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ABSTRACT

This work contains a discussion of symbolic analysis techniques, symbolic and
numerical analysis results, and loosely structured analog design methodologies that one
can use in the development of high frequency, low distortion bipolar amplifiers.

Central to this purpose is the development of simplified, yet informative symbolic
expressions for harmonic distortion by applying power and Volterra series expansions.
Instead of analyzing complete and complex amplifiers, critical bipolar amplifier
subcircuits are examined to provide design-oriented insight into the root causes of
distortion. In each case we determine low frequency distortion, and where it is most
appropriate, frequency dependent distortion.

We also address common and uncommon distortion reduction schemes like global

feedback, bootstrapping, and feedforward error correction.
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1. INTRODUCTION

- My present design, then, is not to teach the method which each ought to follow for the
right conduct of his reason, but solely to describe the way in which I have endeavored to
conduct my own.

- And I had little difficulty in determining the objects with which it was necessary to
commence, for I was already persuaded that it must be with the simplest and easiest to
know, and, considering that of all those who have hitherto sought truth in the sciences,
the mathematicians alone have been able to find any demonstrations, that is, any certain
and evident reasons, I did not doubt but that such must have been the rule of their
investigations. [ resolved to commence, therefore, with the examination of the simplest
objects, not anticipating, however, from this any other advantage than that to be found in
accustoming my mind to the love and nourishment of truth, and to a distaste for all such
reasoning as were unsound. But I had no intention on that account of attempting to
master all the particular sciences commonly denominated marhematics.

- In this way I believed that I could borrow all that was best both in geometrical analysis
and in algebra, and correct all the defects of the one by help of the other.

Reneé Descartes (1596-1650),
DISCOURSE ON METHOD [1]

1.1 Motivation

Harmonic and intermodulation distortions in electronic amplifiers have been of great
concern to analog circuit designers since the first days of electronics. Take, for example,
the negative feedback amplifier which originated on the Lackawanna Ferry between
Hoboken, New Jersey and Manhattan Island on August 2, 1927. Harold S. Black, an
engineer for Bell System's West Street Laboratories, was considering ways of reducing
distortion in telephone transmission repeaters on his way to work that morning when he
used his copy of the New York Times to sketch out the now classic negative feedback

equation [2]:
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ol ey .y
Today, in analog signal processing applications ranging from seismic, audio, video,
medical, and high frequency communications systems, distortion is one of the foremost
performance criteria [3]. It could well seem incredible to an unbiased observer that
despite this importance, we have not developed a large database of practical and
applicable knowledge about low distortion design methods.

Further, the requirement nowadays for greater applied knowledge about distortion is
not exclusive to those who design amplifiers at the transistor level. In industry, there is a
growing availability of large signal SPICE [4] macro-models for operational amplifiers
and analog components and an increasing reliance on system level simulations. Often,
system designers can now examine for themselves the intricate physical relationships that
affect distortion, whereas at one time they may have had to rely only on specifications
listed in a data sheet provided to them.

As a simplistic example of system performance being limited by component distortion,
let’s consider the accuracy capability of a missile tracking radar receiver system. Suppose
that we would like to locate our missile within a 50 mile battlefield tracking radius. The
distortion produced in the receiver (including but not limited to the required amplifiers)
defines the system’s locating ability. Noise can also be important, but ordinarily we can
minimize that effect by averaging successive samples. We refer to this noise reduction

technique as processing gain.
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Engineers quite often specify the accuracy requirements of a system not with respect to
the purely analog components, but by the theoretical signal-to-noise ratios of an ideal
analog to digital converter (ADC) at the end of the signal path. We calculate these

numbers using the standard formula [5]:

SNR=602-N +18 (1.2)

where N is the number of bits. Even though an ADC can have better harmonic distortion
than this theoretical SNR, we often use this equation as a first order approximation. From

this formula we find:

N bits ADC SNR % accuracy
6 bit system = 3792 dB = 1.27%
8 bit system = 4996 dB = 0.318%
10 bit system = 62.00 dB = 0.0794%
12 bit system = 74.04 dB = 0.0199%
14 bit system = 86.08 dB = 0.00497%
16 bit system = 98.12dB = 0.00124%

So within our 50 mile radius our tracking accuracy would approximately be:
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system accuracy tracking accuracy
6 bit system 3352 feet
8 bit system 844 feet
10 bit system 208 feet
12 bit system 52.8 feet
14 bit system 13.2 feet
16 bit system 3.16 feet

If we would like to use this tracking receiver to guide a countermeasure missile, our
system accuracy must be very, very good. In other words, our system distortion must be
very low.

Our understanding of linear network and control theory has greatly advanced since
Harold Black’s ferry ride in 1927, and today we successfully apply it to modern amplifier
design in interesting ways. For example, there is a great deal of effort now being
expended on developing systematic design procedures for whole classes of analog
components [6], and there have been some success stories. We can now develop certain
types of non-critical amplifiers using expert systems or "silicon compilers” that accept
user defined input specifications (for example, power dissipation and small signal AC
response, die area), then generate an appropriate design and layout using previously

derived equations [7].
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If we could always optimize a well-defined subcircuit, automatic circuit synthesis
procedures would be a short path to success. Yet, knowing how to modify a topology (or
come up with a new one entirely) to meet the specifications goes well beyond
optimization. With minor circuit changes, or changes in the electrical or physical
environment that the circuit must function in, the design equations can and do materially
change. This leads to several questions. Virtually every analog circuit (or digital for that
matter) contains smaller subcircuits. Where do the ideas for the subcircuits come from?
Where do the design equations come from? What are the assumptions implicit in the
derivations? What happens if the circuit does not work? More to the point, distortion is
very elusive because it is much more difficult to calculate analytically than the DC and
small signal AC parameters.

Any circuit whose transfer function is nonlinear creates frequencies in the output that
did not appear at the input; hence, the nonlinearity causes distortion. The classic
examination for linearity (or more specifically a linear transformation) consists of testing

a function (or more generally an operator) with respect to the following conditions [8]

F(A+ B)=F(A)+ F(B) (1.3)
F(c-A)=c-F(A) (1.4)
Equation 1.3 defines the Principle of Additivity and equation 1.4 defines the Principle of

Homogeneity for linear systems. Together, equations 1.3 and 1.4 define the Principle of

Superposition. We classify systems that do not meet these criteria as nonlinear.
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We need to make a quick aside here. According to this definition, one should classify
a system that contains a DC offset but is otherwise linear as nonlinear. For example,

suppose we have the function:

F(A)=A+c (1.5)

where A is a variable and c is a constant. Even though this equation defines a straight

line, it is not strictly linear since:
F(P+Q)=P+Q+c# F(P)+F(Q)= P+Q+2c, c#0 (1.6)

In this discussion we will include this special case under the general definition of a linear
system since by convention one rarely classifies the modification of a DC offset as a
distortion.

With accurate models, tight tolerances, and a fast computer, circuit simulators can
calculate complex circuit distortion numerically. However, we sometimes overlook the
reality that numerical simulation is only a verification tool or at most an optimization
tool. Essentially, simulation can demonstrate whether the circuit is operating correctly or
not, but cannot explain why the circuit operates as it does, and due to well-documented
numerical inaccuracies [9] and user or pilot errors, simulation is not always adequate
even for circuit verification. Taking a measurement on a breadboard, although frequently

more reliable than simulation at lower frequencies, has much the same limitation.
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In contrast, analytic expressions provide extraordinary insight into the circuit’s
behavior. Simulation can only show whether one or more variables influence one or
more others. An analytic relationship shows how one quantity is related to another.
Foremost, symbolic equations allow an approach to analog design based on the principle
of divide and conquer: First, we analyze the basic subcircuits symbolically to identify

their characteristic features. Then, we apply those results to more complicated circuits.

1.2 Scope of This Work

There is no intention here to develop general computer aided design (CAD) or design
automnation (DA) tools. That is another writer's story. Also, there is no intent to provide
robust methodologies for the systematic synthesis of broad classes of low distortion
amplifiers. Perhaps that is possible. Perhaps it is not.

Many automatic design programs attempt to disconnect the designer from the
torturous details of the components and devices to decrease the knowledge base required
to execute the design. It is a noble goal that few could find fault with, and designers use
that approach successfully in many ways and at many levels in digital intensive design.

This thesis presents a different approach. Analog design is quite subtle and
application specific. Unlike digital design, there is seemingly an infinite number of ways
that things can go wrong. The most conscientious and productive approach is a

partnership between systematic synthesis and heuristic reasoning.



1.3 Overview of Mathematical Methods

Historically, when engineers confront nonlinear systems, the natural technique is to
approximate, linearize, or somehow avoid the nonlinearity altogether in the region of
interest. Certainly that approach serves engineering well, and can be remarkably accurate
even for the AC small signal analysis of grossly nonlinear circuits like switching DC-DC
converters [10]. Obviously, linearization is only appropriate until the nonlinearity itself is
the specification of interest (for example, distortion).

The solution of systems of nonlinear differential equations is not a trivial task.
Nonlinear systems just do not surrender easily to analysis. For any given analytic
method, it is not at all difficult to find systems that cannot be analyzed that way [11].
Even the simplified methods developed for distortion analysis over the years can be quite
complicated even for circuits containing only one transistor [12]. Although we can apply
symbolic analysis tools for assistance, the complexity of the algebra and the potential for
writer’s cramp is a function of the difficulty of the problem and is not going to go away.

If the nonlinearities are sufficiently weak, the input amplitude is not modulated, and
the frequency is sufficiently low, then the power series method [13] and its close cousin
harmonic balance [14] are appropriate for most circuits, but require a Taylor function
series for each significant nonlinearity [15].

For frequency dependent distortion, mathematically, the strict power series method is
no longer appropriate. Instead, we must use Volterra functional series that in essence

replaces the constant coefficients of the power series with Laplace transforms in the
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-

frequency domain or convolutions in the time domain [16]. A functional is not a function
though, and there is mathematical baggage that comes along with the generalization.
Further, we have to exercise caution in that as Chapter 5 will show even Volterra series
are not appropriate for some very common classes of frequency dependent weak
nonlinearities.

Although it is not an excuse for a lack of mathematical rigor, sometimes it is hard to
develop ideas in a manner that is both simple and complete. Perhaps that is an inherent
paradox of applied mathematics. Often, the more complicated an expression, the more
accurate it is, and, yet, the less useful it is as a design aid. The heuristic methodology, or
the human intelligence and intuition required, is in striking the balance between that

which is not accurate and that which is not useful.

1.4 Symbolic Algebra and Symbolic Simulators

Symbolic algebra performed completely by hand is tedious and error prone, hence
computer software that allows symbolic equation manipulation is quite beneficial.
Beyond that however, the computer can help us in at least two distinct ways. We can use
software tools to perform all the analysis of a circuit in question or we can use software to
assist us with the analysis and design process. One could label a program that performs
all the analysis a symbolic simulator.

Symbolic simulators for linear time invariant networks are now quite common [17].

Typical applications would be determining the symbolic transfer function of a passive
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filter including parasitic resistance or deriving the output impedance of a multi-transistor
current source. Symbolic simulators for nonlinear networks (that is, networks that would
produce distortion) do exist, but are not common. Wambacq, Gielen, and Sansen [18]
developed perhaps the most successful program to date. In particular, this program
emphasized analog CMOS amplifiers.

The most elementary distinction between the use of a symbolic algebra program and a
nonlinear symbolic simulator is the way a circuit designer chooses to manage the
particular necessary evil of symbolic expression approximation. To perform all but the
most basic symbolic distortion analysis, we must prepare ourselves to perform symbolic
approximation on the results. Otherwise, the expressions are often complex, lengthy,
abstract, not intelligently factored, and ultimately of little use.

Of course, any experienced analog designer knows that approximation is an important
part of analysis. For example, we often neglect base resistance when finding the gain of a
common emitter amplifier, because the approximation causes (we hope) a negligible
error. The burden placed on symbolic simulators is the automation of the approximation
process for arbitrary results. We can, in fact, accomplish this at some level and there
continues to be quality research generated in this field [19,20].

Nevertheless, in this discussion, we take ancther path in that we will use symbolic
algebra programs to assist us with our otherwise conventional analysis methods. With
this we can examine many of the intermediate steps in the analysis and approximation
procedures that add insight into how and where the results are appropriate. Our eventual

goal is to obtain insight into how to design better amplifiers.
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Two commercially available programs that perform symbolic algebra are Mathcad™
[21] and Mathematica™ [22]. For example, here is the output of a Mathematica™ session
that finds the first five terms of the power series expanded around =0 for the somewhat

arbitrary equation:

f@)=k-2-In( cos(r) ) (L.7)

The Mathematica™ output is:

In[1]:=
f[t] = k t Log[ Cos(t] ]
Out[1]:=
k t Log[Cos([t]}
In[2]:=
Series[ £[t] ,(t,0,5} 1]

Out[2]=

From the result, out/2], we can see that this particular series contains only odd terms.
Another situation where Mathematica™ is useful in distortion analysis is the

simplification of complex trigonometric functions. For example, consider the series:



f(t)=a,-cos(t)+a, -cos*(r) + a, -cos’(t) + --- (1.8)

This series contains powers of cosine functions that, with the proper use of trigonometric
identities, one can write in terms of trigonometric functions with combined arguments.

The Mathematica™ session would be as follows:

In[1]:=
£[t] = al Cos([t] + a2 Cos[t]*2 + a3 Cos([t]+3
Out[1])=
2 3
flt] = al Cos[t] + a2 Cos[t] + a3 Cos|[t]
In[2]:=

Expand[f([t], Trig->True]

Out{2]=
a2 3 a3 Cos|[t] a2 Cos[2 t]
-- + al Cosft] + --—===---m= + e ———— +
2 4 2

a3 Cos[3 t]

- ———— o ———

From the output of this session we can conclude that:



f(t) = a, -cos(t) +a, -cos*(t) +a; -cos?(z) + ---
(1.9)

3. .
= % + (al +-—4a—3)-cos(t) + (—%—-ﬁ-%-)-cos(}t) + e

Although we can, in theory, perform these calculations by hand, the use of symbolic
algebra software reduces work and greatly increases the probability that the results are
correct. Nevertheless, the software leaves the ultimate interpretation of the results to the
user.

