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ABSTRACT 

This thesis discusses the suitability of the box-counting method as a tool describing 

complex geometrical phenomena in nature by estimating their fractal dimensions, D. 

The study evaluated the influence of the parameters of the box counting method on the 

estimated fractal dimension using Koch curves of known fractal properties. It became 

clear that the employed size range of the applied box networks has the strongest influence 

on the obtained fractal dimension. 

A successful application of the box-counting method to generated 2-D joint patterns 

proved the ability of the fractal dimension to capture the influence of joint size and density 

on the statistical homogeneity of rock masses. 

Joint data from a tunnel of the Three Gorges Dam site in China was examined for 

potential statistical homogeneity. It was possible to find five different statistically 

homogeneous regions by combining the estimated fractal dimension and a visual 

geological evaluation of the joint maps. 
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1. Introduction 

Geological Engineering, like every other science dealing with nature, had until recently 

difficulties to describe natural phenomena using the language of traditional mathematics. A 

lot of this dilemma was solved when Benoit B. Mandelbrot made the step from Euclidean 

traditional geometry to non-Euclidean fractal geometry. In his book "The Fractal 

Geometry of Nature' (1977) he combined the work of many of his predecessors like 

Cantor, Koch, Hausdorff, Weierstrauss et. al. and outlined the basic principles of this new 

branch of mathematics. It broadens the concept of geometrical dimension from a discrete 

(0-point, 1-line, 2-plane, 3-solid) to a continuum of dimension without jumps in between 

by describing the filling of space of a Euclidean shape using a non-integer number, the 

fractional dimension, D, introduced by Hausdorff in 1919 (Figure 1.1). 

Initiator VON KOCH 
CURVE 

Generator 

i 
Figure 1.1. An example curve showing the difference between topological dimension 

(D=l for a line) and fractional dimension; repeatedly applying the generator 
to each segment of the previous generation results a total filling of two 
Euclidean dimensions - a plane, therefore the fractal dimension is D=2. 
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This extends the traditional Euclidean geometry considerably. The traditional 

dimensions are inherited as topological dimensions, but by introducing the fractal 

dimension a whole new universe of possibilities was opened to science. Soon, it became 

clear that this concept described much more accurately actual natural phenomena. 

Beginning from 1977, the concept of fractal geometry boomed in almost all natural 

sciences and was applied to countless physical problems. Landscapes, clouds, trees, lungs 

...the range of applications seems endless. As of geology and geological engineering, the 

possibilities of applying this new geometry are manifold. There are studies in earthquake 

behavior, in petroleum geology, structural geology and much more. The key to the 

application of fractals is the self-similarity or self-affinity of shapes and earth processes. 

The principle of self-similarity states that any part of a shape or a process can be magnified 

by an arbitrary factor and the resulting shape or process is statistically the same as the 

original one, regardless of the orientation in the coordinate system. This property is also 

called scale invariance. This may be a familiar idea to geologists and geological engineers 

if they think about landscapes, sediment bedding and other phenomena (Figure 1.2). 

There are two points that deserve special attention here. First, this scale invariance 

is not infinite in geology due to the finiteness of geological structures, but, can extend over 

a certain range of magnitudes. This limits the applicability of some methods as will be 

shown later. Secondly, there seem to be many, if not more, cases of self-affinity in 

geological phenomena. 
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MAG 1.00E + 00 MAG 4.00E + 00 MAG 3.20E + 01 

MAG 6.55E +04 

MAG 1.05E + 06 MAG1.68E + 07 MAG1.00E+00 

Figure 1.2. Zoom sequence of the coastline of a statistically self-similar fractal 
landscape D=2.2. Each succeeding picture shows a blowup of the framed 
portion of the previous image. As the surface is magnified, a small portion 
looks similar to (but not exactly the same as) a larger portion. The total 
magnification corresponds to 16 million. (After Voss 1988) 

A shape or a process is self-affine, if the magnification factor is different for different 

directions. It can be imagined as a kind of anisotropy in the scale invariance (Figure 1.3). 



17 

SELF-SIMILAR SELF-AFFINE 

2X 

3X 

3X 

Figure 1.3. Illustration of the scaling difference between self-similar and self-affine 
fractals. The fractal dimension of the curves are D=1.26 and D=1.36, 
respectively. 

There are different methods dealing with self-similarity and self-affinity. One of the 

best-known methods is called Grid- or Box-counting Method. It was originally introduced 

to calculate the length of cartographic features. Since it is easy to apply this method to all 

kinds of data sets (points, lines, areas, volumes), it is now widely used to determine the 

fractal dimension. This method uses the scale invariance of self-similar data by repeatedly 

applying a network of square boxes of different box sizes ranging over some magnitudes 

to the same linear shape. From this, the fractional dimension of this shape can be 

deducted. This method is considered as one of the most basic ones (Figure 2.1). 



The number of applications of fractals in geological sciences has been increasing 

rapidly since the early eighties. But to the knowledge of the author, there are only a few 

investigations published on the problems arising when trying to apply the theory to actual 

real world data. There are some papers that discuss the application of the box-counting 

algorithm, but most lack completeness regarding a discussion of the effect of used 

parameters, e.g. the regression range (Klinkenberg, 1994), on the accuracy of the 

estimated fractional dimension. 

This thesis addresses many aspects of the application of the original box-counting 

method and a derivative of it in Chapters 2 and 3, respectively. It uses Koch curves and 

fractional Brownian functions of known properties in order to investigate the effect of 

input parameters of the algorithm on the accuracy of the calculated fractal dimension. 

Chapter 2 investigates the case of self-similarity and Chapter 3 focuses on self-affinity. 

One of the possible applications of the box-counting method in geological engineering 

may be to characterize fracture networks. Those investigations are done in an effort to 

obtain a joint geometry model of a certain area which can be used in applying some 

presently used approaches to evaluate the hydraulic and mechanical properties of rock 

masses. 

By looking into the combination of fracture length and density using the box-counting 

method, it may be possible to identify statistically homogeneous regions in rock masses. 

Furthermore, it may be possible to characterize differences between different fracture 

networks. As the first step to accomplish that, it is necessary to investigate fracture 



networks of known properties in order to prove the ability of the box-counting method to 

capture those properties and distinguish between different statistically homogeneous 

regions. Chapter 4 discusses the results of such an investigation performed for three 

different joint trace maps having statistical homogeneity. 

Since the box-counting method proved to be suitable in capturing the combined effect 

of joint size and density in the controlled environment of the generated joint networks, it 

was applied to the natural trace map pattern of a tunnel of the Three Gorges Dam site in 

China. Chapter 5 discusses the results of the investigation of this natural pattern regarding 

its statistical homogeneity in comparison to results of previously applied methods which 

utilized the joint orientation and visual geological evaluation of the site and the joint maps 

in evaluating the statistical properties of different sections of the tunnel. Conclusions of 

the study and recommendations for future research on the topic are given in Chapter 6. 



2. Accuracy of the estimated fractal dimension of self-similar Profiles 

through the original box-counting method 

2.1. An Overview of the Algorithm, the used Koch Curves and the developed 

computer programs 

2.1.1. An Overview of the Algorithm 

An algorithm for the original box-counting method was developed in order to provide 

a good and easy manageable estimation of the fractal dimension of a non-Euclidean shape. 

It works in the following way. The investigated curve is covered by a square box (2D) or a 

cube (3D) in the initial step. In the next iteration, the box size is decreased by a certain 

factor, termed as the reduction factor, s. Usually, a factor of s=0.5 has been used, but this 

investigation also incorporates others (see Section 2.1.3 for further discussion). The 

number of boxes needed to completely cover the shape is counted and plotted in a log-log 

plot of number of boxes, N, needed to cover the feature vs. box size, r. Each iteration 

gives a point in this plot. Using the reduction factor, a number of iterations are applied 

until the smallest box size is close to the smallest feature size of the curve. An example of 

the smallest feature size of the triadic Koch curve is shown in Figure 2.5. A least square 

regression using the generated points results in a straight Line. The slope of the line equals 

the negative estimated fractal dimension of the shape. The fractal dimension is estimated 

starting from the second iteration (only two generated points ) until the last iteration 

(number of generated points = last iteration number). Figure 2.1 illustrates the procedure. 
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Figure 2.1. Illustration of the procedure of the original box-counting method showing 
differently sized box networks; the log of 1/r is used to obtain the positive 
fractional dimension, D. 

It is also possible to start applying the method with a box-network instead of a single 

initial box. The principle remains the same. 

2.1.2.Koch Curves Used 

In this study, a set of Koch curves was used as non-Euclidean linear shapes of known 

fractal properties. The generation process of these curves provides the theoretical 

fractional dimension. For the so-called triadic Koch curve (Mandelbrot 1977) an initiator 

of unit length (Figure 2.2a) is divided into three equal segments. The middle segment is 
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replaced by the two inclined sides of an equilateral triangle over this segment (Figure 

2.2b). This step is repeated for each of the four segments accordingly (Figure 2.2c). 

Ideally, this process iterates indefinitely. 

The generation of the second investigated Koch curve is done in a very similar fashion. 

The initiator of the quadratic Koch curve (Mandelbrot 1977; Figure 2.3a) is divided into 

four segments and the two middle segments are replaced by six equilateral segments 

(Figure 2.3b). This step is repeated for all segments accordingly in the next iterations 

(Figure 2.3c). 

The theoretical fractional dimensions for the Koch curves can be obtained from the 

relationship stated in Equation 2.1. The number of boxes, N, used to cover the curves 

completely for a certain box size, r, is more or less equal to box size to the power of a 

negative constant value, the fractional dimension D (Voss 1988). 

Referring to the process of obtaining this dimension, this is called the box or grid 

dimension, DB. 

By re-arranging Equation (2.1), Equation (2.2) can be obtained which provides the 

equation to estimate the fractional dimension. 

