation 1.20, van Genuchten derived his expression as: 

w*) =  fl-UtlO"-1  (1+ ((MOTf 
[1 + (ai |f)"]m / 2  

( 1 > 2 3 )  

where m = 1 - — 
n 

The individual values of the parameters used in these formulae are dependent upon 

the particular media under study. One possible advantage to an equation like 1.23 is 

that the K(^) relationship may be directly inferred from retention data 0(\p), without 

having to actually measure the conductivity, although this assumption may be 

incorrect [Yeh and Harvey, 1990]. 

Regardless of the method chosen to measure unsaturated hydraulic 

conductivity, when the goal is to use these data in a numerical flow model to 

simulate a real system, it is often advantageous to convert them into a continuous 

closed-form analytical expression. Numerical flow models often need to make 

internal calculations when discrete values for K(^) are not available. One way in 

which these models attempt to circumvent this problem is to interpolate between the 

known data points; however, this may be very inaccurate when data is sparse. The 

input of K(^) as a continuous closed-form expression has a distinct advantage over 

tabular data because smoothly varying values for K(\p) are always available for the 

program. 
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Discontinuities in the soil-water retention curve and the unsaturated hydraulic 

conductivity curve may be responsible for a lack of convergence in some saturated-

unsaturated numerical flow models [van Genuchten, 1980], and it is possible that the 

use of tabular data used as input into the sophisticated USGS model VS2DT [1987, 

1990] may have caused problems in a recent study [Kwicklis, 1991]. These 

observations suggest that both accurate unsaturated hydraulic conductivity data and a 

descriptive closed-form analytical expression reflecting such data are greatly desired 

and are important considerations for the success of such models. 

Because of the advantages of closed-form analytical expressions for the 

description of the conductivity curve, most data obtained by the experimental 

methods reviewed in the previous section are fitted to one of the models such as 

equations 1.17, 1.18, 1.19, 1.23. Standard curve-fitting routines generally 

accomplish this by minimizing the difference between the data and the model by 

reducing the standard deviation or "chi-square" value (x2). Since most K 

functions use parameters which exhibit nonlinear dependencies, the procedure is 

implemented in an iterative manner. One implementation of this technique in 

particular, known as the Levenberg-Marquardt method [1963], has become the 

standard for nonlinear curve-fitting routines. Since the minimum amount of data 

required by the method is equal to the number of unknown coefficients in the 

empirical formula (degrees of freedom), the best possible fit normally requires the 

use of as many data points as possible. Typical programs used to perform this 



function include RETC [van Genuchten, 1985] and SFIT [Kool and Parker, 1987]. 

Thus far we have seen that although methods for the direct measurement of 

unsaturated hydraulic conductivity are available, practicality necessitates that the data 

be filtered though a representative empirical formula via a curve fitting routine. 

This may indicate a weak link in an otherwise excellent methodology because the 

evaluation of the functional parameters now depends upon the accuracy of a curve-

fitting procedure, albeit a complex one. Notice as well that although highly 

descriptive empirical functions such as those derived from the application of the 

Mualem or Burdine model (such as van Genuchten's-formula) are available, as 

previously stated, the assumption that the K-\p relationship can be derived directly 

from the 6-\p relation may be incorrect and no rigorous tests have yet been done. 

Since empirical formulas are commonly applied to data obtained from column 

studies in the laboratory, the K(^) relationship should reflect one dimensional flow 

as well. There should be a way to determine these parameters in an inverse manner 

so that they reflect the validity of the one-dimensional flow assumption. To this end 

the inverse techniques were developed. 

1.4 Inverse methodologies used to estimate unsaturated hydraulic conductivity. 

Instead of finding the K(ip) relationship through direct measurement and 
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curve-fitting as in section 1.2, or by theoretical development as in section 1.3, some 

researchers have taken an inverse approach to the problem, sometimes termed 

"parameter estimation". Inverse methods use knowledge about known parameters 

such as boundary conditions, flow, pressure, and other constraints in the system to 

infer the value for the desired unknown parameter of interest. Thus far, the 

technique has been successfully used in concert with data obtained from transient 

one-step outflow experiments. 

The procedure begins with the collection of data from a carefully controlled 

outflow experiment, recording the outflow rates, boundary conditions etc. 

Appropriate empirical choices for the K(0) - 6(\p) relationships are then chosen and 

the experiment simulated numerically using the Richards equation (1.19). Various 

sets of parameters satisfying the K(0) - 6(\p) relationships are then tried until the best 

fit to the Richards equation is achieved. This is usually accomplished through a 

minimization of sum of the squares of the residuals (SSR) between n samples of the 

measured g; and simulated g; parameter values: 

SSR = Y/(gi-§i)2 ( 1 - 2 4 )  
i® l 

Overall optimization of the parameter values is obtained by minimizing an objective 

Junction OF over J parameters defined as: 
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OF = ^ 
SSGj (1.25) 

j - i  ~  n j  

where Wj is defined as a weighting coefficient that varies in order to normalize the 

differing parameter values and units. 

Among the many investigators that have used the technique with transient 

analysis are Zachmann et al. [1981], Kool and Parker [1988], and Kool et al. 

[1985a, 1985b]. Toorman [1990] provided an excellent review of past investigations 

and investigated the effect of various experimental schemes on the shape and 

behavior of the OF surfaces. 

Yeh [1986] has reviewed the use of the inverse procedure on the saturated 

groundwater flow equation for the solution of transmissivity T, the storage 

coefficient S, and the source sink term Q: 

d  / r p  d h i  .  d  , r p  d h s  _  r . . - d h  
a 5  *  I P  '  ° * s e i  ( 1 ' 2 6 )  

however to this date, the author is not aware of any studies attempting to inversely 

determine unsaturated conductivity parameters using steady-state techniques. 

To this end this study was addressed. 

We introduce here a new inverse methodology called the Multistep Steady-

State Outflow Method (MSSOM) for the rapid and accurate measurement of 
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unsaturated hydraulic conductivity. The method offers an alternative to other more 

labor intensive techniques, yet is simple to design and implement. 

1.5 Objectives. 

This study introduces both an experimental design to collect the required data 

according to the multistep steady-state outflow method, and a numerical code to 

inversely estimate the K(^) solution (called MSSOM.EXE). The purpose of this 

work is to show the viability of the new technique to inversely determine the 

unsaturated hydraulic conductivity function for porous media using the steady-state 

one dimensional flow equation and the following empirical relationships for K(^); 

(1) The exponential model (Gardner, [1958]) 

(2) The three-parameter model (Gardner, [1958]) 

(3) The van Genuchten model (van Genuchten, [1980]) 

The method has a distinct advantage over the transient inverse method in that 

the evaluation of Richards equation using finite difference or element techniques are 

not necessary because the objective function (OF) is determined by a simple integral. 

In the case of the Gardner exponential model, an analytical solution is available. 
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CHAPTER 2 

2.0 INVERSE METHODOLOGY FOR THE MULTI-STEP STEADY-STATE 
OUTFLOW METHOD WITH ONE-DIMENSIONAL FLOW (MSSOM1 

Unlike transient inverse methods which use the Richards equation for 

parameter estimation, the MSSOM method employs the steady-state Darcy equation. 

Recall that Darcy's equation for unsaturated steady-state vertical infiltration into a 

homogeneous soil may be expressed by: 

where z is negative downward, the soil water pressure \p is negative (matric 

suction), and the flux q is negative for infiltration. This equation may be 

re-arranged and integrated [Bear, 1972] to form the expression: 

q  = -jrwfigfc+i (2.0) 

L 
(2.1) 

where the integral on the left represents the length of the core (L) through which a 

constant flux (q) is flowing as a result of the boundary conditions \f/v and \pL. 
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Although many investigators have used this form of the one-dimensional infiltration 

equation to predict the pressure head development as a function of flow rate within 

two-layered heterogenous systems [Tagaki, 1960; Zaslavsky, 1964; and Srinilta et 

al., 1969], and others have gone a step further to investigate the effects of 

heterogeneities on the pressure profile itself [Yeh, 1989], to our knowledge no one 

has attempted to use it to estimate unsaturated parameters using the inverse method. 

Upon closer scrutiny however, this same expression should also reveal information 

about the unsaturated hydraulic conductivity when the pressure head profile and flow 

rate are known. If the steady-state flow condition (q) is met within a length of soil 

(L) between two imposed boundary conditions t/'u and \J/L, there must exist in theory 

at least one value for K(^) such that the expression of equation 2.1 is perfectly 

satisfied and both sides are equal. 

With this in mind, we may define the objective function (OF) used in inverse 

terminology where OF should equal zero when a perfect solution satisfying the one 

dimensional flow theory has been found. Thus the equation becomes: 

* 1 + 

*010 

-L = 0 (2.2) 

where K(^) is an empirical algebraic expression, q is negative, and (£;) are those 



parameters required by the analytical expression for the K(\p) function. When the 

boundary conditions, flux, and length of the core are all known, it should be 

possible (given enough independent equations) to determine the values for the 

parameters (£;) satisfying the relationship in equation 2.2. 

It is apparent that we will require the same number of equations as the 

number of unknown parameters used in the algebraic expression for K(\p) in order to 

have a well-posed problem and a unique solution. The solution is determined by 

minimizing the objective function over the total parameter space where OF is 

defined as the sum of all individual OFt such that: 

N N 

of = Y, I OF.(E.,l " Y, 
<=1 

*v, 

/ d\|r 
- L 

1 + tfOM,) 

(2.3) 

where L is the length of soil between i = 1...N separate sets of flux qj and 

boundary conditions \pv and \ph. 

To demonstrate the method we will use Gardner's exponential model [1958], 

a relatively simple expression for the K(^) relationship, in an example,. 

m) = (2.4) 

Using the exponential model, there are two unknown parameters, K,at and a, thus to 
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solve equation 2.6 for a unique solution we will need at least two equations. Since 

there are two parameters, each equation represents the objective function surface in 

two-dimensional parameter space. The two equations are: 

Equations 2.5 and 2.6 are related through the two unknown parameters K„t and a 

where \pu, q,, and \pm, q2 are the known boundary conditions and fluxes 

from two experiments i=l and i=2 respectively. In the case of the exponential 

model, the integral may be solved by calculus to yield the closed-form analytical 

expression: 

'sat 

sat 

(2.6) 

OFi = Wu- V + ~ 111 (2.7) 

Thus in order to find the solution, the equations must be solved simultaneously for 
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K„t and a. This would be relatively straightforward except for the fact that the 

solution requires experimental data from the laboratory which includes various 

errors inherent in the measurement process. Simultaneous solution is theoretically 

feasible only: 

1) If one-dimensional flow in the soil column is truly reflected by 
equation 2.0. 

2) If a unique solution exists, and 

3) If the data collected by experimentation are error free. 

Uncertainty in whether or not these three conditions have been met necessitates the 

use of minimization techniques rather than "classical" root-finding or simultaneous 

solution analysis. In inverse methodology, the solution is found by adjusting the 

parameter values in such a way as to minimize the sum of the objective functions 

(2 OF) over both sets of experimental data. The purpose of the minimization 

procedure is to match the calculated value for the OF to that predicted by the one-

dimensional flow theory (equation 2.3). If all three of the above conditions have 

been satisfied, both the predicted value and the calculated value will be zero and a 

perfect solution will have been found. Any residual from zero in the objective 

function may reasonably be attributed to one or more of these conditions being 

violated. 
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Thus for our example using the exponential model, the key equation is: 

i=i 

otvw+—111 
' ' a 

Ksat+4ie 

"a*ii 
-L (2.8) 

The exponential model is a special case since an analytical expression is available 

for the evaluation of the integral. When the empirical expression for K(\p) becomes 

more complex as in the three-parameter or van Genuchten models, the integral must 

be evaluated numerically. Since the minimization of the total objective function in 

equation 2.6 is crucial to the inverse methodology, the implementation of a 

numerical technique to find this minimum was the first step towards the development 

of the new method. 



CHAPTER 3 

3.0 SOLUTION METHOD 

Although the system of equations (2.S and 2.6) in the example given in 

Chapter 2 appears to be easily solvable by simultaneous methods, several problems 

surface upon closer examination. When the example is represented as a general case 

in two dimensions (x1( x2) where f and g represent the nonlinear OF functions 

incorporating K(^): 

g(x l t x 2 )  = 0  

it can be shown that each function will exhibit a zero OF contour line in xrx2 

dimensional space such that any intersection of the lines should yield a solution or 

one set of roots to the system of equations; however, in order to truly insure that all 

possibilities have been investigated, the zero contour lines of both functions f and g 

should be mapped out in their entirety over the two-dimensional space and examined 

in detail. This graphical technique however quickly becomes impractical for N-

dimensional space greater than two, thus a numerical method is desired. 
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One root-finding method commonly used in the past has been the Newton-

Raphson method for nonlinear systems of equations which can be quickly 

generalized into multidimensions. If we let X={x,, x2)... xj denote the solution 

vector and fj the individual functions under consideration, we may expand fj in a 

Taylor series such that: 

- w .  * t (H) a*,.., • ,3.!, 
J=1 V j / m  

where m indicates an old iteration and m+1 is a new iteration for the next step. If 

the higher order terms are neglected and f; set to zero, a set of linear equations for 

the corrections in the solution vector X are formed which can be solved by matrix 

operations resulting in a new estimate of the solution as each function fj moves 

closer to zero. This estimation procedure is continued for a specified number of 

iterations or until some convergence criteria has been met. 

Although the method may converge very rapidly in some cases, often it will 

fail spectacularly giving no indication as to whether or not a solution may exist. 

Often this is the result of a poor initial guess for the solution. For example, if the 

algorithm approaches some local maxima within the solution domain, the first 

derivative may be forced to an exceedingly small number thereby causing large 

numerical errors. This is indicative of yet another problem with the use of the 

Newton-Raphson method on a problem of unknown nature, namely that some insight 
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into the nature of the solution may be required before it is even found! 

The problems inherent in the implementation of equation 3.1 may be avoided 

if we turn to multidimensional minimization instead of using a multidimensional 

root-finding technique such as Newton-Raphson. The multidimensional root-finding 

approach is limited in the sense that it must rely upon the ability of the algorithm to 

minimize the sum of N gradient vectors: 

simultaneously in N-dimensional space where innumerable combinations of Xj may 

yield localized "solutions" or approaches to the solution [Press et al., 1990]. While 

the above process is uncertain at best, there do exist efficient techniques for finding 

the minimum of a function of many variables. After consideration of the problems 

inherent in N-dimensional root-finding, the multidimensional minimization approach 

was deemed more appropriate for this study. 

3.1 Multidimensional minimization techniques. 

The minimization of equation 2.3 would be relatively straightforward were it 

not for the highly nonlinear behavior of the K(\p) relationship and other difficulties 



involving integration that will be explained later. These two factors were the 

primary obstacles against the practical application of the ideas presented in chapter 2 

and they determined the choice of techniques used to implement them. All 

multidimensional minimization techniques may be categorized into two broad 

families of algorithms; those that require only function evaluations, and those that 

also require additional information on the function in the form of first (and often 

second) derivatives, where the derivatives in a multidimensional case becomes 

increasingly complex gradient or vector quantities. 

Algorithms that use the derivative approach can be very rapid and efficient, 

but this is dependant upon the degree of ease and accuracy in which the derivatives 

may be calculated. The computational burden can become very great for complex 

nonlinear functions such as those found in equations 1.19 and 1.23, if they may be 

determined at all, because the derivatives of these functions must be determined 

numerically. Techniques which adopted this derivative approach were abandoned 

from further consideration. These included the conjugate gradient methods of the 

Fletcher-Reeves and the Polak-Ribiere algorithms [Polak, 1971] and the quasi-

Newton (variable metric) techniques such as the Fletcher-Powell method [Press et 

al., 1990]. 

The other family of algorithms, those that do not require derivatives to 

perform the minimization process, may also be defined into two groups; the 

downhill simplex method by Nelder and Mead [1965], and the direction-set or 



conjugate-direction methods. The conjugate-direction methods require a succession 

of line minimizations in N-dimensional space (directions) that are constantly updated 

in an effort to close in on minima. The downhill simplex method is based on a Tri

dimensional simplex which "oozes" downhill in N-dimensional space, and is 

completely self-contained in that it does not rely upon line minimization or 

bracketing techniques to find minima. 

The downhill simplex method was chosen for the minimization procedure 

because it makes no special assumptions about the function it minimizes, and 

although it may be relatively slow depending upon its implementation, it may also be 

extremely robust [Press et al., 1990]. 

3.2 The downhill simplex method. 

The algorithm "AMOEBA" from "Numerical Recipes in C" [Press et al., 

1990] was modified and applied to the minimization of equation 2.3. This 

application was written into the numerical model MSSOM. 

AMOEBA sets up an N-dimensional simplex upon the "surface" of the 

function to be minimized and "oozes" downhill towards the minimum, thus for a 

two-dimensional example (two independent variables), the simplex takes the form of 

a triangle with three vertices. The simplex is initialized at these three points and 



53 

then released to take as many steps as is necessary to find at least a local minimum 

through the N-dimensional topography. Movement of the simplex is accomplished 

by either a "reflection" through the face of the simplex away from a high point or a 

contraction towards the low point. When the difference between the function 

evaluations at the vertices reaches a value less than some specified tolerance, the 

process is ended. 

