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ABSTRACT 

Bit error rate computation for optical communication systems incorporating equal

izers and under both noise and intersymbol interference (ISI) is discussed. An ac

curate method based on a saddlepoint approximation is used for the computation. 

Previous work based on saddlepoint approximation has considered only the use of ba

sic integration-and-dump detection. When ISI is strong, this simple detection method 

is unsatisfactory. Instead, a raised-cosine filtering is often used to achieve minimal 

ISI. 

This thesis considers both integration-and-dump and raised-cosine equalizers. The 

use of equalizers other than integration-and-dump complicates the computation be

cause of the complexity of the moment generating function involved. Two different 

input pulses are considered to study the effect of ISI. Results show that when inter

symbol interference is strong, the use of raised-cosine equalizers can reduce intersym

bol interference and improve the performance of the system significantly. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background and Previous Work 

A lot of work has been done in the past on the computation of the Bit Error 

Rate (BER) in optical fiber communication systems. The BER is the error detection 

probability of transmitted bits. In conventional communication systems, the noise 

at the receiver is assumed to be Gaussian and the BER can be computed easily. In 

optical fiber communications, however, the Gaussian noise assumption is not accurate 

enough due to strong shot noise and excess noise from the photo detection. When 

intersymbol interference (ISI) is also considered and equalization is included in the 

receiver design, the computation of the BER becomes a challenging task. 

Photodetectors such as PIN diodes and Avalanche Photodiodes (APD's) are used 

to convert the incident optical power into an electrical photo current. This detection 

process introduces not only dark current but also an important noise called shot noise. 

Shot noise is due to the random number of electron hole pair (EHP) generations at 

a given incident power. If APD's are used for photo current amplification, EHP's 

generated will excite more secondary EHP's. The number of secondary EHP's is 
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also random. As a result, there is an additional noise known as multiplication or 

excess noise. The probability density function and moment generating function for 

the excess noise have been derived in [1] and [2]. 

To compute the BER in optical signal detection, there are several existing tech

niques, including the Chernoff bound (CB) [3] [4] [5] [6], the Gram-Charlier Series 

method [7] [8], the Monte Carlo simulation [6], the Gaussian approximation [6] [9], 

the Gaussian Quadrature [10], and the Saddlepoint approximation [11] [12] [13] [14] 

[9]. The Saddlepoint approximation is found to be a simple and accurate method for 

the BER computation [9] [13]. Therefore, it will be used in this thesis for the BER 

computation. 

The previous work [12] [9] has considered only the use of an integration-and-dump 

receiver. In a more recent work by Helstrom [13], two different input optical pulses 

are considered for the BER computation. In addition, Intersymbol Interference (ISI) 

in included in the computation. However, the simple integration-and-dump filter is 

still assumed. 

1.2 Motivation 

In practice, when ISI is strong, use of equalization that reduces ISI is essential. 

Strong ISI can occur when the bit rate is high or fiber dispersion is strong. When 

ISI is strong, the eye opening is significantly reduced. This results in a much higher 

BER or a high power penalty. 
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Therefore, this thesis attempts to compute the BER of optical signal detection 

considering the use of equalization. Although raised-cosine filtering is commonly used 

for zero ISI, the BER computation algorithm and implementation is made general 

for any equalizer given. In other words, the computation program can be used for 

integration-and-dump, raised-cosine filtering, and others. 

1.3 Issues 

In the saddlepoint approximation for the BER computation, we need to first know 

the moment generating function (MGF) of the combined signal and noise. When an 

equalizer is introduced in optical signal detection, the MGF is complicated. As a 

consequence, the computation of the BER becomes also difficult and time consum

ing. More specifically, it becomes difficult to calculate the optimum threshold in the 

detection and find the saddlepoints. 

In the program implementation, we have many computation routines that com

pute the detection threshold, solve the saddlepoints, and evaluate the BER. Most 

computations are recursive and care needs to be taken for convergence. It is found 

that the computation performance can behave quite differently for different equalizers 

used. 
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1.4 Outline 

The remaining parts of the thesis are outlined below. Chapter 2 reviews important 

kinds of noise in optical signal detection. In Chapter 3, the use of equalization is 

explained, and the MGF of the combined signal and noise is derived. The MGF 

M(z) of an APD derived by Personick [2] is also discussed. Chapter 4 presents the 

computation results under ISI and noise degradations. We show the results using 

both integration-and-dump filtering, and raised-cosine filtering. We also show results 

for non-rectangle input pulses. 
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CHAPTER 2 

NOISE AND INTERSYMBOL INTERFERENCE 

In optical communication systems, photodiodes are used at the receiver to detect 

the incident photo signal and convert the received power into an electrical photo 

current. The photodiode can be either a PIN diode or an APD [15],[19]. When the 

incident power or the generated photo current is small, systems using PIN diodes can 

be limited in performance by the thermal noise of the front-end amplifier. In this 

case, APD's are commonly used for photo current amplification. 

In an APD, primary Electron-Hole Pairs (EHP's) are first generated from the 

incident optical signal. The generation of EHP's is random. The random deviation 

of EHP generations from the average value is called the shot noise. An APD has 

a multiplication region in which the electric field is high. The high electric field 

accelerates primary EHP's to a sufficient momentum to generate secondary EHP's 

through collision ionization. This is known as gain multiplication. Because of this 

multiplication process, the output photo current is amplified, which can reduce the 

importance of front-end amplifier thermal noise. In the multiplication process, the 

number of secondary EHP's generated by each primary EHP is random. As a result, 
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the multiplication gives rise to another type of noise known as the multiplication or 

excess noise. 

In addition to noise, because of fiber dispersion, intersymbol interference (ISI) can 

also be important in signal detection. When transmitted pulses propagate along a 

fiber, pulses become broader due to fiber dispersion. This results in pulse overlap 

or ISI. ISI in general will reduce the noise margin and degrades the signal detection 

performance. To reduce ISI, a raised-cosine equalizer filter can be used. 

In this chapter, we review the characteristics of noise and ISI in optical signal 

detection. With these characteristics understood, the next two chapters describe the 

bit error rate (BER) formulation and calculation. 

2.1 Shot Noise 

Shot noise is an important noise source from both PIN diodes and APD's [20]. 

Consider an optical communication system where photons arrive at the receiver and 

EHP's are generated. We can assume EHP generations occur at discrete time points 

tk. For each EHP generation, we can assume a certain current waveform qh(t — tk) 

is generated. The total time integration of h(t — tk) is equal to unity. This photo 

current generation process can be considered as a filtered poisson process [21] [22] 

[23]. 