Beyond this simple introduction, however, the details of the algebra programs are not
at all central to the discussion. We can derive most equations by hand or by computer,
with the origin ultimately being of little importance. The results contained here are

mixtures of the two methods.

1.5 Overview of Discussion

In the next chapter, we begin with a survey of power series, and then develop a general
perspective on the necessary properties of power series coefficients related to distortion
analysis. We derive the crucial relationships between power series and Fourier series.
Since Fourier analysis is our eventual goal, a full understanding of this connection is of
prime importance throughout the work. We conclude the second chapter with a

description of the ties between common and easily identifiable time-domain waveforms
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that indicate crude amplifier distortion (clipping and slew rate limiting) and the resulting
Fourier series.

The third chapter examines the prime distortion sources in bipolar transistor
amplifiers. Not all the sources of distortion are equally significant, and in most circuits
we must judge which nonlinearities are important and which we can ignore. The
important goal of this section is to introduce the equation or mathematical model of the
specific distortion sources. Although ultimately it is critical to the accuracy of our
calculations, the underlining physics on which we base the models is not central to our
discussion.

The fourth chapter uses the nonlinear models to calculate the distortion for several one
and two transistor circuits. Further, we will examine the effect of mismatches on the
distortion of a differential pair in detail. In these circuits, we assume that the input
frequencies involved are low enough such that we can ignore any frequency dependent
distortion.

In the fifth chapter, we extend our discussion to include frequency dependent
distortion. By far the most common source is nonlinear junction capacitance. We will
motivate this by several examples, including one that, again, emphases the importance of
component mismatch. Finally, we discuss some the of theoretical basis of Volterra series.
Specifically, we will discuss the power series-Volterra series connection and several
necessary properties for the existence and convergence of Volterra series.

In the sixth chapter we analyze distortion associated with bipolar amplifier output

stages. This starts with the traditional Class-A emitter follower and concludes with the
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Class-AB follower. Several properties relating to distortion reduction in the Class-AB
case are also be addressed.

In the seventh chapter we move beyond the analysis of simple circuits and examine
distortion analysis and reduction on a more global scale. First, we discuss the
consequence of negative feedback on distortion. In particular we derive the dependence
between closed-loop power series coefficients to the open-loop power series coefficients.
We also derive the mathematical basis for feedforward error correction that, although not
as common, is another method for distortion reduction on a grand scale, that is,
independent of the details of constituent components. We analyze several circuits that
make use of this method. Finally, we look at neutralization and bootstrapping techniques
as a method of distortion reduction. These are, in essence, forms of positive feedback

where the loop gain is (hopefully) less than one.



2. FUNDAMENTALS OF POWER SERIES

2.1 Overview

The symbolic analysis of distortion begins first with a mathematical model of the
physics of the circuit elements. If there are no significant nonlinearities, then the
distortion analysis has only the trivial solution. For example, a practical resistor network
that uses thin film resistors with temperature coefficients approximately zero produces
approximately zero distortion. With the addition of even one diode, the equations
become nonlinear.

In most realistic examples, these equations have no direct solution and we must resort
to power series approximation techniques. Even for the cases where there may, in fact, be
a direct solution, the power series approximation methods are a very powerful alternative
because we can apply a systematic analysis approach, that is, we can solve similar
problems in similar ways and not be at the mercy of the mathematics.

Ultimately, we want to use our nonlinear models (or equations) which are functions of
all the significant circuit variables (that is, voltage, current, resistance, capacitance, etc.)
as well as time to examine the effects in the frequency domain when we drive the input
with a well-defined periodic waveform. In almost every case, the input is a single
sinusoid. It could also be a sum of sinusoids, and, in the limit, an infinite sum of

sinusoids describes any periodic waveform.
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2.2 The Essentials

Since power series are central to this discussion, we should begin with the basics. A

power series for a function f (in powers of x - a) has the general form:

icm(x —a)" =cy+(x—a)+ c.z(x—a)2 + (:3(Jr—a)3 + .- @.n

m=0

where { c,, ¢;, c;, €3, ... } is the set of coefficients of the series, a is the expansion point

and a constant, and x is the variable. The coefficients can be derived directly using the

formula:
_f"G-a) o d-f &)
= nt ’ f = d" (x) (2.2)

although finding them in this manner is quite tedious. In general, m could take on

negative integer values as well. However, the expansion:
Zcm(x -—a)"=...+ (:_,(Jc--a)’l +c + cl(x—-a)' +--- (2.3)
m=-—co

is a Laurent series and not a power series. Obviously, a power series is a subset of a
Laurent series. The significant difference between the two for our application is the
region of convergence. A power series converges inside circular domain, while a Laurent
series converges outside a circular domain or inside or outside an annular domain, as

illustrated in Figure 2.1.
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A function can have both power and Laurent series expansions depending on what region

of convergence is required. For example, the power series expansion:

I < n >
-l:=2(-1) X"=l-x+x*-xX+x*--- (2.4)
=0

is only valid when / x/ < I. For that reason, the radius of convergence of this

expansion is 1. Although one can find examples to the contrary, for most functions the
radius of convergence is the distance from the expansion point to the closest singularity.
In this case the only essential singularity is at x = -/, thus the distance is [ -1/ =1

For the region 1< |x | < o0, the expansion becomes the Laurent series:

2 3 4

l po "'l n+l l l l
22( IS NS S S S 2.5)
l+x 49 x x x° x x

In general, Laurent series allow the expansion of a function around a finite number of
singularities in the region of interest. Using the principal of independence of path, the
annulus can be deformed to specifically exclude only those points. Since real-life
amplifiers are usually continuous around the expansion point (the DC bias point),
generally we do not need Laurent expansions for distortion analysis, and we will confine

the discussion to power series.
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At low frequencies, if an amplifier’s transfer characteristic is nonlinear but continuous

and we express the output as a function of the input, its power series representation

expanded around VOUT DC is:
Vout = VOUT + vout = f(Vin) = f(VIN + vin) (2.6)
Vout =ay +a, -vin' +a, -vin> +a,-vin® +---,  a, =VOUT (2.7)

These equations (as well as all the following equations) use the standard electrical
engineering notation [23]. We write the name given to the DC component of a signal in
upper case lettering only, the AC component is lower case lettering only, and a term
containing both AC and DC has the first letter uppercase and the remaining letters lower

case.

Ignoring the DC offset term (justified in section 1.1):

vout =a, -vin' +a, -vin® +a, -vin® +--- (2.8)

This series reflects the small signal gain and nonlinearity of the amplifier.
Now a cosine wave drives the input with amplitude A and frequency @ . Choosing

a cosine instead of a sine will simplify the trigonometry.

vin = A-cos(at) (2.9)

vout =a, - A-cos(ax)+a, - A>-cos(ax)* +a, - A*-cos(ax)’ + --- (2.10)
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This is an exact representation if we assume that this series converges. However, we
might prefer a form in which we can clearly identify the coefficients of the harmonics.
Applying several elementary trigonometric identities and wading through a morass of

algebra we can transform this to:

vout = [A?.q, . 3-A%-a, N 5-A%-q . 35-A%-q, .

o2 8 16 128
i 3-A-a, 5-A%-a, 35-A7-

+|A-q + = 2 % & 24 A - cos(ax)
[A%.q, A*-a, 15-A%-a, 7 -A%-q

+ 3 + > + 3 + T +---1-cos(2ax) .11
[A’-a, 5-A%-a;, 21-A"-aq, 21-A’-a

+ 1 + " + o4 + o4 + .-+ |- cos(3ax)

+

This is now a Fourier series and not a power series.

We can immediately draw several conclusions. Notice the even constant coefficients
in the original series (a,, a,, ..., a;) produce only even harmonics and the odd terms in the
original series produce only odd harmonics. This predicts, for example, that an absence
of even ordered coefficients creates an absence of even ordered harmonics. However, due
to potential cancellations, in general this statement does not work in reverse. Further, all

higher order odd or even coefficients add (or subtract) to the distortion of the lower order
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odd or even terms. Also, all even terms shift the DC offset, and all odd terms shift the
linear gain.

The industry has defined several standard measures by historical convention. For
example, the n™ harmonic distortion is:

HD, = coefﬁcie_nt of cos(n-a@-t) 2.12)
coefficient of cos(@ - t)

The coefficient of the cos(@ 1) is just the linear gain. Since it has some dependency
on the odd order distortion (from equation 2.11), this suggests that all even harmonic
distortions will have some dependency on the odd ordered harmonics. Usually, we can
neglect this dependence. Also, occasionally we might want to specify total harmonic

distortion which is:

2 (coeﬁ?cient of cos(n - @ - t))2

THD === (2.13)
coefficient of cos(a - t)

Finally, a relatively new specification is spurious-free dynamic range which ratio of the

worst harmonic to the fundamental, or:

coefficient of cos(n - @ - t)) n=123,.. (2.14)

SFDR = MAX
( coefficient of cos(@ - t)
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2.3 More On Convergence

Equation 2.11 is correct if and only if the Fourier coefficients converge to a finite

value. By definition, if the sequence {S,/} of partial sums of an infinite series has a limit

S, the series converges and has sum S. Thatis, iflim,_, . §,=S, then:

zak =aq +a,+--+a,+---=§ (2.15)
k=1

According to this definition, we can check for convergence by first writing the n'h
partial sum /S,/ in closed-form, then examine the lim ,_, . S,. Unfortunately, it is
relatively rare that we can write the closed-form n*% partial sum of a series. Hence, it is
frequently simpler to apply the common convergence tests instead ( that is, the ratio test,
the integral test, etc.).

Still, mathematical difficulties remain. To apply any of the standard convergence tests,

we need a closed-form expression for the i term of the series. In its present form,

equation 2.11 has coefficients that are in and of themselves a series, and we must have
closed-form expressions for their i* terms.

It may seem that the situation is no better than if we used the definition to test for
convergence. However, in that case we would still need that i term of the coefficient

series, and on top of that we would need the n partial sum. Thus, the convergence tests
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save us roughly half of the work. However, it is a sad fact of life that trial and error is the
only systematic procedure known to this author for finding these relations.

All Taylor’s series expansions converge at all points where the function is defined and
the i derivatives exist. Hence, convergence is rather easy to guarantee although the
speed of the convergence is not as easy.

The radius of convergence is also important. For some input amplitudes, some series
will not converge because the magnitude of the input amplitude A can theoretically push
the function into a region that is undefined or to a region where the derivative do not
exist.

However, the continuity of nature assists us. Most amplifier nonlinearities are mild
and very continuous (class-AB output stages being a primary exception), and we can
count on convergence until the transistor nears cutoff or saturation. These are the regions

in which Spice also has numerical convergence problems.

2.4 Simplifications and Related Topics

Most treatments on distortion found in the literature greatly simplify equation 2.11 and
give only the first term of each coefficient’s series [24]. Blind truncation is always a bit
dangerous, so we must consider the validity of that approximation in the context of the
specifics of the circuit and the nonlinearities. Still, using that assumption and dividing
each harmonic magnitude by the fundamental magnitude the simplified relations for

harmonic distortion are:
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‘A
HD, =2 2.16)
2'0,
a,-A’
HD, == 17

In practice, we usually ignore the harmonics beyond the 2nd and 3rd because they are
proportionately smaller.

We can derive the simplified two-tone intermodulation distortion in a similar way by
driving the input with Vin = A- cos(w@ ,- t)+B- cos(w ,- t). The magnitude

of the sum and difference intermodulations harmonics (or spurs) are

a, A-B-cos(wl £ w2) (2.18)

The third order intermodulations are:

3
:1>--a3-Az-B~cos(2-a)l +w,)

2.19)

3
7% -A-B*-cos(m, £2-@,)

We can produce the formulas for the third-order intermodulation distortion (/M, and
IM,) by dividing these magnitudes by the magnitude of the fundamental. Of course, the
equations will depend on which input (A or B) one defines as the fundamental.

Intermodulation distortion is important in communication systems that have a narrow

bandwidth. The harmonic spurs are typically outside the filtered passband, and, thus,
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have no meaning. The intermodulation spurs close to the fundamental are more difficult

to filter out.
At moderate frequencies where reactive components remain negligible, the
intermodulation distortion is proportional to the harmonic distortion. If, for example, the

amplitudes of the intermodulation frequencies are the same, then:

IM, ~2-HD, (2.20)

IM; = 3-HD, .21)

However, if reactance is significant or some form of hysteresis is causing the
distortion, the relationship between harmonic and intermodulation distortion becomes
more complicated, somewhat circuit dependent, and a function of the ratio of the two

intermodulated frequencies [25].

2.5 Power Series and Distortion Cancellation

Just knowing these power series relationships assists in choosing a low distortion
design. For example, there are at least two ways to get the even order harmonics to
cancel independent of the internal details of the amplifier.

First, placing two well matched, unity gain inverting amplifiers in series will remove

the even harmonics. Theoretically, the first amplifier does not have to be inverting, yet,
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in reality it does to insure adequate matching. We must also remember that overall noise

level will increase by at least 6dB.
For analytical verification of this cancellation we can use two unity gain amplifiers

that have only second-order nonlinearity. The transfer function power series for these

amplifiers would be:

vo,=-a, - vin,~a, - vin, (2.22)
and:

vo,=—a, -vin,—a, -vin,” (2.23)

The second amplifier is inverting so:

vin, = vo, (2.24)
combining:
2 . 2 . 2 2 . 3 3 .4
vo,=a,” -vin,+(a, -a, —a,”)-vin, ~2-a, -a,” -vin,"~a, -vin, (2.25)

Using the simplified relation (equation 2.16), the second harmonic distortion is then:

HD,= . 4-%2(5 -1) (2.26)
2 a,

Since both amplifiers have unity gain, a, = I and HD, is zero.
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For gains other than unity, the cancellation is imperfect, but for low gains there will
still be some reduction. The odd ordered harmonics will add up though, so the total
harmonic distortion may or may not decrease. Figure 2.2 and Figure 2.3 illustrate the
details of an experimental verification of this effect using two Analog Devices AD817
operational amplifiers [41].

