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NOMENCLATURE 

In this text the following general rules apply: 

(a) Matrices and higher order tensors are boldface upper-case characters. 

(b) Vectors are bracketed lower-case characters. 

(c) Scalars are italic characters. 

(d) The summation convention is applied when tensors are written in component 

form. 

(e) The meaning of a symbol is described when it first appears. If a symbol has 

different meanings in different sections, it is stated. 

Overscores 

First derivative with respect to time 

Second derivative with respect to to time 

Superscripts 

T Transpose of matrix or vector 



Subscripts 

10 

/ Description of matrix or vector with respect to elastic coordinates of body or 

element 

r Description of matrix or vector with respect to body reference frame 

Symbols 

A Element cross—sectional area 

A Transformation matrix from the body fixed coordinate system to the 

reference frame 

C Transformation matrix from element coordinate system to body coordinate 

system 

D Differential operator 

E Modulus of elasticity 

E Constitutive tensor 

{F} Sum of nodal body, traction and applied forces on an element 

K Stiffness matrix 

L Element length 

M Mass matrix 

{P} Vector of concentrated applied nodal forces 

{q} Total vector of coordinates for an element or body 

{C^ } Vector of external forces (body, surface and nodal) associated with 



coordinates {q} 

R Translation of body coordinate axes with respect to a reference frame 

5 Matrix of shape functions 

T Kinetic energy 

{T} Surface loading per unit surface area 

t Event related to previously time 

t+At Event related to present time 

U Internal strain energy 

u Function describing displacement of a body 

W Virtual work of all forces action on a body 

XY Reference frame coordinate system 

{Xb } Vector of body forces 

{e} Vector of strain 

{a} Vector of stress 

Element or body coordinate frame 

6 Vector of nodal rotations with respect to a reference frame 

A Vector of Lagrange multipliers 

Weighting functions used in interpolation methods 

Up Total potential energy 

Q Mass density 

Q Potential energy of external forces 
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ABSTRACT 

Procedurally—oriented computer programs used to perform finite element and 

multibody dynamics analyses are difficult to understand, use, and modify, A new 

approach, object—oriented programming, was used to develop a finite element code 

that is easier to apply, understand, and modify. 

Object-oriented code is easier to understand, as the characteristics and 

operations associated with a physical phenomena are grouped in a class whose 

structure closely parallels the modeled entity. Elements, bodies, joints, and 

mechanisms are modeled as classes. 

Program application is facilitated by a hierarchy of class structure. 

Manipulation of higher level body and mechanism class types direct the 

comphcated, lower level code of element calculations. Lower level code is hidden in 

an object library resulting in a shorter, simpler driver program for an analysis. 

Modification and expansion of programs is easily accomplished through 

object—oriented language features such as modularization of code into classes and 

overloaded functions. Body and element abstract base classes provide "templates" 

for creation of new type classes used to develop additional analyses. 
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CHAPTER 1. 

INTRODUCTION 

The introduction of computers as an aid in mechanical design and in analysis of 

complex mechanical systems has allowed engineers to simulate a body or system's 

behavior before it is actually manufactured. As design and analysis is a repetitive 

process, these simulations help to avoid repeated manufacturing and testing of 

prototype models. Analyses of these systems typically require the solution of 

ordinary or partial differential equations which describe the dynamics of the body or 

system of bodies. For problems with complex geometry, loading or material 

properties, it is often impossible to obtain analytical solutions to these equations. 

Instead, numerical methods can be employed, to compute approximate values of 

position, velocity, acceleration and forces at discrete points of the system. These 

methods incorporate various algorithms to solve a large system of simultaneous 

differential and algebraic equations. Consequently, the computer is an essential 

tool for mechanical design. 

The finite element method is often used for analysis of individual bodies and 

multibody dynamics code is used for mechanical system analysis. A general purpose 

simulation code is typically structured to accept as input model material and 

geometric characteristics, loading conditions and initial values of system parameters. 

With these inputs, the program assembles the equations of motion and numerically 

solves them to determine the physical state of the body or system of bodies at 

successive points in time. The code then outputs the results of the simulation as 

numerical data, plots or animated graphics. Well-known examples of finite element 
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analysis codes are ANSYS (Swanson Analysis Systems, 1985), NASTRAN 

(NASA,1972), ASKA (Argyris,1969), and NIKE2D, (Lawrence Livermore National 

Laboratory). Examples of multibody dynamic codes are ADAMS (Mechanical 

Dynamics, 1987), DADS (Computer Aided Design Software, Inc., 1977) and 

MBOSS (University of Arizona). 

The computer codes that perform these analyses have traditionally been written 

as a complicated set of ordered procedures to perform the above-mentioned tasks. 

One disadvantage of this method of program writing is that program developers 

cannot easily modify or upgrade these procedures to accept new numerical or 

physical models. Modification of one portion of the program usually necessitates a 

complete program redesign to accommodate the new technology. 

These complicated procedures are also difficult to follow and understand. This is 

partly because the organization of procedural codes does not usually parallel the 

conceptualization of the body or system it is modeling. The body or system is 

organized by grouping together data and processes that describe its material and 

geometric characteristics, its kinematic characteristics, and its dynamic 

characteristics— applied forces and resulting deformations and reaction forces. 

Procedural programs, on the other hand, are not organized so that all the 

characteristics or functions that describe a body or system are grouped together in 
I 

the code. 

Thus, there is a need to develop a simpler code that is easier to modify, maintain, 

understand and use. In the past, efforts have been made to make programs easier 

to use and interface with other software. These programs were developed with the 

"black box" approach. They were written to be menu driven, and all aspects of the 
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program with the exception of the input, execution, and output interfaces were 

hidden from the user. Although this format for programs is easier to use, it requires 

the code to be formulated in a way that can anticipate the modeling of a great 

number of physical situations. It is difficult to modify these programs, as 

modification of one part of the program requires complete program reorganization. 

Because of these problems associated with conventional code development 

methods, a new approach known as object—oriented programming, was developed. 

In object—oriented programming, action (or functions) and data are closely 

coupled. When data is defined, the action on the data is also defined. The data and 

associated functions are grouped together inwhat is called an object. A set of 

objects are created that interact with each other. This is in contrast to procedural 

programming, in which a set of routines acts on a set of data. The objects are 

created as fundamental program "building blocks". 

The structure and functioning of an object-oriented program is easier to 

understand. This is because the characteristics, processes, assembly and interaction 

of these objects closely parallel the actual physical entities being modeled. As 

described earlier, an entity or system is usually described by its physical 

characteristics and processes, and by its interaction with its surroundings. 

In addition, the object-oriented method of programing helps to reduce the time 

and effort needed to modify code or develop new code. There are two major 

reasons for this. First, the objects can be used for successive applications. This is 

because the modularized, low—level code used to create the objects is stored in 

object libraries. This code can be easily accessed to create new models without 

having to reimplement many details that remain unchanged from application to 
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application. Code modification time and new code development time may also be 

reduced through the object—oriented progranmiing techniques of class inheritance 

and virtual class descriptors. These techniques make use of "generic" objects whose 

instances are modified and tailored to for each application. 

Object-oriented programming has been used and well—accepted in application 

such as the design of graphical displays for computers and programs that perform 

business tasks. The object—oriented structure is very well—suited for these types of 

applications, as they demand efficient data organization and establishment of data 

hierarchies. Also, the ability in object-oriented programming languages, to create 

generic abstract data types that can be applied to many different situations is 

well-suited to these applications. 

Object-oriented programming has not been used extensively or readily accepted 

in codes used for the design and analysis of mechanical systems or, in general, in 

engineering and science applications. This is partly because most scientific and 

engineering code is written in the FORTRAN programming language. FORTRAN 

is essentially procedure—oriented, and is not easily restructured into an 

object-oriented language. Also, existing programs have generally been written to 

solve well-defined, situation—specific problems. The analyses have been viewed in 

the "batch" sense, in which current data for one process or calculation is fed into 

the program and analysis is performed, and an answer is returned. In engineering 

design, however, the entities being modeled often have certain characteristics whose 

values depend on data or results obtained firom the evaluation of another one of its 

characteristics. It is becoming increasingly more evident that it makes sense to 

group together in one program "block" all characteristics of an entity and the 
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functions used to calculate them. 

In this study, object-oriented programming using the C++ programming 

language is implemented to build a finite element code and to demonstrate how a 

multibody dynamics code may be constructed. It is shown how object-oriented 

programming can help overcome the problems of program complejdty, modification, 

and maintenance that are inherent in finite element and multibody dynamic 

programs. The chapters of this work are organized as follows; 

Chapter 2 discusses the general theory behind object-oriented programming. 

The basics of the finite element method, as well as application to studying the 

dynamics of deformable bodies and multibody systems is presented in chapter 3. 

Chapter 4 presents the development of a finite element/multibody dynamic code 

using object—oriented programming. It is demonstrated how object—oriented 

programming facilitates creation of new code and modification of existing code 

through devices such as object instantiation, virtual objects, and multiple 

inheritance. Chapter 5 shows example implementations and program results, and 

discusses conclusions and topics for further research. 
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CHAPTER 2. 

THE CONCEPT OF OBJECT-ORIENTED PROGRAMMING 

2.1. Background 

The concepts leading to the development of object-oriented programming 

arose in the late 1960's. During this period, a need was recognized for a greater 

simplicity and structure in programming language design. Programs written in 

procedurally-oriented languages were written as sequences of procedures acting on 

inputted data. These programs were difficult to understand and use and 

modifications often required complete program rewriting. The emphasis began to 

shift from sequences of procedural statements to the concept of interacting blocks 

or modules of code. These smaller blocks were easier to understand and debug. In 

addition, changes usually only required modifications of a block, rather than a 

complete program rewrite. One of the first efforts toward using interacting 

modules of code was the language Ada which was developed by the Department of 

Defense. It supported programming modules that could contain functions, and 

procedures and support data encapsulation. 

The first true object-oriented language, SIMULA, was developed in 1967 for 

use in writing simulation packages. It was the first language to allow blocks of code 

to be "detached" fi-om the normal "nested" scheme of programming and to have an 

independent "lifetime" or scope. SIMULA supported the class definition as the 

constructor of instances of abstract data types. It also supported the concepts of 

class inheritance, class abstraction, and encapsulation through the declaration of 

public and private components. 
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Much of the early work with object—oriented programming was performed by 

researchers in the field of artificial intelligence, and the main application was 

knowledge engineering. Programs written during this period include Hewitt's 

ACTORS, MIT's FLAVORS and Xerox's LOOPS. SMALLTALK was developed 

by Xerox in the 1970's. Wegner [245]. 

The development of object-oriented programming in the 1970's proceeded 

rather slowly. Some research was done on the subject, including David Pamas's 

paper on the modularization of code, Stephen Zilles's paper on representing data 

objects by a collection of procedures, and John Reynolds's paper about user defined 

data types and procedural data structures. Cox [1-40]. 

Interest in object—oriented programming did not become widespread until 

1986. That year, the first Conference of Object-oriented Systems, Languages and 

Applications was held. This interaction promoted the idea of using object-oriented 

programming to solve a wide range of problems. During this time, there was also a 

rapid development of workstation technology, which demanded support software for 

personal programming, and graphical displays. There was an increasing demand on 

software to be flexible in application and more emphasis began to be placed on user 

interaction with the software. Object-oriented programming is well suited to 

handle these requirements. 

Since 1986, there has been a boom in the development of object-oriented 

languages designed for commercial use. These include C+ + (Stroustrup, 1986), 

CLOS (DeMichiel, 1987), MacApp (Schmucker, 1986) and IRIS (Fishman, 1987). 

All of these languages are now widely used. 

Many definitions have been developed to describe an object oriented 
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programming language. One of the most widely accepted definitions of the 

object-oriented approach to programming requires that the language have the 

following characteristics: Bakker, Roever, Rozenberg [151] 

1) Support for abstract data types. The ability to create user-defined data 

types. 

2) Polymorphism: The ability to share the same functional behavior between 

instances of a data type although the code to implement the behavior may 

differ. 

3) Inheritance. The ability of a derived abstract data type to acquire the 

characteristics of a previously defined data type. 

4) Encapsulation, data hiding or data abstraction. The ability to use the 

abstract data type and its various operations without having to be aware of 

the internal details of implementation of the data type. 

C+ + is the language in which the object—oriented code for this work was 

written. It was developed at the Bell Laboratories by Bjame Stroustrup to bring 

object—oriented programming to the C language. C+ + retains the features of C, 

but adds to it all the features of an object-oriented language, as outlined above. 

The following sections of this chapter discuss the general structure and features of 

the C + + language. 

2.2. Object-Oriented Programming and the C+ + Language 

This section describes the main features of the C+ + programming language 

that were important in the development of the code for this work. 
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2.2.1. General Structure of the Language—Classes 

One of the main features of C+ + that sets it apart from procedurally oriented 

languages such as C and FORTRAN is its ability to handle user defined (abstract) 

data types. A user defined data type in the C+ + language is known as a class. In 

many instances, the structure of language —defined data lypes such as (in C) 

characters, integers, floating point numbers, strings, and arrays is not flexible 

enough to be manipulated to perform desired tasks. As an example, consider a 

matrix, which is an array data type. A matrix is made up of an ordered set of objects 

of a single data type. If, in a procedurally oriented language, it is desired to write 

code to perform a simple mathematical operation on two matrices, A and B, such as 

addition, the programmer must write code to add individual elements of the arrays. 

In C+ +, a "Matrix" class could be created that would know how to manipulate 

the individual elements of the matrix such that the statement A+B would 

automatically perform addition of the matrices. Thus, the new Matrix class has 

added extra functionality to an already existing data type, the array. 

Classes more often may represent an abstraction of information into a totally 

new data type. These new data types group together information and functions not 

normally associated with a certain standard language defined data type. This 

grouping, however, may organize more logically information and tasks associated 

with solving a specific problem or modeling a specific physical phenomenon. 

Another important feature of the C+ + classes is that the class can act as a 

"template" for an indefinite number of instances of the abstract data type. The 

class only defines the data type, i.e., specifies the type of information it will contain. 
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Actual implementation of the data type is accomplished through instantiation of an 

object of a class. Objects are examples or specific occurrences of the class. 

Consider again the Matrix class example. Referring to Figure 1., its declaration 

class Matrix 
{ 
public: 
Matrix(int,int); 
~Matrix(); 

class Matrix 
{ 
public: 
Matrix(int,int); 
~Matrix(); 

Number of dimensions 
and size of dimensions int numdim,diml,diin2; 

• 

Function for matrix 
addition 

• 
« 

friend Matrix operator +(const Matrix&, 
const Matrix&); 

Function for matrix 
multiplication friend Matrix operator *(const Matrix&, 

const Matrix&); 

Function for matrix 
inversion 

friend inverse(Matrix&); 
} 

Figure 1. Pseudocode for class Matrix 

and definition contains information on how to specify size and element data type, 

and how to perform various mathematical operations with it, such as addition, 

multiplication and mversion. A matrix of floating point numbers representing a 

coordinate transformation and a Boolean matrix representing constraint conditions 

on a body in two-dimensional space could both be object instantiations of the class 

matrix. They both have size, are made up of elements of one type, and might have 

operations such as addition and multiplication performed on them. However, the 

values for size, element type, and the actual matrices that result from the matrix 
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operations are veiy different. The instantiation and use of one object of a class in 

no way affects the instantiation of a different object of the same class. This enables 

multiple use of the code for the class. 

Composition of a Class 

A class is composed of two major parts, the class head and the class body. The 

head has the identifier word class along with a user-defined class name. The 

class body contains data members and methods. The data members are instances of 

previously defined data types, and help to describe the characteristics of the class. 

Referring to the Matrix class, a data member might be no_rows, an integer 

describing the number of rows in the matrix. These data types may be language 

defined, such as integer and floating point variables, or user defined (classes). An 

object instance of a class is initialized by the initialization of its data members. 

Methods, or functions of a class are a set of operations to manipulate the object 

instances of the class. These operations are executed using the object's data as 

input. They may perform manipulation, implementation, and access operations. 

For the matrix class, an example of a member function is transpose () ,.as 

shown in Figure 2. This function describes how the transpose of a matrix is 

calculated. Member functions have full access to other members of the enclosing 

class (both data and function members). 

Each class definition contains member functions called constructors and 

destructors. A constructor is identified by assigning it the class name. When an 

object instance of a class is defined, the constructor function handles the initiation 
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Reference to Matrix ml 
passed to function 

Matrix transpose(const Matrix& ml) 

{ 

Declare Matrix to hold 
transpose, same size as ml 

int i,j; 

1 Matrix in2 (ml.diinl,ml.diin2) ;j 

for(i=0;i<ml.diml; i++){ 

Make i j entry of ml equal 
to j,i entry of m2 

for (j=0; j<inl .diin2; j++) { 

1 m2 (i, j ) =inl (j , i) ; 1 

} 
Return vol to main part of 
program as transpose of ml 

1 return m2; | Return vol to main part of 
program as transpose of ml 

} 

Figure 2. Example function of Matrix class 

of allocation of memory to contain its data members. A class destructor is identified 

by giving it the class name prefaced by a tilde " ~ Its purpose is to deinitialize the 

class object prior to deallocation of memory for the object. 