AT(r)«r"0s (2.1) 

D _ MN) (2.2) 



Initiator 
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( a )  

Generator 

( c )  

Figure 2.2. Generation process of a Triadic Koch Curve; (a) Initiator, (b) Generator, 
and (c) after a large number of generations 
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Initiator 

( a )  

Generator 

s 

(b) 

( c )  

Figure 2.3. Generation process of a quadratic Koch Curve; (a) Initiator, (b) Generator, 
and (c) after a large number of generations 
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For the triadic Koch curve, the theoretical fractal dimension can be calculated by 

using the properties of the generator in Equation (2.2), where r is replaced by the length of 

one segment of the generator 6=1/3 (see also Figure 2.2). 

log(4) 
Db =-=7T = 1.2628... 

l°g(3) 

The same procedure for the quadratic Koch curve returns: 

_ log(8) _ 
Db-s^T'-5 

There are more possible Koch curves, e.g. Figure 1.1, but they were not considered in 

this investigation. Therefore, they are omitted in this discussion. 

2.1.3. Computer Programs Developed 

To use in this investigation, the algorithm of generating the Koch curves was 

implemented into a computer program (Pan, 1995). The output of the program provides 

the points of a Koch curve for different iteration levels. It was possible to generate the 

points for the triadic Koch curve at iteration levels two through five and for the quadratic 

Koch curve at iteration levels two and three. The computational resources needed for the 

investigation of the original box-counting method did not permit the use of any higher 

order iteration. 

The second computer program used in this study was written by the author. It follows 

the procedure given in Section 2.1.1. For each box network considered in the calculations, 
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the program creates a window of the respective box size. This window is then moved from 

place to place in an imaginary network of boxes over the data area. At every stop, the 

program verifies whether or not there is any trace of the investigated curve falling in this 

box. The logarithm of the total number of counts of a certain box size versus the logarithm 

of the respective box size is plotted. Finally, a least square regression using the computed 

points is calculated. For statistical reasons, this kind of regression is the preferable method 

to estimate the fractal dimension (Klinkenberg, 1994). 

The generated points of a curve are used to form traces which are represented in 

digitized form by starting and end points, e.g. the points of the segments of the Koch 

curves. Use of the vectored traces rather than the graphical traces or the points has some 

computational advantages. However, there is the underlying assumption made that all 

traces are straight lines between the starting and end points, which is correct for Koch 

curves, but not necessarily for natural fracture trace maps. Careful digitizing can separate 

those traces into segments that approach this assumption. 

The computer program is of a simple structure and easy to use. It was later modified 

to implement another box-counting method (see Chapter 3). 

The input has to be given as a file utilizing the ASCII format with the number of points 

representing the curve in the first row. The next rows contain the segments of the curve. 

They are described by starting and end points according to the Cartesian coordinate 

system (XS, YS, XE, YE). 
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The most important limiting factor to this investigation was the necessary 

computational power. This may become clear with a short calculation. Each iteration for a 

triadic Koch curve increases the number of generated segments by four times and 

simultaneously decreases the size of the segments to a third. That means the fifth iteration 

of a triadic Koch curve already includes 1024 points having a distance of 0.4% the 

initiator length. This leads to a network of 24,000 boxes for the box size equal to the 

smallest feature size in order to cover the whole area appropriately. In the next iteration, 

216,000 boxes are needed for the same area with the same assumption. Unfortunately, this 

proved to be unmanageable for the used computer program. Therefore, the highest level 

of iteration included for the triadic Koch curve is the fifth level. 

In the case of the quadratic Koch curve, the number of segments at any iteration level 

is given by eight to the power of the iteration level. This limits the investigation to the 

second and third levels of iteration for the above-mentioned reason. However, these 

iteration levels are insufficient to obtain results comparable to the theoretical value. 

2.2. Investigations Performed 

The influence of certain parameters on the effectiveness of the original box-counting 

method were investigated. Those influencing parameters are: 

a) number of iterations in generating the Koch curves 

b) size of the segments and the range used for the regression 

c) value of the reduction factor of the box network 
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d) the starting point of the box network 

e) the initial box size of the network 

f) the inclination of the Koch curves 

In order to determine the influence of each of those parameters, different runs of the 

computer program were performed by changing only one parameter at a time and keeping 

all other parameters at constant values. The following sections give a detailed discussion 

of the results obtained. 

2.2.1. Influence of the number of iterations in the generation of the 

Koch Curves on the estimated fractional dimension 

The number of iterations in generating the Koch curves played an important role in 

estimating the fractal dimension of the curves. From Figure 2.4 it can be observed that the 

iteration procedure gradually increases the amount of detail in the curve. The change from 

a subfractal1 having too few details to a fractal having sufficiently fine details happens for 

the triadic Koch Curve between the second and fifth iteration of the generation process. 

Table 2.1 lists the estimated fractional dimensions for the generation levels three to five. 

These results show the robustness of this method compared to others, e.g. Perimeter-

Area-Method, which needs a much higher generation level in order to return the correct 

fractional dimension (Lung and Mu, 1988). It also greatly improves upon the results of 

1 If the range of self-similarity of a fractal is too small for the used estimation method to 
reproduce the theoretical fractional dimension then it is considered a subfractal. 
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Saouma and Barton (1994), who could not obtain D-values as close to the theoretical D-

value as these ones with even an iteration level of eight for the triadic Koch Curve. 

lv\_ 

Figure 2.4. The increase in detail for the triadic Koch curve from iteration level=2 to 
Level=5 



30 

One of the reasons for the difference in results may be the difference in handling the 

resolution problem. Any curve can only be investigated down to a certain resolution level 

which is determined by the resolution of the instrument used. The equivalent for the 

resolution in the case of the Koch Curve is the iteration level. Any feature smaller than the 

resolution is excluded from the investigation. 

Table 2.1. Influence of the level of generation and the reduction factor, s, on the 
estimated D-values for the triadic Koch Curve 

Generation 

level 

Estimated D-values for different 

reduction factors, s 

Mean 

D-value 

Variability for 

different s 

Generation 

level 

0.6 0.7 0.8 

Mean 

D-value 

Variability for 

different s 

5 1.25 1.25 1.24 1.25 0.01 

4 1.25 1.21 1.20 1.22 0.05 

3 1.20 1.20 1.24 1.21 0.04 

When applying the box-counting method, it seems more effective to deal with the 

traces between the points rather than to consider the points only. Taking the traces does 

not provide any additional features smaller than the resolution level but gives the curve a 

more continuous appearance which seemingly works better with this method. 

The quadratic Koch curve could not be investigated for iteration levels beyond three 

for the reasons mentioned in Section 2.1.1. Therefore, the results shown in Table 2.2 end 

with the third iteration level. However, the increase in accuracy from the second to the 
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third order generation suggests a similar behavior as observed for the triadic Koch Curve 

(Table 2.1). 

Table 2.2. Influence of the level of generation and the reduction factor, s, on the 
estimated D-value for the quadratic Koch Curve (D=1.5) 

Generation 

level 

Estimated D-Values for different 

reduction factors, s 

Mean 

D-value 

Variability for 

different s 

Generation 

level 

0.6 0.7 0.8 

Mean 

D-value 

Variability for 

different s 

3 1.39 1.40 1.39 1.39 0.01 

2 1.36 1.35 1.32 1.34 0.04 

2.2.2. Influence of the reduction factor for the box network on the 

estimated fractional dimension 

The reduction factor, s, determines the percent change of the box sizes, s-values 

smaller than one reduce the box size and s-values larger than one increase the box size. In 

this investigation, the box networks were always generated beginning from the larger to 

the smaller box sizes. Therefore, the reduction factors discussed in this thesis are smaller 

than one. 

Once selected, the reduction factor may either remain constant for all applied box sizes 

or it may follow a logarithmic distribution. Ideally, one would choose the latter since this 

provides evenly spaced points in the log-log plot. The subsequent regression improves 

upon this constellation since all points are weighed equally. Unfortunately, even spacing 

requires a degree of self-similarity over many magnitudes in order to provide sufficient 



points for a proper regression. In the case of the triadic Koch Curve having five generation 

levels the self-similarity ranges from 30% to 0.4% of the length of the initiator. This range 

is too small for logarithmically distributed reduction factors. 

Another possibility for the reduction factor is a constant value for all steps in one 

investigation. Originally, a value of 0.5 was preferred which provides a smooth and 

straight log-log plot. This may again raise the question of the accuracy of the regression, 

since it provides only relatively few points in the log-log plot. To solve this problem, an 

attempt was made to take reduction factors close to one in order to take smaller steps 

within the proper regression range. For various reduction factors, the resulting D-values 

are listed in Table 2.1. The differences in the estimated fractional dimensions due to the 

reduction factor reduce for higher generation levels. However, it may still be better for 

applications to select the same reduction factor when comparing two different curves in 

order to get comparable results. 

2.2.3.Influence of the location and the orientation of the curve in the 

box network on the estimated fractional dimension 

From the nature of the log-log plot, it is clear that the total extension of the network is 

irrelevant for the process as long as it covers the curve completely. However, it may be 

possible that the location of the initiator within the boxes has an influence on the total 

number of needed boxes. Table 2.3 shows clearly that any influence that might exist is too 

small to be of any importance to the outcome of the investigation. 
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Table 2.3. Influence of different vertical starting and end points of the box network on 
the estimated D-value; the horizontal starting and end points are 
determined by the length of the initiator of the Koch curve 
(D=1.26; s = 0.8; Level = 5) 

Vertical Starting Point Vertical End Point Estimated D-Value 

20 45 1.26 

15 50 1.27 

12.5 52.5 1.26 

Mean D-Value 

Variability of the D-Value 

1.26 Mean D-Value 

Variability of the D-Value 0.01 

Table 2.4 confirms, what is theoretically obvious due to the self-similar properties of 

the Koch curves, that the orientation does not have a significant influence on the estimated 

D-value either. 

Table 2.4. Influence of the orientation of the initiator in the box network on the 
estimated D-value of the triadic Koch curve (D=1.26) 

Angle of Iterator 

(in degrees) 

Estimated D-Value for Different Reduction Factors Angle of Iterator 

(in degrees) 0.6 0.8 

0 1.25 1.24 

30 1.25 1.20 

45 1.26 1.26 

The fluctuation of the D-value obtained for the reduction factor of s=0.8 can be 

considered as a possible feature of the empirical nature of this method, which is discussed 

at the end of the next section. 
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2.2.4. Influence of the range of regression on the estimated fractional 

dimension 

One of the most unsettled questions when applying this method is, what range of box 

sizes should be considered in generating the regression line in the log-log plot. This range 

is influenced by the range of self-similarity, the reduction factor and possible lower or 

upper cut off values of the trace length. 