Likewise, an amplifier with a fully differential signal path provides the same
cancellation, but this time it is independent of gain. Again, considering only second-

order nonlinearity, the two outputs are:

vo, = a, -vin + a, - vin® (227

vo, =a,-(—~vin) + a, -(—vin) (2.28)

Taking the difference between the outputs we get:

vout = vo, — vo, (2.29)
vout = a, - vin + a, - vin® — (-a, - vin + a, - vin®) (2.30)
vout =2-a, -vin (2.31)

Figure 2.4 and Figure 2.5 detail the experimental results using two ADS817s again,
connected as a simple single ended to differential converter. Along with lower distortion,
a fully differential system has higher external noise rejection, and twice the effective
signal swing and slew rate. The transformer used in Figure 2.4 is a simple differential to
single-ended converter that is necessary for making distortion measurements on a

spectrum analyzer. However, it is also a possible source of distortion.
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REF 4.26 V WARKER 992 330.0 Mz
(a) VOUT1 10 4B/DIY RANCE 707 av 431 Wy

START 970 000.0 Mz $TOP 3 000 000.0 Mz
RBN 4 KMz VBR 300 Hz 8T 19.2 SEC

(b) VOUT2

REF 224 wv MARKER 992 330.0 Mz
10 d8/0D1V RANCE 126 av 141 av

A

START 970 000.0 Mz §T0P 3 000 000.0 Mx
RBN 1 KHx VYBW 300 Hz 8T 19.2 SEC

Figure 2.3. The photos show the fundamental, second and third harmonic for the series
cancellation circuit. -- (a) Output of the first amplifier; and (b) Output of the second
amplifier.
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(a) +VOUT REF 20.0 dBs OFFBET 993 080.0 Wz
10 dB/DIV RANGE 20.0 dBa -69.5 d8

START 970 000.0 Hx 8TOP 3 010 000.0 Mz
RBH & KHz VBN 3 KNz 8T 6.4 SEC

(b) VOdiff

REF 1.26 Vv MARKER 990 400.0 Hz
10 dB/D1V RANGE 1.26 V 821 ay

I

START 970 000.0 Hz §TOP 3 010 000.0 Hz
REW 300 Hz VBN 300 Hz 8T 71.0 SEC

Figure 2.5. Again, the photos show the fundamental, second and third harmonic for the
series cancellation circuit. -- (a) Output taken single ended: and (b) Output taken
differentially.
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2.6 Simple Distortion Mechanisms

Several other general distortion mechanisms are distinguishable by the harmonics that
they produce. For example, if an amplifier clips reasonably symmetrically, the output

waveform approaches a square wave. The Fourier series for a square wave is [26]:

v(t) = i -[sin(ax) + l~sin(3(w) + -l—-sin(Sax) + ] (2.32)
T 3 5

Figure 2.6 shows an example circuit using an Analog Devices OP177 [41] with the
output driven into clipping. If a problem with even harmonics exists in a circuit, the
cause is most likely not symmetrical clipping. However, if the clipping is unsymmetrical
as shown in Figure 2.7, or if the distorted waveform is not symmetric for any reason, even
harmonics may dominate after all. Chapter 6 will show how this is important in the
analysis of class AB output stage distortion.

Similarly, if we operate an amplifier past the frequency or magnitude of its slew rate
limits, the output waveform begins to approach a triangle wave. The Fourier series for a

triangle wave is:

v(t) = %-[sin(ax) - %-sin(3at) + El-s--sin(Sax) + ] (2.33)
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Again, there is no sign of even harmonics. However, in practice the slew limiting is not
symmetric and appears more like Figure 2.8, which does contain a small second harmonic

along with the more dominant odd harmonics.

2.7 Conclusion

In this chapter we developed the idea of series solutions with respect to symbolic
distortion analysis. We derived the relationship between power series coefficients and
Fourier series coefficients. In particular, we can use equation 2.11 to move directly from
power series to the frequency domain. We also discussed convergence which is always
an important aspect of any series solution, although the convergence criteria are rather
easily satisfied.

Further, developed equations 2.16 and 2.17 which are simplified formulas for the
second and third harmonic respectively. We introduced the idea of intermodulation
distortion and showed the direct relationship between harmonic and intermodulation

distortion. Finally, we developed the distortion signatures of several simple circuits.
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(a)

(b)
REF 3.98 V MARKER 3 000-0 Hz
3 dB/D1V RANGE 3.98 V 318 wVv

START .0 Mz 10 000-
RBW 30 Hz YBW 30 Hx 8T 34.8 SEC

Figure 2.6 - (a) The output of an OP177 that is symmetrically clipping, (b) the
corresponding spectral content. Symmetrical clipping produces dominant odd harmonics.
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(d) REF 7.07 Vv

10 4B/DIY RANGE 3.98 ¥

n
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RARKER 1 000-0 Wz
2.98 ¥

e
| A‘ll\[lf
| UL

START .0 Hx

RBM 30 Mz VBW 30 Mz

Figure 2.7 - (a) The output of
corresponding spectral content.
harmonics.

8TOP 40 000.0 W2
8T 34.8 SEC

an OP177 that is unsymmetrically clipping, (b) the
Unsymmetrical clipping produces both odd and even
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()

-qo¢ Vv AV} 205V

(b) REF 943 av MARKER 496 000.0 Mz
S d4B8/D1V RANGE 1:26 V 2.98 av

o | I

N | I I

START 32 000.0 Mz 8TOP 360 000.0 Hz
RBH 1 KHz VBN 1 KNz 8T 1.2 SEC

Figure 2.8 - (a) The output of an OP177 that is slewing, (b) the corresponding spectral
content. Slew rate limiting produces mainly odd harmonics, although there is a small
second harmonic due to the waveform asymmetry.
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3. DISTORTION MECHANISMS IN THE BIPOLAR TRANSISTOR

3.1 Overview

There are several major sources of error in the conventional distortion analysis of a
bipolar transistor, and knowing the nature and series expansions of the nonlinear elements
are the starting point of analysis. In particular, we will examine the series expansions of
Vbe, B, ¢ , and diffused capacitive nonlinearities. We could perform similar expansions
for MOSFETs, JFETs, GaAsFETs, and HBTs. For troubleshooting or design
optimization, its often enough just to examine the series to see if the nonlinearity
produces even or odd harmonics. As a reference, Appendix A is a table of standard
SPICE parameters. Also, there is a good discussion of the basic BJT SPICE equations in

[27].

3.2 Base-Emitter Exponential Nonlinearity

The nonlinear Vbe versus Ic relationship is the most commonly considered BJT

distortion source. To calculate it, we use the equation:

Vbe
NF-VT

Ic=IS-e[ @G.1
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If we define Ic = IC + ic and Vbe = VBE + vbe then expand around vbe = 0 (in other

words, Vbe=VBE), the resulting series is:

fe=tc|iatbe_ L[ v F L[ vbe T (32)
€= NF-VT 2 |NF-vr| T 6 |NF-vT :

Clearly, Vbe distortion produces both even and odd harmonics.

3.3 Beta and Alpha Nonlinearity

If a current source drives a BJT (for example, buffering the high impedance node of an
opamp), then Vbe nonlinearity has little or no effect, and # nonlinearity dominates. The
reason for this is simple. If a current source forces the base current, then collector current
is just 8 - IB independent of the base-emitter voltage. Figure 3.1 shows a graph of 8
versus c for a typical high frequency NPN transistor. A simplified expression for § that

ignores low current roll off is:

(3.3)

The constant IKF is defined as the current in which £ drops to 1/2 its maximum value.

Expanding around ic = 0:
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Figure 3.1 - f causes distortion when the source impedance is high.
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B~ BF . BF -ic
[l+£-] [1+—£§—2~IKF
IKF IKF
34
e
[1+—IEF-]-IKF2 [1+TEF—]-1KF’

A distortion also produces even and odd harmonics. The series for alpha error is a slight

variation. Expanding around ic = 0:

,___ BFIKF __ BF-IKF-ic
[1C+(BF +DIKF] [IC +(BF +)IKFT

(3.5
BF - IKF - ic* BF - IKF -ic’
+ - +...
[1C+(BF + )IKF] [IC +(BF +)IKF]

Alpha error is typically most important with current driven common base circuits like
a cascode, and emitter driven pairs commonly used in analog multipliers [28].
One unique aspect of the series for 8 and alpha is the alternating signs. This allows us

to place an immediate bound on truncation error E, [29]. Specifically, if we truncate the

series to the a, term then:

En < an+l

Typically, we truncate the series to third-order, so:
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E(,B)3 <

ICTP
1+ ——| . IKF*
[+IKF]

BF - IKF - ic*
[1C + (BF + ) IKF]

E(a), <

It is unfortunate in the nature of things that more of our series do not alternate sign.

3.4 Cjc and Cjs Junction Capacitances

Although junction capacitance is at its highest in the forward active region, it clamps
the bias voltage at Vbe which holds the capacitance reasonably constant. Hence,
reversed-biased junctions are a more significant nonlinearity and hence a bigger source of
error. Figure 3.2 shows the reversed-biased base-collector capacitance for a typical high

frequency NPN transistor. The general equation for this junction capacitance is:

cJ

C(Vb) = ——————+ 36
(Vb) I_YEM, 3.6)
| %]

where Vb is the junction voltage. Setting Vb = VB + vb and expanding around vb = 0 we

find a series expression for the junction capacitance:



55

C—~B Capacitance
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Figure 3.2 - Diffusion capacitance becomes increasingly constant as the reverse bias

increases.
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C=c,+c-vb+c,-vb* +c;-vb’ +... (3.7
where:
cJ
G = '{T--V_‘T}bﬁ- (3.8)
vJ
cJ-MJ
a= T (3.9)
VI - 1-—-—*-]
-7

CJ-MJ-(1+ MJ)

, VB (2+MJ)
2-VI7-|l=—
-7

c, =

(3.10)

These formulas are just the coefficients of the power series. In Chapter 5 we will use
Volterra series to develop the relationship between these coefficients and distortion.
Reversed biased diodes, collector-base capacitors, and substrate capacitors are typical
examples of this nonlinearity. There are exceptions though. For a dielectricly isolated
semiconductor process (i.e. oxide tub, full trench isolation, silicon on insulator, or direct
bond wafers) [30] the substrate capacitance is very linear, and for a discrete device the

substrate capacitance is nonexistent.

3.5 Other BJT Distortion Mechanisms
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The Early effect, or finite output impedance, can cause distortion as well because it
introduces signal dependent gain errors. For low speed, high Early voltage processes the
distortion is insignificant. For high speed, low Early voltage processes, it may not be
negligible, particularly in high current output stages. However, it is rarely a dominant
source of distortion.

Three potentially severe sources of distortion that we have not addressed yet are
quasisaturation, soft breakdown, and avalanche breakdown. Figure 3.3 shows the NPN
V-I curves for a typical power BJT used in audio output stages. Quasisaturation occurs
when the internal metallurgical base-collector junction becomes forward biased, while the
external base-collector junction remains reversed biased. Certainly anything that causes
an increase in the saturation voltage is a potential source of distortion.

Soft breakdown is essentially a nonlinear Early voltage. There are several potential
causes including excess leakage current and tunneling. The effect is usually a fraction of
the Early voltage error that we already neglected. We seem to understand more about
avalanche breakdown (BVceo or BVcbo) [31], and we could develop a series for it.
However, some high speed processes experience punch-through breakdown instead [32],
and many times it is difficult to distinguish on a curve tracer exactly which mechanism is
causing the breakdown. Perhaps the best rule for low distortion design is to avoid that
region. There are other minor sources of distortion (e.g., nonlinear base resistance,

forward and reverse transit times), but their contribution is marginal.
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3.6 Conclusion

In this chapter we reviewed the basic bipolar transistor distortion mechanisms and
developed power series for those that are most important. By examining the resuitant
series one can see that each of these nonlinearities produces both even and odd
harmonics. As chapter 5 will show, the coefficients for the nonlinear diffusion

capacitance are particularly useful.
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Sample Power BJT Qutput V—~i Curves

Z.OA 4, ‘F 1; jL
1.5A1 4
1.0A1 1
0.5A1 +
0.0A $ - - —
ov 20V - 4pV 60V g0V 100V
s —i{Vce)

Coliector—Emitter Voltage

Figure 3.3 - Early voltage errors, soft breakdown, and quasisaturation show up on the V-I
curves. In this case the curves are for a somewhat typical power BJT.
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4. DC DISTORTION ANALYSIS OF CLASSICAL AMPLIFIERS

4.1 Overview

The next step is to take the information that we have developed and apply it to
particular bipolar transistor amplifier examples. Specifically, the common emitter and
differential pair are analyzed. Although these circuits are simple, fundamentally they

form the basis of most any modern, complex bipolar amplifier.

4.2 Common Emitter at [ ow Frequencies

If there is no emitter, source, or base resistance, then we can calculate the distortion
caused by the voltage to current conversion using the Vbe series derived before. If there
is base or source resistance, the formula becomes more complicated. However, base
resistance will improve distortion in a manner similar to emitter degeneration. Consider
the circuit in Figure 4.1. Ignoring the DC terms, the equation relating the incremental

collector current to the incremental input voltage is:

vin:l—;--RB+VT-ln(l+—;—cC—,) (4.1)
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+5 VDC

Vout

Q1
NPNNOM

vin+VBIAS

Figure 4.1 - A sample common emitter circuit with base resistance but no emitter
degeneration



62

Unfortunately, it’s difficult to solve this equation directly for ic, making it even harder to

find a distortion power series. As the poet laments:

But Mousie, thou art no thy lane,
In proving foresight may be vain:
The best-laid schemes o’ mice an’ men

Gang aft agley [33]

There are several ways to get around the problem. Harmonic balance [14] is the first
approach we will consider. It is analogous to the method of undetermined coefficients
used to solve nonhomogeneous differential equations [34].