Within the class body, different levels of information hiding may be specified. 

Information hiding is a means of restricting user access to the internal components 

of a class. It is implemented by labeling class members public, private, or protected. 

A public member is accessible anywhere within a program. A pubhc designation 

allows other functions to access and reassign values to data members and member 

functions. A private member can only be accessed by its class members. This 

designation is useful because it can prevent accidental modification of data. In 

addition, compilation errors that involve private class members are restricted to the 

code defining the class. This makes program debugging easier. A protected 

member is public to other members in its class and derived objects, but private to 

the rest of the program. A definition of derived objects will be given in the section 

discussing inheritance. 
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Another type of function that is not a class member, but may be declared within 

a class is the fiiend function. Declaring a function a friend to a class allows it to 

access the non-public members of the class. 

The major purpose of using classes in object—oriented programming is that they 

facilitate organization. In procedural programming, operations and data concerning 

an entity are scattered throughout the code. In object-oriented programming, 

however, the class structure organizes all information pertaining to a certain entity 

together in one block of code that is easier to interpret and modify. It is easier to 

keep track of the relationship between different operations attached to an entity if 

they are all grouped together. 

Classes are usually organized in program blocks similar in scope and structure to 

the physical entities whose behavior is being described. The structure of classes is 

comprised of data members that describe the class characteristics, member 

functions that delineate operations performed with the object instances of the class, 

and information access designations. This organization parallels that of actual 

physical entities. Entities are commonly described by physical parameters (parallels 

data members), and functions or actions associated with it (parallels member 

functions). An example of a "class style" description in the real world is a body and 

its dynamical behavior under external loading, as seen in Figure 3. The body is 

described by its geometry and material characteristics, and by operations associated 

with it such as motion, external loading, and resulting deformation. Parallel with 

public and private members are seen when operations such as body deformation 

relative to a load is examined. Often the concern is not so much with what is 

happening inside the body when a load is applied as the resulting visible 
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class Body 

Describe material and 
geometric properties 

double length,width,mass; 

Establish 
global coordinates 

Y 

inpt_glob(doubleX,doubleY,doubletheta): 

•X 

Establish 
local coordinates 

inpt_loc(double xl, double yl); 

Applied loading ^ 

applied_load(double F); 

Describe boundary 
conditions 

bound_cond 0; 

Calculate displacement 

calc_disp(); 
rotation 

Figure 3. Pseudocode for class Body 
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deformation. 

Usejul Attributes of Class Structure—Overloaded junctions 

A function is said to be overloaded when there is more than one function 

definition for the same function name. Overloading allows a group of functions that 

perform a similar operation to be identified by the same name. Their declaration 

differs by the number and type of passed arguments. When an overloaded function 

is called in a progriam, the correct definition is found by matching the number and 

type of argument with the calling statement. Referring to the previous example of 

the Matrix class, the function operator is used to multiply both two 

dimensional matrices and a two dimensional matrix with a vector. Code fragments 

of the functions from the Matrix class to define both types of multiplication for 

are shown in Figure 4. This operator is overloaded because the actual function to 

perform the multiplications differ. The compiler can determine which function 

definition to use because of the type of arguments passed— matrices or a matrix 

and a vector on either side of the "* "operator. 

In the above example, the program user need not be concerned with the 

definition being used, but need only know that the multiplication operation is being 

performed. The code to perform the matrix multiplication can be stored away in a 

user library. This restricts inadvertent alteration of the code and results in less code 

being visible to the user. Function overloading is a beneficial attribute of C+ + 

because it allows for the creation of more uniform, simpler code that is less 

vulnerable to unwanted alterations. 
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Multiply two 
matrices 

Return result 

Multiply a matrix 
and a vector 

Return result 

Matrix operator •(const Matrix& ml, 

const Matrix& m2) 

{ 
int 

Matrix m3(ml.diml, m2.diin2); 

for(i = 0;i<inl.diml;i + +) { 

for(j = 0;j<m2.diin2;j + +){ 

in3(i,j)=0; 

for(k=0;k<ml.diin2;k-H-) m3(i,j)+=inl(i,k)*in2(k,j);} 

} 

return mS; 

} 

Vector operator *(const Matrix& ml, 

const Vector& vl) 

{ 
int i,j; 

Vector v2(ml.diml); 

for(i=0;i<ml.diinl;i + +){ 

v2(j)=0.0; 

for(j = 0;j <ml.diin2;j++) v2(i)+=ml(i,j)*vl(j);} 

return v2; 

} 

Figure 4. Overloaded operator 

2.2.2. Objects and Superclass Structure—Class Hierarchy 

As mentioned earlier in Section 2.2, the C++ language allows object instances 

of previously defined classes to be data members of another class. This feature 

facilitates different levels of data abstraction in program code. The highest level 

classes may be solely concerned with manipulation of purely abstract data types. 

Lower level classes usually contain language-defined data members and have 

functions that manipulate actual numbers. 



29 

This hierarchy of structure is useful because it allows the code defining lower 

level objects that perform mundane numerical operations to be stored away in class 

libraries. This allows the programmer to just work vwth the higher level abstract 

data forms. For example, in the finite element method most procedures involve 

some form of matrix manipulation, such as addition, multiplication or inversion. In 

designing and coding classes for an object—oriented finite element program, it is 

desirable to avoid dealing with the mundane and "messy" code generated when 

manipulating the individual elements during matrix operations. So, object instances 

of the Matrix class, as previously discussed, can be included as data members of 

higher level classes. For example, matrices A, B, and C are included as data 

members of class Higher_order in Figure 5. The higher level class can then work 

Declare A,B as Matrix 

Declare A,B as members of 
Higher_order 

class Higher_order 

{ 

Higher_order:A(3,3),B (3,3){}; 

~Higher_order(){} ; 

Matrix A,B; 

void function(Matrix&, Matrix&); 
Pass A,B to functionQ 

} 

Multiply A and B to get 
Matrix C 

voidHigher_order::function(Matrix«fe A, 
Matrix& B) 
{ 
C=A*B; 

} 

Figures. Matrix aspartofclassHigher_order 
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with just the abstract data form, the matrix. The actual code to perform the 

manipulation on individual matrix elements is stored away in the Matrix class 

definition. This ability to "hide away" complicated, lower level code into class 

libraries results in cleaner code that is easier to imderstand. 

2.2.3. Inheritance 

Many phenomena are not easily modeled with one prototype class, but are more 

easily represented with collections of related classes. It is also often desirable to 

model two or more phenomena with similar, but not identical class types. Each of 

these types shares a common "core" of properties with the others, but has additional 

properties that distinguishes it from the others. To model all of these types with just 

one data abstraction, either a single class must be created to incorporate all of the 

different properties of the related types, or a separate class abstraction must be 

created for each type. Instead, class derivation can be used to create a set of class 

types related by inheritance to a "parent" class. Inheritance is a mechanism for 

building class types from other class types. 

The base class, from which other classes are derived is composed of the most 

general case of a class, i.e., data members and function members that could be 

common to a number of specific derived types of this class. 

The derived class, by declaring itself inherited from the base class, can use the 

members of the base class as if they were its own. Like class members, derived 

classes can be specified as public, private, or protected, depending on the visibility 

to derived classes that is desired. This allows derived classes access to only those 
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members that they need. The derived class inherits all members of the base class, 

except the base class constructor and destructor, assignment operators and private 

members. The derived class can contain redefinitions of parts of the inherited code 

to fit a new purpose or application. New data members and functions can also be 

added to the derived class to tailor it to perform a certain specific task. For 

example, consider the Body class, shown in Figure 3.. It has been designed to 

undergo translation and rotation in response to an acceleration from an applied 

force. If a type of body is desired that undergoes change in shape, or deformation, 

in addition to translation and rotation, a new body type class Def orm_Bod could be 

created. Def orm._Bod would inherit all members from the Body class, and would 

only need to have data members and functions describing deformation in relation to 

applied forces. An example of pseudocode for Def onn_Bod is shown in Figure 6. 

Inherit as public all members of 
Body class 

class Deform Bod:public Body 
{ 

Describe additional material 
characteristics 

1 modulus 1 
double mod_elas; 
Vector deformation; 

rotation 

deformation 

calc deformQ; 
} 

Figure 6. Pseudocode for a deformable body 

The derived class can itself serve as a base class for another derived class. 

When this process of derivation and inheritance is repeated, a "pyramid" of classes 
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with the most basic at the top and most specific and detailed at the bottom is 

formed. 

Advantages and Use of Inheritance 

The derived class inherits all public and protected members of its parent class. 

The derived class can use inherited data members and functions to perform 

necessary operations without having to declare or define these members. This helps 

keep program size smaller and simplifies resulting code. In addition, the 

declaration of certain members of the parent class as private restricts access by 

derived classes and allows inheritance of only those members that are needed. 

Inheritance also allows the base class members to be hidden from view in the 

derived class. This prevents unwanted and inadvertent modification of the code. 

The derived class can inherit much of its code from the base class. Writing code for 

derived classes is easier and quicker because the programmer has to declare and 

define only extra members and modifications to inherited members. 

Finally, inheritance aids in general organization and understanding of programs. 

It allows entities having similar structure and content to be described and evaluated 

by the same criteria of data members and functions. 

Multiple Inheritance 

In some instances, inheriting from a single base class cannot adequately provide 

the majority of characteristics needed to describe the derived class. Multiple 
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inheritance allows the creation of a class type that combines the behavior of two or 

more parent classes. Under multiple inheritance, the derived class can declare 

more than one class as a base class. Inheriting the public and protected members 

from all of the base classes allows the derived class to take on a larger variety of 

characteristics. For example, complex mechanical systems may be made of a variety 

of subsystems, as shown in Figure 7., for an automobile. The mechanical system, 

automobile, could be described by a derived class that inherits all of the 

characteristics of the classes that represent the subsystems engine, chassis, 

transmission of power, and body. 

Multiple inheritance is a useful attribute of the C+ + language for the following 

reasons: First, multiple inheritance allows a derived class to achieve fairly complex 

characteristics without the necessity of corresponding complex code to describe it. 

Second, the inherited code is fully accessible to the derived class, but is hidden away 

in the definitions of the base classes. Third, the definition of the derived class only 

contains any additions or modifications to inherited code. Fourth, under multiple 

inheritance, classes having the common inheritance of a base class need only be 

similar to each other in those base class characteristics. Thus, multiple inheritance 

has the advantage of using the base class code throughout a program with a single 

definition, resulting in smaller code size. 

2.2.4. Virtual Functions and Abstract Base Classes 

In designing class inheritance structures, it is sometimes necessary that a group 

of similar, derived classes inherit functions from the base class that perform the 



Chassis 

Engine 

Power Tram 

Automobile 

Figure 7. Body as combination of engine, chassis, power transmission, body 
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same operations, but differ in the way the operations are accomplished. This 

problem could be dealt with by writing a separate function definition for each 

possible derived class. The derived class would then "choose" the appropriate 

definition that it needed when object instantiation took place. This method is 

satisfactory if there were only a few operations. However, if numerous "similar" 

functions are needed, the base class code can become cumbersome. 

Another solution to the problem would be to incorporate the declaration and 

definition of the functions into each separate inherited class. When this is done, 

however, the uniformity of structure and style can be lost. 

In object-oriented programming, the functions that perform the same 

operations, but are defined differently are declared virtual. Virtual functions are 

functions that are declared and can be defined in a base class, but also contain 

definitions in derived classes. By declaring the functions as virtual, the derived 

classes can inherit the same "framework" of function members, but the function 

definition can be tailored for the particular class use. Often, the function definitions 

in the base class are not intended for use by the derived classes. They only serve as 

default definitions if no other definition is supplied by the derived class. A "pure" 

virtual function can be defined that has no definition in the base class. The pure 

virtual function is not defined until an object instance of a derived class is initiated. 

If a base class contains at least one instance of a pure virtual function, it is 

called an abstract class. Abstract classes are useful, because they can serve as 

"templates" for creating a family of similar, derived class types. Having the 

template for the class is beneficial, as developing the framework can often be the 

most time—consuming part of writing code. The framework for the derived class is 
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already created, and only the function definitions need to be written. An object 

instance of an abstract base class cannot be created. Objects are created by 

declaring an instance of a derived class type in which definitions for the pure virtual 

functions are provided. Figure 8. shows pseudocode for an abstract base class, 

class Body 

{ 

Body(){}; 

-Body(){}; 

virtual void input_glob_coor(double,double)=0; 

virtual void input_loc_coor(double,double)=0; 

virtual applied_load(double)=0; 

virtual void bound_cond()=0; 

} ;  

Figure 8. Abstract base class Body 

Body, in which input_glob_coor(), input_loc_coor(), applied_load(), 

and bound_cond(), are pure virtual functions whose definition will be supplied by 

the derived class types. 

Use of abstract classes also cuts down on the amount of different functions in 

the base class, and helps to create simpler code. The use of virtual functions and 

abstract classes can also help to eliminate possible ambiguity in function calls 

occurring if functions with the same name are declared and defined in separate 

classes. 
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CHAPTER! 

FINITE ELEMENT METHOD AND MULTIBODY DYNAMICS 

3.1. Introduction 

The finite element method is a numerical method for determining solutions to 

problems in applied mechanics. Specifically, the method is used to determine 

stresses, strains and deflections for structures with complex geometries subjected to 

a set of external forces and constraints. In recent years, the method has also been 

used in fluid flow and heat transfer problems. Whereas analytical methods yield 

solutions to the problems at any location in the continuum, this numerical method 

yields approximate solutions at discrete points. It is based on the concept that the 

behavior of a continuum can be approximated by dividing the body into a finite 

number of small elements and that the overall behavior of the continuum can be 

determined by the behavior of these individual parts. A continuum or structure is 

modeled by an appropriate system of smaller units (elements) interconnected at 

points (nodes) common to two or more elements. Equations are formulated for 

each element at its nodal points and these equations are combined to obtain a 

solution for the whole body. In solid mechanics, this solution usually consists of 

determining deformations and stresses at connecting nodes resulting fi-om some sort 

of external loading. Interelement continuity of displacement, slope, and curvature is 

forced at the connecting nodes. 

Finite element analysis is a useful tool for determining the response of a body 

or system of bodies to applied loads when material geometry or loading is too 

complex to model with traditional methods. Examples of such bodies include 
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frames subjected to complicated loads, machine parts with complicated or irregular 

geometries, and electronic circuitry that has complex thermal loading. Finite 

element analysis can also be used as an iteration tool to model the response of a 

body or system of bodies to varying constraint or loading conditions. Once the finite 

element model for the entity is developed, it is a fairly simple task to change these 

loading and constraint parameters. In addition, a finite element code can be 

augmented to perform analyses using dynamic loading or to include nonUnear 

behavior due to large deformations of non-linear materials. 

3.2. History of Development of the Finite Element Method 

As early as 1906, some type of 'mesh' structure was used to solve solid 

mechanics problems. However, the modern development of the finite element 

method began in the 1940's with work by Hrennikoff [169—175] and Mc Henry 

[59-82]. They used meshes of one-dimensional elements to solve for stresses in 

solids subjected to external loads and constraints. Courant [123—143], a 

mathematician, introduced in 1943 the method of solving for stresses by the use of 

the Rayleigh—Ritz variational method. He also introduced the use of interpolation 

or shape functions to obtain numerical approximations for solutions of stress and 

displacement over a surface element. This was actually the first development of the 

finite element method, 

Courant's work was neglected for about ten to fifteen years. This was primarily 

because a means had not been developed to solve quickly and efficiently the large 

systems of simultaneous equations generated by numerical methods. The invention 
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of high speed digital computers in the 1950's facilitated the solution of these systems 

of equations. Turner, Qough, Martin, and Topp [805—824] were the first to derive 

the stifftiess matrices for one and two dimensional elements. They developed the 

direct stiffness method for analyzing structures, in which the individual element 

stiffness matrices are combined to create a stiffness matrix for the total structure. 

This total stiffness matrix is used to relate the displacement at nodes in the body to 

the applied forces. Qough [345—378] for the first time formally used finite 

elements in 1960 when he was discussing plane stress analysis using 

two-dimensional elements. 

Throughout the early 1960's, most of the finite element work was carried out 

using static loading analysis in elastic materials undergoing small strains and 

displacements. Large deflections and thermal analyses were considered by Turner, 

Dill, Martin, and Melosh in 1960 [97-107], and the study of viscoelastic problems 

using the finite element method was carried out by Zienkiewicz, Watson, and King 

[807-827] in 1968. By the end of the 1960's, the variational method of finite 

element analysis was formulated. It allowed the solution of non-structural 

problems in fluid flow, and heat conduction. Melosh [205-223], Zienkiewicz and 

Chung [507-510]. The method of weighted residuals was developed in the 1970's. 