Ideally, the log-log plot is a straight line over all possible box sizes and the slope 

resembles the estimated fractional dimension. This holds true for a Koch Curve with 

n —> oo, due to its pure mathematical nature. 

Most of the natural phenomena, however, do not show the same behavior. They are 

characterized by only a limited range of self-similarity or self-affinity. Every linear feature 

must have one or more cluster of consecutive points in the log-log plot that are on a 

straight line in order to be considered fractal. This is the range of self-similarity and self-

affinity. For the case of self-affine curves, other methods than the original box-counting 

method have to be used to produce these straight segments in the plot. In the case of the 

self-similar triadic Koch Curve, the valid range is determined by the number of iterations in 

the generating process. It ranges from the smallest feature size to the size of a box that is 

larger than the size of the generator (Figure 2.5). 
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smallest 
box size 

largest 
box size 

Figure 2.5. Illustration of the proper box size range for the triadic Koch curve 

Taking the example of a Koch Curve with an initiator length of 60m and five iterations 

applied, the range of the regression has a lower limit of 0.24m (smallest segment size) and 

an upper limit of about 20 m. Any regression within this range provides the same 

fractional dimension. Figure 2.6 shows how different starting box sizes yield almost the 

same D-value. The lower limit is always the smallest segment size. 

On the other hand, if we consider box sizes smaller than the smallest feature size in the 

log-log plot, then the resulting estimated fractional dimension decreases. This effect is due 

to the tracing of the curve by those smaller box sizes returning the topological rather than 

the fractional dimension. 

Figure 2.7 displays the estimated fractional dimension if box sizes down to 

approximately half the smallest feature size are included in the regression of the 

Richardson's plot. 
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Influence of the largest Box Size on obtained 
Fractional Dimension 

1.4 

2 | 1-3 • • 

l i ' 4  

L 

- Obtained D-Valua 
'Thaorallcal D-Valua 

1 I— 1 1— 
8 10 12 14 

Starting Box Size (m) 

16 is 20 

Figure 2.6. Different largest box sizes considered in the regression range and the 
respective fractional dimension values; the lower end is always the smallest 
segment size of 0.4% of the initiator for Level = 5 (s = 0.8) 

Influence of the smallest Box Size on the 
obtained Fractional Dimension 
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Figure 2.7. Estimated fractional dimensions including box sizes down to the half of the 
smallest feature size 
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This tracing effect of box sizes smaller than the smallest feature size was also 

verified by a regression using only the range of box sizes beginning from the smallest 

feature size down to the half of the smallest feature size. It resulted in a D-value of 

DB=1.05 which is close to the topological dimension of the curve, D=l. 

However, finding the proper range may not be as simple in the investigation of natural 

phenomena. Care has to be taken in defining the range for regression. As mentioned earlier 

the range of self-similarity or self-affinity may not be easy to determine for natural 

phenomena due to the limitations of measuring equipment or otherwise necessary 

restrictions, e.g. cut-off values for measuring fracture trace maps. Moreover, there may be 

more than one point cluster in the log-log plot that resembles a straight line but has a 

different slope. This means the investigated phenomenon has different fractal properties on 

different scales (Matsushita, 1989). A fractal showing this kind of behavior is termed 

multi-fractal. 

Another point that has an influence on the log-log plot is the deterministic nature of 

the procedure in general. As one can see from the differing results for various reduction 

factors (Tables 2.1 to 2.4), the distribution of the points within the valid regression range 

is arbitrary and influences the obtained D-value. Out of an unknown continuous function 

in the log-log-diagram, differently spaced points are assigned to determine the real 

function. In order to do that, one has to consider at least two reciprocal influences. On the 

one hand, there should be as many as evenly spaced points in the plot, and on the other 

hand, given small reduction factors (0.8, 0.9), the obtained points show a rugged behavior 
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for larger box sizes (Figure 2.8). This makes it difficult and subjective to decide on the 

upper end of the regression range. 

Sample Graph for Reduction Factor s=0.8 

eo 
o 

3- • 

2.5 •> 

2 • • 

1.5 > -

1 • • 

0.5 

04-
•0.5 0.5 

log (r) 

1.5 

Figure 2.8: An example graph showing the rugged behavior for higher reduction 
factors (Level = 5; s = 0.8) 

However, this influence of the reduction factor is strong for fractals having a small 

range of self-similarity but appears less important in cases of larger ranges of self-

similarity. 

2.3. Conclusions 

The influences of parameters of the box-counting algorithm on the estimated fractional 

dimension have been investigated using Koch Curves of known properties. During the 
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investigation it became clear that the triadic Koch Curve gave better results than the 

quadratic Koch Curve due to the limitations of the computational resources. The 

investigation shows that some of the parameters have a stronger influence on the results of 

the original box-counting method than others. The initial box size (within the correct 

range), the starting point of the network and the orientation of self-similar curves are not 

of any influence other than small empirical random fluctuations which do not show any 

regularities. On the other hand, the range of regression, determined by the level of 

generation, and the reduction factor, s, have strong influences. Therefore, more research 

needs to be done with higher levels of generation. This may answer the following 

questions: 

1. Is it possible to prove that the differences in the results for various reduction 

factors cease for greater ranges of self-similarity? 

2. For which iteration level the computed D-value for the quadratic Koch curve 

approaches the theoretical value? 

This thesis can not provide a 'recipe' of how to use the original box method the best 

possible way. Though, there are some points that deserve special attention when applying 

the method. First of all, the scale of invariance may not be infinite for natural curves as will 

be shown later. Therefore, one needs to prove that the same range of self-similarity covers 

all the scales that one is going to compare with each other. This means that all scales 

belong to the same straight segment in the Richardson's-plot. Otherwise, the results may 

differ considerably. Secondly, one has to be aware of the influence of the reduction factor, 
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s, especially for smaller ranges of self-similarity. It is recommendable to use the same 

factor for all compared curves. The homogeneity investigation given in Chapter 4 

addresses this type of problems in more detail from the point of trace maps. 

In general, the original box-counting method is an easily manageable, fast and reliable 

method to compute fractional dimensions of self-similar features. It will be applied later in 

this thesis to fracture map investigations. 
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3. Investigation of the suitability of a modified box-counting method 

in estimating the fractal dimension of fractional Brownian functions1 

3.1. Introduction 

So far, self-similar Koch curves were used to prove the correctness of the developed 

computer program as well as to evaluate the importance of certain parameters of the 

original box-counting method in calculating the fractional dimension of a self-similar 

shape. However, not all observed fractal phenomena in nature are self-similar. Curves of 

joint roughness, shapes of mountains (Figure 3.1) and others scale differently in x- and in

directions and are therefore considered to be self-affine (Figure 1.3). 

m 

tkm 

Figure 3.1. Transect profile near Mt. Yamizo in Fukushima Prefecture. The altitude 
variation is exaggerated by doubling vertical scales, (from Matsushita, 
1989) 

1 Brownian motion is the random movement of a particle in 3D. Fractional Brownian functions 
are a matbematical equivalent of a plot of the Brownian motion of particles in x-, y- or z-direction versus 
time. Hie resulting curve is considered to be self-affine. 
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Given self-affinity, the different scaling factors in x- and y- directions, rx and ry 

respectively, are related to each other by the Hurst exponent, H, in the following way: 

ry=rx
H (3.1) 

From Equation (3.1), the Hurst exponent can be calculated as: 

Wry) 
H=7^TT <3-2> 

Moreover, the Hurst exponent is related to the fractional dimension of the curve by 

(Voss 1988): 

D = 2-H (3.3) 

In this case, it is difficult to use the network of square boxes of the original box-

counting method, since it is only applicable for equal scaling in all directions (rx=ry, H=l). 

Equal spacing may be achievable by magnifying the self-affine curves to a certain size 

where the difference between x- and y- scaling disappears. This resolution is called the 

cross-over length (Voss 1988) and is usually very small. Then, the Hurst exponent looses 

its meaning (H=l) and the curve has self-similar properties for all resolutions smaller than 

the cross-over length (Figure 3.2). Consider a trace of a Brownian function (Barton et.al. 

1993) with a Hurst exponent H=0.5, a horizontal span equal to one, and a vertical range 

equal to 1/4 (Figure 3.2a). Because of self-affinity, a portion of this trace with a horizontal 

span equal to 1/4 will cover on the average a vertical range equal to 1/8 (Figure 3.2b). 

Also, a portion with a horizontal span equal to 1/16 will cover on the average a vertical 

range equal to 1/16 (Figure 3.2c). Therefore, 1/16 is the cross-over scale, the length scale 
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where the vertical and the horizontal spans of the trace are the same. The shaded 

rectangles enclose the portions of the traces enlarged below. 

( a )  

( b )  

1/4 

6 

1/16 

Figure 3.2. Illustration of the meaning of the cross-over scale (from Barton et.al. 
1993). 

1/4 

1 

1/8 
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However, this challenges the resolution of the measurements and also the 

computational power if one has to use these small scale box sizes. Therefore, this 

investigation uses a derivative of the original box-counting method proposed by Brown 

(1992) which intends to solve the problem of the anisotropy in scaling between x- and y-

directions by using a statistical approach. 

3.1.1.Brown's solution 

Brown proposes to modify the box-counting method rather than to magnify the curve 

to the cross-over length. He argues, that if the aspect ratio between x- and y-directions 

can be implemented into the box-counting algorithm, the problem of the magnification 

vanishes. In order to accomplish that he uses the standard deviation of the height of the 

curve to create a rectangular box that covers the investigated curve completely with a 

probability of 99.7% with the assumption that the height distribution is nearly Gaussian 

(Figure 3.3). 