It is conceivable that the simplex may be "fooled" by local minima and never 

find the global minimum, thus it is very important to implement the simplex search 

in such a way as to optimize the probability of success. 

Duan et al. [1992] conducted an excellent review of globally based 

optimization methods for the development of a new procedure for conceptual 

rainfall-runoff models (CCR) and presented an evaluation of the efficiency of several 

different simplex implementations, including their own new shuffled complex 

evolution method (SCEM-UA). The use of this new powerful implementation of the 

simplex method was necessary for CCR model optimization because the demands on 

optimization procedures for such models often requires more than a three or four 

dimensional parameter search. However, because the minimization of equation 2.3 

was implemented for only a two-dimensional parameter in the MSSOM model, a 

less rigorous way to implement the simplex search was deemed acceptable. The 

method implemented was a hybrid of several techniques which we have coined the 

name "the Multi-start - adaptive random search simplex method" or MSX-ARS. 
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The MSX-ARS technique was compared to three other global minimization 

procedures using a complex two-dimensional surface in a manner similar to that 

done by Duan et al. [1992] in order to verify the effectiveness of the method before 

using it in the MSSOM model. 

3.3 A comparison of four global optimization methods. 

The test surface used for the evaluation was the Rastrigin function in two 

dimensions shown in figures 3.0 and 3.1, which exhibits many local minima at 

regular intervals, but only one global minima [x,y] at [0,0] and f[x,y] equal to -2.0. 

The bounds for the search was between X [0,-2] and Y [-1,1]. The efficiency of the 

algorithms for three types of simplex procedures and one random sampling method 

were compared. 

3.3.1 Evaluation of the adaptive random search method (ARS). 

In this method originally proposed by Masri et al. [1978], an initial N-

dimensional domain is randomly sampled a specified number of times, after which 

the volume of parameter space surrounding the optimum function evaluation is 
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reduced in order to shrink the search domain and increase the probability that the 

next random search will find the minimum. This process continues, with each 

domain progressively reduced in some systematic manner until either the optimum 

has been found or the number of allowed refinements or random searches has been 

exceeded. The particular procedure used to test the ARS algorithm against the 

Rastrigin function is shown graphically in figure 3.2. 

xA2 + yA2 - cos(18*x) - cos(18*y) 

Figure 3.0 Rastrigin function used for the test of the mimimization procedure. 
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- xA2 + yA2 - cos(18*x) - cos(18*y) 

Figure 3.1 Contour plot of the Rastrigin function. 

The initial two-dimensional domain was subjected to a random search M times, then 

the domain space around the best minimum refined to 44.4% of the previous area 

(ie. shrink the parameter range for XI and X2 by 1/3). This procedure was 

repeated until the third time when the domain space was refined to 4% (parameter 

range reduced to 1/5). 
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X2 

1rst refinement 

2nd refinement 

3rd refinement • 

X1 

Figure 3.2 Method used by the ARS procedure to narrow the search range. 

Five hundred independent searches were performed within the prescribed 

bounds using this implementation of the ARS method. In accordance with the 

procedure outlined by Duan et al. [1992], each search was initiated using a 

randomly selected seed value; thus, the total test may be considered to consist of 

500 statistically independent trials of the algorithm. A "success" for the method was 

deemed when the algorithm found the minima to within the rather rigorous tolerance 

level of 10"6 . This high degree of accuracy was necessary to achieve a 

reproducible evaluation of the parameters to within + 0.001. 

The average percent of successes out of 500 runs was compared to the total 

number of function evaluations required to achieve that success rate. These data are 
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presented in figure 3.3 and clearly show that the results of the ARS method were 

very poor under these conditions, even when 10000 function evaluations per run had 

been performed. Apparently the numerous convolutions of the Rastrigin function 

were enough to lead the search in unprofitable areas, leading to a general failure of 

the method to find the global minimum to the degree of accuracy desired. Also, the 

definition of a "success" was restrictive enough that random sampling alone could 

not zero in on the solution, thus a method more rigorous that the ARS procedure 

must be used. 

7 • MSX Simplex 

ARS-Simplex 

ARS 

DC 
QJ 

1 o 
MSX-ARS Simplex 

LL 
0 2000 4000 6000 6000 10000 

Average Number of Function Evaluations per Search 

Figure 3.3 A comparison of effectiveness versus efficiency for the ARS, ARS-SIM, 
MSX, and MSX-ARS algorithms on the Rastrigin function. 



3.3.2 Evaluation of the combined ARS-simplex method. 

This method combines the ARS search method previously mentioned to the 

simplex method by Nelder and Mead [1965]. Both Ibbit [1970] and Brazil [1988] 

suggested that the random search algorithm of the ARS strategy could be used as a 

pre-processor to the simplex method; ie. passing on the best optimum from the ARS 

search to the simplex method at the end of the last domain refinement. We tested 

two cases using this combined strategy by initiating the simplex search after 3000 

and 5000 function evaluations by the ARS algorithm. The three vertices of the 

simplex (two-dimensional) were initialized with the three lowest points found by the 

ARS method, and again allowed to progress until the evolution of the solution 

changed less than 10"6. 

The results from this combined approach are also indicated in figure 3.3. 

The vertical dashed lines show that the failure rate has decreased dramatically after 

adding only 18 and 21 extra function evaluations to the 3000 and 5000 point ARS 

searches respectively. Although the overall failure rate has decreased to 

approximately thirty percent, the rate of decrease in the failure percentage from the 

3000 to the 5000 ARS case was very low. The implication is that in order to 

achieve a failure rate close to zero using the ARS method, it would be necessary to 

sample considerably much more than 10000 points to find a suitable starting point 

for the simplex, which would be impractical. 



3.3.3 Evaluation of the multistart simplex approach (MSX). 

In their work on parameter optimization in watershed models, Johnston and 

Pilgrim [1976] recommended multiple restarts of the simplex procedure from 

different locations within the parameter domain in order to decrease the overall 

probability of failure. The logic behind the methodology is rudimentary. Given 

statistical independence for each simplex restart and a probability (p) for individual 

failure, then the probability of failure Pf after n simplex restarts is given by: 

P f = ( p ) n  ( 3 . 3 )  

thus as n increases, the total probability for failure Pf becomes vanishingly small. 

For example given an individual probability for failure of 0.80 (4 in 5), the 

probability for total failure after 20 restarts decreases to only 0.01. 

The MSX algorithm was also tested on the Rastrigin function by evaluating 

the failure rate for 500 trials. The results indicate that the failure rate decreased 

from 95.6% for a single-start to 5% after 70 restarts. This was a considerable 

achievement over the ARS-simplex method. Described another way, the failure rate 

decreased to less than 5 % after 5500 function evaluations; however, similar to the 

ARS case, the complex topography of the test function was still responsible for a 

large failure rate early in the method as local minima caused the simplex to drift. 



3.3.4 Evaluation of the multistart-adaptive simplex approach (MSX-ARS). 

The last logical step was to create a hybrid between the multistart method 

and the pure adaptive search techniques. In this implementation of the simplex, a 

specified number of independent simplex searches (MSX) are initiated within the 

parameter domain, then the range is narrowed according to the adaptive random 

search algorithm (ARS), and then another MSX search initiated. The process is 

continued for four grid refinements as in the ARS approach. 

The results demonstrated a reasonable improvement over the MSX method 

alone; The MSX-ARS algorithm, was able to achieve a low failure rate much earlier 

than the MSX algorithm alone. The efficiency of both methods however, tended to 

converge on each other after about 6000 function evaluations. The improvement of 

the MSX-ARS algorithm was great enough however to favor it over the other 

methods considered for the minimization needed in the MSSOM model. Although 

the shuffled complex evolution algorithm (SCEM-UA) introduced by Duan et al. 

[1992] appears more robust than the MSX-ARS approach, the MSX-ARS approach 

was deemed adequate for the two-dimensional parameter search used in the MSSOM 

model. If a higher number of dimensions is necessary in the future, the SCEM-UA 

algorithm might be the better choice. 

Additional justification for this decision can be seen by inspecting the form of 

the OF surface in which the MSSOM program performs the two-dimensional 



minimization. Although the OF surface does present a certain difficulty (explained 

below), the MSX-ARS algorithm was successful in locating the global minima for all 

the data studied in this paper. A typical surface is presented in figure 3.4 which is 

the objective function surface for data from a Clarion sandy clay loam collected 

from a wetting profile experiment after Srinilta et al. [1969]. The surface is a 

composite over two data points in which the global minimum occurs at 

K„t=0.003195 cm/s and alpha=0.07946. 

The general shape of the surface shown in figure 3.4 was typical for all the 

objective function surfaces generated by MSSOM for all three models; the 

exponential, three-parameter, and the van Genuchten formulas. The surface is 

characterized by a relatively flat plateau which suddenly plunges into a steep valley 

at the bottom of which lies the global minimum. This is a very difficult surface to 

evaluate because as the sides of the valley steepen and the valley becomes narrow, 

the simplex often undergoes degeneration, ie; the simplex looses its shape and 

becomes so small that it essentially ceases to exist. A lower limit for the size of the 

simplex is governed by the lower limit of machine accuracy em for the computer. 

For a typical 32-bit wordlength, the em lies roughly near 3 x 10'8. 

This may seem like more than a generous amount of precision; however, it 

has been the experience of the author that often the simplex will degrade before the 

absolute minimum OF has been achieved. Although it may not be reflected in the 

value for the estimated parameters, this phenomena is significant because subsequent 
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grid refinements in the MSSOM model center upon the domain space where the best 

solutions are found. Consider for the purpose of illustration the example shown in 

figure 3.5 where a simplex degrades below the lower limit of machine accuracy em 

indicated by the space between the arrows at the top of the figure. The simplex may 

locate the local minimum at A, but will have difficulty if it trys to decend through 

the narrow valley where the true minimum is located at B. 

Ksat 

Figure 3.4 The objective function surface for data from a Clarion sandy clay loam 
collected from a wetting profile experiment after Srinilta et al. [1969]. 

The next grid refinement then will be centered about the parameter space near the 

local minimum at a' and not around the true global minimum at b'. However, since 

the degree of simplex degradation depends upon the past history of the simplex 

60 
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within the domain, it is often possible to achieve the best solution when multiple 

restarts are used. As the number of restarts before grid refinements increases, the 

probability is in favor of at least one simplex squeezing down the valley to locate the 

global minimum. 

O 
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Figure 3.5 Hypothetical objective function profile showing possible simplex 
degradation before locating the global minimum. 

Thus the MSX-ARS algorithm was adaquate for the two-dimensional minimization 

problem. It should be noted however, that all of the simplex methods including the 

shuffled-complex evolution method (SCEM-UA) will encounter this problem. 
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CHAPTER 4 

4.0 EVALUATION OF THE ONE-DIMENSIONAL FLOW INTEGRAL 
DEFINING THE OBJECTIVE FUNCTION 

The determination of the value for the integral defining the objective function 

OF according to one-dimensional flow theory: 

Vus 

is crucial for the implementation of the MSSOM method. The technique used for its 

determination is dependent on the form of the K(\p) function used to represent the 

conductivity - matric suction behavior. For example, we have shown that when the 

exponential model is used, a closed-form analytical expression is available (see 

Dwight 1957 - Tables of Integrals and Other Mathematical Data, p. 135, Eq. 

+fiJ 
1  + iC(Tjr) 

0 ( 4 . 0 )  

569.1): 

however, analytical expressions for the more complex expressions such as the 
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Gardner three-parameter model or the van Genuchten model do not exist. In these 

cases the integral must be evaluated numerically. 

Ordinarily, numerical integration presents few difficulties because many 

proven quadrature routines are available; however, when the K(^) expression 

becomes very complex (as when the three-parameter or van Genuchten formulas are 

used) the integral tends to exhibit unstable behavior. This behavior is characteristic 

of a class of improper integrals which are the most difficult to evaluate; those which 

have computational singularities in various unknown locations between the upper and 

lower limits. Integration of these kinds of integrals are frequently handled by 

referring them to those procedures which use a variable-step-size differential 

equation integration routine such as the Runge-Kutta Method. Although these types 

of routines are very robust because they very effectively "creep" over discontinuities 

in the objective function, they require some knowledge of the derivatives because 

essentially all adaptive methods approximate the underlying differential equation by 

adding small increments (corresponding to the derivatives multiplied by the step-

size) to the basic function as the step-size approaches zero. We, however, desire to 

avoid the evaluation of any of these derivatives since they are very complex; it was 

after all for this same reason that we chose the simplex method over the other 

minimization procedures. 



4.1 Avoiding the singularity in the integral. 
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Acton [1970], and Davis and Rabinowitz [1967] have provided excellent 

commentaries on the treatment of singularities in improper integrals. Common 

techniques that have been used include: (1) a change in variables to eliminate the 

singularity, (2) "subtracting out" the singularity with a function g(x) that closely 

imitates the behavior of the integrand f(x) at its singular point and, (3) "dividing 

out" the singularity by implementing integration by parts. Some of these techniques 

may be quite cumbersome or even impossible to apply to the integrand in equation 

4.0 especially when it includes the more complex empirical formulations for K(\p). 

For example, consider the appearance of the integral using the formulation by van 

Genuchten: 

( 4 . 2 )  

di|f - L 

'*Li 

If the location of the singularity were known, it would be possible to recast the 

limits of integration to form a summation of two or more expressions in order to 

"integrate around" the singularity. By bracketing the singularity with a new set of 

limits, it would be possible to evaluate the separate parts using a standard quadrature 

OF = / 1 + 
g± [1 + (ai|r)n] m/2 

[l - (aijr) n_1 (1 + (ai|r)") ~m]2 
sat 
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method. This technique, is simple to execute if the location of the singularity 

between the limits of interest can be calculated apriori, however it becomes very 

difficult to do when the location changes continually as in our case. 

Consider for a moment the behavior of the integral in equation 4.2 during the 

simplex minimization process. While the simplex travels through the parameter 

domain trying to optimize the objective function, the parameters & = n, m, a are 

continually changing, thus the simplex evolution affects the behavior of the integral. 

For example; one set of parameter values might cause the integral to exhibit no 

singularities, yet another set of values could cause two or more singularities to 

spring up. Thus in order to use the bracketing technique for integration across the 

singularities in this paper, a way had to be found to anticipate the location of each 

singularity before the integration procedure was implemented. 

Because there are no integration routines that routinely check for singular 

behavior, a new algorithm (FINDSG) was developed to locate possible singularities 

in the integrand of a function and pass them on to the integrator. During operation 

FINDSG is provided the function of interest (in this case the integrand of equation 

4.0), the bounding limits, and a value which represents the maximum absolute value 

that the function singularity is allowed to approach. FINDSG then starts at the 

lower limit supplied to it and uses a adaptive step-size algorithm to creep up on any 

singularities until the value approaching the singularity is within a certain tolerance 

of the maximum supplied value, at which point a new limit is assigned thereby 
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bracketing one side of the singularity. FINDSG then vaults across the singularity to 

approach it from the backside to determine another limit so that the singularity can 

be bracketed from the other side. This process is continued until the original upper 

limit has been reached. Upon exit from FINDSG, a new set of limits will have been 

defined that can be input into an integration solution routine. The adaptive step-size 

procedure enhances the process by allowing the analysis to rapidly cross level 

territory with large step sizes, while creeping slowly near dangerously steep terrain. 

FINDSG can discern when a singularity has been crossed accidentally and will go 

-20 

LIMITS 

-40 
3n 0 7t 

X 

— xA0.5/sin(x) 

Figure 4.0 Test function to validate the operation of the algorithm FINDSG. 



back to the previous location before the trouble occurred and proceed more 

carefully, thereby insuring that even very abrupt discontinuities will be discovered. 

For example; The function displayed in figure 4.0 (equation 4.3) is observed 

to exhibit known singularities for all x that are multiples of x. 

If integration is attempted over the interval between x=l and x=9, four singularities 

will be encountered, two each at ir and 2ir, which would cause ordinary integration 

routines to fail. 

But when this function is first input into FINDSG, an array is returned that brackets 

the singularities located between the original limits yielding three new sets of 

integrable limits: 

With the implementation of FINDSG as a pre-processor to an integration 

routine, we were insured that a stable accurate solution for the integral in equation 

4.0 was rendered. The logical next step was to choose a suitable open-ended 

integrator to handle the unstable behavior of the function at the new limits. 

i 
( 4 . 3 )  

1.000000 to 3.141421 
3.141761 to 6.283032 
6.283372 to 9.0 



4.2 Integration of the objective function OF. 

A new quadrature method (QROMOQ) was developed for use with FINDSG 

to integrate equation 4.0. Although QROMOQ was based on the capable integrator 

QROMO (from "Numerical Recipes in C", Press et al., [1990]), the new algorithm 

has been extended to implement "quasi" step-size automation. Prior to an 

explanation of the step-size automation process, it is necessary to first summarize 

the method used by QROMO. 