First, we assume that £ is a constant and find the power series for vin by expanding

around ic = 0:

in = E-{-Y—T- ? l—--icz+ T ic* + 4.2)
MEITB I T e 3. IC° ’

Our assumption about § being a constant is justifiable if the source resistance plus the
base resistance is moderate. To include the 8 modulation effects in this equation would
increase the complexity of the results by an order of magnitude. Thus, it’s best to treat the
low source resistance and high source resistance cases separately. Next, assume that ic is

a Fourier series:
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ic = b, -cos(ait) + b, -cos(2ar) + b; -cos(3ax) + --- 4.3)

Substituting, simplifying, and ignoring the DC offset term:

(RB-b, VT-b, VT-B* VT-b-b, VT-b-b’
+ + 3 7t 3
_ B IcC " 4-I1CC 2.IC 2-IC
vin = , , -cos(ax)
VT-b2-b, VT-b,-b, VT-b}-b, VI-b-b’

- +
212 2.1 T a1 T

RB-b, VT-b, VT-blz VT-bﬁb, VT -b,’
+ = — 5+ =+ 3
B IC 4.IC 2-IC? 4-IC
+ ) -cos(2ax)
VI-b-b, VI-b-b,-b, VT-b,-b
- 7t 3t 3 ”
2-IC 2-IC 2-IC

(RB-b, VT-b, VT-b-b, VT-b’ VI-b-b’
+ - —=+ + =
B IC 2-IC* 12-ICC  4-IC°
+ 2 , -cos(3ax)
VT-b’-b, VI-b'-b, VT -b,

2-1C° 2-1C0 a.1c T

(4.4)

These are the terms that arise from truncating equations 4.2 and 4.3 to third order, yet
they are still quite complex and the relationships between b, , b, , and b; are highly
nonlinear. It is quite clear that more simplification is in order.

For the linear gain we can consider only the terms that are linear in b, and IC. We will
neglect all second order or greater terms, which assumes that the gain is the same as the

result that we would find using small signal analysis. For the second harmonic we will
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neglect all terms that are third order or greater. The third harmonic is trickier since we
have already neglected terms that are fourth order and above. However, we can make the

following simplifications based on the assumption that b, >> b, >> b;:

ﬁi 3 VT-5’ _ VT-b}

3 > = e TIe
VT-b2-b, VT-b*-b,

2 2 1 2

b*>>b, 2-1CC . 2IC
VT-b'  VT-b*-b,

b >>b, = e e

b’ 2 VT-b° _ VT-b-b}

2-1C 0410

All of this allows us to simplify equation 4.4 to:

vin = R’; b, Vfé”' ]-cos(aJt) 4.5)
[RB-b, VT-b, VT-b?
+ 7 + c .10 -cos(2ax)

e

[ RB-b, Yo VIbob VT -b’
B IC 2-I1CC " 12-IC°

] -cos(3ax)
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Next set vin = A- cos(w t) then equate similar coefficients on both sides of the
equation. This produces three equations and three unknowns, and we can solve for the

first three Fourier series coefficients:

A
4=FRE_ VT “.6)
B TICc
b ~ Az’ﬂs'IC'W (4-7)
> " 4.(IC-RB + B-VT)’
_A’-B*-IC-VT-(B-VT ~2-IC-RB) 38)
5 = 24-(IC-RB + B-VTY '
Then the distortion is:
lbzl A-ﬂz-VT
_ 1% _ 49
HD, |b1| 4.(IC-RB+ B-VT) (4-9)
A*-B-VT-(B-VT —2-IC-RB
HD3=|—I= B B ) (4.10)

|| 24-(IC-RB + B-VT)*

Figure 4.2 is a PSpice™ [35] listing of a test circuit, and Figure 4.3 compares the
distortion results of a specific simulation of this circuit with the predicted value.
Simulated data is more appropriate in these examples than experimental data because it

allows us to isolate a particular source of distortion for comparison.
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One interesting result here is that the equation for HD, suggests that the third-order

distortion might cancel if RB = I/2- rmr . These formulas will still apply if there is
emitter degeneration if we reflect the emitter resistance to the base (multiply by it by
B + 1) and using this new value for RB. Also, if the circuit contains both base resistance
and emitter resistance, we can modify our equation by adding the reflected emitter

resistance to the base resistance. To summarize, the general case would be:

RB,_, = RB+RS+(B+1)-RE @.11)



Common Emitter With Base Resistance

* PSpice(TM) simulation file

.probe

.options itl4=100 iti5=0

.options reltol=0.000001 abstol=0.1pa chgtol=0.001pc vatol=0.luv
.op

.tran 10us 10ms O lus

vcc30acO0dcS

* an input bias voltage of 0.768721 sets IC at ImA
vin 1 0 ac 1 dc 0.768721 sin(0.768721 10mV 1KHz 0 0 0)

ql 4 20 0 npnnom

b 121K

rc 3425K

.model npnnom npn ( IS=1.5e-16 BF=200 )

.end

Figure 4.2 - PSpice™ input file listing for the simple common emitter amplifier circuit.

67
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Full scale showing the fundamental and small harmonic:

Comman Emitter With Base Resitonce

1.0V,
0.8ve
0.6v]
0.4v]
c.2v
& Ttk 7 X X 0.0k
T
Freguency
Expanded scale:
Cemmon Emitter With Bose Resitonce
S0m:
SO0m:
40my
20m!
20mYy
10my
e T X[ LY. T0.0K
« (4} .
. 55mV
HD, (simulated) = =6.7%
815mV
A-B*-VT

=6.7%

HD, (calculated) =
> (caleulated) 4.-(IC-RB +B-VT)?

Figure 4.3 - Common emitter output spectrum and a comparison between calculated and
simulated second harmonic distortion values.
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4.3 Differential Pair at Low Frequencies

The harmonic balance method applies to the differential pair as well. Figure 4.4
shows a differential pair with extrinsic base resistance that is always present in practice
(the resistivity of the base region material is typically around 200 €2/sq.), but without any
extrinsic emitter resistance that may or may not be present (the resistivity of the emitter
region material is typically around 5 €2/sq.). We can generalize the results to include both
cases.

First, consider the case where there are no significant mismatches between the
components, with the bias voltages balanced. The relationship between incremental input

voltage and the incremental output current is:

2-RB-ic 2-ic 2-ic
=222 v om| 1+ - vT {1~ 4.12
vin B [+IEE] [ IEE] (4.12)

As usual, if we assume that 8  is constant and expand around ic = 0:

vin=| 2 RB 4 VT -IEE-ic+-16'—VT3--ic3+-.- (4.13)
B IEE 3. IEE

There are no even terms, so this time ic has the form:
ic = b, -cos(at) + b, -cos(3ait) + --- (4.14)

Substituting and simplifying:
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+5 VDC +5 VDC
5 5
RC1 RC2
2.5K 2.5K
8 7 ¢———— Vout
RB1 RB2
WL J——wW—
Q1 Q2
vin <> NPNNOM 3 NPNNOM
A4
[EE
2.0lma
6
-5 VDC

Figure 4.4 - A simple differential pair amplifier with base resistance but no emitter
degeneration.
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2.RB-b 4-VI-h 4-VI-B

, B IEE ' IEE’
vin = tp 8.VT ) - cos(ax)
LAVE-b by 8-VI-b-b (4.15)
IEE? IEE?
+ 0-cos(Qax)
4-VT-b° 2-RB-b, 4-VT-b,
3.IEE° B IEE
- cos(3ax)

8-VT-b’-b, 4.VT-b}
+ 3 + 3
IEE IEE

+

Using a similar simplification philosophy to the one used for the common emitter, we can

reduce this to:

[2-RB-b,  4-VT-b,
B ' IEE

vin =

] -cos(ax)

(4.16)
[4.vT-B} L2 RB-b
| 3-IEE? B

4-VT -b,
+ IEE ]-cos(3at)

Again, vin=A- cos(@ t), so by equating similar terms and solving these

simultaneously for the Fourier coefficient values:
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b = 4 7
\"3RE_4VT @.17
B IEE
A’-B*-I[EE-VT
L (4.18)

b=~ (EE-RB+2 B VI
Finally, the distortion is just:

HD, =12 =0 (4.19)

S|

2 A3,
HD, =-%- AF VT (4.20)

~6-(IEE-RB +2-B-VT)

Figure 4.5 is a PSpice™ listing for a test circuit. Figure 4.6 shows the comparison
between a calculated value and a simulated value. Once again, if there is emitter
degeneration, we can just multiply the resistance by S+/, add it to the base resistance, and
then use the same formulas. Also, there is no possibility of third-order cancellation as
there was with the common emitter.

Although the second harmonic is zero in this example, remember that we assumed that
we had a well-balanced system. Mismatches in the differential pair devices or base bias
voltages materially change these results in that the even harmonics are no longer zero,
and quite easily dominate the odd harmonics derived here. If we generalize equation 4.12
by dropping the restriction of balance we get the more complicated equation for the

incremental output current:
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Differential Pair With Base Resistance

* Pspice(TM) simulation file

.probe

.options itl4=100 it1S=0

.options reltol=0.000001 abstol=0.1pa chgtol=0.001pc vntol=0.1uv

.op
.tran 10us 10ms O lus

vec50ac0dc+5
vee 60ac0dc-5

vin 1 0 ac 1 dc 0 sin(0 20mV 1KHz 0 0 0)

* jee is set make ic=1ma
iee362.0lma

ql 8 2 3 npnnom
q2 7 4 3 npnnom
bl 12250

b2 4 0 250

rcl 58 25K
rc25725K

.model npnnom npn ( IS=1.5e-16 BF=200 )

.end

Figure 4.5 - PSpice™ input file listing for a simple differential pair with base linearization
resistors.
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Full scale showing the fundamental and small harmonic:

Differentict Pair With Base Resistonce

v
a.8v.
0.6v4
0.4v4
Q2
Y 7" pX0) T OKH X — E.OKH T0.0KkA
o7} £
Expanded scale:
Oifferenticr Foir With Bose Resistance
20m
15my
10m:
Smyd
T Z0kH X kR —BOkA T0.0KA
o7} Fri
. 9.4mV
HD, (simulated) = = 1.05%
893mV
s
A*.B2-VT

HD, (calculated) = =1.15%

6-(IC-RB+2-B-VT)’

Figure 4.6 - Single ended output spectrum of our sample differential pair and a
comparison with the calculated distortion prediction.
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[RB RB+ARB 1

+ +RE-|1+—
) B B+AB ( ﬂ) .
vin = 1 VT VT *IC
~+(RE+ARE)»(1+'6+AB)+IC1+ICZ-

4.21)

+' VT vr |,
2-1¢7 2167

[ vr LT
i {
ENGREN A

Figure 4.7 illustrates the various perturbations. There are several things that are
important here. First, equation 4.21 does indeed predict a second harmonic. Also, if all

perturbations are small, RE is zero, and IC,=IC,=IEE/, then this equation reduces to

equation 4.16.

This leads to the third point. This equation is a strong function of the DC bias IC,
and IC,, whereas equation 4.16 only contained the tail current JEE. That was because at
balance there is a linear relationship between IC,, IC,, and IEE. In general, we do not

have that luxury. Since the perturbations upset the DC bias point, we must first solve the

simultaneous transcendental equations:
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IC1 Ic2
Rmna b~ B+dB B RB
N Q2
. %RlihdRE RE ‘
IBE

Figure 4.7 - A graphic illustration of the perturbations considered in the derivation of
mismatch induced distortion
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IC-RB_IC,-(RB+ARB) (B+1)-IC -RE

AVB + B B+ 08 + B
(B+AB+1)-IC, -(RE + ARE) IC, -(IS + AIS) |
- B+ AB +VT-In IC. 15 =0
1 1
(I+EJ-IC1 +(l+ﬂ+Aﬂ)-ICZ=IEE (4.23)

for the values of IC, and IC,. Altemately, we could get those values from Spice.

To uncomplicate the distortion formulas, it is convenient to make the following

definitions:
IC, =6-IEE 4.24)
IC, =(1-6)-IEE (4.25)

where 0 < @ < I. This makes our series:



RB RB+ARB
B B+aB
+ T + T 4+
IEE-0 ' IEE-(1-6)

vin =

+’ VT 2
| 2-IEE*-(1-6)" 2-IEE*-6*

-

-ic”

VT + VT +--|-ic?
3 IEE - 3-IEE*-(-6) |

then:

ic = b, - cos(at) + b, - cos(2at) + b, - cos(3ait }+--

Substituting and performing our typical simplifications and proceeding with the

assumption that the perturbations are small:

RE-[1+—%)+(RE+ARE)—(1+
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(4.26)

(4.27)
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X 2-RB-b, VT - b, 1
~|=—3 4 2.RE- . .
vin [ F; +2-RE-b + IEE (9.(1_0))] cos(ax)

[2-RB-b, b2-vT ( 2-6-1 ]
———=+2-RE-b, + 5| = 3
B ' 4.IEE? (6’-(0—1)’)

+b2~VT.( 1
| IEE \8-(1-6)

[ VT -8 1 2-RB-b, ]

12-115153'(6»2.(1-9)2)+ g tAboRE

+ - cos(3ax)
+v:r-bs( 1 )+bl-b2-VT_( 2-0-1

| IEE \6-(1-6)) 2-IEE* \6*-(6-1)))

-cos(2ar)

.

(4.28)

For @ =I1/2 this reduces to a form that is similar to equation 4.16.
Setting vin = A- cos(® t) again, equating similar terms, and solving
simultaneously for the Fourier coefficients we get:

b - A-B-IEE-(6-6)
' " 2.IEE-RB-(60—~6*)+2-B-IEE-RE-(6—6*)+ B-VT

(4.29)

b~ A*-B-(1-2-6)-VT
: 8-(RB+ - RE)-(2- IEE-RB-(9— 6*)+2-B- IEE - RE-(6 - 6*)- B-VT)

(4.30)

_&-B-VT-((4-RB-IEE+4-B-RE - IEE)-(- 6" +26° — 6°) +3- B-VT -(1- 46 + 46%))

b, ;
48-(RB + - RE)-(2- IEE-RB-(6—6*)+2-B- IEE- RE-(8~6")- B-VT)

4.31)
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then the distortion is:

up. <12l A-B-(26-1)-VT
* 6| 8-IEE-(RB+pB-RE)-6-(8-1)-(2-IEE-(6-6*)-(RB + B- RE)+-VT)

(4.32)

up, Bl _AB VT -(4-IEE-(-6° +2-6' - 6")-(RB+ B-RE)+3-B-VT -(1-46+46°))
B e (wpR2) 0= 122 (0~ ()5 T

b3
lbl
(4.33)

There were two reasons for rederiving the differential pair distortion formulas to
include mismatch effects. First, it was important to show that mismatch can cause even
harmonics in a circuit that otherwise produces only third harmonics. Second, an obvious
conclusion that we can draw is that equations 4.32 and 4.33 are much more complicated
than equations 4.19 and 4.20, which assume no mismatch.