A filtered Poisson process can be expressed as: 

X{t) = Y,h{t-tk). (2.1) 
k 
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In photo detection, it's are the EHP generation times and h( t )  is the impulse response 

of the photodiode. It is known that for a Poisson process X(t) over a time interval 

the probability of having n "occurrences" (in the case of photo detection, n is 

the number of generated EHP's) follows the Poisson probability distribution: 

Anf 
Prob(n\t0 ,t) = — (2.2) 

where 

A(t) = f Aa(u)du (2.3) 
Jto 

is the average number of detected photons in the interval [t0, t], and Aa(f) is the 

incoming rate. When A0(<) is time invariant, A(t) = Xa(t — to) is proportional to the 

time interval t  — to .  

From the properties of the Poisson probability distribution, the mean and the 

variance of the random variable n are 

m = A (t) (2.4) 

and 

or2 = A(<). (2.5) 

From the background of the filtered Poisson process, we can describe the shot 

noise generated from a PIN photodiode. Shot noise is the difference between the 

actual photo current generated and the average photo current [18]: 

n,(t) = iph(t) -  IPh(t) (2.6) 
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where, 

iph(t) = qHk h{t — tk) is the real time photocurrent, 

Iph(t) = v(hj)Pin(i) is the average output photocurrent, 

q is the electronic charge (1.602 X 10~19C), 

jj is the quantum efficiency, 

h is the Planck's constant (6.626 x 10~34j-s), 

/ is the optical frequency, and 

Pin(t) is the input power. 

When we assume h(t) to be a delta function (i.e., the photo diode has a fast 

response), it can be shown that the variance of the shot noise is [18] 

E[n*] = 2 qIphB (2.7) 

where B is the bandwidth of the receiver. 

2.2 Multiplication Noise or Excess noise 

Excess noise results from the random generation of secondary EHP's in APD's. 

Because of the multiplication process introduced in APD's, the shot noise process 

can be modified as [22]: 

X{t) = Y,9kKt-tk) (2.8) 
k 

where gk is a random variable representing the number of secondary EHPs generated 

by the &-th primary. For the photocurrent generated from an APD, the APD noise 
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is defined as 

"AP£>(0 = iAPD(t) — MIph(t) (2.9) 

where Iph(t) is the average primary photo current as defined earlier, M is the multi

plication gain of the APD, and 

iAPD(t) = qJ2dkh(t -  tk) (2.10) 
k 

is the actual photo current generated. 

To describe the noise resulting from the multiplication process in APD's, a simple 

approach is the use of a factor called the excess noise factor, F. The variance of the 

APD noise, or the mean squared total noise current can be defined as [18]: 

EKpd] = 2 qIphM2FB. (2.11) 

Mclntyre [16] has shown that when the avalanche is initiated by electrons, the excess 

noise factor Fe is 

F. = M.{l-(l-fc)(M^;
1)2} (2.12) 

and when the avalanche is initiated by holes, the excess noise factor Fh is 

Fh = Mh{ 1 - (1 - \){ M h ~ i ? }  (2-13) 

where k is the hole to electron ionization coefficient. 

The introduction of the excess noise factor allows us to calculate only the variance. 

This is sufficient in BER calculation if we approximate the excess noise as a Gaussian 

random variable. To have more precise calculation, we need to know also the moment 

generating function of the noise. This will be discussed in the next chapter. 
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2.3 Thermal Noise 

Thermal noise comes from random motion of electrons. In optical communication, 

thermal noise is also an important noise source at the receiver front-end amplifier. 

The power spectrum of thermal noise [18] is given by: 

= 27 (! + eW2**r_i) (2>14) 

where, 

k is the Boltzmann constant (1,38 x 10~23J/K) and 

T is the temperature in Kelvin. 

For simplicity, when hu <C kT, thermal noise is often approximated as white 

Gaussian noise [21]: 

5(w) = 2 kT. (2.15) 

Over a finite frequency band of B, the thermal noise power is 

o-2 = 4 kTB. (2.16) 

Since the thermal noise follows a Gaussian distribution, the probability density func

tion of the thermal noise is 

/.(») = (2-17) 
V27TCT2 

In systems where a PIN photodiode is used, thermal noise can be significant. But in 

systems using APD's, thermal noise in general is not as important due to the current 

multiplication. 
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2.4 Intersymbol Interference 

Intersymbol Interference (ISI) occurs due to pulse spreading induced in a fiber 

mainly because of fiber dispersion. A pulse spreads into neighboring pulse time slots; 

thus, it interferes with adjacent pulses. When the duration of the input optical pulse 

exceeds a one bit interval, the resulting pulse at the input of the decision circuit will 

be broaden as well, causing ISI at the sampling times of neighboring pulses. We 

can minimize ISI by choosing a filter transfer function that will generate an output 

waveform with zero ISI at the sampling times. This is discussed in detail in Chapter 4. 

We assume worst case ISI conditions which are explained as follows: 

(1) The worst case ISI when a "1" is transmitted, exists when the signal level 

drops due to pulse spreading, and the probability of error increases. This case occurs 

when there is little contribution from the previous and the next pulse to increase the 

signal level i.e., both the previous and next pulses are "0". 

(2) The worst case ISI when a "0" is transmitted, exists when the signal level 

increases due to interference from neighboring pulses. This case occurs when both 

the previous and the next pulse are "1". 
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CHAPTER 3 

BIT ERROR RATE FORMULATION 

In this chapter, we give an expression for the bit error rate from the noise charac

teristics according to [9],[13]. In order to include the effect of intersymbol interference, 

the expression also includes the use of an equalizer filter. Based on this expression, 

we derive formulations for the BER calculation using the saddlepoint approximation. 

The inclusion of an equalizer filter and the use of saddlepoint approximation is first 

explored in this thesis. 

3.1 Model of the Optical Receiver 

We consider a digital optical system where information is transmitted through an 

optical fiber in the form of light pulses. At the receiver, an APD is used to detect 

the incident light power and to generate a photo current. After photo-detection, the 

photo-current is amplified, equalized, and threshold detected. The block diagram 

of the receiver is illustrated in Figure 3.1. As mentioned earlier, the impact of an 

equalizer is to reduce ISI. In binary digital transmission, the threshold detector is 

used to detect whether a "1" (a high signal value) or a "0" (a low signal value) is 

transmitted. 
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photodetector 

P(t) 
APD 

l(t) T 
preamplifier equalizer 

—P>— W) 

decision 

v(t)=ys(t)+n ft) J 

Figure 3.1: Block diagram of the optical receiver. 

Specifically, in binary transmission, we can assume a "1" is transmitted by the 

pulse anhp{t) of duration T, and a "0" is transmitted by the pulse aihp{t) of duration 

T. The amplitudes ajj and a£ are related by the following definition: 

e = OL 
oh 

(3.1) 

where e is called the extinction factor. Although it is desirable to have e = 0, it is in 

practice slightly greater than zero. 

