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ABSTRACT 

The generation and development of large 2D vortical disturbances (coherent struc

tures) in forced transitional and turbulent wall jets is investigated using several nu

merical techniques. For the early and late transition stages, 2D Numerical Simulation 

(2D-NS) and Direct Numerical Simulation (DNS) are employed, while for the forced 

turbulent flow Unsteady Reynolds-Averaged Navier-Stokes (URANS) calculations are 

used including a new, simplified approach called "Stability" RANS (SRANS) which 

substantially reduces the computational effort when compared to URANS. As base 

flows for the investigations, three prototypical wall jets are considered: Low and high 

Reynolds number laminar wall jets, represented by the Glauert similarity solution, 

and a turbulent wall jet {Rej = 10,000), modeled using a nearly self-preserving RANS 

solution starting at a virtual nozzle. The investigations of 2D vortical disturbances 

in both the transitional and the turbulent wall jet follow the 2D stages of shear flow 

transition, beginning with receptivity to harmonic forcing, followed by linear and 

nonlinear disturbance development, and 2D secondary instability. It is shown that 

the disturbance development in the turbulent flow parallels the one in the transi

tional flow in many respects. In paxticular, a 2D subharmonic resonance is found in 

both flows leading to a subharmonic resonance cascade with repeated vortex merging. 

Competing 3D fundamental and subharmonic resonances in the transitional wall jet 

are studied using a linearized Navier-Stokes code and 3D DNS. These 3D secondary 

instabilities weaken or diminish the 2D disturbances and lead to turbulent break

down. Yet, for large amplitude forcing, the 3D resonances are surpassed by the 2D 

subharmonic resonance which leads to vortex merging upstream of the breakdown. 

With a 3D DNS of bypass transition, where a high Reynolds number laminar wall 

jet is tripped with large amplitude 3D forcing, it is demonstrated that 2D vortical 

structures persist in the presence of 3D turbulent fluctuations. In this simulation, 

2D vortical structures emerge during transition and undergo repeated merging in the 

turbulent flow downstream. 
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NOMENCLATURE 
2, j  grid point index in streamwise and wall-normal direction 

I ,  J  number of grid points in streamwise and wall-normal direction 

k  spanwise Fourier mode (A: = 0 is 2D mode) 

K number of spanwise Fourier modes, k  = [0, K]  

n  Fourier mode in time, (n = 0,1/2,1, 2... represent mean, 
subharmonic, fundamental, first higher harmonic...) 

N number of Fourier modes in time 

Lref reference length 

x, y ,  z  streamwise, wall-normal, and spanwise directions 

t  time 

Arc, Ay, Az step size in x ,  y ,  and z  direction 

At  time step 

^in, ^out streamwise location of inflow and outflow boundaries 

^buffer streamwise location of begin of buflTer domain 

XQ virtual origin of the wall jet 

^nozzle, ^vn streamwise location of experimental nozzle and virtual nozzle 

xiin equivalent streamwise location for linear disturbance 

^force forcing location 

Sfc slot width of blowing and suction slot for Fourier mode k  

Xc, yc streamwise and wall-normal location of center of voliome force 

Cfc, bk streamwise and wall-normal characteristic size of volume force 
fo r  Fou r i e r  mode  k  

y^ wall normal distance in inner coordinates, y^ = yurju 

ywaii wall-normal location of wall boundary (here ywaii = 0) 

ymax wall-normal location of upper boundary (domain height) 

<^0.5 wall jet half width 

82 momentum thickness 

Smnr wall-normal location of maximum velocity 

b  nozzle width 
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Uref reference velocity 

U, V, w velocity components in x, y, and z direction 

Umax local maximum velocity 

Uj jet exit velocity 

u'̂  velocity in inner coordinates, =ufu^ 

Ur friction velocity, Ur = yjr-u,!p 

Ul vorticity components in x, y, and z direction 

Sij strain rate tensor component 

Wij vorticity tensor component 

U", V^, W'' velocity for spanwise Fourier mode k 

vorticity for spanwise Fourier mode k 

A, B, C nonlinear terms in vorticity transport equations 

F,F j  divergence of turbulent stress tensor, F = — V • f 

'T, Tij turbulent stress tensor, Tij = u'^uj 

Rij Reynolds stress tensor 

Rii, isotropic, anisotropic part of Reynolds stress 

k turbulent kinetic energy, k — u'̂ u'̂  

e turbulent dissipation rate, e = {du\/dx'jY 

u kinematic viscosity 

eddy-viscosity 

^t,TM modified eddy-viscosity in Reynolds stress 

F flux of exterior momentum flux, F = u ^ u^dy^ dy 

J momentum flux, J = u^dy 

u^dy^ dy 

M jet exit momentum, M =  Uj b  

'^wall wall shear, Tmaii = vpdufdy (dimensional) 

Re nominal (global) Reynolds number. Re  =  Ure fL ,  ref!^ 

Rej jet exit Reynolds number, Rej = Ujhjv 

^^So.s local Reynolds number, Reg^ ^ = Umax^o.5lJ^ 

Rcsz local Reynolds number, Reg^ = 
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/ frequency 

A, A, streamwise wave length and spanwise wave length 

a streamwise wave number, a = 2TT/X 

7 spanwise wave number, 7 = 27r/A2 

c phase velocity, c  =  X  -  f  

9, AE phase and phase difference 

A Fourier amplitude 

Au' Fourier amplitude of the streamwise disturbance velocity 

Ar(u') wall-normal amplitude integral, A/(u/) = A^'dy 

Pvf volume forcing parameter, Pvf = T^A^f • ak-hk 

Rvf forcing ratio, Rvf = A^^^waulPvf 

Modifiers 

n  =  *  indicates Fourier mode in time 

k  =  *  indicates spanwise Fourier mode {k  — 0  i s  2D mode) 

(n, k )  Fourier mode in time and in spanwise direction 

x , y , z  / 1, 2, 3 component in streamwise, wall-normal, and spanwise direction 

— mean value 

0 initial quantity 

B base flow qucintity 

d , '  disturbance quantity 

I  linearized quantity 

+ quantity in inner coordinates 

3  jet exit conditions 

wall conditions at the wall 

max local maximum conditions 

f s  conditions at the upper boundary 

v f  volume forcing 

bs  forcing by blowing and suction 



Frequent Abbreviations 

2D, 3D two-dimensional, three-dimensional 

LST Linear StabiHty Theory 

2D-NS 2D Nmnerical Simulation 

(3D) DNS 3D Direct Numerical Simulation 

LES Large-Eddy Simulation 

FSM Flow Simulation Methodology 

RANS Reynolds-Averaged Navier-Stokes (equations, calculation) 

URANS Unsteady RANS 

SRANS "Stability" RANS 

TM Turbulence Model 

STD eddy-viscosity model 

MK turbulence model by Myong & Kasagi (1990) 

SSA turbulence model by Sarkar & So (1997) 

ASM Algebraic Stress Model by Gatski & Speziale (1993) 

Designation for Cases and Parameter Studies (Appendix C) 

BASE LI laminar base flow at low Reynolds number 

BASE L2 laminar base flow at high Reynolds number 

BASE T turbulent base flow 

L1D2-... for BASE LI, compute using 2D-NS 

L1D3-... for BASE LI, compute using 3D DNS 

L1L3-... for BASE LI, using the 3D linearized Navier-Stokes solver 

L2D2-... for BASE L2, compute using 2D-NS 

L2D3-... for BASE L2, compute using 3D DNS 

TU-... for BASE T, compute using URANS 

TS-... for BASE T, compute using SRANS 

...-L* study linear instability for case with identifier * 

...-P* study nonlinear primary instability 

...-S* study secondary instability 

...-B* study turbulent breakdown 
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1. INTRODUCTION 

A wall jet is generated when fluid is blown through a nozzle tangentially along a 

wall. The surrounding fluid may be coflowing, counterflowing, or quiescent. Thus, 

the combined flow may or may not have a free stream component. In strong wall 

jets, the free stream velocity is zero, or it is small compaxed to the maximum velocity 

of the jet (Figure 1.1a). In weak wall jets, the free stream velocity is of the same 

order as the maximtmi velocity of the jet (Figure 1.1b). As a prototypical wall-

bounded shear flow, the wall jet is a fascinating object of study for transition and 

turbulence research. This is mainly because it combines a free shear layer in the outer 

flow region with a boundary layer in the near-wall region (Figure 1.1a), each with 

a fundamentally diflferent type of hydrodynamic instability mechanism. Due to the 

inflection point in the velocity profile, free shear layers are susceptible to an inviscid 

Kelvin-Helm holtz type instability that may give rise to a 2D subharmonic secondary 

instability (e.g., Ho & Huerre, 1984). Viscous boundary layers promote the growth 

of Tollmien-Schlichting waves and are susceptible to 3D secondary instabilities (e.g.. 
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Figure 1.1 Streamwise velocity profiles: a) laminar strong wall jet, b) laminar weak 
wall jet. 
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Herbert., 1988). As a combination of both flows, the wall jet inherits both instability 

types, which may compete and interact with each other. 

1.1 Technical Application of Wall Jets 

Aside from their significance for fundamental research in shear flows, waU jets have 

numerous technical applications, particularly in the aerospace industry. Turbulent 

and transitional wall jets are employed for fihn-cooling of turbine blades, where cool 

air is blown through surface holes or slots to protect the blades from the hot gas of the 

surrounding flow. There is a vast number of geometric, hydrodynamic, ajid thermo

dynamic parameters that influence the complex flow over turbine blades and the heat 

transfer characteristics (e.g., nozzle and blade geometry, blowing ratio, Mach num

ber and Reynolds number, turbulence level, upstream flow conditions, surface/wall 

jet/free stream temperature). The hydrodynamic properties of the flow configuration 

alone are a challenging topic of study, in particular, the role of flow instabilities and 

coherent structures for the overall effectiveness of the fllm-cooling (e.g.. Figure 1.2, 

from Gogineni et ai, 1996). 

H—;——H ' Jet exit ' 

Figure 1.2 Double pulsed PIV image of a flat plate film cooling flow at M = 0.7, 
Re = 20,000 (Gogineni et ai, 1996). 
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Figure 1.3 Flow over a typical slotted flap (Wygnanski, personal communication, 
1996). 

Another important technical application of wall jets is the control of separation 

on airfoils where slotted flaps are used to delay boundary layer separation at high 

angles of attack and thus to increase lift at low speeds. The high momentum jet 

blown into the adverse pressure gradient boundary layer reenergizes the flow close 

to the surface by entraining high speed fluid from the free stream (e.g., Wygnajaski 

& Newman, 1964). In recent years, Wygnanski and coworkers have developed a new 

strategy for separation control on airfoils using pulsed instead of steady wall jets (e.g.. 

Figure 1.3). From their findings (Wygnanski, 1997), oscillatory blowing with little or 

no net mass flux excites flow instabilities in the separating boundary layer that grow 

into laxge two-dimensional vortices. These vortices transport high speed fluid from 

the free stream to the low speed flow region close to the wall and so delay separation. 

Wygnanski and coworkers demonstrated for numerous airfoils that unsteady forcing 

by far outperforms steady blowing in terms of effectiveness and efficiency. 
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A common research strategy for micovering the important parameters and mech

anisms that govern complex flow problems, such as separation control through un

steady forcing, is to isolate different aspects of the imsteady flow dynamics and to 

study them individually. These experimental, theoretical, or nimierical investigations 

are generally performed on simpler prototypical geometries that capture different as

pects of the original geometry. For example, to eliminate curvature effects, a flat 

plate may replace the surface of the airfoil. Wygnanski (1992) suggested the use of 

a wall jet as a model for the separating boundary layer (which he calls a wall wake), 

because both flow types exhibit a free shear layer in close proximity to a wall, but 

the flow parameters for a wall jet are easier to control. 

1.2 Research on Transitional Wall Jets 

In the past, theoretical and nimierical investigations of flow instabilities and unsteady 

large structures in wall jets have focussed on transitional wall jets, mostly because 

these are mathematically and numerically more tractable. Research on transitional 

wall jets began in the 1950's with theoretical work by Tetervin (1948) and by Glauert 

(1956). Glauert's similarity solution of a laminar wall jet along a flat surface is widely 

used as a base flow profile for numerical stability investigations. The theoretical 

solution was verified experimentally by Bajura & Szewezyk (1970). 

Primary instability in Glauert wall jets has been studied extensively using linear 

stability theory (Chun &; Schwarz, 1967; Mele et al., 1986; Wernz, 1993; Tumin & 

Aizatulin, 1997), using experiments (Bajura & Szewezyk, 1970; Bajura &: Catalano, 

1975), and using linear stability theory together with experiments (Tsuji et al., 1977; 

Zhou et al., 1992; Amitay, 1994; Tumin et al., 1996). Generally, experiments and lin

ear stability theory are in good agreement. Essential findings of these investigations 

are: The Glauert profile becomes unstable w.r.t. two-dimensional disturbances at a 

low critical Reso.s — 57 and, as a consequence of being the combination of a bound-
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Figure 1.4 Photographs of dye streaks during forced transition due to acoustic dis
turbances (jet exit Rcj = 510) (Bajura & Catalano, 1975). 

ary layer and a free shear layer, it has two unstable eigenmodes, an "outer mode", 

unstable at lower frequencies, and an "inner mode", unstable at higher frequencies. 

The respective eigenfunctions have maxima in both the inner region (boundary layer) 

and in the outer region (free shear layer) of the wall jet, but for the inner mode the 

inner maximum is larger, while for the outer mode the outer maximum is larger. In 

transition experiments, both instabilities may be present simultaneously, in which 

case a normal mode decomposition can be applied for separating the two eigenmodes 

(Tumin et ai, 1996). 
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A detailed qualitative description of the later stages of natural and forced transi

tion in a Glauert wall jet {Resg ^ — 100—600) was given by Bajura & Catalano (1975) 

based on flow visualization experiments in a water channel (Figure 1.4). The natural 

transition process was intermittent and involved vortex formation in the outer region 

followed by isolated vortex pairings/ subsequent lift-off of the wall jet av/ay from the 

wall and a brief period of relaminarization before the process repeated itself. For 

forced transition (forcing frequency / = 50Hz), the same stages were observed, ex

cept that no relaminarization occurred and the transition process took place over less 

than half the distance. These stages of transition were mostly two-dimensional while 

the flow downstream of the lift-off was three-dimensional. The results by Bajura & 

Catalano were confirmed by Amitay (1994) with experiments in water. Using dye 

injection Amitay could visualize the two-dimensionality of the primary vortices and, 

for large forcing amplitudes, the vortex merging process ahead of the lift off stage. In 

some cases, multiple vortex mergings were observed. 

The effect of nonlinear distiirbances on the wall jet mean flow was investigated by 

Zhou et al. (1992) with wind timnel experiments (Rej = 460). They found that large 

amplitude 2D forcing decreases the wall shear while it increases the decay rate of the 

velocity maximum and the spreading rate of the wall jet. Detailed measurements of 

the mean flow distortion due to large amplitude disturbances were made by Quintana 

(1997) in an experimental study of the effect of large amplitude forcing on the heat 

transfer in a laminar wall jet over a heated surface (in air, Rej = 320). Quintana 

found that for large forcing amplitudes, a subharmonic disturbance emerged and 

further increased the mean flow distortion, leading to a skin friction reduction of 

up to 60%. Recently, Seidel (2000) confirmed the effect of the subharmonic on the 

mean flow using 2D nimierical simulation (2D-NS) that matched the experiments by 

Quintana. 

^In the literatixre, the merging process of subsequent vortices within the traveling disturbance is 
commonly referred to as "vortex pairing". In this thesis, the term "vortex merging" is used instead. 
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Figure 1.5 Flow visualization of a forced transitional wall jet using smoke/laser sheet 
(jet exit Rcj = 2,150) (Gogineni et ai, 1997). 

Forced transition at higher jet exit Reynolds numbers and high forcing levels was 

investigated experimentally by Hsiao & Sheu (1994) for Rsj = 3,770, by Shih & 

Gogineni (1995) for Rej = 1,000, and by Gogineni et al. (1997) for Rcj = 2,150. 

Due to the high forcing level in these experiments (10 — 20%), nonlinear saturation 

of the primary disturbances is reached very rapidly and a double row of counterro-

tating vortices emerges very close to the nozzle (Figure 1.5). Gogineni et al. (1997) 

compared PIV measurements with 2D numerical simulations (2D-NS) and excellent 

agreement was achieved in the appearance of the vortical structures when visualized 

with contour plots of instantaneous vorticity. Interestingly, in these higher Rejoiolds 

number experiments, no vortex merging was observed ahead of the 3D transition 

stage. 

The formation and evolution of the "large coherent structures" is explained as 

follows by these authors (Hsiao & Sheu, 1994; Shih & Gogineni, 1995; Gogineni et al., 

1997): A primary vortex in the outer region is formed first by a Kelvin-Helmholtz 

instability of the outer shear layer, which in turn induces a secondary vortex near the 

wall and lifts it away from the wall. From this explanation of the vortex formation 

process, the impression arises that the double vortex row observed in experiments is 

fundamentally different from the small amplitude instability waves computed with 
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lineax stability theory. While some processes may indeed be best interpreted as the 

effect of vortex induction (e.g., the lift-off of vortex pairs from the wall), the model 

of traveling disturbance waves can also be applied successfully to large amplitude, 

nonlinear disturbances. For example, vortex merging (or vortex pairing) is a very 

characteristic process observed in wall jet experiments, which can be explained as the 

consequence of a resonant interaction between a large amplitude primary disturbance 

wave and a small amplitude subharmonic disturbance wave (subharmonic resonance). 

In the 2D numerical simulations (2D-NS) by Wernz &; Fasel (1996, 1997), the apparent 

vortex merging was shown to be the mere superposition of a decaying fundamental 

disturbance wave and a rapidly growing subharmonic disturbance wave that is in 

resonance with the fundamental. Subharmonic resonance cases from the munerical 

investigations by Wemz & Fasel (1996) have been computed by Tumin (1998) using 

a weakly nonlinear model to solve the receptivity problem. Tumin found very good 

agreement between his calculations and the results by Wemz & Fasel. 

While the initial stages of wall jet transition, including vortex merging and vortex 

lift-off, are two-dimensional and driven by the inviscid instability of the outer flow 

region (shear layer), three-dimensionality sets in and breakdown to turbulence occurs 

farther downstream. Very few investigations of the 3D stages of transition are found 

in the literature. Visbal et al. (1998) employed a 3D DNS to recompute an experiment 

by Gogineni et al. (1997) including the 3D stages where the 2D vortices lose their 

spanwise coherence. However, the experiment by Gogineni et al. and the simulation 

by Visbal et al. were performed in a narrow, rectangular channel which was only 

10cm wide. As a result, the onset of three-dimensionality in the 2D disturbances 

originates from the side walls of the channel and the wall jet mean flow is no longer 

two-dimensional during the 3D stages of transition. 

Unfortunately, no rigorous experimental studies of the 3D stages of transition in 

a two-dimensional wall jet are reported in the literature. In a recent theoretical in

vestigation using weakly nonlinear theory, Likhachev (1998) showed that for a weak 
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primaxy disturbance, a Craik resonant-triad instability (which is a 3D subharmonic 

type instability) is possible in a low Reynolds number wall jet. The approach by 

Likhachev can only account for weakly nonlinear primary disturbances and he con

jectured from his findings that the two-dimensional stages in the experiments can only 

persist over such a long streamwise distance because of the special precautions in the 

experimental setup to keep base flow and forcing two-dimensional. This conclusion 

by Likhachev is consistent with our own secondary instability investigations (Wemz 

Fasel, 1997) at moderate forcing amplitudes which will be addressed in section 6.1. 

1.3 Research on Turbulent Wall Jets 

Numerous experiments on turbulent wall jets were conducted in the 1960's and early 

1970's with the goal to determine the mean flow and turbulence characteristics of wall 

jets. A comprehensive summary on earlier investigations is given in the survey papers 

by Launder & Rodi (1981, 1983). Later, Schneider & Goldstein (1994) extended these 

earlier reviews to include newer results. For the sake of brevity, however, the short 

literature review given here focuses on the more recent investigations by Wygnanski 

and coworkers which are directly relevant for the research discussed in this thesis. 

From detailed measurements in turbulent wall jets at different Reynolds numbers, 

Wygnanski et al. (1992) determined various scaling laws for the different wall jet 

regions based on the earlier work by Narasimha et al. (1973). Wygnanski et al. 

demonstrated that the bulk of the turbulent wall jet is self-similar, like a turbulent 

free jet. The wall jet scales with the jet exit momentum M and viscosity j/, as had 

been suggested earlier by Narasimha et al (1973). Momentum loss due to wall shear 

is so small in turbulent wall jets (unlike in laminar wall jets) that the momentima flux 

J w M remains virtually unchanged in downstream direction. However, due to the 

wall shear, the self-similarity breaks down in the near-wall region where the shape of 

the mean flow profile weakly depends on the Reynolds number. Also, the rms-values 
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of the txirbulent fluctuations are not self-similar. The notion of approximate self-

similarity of the mean flow was extended by Zhou & Wygnanski (1993) to turbulent 

wall jets in an external stream where the free stream velocity is no greater than half 

the local velocity ma-ximnTn- Likhachev (1996) developed a semi-empirical similarity 

solution for the turbulent wall jet using an eddy-viscosity model that is based on 

the scaling suggested by Wygnanski et al. (1992). The similarity solution, when 

calibrated with the measurements from experiments, provides an excellent match for 

the streamwise velocity profile and the streamwise development of the spreading rate, 

velocity decay rate, and wall shear from the experimental measurements. 

The efiect of periodic forcing on a turbulent wall jet without an external stream 

was first investigated in experiments by Katz et al. (1992). They found that forc

ing has no effect on the mean flow in the outer region, unlike in a transitional wall 

jet (Zhou et al., 1992). But, as in a transitional wall jet, forcing significantly re

duced skin-friction. This skin-friction reduction was attributed to an enhanced two-

dimensionality of the flow structures, indicated by an increase in their spanwise co

herence. Flow visualizations showed a single row of 2D coherent structures with 

counterclockwise rotation as opposed to the double row in transitional wall jets. An 

attempt was made to link the coherent structures to an instability of the mean flow 

using linear stability theory. For turbulent shear layers, this had been accomplished 

using a linear inviscid stability theory (Weisbrot & Wygnanski, 1988). For the wall 

jet, Katz et al. (1992) employed the Orr-Sommerfeld equations and introduced a 

ficticious turbulent Reynolds number which was adjusted for a best match with the 

experimental data. Likhachev (1996) also employed linear stability theory to calculate 

the disturbances in the forced turbulent wall jet, but he used a turbulent Reynolds 

number based on the spatially varying eddy-viscosity from his semi-empirical model 

for the wall jet base flow. 

A surprising feature of the power spectra measxired by Katz et al. (1992) for the 

unforced turbulent wall jet sparked a long standing discussion: The power spectra 
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measured in the inner region have their peak at a frequency that is consistently 1.7 

times higher than the frequency for the peak in the power spectra that are measured 

in the outer region. Katz et al. speculated that the two peaks correspond to two 

eigenmodes, like in a transitional wall jet (Tsuji et al., 1977). 

Zhou et al. (1993) set out to check this hypothesis by performing a linear stability 

analysis on a series of wall jet profiles that are slowly varied from the laminar to the 

turbulent shape. During this process, the unstable region for the "boundary layer 

mode" shifts to exceedingly high Reynolds numbers. From this, they concluded that 

the turbulent wall jet profile only supports an inviscid instability. In their view, the 

difference between the power spectra for the inner and the outer region is due to res

onance between two disturbance waves that travel with the same phase velocity but 

have different frequencies of ratio 1.7. Through this resonance, the high frequency dis

turbance (with the maximum amplitude in the near-wall region) extracts energy from 

the low frequency disturbance (with the maximum amplitude in the outer region). 

Likhachev (1996) proposed a different explanation for the phenomenon based on 

his non-parallel stability investigations of turbulent wall jets: Due to non-parallel 

effects, the growth of the disturbances depends on the distance from the wall. It so 

happens that in the stability diagram, the neutral curve for the amplification rate in 

the near-wall region of the wall jet and the neutral curve for the amplification rate 

in the outer region of the wall jet have a (non-dimensional) frequency ratio of about 

1.7. Hence, as a disturbance travels downstream, the neutral curve is crossed first in 

the outer region and later in the near-wall region. 

The difference in the dominant frequency close to the wall and in the outer region 

has also been addressed by Seidel (2000) in his numerical investigations using unsteady 

RANS calculations, and yet another explanation was proposed. Seidel's results will 

be addressed in chapter 5 of this thesis. 

In order to quantify the effect of forcing, Zhou et al. (1996) performed detailed 

measurements of the mean flow and the turbulent fluctuations for both, the forced 
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and the unforced wall jet. For the forced flow, they analyzed the kinetic energy 

transfer between mean flow, coherent motion, and random fluctuations using a triple 

decomposition technique of the equations of motion, as suggested by Hussain (1983). 

Instead of applying the conventional phase-locked ensemble-averaged procedure to 

determine the coherent part of the fluctuations, Zhou et al. developed a pattern 

matching procedure that allows for phase jitter in the coherent motion. This is crucial 

for correctly captiu-ing the energy contained in the coherent flow structures which are 

apparently not strictly phase-locked with the forcing. One effect of the phase jitter 

in the coherent motion is that for the outer flow region the power spectral density 

function of the streamwise velocity shows no peak at the forcing frequency. Thus, it 

gives no indication of a flow structure. In contrast, Zhou's procedure shows that the 

coherent motion contains much of the energy of the fluctuations in the flow. 

In recent wind tunnel experiments by Schober (1999) on a two-dimensional tur

bulent wall jet with Rsj = 10,000, a wire was placed inside the shear layer behind 

the upper nozzle lip stretching in spanwise direction. The effect of the wire on the 

development of large coherent structures in the outer region of the wall jet was in

vestigated. Schober found that a self-excited, oscillating wire strongly enhances the 

naturally occurring 2D vortical structures resulting in a tripling of the spreading rate 

and a skin friction reduction by up to 50%. A taut wire, on the other hand, strongly 

reduced the intensity of the 2D vortical structures in the flow and, as a result, de

creased the spreading rate by 10% and increased the skin friction by up to 20%. These 

findings suggest that the nozzle region, where the flow is still transitional, can play 

a crucial role for the disturbance development in the fully developed wall jet farther 

downstream. 
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1.4 Turbulence Modeling for Wall Jets 

Turbulent wall jets have proven very difficult to calculate numerically. An accurate 

DNS would entail solving for all turbulent scales down to the Komolgorov length scale, 

which is computationally enormously expensive, even for a prototypical strong wall 

jet. Numerical calculations reported in the literature have been limited to Reynolds-

Averaged Navier-Stokes calculations (RANS) where only the turbulent mean flow is 

computed and all turbulent fluctuations are modeled with a Reynolds stress term in 

the Navier-Stokes equations. 

The modeling difficulty for the wall jet arises from a strong interaction between 

the inner and outer flow region that causes non-equilibrium for the turbulent fluctu

ations. Algebraic turbulence models and simple eddy-viscosity models based on the 

Boussinesq approximation (assuming a lineax stress-strain relation in the turbulent 

stress) are unable to predict global flow parameters correctly, as discussed by Laun

der Rodi (1983). The spreading rate, for example, is overestimated by 25%. In 

a recent paper by Gerodimos & So (1997), four modern two-equation models that 

performed well for a niimber of wall-bounded flows have been tested for the turbulent 

wall jet. The considered turbulence models employ various near-wall corrections, but 

only the model by Sarkar &: So (1997) was able to predict the spreading rate correctly. 

Gerodimos & So attributed this to the correct near-wall asymptotic behavior of that 

model. 

A characteristic non-equilibrium feature of the wall jet, the wall-normal displace

ment between the mean velocity maximum and the zero of the turbulent shear stress, 

cannot be captured by equilibrium turbulence models based on the Boussinesq ap

proximation, which assume that turbulent stress and strain are proportional. As 

a consequence, these models place the maximum in the streamwise velocity profile 

relative to the half width too close to the wall and generally overpredict the skin fric

tion. Reynolds stress models (RSM), which compute the components of the Reynolds 
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stress tensor directly without relying on the Boussinesq approximation, can capture 

this non-equilibrium effect (e.g., Laimder & Rodi, 1983; Andersson et al., 1993). How

ever, the RSM employ elaborate wall correction terms and wall fimctions that require 

special adaption and calibration for the wall jet to produce velocity profiles that show 

a better agreement with experimental measurements than equilibrium models. 

As part of the development effort for a new Flow Simulation Methodology pro

posed by Speziale (1998) and implemented by Fasel and coworkers for a number 

of turbulent flows (e.g., Zhang et al., 2000a; Bachman, 2001), the Algebraic Stress 

Model (ASM) by Gatski & Speziale (1993) has been used by Seidel & Fasel (2000) to 

model a turbulent wall jet with Rej = 10,000. The version of the ASM model used 

in these calculations was still an equilibrium turbulence model, but different from 

standard eddy-viscosity models in that the Rejoiolds stress was modeled using an 

algebraic approximation including a spatially vajying coefficient in the stress-strain 

relation that itself depends on the local strain rates. Without relying on empirical 

near-wall correction functions, the ASM produced mean flow results comparable to 

those from the model by Sarkar &c So (1997), including the correct spreading rate. 

More significantly, however, the agreement of the mean flow predictions with exper

imental data was greatly improved when unsteady structures were introduced into 

the flow in an Unsteady RANS (URANS) calculation. Non-equilibrium effects like 

the above discussed displacement between the velocity maximum and the zero of the 

total turbulent shear stress (Reynolds shear stress plus shear stress from the resolved 

fluctuations) were captured, the velocity maximum shifted farther away from the wall 

and the skin friction was lowered. These results clearly indicate that the large vortical 

disturbances in the wall jet are responsible for non-equilibrium effects in wall jets. 
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2. OBJECTIVE AND SCOPE OF RESEARCH 

The present numerical investigations of forced transitional and tiirbulent wall jets 

should be viewed as paxt of a broader research program by Fasel and coworkers on 

active flow control for complex turbulent and transitional boundary layer flows. The 

objective of the research is to study in detail the dynamics of large coherent structures 

in turbulent and transitional flows and to explore the influence of selective forcing on 

these structures. Towards this end, modern numerical techniques are developed and 

employed, namely Direct Numerical Simulation (DNS), Reynolds-Averaged Navier-

Stokes (RANS) calculation, and a new Flow Simulation Methodology (FSM), which 

combines DNS and RANS. The final goal for the development of these numerical tools 

is to devise new and improved control strategies for complex turbulent flow. Examples 

are film-cooling of turbine blades and of electronic components (i.e., transitional and 

turbulent weak and strong wall jets with heat transfer), and separation control on 

airfoils. The objective of the present research is to contribute towards this larger 

research effort by: 

i) investigating instability mechanisms in transitional wall jets (beneficial for film-

cooling application) using 2D numerical simulations and 3D DNS. For wall jets, this 

is new territory by itself because, apart from this project, only few 2D numerical 

simulations (2D-NS) and so far only one 3D DNS (of wall jet transition in a narrow 

channel) have been reported in the literature. Special focus is on determining the 

relative importance of secondary instability mechanisms in wall jets (2D and 3D), 

and on exploring how selective forcing may influence these mechanisms. 

ii) participating in the development effort towards improved turbulence modeling 

using RANS and FSM. The focus here is on Unsteady RANS (URANS), which rep

resents the 2D limit for the FSM and is capable to compute large 2D structures in 

the turbulent flow while modeling all 3D turbulent fluctuations with a state-of-the-
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art turbulence model, i.e., the Algebraic Stress Model (ASM) by Gatski & Speziale 

(1993). A simplified version of URANS, called Stability RANS (SRANS), which keeps 

the computationally expensive part of the tmrbulent stress term fixed at the base flow 

value, has been developed and is compared with URANS. The turbulent wall jet is an 

excellent benchmark case for testing the performance of URANS codes for calculating 

an anisotropic and non-equihbrium boundary layer flow. For the turbulent wall jet, 

a wealth of experimental data is available for comparison. 

iii) investigating turbulent wall jets (without external stream) with the newly de

veloped and tested URANS and SRANS codes. As for transitional wall jets, selective 

forcing will be a viable tool to investigate and manipulate the coherent structures in 

the turbulent wall jet. 

iv) investigating commonalities and differences between the instability mechanisms 

in transitional and turbulent wall jets. For his investigation of the effect of large 

amplitude disturbances on the mean flow and the heat transfer in a heated wall jet, 

Seidel (2000) found striking commonalities between the laminar and the turbulent 

case. 

The present thesis is structured as follows: After a discussion of the computational 

methods used for this work in chapter 3, three prototypical wall jets are introduced in 

chapter 4 that serve as base flows for the 2D and 3D investigations in chapters 5 and 

6. The investigations of the 2D disturbance development in wall jets in chapter 5 are 

subdivided into three stages, namely receptivity to forcing, development of nonlinear 

primary disturbances, and 2D subharmonic resonance. For each stage, investigations 

for the transitional and the turbulent wall jet are presented sequentially and results 

are compared. Selective investigations of transitional and turbulent wall jets using 

3D DNS are presented in chapter 6, first for a transitional wall jet at a low Reynolds 

number, then for a turbulent wall jet that is generated through bypass transition at 

a high Reynolds number. The findings from these calculations are summarized in the 

conclusion in chapter 7. 
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3. COMPUTATIONAL METHOD 

For the investigations discussed in chapters 5 axid 6 of this thesis a highly accu

rate three-dimensional incompressible Navier-Stokes code (NST3D) was employed, 

originally developed by Meitz (1996) for boimdary layer transition. For computing 

transitional and turbulent wall jet flows, numerous modifications ajid extensions had 

to be made to the original code. In this chapter, the computational approach is 

outlined. First, the governing equations are presented and the different formulations 

used in the various code versions are addressed. Next follows a discussion of the 

turbulence model that has been incorporated for turbulent flow calculations. Then, 

the boimdary conditions ajid initial conditions for the Navier-Stokes calculations are 

explained. The chapter concludes with a brief summary of the numerical method 

and of the validation calculations performed to build the necessary confidence in the 

computational method. 

3.1 Navier-Stokes Equations 

The governing equations are a special form of the three-dimensional incompressible 

Navier-Stokes equations and are employed in total flow or disturbance flow formula

tion. They consist of the vorticity transport equations (VTE) 

dcOx 
dt 

dujy  
dt 

dujz 
dt 

(3.1) 

(3.2) 

(3.3) 
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and the three velocity equations 

VS = . (3.4) 
oz ax 

d'^w d^w _ dujy  d^v  .  . 
dx^ ^ dz^ dx dydz 
d'^u d'^u _ duy d'^v , . 
dx^ dz^ dz dxdy 

where the streamwise, wall-normal and spanwise vorticity components are defined as 

dv dw dw du du dv 
dz  dy '  dx  dz '  dy  dx  

Thus, positive vorticity represents clockwise rotation (cw), negative vorticity repre

sents counterclockwise rotation (ccw). The variables A, B,C m. equations (3.1)-(3.3) 

represent the nonlinear terms in total flow formulation^ 

A = vu;x — Uuy + Fz, B = wujy — vujz + Fx, C = uoj^ — wuJX +Fy, (3.7) 

where F = {Fx ,Fy ,Fz)  is the divergence of a turbulent stress tensor. For DNS, all 

components of F = (Fi, Fy, F^) in equation (3.7) are set to zero. For RANS, LES 

and FSM, they are non-zero as defined below in section 3.2. Whenever F ^ 0, all 

flow variables in the governing equations represent averaged resolved-scale quantities. 

All quantities are non-dimensionalized by a reference length, Lref, and a reference 

velocity, Uref- The Reynolds number in equations (3.1)-(3.3) is defined as Re = 

U-re fLre f / ^ -

3.1.1 Two-dimensional and Three-dimensional Equations 

For 2D numerical simulations and URANS calculations, = ujy = w = 0 and, as 

a consequence, A = 0 and Fz = 0. All derivatives w.r.t. the spanwise direction, 

2, drop out. This results in a significant simplification of the governing equations, 

since only one transport equation (3.3) and the velocity equations (3.4) and (3.6) 

^Two alternative versions are discussed in sections 3.1.2 and 3.1.3. 
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need to be solved. Numerous computations were performed in this work with the 

two-dimensional version of the governing equations. 

For 3D calculations using DNS, periodicity is assumed in the spanwise direction 

z and a pseudo-spectral approach is taken for solving equations (3.1)-(3.6). The flow 

field is expanded in Fourier cosine and sine series with K spanwise Fourier modes. 

For the flow variables u, v, the Fourier series has the form 

K -K 
s{x ,  y, t )  =  y , t )  +  ̂  S' ' {x ,  y ,  t )  cos ^ S''{x, y, t) sin (3.8) 

fc=i fc=—1 

where s  =  u ,v ,  and 5* = V'', For the flow variables w, L OX, Uy the Fourier 

series has the form 

K -K 

s{x ,  y ,  z ,  t )  =  5*==°(re, y , t )+^  S ' ' {x ,  y, t) sin (y'^z) -1- ^ S''{x, y, t) cos (3.9) 
fc=l A:=-l 

where s = w,u}x,cuy and S'^ = W'', Q^,Qy. The spanwise wave nimiber, 7*^, is defined 

as 

7*^ = l-KklX^^^, (3.10) 

where is the spanwise wavelength of the lowest spanwise Fourier mode. In the 

Fourier sine and cosine expansions, equations (3.8) and (3.9), the two-dimensional 

flow component is represented by mode k = 0. For the cases investigated here, 

^k=Q _ ^0. The symmetric part of the three-dimensional flow field is 

represented by modes 1  <  k  <  K ,  the antisymmetric part by modes — K  < k <  —1. 

Substituting equations (3.8) and (3.9) into equations (3.1)-(3.6) leads to a set of 

PDEs for each spanwise mode k which is solved in spectral space, except for the 

nonlinear terms which are computed in physical space. For two-dimensional calcu

lations, only mode A: = 0 is computed using the simplified two-dimensional form of 

the governing equations. The mathematical formulation and the solution method are 

discussed in detail by Meitz (1996). 
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3.1.2 Disturbance Flow Formulation 

The Navier-Stokes code by Meitz (1996) provides the option to use disturbance flow 

formulation. In this operational mode, the total flow is regarded as a superposition 

of a steady 2D base flow that has been computed a priori and a fluctuating 3D 

disturbance flow that is of interest. The governing equations for the disturbance flow 

are identical to equations (3.1)-(3.6), except for the nonlinear terms [equation (3.7)] 

which now take the form 

A'̂  = VUJx—UU}y-\-VB0Oj: — UB(jJy-\- — W Uy — V — V B < ẑB + Fx' 

= UCjUz — WUx + UBtUz-^-Ui^zB + Fy, (3-11) 

where U B , V B , and U ^B  represent the 2D base flow. Whenever a turbulence model 

is included, the divergence of the disturbance part of the turbulent stress tensor 

F'^ = (F^, F^, F^) is added. 

In the past, the disturbance flow formulation was mainly utilized to improve nu

merical accuracy when computing small amplitude disturbances. Aside from this 

potential accuracy gain, the solution for the disturbance flow formulation is identical 

to the solution for the total flow formulation, if the base flow satisfies the Navier-

Stokes equations (including the same turbulence model). However, this is not always 

required or even intended. In the present research, base flows are employed that are 

solutions of the parabolic boundary layer equations rather than the elliptic Navier-

Stokes equations, namely the Glauert similarity solution for the laminar flow and a 

solution of the Reynolds-averaged boundary layer equations for the turbulent flow. 

As will be shown in section 3.4.3, even for secondary instability, excellent agreement 

can be achieved between total flow calculations and disturbance flow calculations us

ing a boundary layer tjqse base flow. 
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3.1.3 Lineaxized Navier-Stokes Equations 

Assuming small disturbances, the vorticity transport equations (3.1)-(3.3) in dis

turbance formulation can be linearized by neglecting products of disturbance flow 

quantities in the nonlinear terms [equation (3.11)], which yields 

= vbojx — UB4-Fj, 5' = —vstUz — vuJZB + Fi, 

C' = Ub (jJzPyj (3.12) 

where F'- = (F^, Fy,F^)  is the divergence of the liaearized disturbance part of the 

turbulent stress tensor.^ The linearization eliminates the nonlinearity from the con-

vective terms, which can now be computed in spectral space, thus significantly re

ducing the computational effort for the investigation of small 3D disturbances. A 

simple but powerful extension to Meitz's code is to allow for a time-periodic 2D base 

flow. It requires that the base flow quantities in equation (3.12) are updated at every 

time step, but otherwise the governing equations eind bovmdary conditions axe left 

unchanged. Through this procedure the linearized Navier-Stokes code has now been 

transformed, at virtually no additional computational cost, into a versatile secondary 

instability solver that can compute 3D (or 2D) perturbations (disturbance flow) that 

result from a spatially developing primary disturbance (time-periodic base flow). For 

the cases investigated here, wb = c^XB = (••JyB = 0. This novel approach to investigat

ing secondary instability has previously been employed successfully by Hipp-Kalthoff 

(1992) for 3D secondary instability investigations in shear layer transition. For the 

present Navier-Stokes code, it was thoroughly tested by Hermanutz (1998) for sec

ondary instability in boundary layer transition. 

possible form of is discussed in section 3.2.3. 
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3.2 Turbulence Model 

Turbulence modeling is based on the fundamental assimiption that any flow variable, 

/, can be split into an average, /, and a fluctuating part, /'. For deriving the 

Reynolds-Averaged Navier-Stokes (RANS) equations, a time average of the form 

m = I / f i t )  d i  (3.13) 
^ Jt-T 

is applied to all flow variables. In the limit of steady RANS, T oo and the time-

averaged flow variables are steady. For Unsteady RANS (URANS) calculations, T 

is finite and the average, /, varies in time. By applying this averaging procedure to 

all terms in the Navier-Stokes equations, the RANS equations are obtained, which 

govern the turbulent mean flow. These equations may be steady (RANS), but may 

also allow for time-dependent motion (URANS) under the assumption that a large 

separation in the time scales between the large-scale unsteady motion and the small-

scale turbulent motion exists. Under this condition, the only difference between the 

URANS equations and the original governing equations is an additional term in the 

momentum equations that is generated by averaging the nonlinear terms {ui uj = 

... = UiUj -i-UiUj). The turbulent stress tensor, Tij = u\up represents the influence 

of the turbulent fluctuations on the averaged flow. The divergence of TIJ enters the 

vorticity transport equations^ through the nonlinear terms in equation (3.7), 

F = —V • f, or Fj = —V • Tij. (3-14) 

In the new Flow Simulation Methodology (FSM) proposed by Speziale (1998), the 

conventional RANS modeling of Tij is extended to allow for time-dependent fluctua

tions in the resolved flow. In the URANS limit of the FSM, unsteady RANS equations 

are computed in a time-dependent fashion. Large-scale, coherent disturbances are re

solved, while all small-scale turbulent fluctuations are modeled with the turbulent 

® Although the governing equations are now averaged, the overbar, commonly used for indicating 
resolved-scale quantities, is omitted in the present thesis. 



43 

stress Tij. The other limit of the FSM approach represents a 3D DNS. for which the 

turbulent stress r^j = 0. Between these two limits, Tij is modeled with 

rij = fiA/Lk)Rij, (3.15) 

where Rij is the Reynolds stress tensor and f{A/Lk) is a so-called contribution func

tion. A and Lk = are the representative computational grid size and the 

Kolmogorov length scale, respectively. In the coarse grid limit, f{A/Lk) —>• 1 and 

a URANS calculation is recovered. In the fine grid limit, f{A/Lk) —> 0, the FSM 

approaches a DNS. For the present thesis, only these two limits of the FSM are con

s idered .  Fur ther  d i scuss ion  regard ing  the  ro le  o f  the  cont r ibu t ion  func t ion ,  f {A/Lk) ,  

for FSM calculations between the URANS and the DNS limit is provided by Zhang 

et aL (20006) and by Bachman (2001). 

3.2.1 Modeling of the Reynolds Stress 

For modeling the Reynolds stress Rij in equation (3.15), the form of the explicit 

Algebraic Stress Model (ASM) by Gatski & Speziale (1993) is used, 

Rij = ^kSij + {Rij -h Rfj) . (3.16) 

In this formulation, the deviatoric part of Rij is split into two terms, an isotropic part 

Rij which follows the Boussinesq assumption of proportionality between stress and 

strain rate, and an anisotropic part R^j which introduces a directional dependence of 

the stress/strain rate relation that is characteristic for boundary layer flows. 

R{j = —2ut^TMSij, (3-17) 

R^ = — {SikWkj + SjkWki) - — (SikSkj -
ai ai \ 3 /. 

.(3.18) 

The definition of the modified eddy-viscosity in equations (3.17) and (3.18) 

depends on the choice of turbulence model (indicated by the subscript TM) and is 

defined below. So do the values of the coefficients ai, 0:2, and as. fc = 1/2 u'iu'j is the 
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turbulent kinetic energy, and e = u{dvljdxj){du\ldxj) is the turbulent dissipation 

rate. Sij and Wij are the mean 

respectively, which are defined as 

rate. Sij and Wij are the mean strain rate tensor and the mean vorticity tensor, 

- Kg-S) 
At present, many aspects of FSM are still unexplored, and the applicability and 

limitations of this new method are currently being investigated. Bachman (2001) 

has incorporated and thoroughly tested the full, three-dimensional version of FSM 

for a flat-plate boundary layer. The reader is referred to his thesis for a detailed 

derivation and discussion of the three-dimensional implementation of FSM. In the 

present research, the focus has been on the FSM-limit for two-dimensional URANS 

calculations. In this case, the contribution fimction f{A/Lk) = 1 and the divergence 

of the turbulent stress tensor in equation (3.7) is modeled directly with components 

of the Reynolds stress 

Fy = (3.22) 

where Rxy = —2Vt,TM , (3.23) 

(3.24) 

with the strain rates 

o J o 1 ^ du dv\ 

3.2.2 Turbulent Kinetic Energy and Turbulent Dissipation Rate 

In the literature, different philosophies are reported for improvements in modeling 

the turbulent kinetic energy k and the turbulent dissipation rate e. One approach 
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attempts to reduce empiricism in the modeling of k and e by minimizing the use of 

wall-damping functions. The model of choice in the present research, the explicit 

Algebraic Stress Model of Gatski Speziale (1993), denoted by ASM, follows this 

approach. A drawback of avoiding empirical near-wall corrections in the ASM is 

the asymptotically incorrect behavior of k and e close to the wall which may cause 

numerical problems (see appendix A). This near-wall behavior is the focus of another 

school of turbulence modeling that attempts to mimic the asymptotic behavior of k 

and e near the wall, as obtained from theory, from experimental measurements, and 

benchmark DNS calculations. This is accomplished with a near-wall correction in 

the k — e model using empirical wall damping functions (e.g., Sarkar & So, 1997). 