Each iteration of the box-counting procedure divides this initial box into n2 boxes. In 

this particular construction, the box size, 6, used in the original method is replaced by the 

number of divisions, n, in the Richardson's plot. The slope of the regression line through 

all the points of the log-log plot equals the fractal dimension, D, of the investigated curve. 

By keeping the ratio between x- and y- directions constant, the problem of the scaling 

difference and the related cross-over length problem seem to be resolved. 
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The following sections discuss the results of a suitability investigation of the 

proposed modified box-counting method in estimating the fractional dimension of self-

affine curves. 

ho 

Figure 3.3. Illustration of the modification to the box-counting method. The function 
completely fills the initial outer rectangle which has length Xo and 
height« 6CT0, where CT0 is the standard deviation of the height of the whole 
curve .The outer rectangle is then divided into n2 boxes each with the same 
aspect ratio as the outer rectangle (modified after Brown, 1992) 

3.1.2. Generation of the fractional Brownian function curves and the 

modified computer program 

In order to enable this investigation, two tasks had to be accomplished. First, 

fractional Brownian function curves had to be generated. A set of equations, known as 

fractional Brownian functions allow us to generate profiles of known fractal properties 

that are very similar to the above mentioned natural shapes. A computer program (Pan, 

1995) that uses the so-called midpoint displacement method has been written. In this 
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method, the midpoint of an initiator is dislocated in y-direction by a random value using 

Equation (3.4) (Voss 1988): 

CT i=a*05 iH*Vl-22H"2*x (3.4) 

where 

a; is the scaled standard deviation which reduces for each iteration 

a is the original standard deviation 

H is the Hurst exponent 

i is the ith iteration 

x is a random number from a uniform distribution with -1 ̂  x ̂  1 

The process is repeatedly applied to all the segments that were created by the previous 

iteration (Figure 3.4). 

Secondly, the computer program of the box-counting method had to be modified. 

Therefore, a procedure to calculate the mean and the standard deviation of the height was 

implemented which provided the values for the initial box size over the curve. 

Furthermore, the modified computer program was verified by using a squared area over a 

triadic Koch curve, so that the rectangular boxes of the modified algorithm turned into 

squares. The estimated fractional dimension was equal to the theoretical value of D=1.26 

for the triadic Koch curve. 
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GENERATION 

0 

(Initiator) 

Figure 3.4. Illustration of the midpoint displacement method in generating fractional 
Brownian function curves 

3.2. Investigation of Modified Algorithm 

This study investigated the suitability of the modified box-counting method in 

estimating the fractional dimension of self-affine curves by looking into the effect of all 
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the parameters that can have an impact on the obtained fractional dimension, D. These 

factors are: 

a) number of iterations in generating the fractional Brownian functions 

b) Hurst exponent, H 

c) original standard deviation of the displacement function, a 

d) length of the profile under investigation 

e) repeatability of the results regarding their statistical nature 

f) series of number of divisions, n 

g) range of regression to obtain the fractional dimension 

The methodology of the investigation is the same as was applied previously in the case 

of self-similar Koch curves, but the results are not as encouraging for further 

investigations. 

3.2.1.Influence of the iteration level on the estimated fractional 

dimension 

Fractional Brownian functions having H-values 0.3, 0.5 and 0.7 and CT=10 were 

generated (Figure 3.5). For each function, three levels of iteration were included in the 

investigations - level 7, 9 and 11 with 127, 511 and 2047 segments over a initiator length, 

K, respectively. Table 3.1 lists the obtained D-values for all three levels. The theoretically 

correct fractional dimension is given for each case by D=2-H. 
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The estimated D-vaiues differ for all levels significantly from the theoretical values and 

if it was not for the first point in the plot (the initial box size) they would be even smaller 

(Figure 3.6). All points are on a more or less straight line, so they appear to belong to the 

same range of self-affinity2. 

Table 3.1. Estimated fractional dimensions for various Hurst exponents and various 
iteration levels; a,b,c are three different generated curves using the same 
parameter values for H and CT. 

Generation 

Level 

H 

(Theoretical 

D) 

Estimated fractional dimension D Generation 

Level 

H 

(Theoretical 

D) a b c Mean % of Error 

of Mean 

Variability 

7 

0.3 (1.7) 1.37 1.45 1.32 1.38 18.8 0.13 

7 0.5 (1.5) 1.38 1.33 1.31 1.34 10.7 0.07 7 

0.7 (1.3) 1.20 1.19 1.26 1.22 6.2 0.07 

9 

0.3 (1.7) 1.56 1.47 1.53 1.52 10.6 0.09 

9 0.5 (1.5) 1.36 1.47 1.38 1.40 6.7 0.11 9 

0.7 (1.3) 1.29 1.26 1.24 1.26 3.1 0.05 

11 

0.3 (1.7) 1.58 1.53 1.49 1.53 10.0 0.09 

11 0.5 (1.5) 1.42 1.41 1.39 1.41 6.0 0.03 11 

0.7 (1.3) 1.27 1.21 1.28 1.25 3.8 0.07 

2 Range of self-affinity relates to the range of magnitudes that have the same fractal properties. 
See also discussion on range of self-similarity in Chapter 2. 
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Fractional Brownian Function 
Having a Hurst Exponent of H=0.7 (D=1.3) 
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Fractional Brownian Function 
Having a Hurst Exponent of H=0.5 (D=1.5) 
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( b )  
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Fractional Brownlan Function 
Having a Hurst Exponent of H=0.3 (D=1.7) 
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( c )  

Figure 3.5. Example graphs of fractional Brownian functions for various Hurst 
exponents at the 11th generation level with cr=10 (drawn to the same 
scale): (a) H=0.7; (b) H=0.5; (c) H=0.3 

The increase in accuracy of the estimated fractional dimension from the ninth to the 

eleventh iteration is very small considering the percentage error of the mean and the 

variability of the estimated D-values. This makes it at least questionable whether higher 

iterations significantly improve on the estimated fractional dimension. 
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Richardson's Plot for the Standard Series 
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Figure 3.6. Sample graph of the Richardson's plot for the standard series for n, 2m 

where m=l,2,.„ . 

3.2.2. Accuracy of the estimated fractional dimension for various values 

of the Hurst exponent 

Generally, the estimated fractional dimensions are consistent with the Hurst exponent 

values used in the generation of the Brownian function curves. For lower H-values, larger 

D-values are obtained and vice versa. The equation D=2-H describes the relationship 

between Hurst exponent and fractal dimension of the curve. 

On the other hand, it can also be observed from Table 3.1 that the closeness of the 

estimated D-values to the theoretical fractional dimension values is greater for higher 

0 0.5 2.5 1 1.5 2 3 3.5 

Log (n) 



Hurst exponents. This investigation used the same series of divisions, 2m ( with m=l,2,...), 

and also the largest n in the regression that were proposed by Brown (1992)3. other series 

of used divisions as will be shown later. 

Table 3.2 lists the number of points in the log-log plot at which the theoretically 

correct D-value was obtained. The actual point numbers do not matter since they are 

different for different iteration levels of the curve. However, an observation which can be 

made for all investigations is that curves with lower H-values (indicating higher roughness 

and higher D-value) require fewer points than curves with higher H-values to compute the 

theoretically correct fractional dimensions. This is an unexplained skewness in the 

procedure which is also observable for all other series of used divisions as will be shown 

later. 

3 Brown considers all points in a log-log plot beginning from the initial box size to a box size 
which would contain more than at least two points per box, e.g. his investigated curve consisted of 1024 
points and his regression stopped at n=256; he states that for larger n the number of points of the curve in 
the boxes would be too small, which I see as a quest for the smallest box size compared to the smallest 
feature size. 
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Table 3.2. Numbers of points included in the Richardson's plot where the theoretical 
D-value was obtained (standard division series, 2m). 

Generation H Number of points for correct D-value 

Level a b c Mean 

0.3 3 3 2.5 2.8 

7 0.5 4 3 3.5 3.5 

0.7 4 4.5 5 4 

0.3 4 4 5 4.3 

9 0.5 4 7 5 5.3 

0.7 8 7 6 7 

0.3 6 4 4 4.6 

11 0.5 7 6 5 6 

0.7 8.5 5.5 9 7.6 

3.2.3.Influence of the original standard deviation on the estimated 

fractional dimension 

The standard deviation of the height of natural curves often ranges between o=0.5 

and CT=5. In order to obtain these values for Brownian functions, an original standard 

deviation of cr=5 to 10 should be used in Equation (3.1). 

For comparison purposes, an original standard deviation of CT=50 was included in this 

investigation. A generation level of 11 was used in generating all the curves (see Figure 

3.7 for some of the curves). Table 3.3 gives a summary of the estimated fractional 

dimensions for three different standard deviations, each being computed for three different 

Hurst exponents. Again, as observed for different generation levels, the estimated 
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fractional dimensions expose a skewed inaccuracy having higher discrepancies between 

theoretical and estimated fractional dimensions for lower H-values (quantified by the 

percentage error of the mean). Additionally, the curves with a lower original standard 

deviation vary more in the estimated fractional dimensions than the curves having a 

original standard deviation of a=50. This dependency of the estimated fractional 

dimension on these parameters lacks a complete explanation, but it is likely that the 

variation of the smallest feature size of the curves (smallest segment) with the standard 

deviation is responsible for this behavior. 