The received optical pulse stream can be expressed as 

POO = hp{t-nT) (3.2) 

where, 

hp(t) is the incident pulse to the photodetector, with hp(t — nT)dt = T, 

1 /T is the signaling rate, and 

an  is the average power of pulse n. 

From the discussion of the previous chapter, the electrical current output of the 

APD is given by 

i(t) = <lJ29nhs(t -  tn) (3.3) 
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where, 

hs(t )  is the output pulse of the photodetector, 

t n  represent the generation times of primary electrons, 

g n  is a random variable following a certain PDF, and 

q is the electronic charge. 

The rate with which primary electrons are generated is 

w) = ~hf p w + (3-4) 

= -T7 ]C anhp(t -  nT) + A0 (3.5) 
"'J n 

— ^ ,A nhp(t  — nT)  + Ao (3.6) 
n 

where, 

A n  = (T]/hf)a n  can be either a low value N 0  or a high value Ni,  

Ao is the rate of emission of dark current primaries, 

tj is the quantum efficiency, and 

hf is the energy of a photon. 

Including the thermal noise no(t) at the front-end amplifier input and using an 

equalizer we have the following signal at the threshold detector input: 

v( t )  = [?'(*) + n0(<)] * hR ( t )  = y s ( t )  + nx(i). (3.7) 

To formulate the BER calculation, we derive in the next two sections the moment 

generating functions (MGF) of ys(t) and ni(f), respectively. 
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3.2 MGF of y s ( t )  

The photodiode response hs(t )  is generally assumed to be a wideband narrow pulse 

compared to the transmission bit rate. Therefore, it is commonly approximated as a 

delta function [17]. That is, we have the approximation: 

«(<) = E$n*(i-<n)- (3.8) 
n 

Note that for simplicity the factor of electronic charge q has been dropped. This 

normalization makes the time integration of i(t) dimensionless. For consistency, a 

similar  normalizat ion is  a lso appl ied to  the white  gaussian process  no(t) .  

From the wideband approximation, the signal ys( t )  after the equalizer filter hn(t) 

is 

vs{ t) = j29n^{t - i n )*h r { t )  
n 

= Y!snhR(t-tn). (3.9) 
n 

The MGF of ys( t )  is 

M y s (s)  = E{e ' y s}  

= exp^J^X(r){M g [ s h R ( t - T ) ] - l }dTj  

= exp(/ {J2A nhp(r  -  nT) + \ 0}{M g[shj i ( t  -  r)] - l}dr^ (3.10) 

where M g (s)  is the MGF of the g n .  

The MGF of the random variable g [12] [13] in the above equation is defined as: 

OO 
M { s )  =  Y , P { 9  =  n ) t m  (3.11) 

n=0 
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where P(g = n)  is the probability function for g = n.  Personick [2] has derived this 

MGF and it is given by the expression 

M(s)  = e"[l + a{M{s)  -  1)]\ (3.12) 

The inverse of this equation is 

s  = In M(s)  — 61n[l + a(M(s)  — 1)] (3.13) 

where 

a = ( l -k)( l - l /G),  

G = M'(0) = (1 — a6)_1 is the expected number of output electrons per primary 

electron, and 

k is the ratio of the hole to electron ionization coefficient. 

It has been shown [17] that Personick's expression is valid only when 0 < M{s) < 

and s < s„if Therefore, the MGF does not exist if s exceeds the critical 

value Sera- The critical values for M and s are [9]: 

= 1 a (3.14) 
a(b — l j  

and 

Scrit = In Merit - &ln[l + a(Mcrit - 1)]. (3.15) 
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Critical values vary with different values of k and G. Figure 3.2 shows M versus s 

for 0.8 < M < Merit and for different values of k and G. We observe that M„n is a 

little bit higher than 1, and sCT;t is a little bit higher than 0. 

For further discussion, see Appendix A for the complete derivation of M y s (s) .  

3.3 MGF of nt( t )  

The process rc0(<), is assumed to be white gaussian noise (thermal), with mean 0 

and variance a 2 .  Since the equal izer  f i l ter  to  be used is  l inear  with impulse hn(t) ,  

the output process will also be Gaussian but not white. It has mean 0 and variance 

a2, where 

<r 2  = S f°° h 2
R{t)dt  (3.16) 

«/ — OO 

with S being the spectral density of the gaussian noise. 

It is well known that the MGF of a gaussian process M n o (s)  is given by 

M^(s) = (3.17) 

where fi is the mean and a 2 is the variance. Therefore, the MGF of ni( t )  is 

M n i{s)  = e' 2°l ' 2 .  (3.18) 

Since the total output of the equalizer from Eq. (3.7) is the sum of the signal 

ys(t) and noise ni(i), and since these processes are independent, the total MGF is 

the multiplication of the MGF's of the two: 

h(s)  = M y s ( S )M n i (s)  (3.19) 



G=10 

k=0.5 

k=0.04 

-30.00 -20.00 -10.00 0.00 10.00 

s xlO -03 

Figure 3.2: M versus 5. 
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fOO 

= exp{/ {Y,A nhp(r  - nT) + A0}{Afs[s/i;?(* - r)] - l}dr  
J —CO „ -CO 

1 
+§-2^}- (3-20) 

3.4 Error Detection Probability 

At the output of the equalizer, the resulting signal including noise is given by: 

v{t)  =  ̂ 2g nhR ( t - t n )  + n 1 ( t ) .  (3.21) 
n 

In threshold detection, the signal is sampled every bit interval T and compared with 

a given threshold V. If the sampled value exceeds the threshold, the transmitted 

bit is detected as "1". If the transmitted bit is actually "0" (hypothesis Ho), there 

is an error detection. Similarly, a "0" is detected if the sampled value is smaller 

than the threshold. An error detection occurs if "1" is transmitted (hypothesis Hi). 

Therefore, the probability of error detection or bit error rate (BER) is 

Pe = Poqo(V) + PMV) (3-22) 

with 

<j 0 ( I / )  = pr[v( t , )  > V\H 0]  (3.23) 

q i (V)  = pr[v( t s )  < V\Hx] (3.24) 

where Pq and Pi are the prior probabilities of generating zeros and ones. In the 

following discussion, we assume that zeros and ones are equally likely, i.e., 

Po = Pi = (3.25) 
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The bit error rate can also be expressed in terms of the probability density func

tions of the combined signal and noise 

ft = |jfr M")dv + \J_^Mv)dv (3-26) 

= j{#.(V) + «IOO} (3.27) 

where fo(v)  is the probability density function of the combined signal and noise if 

a "0" is transmitted, and fi(v) is the probability density function of the combined 

signal and noise if a "1" is transmitted. 