For comparison, two eddy-viscosity turbulence models with near-wall correction are 

considered, the model of Myong & Kasagi (1990), denoted by MK, and the model of 

Sarkar & So (1997), denoted by SSA. 

For all modeling approaches considered in this work (ASM, MK, SSA), the k — e 

equations can be written in the form 

The eddy-viscosity i/t in the diffusion terms, the production term, Vk in equation 

(3.25), and the production and dissipation terms, Ve ajid Vg in equation (3.26), can 

dt 

dt 

(3.26) 

(3.25) 
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= CJ^-. (3-2T) 
e 

P' = (3.28) 
dx j ' 

T. = C,iU^Vt, (3.29) 

C. = CafaU (for ASM and MK). (3.30) 
K 

For 2D calculations, Vk = 4z/t,j'A^(5^j. + 5"^). Special care is needed to remove the 

singularity in TD^ at the wall. Of all terms in the k — e equations, the true behavior 

of is least imderstood, and its modeling is most difficult. For ASM and MK the 

singularity is removed with the wall damping function /e2- The approach of SSA 

for modeling X>e close to the wall is more elaborate and will be presented below. A 

key difference between ASM and the two standard eddy-viscosity models, MK and 

SSA, is the modeling of the eddy-viscosity UI^TM in the Reynolds stress. It will be 

discussed in the following paragraphs together with the wall-damping functions /^, 

/el) fa which differ for all three models. The values of the coefficients C^, Ceu Ge2, 

cTfc, (Tg also depend on the turbulence model. They are listed in Table 3.1. 

Algebraic Stress Model (ASM) 

As indicated by its name, ASM is an explicit, algebraic model for the components 

of the Reynolds stress and as such it is derived directly from the Reynolds stress 

equations, rather than based on the Boussinesq approximation. It therefore not only 

captures the anisotropy in the stress/strain relation, but can also be extended to 

Model c. C.1 Ce2 CTk o-g 
ASM 0.09 1.44 1.83 1.0 1.3 
MK 0.09 1.4 1.8 1.4 1.3 
SSA 0.096 1.5 1.83 1.0 1.45 

Table 3.1 Coefficients in the turbulence models by Gatski & Speziale (1993), Myong 
& Kasagi (1990), and Sarkar & So (1997). 
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include non-eqtiilibrium effects^. The modified eddy-viscosity is defined as 

l^t,ASM = OfASM^- (3-31) 

The fimction the derivation of which is discussed in great detail by Gatski 

Speziale (1993), is at the core of the algebraic modeling of the Reynolds stress. 

The presently used version is valid for turbulent flows that are homogeneous in span-

wise direction. It has been regularized to remove the singularity for highly strained 

turbulent flows. 
r (  c \  -  3 3(1+77^)  .  .  

3-2772  +  6^2^34 .^2  +  6772^2^6^2 '  ( •  )  

where 77 and ^ are the irrotational and rotational strain rate invariants, respectively. 

They depend on Sij and Wij in the following way 

n = (3.33) 
lOil e 

e = . (3.34) 
ttx e 

For two-dimensional RANS calculations, and ^2 in equation (3.32) simplify to 

(3.36) 

The values of coefficients oci for the present version of the ASM model are ai — 0.227, 

a2 = 0.0423, and 0:3 = 0.0396. 

For a wide range of flows the ASM performs well without relying on an ad hoc 

wall-damping function in the eddy-viscosity, but it still requires fa. to remove the 

singularity in at the wall 

/e2 = 1 — exp ^—AjJ'^Rey/ki/j , where = 10.4. (3.37) 

^The non-equilibrium extension is not considered in this work. 
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For the present RANS calculations, a van Driest type wall-damping function is in

cluded in Ut^ASM from equation (3.31) as a provisional remedy for numerical problems 

that arise from the asymptotically incorrect behavior of k near the wall 

where = 5 is chosen. As shown in section A.2.2.3, the effect of including 

/ASM is limited to increasing k in the viscous sublayer and thus preventing it from 

becoming negative in the RANS calculation. This is fundamentally different from 

wall damping functions used in standard eddy-viscosity models. These extend well 

beyond the viscous sublayer into the log-layer of the flow and directly influence the 

mean flow. 

Eddy-viscosity models using near-wall correction (MK &: SSA) 

Both near-wall correction models are standard eddy-viscosity models (STD), for which 

the anisotropic part of the Reynolds stress is zero, 

and the modified eddy-viscosity Vt,sTD in the Rejniolds stress tensor® is identical to 

the eddy-viscosity in the diffusion terms Ut, 

The main difference between MK and SSA lies in the choice of the wall-damping 

functions /ei, /e2, //t- Wall coordinates and the turbulent Reynolds numbers Ret = 

Rek'^fe auid Rcc = y are used to normalize the distance from the wall. 

The wall damping functions used in the MK model are /d = 1, 

•ASM 

(3.38) 

(3.39) 

^t,STD = (3.40) 

2 

(3.41) 

(3.42) 

®The subscript "STD" refers to both eddy-viscosity models, MK and SSA. 
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For the SSA model, 

80exp(-J?e,)l [l - exp - ̂ )] ' (3.43) 

The dissipation term in equation (3.26) is modeled as 

V ,  = (C,2 + 0 . 5 7 -  0 . 5 U ^ ,  (3.44) 

with the reduced dissipation rates e = e — 2 Re ^(dy/k/dy)"^ and e" = e — 2 Re y 

Wall damping functions are used for both the dissipation and the production term, 

As shown in section A.2.2, the SSA model has a superior performance in modeling e 

close to the wall for a turbulent boundary layer. Its drawback, however, is a rather 

complex modeling of the e-equations that is numerically more difficult to solve. 

For some URANS investigations in chapter 5, a simplification is made for the modeling 

of the Reynolds stress, which reduces the computational effort enormously. These so 

called "Stability"-RANS calculations (or SRANS) emulate the approach by Likhachev 

(1996) for linear stability investigations of turbulent wall jets. Likhachev employs a 

linearized form of the Navier-Stokes equations in disturbance flow formulation that 

includes a linearized Reynolds stress 

(3.45) 

/el = 1-1.5/,2. (3.46) 

3.2.3 Simplified Modeling of the Reynolds Stress for SRANS 

(3.47) 

where u and v are disturbance quantities. The eddy viscosity, spatially 

varying, but is kept at base flow values (therefore superscript B) .  
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For the present SRANS calculations, the linearized Navier-Stokes equations in 

vorticity-velocity formulation are employed using linearized convective terms accord

ing to equation (3.12). Included in these terms is the divergence of the linearized 

turbulent stress, F', which is computed using equation (3.14) but with the distur

bance  par t  o f  the  Reynolds  s t ress  ( superscr ip t  d) ,  R f j  = Ri j  — To l inear ize  Rf j  

for SRANS calculations, it is only modeled using the isotropic part of the Reynolds 

stress [Rfj"^ = = 0 in equation (3.16)]. Then, Rfj writes as 

— ~ ~ (3.48) 

The modeling assumption for SRANS is to set = 0- result, equation (3.48) 

reduces to the linearized Reynolds stress of the disturbances 

-Rii = (3.49) 

where is the steady eddy-viscosity of the base flow. Sfj = Sij — is the 

disturbance part of the strain rate, which can be three-dimensional in 3D SRANS 

calculations. In this work, however, only 2D SRANS calculations have been per

formed, for which equation (3.49) can be substituted by the 2D version, equation 

(3.47). 

As a result of prescribing a steady instead of computing a time-dependent 

the k—e equations are not solved during SRANS calculations. This significantly 

reduces the computational effort compared with URANS. It must be noted, however, 

that even for small disturbances, where ufxM modeling for SRANS 

is different from URANS. This is because the terms and 

equation (3.48) are formally of the same order. URANS includes both terms, but 

SRANS neglects the latter. For the small amplitude forcing cases studied in this 

work, it turns out that (computed from the URANS solution) is only 
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X ̂2-D/3-D forcing by blowing and suction: 
periodic modulation in spanwise direction 

buffer domain 
(relaminarization) 

Figure 3.1 Computational domain with base flow for DNS of transitional wall jets. 

about 10% — 15% of It therefore does not contribute significantly to the 

Reynolds stress. 

3.3 Computational Domain and Boundary Conditions 

The governing equations from sections 3.1 and 3.2 are solved inside a computational 

domain, as illustrated in Figure 3.1 for a DNS of transition in a Glauert wall jet. 

The wall jet flows from left to right and is disturbed with a blowing and suction 

slot close to the inflow boundary. Aside from the wall, the computational domain is 

bordered on three sides by open boundaries, which represent artificial cuts through 

the physical flow field, namely the inflow, the outflow, and the upper boundary, 

and require carefuUy chosen boundary conditions that are physically meaningful and 

numerically realizable. A discussion of all boundary conditions for the governing 

equations follows. 

3.3.1 Boundary Condition for the Navier-Stokes Equations 

For the three-dimensional Navier-Stokes equations (3.1)-(3.6), periodicity is assumed 

in spanwise direction, which is automatically satisfied by the spectral Einsatz in equa

tions (3.8) & (3.9). All boundary conditions are specified in spectral space for span-
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wise modes —K <k  <K.  The spectral notation is only used, if a boundary condition 

differs for a particular spanwise mode. For 2D simulations, only fc = 0 is computed. 

Inflow conditions 

At the inflow boxmdary, Xin, Dirichlet conditions are imposed on all flow variables 

F^ 

J-'fen,!/) where F'= p', I'', W'', nj). (3.50) 

For calculations in total flow formulation, the beise flow values are used for the 2D 

mode, F^=°{y) = feixin, y), otherwise F^{y) = 0. As documented by Meitz (1996), 

a number of numerical inflow conditions (mostly streamwise derivatives of the flow 

variables) are also required for the discretization used Ln the present Navier-Stokes 

code. 

Outflow conditions 

At the outflow boundary, Xout, the governing equations are parabolized by setting the 

second streamwise derivative for all flow variables to zero, 

^^2 ^ where f  =  [u ,v ,w ,u jx ,u jy ,u j z \ -  (.3.51) 

In addition, a buffer domain near the outflow boundary is employed (except for some 

beise flow calculations) for damping out the time-dependent part of the flow and 

thus minimizing reflections from the outflow boundary. The ramping technique is 

discussed in detail by Meitz & Fasel (2000). It is similar to that proposed by Kloker 

et al. (1993). Over the length of the buffer domain, the vorticity components are 

gradually ramped dow^n to zero for all spanwise modes with the exception of the 2D 

component. For calculations in total flow formulation, the spanwise vorticity for the 

2D mode (fc = 0) is ramped to a chosen vorticity distribution iVz^tmffer' 

^z^rampedip^buffertV) = RAMP[f2^ (2^6u//er) 2/))'''z,6tt//er(2^6u//erj 2/)]- (3.52) 
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In the past, the choice for oo^^out has generally been the base flow value. In some cases, 

a significant improvement of the flow solution was achieved with alternative choices 

for u}z,txu.t (see chapter 6). 

Wall boimdary conditions 

At the wall, ywaii = 0, the no-slip condition and the no-penetration condition are 

imposed (except over the blowing and suction slot), 

u{x,y^aiuk) = w{x,y,j,aihk) =Q, (3.53) 

,, L / Vi,s{x,k,t) for Xs,Tnin < X < Xg^rnax /o 
- I Q elsewhere ^ ^ ^ 

^y{Xi y-wallt k) = 0. (3.55) 

cjx and uJz are computed by integrating the following equations along the wall. 

Upper boundary conditions 

At the upper boundary, ymax — y/s, irrotational flow is assumed. Therefore, 

(^xiXi ymax J •2^) ~ (jJy{Xt ymaxi •2') — ymaxt ~ 0. (3.58) 

For the velocity equations, only the v-Poisson equation (3.4) requires a boundary 

condition at the free stream. The following Neumann condition is thus paramount in 

imposing a free stream flow for the Navier-Stokes calculation 

dV''{x,v„„) ^ I Vyj,{x) = for i: = 0 ,3 59) 
^2/ \ 0 otherwise 

For the present work, an induced flow at the free stream boundary is prescribed 

via Vyjs{x), whenever the total flow formulation is used. The reason for this is 

demonstrated in section 3.4.3. 



54 

3.3.2 Boundary Condition for the k — e Equations 

For FSM calculations, the following boundary conditions are prescribed for k  and e. 

At the inflow, Dirichlet conditions are imposed 

k{^in,y) = kin, (3.60) 

^iXin,y) = ^in- (3.61) 

For the present Navier-Sokes code, it is essential to provide consistent inflow condi

tions for all flow quantities, including k and e. The method of choice for obtaining 

high quality inflow conditions is discussed in detail in appendix A. 

As boimdary conditions at the outflow and at the upper boundary, Neumann 

conditions are prescribed 

dk{X(mt ,  y )  d€{xou . f>  y )  g  62 ,^  
dx  dx  

dk{x ,  ymax)  5e (x ,  ymax)  
dy  dy  

At the wall {yyjaii = 0), 

= 0. (3.63) 

fc(a;, y^aii) = 0. (3.64) 

Wall boundary conditions for e are somewhat problematic and turbulence models vary 

in their choice of boimdary conditions. The boundary condition used for MK and SS A 

is derived from the governing equation for e by assuming u — v = Ve = T>e = 0. It 

couples e to the second derivative of fc, 

wal l  dy  j 
In practice, this boundary condition can introduce imwanted stifl6iess when solving 

the k — e equations numerically. Therefore, for ASM the numerically less sensitive 

Neumann condition is prescribed instead, 

de(x ,  y^a i i )  ^  
dy  
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This boundary condition is ad hoc, and, in fact, even incorrect (Speziale e t  a l . ,  1992). 

However, for the present investigations, no appreciable difference was found to results 

from calculations using the boundary condition (3.65). 

3.3.3 Disturbance Generation 

Two methods for introducing disturbances into the flow field are employed in the 

present work, volume forcing and forcing by blowing and suction. They axe briefly 

discussed in this section. 

Wall blowing and suction 

In DNS of wall jet transition at low Reynolds numbers the method of choice for 

forcing the flow has been wall-normal blowing and suction through a slot in the wall. 

This technique is widely used for transition simulations of boundary layer flows (e.g., 

by Meitz, 1996), since it is very efficient in producing vorticity disturbances in the 

boundary layer while minimizing acoustic disturbances. In spectral space, the blowing 

and suction velocity for a spanwise mode k is given by 

Vbs{x ,  k ,  t )  =  F6s(a; ,  k )  •T f{k , t ) ,  (3.67) 

where F6s(a;) prescribes the spatial variation of the wall-normal velocity over the 

blowing and suction slot and T(fc,t) represents the temporal forcing function. F6s(a;) 

is given by a fifth order sjonmetric polynomial with zero slope at the endpoints of the 

slot (see Figure 3.2a). 

Volume forcing 

A second forcing method is employed for DNS of wall jet transition at high Reynolds 

numbers and for URANS calculations of turbulent waU jets. In this method, a term, 
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Figure 3.2 Examples for disturbance generation. 

Mvf, representing a volume force (or body force) is added to the right hand side of 

the vorticity transport equations (3.1)-(3.3) which is defined as 

Myf(x ,y ,k , t )  = V X F^f{x ,y ,  k )  - (3.68) 

Vector Fvf (x ,  y ,  k )  represents the normalized spectral component k  for the amplitude 

of the volume force which is applied locally inside the flow. For all calculations in the 

present work, the volume force acts in streamwise direction. Thus, F„f = (F„/.0,0) 

where F„/ has a Gaussian shape. 

(3.69) 
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An example for is shown in Figure 3.2b. The parameters and bk 

determine the location of the forcing blob in the flow field and the width of the 

Gaussian shape in streamwise and in wall-normal direction. 

Originally, the volume forcing technique was utilized by Meitz (1996) for intro

ducing streamwise vortices into the free stream of a flat plate boimdary layer. For 

wall jets, volume forcing has clear advantages over wall blowing and suction, as wUl 

become evident in chapter 5. 

Time evolution 

In the present investigations, the forcing is periodic in time and the temporal forcing 

function T(fc, t) for both volume forcing and wall blowing and suction is given by 

H(t) represents the Heaviside step function that instantly switches on the disturbances 

at t = 0 (see Figure 3.2c), /" and 0" represent frequency and initial phase angle of 

the oscillation. Notice, for 9^ = 0 the forcing starts with maximum amplitude at 

t = 0 due to the cosine. 

Mode diagram 

For each spanwise mode k ,  up to N periodic disturbances are introduced, each with 

an amplitude and a frequency — n- f^~^. The mode diagram in Figure 3.2d 

indicates non-zero forcing amplitudes for modes (2,0) and (1,1). Forcing of 

this kind may produce a time-periodic flow field which can be Fourier expanded into 

temporal modes. The notation (n, k) is convenient to indicate the spectral compo

nent of a Fourier expanded flow variable. In this notation, subharmonic modes are 

accounted for with n = 1/2,1/3,1/4,.... 

N 
(3.70) 
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Forcing Amplitude 

The amplitude in equation (3.70), while non-dimensional in the present formu

lation, represents different physical quantities for volume forcing and for wall forcing 

by blowing and suction. For wall forcing, represents the amplitude 

of the wall-normal velocity that is applied over the length of the forcing slot. For 

volume forcing, represents the amplitude of the flow acceleration that 

is applied over the area of the forcing blob. The strength of the volume forcing can 

be characterized with a volume forcing parameter, 

Pyf{n, k) = -ak-bk, (3.71) 

which estimates the flow acceleration over the area of the forcing blob. 

3.4 Initial Conditions/Initial Flow/Base Flow 

All present flow calculations based on the Navier-Stokes equations require initial 

condi t ions® for  a l l  f low var iab les  /  =  [u ,v ,w ,cUx, ( i )y ,u}z{ ,  k , e ) ]  

u{x ,y , z , t  =  0)  =  uo(x ,y ) ,  (3.72) 

v{x ,y , z , t  =  0)  =  VQ{x ,y ) ,  (3.73) 

uj , {x ,y , z , t  =  0)  = uj^o{x ,y ) ,  (3.74) 

w{x ,y , z , t  =  0)  =  wo{x ,y , z )=0,  (3.75) 

ujxix,y,z,t = 0) = uJa:Q{x,y,z) =0, (3.76) 

c jy{x ,y , z , t  =  0)  =  ujyo{x ,y , z )  =0 ,  (3.77) 

and for RANS calculations also 

k(x ,y , t  — 0)  =  ko(x ,y , t=^0) ,  (3.78) 

e{x ,y , t  =  0)  = €o(rc,T/,t = 0). (3.79) 

®This is the case even for steady flow calculations, since the steady state is computed using 
time-relaxation. 



59 

At a; = Xin, the initial conditions also serve as inflow conditions. Inside the buffer 

domain x = Xbuf/er, the steady spanwise vorticity of the base flow, Wz.o? niay represent 

the ramped buffer-

For calculations in total flow formulation, the initial conditions axe provided by 

a two-dimensional steady initial flow, which is computed in a precursor calculation. 

To avoid a strong initial flow adjustment, this initial flow, preferably, is a solution 

of the Navier-Stokes equations, or very close to it. For calculations in disturbance 

flow formidation (see sections 3.1.2 and 3.1.3), the initial conditions (and inflow con

ditions) are zero for aU distiirbance quantities. Instead, a steady (or time-periodic) 

base flow enters the calctilation through the nonlinear terms in the vorticity trans

port equations. This base flow is not required to be a solution of the Navier-Stokes 

equations (section 3.1.2). For both formulations, steady wall jet flows are computed 

in precursor calculations, which axe now discussed. 

3.4.1 Laminar Base Flow 

For 2D-NS and DNS of transitional wall jets presented in this thesis, the base flow is 

provided by the analytical similarity solution according to Glauert (1956). A detailed 

derivation and discussion of the Glauert wall jet is found in Wernz (1993). An example 

for the streamwise velocity profiles of a Glauert waU jet is shown in Figure 3.3. 

Ug [3m/s] 
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4 0 0.2 0.4 

5 

max E 
E 
CM 
CO 

'0.5 

0 
70 100 60 90 0 10 20 

Xg (virtual origin) 
30 40 50 

X-Xg [3.2mnn] 
80 

Figure 3.3 Self-similar laminar wall jet according to Glauert (1956) used as the base 
flow or initial flow for calculations of transitional wall jets. 
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It is customary to characterize the velocity profile of a wall jet by its local max-

imimi, Umax, and by the half width, 5q,5, defined as the wall-normal location where 

the velocity has decreased to Umax j'2- The local Reynolds number 

Res,., = (3.80) 

is the determining parameter for the linear instability of a Glauert wall jet profile (see 

Wernz, 1993). The global development of a Glauert wall jet can also be characterized 

by the molecular viscosity of the flow v and the flux of exterior momentum flux 

dy = const, (3.81) 

where aU quantities are dimensional. Velocity and thickness of a Glauert wall jet 

profile are determined by F, v, and the distance from the virtual origin where the 

self-similar flow originates. 

3.4.2 Turbulent Base Flow 

For the turbulent flow calculations in this work, an attempt was made to recover 

some of the universality that is achieved for the laminar flow by using the Glauert 

similarity solution. Experimental measurements show that the shape of the turbulent 

mean flow and its momentimi flux J (rather than F) remain nearly constant over a 

large streamwise distance 
poo 

J = I v^dy » const. (3.82) 
Jo 

Narasimha et al. (1973) and later Wygnanski et al. (1992) have successfully utilized 

this property for scaling the turbulent wall jet with the jet exit momentum, 

J w M = C/? • 6. (3.83) 

Uj is the jet exit velocity, h is the nozzle width, and a top hat profile is assumed. 
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Figure 3.4 Nearly self-similar tiirbulent wall jet computed with the method in ap
pendix A used as base flow or initial flow for turbulent wall jet calculations. 

These experimental findings suggest that the turbulent wall jet is nearly self-

similar. They provide the justification for the concept of a virtual nozzle used for the 

present turbulent flow calculations instead of simulating a real nozzle geometry. As 

illustrated in Figure 3.4, the virtual nozzle is located where the velocity maximum of 

a completely self-similar waU jet equals the jet exit velocity of a wall jet generated 

by a real nozzle. Such a virtual nozzle serves as the inflow condition for the present 

turbulent flow calculations. At Xin, a (nearly) self-similar turbulent flow profile is 

prescribed with a velocity maximum of Umax = Uj axid a momentum thickness 5^ = b. 

Because of 

5o = 
C/2 M T  

•n Ufnax^2 Ujb Res, = = = Rsi, 
1/  u  ^  

(3.84) 

(3.85) 

the inflow in the calculation then matches the jet exit momentum, M, and the jet 

exit Reynolds number, Rcj, in the experiment. 
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While no exact similarity solution exists for the turbulent wall jet, several approx

imate similarity solutions have been reported in the literature (e.g., Glauert (1956), 

Likhachev (1996)) that might be used at the inflow. However, these similarity solu

tions fail to provide k and e values for the present RANS and URANS calculations 

that are consistent with the chosen turbulence models (ASM, MK, SSA). As a con

sequence, an undesirably strong adjustment for k and e close to the inflow would 

ensue in the RANS solution. Therefore, an alternative method has been developed as 

part of the present work which is based on the Reynolds-Averaged Boundary Layer 

Equations (RABL). The method is discussed in detail in appendix A. For all three 

considered turbulence models, this approach delivers a nearly self-similar turbulent 

wall jet at the inflow with a user specified Umax and ^2- As will be demonstrated in 

chapter 4, the RABL solution is so close to the RANS solution that it is also well 

suited as a base flow for the turbulent stability investigations. 

3.4.3 Induced Flow Correction 

For laminar stability investigations in disturbance flow formulation, the Glauert sim

ilarity solution is commonly used as the base flow, since it is very close to the Navier-

Stokes solution. Surprisingly, at first, for secondary instability calculations a notice

able discrepancy in the amplitude of the secondary disturbance was found between 

calculations in disturbance flow formulation and calculations in total flow formula

tion. This discrepancy was eventually traced to the treatment of the potential flow 

region away from the wall. Since the Glauert wall jet is a solution of the boimd-

ary layer equations, the flow is rotational above the wall jet (for y » So,5) where 

dujdy —>• 0, but u)^ = —dvjdx. For streamwise locations approaching the virtual 

origin, dvfdx and increase, and the similarity solution deviates more and more 

from the Navier-Stokes solution. 
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This discrepancy poses a problem for Navier-Stokes calciilations in total flow for

mulation, whenever the inflow boundary is located close to the virtual origin and 

a large portion of the inflow boundary lies in the potential flow region outside the 

wall jet^. The potential flow region of such a calculation is illustrated in Figure 3.5a. 

Shown are overlayed vector plots for the computed velocity field from the Glauert 

solution and from the Navier-Stokes solution. At the inflow, where the Glauert so

lution is imposed as a Dirichlet condition, both solutions are identical. The Navier-

Stokes solution, which is irrotational in the potential flow region, then starts to devi

ate increasingly from the Glauert solution in downstream direction. Eventually, the 

streamwise velocity component decays linearly towaxds the upper boimdary, rather 

than exponentially. As a consequence, the streamwise velocity at the edge of the wall 

jet increases in downstream direction. Even worse, the edge velocity increases with 

increased domain height. 

A remedy for this problem was suggested by Kerschen (personal communication): 

The similarity solution is matched asymptotically with a potential flow solution, and 

the combined solution is then imposed at the inflow and at the free stream bound

ary. In the asymptotic matching problem, the inner solution for the velocity field is 

provided by the similarity solution as 

= {ui,Vi), (3.86) 

Ui{x,yi) = fu{ri)x^ and t;i(2;, y,) =/„(77)x"+'"~\ 

where Ui is the inner wall-normal coordinate, 77 = fr,yx~"^ the similarity coordinate. 

The similarity fimctions, /„ and /„, represent the self-similar shapes of Ui and Vi 

respectively, m is the spreading rate, and n is the velocity decay rate of the wall jet. 

some calculations, where the wall jet spreads significantly over the integration domfdn, more 
than 90% of the inflow lies in the potential flow region, since the domeiin height is dictated by the 
outflow. 
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are the velocity fields in the potential flow region. 
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The upper boundary condition for the inner solution serves as the wall boundary 

condition for the outer solution: 

Vo(x,yo = 0) = Vi(x,yi->• oo), (3.87) 

Uo(a;, 0) = 0 and Vo(x,0) = 

A potential flow solution inside the quarter plane of the wall jet which satisfies this 

wall-boundary condition is given by the following complex flow potential w and its 

derivative 

j„(2) = ^ = (3.88) 
m + n  dz  

Uo(r,4>) = —/„(oo)r"*'^"~^sin(m + n—1)^, (3.89) 

^o(^"! 4>) = /u(oo)r'"'^"~^ cos (m + n — 1)^, (3.90) 

where z = x + iyo, r = y/x^ + y^, and ( f>  = taLa~^(yo /oc) .  The combined solution is 

then constructed as follows: 

u(x ,y )—Ui  + Uo and v{x ,y )  =  Vi+ Vo — Voix ,0 ) .  (3.91) 

As shown in Figure 3.5b, the resulting flow field in the potential flow region is 

now significantly changed. With the asymptotically matched solution, a small induced 

streamwise velocity is imposed at the inflow, which then decreases in streamwise di

rection. More importantly, similarity solution and Navier-Stokes solution now agree 

well at the edge of the wall jet. This will also be apparent in the wall jet velocity 

profiles shown in chapter 4. 

The advantage of using the induced flow correction for total flow calculations is 

now demonstrated with a test case. For computing subharmonic resonance in a lam

inar wall jet at low Reynolds number, the following three 2D-NS are performed. One 

2D-NS (Glauert) is in disturbance flow formulation using the Glauert similarity so

lution as a base flow. The other two 2D-NS {NS-Glauert and NS-IFS) are in total 



66 

,0 
10" 

f=56Hz 10 

U5 

CO 

-2 

X f=28Hz 
Base Flow/Inflow: J 

Glauert 
NS-Glauert ^ 
NS-IFS 

,-3 
=10 

,-4 < 10 

-5 
10 

0 50 100 
X [3.2nnm] 

Figure 3.6 Sensitivity of 2D subhaxraonic resonance calculations to the base flow. 
Shown are the Fourier amplitudes of the spanwise wall vorticity from Navier-Stokes 
calculations using the Glauert solution, and a Navier-Stokes solution with and without 
induced flow correction as a base flow. 

flow formulation, whereby for NS-Glauert a pure Glauert solution is imposed at the 

inflow, while for NS-IFS the induced flow correction is utilized. For all three 2D-NS, 

the wall jet is forced by blowing and suction with a fundamental frequency (56Hz) 

and a large amplitude, and with a subharmonic frequency (28Hz) and a small ampli

tude. The result from these calculations is plotted in in Figure 3.6. Shown are the 

Fourier amplitudes of the wall vorticity for the fundamental and for the subharmonic 

disturbance. For the fundamental disturbance (primary instability) all three 2D-NS 

agree well. However, for the subharmonic disturbance (secondary instability), only 

Glauert and NS-IFS agree, while NS-Glauert predicts a significantly lower growth. 

In turbulent flow calculations, the same induced flow correction is made for the 

inflow condition. It was found, that neither distance from the virtual origin, nor the 

streamwise development of the wall normal velocity needs to be known exactly for 

a good match. The method only fails, when the spreading rate of the flow deviates 

significantly from the one assumed for the induced flow solution. This is the case 
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for the DNS in, section 6.2, where the spreading rate dramatically increases within 

the computational domain as the flow becomes txirbulent, but the free stream con

dition only accounts for the original, much lower spreading rate of the laminar flow. 

Therefore, a more sophisticated boundary layer interaction model would be required 

to determine the correct induced flow field. 

3.5 Numerical Method 

A brief summary is now given of the present numerical approach for solving the 

Navier-Stokes equations without and including the turbulence model. A more detailed 

discussion of the Navier-Stokes part can be found in the dissertation of Meitz (1996) 

and also in Meitz & Fasel (2000). 

3.5.1 Numerical Solution of the Navier-Stokes Equations 

The numerical scheme employs a fourth-order Runge-Kutta method for the time 

integration, a pseudo-spectral decomposition in spanwise direction, and fourth-order 

compact differences in the streamwise and wall-normal directions. The stability of the 

streamwise first derivatives in the nonlinear terms is improved with split differences, 

while in wall-normal direction all difference stencils are central. For the wall-normal 

direction, a grid with variable step size is chosen with the points clustered near the 

wall. A description of the wall-normal grid is given in section A.2.2. 

The solution procedure is illustrated with the schematic in Figure 3.7. At each 

Runge-Kutta substep, equations (3.1)-(3.3) are first solved explicitly. Then, the ve

locity Poisson equation (3.4) is solved by a direct method (Meitz, 1996). Finally, 

equations (3.5) and (3.6) are integrated along the streamwise direction. 
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Figure 3.7 Computational procedure for solving the Navier-Stokes equations over one 
Runge-Kutta time step including the turbulence model of FSM/RANS calculations. 
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3.5.2 Numerical Solution of the RANS Equations 

Figure 3.7 shows how the turbulence model is integrated in the explicit time-marching 

procedure. For RANS calculations, the same fourth-order Navier-Stokes code is used 

as for 2D-NS and DNS. This is a novel approach, since numerical schemes reported in 

the literature are generally at most second order accurate. Zhang (personal commu

nication) has shown with URANS calculations for a Stratford Ramp flow, that time-

fluctuations in the flow are severely dampened when second-order stencils are used, 

while large amplitude fluctuations can be sustained with the present fourth-order 

code. The penalty for the higher formal accuracy is a severe time step limitation. 

The time step in the URANS is no greater than for a DNS of the same flow geometry, 

because, firstly, for turbulent flow calculations it is limited by the wall-normal diffu

sion limit rather than by the CFL number, and secondly, the wall-normal resolution 

requirement is the same as for the DNS. 

While fourth-order accuracy is maintained for the Navier-Stokes paxt, the Reynolds 

stress term is computed using second-order difference stencils. Due to the extra 

derivative that enters from taking the curl of the divergence of the Reynolds stress, 

and due to the inclusion of the function in the ASM model, even second-order 

stencils are barely feasible. Filtering is essential for URANS calculations with large 

amplitude fluctuations (see section 3.5.3) to reduce the build-up of mesh oscillations. 

In test calculations for a boundary layer flow, the strain rates in the modeled Reynolds 

stress terms were successfully computed using the Wz-vorticity and the fourth-order 

split differences for the additional streamwise derivatives. For wall jet calculations, 

this approach was unsuccessful and led to strong numerical instability. The current 

approach for numerically computing the Reynolds stress admittedly leaves much room 

for improvement. 

For solving the time-dependent k  — e  equations, a standard ADI scheme was 

chosen, since the fourth-order explicit Runge-Kutta method proved to be nmnerically 
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too unstable. A Newton-Raphson iteration is used for converging the highly nonlinear 

k — e equations. In practice, however, the time-step restriction due to the diffusion 

stability limit in wall-normal direction is so severe, that only two Newton-Raphson 

iterations are needed for convergence. This is different from the RABL solver, where 

much larger time steps require that the iteration is continued untU the residue in the 

k — e equations falls below a user specified threshold. The initial approach of using 

fourth-order compact difference stencils was abandoned to improve the numerical 

stability of the method. Instead, central second-order standard stencils are now used, 

except for a first-order upwinding in the streamwise convective terms. In the author's 

experience, high-order accuracy is not crucial for solving k and e because they axe 

very inaccurate in the first place due to the many modeling assimiptions. 

3.5.3 Filtering 

As discussed by Meitz (1996), the compact finite-difference scheme used in the present 

code provides very little artificial dissipation for the highest resolved wave numbers. 

To prevent a build-up of streamwise grid-mesh oscillations, the computed vorticity 

field is filtered at every Runge-Kutta substep in streamwise direction using a fourth 

order accurate compact filter by Lele (1992) with near-spectral cut-off. By keep

ing the waU-normal grid size below the streamwise grid size, wall-normal grid-mesh 

oscillations can be avoided without explicit wall-normal filtering. However, for limit

ing the computational cost in the present RANS calculations, the grid stretching in 

wall-normal direction needs to be so severe that the wall-normal grid size surpasses 

the streamwise grid size in the outer flow region and may become ten times larger. 

Then, without wall-normal filtering, small mesh oscillations appear that travel slowly 

towards the upper boundary. When they hit the boundary, they get reflected, grow, 

and eventually destroy the calculation. Filtering with the same compact filter by Lele 

throughout the wall-normal direction removes these oscillation, but it causes a severe 
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distortion of the solution close to the wall, where the wall-normal gradients axe large 

and the flow speed is small. As a remedy, wall-normal filtering is only applied above 

the wall jet, by gradually ramping on the compact filter with a cosine squared ramp

ing function beginning from the edge of the wall jet. For reducing mesh oscillations 

that arise firom the RANS model, kje and the function f(j},^) are filtered in both 

directions using an explicit three-point filter. 

3.5.4 Discussion of Computational Strategy 

The major computational tasks in this research, namely stabiHty investigations and 

phenomenological flow investigations, are performed in several steps with the Navier-

Stokes code NST3D by Meitz (1996) using various code versions that are adopted to 

the specific tasks. An overview is provided with the flow chart in Figure 3.8. The 

column to the left of the flow chart lists the steps of the computational strategy, 

the left portion of the flow chart refers to simulations of transitional wall jets, the 

right portion refers to simulations of turbulent wall jets using tvurbulence models. 

In a precursor step, a boundary layer solution is obtained for providing inflow and 

initial conditions. The laminar boundary layer solution is determined by inverting the 

implicit Glauert similarity solution with the subroutine GLAUERT. The turbulent 

boundary layer solution is computed using the RABL solver, as discussed in detail 

in appendix A. As an optional step for further refinement of the inflow and initial 

conditions, an induced flow correction may be added to the boundary layer solution 

using IFS (see discussion in section 3.4.3). With the corrected boundary layer solution 

as the initial and inflow condition, the steady Navier-Stokes (or RANS) solution 

is obtained using 2D-NS in total flow formulation or RANS respectively. The so 

computed steady wall jet, in turn, provides the initial condition or the base flow for 

2D and 3D unsteady simulations of the forced flow. 2D unsteady calculations are 
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Figure 3.8 Schematic of the computational strategy for calculating transitional and 
turbulent wall jets. 

carried out with 2D-NS in total flow formulation or with URANS using the steady 

Navier-Stokes solution £is an initial condition. For stability investigations, 2D-NS 

in disturbance flow formulation or SRANS are employed using either the boundary 

layer solution or the steady Navier-Stokes solution as a base flow. In the present 

research, three-dimensional secondary stability investigations are carried out with a 

linearized code version, LinNSSD, which employs a two-dimensional time-dependent 

base flow. A phenomenological investigations of a forced transitional wall jet is carried 

out with 3D-DNS in total flow formulation. For future FSM simulations, the code 

versions URANS and 3D-DNS will be combined. Table 3.2 provides an overview of 

the sections in this thesis where the code versions are described and where those 

versions are applied for various computational tasks. 
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Computational Task Code Version Description Application 

boundary layer flow, 
steady base flow 

GLAUERT Wernz (1993) sects. 4.1, 4.2 boundary layer flow, 
steady base flow RABL appendix A sect. 4.3 
induced potential flow IFS sect. 3.4.3 sects. 4.1, 4.2, 4.3 
steady 2D flow, 
steady base flow 

2D-NS, total sect. 3.1 sects. 4.1, 4.2 steady 2D flow, 
steady base flow RANS sect. 3.2 sect. 4.3 
forced 2D flow 
(primary & secondary 
disturbances) 

2D-NS, total sect. 3.1 sect. 5.3.3 forced 2D flow 
(primary & secondary 
disturbances) 

2D-NS, dist. sect. 3.1.2 sects. 5.2.2, 5.3.1 
forced 2D flow 
(primary & secondary 
disturbances) URANS/SRANS sect. 3.2 sects. 5.2.3, 5.3.2 

transitional/turbulent 
flow simulation 

3D-DNS, total sect. 3.1 sects. 6.1.2, 6.2 

2D lineax instability 
OS Wemz (1993) sects. 5.1, 5.1.2 

2D lineax instability NS2D, dist. sect. 3.1.2 sects. 5.1.2, 5.1.3 2D lineax instability 
URANS/SRANS sect. 3.2 sect. 5.1.4 

3D secondary instability LinNS3D sect. 3.1.3 sect. 6.1.1 

Table 3.2 Numerical code versions employed for the investigations in this work. 

3.6 Measures for Minimizing Computational Errors — Code Validation 

To ensure accuracy of the numerical solution, the three main sources of computational 

error need to be addressed: i) the internal consistency of the computer code including 

the accuracy and convergence of the numerical method, ii) the boimdary conditions, 

and iii) the grid resolution. 

Internal consistency of the computer code 

A rigorous validation of the Navier-Stokes code NST3D was performed by Meitz 

(1996) for transitional boundary layer flows. The linearized Navier-Stokes solver 

LinNSSD using a time-dependent base flow was thoroughly tested by Hermanutz 

(1998) for secondary instability in a flat plate boundary layer by comparing with 

results by Fasel e£ al. (1990). A validation of the RANS model is included in appendix 

A of this thesis. 
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Validity of the boundary conditions 

As in any open flow problem with artificial computational boimdaries, a major dif

ficulty for accurately computing wall jets arises from the boundary conditions. Pre

scribing similarity solutions at the inflow that are very close to a Navier-Stokes so

lution (chapter 4) minimizes flow adjustments close to the inflow boimdary. Due to 

the induced flow correction (section 3.4.3), domain height dependence of the com

putational result is kept to a minimum. A particularly severe problem for wall jet 

calculations are outflow reflections. The wave packet generated during the startup of 

forced wall jet calculations, causes weak reflections from the outflow boundary which 

feed back to the inflow boundary. Subharmonic disturbances within this reflected 

wave packet can be strongly amplified through subharmonic resonance and reach 

such a large amplitude level at the outflow that an undesired feed back loop between 

outflow and inflow ensues. To suppress outflow reflections, the buffer domain needs 

to be longer than twice the wave length of any amplifled subharmonic disturbance. In 

some cases, it takes up half the computational domain. Forcing the flow close to the 

Dirichlet inflow generates a spurious acoustic disturbance with the frequency of the 

vortical disturbance, but with an infinite wave length (for incompressible flow). The 

combined disturbance can exhibit a strong amplitude modulation (beat) resulting in 

a severely distorted growth rate and wave nimiber. The amplitude of the acoustic 

disturbance can be reduced by increasing the distance of the forcing location from 

the inflow. 

Grid resolution studies 

For 2D-NS and DNS of transitional flow, extensive grid resolution studies were per

formed with grid refinements in streamwise and wall-normal direction. As a guideline 

for choosing a grid, further grid refinements should change the solution quantities of 

interest by less than one or two percent. This results in the following rules of thumb: 
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For accurately resolving a harmonic disturbance wave in streamwise direction, at 

least eight points per wave length are needed, while for nonlinear disturbances, five 

points per wave length are required to resolve the highest harmonic of interest. Due 

to streamwise filtering of the vorticities (section 3.5.3) streamwise mesh oscillations 

in the highest resolved wave number are removed. At the inflow, the region firom the 

wall to the maximimi of the wall jet, requires at least ten waU-normal grid points. 

The waU-normal stretching parameter is ^ > 1.03, except in the superstretched grid 

region close to the upper boundary where flow structures do not need to be computed 

accurately. 

Detailed grid resolution studies for turbulent flow calculations were performed 

using the RABL version rather that the RANS version of the code (section A.2.2). 

RANS calculations, however, have more stringent wall-normal grid requirements since 

the integration of the wall vorticity is very sensitive to wall-normal resolution and, as 

a consequence, the wall-next point needs to be closer to the wall ^ l-^)- Also, 

at the edge of the wall jet, wall-normal mesh oscillations in the spanwise vorticity are 

created by the turbulent stress, Ty, entering the vorticity transport equations via 

the nonlinear terms in equation (3.7). Due to the extra curl, the RANS veision is 

numerically much less stable than in the RABL version of the code. As a remedy, 

wall-normal filtering of the spanwise vorticity is performed above the edge of the wall 

jet (section 3.5.3). 

Filtering above the wall jet is also applied in the DNS in chapter 6 of high Reynolds 

number wall jet transition which is underresolved in all directions. As a consequence, 

strong wall-normal mesh oscillations occur in the outer region of the wall jet. Unfortu

nately, this DNS reaches the limit of the available computational resources preventing 

further grid refinements. 
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4. BASE FLOW CALCULATIONS 

In this chapter, three steady wall jets will be discussed which serve as base flows (or 

as initial conditions) for the numerical investigations in this thesis. The first two 

base flows are laminar Glauert wall jets at a low and at a high Reynolds number, 

denoted as BASE LI and BASE L2 respectively. The third base flow is a nearly 

self-similar turbulent wall jet denoted as BASE T. A key consideration for choosing 

these base flows is universality. Each base flow keeps a (nearly) self-similar shape 

throughout the computational domain and is therefore characterized with a single 

Reynolds number. This is different from wall jet experiments, where the near field of 

the nozzle depends on the local geometry and similarity of the wall jet mean flow is 

only reached farther downstream. At present, the importance of the nozzle geometry 

for the flow development farther downstream is still being debated among researchers, 

and a realistic numerical investigation of an experimental nozzle geometry certainly 

presents a worthy research topic. With the current research code, however, this 

would be a very difficult task and so the focus here is on fully developed wall jets 

instead. The nozzle in the experiment is replaced with a virtual nozzle where flow 

similarity is already established, thus trading the accurate reproduction of a particular 

experimental setup for a greater degree of universality. The virtual nozzle concept 

provides an important reference for future investigations considering specific nozzle 

geometries. 

4.1 Base Flow for DNS of Transitional Wall Jet at Low Reynolds 
Number — BASE LI 

The first base flow, BASE LI, is a self-similar laminar wall jet according to Glauert 

(1956) which approximates the wall jet in the experiment by Zhou et al. (1992) with 

a jet exit Reynolds number of Rcj = 426. A detailed list of important flow param
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Figure 4.1 Base flow for low Reynolds number DNS calculations (BASE LI): Glauert 
wall jet approximating the wall jet from the experiments by Zhou et al. (1992). 

eters and the reference quantities used for non-dimensionalizing all flow variables is 

provided in Table C.l. Due to the low Reynolds number (Reso^s — 278 at the inflow), 

BASE LI can be accurately computed using DNS without turbulence modeling. It 

thus provides a reliable test bed for evaluating numerical investigation techniques and 

for identifying and quantifying instability mechanisms that are prevalent in wall jets. 

An illustration of BASE LI is given in Figure 4.1 for three calculations, a Glauert 

similarity solution and two Navier-Stokes solutions with different inflow conditions, 

NS-Glauert and NS-IFS (see section 3.4.3). Shown are profiles of the streamwise 

velocity, UB, and of the wall-normal velocity, VB, (multiplied by ten) at the inflow 

and at two downstream locations. For UB a-t x = 105 (non-dimensionalized with 

L = 3.2mm), there is a noticeable deviation of NS-Glauert from GLAUERT and 

NS-IFS at the edge and above the wall jet. This discrepancy shows the need for the 

induced flow correction, as discussed in detail in section 3.4.3. The half width, 5o.5, 

indicates the strong spreading of the wall jet which necessitates a very large domain 

height and a stretching of the wall-normal grid. For comparison, data points from 

Zhou et al. (1992) for the half width and for the local velocity maximum Umax are 
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also plotted. The location of the nozzle in the experiment is at Xnozzie ~ 20 relative to 

the computational domain. To provide enough room for forcing, the inflow boundary 

for the computation is located farther upstream at Xin = 5. This is very close to the 

virtual origin of the wall jet and, as a result, Umax decays rapidly close to the inflow. 