This method has seen applications in fields other than solid mechanics when 

variational formulations, such as minimal potential energy may not exist. 

Szabo[301-310], Zienkiewicz [61-71]. 

The finite element method has become a standard tool of analysis in 

engineering applications, such as civil engineering and aerospace structures, and 

the analysis of thermal and fluid mechanics problems. Many finite element software 
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packages are commercially available to assist engineers in mechanical analysis. In 

addition, research in the field of finite element analysis is still being pursued. 

Large displacement, non—linear problems involving dynamic behavior have most 

recently been studied. For particular application to studies of multibody dynamics, 

in which the simulation and design of interconnected deformable bodies undergoing 

large deformations is considered, see Shabana[l-447]. 

3.3. Steps in the Analysis 

This section contains a brief description of the steps used to perform a finite 

element analysis. They are: 

1) Discretization 

2) Selecting a shape function 

3) Defining strain/displacement and constitutive relationship 

4) Deriving element stiffness matrix and element equations 

5) Assembling element equations to obtain global equations for the body 

and imposing boundary conditions 

6) Solving for primary unknowns 

7) Solving for associated unknowns 

These steps are used as a basis for developing solutions for both structural and 

non-structural problems. As this work deals with analyzing the behavior of a body 

or system of bodies under mechanical loading conditions, the description of the 

finite element method as applied to structures will be presented. 
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1) Discretization 

This step involves the partitioning of the body to be analyzed into a collection of 

elements (a mesh) of predetermined shape, and the selection of element material 

properties. The number of elements in the mesh and the element size in relation to 

the body are decided on the basis of the following criteria: 

1) The number of elements must be sufficiently large to produce accurate 

results from the analysis. This depends upon the desired degree of accuracy, and 

consideration of body geometry and loading. A larger element will force an 

approximation of solution over a larger area or length. If a high degree of 

accuracy of solution is desired, or if rapid changes occur in geometry or loading, a 

larger number of smaller elements are needed. 

2) The computational effort must be reasonably cost effective. The criteria above 

must be balanced with considerations of computational time and computer 

memory. When elements are added to a finite element mesh, extra equations are 

added whose formulation and solution require extra computer time and memory. 

Adding many elements and creating a finer mesh may increase computational time 

to unacceptable levels. 

The element type that is chosen usually reflects the general geometry and 

loading conditions of the body that is being modeled. For example, rod elements 

are well—suited to describe the behavior of a long slender body that only undergoes 

axial loading. In contrast, a long slender body that must sustain transverse loading 

and bending effects in addition to axial loading is best modeled by beam elements. 

Bodies whose cross sectional dimensions are small in comparison to their length or 
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area dimensions are best modeled by constant stress or constant strain triangles and 

quadrilaterals. Three dimensional elements such as tetrahedral or hexahedral 

elements may be used if a problem is encountered that has irregular loading or 

shape characteristics, or that requires a greater degree of accuracy than a two 

dimensional analysis would provide. Axisymmetric elements are used when the 

geometry of the body to be analyzed is symmetric about an axis. 

2) Selecting a shape function 

The finite element method yields a solution for continuous quantities such as 

deformations, stress and velocity in terms of values at discrete points (nodes) within 

the body. Exact solutions at nodal points ensures continuity between elements, 

while values for these quantities at locations between the nodes (within an element) 

are calculated by means of piecewise continuous functions called interpolation or 

shape functions. Polynomials are most frequently used as interpolation functions. 

The order of the polynomial that is chosen is directly related to the number of 

known conditions at the nodes of the element. 

The element shape functions are dependent on geometry and degrees of 

freedom of the element. The same function can be used for all the parameters of an 

element, and the function form is similar for all elements within a body. In addition, 

the shape functions are time invariant, which means that in the case of d^atnic 

analyses, they need only be calculated once. For axial loading-displacement 

calculations on a one-dimensional, rod-shaped body, a linear interpolation 

function is chosen, as it has two coefficients which are associated with the axial 
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displacement at each end of the rod. The function describing displacement along an 

axially loaded rod is described by 

u = Qj + 

where x is the location along the element axis, and the a's are constants. This is 

graphically shown below in Figure 9. 

u 

Figure 9. Displacement function for axially loaded rod 

The a's can be evaluated in terms of the two nodal axial displacements gj , and qz 

by determining u at each node. Thus, for a rod element: 

aj = qj 

_ <?2) 
^2 1 

where L is the element length. Substituting into the equation for u, we obtain in 

vector form: Logan[ 28 ]. 

where S = [ S; ^2 ] and {<?} = (1) 

Si and S2 are known as shape functions and S is the shape matrix. They describe the 

variation of the axial displacement of any point on the element as a function of its 

position relative to the nodes of the element. Any parameters, such as velocity, 
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acceieration, and applied loads can be calculated using the shape functions, and the 

nodal coordinates qj and q2. 

For a beam element, a cubic shape function is chosen to describe transverse 

displacement and rotation at each end. This creates four degrees of freedom, two 

for each node, as shown below in Figure 10. 

Figure 10. Degrees of freedom for a beam element 

A function that describes the transverse displacement of a point between the two 

nodes of a beam element is m = ajx^ + a2X^ + a^x + a#. The a's can be evaluated 

in terms of four nodal coordinates: qiy = u{0), qz = u'(0), 

q3y = u(L), q4 = u'(L) by evaluating u at each node and solving for aj, 02, flj and 04: 

_ ~ Qiy QZy Q4y 
^ 15 12 

a, = 3 - 2^" 
'*2 jJ. ^ 

- l2y 

^4 - Qly 

Substituting into the equation for u: 

+ <l2yX^ + ̂ ly 
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The shape functions are shown in Figure 11. Logan [131]: 
—

1 1 1 1 i i / S} = ^(2x3 - 3x^L + L^) 

/ 

S2 = -^(x^L - 2x^L^ + xL^) 

/IV 1 
S3 = ^(2x3 + 3X2L) 

S4 = ^(2x3 - 3x2^2) 

Figure 11. Shape functions for a beam 

They describe the variation of transverse displacement and slope of any point on the 

element as a function of its position relative to the nodes of the element. 

If a beam element is subject to both axial and transverse loading, the shape 

functions are: 

53 = ^(2x3 - + L^) 

^4 = ^{x^L - + xL^) 

S5 = + 3x^L) 

Se = ^(2x3 - 3x212) 

where 5; and S2 are the shape functions for the axiaUy loaded element and S3 

through iSfi are the shape functions for the transversely loaded element. The total 
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shape matrix is 

S = 
Sj 0 
0 

0 s 2 0 0 
s. 0 S5 og (2) 

Similar analyses can be performed to derive shape functions for other element 

types. 

3) Defining strain/displacement and constitutive relationships 

In order to derive the equations governing the behavior of an element, the 

strain/displacement and constitutive laws for the material must be developed. 

Element deformation depends not only on applied forces, but on the material of the 

element. For elastic materials, the constitutive relationship is given by 

{a} = E{8} (3) 

where {a} is the vector of stress components, E is the constitutive matrix, and {E} 

is the vector of strain components. For the case of a one-dimensional rod element, 

if the material is linearly elastic (strains are small), the stress is related to strain by 

Hooke's law, Og = Eex, where is the normal stress in the jc-direction, ̂  is the 

normal strain in the jr-direction, andE is the modulus of elasticity of the material. 

Logan[10]. 

In general for an elastic material. Equation (3) represents six independent 

equations, so E is a matrix of 36 elastic constants. However, if the material is 

linearly elastic, i.e., shear strains and rotations are small, then E is symmetric. So, 

for a general, anisotropic linear elastic material, there are 21 distinct elastic 
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coefficients. [Malvern 278-285], [Shabana 240-243]. 

The relationship between stress and displacement can be e:q)ressed by the 

equation 

{e} = D{u} (4) 

where juj is the vector of element displacements, and D is a differential operator 

matrix defined as: 

2 
d X j  

0 0 

0 2 — 
d X 2  

0 

0 0 2 /-d X j  
d 

9X2 
a 

d X j  
0 

a 
dxs 

0 a 
d X j  

0 a 
8x3 

a 
ax2 

3 

for ij=l^,3 ~ 2 ^ 
fc=l 

For the one-dimensional rod element, strain is related to displacement by the 

equation ̂  = duldx for small strains. Malvem[134-135], Logan[10]. 

A beam element can be subject to transverse loading, as well as axial loading. 

For a material subject to small strains and rotations, the products of Uk^i and uk,j in 

equation (5) can be neglected, so reduces to l/2f + Uj^i). For a beam element, 

D can be written as 
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D = 

_a. 
dx 0 

0 

1 a 
2dy 

L 
dy 

1 8 

(6) 

Deriving element stijfness matrix and element equations 

A variety of methods are available for deriving the element stiffness matrix and 

element equations. Work and energy methods are the most commonly used 

approaches when applying finite element methods to structural analysis and solid 

mechanics. The principle of virtual work is applicable to any material behavior, 

while the principle of minimum potential energy is only applicable to linear elastic 

materials. Since the bulk of this work deals with analyses of linearly elastic solids, 

the emphasis is placed on the description of the principle of minimum potential 

energy. A brief description of the other methods used to derive the element 

stiffness matrices and element equations is also presented. 

The principle of minimum potential energy states that if an element composed 

of an elastic material is subjected to loading, and the element is in a state of static 

equilibrium under given constraints or boundaiy conditions, the potential energy of 

the element, Up^ assumes a stationary value. If the element is linearly elastic, and 

the stationary value of potential energy is a minimum, the equilibrium state is 

stable. An element is in static equilibrium when minimization of is performed by 

taking the first variation of Up and setting it equal to zero: 
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ATT J. ^Ura J. n 

=  i t ^ - = o  O  
» = 1 

where the ® are the nodal coordinates of the element. If the qi are independent, 

then the dq are linearly independent. Then blip 18%= 0, for all i. These equalities 

represent n independent equations which are used in the finite element analysis. 

The total potential energy for an element can be written as 

H p  =  U - \ - Q  ( 8 )  

where U is the internal strain energy, (or the ability of internal forces to do work 

through strain on the element) t, and Q is the potential energy of external forces, 

(the ability of these forces to do work through deformation of the element). 

The quantity Q may be written as 

f f f 17" ^ dements 
e = - IX.j^SlqldK- T S|q|dS - j], (Pj''Slql (9) 

J v  J s  i = l  

where {>Q,] is a vector of body forces in force per unit volume, T is the surface 

loading per unit surface area, S is the surface across which surface loading acts, and 

{P} is a vector of concentrated force applied at the nodes. 

The quantity U may be written as 

U = \ {8} '^[aW = J {q}^(DS)^EDS{q}dF (10) 
Jv Jv 

where from equations (3) and (4), and using {u} = S{q} developed 
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previously, 

{a} = EDS{q} and {s} = DS{q} 

The element stif&iess matrix, K is developed from 

K = j (DSfEDSi/F 
Jv 

(12) 

The stiffness matrix is a function of material and geometric properties, only, and is 

independent of other element parameters such as conditions or magnitude of 

loading and deformation. The stif&iess matrix for a rod element is developed by 

differentiating the shape matrix of equation (1) with respect to x which results in 

dx 
=  r  1 . 1  

L lJ 

Then, 

K AL 
2 I 1 4 -r r h 

0 L ^. 

(11) 

= AE 

1 r 
L L 
1 1 
L L 

where E is the modulus of elasticity for the material, is the cross 

and L is the rod length. 

—sectional area. 
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The stiffness matrix for the beam element is given by 

A 
I 

0 0 A 
I 

0 0 

0 12 
L2 

6 
L 

0 12 
L2 

6 
L 

^ - EI 
K - j-

O
 

1 

6 
L 

0 

4 

0 

0 

A 
L 

6 
L 

0 

2 

0 

0 12 
L2 

6 
L 

0 12 
£2 

6 
L 

0 6 
L 

2 0 6 
L 

4 

where I is the moment of inertia of the beam about the axis parallel to the width 

measurement. 

Substituting for the variation of total potential energy in equation (7), 

dUp = 6U + 6Q =0 

Using the expression for U developed in equation (10) 

dU = I {q}'(DS)^EDS(5{q}rfF 
V 

and, from equation (11), 

dU = -{qFmq} 

Using the egression for developed in equation (9), the minimization of the 

potential energy due to the external forces is given by 

f f f -.T ^ dements 
da = - I |xJ''sa|q}<iK- t aslqlds - [Pirwlq) 

J v  J s  i = l  
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= {QJ<5{q) 

where {C^} is the element nodal load vector composed of the body forces, surface 

traction, and nodal forces. 

Using the preceding development for 6U and dQ, 

dHp = dU + dQ =0 

dUp = - {q}^K(5{q} + {QJ ^d{q] = 0 

dHp = ( - {q}^K + {Qe} ^)(5{q} = 0 

This implies that 

- {q}^K + {Qe} ^ = {0} for arbitrary ^{q} 

This is the general form of the element equation. 

Alternate method—Direct equilibrium method 

Application of the direct equilibrium metod involves using force-equilibrium 

and force—deformation relationships. It is most often used with one-dimensional, 

axiaUy loaded elements. For an axially loaded member, the force—displacement 

equation is developed from the knowledge that for an axially loaded member,. 

Qe = A Ox, whereis the element cross-sectional area. For an axially loaded 

member, 0^ =E£x = ( ̂ 2 ~ <ll)/ L, and Qe =AEIL( q2 - qi). In matrix form, 

the force—displacement equation becomes 
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Qel 
= AE 

Qe2 

1/L - l/I 
- 1/L 1/L 

k ^2] 

For a complete development of the force-displacement equations using the direct 

equilibrium method, see Logan [32—34]. 

Methods of weighted residuals-Galerkin method 

The methods of weighted residuals are most often used when a variational 

form, such as the one associated with potential energy is not known, or does not 

exist. This may happen in flow problems of fluid mechanics or heat transfer. Only 

the differential equations and boundary conditions may be available. A method of 

weighted residuals can use the differential equations to develop the finite element 

equations. A number of weighted residual methods are used in the finite element 

formulation, such as Galerkin, collocation, and least squares methods. The Galerkin 

method is the most widely used weighted residual method. 

The use of weighted residuals involves choosing an approximation function, 0, 

to represent the independent variable, such as u, displacement, in the differential 

equation. The independent variable must not only satisfy the differential equation, 

but also the boundary conditions associated with the problem. When the 

approximation function is substituted into the differential equation in the place of u, 

the solution does not exactly match the actual solution, and results in an error, e, 

called a residual. The method of residuals requires that the weighted integration of 

the residual over the domain of the solution be equal to zero, or specifically. 
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\ '\pi e dV — 0 fox i = 1 io n 
Jv 

where Vi is a weighting function. In the Galerkin method, V / =0/, where the^,-

are the shape functions discussed previously. Logan [88—91], Reddy [44—47]. For a 

complete derivation of the element equations refer to Logan 

[88-91,158-160,424-429] and Desai [26-29]. 

5) Assembling element equations and imposing boundary conditions 

In the preceding step, force—displacement equations were derived for one 

element using the minimization of potential energy. The equations for each 

element can be developed independent of one another. However, equations 

corresponding to the the equilibrium of the entire body being analyzed are needed. 

This can be accomplished by writing the total potential energy for each element and 

adding them together. For global equilibrium, Up for the whole body is minimized 

with respect to all displacement unknowns, ^ f, by setting 

dllpldqi = 0. The result is arranged into a matrix, in which the stiffness elements 

and applied loads at common nodes are added together. For example, for a three 

element rod shown below, the global equilibrium equations are: 

I i » 1 

' (D ' Q ' Q ' 
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^1 
0 92 

0 

Q\e 

Qle + Qle 
Qle + Qse 

Qab 

0 0 

where the AiEil Li are the terms of the stiffness matrix and the vector on the 

right—hand side represents the nodai forces. 

The individual element equations can also be combined into global equations 

for the whole body by means of a superposition approach known as the direct 

stiffness method. The method is based on enforcing continuity of displacement 

between two elements of an axially loaded one-dimensional element or of two 

dimensional planar elements, and enforcing displacement and slope continuity 

between adjacent elements in problems involving bending. Desai [59]. 

Boundary conditions 

The global or assembled equations describe the relationship between 

displacements of selected nodes on a body and the applied forces. However, the 

global equations for a body are the same from problem to problem. Imposing a set 

of boundary conditions onto these equations determines the problem uniquely. This 

information is typically given in terms of values of displacements (Dirichelet) or 
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slopes (Neumann) or a combination of the two, on the surface or boundary of the 

body. 