To be ultimately successful in doing these calculations we must focus on sources of
distortion that dominate, as is usual in engineering, although it is especially important
here. Also, many times we must consider each source of distortion in turn, initially
assuming that they are independent. Attempting to attack the problem by trying to
calculate all potential distortion from the beginning is an invitation to disaster. We would
surely fail, if not in developing accurate expressions, then at least in developing

expressions that are compact enough to be useful.
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The purpose of equations like 4.32 and 4.33 are not necessarily to calculate the
distortion, but to discover the variables that control it. For example, from equation 4.32
we can see that the second harmonic is not a direct function of any particular mismatch.
However, it is a direct function of unsymmetrical DC bias voltages and currents that
appear at the inputs (8 #  1/2), which the mismatches do affect. The third harmonic
equation, 4.33, is not as insightful in this particular case. Primarily, it predicts similar
(although more complex) dependencies to the ones given in equation 4.20 that assumes

no mismatch.

4.4 Conclusion

In this chapter we applied power series techniques to derive distortion expressions for
the common emitter and differential pair amplifiers. For the common emitter we saw that
both even and odd harmonics are generated. Further, we saw how resistive degeneration
can reduce distortion. For the differential pair we discovered that if the amplifier is well
balanced then the even harmonics are suppressed. In both cases, the analysis is only valid

at midband frequencies since we neglected the effect of any reactive elements.



5. THE APPLICATION OF VOLTERRA SERIES

5.1 Background

So far we have assumed that the frequency was low. It is time now to include
nonlinear reactance, and that makes necessary a jump from power series to Volterra
series. This is not a particularly new idea. It dates back at least to a book written on the
theory of functionals by Vito Volterra in 1930 [36]. A decade later Wiener applied
Volterra series to nonlinear circuit analysis [37]. Narayanan outlined perhaps the first
practical use in his classic paper in 1967 [38].

Interestingly enough, Narayanan, like Harold Black 40 years before, was also working
at Bell Laboratories on the problem of distortion in telecommunication systems. This is a
good illustration of the fact that even though our understanding has improved over the
last 100 years, continual increases in the systemn specifications require a corresponding
improvement in design methodologies.

The difference between a function (which we expand into a power series) and a
Jfunctional (which we expand into a Volterra series) is that a function operates on a set of
variables, x, to produce a new set of variables, f(x), while a functional operates on a set of

functions, f{x), to produce a new set of functions, G/ f(x)] .

Volterra studied several aspects of functional series. Among his contributions was the

establishment that one can write the regular homogeneous functional of degree n as:
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Fn[x(r)]=z I J k(8.&-&) x(&)x(&) (£ ) dEdE,---dE, (5.1)

Further, he demonstrated that one can represent every functional G/x(z)] continuous in the

field of continuous functions by the functional series expansion:

Glx(®)]= io F,[x()] (5.2)

G[x(t)] =k,

+[ia@)-#(0) at
@ (5.3)

SR ORArEY:

L

Among Wiener’s contributions was the development a specific Volterra series using
n-dimensional convolutions as the transform. Specifically, he demonstrated that for most

continuous (actually analytic) functions generalized as y(z):

y(©) =y (0)+ y,()+ - (5.4)

where

»(e)= Th,(r) -x(t-1)drt (5.5)
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.Vz(t)z TT@(‘l’l,fz)-X(t—q)-x(t-Tz) drdr, (5-6)

—ao —a0
]
[

7.0= [ [h(atr)[[xe-) dz, 57)

=l

In these equations, the h functions are the impulse responses and the x functions are the
input excitations. This extends the application of the convolution integral from the
strictly linear case, i.e. y,(t) ... y,(t) = 0, to the weakly nonlinear case, (i.e. y,(?) ... y,(t)
# 0). When we use the terrn weakly nonlinear we are really describing the set of
systems (or circuits in our case) in which we can assume speedy convergence, or more
precisely, that truncation after the third or fourth term in a series yields an acceptable
error.

Narayanan recognized the power of Volterra series in analyzing distortion in transistor
circuits, particularly if we replace the n-dimensional convolution integrals with

n-dimensional Laplace transforms:

V()=1(s)+ By(s)+ -+ T, (s} 58)
where

Y,(s)=H,(s)- X,(s,) (5.9

Y, (s)= Hy(s,5,)- [] X:(s:) (5.10)
i=l
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Y,,(S)=H,,(S[,SZ,~~',S,,)-I'=[X‘.(S'.) .1
=1

Equation 5.8 provides the basis of our analysis method because it expresses the output
spectrum in terms of the input spectrum. Nature reserves dealing with the time domain
convolutions required by equation 5.4 solely for the mathematically masochistic.
Although this method provides very good results, the algebra involved with computing
these transforms is rather complex. Moreover, it is not absolutely convergent for
arbitrary input [39].

Perhaps the biggest barrier to widespread use of Volterra series is the manner in which
the existing literature presents the material. The theory of functionals and n-dimensional
transforms can be quite mystifying and perhaps even intimidating. Fortunately, the
application of Volterra series is not as difficult as equations 5.8-5.11 might suggest.
Several examples will best illustrate this. A more theoretical foundation will then follow

after we develop a practical basis.

5.2 Junction Capacitance Induced Distortion

We begin with a simple, but very important circuit. Consider the case where voltage
source with a linear source resistance is driving a reversed-biased junction capacitance.
An example is a source resistance reacting with the input capacitance of an amplifier at

high frequencies as shown in Figure 5.1. If the base current is small enough to neglect:
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+5 VDV
3
,‘
ICJC
— CJC
=
RS s > Ql
AN\ o I\& REFNPN1
50 vo(t)
vs(t) f{, 2
/7 IEE
7 Ql/ 1mA
4
-5 VDC

Figure 5.1 - A simple circuit that demonstrates the effect of nonlinear input capacitance

on distortion.



vs(2)zvo(t icjc(t)- RS

but:

icjc(tyc(vo(t),vcc).i’_“;g@

iCjC(t)=(Co+Cl -voltJrc, -vo(tV+c, —vo(tf...)»

cic)ecy L2, -vofe) 4200,

but using the chain rule in reverse we have the relationships:

(\d vo(t) 1 dvo(t)
dt 2 dt

w0t} d vot) _1dvot)

dt 3 4

vo(t)’ d vo(t)___ l1d vo(t)3

dt 6 da
then:
. d-volt 1
icje ) = ¢, dt( ), e
3
l-c, d -vo(t) + 1
3 - dt 4

(t)

()z.d—vo(t)
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(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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We developed the coefficients ¢;, c,, and c, when we considered the general sources of

distortion in a BJT (equations 3.8-3.10). Substituting equation 5.19 into equation 5.12 we

have:

2
+l-RS-r:l ______d-vo(t) +
2 dt

4
+l-RS'Cz -M) + ...
dt 4 dt

vs(t)= vo(t)+ RS ¢, -

d-vo(t)
dt

3
—;"RS'CZ .d-va(t)

Now we take the Laplace transform of each side:

d -vo(t)

2
+l--RS-c,--(-1;vo(—t2+
2 dt
3 4
Lgs.c, 4w, 1 ps . d-vole) +..
3 T ar 4 T dt

L{vs(t)}} = L{vo(t)+RS <, -

Livs()} = Livo(e)} +{RS <, -2 ':;(' )} + {—;—-RS-cl

d-vol)*
dt

1 d-vo(t)’, 1
(3RS, ;f()}+{Z-RS-c2 b+

d-vo(t)} +-1—-RS-c, {

L{vs(t)} = L{vo()} + RS <, -{ ™ >

d-vo(t)’
d

3
1 gs.c, (2200, (L s,
3 - dt 4

2

d-vo(t)’
{___dt b

but:

L{fe)=F(s)

'd-vo(t)z} +

}+

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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1Y) < r)-FO)

(5.25)
since we can define the initial condition to be zero:
F(0)=0 (5.26)
s0:
d f@), _
L= t=s-F(s) (5.27)
Substituting:
Vs(s)=Vo(s)+s-RS -Co -Vo(s)-f—-;-s-RS -y Vo(s) +
(5.28)

%-:»'-R.S'-c2 -Vo(s)3 ~i~:‘l--'.s'-RS-c3 -Vo(s) +...

Now this is our Volterra series. At this point, it may seem that Volterra series is a
trivial extension of power series, and from a mechanical standpoint that may be true (its
actually good news). However, the underlying mathematics that allows us to make the
jump from power series to Volterra series is very involved.

As with non-frequency dependent distortion, the even terms in this series will cause
even-order distortion and the odd terms will cause odd-order distortion.

With this series, we can use a variation of the harmonic balance technique to find the

distortion. When we used harmonic balance before, we assumed that the output variable
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was a Fourier series and calculated the coefficients. In this case, the series is already in

the Laplace domain, so the output is just a power series:
Vo(s)= a, -Vs(s)+ a, -Vs(s)z-i— a, -Vs(s)3+ (5.29)

The coefficients of this new power series are the Volterra kemnels [40] of the nonlinear
transform. Substituting this new series in our previous series for Vs(s), simplifying, and

truncating to third-order:

Vs(s)= [a,+RS -a, -c, vs]~Vs(s)

+ Fa2+ RS-a,-c, s+ -R-S—"'E—C—'—i] Vs(sy (5.30)

~

i RS-a’-c,-s
+ a3+RS-a3-co-s+RS'a,-a2-c,-s+-——'§—2— -Vs(s)

Again, equating similar coefficients on both sides of the equation we have three equations

and three unknowns. Solving for the Volterra kernels:

1

I 53
“T1+RS Gy S (532)
g, =— R Gs (5.32)

2= 2.1+ RS-cg-s)
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6-(1+ RS -c,-s)

a; = (5.33)

Notice that g, is just the linear transfer function of the circuit. This is similar to the
power series method where the first term was the linear gain. Thus, the kernel of a linear
transformation is the impulse transfer function. For the nonlinear case, we have
additional nonlinear transfer functions. The simplified formulas for distortion (i.e., based

on equations 2.16 and 2.17) are similar to the power series case:

a,(s) _,.

HD, =42 =370 (5.34)
2 Ial(‘g)ls:ja)
2 a;(s)y . _ ..

HD, =4 ), - 370 (5.35)
4 |al(s)|s=ja)

Using the simplified relationships is essential here to insure that our final equations are
concise. After making the substitutions for s, taking the magnitude and simplifying, the

distortion formula for the second harmonic is:

1A .R.s'-f-\/(1+(2-zz‘-c0 -RS-f)Z)-(l+(4-7r-co -RS’f)Z)’
- (+@-7-co-RS-F})

HD,

(5.36)
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Although we could determine the formula for HD; in the same way, the result is quite

cumbersome. Usually, junction capacitance nonlinearity produces a dominant second

harmonic, particularly if the reverse bias is large. As a reminder:

cJC
Co =—————=3iic (5.37)
3
vic
cJC-MJIC
G = VBC H0 (5.38)
vic-|1-—=—=
s

which are constants for a particular reverse bias voltage. Figure 5.2 is the PSpice™ input
listing for an example circuit. Figure 5.3 compares the calculated versus simulated
results for a specific circuit. Be careful to choose the correct sign for VBC. By

convention, a reverse bias would imply a negative voltage.
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Input Capacitance Distortion Example
* Pspice(TM) simulation file
temp 25

.probe

.options itl4=100 it15=0

.options reltol=0.0000001 abstol=0.01pa
.options chgtol=0.0001pc vntol=0.01uv

.0p
tran 200ps 200ns O 50ps

vecc30acOdc +5

vee40acO0dc-5

vin 1 0 ac | dc 0 sin(0 4V SOMEGHz 0 0 0)
iee24 Ima

ql 352 rfnpnl
rs 1550

model rinpnl npn IS=1.5e-16 BF=200 FC=0.5 CJC=200e-15 VJC=0.6
MIJC=0.3 CJS=400e-15 VIS=0.5 MJS=0.3

.end

Figure 5.2 - A PSpice™ input file listing for a simple emitter follower. Source resistance
interacts with the nonlinear input capacitance of an amplifier to cause distortion.



Full scale showing the fundamental:

input Capocif Oistortion £
S.0v
40V
lavy
20vy
1.0V
a.ov.
oMRy 5 “TOUMH o0 R ooun S00MH
ot Frequency
Expanded scale:
Imput C Distortion £

0 4myg

0.2m\4

°'°”'6‘£m TOUMM 200N [ o SO0MH

«¥(5)
Frequency

HD, (simulated)= 8044V
4.00V

=0.020%

z-A-c -RS-f-J(T+(2-k~co RS-V )Q+@-x-c,-RS-f)Y

HD, (calculated) =

=0.017%

(+@-7-co RS- FY)

94

Figure 5.3 - Output spectrum of the input capacitance generated distortion and a

comparison between the simulated value and the calculated value.



95

5.3 An Input Clamp Circuit

Placing a basic clamp at the input of a perfect amplifier as shown in Figure 5.4
produces another variation. In this case though, the diode junction capacitances form a
capacitive divider that provides a distortion compensating effect. Intuitively, as the signal
moves up and down, one capacitance increases while the other decreases.

After careful consideration of the reverse bias voltage and capacitive current polarities,

the Volterra series for our clamp circuit is:

Vin(s) = Vo(s)
+ 5-RS - (o +¢q3) - Vo(s)

(5.39)

+ %-s- RS -(c,,—¢};) -Vo(s)Z

+ %-s-RS-(cz,,+cz,,)~V0(S)J+

This series is similar in form to the one-capacitor case, so using the previous results, the

equation for second harmonic distortion is:

- A, "Clb)'RS’f'\/(Y“’(Z’”’(COa +Cot-)’Rs'f)l)'(l+(4":'(“o. +co,,)-RS-f)l))
(1+(4’7f’(coa+COb)'Rs‘f)2y

HD,

(5.40)
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Figure 5.4 - An input clamp example circuit.
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If the diffused capacitances match and the reverse bias voltages are equal in
magnitude, then ¢;, = ¢;, and HD, = 0. Figure 5.5 is a PSpice™ input file listing for a
demonstration circuit. Figure 5.6 shows the corresponding output spectrum. The third
harmonic might now be important and we may have to calculate it separately. In practice,
it is difficult to maintain the matching required removing the even harmonics entirely, but

still the distortion reduction is significant.