Also, since the wall-normal velocity [0{VB) 0{UB)] the spreading rate is high (see 

parameter 4.4 in Table C.l). Therefore, BASE Ll is strongly non-parallel, which has 

serious implications for the instability of the flow, as discussed in section 5.1.2. 

4.2 Base Flow for DNS of Transitional Wall Jet at High Reynolds 
Number — BASE L2 

The second base flow, BASE L2, is also a laminar Glauert wall jet, but with a much 

higher Reynolds nimiber ^ = 16,500 at the inflow). The flow parameters are 

listed in Table C.l. An illustration of BASE L2 is provided in Figure 4.2 for the 

Glauert similarity solution and for the Navier-Stokes solution with the induced flow 

correction at the inflow. Shown are profiles of the streamwise velocity, UB, and of 

the wall-normal velocity, VBI (times one hundred) at the inflow and at two locations 

5 
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0 
0 10 ' 20" • - - ~ 40 " 50 60 

^Xo=-950 Xi„ x-XiJ5mm] 

Figure 4.2 Base flow for high Reynolds number DNS calculations (BASE L2): Glauert 
wall jet with Res^ = 10,000. 
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downstream. In contrast to BASE LI, the computational domain for BASE L2 is 

so far downstream of the virtual origin, that the flow is virtually parallel. As a 

consequence, the streamwise velocity, UB, barely changes throughout the domain, 

and the wall-normal velocity, VB, is extremely small compaxed to the streamwise 

velocity. 

A Glauert wall jet with such a high Reynolds number is artificial, because a wall 

jet in an experiment either is already turbulent as it exits from the nozzle at high 

velocity, or it rapidly transitions before it ever becomes self-similar. Nevertheless, 

from an academic standpoint, BASE L2 represents an interesting limiting case for 

the Glauert wall jet that contrasts the low Reynolds number flow BASE Ll in many 

aspects. In chapter 5, the distinctly diflierent instability behavior of BASE L2 will be 

discussed. 

The main purpose of BASE L2, however, is to provide inflow and initial conditions 

for the 3D DNS in chapter 6, where the laminax wall jet is tripped using volume forcing 

and, as a result, breaks down to turbulence. BASE L2, as the initial condition for the 

3D DNS, targets a turbulent wall jet from the experiments by Katz et al. (1992) with a 

jet exit Reynolds number of Rsj = 10,000. In fact, for BASE L2 the Reynolds number 

based on momentum thickness is also Res^ = 10,000 (see Table C.l). However, to 

compensate for the expected momentum loss during transition, the momentum flux 

for BASE L2 is 1.6 times higher than the jet exit momentimi in the experiment. 

4.3 Base Flow for URANS and SRANS Calculations of Turbulent Wall 
Jet — BASE T 

The third base flow, BASE T, is either a RANS solution or a RABL solution of 

the turbulent wall jet emanating as a fuUy developed turbulent flow from a virtual 

nozzle at the inflow. At the virtual nozzle, the Reynolds number based on momentum 

thickness of Res^ = 10,000 matches the jet exit Reynolds num.ber in a nimiber of wall 
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jet experiments, including Katz et al. (1992), Eriksson et al. (1998), and Schober 

(1999). The flow parameters of BASE T are listed in Table C.l. An illustration of 

the flow is given in Figure 4.3, where the RABL solution from the appendix A is 

compared with two RANS solutions—without and with an induced flow correction 

at the inflow. In all cases, the same RABL solution, computed with the iterative 

method discussed in section A. 1.4, is prescribed at the inflow boundary. Compared 

in Figure 4.3 are the velocity profiles, UB and VB, at the inflow and at two downstream 

locations, x/b = 70 and x/b = 150. Also shown are the wall jet thicknesses, Smax, ^2, 

and ^0.5. At the edge of the wall jet and above it, the RANS solution matches the 

RABL solution slightly better, if the induced flow correction is added at the inflow. 

Otherwise, the profiles from all three calculations are virtually indistinguishable in 

this plot. A validation of the RABL calculation is provided in appendix A including 

Up, lOVg [30m/s] 
0 0.5 1 0 0.5 1 0 0.5 

30 

25 RABL-solution 
— RANS-solution 

RANS-solution, IP 20 

0.5 
10 

5 
max 

0 
15 70 

x-x^ [5mm] 
50 100 150 

force 

Figure 4.3 Base flow for URANS and SRANS calculations (BASE T): Self-similar 
turbulent wall jet originating from a virtual nozzle with jRe^^ = 10,000 matching 
experiment by Wygnanski et al. (1992). 
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a detailed comparison of RABL results with experimental data from Eriksson et al. 

(1998) and also from Wygnanski et al. (1992). For the wall-normal grid, a resolution 

study is presented in appendix B. A more detailed discussion of the RANS solution 

for the base flow is found in the dissertation by Seidel (2000). 

Since the RANS calculation employs an anisotropic Algebraic Stress Model (ASM) 

(see section 3.2.2) rather than the simplified, isotropic ASM used for RABL calcula

tions (see appendix A), a more detailed evaluation of the RANS results is warranted. 

Shown in Figures 4.4 and 4.5 is a comparison of RANS results (using IFS) with RABL 

results and also with experimental data by Eriksson et al. (1998). The comparison 

is made at x/h = 70 in inner coordinates (normalized with v and Ur = y/r-ujaii!p, 

where = U/UT^ y"*" = yw^/i/) and in outer coordinates (normalized with <Jo.5 and 

Umax)- For the mean velocities and the mean vorticity in Figiu-es 4.4a-f, the agreement 

between RANS and RABL is very good.^ Also in good agreement is the Reynolds 

shear stress, R12 (Figures 4.5a&b). However, for the normal Reynolds stress compo

nents, Rii (Figures 4.5c&:d) and R22 (Figures 4.5e&:f), the RANS calculations using 

the anisotropic ASM match the experimental data markedly better than the RABL 

calculations using the isotropic ASM. 

The good agreement between RANS and RABL justifies employing the RABL 

solution as a base flow for the instabiKty investigations with SRANS in chapter 5, 

while using the RANS solution with induced flow correction as the initial condition 

for the URANS calculations. WhUe SRANS could certainly also employ a RANS 

solution as a base flow, it is in the spirit of the simplified modeling to use a RABL 

solution instead, which is obtained with far less computational eflTort. 

^Discrepancies between RABL/RANS results and the experimental data are discussed in section 
A.2.2. 
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Figure 4.4 Comparison of turbulent wall jet base flow computed with RANS and 
RABL with experiments by Eriksson et al. (1998). Shown are the streamwise and 
wall-normal velocities and the spanwise vorticity in inner and outer coordinates. 
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5. TWO-DIMENSIONAL INVESTIGATIONS 

From all the experimental and theoretical evidence reported in the literature (see 

introduction), large coherent structures with a strong spanwise coherence play an 

important role for the development of both transitional and turbulent wall jets. The 

objective of the two-dimensional investigations in this chapter is to contribute towards 

an imderstanding of the underlying mechanisms for the generation and propagation 

of these unsteady 2D flow structures. In the present nxunerical experiments, the 

three prototypical base flows from chapter 4, BASE LI, BASE L2, and BASE T, are 

subjected to controlled harmonic forcing in order to uncover the dominant instabihty 

mechanisms and to chart out parameter dependencies of these mechanisms. 

The sections in the present chapter follow the classical 2D stages of forced tran

sition in boundary layer flows. First, linear instability waves and their receptivity to 

the forcing are studied. Next foUows an investigation of nonlinear, large amplitude 

disturbances and of their effect on the wall jet mean flow. The understanding of the 

primary instability then provides the basis for secondary instability investigations 

which are conducted to uncover the origin of 'vortex merging' and of the subhar-

monic cascade in wall jets. For each of these three stages of flow instability, the 

numerical investigations are presented in succession for BASE LI using 2D numerical 

simulations, and for BASE T using SRANS and URANS. To contrast the results for 

BASE LI, selected investigations for BASE L2 are also presented. Each time, the 

numerical results are discussed and compared to elucidate the commonalities and dif

ferences in the flow physics as well as in the applied numerical techniques. Important 

numerical parameters for the calculations from this chapter are listed in the tables 

in appendix C, which provide information about the base flows, grids, and forcing 

parameters. 
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5.1 Lineax Instability and Receptivity 

Small amplitude forcing, sis a first step for exploring the instability behavior of the 

three wall jets, BASE LI, BASE L2, and BASE T, has many merits. Firstly, the 

disturbances axe linear and therefore their amplitude growth is independent of the 

forcing amplitude. This eliminates one parameter from the enormous parameter space 

that influences the flow instability. Secondly, small amplitude calculations are less 

diflScult numerically, allowing for coarser grids and larger time steps. As a result, 

they require less time to convergence, which considerably reduces the computational 

expense for parameter studies of the receptivity of the flow to forcing. The forcing 

method plays a crucial role in introducing a desired combination of disturbances into 

the flow and therefore deserves careful evaluation. Stability investigations using small 

linear disturbance waves provide estimates for many properties that are also common 

for large amplitude disturbances, i.e., the dominant frequency, the wave length, the 

phase velocity, the wall-normal amplitude and phase distribution of the disturbances. 

While there are also significant diflerences (e.g. the growth rate), the behavior of the 

linear disturbances provides an important reference for nonlinear disturbances. The 

present linear calculations are performed using 2D-NS for BASE LI & BASE L2, and 

using URANS & SRANS for BASE T. Parameters for the linear cases discussed in 

this section are listed in Table C.4 for investigations on BASE LI, in Table C.IO for 

BASE L2, and in Table C.13 for BASE T. A reference for these linear investigations, in 

turn, is provided by linear stability theory (LST) based on various linearized forms of 

the Navier-Stokes equations. Therefore, results from LST for the three base flows are 

briefly discussed at first, followed by a discussion of the receptivity to small amplitude 

forcing for each base flow. The results from the present linear investigations are 

compared with LST and with experiments, whenever available. 
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Figure 5.1 Stability diagram for the Glauert wall jet in local flow coordinates. 

5.1.1 Linear Stability Theory-

Numerous stability investigations of the Glauert wall jet based on locally parallel 

theory have been reported in the literature (see introduction). The stability diagram 

in Figure 5.1 is taken from the Unear stability investigations by Wemz (1993). Shown 

are the inner and outer neutral curves versus local Reynolds number, Re^g ^, and 

disturbance frequency 0r = ^T^f^oslUmax- The unstable domain consists of over

lapping regions of instability for mode 1 (outer, or shear layer mode) and for mode 

2 (inner, or boundary layer mode). Also plotted inside the stability diagram are 

trajectories representing the forced cases for BASE LI and BASE L2. Disturbances 

generated by forcing BASE LI with frequencies / = 56Hz, 2SHz, 14Hz follow the 

fifth order pol>Tiomials that sequentially cross the unstable regions of mode 1 and 

mode 2. These forcing frequencies were chosen to match those in the experiments 

by Zhou et al. (1992). In contrast, disturbances generated by forcing BASE L2 with 

frequencies / = SOOiif^, 1000i^^, 2000i?z basically remain at one location within the 

stability diagram. This is because BASE L2 shows little growth of 5o.5 within the in

tegration domain. The diagram also indicates that for forcing frequency / = SOOffz, 
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both modes are simultaneously amplified throughout the computational domain. Un

fortunately, the Reynolds number for BASE L2 is too high for a reliable numerical 

solution of the Orr-Sommerfeld equation with the presently used direct method (see 

Wernz, 1993). The dashed portions of the neutral curve vary considerably, depending 

on the grid used for solving the Orr-Sommerfeld equations. In fact, to the author's 

knowledge, no linear stability calculations for the Glauert wall jet exist at this high 

Reynolds number. However, a validation against linear stability theory is not essential 

for the presented 2D-NS results for BASE L2. 

The application of LST to turbulent flows is based on the hypothesis that the 

large coherent structures are mostly due to an instability of the turbulent mean flow. 

Katz et al. (1992) employed LST to compare eigenfunctions and growth rates with 

the measurements from their forced flow experiments. As a base flow, Katz et al. 

used an empirical approximation of the wall jet mean flow obtained from their ex

periments. The turbulence in the flow was accounted for by a ficticious Reynolds 

number in the Orr-Sommerfeld equations, that rudimentarily represents the turbu

lent eddy-viscosity. Considering the severe modeling assumptions, surprisingly good 

agreement with the experiment was achieved for the case presented in the paper. 

More recently Likhachev (1996) improved on the simple model used by Katz et al.. 

He employed a semi-empirical similarity-solution that matches the spreading rate, ve

locity decay, and skin friction of wall jets from the experiments by Katz et al. (1992). 

The similarity-solution employs an algebraic eddy-viscosity model to account for the 

effect of the tiirbulent fluctuations. The eddy-viscosity fr-om the model is then also 

used to form a spatially varying turbulent Reynolds number, Ret — UL/ut{y), in the 

Orr-Sommerfeld equations, which now accounts for the wall-normal variation in the 

turbulent fluctuations. Computing-instead of choosing-the turbulent Reynolds num

ber also removes the arbitrariness in the approach by Katz et al.. Both Likhachev and 

Katz et al. account for non-parallel effects in their linear stability calculations which 

is crucial because of the strong spreading of the turbulent wall jet. In the calculations 
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by Likhachev wave number and phase speed of the disturbances show a strong depen

dence on the wall normal location. The linear investigations by Likhachev provide 

a starting point for the present linear and nonlinear calculations using SRANS and 

URANS and his results provide a valuable comparison. 

5.1.2 Receptivity and Linear Instability of Transitional Wall Jet at 
Low Reynolds Number — BASE LI 

For setting up the small amplitude 2D-NS for BASE LI and for interpreting the 

results from the simulations, the linear stability diagram shown in Figure 5.2 proves 

helpful. The diagram is obtained by replotting the neutral curves from the stability 

diagram in Figure 5.1 £is a function of the streamwise distance from the virtual origin 

of BASE LI, and as a function of the disturbance frequency in Hertz. Three forcing 

frequencies / = 56Hz, 28Hz, 14Hz are considered for the 2D-NS. Placed inside the 

stability diagram at the ordinate locations for these frequencies are three graphs 

which extend over the computational domain for the 2D-NS. Each graph shows the 

growth rates, ai, and phase velocities, c, for modes 1 & 2 as predicted from LST for 

the respective frequency. The growth rate curves, ai, in the graphs connect to the 

corresponding branches of the neutral curves in the stability diagram for ai = 0. 

At the forcing location for the 2D-NS, Xc = 12.5, mode 1 is amplified for / = 56Hz, 

while mode 2 is damped. For / = 2SHz^lAHz, both modes are damped. Also at 

Xc = 12.5, modes 1 & 2 have distinctly different phase velocities, c, as seen from the 

graphs. Close to the leftmost neutral curve, inner mode 2 has a low phase velocity 

which is nearly constant in x. In contrast, the phase velocity for outer mode 1 is close 

to the maximum velocity of the wall jet, Umax, decreases rapidly in x over a short 

distance. The critical layers, Va-it, for modes 1 & 2 are therefore distinctly different,^ 

which has significance for the receptivity of the wall jet to external forcing. 

cxitical layer is the wall-normal location where the phase velocity of the instability wave 
matches the velocity of the base flow. 
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Figure 5.2 Stability diagram for the Glauert wall jet at low Reynolds number (BASE 
LI) in dimensional variables. 
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For / = 56Hz, the phase velocities and growth rates for modes 1 & 2 are nearly 

identical at x Ri 22 near the inner neutral loop. This location is close to the point 

in the stability diagram, where both modes coalesce according to LST (Wemz, 1993; 

Tumin & Aizatuhn, 1997). The closeness of the modes in this region may have an 

impact on the streamwise development of small disturbance waves in the 2D-NS. 

Receptivity 

Due to the presence of two linear modes for BASE Ll, the receptivity problem not 

only entails how to perform the forcing efficiently, but also how the two modes can 

be forced selectively. In earlier 2D-NS for BASE Ll by Wemz & Fasel(1996,1997), 

wall-blowing and suction at Xc = 12.5 (/ = 56Hz) was used to generate disturbances. 

Unfortunately, at the chosen forcing location, receptivity to forcing at the wall is very 

poor. This is illustrated with the example in Figure 5.3a (case L1D2-LBS). Shown 

are the instantaneous wall vorticity, Fourier amplitude, A^ji^wati: for 

the disturbance wave versus x. The highest disturbance amplitude occurs over the 

blowing slot as a local response to the forcing. But the disturbance decays strongly 

at j&rst as it propagates downstream before starting to grow at a; = 20. This can be 

Ai, —(x=30)=8.210 -

A^=10-\/ 

1012.515 20 25 30 35 
X [3.2mm] 

1.0 

„ 0.5 
I 0.375 

0.0 

-0.5 

A ^\A^.^(x=30)=4.ff10"'-

a,=l ^ 
b„=0.C5 
A^IO-* 

P^icIO"' 

/ \ / \ ~ 
\ / \ i 
W y. 

1012.515 20 25 
X [3.2mm] 

30 35 

a) blowing & suction (case L1D2-LBS) b) volume forcing (case L1D2-LVF1) 

Figure 5.3 Comparison of forcing by blowing and suction and volume forcing (cases 
L1D2-LBS & L1D2-LVF1). 
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explained with the LST diagram in Figure 5.2 which, for x = 12.5 and / = 56Hz, 

predicts that the outer mode 1 is amplified while the inner mode 2 is damped. Not 

surprisingly, forcing at the wall primarily excites the damped mode 2. In fact, this 

was confirmed by Tumin (1998) who recalculated 2D-NS results from Wemz & Fasel 

(1996) by solving the receptivity problem with a linear method discussed in Tumin 

& Aizatulin (1997). 

Far more effective for the wall jet is the volume forcing method which employs 

a harmonic force field ("forcing blob") to accelerate and decelerate the flow locally, 

inside the flow field (see section 3.3.3). For the example in Figure 5.3b (case L1D2-

LVPl), in which the volume forcing blob is located at (xcPc) = (12.5,0.375), the 

disturbance starts growing inamediately downstream of the forcing location. Indeed, 

it is outer mode 1 that is now excited directly by the forcing. A useful parameter that 

measures the eflfectiveness of the volume forcing is the ratio of disturbance output to 

forcing input, R^f. The disturbance output can be characterized, for example, by the 

Fourier amplitude, The forcing input is represented by the volume forcing 

parameter, P„/, defined in equation (3.71). For case L1D2-LVF1, according to this 

definition, Rvj = 314 at x = 30, where the amplitude of the disturbance vorticity has 

a maximum. 

In an attempt to optimize the volume forcing for BASE LI, the dependence of the 

output/input ratio, Rvf{x = 30), on the characteristic size (ao, bo) and on the location 

(^cVc) of the forcing blob was investigated with a parameter study (L1D2-LVF2). 

The contour plot in Figure 5.4 displays R„f{x = 30) as a function of Oq and bo for 

the forcing location {xc,yc) = (12.5,0.375). The diagram shows that Ryj is largest 

when the theoretical limit of forcing with a delta function is approached, ao, bo —> 0. 

However, this limit cannot be resolved numerically. Therefore, the conclusion drawn 

from this diagram is to keep the forcing blob as small in size as nvunerically feasible 

for a given computational grid. For example, Rvf{x = 30) =314 for the volume 

forcing in Figure 5.3b with (ao, 6o) = (1,0.05) is close to optimal. 
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Figure 5.4 Dependence of the disturbance amplitude on the size of the forcing blob for 
the forcing location shown in Figure 5.3b (study L1D2-LVF2). Shown are contours 
of the forcing ratio, Rvf{x = 30) = = 30)/Pvf, versus the characteristic 
width, ao, and height, bo, of the forcing blob. 

More interesting stQl is the dependence o f  Ry f  on the forcing location, ( x cVc ) :  

which is illustrated with the diagrams in Figure 5.5 for two forcing locations, Xc = 12.5 

and Xc = 30 (parameter studies L1D2-LVF3 & L1D2-LVF4). The characteristic size 

of the forcing blob is (ao,6o) = (0.3125,0.0625). Shown are contour plots of the 

output/input ratio, R^f, versus the streamwise direction, x, and the wall-normal 

forcing location, yc- In a receptivity investigation for a laminar wall jet at high 

Reynolds number (Resg s = 6,400), Postl (2000) foimd that maximvmi flow response 

occurs at the critical layers. Forcing farther above and below the optimal location 

becomes increasingly less effective. At first glance, this observation is in contrast to 

the present case. For Xc = 12.5 (Figure 5.5a) the maximum flow response is found 

when forcing at yc = 0.375, close to the local maximimi of the wall jet mean velocity. 

Prom LST (Figure 5.2), outer mode 1 travels with c = 0.6m/s at this location and 

the critical layers are therefore at ycrit,i = 0.17&:0.53 (marked with dots in Figure 

5.5a). The mismatch between ycnt,i and Vc = 0.375 is not as great as it appears 

when considering that c = Umax at a; = 6 between the inflow in the 2D-NS and the 
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Figure 5.5 Dependence of the disturbance amplitude on streamwise and wall-normal 
location of the forcing blob. Shown are contours of R„f = A.cji,tuaii/Pvf versus stream-
wise direction x and wall-normal location of the forcing blob yc-
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forcing location (Figure 5.2). When also considering that the wall jet is highly non-

parallel at the forcing location, non-parallel effects in the 2D-NS can easily cause the 

discrepancy. 

When the forcing is applied close to the wall or towards the outer edge of the wall 

jet, where the critical layers for the inner mode 2 axe located {ycrit,2 = 0.08,0.71), a 

strong local flow response associated with mode 2 ensues. Just as for the the forcing 

by blowing and suction in Figure 5.3a, mode 2 rapidly decays downstream of the 

forcing location. 

The flow receptivity to volume forcing is very different when forcing farther down

stream, at Xc = 30 (Figure 5.5). This forcing location roughly coincides with the 

location of the nozzle in the experiments by Zhou et al. (1992). According to LST, 

mode 2 is now amplified, while mode 1 is damped (see Figure 5.2). Indeed, now 

the two wall-normal forcing locations with maximum flow response (t/c = 0.18&:1.3) 

coincide with the critical layers for mode 2 (ycTit,2 = 0.21&1.25). 

Comparison with linear theory 

From the parameter studies in the previous section, a 2D-NS with forcing by blowing 

and suction at Xc = 12.5 (case L1D2-LBS) and two 2D-NS with volume forcing, one 

at Xc = 12.5 (case L1D2-LVP1), the other at Xc = 30 (case L1D2-LVF5), are now 

compared with LST. 

First, a comparison of the amplitude and phase distributions for the streamwise 

disturbance velocity is presented in Figure 5.6a&b. The comparison is made at the 

four streamwise locations, x = 20,30,40,55, where modes 1 & 2 from LST are plotted 

in addition to the 2D-NS results. At a; = 20, inside the unstable region for outer mode 

1, the amplitude and phase distributions for cases L1D2-LBS and L1D2-LVF1 match 

the eigenfunction for outer mode 1 very well. This eigenfunction h£is the largest 

amplitude peak in the outer flow region and all three amplitude peaks are phase 
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shifted by tt. In fact, for case L1D2-LVF1 the agreement with LST is excellent, which 

indicates that indeed mode 1 is forced selectively upstream at (xc, Vc) = (12.5,0.375). 

At rr = 30, the eigenfonctions for modes 1 & 2 closely match due to the proximity 

to the point of their coalescence (see discussion in section 5.1.1). The amplitude and 

phase distributions for the 2D-NS cases L1D2-LBS and L1D2-LVF1, which agree very 

well at this location, lie in between the amplitude curves for modes 1 &: 2 from LST. 

This suggests, that at this location, the 2D-NS disturbances are a combination of 

the two linear eigenmodes. The sharp peak in the amplitude distribution for 2D-NS 

case L1D2-LVP5 is due to the strong local flow response to the volume forcing at 

this location. At 2; = 40, the shapes of the amplitude and phase distributions for 

case L1D2-LVF5 have almost completely adjusted towards those from the other two 

2D-NS cases. According to LST, the dominant eigenmode is inner mode 2 which has 

i t s  s t rongest  ampl i tude peak in  the  inner  f low region and a  phase  change of  only  i r /2  

between the two outer amplitude peaks. Lideed, it is matched quite closely by all 

three 2D-NS. The agreement with measurements from the experiments by Zhou et al. 

(1992) is fair at this location, the outer amplitude peak is smaller in the experiment. 

For nonlinear disturbances, the match can be markedly improved (see section 

5.2.2). Finally, at re = 55, close to the second branch of the neutral curve for mode 

2, all 2D-NS are in perfect agreement with LST. 
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Figure 5.6 Comparison of disturbance profiles for various forcing locations. Shown 
are at four streamwise locations the normalized Fourier amplitudes and phase distri
butions of the streamwise velocity (cases L1D2-LBS, L1D2-LVF1 & L1D2-LVF5). 
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For further comparison of the disturbances from the three 2D-NS with modes 1 & 

2 from LST, Figiire 5.7 displays their wave length, A, phase velocity, c, and Fourier 

amplitude of the wall vorticity, versus the streamwise distance from the 

virtual origin, x. After an initial adjustment behind the forcing location, Xc = 12.5, 

the wave lengths and the phase velocities (Figiu-es 5.7a&:b) are in good agreement for 

all cases. The strongest adjustment occurs for the 2D-NS with forcing by blowing and 

suction (case L1D2-LBS). This is not surprising, since inner mode 2 is more receptive 

to forcing at the wall and, as a result, A and c approach the curves for inner mode 

2 at first, then readjust towards those of outer mode 1. Upstream of a; = 25, the 

disturbances from all 2D-NS cases are close to mode 1, while downstream of x = 35, 

they closely match mode 2. In between, A and c from the 2D-NS switch over from one 

value to the other, indicating that, in this region, the disturbances are a combination 

of both eigenmodes. 

The agreement is much worse, however, for the disturbance amplitudes. They are 

plotted in Figure 5.7c on a semi-logarithmic scale. Important for the comparison is 

the slope of the amplitude curves, not the absolute value. According to LST, the 

amplitude of mode 1 increases and the amplitude of mode 2 decreases up to the 

location of the inner neutral curve, x = 22. From there on, the amplitude of mode 

1 decreases whereas the amplitude of mode 2 increases. Downstream of a: = 35, the 

2D-NS results agree well with the prediction by LST. Further upstream, however, 

throughout the unstable region for mode 1, the agreement is very poor. For case 

L1D2-LBS, the forcing at the waU mostly excites inner mode 2. Accordingly, the 

disturbance amplitude initially follows the amplitude decay for mode 2, up to x 20. 

From X = 20 — 35, however, the amplitude development does not agree with LST at 

ail. Upstream of a; w 32, the amplitude for case L1D2-LVF1 agrees no better with 

LST despite the close match in the wave length and phase velocity. 



98 

15 

0 

: a) 

\ 
\ 
\ 

- -4 

OS mode 1 
A OS mode 2 
/ \ • DNS bs,x^=12.5 -

J \ • •—•DNSvf,x^=12.5 
T DNS vf,x^=30 

' \ I 

1 . . . r-r-T- . . t . • 

1 

max 

0 

•3 
10 

W 10"^ 
CO o> 

•5 ,10 

.—6 10 
0 40 20 50 10 30 

X [3.2mm] 

Figure 5.7 Streamwise development of linear disturbances at a low Reynolds number. 
Shown are a) wave length, b) phase speed, and c) Fourier amplitude of the streamwise 
wall vorticity (cases L1D2-LBS, L1D2-LVF1, L1D2-LVF5). 
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Attempts to sepaxate the distiirbance wave from 2D-NS into contributions by 

modes 1 & 2, using, for example, the normal mode decomposition by Tumin et al. 

(1996) have not been successful for the flow region upstream^ of rc = 35. At first, 

the cause of the mismatch was suspected to be due to non-parallel effects which caji 

significantly influence the linear growth rates. In fact, close to the forcing location 

X = 12.5, the wave length for mode 1 is only half the distance from the virtual origin 

(Figure 5.7a). As a result, the spreading of the wall jet over one wave length is signif

icant. Indeed, for his low Reynolds number experiments, Amitay (1994) reported a 

much better agreement between experimental measxirements and LST when applying 

non-parallel theory. 

In the present case, however, evidence points to a different reason for the mismatch 

between 2D-NS and LST. An unexpected discovery was made when the results from 

the receptivity study L1D2-LVF2 for volume forcing at ar = 12.5 were reexamined 

more closely. In Figure 5.5a, the amplitude peak a,t x — 55, where the disturbance 

from the 2D-NS matches inner mode 2 from LST, is largest when the volume forcing 

upstream occms at yc = 0.375, where mode 2 is forced. In fact, the disturbance 

amplitude at x = 55 directly correlates with the disturbance amplitude upstream, 

where the 2D-NS matches mode 1. 

This is seen even more clearly from the perspective plot in Figure 5.8, where the 

wall vorticity is now normalized with the amplitude at rc = 55. The amplitude of 

mode 2 at a; = 55 clearly correlates with the amplitude of mode 1 upstream rather 

than with the initial response at the forcing location. This finding is remarkable, since 

the small amplitude disturbances are expected to show linear behavior. Accordingly, 

the streamwise development of modes 1 & 2 should be independent of each other, and 

mode 2 at a: = 55 should achieve the largest amplitude when the flow at Xc = 12.5 

is forced close to the wall and at the edge of the wall jet where the receptivity 

for mode 2 is greatest. There are two possible explanations for this discrepancy. 

Firstly, according to linear theory, the eigenfunctions of mode 1 and mode 2 are 
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Figiure 5.8 Dependence of the disturbance amplitude of mode 2 on the disturbance 
amplitude of mode 1. Shown is a perspective plot of the renormalized Fourier am
plitude of the wall vorticity, A^',,waii/-\i'^,waui^ = 55), versus streamwise direction, x, 
and versus the wall-normal location of the forcing blob, yc (study L1D2-LVF3). 

nearly identical close to the inner neutral curve at 2: « 23 (see discussion in section 

5.1.1). This could lead to energy transfer from mode 1 to mode 2 through resonant 

interaction. A second possibility is that the strong spreading of the wall jet causes 

wave scattering which, in fact, was predicted by Gaster (personal communication). 

Further detailed investigations using non-parallel theory are needed to determine 

which hypothesis is correct. 
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5.1.3 Receptivity and Lineax Instability of Transitional Wall Jet at 
High. Reynolds Number — BASE L2 

In the context of this work, the receptivity and instability of BASE L2 is interesting 

for two reasons. Firstly, it is fascinating from an academic standpoint because it 

is in stark contrast to that of BASE LI, as will be demonstrated below. Secondly, 

for computing a turbulent wall jet using 3D DNS (section 6), efficient tripping of a 

Glauert wall jet at this very high Reynolds number {Res^ ^ — 16,500) has proven to 

be the most successful method for generating the turbulent flow in the simulation. 

A better imderstanding of the flow receptivity to volume forcing aids in devising a 

forcing strategy that minimizes the transition length. A shorter transition length, in 

turn, significantly reduces the computational effort. Towards this goal, Postl (2000) 

performed a detailed receptivity study for the volume forcing of a Glauert wall jet 

at an intermediate Reynolds number {Reso.s = 6,400) for which the available Orr-

Sommerfeld solver (see Wemz, 1993) still provides reliable comparison data. For 

Reynolds numbers this high, outer mode 1 and inner mode 2 are unstable simulta

neously over a wide frequency band (seen from the stability diagram in Figure 5.1). 

Which of the modes is forced more effectively, strongly depends on the wall-normal 

forcing location. Through volume forcing close to the critical layers of the one or the 

other mode, Postl was able to selectively force mode 1 or mode 2. 

The receptivity of BASE L2 is comparable to that of the case investigated by Postl. 

For i?e5o 5 = 16,500, the stability diagram in Figure 5.1 suggests-although unreliably 

so-that for forcing frequencies / = ^OQHzSz,lQOOHz both eigenmodes are amplified, 

while for / = 2Q0QHz both eigenmodes are damped. For these three frequencies, the 

receptivity of BASE L2 to volume forcing has been tested with the parameter studies, 

L2D2-LS1, L2D2-LF1, and L2D2-LH1. Results from the studies are presented in the 

diagrams in Figure 5.9a-c which display contour plots of the normalized disturbance 

amplitude for the wall vorticity, A^.,waii/Pvf, versus streamwise direction and wall-
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normal forcing location.^ Also shown for comparison are base flow profiles at the 

forcing location, Xc = 4. For all three frequencies, the strongest response is observed 

inside two confined areas in the iimer and outer region of the wall jet. The wall-normal 

location of these areas, however, varies from case to case. 

For / = 500^^ (Figure 5.9a), the maximum response is found for = O.l&l.S. 

When forcing at either one of these locations, the disturbances can be identified 

as inner mode 2 from the phase velocity (non-dimensional c = 0.42) and from the 

amplitude profile (see Figure 5.10) farther downstream. Since BASE L2 is virtually 

parallel, the disturbance wave travels at a constant speed and keeps the shape of 

the amplitude profiles virtually imchanged throughout the computational domain. 

Consequently, the phase velocity of mode 2 at the forcing location upstream is also 

c = 0.42 and the critical layers at Xc can thus be determined as ycrit = 0.095&1.225. 

The critical layers, marked with squares on the velocity profile at Xc. = 4, coincide 

remarkably well with the wall-normal forcing locations with maximum response in 

mode 1. The match is even better now than previously in section 5.1.2 for BASE LI, 

likely due to the absence of non-parallel effects. For / = lOOOi^z (Figure 5.9b), the 

maximum response to the forcing is found for yc = 0.24&0.9. The disturbance wave 

is now identified as the outer mode 1 with a phase velocity of c = 1.05. Using the 

same technique as for / = bQOHz, the critical layers (now for mode 1) are determined 

as ycrit = 0.025&0.91. They are marked with dots on the velocity profile at a: = 4. 

Vcrit = 0.91 is remarkably close to the inflection point at ?/ = 0.88 in the outer region 

of the wall jet. For / = 2Q0QHz (Figure 5.9c), the flow response is much weaker than 

for the two lower frequencies ajid the disturbances decay downstream of a; = 14. The 

maximvmi response is now at yc — 0.21&;0.95 for a phase velocity of c = 0.87. 

When forcing at wall-normal locations other than those with maximum response, 

both eigenmodes provide a significant contribution to the disturbance wave. Thus 

the disturbance amplitude and also the phase velocity show a strong beat. This beat 

^The diagrams for BASE LI in Figure 5.5 are in the szune format. 



103 

is very noticeable in Figure 5.9b away from the locations of maximum response. Postl 

(2000) used a pattern matching technique to determine the contributions from both 

eigenmodes for mixed, disturbances. Without the mode decomposition the critical 

layers for the less amplified mode cannot be determined exactly. 

The selective forcing capability caji be demonstrated with Figure 5.10. Shown 

for all three forcing frequencies are amplitude profiles for the disturbances at a rep

resentative downstream location. In all graphs, disturbance profiles are compared 

for four wall-normal forcing locations which are close to the critical layers for mode 

1 and mode 2. For / = SOOJy^, where mode 1 is most amplified, the disturbance 

profile has its largest peak in the inner flow region when forcing at yc — O.l&l.S close 

to the critical layers for mode 2. The amplitude profile has its largest peak in the 

outer region when forcing at yc = 0.24&:0.9. For yc = 0.9, which is close to the outer 

inflection point, and for which the disturbance is weakly amplified, the profile can be 

clearly identified as outer mode 1. For yc = 0.24, the inner peak resembles that of 

mode 1 and the profile is likely a combination of both eigenmodes. 

For / = lOOOHz, where mode 2 is most amplified, the disturbance profile has 

its largest peak in the outer flow region when forcing at yc = 0.24&:0.9 close to the 

critical layers for mode 2. The corresponding amplitude profiles match each other 

well. For the other two forcing locations the outer peak is still dominated by mode 1, 

and the inner peak is only distinctly large for yc = 0.1. For / = where the 

disturbances are damped, forcing at yc = O.l&l.S produces the larger peak close to 

the wall. For all three forcing frequencies, forcing at yc = 0.1 close to the wall mainly 

excites inner mode 2, forcing at yc = 0.9 close to the outer inflection point mainly 

excites outer mode 1. 



104 

Ub [30m/s] 
^oL'.wal/'' vf 0 irooo 20000 

a) / = 

0 4 8 

500ffz (case L2D2-LS1) 

Ub [30m/s] 
0 1 2 

12 16 20 

X [5mm] 

^oi-'.wal/^ vf 
0 10000 20000 

nmM: 

0 4 8 

b) / = lOOOiy^ (case L2D2-LF1) 

Ub [30m/s] 
0 1 2 

12 16 20 

X [5mm] 

vf 1(^ 20000 
111̂  

c) / = 2000frz (case L2D2-LH1) 
X [5mm] 

Figure 5.9 Dependence of the disturbance amplitude on the wall-normal forcing loca
tion for three forcing frequencies (parameter studies L2D2-LS1, L2D2-LF1 & L2D2-
LHl). Shown are contour plots of the output/input ratio, R^f = versus 
streamwise direction, x, and wall-normal location of the forcing blob, yc-
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Figure 5.10 Dependence of the disturbance profiles on the wall-normal forcing location 
for different forcing frequencies (parameter studies L2D2-LS1, L2D2-LF1 & L2D2-
LHl). Shown are the Fourier amplitude profiles of the streamwise velocity versus 
wall-normal direction, for f = 500Hz&clQQOHz at x = 28 and for / = 2000^2r at 
X = 12. 
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5.1.4 Receptivity and Linear Instability of Turbulent Wall Jet — 
BASET 

Different modeling assumptions axe made when using either URANS or SRANS for 

computing disturbances in a turbulent wall jet (BASE T). The main difference be

tween the two approaches lies in the modeling of the Rejmolds stress. SRANS employs 

an isotropic stress model based on the Boussinesq approximation and keeps the eddy-

viscosity fixed at the base flow value (see section 3.2.3). The eddy-viscosity is there

fore not influenced by time-dependent fluctuations in the flow. URANS computes 

the Reynolds stresses with an anisotropic Algebraic Stress Model. The eddy-viscosity 

and all other turbulence quantities are modeled using the time-dependent transport 

equations for k and e (see section 3.2.1) and therefore adust to the fluctuations in the 

flow. However, for small disturbance amplitudes, the feed back of the disturbances 

on the eddy-viscosity is very small^. Unless anisotropy plays a primary role, SRANS 

and URANS should therefore agree well for small disturbance amplitudes. 

Comparison of URANS and SRANS 

An overall comparison between the two approaches is given with the perspective 

plots in Figure 5.11. Results from a URANS calculation (case TU-LFl) are shown 

on the left side, the corresponding results from a SRANS calculation (case TS-LFl) 

are shown on the right side. The flow parameters for the cases TU-LFl & TS-LFl 

are listed in Table C.13. Aside from the difference in modeling the Reynolds stress, 

SRANS differs from URANS in using the RABL solution to represent BASE T, instead 

of the full RANS solution (see section 4.3). Also, in both spatial directions, SRANS is 

computed on a coarser grid, for which only every other point from the grid for URANS 

is used. In both cases, identical volume forcing is applied at (XcVc) = (15,1.2) with 

^Another difference which is discussed in section 3.2.3 is the modeling assumption, « 
i/fSfj, made for SRANS, but not for URANS. 
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the same forcing frequency, / = Z^Hz, and small forcing amplitude, Ayf = 10"^. A 

technical difference between the URANS and SRANS results is immediately apparent 

from the computed streamwise velocity fields shown at one time instant in Figures 

S.lla&b. For the URANS in Figure 5.11a, which is computed in total flow formula

tion, the disturbance cannot be discerned from the wall jet mean flow. Due to the 

small forcing amplitude, the generated disturbances also have a very small amplitude. 

In fact, as seen from Figure 5.11b for SRANS, which is computed in disturbance flow 

formulation, the disturbance velocity is three orders of magnitude smaller than the 

mean flow velocity. Figure 5.11b nicely illustrates how the disturbance is generated 

at the forcing location, grows at first up to a; « 55, and then decays rapidly as it 

travels farther downstream. The disturbance wave length averages at A w 50 and, as 

a result, only four wave lengths fit inside the computational domain. At the same 

time, the wall jet spreads rapidly, doubling its width over each wave length. Both 

SRANS and URANS can capture these non-parallel effects. 

The fundamental Fourier amplitudes of the time-periodic disturbance flow are 

shown in Figures 5.11c&d for the streamwise velocity, Ay>, and in Figures 5.11e&f 

for the wall-normal velocity, The agreement between URANS and SRANS is 

very good in either velocity component. For both methods, an amplitude modulation 

with the wave length of the disturbance is foimd in Au', but not in This is 

the telltale sign of an undesired acoustic disturbance that is superposed onto the 

vortical disturbance. Just as in the laminar flow, the acoustic disturbance results 

from an interaction of the forcing with the Dirichlet inflow conditions. The amplitude 

modulation increases when the forcing location is moved closer to the inflow (Figure 

5.12a), while it decreases when the forcing location is moved farther away from the 

inflow (Figure 5.12b). For the goal of introducing traveling vortical disturbances as 

close to the inflow and with as little adjustment as possible, some optimization of the 

forcing is clearly required. 
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Figure 5.11 Comparison of URANS and SRANS for small amplitude forcing at Xc = 15 
(/ = MHz,Ayf = 10"^) (cases TU-LFl & TS-LFl). Shown are perspective plots of 
the instantaneous streamwise velocity and the Fourier ampUtudes of the streamwise 
and the wall-normal velocity. 
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a) forcing upstream at Xc = 10 b) forcing downstream at Xc = 40 

Figure 5.12 Influence of the streamwise forcing location, Xc, on the disturbance de
velopment demonstrated with two SRANS calculations from the parameter study 
TS-LF2. Forcing occurs upstream and downstream of the forcing location from case 
TS-LFl (see Figure 5.lid). Shown are perspective plots for the Fourier amplitudes 
of the streamwise velocity. 

Receptivity to volume forcing 

For the present URANS & SRANS calculations, the constraints on the forcing are 

different from those for the 2D-NS of the laminar flow. Firstly, in agreement with Zhou 

et al. (1993) and Likhachev (1996), only one eigenmode was found for the turbulent 

wall jet. Therefore, the forcing method is only judged on how effectively it can excite 

the single eigenmode. Forcing by blowing and suction is very problematic, particularly 

in  URANS  ca l cu l a t i ons ,  whe re  i t  c r ea t e s  g r e a t  numer i ca l  p rob l ems  fo r  so lv ing  t he  k—e  

equations near the wall. For all presented URANS & SRANS calculations, volume 

forcing is therefore employed exclusively. To avoid large gradients in the Reynolds 

stress, the forcing blob needs to be larger in size than for the 2D-NS of laminar wall 

jets. For all turbulent flow calculations presented here (ao,6o) = (2,0.5) was chosen. 

The forcing location was optimized with parameter studies using SRANS (TS-

LF2 & TS-LF3). Results from these parameter studies are presented in Figure 5.13. 

Shown in two semi-logarithmic plots is the streamwise development of the disturbance 
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amplitude for various streamwise and wall-normal forcing locations, Xc and yc- As in 

Katz et al. (1992) and Likhachev (1996), the disturbance amplitude is represented by 

the wall-normal integral of the Fourier amplitude of the streamwise velocity, A/(u') = 

jj/,nax This criterion deemphasizes local distortions of the disturbance due to 

the forcing, which are much more noticeable, for example, in the Fourier amplitude 

of the wall vorticity. Streamwise growth of is augmented by the wall-normal 

spreading of the disturbance, while streamwise decay of is reduced by it. 

For the parameter study TS-LF2 shown in Figure 5.13a, the wall-normal forcing 

location is kept fixed at = 1.2, while the forcing blob is moved in steps from Xg = 4 

near the inflow to Xc = 60 far downstream. Close to the inflow (xc = 4 — 8), the 

receptivity to the forcing is poor and the amplitude modulation due to the acoustic 

disturbance is severe. Far from the inflow (xc = 40, 60), the acoustic disturbance has 

diminished, but the vortical disturbance also decays. The forcing location Xc = 15 

(case TS-LFl) represents the chosen compromise. The corresponding amplitude curve 

displays a short adjustment until x = 20, where it joins up with the amplitude curve 

for Xc = 10. Disturbance growth is observed up to x = 55, while the amplitude 

modulation is also kept small. 

For the parameter study TS-LF3 shown in Figure 5.13b, the streamwise forcing 

location is now fixed at Xc = 15, while the forcing blob is moved in steps across the 

outer region of the wall jet from near the mean velocity maximum to the edge of the 

wall jet. All forcing locations are plotted together with the streamwise mean veloc

ity profile at Xc = 15 in a small diagram inside Figure 5.13b. For forcing locations 

above i/c = 2, receptivity to the forcing clearly deteriorates while the acoustic com

ponent becomes more dominant. For forcing locations below yc = 2, all disturbance 

amplitudes, A/(u'), have their maximum at Xc ~ 55, and all decay at the same rate 

farther downstream. However, each case displays a different amplitude growth up to 

the maximum at Xc ~ 55, which is about one wave length downstream of the forcing 

location. In this region, the disturbance development is clearly influenced by the fore-
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Figure 5.13 Dependence of disturbance amplitude on the streamwise and the wall-
normal forcing location. Shown from SRANS calculations is the disturbance ampli
tude, A/(u/), versus x a) for various streamwise forcing locations, Xc.^ (parameter study 
TS-LF2) b) for various wall-normal forcing locations, yc (parameter study TS-LF3). 
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ing. The highest disturbance amplitude is achieved for volume forcing at Uc = 0.8. 