Also, the global stiffness matrix, K as described earlier, is singular because it 

incorporates rigid body motion corresponding to zero eigenvalues. Specifically, in 

two dimensional space, the dimension of K exceeds its rank by three. Because 

solving for displacements involves the inversion of the stiffness matrix, K must be 

made non-singular by the imposition of boundaiy conditions. Boundary conditions 

can be specified as homogeneous, (occurring at locations on a body where 

displacement or slope is zero), or non—homogeneous, (displacement or slope has a 

finite, non-zero value). The specification of a homogeneous displacement in the 

global equations allows the elimination of associated rows and columns of the force 

vector and the stiffness matrix. The resulting stiffness matrix is non—singular, and 

the remaining non—zero unknown displacements can be found. As an illustration, 

in the previous example for the column, the global equations were 

A j E i  

0 

0 

A j E j  

A j E j  A2E2 

•^2^2 

0 

0 

•^2^2 

A2E2 A^E^ 

^3^3 

0 

0 

A3E3 

-^3^3 

li 
^2 
<l3 
<l4 

Q\e 

Qle + Qle 

Q2e + Gje 

G-fe 

The stiffness matrix for this system is singular, as its dimension exceeds its rank by 

one. In order to make the matrix non—singular, a boundary condition is imposed. 
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such that the rod is attached to a support at node four, as shown below. 

/ 
/ 
/ © 2 0 5 0  

This allows row four and column four of the stiffness matrix and and the fourth 

entry of the force vector can be eliminated from the equation. The resulting 

equation is 

A j E i  A j E i  

h  h  

A j E j  

L i  

A j E j  A 2 E .  

Lj l2 

0 
A2E2 

L 2  

0 

A2E2 

A2E2 . ^3^3 

<l2 
^3 

Q\e 

Qle + Qle 

Qle + Qse 

The stiffness matrix is non-singular, and can be inverted, and the remaining 

displacement can be calculated. 

If the boundary conditions are non-homogeneous, as in the case of a given 

finite displacement, the terms on the left hand side of the equation associated with 

the known displacement are transposed to the right hand side (force side) of the 

equation. The resulting equation can now be solved for the remaining 

displacements. As an illustration, if in the previous example, q4 = d, then the 

resulting equation is 
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A j E j  

A j E i  

0 

0 

A j E j  

A2E2 A2E2 

0 

^2^2 

A3E3 

0 

0 

r Qi'\ 
0 <l2 

<l3 
(l4 

1 

Qu 

Qle + Q2e 

Q2e + Qse 

d 

A,E 3^3 

The stiffness matrix is non-singular, and {q} can be solved for. 

6) Solving for primary unknowns 

The global equation with boundary conditions applied is now solved for 

unknown displacements. The global equation is actually a set of simultaneous linear 

algebraic equations that can be written in the form 

K{q} = {Q} 

More specifically, 

' K n  

K21 

Ki 

This set of equations is linear because the coefficients of the stiffness matrix are 

functions of material and geometric properties that do not depend on the magnitude 

or conditions of loading and deformiation. Small strains and rotations have been 

assumed in the development of the element equations. This necessarily assumes 

Ki2 ... 

K22 2̂n 

^n22 •" m 

<ll 
Q2 

<l2 = 

I Qn 
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that loading and displacement takes place in the linear elastic operating range of the 

material. 

This set of equations can be solved using any number of elimination methods, 

such as Gaussian elimination, Gauss-Seidel, and LU—decomposition. In cases of 

an extremely ill-conditioned set of equations, methods such as singular value 

decomposition can be used. The LU—decomposition method is used in this study, 

as it is the most compact, efficient method for solving sets of simultaneous linear 

algebraic equations. For a concise explanation of solution of linear algebraic 

equations, see Press, Flannery, Teukolsky, Vetterling [28-81]. 

7) Solving for associated unknowns 

The element stresses and strains associated with the element displacements may 

be solved for by using the appropriate equations (depending upon element type) for 

{E} = DS{q} and {a} = E{e}, developed previously. 

3.4. Dynamic Analysis 

The dynamic analysis of a body requires the same steps in terms of 

discretization, choosing shape functions, and constitutive relationships as the static 

analysis. However, the formulation of element equations for a dynamic analysis 

must also take into account the time derivatives of the nodal coordinates. The form 

of the equations is based on the following analysis. 

During a dynamic analysis, a body undergoes translational and rotational 
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displacement in response to applied loads. If a body does not deform, or the 

deformation has a negligible effect on the overall body motion, it is assumed to be 

rigid. That is, the distance between two points on a body is constant and these 

points are restricted in their relative movement. Six independent coordinates are 

needed to describe the motion in three-dimensional space. These coordinates are 

typically chosen as three linear and three angular displacements corresponding to 

the translation of a reference point on the body and the rotation of the body relative 

to a reference frame. The motion described by these six coordinates is known as 

rigid body motion. Three independent coordinates, two linear, represented by the 

vector {R} and one angular, 0, are needed if planar motion takes place. 

If, however, a body deforms as a result of external loading, the relative motion 

between the points is related to the rigid body motion. Because of this coupling, 

deformable body coordinates must be appended to the rigid body coordinates to 

completely describe the location of the body in space. 

In the finite element method, the body coordinates are given by a vector {q}: 

[{q.} 1 

10/) 

where {qr}is as shown in Figure 12. 

Y 

X 

Figure 12. Body coordinates 
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R is the translation of the body coordinate axes rj-^ from the reference X—Y 

coordinate axes, 6 is the rotation of the body coordinate axes from the reference 

axes, {(y} is the vector of of elastic nodal coordinates of the element. 

The virtual work due to elastic forces in an element of a body is 

I 
(<i/> 
Jv 

<5{8} ^{a}dV 

^ ( D S f E D S d l q ^ j d V  

and. 

= (DSfEDSdV 
J v  

where is the stiffness matrix associated with the elastic coordinates of the 

element. Therefore, 

I d [ s } ^ ( o } d V =  { q / K / { q ^ }  

In matrix form. 

{q^}^K^<5{q^} = [R^ 0^ {q^} 

The virtual work of external forces acting on an element is 

"0 0 0" dR 
0 0 0 (50 
0 0 

I 

j {F}S(5{q}<i5 
Jv 

= {Q.}<5{q} 

where {Qg} is the vector of external generalized forces associated with the 
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generalized coordinates {q}, and {F} is the sum of nodal body, traction and 

applied forces. {C^} can be expressed as 

{Qe} = 

{qcr}] 

{ Q e o )  
(Q^) 

where QgR and Qeg are the forces associated with the translations and rotation of 

with respect to the body coordinates previously described. {Qe/} is the vector of 

forces associated with the elastic generalized coordinates of the elements. 

In order to formulate the equations of motion, an expression for the kinetic 

energy is needed. The kinetic energy of an element of a deformable body element 

can be written as 

T =  i fq l '^ lVKq}  (13) 

where M is the mass matrix of the element and can be written in the form 

mrr 

M = ^er ^eo 

is the mass matrix associated with the translational coordinates and is equal to 

in/7-= 

m 0 0 

0 m 0 

0 0m 

mffis associated with the elastic coordinates of the element. In structural dynamics, 

where no large reference rotations take place, is the only mass matrix that is 

used. The mass matrix mjgr for a rod element of length L and mass density q is given 
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by [Logan] 

= AqLl̂ i j 2 j 

For a beam element with axial and transverse loading, mjjr is given by the matrix 

n 
3 T 0 

m^= m 

0 

0 

13 
35 

0 

0 IIL 

T 0 

70 
13L 
420 

0 

iii 
105 

1 

IIL 0 

0 

0 4 

13L 
420 

l2 
420 

0 0 

9 13L 
70 420 

13L L2 
420 420 

0 0 

13 IIL 
35 210 
IIL L2 
210 105 

0 -kr -

0 -

mef represents the inertia coupling between the rotation of the body reference and 

the deformation of the element, ni;^ represents the inertia coupling between rigid 

body translation and rotation, and m^^the coupling between translational 

coordinates and deformation of the element, is associated with the rotational 

coordinates of the system and consists of the moments and products of inertia of the 

element. 

The virtual work of all the forces acting on the elements of a flexible body can 

be written as 

SW = dW, + dWe 

where <51^ is the virtual work due to elastic deformation and <5W^ is the virtual 

work due to applied external forces. If 
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and 

then 

dWs = {q)^K<5{q} 

dWe = [Qefdiq] 

6 W  =  { q } ^ K a { q }  +  [ Q e f d { q }  

where {Q} is the vector of generalized forces given by 

{Q} = K{q} + {Q,}{q} 

For an unconstrained flexible body or element, Lagrange's equations are written as 

{Q} =4(^) -
d{q} 

where T is kinetic energy as in equation (12), Substituting for T, 

{Q1 = Miql + M{q) - i{q)Vl4)) 

The quadratic velocity term, {Q;}, is defined as 

(Qv) =M{q) - 5^(|(q)'^M(q)) 

So, 

M{q} + K{q} = {Q,} + {Qv} 

which is the equation of motion for the element. In matrix form the equation is: 
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Hrr nij^ 

^rf 

R 
e 

k f }  

0 0 0 
0 0 0 
0 0 K 

'ff 

R 
d 

{q/} 

{ Q e }r 

{Qele 
{ Q e ] f  

{Qv}/f 

{Qvlfl 
{Qv}/ 

(14) 

The element equations are assembled into the global body equations and 

boundary conditions enforced in the same manner as for a static analysis. The 

element equation, however, now is a set of differential equations. The solution of 

these equations involves discretization in time. This procedure determines nodal 

displacements at different time increments for the dynamic system. Solutions in 

time are found according to the following steps. 

1) Input a vector of initially known displacements, {q{toid)} frono the initial 

conditions for the body into equation (14) . Solve for the acceleration vector 

using LU-decomposition, or some other linear algebraic equation solver. 

2) Input initial values of {q(f<,w)}> {<i(^oM)}'fi:om given initial conditions into a 

numerical integrator such as Runge Kutta or Newmark's method and integrate 

forward for a time increment At, to calculate new values of 

{qC? + A t ) } ,  {q(f +  A t ) ] ,  respectivety at the new time, tmw =toid + For a 

complete discussion of numerical integration, refer to Numerical 

Recipes[566-582]. 

3) Use these new values of {qfr + A t ) } ,  {q(f+ ^0}) to input into the element 

equation to solve for (ql at t=tnew. 

4) Repeat steps 1 through 3 until the solution at a desired time is reached. 

A certain amount of error exists in the displacement vector obtained using 
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numerical integration to solve the differential equation. This error will depend on 

the numerical integration technique used. In addition, the boundary conditions are 

not automatically satisfied because the solution is not exact. How much error arises 

is also dependent upon the time step, At, used in the integration process. An 

acceptable time step size to assure numerical stability is dependent upon the natural 

f r e q u e n c i e s  o f  t h e  s y s t e m  b e i n g  a n a l y z e d .  " ^ i c a U y ,  A t  m u s t  b e  l e s s  t h a n  1 / f o ,  

where fb is the highest frequency present in the system. However, it may not always 

be possible to determine the system's natural frequency before the analysis is 

performed. 

The treatment of the issue of error in this work has been to assume the 

numerical integration routine is close to perfect. The errors resulting from 

numerical integration are assumed to be small, so the acceleration can be integrated 

forward in time to determine system coordinates and velocities. This method is 

simple, and in many engineering applications provides an acceptable solution. It 

must be noted, however, that with this method, the accumulation of the error of the 

numerical integration increases with time and can lead to a violation of constraint 

relationships. Various methods exist to overcome this problem. For a discussion of 

this see Shabana [406-408]. 

3.5. Application of Finite Element Analysis to Multibody Dynamics 

As in the case of the dynamic finite element analysis previously discussed, 

accelerations are the unknown quantities in the equation for an unconstrained body. 

The equation for an unconstrained body is repeated here: 
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M{q} + K{q} = {Q,} + {Qv} 

Mass and stifftiess matrices and force and acceleration vectors for each body of a 

mechanical system can be combined into system matrices and vectors. The matrices 

are arranged block diagonally. 

Connections, or joints between bodies are described by 

{C({q),0} = {0} 

where {C} is a vector of linearly independent constraint equations, {q} is the total 

vector of system generalized coordinates for the multibody system, including rigid 

and flexible body coordinates. Examples of joint constraint equations are given 

below. A revolute joint between two bodies i and j, is shown in Figure 13. 

Figure 13. Revolute joint between two bodies 

the constraint equations may be written as: 

{C} = 
xP - xP 
' J 

yp — yp 
•'j 

• [  

where 
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=[J; ]• ] 
are the coordinates of bodies i and j with respect to the global coordinate system, 

and|j j/j and represent the coordinates with respect to the body axes. Then, 

for point P, 

x̂ i = Xi+̂ i cos 01 - rji sin <?, 

y'̂ i = yi + Iz sin + rii cos 

x^j - C05 - rjj sin 

ŷ j = yj + sin 4>j + rjj cos 4>j Nikravesh [81-83]. 

For a translational joint, 

Figure 14. Translational joint 

the constraint equations may be written as 

{C} = 
{ x P  ^ I -  x f  ) { y P  -  y P  )  -  ( y P  -  y 1  ) i x P  -  x P  ) -

( - <l>] ) 
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where Pj and Qi are points on body i, and Pj is a point on body j. The angles <j) ,• and 

<l>j are those between the coordinate axes of the bodies make with the X-Y global 

axes. More complicated joints as combinations of revolute and translational joints 

can also be developed. For a complete discussion, see Shabana [295 -296], 

Nikravesh [84-89]. 

If for a system of constrained bodies, {C({q},0} is differentiated twice with 

respect to time, the result is 

C,{q} = {C],, - (C,{q})^{q} - 2C^{q} = {QJ 

where Cq is the constraint Jacobian matrix formed from taking the partial derivative 

of the constraint matrix C, with respect to each one of the coordinates: 

r 
" dW 

{q}is the velocity vector, and {C}^; is the second partial derivative of the vector of 

constraints with respect to time. The total expression can be represented by {Q}. 

If this expression is combined with the equation of motion into one matrix equation 

for a system of bodies, the resuh can be written as 

Cq 

mff Cq 

Cj Cj (0) 

where {X} is the vector of Lagrange multipliers, and {X,} is a vector that 

represents the constraint forces. For a complete discussion, see Nikravesh [244], 

Shabana [202, 402-404]. 

{ q A  {Qrel + {Qrvl 
{ Q f )  = 

Ul [ Q c ]  
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This is a system of algebraic equations that can be solved for the acceleration 

vector and the vector of Lagrange multipliers, using methods as discussed in the 

previous section on (fynamic finite element analysis. The resulting vector of 

acceleration can then be integrated forward in time to obtain velocities and 

displacements. This method is also generally the same as discussed in the previous 

section. 
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CHAFTER 4. 

DEVELOPMENT OF A FINITE ELEMENT/MULTIBODY CODE USING 

OBJECT-ORIENTED PROGRAMMING 

4.1. Introduction 

Object—oriented programming has found widespread applications in fields such 

as robotics and artificial intelligence, computer graphics packages and commercial 

database management programs. However, the application of object—oriented 

methods to problems m mechanics and finite element analysis has been limited, and 

remains in the research and development phase. 

The structure of an object instance of a class is well—suited to use with the 

finite element method, where bodies and elements are described by their geometric 

and material properties and by the actions performed on them, such as loading, 

constraining, accelerating and deforming. Miller [76], states that using 

object-oriented programming to make programs more closely model the concepts 

under consideration facilitates better program development and enhances program 

use. In his paper, he outlines how joint, element and degree of freedom (constraint) 

classes could be used in finite element analysis and structural analysis. He also 

discussed the use of inheritance to share data and procedures with specialized types 

of the class element. 

Forde et al [359-367] proposed to organize some of the major entities of finite 

element analysis with classes. In this paper, the node class is developed to contain 

information about discrete points at which the finite element analysis is to be 

performed. The node class has coordinate locations in space, and numbers of 
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degrees of freedom. A boundary condition class is described which contains data on 

how the movement of nodes is constrained in space. This class provided a means to 

reduce the nodal degrees of freedom. A class to describe the element shape 

function is also proposed. It includes a member function to construct the derivative 

of the shape matrix with respect to nodal coordinates, used in the calculation of the 

stiffiiess matrix. A class to store the material characteristics of the body and 

calculate the matrix of elastic constants and a class to handle applied nodal loads 

are also discussed. An element class is included to handle the functions of 

calculating and storing the stiffness matrix and stress vector, and to retrieve nodal 

coordinates. It contains methods on how to assemble the matrices and vectors from 

the element equations into a global equilibrium equation. 

Forde et al propose the structuring of the program into a hierarchy of classes. 

The objects of previously described classes are stored into object lists. The purpose 

of these object lists is to act as a container and organizer for object instances of a 

class. They would perform the functions of adding and deleting objects, and passing 

messages for object modification. Low level classes are also introduced to handle 

the basic matrix algebra, such as vector and matrix classes. This allows higher level 

classes to deal with algebraic manipulation of the matrix objects, rather than 

manipulation of individual elements. Thus, a hierarchy is established, in which 

manipulation of object lists at the highest level by a driver program causes 

individual object creation or modification, which in turn activates the low level class 

to perform the actual numerical calculations. 

Another concept discussed by Forde et al is the ability of the object—oriented 

code to interface with existing procedurally written programs. This is important, as 
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special highly efficient routines (written in procedurally written format) that 

perform tasks such as matrix inversion and linear equation solving can be attached 

to object code without modification. 