With the inverse Laplace transform, one can express the density functions fo(V)  

and fi(V) in terms of their corresponding MFCs. Specifically, since 

hk(s)  = f fk(v)e a vdv (3.28) 
J —OO 

the density functions can be expressed as: 

fC+j OO //<j 
f k (v)  = /  hk(s)e~' v -—r. (3.29) 

J c—joo Z7TJ 

Therefore the error probabilities are now given by 

/

V rc+joo Jo 
f i (v)dv = -[  s 1h 1 (s)e  v '~ ,  c< 0 (3.30) 

•OO J c—joo Li 'KJ 

rc+joo //e 
?o(V) = I  fo(v)dv = f  5-1Ao(s)e~ -—r, c > 0 (3.31) 

JV J c—joo 

where hk(s) ,  k  = 0,1 is the MGF of the input to the decision circuit and is given by 

Eq. (3.20). 
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3.5 Saddlepoint Approximation 

The saddlepoint approximation method is one computational technique used to 

compute the integrations for the error probabilities gi(V) and qo(V). The method is 

outlined below. For a more detailed discussion, see [11] [12]. 

The integrands of Eqs. (3.30) and (3.31) are first expressed as exp[\Pjfe(s)], where 

^fc(s) = In hk(s)  — Vs  — ln[(—l)*s], k = 0,1. (3.32) 

It can be shown [9] that ^(s) possesses a saddlepoint sjt, such that ^k(sk) is at its 

minimum along the real  axis  and i ts  maximum along the imaginary axis  y = j$fs fc .  

The saddlepoint of 'I'o(s) is real and positive and between 0 < s < s^a, where sCTlt 

is the critical value of the MGF Mg{s). The exponent \Pi(s) has a negative and real 

saddlepoint. 

If these saddlepoints are known, Eqs. (3.30) and (3.31) can be approximated as 

follows [12] [14]: 

qi(V ) « [27r$i(si)]~1/2exp$i(si) (3.33) 

and 

q 0 (V)  « [27r^'(So)]-1/2 exP tf 0(a„). (3-34) 

Since a saddlepoint is a stationary point, one necessary condition for s  to be a 

saddlepoint of a function f(s) is f'(s) = 0. Therefore the saddlepoints Si and so are 
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the roots of the equation: 

%(s)  = -1 In h k (s)  -  V -  i = 0. (3.35) 

To solve the above equation, we must first optimize the threshold level V. A 

condition on the threshold level suggested by [13] is 

MV) = MV).  (3.36) 

Since 

/

c+joo ,, aO 

-i„ hi{s)e *tj (3'37) 

fC+joo ds  
= / . e (3-38) 

Jc—joo Z7TJ 

where 

$i(s) = In hk{s)  — Vs  (3.39) 

we can use the same saddlepoint approximation for fk(V)  to obtain 

MV) « [27r^(4)]"1/2exp$t(4) (3.40) 

where, 

**(«*) = 0 and 

s'k are the saddlepoints of $jt(s). 

Equating the saddlepoint approximations for f 0 (V ) and f i{V)  and solving for the 

decision level V, we obtain 

v M w - <)-' (m«o) - W) + \ lnl||^]) • (3-41) 
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In the numerical computation, we use a recursive computation to find the threshold 

value V. To set the initial V, one use 

V<°» = i{£[si(f.)|tfo] + £[s/(i.)|ffi]> (3.42) 

where, 

E[y(t , ) \H k]  = ^E[e*>%= 0  (3.43) 

/

°0 
{53 A nhP{r  -  nT) + A 0}M* S  ~ r)M'AQ)dr 

-OO „ 

=  G  f  {Zl  A nhp(r  -  nT) + A0}hR ( t a  -  T)<1T. (3.44) 
J-°° n 

Given the threshold value V'"' at the n-th recursive loop, we can solve for s'k from 

= Given sj, and a'j, we can in turn find the next threshold value V(n+1). 

This process continues until V converges. 
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CHAPTER 4 

BIT ERROR RATE COMPUTATION 

In this chapter, we describe several numerical results based on the computation 

program we developed. To illustrate the computations, we consider two different 

input pulses, three different equalizers, and the effects of intersymbol interference. 

The two input pulses are a cosine pulse and a finite slope rectangle pulse. We use 

either the duration or the slope to control the significance of ISI. The three different 

equalizers are (1) integration-and-dump filter, (2) cosine filter, and (3) raised-cosine 

filter. Their performance at different noise and ISI levels is compared. 

4.1 Cosine Input Optical Pulse 

The first type of input pulse considered is the cosine pulse of the following expres

sion: 

where T is the bit interval and m > 1 is a parameter introduced to represent the 

effect of ISI. From the definition, the pulse has a duration of mT. A pulse of m = 1 

is illustrated in Figure 4.1. When m = 1, the pulse has a finite duration of T (sec) 

if -2^ < t  <  
(4.1) 

0 otherwise 
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o T 

Figure 4.1: Optical pulse shape for no ISI (m = 1). 

and there is no ISI. When m > 1 the pulse has a duration more than the bit interval. 

Therefore, by adjusting the value m, we can determine the effect of ISI. Also note 

that  the total  integrat ion of  the pulse  i .e . ,  the  pulse  energy,  is  a  constant  equal  to  T.  

Therefore, this pulse form can be used to take the fiber dispersion into consideration. 

Based on the cosine pulse assumption, the remaining section describes in detail 

the bit error probability computation using three different equalizers. At the end of 

this section, the performance results are compared. 

4.1.1 Case I: Integration-And-Dump Detection 

One common detection method is called integration-and-dump. This method in 

general gives good detection performance when ISI is insignificant. As illustrated in 

Figure 4.2,  the  impulse response hn(t)  of  the f i l ter  i s  a  rectangle  pulse  of  durat ion T.  
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Figure 4.2: Impulse response of the filter. 

Mathematically, we have: 

1  i f O < r < T  
Mr) = ' 

0 otherwise. 

If we sample the filtered output at t  — T (refer to Eq. (3.10)), we have 

Mg( s ) -  1  i f O < r < T  
M g[shR (T-  r ) ] - l  =  

(4.2) 

(4.3) 

0 otherwise. 

Therefore the MGF of ys(t)  is given by 

M i i s ( s )  =  exp ^(Mg(s) — 1)  A(r)</rj 

= exp ^(M5(s) - 1) j( {]£ A nhP (T -  nT) + A0}dr^ .  

From the Eq. (4.5), we find that in general we will need to consider the entire sequence 

{An} to calculate the error probability. In practice, ISI is limited and we need only 

consider the ISI due to two adjacent symbols (i.e., assume m < 3). 