QROMO is an open-ended formula based on the extended midpoint rule 

which also uses Romberg's method of Lagrangian polynomial interpolation 

according to Neville's procedure. It is "open-ended" in the sense that it does not 

require the integrand to be evaluated at the endpoints (nearest the singularity). As 

an "extended" formula, QROMO uses a piece-wise approach to numerical 

integration where the entire range of integration is first evaluated as a single 

interval. Subsequent evaluations are done by refining the grid or sub-dividing all of 

the previous intervals and summing the contribution of each. This procedure 

continues until the difference or approximation error between subsequent refinements 

approaches some level of prescribed tolerance. It is important to note that the 

refinement process sub-divides all intervals over the entire range of integration at 

once and not only those intervals where the approximation error is greatest. In an 

open-ended formulation like the midpoint rule this takes on special significance 
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because in order to maintain the open-ended formulation, the addition of internal 

points is done by tripling rather than doubling in order to gain the benefit of 

previous function evaluations, thus the computational burden of the algorithm 

multiplies quickly as each call for additional sub-divisions within QROMO triples 

the number of internal points used to evaluate the integral . 

Although tripling increases the computational burden of the algorithm, the 

application of Romberg's method conversely reduces the number of internal sample 

points required for accuracy by using Neville's method of polynomial interpolation 

to refine the original estimates over each interval. The largest Lagrangian 

polynomial allowed for the interpolation procedure is of order four. 

As sophisticated and robust as QROMO is, it still lacks that last functionality 

that would make it really superb, that is an automatic adaptive step-size algorithm. 

Although QROMO is automatic in the sense that the total number of function 

evaluations depends on the behavior of the integrand, this is only true over the entire 

range of integration. Recall that when the error of estimation in one sub-interval is 

too large, the algorithm refines every subdivision. This is obviously wasteful. 

Consider for example a function that exhibits a single singularity. Far away from 

the singularity where the function is smooth it will not need the extra precision that 

the region around the singularity will. For this reason adaptive quadrature schemes 

have been developed that alter the step size dynamically, expanding and shrinking 

the step as the need arises. 
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Rather than implement fully adaptive step-size control within QROMO, a 

scheme was developed and named QROMOQ which performs much the same 

functionality within the existing algorithm. QROMOQ divides the original limits up 

into a predetermined number of sub-"limits" and performs an extended midpoint rule 

Romberg integration on each of them separately, the reasoning being that when the 

behavior of the function is difficult inside one of the sub-"limit" intervals, additional 

points will only be added to that particular sub-interval and not over the entire 

range of integration. Thus quasi-step-size adaptation is achieved by adjusting the 

size of subsequent sub-intervals based on the number of internal points required for 

evaluation of previous intervals. When QROMOQ requires more than four internal 

refinements for any particular interval, the next interval is made smaller. This is 

greatly different from a true adaptive technique which would go back and re

evaluate that same interval at a smaller step size. 

The implementation of the quasi-step-size algorithm on the speed of 

execution is quite dramatic for functions exhibiting irregular terrain. With functions 

that are smooth however there does appear to be a slight computational penalty for 

the overhead of the quasi-step-size implementation. 

Figure 4.1 demonstrates the adaptive algorithm to an accuracy of 10"6 and 

shows the steps taken by QROMOQ. The CPU time shown was for an analysis 

performed on a 40MHz 80386 PC. The graph shows that the step size was 

adaptively reduced on the steepest portion of the function. The adaptive behavior is 
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even more apparent in figure 4.2 where QROMOQ was tested on a function 

exhibiting a singularity on one of the limits. The integration was performed to an 

accuracy of 10"5. Here we can see that QROMOQ was enormously successful over 

QROMO without the step-size adaptation. The "true" answer for the integral in 

figure 4.2 correct to five figures is 0.8411169 obtained from an adaptive 

modification of the Romberg integration scheme available on the Brown University 

computer in 1967 [Davis and Rabinowitz, 1967]. In the case of figure 4.2, not only 

was the quasi-adaptive scheme QROMOQ 545 times faster than Romberg integration 

alone (QROMO), but the quasi-adaptive scheme was more accurate as well. 
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Figure 4.1 Performance of the quasi-adaptive step size algorithm QROMOQ on a 
smooth function. 
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Figure 4.2 Performance of the quasi-adaptive step size algorithm QROMOQ 
on a function with singular behavior. 

4.21 Performance of the FINDSG-QROMOQ couple. 

FINDSG and QROMOQ were then used together on the test function shown 

in equation 4.4 to determine the validity of the overall integration procedure used to 

avoid the singularities in the objective function proposed in part 4.1. The test 

function had a single negative internal singularity at x=[-0.5], and was an ideal 

subject for the test because an analytical solution was available [CRC Handbook of 



Chemistry and Physics]. The behavior of the integrand is shown in figure 4.3. 
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Figure 4.3 Test function for the FINDSG-QROMOQ couple. 

s2x 

22 (l+2x) 
( 4 . 4 )  

f(x) = 
xe 

ax 

( 1  +  a x )  

FDSING - QROMOQ -42.23919 

ANALYTICAL SOLUTION -42.23920 

X 

FINDSG was constrained to deliver a new limit when the function evaluation 

equaled 10000, and the integrator QROMOQ was used to an accuracy of 10'5. 
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These parameters produced an answer of -42.23919 which was in excellent 

agreement with the analytical solution of -42.23920. 

The success of the two algorithms used in concert may seem to present a 

paradox. Why are we able to accurately integrate over a singularity in the integrand 

by excluding it? By creating an artificial limit very near the very same location that 

the function behaves as a vertical asymptote, it would seem that we neglect that 

portion of the curve where the contribution to the area is the greatest! 

The answer to this paradox can be seen by analyzing the function presented 

in equation 4.5. Here an exponential function (A) is presented that can be expressed 

as the sum of two functions (B and C) where the singularity is represented by 

function B or e"7(l-x), thus: 

=  [ ± l dx  + f  e ' x ~ e ' 1  & 
j  1 -x  J  1 - x  J  1 - x  ( 4 * 5 )  

A B C  

This function exhibits a singularity at x=[l] thus if integration was performed 

on either side of singularity where the singularity was one of the limits, we would 

expect the calculated area to increase in an unbounded manner, never approaching a 

stable value. Actually, a graph of function B which is the portion responsible for 

the singularity shows that the singularity displays opposite but similar behavior on 

either side of x=[l] (see figure 4.4). Thus we might intuitively suspect that the 
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singularity at x=[l] could be "subtracted" over the limits x=[-l] to x=[5] if we 

could simply sum the positive and negative areas caused by the singularity since they 

would cancel. 

INTEGRATION 
LIMITS 

Figure 4.4 Behavior of the singularity for the exponential function in 
equation 4.5. 

The trick then, is to determine the contribution of the singularity to the value of the 

entire integral. But the singularity will always be unbounded no matter how close 
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the limit approaches it. In order to observe this behavior an analysis of the 

integration as the singularity was approached from the left using a lower limit of 

x=[0] was performed on function A (equation 4.5). The results are represented in 

figure 4.5. The maximum value for the singularity in function A was allowed to 

vary from 10 to 100000 which was the same as allowing the upper limit of 

integration to approach the singularity at x=[l] as in [0,0.9]... [0,0.99]... 

[0,0.999]... etc. 
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Figure 4.5 Integration of the exponential singularity in equation 4.5 as it is 
approached from the left. Individual curves represent the evaluation of 
the integral as the singularity takes on greater values from 10 to 10000. 
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Each time the limits were enlarged to include more of the singularity, the value of 

the integral found by QROMOQ also increased. Notice however that every 

individual case from 10 to 100000 eventually reached a stable solution when enough 

internal points were added indicating the ability of QROMOQ to handle the region 

of instability near a singularity. This important phenomena was the key to 

determining the overall contribution of the singularity since the contribution of the 

singularity can be determined if integration is carried out to the same upper limit of 

functional value on both sides of the singularity. In other words, if the left side of 

the singularity is evaluated to a maximum function value of 10000, and the right 

side is evaluated to a maximum function value of -10000, the errors incurred by 

adding the integration results from both sides of the singularity will cancel each 

other out, presumably because of the similar behavior of the function on either side. 

This provided a practical way to evaluate the improper integral for the steady-state 

outflow method. 

In figure 4.6, two examples of integration over a single singularity are 

displayed. Example one is for the integration over the exponential type function (A) 

in equation 4.5 with the limits of x=[-l] to [5]. Example two is for a singularity in 

the Gardner three-parameter model using a typical set of parameters evaluated from 

x=[-0.5] to [9.0]. The Gardner function is displayed in figure 4.7. Both functions 

were evaluated across the limits that included the singularity by approaching the 

singularity increasingly closer by varying the maximum allowed 
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Figure 4.6 The approach of a stable solution for two sample integrals which 
exhibit singularities. Stability increases as the maximum value 
allowed for the singularity by FINDSG also increases. 

value of the function from 10 to 100000. 

As shown in figure 4.6, the solutions for both test integrals asymptotically 

approached a constant value as the maximum value allowed for the singularity by 

FINDSG approached 10000. Values greater that 10000 tended to add more 
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computation time but no greater accuracy. Using the methodology of the FINDSG-

QROMOQ couple, the integral was able to be evaluated to a high degree of accuracy 

without resorting to other methods such as the Runge-Kutta technique which would 

have required derivatives of the integrand. As previously mentioned, these would 

have been very difficult to calculate, and probably would have been possible only by 

numerical estimation. In addition such methods would have added even more to the 

computational overhead of the entire MSSOM solution process. 
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Figure 4.7 Example test function two; the Gardner three-parameter model. 
(q=-0.012432, KMt=0.0905, n=5, b=1000). 
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CHAPTER 5 

5.0 EXPERIMENTAL DESIGN FOR THE MULTI-STEP STEADY-STATE 
OUTFLOW METHOD 

The primary steps required to implement the multi-step steady-state outflow 

method (MSSOM) includes: 

1) measurement of soil-water matric suction \p at two points (\pv and \pi) at, 
2) a known distance of separation (L) within a column of porous media that, 
3) is undergoing steady-state vertical infiltration with a controlled flux (q), 
4) for n trials of different fluxes (q); where n is > the number of parameters to 

be estimated for the K(\p) expression. 

An experiment was designed to quickly obtain these data (see figure 5.0) and 

performed on a homogeneous mixture of two types of sand previously characterized 

in investigations by Mathieu [1989] and Harvey [1989]. 

5.1 Column design. 

The column setup consisted of a 30 cm length of 5 cm inner diameter 0.5 cm 

thick acrylic tubing sealed at the top and bottom by end caps with an o-ring design 

(see figure 5.0) similar to the "tempe" cell. A small air hole was allowed in the top 

keep the surface of the soil at atmospheric pressure. Two porous cups were secured 
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Figure 5.0 Experimental design for the multi-step steady-state outflow method. 



onto the column extending half way into the sand core enabling the matric suction \p 

to be measured by water manometer. Flux into the column was controlled by a 

multi-channel syringe pump (Soil Measurement Systems, Tucson Az.) that drove one 

to six three ml glass syringes in a cycle period that ranged from 2 to greater than 

100 seconds depending on the desired flow rate. The flux was measured 

gravimetrically by periodically removing and weighing the outflow collected over 

time in an erlenmeyer flask. To ensure proper drainage through the short column 

and prevent the accumulation of water above the stainless steel plate, a suction was 

introduced into the core by means of a vacuum pump-valve apparatus. The suction 

was necessary to overcome the capillary pressure of the sand and plate at low 

moisture contents and flow rates. An alternative scheme would have been to use a 

very long column [Klute and Dirksen, 1986] as done by Harvey [1989] and allow 

the sand to become saturated near the bottom until gravity drainage occurred. 

However due to the larger volumes of core involved, that method would have taken 

much longer to reach steady-state. Thus in the interest of expediency, a shorter 

column was used with an imposed suction. 

5.2 Sand characteristics. 

Recalling that the primary purpose of this study was to introduce the 



feasibility of a new technique for the rapid determination of unsaturated hydraulic 

conductivity and not necessarily to characterize a particular soil, it was appropriate 

to conduct the initial test on a simple sand. Previous investigators at the University 

of Arizona [Harvey, 1989] had procured quantities of uniform quartz sand for other 

column studies thus a mixture of this material was used. An approximate 60/40 

mass percent mixture of two sands were chosen. The two components of the 

mixture were a No. 20 (coarse - 60%) and No. 30 (medium - 40%) quartz blasting 

sand previously purchased from a commercial sand and gravel yard. The 

characteristics of these two sands were previously investigated by both Mathieu 

[1989] and Harvey [1989]. Based on these two studies, the sands appeared ideal 

because of their simple composition, high degree of grain size uniformity, and 

availability. Another factor favoring the choice for the experiment was their low to 

non-existent clay content. 

Although the amount of argillaceous or clay size material in quartz sand 

should be minimal, in order to eliminate all possibility of clogging the stainless steel 

plate with clay size particles, the samples of sand used were washed in a very mild 

solution of Alconox and repeatedly rinsed in tap water. 

5.21 Bulk density and porosity. 

Mathieu [1989] measured the dry bulk density for ten samples of the coarse 
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sand and eight samples of the medium sand gravimetrically. His values compared 

favorably with those obtained by Harvey [1989] in his column studies. The 

porosities were calculated from: 

n =  ( 5 . 0 )  
P 3 

where Pb is the dry bulk density (g/cm3) and p„ is the particle density generally taken 

to be 2.65 g/cm3. The dry bulk density for the single sample of the 60/40 mix used 

was found to be 1.48 g/cm3. These values are shown in table 5.0. 

Bulk Density Porosity 

Coarse Sand 1.50 ± 0.032* 0.435 ± 0.012* 

Medium Sand 1.46 ± 0.042* 0.449 ± 0.016* 

60/40 mixture 1.48 0.442 

Table 5.0 Sand bulk density and porosity. 'Mathieu [1989]. 

5.22 Grain size distribution. 

As stated by Harvey [1989], Mathieu hand sieved the No. 30 quartz sand 

(medium) and saved the fraction that passed through a 0.53 mm screen onto a 0.23 
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mm screen. The No. 20 (coarse) sand was sieved in the same manner except the 

fraction passing through was discarded. In this manner a very narrow or uniform 

grain size distribution was achieved. The "medium-coarse" classifications for the 

No. 30 and No. 20 sands respectively was determined by comparison to the 

U.S.D.A. soil classification protocol based on the average grain diameter. The 

grain size distributions for the two sands and the test mixture are illustrated in figure 

5.1 and the sieve analysis is summarized in table 5.1. The figure indicates that the 

60/40 test sand was not a pure mixture of equal quantities of medium and coarse 

100 T 1 1—1 T—I I II 

Coarse sand 

Medium sand 

A-A 60/40 Test mix 

0.1 10 
Average grain diameter (mm) 

FINE 
MEDIUM 

COARSE VERY COARSE GRAVEL 

Figure 5.1 Cumulative grain size distribution for the test sands. Medium and 
coarse sand data from Harvey [1989]. 



Average Grain Diameter (mm) 

Mass Percent 
Data Point Passing Coarse Medium 60/40 test mix 

1 0.085470 0.414020 
2 0.087 — - - 0.147 
3 0.2517 — — 0.300 
4 0.392 — — 0.425 
5 0.4273 — 0.12285 — 

6 0.5983 — 0.18002 - -

7 3.605 — — 0.50 
8 7.6923 « 0.24752 — 

9 11.9658 — 0.29744 — 

10 46.15385 0.709682 — — 

11 52.5641 — 0.41912 - -

12 79.943 — — 0.60 
13 80.76923 0.822041 « — 

14 82.47863 0.863316 — — 

15 96.58119 1.0 — — 

16 97.5097 — — 0.85 
17 99.14530 1.409087 0.70968 ~ 

18 100.0 — 0.84242 1.19 

Table 5.1 Cumulative grain size distribution for the 60/40 test sand mix and its 
components. Data for the medium and coarse sands are from Harvey 
[1989]. 

sands but a skewed mixture. Presumably the individual sand components 

experienced a degree of settling in their containers before the aliquots were 



removedfor the experiment resulting in the very uniform grain size distribution 

shown in figure 5.1. However, as previously stated it was not the aim of this study 

to characterize a particular soil, but only to conduct the experiment on a reasonable 

porous material, thus the mixture was acceptable. 

The grain size uniformity coefficient defined by Driscoll [1987] was obtained 

for all three sands in figure 5.1 using the formula in equation 5.1 where a value of 

1.0 for Cu represents a perfectly uniform soil and a value of 5.0 represents a soil 

is relatively nonuniform. As indicated in table 5.2, all three sands were very 

uniform with respect to their grain size distribution. 

that 

d6Q = diameter @ 6 0 %  mass 
where ^ @ 10% mass ( 5 . 1 )  

d<50 

Coarse sand 0.72 mm 0.35 mm 1.59 

Medium sand 0.30 mm 0.12 mm 1.60 

60/40 mixture 0.57 mm 0.51 mm 1.12 

Table 5.2 Grain size uniformity coefficients. 