The object-oriented program in this work ejqjands on the concepts and ideas 

proposed by Forde et al and Miller as follows: 

1) The data members and associated functions that describe the major entities 

of the finite element method are grouped into classes. As in Forde et al, 

classes have been created for elements, nodes, material characteristics and 

shape functions. 

2) Hierarchy of classes is used. Highest level classes are composed of 

collections of object instances of the classes that describe the major finite 

element entities. For example, a class Body is composed of object instances 

of the Element class. The lowest level of the class hierarchy contains classes 

such as Matrix that perform low level tasks of matrix algebra. 

3) Pre-existing routines to perform specialized operations are attached to the 

program. Commercially available procedural code [Numerical Recipes 

reference] that solves matrix equations and performs numerical integration is 

used with the object-oriented code of this work. 

This work differs from the work by Forde et al, in that the entities of the finite 

element analysis are organized into a structured hierarchy of classes. The element 

is used as the primary class. Other entities of the finite element analysis, such as 

nodes, boundary conditions, material characteristics and shape functions have been 

designed as classes that the element inherits when it is created. They become part 

of the element properties and are created when an object instance of the element 
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type class is initialized. This organization is more logical and ea^ to understand in 

that it groups together all the code describing elements in the actual physical body 

undergoing analysis. 

Forde et al organize object instances of classes into object lists. For example, 

object instances of an element class are grouped into an element class list. In 

contrast, the program described in this work has the object instances of a class 

organized into superclasses that more closely resemble the actual physical 

representation of the grouping. Object instances of the Element class are grouped 

into a superclass Body, which also has the data members and methods associated 

with the body being analyzed. In more closely paralleling the physical hierarchy of 

entities, the program hierarchy of structure is easier to understand. Another reason 

for organizing this hierarchy is that this work is more oriented toward the analysis of 

bodies undergoing large motion with or without constraints imposed by other 

bodies. Forde's work is more focused on analysis of traditional static structures. 

The program developed in this work has been written to facilitate the treatment 

of dynamic problems in finite element analysis. Matrices and vectors needed to 

solve for accelerations in the equations of motion of a body have been included. A 

commercially developed routine to perform numerical integration has been, 

attached to the program that calculates body displacements at different points in 

time. 

It is also demonstrated in this work how a multibody dynamic analysis can be 

created using object-oriented programming. A mechanism composed of 

interconnected bodies is represented by a superclass Mechani sm. It includes 

objects of the Body class, and a Joint class is introduced to describe the constraint 
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conditions between the bodies. 

The main purpose of developing the program for this work was to establish the 

suitability of object—oriented programming for use with finite element analysis. For 

demonstration purposes, the program has been written to analyze some planar 

problems, and to treat simple beam and rod bodies. The modular property of object 

code, in addition to its reusability and expandability through the features of 

inheritance and virtual functions, allow this program to be easily expanded to 

handle spatial problems and bodies with more complicated shapes. 

4.2. Element as a Building Block of the Finite Element Analysis 

The element is the primary building block in finite element analysis of a body. 

In an analysis, the element is the entity whose collective behavior with other 

elements describes the body behavior. The individual element spatial location and 

loading, and resulting displacements, velocities and accelerations are combined to 

describe those of the body. 

Elements are described by their physical characteristics and functional behavior. 

The structure of the object-oriented programming language, in this case C++, is 

very well-suited to describing elements. This is because the major feature of the 

language is the implementation of classes. These classes, as described in Chapter 2 

are made of data members that describe the characteristics of the class and methods 

(functions) to manipulate the data members and the object instances of the class. 

This class structure directly parallels the organization of the element in finite 

element analysis. 
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In this work, the element has been formulated as a class which inherits its 

primary characteristics from a collection of the base classes ShapeFcns, Mater, 

Trans, Be and Node. Figure 15. shows a schematic of the relationship of the 

Base Classes 

Shape 

Matrices 

Material 
Characteristics 

Transformation 
Matrices 

Boundary 

Conditions 

Nodal 

Characteristics 

Node Trans Mater ShapeFcns Be 

Element 

Derived Class 

Figure 15. Derived class Element and its base classes 

element to its inherited base classes. Each of these base classes is a self-contained 

unit or system describing some aspect of the element. A description of the base 

classes that are inherited by an element follows. 
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4.2.1. Base class ShapeFcns 

ShapeFcns is responsible for describing the shape or interpolation of nodal 

values of parameters over the element domain. This description is accomplished 

through the shape matrix, a time invariant matrix that is only dependent on the 

geometric characteristics of the element and on element degrees of freedom. 

ShapeFcns contains functions to create shape matrices for rod elements, 

rodscalc (), and beam elements, beamscalc (), as shown in Figure 16. 

class ShapeFcns 
{ 

ShapeFcns{){}; 

-ShapeFcns(){}; 

HHEHZHZZl 
Matrix shape; 
Matrix stil; 
voidshpchardyn (double, double); 

I void beamscalc (double) ; I 

Ivni d rntisral r (donblp) ; ~l 
void beamfshape(); 
void rodfshape(); 
void beamfstilde(); 
} 

Figure 16. Base Qass ShapeFcns 

In addition, ShapeFcns contains two other time-invariant matrices (and their 

constructing functions) formed from the shape matrix. These matrices are used to 

derive the components for the mass matrix of dynamic analysis. The first is S 

represented in the program by shape, used in calculating the matrix mjgr described 

in Section 3.4. The second one is S, represented in the program by stil, is a 

Sj 0 0 S2 0 0 

0  S 3  5 ^  0  S s  S ,  

S3 = ^(2x3 - 3;(^L + L^) 

= -^ (p?L — 2x^L' + xL?) 

S5 = 
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matrix that is used in calculating mgf, also described in Section 3.4. 

4.2.2. Base class Kater 

This base class manages the element material and geometric characteristics. It 

contains data members describing the geometry, such as width, depth, and length 

and members describing the material, such as mass and modulus of elasticity. 

Functions to input these parameters are segregated into static and dynamic 

characteristics, depending on whether their values can change with time. 

This class also handles the creation of the element stiffness matrix, (represented 

in this work by stiff 1), because the stifftiess matrix is formulated solely from 

geometry and material parameters. Functions to calculate stiffness matrices for rod 

elements, rodf stiff (), and beam elements, beamf stiff (), are included. 

Figure 17. shows the structure of the class Mater. 

Class Mater 

modulus 

{ 
doublewidth, depth, mod, iiiasel,... ; 
Matrix stiffl; 
Mater (){}; 
-Mater(){}; 

void beamatstat (double, double,...) ; 

( modulus 

void rodmatstat (doubldouble) ; 

voidmatdyn (double,double) ; 

} 

void beamf stiff () ; 
void rodfstif f () ; 

Figure 17. Base Class Mater 
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4.2.3. Base class Trans 

This class is responsible for keeping track of the element's orientation in space. 

The equations for an element are initially formulated with respect to a coordinate 

system that is attached to the element, and moves with it. However, when the 

element equations are assembled into global body equations, some provision must 

be made to express the element equations in terms of the body coordinates. This is 

accomplished by defining the relative orientation of the element coordinate system 

in terms of the body coordinate system. The relative orientation can be defined in 

terms of six independent variables (the direction cosines of the angle between the 

two sets of coordinate axes) for three-dimensional analysis, and two independent 

variables (the sine and cosine of the angle between the sets of coordinates) for 

planar analysis. These variables are arranged in a transformation matrix, which, 

when multiplying a coordinate vector transforms coordinates of one system to those 

of another. The Trans class has this transformation matrix as a data member, 

C, represented by cbar in the program, and also contains the functions to create 

the matrix. For a planar analysis, C for a rod element is 

0 • 

0 

sin 

cos P 

where /? is the angle between the element and body coordinate axes. C for a beam 

element is 

C = 

cos /3 sin P 

— sin /S cos P 

0 0 

0 0 

0 

0 

cos P 

— sin 0 
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cos /3 sin P 0 0 0 0 

- sin cos P 0 0 0 0 

0 0 1 0 0 0 

0 0 0 cos P sin yS 0 

0 0 0 — sin P cos ^ 0 

0 0 0 0 0 1 

Different functions are needed to create the matrix, depending on the element type. 

Figure 18. shows these functions for beam and rod elements. 

class Trans 
{ 
double beta,theta; 
Matrix cbar; 
Matrix atrans; 
Trans () {}; 
~ Trans () {}; 

void beamfctrans (); 

Create transformation from 
element to body coordinates for a 
beam element 

class Trans 
{ 
double beta,theta; 
Matrix cbar; 
Matrix atrans; 
Trans () {}; 
~ Trans () {}; 

void beamfctrans (); 

Create transformation from 
element to body coordinates for 
a rod element 

void rodf ctrans (); 

Create transformation from 
body to reference coordinates for 
a rod element 

void fatrans (); 
} 

Figure 18. Base class Trans 

If the finite element analysis is to be part of an analysis for a mechanism, the 

coordinates of the individual bodies, and in turn, of their elements must be 

expressed in terms of an inertial reference frame. A transformation matrix to 

represent this change in coordinate axes orientation. A, has been developed, and is 
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represented in the program by atrans. A is shown below for a beam element. 

A = 

cos 6 — sin 6 

sin 6 cos 9 

0 0 

where 6 is the angle between the body and the reference axes. 

4.2.4. Base class Be 

This base class keeps track of the constraints or boundary conditions on the 

element coordinates. A vector derived from the constraint conditions on the body, 

(coor in the code) is passed to the Be base class of each element. In an element 

type-dependent function of Be, a Boolean vector cons is created, which when 

multiplying the element coordinates applies element constraints. This function is 

called beamakeb () for beam elements, and rodmakeb () for rod elements, as 

seen in Figure. 19. 

Class Be 
{ 

Veetor cons; 

Class Be 
{ 

Veetor cons; 
Iveetor coor; 

Beam boundary f Q 
conditions O 

Be {) {}; 
~Be{){}; 
void beamakeb {); 

Rod boundary ^^ 
conditions void rodmakeb (); 

} 

Figure 19. Base class Be 



82 

4.2.5. Base class Node 

Node is the base class which stores the nodal coordinates of the element in the 

undeformed state and the elastic nodal coordinates for each element. These 

coordinates are stored in the vectors rigid and flex, respectively. 

4.2.6. Member Functions of Class Element 

In addition to the characteristics inherited from the data members and functions 

of the base classes, the element must be able to perform other operations. These 

operations include: 

1) Input of material and geometric characteristics to the appropriate base classes 

2) Calculation of the element loading function based on applied body forces 

3) Transformation of the element stiffness matrix to the body coordinate system 

4) Calculation of element mass matrix and inertial forces if a dynamic analysis is 

being performed 

5) Input of appropriate body constraints on element 

6) Update of element characteristics if element is split 

A description of the Element class functions that perform these operations 

follows. Figure 20. shows the organization of the Element class and the relation of 

its member functions to the physical concept of an element. 
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Properties of an Element 

Description of physical characteristics 

A 

mass, modulus 

External loading 

6 
Boundary or constraint conditions 

•f 0 

Element matrices 

2 1 AE 1 - 1 

1 2 ' L - 1 1 

QAL 
6 

Update elements after splitting 

/ /Y- ^ I mass, modulua^ mass, modulua/ 

T*—  L— 1 " —  L — ^  

class Elementrpublic Trans, 
public ShapeFcns, public Be, 
public Node, public Mater 
{ 

Element () {}; 
~ Element () {}; 
void stacharQ; 
void dyncharQ; 

void extforQ; 

void bndcn{); 

void fmasmat (); 

void fgv (); 

void stiffcalc(); 

void elsplitQ; 
} 

Figure 20. Organization of Element class 

Input of material and geometric chamcteristics to base classes 

Functions are needed to input the material and geometric characteristics to the 

base classes of each element. Because the element is used in both static and 

dynamic analyses, updating of those parameters which may change in a dynamic 
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analysis is performed separately in a function dynchar (). Those characteristics 

that are static throughout an analysis are input in the function statchar (). 

Calculation of element loading based on applied bocfy forces 

A vector of applied nodal forces is input to elements by means of the 

ext f or {) function. In this function, provision is made to transform from body to 

element coordinates. Interpolation of force over the element domain is made 

through multiplying the nodal force vector by the element shape matrix.. 

Transformation of the element stiffness matrix to the body coordinate system. 

The stiffness matrix inherited from the Mater base class is created in the 

element coordinate system. The function stif f calc () transforms the stiffness 

matrix to the body coordinate system using the C transformation matrix in the 

equation 

K =cVc 

where K is the transformed stiffness matrix, (s t i f f in the code) C is the 

transformation matrix, (cbar in the code) and Ki is the stiffness matrix created in 

the base class Mater. 

Calculation of matrices for dynamic analysis 

If a dynamic analysis is to be performed, a mass matrix and quadratic velocity 
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vector must be calculated. The function fmasmat () constructs the entities for the 

mass matrix by using the invariant matrices inherited from the ShapeFcns base 

class. This matrix also needs to be expressed in terms of the body coordinates, so it 

may be combined into a body mass matrix. This is accomplished by multiplying the 

individual component matrices of the mass matrix by the transformation matrix C. 

The function f gv () calculates the entries for the quadratic velocity vector {Q,} 

as described in Chapter 3. These functions for a beam element are shown in Figure 

21. 

n^gr = C^Sff C 

{Q^} = 0m{q^} + W S{qy} 

void Beamel::fmasmat () 
{ 
beamfshape(); 
beamfstilde(); 
Matrix mf templ(6,6); 
Matrix mftemp2(6,6);Matrix 
mf temp 3 (6,6); 
mf t emp 1 = shape * cba r; 

|mff=cbart*mftempi; "~| 
mftemp2 = stil*cbar; 
mf temp3 = chart *mftemp2; 
mthf=elcoor*mftemp3; 
} 

void Beamel::fqv(Vector& velcorf) 
{ 
int i; 
Vector qvf 1(6); 
Vector qvf 2(6); 
qvf l=mf f *elcoor; 
qvf 2 = stil Velcorf; 
for (i = 0;i<6;i++') 

lcrvffi^=tdot2*crvfiri^+2*tdot*cfv£2fi'): I 
} 

Figure 21. Functions of Element used in dynamic analysis 
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Input of constraints on element 

The function bndcn () assigns the vector of body boundary conditions to the 

appropriate function rocMakeb () or beamakebQ in the Be base class so that 

element boundary conditions may be calculated. 

Updating of element characteristics if element is split. 

If in a dynamic analysis, an element deforms from its rigid body coordinates by 

an angle greater than a specified tolerance, it is divided into two smaller elements, 

so that their angles of deformation are less within their own element frames. This 

assures the validity of the assumptions made in modeling the beam elements. The 

angle testing and decision to divide an element is performed at higher levels of the 

program, and provision must be made to update and calculate parameters for the 

new elements that result from the splitting process. This is accomplished through 

the function el split {) which calculates new element length, mass, shape function 

and new flexible body coordinates. Figure 22. shows this process. 

4.2.7 Element as an abstract class 

In a standard, procedurally written finite element program, new functions would 

be written for each different element type to describe its characteristics and 

operations. With object-oriented programming, however, the same functions may 

be used to perform similar tasks for different element types through the use of 
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voidBeamel::elsplit(Vector& 
ef old, Vectors vf old) 

mas=] 

Old element 

angle=efnew(2); 
dynchar(len,mas); 

New 

elements beamscalc(0.5); 

Calculating new coordinates from shape matrix 

Figure 22. Updating of elements involved in splitting 

virtual functions, as described in Chapter 2. The Element class has a number of 

pure virtual functions, so it is an abstract base class and cannot be instantiated itself. 

Instead, specific element type classes are defined. For this work, a rod element 

class, Rodel and beam element class, Beamel have been created, but the program 

could be expanded to handle other element types of the element class. Figure 23. 

shows the structure of the Rodel and Beamel classes. Each element type inherits 

the class Element. The element type classes have the same functions and data 

members to describe their general physical characteristics. They also provide 
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class Beamel:public Element 
{ 
public: 
double angle,len,mas; 
Matrix stiff,m,mff,chart; 
Vector mthf,qvf,er, ef, vf, efold, vfold.. . ; 
Beamel () {}; 
~ Beamel(){}; 
void statchar(double,double,double); 
void bndcn () ; 
void elsplit(Vectors, Vectors); 
void stiffcalc() ; 
void fmasmat () ; 
void fgv(Vectors, double) ; 
void extfor(Vectors,double,double); 
} 

class Rodel :public Element 
{ 
public: 
double angle,len,mas; 
Matrix stiff,m,mff,cbart; 
Vector mthf,qvf,er, ef, vf, efold, vfold.. .; 
Rodel () {}; 
~ Rodel (){}•; 

void statchar(double,double,double); 
void bndcn () ; 
void elsplit (Vectors, Vectors); 
void stiffcalc(); 
void fmasmat () ; 
void fqv(Vectors,double) ; 
void extfor(Vectors,double,double); 
} 

Figure 23. Declaration of Rodel class 
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definitions for the virtual functions declared in Element. This inheritance of the 

virtual element functions and their associated base classes by the element type 

classes allows appropriate element type-dependent matrices, such as the shape, 

stiffness and mass matrices to be instantiated. 