However, this location proved to be too close to the wall when forcing with larger 

amplitudes. Therefore, yc = 1.2 was chosen for the URANS and SRANS calculations 

in this work. 

Comparison with linear theory and experiment 

The URANS and SRANS cases, TU-LFl & TS-LFl, which have already been shown 

to have good qualitative agreement (Figure 5.11), are now compared quantitatively 

with experimental measurements by Katz et al. (1992) and with LST results by 

Likhachev (1996). In all cases, the jet exit Reynolds number of the wall jet is 

Rsj = 10,000 and the forcing frequency is / = ZAHz. First, a comparison of the am

plitude and phase distributions for the streamwise disturbance velocity is presented in 

Figure 5.14. The comparison is made at four streamwise locations, x = 40,60,80,100. 

Relative to the half width, the amplitude maxima move closer to the wall in down

stream direction. In fact, it is the mean flow that spreads, while the disturbances do 

not. The URANS and SRANS profiles agree well with the profiles from LST, except 

at rr = 40, which is closest to the wall jet origin and to the forcing location. For 

the bulk of the flow, away from the wall and from the edge of the wall jet, SRANS, 

URANS, and LST show very good agTeement with the experimental measurements 

in both amplitude and phase distributions. The most noticeable difference is found 

for the phase change at the edge of the wall jet which is less pronounced in the 

experiment. Close to the wall, a strong amplitude peaJc exists in the experimental 

data which gets more pronounced in downstream direction. Katz et al. speculated 

that a secondary instability may be present in the experimental wall jet. Such a 

phenomenon, of course, cannot be captured with small amplitude calculations. 
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Figure 5.14 Comparison of URANS and SRANS results with LST (Likhachev, 1996) 
ajid with experiments (Katz et al., 1992). Shown at four streamwise locations are 
the normalized Fourier amplitudes and phase distributions of the streamwise velocity 
(cases TU-LFl & TS-LFl). 
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Figure 5.15 Streamwise development of the disturbance amplitudes from URANS & 
SRANS (cases TU-LFl & TS-LFl). Comparison with LST (Likhachev, 1996) and 
with experiments (Katz et ai, 1992). 

Due to the strong dependence of the disturbances amplitude growth on the forcing, 

observed in the URANS and SRANS calculations, a good match with LST and the 

experiment this close to the forcing location cannot be expected. This apprehension 

is confirmed by the comparison in Figure 5.15. Shown is the disturbance amplitude, 

^/(u') = So""" -Au'dy, versus streamwise distance from the nozzle for URANS, SRANS, 

LST, and experiment. The region of growth is significantly longer in the experiment 

than in the calculations. For comparison, the amplitude development is also shown 

for cases TU-LSl (URANS) and TS-LSl (SRANS) where the forcing frequency is 

/ = Y7Hz. These curves are not normalized with their value at a; = 30, which is 

now only 1/8 of the disturbance wave length away from the forcing location and 

well within the adjustment region. The longer region of growth for the subharmonic 

disturbance prompted Seidel (2000) to force at this frequency instead. 
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5.1.5 Summary 

Volume forcing has proven far superior to forcing by blowing and suction. For the 

trajisitional wall jets, BASE Ll and BASE L2, it enables to selectively force instability 

modes. For the turbulent wall jet, BASE T, it aids in avoiding numerical problems by 

forcing away from the wall. Keeping the size of the forcing blob as small as possible for 

a given grid, improves the selective forcing of eigenmodes for BASE Ll and BASE L2. 

A larger blob size for BASE T reduces the local gradients and undesired numerical 

instabilities. Just as for forcing by blowing and suction, the forcing location needs to 

be placed at least half a disturbance wave length away from the inflow to minimize 

the generation of acoustic distiurbances. In addition, at least one additional wave 

length is required downstream of the forcing location for the disturbances to start 

exhibiting their eigenbehavior. The total streamwise extent for the receptivity region 

must therefore be at least three-half wave lengths. 

This minimum distance required for the receptivity region poses no problem for 

BASE L2, which is virtually parallel. Thus, the disturbances change their wave length 

and shape only gradually and, as a result, are barely influenced by the streamwise 

placement of the forcing. For the strongly spreading BASE Ll and BASE T, on the 

other hand, the growth rate, wave length, and shape of the disturbances change so 

rapidly in downstream direction that they become highly dependent on the upstream 

history. This generates a difficult guessing game for matching experiments where, in 

general, upstream conditions and the forcing are different. Also, a direct comparison 

with LST (which does not account for receptivity but rather determines the local 

eigenbehavior of the flow) is only possible downstream of the flow adjustment region. 

Indeed, for both, BASE Ll and BASE T, the agreement with LST and with the 

experiment improves markedly farther downstream. 

The volume forcing technique allows for the receptivity problem for wall jets to be 

explored with great precision. In agreement with the results by Postl (2000), recepn 
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tivity to a particulax mode is greatest at two locations in the inner and outer regions 

respectively. These locations correspond to the critical layers. As a consequence, for 

BASE L2, where both eigenmodes are unstable, they can be forced selectively at their 

respective critical layers. For example, it is possible to minimize exciting outer mode 

1 by keeping the forcing far away from its critical layer. 

Choosing the wall-normal forcing location for BASE T, which exhibits only one 

mode, and for BASE LI, where only one eigemnode is unstable at the forcing location, 

is more a matter of efficiency. Since for BASE L2, the amplitude of mode 2 correlates 

with the amplitude of mode 1 rather than with the forcing upstream, the distinc

tion between the two is, in practice, not that important. In fact, the low Reynolds 

number, laminar BASE LI and the high Reynolds number, turbulent BASE T have 

much in common.^ Both flows are highly non-paraUel and, as a result, the frequency 

for amplified disturbances shifts in downstream direction towards lower frequencies. 

BASE Ll and BASE T are expected to also show similar behavior for large amplitude 

disturbances and secondary instabilities. 

"'One major difference is the lack of a distinct pejik for the disturbzince profile in the inner region 
of the turbulent waJl jet which will be addressed later. 
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5.2 Nonlinear Primaxy Disturbances 

While the linear investigations in the previous sections have already revealed a rich 

picture for the flow instabilities in wall jets, the investigations in this section of 

nonlinear disturbances uncover some startling phenomena which provide the basis 

and motivation for the secondary instability investigations in later sections. The 

present section begins with the discussion of a vexing problem that is encountered 

during startup of large amplitude forcing. Next, large amplitude primary disturbances 

are discussed for BASE LI and BASE T. Emphasis is placed on the influence of the 

forcing amplitude on the disturbance development and on the mean flow. Selected 

results are compared with linear results and with experiments. Finally, the findings 

in this section are summarized and discussed. 

5.2.1 Startup of Periodic Forcing With Large Amplitudes 

When the laminar wall jet, BASE LI, is periodically forced with a small forcing 

amplitude, (with disturbance amplitudes in the order of less than 0.1% of the local 

velocity maximum), a time-periodic state is reached within twenty to thirty periods. 

During startup of the calculation, after the forcing is instantly switched on at time 

i = 0 (equation 3.70), the leading edge of the generated disturbance waves propagates 

downstream through the computational domain. In contrast, when the wall jet is 

forced with larger amplitudes, (with disturbance amplitudes in the order of 0.5% of 

the local velocity maximum), the flow field undergoes a much longer transient stage, 

and a very complex flow pattern develops. When first encoimtering this phenomenon, 

it presented an obstacle to efficiently converging the forced flow calculations to a time 

periodic state. Looking more closely at the startup process it became clear that 

this complex flow pattern was caused by nonlinear eflfects which greatly influence the 

transition process and was therefore investigated in greater detail. 
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Figure 5.16 Ejection of dipolar vortices during staxtup of disturbing the low Re lam
inar wall jet (BASE LI) by periodic blowing and suction. Shown are grey-scales of 
instantaneous spanwise vorticity for the disturbance flow at different time instants. 
From Wemz ic Fasel (1996). 

To illustrate this fascinating phenomenon, one example of such a staxtup simu

lation will now be presented here as an excerpt from Wemz &: Fasel (1996). The 

2D-NS was performed in disturbance formulation with the Glauert similarity solution 

(BASE LI) as the base flow. In the simulation, the wall jet is periodically forced 

by blowing and suction with a frequency / = 56Hz and an amplitude A = 0.5%. 

As shown in Figure 5.16a, at an early time during the startup, the leading edge of 

the disturbance wave propagates downstream, as for the case with small amplitude 

forcing. For the large amplitude forcing, however, merging of subsequent vorticity 
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concentrations within the traveling wave® occurs. Merging occurs in such a way that 

vortices in the outer layer of the wall jet predominantly have a counterclockwise rota

tion (ccw), while in the wall-near region they mainly have a clockwise rotation (cw). 

Repeated vortex merging generates pairs of vortices with particularly high vorticity, 

as shown in Figvire 5.16b. The outer vortices of these pairs (ccw) then move farther 

away from the wall where the base flow velocity is low. Through further merging, two 

of the outer vortices accumulate enough strength to lift two companion vortices away 

from the inner layer of the wall jet, as shown in Figure 5.16c. For this particular case 

the vortex pairs are still in the process of merging while they start lifting up from the 

wall. In Figure 5.16d they have merged into one mushroom shaped pair of clockwise 

and counterclockwise rotating vortices. This dipolar vortex then propels itself farther 

away from the waU by mutual induction of its two component vortices. 

The complete vortex ejection process can be illustrated beautifully with the space-

time diagram in Figure 5.17. Shown in the diagram are iso-surfaces of (disturbance) 

vorticity as a function of streamwise and wall-normal location and time. For two 

levels of vorticity, u)z = —0.1 (dark) and uJz = 0.1 (light), this diagram visualizes 

the whole startup process over the entire flow field. In particular, the sequence of 

mergings of the 'Vortices" in the outer shear layer region that eventually produces 

the mushroom shaped vortex pair can be readily observed. 

The vortex ejection is a characteristic phenomenon for transitional strong wall 

jets.® It not only occurs during startup, but can also result from other non-periodic 

disturbances and can be regarded as an instability mechanism in its own right. Nu

merous investigations of its various aspects have been performed in the past. A 

discussion of vortex ejections due to a large amplitude wave packet was provided by 

®These vorticity concentrations within the vortical wave are called "vortices" from now on, al
though for lower amplitudes they only represent a distortion of the total vorticity, not discrete 
vortices. 

®For wall jets with a free stream component, vortex pairs are convected downstreeim as they lift 
off from the wall. 
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Figure 5.17 Space-time diagram of the vortex ejection process during startup of forcing 
the low Re laminar wall jet (BASE LI). Shown are iso-surfaces of spanwise vorticity 
of the disturbance flow over the x-y plane and time. Prom Wernz & Fasel (1996). 

Fasel & Wemz (1996). The susceptibility of large amplitude, periodic disturbances 

to small disturbance wave packets and the ensuing vortex ejection was investigated 

by Wemz & Fasel (1999). The vortex ejection process is also found for wall jets at 

higher Reynolds numbers, i.e., for BASE L2. In all these cases, whenever the balance 

between subsequent pairs of strong counter-rotating vortex pairs is upset, they have 

the tendency to lift off from the wall. 

So far, the ejection phenomenon has not been encountered for the fully developed 

turbulent wall jet, BASE T. Due to the disparity in scale between inner and outer 

region of BASE T, the natural spacing and size of vortical disturbances would be 

vastly smaller in the inner flow region than the large size of the vortical disturbances 

in the outer region.'^ In chapter 6, the issue of dipolar vortex ejection will be revisited 

when competing mechanisms are presented that can disrupt the phenomenon. 

'^The turbulent and viscous stresses in the URANS/SRANS model also have a strong damping 
effect on small sized disturbances. 
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Techniques for preventing dipolar vortex ejections 

For studying large amplitude, harmonic disturbances in wall jets, measures have to be 

taken to reach the time-periodic state without undergoing this CPU time-consuming 

startup process. Two different techniques have been developed over the years. 

In the first approach, the forcing amplitude is ramped up gradually in time. Very 

high forcing levels can be reached that are not achievable otherwise. If during this 

ramp up the amplitude increase per forcing period is kept very small (e.g., 0.1%), 

the flow is quasi-periodic throughout the process. This technique enables to scan a 

large range of disturbance amplitudes in one calculation, and afterwards illustrate the 

nonlinear eflfects nicely in an animation as they develop for larger and larger forcing 

amplitudes. At very large amplitude levels {u' fluctuations above 20% of the mean 

flow) the flow is in a "supercritical" state where increasingly small perturbations-and 

eventually numerical noise- can trigger an explosive eruption of vortex pairs that 

disintegrates the flow "in an instant". 

A more economical technique for reaching the time-periodic state for one particular 

forcing amplitude is to move the buffer domain during startup from near the forcing 

location slowly downstream with a lower speed than the group velocity of startup 

wave package. The buffer domain can be moved gradually in one calculation, or 

in steps using increasingly larger computational domains. In either case, the buffer 

damps out the startup wave packet before it can reach dangerously large amplitude 

levels. 
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5.2.2 Nonlineax Disturbances for Transitional Wall Jet at Low Reynolds 
Number — BASE LI 

Having solved the startup problem, nonlinear disturbances for BASE LI can now be 

investigated using large amplitude forcing. For the investigations presented here, only 

volume forcing at the fundamental frequency, / = 56Hz, is considered which, from 

the linear investigations in section 5.1.2, is known to generate disturbances that first 

match inner mode 1, then outer mode 2. Forcing is always applied at the critical 

layer of the unstable eigenmode. The questions to be explored are, how the shape, 

size, and growth of the disturbances changes with the forcing amplitude 

An overall impression of the time-periodic nonlinear disturbances generated by 

harmonic volume forcing with large ampUtudes is provided in Figure 5.18 with the 

contour plots of instantaneous spanwise vorticity. Shown are cases from two param

eter studies, L1D2-PF1 & L1D2-PF2 (Table C.5), for forcing at Xc = 12.5 and at 

Xf. = 30 respectively. Each study includes eight cases with diflferent forcing ampli

tudes. Figures 5.18a&b display the disturbance flow and the total flow due to forcing 

at Xc = 12.5 with Ay/ = 0.04. Disturbance amplitudes of up to 30% of the mean flow 

velocity are achieved by the forcing. At this large amplitude level, the three layers of 

vorticity concentrations for the disturbance flow (Figures 5.18a), when added to the 

mean flow (Figure 5.18b), form a double row of vortices which emerges downstream 

of X = 25, in the region where outer mode 2 is unstable. For the case in Figure 5.18c 

where a larger forcing amplitude is employed (A„/ = 0.1), disturbance amplitudes of 

more than 30% of the mean flow velocity are achieved. Compared to the previous 

case, the vortex row also has thickened and now emerges farther upstream. For com

parison, a case is shown in Figure 5.18d where the forcing is applied downstream, at 

Xc = 30, with the same forcing amplitude (A„/ = 0.1). The resulting double vortex 

row closely resembles the case in Figure 5.18b with the smaller forcing amplitude. 

®Since the characteristic size of the forcing blob is fixed for all presented cases, the strength of 
the volume force is indicated with amplitude instead of forcing parameter P„/. 
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a) volume forcing at Xc = 12.5 with / = 56Hz, Ay/ = 0.04 — disturbance flow 

X [3.2mm] 

b) volume forcing at Xc = 12.5 with. / = 56Hz, A^/ = 0.04 — total flow 

X [3.2mm] 

c) volume forcing at Xc = 12.5 with / = 56Hz, A^f = 0.1 

toz-vorticity 

d) volume forcing at Xc = 30 with / = 56Hz, A^f = 0.1 

Figure 5.18 Examples for nonlinear disturbances at low Reynolds numbers (cases from 
studies L1D2-PF1 & L1D2-PF2). Shown are contour plots of instantaneous spanwise 
vorticity. 
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Of course, the receptivity at Xc = 30, which is in the unstable region of mode 2, is 

different and the disturbances also have less distance to grow. A quantitative analysis 

of the nonlineax disturbances from the parameter studies L1D2-PF1 & L1D2-PF2 is 

now presented in Figures 5.19- 5.27. 

Effect of forcing amplitude on streamwise disturbance development 

The streamwise development is detailed with the graphs in Figure 5.19a-c showing 

the disturance wave length, A, phase velocity, c, and Fourier amplitude of the wall 

vorticity, , for all sixteen cases of the study. For comparison, wave length and 

phase velocity of modes 1 & 2 from LST are also shown. A scale reference for A, c, 

and is provided by the half width, maximum velocity, and wall vorticity of the 

base flow (dotted curves). The linear reference case is provided by the smallest forcing 

amplitude, = 0.01, for which nonlinear effects are still too small to be noticeable 

in the graphs. This is indicated by the good match of all curves for = 0.01 with 

the data points represented by squares and dots which, in fact, correspond to forcing 

at Ayf = 10~®. Since the disturbance frequency, / = 56Hz, is identical for all cases, 

and c and A relate as c = / • A, the curves in Figures 5.19a&:b axe eqmvalent. For 

wave length and phase velocity, the only significant effect of increasing the forcing 

amplitude is a more abrupt change-over from mode 1 to mode 2 for the cases when 

forcing at Xc = 12.5. Downstream of a; « 30, A and c remain virtually constant for 

all forcing cases, despite the spreading and decay of the mean flow. 

The disturbance amplitude, , in Figure 5.19c is plotted on a semi-logarithmic 

scale. In this scale, the amplitude curves for linear disturbances do not change their 

shape with the forcing amplitude. A change in shape, therefore indicates the onset of 

nonlinearity. When forcing at Xc = 12.5 with amplitudes larger than Ayf = 0.01, the 

shape of the disturbance amplitude curves changes markedly. Most notably, the dip 

at X — 38 in the curve for Ayf = 0.01, which is associated with the change-over from 
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Figure 5.19 Streamwise development of nonlinear disturbances at low Reynolds num
bers (studies L1D2-PF1 & L1D2-PF2). Shown versus x are a) wave length, b) phase 
velocity, and c) Fourier amplitude of the spanwise wall vorticity. 
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Figure 5.20 Dependence of the disturbance amplitude on the forcing amplitude (stud
ies L1D2-PF1 & L1D2-PF2). Shown are at various streamwise locations the maximum 
Fourier amplitude of the streamwise velocity versus volume forcing amplitude. 

mode 1 to mode 2, shifts upstream. For the forcing levels A,f>0 .04, it reverses into 

a sharp amplitude increase. This upstream shift clearly correlates with the trends 

for the wave length and the phase velocity. For the three largest forcing amplitudes 

considered, nonlinear saturation is reached, as indicated with the dash-dotted line.® 

When forcing at Xc = 30, the nonlinear saturation level is not yet reached for the 

largest forcing amplitude shown, A^f =0.1. Rather, from a; = 40 onward, the ampli

tude curve in this case matches the curve corresponding to forcing with Ay/ = 0.04 

upstream (recall Figure 5.18b&d). 

Nonlinear saturation is nicely illustrated in Figures 5.20a&:b for the two forcing 

locations, Xc = 12.5 and Xc = 30. The disturbance amplitude, which is represented 

here by the maximum Fourier amplitude of the streamwise velocity fluctuation, , 

is now plotted directly against the forcing amplitude, A^f, for several streamwise 

®The case illustrated in Figure 5.18c with A„f = 0.1 has reached the nonlineiir saturation level 
and, as a consequence, the strength of the vortices within the double vortex row cannot be heightened 
by further increasing the forcing eunplitude. 
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"measuring stations". For Xc = 12.5 (Figure 5.20a) ajid at the first station x = 20, 

-^'mor depends linearly on A^f throughout the considered range for A„/. However, 

at stations farther downstream, nonlinear saturation sets in above an increasingly 

smaller threshold in the forcing amplitude. To show nonlinear saturation for forcing at 

Xc = 30 (Figure 5.20b), the forcing amplitude range has been extended to ^„/ = 0.4. 

For very large forcing amplitudes, nonlinear saturation already sets in at the first 

station, x = 34. 

EflGect of forcing amplitude on the wall-normal shape of the fundamental disturbance 

The disturbances also change their wall-nonnal shape when the forcing amplitude 

is increased. This is illustrated in Figure 5.21 for the parameter study L1D2-PF1 

{xc = 12.5). Shown at four streamwise stations, x = 20,30,40,55, are the Fourier 

amplitude profile, A^/, and phase distribution, 9^' of the streamwise disturbance ve

locity for various forcing amplitudes. Also shown for comparison are the profiles from 

the linear forcing case, L1D2-LVF1. While at rr = 20 the amplitudes and phases still 

match for all forcing cases, at x = 30 significant differences develop as the forcing 

amplitude is increased. The amplitude peak in the outer region of the wall jet de

creases dramatically which is accompanied by a switch of the outer phase-change in 

the phase distribution from -i-7r to —7r/2 for the four largest forcing amplitudes. This 

indicates again, that the change-over from mode 1 to mode 2 is shifted upstream due 

to nonlinear effects, corroborating the observations in Figure 5.19 for the wave length, 

phase velocity, and disturbance amplitude. At a; = 40, the decrease of the outer peak 

in the amplitude profile for A„/ = 0.04 results in a markedly better agreement with 

the measurement by Zhou et al. (1992) at the corresponding location in their exper

iment. For the amplitude profile at a; = 40 and a; = 55, as another nonlinear effect 

due to the increased disturbance amplitude, the two outer peaks in the amplitude 

profile eventually merge and the outer phase-change disappears completely. 
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Figure 5.21 Comparison of nonlinear disturbances for different volume forcing ampli
tudes (study L1D2-PF1). Shown are the normalized Fourier amplitudes and phase 
distributions of the streamwise velocity at four streamwise locations. 



129 

Effect of forcing amplitude on the higher haxmonics 

Once a fundamental disturbance reaches a large amplitude, nonlinear interactions 

in the convective terms of the vorticity transport equations (terms A, B, C defined 

in equation 3.7) lead to the emergence of higher harmonics. This is illustrated in 

Figure 5.22 for the cases from parameter study L1D2-PF1. Plotted versus x are the 

disturbance amplitude curves (represented by the wall vorticity) for the first higher 

harmonics of the fundamental disturbances from Figure 5.19. For comparison, the 

amplitude curves for the fundamental are replotted, now as dotted lines. Figure 5.22 

indicates that the first higher harmonic saturates at a lower amplitude level than the 

corresponding fundamental. 

An impression of the shape and streamwise development of the first higher har

monic and for reference also of the fundamental is provided in Figure 5.23a<Scb. Shown 

in perspective view (from the free-stream/inflow) are amplitude profiles of the stream-

wise disturbance velocity from the case with the largest forcing amplitude in parame

ter study L1D2-PF1 = 0.1). The velocity profiles for the higher harmonic and 

for the fundamental are plotted on the same scale at 11 streamwise stations through

out the computational domain. A characteristic feature in the profiles of the higher 

harmonic is a large amplitude peak that develops near the wall and is much closer to 

the wall than the amplitude maximum of the fundamental in the inner region. The 

emergence of the first higher harmonic is followed by the second (not shown) and for 

large forcing amplitudes, the spectrmn of the higher harmonics fills up nicely. The 

higher harmonics contribute to changes in shape and a steepening of the gradients 

within the disturbance wave (compare Figures 5.18b&c). 
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Figure 5.22 Streamwise amplitude development for the first higher harmonic of the 
nonlinear disturbances from study L1D2-PF1. Shown versus x is the Fourier ampli
tude of the spanwise waU vorticity. 

near-wall peak 

a) first higher harmonic (n = 2) b) fundamental (n = 1) 

Figure 5.23 Fourier amplitude profiles (streamwise velocity) of the first higher har
monic and fundamental shown in perspective view from the free stream/inflow. Case 
from parameter study L1D2-PF1 with forcing amplitude = O.I. 



131 

Mean flow distortion due to laxge disturbance amplitudes 

The nonlinear interactions also cause a distortion of the mean flow which, for tran

sitional wall jets, is very significant and has important implications. The nonlinear 

effects on the wall jet mean flow observed in the experiments by Zhou et al. (1992), 

namely an increase in the spreading rate and a reduction in the wall vorticity of the 

mean flow, axe also observed in the present parameter studies, L1D2-PF1 & L1D2-

PF2. Plotted in the graphs in Figure 5.24a-c for L1D2-PF1 {Xc = 12.5) are the 

half width, 80.5, the maximtim velocity, Umax-, and the wall vorticity, uJz,waii versus 

streamwise distance from the virtual origin, x, for eight forcing amplitudes and for 

the unforced flow. Also shown are measvured data points from Zhou et al. for the half 

width and for the velocity maximiun. The spreading rate in the 2D-NS matches the 

data for the forced flow in the experiment best for A^f = 0.8. However, the velocity 

decrease for this case is much stronger than was measured by Zhou et al.. Changes 

in 60,5, Umax, and ujz^yjcui are minor upstream of a; = 20, where mode 1 is unstable, 

become noticeable for x > 20, and increase dramatically for 2; > 30 in the unstable 

region of mode 2. The mean flow distortion thus appears to be linked with inner 

mode 2, rather than with outer mode 1. 

Changes in the streamwise development of the mean flow due to large amplitude 

forcing are accompanied by changes in the shape of the mean flow profile. This is 

seen from the normalized mean velocity profiles in Figure 5.24 for four streamwise 

locations.^" Shape changes in the mean flow are most notable at the outer edge of 

the wall jet, but appear to correlate with all three peaks in the amplitude profiles of 

the disturbance (Figure 5.21). 

From the parameter study, the primary effect of the nonlinear disturbances on the 

mean flow at a fixed streamwise location is an increase of the half width, ^0.5 and a 

decrease of the maximum velocity, Umax, not a major change in shape, expecpt for 

^°The mean profiles are normalized by the local hsdf width, So.s, and the local maximtmi velocity, 
Umax-
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experiment by Zhou et al. (1992) 
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Figure 5.24 Streamwise change of the mean flow distortion due to nonlinear dis
turbances (study L1D2-PF1). Shown are versus x a) half width, b) local velocity 
maximum, and c) time-averaged spanwise wall vorticity. 
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Figure 5.25 Mean flow distortion due to nonlinear disturbances (study L1D2-PF1). 
Shown are the distorted mean flow profiles at four streamwise locations. 
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Figure 5.26 Change in the local Reynolds number, due to nonlinear distur
bances (parameter study L1D2-PF1). 

very large disturbance amplitudes. As a result, the local Reynolds number, 

associated with the profile increases. This is illustrated in Figure 5.26 which plots 

5 versus x for the distorted mean flows from parameter study L1D2-PF1 when 

forcing at = 12.5. According to LST, the increase in Reso^^ in turn, changes the 
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lineax instability of a profile at a particular streamwise location to that at a location 

farther downstream in the flow. 

The effect of the distorted mean flow on the development of the disturbances can 

be nicely observed in the present nonlinear calculations. For example, the consis

tent shift upstream for the change-over of the distiurbances firom matching mode 1 to 

matching mode 2 in Figiires 5.19-5.21 is due to the change in Res^^. In fact, in Figure 

5.27 the upstream shift is demonstrated quajititatively for selected cases from param

eter study L1D2-PF1. Figure 5.27a plots the streamwise location, xun, for equivalent 

linear disturbances (which do not change the mean flow) as a function of the stream-

wise location, x, for the corresponding nonlinear disturbance. The functional depen

dence is obtained by matching Rbsq^s with the parameterization xun = s(x)]. 

Take, for example, streamwise location a; = 30 in Figure 5.27a. When forcing with 

unforced 

E 60 

10 20 30 40 50 
X [3.2mm] 

a) equivalent streamwise loction, xun 

X—30, — 
0.06 
0.1 

A^10 . X= 
-- 30 

-Q.JK 

b) amplitude and phase distribution 

Figure 5.27 Comparison of nonlinear disturbances from parameter study L1D2-PF1 
with equivalent linear disturbances from case L1D2-LVF1. 
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Ayf = 0.06, a; = 30 corresponds to Xun = 39; when forcing with A„/ = 0.1, x = 30 

corresponds to Xun — 57. The disturbance amplitude and phase distributions cor

responding to these cases are plotted in Figure 5.27b. A good match is achieved 

between the nonlinear disturbance for A^f = 0.06 at x = 30 and the corresponding 

linear disturbance at rc = 40. The profiles difier most at the edge of the wall jet where 

the distortion of the shape of the mean flow is greatest (compare Figure 5.25). The 

agreement is worse for the nonlinear disturbance for Avf = 0.1 where the distortion 

of the shape of the mean flow is more severe. 

Comparison with experimental results 

Since the change in spreading and velocity decay rate due to nonlinear disturbances 

occurs also in the experiment by Zhou et al. (1992) a feed back onto the disturbances is 

observed in the published measurements as well. This is seen from Figiure 5.28 which 

compares experimental results from Zhou et al. for / = bQHz with two linear and two 

nonlinear forcing cases firom the present numerical investigations. Shown are Fourier 

amplitude proflles and phase distribution for the streamwise disturbance velocity 

at four downstream locations (x = 34,36,38,40) that correspond to the measuring 

stations in the experiment. The trend for the proflles from both linear calculations 

(case L1D2-LVF1 with Xc = 12.5 and L1D2-LVF5 with Xc = 30) is markedly different 

from the experiment. Due to the lower spreading and decay of the undistorted mean 

flow in the linear calculations the amplitude peak in the outer flow region decays much 

more gradually from station to station than in the experiment. The match with the 

experimental data is strikingly better for the two nonlinear disturbance cases (case 

L1D2-PF1 with Xc = 12.5&A„/ = 0.04 and case L1D2-PF2 with Xc = 30&:Ayf =0.1). 

The best match at all locations is achieved for case L1D2-PF2, for which the forcing 

location is close to the nozzle in the experiment. 
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Figure 5.28 Comparison of nonlinear (and linear) disturbances (cases from studies 
L1D2-PF1 & L1D2-PF2 and cases L1D2-LVF1 & L1D2-LVF5) with experimental 
results by Zhou et al. (1992). Shown are the normalized Fourier amplitudes and 
phase distributions of the streamwise velocity at four streamwise locations. 
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5.2.3 Nonlinear Disturbances for Turbulent Wall Jet — BASE T 

When using URANS/SRANS for computing laxge amplitude nonlinear disturbances, 

more severe modeling assimiptions are made than previously for computing small 

amplitude disturbances in the stability investigations in section 5.1.4. For URANS, 

which employs a fully coupled turbulence model for computing the time-dependent 

Reynolds stress, it is postulated that the chosen turbulence model (ASM) is capable 

of locally adjusting the Reynolds stress to the time-dependent large amplitude distur

bances in a physically meaningful manner. Since the ASM has (almost) no geometric 

dependencies, and the forcing frequencies considered here are quite low (spectral gap 

may still exist), this postulate is not all that imreasonable. For SRANS, on the other 

hand, large amplitude disturbances can influence the Reynolds stress only through 

the strain rates, while the turbulent eddy-viscosity remains imaffected (see derivation 

in section 3.2.3). Therefore, the eddy-viscosity cannot adjust locally to the large am

plitude disturbances or to any mean flow distortions. URANS and SRANS as two 

complementaxy approaches for modeUng the Reynolds stress are compared in detail in 

this section. The hope is that important features of the disturbance flow are captured 

by both approaches in a comparable manner and are not sensitive to the modeling 

differences. The effect of the large amplitude disturbances on the mean flow is ad

dressed and a comparison with the experimental results by Katz et al. (1992) is made 

for both URANS and SRANS. Parameters for the URANS/SRANS cases presented 

in this section are listed in Table C.14. 

Comparison of URANS and SRANS for nonlinear disturbances 

An impression of the nonlinear disturbances computed with URANS and SRANS is 

given with the contour plots of instantaneous spanwise vorticity in Figure 5.29 from 

four forcing cases. Figures 5.29a&b display results from cases TU-PFl (URANS) and 

TS-PFl (SRANS). In both cases, volume forcing is performed at (xcVc) = (15,1.2) 
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with the frequency from the experiments by Katz et al., f = 34Hz, and with the 

largest forcing amplitude achievable with URANS, A^f = 0.05. Size and wave length 

of the vortical distmrbances are comparable for URANS and SRANS; about four wave 

length fit inside the computational domain excluding the buffer. However, distinct 

differences are foxmd in the shape of the vortical structures. Most notably, the near-

wall vorticity concentration with clockwise rotation is much stronger for URANS than 

for SRANS. Also, for URANS the core of the large vortices with clockwise rotation in 

the outer flow region is concentrated closer to the leading edge of the vortices. With 

increased disturbance amplitude, mesh oscillations build up at the leading edge of the 

vortical structures, and for forcing amplitudes, A^j > 0.05, the numerical solution 

diverges. For SRANS which exhibits shallower gradients within the fluctuations, 

significantly larger forcing amplitudes can be achieved. Mesh oscillations appear 

only for > 0.08. A comparable picture is observed for cases TU-PSl (URANS) 

and TS-PSl (SRANS) in Figures 5.29c&:d where the volume forcing is performed 

with / = 17Hz but with otherwise identical forcing parameters. The size and wave 

length of the vortices is larger now; only two disturbance wave lengths fit within the 

computational domain. 

Further qualitative comparison between URANS and SRANS is provided in Figure 

5.30 for cases TU-PFl & TS-PFl and in Figure 5.31 for cases TU-PSl & TS-PSl with 

perspective plots of the streamwise velocity viewed from the free stream/inflow. Snap

shots of the time-periodic flow are shown in Figures 5.30a&;b (and Figures 5.30a&:b). 

Unlike for the small amplitude disturbances in Figiire 5.11a, the total flow field is 

now significantly distorted by the nonlinear disturbances. The disturbances for both 

URANS and SRANS exhibit a gradual slope up to the amplitude peak and a sharp 

drop ahead of the peaks. This characteristic feature is more pronounced in the up

stream region where the disturbance amplitude is greatest. For smaller disturbance 

amplitudes, the disturbance shape is not nearly skewed as much. 
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b) SRANS — volume forcing with / = ZAHz, A^f = 0.05 
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d) SRANS - volume forcing with / = 17Hz, A^j = 0.05 

Figure 5.29 Examples from URANS and SRANS calculations of nonlinear distur
bances in the turbulent wall jet (cases TU-PFl, TS-PFl, TU-SFl, TS-SFl). Shown 
are contour plots of instantaneous spanwise vorticity. In all cases, the volume forcing 
is at {xc, Vc) = (15,1.2) with a forcing blob size of (uq, bo) = (2,0.5). 
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URANS 

a) instantaneous u-velocity 

SRANS 

b) instantaneous u-velocity 

c) Fundamental for u-velocity, A n=:l 
u d) Fundamental for u-velocity, A" n=l 

n=2 e) Higher Harmonic for u-velocity, f) Higher Harmonic for u-velocity, 

Figure 5.30 Comparison of URANS and SRANS for large amplitude forcing at Xc = 15 
(/ = 34Hz,A'^f = 0.05) (cases TU-PFl & TS-PFl). Shown are perspective plots of 
the instantaneous streamwise velocity and the Fourier amplitudes for the fundamental 
and first higher harmonic of the streamwise velocity. 
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URANS SRANS 

a) instantaneous u-velocity b) instantaneous u-velocity 

c) Fourier amplitude for u-velocity, d) Fundamental for u-velocity, 

e) Higher Harmonic for u-velocity, A\ f) Higher Hsirmonic for u-velocity, A. 

Figure 5.31 Comparison of URANS and SRANS for large amplitude forcing of BASE 
T at = 15 (/ = = 0.05) (cases TU-PSl & TS-PSl). Shown are 
perspective plots of the instantaneous streamwise velocity and the Fourier amplitudes 
for the fundamental and first higher harmonic of the streamwise velocity. 
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Differences between URANS and SRANS are more apparent for nonlinear than 

for linear disturbances. This is seen from the Fourier amplitude of the fundamental, 

shown in Figures 5.30c&:d (and Figvures 5.31c&d). The brief initial growth up 

to a; Ri 60 is weaker for URANS than for SRANS, but the ensuing decay downstream 

is also weaker for URANS. Unfortunately, the distortion of the disturbance ampli

tude (beat) due to the acoustic disturbance is stronger than previously for the linear 

disturbances in Figures 5.11c&:d, but is still considered acceptable in view of the need 

to force as close to the virtual nozzle as possible to minimize the total length of the 

receptivity region. Most interesting is the difference between URANS and SRANS 

for the first higher harmonic, shown in Figures 5.30e&f (and Figures 5.31e&f). 

While shape and streamwise development of away from the wall is comparable 

for both modeling approaches, a very strong near-wall peak develops for URANS that 

is not observed for SRANS. The peak in is associated with the strong near-wall 

vortical structure observed in Figures 5.29a&:c. The near-wall peak is a character

istic feature of the first higher harmonic, also seen for disturbances in the laminar flow. 

A quantitative comparison is now presented for the streamwise development of 

the nonlinear disturbances computed with URANS and with SRANS. Shown in Fig

ure 5.32 are the disturbance wave length, phase velocity, and disturbance amplitude 

for the fimdamental from cases TU-PFl (URANS) and TS-PFl (SRANS) (solid solid 

lines and filled symbols) and also from cases TU-PSl (URANS) and TS-PSl (SRANS) 

(dashed lines and open symbols). Since the flow is highly non-parallel, the stream-

wise development of amplitude and phase depends on the criterion that is chosen 

to represent them. For example, when the wall vorticity is selected to represent the 

disturbance amplitude, the region of growth for the fundamental is extremely short. 

Chosen here for the disturbance amplitude is the wall-normal integral of the Fourier 

amplitude of the streamwise velocity, A^'dy, a criterion that is also 

used by Katz et al. (1992) and Likhachev (1996). To minimize acoustic distortions 
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(beat) in the wave length and phase velocity, they are computed from the phase of 

the wall-normal velocity recorded at a certain distance from the wall, here y = 1.5. 

In the present case, filtering is required in the postprocessing, especially for the phase 

velocity since it is very sensitive to numerical mesh oscillations in the phase. 

After an initial adjustment near the forcing location, the wave length (Figure 

5.32a) and phase velocity (Figure 5.32b) remain virtually constant throughout the 

rest of the computational domain. The adjustment region is longer for the lower 

frequency disturbances. The apparently very large phase velocity close to the forcing 

location is an artifact of the near field of the volume forcing, where the disturbances 

are still in phase with the forcing for a short streamwise distance before they begin 

to travel. A comparison of the phase velocities at different wall-normal locations 

shows that they begin to agree quite well downstream of x = 40 for / = 34J^z 

(x = 60 for / = 17Hz) which indicates that a traveling disturbance wave has begun 

to establish. At these streamwise locations, the phase velocity is still significantly 

higher than farther downstream. A higher phase velocity closer to the wall jet origin 

is also predicted by linear stability theory (Likhachev, 1996). For the streamwise 

development of wave length and phase velocity, the quantitative agreement between 

URANS and SRANS is excellent. Not surprisingly, the agreement is not nearly as 

good for the streamwise development of the disturbance amplitude in Figure 5.32c, 

where SRANS consistently exhibits stronger growth and greater decay than URANS. 

is most effective to filter the phase before computing the phzise velocity. 
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Figure 5.32 Streamwise development of nonlinear disturbances. Shown for four cases 
(TU-PFl, TS-PFl, TU-PSl, TS-PSl) are a) wave length, b) phase velocity, and c) 
disturbance amplitude represented by Ai(^u') = Jq""" A^idy. 
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Modeling differences between URANS eind SRANS 

Differences between URANS and SRANS in the streamwise amplitude development 

and in the shape of the computed disturbances are due to differences in the modeling 

of the Reynolds stress which are significant for large disturbance amplitudes. An 

impression of these modeling differences is provided with Figure 5.33. Shown for 

cases TU-PFl and TS-PFl are contour plots of the instantaneous eddy-viscosity 

(Figures 5.33a&b), the instantaneous Reynolds shear stress (Figures 5.33c&d), and 

the instantaneous streamwise velocity (Figures 5.33e&f). The snapshot in Figure 

5.33a of the time-dependent eddy-viscosity computed with URANS exhibits strong 

periodic distortions which correlate with the disturbances in the flow field (Figure 

5.33e). As a consequence, siirprisingly strong fluctuations are present in the Reynolds 

shear stress (Figure 5.33c). For SRANS, on the other hand, the eddy-viscosity is 

kept at base flow value (Figure 5.33b) and, as a result, the Rejniolds shear stress 

(Figure 5.33d) is only altered from its base flow value by the fluctuations in the strain 

rate. The difference between URANS and SRANS in the adjustment of the Reynolds 

shear stress is significant. Further study of the very complex interaction between 

the transport equations for the resolved flow quantities and the modeled quantities 

is required for a clear understanding of the mutual dependencies. However, URANS 

and SRANS agree well in the overall disturbance development (Figures 5.33e&f) and 

a more detailed analysis is deferred to future research. 
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Figure 5.33 Effect of modeling the Reynolds stress with URANS and SRANS for large 
amplitude forcing at Xc = 15 (/ = 34Hz,A^f = 0.05) (cases TU-PFl & TS-PFl). 
Shown are contour plots of the instantaneous eddy-viscosity, the Reynolds stress, and 
the streamwise velocity. 
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Influence of turbulence model on SRANS solution 

URANS, as part of the FSM approach, do not rely on one particular turbulence model. 

While the Algebraic Stress Model by Gatski & Speziale (1993) performs very well for 

the present wall jet calculations, two alternative turbulence models have also been 

considered for comparison, namely the eddy-viscosity models by Myong & Kasagi 

(1990) and by Sarkar &: So (1997). All three turbulence models have been introduced 

in sections 3.2.2. RABL solutions for the steady base flow using the three models 

are compared in section A.2.2 and excellent agreement was found between SSA and 

ASM (e.g. for the spreading rate, the velocity profiles, and the eddy-viscosity). The 

MK model, on the other hand, predicts a 20% larger spreading rate, the outer edge of 

the streamwise velocity profile is much sharper, and the eddy-viscosity is about 25% 

larger. 

RABL solutions from ASM, MK, and SSA are now employed as base flows for 

three SRANS calculations, cases TS-PFl, TS-PFIMK, and TS-PFISSA. The com

putational setup for all three cases is identical (volume forcing with / = SAHz and 

-^vf = 0.05), except for the different base flow and eddy-viscosity. In the future, 

alternative turbulence models may also be employed for URANS, but presently SSA 

and MK are only used for SRANS calculations. Particularly SSA is prohibitively 

diflBcult to converge in a URANS calculation due to the complex near-wall coupling 

between the k and e transport equations. For SRANS, on the other hand, there are 

no procedural differences when using alternative turbulence models, once the base 

flow is obtained. In Figure 5.34, the streamwise development of the disturbance am

plitude represented by Ar(u') is compared for ASM, MK, and SSA. Not surprisingly, 

the agreement between ASM and SSA is excellent. The disturbance ampUtude com

puted with MK, on the other hand decays much more rapidly in downstream direction 

which is likely due to the larger eddy-viscosity. Next, a comparison is made for the 

disturbance profiles computed with ASM, MK, and SSA. Shown in Figure 5.35a&:b 
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Figure 5.34 Dependence of the amplitude of nonlinear disturbances on the turbulence 
model. Comparison of SRANS calculations using the ASM, MK, and SSA turbu
lence models (cases TS-PFl, TS-PFIMK, TS-PFISSA). The disturbance amplitude 
is represented by A^'dy. 

are the Fourier amplitudes and phase distributions of the streamwise velocity at the 

four streamwise measurement stations reported by Katz et al. (1992). Again the 

agreement between ASM and SSA is excellent, while MK deviates considerably. The 

greatest diflference in amplitude and phase is observed close to the edge of the wall 

jet, which is due to the difference in the mean flow profile in this region (see Figure 

5.35a). In fact, the agreement with the experiment for the outer amplitude maximum 

is somewhat better for MK than for the other two models which is probably because 

the mean flow in the experiment also decays more rapidly towards the wall jet edge 

than ASM and SSA do. That the inner amplitude maximvmi appears closer to the 

wall for MK is an artifact of the normalization of the wall-normal location with the 

half-width. While the spreading of the disturbances is minimal for all models, the 

spreading of the mean flow is greater for MK than for ASM and SSA. 
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Figure 5.35 Dependence of the disturbajice shape on the turbulence model. Compar
ison of SRANS calculations using the ASM, MK, and SSA turbulence models (cases 
TS-PFl, TS-PFIMK, TS-PFISSA) with experiments by Katz et al. (1992). Shown 
are the normalized Fourier amplitudes and phase distributions of the streamwise ve
locity at four streamwise locations. 
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Nonlinear saturation for laxge forcing amplitudes 

An important aspect of modeling nonlinear disturbances with. URANS and SRANS 

is the saturation level for the amplitude of the primary disturbance since the mean 

flow distortion and the onset of secondary instabilities both strongly depend on the 

primary disturbance amplitude. As discussed above, significant differences exist be

tween URANS and SRANS in the modeling of the Reynolds stress which become 

more severe as the forcing amplitude is increased. The saturation process is therefore 

not necessarily comparable for both modeling approaches. Complicating the picture 

are numerical difficulties that limit the forcing amplitude for which a stable numer

ical solution can be obtained. The limitation is more severe for URANS, for which 

the largest achievable forcing amplitude is A„f — 0.05. With SRANS, however, the 

forcing amplitude can be doubled to = 0.1 before grid-mesh oscillations become 

unacceptably strong. The nonlinear saturation process is now explored for URANS 

with study TU-PF2 and for SRANS with study TS-PF2. Results are presented in 

Figures 5.36a&:b and Figure 5.37 which illustrate different aspects of the saturation 

process. 