5.4 Diffused Capacitors in Monolithic Amplifiers

These formulas apply to a dominant source of distortion in a single stage operational
amplifier. An example of a single stage opamp is Analog Devices AD829 [41], which
uses the folded cascode topology similar to that shown in Figure 5.7.

A large portion of the distortion in this architecture comes from the high impedance
node driving the nonlinear junction capacitances connected to it. This situation is slightly
more complicated than the clamp, since there are at least four nonlinear capacitances

connected to the node instead of two. However, the form of the formula is very similar:

HD, =

”'A'(Clu—clb)'(’::’;':. }f'J[l""[z'ﬁ'(Co."’Cnp) RR: +r::, ] }[l; 4-- (Co.,*‘cu) RR0 +':,0 J )]
[14»[4 - (cg, +Co ) (Ro +':, ) f]

(5.41)



where:

Cly = CjCqp + CCop + CiSqp + CiSpn

ct; =cjcyp - €jCy, +CjSp - €Sy,

98

(5.42)
(5.43)
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Input Clamp Distortion Example
* Pspice(TM) simulation file

temp 25
.probe

.options itl4=100 itl5=0
.options reltol=0.0000001 abstol=0.01pa chgtol=0.0001pc vntol=0.01uv

.op
.tran 200ps 200ns 0 50ps

vec20ac 0dc +5
vee 30ac0dc-5

vin 1 O ac 1 dc 0 sin(0 2V SOMEGHZz 0 0 0)

dl42rfdl
d2 34 rfdl

rs 14100

.model rfd1 d IS=1e-16 FC=0.5 CJO=200e-15 VJ=0.6 M=0.3

.end

Figure 5.5 - A PSpice™ input file listing for the input clamp. A clamp circuit also causes
distortion, although the matching of the clamp diodes provides some cancellation.
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Figure 5.7 - The high impedance node of a folded cascode operational amplifier is a large
source of distortion at high frequencies. However, good matching between the NPN and
the PNP capacitances can compensate for the even ordered error.
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5.5 Volterra Series - Power Series Relationship

So far, we have treated Volterra series as separate and distinct from power series. One
might hypothesize that power series might be just a special case of Volterra series, and

that is, in fact, the case. Consider the general Volterra system:

¥ =k + 3 [ [ [t ult~7) - ule - 1,) d, -+ d, (5.42)
n=l oo —~om -0
then let
kn(tl’""tn)=an50(tl)."50(ta) (5'43)

where &  ,(t,) is a unit Impulse function [42]. The output reduces to the power series:

y(t) = au(t)+--- +au"(t)+--- (5.44)

This is a straightforward but not rigorous comparison of Volterra series and power series.

A more mathematical justification is given in [43].

5.6 Existence

We start with the theorems that govern the existence of power and Volterra series.
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Theorem 5.1 (Weierstrass Theorem for Power Series [44]): Let f(1) be a
continuous, real-valued function on the closed interval [ ¢,,¢, ].
Then given &€ > O there exists a real polynomial p(t) such that / fe) - p( t)/ <

g€  forall r that are elements of [ ¢,,¢, ].

The next theorem generalizes this to include Volterra series.

Theorem 5.2 (Stone-Weierstrass Theorem [44]): Suppose X is a compact space
and @ s an algebra of continuous, casual, and stationary real-valued functions on X
that separates the points of X and contains the constant functions. Then for any
continuous, real-valued function fon X and any € > O there exists a function V that
is an element of @  such that / fix) - Vix)/ <& forall x that are elements of

X

remark: As it applies to this discussion, V would denote a Volterra series.

Both of these theorems are quite abstract, and are given here primarily for reference.
The continuous, causal, and stationary requirements that this real variable version (there
are several other versions) of the Stone-Weierstrass theorem places on the nonlinear
function of interest, f, are rather severe. That fact that the functions have to be continuous

follows directly from the existence of the derivatives. The requirement of causality
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follows the same requirement for linear systems. However, the requirement that the
system is stationary, or, that the Volterra kernels do not vary with time, leads to the
principal limitation of Volterra series.

Much nonlinearity found in everyday electronics is nonstationary. The most common
of these is magnetic hysteresis that we find in broad classes of inductors and transformers
[45,46]. Intuitively, we must expand a Volterra series around one operating point, albeit
an n-dimensional one. Yet as we can see in Figure 5.8, hysteresis requires a different
expansion point for the rising and falling edges of the waveform, which would require the
Volterra kernel to vary with time. Hence, they would be nonstationary. In general, any
nonlinear dynamic system that has memory (hysteresis) or that has more than one stable
equilbria are not a good candidate for Volterra series expansion.

Since our focus is fundamentaily on bipolar amplifiers, the nonlinearity associated
with ferrite core inductors is beyond our scope. However, dielectric relaxation [47] is
another hysteresis effect that we commonly find with monolithic capacitors. The thrust
of this problem is that if we charge a capacitor to some specific value, the actual charge
stored on the capacitor might depend somewhat on the rate of which we stored the
previous charge on it. The effect is similar to hysteresis, and hence it is nonstationary as
well. This is of particular concern in track and hold circuits where we charge the

capacitor to a value through a switch.
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Typical Magnetic Hysteresis (BH curve)

1_

Figure 5.8 - Nonlinear transfer curve with hysteresis.
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The continuous, causal, and time-invariant, or CC&TT, test for Volterra expandability
is not very precise. Actually, it is a bit of a construct used to motivate a simple, intuitive
basis for excluding hysteresis. One can restate the Stone-Weierstrass Theorem such that
CC&TI does not follow directly.

The general question is under what conditions can some nonlinear function, y(t), be

exactly specified by a Volterra series expansion of the form:

II k (rl,--‘,ra) u(t— ‘tl)---u(t—‘l'n) dt---dr, (5.45)
o0

n

y(t) = ky +

Mi
Q‘—.t

1

2
1

In almost all cases, the burden on y(z) is that the nonlinearity be analytic, or in other
words, y(z) must be a complex-valued function that has derivatives that exist in the
domain of interest and satisfies the Cauchy-Riemann equations. Surprisingly, the
existence of derivatives is far more difficult property to achieve with complex-valued
functions that with real-valued functions. In fact, there are common complex-valued
functions that are defined everywhere but are analytic nowhere (for example, f(z) =

Conjugate(z) ). The sufficient conditions for analyticity are given by the theorem:

Theorem 5.3 (An analytic function): Let the function
y(t) = u(x, y)+iv(x, y), t=x+iy
be defined throughout some € neighborhood of a point #, = x,, + iy,. Suppose that the

first-order partial derivative of the functions # and v with respect to x and v exist
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everywhere in the neighborhood and that they are continuous at (x,y,). Then, if those
partial derivatives also satisfy the Cauchy-Riemann equations

Uu =v u. =-v

x ¥ ¥ x

at (x,,yo), the derivative y’(z,) exists and is y(t,) analytic.

The function f{z) = Conjugate(z) is not analytic since u, = I # u, =-I.

Still, analyticity is still an unrefined test in that there are some simple systems that are
indeed analytic yet; unfortunately, rigorous analysis shows that an exact Volterra
representation does not exist [39].

Research in this area of mathematics in the last decade has expanded the potential of
Volterra series into applications that the original theory excluded. In particular, Boyd’s
work in 1985 [39] showed that systems in which the hysteresis decreases over time are
expandable. He called this property fading memory. There is previous research on this
topic as well [48,49]. Bartos work in 1987 [50] extended Volterra series into some

classes of applications with abrupt (as opposed to weak) nonlinearities.

5.7 Conclusion

In this chapter we introduced the mathematics of Volterra series. The essential feature
is that Volterra series can be viewed as an extension of the Laplace transforms if the

nonlinearity is treated as a power series. The primary application for Volterra series in
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distortion is its use in predicting the distortion generated by nonlinear reactive elements,
the most common of which are nonlinear junction capacitances.

We looked at three closely related examples involving the interaction of a linear
resistance and a junction capacitance. First, we derived the formula for the second
harmonic distortion of one ideal resistor and a junction capacitor. Then we saw how two
parallel junction capacitors reverse biased at equal but opposite DC voltages could
suppress the even harmonics. This is a typical situation in a single stage operational
amplifier.

We then showed that Volterra series is just a generalization of power series. Finally,
we looked at several basic theorems relating to Volterra series. We found that the
practical result of these theorems is that Volterra series is not appropriate for the analysis
of nonlinear reactive elements whose nonlinearity includes any hysteresis, the most

common of which are nonlinear magnetic elements.
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6. DISTORTION ANALYSIS OF CLASSICAL OUTPUT STAGES

6.1 Overview

The circuits considered so far have been primarily concerned with the input and
voltage gain sections of a bipolar amplifier. Most amplifiers also contain a power gain

stage, and their analysis is separate and unique.

6.2 Emitter Follower Output Stage At Low Frequencies

Attempting to analyze a Class A (or emitter follower) output stage allows for the
demonstration yet another analysis technique. Consider the basic emitter follower of
Figure 6.1, and assume again that the frequency is low. The formula relating the input to

the output is:

ﬂ-[115+";zt] RB~[IE+VZZI:I
-+ ' - + vout 6.1)
B+D-IS f+1

Vin=VT -In



Q1
NPNNOM

VIN+vin
IIEE RL
ma 4K
-5 VDC

Figure 6.1 - A basic emitter follower circuit.
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Initially, assume that the source impedance is low, which lets us approximate 8 as a
constant. Again, we can not solve this equation directly for vour. We could use the
harmonic balance technique as before, but there is a more direct way. However, it
requires a reversal of the point of view. Instead of assuming a perfect input and finding
the output distortion, assume a perfect output and calculate the required input to produce
it. This is the anticausal feedback analysis advocated in [51].

First, assume that the input is level shifted up just enough to force the output-offset
voltage to zero. That implies that only ac current flows through the load- Expanding

around vout = 0, the series for Vin is:

Vin = VIN + vin (6.2)
Vin= |1+ RB + VT - vout
B (B+1)-RL IE-RL
L A
2-RI*-IE*
(6.3)
+-——£-— vour®
3.RC-IE®

Setting vout = A- cos(w t), truncating the series to third-order, simplifying, and

calculating the harmonic distortion:
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A2-VT
HD, = | A-RB A VT A-VT | (64)
4-1E*-RL*-| A +—— : :
[ RL+,6~RL+4-IE3~RL’+IE-RL]
A3 VT
HD, = | A-RB A VT  A-VT | (63)
3 3 ) . 3
\IE3-RE-| A
12-IE"-RE [ +RL+,6-RL+4-IE’»RL3+IE-RL]

Figure 6.2 is a PSpice™ listing for the test circuit and Figure 6.3 shows the simulated
results versus the calculated results. In this case, A is the output amplitude instead of the
input amplitude. Notice that if RL is very large, the distortion goes to zero. If the load is
reactive (e.g., a capacitor) then we can use these formulas by substituting the formula for
the impedance for RL, substitute s=j@ , and taking the magnitude.

If the source impedance is high, then the variation in Vbe does not determine the
transfer function. Instead, we can relate the emitter current to the base current by the

standard equation:

le=1b-(B+1) (6.5)

The load current is the incremental emitter current. Now, we can no longer assume that 3

is constant over a wide range of collector current. We may approximate £ as:
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Emitter Follower Distortion Example
* Pspice(TM) simulation file

temp 25

.probe

.options itl4=100 it15=0

.options reltol=0.0000001 abstol=0.01pa chgtol=0.0001pc
.options vntol=0.01uv

.op

.tran 10us 10ms O lus

vec30acO0dc +5

vee40ac0dc-5

* vin is shifted up to set the output offset at zero

vin 1 0 ac 1 dc 0.768903 sin(0.768903 2V 1KHz 0 0 0)
iee 54 lma

gl 32 5 npnnom
rl 504K
rb 12500

.model npnnom npn ( IS=1.5e-16 BF=200 )
.end

Figure 6.2 - A PSpice™ listing for the emitter follower output stage test circuit. The load
resistor driven by an emitter follower is a feedback resistor in disguise.
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Figure 6.3 - Emitter follower output spectrum and the calculated versus simulated
distortion.
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ﬂ=[—1‘e—] (6.6)
I+—

Using our now familiar procedure (harmonic balance) the distortion is approximately:

HD. = A-BF*. IKF*
: (IBZ+4-BF-IB-IKF+IKFz)-(2~BF-IKF+JIBz+4~BF-IB-IKF+IKFZ)
(6.7)
D, A® - BF® - IKF?
" (1B*+4-BF - IB-IKF + IKF*) -(BF - IKF +IB* +4- BF - [B- IKF + IKF*)
(6.8)

6.3 Class AB Qutput Stages

Moving from a class A emitter follower to a class AB stage adds crossover distortion
to the list of errors, but also provides some distortion cancellation [52]. To demonstrate,
assume that each output transistor has negligible Vbe distortion and is only on for one half
of the cycle. As shown in Figure 6.4 for a specific circuit, there are two half rectified sine

waves of opposite polarity. The Fourier series for a half rectified sine wave is:

2-A|l &« 1 |
v(t) = —ﬂ—-l:—i-i—-‘-t--cos(a) +§-cos(20t) -E-cos(4ax) + ] (6.9)
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Figure 6.4 - A simplified class AB output stage and the resulting collector current
waveforms.
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If we had included the effect of Vbe nonlinearity, there would be odd harmonics as well
as additional even harmonics. The positive half wave with peak Ap is:

v (t)—gﬂ [—1—+£ cos(ax)+—l- cos(2ax) Lo dax) + 6.10)
=7 1273 3% 15 ©

The negative half wave with peak -An is:

. 1l =« 1 1
n(t) = ————- |:—2— 1 cos(ax) + 3 cos(2ax) I cos(4ax)+.. ]

using : (6.11)
cos(@+nr)=cos(@) neven cos(@+nz)=-cos(@) nodd

The total output voltage is then the sum of the two:

vo(t) = vp(t) + vn(t) (6.12)
SO:

2»(Ap-An)+Ap+An

vo(t) = > -cos(ax)
(6.13)
+M——An—)-cos(2ax) +M-cos(4a) +...
3-n 15-n7

If the transistors match well (including the Vbe induced even harmonics), Ap = An and
all the distortion terms go to zero. If there is some gain mismatch, the 2nd harmonic

distortion is just:
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4 Ap-4A
HD, = p—n

= . 6.14
° 3.-w Ap+An (6.14)

Remember that the gain error in real transistors is a function of frequency as well, so if
the PNP is much slower than the NPN, the even order distortion will get worse as the
frequency increases. In fact, that’s usually the case. Also, if there is a mismatch in the
temperatures of the NPN and PNP that could also cause a gain error as well and hence
harmonic distortion.