As can be seen by examining Figure 23. of the rod and beam element class, the 

use of virtual functions and the abstract base class element allows for a similar class 

structure and the same function names for each element class type. But, how 

functions are defined will vary from element type to element type. The similar 

structure and nomenclature for each element class type creates a more uniform 

code so that program understanding and modification may be facilitated. 

4.3. Body as a Class 

When an element is created, all of the methods needed to describe the element, 

calculate its loading conditions and constrain the element are also created. Once 

these necessary element properties are created, procedures are invoked that 

assemble the element matrices and vectors into global matrices and vectors. Other 

procedures then use the global matrices and arrays to calculate desired unknown 

quantities, such as displacement and acceleration. 

Object-oriented programming allows the above described procedures to be 

organized together as members of a class that describes the original body whose 

mechanical behavior is to be modeled—the Body class. This class is a logical 

extension of the physical concept of the body being composed of elements whose 

collective behavior determines the body behavior. Figure 24. shows the relationship 
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f i f  2 f  3 f 4 r 5 f  s O  
1 2 3 4 5 6 7 

mass, modulus I 
length 1 width 

Q\ 94 97 9l0 9i3 9i6 9i9 
Qi Qs <?8 9l1 <7I4 9I7 920 
93 96 9? 9i2 9I5 9)8 921 

QBSE 
t 

A 

A 
HI 

class Body 
{ 
public: 
int nelein,nnode; 
Ivector c; 
Body () {}; 
~Body () {}; 

void bodinit(const int&,.")5 
void datinput(double,...); 

void coorset (); 

void coorupdt(double,...); 

void split(int,double *); 

void forcinput(double,...); 

void elcalc(double); 
void elupdt (); 
void globmatcalc(Matrix&...); 

Matrix appbc(Matrix&); 

void dispcalc (); 

void qddcalc(double *); 

Figure 24. Body as a class 
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of the components of the Body class to the physical entity body. 

Since it acts as a container for the elements, the Body class must have the 

following capabilities. 

1) Organize the element object instances into its class. In the program of this work, 

the elements are included into the Body class as members of an Element class 

array. Specific elements or their data and function members are accessed by 

specifying the array member number. For example, if the array is called 

array_element, the first member is array_element [ 1 ]. 

2) Organize the element data members, such as the stiffness and shape matrices 

and the force vector, into body matrices and arrays which are then used to solve 

the equations of motion for the body. 

3) Pass body information such as location, material and geometric characteristics 

and loading to the elements. This is accomplished through the use of input 

functions and arrays. 

In addition to being composed of elements, the body whose mechanical 

behavior is being modeled can physically be described by a number of 

characteristics and operations. They are: 

1) Geometric and material characteristics 

2) Location in inertial space 

3) Displacements and accelerations of its center of mass or any other specified 

point in response to external loading 
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4) Ability to rediscretize if deformation criteria is exceed 

5) If dynamic analysis is being performed, update itself with each time step and pass 

the new information to the elements. 

In the sequel, these characteristics and operations are shown to have direct parallels 

in the body class description. 

4.3.1. Organization of Body class 

The Body class is organized into data members and member functions as 

follows. 

Data members 

As previously described, the elements belonging to an object of the Body class 

are collected into an array of elements. The array size is flexible and is determined 

by the geometry of the body being analyzed and the loading conditions and 

constraints of the problem. Other data members of Body include the material 

characteristics such as mass and modulus of elasticity, geometric characteristics such 

as length, width, depth, angle of orientation of the body axes with respect to the 

reference axes, and acceleration of the body. 

Member functions 

Member functions of the Body class are a set of operations to manipulate a 
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Body object instance and its associated elements. The operations of the member 

functions are listed below. 

Function datinput () 

This function handles the input of geometric and material characteristics of the 

Body class. These characteristics are stored as data members and distributed to the 

members of the element array. These body data members have constant value 

throughout an analysis, so need only be input once. 

Functions coorset () and coorupdt () 

These functions are responsible for the calculation of the nodal coordinates of 

the body in its undeformed state and for input of elastic nodal coordinates 

associated with the deformation of the element, coorset () is used in a static 

finite element analysis, and works with only the coordinates in the undeformed 

state. The function coorupdt () is used with a dynamic finite element analysis. 

The code comprising coorset () and coorupdt () for a beam body is shown in 

Figure 25. The function coorupdt () is responsible for calculating the coordinates 

representing the body in its undeformed state and for inputting the elastic nodal 

coordinates calculated in the previous time step of the dynamic analysis. 

Coorset () and coorupdt () calculate body coordinates representing the 

locations of the undeformed elements. These coordinates are based upon the 

element location in the body's mesh of elements, and on element length. The 
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Set element coordinates 
in iindefonned state 

Is 0 > 0.1 radians? 

If so, initiate element 
splitting 

Update undeformed 
coordinates for split 
elements 

Update total coordinates 
for split elements 

If element not split update 
elastic nodal coordinates 
from last integration step. 

void coorset () 
{ 

int n; 
for(n=0;n<nelem;n++) { 
if(n= = 0){ 
el[0].er(0)=0.0; 
el[0].er(3)=el[0].len; } 
else { 

el[n].er(0)=el[n—l].er(0)+el[n—Ij.len; 
el[n].er(3)=el[n].er(0)+el[n].len; 
el[n].er(l)=el[n].er(2)=el[n].er(4)=0.0; 

}} 

void coorupdt (double thtd,double *y.—) 
{ 
int n,i; 
nelold=nelem; 
for(n=0;n<nelein;n-H-) { 
if(n=0) el[n].angle=0.0; 
else el[n].angle=y[3*(n)+5]; 
if(elfn1.anqle>0.1)|{ 

nelein+=l; 
nnode+=l; 

if(n<(nelein-2)) {for(i=n+2;i<nelem;i++) 
el[i]=el[i-l];} 

split(n,y); 
el[n].er(0)=el[n—l].er(0)+el[n—Ij.len; 
el[n+l].er(0)=el[n].er(0)+el[n].len; 
el[n].er(l)=el[n].er(2)=el[n].er(4)=0.0; 
el[n+l].er(l)=el[n+l],er(2)=el[n+l].er(4)=0.0; 
el[n].er(3)=el[n].er(0)+el[n].len; 
el[n+l].er(3)=el[n+l].er(0)+el[n+l].len; 
el[n].elcoor=el[n].er+el[n].ef; 
el[n+l].elcoor=el[n+l].er+el[n+l].ef; 

e3.sg{ I 
for(i=0;i<6;i++){ 
el[n].ef(i)^[(n)*3 + i]; 
el[n].vf (i):^[3 *nnode+(n)*3 + i]; 
el[n].elcoor=el[n].er+el[n].ef;}} 

Figure 25. Coordinate updating 
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function coorupdt () calculates coordinates representing each element 

deformation, based on the input of the body elastic coordinates. In addition, 

coorupt {) also initiates element splitting if element deformation criteria is 

exceeded. 

Function split () 

This function is used to calculate nodal coordinates and velocities for new 

elements created by splitting. The splitting function for a beam—shaped body is 

shown in Figure 26. Split () sends a message to the element splitting function. 

Sends a message to splitting 
function for appropriate matrices 
and property update 

Update flexible body coordinates 
for split element 

void Bdbody::split(int n,double *y) 
{ 
int i; 
for(i=0;i<6;i++) { 
el[n].ef old(i)=y[n*3 + i]; 
el[n].vf old(i)=Y[nnode*3 +n*3 + i]; 

i 
el[n].elsplit(el[n].efold,el[n].vfold) 

el[n+l].len=el[n].len; 
el[n+l].mas=el[n].inas; 
el[n+l].statchar(bodwid,boddep,...); 

for(i=0;i<3;i + +) { 
5l[n].ef(i + 3)=el[n].efnew(i); 
;l[n+l].e£(i)=el[n].efnew(i); 

} 
for(i=6*nnode-l;i<nnode*3+n+l;i-
y [i] =y [i-3] ; 

Figure 26. Element splitting function for a beam body 
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elsplit (), to add new element shape, stiffness and mass matrices and force 

vectors, where appropriate, and to update existing elements whose properties 

changed due to splitting. 

Function forcinput () 

This function inputs the external loading conditions to the body. After conversion 

to element coordinates, these external forces are sent to appropriate elements. 

Non—loaded elements are sent a zero external force. 

Function globmatcalc () 

This function is responsible for assembling the element stiffness matrix and external 

force vector (and in a dynamic analysis, the mass matrix and inertial force vector) 

into global body matrices and vectors. These body matrices and vectors are used to 

solve the system equations of motion. The element matrices and vectors are 

assembled as outlined in Chapter 3, by associating element matrix and vector entries 

with appropriate nodal coordinates. 

Function appbc () 

Body constraints, or boundary conditions are applied to the global matrices and 

vectors through this function. When a global vector assembled in globmatcalc () 

is passed to appbc (), it sets all of the entries in the vector whose position 
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corresponds to the constrained body coordinates equal to zero. If a global matrix is 

passed to appbc (), all of the entries in the rows and columns whose positions 

correspond to constrained coordinates are set equal to zero, with the exception of 

the diagonal term, which is set equal to one to prevent matrix singularity. The 

modified matrix or vector is returned from appbc (). 

Functions dispcalc () anrfqddcalc {) 

Once the element matrices and vectors have been calculated, dispcalc () 

initiates calculation of the global stiffiiess matrix and global external force vector 

using globmatcalc () and applies boundary conditions using appbc (). The 

resulting stiffness matrix and force vector are input into the solve () function, 

which performs LU-decomposition to solve for the unknown vector of 

displacements {q} in the equation 

K{q} = {Q} 

where {Q} is the external force vector and K is the stiffness matrix. Figure 27. 

shows code and diagrams the process for a rod body with two elements of 

assembling the global matrices and vectors, applying boundary conditions and 

solving for unknown displacements. 

If a dynamic analysis is being performed the function qddcalc () initiates the 

construction of the global body stiffness and mass matrices and external applied and 

inertia] force vectors from the corresponding element matrices and vectors using 

globmatcalc (), and then applies the boundary conditions using appbc (). The 

total force vector, {F}, denoted by force in the program, is calculated as 
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void Bsbody::dispcalc () 
{ 
Matrix gstif f(nnode*2,nnode*2); 
Vector gf ext(nnode*2); 

globinatcalc(gfext,gstif f); 

appbc(gfext); 

appbc(gstif f); 

q=solve(gstif f,gfext); 
} 

Figure 27. Solving for unknown body displacements 

{F} = {Qe} + {Qv} - K{q} 

where {Qe} is the external applied force vector, {Qy} is the inertia! force vector, 

and K and {q} are as defined above, force and the global mass matrix are input 

to the solve () function which solves for the unknown vector of accelerations, {q}, 

in the equation of motion 

M{q} = {F} 

This process is shown in Figure 28. for a rod-shaped body. 
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Calculating acceleration 
vector for rod body; 

Calculate global matrices 

Apply boundaiy conditions 

Construct force vector 

Solve for unknown accelerations 

void Rdbody::qddcalc () 
{ 
Matrix gstif f(nnode*3,nnode*3); 
Matrix gin(nnode*3,nnode*3); 
Vector gf ext(nnode*3); 
Vector ggv(nnode*3); 
Vector gmthf(nnode*3); 

I globinatcalc(gfext,gstiff. .7J; 

appbc(gstiff); 
appbc(gfext); 
appbc(gqv); 
appbcfamthf): 
Vector force(nnode*3); 
Vector kq(nnode*3); 
Vector elcorf(nnode*3); 
ka=astif f *elcorf: 
for(i=0;i<nnode*3;i + +) 
force(i)=gqy(i)+gfext(i)—kq(i) 
—tdd*ginthf(i); 

I qdd=solve(gin,force); 
} 

Figure 28. Calculation of unknown body acceleration vector, qddcalc () 

4.3.2. Body as an abstract base class 

In the development of code for the Element class, pure virtual functions were 

used to describe similar operations for different element types. The same need 

arises to describe similar operations for different types of the Body class, so 

functions of Body have also been declared as pure virtual. Therefore the class 

Body is an abstract base class. The class Body cannot be instantiated, but is 

inherited by specific body type classes. Each Body type class has the same members 
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and functions to describe it, and the type classes provide definition for the virtual 

functions declared in the abstract base class Body. The body types designed for the 

program described in this work are static rod and beam bodies, Rsbody and 

Bsbody and dynamic rod and beam bodies, Rdbody and Bdbody. These rod and 

beam bodies are intended to be used with object instances of the rod and beam 

elements, respectively. Examples of the rod and beam body classes are shown in 

Figures 29. and 30. 

4.4. Development of an Object-Oriented Multibody Dynamics Program 

Multibody systems are composed of a collection of rigid and deformable bodies 

connected by joints. These bodies can move relative to one another. The bodies 

are described by their material and geometric properties, their spatial location and 

motion relative to applied forces. Joints are described by their location and by the 

equations describing how the connected bodies are constrained in movement 

relative to each other. This organization of the multibody system into discrete parts 

(bodies and joints) can easily be adapted to object-oriented programming. In this 

work, body classes and joint classes have been developed whose combined behavior 

of data members and methods describe the behavior of the system. 

A complete multibody dynamics program has not been written for this work. 

However, example Body and Joint classes have been created as examples to 

demonstrate how these classes may be constructed. A mechanism class is outlined 

to demonstrate how the properties of bodies and joints may be combined to analyze 

the behavior of a multibody system. 
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class Rsbody:public Body 
{ 
public: 
Rodel el[6]; 
Rsbody{);force(2),q(20){}; 
~Rsbody{){}; 

double bodlen,bodmas,dummy,area,...; 
Vector q,force,• 
void datinput(double,double,...); 
void coorset(); 
void forcinput(double,double...); 
void elcalc(double); 
void globmatcalc(VectorSc,MatrixSc. , .) ; 
Matrix appbc(Matrix&); 
Vector appbc(Vectors); 
void dispcalcO; 

} 

class Rdbody:public Body 
{ 

public: 
Rodel el[6]; 
Rdbody():force(2),qdd(20){}; 
-Rdbody(){}; 

double thdd, bodlen, bodmas, area, . . .; 
Vector qdd,force,• 
void datinput(double,double,...); 
void coorupdt(); 
void forcinput(double,double...); 
void elupdt(double); 
void globmatcalc(Vector&,Matrix&...); 
Matrix appbc(Matrix&); 
Vector appbc (Vector&i) ; 
void qddcalc(); 
friend void derivs(float,double*,...); 

Figure 29. Class for static and dynamic rod bodies 
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class Bsbodyipublic Body 
{ 

public: 
Beamel el[6]; 
Rsbody():force(2),q(20){}; 
-Bsbody 0{}; 
double bodlen,bodmas,dummy,area,bodmod; 
Vector q,force; 
void datinput(double,double,...); 
void coorset(); 
void forcinput(double,double...); 
void elcalc(double); 
void globmatcalc(Vectors,Matrix&...); 
Matrix appbc(Matrix&); 
Vector appbc(Vectors); 
void dispcalcO; 

} 

class Bdbody:public Body 
{ 
public: 
Beamel el[6]; 
Bdbody():force(2),qdd(2 0){}; 
-Bdbody(){}; 

double thdd, bodl en, bodmas, area, . .. ; 
Vector qdd,force; 
void datinput (double, double, 
void coorupdt(); 
void split(int,double *); 
void forcinput(double,double...); 
void elupdt(double); 
void globmatcalc(Vectors,Matrix&...); 
Matrix appbc(MatrixS); 
Vector appbc(Vectors); 
void qddcalc(); 
friend void derivs(float,double*,...); 

} 

Figure 30. Class for static and dynamic rod bodies 
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4.4.1. Class Body 

A multibody system may contain both rigid and deformable bodies. A 

deformable body class has been introduced in the development of the 

object-oriented finite element code discussed previously. This same class may be 

used to represent a deformable body in the multibody system. A rigid body is 

described by its mass and geometric properties, and by the position, velocity and 

acceleration of its coordinates. 

A class could easily be created to represent a rigid body. The physical 

characteristics of mass and dimension as well as the mass matrix and force and 

acceleration vectors could be included in the Rigid_body class as data members. 

Functions to calculate the mass matrix and force vector and to solve for the 

acceleration vector would be included in this class. Pseudocode for a rigid body 

class is outlined in Figure 31. 

4.4.2. C/aw Joint 

In a multibody system, as was mentioned, joints are described by their locations 

and constraint equations. A joint location is described relative to the coordinate 

axes of the connected bodies by three coordinates ri, and g for a 

three-dimensional analysis, and by | and rj for a two-dimensional analysis. The 

joint location is also described relative to the reference coordinate axes byj:,)*, and z 

for a three-dimensional analysis, and byj: and}' for a two-dimensional analysis. 