Shown in Figure 5.36a is the overall development of the disturbance amplitude 

represented by the amplitude integral A^ui) and in Figure 5.36b the near-wall be

havior represented by the wall vorticity A^^,waii- First, the upstream region of the 

flow {x < 80) is discussed, where disturbance amplitudes are large and nonlineax 

saturation actually takes place. To emphasize the onset of nonlinear saturation, the 

disturbance amplitude in each case is normalized with the respective forcing am

plitude (see labeling of the ordinates in both figures). Amplitude curves for linear 

disturbances collapse when normalized in this manner, as seen in Figures 5.36a&;b 

firom the curves corresponding to A^f = 10"^ & A^f = 0.01 for both URANS and 

SRANS. Once nonlinear saturation sets in, the normalized disturbance amplitude de

creases since any increase in the forcing amplitude produces a less than proportional 
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Figure 5.36 Nonlinear saturation of the disturbance amplitude represented by a) 
0.1A/(u/)/A„/ and b) (normalized disturbance wall vorticity). Shown 
are cases from parameter studies TU-PFl and TS-PF2. 
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increase in the absolute disturbance amplitude. In Figure 5.36a for amplitude inte

gral Ar(^u'), this sign for the onset of nonlinear saturation is observed for both URANS 

and SRANS. In Figure 5.36b, however, the wall vorticity only begins to saturate for 

SRANS, while for URANS, all distiirbance wall vorticity ciurves still collapse in the 

upstream region up to x Ri 70. Thus, saturation has not set in close to the wall for 

the cases from TU-PF2. 

In the downstream region (a; > 80), where the disturbances decay, the contribution 

of the acoustic disturbance to both A^^u') and increases disproportionately as 

the forcing amplitude is increased leading to a stronger beat in the amplitude curves. 

For URANS, in fact, the acoustic disturbance produces an increase in the normalized 

disturbance ampUtude with increased forcing amplitude. This can be shown indirectly 

with a URANS case where forcing with = 0.05 is applied at Xc — 60 instead of 

Xc = 15 (also shown in Figures 5.36a&b). Since the forcing location in this case is 

far away from the inflow, the amplitude of the generated acoustic disturbance is very 

small. As a result, the corresponding normalized disturbance amplitude in Figure 

5.36a barely shows a beat in the downstream region. It also exhibits a greater decay 

rate closest to the linear cases with Ayf = 10"^ and A^f = 0.01. This demonstrates 

that in the absence of an acoustic component, a large amplitude disturbance decays 

more rapidly than it does for the upstream forcing cases, which therefore owe their 

reduced decay rates to an increased acoustic component. 

For the forced laminar wall jet in section 5.2.2, the disturbances saturate for large 

forcing amplitudes. This is clearly seen from the disturbance wall vorticity in Figure 

5.19c where fully saturated disturbances from cases with different forcing amplitudes 

form an envelope for the amplitude curves. Due to numerical limitations, this highly 

saturated state can neither be reached with URANS nor with SRANS. In fact, even 

for the largest forcing amplitude for SRANS, A^f = 0.1, the disturbance amplitude 

a clear indication for the presence of an £icoustic disturbance, the beat is not found in the 
Fourier amplitude of the wall-normad velocity. 
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Figure 5.37 Dependence of the disturbance amplitude on the forcing amplitude, Ayf. 
Shown from parameter studies TU-PF2 & TS-PF2 is the amplitude maximum of the 
streamwise disturbance velocity, Au',maxj versus Ayf for various streamwise locations. 

in Figure 5.36b remains below 50% of the base flow value, cdzB,waii-^^ This is in 

contrast to the forced laminar flow, where the distiirbance amplitude for the wall 

vorticity exceeds twice the base flow value before it reaches the saturation envelope 

(compare Figure 5.19c). For the disturbance wall vorticity in URANS and SRANS 

calculations, the amplitude level of the saturation envelope (if it could be reached in 

the calculations), is probably lower relative to the mean flow wall vorticity than for 

the forced laminar flow. This can be deduced from the fact that in both turbulent and 

laminar flow a comparable amplitude level is reached for ^u'.maxj the local amplitude 

maximum of the streamwise disturbance velocity. In Figure 5.37, Au',max for the cases 

TU-PF2 and TS-PF2 is plotted as a function of Ayf at five streamwise locations, 

X = 40,50,60,80,100 (compare with Figure 5.20 for BASE LI). Also shown to scale 

reference, the volume flux and the mean flow wall vorticity are plotted in Figiires 5.36a&;b 
on the same scale as the respective disturbance amplitude curves for A^f = 0.1. 
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in Figure 5.37 are the local velocity maxima of the base flow, UB,maxi at the same 

locations. For > 0.01, nonlinear saturation gradually sets in, as seen from the 

decrease in slope for the curves in Figure 5.37, but complete saturation is not even 

achieved for = 0.1 the largest forcing amplitude for SRANS, for which Au'.mox 

reaches about 30% of f/s.mox- An extrapolation of the curves in Figure 5.37 towards 

even larger forcing amplitudes would lead to an Au>,Tnax that is close to 40% of UB,max, 

which is significantly larger than the saturation level of 30% for the laminar case. 

Mean flow distortion due to large disturbance amplitudes 

The impact of forcing on the turbulent mean flow was studied experimentally by Katz 

et al. (1992) and recently, a detailed numerical investigation was conducted by Seidel 

(2000) using URANS calculations. Seidel matched the mean flow from the experiment 

by Katz et al. (Rej = 10,000) for the fully developed flow region downstream of 

X = 40. Although the forcing location in his URANS calculations, Xc = 54, is fairly 

far downstream of the experimental nozzle, Seidel was able to capture many features 

observed in the experiments when forcing with a large amplitude. He confirmed the 

experimental findings that forcing only has a minor influence on the spreading of 

the half width, <Jo.5 and the decay rate of the streamwise velocity maximmn, but a 

very strong effect on the wall-normal location of the velocity maximum, Smax- The 

thickness ratio for the unforced flow, Smax/^o.s = 0.12 (typical for isotropic RANS 

models), increases up to Smax/S0.5 = 0.2 in the forced flow, depending on the forcing 

amplitude. As Seidel points out, this significant dependence of the thickness ratio on 

the disturbance amplitude suggests that the many values reported in the literature for 

the thickness ratio (even in unforced wall jets) are due to differences in the amplitude 

level of the large coherent structures for the various experimental setups. Seidel also 

observed a significant reduction in the wall shear approaching the 15% reported by 

Katz et al., when he forced with a large amplitude at / = 17Hz. 
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The influence of the nonlinear disturbances on the mean flow is now discussed 

for the present URANS and SRANS calculations. Results from parameter studies 

TU-PF2 and TS-PF2 are compared. Documented in Figure 5.38 for these cases are 

changes in the streamwise development of characteristic mean flow quantities due to 

the forcing. The change for a particular mean flow quantity, say the half width, is 

represented by the ration of the half width in the forced flow to the half width in 

the unforced flow. Shown in Figiure 5.38a is the ratio of the half width, ^0.5/^0.5,5, in 

Figure 5.38b the thickness ratio, 5max/^o.5 (both from the forced flow), in Figure 5.38c 

the ratio of the local mean velocity maximum, Umax/Ub,-max-, in Figure 5.38d the 

ratio of the skin friction coefficient, The latter is equivalent to the ratio of 

the wall shear, and of the wall vorticity, uJzjuJzB-

For all these mean flow quantities, predictions from URANS and SRANS differ 

significantly. The changes for URANS are consistent with the results by Seidel dis

cussed above. The half width only increases significantly for A^f — 0.05 by about 

10%, for smaller forcing amplitudes, the increase is much lower. The thickness ra

tio gradually changes from 0.14 to about 0.22 as the forcing amplitude is increased. 

Downstream, where the disturbances decay, it relaxes back to 0.14 for all cases. The 

velocity maximum decreases by about 5% for = 0.05, but much less for smaller 

forcing amplitudes. The only inconsistent behavior is found for the skin friction 

coefficient which, in fact, increases throughout except for the largest two forcing am

plitudes. For = 0.05, the expected reduction in the skin friction coefficient is 

observed downstream of x = 120. Seidel reports an initial increase in the skin friction 

coefficient only up to a: = 90. From the trend for the URANS cases in Figure 5.38d, 

the region of increased skin friction is expected to shorten if the forcing amplitude 

is further increased especially considering that even for A.„f = 0.05, the disturbance 

wall vorticity has not reached saturation (compare Figure 5.36b). 

The origin of the initial skin friction increase for URANS (which is not observed in 

experiments) is not yet understood and requires further investigation in the future. An 



156 

interaction with the inflow boundary, suspected at first as the cause can be discounted 

since the skin friction increases much more for the case where forcing is applied far 

downstream from the inflow at (xc, y<^ = (60,1.2) compared with all other cases 

where forcing is applied close to the inflow at (xc, ^/c) = (15,1-2) (see Figure 5.38d). 

One possible cause may be the volume forcing itself which at Xc = 60 is closer to 

the wall relative to the mean flow and accordingly, a more severe adjustment in the 

disturbance wall vorticity is observed in this case (Figure 5.36b). 

A characteristic property of the mean flow distortion for URANS is its strong 

dependence on the upstream history of the flow, i.e., distortions are convected down

stream. This is consistent with the mean flow distortion for the forced transitional 

flow discussed in section 5.2.2, where the mean flow also remains altered downstream, 

even after the disturbances have decayed. In light of this experience, the mean flow 

distortion for SRANS is somewhat puzzling. While in the presence of nonlinear dis

turbances the expected trends are followed for all quantities shown in Figure 5.38, the 

mean flow rapidly relaxes back towards its original state once the disturbance starts 

to decay. For SRANS, it appears, the mean flow distortion is mostly localized and 

not convected downstream. 

Significant differences in the mean flow distortion must be expected between 

URANS and SRANS calculations since the Reynolds stress for URANS, as a product 

of time-dependent eddy-viscosity and strain rate, can contribute significantly to the 

mean flow distortion, while the Reynolds stress for SRANS, as the linearized product 

of a fixed eddy-viscosity and a time-dependent strain rate, lacks the nonlinearity to 

produce mean flow distortions from the fundamental disturbance. For SRANS, the 

fundamental disturbance can only contribute to the mean flow distortion through 

nonlinear interactions in the convective terms for the resolved flow quantities. All 

these interesting diffierences between URANS and SRANS for the mean flow distor

tion deserve further investigation in the future since they may hold important clues 

for understanding the nonlinear mechanisms in the modeling of the Reynolds stress. 
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Figure 5.38 Eflfect of large amplitude forcing on the mean flow: Change in a) half 
width, b) thickness ratio, c) streamwise velocity maximum, d) skin friction coefficient 
(wall shear). Shown are cases from parameter studies TU-PF2 & TS-PF2. 
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Compaxison with experiment 

A comparison with the published experimental data by Katz et al. (1992) is now 

made for the nonlinear disturbances to check whether the fair agreement found for 

the linear disturbances in section 5.1.2 is now improved. 

In Figure 5.39a&b, the Fourier amplitude profiles and phase distributions for the 

streamwise velocity £ire compared with those by Katz et al.. Shown are the fundamen

tal disturbances from cases TU-PFl and TS-PFl and also the first higher harmonic 

disturbances from cases TU-PSl and TS-PSl. Compared with the linear disturbance 

from case TS-LFl in Figure 5.14, the shapes of the profiles from case TS-PFl in Fig

ure 5.39 axe changed only insignificantly. For both SRANS and URANS, the outer 

amplitude maximum is still greater and the phase change between the amplitude 

maxima is stiU steeper than in the experiment which is likely due to the differences 

in the mean flow profile at the outer edge of the wall jet (see above discussion of the 

results from three turbulence models, ASM, MK and SSA). 

A neax-wall peak that develops in the experimental amplitude profiles at a; = 

60,80,100 is also found in the first higher harmonic disturbance from case TU-PSl. 

This is in agreement with the findings by Seidel (2000) who discovered from his 

URANS calculations that the higher harmonic of a nonlinear disturbance with a 

subharmonic frequency, / = 17Hz, matches the experimental amplitude profile at 

X = 100 much better than the fundamental of a nonlinear disturbance \^dth the same 

forcing frequency as in the experiment, / = ZAHz. Prom this observation, Seidel 

concluded that a subharmonic disturbance may also be present in the experiment, 

despite forcing only with the fundamental frequency. Interestingly, in Figure 5.39a 

at X = 80, a near-wall peak is also observed for the fundamental from case TU-PFl. 

The corresponding phase at x = 80 in Figure 5.39b also follows the experimental data 

more closely than it does for the linear disturbance in Figure 5.14b. 
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Figure 5.39 Comparison of URANS and SRANS results with experiments (Katz et al., 
1992). Shown are the normalized Fourier amplitudes and phase distributions of the 
streamwise velocity at four streamwise locations (cases TU-PFl & TS-PFl). 
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A clearer understanding of the streamwise development of the near-wall peak in 

the Fourier amplitude profiles computed with URANS is gained from the perspective 

plots in Figure 5.40a-c for the fundamentals from cases TU-LFl, TU-PFl, and the 

first higher harmonic from case TU-PSl. The linear disturbance from case TU-LFl 

in Figure 5.40a exhibits no near-wall peak and serves as a reference. In fact, for 

the amplitude profiles from parameter study TU-PF2, where the forcing amphtude 

is increased in steps, the shape changes in the profiles are minimal up to A^/ = 0.02. 

Beginning with Avf = 0.03 the amplitude beat due to the presence of an increasingly 

large acoustic disturbance becomes more pronounced and simultaneously a near-wall 

peak emerges around a; = 80 (Figure 5.40b). That this near-wall peak is directly 

caused by the acoustic disturbance is corroborated by the lack of an amplitude beat 

and near-wall pealc for the case from study TU-PF2 where the forcing is applied 

at Xc = 60. Despite the large disturbance amplitude in that case, the contribution 

of the acoustic disturbance is small. Since the wall jet in the experiment by Katz 

et al. (1992) is forced with a loudspeaker in the settling chamber, it is quite possible 

that an acoustic disturbance is responsible for the near-wall peak observed in the 

experimental amplitude profiles. However, since the peak in the experiments is so 

high, the acoustic disturbance would also have to be much larger than in the URANS 

calculation. 

In contrast to the acoustic disturbance in Figure 5.40b, the near-wall peak in the 

first higher harmonic in Figiure 5.40c of a subharmonic disturbance with frequency 

/ = llHz (case TU-PSl), develops more gradually and is much stronger compared 

to the local disturbance amplitude at this frequency. The acoustic disturbance does 

not contribute to the peak, since no forcing is performed at / = ZAHz in this case. 

As seen from Figure 5.40c, the amplitude growth of the higher harmonic in this case 

is also much stronger and extends over a longer streamwise distance than the growth 

of any primeiry disturbances at / = computed with URANS (or with SRANS). 
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Figure 5.40 Streamwise development of the Fourier amplitude profiles for the stream-
wise velocity computed with URANS shown in perspective view from the free 
stream/inflow. Shown axe the fundamental from cases TU-LFl & TU-PFl and the 
first higher harmonic from case TU-PSl, all with frequency / = MHz. 
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Figure 5.41 Streamwise development of the distmrbance amplitude. Comparison of 
URANS and SRANS results (cases TU-PFl/PSl, TS-PFl/PSl) with experiments by 
Katz et al. (1992). 

This is also seen from Figure 5.41 where the disturbance amplitudes from cases 

TU-PFl & TS-PFl and also TU-PSl & TS-PSl are compared with the experimental 

measurements, LST, and the linear amplitude curves (short dashed lines) from cases 

TU-LFl & TS-LFl discussed in section 5.1.4. Again the disturbance amplitudes are 

represented by the amplitude integral Ar(u') normalized with the value at a: = 30. If 

for a; > 30 the flow in the experiment was dominated by a fundamental with frequency 

= 17Hz and the data points for the disturbance amplitude published by Katz 

et al. (1992) were in fact from the higher harmonic, the agreement with cases TU-

PSl & TS-PSl would be excellent. However, this conclusion would be premature, 

considering the sparsity of the available experimental data, and the great number of 

parameters that can influence the amplitude growth. 
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5.2.4 Snmmaxy 

Nonlinear disturbances in the transitional wall jet, BASE LI, and in the turbulent wall 

jet, BASE T, have been investigated in detail. While the 2D-NS used for computing 

the transitional flow is a well established numerical solution method which accurately 

predicts nonlinear effect, the capability of URANS and SRANS to capture nonlinear 

effects needs to be established first. It was determined that for large disturbance 

amplitudes, the differences between SRANS and URANS in the modeling of the 

Reynolds stress are significant and as a consequence disparities are observed in the 

nonlinear behavior of the disturbances computed with either modeling approach. 

Since the subharmonic resonance discussed in the next section highly depends on 

the amplitude of the primary disturbance, a major focus of the investigations has 

been on the nonlinear saturation process. For both transitional and turbulent flow, 

strong vortical structures are observed once the forcing amplitude is large. In the 

transitional wall jet, a double vortex row emerges with a staggered pattern between 

vortices in the outer region with counterclockwise rotation and vortices in the inner 

region with clockwise rotation. Interestingly, as the disturbances approach nonlin

ear saturation, the three amplitude maxima observed for linear disturbances in the 

streamwise velocity profiles reduce to only two maxima. In the turbulent flow, espe

cially when computed with URANS, aside from the large vortices in the outer region 

with counterclockwise rotation small vortical structure with clockwise rotation also 

emerge near the wall, but they are far smaller in size than in the transitional flow. 

This is due to the disparate thickness of the irmer and the outer region in the turbulent 

flow. 

Achieving disturbance amplitudes that are large enough for nonUnear saturation to 

set in is difficult in the transitional wall jet due to the tendency of vortex pairs within 

the double vortex row to lift off from the wall (vortex ejections), which increases dra

matically for larger forcing amplitudes. Special techniques are required during startup 
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of the calculation to reach a time-harmonic state. Vortex ejections are not observed 

in URANS & SRANS calculations of the turbulent flow, but numerical instabilities 

make it difficult to achieve large enough disturbance amplitudes for nonlinear satura

tion to set in. For the largest possible forcing amplitude in URANS calculations, the 

disturbances are still far from nonlinear saturation. In contrast SRANS allows for a 

forcing amplitude that is twice as large, for which the disturbances almost reach the 

fully saturated state. 

The saturation level for the amplitude maximum of the streamwise disturbance 

velocity, Ayi^rnaxi is comparably high in the transitional and the turbulent flow (com

puted with SRANS), at about 30% of the local velocity maximum of the base flow, 

UB,max- For the wall vorticity, on the other hand, the disturbance amplitudes in the 

transitional wall jet reach twice the value of the wall vorticity for the base flow, while 

in the turbulent wall jet, they remain below half the base flow value. As a result, 

disturbances at saturation level in the transitional flow reduce the wall vorticity (skin 

friction) by up to 30%, while in the turbulent mean flow a skin friction reduction of 

only up to 15% is observed for SRANS and less for URANS. For the transitional wall 

jet, nonlinear disturbances can increeise the spreading rate of the mean flow by more 

than 50%, while the increase in the spreading rate of the turbulent wall jet remains 

below 20% in SRANS calculations. The strong mean flow distortions in the transi

tional flow greatly aflect the disturbances development (downstream shift), whereas 

the smaller mean flow distortions in the turbulent flow should have a much weaker 

effect on the disturbances. Significant differences are observed in the nature of the 

mean flow distortion computed with URANS and with SRANS and further research 

is required to clarify how well the two modeling approaches can capture this nonlinear 

effect. 

For the transitional wall jet, the agreement with the experiments by Zhou et al. 

(1992) improves significantly for the nonlinear disturbances compared with linear 

disturbances mainly because the mean flow distortion is accounted for. For the tur
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bulent wall jet, the primary disturbances computed with either URANS or SRANS 

are still only in fair agreement with the measurements by Katz et al. (1992). In par

ticular, the strong near-wall peak in the velocity profiles from the experiment could 

not be reproduced for a primary disturbance with the same frequency, / = 34JIz. 

The observation by Seidel (2000) that the higher harmonic of a primary disturbance 

with / = 17Hz exhibits a strong near-wall peak has been confirmed for the present 

URANS calculations. The fact that SRANS does not produce a near-wall peak in the 

higher harmonic is an indication that SRANS captures nonlinear effects less well than 

URANS. While significant differences in detail exist between SRANS and URANS, 

overall they are in good agreement for the development of the nonlinear disturbances. 
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5.3 2D Secondary Instability — Subharmonic Resonance 

Merging of subsequent vortex pairs within the double vortex row has been observed 

in experiments on forced transitional wall jets at lower Reynolds niimbers (Bajura & 

Catalano, 1975; Amitay, 1994). Similar observations in the numerical simulations on 

BASE Ll during the startup of periodic forcing have prompted a detailed niuneri-

cal study of the secondary instabUity mechanism that causes these vortex mergings: 

a resonant interaction between the large amplitude, fundamental disturbances and 

small amplitude subharmonic disturbances, in short called "subharmonic resonance". 

Findings from these numerical investigations are presented in the first part of this 

section. 

The presence of a 2D secondary instability in forced turbulent wall jets is still 

under debate. While Schober (1999) did find multiple vortex mergings behind the 

nozzle, he rightfully attributed them to an instability within the thin shear layer 

that develops from the nozzle lip upstream of the fully developed turbulent flow. 

Indirect evidence was found by Katz et al. (1992) for the presence of a subharmonic 

disturbance in the their forced flow experiments an a fully developed turbulent wall 

jet (matched by BASE T), as discussed in section 5.2.3. With secondary instability 

investigations on BASE T using URANS and SRANS the possibility of a subharmonic 

resonance for large ampUtude primary disturbances is explored. 

In experiments on forced transitional wail jets at higher Reynolds numbers, the 

flow transitioned immediately downstream of the primary disturbances without vortex 

mergings (Amitay, 1994; Gogineni et al., 1996). The goal of the 2D-NS on BASE L2 

discussed in the third part of this section is to find an explanation for the absence of 

a 2D subharmonic resonance in transitional wall jets at higher Reynolds numbers. 

A summary and discussion of the results from the present investigation concludes 

this section. 
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5.3.1 Subhaxmonic Resonance for Transitional Wall Jet at Low Reynolds 
Number — BASE LI 

Subhaxmonic resonance in our 2D-NS of forced laminar wall jets was first discovered 

by accident, when in some cases of harmonic forcing with a large amplitude vortex 

merging occurred close to the buffer domain at the outflow of the computational 

domain. In these cases, it turns out, small reflections from the outflow of subhax

monic disturbances (that are initially introduced into the flow as part of the startup 

wave packet) create a feedback loop over time in which the subhaxmonic with half 

the frequency of the fundamental gets strongly amplified through resonance with the 

fvmdamental and interacts with the outflow again. The feedback can be suppressed 

by increasing the size of the buffer domain which reduces the amplitude of the re

flected disturbances. In fact, for the primary instability investigations in section 5.2.2 

the length of the buffer takes up half of the streamwise domain length to suppress 

undesired subhaxmonic resonances due to reflections from the outflow. 

For the present investigations of 2D subhaxmonic resonance, the subhaxmonic 

disturbance is introduced in a controlled fashion by forcing v/ith a small amplitude at 

a subharmonic frequency (/ = 28Hz) in addition to forcing with a large amplitude 

at a fundamental frequency (/ = Several parameter studies (L1D2-S2 — 

L1D2-S4) wiU be presented which explore various aspects of the resonance mechanism. 

In these parameter studies, the large amplitude forcing of the fundamental directly 

corresponds to the cases from the primary instability investigations in section 5.2.2, 

while the forcing of the subharmonic is varied. 

An overview for the subharmonic resonance cases discussed in this section is pro

vided in Figure 5.42 with three selected examples from the numerous parameter stud

ies that have been conducted to explore various aspects of the resonance mechanism. 

Shown axe contour plots of instantaneous spanwise vorticity versus streamwise and 

^"'The parameters for the calculations presented in this section are listed in Tables C.6 &: C.7. 
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wall-normal direction. For the first example, in Figure 5.42a, the fundamental forcing 

amplitude is = 0.04 which corresponds to the forcing in Figure 5.18a&:b. Due 

to the additional subharmonic forcing with = 10"^ vortex merging occurs at 

a; w 45 shortly upstream of the buffer domain. The merging process is illustrated in 

greater detail with the four snapshots at different time instants during one subhar

monic forcing period. Also shown to the right is an x—t diagram for the wall vorticity 

which displays the imprint on the wall of the merging process inside the flow. The 

case in 5.42a referred to as L1D2-S1 from now on. It represents the base case for the 

parameter studies discussed later on in this section. 

When the forcing amplitude of the fundamental is increased to = 0.1 (corre

sponding to the forcing in Figure 5.18c), the merging process moves slightly upstream 

and takes place over a shorter distance, as seen from Figure 5.42b. Vortex merging 

also occurs when forcing farther downstream at Xc = 30 in the unstable region of 

inner mode 2 (Figure 5.42c). 
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Figure 5.42 Examples for subharmonic resonance in a low Reynolds number wall jet 
(BASE LI). Shown axe contour plots of instantaneous spanwise vorticity for various 
forcing combinations (case L1D2-S1 and cases from studies L1D2-S3 & L1D2-S4). 
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Analysis of the subhaxmonic resonance using Fourier decomposition in time 

The vortex merging process has its origin upstream where the small amplitude sub-

harmonic disturbance gets tremendously amplified due to resonant interaction with 

the large amplitude fundamental disturbance. For base case L1D2-S1, this subhax

monic resonance mechanism has been investigated with a Fourier decomposition in 

time of the time-periodic flow for the velocities and for the wall vorticity over one 

subhaxmonic forcing period. Fourier data for the subharmonic and for the funda

mental Fourier mode, n = l/2&n = l, have been analyzed in detail and are now 

presented and discussed with the help of Figures 5.43-5.46. For reference, the funda

mental and the subharmonic from case L1D2-S1 axe also forced individually in two 

separate primary instability calculations (with the same forcing parameters for each 

of them), and the Fourier data from these calculations are also shown in the figures. 

An impression of the disturbajice velocities for the fundamental and subhaxmonic 

is given in Figure 5.43, where the amplitude and phase distributions are shown for 

the streamwise disturbance velocity of the fundamental and of the subhaxmonic at 

four streamwise locations inside and downstream of the region of resonaxit growth 

(x — 36,40,45,55). For reference, the profiles for the fundamental and the subhax

monic from primary instability are also plotted as dashed curves. The effect of the 

secondary instability on the profiles for the fundamental (n = 1) is only noticed at 

X = 45 and re = 55 where the subharmonic disturbance has reached a large amplitude. 

Downstream of the vortex merging, at a; = 55, exhibits a strong narrow peak 

adjacent to the wall, which is characteristic for a higher harmonic. The profiles of 

the subharmonic (n = 1/2) are completely reshaped from the resonant interaction at 

all four station shown. At x = 55, closely resembles the nonlinear disturbance 

profiles at a; = 55 in Figure 5.21. The profiles for n = 1 and n = 1/2 clearly indicate 

that at a; = 55 the former subharmonic has become the new fundamental, which by 

now has enslaved the former fundamental as its higher harmonic. 
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Figure 5.43 Shape change of disturbance profiles for fundamental and subharmonic 
during subharmonic resonance process (case L1D2-S1). Shown are the normalized 
Fourier amplitudes and phase distributions of the streamwise velocity at four stream-
wise locations. 
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Further insight into the resonance mechanism is provided by Figure 5.44 which 

displays the streamwise development of the wave length, A**, the phase velocity, c", and 

the disturbance amplitude, represented by the Fourier amplitude of the disturbance 

wall vorticity, The wave length and the phase velocity are determined from 

the phase of the disturbance wall vorticity. Again, the dashed curves from primary 

instability provide a reference for the development of fundamental and subharmonic. 

The curves for and (fundamental) for secondary instability deviate 

from those for primary instability only towards the end of the domain, where in Figure 

5.42a the vortex merging is observed. However, the presence of the fundamental in 

the secondary instability calculation has a profound impact on the subharmonic. 

Downstream of a: = 25, ahead of the resonant growth of the subharmonic, the curves 

for and begin to deviate strongly from the corresponding curves 

for primary instability. Resonant interaction between fundamental and subharmonic 

requires that both travel at or near the same phase velocity for some streamwise 

distance. During the lock-in process, the subharmonic adjusts its phase velocity 

^n=i/2 (and wave number from its eigenbehavior to match the phase velocity 

(and 2A"~^) of the fundamental. In the present case, the lock-in process takes 

place from a; = 25 — 40 which is slightly longer than the average subharmonic wave 

length across this range (compare Figure 5.42a) . While at the beginning of the lock-

in process « 1.2c"~^, it undershoots by 20% from a; = 30 — 40 before 

approaching it from below. It appears that the subharmonic first speeds past the 

fundamental, then decelerates to match its phase velocity. Surprising is that resonant 

amplitude growth for the subharmonic already sets in during this deceleration process 

(Figure 5.44c). In fact, the strongest growth is observed immediately downstream 

of X = 35 where has a minimum. It therefore appears that the standard 

condition for subharmonic resonance, a match in the phase velocity of fundamental 

and subharmonic, does not hold exactly in the calculation. 
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Figure 5.44 Streamwise development of subharmonic disturbances (case L1D2-S1). 
Compared are small subharmonic disturbances with and without the presence of a 
large amplitude fimdamental disturbance. Shown are versus x a) wave length, b) 
phase speed, and c) Fourier amplitude of the spanwise wall vorticity. 
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Figure 5.45 Snapshot of fundamental and subharmonic disturbance waves during reso
nant interaction (case L1D2-S1). The disturbances are represented by the normalized 
wall vorticity at one time instant. 

Of course, one always has to bear in mind that all these adjustments occur within 

one subharmonic wave length and within a strongly spreading flow which clearly 

complicates the picture. This is illustrated with Figure 5.45, where a snapshot of 

the normalized wall vorticity for the fundamental and the subharmonic disturbance 

wave is shown, in comparison with the half width of the wall jet (not to scale). 

The plot also suggests that a closer look at the phase relation between fundamental 

and subharmonic may be helpful to further the imderstanding of the process. In the 

resonant growth region, the fundamental and subharmonic appear to have a very 

specific phase relation with an alignment of some peaks within the waves. 

The disturbance phase, 0", is obtained directly from the Fourier decomposition of 

the time-harmonic wall vorticity at every streamwise location 

Tlmox 
^z(x, y = 0, ^ cos (d^). (5.1) 

n=0 

^®For this plot, the Fourier modes for fund£imentad and subharmonic have been normalized with 
their local amplitude and then individually trzinsformed back into the time-domain. 
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For brevity, q = cUz,waii- The phase velocity, d^, is computed from the phase as 

c" 

where /" is the frequency of mode n. Therefore, a match between the phase velocities 

for fundamental and subharmonic is equivalent to a match in the slope of 26q~^^^ and 
Qn=l 

^20"=1/2 QQn=l 

In Figures 5.46a&b, the phases, 26q~^^^ and dg~^, and the phase difference, A0q = 

2dq~^^^ — are plotted versus rc. Also, replotted for reference in Figure 5.46c 

are the disturbance amplitudes from Figure 5.44c. For the phase in Figure 5.46a, a 

more shallow angle means a greater phase velocity of the disturbance. Due to in-

phase forcing in this case, 2dq~^^^ initially matches immediately downstream 

of the forcing location. During the lock-in process the subharmonic decelerates to 

match the phase of the fundamental over the range of resonant growth. The strong 

adjustments in the phase velocity of the subharmonic are thus part of a damped 

oscillation as the means towards achieving the phase match. The damped oscillation 

is illustrated nicely in Figure 5.46b, where the phase difference, A0g, and the phase 

velocity difference, Acq are shown in one plot. The picture that emerges, is that 

resonance takes place when phase and phase velocity (for the wall vorticity) between 

subharmonic and fundamental are closely matched simultaneously. This occurs not 

only between a; = 40 and a: = 45 but briefly also faxther upstream at x « 32, which 

correlates with the increased growth of the subharmonic around this location, as seen 

from Figure 5.46c. 
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Study of parameters influencing subharmonic resonance 

To corroborate the picture that has emerged for the resonajice process in base case 

L1D2-S1, a number of parameter studies have been conducted, for which different 

forcing parameters axe varied individually which influence the resonance process, i.e., 

the phase difference between fundamental and subharmonic forcing, the sub-

harmonic forcing amplitude, and the fimdamental forcing amplitude, 

Most illuminating is parameter study L1D2-S2, illustrated in Figure 5.47, in which 

the phase difference^® between fundamental and subharmonic forcing is varied. Shown 

in Figure 5.47a-c are the phase, the phase velocity, and the disturbance amplitude 

for eight different Despite the initial phase difference at the forcing location, 

the phase of the subharmonic in Figure 5.47a adjusts to match the phase of the 

fundamental in all cases. A symmetry exists for the development of 29q~^^^. The 

subharmonic disturbances from four forcing cases represented by solid curves, are 

phase-shifted by 0"=^/^ _ ^ subharmonic disturbances from four corresponding 

forcing cases represented by the symbols. The resonance behavior from corresponding 

cases in the two groups is identical since the phase for the fundamental disturbance 

repeats with = 27r. To illustrate this match for the phase, the cases marked with 

symbols are shifted by = 2-k onto the corresponding solid curves. 

WMle in all cases the subharmonic eventually matches the phase of the fundamen

tal, the lock-in process takes longest for A0u/ = TT, STT, and shortest for = 0,27r. 

This translates directly into least amplitude growth for the former, and most ampli

tude growth for the latter (Figure 5.47c). Hence, the phase difference in the forcing is 

a key parameter that can dramatically change the outcome of the resonance process 

(observed vortex merging versus no vortex merging). 

^®The phase difference in the forcing is defined as A0„/ 
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Also plotted in Figure 5.47 is the case from Figure 5.42c with forcing at Xc = 30 

and it exhibits compaxable trends to the cases with forcing at Xc = 12.5. The phase of 

the subharmonic also locks exactly into the phase of the fundamental (Figure 5.47a). 

For the phase difference in the forcing for this case, = 0, the initial phase 

relation between subharmonic and fundamental apparently leads to a long lock-in 

process for the phase (Figure 5.47a) with the observed strong adjustment in the phase 

velocity (Figure 5.47b). Since the phase velocities for the corresponding subharmonic 

and fundamental primary disturbances (not shown here) are very close to each other 

immediately downstream of a;c = 30, the strong imdershoot in the phase velocity of the 

subharmonic woiild be inexplicable without considering the initial phase difference. 

For small subharmonic disturbance amplitudes, subharmonic resonance is 

a linear mechanism. When forcing the subharmonic with a small amplitudes, 

the initial resonant growth of the subharmonic is therefore independent of the forcing 

amplitude. The order of magnitude of for which the resonant growth is still 

linear was determined with parameter study L1D2-S3. Shown from this study in 

Figure 5.48a is the streamwise development of the disturbance amplitude for various 

cases of The subharmonic growth shows the expected linear dependence on 

the subharmonic forcing amplitude, except for the largest = lO"^, where the 

resonant growth of the subhaxmonic is decreased by nonlinear effects. 

In parameter study L1D2-S4, the dependence of the subharmonic resonance on the 

forcing amplitude of the fundamental is explored. The disturbance amplitude versus 

X is shown in Figure 5.48b for the fundamental and the subharmonic from the cases 

in this study. As indicated by the amplitude curves for the subhaxmonic, resonance 

sets in for > 0.02. With increased the resonance process shifts farther 

upstream (this translates into vortex merging farther upstream). Also, the growth 

rate of the subharmonic during resonance increases up to A^J^ = 0.05. For larger 

fimdamental forcing amplitudes, of course, nonlinear saturation of the fundamental 

disturbance sets in (see section 5.2.2). 
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Effect of subharmonic resonance on the mean flow 

The mean flow distortion for the cases in parameter study L1D2-S4, is illustrated 

in Figure 5.49 which directly corresponds to Figure 5.24 from section 5.2.2.^^ In 

the case of primary instability, the increased growth of the half width, due to the 

presence of the large amplitude disturbances, eventually saturates within the com

putational domain. For secondary instability, the increased growth of the half width 

continues, as the large sized fundamental disturbances are replaced by even larger 

sized subharmonic disturbances (compare Figure 5.42b). Interestingly, the agree

ment to the experiment by Zhou et al. (1992) improves for secondary instability (case 

= 0.06), suggesting that in the experiment a subharmonic may also be present 

at the last measured location. This improvement may be fortuitous, however, con

sidering the number of parameters that can influence the problem. The spreading 

behavior of the wall jet for the present secondary instability calculations agrees with 

the findings by Seidel (2000) who looked at the effect of the nonlinear disturbances on 

the mean flow and heat transfer for a case matching experiments by Quintana et al. 

(1997). Seidel also found a better match for the wall jet growth with the experiments 

when accounting for a subharmonic disturbance. 

While the effect of secondary instability on the mean velocity maximum is minor 

(Figure 5.24b), the impact on the wall vorticity of the mean flow is enormous (Figure 

5.49c). For > 0.05, the wall jet nearly separates locally where the vortex merging 

takes place (compare Figure 5.42b). In fact, for = 0.08 separation does occur 

briefly for x = 47 — 48. For very large forcing amplitudes, it is also extremely difficult 

to reach a time-periodic state, since for these cases a second subharmonic (/ = lAHz) 

emerges. 

curves for primary instability from Figure 5.24 in section 5.2.2 sure replotted for comparison. 
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Subhannonic cascade 

During forced transition in laminar wall jets at low Reynolds numbers (BASE LI), 

a cascade of subsequent vortex mergings is also frequently observed in experiments 

(e.g. Amitay, 1994). This cascade is the consequence of subsequent subhannonic 

resonances, coined "subhannonic cascade". From each resonant interaction within 

the cascade, the former subhannonic disturbance emerges as the new fundamental 

with a large amplitude and enslaves the former fundamental as a higher harmonic 

(Figure 5.43). 

Examples for the subharmonic cascade are provided in Figure 5.50 with cases from 

parameter study L1D2-SC.^® Shown are x — t diagrams for the wall vorticity which 

mirrors the traveling vortices inside the flow. For comparison, the x — t diagram from 

Figure 5.42a for base case L1D2-S1 is replotted in Figure 5.50a. For the case in Figure 

5.42b, the same fundamental forcing is performed, but the small amplitude forcing is 

now performed at = 14i?'z. While the resonant growth is weaker in this case, 

quadruple vortex mergings do occur at rc « 75 as a result. 

For the case in Figure 5.42c, small amplitude forcing with two subhaxmonic fre

quencies, /"=i/2 = 2^HZ and = lAHz, leads to subsequent vortex mergings 

at a; = 45 and at a: = 65. The first merging at a; = 45 matches the merging case in 

Figure 5.50a, but the second merging at x = 65 occurs farther upstream than for the 

case in Figure 5.50b. This is because the resonance between the subhannonic and 

the second subharmonic in Figure 5.50b is much stronger than the resonance between 

the fundamental and the second subharmonic in Figure 5.50a. Downstream of the 

second vortex merging, a third merging is observed in Figure 5.50c, which also occurs 

for most other forcing cases considered in study L1D2-SC. Despite a very long buffer 

domain (and also for short buffer domains), a small disturbance with — 7Hz is 

generated from small reflections at the outflow.^® This disturbance undergoes a third 

^®The computaitonal parameters for study L1D2-SC are listed in Table C.7. 
^®See discussion in the introduction of section 5.3.1. 
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resonant interaction with the second subharmonic, = 14i?-z. A time-periodic 

state has not been reached for this case even after 600 fundamental forcing periods, 

and during the calculation vortex ejections occur intermittently. 

In parameter study L1D2-SC, a time periodic state was reached only for one 

forcing case with two subharmonics (Figure 5.50d). For this case with = 0.1, 

the calculation converged after less than 50 fundamental forcing periods despite the 

large forcing amplitude. Why convergence was achieved for this case and not for cases 

with lower fundamental forcing amplitudes is tmknown. 

The subharmonic resonance cascade for large, nonlinear disturbances parallels the 

shift towards the lower end of the frequency spectrum for the instability of small, 

linear disturbances (section 5.1.2). For the forced wall jet at low Reynolds numbers, 

the subharmonic cascade appears to be the "natural" mechanism to adapt the physical 

size of the vortical structures to the width of the spreading mean flow. 
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5.3.2 Subharmonic Resonance for Turbulent Wall Jet — BASE T 

From the experiments by Katz et al. (1992), indirect evidence points to the presence 

of a subharmonic disturbance in the forced flow as determined by Seidel (2000) and 

discussed in section 5.2.3: A strong near-wall peak in the Fourier amplitude of the 

streamwise velocity, that is observed in the fundamental with frequency = SAHz 

measured by Katz et al., is also observed in the first higher harmonic of a large 

amplitude disturbance with frequency = 17Hz in URANS calculations. Since 

the wall jet in the experiment by Katz et al. was forced only with = ZAHz, 

the question is how a dominant subharmonic with = IJHz could have been 

created. 

Subharmonic resonance is a mechanism that potentially produces a large ampli

tude subharmonic disturbance with frequency = YJHz when large amplitude 

forcing is only applied at the fundamental frequency = ZAHz. However, the 

existence of this secondary instability mechanism is not proven for a fully developed 

turbulent wall jet. One school of thought has argued that large coherent structures 

in the turbulent flow are mainly remnants from the flow transition at the experimen

tal nozzle (Schober, 1999). While it is certainly true that strong 2D disturbances 

generated during the transition process can dominate the turbulent flow over a large 

streamwise distance (Schober, 1999), this does not exclude a secondary instability in 

the fully developed turbulent flow itself. 

The present URANS/SRANS calculations for BASE T are designed to match the 

experimental setup by Katz et al. excluding the experimental nozzle (section 4.3). 

Instead, the inflow condition in the calculations is a generic virtual nozzle and the 

modeled flow is turbulent from the start. This numerical setup provides an ideal 

setting for determining whether subharmonic resonance can occur in the simulation 

of a fully turbulent wall jet. Of course, neither presence nor absence of subharmonic 

resonance in the calculation can provide a conclusive proof for the existence of this 
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phenomenon, in experiments since "heavy" turbulence modeling is an integral part 

of the present computational approach. The calculation may, however, encourage 

further study of subharmonic resonance with experiments, or with (expensive) 3D 

FSM simulations. Since for nonlinear disturbances at large amplitudes the model

ing in URANS and SRANS is quite different (section 5.2.3), the argument can be 

made that, if a comparable subharmonic resonance is found for both approaches, the 

resonance mechanism may not be very sensitive to the modeling details. 

Unfortunately, the achievable amplitude level for the fundamental disturbance 

= ZAiHz) is much lower for URANS than for SRANS due to stronger numerical 

stability constraints and initially, subharmonic resonance was only found for fun

damental amplitude levels reached in SRANS calculations. However, due to recent 

improvements in the forcing technique, subharmonic resonance is now obtained for 

both modeling approaches. Results from these investigations are now presented. 

Selected examples from one URANS calculation and three SRANS calculations 

with varied forcing parameters are illustrated in Figure 5.51. In all cases, BASE T is 

forced with a large amplitude at a fundamental frequency, = 34Hz, and with a 

smaller amplitude at a subharmonic frequency, = iJHz. Shown are contours 

of instantaneous spanwise vorticity which nicely depict the vortex merging at about 

X = 120 for all cases. Shown in Figures S.Sla&b are the base cases for URANS and 

SRANS, TU-Sl & TS-Sl, which correspond to the primary disturbance cases TU-PFl 

&: TS-PFl in section 5.2.3, but now also forcing the subharmonic = 10"^) 

in addition to the fundamental (A"J^ = 0.05). With SRANS, larger fundamental 

forcing amplitudes can be achieved which lead to greater concentration of vorticity 

and more pronounced vortex merging. This is seen from the two examples in Figures 

5.51c&d where = 0.08 and = 10"^ or = 10"^ respectively. As 

for subharmonic resonance in the laminar BASE LI, subharmonic growth is stronger 

when the fundamental forcing amplitude is greater. 

^°Paxameters for the calculations in this section are listed in Tables C.15 & C.16. 



188 

25 H 
E 
E la 

/ ( J I U (  11 v 

m I 

50 100 150 X [5mm] 200 

a) URANS - forcing with / = Z4:Hz, = 0.05 & / = l7Hz, = 10' 

X [5mm] 

b) SRANS - forcing with / = 34Hz, = 0.05 & / = llHz, = IQ-^ 

X [5mm] 
n=l/2 _ 

c) SRANS - forcing with / = 34:Hz, A 

X [5mm] 

d) SRANS - forcing with / = Z4Hz, A'^f^ = 0.08 & / = 17^2, = lO'^ 
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Analysis of the subharinonic resonance using Fourier decomposition in time 

A more detailed description of the base cases TU-Sl & TS-Sl is provided with the 

perspective plots in Figure 5.52 viewed from the free stream/inflow. Shown in Figures 

5.52a&:b is the instantaneous streamwise velocity from URANS and SRANS. The in

crease in distance between velocity maxima indicates the doubling of the dominant 

wave length as a result of the vortex merging (compare with primary disturbance 

in Figures 5.30a&:b). That the vortex merging is a consequence of strong resonant 

grov/th of the subharmonic is immediately apparent from the Fourier decomposition 

of the time-harmonic flow. Shown in Figures 5.52c&d for URANS and SRANS is 

the Fourier amplitude of the streamwise velocity for the fundamental and in Figures 

5.52e&:f for the subharmonic. Again, URANS and SRANS are in good qualitative 

agreement. The fundamental disturbances in Figures 5.52c&d exhibit the same brief 

growth as the corresponding primary disturbances in Figures 5.52c&d, but decay more 

rapidly downstream. As the fundamental decays, the generated acoustic disturbances 

produce noticeable beats in the Fourier amplitude, particularly for URANS. An am

plitude beat is not noticeable for the subharmonics in Figures 5.52e&f, since forcing 

at = iJHz occurs with a much smaller amplitude and the subharmonics ex

hibit rapid resonant growth, while the acoustic disturbances at this frequency remain 

at a small amplitude. The growth of the subharmonic is evidently much stronger 

than the growth of any primary disturbance obser\'^ed in either URANS or SRANS. A 

comparison of the fundamentals in Figures 5.52c&:d with the subharmonics in Figures 

5.52e&f (all shown on the same amplitude scale) clearly shows that for both URANS 

and SRANS the decaying fundamental is surpassed in amplitude by the growing sub

harmonic downstream of x = 100, which causes the apparent vortex merging in the 

time-harmonic flow. The flow fields for URANS and SRANS in Figure 5.52 are in 

excellent qualitative agreement. Despite the simplified modeling for SRANS, subhar

monic resonance is captured by both SRANS and URANS comparably. 