Table 3.3. Estimated fractional dimensions for fractional Brownian curves having 
various original standard deviations and H-values 

Standard H Estimated fractional dimensions D 

deviation (Theoretical 

D) a b c Mean % Error 

of Mean 

Variability 

0.3 (1.7) 1.44 1.53 1.52 1.50 11.8 0.09 

5 0.5 (1.5) 1.40 1.43 1.49 1.44 4.0 0.09 

0.7 (1.3) 1.29 1.21 1.21 1.24 4.6 0.08 

0.3 (1.7) 1.58 1.53 1.49 1.53 10.0 0.09 

10 0.5 (1.5) 1.42 1.41 1.39 1.41 6.0 0.03 

0.7 (1.3) 1.27 1.21 1.28 1.25 3.8 0.07 

0.3 (1.7) 1.58 1.57 1.57 1.57 7.6 0.01 

50 0.5 (1.5) 1.38 1.36 1.37 1.37 8.7 0.02 

0.7 (1.3) 1.24 1.28 1.24 1.25 3.8 0.04 
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Figure 3.7. Example graphs of fractional Brownian functions at the 11th generation 
level having various original standard deviations and H=0.5 (drawn to the 
same scale): (a) std. deviation=5; (b) std. deviation=10; 
(c) std. deviation=50 

3.2.4. Variability of the estimated fractional dimensions 

Due to the statistical nature of the fractional Brownian functions, a variability of the 

estimated fractional dimension for different curves having the exact same parameter values 

can be expected. Generally, a low variability is desirable to ensure the correctness of the 

estimated D-value for future analysis of natural self-affine curves. However, Table 3.1 

shows a tendencial dependency of the variability of the results on the generation level, the 

higher the generation level the lower the variability. This leads to the assumption that the 

resolution for natural curves should be high in order to produce consistent results. Also, 
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from Table 3.3 a dependency of the variability on the standard deviation can be found. 

Both dependencies combined indicate that rougher curves having high resolution have a 

higher reliability regarding the estimated fractional dimension than others. However, in 

most cases the variability for three investigated curves approaches values close to 0.1 and 

is therefore considered high for a reliable estimation of the fractional dimension. 

Occasionally, the estimated D-value for H=0.5 is even higher than some of the estimated 

D-values for H=0.3. Considering the overall variability of the estimated fractional 

dimensions, the suitability of the modified box-counting method in estimating the D-value 

for self-affine curves is doubted. 

3.2.5.Influence of various series for n on the estimated fractional 

dimension 

Four different series for n were employed in the investigation of the fractional 

Brownian functions. These are: 

a) standard series of 2m proposed by Brown and used for most investigations in 

this thesis (max. n=512 when having 2048 points of the curve) 

b) series of all even numbers with 2 ^ n <, 64 plus one point each for n=l,128, 

256,512 

c) series of all odd numbers with 1 ̂  n £ 63 plus one point each for n=128, 256, 

512 

d) series of all tenths with 1 ̂  n £ 510 
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The series of b) and c) were used to get a close estimate of the highest number of 

divisions that should be included in the regression for various H-values in order to obtain 

the theoretical D-value. For both series the step pattern was changed after 64, because the 

theoretical D-value is already obtained at this point for all the cases. Table 3.4 lists the 

obtained fractional dimensions which show once more a skewed inaccuracy depending on 

the Hurst exponent. The series of odd and even numbers have the expected consistency of 

the estimated D-value to each other and moreover have the highest accuracy of all series 

for n. Table 3.5 lists the number of points that would return the correct fractal dimension 

(always beginning from the initial box size). Again, the actual values are not so important 

but rather the variation with the Hurst exponent within one series. One interesting aspect 

of this table is, that for the standard series more points are necessary for higher H-values 

in order to obtain a theoretically correct estimation of the D-value whereas this affect is 

reversed for all other series. 

Perhaps after more extensive research, it may be possible to find a series of divisions 

of the initial box size which has one unique range of regression that can be universally 

applied to all curves giving more consistent results. The series of tenth already has a 

somewhat common range of regression in obtaining the theoretical D-value for different 

H-values (Table 3.5). 
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Table 3.4. Estimated fractional dimensions obtained with various division series of the 
initial box size for different fractional Brownian curves (cr=10) 

Generation 

Level 

H 

(Theoretical 

D) 

03 ~~ 

(1.7) 

Estimated fractional dimensions for 

different division series 

Generation 

Level 

H 

(Theoretical 

D) 

03 ~~ 

(1.7) 

std even odd tenth Mean Variability 

11 

H 

(Theoretical 

D) 

03 ~~ 

(1.7) 

1.53 1.58 1.57 1.52 1.55 0.06 

11 0.5 

(1.5) 

1.41 1.42 1.43 1.38 1.41 0.05 11 

0.7 

(1.3) 

1.25 1.27 1.27 1.26 1.26 0.02 

Table 3.5. Number of points required with different division series to obtain the 
theoretical D-value for different fractional Brownian curves (o=10) 

Generation 

Level 

H Number of points necessary to obtain the correct D-value 

for different division series 

Generation 

Level 

H 

std even odd tenth 

11 

0.3 4.6 16 18 31 

11 0.5 6 14 23 30 11 

0.7 7.6 7 11 25 

3.2.6.Influence of the length of the curve on the estimated fractional 

dimension 

In order to investigate the influence of the length of the profile on the estimated 

fractional dimension, nine profiles of length were divided into two parts having the 
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same length and the modified box-counting method was applied to all eighteen created 

curves. Table 3.6 summarizes the estimated D-values. The respective D-values for the 

complete curves can be found in Table 3.1 in the section showing the results for the 

eleventh iteration level. 

In almost all cases, the estimated D-values for the parts are slightly lower compared to 

the results for the whole curve. There are only a few exceptions where parts have an equal 

or higher D-value. 

Division of a Whole Curve Into Two Curves of Half the 
Total Length 
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X 

Figure 3.8. Illustration of the division of a fractional Brownian curve into two parts. 
The y-values are reduced by 20 for the first half and by 10 for the second 
half (H=0.3, CT=10). 
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Table 3.6. Estimated fractional dimensions for parts of the original fractional 
Brownian curves (Level=ll, cr=10) 

H Estimated fractional dimension D 

1 

i 

2 1 

3 

2 1 

c 

2 

Mean Variability 

0.3 1.54 1.52 1.49 1.48 1.49 1.52 1.51 0.06 

0.5 1.42 1.35 1.35 1.41 1.37 1.36 1.38 0.07 

0.7 1.25 1.21 1.23 1.20 1.27 1.29 1.24 0.09 

3.3. Conclusions 

Brown's success in reproducing the correct theoretical fractional dimension could in 

no case be repeated using his outlined procedure. At the contrary, it was found that the 

statistical nature of the curves causes a relatively high variability in the estimated fractional 

dimensions for curves generated using the same parameter values. Also, a dependency of 

the accuracy of the estimated fractional dimensions on the Hurst exponent does not permit 

a general application of the modified method. There may be a solution for this dependency 

using different series of divisions, n. Furthermore, it was found that for higher original 

standard deviations the variability of estimated D decreased, which is preferable. However, 

since the standard deviations in these cases are also high, the curves expose a roughness 

rarely found in nature. Therefore, the applicability of this effect for natural phenomena is 

questionable. 

Both variables, the Hurst exponent and the standard deviation of the curve, determine 

the roughness of the profile and therefore the size of the segments of the curve. So far, the 
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determination of this range is not related to the feature size as it was proven to be 

necessary in the previous chapter for the case of the self-similar Koch curves. However, it 

is beyond the scope of this thesis to give a complete discussion of the problems related to 

the feature sizes of the self-affine fractional Brownian curves needing more extensive 

theoretical and practical research. 

The estimated D-values for parts of the original curves are lower than the D-values for 

the whole curve. This may be due to a lower fractional dimension of the parts or the 

method is not suitable to compare differently scaled curves to each other. Whatever it is, 

the method may better not be applied for comparison of curves having different scales. 

After all, Brown's proposed modified box-counting method proved to be not suitable 

for estimating consistent and reliable fractional dimensions of fractional Brownian 

functions. Therefore, this method needs more research before it can be applied to natural 

phenomena, e.g. joint roughness curves or others. 
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4. Investigation of artificial fracture trace maps using the original box-

counting method 

4.1 Introduction 

The hydraulic and mechanical properties of rock masses are to a large extent 

determined by the geometrical complexity of their joint sets. Number of joint sets, joint 

density, joint size and orientation distributions, joint location distribution, joint roughness, 

and its interactions are some of the major aspects that confront the engineer with many 

problems in describing those properties adequately. At present, discontinuum approaches 

are used in estimating both mechanical (Cundall 1988; Shi 1988; Kulatilake et al. 1993a) 

and hydraulic properties (Long et al. 1982; Schwartz et al. 1983; Robinson 1984; Panda 

and Kulatilake 1995) of jointed rock masses. Those techniques require a thorough 

description of the joint pattern. Joint geometry models (Kulatilake et al. 1993b) can be 

used for a complex evaluation of the joint sets. Since the joint geometry pattern can vary 

from one area to another, the engineer first has to find areas in the rock mass where they 

are statistically the same. Then for each statistically homogeneous area, a separate joint 

network should be developed. In statistically homogeneous regions, the distributions for 

joint density, orientation, spacing, size, shape, and roughness can be considered to be 

similar. 

The approaches used so far to describe homogeneity in rock masses (Miller 1983; 

Mahtab and Yegulalp 1984; Kulatilake et al. 1990 & 1995) rely mainly upon the 
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evaluation of the orientation of the joint sets and visual inspection of the structural 

geologic conditions of the site. This thesis proposes to combine two other aspects of joint 

sets, joint length and joint density, and to integrate the magnitudes of these two 

parameters through the box dimension by using the original box-counting method in 

evaluating the statistical homogeneity of rock masses. 

Figure 4.1. Example of a natural fracture map from Yucca Mountain, Nevada as an 
illustration of the space filling nature of fracture traces, (after Barton et. al., 
1993) 
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Considering a trace map of a natural joint network (Figure 4.1), one can see that the 

joint length distribution and the joint density determine how much space of the cross 

section is filled with traces of the joint sets. If we assume that this filling of space by joint 

traces is related to the statistical homogeneity of the joint pattern of the rock mass, then 

the box-counting method may be a means to describe the homogeneity using a unique 

value, the box-counting dimension DB. 

A first step towards an evaluation of statistically homogeneous regions of rock 

masses is the investigation of statistical homogeneity of artificial joint networks using the 

original box counting method. This chapter discusses the suitability of the box counting 

method in capturing the statistical properties of joint size and joint density of those 

artificial joint networks. 

4.1.1 The data set 

Three artificial joint networks were created during another investigation to study the 

effect of block size on jointed rock hydraulic properties (Panda, 1995). These networks 

have a two-dimensional joint configuration in a square area of 25 x 25m based on the 

following distributions: 

a) uniformly distributed joint centers 

b) gamma distributed joint size 

c) deterministically distributed joint density and joint orientation. 