The constraint equations describing how the joint restricts the movement of the 
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1 1 

1. L 

[ 
1 ' X 1 

Class Rigid bod 
{ 
double inas,len,width,depth; 
Rigid_bodO{}; 
~ Rigid_bod(){}; 
Vector rig_cor, qrdd,app_f or; 
void datinput(double,double...); 

1 1 

1. L 

[ 
1 ' X 1 void coord_locate(Vector&); 

1 1 
void app_forc_calc(Vector&); 

voidmasmatQ; 

calculation of acceleration vector void qrdd_calc(double *); 

y = f(y) friend void derivs(double 

} 

Figure 31. Pseudocode for a rigid body class 

connecting bodies are formulated using the body and reference coordinates. The 

affect of the jomts on the system equations of motion is also taken into account by 

using the Jacobian of the constraint matrix, C^, in the equations of motion, as 

described in Chapter 3. 

A class Joint has been created that uses the characteristics and operations 

described above. The local and reference coordinates and Jacobian matrix are data 

members. Member functions initglobcor {) and initbodcor () have been 

included to initialize system and body coordinates. Jacmatcalc () calculates the 

Jacobian matrix, and gairanacalc () calculates the vector of the right-hand side of 
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the acceleration equation described in Chapter 3 . 

Different joint types are needed to describe the various ways bodies may be 

connected. For example, a revolute joint will allow only rotation between connected 

bodies, whereas a translational joint allows only translation between the bodies. 

This indicates that the constraint equations, Jacobian matrix and right-hand side 

vector will differ from joint type to joint type. Therefore, the functions in the 

Joint class to create these members are designated as virtual, and the Joint 

class is an abstract base class. Joint type classes are used to implement object 

instances of Joint. They inherit the abstract base class Joint, and delSne the 

virtual functions declared in Joint. Examples of the Joint type classes for 

revolute joints, Revj oint, and translational joints. Trans j oint, have been 

developed. Revj oint is presented in Figure 32. 

Class Revjoint:public Joint 
{ 

public: 
Matrix jacob; 
Vector gamma; 
Revj ointQ; j acob(2,6),gainma(2){}; 
''Revjoint(){}; 

void initbodcor(double,double,...) 
Input joint coordinates with respect to 
bodies 

Class Revjoint:public Joint 
{ 

public: 
Matrix jacob; 
Vector gamma; 
Revj ointQ; j acob(2,6),gainma(2){}; 
''Revjoint(){}; 

void initbodcor(double,double,...) 

Create jacobian of constraint 
matrix void jacmatcalcQ; 

Create gamma vector void gammacalcQ; 
} 

Figure 32. Revj oint, Joint type class revolute 
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4.4.3. CiflM Mechanism 

A class Mechanism could be developed that is composed of object instances of 

Body and Joint organized into body and joint arrays, and member functions 

needed to combine the body and joint equations into system equations of motion. 

Functions would be included to form the system stiffness matrix, systifmat (), 

system mass matrix, sysmasmat (), and Jacobian matrix, sys jacmat (), and 

force vector, sysf orcvec (). A function would also be included to assemble the 

system equations of motion, and solve for the unknown accelerations, sysqdd (). 

This vector of accelerations would then be passed to a numerical integration routine 

in order to solve for positions, deformations, and velocities at different points in 

time. Pseudo-code for declaration of a sample Mechanism class composed of two 

beam bodies connected by a revolute joint is shown in Figure 33. 

4.5. Development of a Truss Analysis 

In addition to finite element analyses with bodies composed of elements, 

analyses can be facilitated for structures that are themselves composed of 

pre-defined structures called trusses. These trusses are composed of members of a 

predefined geometry and orientation that can be represented by elements. A class 

Truss has been developed for these analyses that is composed of of object 

instances of Element organized into element arrays, and member functions needed 

to combine the individual element equations into equilibrium equations for the 

truss. Like the Body class, the Truss class also includes members and functions to 
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J) 

mass 

T> 

M.{q,} = {Q,.} , M,{q.) = {Q,} 

"M ' '{g}' J-

cj {0} {A} {Qc} 

Class Mechanism 
{ 
Rdbody rb[2]; 
Revjoint rj[l]; 

voidmech_data(double,double,...); 

voi d mech_coord(doubl e,doubl e,.-)? 

voidmech_appload(double *); 

void body_calc(); 

void joint_calc(); 

void systifmatQ; 
void sysmasmatQ; 
void sysjacmatQ; 
void sysf orcvecQ; 
void sysqddQ; 
friend void integ(double *); 
} 

Figure 33. Pseudocode for Mechanism class 
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describe the physical characteristics, spatial location, and displacement in response 

to external loading. The class has been organized similar to the Body class, as 

shown in Figure 34. This particular Truss type has been developed as an isosceles 

triangular shape. 
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class Truss 

yX { 

X \ public: 
Rodel el[3]; 
Truss () {}; 

V 

~Truss () {}; 

v/f\ 
void bodinit(const int«fe,.")5 
void datinput(double,...); 

Lbase 

921 922 923 „ 

void coorset; 

\ 
9ii 931 
9I2 932 
9I3 933 

void forcinput(double,...)j 

void elcalc(double); 
void globmatcalc(Matrix&...); 

Matrix appbc(Matrix&); 

_±. 

void dispcalc (); 
} 

Figure 34. Truss as a class 
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CHAPTERS. 

RESULTS AND CONCLUSIONS 

Chapter 4 discussed the composition of the various classes that are necessary 

entities of finite element and and multibody dynamic analysis. In this chapter it is 

shown how these classes and their members are organized into a hierarchy. The 

construction and the advantages of using object-oriented code in the organization 

of mechanical analysis programs are also demonstrated. The advantages of using 

classes and object-oriented structure are emphasized, as these advantages provide 

the impetus for using object-oriented programming languages in mechanical 

analysis. The example constructions are of finite element programs, as the 

necessary classes for their programs are most developed. Results of test programs 

will be presented, followed by discussion of future work. Finally, conclusions about 

the use of object-oriented programming in mechanical analysis are made. 

5.1. Hierarchical Organization of Object-Oriented Code 

The classes discussed in Chapter 4 have been organized so that they form a 

hierarchical structure, as shown in Figure 35., where dashed lines indicate those 

program entities that are to be completed in future work. The upper levels of the 

hierarchy direct the actions of lower levels. For example, the Body type group of 

classes is the primary level which is dealt with when organizing code for a finite 

element analysis. Lower levels, including the Element class level and the base 

classes, where numerical manipulations take place, are accessed via 

pre—programmed commands from a Body object. The driver programs for a 
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Figure 35. Organizational Hierarchy of Object-Oriented Mechanical Systems 
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finite element analysis would therefore consist of manipulations of various members 

of the Body class. If a program is created to perform a multibody dynamics 

analysis, the Mechani sm class and the Body and Joint type group of classes 

would be the primary hierarchical levels dealt with in organizing the anatysis. 

Again, the Element and base classes would be accessed through commands from a 

Body object The driver programs for a multibody dynamics analysis would consist 

of manipulation of Mechanism, Body, and Joint members. When finite element 

analysis of a pre-determined structural truss unit is desired, the primary level that 

would be used is the Truss class. Element and Element base classes would be 

directed through manipulations by the Truss class. 

5.2. Construction and Advantage of Object-Oriented Finite Element Programs 

This section will describe how object-oriented finite element programs are 

constructed, and focus on the advantages of using object—oriented code. 

5.2.1. Short, concise code of the driver programs 

Figure 36. shows the construction of a program to perform a static finite 

element analysis on an axialfy loaded rod. One of the immediately observable 

features of this program is its short, ea^ to construct code. As shown, it consists of 

only 11 lines of code, yet performs a finite element analysis and outputs nodal 

displacements to a data file. The development of the program is facilitated by the 

structure of the object-oriented code. The Body class is a module of code that 
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Object Library 

0 
Create object 
bdyl of Rsbody 

class ^ 

©. 
Initialize 

elements and 
constraints 

© I  

© 
Initialize 
physical 
props. 

Set bo£fy [ 
I coordinates • 

raa^jnodulusJ) ' 
xl,yl I 

©Perform 
element 

calculations 

( 1 I ^ II 

5 

. , Appfy 
2/ loading 

3H-

Calculate 
deflection © 

-M* 

Output 
results 

Rsbody bdyl; 

voidmainQ 
{ 
File *out_file; 
out_file=fopen("out.dat","w")5 

bdyl.bodinit(2,3,0,l,2) 

bdyl.datinput(l,l»30e 6,1,2,0) 

bdyl.coorsetQ; 

bdyl.elcalc(O.O); 

bdyl.forcinput(l 0000,0,2,0); 

bdyl.dispcalcQ; 
int i; 

for(i=0;i<bdyl.nnode*2;i++) 
fprintf(out_file,"q(%d)=%f\n",i, 
bdyl.q(i)); 
} 

Figure 36. Driver Program for static finite element analysis 
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contains all the functions and data members necessary to manage the creation and 

organization of elements and, for a static analysis, their governing equations of 

equilibrium, and to direct the solution of the assembled element equations for the 

body. A finite element analysis is initiated by declaring an object instantiation of a 

body class type and invoking the Body functions that input initial geometry and 

material characteristics, loading data and set initial body coordinates. Elcalc(), a 

function to direct element calculations and dispcalc(), a Body function to direct 

calculation of the state of the body in response to loading and boundary conditions 

(displacement, for static analysis) are then called. 

A driver program for a dynamic finite element analysis of an axially loaded rod 

is shown Figure 37. It is similar to the static analysis, in consisting of instantiation of 

a Body class type object and invoking of Body functions to input physical 

characteristics and coordinates and external loading conditions. The program also 

invokes Body functions to formulate element equations of motion. In addition, a 

function, derivs() is defined that handles body acceleration calculations. The 

resulting acceleration vector is then passed by derivs() to a pre—written 

commercially available numerical integration routine odeint(), [Numerical 

Recipes, 572-580] which calculates positions and velocities for a new time step. 

These values are recorded and passed back to derivs() v/hich updates elements and 

makes new acceleration calculations. Derivs() manages this repetitive process 

until the dynamic analysis has been performed for a pre-specified period of time. 

A total of 27 lines of code directs the analysis. 

A driver program for a finite element analysis of a pre-determined truss 

structure is similar to a static analysis of a rod—shaped body. A Truss class type 
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© 
Create object 
b(fyl of Rdbody^ 

class 

©I 
Initialize 
physical • 
props. 1 

I 

Object Library 

Initialize 
{ 3 )  e l e m e n t s  a n d  

constraints 

 ̂ mass.modulia 0 
Za *1̂ 1 
\ Set body 1 

zJ coordinates I 
I 

©Perform [ 
element ^ . 

calculations' 1 ' ?i V 

© Apply ^ 
loading ^ UK-

Start numerical integration 

©routine. odeintQ internally calls 
derivsQ to calculate acceleration 
vector, qdd and pass it back. 

Function to calculate acceleration 
vector 

Rdbody bdy3; 
void mainQ 
{ 
int i; 
float xijxfjstart,finish,!; 
double ystart[30],dydx[30]; 
bdy3.bodinit(4,5,0,l,2); 
bdy3.datinput(l,l,30e6,.146,200); 
for(i=0;i<30;i++) ystart[i]=0.0; 
start=0.0; 
finish=10.0; 
xi=start; 
xf=.00025; 
bdy3.coorupdt(0.0,0.0,ystart); 

bdy3.elupdt(); 

bdy3.forcinput(1000,0,200,0); 

while(xi<finish){ 
odeint(ystart,xi,xf,l,,..)5 
xi=xf; 
xf+=.00025;} 

} 

void derivs(float t, double *y,...) 
{ 

bdy3.coorupdt(0.0,0.0,y); 
bdy3.elupdt(); 
bdy3,forcinput(-1000,0,200,0); 
bdy3.qddcalc(y); 
for(i=0;i<bdy3.nnode*2;i++) { 
ydot[i]=y[i+bdy3.nnode*2]; 
y dot [i +bdy 3 .nnode * 2 ]=bdy 3 .qdd(i); 

} 

Figure 37. Dynamic finite element analysis of an axially loaded rod 
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object is instantiated and Truss functions are invoked to input physical 

characteristics and coordinates of the truss members and the external loading 

conditions. The program then invokes Truss functions to formulate element 

equations of equilibrium and calculate resulting truss displacements. 

The Body, Truss and Element type classes containing the lower level code to 

form and manipulate elements, assemble the results into a body or truss analysis 

and, for a dynamic analysis, performs numerical integration in time, are stored in an 

object library. Therefore, the "visible" code of the resulting driver programs for the 

analyses are extremely short, simple and easy to understand. In contrast, 

procedurally written finite element programs, in which all code is contained in one 

main program, have at least two hundred lines of visible code (excluding output and 

format statements) to perform a one—dimensional static analysis Desai [145—152]. 

An additional fifty lines of code are needed for a dynamic analysis Desai [146-149]. 

A truss analysis has three hundred lines Logan [554—559,587-592]. Comparison 

of code size for object-oriented versus procedural programs is shown in Figure 38. 

5.2.2. Uniformity and reusability of code 

When an object-oriented program is used, the program developer chooses a 

particular Body class type, and Element class type for the analysis. These classes 

are modular, containing all the code necessary to manipulate bodies and elements. 

When the Body and Element type classes are chosen, the corresponding Body and 

Element functions and data members for the types are automatically created. 

Because the modularized Body and Element type classes are stored in an object 
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Figure 38. Comparison of code for object—oriented vs procedural programs 

library, the same code to perform a certain task, for example, bodinit(), the Body 

function to input number of elements and boundary conditions, can be "plugged in" 

to different programs. This concept is shown in Figure 39. The bodinitQ 

function is used in both Program 1 and Program 2. Using the same pre-defined 

function assures the same procedure to perform body initialization will be used in 

each analysis. The dispcalc() does not have to be re-written for each program. 

5.2.3. Ease of modification 

As finite element analysis becomes more widely used, it is becoming 

increasingly clear that one procedurally written program cannot possibly be 
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Body class type 
bodinit 0 

Object 
Library 

Rdbody bdy2; 
void main() 

bdy2.datinput(l,l,30e6,1,5,0); 

double ystart[10]; 
bdy2.coorupdt(0,0,ystart); 
bdy2.elupdt(); 
bdy2.forcinput(50 0,0,5,0); 

bdy2.forcinput (500,0,1,0); 

Program 2 

bdyl .bodinit (2,3,0,l,2)n 
bdyl.datinput(l,l,30e6,l,2,0); 
bdyl.coorset(); 
bdyl.elcalc (0.0); 
bdyl.forcinput (100,0,1,0); 
bdyl .di spcalc (); 

Rsbody bdyl; 
void main() 

Program 1 

Program to perform static analysis 
on 2 element, 2 meter long 
cantilevered rod with 100 kg load 
at free end 

Program to perform dynamic 
analysis 4 element. 5 meter long 
simply supported rod with 100 kg 
load. 

Figure 39. Reusability of Object Library Code 

developed to be able to handle every type of problem. A program change is often 

necessitated when different body geometry or different loading occurs. As 

explained in Chapter 2, when procedurally written programs are used to perform 

finite element analysis, major program revisions or total program rewrites are 
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dictated. With an object-oriented finite element program, however, application to 

a different problem is more easily accomphshed. The object-oriented concept of a 

modular-type system in which a program is created by "plugging together" 

different blocks of code allows for an infinite variety of programs. 

If code already exists in the object library to accommodate the parameters of a 

new problem, it is a matter of "switching out" one module, and substituting in 

another. For example, consider changing the static finite element analysis of an 

axially loaded rod in Figure 36. to an analysis with transverse loading. Because a 

rod can only sustain axial loading, the analysis must be changed to a that for a beam. 

The program change to accomplish this is shown in Figure 40. As can be seen, the 

only changes needed are to designate the body type to beam (Bsbody), and the 

loading function to reflect a transverse (y direction for the body) load instead of an 

axial load (x direction for the body). Because abstract classes, virtual functions and 

function overloading were used, the same function names are still used to perform 

the steps of the analysis. To the programmer, the same operations are being 

performed, even though in reality the actual function definitions may have changed. 

If new code is needed to perform an analysis, or an improvement over existing 

code is developed, object-oriented format also makes this process easier. Because 

the code is modularized, the progranmier needs only to write code for that new 

feature, and store it in the object library. The code can then either be plugged into 

the program in place of the old code, or added to the program if it is a new concept. 

If it is desired to modify existing code, the same logic is followed. Only that code 

segment dealing with the changes is updated, and stored in the object library. The 

driver program and all other parts of the other classes remain unchanged. An 
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Rsbody bdyl; 
void mainQ 
{ 
File *out_file; 
out_file=fopen("out.dat","w"); 
bdyl.bodinit(2,3,0,l,2) 
bdyl.datinput(l,l,30e6,1,2,0) 
bdyl.coorset(); 

. bdyl.elcalc(Q.Q); 
I bdvl.forcinputfl0000.0.2.0'); 
bdyl.dispcalcQ; 
int i; 
for(i = 0;i<bdyl.nnode*2;i + +) 
fprintf(out_file,"q(%d)=%f\n",i 
bdyl.q(i)); 
} 

-T 
F'X 

I 
I 
I 
I 
I 

Rsbody— 

Finite element program 
for an asdally loaded body 

Bsbody 

Finite element program for 
an transversely loaded body 

A. 