190 

SRANS URANS 

a) instantaneous u-velocity b) instantaneous u-velocity 

c) Fundamental for u-velocity, A^~ d) Fundamental for u-velocity, A. 

e) Subharmonic for u-velocity, f) Subharmonic for u-velocity, AZ 

Figure 5.52 Comparison of URANS and SRANS for secondary'- instability. Forcing 
is at Xc = 15 with (/ = Z4:Hz, A^j'^ = 0.05) and also with (/ = l7Hz, = 
0.01) (cases TU-Sl & TS-Sl). Shown are perspective plots (viewed from the free 
stream/inflow) of the instantaneous streamwise velocity and the Fourier amplitudes 
for the fundamental and subharmonic of the streamwise velocity. 
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Good agreement between URANS and SRANS for secondary instability is also 

achieved in a quantitative comparison of base cases TU-Sl and TS-Sl. Following 

the investigation of subharmonic resonance for laminar BASE LI (section 5.3.1), the 

streamwise development of the disturbance phase 6^, phase velocity c^, and ampli

tude has been analyzed in detail for both URANS and SRANS. A comparison of 

results from the two modeling approaches is provided in Figure 5.53. Also shown for 

reference are the corresponding curves for the fundamental and subharmonic primary 

disturbances. In order to minimize distortions due to the acoustic disturbance (see 

discussion above), the phase and phase velocity in Figures 5.53a&b are computed 

from the wall-normal velocity at a fixed distance from the wall, q = v'{y = 1.5). The 

disturbance amplitude in Figure 5.53c is represented by the wall-normal integral of 

the Fourier amplitude of the streamwise velocity, Aq = Ai^y) — Au'dy. For 

both URANS and SRANS, a readjustment in phase and phase velocity due to the 

presence of the fundamental already occurs inside the adjustment region immediately 

downstream of the forcing location at Xc = 15. As in the laminar case from section 

5.3.1, resonance occurs once the phase of the subharmonic runs parallel to that of the 

fundamental. For the present criterion, q = v'{y = 1.5), the phase difierence during 

resonance is = 26—7r/2 which is different from the match in phase 

for the wall vorticity. Once the subharmonic surpasses the fundamental in amplitude 

at X Ri 80, the fundamental exhibits a surprisingly strong decay until it abruptly 

readjusts its phase at x « 130. From there on the former fundamental is enslaved as 

the higher harmonic of the former subharmonic, now new fundamental. While the 

curves from URANS and SRANS in Figure 5.53 exhibit some quantitative differences 

(e.g., the growiih rate of the subharmonic is greater for SRANS than for URANS) 

the qualitative agreement in all features of the resonance process is remarkably good. 

This provides the justification for the exclusive use of the numerically more stable 

and less costly SRANS in the following parameter studies. 
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Study of parameters influencing subharmonic resonance 

The phase difference between the forcing of fundamental and subharmonic, = 

2^n=i/2 _ Qn=i _ ^^2 in base cases TU-Sl and TS-Sl is different from the phase dif

ference, Advf = 0, which produces strongest resonant growth for the laminar flow in 

section 5.3.1. = 7r/2 was chosen from a parameter study using SRANS (study 

TS-S2) which determined the influence of AOyf on the subharmonic resonance in the 

turbulent flow. The forcing parameters for study TS-S2 are listed in Table C.15 and 

results are presented in Figure 5.54. Shown are phase, phase velocity, and disturbance 

amplitude, this time all computed from the wall vorticity, q = The parame

ter study reveals that the subharmonic resonance mechanism is very sensitive to the 

phase difference in the forcing. As in the laminar flow, resonance occurs when for the 

wall vorticity the phase of fundamental and subharmonic match. In the turbulent 

flow, however, this phase match is never achieved for A9vf = 21/2^, where the sub

harmonic does not lock in and, as a result, no resonant growth is observed. Resonant 

growth is also significantly delayed for AOyf = 0, the initial choice for the URANS 

and SRANS calculations on BASE T, resulting in a protracted lock-in process and a 

disappointingly small amplitude growth of the subharmonic. Strongest growth of the 

subharmonic is achieved for AO^f = 7r/2, the eventual choice. 

While the influence of the acoustic disturbance is very noticeable in the phase velocity of the 
fundamental, the subharmonic is hardly affected at all. 
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Figure 5.54 Dependence of subharmonic resonance in the turbulent flow (BASE T) 
on the initial phase difference between the subharmonic and the fundamental distur
bance. Shown versus x are a) phase, b) phase velocity, and c) Fourier amplitude of 
the spanwise wall vorticity from parameter study TS-S2 using SRANS. 
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Figure 5.55 Snapshot of fundamental and subharmonic disturbance waves during res
onant interaction. The disturbances are represented by the normalized wall vorticity 
at one time instant. Shown are the cases from Figure 5.54 (parameter study TS-S2 
using SRANS). 

An impression how short the opportunity for resonance is for the turbulent flow, 

BASE T, is gained when the phases from parameter study TS-S2 are transformed 

back into the time domain. From the snapshot in Figure 5.55 it is apparent that the 

lock-in process takes place over less than half a subharmonic wave length and resonant 

growth occurs over only one wave length. Peak alignment in the wall vorticity between 

subharmonic and fundamental is observed for all phase differences, except for ^9vf = 

where no resonance occurs. 

For base cases TU-Sl and TS-Sl, resonant growth of the subharmonic is very 

weak since the forcing amplitude in these cases, = 0.05, produces a fundamen

tal disturbance that is fairly small when compared with the mean flow (see Figures 

5.53c and 5.54c). For URANS, = 0.05 is the largest forcing amplitude for which 

a stable numerical solution can be obtained. SRANS however, allows for much larger 

forcing amplitudes as seen from parameter study TS-S3. With study TS-S3, the de

pendence of subharmonic resonance on the fundamental forcing amplitude has been 

determined. Shown in Figure 5.56 is the disturbance amplitude of the fundamental 
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Figure 5.56 Dependence of subharmonic resonance in the turbulent wall jet on the 
forcing amplitude of the fundamental. Shown versus x is the disturbance amplitude 
represented by Ar(u') = Jq""" Au'dy from parameter study TS-S3 using SRANS. 

and the subharmonic represented by with the fundamental forcing amplitude, 

as the varied parameter. The subharmonic forcing amplitude is kept constant 

at = 10"^. As for subharmonic resonance in the laminar flow, the resonant 

growth of the subharmonic increases dramatically with increased fundamental dis

turbance amplitude. For > 0.07 the subharmonic surpasses the fundamental 

in amplitude within the computational domain. For = 0.08, the subharmonic 

reaches the fundamental amplitude at re = 105 and in Figure 5.51d vortex merging is 

observed at this streamwise location. 

For large fundamental forcing amplitudes in the SRANS calculations (i.e., = 

0.08,0.1), the subharmonic disturbance reaches a large amplitude w^ell within the 

computational domain. In the presence of this large amplitude subharmonic with 

frequency = 17Hz, a second subharmonic with frequency = S.5Hz also 

experiences strong resonant growth. This second subharmonic may originate from 

small outflow reflections^^ or from deliberate forcing with a small forcing amplitude 

-^For the afforded buffer domeiin length of Axtuffer = 100, small amplitude reflections of low 
frequency disturbances are unavoidable. 
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Figxire 5.57 Subharmonic cascade in the turbulent wall jet (study TS-S4). Compari
son with primary instability and subharmonic resonance with only one subharmonic 
present. Shown versus x is the disturbance amplitude for the fundamental (n = 1), 
the subharmonic (n = 1/2), and the second subharmonic (n = 1/4) represented by 
the Fourier amplitude of the wall vorticity. From case study TS-S4 using SRANS. 

upstream. For the case study TS-S4, in addition to the large amplitude fundamental 

(forced with = SAHz and = 0.1) and a subharmonic with a ten times 

smaller amplitude = 17Hz and = 0.01), a second subharmonic with 

the same small amplitude (y"=i/4 = 8.5Hz and = 0.01) is also forced. The 

streamwise development of the disturbance amplitudes for these three harmonics is 

presented in Figure 5.57. Shown for reference is a case with identical forcing of the 

fundamental and subharmonic, but without forcing of the second subharmonic. Also 

shown are three primary disturbances -with the same frequencies and amplitudes. 

Figure 5.57 clearly demonstrates that a subharmonic cascade exists for the modeled 

turbulent wall jet. The large fundamental is superseded by the subharmonic, then, 

in turn, the subharmonic is superseded by the second subharmonic. Just as in the 

laminar flow, large amplitude disturbances adjust their wave length and frequency to 

fit the spreading and decaying mean flow. 
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Figure 5.58 Disturbance amplitude development in streamwise direction for secondary 
instabilitj'- (cases TU-Sl, TS-Sl). Comparison of URANS and SRANS results with 
experiments (Katz et a/., 1992) and LST (Likhachev, 1996). 

Comparison with experiment 

While subharmonic resonance may still have occurred in the experiment by Katz 

et al. (1992), the present URANS calculations for secondary instability cannot support 

this hypothesis. For the largest achievable fundamental forcing amplitude, — 

0.05 (case TU-Sl), the switch from fundamental to subharmonic as the dominant 

disturbance only takes place at a: 90 (Figure 5.53). This is too close to the last 

measurement station in the experiment by Katz et al. {x = 100) for the fundamental 

to exhibit signs of being enslaved by the subharmonic as its higher harmonic. In 

fact, as seen from Figure 5.58^^ the disturbance amplitudes from cases TU-Sl and 

TS-Sl, which are again represented by the integral amplitude exhibit a slightly 

stronger streamwise decay than the disturbance amplitudes from cases TU-PFl and 

TS-PFl (open symbols) as the subharmonic disturbance reaches a large amplitude. 

^^Figure 5.58 corresponds to Figures 5.15 and 5.41 for lineax and for primary disturbances. 
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Figure 5.59 Comparison of URANS and SRANS results with experiments by Katz 
et al. (1992). Shown are the normalized Fourier amplitudes and phase distributions 
of the streamwise velocity at four streamwise locations (cases TU-Sl & TS-Sl). 
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Accordingly, the amplitude profiles and phase distributions in Figure 5.59 for the 

fundamentals from cases TU-Sl and TS-Sl are virtually identical to those from cases 

TU-PFl and TS-PFl which are again represented by the open symbols. 

Downstream of the last measurement station at x = 100, the amplitude profiles 

of the fundamental indeed develop a strong near-wall peak. This is obsert'ed from 

the perspective plot in Figure 5.60 which displays the streamwise development of 

the fundamental amplitude profiles from case TU-Sl between a: = 30 and x = 150 

(viewed from the free stream/inflow). Up to re = 100, the amplitude profiles are 

virtually identical to the primary disturbances from case TU-PFl shown in Figure 

5.40b. The strong near-wall peak develops only at about = 130 after the disturbances 

have decayed significantly. In this downstream flow region the amplitude profiles 

are strongly distorted by the acoustic disturbance which remains at about the same 

amplitude level throughout the computational domain. In fact, it is unclear whether 

the near-wall peak that develops in the fundamental is solely due to the presence of 

the acoustic disturbance or also a sign for the enslavement of the fundamental by the 

subharmonic which indeed has a large amplitude in this region. 

Figure 5.60 Perspective view of the amplitude profiles for the streamwise velocity of 
the fundamental in resonance with a subharmonic (case TU-Sl). 

y[5mi 
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Since the fundamental disturbance amplitude achievable for URANS is limited by-

numerical instabilities, not the nonlinear saturation, further increase of the funda

mental forcing amphtude in an improved (nurnerically more stable) future URANS 

calculation will most likely produce larger resonant growth of the subharmonic (which 

already occurs for the present SRANS calculations with > 0.05) resulting in an 

upstream shift of the location where the subharmonic overtakes the fundamental as 

the dominant disturbance. Accordingly, the enslavement of the fundamental as the 

higher harmonic of the dominant subharmonic will take place farther upstream. Un

clear is, however, whether the resonant growth can ever be strong enough that the 

strong near-wall peak emerges far enough upstream (at x = 60) to match the mea

surements by Katz et al. (1992) since the whole resonance process would have to be 

completed within one subharmonic wave length from the forcing location. 

One must always bear in mind that the upstream condition in the experiment 

by Katz et al. is different, where a thin shear layer develops from the upper lip of 

the experimental nozzle which probably supports a much larger subharmonic growth 

rate than the outer shear layer of the fully developed wall jet for URANS. On the 

other hand, the possibility also exists that no subharmonic resonance occurs in the 

experiment and the near-wall peak originates instead from a large amplitude acoustic 

disturbance. Corroborating evidence for this hypothesis is that the near-wall peak 

in the amplitude profiles in Figures 5.40 & 5.60, which briefly develops a.t x ^ 80, 

is due to the acoustic disturbance (section 5.2.3). In any case, a perfect match of 

the experimental data is not the main purpose of the present URANS and SRANS 

calculations. The objective to determine if subharmonic resonance is at all possible 

in a modeled, fully developed, turbulent wall jet has been accomplished. It is up 

to future investigations, either experimental or using DNS or FSM, to corroborate 

the existence of subharmonic resonance in a fully developed turbulent flow without 

having to rely on the heavy turbulence modeling in the present URANS and SRANS 

calculations. The DNS discussed in chapter 6 represents a first step in this direction. 
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5.3.3 Subharmonic Resonance for a Transitional Wall Jet at a High 
Reynolds Number - BASE L2 

While the transitional wall jet, BASE L2, has an unnaturally high Reynolds nunaber 

for a laminar flow (i^e^o-s = 16,500), it still provides a limit case for technically real

izable transitional wall jets with local Reynolds numbers in the order of several thou

sands (e.g., Gogineni et ai, 1997). As will be demonstrated in this section, nonlinear, 

large amplitude disturbances in BASE L2 display a distinctly different behavior than 

large amplitude disturbances in either the low Reynolds number transitional wall jet 

(BASE LI) or in the turbulent wall jet (BASE T). 

Primary large amplitude disturbances 

In section 5.1.3 it was shown that BASE L2 supports two unstable linear modes 

which can be excited selectively through volume forcing at or close to their respective 

critical layers. When BASE L2 is forced at the same wall-normal locations with a 

large amplitude^'^, nonlinear disturbances are generated which still exhibit a larger 

disturbance amplitude in either the inner or the outer region depending on which 

mode is predominantly excited. This is illustrated with Figures 5.61-5.63 where con

tours of instantaneous spanwise vorticity axe shown for three forcing frequencies, 

= 500Hz,1000Hz,2000Hz (case study L2D2-P1). In each case, large ampli

tude volume forcing is applied either at the critical layer of outer mode 1 or of inner 

mode 2. The resulting nonlinear, large amplitude disturbances are referred to as 

disturbance 1 and disturbance 2. 

The flow response to large amplitude forcing with / = 500Hz close to the crit

ical layers of mode 2 and mode 1 is shown in Figures 5.61a&b respectively. As its 

corresponding linear mode 2, disturbance 2 in Figure 5.61a exhibits stronger vortical 

structures in the inner region and a shorter distance between the vortical structures 

^"'For computational parameters see Table C.ll. 
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Figure 5.61 Primary disturbances for the high Reynolds number wall jet (BASE L2) 
due to large amplitude forcing at = bQQHz. Shown are contours of instantaneous 
spanwise vorticity. 

(shorter fundamental wave length) than the disturbance 1 in Figure 5.61b. Also, 

while disturbance 2 is very receptive to forcing at / = 500i?z, disturbance 1 is not. 

In fact, a halving of the dominant wave length (doubling of the dominant disturbance 

frequency) occurs towards the end of the computational domain in Figure 5.61b. This 

interesting phenomenon is due to nonlinear interactions that lead to a surprisingly 

strong growth of the first higher harmonic which eventually overtakes the fundamen

tal in amplitude. By means of this nonlinear mechanism, disturbance 1 adjusts the 

dominant frequency from = 500iy2 to = 1000i?2:. 

When forcing with = lOOOiir^ (Figure 5.62a&b) at the previous wall-normal 

locations, both ensuing disturbance types exhibit very strong growth. Again, the 

wave length is shorter for disturbance 2 in Figure 5.61a, and the near-wall vortices 

are more intense. Towards the end of the integration domain {x > 25), particularly 
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Figure 5.62 Primary disturbances for the high Reynolds number wall jet (BASE L2) 
due to large amplitude forcing at = lOOOifz. Shown are contours of instanta
neous spanwise vorticity. 

for disturbance type 2 in Figure 5.62b, the vortex pairs lift off from the wall. This 

vortex lift-off changes the nature of the disturbance flow. During lift-off, the near-

wall vortex moves away from the inner region of the wall jet, and the phase velocity 

reduces drastically. The vortex pairs become extremely sensitive to low frequency 

perturbations which cause the vortex pairs to phase jitter and to intermittently eject 

away from the wall into the potential flow region. For the present domain length, the 

vortex ejections occur at the begin of the buffer domain {x = 30) and the vortex pairs 

are artificially damped out by the buffer. This prevents the vortex pairs from travel

ing upstream and intermittently disrupting the wall jet upstream. The intermittent 

vortex ejections close to the buffer still produce small non-periodic disturbances that 

prevent convergence to a fully time-periodic state in this case despite hundreds of 

forcing periods. This is in contrast to the large amplitude disturbances in BASE LI 



205 

a) forcing at (xcVc) = (4,0.1) 

b) forcing at (xc, Vc) = (4,0.9) 

Figure 5.63 Primary disturbances for the high Reynolds number wall jet (BASE L2) 
due to large amplitude forcing at = 2G00iir2r. Shown are contours of instanta
neous spanwise vorticity. 

where the interaction of the disturbances with the outflow buffer establishes a sub-

harmonic disturbance with exactly half the frequency of the primary disturbance and 

hence a time-periodic flow is maintained. 

Forcing at = 20Q0Hz (Figure 5.63a&:b) requires larger forcing amplitudes. 

Disturbance 2 shows no noticeable growth in downstream direction (Figure 5.61a), 

disturbance 1 grows only slightly (Figure 5.61b). Again, this is consistent with the 

receptivity and growth behavior of the corresponding linear disturbances. The double 

vortex row remains stable even for longer computational domains, and no vortex lift

off is observed. 

In summary, the dominant frequency is at = lOOOHz for both disturbance 

types. Disturbance 2 is also strongly amplified at = 500Hz, while disturbance 1 

is weakly amplified at = 200QHz. The vortex pairs within the large amplitude 

disturbance at = lOOOHz tend to lift-off from the wall, which leads to intermit

tent vortex ejections. This provides the setting for the following secondary instability 

investigation. 
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Subharmonic resonance 

In case study L2D2-S1, the instability of the primary disturbances from case study 

L2D2-PI to small subharmonic disturbances is investigated by additional small am

plitude forcing at half the fundamental frequency. Vortex merging within the compu

tational domain, as the indication of a strong subharmonic resonance, is only observed 

for the highest chosen forcing frequency, / = (Figure 5.64). For lower forcing 

frequencies (not shown), only a phase jitter in the double vortex row occurs, which 

strongly encourages vortex ejections. 

The subharmonic resonance has been studied in greater detail with a Fourier de

composition of the time-harmonic flow. Again, three cases with fundamental forcing 

frequencies IQQOHz, 2000i?2 are considered. For brevity, only the 

results from forcing disturbance 1 are discussed here. For the three forcing cases, Fig

ures 5.65a-c display the Fourier amplitudes of the wall vorticity for the subharmonic 

{n — 1/2), for the fundamental (ri = 1), and for the first harmonic of the fundamental 

5-l. 
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Figure 5.64 Subharmonic resonance in the high Reynolds number wall jet (BASE L2) 
due to large amplitude forcing at = 2000Hz and additional small amplitude 
forcing at = lOOOHz. Shown are contours of instantaneous spanwise vorticity. 
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(n = 2). When forcing at = 500i?z (Figure 5.64a), the subharmonic disturbance 

shows significant growth downstream of x = 15, but only reaches a large amplitude 

level at a: = 30, where the buffer domain begins. The higher harmonic, on the other 

hand, grows rapidly from the forcing location and overtakes the fundamental in am

plitude at re = 20 (compare Figure 5.61b). When forcing at f"'~^ = lOOOiifz (Figure 

5.64b), the subharmonic grows more rapidly than in the previous case. However, 

the subharmonic only reaches the amplitude level of the fundamental downstream of 

its greatest amplitude at x = 18 where the vortices begin to lift off the wall (com

pare Figure 5.62b). W'Tiile a subharmonic resonance is present, the lift-off process 

appears to preempt stable vortex mergings within the traveling disturbance. When 

forcing at / = 2000Hz (Figure 5.64c), the fundamental barely grows downstream of 

the forcing location and the higher harmonic saturates at a much lower amplitude 

level than in the two previous cases. The subharmonic, however, exhibits secondary 

growth immediately downstream of the forcing location. At x = 22, the amplitude 

of the subharmonic reaches that of the fundamental, resulting in the observed vortex 

merging in Figure 5.63b. 

This parameter study indicates that BASE L2 supports disturbances of type 2 

(corresponding to the outer mode 2) mainly at frequencies in the order of /"•"'• = 

lOOOiJz throughout the computational domain. When forcing either at higher or 

at lower frequencies, the generated disturbance readjust towards the dominant fre

quency. The probable cause of this "fundamental dominance" is a lack of significant 

spreading of the mean flow. While subharmonic resonance also exists for the dom

inant frequency, it is not strong enough to cause vortex mergings upstream of the 

streamwise location where the vortex pairs within the primary disturbance lift off 

from the wall. Once lift-off takes place, vortex mergings are only observed as part 

of intermittently reoccuring vortex ejection processes. The results from the present 

numerical study are consistent with the experimental observation for high Reynolds 

number wall jets that no vortex mergings occur ahead of the 3D transition stage. 
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Figure 5.65 Secondary instability in the high Reynolds number transitional wall jet 
(BASE L2). Shown for three fundamental forcing frequencies are the disturbance 
amplitudes (represented by the wall vorticity) of the subharmonic (n=l/2), of the 
fundamental (n=l), and of the first higher harmonic of the fundamental (n=2). Cases 
study L2D2-S1. 
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5.3.4 Summary 

Subharmonic resonance, as the cause of the apparent vortex mergings observed dur

ing wall jet transition at low Reynolds numbers, has been explored using 2D-NS for 

the prototypical Glauert wail jet, BASE Ll. It has been shown that in the pres

ence of a large amplitude fundamental disturbance, a small amplitude subharmonic 

disturbance experiences tremendous growth through resonance with the fundamen

tal. Subharmonic resonance has also been found in URANS and SRANS calculations 

of the turbulent wall jet, BASE T. For URANS calculations, resonant growth of 

the subharmonic is fairly weak since the achievable disturbance amplitude for the 

fundamental is limited by numerical instabilities and still is far from its saturation 

level. For SRANS calculations, resonant growth of the subharmonic is comparable 

to URANS when identical forcing is applied, but it increases significantly when the 

forcing amplitude is further increased. 

For both BASE Ll and BASE T, subharmonic resonance requires a specific phase 

relation between fundamental and subharmonic disturbance. It is therefore preceeded 

by a lock-in process, where the phase of the subharmonic adjusts. The lock-in process 

may take a shorter or a longer streamwise distance, depending on their initial phase 

relation in the forcing upstream. For BASE T, optimizing this phase relation in the 

forcing such that the streamwise extent of the lock-in process is minimized is crucial 

for achieving resonance at all, especially for UPLANS where the resonant growth is 

weak and the amplitude of the fundamental disturbance is only large enough for a 

short streamwise distance. In the present URANS and SRANS calculations, the lock-

in process takes place in the receptivity region where the disturbances still adjust 

from the forcing, and, as a result, the resonance process may be skewed because of 

the adjustment. However, resonance in URANS and SRANS calculations is certainly 

no artifact of the receptivity region since for large forcing amplitudes (SRANS), it 

also occurs between the subharmonic and a second subharmonic farther downstream. 
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Figure 5.66 Schematic for the streamwise development of nonlinear disturbances in 
spreading wall jets (BASE Ll, BASE T) and in parallel wall jets (BASE L2). Shown in 
the schematics is wave length of the dominant disturbance versus streamwise distance. 

A resonance cascade with successive vortex mergings is characteristic for both 

BASE Ll and BASE T. As the subharmonic disturbance reaches a large amplitude 

level through resonant growth, it becomes the new dominant primary disturbance 

that enslaves the fundamental as its higher harmonic and at the same time initiates 

resonant growth in a second subharmonic. It can be hypothesized that the subhar

monic cascade is characteristic for spreading wall jets like BASE Ll and BASE T. The 

subharmonic resonance mechanism enables large amplitude vortical disturbances to 

adjust their size and spacing (wave length) to the growing thickness of the mean flow, 

as illustrated with the schematic in Figure 5.66a. This hypothesis is supported by a 

counterexample. For the transitional wall jet at a high Reynolds number, BASE L2, 

where the base flow is virtually parallel, there appears to be a preferred frequency that 

produces an optimal spacing for the vortical disturbances for the thickness of the wall 

jet. When forcing this dominant fundamental, subharmonic resonance plays a minor 

role. As illustrated with the schematic in Figure 5.66b, forcing at a higher harmonic 

frequency produces the dominant fundamental through the subharmonic resonance 

mechanism while forcing at a subharmonic frequency still produces the dominant 

fundamental through "excessive" nonlinear growth of the first higher harmonic. 
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In transitional wall jets at low Reynolds numbers (BASE LI), vortex mergings 

resulting from the subharmonic resonance increase the likelihood of vortex ejections, 

since the merging process disrupts the delicate balance between subsequent vortex 

pairs within the double vortex row. Even without vortex mergings, the balance 

within the double vortex row can be disrupted by phase jitter, which is caused by 

small subharmonic disturbances that are not phase locked with the large fundamen

tal disturbance. As demonstrated by Wernz & Fasel (1999), in the presence of a 

large amplitude time-harmonic disturbance, small non-periodic disturbances from 

the subharmonic part of the frequency spectrum (e.g., during stcirtup, small pulse 

disturbances, random noise) are strongly amplified through subharmonic resonance, 

leading to phase jitter, vortex mergings, and vortex ejections. The phase jitter also 

causes vortex ejections in transitional wail jets at high Reynolds numbers (BASE L2), 

where the strong primary growth of the fundamental disturbance leads to lift off of 

the vortex pairs from the wall (see Figure 5.62). This, in turn, causes a significant 

reduction in the phase speed of the disturbance and makes them extremely vulnerable 

to phase jitter which disrupts the ever so delicate balance within the row of subse

quent vortex pairs and leads to the ejection of vortex pairs. However, in experiments 

on transitional wall jets at high Reynolds numbers (Amitay, 1994; Gogineni et ai ,  

1997, e.g) vortex ejections are rarely observed ahead of the 3D transition stage. In 

experiments and also in the DNS in chapter 6, competing 3D resonance mechanisms 

exist that can prevent vortex ejections and even vortex mergings. 
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6. THREE-DIMENSIONAL INVESTIGATIONS 

Even when a two-dimensional subharmonic cascade is present in the transitional wall 

jet, three-dimensional flow instabilities eventually lead to a strong reduction in the 

spanwise coherence of the two-dimensional disturbances and to breakdown to turbu

lence. On the other hand, strong experimental evidence exists that in the turbulent 

wall jet large coherent structures with a strong spanwise coherence are present de

spite the three-dimensional turbulent fluctuations. The purpose of the investigations 

ia this chapter is to contribute towards an imderstanding of both phenomena. In 

the first part, results from the DNS of a low Reynolds nimaber, transitional wall jet 

(BASE LI) axe summarized. Various breakdown scenarios are explored in the DNS. 

In the second part, a DNS is discussed in which a turbulent wall jet is generated from 

a high Reynolds number, laminar wall jet (BASE L2) through bypass transition. The 

objective of this simulation is to corroborate the findings from the URANS/SRANS 

calculations in chapter 5 by determining if 2D vortical disturbances and vortex merg-

ings also occur in a 3D simulation. 

6.1 Transition in the Low Reynolds Number Wall Jet — BASE LI 

In 2D-NS, forcing of a laminar wall jet eventually leads to the disintegration of the 

flow through vortex ejections downstream. In DNS, however, the two-dimensional 

primary and secondary disturbances become susceptible to 3D secondary instabilities 

and, as a result, transition to turbulence occurs downstream of the initial 2D stages. 

Vortex mergings ahead of the breakdown are observed in most experiments on forced 

laminar wall jets at low Reynolds numbers (e.g., Bajura & Catalano, 1975; Amitay, 

1994) indicating a dominance of the 2D subharmonic resonance over 3D resonance 

mechajiisms. To gain insight into the relative importance of 2D and 3D secondary 

instabilities during transition in low Reynolds number wall jets, secondary instability 
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investigations have been conducted using 3D DNS with a resolution of 5 or 11 span-

wise modes (Wernz &: Fasel, 1997). In these DNS, the two-dimensional base flow, 

BASE LI, is forced close to the inflow by blowing and suction with a large amplitude 

and a fundajnental frequency = 56Hz (compare to case L1D2-LBS). At the same 

time, the flow is forced in the first spanwise mode, fc = 1, with a small amplitude 

either at the fundamental or at the subharmonic frequency. For computing funda

mental 3D resonance, A: = 1 is forced with the fundamental frequency, = b6Hz. 

For subharmonic 3D resonance, fc = 1 is forced with the subharmonic frequency, 

^(1/2,1) _ 28Hz. Since the moving buffer domain technique for solving the startup 

problem (section 5.2.1) had not yet been developed at the time, these investigations 

were limited to moderate primary disturbance amplitudes < 20%) where 

nonlinear saturation only starts setting in. In the paper by Wemz & Fasel (1997), 

results from the 3D secondary instability investigations are discussed and compared 

with results from 2D subharmonic resonance calculations. For the moderate distur

bance amplitudes considered in that paper, the 3D subharmonic resonance produces 

the largest growth rates, followed by the 2D subharmonic resonance and the 3D fun

damental resonance as the weakest of the three. Consequently, for moderate primary 

disturbance amplitudes, 2D vortex mergings ahead of the 3D transition stages only 

occur if 2D subharmonic resonance is strongly favored over 3D subharmonic resonance 

by the forcing, e.g., if the 2D subharmonic disturbance is introduced at a significantly 

larger forcing amplitude than 3D disturbances. 

6.1.1 3D Secondary Instability Investigation using Linearized Numer
ical Simulation 

Since the time of the investigations by Wernz & Fasel (1997), 2D and 3D secondary 

instability investigations have been extended successfully to larger primary distur

bance amplitudes with the help of the moving biiffer domain technique and the more 

effiective volimie forcing. Instead of repeating the 3D DNS from Wernz & Fasel (1997) 
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using the volume forcing technique, the linearized code version, LinNSSD, has been 

employed instead'- to perform the 3D secondary instability investigations. The ob

jective of these investigations is to determine the relative importance of 3D and 2D 

resonances depending on the amplitude levels of the primary disturbance. Chosen as 

time-harmonic base flows are two cases from parameter study L1D2-PF1, one with a 

smaller forcing amplitude = 0.02), the other with a larger forcing amplitude 

= 0.04). Fourier modes up to the first higher harmonic (n = 2) are included 

in the Fourier series representation of the two base flows. 

With four parameter studies, the amplitude growth of a linear 3D secondary 

disturbance in the presence of the large amplitude primary disturbance is determined. 

In all cases, the forcing amplitude for the 3D disturbance is = 10~®. For 

two parameter studies (L1L3-SF1 & L1L3-SF2), the linear 3D disturbance is also 

forced with the fundamental frequency, = 56Hz, for the other two (L1L3-SS1 

&: L1L3-SS2), it is forced with the subharmonic frequency, = 28Hz. As a 

second distinction, studies L1L3-SF1 & L1L3-SS1 employ the time-harmonic base 

flow with the smaller disturbajice amplitude = 0.02), while studies L1L3-SF2 

& L1L3-SS2 employ the base flow with the larger disturbance amplitude = 

0.04). In each of the four parameter studies, the spanwise wave number of the 3D 

disturbance is varied over a range of 7^ = [0, O.STT] to determine the spanwise wave 

nimibers that lead to maximum amplitude growth of the linear 3D disturbance. For 

the subharmonic 3D disturbances in studies L1L3-SS1 & L1L3-SS2, 72 —>• 0 represents 

the limit of 2D subharmonic resonance. For the fundamental 3D disturbances, no 

resonance occurs in the 2D limit. Instead, the disturbance amplitude of the 3D 

disturbance represents the small change in amplitude of the large primary disturbance 

due to a small perturbation in the forcing amplitude. 

Results from the four parameter studies are presented in Figure 6.1 with perspec

tive plots for the amplitude of the 3D disturbance represented by the spanwise wall 

^See sections 3.1.3 and 3.5.4 for a description of the method. 
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vorticity, For all cases, the disturbance amplitude is plotted on the same log

arithmic scale as a function of streamwise distance from the virtual origin, x ,  and of 

the spanwise wave number, 72. The picture for the 3D fundamental and subharmonic 

resonance in Figures 6.1a&:b (L1L3-SF1 & L1L3-SS1), where the disturbance ampli

tude of the base flow is moderate, is comparable to that in Wemz Fasel (1997). For 

3D fundamental disturbances (Figure 6.1a) resonant growth is not observed through

out the computational domain and their amplitude, in fact, grows less than in the 2D 

limit, 72 = 0. In contrast, the resonant growth of the 3D subharmonic disturbances 

(Figure 6.1b) surpasses that of the 2D subharmonic disturbance. At x = 55, two 

local maxima are observed in the disturbance amplitudes corresponding to 72 = O.Itt 

and 7z = 0.37r which indicates the possible existence of more than one 3D mode for 

secondary instability. 

For the time-harmonic base flow with the larger disturbance amplitude (Figures 

6.1c&;d), resonant growth increases significantly for both fundamental and subhar

monic disturbances (studies L1L3-SF2 L1L3-SS2). 3D fundamental disturbances 

(Figure 6.1c) grow by three orders of magnitude over a wide range of spanwise wave 

numbers. Maximum growth is observed for JZ = OATT. Even greater is the resonant 

growth of the subharmonic disturbance (Figure 6.Id) in the 2D limit, 72 = 0. At 

re = 55, the disturbance amplitude reached by this 2D subharmonic disturbance is 

several times larger than the maximum amplitude of any 3D fundamental distvirbance 

from Figure 6.1c. The second amplitude maximum in Figure 6.Id for jz = O.Sir has 

also increased compared to Figure 6.1b, but it is significantly smaller than both the 

maximum amplitude of the 2D subharmonic and of the 3D fundamental distiirbance. 

The findings from the parameter studies clearly show that for a large enough 

amplitude of the primary disturbance, resonant growth of the 2D subharmonic is 

significantly greater than that of the 3D disturbances and can lead to the apparent 

vortex merging ahead of the region where 3D disturbances grow to large amplitudes. 
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a) = 0.02 - fandamental resonance b) = 0.02 - subharmonic resonance 

c) = 0.04 - fundamental resonance d) = 0.04 - subharmonic resonance 

Figure 6.1 3D fundamental and subharmonic resonance in the trajisitional wall jet 
(BASE LI) for a smaller and a larger amplitude of the primary disturbajice (studies 
L1D3-F1,S1,F2,S2). Shown in all cases is the disturbance amplitude of the secondary 
disturbance, 7 3^ ^ function of streamwise location and spanwise wave number. 
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6.1.2 Breakdown Scenaxios 

Possible breakdown scenarios in the low Reynolds number wall jet have been in

vestigated using DNS. Prom these investigations, three cases (L1D3-B1, L1D3-B2, 

L1D3-B3) are now discussed. The DNS are performed using only 11 symmetric span-

wise modes since, due to the low Rejoiolds number, higher spanwise modes do not fill 

up very quickly. The disturbance amplitudes in the highest spanwise mode (k = 11) 

is many times lower than the amplitudes in the first two spanwise modes where the 

forcing is applied. Computational parameters for cases L1D3-B1, L1D3-B2 & L1D3-

B3 are listed in Table C.12 and further details are also provided by Wemz & Fasel 

(1999). The forcing in all three cases is performed by blowing and suction at the wall 

and the primary disturbance is always forced with = 56Hz. For cases L1D3-B1 

& L1D3-B2, the forcing amplitude is moderate = 0.005), while for case L1D3-

B3, it is four time larger = 0.02). Additional forcing at a small amplitude is 

applied in the first and second subharmonic (2D) to induce a subharmonic cascade. In 

a 2D-NS, forcing in this manner produces a subharmonic cascade comparable to cases 

from parameter study L1D2-SC in section 5.3.1. In the present DNS, additional forc

ing in the first two spanwise Pourier modes A: = 1,2 at several frequencies introduces 

several 3D disturbances that compete with the 2D subharmonic disturbances. 

Impressions of the fiow fields from cases L1D3-B1 and L1D3-B2 are given with 

the two perspective iso-surface plots in Figure 6.2 for the instantaneous spanwise vor-

ticity. The plots are to scale and extend across the whole streamwise length of the 

computational domain, excluding the buflfer domain. They include about two-thirds 

of the wall-normal domain height. The spanwise direction is shown over two wave 

lengths of spanwise mode A: = 1. As indicated in the upper left-hand comer of Figure 

6.2a, two iso-surface levels are chosen to represent the vortical disturbances. One iso-

surface level is at = 0.1 and represents vortical structures with clockwise rotation 

which are prevalent near the wall, the other is at Uz = —0.1 and represents vortical 



218 

structures with, counterclockwise rotation which axe dominant in the outer region of 

the wall jet. For the left portion of the plot (when looking in downstream direc

tion), the iso-surfaces representing coimterclockwise rotation in the outer region are 

made semi-transparent to expose the layer of iso-surfaces underneath with, clockwise 

rotation. 

In Figure 6.2a, the 2D and 3D modes other than the fundamental are forced at the 

same amplitude level^. The relatively weak, two-dimensional, primary disturbances 

loose spanwise coherence within one or two wave lengths, about a third of the way 

through the computational domain, mainly due to 3D subharmonic resonance (notice 

the staggered pattern at the onset of the 3D stage). Farther downstream, the flow 

field is highly three-dimensional and exhibits an increased spreading rate. For the 

moderate primaxy disturbance amplitude in this case, the 2D subharmonic resonance 

is outperformed by 3D resonances in agreement with the findings from the secondary 

instability investigations in section 6.1.1. 2D subharmonic disturbances can be favored 

by forcing them with a larger amplitude than the 3D disturbances. This is done for 

case L1D3-B2 in Figxire 6.2b. As a result, a doubling in the wave length of the 

primary disturbance is observed at the same location where the 3D disturbances 

begin to distort the primary disturbances noticeably. The 2D vortical disturbajices 

at the subharmonic frequency, while strongly distorted by 3D disturbances, axe clearly 

discernible far into the 3D region. 

For brevity, only one case (L1D3-B3) with a larger primaxy disturbance amplitude 

is discussed here. It is illustrated in Figure 6.3. Forcing amplitudes are shown in the 

mode diagram in Figure 6.3a. In this case, the computational domain is shorter 

than previously because, due to the larger primary disturbance amplitude, the flow 

transitions farther upstream. The 2D primary disturbance is very energetic and 

vortex pairs are forming early on downstream of the forcing location. One purely 

^The forcing amplitudes axe illustrated with the mode diagram in the lower right-hand corner of 
the Figure. 
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two-dimensional vortex merging occurs ahead of the 3D transition stage, the second 

merging is already strongly distorted by 3D disturbances which, due to the large 

primary disturbance amplitude, are also highly amplified. 

In the investigations presented by Wemz &: Feisel (1999), the susceptibility of 

the forced wall jet to a small 2D pulse disturbances has been investigated. Modeled 

with the 2D pulse axe small, low frequency perturbations of the primary disturbances 

(phase jitter) which, in a 2D-NS, have a disastrous effect on large amplitude primary 

disturbances. As demonstrated by Wemz & Fasel (1999), the subharmonic resonance 

mechanism strongly amplifies subharmonic disturbances within the wave packet which 

farther downstream, as they reach a large amplitude level, disrupt the balance within 

the double vortex row and lead to massive vortex ejections. In DNS, the impact of 

the pulse disturbance is not nearly as dramatic, since the subharmonic resonance is 

now in competition with 3D resonances. Vortex ejections are much less likely to occur 

once the spanwise coherence of the 2D disturbances is diminished by 3D disturbances 

during transition. However, vortex ejections are indeed observed in experiments on 

low Reynolds number wall jets (e.g., Bajura &: Catalano, 1975) ahead of the 3D stages 

of the transition process. When a small pulse disturbance is introduced in each of 

the four breakdown scenarios discussed above, vortex ejection is only observed in 

case L1D3-B3, where the subharmonic cascade takes place ahead of the 3D transition 

stage. A snapshot from the vortex ejection process in this case is shown in Figure 

6.3b where the time function for the pulse disturbance is described with the graph 

in the lower right-hand comer of the figure. At the shown time instant, an ejected 

vortex pair is clearly discernible despite strong 3D distortions. Of course, a pulse 

with a larger amplitude would lead to ejections farther upstream of vortex pairs with 

a much greater spanwise coherence. 



b) Case L1D3-B2 

Figure 6.2 Breakdown of low Reynolds number wall jet forced by blowing and suction 
with a moderate fundamental disturbance amplitude. Shown are iso-surface plots of instantaneous spanwise vorticity. 
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coj-vorticity: 

Q>z=-0-1 (ccw) 

(trsnsparsnt In IM portton of plot) 

a) Case L1D3-B3 

A-(t)=0.05%(1 -cosH(t-U] 

tim«t [1/56HZ) 

b) Case L1D3-B3, flow disturbed with pulse 

Figure 6.3 Breakdown of low Reynolds number wall jet forced by blowing and suction 
with a large fundamental amplitude. Shown are iso-surface plots of instantaneous 
spanwise vorticity. 
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a>z-va±icity 

Blowiiig & 
SUctim Slot 

Figure 6.4 LES of bypass type transition in a wall jet (BASE LI) with a small external 
stream added. Shown are iso-surfaces of the spanwise vorticity in physical space. The 
flow is disturbed by randomized blowing and suction in the first and second spanwise 
Fourier mode (k = 1,2). Prom Wernz & Fasel (1997). 

6.1.3 Bypass Transition 

While large amplitude 2D disturbances can loose much of their spanwise coherence 

during transition, the opposite process has also been observed. In a research project 

by Bock (1996), 3D Laxge-Eddy Simulation (LES) has been employed to compute 

a bypass type transition in a low Reynolds number wall jet (BASE LI). In these 

simulations, the flow is rapidly transitioned by purely three-dimensional, randomized 

forcing at a very large ampUtude level. An example of such a bypass transition is 

replotted in Figure 6.4 from the paper by Wernz &: Fasel (1997). Shown are iso-
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surfaces representing two levels of the spanwise vorticity in physical space, one with 

clockwise rotation (light), the other with counterclockwise rotation (dark). Despite 

the highly three-dimensional fluctuations, vortical disturbances with a high spanwise 

coherence emerge intermittently during transition, except their frequency, size and 

spacing (wave number) varies randomly over time. Since these predominantly 2D 

structures are not phase-locked to the forcing, they must originate from a strong 

instability within the wall jet during the bypass transition rather than having been 

imprinted onto the flow by the forcing in the laminar region upstream. The 2D 

vortical structures in the simulation may therefore be related to the 2D coherent 

structures observed for the unforced turbulent wall jets in experiments (e.g., Schober, 

1999). Of course, for the low Reynolds nvunber of BASE LI, the wall jet cannot 

transition to a fully developed turbulent state. The mean velocity profiles from the 

LES indeed do not approach the shape of fully developed turbulent mean velocity 

profiles from experiments, where a fully developed turbulent wall jet is only obtained 

for Rcj > 10,000. 

6.2 DNS of Turbulent Wall Jet 

The encouraging results for the bypass transition in a low Reynolds number wall 

jet, BASE Ll, have provided the motivation to also employ bypass transition for 

generating fully turbulent wall jets from more energetic laminar wall jets at high 

Reynolds numbers. The first objective of these DNS or LES is to simulate an unforced 

turbulent wall jet that matches the turbulent mean flow and turbulence statistics 

measured in experiments. The unforced turbulent wall jet then provides the reference 

for future 3D simulations where large amplitude, time-harmonic 2D forcing at one 

fundamental frequency will be employed to influence the turbulent flow. Over time, 

several attempts have been made to achieve this goal. 
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6.2.1 Computational Requirements for 3D Simulations 

For 3D simulations, be they LES or DNS, turbulent wall jets present a daunting com

putational challenge. Most problematic axe the grid resolution requirements which 

far exceed the resolution requirements for turbulent boundary layers (e.g., Bachman, 

2001); for several reasons. The wall-normal grid needs a very fine resolution close 

to the wall to resolve the wall-normal gradient in the meaoi flow 2)' 

as in the turbulent boundary layer. Differently from the turbulent boundary layer, 

however, the elongated shear layer in the outer region also needs to be resolved (recall 

that the thickness ratio is Smax/^0.5 ~ 0.15). The wall-normeil resolution requirement 

is compounded by the very large spreading rate of the wall jet which requires a very 

large computational domain in wall-normal direction. As for the turbulent boundary 

layer, the streamwise and the spanwise grid resolution is dictated by the inner region 

(Ax"^ < 0(100), Az'^ < 0{50) for LES) but the large coherent structures that are 

present in the turbulent waU jet (and not in the turbulent boundary layer) necessitate 

a longer computational domain and buffer domain. The disparity in scale between the 

large coherent structures and the small turbulent fluctuations also requires a longer 

sampling interval for time-averaging mean flow quantities and turbulence statistics. 

In summary, the computational effort for properly computing a turbulent wall jet is 

estimated as being several hundred times greater in terms of CPU time than for a 

turbulent boundary layer at a comparable Reynolds number, and several ten times 

greater in terms of grid requirement. 