(4.4) 

(4.5) 

4.1.1.1 No ISI 

As mentioned earlier, when m = 1, there is no ISI. In this case, the MGF of ys{i)  

given by Eq. (4.5) reduces to 

Mys( s )  = exp ^{Mg(s)  -  1) {A nh P ( T )  + \ 0}drj  (4.6) 
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= exp (Ak(M g (s)  -  1)),  k  = 0,1 (4.7) 

where Ai represents the average input signal level, or the average number of EHP's 

generated, when a "1" is transmitted, and Ao represents the average input signal level 

when a "0" is transmitted. They can be expressed as: 

A, = [T  (N 1hP (r)  + X 0 ) d T  
Jo 

= ( l -cob^j jd t  + txo  

= N.T + TXo 

= N a  + N d  (4.8) 

and 

A0 = / (N 0hP (T) + A0 )dr  
J o  

= eN s  + N d  (4.9) 

where the term N s  represents the average number of primary EHP's generated for a 

"1" pulse, the term eNa represents the average number of primary EHP's generated 

for a "0" pulse and Nd represents the dark current. 

4.1.1.2 Worst Case ISI 

When m > 1, there is ISI. To calculate the error probability, we need gener

ally consider all possible cases for the neighboring bits. However, for simplicity, we 

need only consider the worst case since it usually contributes the most to the error 

probability. 
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When a "1" is transmitted, the worst case is encountered when the two neighboring 

bits are both "0". In this case, we have 

«• - m'-~(s^ss)k 

m \  \ m J J  2  \  m  i t  \ m / J  

+ ^ ( l - - - - s i n  ( L ) ) + N d  
2  V  m  7 r  \ m J J  

=  N a  ( —  + e(l - —) - -—-sin f — )) -f N d .  (4.10) 
\m m 7r \mj  J '  

Similarly, when a "0" is transmitted, the worst case occurs when the two neighboring 

bits are both "1". In this case, we have 

- -

= ^ ( 1 + s i n £) ) + f ( 1 -^ -r i n ©)  

=  i V s f l -  — s i n f - ) ) + i V d .  ( 4 . 1 1 )  
V m 7r \mj  J 

Figure 4.3 illustrates the optical pulse shape for m — 1.5. Figures 4.7 and 4.8 

illustrate Ai and Ao versus m as a function of e, respectively. 
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-0J5T 0.0 osr 

Figure 4.3: Optical pulse shape for m = 1.5. 

Example: 

As a numerical example, set m = 1.2 and e = 0.01. From Eq. (4.10), we have 

AI = 0.992563JV, + N d .  

Similarly, from Eq. (4.11), we have 

Ao = 0.017437N a  + N d .  

To quantify the effect of ISI, we define the noise margin (NM) due to ISI as 

w, = 201og-»(Sfe)- (412) 

Therefore, the noise margin is defined to be 0 dB when there is no ISI. 

4.1.1.3 BER Computation Using the Saddlepoint Approximation 

The MGF hk(s) ,  of the signal and noise output of the equalizer, has been derived 

in Chapter 3, and for the Integration-and-Dump case, is given by: 

h k (s)  = exp k(M g (s)  - 1) + > A: = 0,1. (4.13) 
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The integrands of Eqs. (3.30) and (3.31) are given by 

«*(a) = Afc(M,00 - 1) + ±o*s 2  -Vs-  ln[(—l)fcs], k = 0,1 (4.14) 

where Ak  is given by Eqs. (4.10) and (4.11) and the saddlepoints .si and s 0  are the 

roots of the equation: 

= = (4.15) 

To solve the above equation, we need to know the threshold V and the values 

of Mg(s) corresponding to the saddlepoints SI and so- TO determine these values, 

we used a computation program incorporating Newton's method and the Bisection 

method for calculating the saddlepoints. Another program described in Chapter 3 is 

used to find the optimum threshold level. Both the Newton's and Bisection methods 

are numerical methods used for finding the zeros of a function. For detailed discussion 

on these numerical methods, see [9]. 

To calculate the saddlepoints s0 and si, we use the following transformation s(M g ) :  

s (M g )  = InM g (s ) - 61n[l + a(M g (s)  — 1)]. (4.16) 

Furthermore, as mentioned earlier, the two saddlepoints are restricted to certain 

ranges which have the following implications: 

8i < 0 =» Mi < 1, (4.17) 

and 

0 < So <  Scrit 1 < Mo < Merit. (4.18) 
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Once the saddlepoints are found, Eqs. (3.33) and (3.34) can be used to calculate 

the BER. The first and the second derivatives of Mg(s) are required: 

imm . mmk,  (4.19) 
and 

<PM g (s)  _  dMg(s)  f t  - a2bM*(s) 

ds 2  ds / |  
(4.20) 

where 

/i = 1+o(M,(a) - 1), (4.21) 

and 

h = fi -  abMg(s) .  (4.22) 

4.1.2 Case II: Cosine Filter 

The second filter we consider has an impulse response given by the cosine pulse 

form at m = 1. We refer to this kind of filter as a cosine f i l ter .  The impulse response 

of the filter can be expressed as: 

t 

l-cos(^) if0<<<r 
Ajj(f) = (4.23) 

0 otherwise. 

Since the filter response also has a finite duration of one bit interval, the MGF 

before the decision circuit is given by 

h(s)  = M y s (s)  •  M n i (s)  (4.24) 
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0.5T 0 T 

Figure 4.4: Impulse response of the filter. 

= exp{ [T (£  A n h P { T  -  nT) + X 0 ) (M g (shR (T -  r)) -  1 )dr  
Jo  n 

+^ys2b (4-25) 

4.1.2.1 BER computation assuming no ISI 

Referring to Eqs. (3.30) and (3.31), let us express their integrands as exp[$(s)], 

where 

$x(s) = jfViM*-) + A0) (M g (shR (T -  t))  -  1 )dr  + -Vs-  ln(-s) (4.26) 

and 

®o(«) = fT (N 0hP(T) + A0 ) (M g (shR (T -  r)) -  1 )dr  + \a 2
ys 2  -Vs-  ln(a) (4.27) 

JO 

The saddlepoints Sj and So are the roots of the equations ®i(s) = 0 and $q(s) = 0) 

respectively. In other words, we have: 

*!(*) = fT (Nih P(T) +  \ 0 ) h R (T - T )M ' g ( S l h R (T - T ) ) d T  
J O  

WyS-L - F - 1 = 0 (4.28) 
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and 