5.23 Moisture characteristic curves. 
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The moisture characteristic curves for the medium and coarse sands were 

measured by Mathieu [1989] by a suction-extraction method after Baker [1974]. 

The sand samples were placed on a saturated porous ceramic plate hydraulically 

connected to a water filled burette which was incrementally positioned to gather both 

the drying and wetting curves. These data are shown in figures 5.2 and 5.3 and the 

residual moisture contents from three replicate samples of each sand are shown in 

table 5.3. 

RESIDUAL MOISTURE SATURATED MOISTURE 
CONTENT CONTENT 

Coarse sand 0.047 ± 0.12 0.446 ± 0.005 

Medium sand 0.067 ± 0.15 0.44 (one datum) 

Table 5.3 Moisture content after Mathieu [1989]. 
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Figure 5.2 Moisture characteristic curve for coarse sand component [after Mathieu, 
1989]. 
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Figure 5.3 Moisture characteristic curve for medium sand component [after 
Mathieu, 1989]. 



5.24 Saturated hydraulic conductivity. 

The saturated hydraulic conductivity Kul for both the medium and coarse 

sands were previously investigated by Harvey [1989]. A similar procedure was used 

to determine K„t for the 60/40 test mix prior to the steady-state outflow experiment. 

Darcy's law for one-dimensional vertical flow may be solved for K,„ as the slope of 

hydraulic gradient versus flux to yield: 

, _ e . . d £ £ f e  ( 5 . 2 )  
y 

where 
q = volumetric flux 
K^, = saturated hydraulic conductivity 
dH/dz = hydraulic gradient 

which provides a convenient way to measure K„t. This procedure is known as the 

constant head method by Klute and Dirksen [1986]. 

The test sand was lightly packed into a 5.1 cm inner diameter acrylic tube 

stopped at the bottom with a fine wire mesh and saturated from the bottom. 

Constant head was maintained by hand pouring water into the top of the column 

over a sponge to prevent the sand column from being disturbed. The flux was 

measured for six hydraulic gradients ranging from about 1.0 to 2.5 and KM, was 

determined as 0.19262 cm/s from the slope of the best fit line found by a linear least 
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squares regression. These data are shown in figure 5.4. 

The fluid used for the measurements consisted of de-ionized water with 

approximately 10000 ppm of a non-metallic liquid algicide added to prevent the 

growth of microorganisms inside the column (Great Lakes Biochemical Co., 

Algimycin® "400"). Although Klute and Dirksen [1986] recommend that calcium 

sulfate CaS04 be added to the fluid used in column experiments to help disperse clay 

and clay-sized particles, the absence of this fraction in the quartz sands made this 

unnecessary. 
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>, 

CD 
d 
CD 
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X 
ID 
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r 2  = 0.97722 

BEST FIT Kj,, = 0.19262 cm/s 
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Hydraulic Gradient dH/dl 

2.5 

Figure 5.4 Determination of saturated hydraulic conductivity for the 60/40 
test sand mix. 



5.25 Unsaturated hydraulic conductivity. 

The unsaturated hydraulic conductivity for the test sand was characterized by 

the multi-step steady-state outflow method outlined in figure 5.0 as a function of the 

soil water matric suction \p (equation 5.3 for vertical flow). Both the wetting and 

drying curves were characterized in order to determine whether or not the steady-

state outflow method could discern hysteretic effects which are common in porous 

media. 

q =  -  +  l )  ( 5 . 3 )  

The fluid used was the same as that used for measuring the saturated 

hydraulic conductivity. Although recycling was used, no special precautions were 

taken to avoid aeration of the water since the column was open to the atmosphere. 

In practice, those portions of water collected over time through the column enjoyed 

a degree of de-aeration in the collection bottle every time they were cycled through 

the system since the vacuum was applied to the column through the collection bottle. 

The wetting curve was the first measured and in general took longer to 

characterize than the drying curve because of the delay incurred by the low 

conductivity of the dry column. The first data point was obtained by setting the 

pump for a small flux arbitrarily chosen by adjusting the cycle time and number of 



syringes in figure S.O. Then the vacuum apparatus was adjusted to ensure drainage 

from the bottom of the column while under unsaturated conditions. The matric 

suction and the cumulative outflow rate, measured by gravimetric means, were 

periodically monitored and recorded until steady-state was observed. Each time 

steady-state was achieved, the syringe pump and vacuum apparatus were again 

adjusted to a higher flow rate and the data collection process repeated. 

Periodic monitoring of the matric suction within the column was necessary in 

order to insure that steady-state conditions had been reached. This was determined 

by plotting the matric suction with respect to elapsed time and observing at what 

point the matric suction ceased to change. The time required to reach steady-state is 

a function of many circumstances including grain size, initial wetness, column 

length, and which curve is being characterized; the wetting or drying curve. Using 

the apparatus previously described, the attainment of steady state required between 

10 to 20 hours while undergoing wetting, and 5 to 10 hours while experiencing 

drying. There was a certain amount of fluctuation in the matric suction 

measurements as the experiment progressed towards steady-state. This may be 

partially explained from observed fluctuations in the flow rate delivered by the 

syringe pump which could have been caused by variations in the AC line voltage 

delivered to the laboratory. Also, several times small kinks developed in the tygon® 

tubing from the water manometers which went unnoticed for a period of time which 

may have caused fluctuations in the readings as well. In retrospect, the choice for 



the use of water manometers rather than a transducer setup may have appreciably 

increased the time spent to detect steady-state conditions because of the relatively 

slow response time. Although the tygon tubing connected to the porous cups had a 

relatively small diameter, undoubtedly considerable time was spent waiting for water 

to flow in and out of the tubing from the porous cup, so it is conceivable that 

steady-state could have been achieved inside the column long before the water 

manometer reflected it. 

In order to discern the value of matric suction at steady state, the suction 

versus time data were fitted using non-linear regression to a natural log or 

exponential function. The steady-state values for were then assigned the 

asymptotic limit of the fitted functions. In the same manner, the flux was 

determined by fitting the cumulative outflow versus elapsed time using linear 

regression where the slope of the line was the flux. These data are presented in 

figures 5.5 through 5.28 and summarized in Table 5.4. 

There was a limit on the range of fluxes available to the apparatus as 

designed up in figure 5.0 due to the conductivity of the stainless steel plate used on 

the bottom of the column. As the flow rates progressed, greater suction was 

demanded at the lower plate boundary to remove the water and prevent saturation; 

however, at pressures above 120 mbars of suction, the bubbling pressure for the 

stainless steel plate was exceeded, this a flux range of only one order of magnitude 

was possible using the apparatus as implemented. It should also be observed that 



99 

even if a suction of 120 mbars was obtainable inside the column, it is unlikely that 

the very low flow rates resulting could be measured with any accuracy. 

Total times for the analyses as implemented were approximately 15 days for 

the wetting curve and 9 xh for the drying curve. Since most of this time was spent 

waiting for the water manometers to equilibrate to the moisture content inside the 

column, the analysis probably could have proceeded much faster if a solid-state 

transducer apparatus had been used instead. 



WETTING CURVE 
(cm) (cm) (cm/s) 

Data Point Upper boundary thv Lower boundary \b. Flux q 

1 -10.0118 -7.1936 -1.13059e-04 
2 -6.7511 -6.2025 -2.27808e-04 
3 -6.2967 -5.5119 -4.46041e-04 
4 -6.088 -5.25 -7.13366e-04 
5 -5.7138 -5.2749 -1.28806e-03 
6 -5.3196 -4.6086 -1.73349e-03 

DRYING CURVE 
(cm) (cm) (cm/s) 

Data Point Upper boundary \p„ Lower boundary \I/, Flux q 

1 -8.6153 -6.7767 -3.49413e-03 
2 -9.0086 -7.0834 -2.72942e-03 
3 -9.0202 -7.3781 -2.11543e-03 
4 -9.1148 -8.7101 -4.94035e-04 
5 -9.3093 -9.1793 -6.70809e-04 

L = 19.7 cm 
KMl = 0.19262 cm/s 

Table 5.4 Unsaturated hydraulic conductivity data collected for the 60/40 test sand 
mix by the multi-step steady-state outflow method. (Note that negative 
flux denotes downward flow.) 
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Figure 5.5 Suction data for data point 1 by the MSSOM 
method for the test sand mix wetting curve. 
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Figure 5.6 Flux measurement for data point 1 by the 
MSSOM method for the test sand mix wetting curve. 
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Figure 5.7 Suction data for data point 2 by the MSSOM 
method for the test sand mix wetting curve. 
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Figure 5.8 Flux measurement for data point 2 by the 
MSSOM method for the test sand mix wetting curve. 
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Figure 5.9 Suction data for data point 3 by the MSSOM 
method for the test sand mix wetting curve. 
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Figure 5.10 Flux measurement for data point 3 by the 
MSSOM method for the test sand mix wetting curve. 
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Figure 5.11 Suction data for data point 4 by the MSSOM 
method for the test sand mix wetting curve. 
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Figure 5.12 Flux measurement for data point 4 by the 
MSSOM method for the test sand mix wetting curve. 
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Figure 5.13 Suction data for data point 5 by the MSSOM 
method for the test sand mix wetting curve. 
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Figure 5.14 Flux measurement for data point 5 by the 
MSSOM method for the test sand mix wetting curve. 
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Figure 5.15 Suction data for data point 6 by the MSSOM 
method for the test sand mix wetting curve. 
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Figure 5.16 Flux measurement for data point 6 by the 
MSSOM method for the test sand mix wetting curve. 
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Figure 5.17 Suction data for data point 1 by the MSSOM 
method for the test sand mix drying curve. 
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Figure 5.18 Flux measurement for data point 1 by the 
MSSOM method for the test sand mix drying 
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Figure 5.19 Suction data for data point 2 by the MSSOM 
method for the test sand mix drying curve. 
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Figure 5.20 Flux measurement for data point 2 by the 
MSSOM method for the test sand mix drying curve. 



I 

109 

e o 

o 
w 

• •" 

U 7 ? 
o. --0--C-

O O 

"S 6 

Vu - 1/(0.111005 + 0.0042442eA(-x)) - 9.0086 

Vl = 1/(0.141176 + 0.0042915e''(-x)) = 7.0834 

• 

10 20 30 

Elapsed Time (hrs) 

Figure 5.21 Suction data for data point 3 by the MSSOM 
method for the test sand mix drying curve. 
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Figure 5.22 Flux measurement for data point 3 by the 
MSSOM method for the test sand mix drying curve. 
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Figure 5.23 Suction data for data point 4 by the MSSOM 
method for the test sand mix drying curve. 
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Figure 5.24 Flux measurement for data point 4 by the 
MSSOM method for the test sand mix drying curve. 
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Figure 5.25 Suction data for data point 5 by the MSSOM 
method for the test sand mix drying curve. 
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Figure 5.26 Flux measurement for data point 5 by the 
MSSOM method for the test sand mix drying curve. 
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MSSOM method for the test sand mix drying curve. 
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6.0 ANALYSIS OF RESULTS 

A primary objective of this study was to introduce the multi-step steady-state 

outflow method as a viable alternative to current inverse methodologies which use 

transient outflow experiments and numerical solution of Richard's equation for the 

estimation of unsaturated hydraulic conductivity. It is important to note that the 

inverse method used in the code MSSOM.EXE can be applied to both; 

(1) data measured exclusively for MSSOM.EXE by the multi-step steady-
state outflow experiment outlined in chapter 5 or, 

(2) data obtained by other steady-state methods which satisfy the necessary 
input criteria. 

In order to determine the overall effectiveness of the MSSOM inverse methodology, 

the model had to be applied to data from both of these sources. Data of the first 

type were collected for the 60/40 (coarse/medium) sand as previously discussed in 

chapter 5. Steady-state data of the second type were obtained from the literature 

and included analyses by two different methods; the long-column method [Klute and 

Dirksen, 1986] in a study by Harvey [1989], and a soil profiling experiment after 

Srinilta et al., [1969]. 
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6.1 Performance of the inverse model MSSOM.EXE on data collected by the 
multi-step steady-state outflow method for the 60/40 test sand mix. 

After collecting the data for the 60/40 test sand mix, the inverse solutions for 

the K(^) curve were determined with MSSOM.EXE for the exponential model, the 

Gardner three-parameter model, and the van Genuchten model empirical formulas. 

The results are presented in figures 6.0-6.2. The horizontal bars in the figures 

represent the individual fluxes at which the boundary conditions were measured (\pv 

and 0l) and show the narrow range of flux data obtained by the apparatus as 

implemented. A total of five sets of data were gathered for the wetting curve and 

six sets for the drying curve. 

The steady-state outflow method experiment was successful in differentiating 

the shape of the wetting curve from the drying curve and significant differences 

between the two sets of parameter values for the various models were seen after 

optimization by the MSSOM.EXE program. A summary of the parameter values 

for all three models is found in table 6.0. 
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outflow method and the MSSOM.EXE computer code for the 
exponential model. 
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the 60/40 test sand mix as determined by the multi-step steady-state 
outflow method and the MSSOM.EXE computer code for the Gardner 
three-parameter model. 
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Figure 6.2 Wetting and drying curves for the unsaturated hydraulic conductivity of 
the 60/40 test sand mix as determined by the multi-step steady-state 
outflow method and the MSSOM.EXE computer code for the 
van Genuchten model. 
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WETTING CURVE DRYING CURVE 

EXPONENTIAL Ka 

MODEL a 
= 0.03828 
= 0.581805 

KMl = 0.7818 
a = 0.62805 

THREE-PARAMETER 
MODEL 

KMt 

n 
b 

= 0.19262 
= 10.6490 
= 804332 

K„, = 0.19262 
n = 5.62345 
b = 3457.78 

VAN GENUCHTEN 
MODEL 

= 0.19262 
n = 5.1135 
m = 0.80444 
a = 0.24315 

Ksal = 0.19262 
n = 2.97277 
m = 0.66361 
a = 0.16951 

Table 6.0 Parameter values for three empirical K(^) models on the 60/40 test sand 
mix as determined by the multi-step steady-state outflow method 
experiment and the MSSOM.EXE computer code. 

Although the K(^) relationships in figures 6.0-6.2 are all continuous, the 

three formulas show considerable differences in their representation of unsaturated 

hydraulic conductivity for the test sand. For example the exponential model exhibits 

an artificially high value of saturated hydraulic conductivity due to the linear nature 

of the exponential formula, however both the three-parameter model and the van 

Genuchten formulas were able to represent a more realistic Ksat value at low suction. 



119 

Also, while the drying curves from all three models were quite similar, the 

exponential wetting curve was less steep than that derived by the three-parameter 

and van Genuchten models. This is shown in figure 6.3. 

A possible explanation may be seen by examining the range of flux data used 

by the MSSOM.EXE code to perform the optimization. The range for both the 

wetting and drying curves are represented by the distance between the arrows 

adjacent to both curves. The bars show that the range of flux data used to 

characterize the 60/40 test sand mix was limited to a very narrow field of fluxes 

spanning only about one order of magnitude. It is quiie possible that the nature of 

the K(\f/) curve may have had a different behavior outside the limited range of flux 

data collected. Thus the final parameter values here are the result of the 

MSSOM.EXE program optimizing the K(^) curve as best it could for the limited 

range of data provided. The optimization over this relatively limited range of data 

could explain the deviation of the exponential curve from that derived for the three-

parameter and van Genuchten curves. 

Another explanation for the difference may lie in the fact that the three-

parameter and van Genuchten formulas simply "fit" the data better since they have 

an additional parameter in their formulations. Optimization with the three-parameter 

and van Genuchten formulas involve three parameters where K,,, is held as a 

constant and the other two parameters varied. The exponential formula only has two 

parameters, Ksa, and a, both of which are varied during the optimization process. 
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Figure 6.3 Wetting and drying curves for the unsaturated hydraulic conductivity of 
the 60/40 test sand mix as determined by the multi-step steady-state 
outflow method and the MSSOM.EXE computer code for the 
exponential, three-parameter and the van Genuchten models. 
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The constraining of K„, to a known value may be the advantage necessary to 

perform a better optimization. 

These preliminary results with the data collected by the multi-step steady-

state outflow method indicate that in order to test the MSSOM inverse technique 

further, a better experimental apparatus may be needed to collect a wider range of 

flux data, not necessarily more data. If the apparatus were designed so that the 

same column and undisturbed soil sample could be used to collect data by both the 

multi-step steady-state outflow method and another well established technique such 

as the long-column method, then the inverse solutions to both sets of data could be 

determined and compared directly. A cursory comparison of the K(i/0 results for the 

60/40 test sand in figure 6.3 to that determined for its component sands (figures 

6.11 through 6.21) indicates that although the pore structure is significantly different 

from its well-sorted components, the K(t/0 behavior was still within that which was 

to be expected. 