Since the grid resolution requirement strongly increases with Reynolds number, a 

laminar wall jet with only Reso 5=6,200 has been employed as the base flow in earlier 

turbulent wall jet simulations. However, despite many attempts with various grid 

resolutions in all directions, using DNS or LES, symmetric or unsymmetric Fourier 

representation in spanwise direction, no satisfactory match with experimental mean 

flow profiles has been achieved. One serious problem in these simulations has been 
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a long adjustment region of more than one third of the computational domain from 

the location of the random forcing, which was originally performed by blowing and 

suction. This has prompted the detailed receptivity study by Postl (2000) where 

periodic and randomized volume forcing is employed inside the flow fleld to develop 

strategies for minimizing the transition length. 

Another problem in these earlier simulations (at high and at low Reynolds num

bers) has been the relaminarization of the flow in the buffer domain. During transi

tion, the spreading rate of the wall jet increases so severely that its half width at the 

beginning of the buffer domain is several time larger than that of the laminar base 

flow. As a result, when the vorticity is ramped to the original base flow vorticity, 

severe flow adjustments occur in the buffer domain with an adverse upstream effect: 

In the simulations by Bock (1996), a strong vortex trapped at the beginning of the 

buffer domain induced a reverse flow above the wall jet. The flow adjustments in 

the outer region can be significantly reduced by employing a much thicker laminar 

wall jet for the relaminarization than the original base flow. Then, however, the flow 

adjustment close to the wall is much more severe with the danger of local flow sepa

ration due to the reduced wall vorticity of the thicker base flow profile used for the 

ramping. For the LES in Wernz & Fasel (1997), the outflow problem was remedied 

by adding a small free stream to the base flow to aid in convecting out the coherent 

structures. 

6.2.2 Computational Setup for the DNS 

Based on the experience from the preliminary calculations, new 3D simulations have 

been started recently in which many, but not all problems from the earlier calculations 

have been solved. The Smagorinski-type LES (Bock, 1996) has been abandoned 

in favor of DNS. While the DNS is clearly underresolved because of memory and 

CPU-time limitations for the available computational resources (the computations 
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are performed on a CRAY-SVl with a memory limit of 2GB per job), for the same 

spatial resolution, the LES has shown no improvement over the DNS in the mean 

flow results. The LES employs a constant Smagorinski coeflBcient that cannot adjust 

between inner and outer region of the wall jet and is unable to provide proper subgrid-

scale stresses to compensate for the lack of resolution. 

The computational setup for the DNS (case L2D3-B1) is now discussed with the 

help of the perspective plots in Figme 6.5. The computational parameters are listed 

in Table C.12. Viewed in Figures 6.5a&:b from the inflow/free stream comer is the 

2D Fourier mode {k — 0) of the instantaneous streamwise velocity at i 

and at t = ZfZ4Hz for the entire flow field including the buffer domain. 

The computational grid has been designed using the grid fi:om the URANS cal

culations on BASE T as a template. In the streamwise direction, the URANS grid is 

refined by a factor of 10 leading to = 0(60).^ The useful computational domain 

extends to a; = 80 from the inflow, followed by a buffer domain of length Axim/fer = 20 

(see Figure 6.5). In the wail-normal direction, the computational grid for the DNS is 

identical to the grid for URANS, except for a less severe superstretching above y = 25. 

Since the wall-normal grids for DNS and URANS match for y < 25, mean flow gra

dients near the wall are resolved comparably well,  with Ay^aii ~ Away from 

the wall, the wall-normal grid size Ay(y) soon surpasses Ax (e.g., Ay(y = 3.4) Ax 

and Ay(y = 25) « 3.5Ax). As a result of the increased grid aspect ratio, wall-normal 

grid-mesh oscillations occur, unless the vorticity is filtered in the wall-normal direc

tion (section 3.5.3). Presently, the filter is only applied in the potential flow region 

above the wall jet. Its effect can be observed by comparing the flow fields from Figures 

6.5a&b. The grid-mesh oscillations are small when the filter is switched on (Figure 

6.5a), while they grow large when the filter is switched off temporarily (Figure 6.5b). 

^For the rescaling of y in inner coordinates, reference length = l/(Reu .r) = 0.0018 is assumed. 
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a) time t=2.5 [l/34s] 

b) time t=3 [l/34s] 

Figure 6.5 Instantaneous streamwise velocity field at two time-instants from a DNS 
of bj^ass transition in the high Reynolds number wall jet (case L2D3-B1). 
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In the spanwise direction, where periodicity and symmetry is assumed, the spanwise 

wave length for the first spanwise Fourier mode, fc = 1, is chosen as = 2. Only 21 

symmetric spanwise Fourier modes are used, which translate into 64 collocation points 

per wave length This is equivalent to a spanwise resolution of A^"*" = 0(20).  

As the base flow, laminar BASE L2 is employed which is discussed in section 4.3 

and seen in Figure 6.5 close to the inflow. While the half width of BASE L2 is only 

(fo.5 = 4.96mm, its maximum velocity is Umax = 50m/5 resulting in a Reynolds num

ber of Reso s = 16,500 that is more than twice as high as in the earlier calculations. 

As a result, the turbulent flow is expected to fall within the range of experimental, 

fully developed wall jets with Rej > 10,000. For ramping the spanwise vorticity in 

the buffer domain at the outflow, turbulent vorticity profiles from BASE T are em

ployed. At the beginning of the buffer domain, the profiles from BASE T computed 

with RANS roughly match the mean vorticity profiles for the spanwise vorticity com

puted in the DNS. This new technique results in a far smaller flow adjustment when 

compared to earlier methods using laminar base flows for relaminarization. Notice in 

Figures 6.5a&b the good match in the thickness and in the maximum of the velocity 

profiles at the beginning of the buffer domain and at the outflow. 

Due to the improved performance of the buffer domain, it was decided to dispose 

of the small free stream component from the earlier simulations and instead to only 

use the induced flow correction for BASE L2 (section 4.3). Unfortunately, without a 

small free stream added, a reverse flow region still builds up over time at the outflow 

(compare Figures 6.5a&:b) and eventually destroys the calculation. The suspected 

cause of this undesired reverse flow is that the induced flow correction, currently in 

use at the inflow and the free stream boundary (which corresponds to BASE L2) 

does not account for the dramatically increased flow entrainment and spreading rate 

during the DNS. As a future remedy, the proper induced flow for the expected mean 

flow in the DNS could be estimated beforehand, or adjusted dynamically during the 

calculation with an interaction model. 
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With the experience gained from the receptivity investigations in section 5.1.4, 

great progress has been made in improving the forcing technique. The idea of the 

new approach is to apply large amplitude volimie forcing close to the critical layers of 

inner mode 2 both near the wall and close to the edge of the wall jet. As before, the 

forcing is only applied in the first tv\'o spanwise modes, but now instead of randomized 

forcing, harmonic forcing with several incommensurate frequencies is applied in a 

frequency band that favors mode 2 (see Table C.12 for the forcing parameters.) These 

measures should favor inner mode 2, which appears to transition more rapidly than 

mode 1 as seen from the investigations by Postl (2000)"^. The harmonic forcing can 

be reproduced more easily than the "randomized forcing cocktail" used before. It 

also guarantees the presence of the targeted forcing frequencies at all times, thus 

preventing a downstream/upstream meandering in the onset of the brealcdown which 

does occur for the randomized forcing. As seen from Figure 6.5a&;b, these measures 

lead to a full contamination of the laminar wall jet with strong small scale fluctuations 

within Ax = 15 from the forcing location at y = 2. At x w 18, 2D structures emerge 

and increase rapidly in size and wave length as they travel downstream. 

Results from the DNS are now discussed in greater detail. The data are sampled 

for postprocessing from t = 2/345 to £ = 3/34s. On average, it takes disturbances 

about half that time to propagate through the computational domain. First, the 

time-averaged flow is analyzed to determine the quality of the DNS solution. Then, 

a phenomenological study of the 2D vortical structures in the turbulent flow is pre

sented. Finally, possible future improvements for the 3D simulations are discussed. 

''SD secondary stability investigations for BASE L2 have not been performed yet. 
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6.2.3 Study of the Time-Averaged Flow 

To determine the quality of the turbulent flow computed with the DNS, characteristic 

time-averaged flow quantities from the calculation at five streamwise locations are 

now compared with experimental measurements by Eriksson et al. (1998). In Figures 

6.6 & 6.7, a comparison is shown in inner and in outer coordinates for the same 

flow quantities that have been previously compared in Figures 4.4-4.5 for the RANS 

calculation of BASE T. 

Despite the short time-period for the averaging (At = l/34s), the streamwise and 

wall-normal velocity profiles in Figure 6.6a-d are quite well converged. Except for the 

first and last streamwise station, which are too close to the forcing location and the 

bufier domain respectively, both streamwise and wall-normal velocity profiles match 

the experimental data quite well in both inner and outer coordinates. The agreement 

is, in fact, far better than in any previous attempt at computing a fully turbulent 

wall jet using DNS, particularly for y'*' < 100 in inner coordinates. Interestingly, the 

streamwise velocity in Figure 6.6a exhibits an apparent log-layer which is much more 

pronounced and closer to the experimental data than for RANS calculation of BASE 

T. On the downside, the location of the streamwise velocity maximimi in the DNS is 

significantly farther away from the wall than in the experiment.^ Also, the reverse 

flow above the wall jet is very noticeable for a; = 60 & 80 and in fact increases over 

time. The strong oscillations observed in Figvire 6.6f for the spanwise vorticity in outer 

coordinates are due to strong grid-mesh oscillations inside the flow. Their amplitude 

is about one order of magnitude larger than the mean flow value away from the wall 

and would require a much larger sampling period to average out. Closer to the wall 

(Figure 6.6e and the insert in Figure 6.6f), where the mean vorticity is two orders 

of magnitude larger, the time-averaged flow exhibits no noticeable mesh oscillations 

and the profiles from the DNS and RANS are in good agreement. 

^Recall in RANS caJcnlations, the velocity maximiun is much closer to the wall than in the DNS. 



231 

x=10 

100 1000 10000 

a) streamwise velocity in inner coords. 

1 

100 1000 10000 

c) wall-normal velocity in inner coords. 

RANS-ASM 

* ~ 0.5 

100 1000 10000 

i 0.5 
9 3 

I'O }V, \  

0.0 -

b) streamwise velocity in outer coords. 

'X] 

-0.02 

\ --o-ooqo 
-0.04 

-0.06 

-0.08 

1 

1 2 
y/5o^ 

d) wall-normal velocity in outer coords. 

0.5 

^ 0 -
CO 
X 

3~ 
-0.5 -

e) spanwise vorticity in inner coords. f) spanwise vorticity in outer coords. 

Figure 6.6 Time-averaged flow from a DNS of bypass transition (case L2D3-B1) in the 
high Reynolds number wall jet. Shown are the streamwise and wall-normal velocities 
and the spajiwise vorticity in inner and outer coordinates at five streamwise locations. 
Also shown are measurements at a: = 70 from experiments by Eriksson et al. (1998). 
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Figure 6.7 Time-averaged flow from a DNS of bypass transition in the high Reynolds 
number wall jet (case L2D3-B1). Shown are the turbulent stress terms in inner and 
outer coordinates at five streamv/ise locations. Also shown are measurements at 
X = 70 from experiments by Eriksson et al. (1998). 
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The turbulent sheax stress in Figures 6.7a&:b exhibits a surprisingly good match 

between DNS and experiment, particularly close to the wall where the DNS captures 

the near-wall asymptotic behavior much better than the RANS (compare inserts in 

Figures 6.7a and 4.5a). The normal stresses in Figures 6.7c-f, on the other hand, 

exhibit strong systematic differences between the DNS and the experimental data. 

The strong deviation for in Figures 6.7c&d for the inner flow region is possibly 

due to remnants from the large amplitude volume forcing upstream near the wall (see 

Table C.12). It may also be caused by a phase-locking of the structures in spanwise 

direction due to the narrow spanwise extent of the computationzJ domain and due 

to the spanwise symmetry in the DNS both of which are known to produce strong 

spanwise modulations in the spanwise vorticity. Deviations away from the near-wall 

region are in part due to the grid-mesh oscillations which do not average to zero over 

time for auto-correlations like Rn and R22-

Significant differences between DNS and experimental measurements are also 

found for the streamwise development of various important flow parameters shown in 

Figure 6.8. For the thickness, velocity maximum, and skin friction in Figures A.12a-

c, the RABL solution using ASM from Figure A.12a-c is replotted for reference. In 

Figures 6.8a&b, the RABL and experimental data are plotted relative to the location 

of the virtual nozzle in the DNS at a; = 25.® At the location of the virtual nozzle, the 

half width of the wall jet, 60,5, is about 60% larger in the DNS than in the RABL. For 

the location of the velocity maximum, Smax, the discrepancy is even greater due to 

the shape difference in the velocity profiles from DNS and RANS^ (Figure 6.6a). The 

60% excess in momentum, which is provided for the laminar BASE L2 at the inflow in 

order to guarantee a turbulent wall jet with Rcj > 10,000 downstream, unexpectedly 

does not diminish at all during the bypass transition and throughout the turbulent 

®The location of the virtual nozzle is determined from Figure 6.8b as the streamwise location, 
X = 25, where (JJi/Umax)^ = 1. 

^RANS and RABL profiles are virtually identiceil. 
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Figure 6.8 Streamwise development of important wall jet parameters computed with 
the DNS (case L2D3-B1). Comparison with experiments and RABL solution using 
ASM (BASE T). Shown axe a) half width and location of the velocity maximum, b) 
velocity maximum, c) skin friction coefficient, d) momentum flux. 

region (see Figure 6.8d). This is consistent with the fact that the spreading rate of 

the half width is about 30% greater in the DNS than in the RABL solution, while 

the decay of the maximum velocity is comparable for both DNS and RABL (Figure 

6.8b). The absence of momentum loss, along with the increased spreading rate in 

the DNS, is probably due to the additional momentum infused from the outflow by 

the reverse flow region that builds up close to the outflow over time. As seen from 

Figure 6.8c, for both the DNS and the RABL the skin friction coeflScient is larger 

than in experiments. Also, Rsmax is significantly higher in the DNS solution than in 

the RABL solution because 5max is so much larger. 
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With the analysis of the time-averaged flow from the DNS, it has been shown that, 

despite all shortcomings, the computed wall jet mean flow is quite close to turbulent 

wall jets from experiments and RANS calculations, especially when considering that 

the laminar Glauert wall jet (BASE L2) used as inflow and initial condition for the 

calculation exhibits a vastly different shape and streamwise development. This builds 

confidence that 2D coherent structures in the DNS develop in a turbulent flow which 

does resemble a turbulent wall jet in experiments. 

6.2.4 Phenomenological Study of 2D Coherent Structures 

The large sized disturbances in the streamwise velocity (see snapshots in Figure 

6.5) are also observed in the contour plot in Figure 6.9 of the instantaneous spanwise 

vorticity, Despite intense small-scale fluctuations, large vortical structures are 

clearly discernible. They emerge at a; w 20 as dipolar vortex pairs, but farther 

downstream only vortices with counterclockwise rotation in the outer flow region 

persist, while the vortices with clockwise rotation in the inner flow region have mostly 

disintegrated into small-scale fluctuations. Grid-mesh oscillations are particularly 

strong in the elongated vortical structures above the wall jet in the transition region 

at 2r « 20. These structures are ejected upward from the wall jet into regions with 

low wall-normal resolution and must be filtered out before they can accumulate at 

the upper boimdary and destroy the calculation. For postprocessing, the fiow field 

in physical space was filtered once with an 8 point 2D filter to reduce grid-mesh 

oscillations in the spanwise vorticity u)z(x,y, z,t = 2.5), for the iso-surface plot in 

Figure 6.10. As indicated by the legend in the lower right-hand corner of the plot, the 

spanwise vorticity is plotted at two iso-levels, one with clockwise and the other with 

counterclockwise rotation. Large-sized, vortical structures with a strong spanwise 

coherence are clearly discernible in the flow field despite the strong, small-scale, 3D 

structures. 
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Figure 6.9 Snapshot from a DNS of bypass transition in the high Reynolds number 
wall jet (case L2D3-B1). Shown is the spanwise average of the instantaneous spanwise 
vorticity at time t=2.5 [l/34s]. 
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Figure 6.10 Snapshot from a DNS of bypass transition in the high Reynolds number 
wall jet (case L2D3-B1). Shown are iso-levels of instantaneous spanwise vorticity at 
time t=2.5 [l/34s]. For the plot, an eight point box filter is employed to remove grid 
oscillations. 
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Figiire 6.11 Evolution of coherent structures during bypass transition illustrated with 
space-time diagrams showing iso-levels of the spanwise average of the spanwise vor-
ticity (case L2D3-B1). 
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The evolution of the 2D vortical structures in time can be illustrated with a se

quence of snapshots (or with an ajiimation) but also visualized beautifully in one 

single plot with the space-time diagram of in Figure 6.11a. A diagram of this 

type has already been presented in Figure 5.17 to illustrate the ejection of dipolar 

vortex pairs in the laminax flow. Shown are two iso-surfaces of spanwise vorticity, 

one with counterclockwise rotation, the other with clockwise rotation, representing 

time-traces of the 2D vortices over the time interval between t = 2/34s and 3/34s. 

The multiple vortex mergings in the flow are observed nicely from the merging of 

time-traces in Figure 6.11a. Since the vortical structures weaken as they travel down

stream, the time-traces fade out in downstream direction. However, relative to the 

wall vorticity of the mean flow, which also decreases strongly as the wall jet spreads 

and decays, the 2D vortical structures actually gain strength. This is seen from the 

space-time diagram in Figure 6.11b where the spanwise vorticity, is normalized 

at each streamwise location with the local time-average, 1/At From Fig

ure 6.11b, the vortex mergings continue in the downstream portion of the flow field. 

In fact, during the time interval shown in Figure 6.11b, vortices with counterclockwise 

rotation lift off from the wall as they pair up ahead of the buffer domain at rc = 80. 

The corresponding vortical structures near the wall with clockwise rotation also lift 

up from the wall, but are far less coherent. This lift-off bears great similarity to the 

vortex ejection triggered by a pulse disturbance in the transitional wall jet at a low 

Reynolds number (BASE LI), which is briefly discussed above in section 6.2 and in 

greater detail in the paper by Wemz & Fasel (1999). In the present case, the ejection 

process is probably encouraged by the onset of the reverse flow in the buffer domain. 

However, the ejected vortex does eventually convect out of the computational domain. 

Due to the improvements in the buffer domain technique discussed in section 6.2.3, 

the vortex does not get trapped at the beginning of the buffer domain as was the case 

in the calculations by Bock (1996). 
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Significant information about the development of the large-sized vortical struc

tures inside the flow field can be extracted from their imprint onto the wall vortic

ity. Various aspects of the wall vorticity development over the time-interval from 

t = 3/34s to f = 2/34s are visualized in Figure 6.12. As above in Figure 6.11b, 

the wall vorticity is normalized with its time-average at every streamwise location. 

Shown for reference in Figure 6.12a is a space-time diagram {x — t diagram) for the 

spanwise average of the wall vorticity, which reflects the streamwise development of 

the vortices over time. Upstream at a; = 20 about twenty oscillations in the wall 

vorticity are counted over the time interval shown. While the disturbances are not 

periodic in time, they have a preferred frequency in the order of / = hOQHz at this 

location. Through repeated vortex mergings reflected by the mergings of the time-

traces of the vorticity maxima the vortical structures the preferred frequency cascades 

to about / = MHz close to the buffer domain. Recall from Figure 6.8b, the location 

of the virtual nozzle is at Xm, = 25 which places the beginning of the buffer domain at 

x — Xyji = 55. Interestingly, in the URANS calculations from chapter 5, a disturbance 

with frequency / = 3AHz reaches its maximum amplitude at about x = 55. 

An illustration of the wall vorticity in physical space is provided with the contour 

plots in Figure 6.12b shown at three time-instants versus streamwise and spanwise 

direction {x — z plots). The spanwise direction is shown to scale over two wave length 

of = 2, which demonstrates how narrow the computational domain actually is. 

Since the flow is computed mth a symmetric DNS, the wall vorticity is periodic and 

symmetric in spanwise direction causing a regularity in the flow pattern in Figure 

6.12b with a strong modulation in spanwise direction. Close to the forcing loca

tion, the flow is highly three-dimensional. The size of the vortical structures strongly 

decreases (in either direction) up to x w 12, exhibiting a shift towards the higher 

harmonics which is characteristic for the transition process. 2D structures begin to 

emerge at x w 12.5 and double in size multiple times as they travel downstream. 

The wall vorticity reflects the asymmetric shape of the 2D vortical structures also 
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observed above in the streamwise velocity in Figure 6.5. From a local wall vortic-

ity maximum (e.g., for t = 2 a.t x = 40), the wall vorticity decreases sharply in 

downstream direction, but tapers off gradually as an elongated ramp in upstream di

rection. A comparable behavior is also found for the wall vorticity of large amplitude 

disturbances in URANS calculations, as seen from Figures 5.29a&c close to the wall. 

In the vicinitj'^ of a vorticity maximum, embedded small-scale 3D structures have a 

very high amplitude while over the extent of the ramps upstream of the majdmum, 

the wall vorticity is mainly modvdated in spanwise direction only. These elongated 

structures are only observed in the spanwise vorticity, not in the streamwise vorticity, 

and therefore do not represent longitudinal vortices. 

An excellent means of visualizing the time-development of the spanwise wall vor

ticity are the z — t diagrams shown in Figure 6.12c at eight streamwise locations. 

In each z — t diagram the local wall vorticity fluctuations across the spanwise direc

tion are traced over time. In this way, a record is kept of all vortical disturbances 

passing by. The patterns displayed hy z — t diagrams at different streamwise loca

tions reflect spanwise coherence and preferred frequency of the vortical disturbances 

at the respective locations. At a; = 10 close to the forcing location, the flow is highly 

three-dimensional with a staggered pattern. At x = 20 the staggered pattern has dis

appeared completely, the dominant 3D structures are much smaller in size, and 2D 

coherent structures with a high frequency begin to emerge. The frequency of the 2D 

coherent structures then decreases in downstream direction while at the same time, 

strong spanwise modulations with wave length = 2 reappear. Due to the narrow 

width of the computational domain, the spanwise wave length of these modulations 

cannot increase any further which most certainly skews their further streamwise devel

opment. A widening of the computational domain is clearly advisable for the second 

half of the computational domain. 



241 

X [5mm] 

a) (x-t) diagram of the spanwise average 
®z,wall/<^,wall 

0 1 2 

t=3 

° 20 40 60 80 

b) (x-z) plots at three time instants 

c) (z-t) time-traces at eight streamwise locations 

Figure 6.12 Evolution of coherent flow structures during bypass transition illustrated 
with the spanwise average of the spanwise wall vorticity (case L2D3-B1). 
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Figure 6.13 Fourier spectrum of the spanwise wall vorticity versus streamwise di
rection (case L2D3-B1). Shown are grey-scales where black indicates the dominant 
frequencies in the spectrum. 

The streamwise development of the 2D vortical disturbances can also be described 

with a Fourier decomposition in time of the spanwise wall vorticity, for each 

streamwise grid location. The sampling interval is from t = 2/34s to £ = 3/34s. For 

the two contour plots in Figures 6.13a&:b, the Fourier amplitude of the wall vorticity 

and of the normalized wall vorticity is plotted as a function of frequency and stream-

wise location. In Figure 6.13a, the spectrum fills up rapidly, downstream of x 12. 

Over the interval between x = 15 and x = 25, high frequencies dominate, but far

ther downstream a clear shift in the spectnma towards lower frequencies is observed. 

Distinct amplitude peaks are observed in the Fourier spectrum, which are more pro

nounced farther upstream. These amplitude peaks are much more noticeable in Figure 

6.13b, where the wall vorticity is normalized with the local time-average. They cor

relate with amplitude peaks at the forcing location. Although forcing is performed 

only in spanwise modes k — 1 and fc = 2 at the frequencies / = 323,510,731i!ir2 

(Table C.12), nonlinear interactions also seed the 2D Fourier component. A: = 0, with 
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small amplitude disturbances at these frequencies, the difference between these fre

quencies, and at their higher harmonics. The largest disturbance amplitude is seen 

at / « lOOOifz, close to the first higher harmonic of forcing frequency / = 

This is in agreement with the investigations in section 5.3.3 where / = 1000.^2 was 

determined as the dominant frequency for BASE L2. 

The picture conveyed by Figures 6.9-6.13 for the turbulent wall jet computed 

with DNS is consistent with the results for the periodically forced turbulent wall 

jet modeled with the 2D URANS/SRANS calculations in chapter 5. In both 3D 

DNS and URANS/SRANS, the mean flow is close to turbulent mean flow profiles 

from experiments. The emergence of high frequency 2D vortical disturbances in the 

DNS at X = 20 can be explained as the result of a strong primary instability of the 

mean flow. Granted, the receptivity of the wall jet and the initial strong growth 

of the primary disturbances during the bypass transition in the DNS is different 

from the fairly weak primary instability in the fully turbulent flow modeled with the 

URANS/SRANS calculations. However, in both DNS and URANS/SRANS the 2D 

vortical structures have a high enough intensity to induce vortex mergings by which 

they cascade to lower frequencies in the fully turbulent flow. For URANS/SRANS, the 

mechanism that causes the vortex mergings has been identified as a 2D subharmonic 

resonance (section 5.3.2). It can be conjectured that 2D subharmonic resonance is 

also responsible for the vortex mergings in the 3D DNS and is a key mechanism to 

preserve the strength and adjust the size and spacing of the 2D vortical structures to 

the rapidly spreading and decaying turbulent wall jet. 

6.2.5 Possible Improvements for 3D Simulation 

The present DNS represents a first step towards computing turbulent wall jets with 3D 

simulations that may be further improved in the future. Procedural improvements 

to the DNS axe fairly easy to implement in repeat calculations. The reverse flow 



244 

problem can be fixed either by improving the induced flow correction (see discussion 

above) or by adding a small free stream. In earUer DNS of bypass transition at a lower 

Reynolds number {Reso,s = 6,200), the reverse flow region was indeed eliminated by 

adding a small free stream and the spreading rate was closer to that in the experiment. 

This measure also allowed for a longer data sampling period. A smaller 3D forcing 

amplitude might reduce the excessively high normal stresses (Figures 6.7c-f), but 

likely at the expense of an increased transition length. The grid-mesh oscillations in 

the outer region of the wail jet could be reduced by wall-normal filtering not only in 

the potential flow region but also inside the wall jet. However, the filtering certainly 

would not remedy the cause of the grid-mesh oscillations: the outer region of the wall 

jet is severely underresolved for the present wall-normal grid which was designed for 

URANS calculations where gradients in the outer region are much smaller. 

A higher resolution for the DNS is clearly desirably, but computationally ex

pensive. It would require about 1000 points in wall-normal direction to keep the 

wall-normal grid size, Ay{y), at or below that of the current streamwise grid size, 

Aa;, which results in a factor of 4 increase in memory. A widening of the domain, say 

to a modest = 10, and a non-symmetric calculation may significantly reduce the 

strong spanwise modulations in the spanwise vorticity, but it also requires an increase 

in memory by a factor of 10. A thus improved DNS would require about 80GB of 

memory instead of the presently used 2GB. This is certainly within the capability 

of todays supercomputers, but only for a well parallelized code. However, for a truly 

well resolved DNS with Az'^ < 5 and < 10 (and the present domain length) the 

memory requirement would need to be another 50 times greater totaling ATB which 

is beyond today's reach. Future inclusion of a capable turbulence model model (e.g., 

FSM) clearly is a more feasible alternative. 
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6.3 Summaxy 

With the 3D simulations in this chapter, the coexistence of 2D and 3D vortical distur

bances in transitional and turbulent wall jets has been explored. Using a linearized 

Navier-Stokes solver (LinNS3D), it has been shown that in the low Reynolds number 

transitional wall jet (BASE LI) 2D and 3D secondary instabilities are in competition. 

For moderate primary disturbance amplitudes, 3D subharmonic resonance produces 

the highest secondary amplitude growth. Consequently, when in a DNS the primary 

disturbance is forced with a moderate ampUtude, breakdown occurs before any vor

tex mergings takes place. For large primary disturbance amplitudes, however, while 

resonant growth increases significantly for both 2D and 3D secondary disturbances, 

it is highest for 2D subharmonic resonance. As a result, vortex mergings ahead of 

the 3D stages are observed in a DNS with large amplitude forcing of the primary 

disturbance. 

While on one hand strong 3D disturbances during transition diminish the dou

ble vortex row generated by large amplitude 2D forcing in the lajnLnar flow region 

upstream, on the other hand large sized vortical structures with a strong spanwise 

coherence emerge in the outer flow region during a bypass type transition that is 

triggered by purely 3D large amplitude forcing of the laminar flow upstream. This 

emergence of 2D structures is observed for both low and high Reynolds number wall 

jets. Bypass transition through purely 3D forcing has been employed to generate a 

turbulent wall jet from a high Reynolds number laminar wall jet (BASE L2) that was 

shown to approximate the mean flow and turbulent shear stress of fully turbulent 

wall jets from experiments quite well. In the turbulent flow region, predominantly 2D 

vortical structures exist, that cascade towards lower frequencies in a series of vortex 

mergings, as the wall jet spreads and decays. This is in agreement with the findings 

from the URANS/SRANS calculations in chapter 5. 
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7. CONCLUSION 

A rich, and complex picture has emerged from the present investigations of forced 

transitional and turbulent wall jets. Various stages in the development of 2D vortical 

disturbances that are prevalent in both the transitional and turbulent flow have been 

explored. These stages axe i) the receptivity of the wall jet to forcing (volume forcing 

and blowing and suction), ii) the growth and decay of primary disturbances and their 

nonlinear saturation iii) the subharmonic resonance and subharmonic cascade as a 

characteristic secondary instability mechanism in transitional and turbulent wall jets 

iv) for the transitional flow, the competition with 3D resonance mechanisms and the 

loss of spanwise coherence during breakdown to turbulence. 

An assortment of numerical tools has been used to perform these investigations, 

including 2D-NS, DNS, 3D linearized Navier-Stokes calculations, and turbulence mod

eling with URANS and SRANS calculations. Three prototypical wall jets with com

mon features and important diflerences have been employed as base flows for the 

investigations. A self-similar Glauert wall jet with Reg^.s = 278 at the inflow (BASE 

LI) serves as the base flow for the study of traveling disturbances in a low Reynolds 

number transitional wall jet using 2D-NS and 3D DNS. BASE LI, which rapidly 

spreads and decays in streamwise direction, is contrasted by BASE L2, which is a vir

tually parallel Glauert wall jet with a very high Reynolds number = 16,500) 

and thus with a very diSerent instability behavior. As its main purpose, the highly 

energetic BASE L2 provides the inflow and initial conditions for a DNS of a bypass 

transition designed to approach a turbulent wall jet with Rej = 10,000 from the ex

periments by Katz et al. (1992). This particular experimental wall jet is also modeled 

using RANS and RABL calculations to provide a base flow (BASE T) for URANS 

and SRANS calculations of a forced turbulent wall jet. For BASE T, a self-similar 

turbulent wall jet profile is prescribed as an inflow condition. This generic wall jet 
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represents a virtual nozzle which matches the Reynolds number of the nozzle in the 

experiment {Reg^ — R^j = 10,000). 

For the first three development stages of the 2D vortical disturbances, many simi

larities and also significant differences have been found between the forced transitional 

wall jets (BASE LI & L2) and the forced turbulent wall jet (BASE T). 

i) For all three base flows, volume forcing has been the method of choice to gen

erate the disturbances. With a detailed receptivity study for BASE LI & L2, it was 

demonstrated that each of the two Hnear modes of instability in the transitional wall 

jet can be forced selectively by placing the volume forcing at either critical layer of 

the targeted instability mode. For the (virtually) parallel BASE L2, the instability 

modes axe either amplified or damped throughout the computational domain. Outer 

mode 1 has a preferred frequency of / « IQQQHz, inner mode 2 of / ?« Thus, 

when attempting to excite the outer mode 1, forcing is most efficiently applied with 

the preferred frequency and close to the critical layer of mode 1. Li contrast, when 

trying to minimize excitation of mode 1 (and to maximize excitation of inner mode 

2), forcing is applied with the preferred frequency and close to the critical layer of 

mode 2. In many respects, the receptivity and lineax instability of laminar BASE Ll 

is close to that of turbulent BASE T, not BASE L2: Due to the spreading and decay 

of both BASE Ll and BASE T, the frequency for which a disturbance is most am

plified at a particular streamwise location decreases in downstream direction. Also, 

for all considered frequencies, BASE T has a single unstable mode and BASE Ll has 

only one unstable mode at any given streamwise location (upstream outer mode 1, 

downstream inner mode 2). For both BASE T and BASE Ll, the forcing is therefore 

optimized for efficiency only. 

ii) Primary, large amplitude disturbances in BASE T have been used to qualify 

the newly developed SRANS modeling approach, a simplified formulation for URANS 

which keeps the eddy-viscosity in the Reynolds stress at base flow values instead of 

computing it during the calculation. Therefore, the k — e equations only need to be 
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solved a priori. As an added benefit, the grid spacing can be doubled for SRANS in 

both streamwise and wall-normal direction. For the present computational method, 

SRANS is thus 20 times faster than URANS, which makes it ideal for parameter 

studies of the forced flow. It was demonstrated that URANS and SRANS results 

are overall in good qualitative agreement despite differences in detail (for nonlinear 

disturbances) due to significant differences in the unsteady Reynolds stresses com

puted with URANS and SRANS. The most significant difference between URANS 

and SRANS is that presently numerical instabilities limit the forcing amplitude for 

URANS to half the forcing amplitude for SRANS and nonlinear saturation cannot be 

reached in URANS calculation. Since the nonlinear saturation level for the primary 

disturbance amplitudes is highly relevant for secondary instability, it was investigated 

in detail for both BASE LI and BASE T (using SRANS). Surprisingly, nonlinear sat

uration is comparable for the streamwise velocity fluctuations, where in both flows 

the maximum disturbance amplitude reaches about 30% of the local maximum of 

the mean flow before saturating. In the wall vorticity, however, the disturbances in 

the turbulent flow saturate at a much smaller amplitude, which may be partly re

sponsible for the much higher skin fiiction reduction for BASE Ll than for BASE 

T. However, the mean flow distortions computed with URANS and SRANS are not 

consistent and therefore still imreliable (see section 5.2.3). These discrepancies need 

further investigation. 

iii) The centerpiece of this work has been the investigation of the 2D subharmonic 

resonance mechanism, which is responsible for the observed vortex mergings in both 

BASE Ll and BASE T. A strong subharmonic resonance occurred over several sub-

harmonic wave lengths for BASE Ll, while the subharmonic resonance was much 

weaker for BASE T (at the maximum forcing level for URANS) and took place over 

less than one subharmonic wave length. Fundamental and subharmonic require a 

distinct phase relation for resonant interaction to occur. For URANS, optimization 

of the phase angle between fundamental and subharmonic in the forcing was crucial 
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in order to minimize the distance for the locking in process and to observe resonance 

in the first place. In both laminar and turbulent flow, resonant growth of the sub-

harmonic increased strongly for larger primary disturbance amplitude. Subsequent 

vortex mergings in a subhannonic cascade were found in both BASE LI and BASE 

T for large amplitude primary disturbances. The subhaxmonic cascade appears to be 

characteristic for spreading and decaying wall jets as a mechanism to adjust the size 

and spacing of large amplitude disturbances to the increasing width of the wall jet. 

In contrast, for parallel BASE L2 the subhaxmonic resonance only plays a role when 

the forcing of the fundamental occurs at a frequency that is higher than the preferred 

frequency (fundamental dominance). 

iv) The 2D subhaxmonic resonance in the transitional flow can be weakened, or 

even prevented, by competing instability mechanisms. The main competing processes 

in 2D-NS are the lift-off of vortex pairs from the wall and vortex ejections. In fact, 

far downstream a forced 2D wall jet that is not artificially relaminarized eventually 

always lifts off from the wall and disintegrates. For 3D simulations, 3D subhaxmonic 

and fundamental resonances are in competition with the 2D subharmonic resonance. 

It was shoAvn that for a weakly nonlineax primary disturbance, a 3D subharmonic 

resonance dominates. For larger primary disturbance axnplitudes, a 3D fundamental 

resonance is much stronger than the 3D subhaxmonic resonance, but is even surpassed 

by the 2D subharmonic resonance. These findings were corroborated in breakdown 

sceneirios computed with DNS where vortex mergings occurs aliead of the 3D stages 

only for very large disturbance amplitudes of the fundamental, while for lower dis-

turb£m.ce amplitudes, three-dimensionality sets in immediately downstream of the 2D 

primary disturbances. 

A comparison with experiments was made for both the transitional and the tur

bulent wall jet. In terms of the mean flow spreading rate and the shape of the 

disturbance profiles, the forced transitional flow calculations (BASE LI) matched the 

data from the experiments by Zhou et al. (1992) much better for laxge amplitude 
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nonlinear disturbances than for small amplitude linear disturbances. It was demon

strated that the improved agreement is mainly because of an increase in the local 

Reynolds nimiber due to the mean flow distortion. 

The results from the URANS/SRANS calculations for the turbulent wall jet 

(BASE T) have been compared with experimental data by Katz et al. (1992). When 

for URANS/SRANS the flow was forced with the frequency from the experiment, 

/ = 34:Hz, and with small or large forcing amplitudes, initial growth of the primary 

disturbance was observed just like in the experiment, although not as strong and 

over a shorter distance. Also, streamwise velocity profiles and phase distributions are 

generally in good agreement at the measurement stations published by Katz et al. 

However, the strong near-wall peak that developed in the experimental data was not 

reproduced in the calculations for primary disturbances. For large amplitude forcing 

in URANS calculations, a weak near-wall peak attributed to an acoustic disturbance 

did indeed appear over a very short streamwise distance. But if an acoustic distur

bance was present in the experiment, it must have been far larger than in the URANS 

calculation to account for the strong peak in the experimental data. However, the 

assertion by Seidel (2000) that the near-wall peak is characteristic for the higher har

monic of a large amplitude disturbance with a subhaxmonic frequency / = llHz was 

further corroborated with present URANS calculations where large amplitude forcing 

was applied at / = 17Hz. Not only did a strong near-wall peak develop in the higher 

harmonic, but the nonlinear growth of the higher harmonic matched the measured 

amplitude growth in the experiment very well. An attempt was made to determine 

if the possible presence of a large amplitude subhaxmonic in the experiment, despite 

only forcing at the fundamental frequency, could be due to a strong subhaxmonic res

onance. However, while resonant growth was clearly observed in both URANS and 

SRANS calculations, the subhaxmonic did not reach a large enough amplitude fast 

enough to enslave the fundamental as its higher harmonic ahead of the last experi

mental measurement station and consequently, no strong near-wall peak developed in 
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the fundamental at / = 34Hz. This shortfall of the present subharmonic resonance 

calculations does not disprove the possible presence of a large amplitude subhaurmonic 

in the experiment which may have been created directly by the forcing inside the set

tling chamber, or imdergone a much stronger resonant growth close to the nozzle in 

the experiment. 

Further evidence for vortex mergings and a subharmonic cascade in the turbulent 

wall jet was found in a first attempt to compute a fully turbulent flow with 3D 

simulations. Using an underresolved DNS, the turbulent wall jet was generated by 

triggering bypass trajisition in a laminar wall jet (BASE L2) with large amplitude, 

3D forcing at incommensurate frequencies and close to both critical layers of inner 

mode 1. As a result, a 3D flow developed which resembles a turbulent wall jet in 

terms of mean flow quantities and turbulence statistics. 2D vortical disturbances first 

emerged in the turbulent flow region at a high frequency (/ « 1000i!fz), but then 

cascaded towards lower frequencies through multiple vortex mergings. The picture 

presented by the DNS is encouragingly consistent with the findings from the URANS 

and SRANS calculations summarized above. The DNS represents a first step towards 

more refined 3D simulations, possibly FSM, that can further qualify the much more 

economical URANS and SRANS calculations. 
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APPENDIX A: SOLUTION OF THE RABL EQUATIONS 

Due to the sensitivity of the Navier-Stokes code by Meitz (1996) to inconsistencies 

at the inflow, it is crucial to provide consistent and accurate inflow conditions as 

well as decent initial conditions for all primary flow variables (u^v^cuz-, k,e). For 

boundary layer type flows like the wall jet, this can be achieved by solving the steady 

Reynolds-Averaged Boundary Layer equations (RABL) prior to solving the full RANS 

equations. Therefore, considerable effort was spent on developing a code for solving 

the RABL equations. The method has been applied successfully to a number of 

boundary layer flows, like the flat plate turbulent boundary layer, the weak wall 

jet, and the Coanda flow over a curved wall. The focus here, however, is on RABL 

calculations of the turbulent strong wall jet, since they provide inflow and initial 

conditions for the RANS calculations in this work, as well as the base flow for stability 

investigation in disturbance flow formulation. The computational method is first 

presented, then benchmark calculations for the strong turbulent wall jet are discussed 

which provide the qualification and calibration of the chosen turbulence model. 

A.l Computational Approach. 

To accommodate the future need for computing curved wall geometries, the boundary 

layer solver was written for the simplified curvilinear coordinates employed by Zhang 

et al. (1999) for a DNS of the flow over a Stratford ramp. In this modified version 

of the Navier-Stokes solver by Meitz (1996), the computational grid (s, r) is mapped 

onto the grid in physical space (x, y) with the following grid transformation 

where s is the arc-length along the curved wall, r is the normal distance from the 

wall, {xq, yo) are the coordinates of the wall in physical space, and 0(s) is the rotation 

X = a:o(s) — r sin0(s), 

y = yo{s)r cos 0{s). 

(A.l) 

(A.2) 



253 

ai 02 &3 a4 OS oi or a* 

coordinate transform (s.r) -> (x,y) 

F 1.0 

0.5 

0.0 
e 
o -0.5 
F -1.0 

K 
e 
*0 

t- Ya 
0.5 

s[ml 

Figure A.l Example of a grid transformation from computational to physical space 
for a curved wall geometry. 

angle between (rr, ?/) coordinates and (s, r) coordinates. The only metric coefficient 

that is not unity computes as 

hi= h = 1 — rK(s), (A.3) 

where K { S )  represents the wail-curvature at [a:o(s), 2/o(s)]. An example of a curved wall 

grid that can be represented with this approach is given in Figure A.l. Compared with 

Cartesian coordinates, there is only minimal additional programming and computa

tional effort required for solving the RABL equations in these curvilinear coordinates. 

A. 1.1 Boundary Layer Equations in Curvilinear Coordinates 

The boundary layer equations axe derived from the two-dimensional incompressible 

Navier-Stokes equations in curvilinear coordinates through scaling considerations. 

The flow is assumed to vary slowly in streamwise direction (s) and to vaxy strongly 

in wall-normal direction (r). An order-of-magnitude study leads to the following set 

of non-dimensional equations: The continuity equation writes as 

du dhv 
ds ^ dr 

= 0. 

Integration of the continuity equation provides the wall-normal velocity as 

du 
5s' 

1 r du 
V = V^all ~ H J, —dr. 

(A.4) 

(A.5) 
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The streamwise velocity is computed from the momentum equations 

1 du du 1 Idhdu 1 Idp r \ c\ 

I = »• 
= 0 for the steady momentum equations. However, a time-relaxation scheme is 

used for converging the solution. In the transient stage 

^= 0. (A.8) 

As for Cartesian coordinates, the boundary layer assumption that leads to equation 

(A.7) implies that the pressure is only a function of the streamwise direction, p=p(s). 

Therefore, The pressure gradient at the upper boundary is derived from equation 

(A.6) 

dp _ du 
ds ^ ds 

(A.9) 
f s  

A. 1.2 Turbulence Model 

For a turbulent flow, the streamwise component of the divergence of the turbulent 

stress, Fs, in equation (A.6) is non-zero and needs to be modeled. From F = —V • r, 

neglecting normal stresses, Tss = Trr = 0, 

The turbulent shear stress Tsr is computed using any one of the turbulence models 

discussed in section 3.2, but it is simplified due to the boundary layer assumption. 

For the Algebraic Stress Model (ASM), the anisotropic terms for the turbulent stress 

tensor in equation (3.18) can be neglected. Thus, Tsr has the same form for the ASM 

as it has for the eddy-viscosity models 

Tar = -2/(A)l/t,RAF5'sr- (A.11) 
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With, the boundary layer assumption, the components of the strain rate tensor and 

of the vorticity tensor in equations (3.19) and (3.20) can be simplified to 

By combining equations (A.IO), (A.ll), and (A.13), the turbulent stress term can be 

written as 

For all considered turbulence models (TM), Ut^TM is modeled with the same formulae 

as for Cartesian coordinates. They axe defined in equation (3.31) for the ASM and 

in equation (3.27) for the eddy-viscosity models, SSA and MK. 

However, the k — e equations (3.25) and (3.26) used for computing k and e are 

modified by neglecting the streamwise difiiision term and by accounting for the metric 

factors of the present curvilinear coordinates. 

Again, = 0 and Qe = 0 for the steady k — e equations. The eddy-viscosity, Vt, the 

production term in the A:-equation, Vk, and the production and dissipation terms in 

the e-equation, and X>e, are modeled with equations (3.27)-(3.30). 

(A.12) 

(A.13) 

(A.14) 

(A. 16) 

(A.15) 
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A. 1.3 Boundary Conditions 

The boundary conditions at the wall, r = 0, are 

It = (•^•1'^) 

V — (A.18) 

k = k^aiiis), (A. 19) 

2 f dy/k\ n f \ nn\ 

At the upper boundary, r = rmax, 

u = f ^ds, (A.21) 
** ^in 

1 = 0, (A.22) 

1 = 0. (A.23) 

A. 1.4 Inflow/Initial Conditions 

Due to the parabolic nature of the boundary layer equations, instead of imposing 

inflow and outflow conditions, only initial conditions are imposed at s = Sin, 

^) ~ '^^ini (A.24) 

^(^1715^) — ^jiu (A.25) 

~ ^in- (A.26) 

The wall-normal velocity, v, does not require inflow conditions, since it is obtained 

from the streamwise velocity gradient by wall-normal integration (equation A.5). 