We can look at the Vbe and crossover nonlinearity in yet another way. The gain of this

stage is:

Vo RL

Vin - RL+ rep"p"re"‘wl (6.15)

However, with this we are not going to assume that the re values are linear. If we assume

that § is large we can write the equation:

Vo RL
- 6.16
Vin RL + ————-VT ( )
IC,, +IC,

Further, if we bias both transistors at a nominal current /Q one can show that:

Io+4/I0* +4- IQ?
IC = 0 d Q 6.17)

npn 2
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c < ~lo+4Io* +4-1Q?

mp = 9 (6.18)

Finally:

Vo 1

Vi; = Gain(Vo, IQ) = VT (6.19)

1+ = =
J4-1Q* - RI? +Vo®

As we can see in Figure 6.5, with RL=/00 ohms this gain is highly nonlinear for low
values of quiescent current /Q, although it is symmetric which implies that there are no
even harmonics. Of course, we can calculate the distortion directly. If there is no DC

offset at the output (VO=0), a simplified expression for the distortion is:

HD,=0 (6.20)

A*-vr
HD, = (6.21)

3
32-(2-(IQ2 -RI?) + 1Q* - RL? ~VT)

If VO# 0, we lose the symmetry and create a second harmonic. For this case the

simplified distortion expressions are:
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Figure 6.5 - The gain of a sample class AB circuit versus output voltage and quiescent
current.



3-A-IQ*-RL*-VO-VT

HD, = S
(4-10*- R +V02)-((4-1Q2-R1} +VO*) +4-IQ* - R[? -V‘I’J
(6.22)
HD. 2-A*-IQ*- RI*-VT -(VO* - IQ* - RL?)
3= 3
(4- 10 - RI? +VO?Y -((4.1Q2-RL2 +VO* )2 +4-[Q* -RL ~VT)
(6.23)

It may not be a surprise at this point, but we can improve the distortion of the class AB
stage by adding some emitter degeneration to both the PNP and NPN driver transistors.
What is interesting though is that there is an optimum value for that resistance for a
particular quiescent current. Also, we can use this situation to illustrate yet another
limitation of the power series representation.

To this point in our analysis we have been fortunate in that we have been able to
reduce each source of distortion to one governing nonlinear equation that we then use to
find a power series. However, there is some nonlinearity that we cannot reduce to one
simple describing equation. For the class AB output stage with emitter degeneration, we

can show that the governing equations are:

—=1I, -1 (6.24)



RE(210—l 1y )}

I = IQ? [ 7
-1, =10"-e

npn (6.25)
Vo RL
Vin vT VT (6.26)
+RE |-| —+RE
RL + I"P" IP'!P
vr
I +RE + + RE
'/ npn I prp

Equations 6.25 and 6.26 are nonlinear and tightly coupled. We are not able to solve

these equations simultaneously to eliminate I, and I, and obtain an equation that is a

pnp
function only of the variables Vo and Vin.  Also, we are not able to expand [,,, and [,
in a small signal series to remove the transcendental equation because in general they are
not continuous variables (in fact, in the usual case they would be half rectified sine
waves), so truncating our series after three or so terms to minimize the complexity as we
have done so far would not lead to an accurate expression. This approach would not yield
a closed-form equation for harmonic distortion.

What we can do though is characterize the nonlinearity over a range of variables.
Figure 6.6 illustrates one common case. This plot shows the class AB output stage
voltage gain when the nominal quiescent current is 1ma, the load resistance is 100 ohms
(the equivalent of a doubly terminated load), the emitter degeneration varies from O to 50
ohms, and the output voltage varies from -5 volts to +5 volts.

From this graph we can clearly see that there is an optimum value of RE for minimum

crossover distortion. In this case the line that is most linear is the one corresponding to
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16.66 ohms. What relationship does this value have to the other circuit variables?
Around 0 volts where the most distortion is taking place, when RE=0 the dynamic emitter
resistance as seen by the load is in the process of changing from re/2 toward re when one
of the transistor cuts off. The optimum value of RE to minimize this nonlinearity is just

the average value of the dynamic nonlinearity, thus:

(6.27)

This equation predicts that the optimum value for our previous example is 18.75 ohms
which agrees favorably with the graph. If the load is very small, then this equation is only
approximate. Also, we need to remind ourselves of the implicit assumptions. We
assumed that we could neglect 8 and Early voltage errors, and that the transistors match

well.

6.4 Conclusion

In this chapter we completed our distortion analysis of the fundamental subcircuits by
examining the distortion produced in classical output stages. We analyzed both the
class-A emitter follower and the class-AB follower. In the class-AB case we showed that

some even harmonic suppression could occur if the positive and negative going paths
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match well in gain and phase. Finally, we saw how the inclusion of small and optimally

sized emitter degeneration resistors can further improve the linearity of the class-AB case.
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Figure 6.6 - A graph illustrating the effect of emitter degeneration on class AB
nonlinearity.



7.0 DISTORTION REDUCTICN SCHEMES

7.1 Overview

Often, we look primarily to negative feedback for assistance when it comes to
distortion reduction, but in reality there are about five common distortion reduction
procedures that we can use. We might classify them as negative feedback, brute force,
neutralization [53], cancellation [54], and feedforward error correction [55]. Most
amplifiers use two or more of these schemes either by design or by accident.

We have already seen several of these approaches. Brute force is the simplest
approach, in that it amounts to just increasing the power or decreasing the signal swing.
For example, if we increase the tail current in a differential pair while holding the gain
and signal swing constant, the distortion will decrease. Equation 4.20 predicts this.

Neutralization (also known as bootstrapping) is a form of positive feedback. The
principal idea is that if you somehow manage to drive both sides of an element (linear or
nonlinear) with the same signal, no current flows through the element and it ceases to
have any significant effect on the circuit. Obviously, getting signal swing to both sides of
an element is a difficult thing to do in general, yet there are some situations were we
could do it.

Next, when we placed the inverting amplifiers in series in section 2.4 we were using

distortion cancellation. Another example is the matched nonlinear capacitors in our
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clamp circuit discussed in section 5.3. Perhaps the biggest problem with this approach is
sensitivity. For absolute cancellation, we must have relative matching.

By convention, we divide negative feedback into two categories, i.e., local feedback
and global feedback. Local feedback usually describes circuits where we apply feedback
to one or two active devices, while global feedback applies to feedback around many
active devices.

Finally, feedforward error correction is a scheme that officially predates negative
feedback (at least as applied to amplifiers) in that Harold Black actually invented it first.
The principal is straightforward. You begin with an existing amplifier, use an auxiliary
amplifier to measure the difference between its input and output (i.e. offset, gain error,
distortion etc.), invert the error signal, and then add it to the output. In theory we could
set the distortion to zero even if the primary amplifier was quite crude. There are
practical problems with this method as well, but there are at least two cases where people
have applied it successfully [56,57].

Because of the complexity of implementation, at this point three of these schemes
warrant further development: global feedback, feedforward error correction, and

neutralization.

7.2 Global Feedback

Most engineers are comfortable with the fact that feedback reduces distortion at the

expense of closed-loop gain. In fact, many basic textbooks on electronics list distortion



128

reduction as one of the primary reasons for using feedback [58]. However, most
textbooks do not address the manner in which feedback affects each harmonic, and the
derivation of the closed-loop distortion from the open-loop distortion power series brings
up a few surprises [59]. Although we could apply the results of this section to local
feedback circuits as well as global, it is usually more useful to derive those local feedback
results directly (as we have done for many cases already).

Consider the classic feedback system shown in Figure 7.1. Let’s begin by taking a
guess at how feedback might be affecting our harmonics. Recall from equation 1.1

(switching to modern variable convention):

A
Yo _ (7.1)

vs 1+A-f

From linear control theory, we define A- f as the loop gain [60]. Since we can obtain
the closed-loop gain by dividing the open-loop gain by (1 + loop gain), one might
hypothesize that we reduce each open-loop harmonic by (1 + loop gain) as well. The best

answer is that there is not yet sufficient information.
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VIN VS - VFB

= VS — BxVO

VS g/ VIN A VO

VFB

Figure 7.1 - A feedback system showing the input and output relationships.
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Feedback affects things other than distortion. In particular, feedback lowers the closed-
loop gain. This implies that for a constant input, increasing the amount of feedback
lowers the output signal swing proportionally, which directly decreases distortion
independent of any linearization that is taking place. On the other hand, if we assume a
constant output we can calibrate out the reduction in closed-loop gain.

Begin by considering the first case, which assumes constant input amplitude. With no
feedback applied (8 = 0), the closed-loop distortion is equal to the open-loop distortion.

or:
Vo =a,-vin+a,-vin® +a,-vin’ + ... (7:2)

One can find the open-loop distortion coefficients using the methods developed thus far.

When we apply feedback, we sum the voltages at the input:

vin=vs - f-vo (7.3)
this series now becomes:

vo = a, -(vs— fB-vo) + a, -(vs— B-vo)* +a,-(vs— B-vo)’ + --- (7.4)

This is not quite the form that we would want because the output voltage, vo, is on
both sides of the equation and is a nonlinear function of vs. What we need for closed-

loop distortion is something like this:
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vo = b, -vin+b, -vin® + b, -vin® + ... (7.5)

The trick is to assume that we can obtain the coefficients of this new series by expanding

a Taylor’s series around O volts:

v+~ + - ls=0vw=0 (7.6)

If we consider only the first three terms, the formulas for the closed-loop series

coefficients are:

d-vo

= b 7.
dvs ! (7.7)
1 d*-vo
e =b1 7.
2 dvs? - (7.8)
1 d*-vo
s aw D (7.9)

To solve these equations we need to perform implicit differentiation on equation 7.4. The

development is as follows:

basic series:



vo =a, -(vs— f-vo) + a, -(vs - - vo)*

vs =0.vo =0

+a,-(vs—B-vo)’ +---

first implicit derivative:
d-vo d-vo
=a-|1-8-
dvs O ( s dvs )
solving:
d-vo  a
dvs 1+ f-a,

second implicit derivative:

2

- d-voY d” -vo
dvs’ —2»a2—(l-ﬂ- dvs) ~B-a- dvs®

solving:

dz-vo_ 2-a,

dvs® (H-,B~al)3

third implicit derivative:
d?-vo ( d-vo )3
—_—=6-a,-{1-8-
dvs’ 6-a, B dvs

d-vo\ d*-vo d?-vo
—6.ﬂ-a2-(1——ﬂ- dvs)

. dvs* —ﬂ-a,- dvs®
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(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)
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solving:

d*-vo _ 6-(-2-ﬂ'a12+a3+ﬂ-a,-a3)

o (I*‘ﬂ'al)s

.16
dvs (7.16)

Now, use these new formulas to relate the open-loop power series coefficients to the

closed-loop ones:

a,

“a @
a
b o= ———2 7.18)
: (l+a,-ﬂ)3 (
b3=a3~(1+a1-ﬂ)-25'a{-ﬂ 019
(l+al ﬂ)

Substituting these coefficients in our standard simplified formulas for distortion we get:

HD, =—2 % (7.20)
2-a -(l+a, -,B)

(7.21)

HD, a,-vs* (a3 (144, »ﬂ)—2-azz~ﬂ]

T4a-(+a B\ a-(+a-B)

Clearly, the loop gain (a;- f3) reduces both the second and third-order distortion as

expected, but not by the same amount. Recall that the open-loop gain is a function of
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frequency as well, so when doing the calculations we must use the amount of open loop
gain available at the harmonic frequency, not the fundamental frequency. Also, second-
order distortion goes up linearly with the input signal level, but the third-order distortion
goes up as the square of the input level. In fact, our equations predict that the third-order

distortion might even cancel if:

2-a,}-B=a;,-(1+a,-p) (7.22)

Strangely, if there is no second harmonic (a,=0), then this cancellation is impossible.
In practice, we do not usually see the cancellation because the conditions are difficult to
meet, and the simplified relation for D, that we used in the derivation is in general not
valid beyond first order.

Originally we guessed that we would reduce each harmonic by (1 + loop gain). Yet
equations 7.20 and 7.21 predict that we reduce HD, by (1 + loop gain)?> and HD, by
(1 + loop gain)® which is a much more dramatic reduction. Which formula is correct?
The answer lies in our initial assumptions. These derived equations assume that we hold
the input constant, not the output. First we reduced the distortion by negative feedback,
and then we reduced it by decreasing the linear gain. Thus, we lowered the distortion
twice.

We can modify the derivation for the constant output case. First, using equation 2.8

and ignoring the effect of the higher order odd terms on the linear gain:
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vo = b, - vin (7.23)
The higher order terms are negligible since the linear gain is much greater than the gain
compression terms in most cases. Substituting equation 7.23 into our simplified

distortion expressions, equations 3.31 and 3.32, we have:

b‘l - A
HD, = —>%~ 7.24
2 2-5? ( )
b3 - Aau m’2
HD; == — 35— b]'f (1.25)

Using these equations along with equations 7.17-19 we get new expressions for

distortion, this time with the output held constant:

a,- Aou:pu:

= 7.
D= i e B) @26
- ai'Aaquurz a3'(1+al -ﬁ)—Z-azz-ﬂ
HD, = 4“‘13’(1‘*'“1 ﬂ)( 2, ~(l+al ﬂ) (7.27)

7.3 _Feedforward Error Correction

Figure 7.2 shows a block diagram for a feedforward corrected amplifier. A number of
authors have examined feedforward error correction. In particular, Vanderkooy and

Lipshitz developed a sound theoretically basis [61]. One of the greatest advantages of
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feedforward error correction is speed. It allows us to use open loop or local feedback
techniques for linearization without the great restriction of stability. However, one of the
greatest disadvantages of feedforward correction is sensitivity. We must precisely control
the gain of the main amplifier and the auxiliary amplifier to achieve null. This can be
hard to achieve, particularly over a wide range of voltage and frequency. There is also a
simultaneity problem in that the error signal and the main signal must be coherent with
respect to the output. Any difference in the instantaneous delay would mean that we
would be summing in the wrong error signal. Finally, this assumes that the auxiliary
amplifier does not itself distort. In practice, the error amplifier does not need to have the
same linearity as the main amplifier since its input voltage is just the main amplifier’s
error voltage that should be small except at the extremes.