One final observation; the behavior of both the wetting and drying curves for 

the 60/40 mix in figure 6.3 tended to follow that observed by the coarse sand 

component more than that of the medium sand. This tendency was to be expected 

since the medium sand comprised only about 40 percent of the mixture. 
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6.2 Performance of the inverse code MSSOM.EXE on six sets of steady-state data 
obtained from the literature by previous authors. 

As previously mentioned, in order to demonstrate the robustness of the 

solution technique within MSSOM.EXE, several inverse analyses were performed on 

sets of data not collected by the multi-step steady-state outflow method. The inverse 

procedure for all three models were again implemented this time on a total of six 

sets of data represented by two independent authors and techniques. 

The first two sets of data were from a study by Srinilta et al. in 1969 for 

Clarion sandy clay loam and Hagener fine sand. The objective of the study was to 

quantify and demonstrate the reduction in unsaturated hydraulic conductivity at the 

boundary interface between two different soils undergoing steady-state vertical 

infiltration. Two of the experiments involved separate profiling experiments using 

columns of both Clarion sandy clay loam and Hagener fine sand overlain by two 

different thicknesses of Edina silty clay. Since the boundary conditions, length of 

the column, and steady-state fluxes were recorded for each soil under two different 

boundary and flux conditions, the data satisfied the criteria for use in the 

MSSOM.EXE code (section 5.0). Although the profiling experiments were 

replicated many times over a wide range of fluxes, only a few profiles were 

presented in their study. Two of these profiles in particular were chosen for the 

MSSOM analyses and are presented in tables 6.1 and 6.2, and figures 6.4 and 6.5. 
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Figure 6.4 Unsaturated hydraulic conductivity profile data collected for Edina silty 
clay over Clarion sand from a wetting profile experiment after Srinilta et 
al. [figure 9.0, 1969]. (See table A-5) 



124 

a 

Q_ 
<D 

• 

o 
C/D 

Yu. Yu 

^ 80 -

EDINA 

HAGENER 

TOPSOIL MEASURED 
THICKNESS FLUX 

(cm/hr) 

0.161 

0.303 O-O 15 

100 -
\ 

120 

-60 -40 -20 0 20 

Soil Water Pressure \|/ (cm) 

Figure 6.5 Unsaturated hydraulic conductivity profile data collected for Edina silty 
clay over Hagener sand from a wetting profile experiment after Srinilta 
et al. [figure 9.0, 1969]. (See table A-4) 



i 

125 

WETTING CURVE 
(cm) (cm) (cm/s) 

Data Point Upper boundary \l/„ Lower boundary Flux q 

1 -54.0 0.0 -4.1655e-05 
2 -46.8 0.0 -8.0555e-05 

L = 92.0 cm 
Ksat = 0.00079166 cm/s 

Table 6.1 Unsaturated hydraulic conductivity data collected for Clarion sandy 
clay loam from a wetting profile experiment of Edina silty clay over 
Clarion loam after Srinilta et al. [figure 8.0, 1969]. (Note that negative 
flux denotes downward flow.) 

WETTING CURVE 
(cm) (cm) (cm/s) 

Data Point Upper boundary xl/,, Lower boundary Flux q 

1 -48.0 0.0 -4.472e-05 
2 -43.8 0.0 -8.4166e-05 

L = 92.0 cm 
Ksal = 0.0062113 cm/s 

Table 6.2 Unsaturated hydraulic conductivity data collected for Hagener fine sand 
from a wetting profile experiment of Edina silty clay over Hagener sand 
after Srinilta et al. [figure 9.0, 1969]. (Note that negative flux denotes 
downward flow.) 
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For purposes of comparison, the results of the MSSOM.EXE inverse process 

using only the two data sets for each of the two types of soil (Clarion and Hagener) 

are presented together with all the data points colllected by Srinilta for each 

particular soil. This was done by performing a non-linear regression solution 

analysis on all the data and comparing it directly to the MSSOM solution which only 

used two data points. The results are presented in figures 6.6 through 6.11. 
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Figure 6.6 Wetting curve for the unsaturated hydraulic conductivity of Clarion 
sandy clay loam as determined by the MSSOM.EXE inverse model 
using the Gardner exponential model on data by Srinilta et al. [1969]. 
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using the Gardner three-parameter model on data by Srinilta et al. 
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sandy clay loam as determined by the MSSOM.EXE inverse model 
using the van Genuchten model on data by Srinilta et al. [1969]. 
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Figure 6.9 Wetting curve for the unsaturated hydraulic conductivity of Hagener fine 
sand as determined by the MSSOM.EXE inverse method using the 
Gardner exponential model on data by Srinilta et al. [1969]. 
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Figure 6.10 Wetting curve for the unsaturated hydraulic conductivity of Hagener 
fine sand as determined by the MSSOM.EXE inverse method using the 
Gardner three-parameter model on data by Srinilta et al. [1969]. 
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Figure 6.11 Wetting curve for the unsaturated hydraulic conductivity of Hagener 
fine sand as determined by the MSSOM.EXE inverse method using the 
van Genuchten model on data by Srinilta et al. [1969]. 
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The figures indicate that the MSSOM inverse solution for the van Genuchten 

model yielded the best comparison to all the data, over both the three-parameter and 

exponential models. The MSSOM solution for the van Genuchten model even 

reflected the data better than the non-linear regression solution. Also, as mentioned 

before, the exponential model failed to give a realistic characterization of 

unsaturated hydraulic conductivity near saturation; however, in general, the MSSOM 

inverse algorithm was very successful in determining the optimum curves for both 

soils. The primary differences were a result of the choice of K(0) model used. 

Upon closer scrutiny, all three models represented the data best in the range 

of suction supplied as boundary condition data to the inverse model. For example, 

the Clarion solution was found by minimizing the objective function over two data 

points where the matric suctions were -46.8 and -54.0 cm. Likewise for the 

Hagener analysis the matric suctions were -43.8 and -48.0 cm. In this narrow range 

all of the models represented the data well. Outside this range there was a greater 

deviation from what might be expected; however the results are nothing short of 

spectacular given that the MSSOM procedure had only two data points to 

characterize the k(^) curve! These preliminary results indicate, however, that there 

is a certain danger in extrapolating the K(^) curve outside the range of flux data 

used in the inverse process. Once again as suggested from the results of the 

MSSOM procedure on the 60/40 test sand mix, it may be advantageous to use data 

over as wide a range of soil matric suction as possible to ensure a proper 



characterization of K(^). 

The next six sets of data studied were from an experiment by Harvey [1989] 

for the two homogeneous medium and coarse quartz sand components of the 60/40 

test sand described in chapter 5. One of the objectives of his study was to quantify 

the individual K(^) curves, as well as some layered cases, and compare the observed 

suction head variance with expressions developed from stochastic theory 

[Yeh et al., 1985c]. In order to accomplish this, the K(\p) curves for both the 

wetting and drying curves were determined using the long-column method [Klute 

and Dirksen, 1986]. These data also satisfied the criteria for input into the 

MSSOM inverse model (section 5.0) where the bottom boundary condition is 

atmospheric. 

As part of the analysis done by Harvey, the K(\p) data for the two sands were 

fitted to the exponential and van Genuchten models using the non-linear Levenberg-

Marquardt optimization program RETC developed by van Genuchten [1985]. RETC 

is a curve-fitting routine in which the individual parameters of each function can be 

determined by fitting and weighting retention data, conductivity data, or both 

simultaneously. The analyses done by Harvey were for the conductivity data only 

and were useful as a direct comparison to the solution determined by MSSOM.EXE. 

Since RETC does not include the three-parameter model, a separate curve fitting 

routine that employed non-linear regression was used to fit the three-parameter 

model to the data as well. [FFIT.EXE, D.I. Hoyer, 31 Rossian Place, Cherrybrook 
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NSW 2120, Australia], 

The MSSOM model was applied to all the data points available from Harvey 

for both the wetting and drying curves of both sands. The data that were used are 

shown in tables 6.3 and 6.4 and the results are presented in figures 6.12 through 

6.23. A summary of the curve parameters are also found in table 6.5. 



WETTING CURVE 
(cm) (cm) (cm/s) 

Data Point Upper boundary \I/V Lower boundary Flux q 

1 -17.8 0.0 -0.000212 
2 -16.15 0.0 -0.000782 
3 -14.825 0.0 -0.00188 
4 -13.083 0.0 -0.00371 
5 -11.9 0.0 -0.0101 
6 -10.3083 0.0 -0.0124 
7 - 9.4593 0.0 -0.0186 

DRYING CURVE 

Data Point 
(cm) (cm) (cm/s) 

Upper boundary \LV Lower boundary Flux q 

1 

2 
3 
4 
5 
6 
7 
8 

-10.875 
-11.21 
-13.38 
-14.48 
-16.0 
-19.92 
-20.96 
-24.4 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

-0.0340 
-0.0194 
-0.0104 
-0.00808 
-0.00416 
-0.000676 
-0.000278 
-0.000036 

L = 72.5 cm 
KMt = 0.0905 cm/s 

Table 6.3 Unsaturated hydraulic conductivity data collected for the medium sand 
component by the long column method [Klute and Dirksen, 1986] by 
Harvey [1989]. (Note that data is for unit gradient and that negative flux 
denotes downward flow.) 
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WETTING CURVE 
(cm) (cm) (cm/s) 

Data Point Upper boundary \pv Lower boundary Flux q 

1 -6.3 0.0 -0.04594 
2 -6.423 0.0 -0.03178 
3 -6.95 0.0 -0.01497 
4 -8.523 0.0 -0.001 
5 -7.53 0.0 -0.00578 
6 -8.55 0.0 -0.0006167 
7 -8.763 0.0 -0.0003149 
8 -8.975 0.0 -0.000106 

DRYING CURVE 
(cm) (cm) (cm/s) 

Data Point Upper boundary \I/„ Lower boundary ift, Flux q 

1 - 8.682 0.0 -0.04895 
2 - 9.925 0.0 -0.03655 
3 -10.70 0.0 -0.03117 
4 -10.80 0.0 -0.02423 
5 -11.025 0.0 -0.01240 
6 -11.275 0.0 -0.01077 
7 -11.375 0.0 -0.008812 
8 -11.625 0.0 -0.007147 
9 -11.7 0.0 -0.006013 
10 -12.15 0.0 -0.003011 
11 -12.35 0.0 -0.002276 
12 -12.3 0.0 -0.001640 
13 -12.825 0.0 -0.0008975 
14 -13.575 0.0 -0.0003835 
15 -14.075 0.0 -0.0001795 
16 -14.725 0.0 -0.00007996 

L = 72.5 cm 
K„t = 0.1126 cm/s 

Table 6.4 Unsaturated hydraulic conductivity data for the coarse sand component. 
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Figure 6.12 Drying curve for the unsaturated hydraulic conductivity of a medium 
quartz sand as determined by the MSSOM.EXE inverse model 
using the Gardner exponential model on data by Harvey [1989]. 



1 

139 

00 
10 l  

cd 

T3 

ie 

10 

10 

10 

-1 

•2  

> 

> 
O 

ZD 
"O 

c 

o 
o 

g 

-3 

1 0 -

10 -5 

— MSSOM SOLUTION (8) 
— NON-LINEAR REG (8) 
• Medium drying data 

• ' • 

o -5 -10 -15 -20 -25 

Matric suction \|/ (cm) 

Figure 6.13 Drying curve for the unsaturated hydraulic conductivity of a medium 
quartz sand as determined by the MSSOM.EXE inverse model 
using the Gardner three-parameter model on data by Harvey [1989]. 
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Figure 6.14 Drying curve for the unsaturated hydraulic conductivity of a medium 
quartz sand as determined by the MSSOM.EXE inverse model 
using the van Genuchten model on data by Harvey [1989]. 
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Figure 6.16 Wetting curve for the unsaturated hydraulic conductivity of a medium 
quartz sand as determined by the MSSOM.EXE inverse model 
using the Gardner three-parameter model on data by Harvey [1989]. 
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Figure 6.17 Wetting curve for the unsaturated hydraulic conductivity of a medium 
quartz sand as determined by the MSSOM.EXE inverse model 
using the van Genuchten model on data by Harvey [1989]. 
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Figure 6.18 Drying curve for the unsaturated hydraulic conductivity of a coarse 
quartz sand as determined by the MSSOM.EXE inverse method 
using the Gardner exponential model on data by Harvey [1989J. 
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Figure 6.19 Drying curve for the unsaturated hydraulic conductivity of a coarse 
quartz sand as determined by the MSSOM.EXE inverse method using 
the Gardner three-parameter model on data by Harvey [1989]. 
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Figure 6.20 Drying curve for the unsaturated hydraulic conductivity of a coarse 
quartz sand as determined by the MSSOM.EXE inverse method using 
the van Genuchten model on data by Harvey [1989J. 
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Figure 6.21 Wetting curve for the unsaturated hydraulic conductivity of a coarse 
quartz sand as determined by the MSSOM.EXE inverse method using 
the Gardner exponential model on data by Harvey [1989]. 
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Figure 6.22 Wetting curve for the unsaturated hydraulic conductivity of a coarse 
quartz sand as determined by the MSSOM.EXE inverse method using 
the Gardner three-parameter model on data by Harvey [1989]. 
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Figure 6.23 Wetting curve for the unsaturated hydraulic conductivity of a coarse 
quartz sand as determined by the MSSOM.EXE inverse method using 
the van Genuchten model on data by Harvey [1989]. 
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MSSOM(1) K„t = 9.43835 
a = 0.57479 

KMt = 0.0905 
n = 8.09234 
b = 6.34842e+07 

KMl = 0.0905 
n = 3.768 
a = 0.09417 

RETCC) 

FFIT(3) 

Ksat = 3.327 
a = 0.5225 

Ksal = 0.0905 
n = 7.4030 
b = 5.7807e+06 

Ksal = 0.0905 
n = 4.27 
a = 0.0913 

Table 6.5 Summary of parameter values for all the soils analyzed according to 
MSSOM.EXE, RETC.EXE, and FFIT.EXE. 

1 Multi-step steady-state outflow method (MSSOM.EXE). •y 
Non-linear curve-fitting by the Marquardt maximum-likelihood method (RETC.F77). 

3 Non-linear curve fitting by least squares regression (FFIT.EXE), [D.I. Hoyer]. 
4 Units are cm/hr. All other units are in cgs (gram-cm-sec) unless noted otherwise. 
5 Note that for the van Genuchten formula; m = 1-1/n. 
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SOIL MODEL 

EXPONENTIAL 
THREE 
PARAMETER 

VAN 
GENUCHTEN(5) 

Medium sand - drying 

MSSOM(,) K„t = 6.9199 
a = 0.46354 

K„t = 0.0905 
n = 10.182 
b = 8.77221e+10 

KMl = 0.0905 
n = 4.56302 
a = 0.073167 

RETC® Ksal = 5.93578 
a = 0.4716 

Ksat = 0.0905 
n = 4.72 
a = 0.074 

FFIT(3) KMt = 0.0905 
n = 8.6902 
b = 6.1606e+08 

Coarse sand - wetting 

MSSOM(1) Ksat = 1931.38 
a = 1.68916 

RETC® Ksat = 73865.0 
a = 2.206 

FFIT(3) 

Ksal = 0.1126 
n = 14.5180 
b = 2.89819e+ll 

Ksal = 0.1126 
n = 8.60099 
a = 0.145834 

Ksal = 0.1126 
n = 18.398 
b = 5.877e+14 

Ksal = 0.1126 
n = 10.16 
a = 0.143 

Table 6.5 (Continued) 
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SOIL MODEL 

EXPONENTIAL 

Coarse sand - drying 

MSSOM(,) KMt = 393.843 
a = 0.88264 

RETC(2) 

FFIT(3) 

Clarion - wetting 

MSSOM(1) 

FFIT(3) 

K„t = 5802.0 
a = 1.184 

Ksat = 11.5037(4) 

a = 0.07946 

Ksat = 8.127479(4) 

a = 0.0727034 

THREE 
PARAMETER 

Kul = 0.1126 
n = 12.9015 
b = 3.4735 le+12 

K„t = 0.1126 
n = 16.908 
b = 6.0791e+16 

KMl = 2.80012(4) 

n = 3.77164 
b = 2.04809e+05 

Ksat = 2.80012(4) 

n = 3.77164 
b = 2.048e+05 

VAN 
GENUCHTEN(5) 

Ksa[ = 0.1126 
n = 5.94762 
a = 0.0946704 

KMt = 0.1126 
n = 9.30 
a = 0.091 

Ksat = 2.80012(4) 

n = 3.075 
a = 0.02207 

Ksat = 2.80012(4) 

n = 2.4513 
ce = 0.02239 

Hagener - wetting 

MSSOM<1) Ksa, = 50.328(4) 

a = 0.1188 
Ksat = 22.26(4) 

n = 5.55588 
b = 1.63653e+07 

Ksat = 22.26(4) 

n = 2.79713 
a = 0.036462 

FFIT(3> Kja, = 26.372(4) 

a = 0.1197 
Ksat = 22.26(4) 

n = 3.4893 
b = 4319.5 

Ksat = 22.26(4) 

n = 2.0904 
a = 0.044973 

Table 6.5 (continued) 
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Once again in general, all inverse solutions for the three models represented 

the data well and compared favorably to the solutions determined by RETC and FFIT. 