*o(*>) = f T(Nohp( t )  +  Xo)hR (T-T)M' g ( S ohR (T-T))dr  
j  0  

+cr2So - v - - = 0 (4.29) 
So 

where 

M' g (shR (T -  t ) )  =  = msma (4.30) 
dz f 2  

with 

/i = 1+ a{M g (z)  -  1), 

h = fi  -  abMg(z) ,  

z  = shn(T -  T), 

and 

Mt - t) = 1 - cos (̂ 7p) • 

The above equations are solved numerically. Specifically, we compute the value 

$k(s) at a given s and repeat the calculation for a different value of s. The reason to 

use this straight forward method is due to the high sensitivity of the solution to the 

filter and input pulse functions. The computation stops when the zero is found. At 

each point of the integration, it is necessary to evaluate the MGF Mg(z) at a given 

z = shR(T — r). Since Mg(z) is an implicit function of z: 

z(Mg) = InMg(z)  -  61n[l + a(M g (z)  -  1)] (4.31) 
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we need another numerical routine to compute M g{z) .  The method of successive 

approximation is chosen. This method is explained as follows: 

Initially, we assume a value for Afj°) depending on the sign of z .  Specifically, if 

z < 0, we start the iteration with Mj°) = 0.1. If z > 0, a good starting point for the 

iteration is M^ = 1.0001 (see Figure 3.2). At the given initial value, a z'1' value can 

be computed from Eq. (4.31). Since the MGF is a monotonically increasing function, 

if zW — z > 0, we pick a new value determined by the step in the 

program. On the other hand, if — z  < 0, we pick a new value Mj1' > MjfK We 

continue this process until Mj") gives a value z^ close enough to the given z. In 

the computation, the step |Mjn+1' — M^\ decreases as we come closer to the desired 

value of  M g (z) .  

As mentioned earlier, the program computes $' k (s)  for a range of s  and stops when 

^(s) = 0, where & is 0 or 1. The corresponding Si and s0 are the saddlepoints that 

can be used to compute the BER from Eqs. (3.33) and (3.34). Since z = shji(T — r) 

and it is required that z < in computing Mg(z), the value of s should be below 

Scrit/hRtmax, where h^max is the peak value of the filter impulse response. In the case 

of the cosine filter under consideration, we have h,Rimax = 2. Furthermore, since the 

saddlepoint Si for ^(s) is negative and the saddlepoint so for *Pq(s) is positive, we 

have the following ranges for s in the computation: 

si < 0 and 0 < s0 < • (4.32) 
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In addition to finding the saddlepoints, we use a similar algorithm to find the 

optimum threshold value V as described in Chapter 3. 

4.1.2.2 BER computation assuming ISI 

When m > 1, we need to include the ISI contribution. In this case, ^(s) and 

are now expressed as: 

=  [  (Nihp(r)  + Nohp(r  + T)  + Nohp(r  — T)  + Ao) 
Jo 

hR{T -  T)M ' ( S l h R (T -  r))dr  + o* a i  — V — - = 0 (4.33) 
" * s  i  

and 

*£(«<>) = /VoMT) + w1Mr + r) + MM'--r) + Ao) 
JO 

hR{T -  T)M'(s 0hR (T -  r ) ) d r  + <r 2
ys 0  -  V -  -  = 0. (4.34) 

So 

Other than these modifications, the procedures to calculate the saddlepoints and 

to compute the BER are exactly the same as before. 

4.1.3 Case III: Raised-Cosine Filter 

When the ISI is strong, a zero ISI filter called the raised-cosine filter is often used. 

According to the Nyquist zero ISI criterion [24],[18], an output waveform of zero ISI 

can be expressed as: 

h0\it{t) = sinc(2 t /T — 2) + ^sinc(2 t /T — 3) + ^sinc(2 t /T — 1) (4.35) 

= l-4(W)'SiDC(2'/:r"2>- <4'36) 



Figure 4.5: Raised-cosine waveform of zero ISI. 
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This pulse is illustrated in Figure 4.5. Its zero ISI property can be verified from 

the fact that 

h 0ut{t )\kT = 

1 if k = 1 

0 otherwise. 

(4.37) 

For the input optical pulse given by Eq. (4.1), its corresponding Fourier transform 

Hp{uj) is 

H p (u)  = — sin(u>mT /2) 
m 

(1 L 
(cv  — 2w 

1 ) 
w/mT) J 2n/mT) (w + 27r/  

The Fourier transform of the raised-cosine waveform H0ut{w) is 

-jwT/2 (4.38) 

h 0 u t (u>)  = 
f (1 + cos(ujT/2))e-^T  if |wr| < 2tt 

0 otherwise. 

(4.39) 

Therefore, the transfer function of the filter is 

h r (u)  = h o u t ^  = 
M '  HP{u>) 

„ . , ^,„^(1+c°3(rT/2)) ; ,e-^T'2 if IcuTI < 2tt 2 sin(wmr/2)(—— - (ul+2*/mT) ) ^ ̂  

0 otherwise. 

To compute the BER using the saddlepoint approximation, we need the impulse 

response of the filter, hn(t), which can be obtained from the inverse Fourier transform 

of hr(u}): 

1 r2*/T 

MO = 7T HR{u)e^du.  
27t j-2*/T 

(4.41) 

Since h(uj)  is bandlimited, hji ( t )  will be time unlimited. However, to simplify the 

computation, we limit hn(t) to be found within three bit intervals (see Figure 4.6). 



m=1.5 

•m=1.0 

-0.50 

Figure 4.6: Impulse response of the filter. 
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To compute the BER, since ISI is zero, we consider only the worst case which gives 

the largest noise contribution. Since shot noise is signal dependent, the worst case 

noise is obtained when both the previous and next input pulses are "1". Therefore, 

the saddlepoints si and 3q are the roots of the following equations: 

The rest of the computation is exactly the same as for the other cases. 

4.1.4 Comparison of Results 

The BER versus ISI is plotted in Figures 4.10 to 4.13 for integration-and-dump, 

cosine and raised-cosine filtering. For each receiver, four different sets of G, Na, k and 

<jy are considered. The values of the four sets are chosen for comparison purposes to 

be the same as those in [9]. 

From the results, one can observe that the raised-cosine filter performs better than 

the other two receivers, especially when strong ISI is present. This behavior is due 

to the fact that the raised-cosine filter generates an output waveform of zero ISI, and 

therefore ISI introduced in the input pulse does not affect the performance of the 

hR{T -  T )M'g(S lhR(T -  r))dr + <rlS l-V-- = 0 (4.42) 
si 

and 

/

2 T  
(Nrhpir  + T)  + N 0hP (r)  + n^ t  - T )  +  A0) 

• T  

hR (T -  T)M ' g { s 0hR{T -  r))dr  + * 2
ys 0  -V--  = 0.  (4.43) 
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receiver. It can be ascertained from the graphs, however, that as the ISI becomes 

stronger, the BER becomes higher in the case of the raised-cosine receiver. This can 

be explained as follows. 