Figures 4.2 to 4.4 show the joint networks used in this investigation and Table 4.1 

summarizes the parameter values used for all three generated networks. 

WA 

Figure 4.2. Generated joint network #1 (from Panda 1995) 
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Figure 4.3. Generated joint network # 2 (from Panda 1995) 
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X 

Figure 4.4. Generated joint network #3 (from Panda 1995) 

The generation process of the networks focuses on the centers of joints within the 

area. Since all traces that may extend into this area from the outside are truncated, 

possibly leaving a seam of lower trace density (not joint density) around the margins of the 
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generated trace maps, this investigation only considers a square area of 20x20m. Also, the 

joint network #3 (Figure 4.4) is only available in this size of 20x20m. 

Table 4.1. Joint geometry parameter values used for the generated joint networks 

Network Number of 

joint sets 

Orientation 

(degrees) 

Location Density 

(number/m2) 

Joint size 

(m) 

1 2 30 and 60 uniformly 

distributed 

2.0 gamma distributed 

mean =1.0 

standard deviation 

s = 2 

2 2 30 and 120 uniformly 

distributed 

2.0 gamma distributed 

mean =1.0 

standard deviation 

s = 2 

3 2 30 and 120 uniformly 

distributed 

2.0 gamma distributed 

mean = 0.5 

standard deviation 

s = 2 

The joint density and joint size distributions depend on the considered block size 

within the total area. For smaller considered block sizes, due to the truncation of joints, 

those joint parameter values change considerably and therefore the statistical homogeneity 

of the area. Table 4.2 gives a summary of the mean joint size and the joint density for 

various block sizes. It is clear from this table, block sizes smaller than 12x12m differ 
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significantly in their distributions for joint size and joint density from the 25x25m block 

and do not adequately represent the statistical homogeneity properties of the whole area. 

Table 4.2. Mean joint size (L) and joint density (D) values for different block sizes for 
the generated joint networks (after Panda 1995) 

Network Parameter Block size (m) 

1 2 4 8 12 16 20 

#1 L(m) 0.42 0.63 0.82 0.90 1.02 1.05 1.01 

D (number/m2) 5.00 3.00 2.19 2.12 2.05 2.01 2.00 

#2 L(m) 0.41 0.64 0.80 0.90 1.02 1.05 1.00 

D (number/m2) 3.00 2.63 2.16 2.15 2.05 2.01 2.00 

#3 L(m) 0.14 0.51 0.59 0.61 0.50 0.52 0.50 

D (number/m2) 1.5 1.5 1.71 1.75 1.89 2.01 2.00 

4.2 Performed Investigation 

There are two main goals for this study. The first one is to determine, whether the box 

counting method has the ability to capture the block size effect and therefore the combined 

effect of joint size distribution and joint density using the fractal dimension as a measure. 

And secondly, whether the fractional dimension is suitable to distinguish the differences 

between various homogeneous regions. 

Furthermore, the effect of the following parameters on the estimated fractional 

dimension was evaluated: 

a) block size 
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b) block shape 

c) joint density 

d) mean length of the joint traces 

e) orientation of the joint sets 

In addition, the repeatability and the variability of the fractional dimension for each 

block size were evaluated. For the first part of the investigation, seven different block sizes 

were selected having a size range from lxlm to 16x16m (Figure 4.5). Each of the selected 

block sizes have four realizations in the form of arbitrarily located square blocks within the 

area of the joint networks. Next, the estimated fractional dimension for the total area was 

calculated using the whole 20m block as the initial box size and a reduction factor of 

s=0.8. 

8x8 

Figure 4.5. Illustration of some of the used block sizes 
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For each of the smaller block sizes, the fractional dimension was also estimated, 

averaged between all realizations of the same size and then compared to the fractional 

dimension of the total area of 20x20m which is considered as the 'true' fractal dimension of 

the respective network. For all the cases, the block size is also the respective initial box 

size in the box counting procedure. Also, the used reduction factor is the same for all 

investigations (s=0.8) for the reasons discussed in Section 2.1.3. 

As of the used regression range, it was found that the smallest traces (smallest feature 

size) grouped around 0.1m. Therefore, the lower limit of the regression range was 

considered as 0.1m for all compared block sizes. Also, from Figure 4.6 it is observable 

that the log-log plot almost begins to leave the straight segment of line for the small box 

sizes. 

Log-Log Plot for Joint Network 1 
(Block Size 20x20m) 
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Figure 4.6. Richardson's plot for joint network # 1 using square box sizes from 0.1m 
to 20m (s=0.8) 
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The upper value for the regression range gave a bigger problem. The plot for the 

20x20m area exhibits again the rugged behavior for larger box sizes (Figure 4.6), so 

typical for high reduction factors (see Section 2.1.3). Moreover, the plots of all the 

selected block sizes showed exactly the same behavior, which is, the points for the six 

largest box sizes more or less deviate from the straight line (Figure 4.7). 

Log-Log Plot for Joint Network 1 
(Block Size 2x2m) 
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Figure 4.7. Richardson's plot for the joint network # 1 using square boxes from 0.1m 
to 2m; shows the same rugged behavior for the six largest block sizes as in 
Figure 4.6 (s=0.8) 

Therefore, in order to ensure the properness of the estimated fractional dimension of 

the different block sizes, the points of the six largest box sizes were disregarded and the 
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slope was computed for points in the log-log plot between 0.1 as the lower boundary of 

the range and the seventh largest value as the upper boundary of the range, equally for all 

selected box sizes. The actual values for the upper end of the regression range for various 

box sizes have no significant influence on the estimated fractional dimension as long as all 

are on the same straight part of the log-log plot (see discussion of this in Section 2.1.3). 

Tables 4.3 to 4.5 summarize the estimated fractional dimensions for all used artificial 

joint networks. From Figure 4.8 it is clear that the estimated fractional dimensions increase 

with the block size and levels off close to the 'correct' D-value at a block size of about 

12m. 

Estimated Fractional Dimensions for 
Artificial Joint Networks vs. Block Size 

1,9 T 
§ 1.8 --

% 1.7 -r 

i-fl 
p Q I*--

11 1 5 \ i  

3 1.4 --

& 
1 3  r< 
1.2 t 

Box Sizes 

» Joint Network 1 

-•— Joint Network 2 

-A— Joint Network 3 

D for whole region of 
networks 1 and 2 

D for whole region of 
network 3 

Figure 4.8. Illustration of the estimated fractional dimensions for the artificial joint 
networks for various block sizes 
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This is in agreement with what was stated earlier using the results of Table 4.2. For 

box sizes equal and larger than 12x12m, the distributions of joint size and joint density are 

more or less the same as the values used for the generation of the joint networks. 

Furthermore, networks #1 and #2 do not show significant differences in the plot. That 

proves, what is theoretically clear, that the orientations of the two joint sets have no 

influence on the estimated fractional dimension. 

Another indication for the correctness of the estimated fractional dimension is the low 

variability obtained for larger block sizes. Figure 4.9 illustrates the general tendency of a 

decreasing variability with increasing block size, aside from an occasional high one for one 

of the other networks. 

Variability of the Estimated FYactional Dimensions 
for various Block Sizes 

4 8 10 

Block Size 

H Network 1 

•I Network 2 

• Network 3 

Figure 4.9. The variability of the estimated fractional dimension reduces with increasing 
block size 



Table 4.3. Summary of the estimated fractional dimensions for joint network #1 

Block Reduction Estimated fractional dimension, D 

size factor, s for four samples having the same block size 

(m) 1 2 3 4 Mean Variability 

lxl 0.8 1.41 1.4 1.57 1.42 1.45 0.17 

2x2 0.8 1.66 1.58 1.51 1.52 1.57 0.15 

4x4 0.8 1.68 1.64 1.57 1.71 1.65 0.14 

8x8 0.8 1.79 1.73 1.77 1.77 1.76 0.06 

10x10 0.8 1.79 1.76 1.80 1.79 1.78 0.04 

12x12 0.8 1.8 1.77 1.80 1.79 1.79 0.03 

16x16 0.8 1.8 1.79 1.80 1.80 1.80 0.01 

20x20 0.8 1.84 

Table 4.4. Summary of the estimated fractional dimensions for joint network #2 

Block Reduction Estimated fractional dimension, D 

size factor, s for four samples having the same block size 

(m) 1 2 3 4 Mean Variability 

lxl 0.8 1.51 1.32 1.41 1.51 1.44 0.19 

2x2 0.8 1.69 1.5 1.51 1.59 1.57 0.19 

4x4 0.8 1.71 1.66 1.57 1.64 1.64 0.14 

8x8 0.8 1.77 1.71 1.74 1.73 1.74 0.06 

10x10 0.8 1.77 1.74 1.76 1.75 1.75 0.03 

12x12 0.8 1.81 1.91 1.80 1.80 1.83 0.11 

16x16 0.8 1.81 1.80 1.80 1.81 1.80 0.01 

20x20 0.8 1.82 



78 

Table 4.5. Summary of the estimated fractional dimensions of joint network #3 

Block Reduction Estimated fractional dimension, D 

size factor, s for four samples having the same block size 

(m) 1 2 3 4 Mean Variability 

lxl 0.8 1.33 1.14 1.18 1.35 1.25 0.21 

2x2 0.8 1.62 1.42 1.17 1.24 1.36 0.45 

4x4 0.8 1.59 1.37 1.47 1.43 1.46 0.22 

8x8 0.8 1.64 1.59 1.6 1.62 1.61 0.05 

10x10 0.8 1.68 1.62 1.65 1.63 1.64 0.06 

12x12 0.8 1.71 1.69 1.72 1.69 1.7 0.03 

16x16 0.8 1.71 1.71 1.71 1.70 1.71 0.01 

20x20 0.8 1.72 

So far, only square blocks were considered for a comparison of the estimated 

fractional dimensions. However, the results would get a wider applicability if it is possible 

to compare block sizes by percentage of total area rather than by deterministic square 

block sizes. Therefore, some rectangular blocks were included in the investigation having 

the same area as the square blocks, percentagewise, but of two different aspect ratios (0.5 

and 0.25) between x- and y- directions. The estimated fractional dimensions for joint 

network #1 with those rectangular blocks are listed in Table 4.6. They are close but not 

exactly equal to the previously computed D-values for square boxes. Rectangular block 

sizes equivalent to the area of square blocks of 16x16m would exceed the boundaries of 

the generated networks and are therefore not included in the table. 
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Table 4.6. Estimated fractional dimensions with rectangular block sizes for joint 
network #1 