It is quite difficult to avoid using any feedback at all. The intrinsic transconductance
of a BJT (or any kind of transistor) is in and of itself a form of feedback and it is never
going be zero. Hence, all practical feedforward corrected amplifiers will contain negative
feedback paths as well. Figure 7.3 illustrates this.

To derive the effect of feedforward error correction on distortion, first recall from the

negative feedback analysis:
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Vout

Vin

Figure 7.2 - Basic feedforward error correction scheme.
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am,
L+am, - fm
+— 0 Vin? (7.28)
(1+am, - fm)
. am, -(1+am, - fm)—=2-am,?* - fm
(1+am, - fm)’

Vom = -Vin

Vin®

ae,
1+ae, - fe

+—22 Vem® (7.29)
(1 +ae, - ﬂe)

ae;-(1+ae, - fe)—2-ae,* - fe ;
5 'Vem
(l+ael ﬂe)

Voe = -Vem

but:

Vem = Vin—Vom- fm (7.30)

substituting:

1+ ae,

ae,

ae
Voe = ————.(Vin — Vom-
oe l-ﬂe(m om- fm)

+(1+a_eﬁe?. (Vin -~ Vom- ﬁn)z (73D
-

ae,-(1+ae, - fe)—2-ae,’ -

Be i —Vom. Bm)
(l+ael-,3e)5 -(Vin - Vom - im)
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also:

Vout = Vom+ Voe (7.32)
substituting, simplifying, and truncating to third order:

Vout = h,-Vin+ h, -Vin® + h, -Vin® (7.33)

where:

b= ae, +am, +ae, -am, - fe (734)

~ (1+ae,- e)-(1+am, - fm)

ae, _,__am . aezw;"az-ﬁnz :
(1+ae-fef (1+am-fm) (1+ae -fe) -(1+am, - pm)

ae, -am, - fm _ 2-ae, -am, - fm
(1+cu:,-ﬂe)-(l+am,-ﬁn)3 (l+ael-ﬂe)3v(l+aml-ﬂm)

hy = (7.35)

ae, . ae,
(1+ae,-Be)  (1+ae,-Be) - (1+am - fm)
. am, N ae, -am, - fm

(1+am, - )’ (1+ael-ﬂe)-(1+a"h-ﬁim)4

—
-

(7.36)

The value for i, and h, contain all original terms. For simplicity, the value of h; does

not. To find the value of B e that achieves distortion null, consider the simplified case



141

where the error amplifier adds no distortion. The allows us to set ae, and ae; to zero.

The values of h, and h; are:

p =Mt 3ae,am, fe + 3ae;"am,fle’ + ae,’am, fe’ — ae,am, fim — 2ae,’am, feim — ae,’am, fe’ fm
: (1+ae, - fe)(1 + am, - fm)

(7.37)

h},=ana-2’amz’ -Bm+am, -am,-fm _ ae, - fm-(am, —2-am® - fm + am, -am, - fm)
(1+ am, - Bm)’ (1+ ae, - Be)1 + am, - fim)’
(7.38)

The formula for h’; includes terms that did not appear originally in equation 7.36 to

increase the accuracy. Setting both of these formulas equal to zero we find that the

balance condition for both harmonics is (fortunately) the same:

1
fe = pm— e (7.39)

1

If we do not neglect the distortion of the error amplifier or the terms greater than third
order, the balance condition is slightly different.

In [62] there is a discussion of the design of feedforward corrected audio amplifiers.
At the transistor level, one of the most important feedforward error correction
applications is in linear V-I conversion. Figure 7.4 shows the Cascomp circuit originally
patented by Patrick Quinn [63]. The main amplifier consists of the differential pair

formed by transistors QI and Q2. At moderate frequencies the dominant distortion is Vbe
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nonlinearity which cascode transistors Q3 and Q4 reproduce. A GM generator (i.e., a
circuit that creates a transconductance) measures this error, reverses its polarity, and adds
it to the output.

The GM generator can be a differential pair similar to the main amplifier as shown in
Figure 7.5 [64]. However, the auxiliary amplifier is not cascoded which reduces the
benefit of the main amplifier’s cascode. Figure 7.6 shows a solution to this in that both
the main amplifier and the auxiliary amplifier are cascoded [65]. To first order, the

nonlinearity is nulled if we satisfy:

2
R2=R3——— (7.40)
gm,

This is precisely what equation 7.39 predicts. There are other topologies for linearized

V-lin [66,67].
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Figure 7.4 - Quinn’s feedforward corrected differential pair.
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Figure 7.5 - Simplest implementation of the feedforward corrected differential pair in
which the error amplifier is also a differential pair.
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Figure 7.6 - Feedforward corrected amplifier in which both the main amplifier and the

error amplifier are cascoded.
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7.4 Neutralization/Bootstrapping Techniques

Positive feedback has a bad reputation, yet it is quite acceptable as long as the loop
gain is always less than one. At the transistor level, the most common form of positive
feedback is the situation where we would like to neutralize some specific, yet inherent
element by driving both sides of it with the signal. The element is "lifting itself by its
bootstrap”, hence the name bootstrapping. Figure 7.7 illustrates this. The increase in

impedance of the element is (Rx from the figure generalized to Zin,;):

_Zin,,

=1-4 (7.41)

Zlneﬂeﬂiw

Although bootstrapping is most commonly used to increase the output resistance of
current mirrors, the same mechanism will reduce several types of distortion as well. In
some cases bootstrapping can eliminate the nonlinear component entirely, while in other
cases it can just keep something from varying with the signal level (i.e. it linearizes it).

Consider the class AB output stage discussed in section 6.3. We illustrated that
mismatches in the gain of the positive and negative paths generate even harmonics that
would otherwise cancel. Several of these mismatches are a strong function of the
transistors’ base-collector voltage. First, the output impedance of the driver transistors is
a function of the signal level. For a typical very high speed complementary bipolar

process:
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Rin —> Rx
Rin=Rx
(b)

]
Rin —> % Rx \A/

Rin=Rx/(1-A)

Figure 7.7 - The effect of bootstrapping on impedance.
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VAF,, =30
VAF,, =15

prp

If the output current is 50ma, the NPN output impedance is 600 ohms, while the PNP
output impedance is only 300 ohms. Since these output impedances are in parallel with
the load, the Early voltage errors make the load appear to be nonlinear. Similarly,
transistor 8 and fr are also strong functions of base-collector voltagg and will cause
distortion as well.

A solution is to bootstrap the output transistors as shown in Figure 7.8. Nelson Pass
developed one of the first practical implementations of this technique [68]. The effective
output impedance of the transistors is now very large, and the values of 8 and fr do not
vary much with the signal level. There are still mismatches that can cause distortion, yet
many of the major sources disappear.

Yet another benefit of bootstrapping the base-collector voltage is the elimination of
the base-collector capacitance as well. There are at least two situations in which this is
very beneficial. As we saw in section 5.2, source resistance interacting with the nonlinear
input capacitance of an amplifier can cause distortion before the signal even get into the
amplifier. Figure 7.9 illustrates a solution where a bootstrapped cascode neutralizes this
capacitance.

Also, in section 5.4 we showed how nonlinear junction capacitance associated with the
high impedance node can cause distortion. Figure 7.10 illustrates one possible

architecture where bootstrapping neutralizes all the NPN base-collector capacitances.
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Even though this does not eliminate the substrate and the PNP base-collector capacitors,
the distortion that they cause is now common mode; that is, they create equal amounts of
distortion on both sides of the current mirror. The amplifier then rejects the common
mode error to the limit of the amplifier’s common mode rejection ratio at the frequency of
interest. A similar circuit developed by Scott Wurcer [69] is commercially available.
There are other methods of achieving this common mode error signal as well [70].
Another advantage of this circuit is that the output impedances of the current sources

increased dramatically, which can dramatically increase the DC open loop gain.

7.5 Conclusion

In this chapter we reviewed several circuit techniques for achieving low distortion.
The effect of negative feedback on distortion was examined in depth. Distortion
reduction by feedforward error correction was also examined, and several circuit
examples were given. Finally, we looked at techniques involving the use of positive

feedback where the loop gain is less than one.
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Figure 7.8 - Bootstrapping the output driver transistors lowers distortion by reducing the
Early voltage error mismatch.
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Figure 7.9 - Bootstrapping a differential pair will linearize the input capacitance.
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Figure 7.10 - A folded cascode in which bootstrapping reduces the nonlinear capacitance
induced distortion.
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8. CONCLUSION

In this work we developed specific analysis techniques, heuristic insights, and specific
sub-circuits for the design of low distortion bipolar amplifiers.

Chapter 2 presents the basic notation of power series and developed the relationship
between power series and Fourier series for a single tone input. We discussed
convergence and then created the simplified formulas for harmonic and intermodulation
distortion found in equations 2.16-2.17. We derived and verified with experimental
evidence the mathematical conditions required for two distortion cancellation schemes
(specifically second harmonic inversion and a fully differential signal path). Chapter 2
concludes with a discussion of the Fourier coefficients generated by a square wave and a
triangle wave as applied to clipping and slew-rate limiting effects in an amplifier. The
relationships then validated with experimental evidence.

Chapter 3 lists the fundamental causes of distortion in a bipolar transistor. We derived
the power series for Vbe, B, and diffused capacitance nonlinearity. This chapter also
listed several other often-neglected distortion sources.

In chapter 4 we analyzed the harmonic distortion of a common emitter amplifier and
compared the results versus simulation. We also analyzed the harmonic distortion of a
differential pair twice. In the first analysis we neglected the effect of component
mismatch. We also compared this to simulation. We then extended the analysis by

including mismatch and discovered that the mismatch can cause even harmonic distortion
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in a circuit that otherwise has none. We found that mismatch has little effect on odd
order distortion.

In chapter 5, we extended our analysis techniques to include frequency dependent
distortion through Volterra series. We discussed some basic history of Volterra series,
and then used the techniques to develop equations for distortion generated by nonlinear
junction capacitance. With this we again addressed the effect of component mismatch.
Finally, we developed some of the analytical basis of Volterra series.

In chapter 6 we discussed the distortion related to bipolar amplifier output stages. We
developed formulas for harmonic distortion in a Class-A emitter follower and introduced
the technique of anti-casual analysis as an alternative to harmonic balance. We also
presented the expression for distortion under the case of high source impedance. In this
case, the Vbe induced nonlinearity is negligible and #  nonlinearity dominates. The
chapter concluded with the analysis of a Class-AB follower. We derived expressions for
harmonic distortion, and showed that the Class-AB follower can provide some
suppression of even order harmonics. Also, we showed that the inclusion of emitter
degeneration resistors could have linearizing effect under the proper conditions.

Chapter 7 focused on distortion reduction techniques. First, we looked at the benefits
of negative feedback and analyzed the relationship between closed-loop power series
coefficients to the open-loop power series coefficients. @ We then moved on to a
technique know as feedforward error correction and showed that under specific balance
conditions it could dramatically lower distortion as well. We derived the fundamental

balance condition for several practical circuits. Finally, we discussed two local, positive
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feedback (with loop gain less than one) techniques, namely, neutralization and
bootstrapping. We showed that the benefit of these techniques is their ability to remove a

specific nonlinearity from the signal path.



APPENDIX A - STANDARD BJT SPICE PARAMETERS

These parameters are specific to the PSpice™ syntax [71].

Table A.1 Enhanced Gummel-Poon Spice Parameters

Parameter Name Description Units
IS transport saturation current AMP
BF ideal maximum forward beta
NF forward current emission coefficient
VAF forward Early voltage VOLT
IKF comer for forward-beta high-current roll-off AMP
ISE base-emitter leakage saturation current AMP
NE base-cmitter leakage emission coefficient
BR ideal maximum reverses beta
NR reverse current emission coefficient
VAR reverse Early voltage VOLT
IKR comner for reverse-beta high current roll-off AMP
ISC base-collector leakage saturation current AMP
NC base-collector leakages emission coefficient
NK high-current roll-off coefficient
ISS substrate p-n saturation current AMP
NS substrate p-n emission coefficient
RE emitter ohmic resistance OHM
RB zero-bias (maximum) base resistance OHM
RBM minimum base resistance OHM
IRB current at which Rb falls halfway to RBEM AMP
RC collector ohmic resistance OHM
CIE base-emitter zero-bias p-n capacitance FARAD
VIE base-emitter built-in potential VOLT
MIE base-emitter p-n grading factor
clc base-collector zero-bias p-n capacitance FARAD
vic base-collector built-in potential VOLT
MiC base-collector p-n grading factor
Xcic fraction of Cbc connected internal to Rb
cJs substrate zero-bias p-n capacitance
VIS substrate p-n grading factor
MIs substrate p-n grading factor
FC forward-bias depletion capacitor coefficient
TF ideal forward transit time SEC
XTF transit time bias dependence coefficient
VTF transit time dependency on Vbc VOLT
ITF transit time dependency of Ic AMP
PTF excess phase @ /2n-TF) Hz DEGREE
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Table A.1 -~ Continued

TR ideal reverse transit time SEC
QCo epitaxial region charge factor COULOMB
RCO epitaxial region resistance OHM
VO carrier mobility "knee” voltage VOLT
GAMMA epitaxial region doping factor

EG bandgap voltage (barrier height) eV
XTB forward and reverse beta temperature coefficient

XTI IS temperature coefficient

TREI RE temperature coefficient (linear) oc!
TRE2 RE temperature coefficient (quadratic oc?
TRB1 RB temperature coefficient (linear) sc!
TRB2 RB temperature coefficient (quadratic oc2
TRM1I RBM temperature coefficient (linear) oc-t
TRM2 RBM temperature coefficient (quadratic °oc?
TRCI RC temperature coefficient (linear) oCt
TRC2 RC temperature coefficient (quadratic oc2
KF flicker noise coefficient

AF flicker noise exponent
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