Since the output waveform must always be given by Eq. (4.36), the impulse re

sponse of the filter hn(t), is different for each different m (see Figure 4.6). Since the 

power of the thermal noise at the filter output is given by Eq. (3.16), the resulting 

thermal noise power is not the same for all m's. It can be shown that as m increases, 

the thermal noise power increases too, but it is always smaller than the thermal noise 

power output of the integration-and-dump or cosine filter. This is not the case when 

the integration-and-dump or cosine filter is used, since the impulse response of the 

above filters does not vary with m. 

The cosine receiver performs very well at low gains, when the ISI is very small. 

For example, for the case of G = 10 shown in Figure 4.10, the BER is much lower 

than that of the integration-and-dump, or the raised-cosine filters at low ISI. This 

behavior can be understood as follows. 

Since the total noise power {c\PD is given by Eq. (B.10)) at the decision circuit is 

when the gain is low, the dominant noise is the thermal noise. In this case, the cosine 

filter is the matched filter to the cosine input (m = 1). Since the matched filter gives 

the optimum BER when there is no ISI, the cosine filter performs better than the 

**total °APD "I" thermal (4.44) 

(4.45) 
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integration-and-dump and raised-cosine filters. At higher gains, however, the excess 

noise from the APD dominates (see Eq. (B.9)) and the cosine filter is no longer the 

matched filter to the cosine input. 
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Figure 4.7: Ai versus m at several e's values. 
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Figure 4.8: Ao versus m at several e's values. 
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Figure 4.9: BER vs Noise Margin due to ISI for e = 0.01. 
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Figure 4.10: BER vs m when G = 10, k = 0.5, Ns = 7481.53, a2
y = 3.6 x 107. 
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Figure 4.11: BER vs m when G = 40, k = 0.5, N„ = 2427.86, cr£ = 3.6 x 107. 
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Figure 4.12: BER vs m when G = 60, k — 0.5, N„ = 2441.83, cXy = 3.6 x 107. 
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Figure 4.13: BER vs m when G = 90, k = 0.04, N3 = 379.76, = 1.0 x 106. 
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Figure 4.14: Illustration of input pulse. 

4.2 Rectangle Input Optical Pulse with Finite Slope 

Another input pulse we considered is the rectangle pulse with a finite slope as 

shown in Figure 4.14. The input pulse hp{t) can be expressed as 

h p ( t )  =  <  (4.46) 

h + \ if W < 6 

1 if S  <  t  <  T  —  6  

-*=£ + § if|t-T|<* 

0 otherwise. 

The parameter 6 can be adjusted to consider the effect of the ISI. As we did in the case 

of the cosine pulse input, we consider the use of the integration-and-dump, cosine, 

and raised-cosine filters in the BER computation. We will not, however, include any 

discussion on the cosine receiver because the procedure is exactly the same as before. 

4.2.1 Integration-and-Dump Receiver 

The procedures of the BER computation are basically the same as before. The 

major difference is the need for a different expression for Ai and Ao. They are given 

below. 
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4.2.1.1 No ISI 

When there is no ISI or 6 = 0, we have an ideal rectangular pulse input. Therefore, 

we have 

Ai = f (NihP(r) + X0 )dT 
Jo 

= nt fdt + txo 
Jo 

= Na + Nd (4.47) 

and 

Ao = / (N0hP(T) + A0)dr 
Jo. 
r 

Jo.  

= eNs + Nj. (4.48) 

4.2.1.2 Worst case ISI 

When 6 > 0, we have ISI. For the same worse case of the ISI considered before, 

we have Ai and Ao given below. 

A '  -  *>{J ! ( i s + k ) i r + r* + L( - L i r + i ) 4 r )  

Wo'  ( -5 + s )  * + n °L  ( I i r + 1)  • d T + N '  

= A'I ("?• - 0 + iVo j + nj- + A'j 

= n,h-± + 

and 

( 1 "2?  +  #) + %  < 4 ' 4 9 » 

A o  =  n ° { L  ( r e + \ ) d T + l  d T + L , ( ~ h f + 1 2 ) d T  
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+* i  (-5 •+ 5) *+«£, +1)* • +  

= JVb(r-0+jv,T + Ar4 + Ati 
'4 ' 4 

= A r ' ( e "^ + 2^)  + N* -  (4-5°) 

Figures 4.15 and  4.16 illustrat e  Ax versus 6 and Ao versus 6 at several e's values. 

4.2.2 Raised-cosine Receiver 

When the input optical pulse is given by Eq. (4.46), the corresponding Fourier 

transform Hp{oj) is 

hp<u) = 2'in("r/2 
u 108 

= T sinc(/7')sinc(2£/)e-,7a'1^2. (4-51) 

Therefore, the transfer function of the filter is 

H0  U t{u) 
Hr(u>) = 

HP(u) 

1+008(^7/2) „—juT/2 :f I ml < o 
2SinC(u<T/2ir)SinC(u>5/jr) 1 1 ^ ̂  

0 otherwise. 

The impulse response of hji(t) of the filter is given by the inverse Fourier transform 

of H(u;), and is illustrated in Figure 4.17. 

4.2.3 Comparison of Results 

The performance of integration-and-dump, cosine and raised-cosine receivers at 

G = 10 is shown in Figure 4.18. When S < Q.07T or small ISI, we see that integration-

and-dump filter performs better than the raised-cosine filter. However, when the ISI 
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is larger ( 6  >  0.07T), it can be observed from Figure 4.18, that the integration-

and-dump receiver performs very poorly. In contrast, the use of the raised-cosine 

filter can effectively reduce the ISI and improve the performance. As was explained 

previously, this behavior is due to the fact that the raised-cosine filter generates an 

output waveform with zero ISI at the sampling times of all previous and next pulses. 

. At very strong ISI, S > 0.47T, we see that the cosine filter performs a little 

bit better than the raised-cosine receiver. As was explained previously, the impulse 

response of the raised-cosine receiver varies with 8 (see Figure 4.17); this affects the 

thermal noise power output. It can be shown that when the input pulse is given by 

Eq (4.46), and the ISI is very strong, 6 = 0.5T, the thermal noise power output of 

the raised-cosine filter is almost three times larger than the noise power generated by 

integration-and-dump, and is almost two times larger than the values obtained when 

a cosine receiver is used. 
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Figure 4.15: Ai versus 6/T at several e's values. 
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Figure 4.16: Ao versus 6/T at several e's values. 
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Figure 4.17: Impulse response of the filter. 
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Figure 4.18: BER vs 6 when G = 10, k = 0.5, Na = 7481.53, cr^ = 3.6 x 
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CHAPTER 5 

CONCLUSION 

This thesis has studied the computation of the BER in a communication system 

considering both noise and ISI. In addition to thermal noise and front-end amplifier 

noise, important noise in optical communications includes shot noise and excess noise. 