Equivalent 

square 

block size 

(m) 

Reduction 

Factor, s 

Estimated fractional dimensions for two rectangular samples 

having the same aspect ratio 

Equivalent 

square 

block size 

(m) 

Reduction 

Factor, s 

Aspect ratio of 0.5 Aspect ratio of 0.25 

Equivalent 

square 

block size 

(m) 

Reduction 

Factor, s 

1 2 Mean Variability 1 2 Mean Variability 

lxl 0.8 1.5 1.35 1.42 0.15 1.05 1.51 1.28 0.02 

2x2 0.8 1.47 1.36 1.41 0.11 1.59 1.56 1.57 0.03 

4x4 0.8 1.67 1.61 1.64 0.06 1.74 1.67 1.70 0.07 

8x8 0.8 1.70 1.70 1.70 0 1.73 1.75 1.74 0.02 

10x10 0.8 1.72 1.74 1.73 0.02 1.75 1.77 1.76 0.02 

12x12 0.8 1.78 1.75 1.76 0.03 1.75 1.78 1.76 0.03 

4.3 Conclusions 

The box dimension, DB, proved to be a suitable measure in evaluating the statistical 

homogeneity of the generated joint networks. It is able to capture the combined effect of 

the changing distributions for joint size and joint density, caused by the truncation of 

joints, for a series of differently sized blocks. For these particular networks, a block size of 

12x12m or about 25% of the total area is the minimum block size for which the joint 

geometry parameters have the same statistical properties as for the whole network. This 

property of the networks could be copied using the estimated fractional dimension values, 

which almost leveled out around the D-value of the whole network for block sizes of 

12x12m and higher. 
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Furthermore, it was possible to distinguish between two areas having different mean 

joint size values (network #s 1 & 2 - 1.0m and network #3 - 0.5m). The box dimension for 

network #3 turned out to be lower accounting for less filled space by the smaller sized 

joints. 

However, these dimensions are only of importance in relation to each other (not as 

their absolute values). In order for regions to be comparable to each other, the fracture 

trace maps should have more or less the same scale. More research needs to be done 

before applying this method for scale-variant cases, to obtain reliable and comparable 

estimated fractional dimension. 



5. Application of the box counting method in evaluating statistical 

homogeneity in a tunnel of the Three Gorges Dam site in China 

5.1 Introduction 

The economical development of China is for some years now one of the fastest in the 

world. This increase in production leads to a huge demand for more resources and energy. 

One of the ways to satisfy this demand will be an increasing exploitation of Chinas own 

renewable natural resources, e.g. water power. Therefore, China extensively investigated 

in the past years the water power potential of the Yangtze River, one of the largest rivers 

in the world (Chen 1986). In 1993, the construction of a gigantic high dam and related 

service facilities started in the Xi Ling Gorge, one of three majestic canyons of this area 

(Figure 5.1). 

The designed high dam will have a crest length of 2000m and a maximum height of 

175m. It is also designed for a total capacity of almost 31 billion m3 (Ha 1993). 

To allow for ship navigation, a system of a five-stage double-lane shiplock and a 

one-way shiplift is included in the design of the Three Gorges Dam project. However, the 

necessary excavations for this shiplock will have to remove on some locations the 

overburden to a depth of 170m creating high and steep rock slopes around the shiplock 

(Ha 1993). Therefore, the engineering problems are complicated and demand a careful 

evaluation of the rock discontinuities present in this area to ensure a stable and safe design 

of those rock slopes. 
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Beijing 

The Three Gorges Project 
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Yangtze River Wuhai 

Chongqini 
Yicftang 

Figure S.l. The geographical location of the Yangtze River and Three Gorges Dam 
site in China 

Two influences on the stability of the slopes are to be considered, the major 

discontinuities like over-regional faults, shear zones and dykes and the statistical 

geometrical parameters of the rock mass determined by minor discontinuities like joints, 

bedding, and fissures. Minor discontinuities are referred to as "joints" in this thesis. Major 

discontinuities are well-known throughout the area due to the extensive geological and 

geophysical investigations carried out during the past four decades. Rock slope engineers 

can incorporate the geometry of those fractures deterministically in the designing process. 
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However, the statistical nature of the minor discontinuities demands a statistical joint 

geometry model, characterizing the whole joint geometry pattern rather than the geometry 

of the single joints. Such a model would represent the joint geometry pattern within a 

statistically homogeneous rock mass and may vary between regions of different statistical 

homogeneity. Therefore, it is important to divide the rock mass into statistically 

homogeneous regions for which joint geometry models can be developed. 

Chapter 4 showed that the box dimension, DB, is a suitable measure of statistical 

homogeneity of joint patterns using generated trace maps of statistically homogeneous 

joint networks. Therefore, it was investigated whether it would be possible to separate 

rock masses into statistically homogeneous regions using the box dimension. This chapter 

discusses the application of the box counting method to a set of joints from a tunnel in the 

vicinity of the Three Gorges Dam's shiplock area. 

5.1.1 The data set 

The joint data represent the result of a mapping of the walls and the roof of the tunnel 

over a length of 400m. 2025 traces were measured ranging in length from 0.3m to about 

12m (Figure 5.2). A data file is available containing information regarding starting and end 

points of the traces , the locations (right wall, left wall, roof), the strike and dip of the 

joints, and the appearances of the traces within the observable window (Kulatilake et al. 

1995). All three possible appearances of the traces are illustrated in Figure 5.3. 
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Figure 5.2. Typical distribution of joint traces on the roof in the section from 68 to 
76m of the tunnel (after Kulatilake et al. 1995) 

Joint traces 

Sampling area 
(window) 

Figure 5.3. Types of joint traces which can be seen on finite size sampling domains 
(i) both ends of the trace outside the window 
(ii) only one end of the trace inside the window 
(iii) both ends of the trace within the window 
(from Kulatilake et al. 1995) 
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By only considering the starting and end points of the traces, the underlying 

assumption was made that the trace of the joint is a straight line along the wall or roof. 

After visual examination of the trace maps and considering the limited exposure, it was 

found that this assumption holds true for most traces. 

However, the data set can not completely represent the true joint pattern of the area, 

due to the truncation effect of joints larger than the height of the tunnel which is about 2m. 

This results in a censored joint size distribution for observed trace length data (Figure 

5.4). The corrected joint size distribution in this graph was calculated during another 

investigation (Kulatilake et al. 1995) of this data applying corrections for joint trace length 

sampling biases (Kulatilake and Wu 1984). 

The investigation of artificial joint trace maps showed that a skewed joint size 

distribution greatly influences the estimated fractional dimension and also affects the 

variability of the estimated fractional dimension for the same considered block size within 

a statistically homogeneous region. The first problem looses its threat considering that all 

segments of the tunnel have the same limitation. Therefore, the box counting algorithm 

actually estimates the fractional dimension of the censored joint pattern assuming that it is 

related to the true unknown joint pattern. As long as no other exposures of the joint 

system are available, this assumption has to be made. The problem of the variability of the 

estimated fractional dimension will be addressed in the next section. Another problem may 

be the sampling bias of the data due to human error. Their is no possibility to assess the 

dimension of this influence. 
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Figure 5.4. Effect of trace length sampling bias on the trace length distribution of one 
joint set of the 50 - 130m section based on wall data (from Kulatilake et al. 
1995). 

5.2 Performed Investigation 

An investigation was performed by dividing the tunnel walls and roof into adjacent 

10m x 2m blocks and estimating the fractional dimension for each one. In the next step, 

the blocks had an overlapping range of 5m (half the block length). Again, the fractional 

dimension was estimated. Both steps were repeated for a block size of 20m x 2m with an 

overlapping range of 10m for the second step. The division of the tunnel begins at 50m 
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and ends at 400m. The first 50m of the tunnel are highly weathered and therefore not 

suitable for this investigation. 

The first block size of 10m provides a detailed evaluation of the tunnel but it also tends 

to have a higher variability of the estimated fractional dimension due to local influences. 

Taking another larger block size of 20m into account reduces the variability of the 

estimated fractional dimension by reducing local influences due to a larger investigated 

area. 

Since the orientation of joint sets with respect to the considered wall or roof greatly 

influences the appearance of the traces on the exposure (Wathugala et al. 1990), the 

estimated fractional dimensions between the same blocks for both walls and the roof were 

averaged in order to overcome this problem. Figure 5.5 shows the so obtained fractional 

dimensions over the tunnel. Appendix A provides the graphs of the estimated fractional 

dimension for all investigated cases. 

Estimated Average Fractal Dimensions 
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Estimated Average Fractal Dimensions 
Based on both Versions of the 20m x 2m Blocks 
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Figure 5.5. Overlay of the estimated fractional dimensions: 
(a) based on 10m x 2m blocks; (b) based on 20m x 2m blocks 

5.3 Discussion of the results 

The estimated fractional dimensions show some significant differences for various 

parts of the tunnel indicating diverse joint geometry properties. However, they should not 

be used alone when dividing the considered rock mass into statistically homogeneous 

regions due to their unknown but possibly high variability of the estimated fractional 

dimension. For the purpose of this thesis, a visual comparison of the estimated fractional 

dimension with the respective ranges of the actual trace maps was used as supportive 

measure. However, another investigation utilizing also the orientation distribution may 

give stronger support for the decision about the statistical homogeneity of an area. 
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The area between SSm and 140m is characterized by a relatively low density of mostly 

steep traces. Also, there are some less steep joints having longer traces along the walls. 