Bsbody bdyl; 
void mainQ 
{ 
File *out_file; 
out_file=fopen("out.dat","w")5 
bdyl.bodinit(2,3,0,1,2) 
bdyl.datinput(l,l,30e6,l,2,0) 
bdyl.coorset(); 
bdyl.e3.Galc(0.Q); 
bdvl.forcinputCO.l 0000.2.0'): 
bdyl.dispcalcQ; 
int i; 
for(i=0;i<bdyl.nnode*3;i++) 
fprint f(out_file,"q(%d)=%f\n",i, 

bdyl.q(i)); 
} 

Figure 40. Changing from a rod to a beam analysis 

example of both addition of new code and updating of old are outlined below. 

If provisions in the dynamic finite element analysis did not exist for splitting 
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elements when deformation criteria are exceeded, the Bdbody class (for a dynamic 

finite element analysis of a beam) would appear as shown in Figure 41. Adding the 

element splitting criteria for the body modifies the coorupdt() function, as shown 

in Figure 42. and in detail in Figure 43., without modifying its use in the driver 

program. The driver program remains unchanged, as is shown in Figure 42. Also, a 

new function, split() is added to the Bdbody class, and the function elsplit() 

is added to the Beamel class. These new functions are only accessed through the 

corrupt() function, as shown in Figure 43. The new versions of the Bdbody and 

Beamel classes are stored in the object library. 

This ability to expand the use of a finite element code's use without having to 

change the whole code facilitates more improvements with less effort and cost. The 

finite element code can evolve for each mechanical analysis encountered 

5.2.4. Prevention of inadvertent code change 

Having the standardized classes as modules stored away in object libraries 

prevents inadvertent changes to code. Once the code for a class, including all its 

data members and functions is written to user satisfaction, the need does not usually 

arise to deal with class definitions. Referring again to Figure 29, it can be seen that a 

finite element program for a body can be written without having to directfy access 

the lower level code dealing with element and matrix manipulation. This code is 

safely stored away. The object instances of the Body, Element and Matrix 

classes and their associated functions can be used as ''black boxes", in which input 

data is fed in and a result feeds out, rather than having to deal with the actual 
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class Bc3body:public Body 
{ 
Beamel el[6]; 
Bdbody(){}; 
int nelold; 
double bodwid,boddep,boc3inod,thetad,thetdd; 
Vector qdd; 
Vector q; 
Ivector c; 
void datinput(double,double,double, double,...); 
void coorupdt(double,double,double *); 
void forcinput(double,double,double,...); 
void elupdtQ; 
void globniatcalc(Vector&,Matrix&,..,); 
Matrix appbc(Matrix&); 
Vector appbc(Vector&); 
friend void derivs(float,double *,double *); 

}; 

void Bdbody::coorupdt(double *y) 
{ 
int n, i; 
for(n=0; n<nelem;n++) 
{ if(n==0) el[ii].angle=0.0; 

else el[n].angle=y[3*n+5]; 
{ el[0].er(0)=0.0; 
el[0].er(3)=el[0].len} 
else{ 
el[n].er(0)=el[n-^l].er(0)+el[n—Ij.len; 
el[n].er(3)=el[n].er(0)+el[n].len; 
el[n].er(l)=el[n].er(2)=el[n].er(4)=el[n].er(5)=0,0; 
for(i=0;i<6;i++) { 
el[n].ef(i)=y[n*3+i]; 
el[n].vf(i)=y[3*nnode+n*3+i]; 
} 
el[n].elcoor=el[n].er+el[n].ef; 

}}} 

Figure 41. Bdbody class without splitting 
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Figure 42. Adding splitting capability to dynamic analysis 
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class Bdbody:public Body 
{ 

Beantel el[6]; 
Bdbody(){}; 

void datinput(ciouble,double,double, double,-OJ 
Splitting function void coorupdt(double,double,double *); 
as part of Bdbody [void split(int, double *); 

void forcinput(double,double,double,...); 
void elupdtQ; 
void globmatcalc(Vector&,Matrix&,...); 
Matrix appbc(Matrix&); 
Vector appbc(Vector«&); 
friend void derivs(float,double *,double *); 

}; 

void Bdbody::coorupdt(double *y) 
{ 

int n, i; 
for(n=0; n<neleni;n++) { 
if(n==0) el[n].angle=0.0; 
else el[n].angle=y[3*n+5]; 

if(el[n].angle>0.1) { 

Adding 
splitting 
code 

nelem+=l; 
nnode+=l; 
if(n< (nelem-2)) {for(i=n+2;i<nelem;i++) 
el[i]=el[i-l];} 
split(n,y); 

} 
else{ 
el[n].er(0)=el[n-l].er(0)+el[n—l].len; 
el[n].er(3)=el[n].er(0)+el[n].len; 

}}} 

Figure 43. Modified coorupdt()— Detail 

"mechanics" of how the action of the objects takes place. So, the defining code for 

the body, the elements and the matrices is only changed by intentionally accessing it 

from the object library. 
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5.3. Test cases for analyses 

A number of tests were performed to verify the correctness of equations and the 

accuracy of the coding used in developing the object-oriented programs. Programs 

for the static finite element analysis of an axially loaded rod with five elements, and 

for a transversely loaded beam with five elements that were discussed in Section 

5.2.3 were run. A dynamic analysis for an axially loaded rod and a static analysis of 

a truss were also performed. These results were compared against various 

standards, as described below. The comparisons for the analyses are shown in 

Figure 44. 

Analysis 
tip deflection 
by analysis of 
this work 

tip deflection 
by analytic 
solution 

tip deflection 
from Logan 

apex of truss 
deflection 
from Logan 

static rod 
E=30e6, L=2,F=10000 
A= 1, 4 elements 

.00067 .00067 NA NA 

Static beam 4 elements 
E=30e6, 
L=2,F=10,000 
A=l, I=.0833 

.01067 .01067 NA NA 

dynamic rod 
eA=l, L=200, 
EI=30000000 

.002895 NA .00299 NA 

Static truss 
E=1000000,Lsides= 141 
Lbase=200,angle=45 A= 1, 
F=10000 at apex 

.141 NA NA .141 

Figure 44. Results of finite element analyses 

The result of the static rod analysis was compared against the solution of the 

anal5rtical equation for an axially loaded cantilevered rod. 
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Gere and Timoshenko [49] The deflection, d, for this case is given by: 

X - FL 
AE 

where F is the applied axial load,^ is the cross-sectional area of the rod, L is the 

rod length, and E is the modulus of elasticity. As shown in Figure 44., the tip 

deflection of the rod as calculated by the finite element analysis exactly agrees with 

the analytic solution. 

The result of the static beam analysis was compared against the solution of the 

equation for a transversely loaded cantilevered beam, Gere and Timoshenko [737]. 

The vertical deflection for this case is given by 

A - FL^ 

where / is the moment of inertia of the beam about the neutral axis of the beam. 

Figure 44. shows that the tip deflection, as calculated by the finite element analysis 

also exactly agrees with the analytic solution. 

The result of the dynamic analysis was compared against an analysis performed 

in a text on finite element analysis Logan [509]. The analysis for this work was 

attached to a Runge Kutta variable time step integration routine, while the analysis 

for the finite element text was performed using Newmark's method for numerical 

integration. Therefore, the results were slightly different. Comparisons for the 

analyses are shown in Figure 44. 

The result of the truss analysis was compared against a finite element analysis 

performed in Logan [97]. As shown in Figure 44. the results of this analysis exactly 

agree with those of Logan. 
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5.4. Future Work 

This section describes how the concepts and code developed for this work may 

be extended for future projects. 

5.4.1. Extension ofanafysis capabilities of code 

The purpose of developing the code for this work was to demonstrate the 

suitability of applying an object-oriented programming language to finite element 

analysis. Only planar analysis, with simple geometries and loading conditions were 

produced. In order to make this code more generally applicable to a variety of 

problems in mechanical analysis of bodies, the capability to analyze more complex 

geometries and loading such as plane stress and plane strain problems, and 

problems of axisymmetric loading, and to perform three dimensional analysis needs 

to be added. The features of ease in modifying and adding classes and methods 

possessed by C+ + object-oriented language facilitates the development of new 

capabilities for the code performing finite element analysis. Because the framework 

akeady exists in the abstract class Element, a new element type class could be 

created by writing appropriate function definitions for the pure virtual functions of 

Element. For example. Figure 45. shows pseudocode for the construction of a 

constant strain triangular element, used in plane stress and strain analysis. The 

capability to create a shape matrix for the triangular element needs to be added to 

the ShapeFcns base class, and to create a stiffness matrix to the Mater base class. 

In addition, the Trans base class needs to create a transformation for the matrices 
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% 
cos^ sinfi 0 0 0 0 

% - sinfi cos§ 0 0 0 0 
Qjx 0 0 cos^ sinfi 0 0 

% 0 0 - sin^ cosfi 0 0 

Qhc 0 0 0 0 cosfi sbifi 
9-7 0 0 0 0 — sinP co^ [S.  0  SjO S^O 1  

0 S; 0 Sj 0 Sj J 

assgnCoorQ 

Node 

cstfctransQ 

Trans 

kii kij kite 
^ii ^jk 

kfd k)^ ki^ 

cstfscalc 0 

ShapeFcns 

I 

cststiff 0 

Mater 

cstmakeb 0 

Be 

class Cstel: public Element 
{ 
Cstel(){}; 
~Cstel(){}; 
void statchar(double,double,...); 
void dynchar(double,double,...); 
voidbndcnQ; 
void extfor(Vector&, double,...); 
void fmasmatQ; 
void stiffcalcQ; -

}; 

J 

Constant Strain 
Triangle 

Figure 45. Construction of constant strain triangular element 

of the constant strain triangle, expressed in the element local coordinates, into 

matrices in terms of the body coordinate system. Functions to handle input of 
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coordinates, and material and geometric properties and boundary conditions also 

need to be modified. 

The Truss class was developed for a isosceles triangular shaped structure made 

of rod members. The class could easily be extended to handle a different shaped 

structure, or be made of beam members (which could withstand transverse loading 

and bending). Like the Body class, the Truss class could be made a virtual class, 

from which different Truss type classes could be constructed. 

Creation of programs to perform multibody dynamics analysis 

As mentioned in Section 4.4, the capability to perform a multibody dynamics 

analysis has not yet been developed. Flexible Body and revolute and translational 

Joint classes have been created, though, and pseudocode for a Mechanism class 

was outlined in Figure 33. The development of a full multibody dynamics program 

would involve the actual creation of the Mechanism classes, as well as additional 

Joint type classes, such as composite joints, cams, and gears, and of a rigid body 

class. The creation of additional Joint type classes would follow much the same 

process as the creation of additional Element type classes outlined in Section 5.2. 

Because the Joint class has been declared as an abstract class, creating new 

Joint type classes would involve writing appropriate function definitions for the 

pure virtual functions declared in the Joint class definition. A driver program for 

a multibody analysis would need to create a mechanism, input body and joint 

types and coordinate and applied loading information, perform any necessary 

flexible body analysis, assemble the mechanical system and solve the system 
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equations of motion. Pseudocode for a driver program to analyze two beam bodies 

connected by a revolute joint is shown in Figure 46. 

'i 

Mechanism mechl; 
voidmainQ 

{ 

mechl.mech_data(massl,mass2,...); 1 massl 1 1 mass2 1 mechl.mech_data(massl,mass2,...); 

mechl.mech_coord(0.0,0.0,1.8,1.0,...); 
1 

mechl.mech_coord(0.0,0.0,1.8,1.0,...); 

0.0,0.0 

mechl.mech_appload(0,l 00 0,1.8,0.0); 
—"y i 

mechl.mech_appload(0,l 00 0,1.8,0.0); 

1000 

Mifq,.} = (Q.) , M/q.} = {Q,} 
mechl.body_calc(); 

I'M Q ][" RQr,} + {QrvH 

cj {0} U) ^ 

mechl.systi fmat (); 
me chl. sy smasmat (); 
mechl.sys jacmatQ; 
mechl.sys forcvecQ; 
mechl.sysqddQ; 

Integrate accelerations forward 
in time 

integ(qdd); 
} 

Figure 46. Pseudocode for Multibody dynamics program 
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5.4.2. Addition of graphics capabilities 

In addition to extending the analysis capabilities of the code to include a wider 

variety of problems, the code could also be extended to include graphics capabilities 

both for the working environment and the display of results. Object code is often 

being used in developing menu drivers for many commercial programs, and it is a 

logical step to append one to the code developed for the finite element analysis, and 

for the future muhibody dynamic analysis. Because the code for this work already 

has a well-developed class hierarchy structure, it lends itself well to adaptation to 

the menu structure. A menu structure for a finite element analysis could be 

developed as is shown in Figure 47. Analysis type, body type, element type, and 

input and output parameters are menu categories, with submenus chosen to further 

qualify menu choices. Dashed lines around menu choices show proposed, but 

undeveloped features of the analysis. 

Object code is also being used in developing graphical displays for the results of 

computer-aided design and mechanical analysis programs. Again, because the 

code has a well-developed class structure, member functions to create computer 

drawings of the bodies and elements, and eventually for mechanical ^stems could 

be incorporated into the classes. Commands to draw the entity could be invoked in 

the driver program for the anafyses. 
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Displacements Rod Rod 

Stresses and 
Strains Beam Beam 

Constant 
Strain THangle 

Graphics Plate 

Output Element Input Data Body 
Analysis 

TJpe 

Dynamic 

Static 

Coordinates 

Loading 

Material 

Geometric 

Boundaiy 
Conditions 

Body 

1 
1 
1 

Rod 
Number of 
Elements 

Beam 

Plate 

I 

Input Data 

1 
1 
1 

Height 1 
1 
1 Width 

Geometric 
Depth 

Geometric Geometric 
Mass 

Material 

Modulus of El as. 

Material 
Shear Modulus 

Material Material 

X 

Coordinates 
y 

Coordinates e Coordinates Coordinates 

Constraint 1 
Boundary 
Conditions 

Constraint 1 
Boundary 
Conditions 

Constraint 2 Boundary 
Conditions 

Constraint 3 

Boundary 
Conditions 

Loading 
Fx 

Loading Fv Loading 

Location 

Figure 47. Menu for constructing finite element analysis of a static beam 
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5.5. Conclusions 

The following conclusions can be made about the application of 

object-oriented programming techniques to mechanical analyses. 

1) Object—oriented programming provides a means by which the normally 

complicated, confusing computer code intrinsic to mechanical analyses, and in 

particular to finite element analyses can be made simpler and easier to 

understand. This is made possible through constructing a hierarchy of classes, 

such that the program creator and user need only interface with the highest 

levels of code. The higher level classes direct the action of lower level classes, 

which are stored away in an object library. The use of a hierarchical structure 

is demonstrated in the formulation of a superclass Body for a finite element 

analysis whose manipulation directs the actions of the lower level Element 

class and the base classes of Element. The hierarchical structure also 

facilitates program construction. Once the object instance of the Body class is 

initialized and its appropriate member functions called in the main driver 

program, all operations concerning Element and base class formulation and 

manipulation are automatically taken care of. The program designer need not 

deal with code for the lower level operations. 

2) Object—oriented finite element programs are also easier to modify and 

expand. This is a consequence of the structure of classes, in which all data 

members and functions dealing with an entity are contained within one module 

of code. Changing one aspect of the finite element code involves changing only 
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the modules dealing with that aspect. The rest of the code remains untouched. 

This feature was exemplified in the discussion of adding element splitting 

capability. Program expansion is facilitated by by the use of abstract base 

classes, and virtual and overloaded functions. They allow a "prototype" or 

framework class to be created against which all other classes are patterned. 

Such classes are the Body and Element classes. Since the framework for the 

class already exists, creating new type classes for these abstract base classes is 

a matter of writing new definitions for the pure virtual functions and accessing 

appropriate overloaded functions. The new type classes are also uniform in 

appearance to the previously existing ones. This process was demonstrated by 

showing the creation of a constant strain triangular element. 

3) The idea that one analysis program can be developed to handle every 

problem is not practical. But, code can be written into modules to handle each 

problem and the modules stored away in an object library. Tnese modules can 

be accessed when needed, to provide the means to quickly organize a program 

to handle any analysis. In this way, the capability of the code continually evolves. 

4) Although the code written for this work performs only planar analyses with 

simple body geometries and loading, it demonstrates the ease with which 

programs may be created and new program abilities maybe added. It is believed 

that the object-oriented "framework" for producing a useful, more generally 

applicable finite element code has been demonstrated. 
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