The figures indicate that the MSSOM solution using the van Genuchten model again 

gave superior results over both the three-parameter and exponential models. Only the 

MSSOM solutions for the drying curve of the coarse sand showed significant 

deviations from the RETC solution. This departure only on this one particular data 

set may indicate that the efficiency of the MSSOM solution process is not only a 

function of the accuracy of the data but could also depend upon the number of data 

points used to find the solution. 

Since the data set for the drying curve of the coarse sand contains twice as 

many points as the other data sets, it is conceivable that the minimization process was 

attempted over too much data. Recalling that every set of data used in the MSSOM 

process represents another equation, it is understandable that the efficiency of the 

MSSOM minimization routine depends upon the number of equations used in the 

solution process. When a progressively greater numbers of equations are added to the 

minimization process in which there are only a few unknown quantities, the problem 

quickly becomes what is known as overspecified or overdetermined. This may be 

what happened when MSSOM tried to estimate the solution for the wetting curve of 

the coarse sand. In that case, minimization was attempted over 16 data points. Using 

the exponential model as an example, only two unknowns occur in the equation set, 

Ksal and alpha, thus there are 16 equations and 2 unknowns. 
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The set of equations for the exponential model was: 

16 

OF(K s a t ,a)  = ^  
i=1 

Obviously with the errors inherent in data collection, there will not exist one unique 

solution vector that exactly satisfies all sixteen equations. Except for the Hagener and 

Clarion data sets, all of the analyses done in this paper were overspecified in that the 

number of data points was greater than the number of unknown parameters in the 

chosen K(^) model. The manner in which minimization routines circumvent ill-posed 

overspecified problems of this nature is to generate a composite of the best solution 

from each individual pair of equations and choose the best "compromise" which 

satisfies all the equations with the least error. This concept of "compromise" is 

universal regardless of the solution method. It is analogous to that of the general 

least-squares problem in which the sum of the squares of the differences between the 

known and unknown quantities are minimized, except here the sum of the squares is 

replaced by the objective function defined in chapter 2. 

This "compromise" can be easily observed by inspecting a plot of the objective 

function OF when it is equal to zero versus the individual parameters. This was done 

for an early run for the drying curve of the medium sand using the exponential 

model, and is shown in figure 6.24. In the exponential model there are only two 

parameters, Ksat and a; thus, for each data point an infinite number of combinations of 

/ 
+ti 

dxJ; 

1 + gj 
Ksatea* 

- L ( 6 . 0 )  
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Figure 6.24 Example of the best "compromise" solution found by the minimization 
process in MSSOM.EXE for an initial examination of the drying curve 
of the medium sand from Harvey [1989]. 

Ksat and a can be found to yield an error function of zero. Intersections between two 

lines represent the two equations (data points) and two unknowns (Ksa, and a), and 
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one unique "best" solution. However, as additional data points are added, the number 

of "best" solutions for various data pairs quickly grows. Theoretically, if the data 

were collected "error free", all eight lines would cross at the same point. Since this 

is not the case, MSSOM.EXE searched and found the best "compromise" annotated 

by the solid circle in figure 6.24. It is apparent that an increased number of data 

points past a certain threshold could very easily skew the solution process, especially 

when experimental error is a factor. This may well be what happened in the case of 

the MSSOM solution for the wetting curve of the coarse sand. 

The differences between the MSSOM solution and the non-linear regression 

solutions from RETC and FFIT are acceptable given the contrasting procedures used 

to determine their respective solutions. By definition, general non-linear regression 

algorithms such as those employed by FFIT or the Levenberg-Marquardt modification 

of RETC use a statistical measure called a merit function for determining the overall 

goodness-of-Jit. This merit function typically is the "chi-square" (x2) quantity defined 

by an expression similar to: 

(6.1) 

where each data point (xhy) has its own standard deviation ax that varies as the 

parameter values (a; ... aM) change. The objective of the regression routine is to 

minimize this merit function by iteratively adjusting the values for the individual 
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parameters denoted by the vector a. Thus we should recognize that although both the 

curve fitting routines RETC and FFIT and the procedure in MSSOM.EXE all involve 

the minimization of some type of "merit function" to arrive at their solutions, the 

behavior of those merit functions are markedly different. 

The non-linear routines concentrate on minimizing the x2 value with respect to 

the data and an artificial construct representing K(0), i.e. the empirical equation, 

without regard as to how the solution reflects true one-dimensional flow theory. 

However, the merit function that undergoes optimization by the multi-step steady-state 

outflow methodology is the objective function of chapter 2 defined apriori by both the 

chosen empirical equation and the one-dimensional flow theory. This difference 

provides a framework that the other techniques do not possess enabling the steady-

state outflow method to inversely determine the parameter values without relying on a 

great quantity of data. 
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CHAPTER 7 

7.0 FIRST ORDER SENSITIVITY ANALYSIS 

Although the steady-state outflow model SSOM.EXE is robust, there are 

numerous ways in which error can enter into the parameter estimates produced by 

its use. Perhaps the most obvious source of error arises from uncertainties in the 

values of the input parameters such as K„„ core length, or the boundary conditions. 

In order to quantify these effects a first-order sensitivity or "error" analysis 

[Cornell, 1972] was performed. Ritzi and Yeh [1988] rendered a similar analysis 

using the methodology to understand the behavior of pH in a lake for a deterministic 

lumped parameter model and saved considerable time in the modeling effort. 

Although a first-order sensitivity analysis is conceptually simple, it still 

requires first-order derivatives of the functional relationship with respect to the 

independent variables. Since the functional relationship under consideration here is 

that of equation 7.0, the only practical way to apply the analysis was to use the 

exponential case with its analytical solution. Recalling that for the exponential case: 

1 + —i 

^ ;  - L  (7.0) 
Q 



can be solved analytically to yield: 

O F { K s a t ,  a )  =  (i|f„-ilrL) + -iin 

When OF(Km, a) is equal to zero, the expression can be solved for KMt to yield: 

In order to yield meaningful results, the first-order analysis should communicate the 

effects of small perturbations in the input parameters on the subject of interest; ie. 

the unsaturated hydraulic conductivity as predicted by MSSOM. Thus the 

expression in equation 7.2 can be substituted into the formula for the exponential 

model proposed by Gardner [1958] : 

JC(i|r) = Ksate ("°+) (7.3) 

to give an expression for unsaturated hydraulic conductivity K(^) or: 

- < « W  _ e ° < £ - + 0 >  
J-e(a*> (7.4) 

Qa U*qL-1fa)  _^ 

This equation then becomes the basis for the first-order sensitivity analysis. The 



L 

160 

variation in the model output K(^)xi caused by a perturbation in each individual 

parameter x; may then be given by the "error propagation formula" or: 

VAR ] = VARiXj) a-RT(i|r) 
dx v  

(7.5) 

where the individual model parameters Kssl and a are represented by xi5 and the 

first-order derivatives governing the sensitivities are: 

d.ftr(i|0 _ qrq e° (*~*")(i - ea L)  

_ i)2 

aJT(ilr) q( e- l a*'> )-e* l L~*o ))  aea { L****L~*a )  

+  
X ) 2  

djC(ilO 
dg 

e'* (e''"*") -e
g(I,-*p)) (7.6) 

a * < » )  
dL 

_ g a e (z.+ i|; -i|(„) 

q (e"'0*"'  -e^^W ) a e«(£+'l '  +  <l'L- ' l 'D> 
(e«U+•*-*!,) _ 1j2 
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Using equation 7.5 the dimensionless coefficient of variation CV was computed for 

each model parameter using a typical set of numerical values obtained from the 

MSSOM experiment for the drying curve of the 60/40 sand mix. The numerical 

values used in the analysis are shown in Table 7.0. 

q -0.014007 cm/s 
KMl 1.873 cm/s 
L 19.7 cm 
a 0.7534 
\p -5.0 cm 
\J/ u -6.088 cm 
\J/ L -5.25 cm 

Table 7.0 Values of the parameters used in the exponential model for the first-order 
sensitivity analysis. 

The coefficient of variation CV is defined as the ratio of the sample standard 

deviation s to the sample mean x: 

C V  = -=. (7.7) 

These CV K(^)xi are plotted against the CV for each individual parameter Xj in 

figure 7.0. The values of CV for each parameter on the x-axis are analogous to the 

degree of perturbation from the "true" or mean parameter value used in Table 7.0. 
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From figure 7.0 we can see that the K(^) relationship derived from the 

MSSOM approach is most sensitive to input errors regarding the core length and 

flux, while relatively unsensitive to input errors for the boundary conditions. The 

error incurred in the solution due to uncertainty in measurement of the length and 

flux parameters dwindles rapidly for uncertainties less that 5 percent; however, an 

approximate 5 percent error in length or flux translates into almost a 10 percent 

deviation from the "true" K(^) value. A error of 5 percent in the upper and lower 

boundary conditions results in very small changes in the solution, 0.00000001 and 

0.1 percent respectively. 

The relatively high sensitivity of the model output to the length parameter is 

of little concern. Even a core only 10 cm long is easily measured to the nearest 

millimeter translating into an K(^) error of only 2-3 percent. The error is even less 

for the 19.7 cm core used in this paper. The matter of error in the measurement of 

flux however is of more concern. It is very easy to incur measurement errors in 

this parameter, especially for analyses under dry column conditions. 

It should be noted that these results only apply to this particular analysis 

using the parameter values given in table 7.0. The sensitivities undoubtedly will 

change under different conditions yielding varying results. 
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CHAPTER 8 

8.0 CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY 

The primary objective of this study was to introduce a new inverse 

methodology called the multi-step steady-state outflow method (MSSOM) as a 

practical alternative over more labor intensive techniques for the estimation of 

unsaturated hydraulic conductivity. This involved designing both a new apparatus 

for the collection of the required experimental data according to the multi-step 

steady-state outflow methodology, and an inverse method for solution by a new 

computer code called MSSOM.EXE. 

From the evidence presented in this study, we conclude that the method 

indeed appears to offer a new way to accurately determine unsaturated hydraulic 

conductivity in porous media with far less data requirements than the methods 

compared against  i t  in this  s tudy.  Relat ively good est imations of  the K(\p) 

relationship were determined with a minimum of data; however, much work remains 

to refine both the solution technique and the experimental apparatus. 

Although the apparatus presented in chapter 5 was assembled from relatively 

simple components, it functioned well. The steady-state flux and boundary 

conditions within the core were measured with relative ease using uncomplicated 

water manometers and gravimetric procedures that were generally accurate, though 
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not particularly fast, under the conditions of flow observed for the sand tested. The 

collection of both the wetting and drying data for the test sand was completed in 

approximately 3V2 weeks once the apparatus was assembled. There was however, a 

limit imposed on the range of steady-state fluxes achievable within the sand column 

by the air-entry value of the stainless-steel porous plate used to achieve the bottom 

boundary condition. Use of a ceramic plate with a higher air-entry value might 

allow a greater range of data to be collected. There is some evidence from the 

results of the 60/40 test sand experiment that the MSSOM solution would represent 

the K(i/0 behavior better if data covering a greater flux range were used, rather that 

adding more data points. 

Several improvements could be added to the experimental design; for 

example, the use of solid-state transducer couples to measure the matric suction \p 

rather than the water manometer would appreciably speed up the data collection 

process, especially for the coarse sands tested. The suction could then be 

continuously monitored without the lag in response time characteristic of the water 

manometer. In order to directly compare the estimate of K(\p) from the inverse 

method to that measured directly from another experimental method, a completely 

different column design might be implemented with a row of transducers along the 

entire length of the column. Then K(^) could be measured simultaneously by both 

the multi-step steady-state outflow method and another technique such as the long-

column method by Klute and Dirksen [1986]. Another refinement might be to 
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incorporate a gravimetric device or scale with the column to measure the flux 

through the column which could then also be used to obtain an average moisture 

content with respect to suction. This might also be accomplished with the use of a 

strain gauge to measure the changing mass of the column or with gamma ray 

attenuation techniques. 

The numerical code MSSOM.EXE which was written to implement the 

methodology of the steady-state outflow theory performed very well. Solutions for 

all three empirical models, the exponential, Gardner three-parameter, and the van 

Genuchten models were determined by the code for the experimental 60/40 test sand 

data set. The MSSOM methodology was able to differentiate between both wetting 

and drying behavior in the sand, and the individual solutions according to the 

different empirical models appeared to agree well with each other. Although the 

MSSOM K(^) solutions were not directly compared against K(^) curves for the 

same sand derived from other techniques, the MSSOM solutions did lie within the 

range of K(^) behavior expected for its component sands. However, without a 

direct comparison to the answer provided by another technique, it is not yet 

advisable to claim unqualified success using the data from the experimental design as 

tested. However, direct comparisons of the MSSOM K(\p) solutions on data from 

other sources for four additional soils were performed. 

A total of six data sets representing four soils from two independent authors 

were analyzed by the MSSOM algorithm and directly compared to the solutions 
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provided by RETC and FFIT, two non-linear regression programs. The MSSOM 

solutions were very close to that provided by the other methods, especially for the 

van Genuchten formulation. Only when optimization was attempted over many data 

points, as in the case for the drying curve of the coarse sand, did the solution tend 

to degrade, presumably because the numerical problem was greatly overspecified 

with respect to the number of unknown parameters to be determined. 

During development of the multi-step steady-state outflow method, a 

convenient and robust program was developed (MSSOM.EXE) to implement the 

inverse procedure and display the solution directly to the computer screen during 

analysis (appendix A). Unlike typical programs in the field, MSSOM displays the 

results of the inverse estimation directly to the computer screen in the form of a log 

K(^) versus matric suction graph during the analysis. 

Several obstacles needed to be overcome in order to implement the inverse 

theory. For example, the development of a unique way to locate singularities in the 

integrand was developed and named FINDSG (for FIND SinGularity). FINDSG 

was necessary due to the inherent instability of the objective integral during the 

minimization process. Efforts to avoid combinations of parameter values or 

boundary conditions, or to recast the integral yielded poor results because the very 

nature of the simplex approach requires the evaluation of the objective function over 

the entire parameter domain, allowing the simplex to expand and contract according 

the dictates of its internal algorithm. 
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Development of a better way to perform the numerical integration near the 

singularities was also necessary, thus a new integration routine named QROMOQ 

was developed that implements a quasi-adaptive step-size adaptation to enhance the 

integration over poorly behaved functions. Although the FINDSG-QROMOQ couple 

performed well in its ability to integrate the objective function, QROMOQ could 

also be enhanced or replaced entirely with a truly adaptive step-size integrator that 

could well improve the overall efficiency of the entire minimization procedure. 

By nature the simplex procedure is a computationally burdensome technique; 

however, after noticing the large amount of time needed to analyze even a relatively 

small data set with the van Genuchten model on a 40MHz-80386 microcomputer, the 

inevitable conclusion was that a simplex algorithm more efficient than the 

"AMOEBA" adapted from "Numerical Recipes in "C" " is needed. One answer 

might be to incorporate the advanced simplex procedure developed by Duan et al. 

[1992], the shuffled-complex evolution method (SCEM-UA), with the combined 

multistart and adaptive random search approach (MSX-ARS) already in MSSOM in 

order to reduce the number of function evaluations required to obtain an answer. As 

already mentioned, this is particularly important when the more complex empirical 

functions such as the van Genuchten formula are used. Such expressions require the 

evaluation of many transcendental functions such as the natural log and 

exponentiation. These operation not only demand a great deal of CPU time, but 

they must also be "pre-processed" by error trapping statements to prevent numerical 
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problems such as domain errors and division by zero. If these problems were 

carefully avoided in the encoding of derivatives for the empirical functions, the 

newton-Raphson method might also be used successfully in concert with the simplex 

methodology to improve or "tweak" the final solution. The Newton-Raphson 

method would have a good chance for success at a later stage in the solution process 

because the parameters sent to it would already be a good estimate of the solution. 

Another strength of the multi-step steady-state outflow method as 

implemented by the MSSOM.EXE program is that more empirical expressions for 

K(i/0 can easily be added to the code by adding another module. The same 

methodology used to determine the K(^) relationship might also be used to acquire 

the K(0) curves or the 6-\p relationship. The only other modifications necessary 

would be to enlarge the menu and include the new models in the data entry utility 

and graphics program. This would enable MSSOM.EXE to adapt to new 

developments in the field of unsaturated hydrology as parameter estimation and 

empirical representations for K(\p) are advanced. 
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APPENDIX A 

Description and operating instructions 
for the inverse model MSSOM.EXE. 

TABLE OF CONTENTS 

A-l The numerical model MSSOM.EXE 171 

A-2 System requirements 175 

A-3 Program operation 
A-3.1 Getting Started 178 
A-3.2 The Main Menu 179 

A-3.3 The Information Screen 180 
A-3.4 File Output Option 181 
A-3.5 The Data Input Utility 182 
A-3.6 The Minimization Process 187 
A-3.7 The Graphics Display Package 188 



APPENDIX A — (continued) 

A-l The numerical model MSSOM.EXE. 