Some minor dykes diversify the picture. In the plots, the estimated fractional dimensions 

for this area lie between D=1.55 and 1.65. After a major dyke cuts through at about 140m, 

the pattern changes. More steeper joints appear having shorter spacing between each 

other. In some areas joints form tight clusters of higher density. Their traces rarely end 

within the observable area indicating larger joint sizes. The fractal dimensions for this area 

climb further from D=1.65 to over D=1.73. Aside from one small low density area around 

a major dyke at about 185m, this picture does not change until about 225m where a 

sudden drop of joint density is observable. The estimated fractional dimensions drop to 

their lowest values for the whole tunnel - D=1.45. This low density is probably related to a 

major fault at 235m reducing the stresses encountered in the other areas of the tunnel. The 

previously observed constellation of large steep joints resumes shortly after a major dyke 

at 247m. Another, but this time smaller low joint density section ranges from about 277m 

to 288m. This effect is captured by the estimated fractional dimensions for the 10m blocks. 

Beginning from 296m, short intermissions of another rock type (296m - 303m, 337m -

344m, 382m -387m) cause a significant reduction of the number of joints. Again, the 

estimated fractional dimensions of the 10m blocks capture these changes very well. 
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A summary of the found statistically homogeneous regions of the tunnel is given 

below: 

I 55 to 140m low density, medium steep to steep joint traces; 

D-values between D=1.55 and 1.65 

II 140 to 225m higher density; steep, sometimes highly clustered joints; 

D-values between D=1.65 and 1.75 

HI 225 to 255m low density of joints; 

D-values between D=1.45 and 1.60 

IV 255 to 296m higher density; steep, sometimes highly clustered joints, 

similar to region II; D-values between D=1.60 and 1.73 

V 350 to 375m steep, more or less equally spaced joints 

D-values between D=1.7 and 1.75 

The areas between 296 and 350m and from 375 to 400 could not be considered to be 

homogeneous due to repeatedly short ranged intermission of a rock type having lower 

joint density. A sample graph for each of the statistically homogeneous regions is included 

in Appendix B showing the typical fracture map within each region. 

A previous investigation of the same data using the modified Miller's method equal area 

plots and visual geological evaluation of the site and the joint maps (Kulatilake et al. 1995) 

resulted in a division of the tunnel into five statistically homogeneous regions having 

somewhat similar extensions compared to the obtained regions using the box-counting 

method. 
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The determined statistically homogeneous regions through the previous study are: 

I 53 - 130m strong statistical homogeneity 

II 130 - 225m strong statistical homogeneity 

EI 225 - 275m weak statistical homogeneity 

IV 275 - 325m weak statistical homogeneity 

V 325 - 400m weak statistical homogeneity 

The first two regions are almost the same. The regions in and V of this thesis are 

contained within the respective regions of the previous study but the decision on their 

extension is more conservative. In the previous study, decisions concerning the last three 

regions were arrived with some difficulty at a lower confidence level. In this study too, 

similar difficulties were experienced in finding statistically homogeneous regions between 

225m and 400m. Over all, the suitability of this new approach using the box-counting 

method in evaluating statistically homogeneous regions is verified by the comparison to 

the results of the previous study. 

5.4 Conclusions 

This thesis investigated the suitability of the box counting method in deciding on 

statistical homogeneity in natural joint patterns. Joint data of a tunnel from the shiplock 

area of the Three Gorges Dam site in China was examined using this method. The 

estimated fractional dimensions were plotted along the length of the tunnel and they 

indicated a diverse but in various areas more or less stable joint patterns. On the other 



hand, a visual geological evaluation of the joint pattern was performed. From the 

combination of these two different methods, it was possible to decide on five different 

statistically homogeneous regions within the tunnel. However, for a complete evaluation 

of the statistical homogeneity of joint patterns, combination of this method with others 

should be done. Those methods may be (a) the modified Miller's method along with equal 

area plots of joint poles examining the orientation distribution of joint sets or (b) the 

investigation of the first invariant of the fracture tensor of fracture networks. 
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6. Conclusions and Recommendations for Future Research 

This thesis investigated the suitability of the box-counting method in evaluating 

statistical homogeneity of rock masses with respect to joint properties using the fractional 

dimension, DB. Effect of the combined influence of joint length distribution and joint 

density on DB was investigated. Using a modified version of the box-counting method an 

investigation was performed to evaluate the suitability of DB in producing accurate results 

for quantification of joint roughness. 

In Chapter 2, the written computer program to estimate the fractional dimension was 

verified using fractal curves of known properties, the triadic and quadratic Koch curves. In 

the same chapter, the influences of the parameters of the box-counting method on the 

estimated fractional dimension were investigated. It was found that the range of regression 

in the log-log plot (related to the minimum and maximum feature sizes of the curves) 

along with the reduction factor have the highest influence on the estimation of the 

fractional dimension. In future, it is very recommendable to verify the results of this 

investigation using higher order Koch cuves. Especially, the found dependency of the 

fractional dimension on the reduction factor will probably be reduced due to the 

availability of a larger range of self-similarity having more points for reduction factors 

around s=0.5 or even logarithmically distributed reduction factors within the correct 

regression range of the log-log plot. 
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Chapter 3 investigated the suitability of a modified box-counting method in evaluating 

the joint roughness of self-affine profiles. The modifications to the box-counting method 

proposed by Brown (1992) were intended to incorporate the different scalings between x-

and y- directions into the algorithm. However, the method did not produce consistent 

results using fractional Brownian functions of known fractal properties. The estimated 

fractional dimensions strongly varied with the parameters in the generation process, such 

as the Hurst exponent and the standard deviation of the curve. These variables determine 

the roughness of the profile and therefore the size of the segments of the curve. However, 

this modified box-counting method does not consider the feature size of the curves in the 

determination of the appropiate regression range in the log-log plot as it was proven to be 

necessary in Chapter 1. This may be the reason for the unsatisfactory estimations of the 

fractional dimension. Future research should investigate the effect of minimum and 

maximum feature sizes on the estimated fractional dimension of self-affine curves. 

In Chapter 4 of the thesis, the obtained knowledge of the box-counting method was 

applied in an investigation of the statistical homogeneity of artificial fracture networks. 

Since the joint size distribution and the joint density determine the filling of cross-sections 

with joint traces, it was proposed to consider this as an indicator of statisical homogeneity 

of the joint pattern in a rock mass and measure it using the box dimension, DB. From 

previous investigations it was known that the joint mean length and the joint density values 

differ with various considered block sizes over the network. The fractal dimension proved 

to be a measure of these changing variables. Moreover, it was possible to decide between 



joint networks of different statistical parameter values using the fractional dimension. 

Further research may be done in this direction incorporating scale-variant networks in the 

investigations which were not considered in this thesis. 

These encouraging results triggered the last part of the thesis (Chapter 5), an 

application of the original box-counting method. The natural joint pattern of a tunnel in 

the shiplock area of the Three Gorges Dam site was investigated using the fractional 

dimension, DB, as a measure of the statistical properties of the joint system within the 

350m tunnel. It was possible to decide on five different statistically homogeneous regions. 

The decision on this regions was verified and fine-tuned using a visual geological 

evaluation of the trace maps of walls and roof of the tunnel. For future application of this 

new technique, it is recommended to use the results of this technique along with the 

results of some other methods incorporating the orientation of the joints in determining 

statistically homogeneous joint patterns. This combination will provide a more complete 

evaluation of the joint geometry. Also, scale variant cases were not considered in this 

thesis. Including those into the algorithm would greatly improve upon the applicability of 

this method. 



Appendix A 

Summary of the estimated fractional dimensions over the tunnel 
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Figure A-2. Averaged Estimated Fractal Dimensions for 20m x 2m Blocks Being Adjacent to Each Other 
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Figure A-6. Estimated Fractal Dimensions of the Roof for 20m x 2m Blocks Having an Overlap of 10m with the Adjacent 
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Figure A-7. Estimated Fractal Dimensions of the Roof for 20m x 2m Blocks Being Adjacent to Each Other 
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Figure A-8. Estimated Fractal Dimensions of the Roof for 10m x 2m Blocks Having an Overlap of Sm with the Adjacent 
Blocks 
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Figure A-9. Estimated Fractal Dimensions of the Roof for 10m x 2m Blocks Being Adjacent to Each Other 
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Figure A-10. Estimated Fractal Dimensions of the Right Wall for 20m x 2m Blocks Having an Overlap of 10m with the 
Adjacent Blocks 
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Figure A-11. Estimated Fractal Dimensions of the Right Wall for 20m x 2m Blocks Being Adjacent to Each Other 
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Figure A-12. Estimated Fractal Dimensions of the Right Wall for 10m x 2m Blocks Having an Overlap of 5m with the 
Adjacent Blocks 
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Figure A-13. Estimated Fractal Dimensions of the Right Wall for 10m x 2m Blocks Being Adjacent to Each Other 
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Figure A-14. Estimated Fractal Dimensions of the Left Wall for 20m x 2m Blocks Having an Overlap of 10m with the 
Adjacent Blocks 
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Figure A-IS. Estimated Fractal Dimensions of the Left Wall for 20m x 2m Blocks Being Adjacent to Each Other 
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Figure A-17. Estimated Fractal Dimensions of the Left Wall for 10m x 2m Blocks Being Adjacent to Each Other 
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Appendix B 

Typical trace pattern of the five statistically homogeneous regions 



Figure B-l. A typical trace pattern of the left wall (top) and the roof (bottom) in the first statistically homogeneous region; 
shown is the tunnel segment from 120m to 127m. 



Figure B-2. A typical trace pattern of the left wall (top) and the roof (bottom) in the second statistically homogeneous region; 
shown is the tunnel segment from 218m to 224m. 
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Figure B-3. A typical trace pattern of the left wall (top) and the roof (bottom) in the third statistically homogeneous region; 
shown is the tunnel segment from 235.5m to 242.5m. 
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Figure B-4. A typical trace pattern of the left wall (top) and the roof (bottom) in the fourth statistically homogeneous region; 
shown is the tunnel segment from 256.5m to 263.5m. 
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Figure B-5. A typical trace pattern of the left wall (top) and the roof (bottom) in the fifth statistically homogeneous region; 
shown is the tunnel segment from 367m to 375m. 
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