ISI in optical communications is mainly caused by fiber dispersion. To reduce ISI, the 

raised-cosine equalizer filter is generally used at the receiver. This thesis developed a 

general program that can compute the BER when different input pulses, noise levels, 

ISI, and equalizers are used. The technique used to compute the BER is based on 

the saddlepoint approximation method. To demonstrate the program computation, 

we considered two different input pulses, three different equalizers and several sets of 

noise and ISI values. 

The three equalizers considered were: integration-and-dump, cosine filtering, and 

raised-cosine filtering. The results showed that integration-and-dump performs sat

isfactorily only at low ISI levels, but performs poorly at large ISI. On the other 

hand, cosine receivers perform generally better than integration-and-dump at large 

ISI. They are also found to perform extremely well at low APD gains if the input 

optical pulse is a cosine waveform. The raised-cosine receivers reduce ISI to zero. 
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This type of receiver performs very well under strong ISI, and almost as well as the 

integration-and-dump at low ISI. 

The computation program consists of two parts. The first part calculates the 

optimum threshold for detection. The second part computes the BER at the given 

threshold level. Both parts are very time consuming because many recursive com

putations are involved. In addition, to ensure good accuracy, the step size in the 

computations is made very small. This further increases the time per run. However, 

the payoff is that the program is very general and flexible. One can readily model 

different input optical pulses or different equalizers. 

In conclusion, this thesis gave an in-depth analysis of the performance of optical 

communication receivers which include an equalizer. By studying various types of 

equalizers and different input optical pulses, we have evaluated the importance of ISI 

and noise on the BER. This investigation can then lead to a design of an improved 

receiver. 

In the future, it would be interesting to explore other methods such as numerical 

quadrature in addition to the saddlepoint approximation method. Since the numer

ical quadrature is an exact BER computation, it will help to compare the accuracy 

of the saddlepoint approximation results. 
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APPENDIX A 

DERIVATION OF THE MOMENT GENERATING 

FUNCTION OF THE FILTERED POISSON PROCESS 

The filtered Poisson process output of the APD is expressed by: 

A(t) 

X ( t )  =  " £ g k h ( t - t k ) .  
k=l 

The Poisson process has the following distribution (see Chapter 2): 

An(*)e-A(<) 

(A.l) 

P n ( t )  =  
72; 

(A.2) 

where 

rt+to 
A(<) = J \{u)du. (A.3) 

If the interval [t, t + <0] becomes very small i.e, [t,t + dt], the distribution of the 

Poisson process will be: 

P n ( t )  =  

X(t)dt if n = 1 

1 — A(t)dt if n = 0 

0 otherwise. 

(A.4) 



69 

If we divide a time interval from 0 to t, into L small intervals (L = t/dt), the 

MGF of X(t) is given by: 

Mxw(u) = E[eux^jn = 1] + E[eux^\n = 0] 

L 
« n E  {eu g M t~ r i ) \ {Tj)dT + [1 - A(rj)c?r]} 

i=i 
L 

= n £ { [ e U 5 i M < ~ T > ) - i ] A (^)^+i}  
j=i 
L = niE {eU9ih(t~Ti) 

- l} \{TJ)dr + 1] 
3=1 
l 

fti JJ exp |A(Tj)[Ee"3jh^~T^ — 1 ]dr| j=i 
= exp jfj A(Tj)[Eeu'Mt-rA - l]c/r|. 

The summation becomes an integration when dr goes to 0: 

Mx(t){u) = expjj^A (^{e^-^-lJrfrJ 
= exp | J A(T)[Mg(uh(t — T)) — l]dr|. 

The limit of the integration can be extended from —oo to oo without loss of generality: 

MX(t)(u) = exp | jf ^ A(T)[Mg(uh(t - r)) - 1 ]rfr|. (A.5) 
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APPENDIX B 

COMPUTATION OF THE MEAN AND VARIANCE OF 

THE OUTPUT y s ( t )  

The mean and the variance of the output ys(t) can be easily derived from its MGF 

(Eq. (3.10)): 

Mvs(s) = E[e'ys] 

= exp Qf ^ \ (T){Mg [shR ( t  - r)] - . (B.l) 

The mean of ys{t), E[ys{t)\ is 

%«(<)] = ^JW»WU- (B.2) 

The variance of ys(t), &apd's 

o>APD =  E [ y l { t ) \  -  E [ y s ( t ) } 2  (B.3) 

with 

E{yUt)] = ^Mys(s) |s=0. (B.4) 

From Eqs. (B.l) and (B.2), 

E[ys(t)] = / \ (T)hR(t-T)M'[shR(t-T)\dT • 
j—oc 

exp ^I  X ( T ){Mg[shR ( t  -  r)] - l}drj |a=0 (B.5) 
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with 

M ' ( z )  =  M  ( z )  1 + Q ( ^ ) - 1 )  
g [  )  9 i  )  1  +  a ( M g ( z )  -  1 )  -  a b M g ( z )  

where z = shji(t — r). 

At s = 0, z = 0, A/;(0) = T±rb=G 

/

oo 
A(T)hR(t - T)(IT. (B.6) 

•OO 

From Eq. (B.5), 

/

OO 
\ (T)h%(t- T )M'g'[shR ( t - T ) ) d T .  

•OO 

exp (/oo *(*"){ Af,[sA|i(* - T)] - 1}dT) l«=0 + 

U-oo ~ - T)MT) • 

exp {J-oo A(TMMsts/lR(* _ T)1 ~ 1>dT) l»=o 

with 

M"(z) = .^^(1 + a(Mg(z)~1))2~a26M'(z) 

'U > (l + a(Mg(z)-l)-abMg(z)y 

At 5 = 0, 2 = 0, M'g'(0) = G3(l - a2b) 

=* ^[»k< ) ] = G3( i -a 2 &)/." " T^ r +(g  r WW* ~ r ) d r)2  ( B J )  

=* °APD = G3( 1 - a26) f X(T)h2
R(t - r)dr. 

J — OO 

The factor (7(1 — a2i) can be verified [9] to be equal to the excess factor F derived 

by Mclntyre [16] and is given by: 

F = G[1-(1-J;)^1£J. (B.8) 
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In other words 

F = G( 1 - a2b). (B.9) 

Therefore, 

/OO 

A(T)h2
R(t - r)dT. (B.IO) 

•OO 
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