MSSOM.EXE is an inverse computer model written to estimate the 

parameter values for unsaturated hydraulic conductivity in porous media according 

to one of three empirical models for K(\p) given experimental data reflecting Darcy's 

unsaturated one-dimensional flow theory. MSSOM stands for Multi-step Steady-

state Outflow Method and is also the name of an experimental setup that can be used 

to gather the data necessary to run the model. Inverse estimation of the unsaturated 

hydraulic conductivity function is accomplished by the minimization of an objective 

function (OF), by a modified downhill simplex method. The modification uses a 

multi-start (MSX) - adaptive random search (ARS) successive grid refinement 

technique. MSSOM.EXE provides a convenient way to analyze those data obtained 

by the multi-step steady-state outflow method or any other sets of data that satisfy 

the data requirements for the inverse model (see section A-3.4). 

The program can both create the necessary data files and conduct the 

minimization process. The numerical techniques unique to the model are the 

implementation of the inverse procedure explained below using the MSX-ARS 

simplex method and a quasi-adaptive step-size integration strategy. MSSOM has 

been specifically tailored for the analysis of one-dimensional vertical steady-state 
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APPENDIX A — (continued) 

unsaturated flow through a core of porous media. Using data obtained from the 

MSSOM technique or other appropriate methods such as vertical flow profiling or 

the long-column method, the unsaturated hydraulic conductivity curve (Ksat-psi 

relationship) may be estimated in an inverse manner. The unsaturated hydraulic 

conductivity curve returned by MSSOM takes the form of one of the following 

empirical formulas, 

1) The Exponential Model (1958) 

2) The Gardner Three Parameter Model (1958) 

3) The van Genuchten Model (1978). 

Several of the numerical routines (AMOEBA, QROMOQ, RANO, etc) used 

in MSSOM have their basis from "Numerical Recipes in C". Most were extensively 

modified prior to assembly into libraries which were then linked into the main 

program during compilation. The integration routine QROMOQ is based on the 

routine QROMO, however the adaptation of the quasi step-size algorithm is new. 

One routine in particular is completely original; FINDSG locates and bridges 

integrand discontinuities allowing for integration over as many as five singularities at 

once. 



APPENDIX A — (continued) 

MSSOM was written in modular form using Borland TURBO C. It is 

composed of nine modules including several utility packages which may be used to 

create, enter, change, and save data files. These packages negate the need to exit 

the program to alter data thus providing a convenient way to try the various models 

within the program. MSSOM automatically creates an external output file with a 

data and solution summary each time it is run to ease documentation and record 

keeping chores. In addition to this output file, the evolution of the inverse 

minimization process is represented using an custom graphics package in which the 

location of the AMOEBA simplex vertices and the best current inverse solution is 

continually updated to the screen. The advantage to this procedure is that the graph 

of effective log K(psi) versus suction (displayed on the screen at all times) can be 

used to gauge the progress of the model and provide early estimates of the solution. 

The program modules are: 

MODMAIN.C 
MODINFO.C 
MODDATA.C 
MODCHAN.C 
MODPLOT.C 
MODUTIL.C 
MODEXPO.C 
MODGARD.C 
MODVANG.C 

MAIN PROGRAM MODULE 
MODEL INFORMATION 
DATA ENTRY UTILITY 
DATA CHANGE UTILITY 
SCREEN GRAPHICS UTILITY 
VARIOUS GRAPHICS AND REGRESSION ROUTINES 
THE EXPONENTIAL MODEL (1958) 
THE GARDNER THREE PARAMETER MODEL (1958) 
THE VAN GENUCHTEN MODEL (1978) 



~
 

(T
O

 
c ""

1 
~
 

)>
 

I ,__
. 

~
 a (T

O
 

,....
., 
~
 3 en
 

.....
. 

""
1 c (
)
 

.....
. 

c ""
1 
~
 

0
..

 
p:;

· 
(T

O
 

""
1 
~
 3 ~
 

-1
 ?:
 

C/
:J 

C/
:J 0 ~
 

t'I1
 

><
! rn 

(C
\.U

Y-
-

'!lU
UV

--
(ow

aJO
X 

IO
O

O
.ll

i'I
T

I'I
 

' 
D

I'I
T

I'I
_

O
W

«
Z

..
IO

X
l 

C
\.t

iO
II-

-

D
W

a
..

M
T"

-.
P

T
 

IH
M

U
D

..
IH

T
II

V
 _

C
I
W

Q
J
ii

lO
 

(ow
a_J

OX
 

S
ti

U
E

_
S

C
R

[[
H

 

s
a
.
u
T
J
C
H
J
~
 

PI
U

N
T_

O
O

'IT
I'L

IH
PU

T_
o.

JI
H

I)(
)<

M
 

II
S

IU
U

'W
ll

-"
"'

T
"-

.P
T

S
 

( 
PI

U
IH

 ..
M

H
\.

.f
JE

U
>

S
 

EH
TE

IL
C

O
R

E.
.U

H
!;T

H
 

E
H

T
E

!U
ift

T
 JN

_C
IJ

H
I)

 

PI
U

N
T .

.M
 Tl

\.f
J£

U
>

S
 

P
I
U
N
T
.
.
O
t
\
T
I
I
.
.
.
~
 

E
H

T
U

L
C

O
II

E
..u

i!I
;T

H
 

C
H

E
O

<.
.J

r J
C

S
tiT

 Jt
:C

£5
51

'1
1\

1 

EH
TE

R-
SI

I T
 ..X

V
 _

C
Q

C
) 

C
IW

«Z
.J

'I
lO

Jl
fL

D
II

T
II

 

1H
IT

W
.I2

E
 

l.
.I

I£
J(

(X
S

S
JO

H
 

F'\
.O

T 
_S

Q
.U

TI
C

H
 

II
E

S
L

T
I«

U
 

1H
IT

M
I.I

2E
 

C
F'

\.O
T 

_
S

I1
1

IT
J
D

I 

'1
1

[5
T

_
T

I«
[[

 

IK
T

.M
U

Z
E

 

r:;:
:r..

sa.
IIT

D4
 

_
J
..

a
 

~ ~
 0 l I'd :13
 0 0 :13
 

~ l Ill tot
 0 t 



! 
i. 

175 

APPENDIX A — (continued) 

The advantage to this procedure is that the graph of effective log K(\p) versus 

suction (displayed on the screen at all times) can be used to gauge the progress of 

the model an provide early estimates of the solution. 

A-2 System requirements 

MSSOM was intended to be compatible primarily with all IBM type 

personal computers (PC) operating under DOS versions 3.3 or higher, or any other 

operating system permitting DOS programs. It is important to note that the key 

internal operations of MSSOM necessary to implement the minimization process are 

all written in ANSI C, which is available on UNIX machines, thus that portion of 

the program is completely portable however, the user interface such as the tiled 

windowing effects were achieved with screen routines that use assembly language in 

order to write directly to video RAM. These routines were designed specifically for 

personal computers operating under DOS as outlined in "Building C Libraries" by 

Len Dorfman [1990] and 8086 architecture (such as the 8088, 80286, 80386, and 

80486 microprocessors). Other portions of the graphics code package responsible 

for the on-screen evolution of the solution process use commands specific to Borland 
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C, and are not portable directly for use by other compilers or environments. 

Note that a great number of the routines used in MSSOM were compiled as 

function calls from a library rather than as sub-routines within the program itself. 

This was done to minimize the size of the code and the memory module required to 

run it. If the user truly desires to re-compile the source code to MSSOM.EXE they 

must take the following steps: 

(1) In order to use the graphics package they must use a Borland C or Turbo 
C++ compiler. 

(2) Obtain or re-create the screen-handling and keyboard routines in the text 
"Building C Libraries" by Len Dorfman [1990] and include them as part of 

the project file at compile time. 
(3) Obtain or re-create various numerical functions from the text "Numerical 

Recipes in "C" by Press et al. [1990]. 
(4) They must also obtain the source code to FINDSG , QROMOQ, and the 

modified AMOEBA from the author. 

The very fast assembly language routines from "Building C Libraries" are 

generally very robust however, there are a few caveats to using such direct video 

writes to access the screen. For example, if the CGA mode is being used, an 

annoying sparkle may be exhibited, and if you ever choose to change the address of 

your display RAM, MSSOM will fail [Dorfman, 1990]. The results from using 
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direct video writes however, are so spectacular, that the small lack of portability is 

quite acceptable. Due to the rapid changes in VESA standards and the present 

dominance of VGA [as of 1992], the MSSOM graphics package was written for 

operation only in VGA, EGA, and HERCULES modes. The best resolution is 

exhibited in VGA HI_RES COLOR 640 X 480 mode where each pixel is a square. 

Note also that the text menus in MSSOM requires that the ANSI.SYS driver 

be memory resident at run time. The ANSI.SYS driver enables the computer to 

recognize the original 128 ASCII codes plus the extended character set which 

includes the graphics characters to properly construct the menus in MSSOM. If the 

menus of MSSOM are not operating properly, make sure that you add the driver to 

your config.sys file. For example: if ansi.sys resides in a separate DOS directory 

on the C drive, then you would add the line: 

DEVICE=C:\DOS\ANSI.SYS 

and reboot your system. Also note that MSSOM requires a minimum of about 500 

K memory to run properly. 

A hard disk or extended memory is not required for operation of MSSOM 

because it is small enough to load directly into the 640 K RAM available on an 
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ordinary PC. The user should however, be aware that MSSOM will write an output 

file to the current root directory. If MSSOM is run from a floppy, the default 

directory will be the floppy drive, thus provisions should be made to leave 

enough room on the disk. Normally this file will require less than 2000 bytes. As 

a final note, a math co-processor is not required, but it is HIGHLY recommended in 

light of the extensive transcendental computations required by the evaluation of the 

van Genuchten and three-parameter models during numerical integration. 

A-3.1 Getting started 

Interaction with MSSOM is purely console driven; mouse input is not 

supported at this time. Commands are generally intuitive and frequently require 

only one keystroke. Errant keystrokes are trapped with the display of an error 

message making it difficult to "crash" the program although this is possible if input 

is missing. 
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A-3.2 The main menu 

To start MSSOM, simply insert your disk into the floppy drive or copy the 

file MSSOM.EXE into your current directory and enter "MSSOM" (without quotes) 

and press enter < CR >. The first screen is the main menu screen from with you 

choose one of three empirical models to represent the unsaturated hydraulic 

conductivity of your porous media (see figure A-2). Other choices include returning 

to DOS or pressing "I" for additional information about MSSOM where much of the 

same information presented here is available in condensed form, as well as some of 

the theory and empirical equations used by the program. Pressing the escape key 

< Esc > allows you to move backwards through the various menus until you 

eventually exit. For example, from the menu shown in figure A-2 pressing <Esc> 

would simply exit you to DOS but from the information menu in figure A-3 the 

same keystroke will bring you back to the main menu. 
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= MAIN MENU 

Program: MSSOM.EXE 
Purpose: INVERSE MODEL FOR THE DETERMINATION OF AN 

. EMPIRICAL FORMULA FOR UNSATURATED HYDRAULIC 
CONDUCTIVITY ACCORDING TO THE STEADY-STATE 
OUTFLOW METHOD. MODEL CHOICES ARE; 

A) The Exponential model (1958) 
B) The Gardner three-parameter model (1958) 
C) The van Genuchten model (1978) 

I) 
Esc) 

INFORMATION 
EXIT TO DOS 

PLEASE CHOSE A MODEL OR 
ASK FOR MORE INFORMATION 

Figure A-2 MSSOM main menu choices. 

A-3.3 The information screen 

Upon pressing "I" for Information the information menu appears giving a 

choice of five topics in more detail. Information is scrolled on the screen by 

pressing either the arrow keys or page-up and page-down. Any one of the five main 

topics may be accessed immediately by pressing the letter adjacent to the topic. For 
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example, information on data input-output was displayed after pressing "C" as 

shown in figure A-3. 

DATA INPUT AND OUTPUT 

There are two ways to input data into MSSOM. 

Data may be input through an external data file 
previously created by an ASCII text editor. 
A data file may be created and saved through the data 
input utility within MSSOM. 

MSSOM will first prompt the user for the choice of water 
retention model to compare the data to. After choosing this 
function, the program asks if output is to be saved to a file. 

A) INTRODUCTION 
B) SYSTEM REQUIREMENTS 
C) DATA INPUT-OUTPUT 

D) ONE-DIMENSIONAL FLOW THEORY 
E) WATER RETENTION MODELS 

<Esc> RETURN TO MAIN MENU 

Figure A-3 Information menu options. 

A-3.4 File output option 

After choosing one of the empirical functions listed in figure A-2, the 

program will ask if the output is to be saved to a file. This option allows the user to 
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save each individual run with comments for review later. Information saved to the 

file includes all the input data as well as a running account of the solution 

progression found by MSSOM. If the answer is NO, MSSOM guards the user by 

saving the output anyway under the default filename "MSSOM.OUT". This insures 

that valuable results will not be lost, thus an output file with the results from each 

run will always be created under the same default filename. If a unique filename is 

not supplied, the default file will be over-written each time the program is run, so if 

the results are to be saved, it is advisable to supply a different name each time the 

program is run. 

A-3.5 The data input utility 

As shown in the information help menu figure A-3, there are two ways to 

input data into MSSOM. Data may be entered by; 

1) an external data file previously created by any ASCII text editor, or 
2) created internally and saved through the data input utility within MSSOM. 
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USING AN ASCn TEXT EDITOR -

The first method of data entry is to use an ASCII text editor to create a data 

file, perhaps using an old data set for a template, and then read it into the program 

when the prompt asks for it. A maximum number of 12 data points can be modeled 

within MSSOM. Data files may have any name up to 11 characters including the 3 

character extension compatible with DOS; i.e. filename.ext. 

A typical data file and format for the steady-state outflow method is shown in 

figure A-4. Data is read sequentially from the file thus the input has no set format 

to follow as long as the data appears on the appropriate line in sequence. 

8 (A) Number of data points. 
-0 .034000 -10. 875000 0. 0 
-0 .019400 -11. 210000 0. 0 (B) Eight data points representing 
-0 .010400 -13. 380000 0. 0 the steady-state flux, and the 
-0 .008080 -14. 480000 0. 0 upper and lower suction. 
-0 .004160 -16. 000000 0. 0 

upper and lower suction. 

-0 .000676 -19. 920000 0. 0 
-0 .000278 -20. 960000 0. 0 
-0 .000036 -24. 400000 0. 0 
72 .500000 (C) Length between tensiometers. 
0. 0905 (D) Saturated hydraulic conductivity. 
1 (E) Unit gradient data present. 
4 (F) Integration parameter JMAX1. 
10 (G) Integration parameter JMAX2. 

Figure A-4 Data set for MSSOM model using the data for the drying curve for a 
medium sand [Harvey, 1989]. 
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The data requirements are as follows; 

(A) The number of data points (defined below) as an integer (N). 

(B) N sets of data on N lines. All numbers are input as floating point values; 
exponentiation is allowed. The first number represents the steady-state flux 
(q) where a negative sign indicates downward flow. The second and third 
numbers are the observed upper and lower soil suctions respectively. 

(C) The length (L) between suction measurements or tensiometers. 

(D) The saturated hydraulic conductivity (KMt) for the soil under study. This 
value is not used for calculations in the exponential model, but is necessary 
for the three-parameter and van Genuchten models, however, some value 
must be present for the file to read properly even for the exponential model. 
A zero as a place holder is allowed. 

(E) Unit gradient data indicator (ugd). This is an integer value of 1 (present) or 
0 (not present) to indicate if the data being read was derived from a unit-
gradient method such as the long column method by Klute and Dirksen 
[1986]. This information is necessary for the graphics package to know 
whether or not to plot the data on the solution curve of K(^) versus soil 
suction. 

(F) Integration parameter JMAX 1. This parameter allows a maximum of 
3A(JMAX1-1) internal sample points for QROMOQ within each adaptive 
integration sub-interval. This is one of the parameters used to determine 
integration accuracy for the first few tentative iterations of each new 
AMOEBA search or "start". Once the simplex has contracted and is on its 
way "downhill" towards a solution, subsequent iterations are internally 
signaled to use greater precision by substituting JMAX2 for JMAX1. 

(G) Integration parameter JMAX2. This parameter allows a maximum of 
3x(JMAX2-l) internal sample points for QROMOQ. 
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ALL DATA MUST BE ENTERED USING 

METRIC UNITS IN CGS. 

(i.e. cm-g-sec.) 

USING THE MSSOM DATA INPUT UTILITY -

The data input utility built into MSSOM enables the user to create or alter 

data files without leaving the program. Whether the user chooses to create a new 

data set or alter an old one, the menu choices will easily lead them through the 

process. 

After asking if the results are to be saved in an output file, MSSOM will then 

ask if data is to be read from a file. At this point the user may answer yes to read 

in a previously created data file or to create a new one. The prompt will ask for the 

filename and the file will be loaded into the data change utility where the data may 

be updated, the file saved, and MSSOM run. If the file was changed during this 

process, a backup of the old file will be made using the first eight characters of the 

original filename, i.e. filename.bak. 

If data is not to be read from a previous file, then MSSOM automatically 

enters the data input utility so that a data file may be created. The new data file 
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will be saved under the default filename 'MSSOM.DAT'. MSSOM will then ask a 

series of questions in which the user will be prompted to supply the data necessary 

to generate an input file similar to figure A-4. An example of this is shown in 

figure A-5 where the input utility is prompting the user to supply the core length. 

DATA INPUT UTILITY 

Model Exponential 
LENGTH OF THE CORE 72.5 
Saturated Hydraulic Conductivity NOT REQUIRED 

DATA Top Pressure Bottom Pressure 
POINT 

1 
2 
3 
4 
5 
6 
7 
8 

Observed Flux 
(cm/s) 

PLEASE ENTER THE LENGTH OF THE 
CORE BETWEEN DATA 
MEASUREMENTS (cm) 

-19.92 
-20.96 
-24.4 

-0.0001 
-0.0001 
-0.0001 

-0.034 
-0.0194 
-0.0104 
-0.00808 
-0.00416 
-0.000678 
-0.000278 
-3.6e-05 

ARROWS — REVIEW DATA 
Esc — ABORT 

C — CHANGE 
R — RUN 

Figure A-5 The data input utility. 

The file may also altered by pressing "C" for CHANGE and making the appropriate 

choices. Data may be reviewed by scrolling with the arrow keys, page-up, or page-

down. 
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Pressing <Esc> from the data input menu with eventually send the user back to the 

main menu to start over. Pressing "R" for RUN will launch the main portion of the 

MSSOM program. If the input file was changed before this command, a backup of 

the old file will be made. 

A-3.6 The minimisation process 

After exiting the data input or change utility, MSSOM changes into graphics 

mode and begins to search for the best solution for the data with respect to the 

one-dimensional flow theory and the chosen water retention model. The evolving 

solution is constantly updated onto the screen during this time through the built in 

graphics package. As before throughout the program, pressing <Esc> will abort 

the process. This time from the minimization screen of the graphics package, 

control will be returned to the main menu. An example of the screen for the 

minimization process of a medium sand [Harvey, 1989] using the exponential model 

is shown in figure A-6. The progress of the solution process is reflected by the 

value of the "MINIMIZED F" parameter which is actually the "error function" 

defined in chapter two. It has been normalized in the graphics display so that a 
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value of 100 indicates no match to the data whereas a value of zero indicates a 

perfect inverse solution. 

A-3.7 The graphics display package 

Figure A-6 displays the exponential solution progress for unsaturated 

hydraulic conductivity data collected for the Clarion sandy clay loam example. The 

data was obtained from a wetting profile experiment of Edina silty clay over Clarion 

loam after Srinilta et al. [figure 8.0, 1969] and is an example of unit gradient data. 

The figure shows the two graphs which are part of the MSSOM graphics package. 

The graph on the left shows the developing solution for the unsaturated hydraulic 

conductivity curve on a log-normal scale. When data points are available as in this 

example (ie. unit gradient data was used), the points are plotted along with the curve 

according to the chosen empirical formula. 

The graph on the right shows the individual vertices of the simplex as it 

searches the domain space for the global minimum. New domain limits appear on 

the axes of the AMOEBA window after each progressive grid refinement in 

accordance with the adaptive random search algorithm discussed in part 3.3.1. In 
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addition, the solution and total alapsed time are continually updated below the 

AMOEBA window. 

EXPONENTIAL MODEL (1958) 

MULTIDIMENSIONAL MINIMIZATION 0-103 
BY THE COMBINED ARS-MSX SIMPLEX 
METHOD PROCEEDING ON GRID 1 

BUN 58 L STEP 83 

V.: 
\\ . : H 

\ ;*v: 

tn 
\ 

CJ 

-2 

10 

-3 
10 

10 

-5 

10 

ro 
JO 
Q_ 

, 

'vr  : , v  •> 
I •• 
•r. * .• J •' 

; -v  v. • * ;-v •• =. ••'. 
. ..V 

0.04534 
0.001 0.01787 

^sat 

MINIMIZED F 
KSAT 
alpha 

3.5<S954e-07 
0.003195 
0.07946 

15 30 45 <50 

MEAN SUCTION <CM) 

ELAPSED TIME (min) 0.45055 

< PRESS ESCAPE TO ABORT > 

Figure A-6 The minimization screen for the exponential model and Clarion loam. 

Figure A-7 shows the appearance of the van Genuchten screen during an 

analysis of a medium sand. Notice that the van Genuchten model takes considerably 

more time to run than the exponential model. Although MSSOM is only on the first 
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grid refinement in figure A-7, the time elapsed has been almost seven hours. The 

example is for a run using a 40-MHz 80386 microprocessor with a numeric co

processor chip. After five to seven grid refinements, the process will eventually 

end and a tone will be sounded with a circle drawn at the location of the minimum 

in the AMOEBA window. 

If you can not wait that long, the solution will generally be found well before 

the completion of all seven grid refinements however to be sure, MSSOM may best 

be run overnight, especially when the van Genuchten model is used. A fast 80486 

computer may speed the process by a factor of 0.5 to 2.0 however, the user should 

resign themselves to allowing the algorithm the necessary time to complete the job. 

Any implementation of a functional evaluation algorithm such as the downhill-

simplex method is very computationally burdensome. Also keep in mind that the 

computation time will increase as you add more data points to the minimization 
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VAN-GENUCHTEN MODEL (1978) 

MULTIDIMENSIONAL MINIMIZATION 0-25 
BY THE COMBINED ARS-MSX SIMPLEX 
METHOD PROCEEDING ON GRID 1 

PUN 155 STEP 207 

5 10 15 20 25 

MEAN SUCTION <CM> 

A3 
JZ 
o_ 

o.oi ~  •  •  •  " •  

n 

MIN1MI2ED F 
KSAT 
PARAMETER alpha 
PARAMETER n 
PARAMETER in 
ELAPSEO TIME <min> 

15 

<53.0477 
0.0905 

0.09117 
3.768 

0.7316 
396.93 

< PRESS ESCAPE TO ABORT > 

Figure A-7 The minimization screen for the van Genuchten model and a medium 
sand undergoing wetting. 



REFERENCES 

Ababou, R., and Gelhar, L.W., Three-dimensional groundwater flow in random 
media, M.I.T. Rep. 833 pp., Mass. Inst, of Technol., Cambridge, March 1988. 

Acton, F.S., Numerical methods that work, Harper and Row Publishers, 410-420, 
1970. 

Baker, F.G., Veneman P.L., and Bouma J., Limitations of the instantaneous profile 
method for field measurement of unsaturated hydraulic conductivity, Soil Sci. Soc. 
Am. J., 38(6), 885-888, 1974. 

Bear, J., Dynamics of fluids in porous media, Dover Publications, Inc. New York, 
Chap 9, 503-505, 1972. 

Borland International, Inc., Turbo C+ + : A programming language, Scotts Valley , 
CA., 1990. 

Brazil, L.E., Multilevel calibration strategy for complex hydrologic simulation 
models, Ph.D dissertation, Dept. of Civil Eng., Colo. State Univ., Fort Collins, 
1988. 

Burden, R.L. and Faires, J.D., Numerical analysis; fourth edition, PWS-KENT 
Publishing Co., Boston, 85-105, 157-196, 1989 

Burdine, N.T., Relative permeability calculations from pore size 
distribution data, Petroleum Trans. AIME, 198:71-78, 1953. 

Carman, P.C., Journal Agricultural Science, 29, 262, 1939. 

Cornell, C.A., First-order analysis of model and parameter uncertainty, International 
symposium on uncertainties in hydrologic and water resource systems, MIT, 
Cambridge Mass., 1972. 

Davis, P.J. and Rabinowitz, P., Numerical integration, Blaisdell Publishing Co., 
(A division of Ginn & Co.), 71-79, 157-170, 1967. 

Doering, E.J., Soil water diffusivity by the one-step method, Soil Science, 99, 
322-326, 1965. 



Dorfman, L.D., Building C libraries - windows, menus & user interfaces, 
Windcrest Books, 56, 1990. 

Driscoll, F.G., Groundwater and wells, 2nd ed., Johnson Division, St, Paul Minn., 
1987. 

Duan, Q., Sorooshian, S., and Gupta, V., Effective and efficient global optimization 
for conceptual rainfall-runoff models, Water Resources Research, 28(4), 1015-
1031, 1992. 

Gardner, W.R., Calculation of capillary conductivity from pressure plate outflow 
data, Soil Science Society America Proceedings, 20, 317-320, 1956. 

Gardner, W.R., Some steady-state solutions of the unsaturated moisture flow 
equation with application to evaporation from a water table, Soil Sci., 85:228-232, 
1958. 

Gardner, W.R., Note on the sparation and solution of diffusin type equations, Soil 
Science Society America Proceedings, 26, 404-405, 1962. 

Gelhar, L.W., Stochastic subsurface hydrology from theory to applications, Water 
Resources Research, 22(9), 135S-145S, 1986. 

Ghildyal, B.P. and Tripathi, R.P., Unsaturated flow: Chapter 11, Soil Physics, 
311-344, John Wiley & Sons, 1987. 

Gupta, S.C., Farrell, D.A., and Larson, W.E., Determining effective soil water 
diffusivities from one-step outflow experiments, Soil Sci. Soc. Am. Proc., 
38:710-716, 1974. 

Harvey, D.J., The effective hydraulic conductivity of unsaturated layered sands, 
M.S. thesis, Dept. of Hydrology and Water Resources, Univ. of Arizona, Tucson, 
1989. 

Hillel, P., Fundamentals of soil physics, Academic Press Inc., 1980. 

Hoyer, D.I., FFIT.EXE - a shareware program for solving and curve-fitting 
non-linear equations, Registration: 31 Rossian Place, Cherrybrook NSW 2120, 
Australia. 



194 

Ibbitt, R.P., Systematic parameter fitting for conceptual models of catchment 
hydrology, Ph.D dissertation, Imp. Coll. of Sci. and Technol., Univ. of London, 
London England, 1970. 

Johnston, P.R., and Pilgrim, D., Parameter optimization for watershed models, 
Water Resources Research, 12(3), 477-486, 1976. 

Johnston, R.L., Numerical methods - a software approach, John Wiley & Sons. 
Inc., 221-227, 1982 

Klute, A., The determination of the hydraulic conductivity and diffusivity of 
unsaturated soils, Soil Science, 113(4), 264-276, 1972. 

Klute, A. and Dirksen, C., Hydraulic conductivity and diffusivity: laboratory 
methods, in A. Klute (ed.) Methods of Soil Analysis, Part I., Agronomy 9, 
687-734, Am. Soc. Agron., Madison, WL, 1986. 

Kool, J.B., Parker, J.C., and van Genuchten, M. Th., determining soil hydraulic 
properties from one-step outflow experiments by parameter estimation: I Theory 
and numerical studies, Soil Science Society America Journal, 49, 1348-1354, 
1985a. 

Kool, J.B., Parker, J.C., and van Genuchten, M. Th., ONE-STEP: a non-linear 
parameter estimation program for evaluating soil hydraulic properties from one 
-step outflow experiments, Virginia Agricultural Experimental Station Bulletin, 
85(3), 1985b. 

Kool, J.B., and Parker, J.C., Analysis of the inverse problem for transient 
unsaturated flow, Water Resources Research, 24, 817-830, 1988. 

Kool, J.B. and Parker, J.C., Estimating soil hydraulic properties from transient flow 
experiments: SFIT USER"S GUIDE, Hydro-geologic Inc., Soil and Environmental 
Sciences, Virginia Polytechnic Institute and State University, 1987. 

Kozeny, J., Uber Kapillare Leitung des Wassers im Boden, Ber. Wien Akad., 
136A, 271-306, 1927. 

Kwicklis, E.M., [Personal communication], USGS Lakewood CO., Yucca Mt. 
Project Office, 1991. 



195 

Lappala, E.G., Healy, R.W., and Weeks, E.P., VS2DT: Documentation of 
computer program VS2DT to solve the equations of fluid flow in variably saturated 
porous media, U.S. Geological Survey, Water-Resources Investigations Report 83-
4099, Denver CO., 1987. 

Mantoglou, A., and Gelhar, L.W., Capillary tension head variance, mean soil 
moisture content, and effective specific soil moisture capacity of transient 
unsaturated flow in stratified soils, Water Resources Research, 23(1), 47-56, 
1987b. 

Marshall, T.J., A relation between permeability and size distribution of pores, J. 
Soil Sci, 9, 1-8, 1958. 

Marquardt, D.W., J. Soc. Ind. Appl. Math, Vol. 11, 431-441, 1963. 

Masri, S.F., Bekey, G.A., and Safford, F.B., An adaptive random search method 
for identification of large-scale nonlinear systems, Iaentif. Syst. Parameter Estim. 
Proc. IFAC Symp. 4th 1976, 246-255, 1978. 

Mathieu, J.T., Two-dimensional water flow through stratified unsaturated porous 
media: laboratory sand-box experiments, M.S. thesis, Dept. of Hydrology and 
Water Resources, Univ. of Arizona, Tucson, 1989. 

Mualem, Y., A new model for predicting the hydraulic conductivity of unsaturated 
soils, Research project 332, Technion, Haifa, Israel, 1976. 

Nelder, J.A. and Mead, R., Computer Journal, Vol. 7, 308, 1965. 

Passioura, J.B., Determining soil water diffusivities from one-step outflow 
experiments, Aust. J. Soil Res., 7:79-90, 1977. 

Polak, E., Computational methods in optimization, New York, Academic Press, Ch. 
2.3, 1971. 

Press, W.H., Flannery, B.P., Teukolsky, S.A., Vetterling W.T., Numerical 
recipes in C: The art of scientific computing, Cambridge University Press, 1990. 

Ritzi, R.W., and Yeh, T.-C. Jim, Comment on "The role of groundwater in 
delaying lake acidification" by M.P. Anderson and C.J. Bowser, Water Resources 
Research, 24(5), 787-790, 1988. 



196 

Scotter, D.R. and Clothier, B.E., A transient method for measuring soil water 
diffusivity and unsaturated hydraulic conductivity, Soil Sci. Soc. Am. J., 
47:1068-1072, 1983. 

Srinilta, S., Nielsen, D.R., and Kirkham, D., Steady flow of water through a 
two-layer soil, Water Resources Research, 5(5), 1053-1063, 1969. 

Tagaki, S., Analysis of the vertical downward flow of water through a 
two-layered sand, Soil Sci. Soc. Am. J., 90:98-103, 1960. 

Toorman, A.F., Use of inverse methods for estimating unsaturated flow parameters, 
Ph.D. dissertation, Dept. of Soil and Water Sciences, Univ. of Arizona, Tucson, 
1990. 

van Genuchten, M.Th., A closed-form equation for predicting the hydraulic 
conductivity of unsaturated soils, Soil Sci. Soc. Am. J., 44:892-898, 1980. 

van Genuchten, M.Th. and Nielson, D.R., On describing and predicting the 
hydraulic properties of unsaturated soils, Annales Geophysicae, 3, 5, 615-628, 
1985. 

van Genuchten, M.Th., RETC.F77: A program to analyze observed soil water 
retention and hydraulic conductivity data (unpublished), U.S. Salinity Laboratory, 
Riverside, Cal., 1985. 

Vereecken, H., Maes, J., and Feyen, J., Estimating unsaturated hydraulic 
conductivity from easily measured soil properties, Soil Sci., Vol. 149, No.l, 1-12, 
1990. 

Weast, R.C., Astle, M.A. and Beyer, W.H., CRC handbook of chemistry and 
physics, 66th edition, CRC Press, Inc., A-12..A-87, 1986. 

Wind, G.P., Field experiment concerning capillary rise of moisture in heavy clay 
soil, Neth. J. Agric. Sci., 3:60-69, 1955. 

Yeh, W.G., Review of parameter identification procedures in groundwater 
hydrology: The inverse problem, Water Resources Research, 22(2), 95-108, 1986. 

Yeh, T.-C. Jim, and Harvey, D.J., The effective hydraulic conductivity of 
unsaturated layered sands, Water Resources Research, 26(6), 1271-1279, 
1990. 



I 

197 

Yeh, T.-C. Jim., Gelhar, L.W., and Gutjahr, A.L., Stochastic analysis of 
unsaturated flow in heterogeneous soils, 3, Observations and applications, Water 
Resources Research, 21(4), 465-471, 1985c. 

Yeh, T.-C. Jim., One-dimensional Steady-state Infiltration in Heterogenous Soils, 
Water Resources Research, 25(10), 2149-2158, 1989. 

Zachmann, D.W., Duchateau, P.C., and Klute, A., The calibration of the Richards 
flow equation for a draining column by parameter identification, Soil Science 
Society America Journal, 45, 1012-1015, 1981. 

Zaslavsky, D., Theory of Unsaturated Flow into a Non-uniform Soil Profile., Soil 
Sci. Soc. Am. J., 97:400-410, 1964. 