There are numerous strategies for obtaining a set of inflow and initial conditions 

that work for a particular numerical integration scheme. One feasible approach for 

computing a turbulent wall jet base flow is to model a nozzle with a top hat profile 
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for the streamwise velocity, Uin- The turbulence quantities, A:,„ and e,-7i, can be set to 

small nonzero constant values or given a guessed approximate shape. The disadvan

tage of this method is that, provided convergence can be achieved in the first place, 

there is a very strong adjustment of the flow over a considerable streamwise distance, 

particularly for k and e. In this adjustment region, the quality of the boundary layer 

solution is insuflficient to serve as an inflow condition for the Navier-Stokes solver by 

Meitz (1996), which requires a consistent set of flow variables and their streamwise 

derivatives (see section 3.3.1). It therefore becomes a very tedious iterative process 

to obtain a wall jet profile with a desired maximum velocity and half width (a desired 

local Reynolds number) downstream of the adjustment region. 

An alternative approach for obtaining consistent flow profiles with a specified local 

Reynolds niimber that can be directly applied as inflow conditions for the Navier-

Stokes solver by Meitz (1996) has been developed as part of the present research. 

The idea of the method has its origin in the concept of self-similar flows. Similarity 

solutions like the Blasius or the Glauert solution are often applied to provide self-

similar inflow profiles for DNS of laminar boundaiy layer flows. In self-similar flows, 

the wall-normal proflle shapes of all flow variables do not change in downstream 

direction and are therefore independent of the upstream history of the flow. A set of 

self-similar flow profiles can thus be rescaled to any desired local Reynolds number and 

imposed as inflow and initial conditions. Sufficiently far downstream of the origin of 

the flow, the similarity solution approximates the Navier-Stokes solution well enough 

that flow adjustments close to the inflow are minor. Inflow conditions of this quality 

are clearly desirable for the turbulent flow calculation as well. With the present 

method, a locally self-similax turbulent flow can be computed. This is the case for 

boundary layer flows that are (nearly) self preserving (e.g. wall jet, flat plate boundary 

layer). However, only local self-similarity at the inflow (sfn) is required. A gradual 

shape change is permitted, if the profile shapes only depend on local parameters (e.g., 

a free stream pressure gradient). As will be shown, for RABL equations based on the 
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k — e model, flow-similaxity can only be achieved approximately. The approximate 

similarity solution does, however, serve the purpose of providing a working set of 

inflow and initial conditions. This novel approach, which in principle can be applied 

to a variety of boundary layer flows, is now discussed in considerable detail. 

A. 1.4.1 Similarity Transform for the Flow Coordinates 

For computing the self-similar flow, it is convenient to apply the following similarity 

transform to the flow coordinates 

p = r-o--'", (A.27) 

^ (A.28) 
^in ^0 

Exponent m is the assumed spreading rate of the flow, and a is the normalized 

streamwise distance from the virtual origin (or the leading edge) at SQ. AS a condition 

for self-similarity, the flow cannot spread relative to these similarity coordinates, i.e., 

the momentum thickness, (JaCs)) must remain constant in (s, p) coordinates. 

A. 1.4.2 Similarity Transform for all Flow Variables 

For a truly self-similar flow, all flow variables / = /(s, r) can be separated into a 

normalized function, fn{p), which is independent of the streamwise location, and a 

streamwise varying amplitude function, F{s). 

f(s,r) = Up) • F{s) = fM • a-'f, (A.29) 

ds 
= U~ = U- (A.30) 

p=const ^ 

where / = [u, v, u, k, e] and F = [U, V, H, K, E\ respectively. Notice, from the defini

tion of the similarity coordinates in equation (A.27), / = /m and F = 1 at s = Sin-

The exponent riu is determined either from the upper boundary condition for the 

streamwise velocity (boimdary layer), or, for homogeneous boimdary conditions, from 
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the solution of an eigenvalue problem (wall jet). Substituting equation (A.29) for u 

and V into the continuity equation (A.5) yields 

riy = Tiu m — 1. (A.31) 

The spreading rate is then determined from the momentum equation (A.6) as 

m = — n-u+ 1)- (A.32) 

For laminar flow, where vt;rM — 0 and rii, = 0, a similarity solution exists. For 

turbulent flow, where Vt^ru 7^ 0 and TZj, 7^ 0, an approximate similarity solution can 

only exist if XjRe << In the present RABL model, ut^TM is computed using 

equation (3.31) or equation (3.27). The following constraint results 

RIU = 2NFC — RIG. (A.33) 

Additionally, the k — e equations (A.15) and (A.16) require 

UK = (A.34) 

NG = 3NU — 1, (A.35) 

again under the assumption that 1/Re « From these constraints on and 

ne, n„ = TZu + 1 results. As a consequence, global self-similarity can only be satisfied 

for m = 1, which is greater than the experimental values for either the turbulent 

boundary layer (m = 0.8) or the turbulent wall jet (m = 0.9). However, since the 

similarity profiles are needed only for a single streamwise location, s = Sin, this 

deviation in the spreading rate can be tolerated. 

A.1.4.3 Local Self-similarity of Inflow Variables 

For the present objective of obtaining inflow proflles at s = without knowledge 

of the upstream history of the flow, all streamwise derivatives need to be eliminated 
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from the governing equations. As a first step, the governing equations at the inflow 

are written in the similarity coordinates defined in equation (A.27). Since only a 

similarity solution at Sin is sought, the similarity coordinates only extend from Si„ 

to Sin + ds, as illustrated in Figure A.2 for the turbulent wall jet. Therefore, the 

coordinates can be simplified to 

Pin = p(Sin) = r, 

dpin dp(Sin) m 

r=const 

(A.36) 

(A.37) 
ds ds 

where Rin is a spreading factor that determines the spreading rate at the inflow. 

Only Rin enters the governing equations at not m or St„ — Sq individually. The 

streamwise derivatives in equations (A.6), (A. 15), and (A. 16) are now replaced with 

df(sin,r) 
ds 

dfiv 

r=:const ds 
+ 

dpin dfi, 

p=const ds dr 
(A.38) 

where / = [u, k, e]. 

Attributing the second term on the right-hand side of equation (A.38) to the wall-

normal convective term in equations (A.6), (A. 15), and (A. 16) yields the following 

modified convective terms 

dfi. 
h ds 

+ 
f 1 dpin\ dfin 

dr ' 
(A.39) 

p=cemst 

The wall-normal velocity, Vin, is therefore replaced with a modified wall-normal ve

locity, 

^ 1 dpin 
'^mod — ^in Qg ' 

At s = Sin, the integral of the continuity equation now writes as 

dUin 
'^in — f^wall - r  h Jf=o ds p=const 

1 dpin 
/i"'" ds 

(A.40) 
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Using expression (A.39), the transport equations (A.6), (A.15), and (A.16) write as 

1 duifi 

1 9^ 
ds 

p=const 
1 "^mod 

p=:const 

f , 1 ^ d^Uin 1 dUin 

r _ -i_ J_) -?!l 
^mod 0-^ df Re) hdr 

/ i/t 1 \  d^kin _ ̂  

dr 
dui, 'in 

dr 

^y -in. J (A.41) 

'in 

dr 

(A.42) 

1 5ei„ 
as 

"H "^mod 
p=const 

1 dVt fVt 1 \ 1 5/l 
(Te dr V^cTe Re) hdr 

t/cxn 

5r 

(A.43) 

The streamwise derivatives in equations (A.40)-(A.43) are now taken along p = const, 

while the form of the equations remains unchanged otherwise. 

If local self-similarity is assumed, all flow variables, fin = [uin, kin, €in], can be 

replaced by 

f i n  =  f { S i n ,  r )  =  f n { p )  •  F { S i n )  =  f n { p )  '  

d f i r ,  

ds 
= fi, 

p=conat 

dFjj, 
ds 

(A.44) 

(A.45) 

where dFin/ds is independent of p. By applying equation (A.30) to the streamwise 

derivatives, the transport equations (A.41)-(A.43) reduce to a set of ordinary differ

ential equations with dUin/ds, dKinjds, and dEin/ds as parameters. For the bound

ary layer, dUin/ds is the streamwise velocity gradient at the free stream boundary, 

and equation (A.41) represents a boundary value problem. For the strong wall jet, 

which has homogeneous boundary conditions, equation (A.41) represents an eigen

value problem with dUin/ds as the eigenvalue. While this direct approach has yielded 

some success for turbulent boundary layers, solving the eigenvalue problem directly 
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Figure A.2 Inflow profile in similaxity coordinates for (nearly) self-similar turbulent 
wall jet. 

for the turbulent wall jet has proven very difficult. Instead, the following iterative 

method was chosen since it applies to both boundary layer and wall jet. 

A. 1.4.4 Renormalization of Inflow Variables 

The goal of the iteration procedure is to obtain a streamwise velocity profile Uin with 

a specified thickness Sin (e-g-j momentum thickness ^2,tn) and magnitude Uin, whose 

shape does not change locally. This is illustrated with the schematic in Figure A.2. 

The flow is computed at Sin in the similarity coordinates, (s, p), introduced in section 

A.1.4.3 by solving equations (A.40)-(A.43). When marching in (s, p) coordinates from 

Sin to Sin + ds, u^n changes its magnitude by dUin/ds • ds. The locally self-similar 

profile in Figure A.2 does not change its shape. Therefore, 

y-in — "^{Sini P) — 
U{Sin) 

u{sin + ds,p) = Ru- u{sin + ds, p), (A.46) 
U(Sin -f- ds) 
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where is the renonnalization factor for Uin- Also, froin dimensional analysis 

Vin — Ru ' dSf p), (A.4T) 

kin = Rl- k{sin-\-ds,p), (A.48) 

etn = R^RJ^ •e{sin + ds,p), (A.49) 

where e scales as [U^/L] and requires the additional renonnalization factor, 

Rs = • • \ , • (A.50) 
+ ds) 1 + 

For the boundary layer, the renonnalization factor Ru = I- For the wail jet, as a first 

order approximation, 

=  S T  =  ^ ( A . 5 1 )  
1 + ̂ ds l + ̂ „ds 

Ru is equivalent to the eigenvalue of the similarity solution. 

These considerations lead to the following iterative procedure for obtaining the 

inflow profiles; Initially, reasonably close estimates for all flow profiles are provided. 

For the turbulent boundary layer, the flow profiles are computed using the Baldwin-

Lomax model. For the turbulent wall jet, the similarity solution by Likhachev (1996) 

is employed. Assuming an estimated spreading factor R^~^\ the flow is converged by 

successively solving equations (A.40)-(A.43) at and by renormalizing all flow vari

ables according to equations (A.46)-(A.49) after each iteration step k. Figure A.Sa 

illustrates this iteration for a turbulent wall jet. Shown are renormalized streamwise 

velocity profiles for several iteration steps beginning at A: = 0 with the similarity so

lution according to Likhachev (1996). During the iteration, the shape of the velocity 

profile gradually adjusts imtil it converges to a self-similar state after about k — 100 

iteration steps. All other flow variables follow suit after undergoing drastic initial 

adjustments during the first few iteration steps. However, the local thickness of the 

converged flow, does not yet match the desired inflow thickness, 5in. This is 
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Figure A.3 Convergence history of iteration procedure for self-similar inflow. 
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because for any given turbulence model the exact spreading factor, Rm, associated 

with 5in is not known beforehand. Therefore, a second, outer iteration loop, I, is 

required. Secant method was chosen for inverting to find Shown 

in Figure A.3b are the streamwise velocity profiles corresponding to several readjust

ments of The desired flow thickness is achieved after 1 = 7. An overview of the 

convergence history is given in Figure A.3c which shows the location of the velocity 

maximum, Smax,in, the momentum thickness, S2,in, and the half width, <Jo.5,in, all as 

functions of k and 1. The first iteration stage, 1 = 1, performs the initial adjustment 

from the algebraic solution. For stage 1 = 2, is varied slightly to provide the 

s e c o n d  g u e s s  f o r  t h e  s e c a n t  m e t h o d .  A f t e r  a  d r a s t i c  r e a d j u s t m e n t  i n  s t a g e  1 = 3 ,  

the fiow thicknesses quickly converge towards the final values. For convergence of 

the scheme, it is imperative that after each adjustment of (1-iteration) the flow 

is converged through downstream marching and renormalization (k-iteration). The 

quality of the inflow profiles that can be achieved with this iteration scheme will be 

evaluated in sections A.2.1 and A.2.2. 

A. 1.5 Numerical Solution Method 

The transport equations (A.6), (A.15), and (A.16) are discretized using second order 

central stencils on a stretched grid in wall-normal direction and first order upwinding 

in streamwise direction. Diagonal dominance is ensured through time-relaxation for 

which a time derivative is introduced by setting 

Qf = with / = [k, e, u]. 

At every streamwise location, this leads to a system of coupled tridiagonal matrix 

equations which are solved successively using the Thomas algorithm. The solution 

procedure is illustrated with the schematic in Figure A.4. In order to improve con

vergence for the highly nonlinear k — e equations, the solution procedure includes a 

second, iimer iteration loop for these equations using Newton-Raphson iteration. The 
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wall-normal velocity is computed by integrating equation (A.5) using trapezoidal rule. 

To determine the convergence of the solution procedure, the residues are monitored 

for the three transport equations. Also monitored is the change of the wall vorticity 

and the wall-normal velocity at the free stream from time step to time step. 

march 
downstream 

time 
Iteration Newton-Raphs on 

Iteration 

yes 

no 

/if\ 
/^nflow\^ 
.iteration. 

begin 

end 

renormalize 
inflow 

solve k-equation 

solve e-equation 

solve continuity equation 

compute Reynolds-stress 

solve u-momentum equation 

Figure A.4 Schematic of the numerical solution procedure in the RABL solver. 
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A.2 Code Validation 

Convergence and accuracy of the RABL solution is already highly desirable when 

used as inflow and initial conditions for RANS calculations. However, it is crucial 

when used as a steady base flow for the stability investigations performed in this work. 

In this section, the quality of the RABL solution for the plane wall jet is therefore 

carefully determined. 

A.2.1 Laminar Flow 

The capability of accurately computing a self-similar laminar flow using the inflow 

iteration method and the marching procedure is illustrated in Figure A.5 for the 

Glauert wall jet, BASE LI, used as a base flow in the present low Reynolds num

ber computations (see section 4.1). Shown are streamwise and wall-normal velocity 

profiles at three streamwise locations andalso the half-width of the wall jet. Within 

plotting accuracy, the profiles computed with the boundary layer solver are indistin

guishable from the analytical similarity solution by Glauert (1956). The difference is 

in the order of 0.1%. A comparably excellent agreement is achieved for the Blasius 

boundary layer. 

BL-solver 
Glauert 

10 

0 
0 40 80 

X [mm] 
120 160 

Figure A.5 Solution from boundary layer solver compared with Glauert solution. 
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A.2.2 Turbulent Flow 

The true challenge for the present RABL solver is to obtain a converged boundary-

layer solution for the turbulent wall jet that matches experimental measurements well. 

As will be discussed, a number of problems had to be overcome before this goal could 

be achieved. First, the performance of the RABL solver for the turbulent boundary 

layer is briefly discussed. Next follows a detailed evaluation of the turbulent wall 

jet computed with the RABL solver (BASE T) used as a base flow for the URANS 

and SRANS investigations in chapter 5. The section concludes with a discussion of 

numerical problems with the chosen turbulence model (ASM) near the wall and at 

the edge of the wall jet and of remedies for these numerical problems. 

A.2.2.1 Flat Plate Turbulent Boimdary Layer 

As a first step the RABL solver is tested for a well established flow, the flat plate 

equilibrium turbulent boundary layer, which the authors of the turbulence models 

considered in this work (Myong & Kasagi, 1990; Sarkar & So, 1997; Speziale & Abid, 

1995) relied on to test and calibrate their models. A detailed discussion of the MK 

and SSA models' performance for the turbulent boundary layer and many other pro

totypical flows is found in the paper by Sarkar & So (1997) with an emphasis on the 

near-wall modeling of the k — e equation. A comparison of results computed with the 

present RABL solver using the MK, SSA, and ASM model with available experimen

tal measurements ajid DNS data is made in Figure A.6^ which directly corresponds 

to the comparison by Seidel (2000) for his boundary layer solver using a difierent 

inflow condition (Figure A.l in Seidel's thesis). Shown in Figures A.6a-d in wall 

coordinates are profiles for the streamwise velocity, the Reynolds shear stress, 

R'^21 turbulent kinetic energy, fc"*", and the turbulent dissipation rate, e"*", at a 

^The experimental and DNS data in Figures A.6c&d are taken from Figiires 4 & 5 in the paper 
by Sarkar & So (1997). 
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Figure A.6 Comparison of turbulence models for turbulent boundary layer. 

streamwise location downstream of the inflow and the adjustment region. For and 

the profiles from MK, SSA, and ASM are compared with the Baldwin-Lomax 

model (BLom), a popular algebraic turbulence model that is calibrated for the equi

librium turbulent boundary layer (e.g. WUcox, 1993). As expected, all models are in 

very good agreement. For the ASM model predicts a slightly smoother transition 

from the viscous sublayer to the log-layer region than the other models. Towards 

the wall, from ASM also decays much more rapidly as seen from the close-up 

in Figure A.6b. This is caused by the asymptotic behavior in A:"*" and near the 
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wall (Figure A.6c&d) which for the ASM is significantly different from the near-wall 

behavior observed in experiments or in DNS. The MK and SSA model, on the other 

hand, follow the data from experiment and DNS very well. This is per design since 

both MK and SSA employ sophisticated near-wall corrections in the modeling of the 

k — e equations (see section 3.2.2) While the inconsistent behavior for ASM in and 

e"*" near the wall barely effects the streamwise velocity, it causes considerable numeri

cal problems for solving the k — e equations, as will be discussed in section A.2.2.3 for 

the wall jet. Very encouraging is that for the present iterated inflow conditions, the 

RABL and the RANS solution for ASM are in excellent agreement for all quantities 

shown in Figure A.6. 

A.2.2.2 Turbulent Wall Jet 

A detailed evaluation is now performed of the RABL solution of a fully developed 

turbulent wall jet. As discussed in section 4.3, the inflow in the calculation rep

resents a virtual nozzle with a Reynolds number based on momentum thickness of 

Reg^ — 10,000 which matches the jet exit Rej^olds number commonly used in wall 

jet experiments. Again, a similarity solution is prescribed which has been computed 

with the newly developed iterative technique. The present RABL solution, desig

nated as BASE T, serves as base flow for the SRANS calculations in this work and as 

inflow ajid initial condition for the URANS calculations. Experimental measurement 

data in inner and outer coordinates at two streamwise locations, x = 70&150, by 

Eriksson et al. (1998) are employed for the comparison with computational results. 

The present RABL calculations are performed on the computational grid also used 

for the URANS calculations in this work.^ 

First, the RABL solution with the ASM model is discussed. In most of the forced 

turbulent wall jet investigations, this solution serves as a base blow. In Figures 

discussion of the grid is provided in appendix B. 
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A.7 and A.8, a comparison is made in inner and in outer coordinates for profiles 

at the inflow (similarity solution) and at the two measurement stations from the 

experiment by Eriksson et al., x = 70&150. Shown in Figure A.7 are the streamwise 

and wall-normal velocities, u and v, and the Reynolds shear stress, R12, shown in 

Figure A.8 are the turbulent kinetic energy, k, the turbulent dissipation rate e, and 

the turbulent eddy-viscosity VI^ASM- The similarity solution at the inflow deviates 

more from the experimental data than the profiles at x = 70&:150 because the fully 

developed turbulent wall jet is not completely self-similar and the inflow is much 

closer to the virtual origin of the wall jet than the experimental measurement stations. 

In light of this, the similarity solution is quite close to the full RABL solutions at 

X = 70&:150 and flow adjustments close to the inflow are minor when compared with 

alternative inflow condition (see, e.g., Seidel, 2000). In outer coordinates, the profiles 

at 7/ = 70&150 collapse for all flow quantities shown in Figures A.7 & A.8, which 

indicates self-similarity for the bulk of the wall jet flow. In inner coordinates, small 

shape changes in the computed profiles axe observed which are consistent with the 

trends in the experimental measurements. 

For the streamwise velocity in inner coordinates (Figure A. 7a) the agreement of 

the RABL solutions at a; = 70&150 with the experimental data is not nearly as good 

as above for the turbulent boundary layer (Figure A.6a). The logarithmic region that 

commonly appears for experimentally measured profiles is undershot significantly by 

the RABL solution. This is consistent with the behavior by other eqmlibrium turbu

lence models reported in the literature (e.g. Launder & Rodi, 1983). Among RANS 

models, only Reynolds stress models make better predictions A detailed discussion 

of this undershoot and the improved agreement in URANS calculations due to the 

presence of large amplitude disturbances is provided by Seidel (2000). In outer co

ordinates (Figure A.7b), the agreement with the experimental data is quite good, 

although the location of the velocity maximum is closer to the wall. As discussed in 

section 5.2.3, the discrepancy in the thickness ratio {Smax/^Qs) is likely due to the 
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presence of laxge coherent structures in the experiment which shift the velocity maxi

mum away from the wall. For the v-velocity and Reynolds shear stress, a good match 

is achieved in both inner and outer coordinates (Figures A.7c-f). As seen from the 

close-up in Figure A.Te, the Reynolds shear stress from the ASM decays too rapidly 

towards the wall just as it does for the turbulent boundary layer (Figure A.6b). This 

is even more noticeable for fc"*" in Figure A.8a where the experimental data are not 

matched well throughout the published range. Away from the wall, however, in outer 

coordinates the agreement is excellent (Figure A.8b). For e and vt,ASM in Figures 

A.8c-f, no experimental data are available. The near-wall behavior of in Figure 

A.8c is consistent with that for the tiurbulent boundary layer in Figure A.6d, where 

e"^ also decays towards a very smaU value at the wall in disagreement with the data 

from experiments and DNS. 

During code development, the asymptotically inconsistent behavior of the ASM 

in the near-wall region with its adverse ejffects on the numerical solution (discussed 

below in section A.2.2.3) has prompted a search for alternative turbulence models, and 

indeed, the MK and SSA model perform better close to the wall than the ASM model. 

This is illustrated with Figures A.9 and A. 10 where flow profiles computed with MK, 

SSA, and ASM are again compared with the experimental data from Eriksson et al. 

(1998). The comparison is made in inner coordinates and in outer coordinates and 

for the same flow quantities as previously in Figures A.7 & A.8 for the ASM, but for 

brevity only for the streamwise location x = 70. 

The main differences between the profiles from the alternative turbulence models 

are now discussed briefly. For w, v, and i2i2 in Figure A.9, the agreement between 

ASM and SSA is remarkably good while MK consistently exhibits a significant devia

tion at the outer edge of the wall jet. In this flow region, u, v, and Rx2 approach their 

respective values in the potential flow region above the wall jet much more rapidly 

for MK than for the other two models. For R^2 both MK and SSA exhibit the correct 
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asymptotic behavior near the wall as seen from the close-up in Figure A.9e. This 

is also reflected in Figure A. 10 for k, e, and vt,TM- Away from the wall, differences 

between all three models are also very noticeable, with ASM and SSA being in much 

better agreement than MK, particularly close to the outer edge of the flow. Most 

notably, the eddy-viscosity in Figures A.lOe&f is significantly higher for MK than for 

SSA and ASM which hsis repercussions for the SRANS calculations using MK pre

sented in section 5.2.3. One has to keep in mind that MK has not been specifically 

designed for wall jets, while for SSA, the wall jet represents an important test case 

discussed in detail by Gerodimos & So (1997) and ASM as an algebraic approximation 

of a full Reynolds stress model appears more adaptable to different flow geometries 

(as advertised by Gatski & Speziale, 1993). The asymptotically wrong behavior of the 

ASM close to the wall appears to have no adverse affect on the solution for the veloc

ities and the Reynolds stress which is small close to the wall and does not contribute 

to the momentum equation. 

The improved asymptotic behavior of k and e near the wall for MK and SSA comes 

at a price since the overall convergence for these models is much more problematic. 

Time steps that are several times smaller than for the ASM are required to obtain 

a stable RABL solution. RANS solutions using the MK or SSA model could not 

be obtained with the present computational approach which has been developed and 

optimized using the ASM model. 

The asymptotic near-wall behavior of A:"^ and e""" was deemed crucial by Gerodimos 

& So (1997) for the overall flow development, with a strong impact on the spreading 

rate. If this claim were true for the ASM, a gross overprediction in the spreading 

rate would have to be expected. For the streamwise development of characteristic 

flow parameters for the turbulent wall jet, predictions by the MK, SSA, and ASM 

model are now compared in Figures A.ll and A.12. Where available, experimental 

measurements are also included for comparison. 
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An important flow parameter that is almost preserved in a fully developed turbu

lent wall jet is the momentum flux, J. For a free jet, J is preserved exactly. For a 

wall jet, momentum is gradually lost at the wall due to friction, but for a turbulent 

wall jet, the friction loss is small compared with the total jet momentum. In Figure 

A.lla the momentum flux for the present turbulent wall jet (BASE T) is plotted 

versus the streamwise distance from the virtual nozzle. Up to a; = 300, about 20% of 

the momentum is lost for SSA and ASM, slighlty less for MK. Half of the momen-

timi loss occurs upstream of a; = 50 close to the virtual nozzle. The momentum loss 

between a; = 50 and x = 110, for example, is only « 4%. In experiments, the initial 

momentum loss in the vicinity of the nozzle, depends on the nozzle geometry and 

varies for different experiments. Schneider & Goldstein (1994), for example, reports 

a 13% skin friction loss of the initial slot momentum from the nozzle to a; = 45, and 

only 4% from thereon up to x = 109 in agreement with the present calculations. 

Another characteristic parameter for the wall jet is the ratio of the location of the 

velocity maximum, 5max, to the half width of the wall jet, 60,5, In experiments, this 

so called thickness ratio varies widely between 0.12 and 0.2. Narasimha et al. (1973), 

for example, reports a value of 0.16. As seen from Figure A.lib, all three turbulence 
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models predict a smaller thickness ratio than the experimental values, the smedlest 

is computed with MK. The reason why the thickness ratio from MK is about 20% 

smaller than that computed with SSA or ASM becomes obvious from Figure A.12a, 

where the streamwise development of both Smax and 60,5 is plotted. While all three 

turbulence models are in agreement for ^maxj MK predicts a spreading rate for ^0.5 

that is 20% larger than the value provided by Launder & Rodi (1983), 60,5/dx = 0.073. 

According to Launder & Rodi, an over prediction of up to « 30% is typical for eddy-

viscosity models. However, both SSA and ASM closely match the correct spreading 

rate, and ASM does so despite the wrong near-wall behavior in k'^ and e"^. 

The streamwise development of the velocity maximum Umax in experiments is 

customarily plotted as {Uj/UmaxY versus x — where Xj,n represents the location 

of the virtual nozzle (the location where Umax = Uj) and both x and x-un are non-

dimensionalized by the nozzle width, b. For the present calculation, x^n = 0. When 

plotting (Uj/Umax)^ from MK, SSA, and ASM (Figure A. 12b), the models underpre-

dict by 10% to 20% the data published by Wygnanski et al. (1992) for Rsj = 10,000, 

which means the models predict a lower decay rate than measured in the experiment. 

The discrepancy to the measurements by Wygnanski et al. is even greater for the 

skin friction coefficient, cj = 2u}z,vjaiilU^ax plotted in Figure A.12c on a logarithmic 

scale versus the local Reynolds niunber, Rsmax = Umax^max/^- MK, SSA, and ASM 

not only overpredict the skin friction measured by Wygnanski et al. by more than 

30%, but the discrepancy increases for larger local Reynolds numbers (in downstream 

direction). The skin friction, or wall shear is hotly debated among experimentalists 

with a wide spread in the measured values. For example, the skin friction from the 

present computations is only « 15% higher than from measurements by Sigalla (1958) 

of Bradshaw & Gee (1960) and decays at about the same rate towards higher local 

Reynolds numbers. Discussions of different measurement techniques and their impact 

on the measured value for the skin friction can be found, for example, in the paper by 

Wygnanski et al. (1992) and in the dissertations by Schober (1999) and Seidel (2000). 
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For completeness, the streamwise development of half width, velocity maximimi, 

and wall shear is also plotted in the scaling suggested by Narasimha et al. (1973) and 

further developed by Wygnanski et al. (1992). In this scaling, jet exit momentum M 

and viscosity v are used to non-dimensionalize the flow parameters (Figures A.12d-

f). As a result, measurement data from experiments with different jet exit Reynolds 

numbers can be expressed analytically with simple power laws of the form Ax^. The 

coeflBcients and corresponding curves suggested by Narasimha et al. and by Wygnan

ski et al. are shown in Figures A.12c-f. For Rej = 10,000, this non-dimensionalization 

is identical to the one chosen for the present calculations (see Table C.l for BASE T). 

Discrepancies between the calculations and experimental measurements comparable 

to those observed in Figures A.12a-c also show up in Figures A.12c-f. 

As determined by Seidel (2000), differences between experiments and the calcula

tions are mainly due to the presence of large coherent structures in the experiments 

which significantly influence thickness ratio, skin friction, and to some degree the ve

locity decay rate, and are not accounted for in the present equilibrium RANS models, 

MK, SSA, and ASM. As discussed in section 5.2.3, the agreement between experiment 

and calculation improves significantly for URANS calculations where mean flow dis

tortions due to nonlinear disturbances are captured. Despite its inability to correctly 

compute the wall shear and the shape of the streamwise velocity close to the wall, 

the ASM turbulence model outperforms other two-equation equilibrium turbulence 

models like the MK model and computes a turbulent wall jet that is very close to that 

of the SSA model without the need of complicated and computationally expensive 

near-wall corrections. The suspicion arises, that the success of models like SSA and 

MK is not so much due to the correct asymptotic behavior of k and e in the viscous 

sublayer, but due to the maay ad-hoc damping functions and empirical terms added 

to the k — e equations whose effect is felt far beyond the viscous sublayer into the 

flow field. The ASM appears capable to produce comparable results by adjusting the 

coeflicient in the eddy-viscosity, 0:1/2/(77,^), depending on the local strain rate. 
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A.2.2.3 Remedies for Numerical Problems with ASM 

While the incorrect neax-waU asymptotic behavior of k and e in the ASM does not 

seem to adversely effect the flow solution, it did originally pose great numerical dif

ficulties that required some subtle modifications to the turbulence model. The first 

numerical problem particular to the ASM model is the tendency of k to go to neg

ative values near the wall which, of course, has a catastrophic effect on the solution 

procedure. The quick remedy of simply bounding k from below, in general, leads 

to grid-mesh oscillations, which need to be controlled with filtering. Another prob

lem of bounding a crucial fiow quantity like fc or e at a location inside the flow field 

is that the governing equations are not satisfied at this location and, as a conse

quence, no converged solution exists. Grid points of no convergence inside the flow 

field often contaminate neighboring grid points which then also need to be bounded 

gradually deteriorating the solution over an increasingly large area. In the present 

code development effort, great emphasis has been put on obtaining a converged solu

tion everywhere by avoiding artificial bounding and by applying as little filtering as 

possible. For the ASM, the numerical problems with k near the wall originate from 

the turbulence model itself, not from the numerical solution method and are best 

tackled at the source. After many unsuccessful attempts to modify terms in the k — e 

equations it was discovered mostly by chance that by multiplying Vt^sM with a van 

Driest type damping function, /ASM, as defined in equation (3.37), increases k close 

to the wall sufllciently that bounding k can be avoided. 

The neax-wall problem for k and its remedy is illustrated in Figure A.13a-c for the 

flow solution for BASE T at a; = 70. All quantities are plotted in inner coordinates. 

Without including /asm, k needs to be bounded at the wall-next point downstream 

of a: = 24. The effect of including /ASM is shown in Figure A. 13a where A:"*" and J^^ASM 

from the original and the modified ASM using /ASM and also from the SSA model 

are compared. While fc"*" and I'^ASM wall-next point are still much lower for 
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the modified ASM than for the SSA, they are two orders of magnitude larger than 

the values for the original ASM without /ASM- Plotted in Figure A.lSb are the terms 

from the k equation. Close to the wall, the wall-normal difiFusion, {ut + llRe)d'^kJdy^, 

balances the dissipation, e. By design, the dissipation in the SSA model is kept at 

a large value at the wall and consequently, the wall-normal diflFusion is also large, in 

turn leading to "large" values for fc"*" and Ut at the wall-next point (both are zero 

at the wall). For the original ASM, on the other hand, e is small at the wall-next 

point, balanced by a small wall-normal diffusion leading to very small values for fc"*" 

and I>T at the wall-next point. Due to the inclusion of /ASM the modified ASM, e 

increases at the wall, leading to the observed increase in fc"*" and ut. The wall-damping 

function /ASM has been designed to only affect the near-waU region. As seen from 

Figure A. 13c, JASM — 1 for y+ > 20. As a consequence, the streamwise velocity 

profiles computed with the original ASM and with the modified ASM are virtually 

identical. While the RABL solution for the ASM without JASM is still well behaved 

in the present case, a converged RANS solution could only be obtained with /ASM-

Numerical problems at the edge of the wall jet occur for all tested turbulence 

models. As k and e decay to zero at the edge of the waU jet, the k—e equations become 

ill-conditioned. Because of this, RABL solutions are commonly not computed beyond 

the edge of the wall jet, but for the URANS and SRANS calculations, a significant 

portion of the computational domain reaches into the potential flow region above the 

wall jet, particularly close to the inflow. The common approach of bounding k and e 

from below prevents convergence of the solution at the wall jet edge and causes local 

grid-mesh oscillations which translate into streamwise oscillations in the wall-normal 

velocity, v, throughout the potential flow region since v is obtained from wall-normal 

integration of the continuity equation and accumulates the numerical error at the 

wall jet edge. An alternative solution to the "edge problem" developed in the present 

work is illustrated for the ASM with Figures A.13d-f. The method also works for 

other turbulence models (MK, SSA). Again profiles are shown at x = 70, this time 
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plotted in outer coordinates. Shown in Figure A. 13d is the eddy-viscosity used in 

the Reynolds stress, Ut^ASM and in the diffusion terms of the k — e equations, Ut-

As seen from Figure A. 13d, ut is modified for the potential flow region by bounding 

it at a small but significant percentage of the local maximum of the eddy-viscosity; 

e.g. utjs > ^0%iyt,max is chosen for the present RABL and RANS calculations. The 

sharp kink that is observed in i/j and Ut^ASM when k and e are bounded gradually 

smoothes out as the botmding value for Ut is raised (see Figure A. 13d). Bounding 

a secondary flow quantity like i/t which is computed with an algebraic formula from 

primary flow quantities is conceptually different from bounding the primary flow 

quantities themselves (e.g. e and k) which are numerically computed from transport 

equations. This is demonstrated in Figure A.13e, which displays the terms in the 

A:-equation for the cases of Utjs = 0 and Utjs > 10%^t,Tnax- At the edge of the wall 

jet only the wall-normal diffusion and the wall-normal convection terms contribute 

to balance the A:-equation. In fact, for utjs = 0 where e and k are bounded instead 

of z/fc, these two terms do not balance. At every time step the k transport equation 

attempts to further reduce the value of k, which is then prevented by boimding it. 

As a result, the sharp king develops in z/j and I'T,ASM- FOR UTJS > 10%ft,MAA:J ON the 

other hand, the k transport equation is balanced at the edge, resulting in the much 

smoother transition in I'T,ASM- The effect on the velocities is shown in Figure A.13f 

where the outer edge of the streamwise velocity profile at x = 70 and the streamwise 

development of the waU-normal velocity at the upper boundary are plotted. The 

streamwise velocity is barely affected by the modification, except the small kink at 

the wall jet edge disappears.^ Also, the strong streamwise grid-mesh oscillations in the 

wall-normal velocity disappear. With these two small modifications a fully converged 

RABL solution (and a RANS solution) can be obtained, while without them, at best, 

a noisy solution is obtained that contains time-dependent random fluctuations at a 

significant amplitude level (see Figure A.13f). 

small Ifinlf in the streamwise velocity translates into a jimip in the vorticity. 
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APPENDIX B: WALL-NORMAL GRID DESIGN 

When, choosing the proper wall-normal grid for a particular calculation, several "rules 

of thumb" need to be followed. However, the process also depends on incremental 

improvements and relies on personal judgment. In principle, the wall-normal grid 

needs to provide adequate resolution and a large enough domain height, just as the 

streamwise grid does. Resolution problems may manifest themselves with grid-mesh 

oscillations that build up if the wall-normal grid is too coarse, but can also be more 

subtle resulting in skewed growth rates, for example, or in a mismatch between the 

wall vorticity and the vorticity at the wall-next point. To ensure computational 

accuracy, a comparison of the results for the grid of choice with results for a grid with 

twice the wall-normal resolution is advisable. 

The difficulty of computing wall jets arises from the difference in scale between 

inner and outer flow region, which is particularly severe for the turbulent flow, and 

also from the strong spreading of the wall jet, which results in vastly different wall jet 

thicknesses at the inflow and at the outflow boundary of the computational domain. 

Grid stretching is therefore imperative to keep computational cost in check. The 

smallest step size is required at the wall where the mean flow gradients are largest, 

but steep gradients inside the flow (e.g., due to the forcing) can also restrict the 

step size and need to be taken into account. Close to the upper boundary, far above 

the wall jet, a much larger step size can be afforded. The wall-normal resolution 

needs to be high enough to resolve the profile at the inflow boundary. For base flow 

calculations, the domain height must exceed Umax = 3(5o.5 at the outflow boundary. 

For forced flow calculations, Umax > 5<Jo.5 at the outflow boundary. 

In response to the many problems encountered with the wall-normal grid, several 

modifications have been made to the original grid-stretching method employed by 

Meitz (1996) for transitional flat-plate boundary layers. The grid design has become 

complex enough to warrant a discussion. 
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B.l Definition of Stretched Grid Segments 

For obtaining a stretched wall-normal grid, the grid index in waU-normal direction, 

j = [1, /], is mapped onto the grid location, 2/(i), using a stretching function. The 

s t e p  s i z e  i s  d e f i n e d  a s  t h e  d i f l f e r e n c e  b e t w e e n  c o n s e c u t i v e  g r i d  l o c a t i o n s ,  A y { j )  =  

y{j) —y{j — 1). The wall-next point (smallest step size), when normalized in inner 

coordinates {^y{j = 2) UTIv — y^{j = 2))is commonly used to describe the resolution 

in the viscous sublayer of the turbulent flow. The grid stretching in wall-normal 

direction is characterized by the grid ratio between consecutive step sizes r(j) = 

Originally, an exponential stretching function, which clusters points near the wall 

(Anderson et al., 1984), was employed throughout the wall-normal domain 

The grid index, j, runs from j = 1 at the wall to j = je at a specified wall-normal 

location Ye = VeUe)- Stretching parameter P = (1, oo) is used close to the limit ^ 1 

which clusters points near the wall (e.g., j3 = 1.03). 

Inside the potential flow region above the edge of the wall jet, gradients are small 

and the step size can be chosen much larger than inside the wall jet. This is impor

tant for limiting the number of wall-normal grid points in calculations where vortex 

ejections are expected and where the upper boundary is often more than ten times 

farther away from the wall than the edge of the wall jet. To accomplish the strong 

stretching in the potential flow region, a second grid is patched to the exponential 

grid above Ye, which allows for "superstretching" (very strong stretching) without 

affecting the grid at locations y = ye <Ye. Two alternative grid stretching functions 

are in use. The first is employed for 2D numerical simulations and 3D DNS 

where a  = log [ y e { j e ) / y e ( j e  —  !)• This stretching function was originally designed for 

.  _  ( / 3  +  l ) - ( 0 -  1) W + - 1)]'-"-"/"--" 
Vc\3l r .  [(/? + 1)/(;S -  l)]i-W-'VO.-i) + 1, 

(B.l) 

V i d )  =  I ' e e x p  [ a y  -  j , y ] ,  (B.2) 
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7 = 1, in which case ys{je) = Ye, Vsije 1) = Veije — 1)) and the grid ratio remains 

constant at r{j) = ye{3e)lye{je — !)• For 7 > 1, the step size increases much more 

rapidly in wall-normal direction and the greatest increase occurs at ys{je) — 

For RANS and RABL calculations, ys{j) in the superstretched region is replaced 

by a recursion formula, which produces a much more gradual transition from the 

exponential to the superstretched grid, 

yr{3 + 1) = yr(i) + Ay^O") TrU), (B.3) 

where Tr{j) is the grid ratio in the superstretched grid region, which is chosen as 

Trio) = 1 + 5{j - jeY- (B.4) 

The stretching parameters, 5 and a, are chosen as 5 = 0.07 and <t = 0.5. This results 

in a grid ratio that begins with rr{je) = 1? but then increases rapidly towards very 

large values. 

To resolve the viscous sublayer for turbulent wall jets, points need to be clustered 

very close to the wall [y'^{j = 2) « 1]. This is accomplished using a polynomial 

stretching function, yp(j*), that replaces the first jp near-wall grid points of the ex

ponential grid yeU) with j* points of a polynomial grid 

ypW) = i;[(l - olWHI? + aij'H;)]- (B.5) 

The two grids are matched by setting Yp = yp{jp) = yeUp)- Factor a is determined by 

matching the derivatives of the grid functions at the interface, y'pijp) = y'eUp)^ where 

prime indicates a derivative w.r.t. j*. This is equivalent to matching the grid size. 

a = 1.5-0.5 y'p{j;)/Yp. (B.6) 

The grid clustering is adjusted by choosing j* and jp. that replace the first jp neax-wall 

points from the exponential grid, jp. The advantage of the present grid generation 

method for the wall-normal grid is that the near-wall region and the potential flow 

region can be redesigned without changing the bulk of the grid. 
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B.2 Evaluation of Wall-Normal Grids for RABL 

Selected cases from a grid resolution study are now presented to illustrate the grid 

design. As a test case, a RABL solution of the turbulent wall jet is considered, where 

the flow is computer from the virtual nozzle up to a; = 150. At x = 150, the edge of 

the wall jet is located at j/ « 25 and this wall-normal location is chosen as the begin of 

the superstretched region. The parameters for the grids under consideration are listed 

in Table B.l and an illustration of the grids and the respective RABL solutions is 

provided in Figure B.l. The grid locations y{j) and the step sizes Ay(y) for the grids 

are shown in Figure B.la, the grid ratios are plotted in Figure B.lb, aU as functions 

of the grid index on a logarithmic scale. A commonly used grid for laminar wall 

jet calculations, grid 0, is generated using equation (B.l) with = 1.03. This grid 

is not well suited for the turbulent flow since the wall-next point is located outside 

the viscous sublayer. The estimated near-wall resolution for the turbulent wall jet is 

y'^{j = 2) « 1, which is satisfied for grid S by setting parameter = 1.001 to increase 

the stretching. For the present work, a polynomial grid is used instead to increase the 

grid parameters grid 0 grid S grid 1 grid 2 grid 1+ 
grid points J 160 200 240 120^ 242 
replaced points jp — — 20 20 20 
points replaced by — — 40 40 42 
begin superstretch je — — 160 160 160 
wall-next pt @ x=70 y'^{j = 2) 11.2 0.66 0.72 1.48 0.47 
begin superstretch — — 25 25 25 
domain height ymax 25 60 84.2 81.4 84.2 
stretching parameter /? 1.03 1.001 1.03 1.03 1.03 
stretching parameter 5 — — 0.07 0.07 0.07 
stretching parameter a — — 0.5 0.5 0.5 
comments coarse 

grid 
Seidel 
(2000) 

GRID B 
URANS 

GRID B1 
SRANS 

finer 
grid 

^For grid 2, every other wall-normal point xom gric 1 is dropped. 

Table B.l Wall-normal grids tested for RABL of turbulent wall jet (BASE T). 
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resolution, in the inner region of the wall jet {grid 1 used for URANS calculations). 

The polynomial grid enables to increase the near-wall resolution without affecting the 

o t h e r  g r i d  s e g m e n t s  { g r i d  1 + )  T h i s  i s  s e e n  f r o m  F i g u r e  B . l a & b  w h e r e  ̂ y { j )  a n d  r { j )  

coincide for grid 1 and grid 1 + outside the polynomial grid region. For grid 2, which 

is used in SRANS calculations, every other wall-normal point from grid 1 is dropped. 

The performance of the considered grids is illustrated with the RABL solution for 

the streamwise velocity at a: = 70, shown in Figures B.lc&d in inner and outer coor

dinates, and with the wail-normal velocity at the upper boundary (Figures B.le). For 

the streamwise velocity profiles, all grids except for grid 0 are in good agreement with 

each other. Close to the inflow, the resolution of grid 2 is insufficient [y'^{j = 2) > 2] 

and, as a result, the wall-normal velocity at the free stream (Figure B.le) exhibits 

oscillations. While grid 2 is used in SRANS calculations, only the disturbance flow 

is computed on grid 2. As the base flow for SRANS, the RABL solution for grid 1 is 

used instead, with every other point dropped in wall-normal direction. 
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Figure B.l Dependence of the RABL solution for the turbulent wall jet on the wall-
normal grid resolution. 
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APPENDIX C: COMPUTATIONAL PARAMETERS 

base flow parameters BASE LI BASE L2 BASE T 

1. experiment Zhou et al. (1992) Wygnanski et al. (1992) 

1.1 nozzle width b 3.2mm 5mm 
1.2 jet exit velocity Uj 2Tnfs 30m/s 
1.3 jet exit momentum M 4.5m^/ 
1.4 jet exit Re-nimiber Rej 426 10,000 

2. similarity solution Glauert (1956) Glauert (1956) RABL 

2.1 moleculax viscosity u 1.5-10-W/s 1.5-10~®m^/s 1.5-10"'®m^/s 
2.2 flux of ext.mom.flux F 1.6875-lO-^rnVs^ 0.7176m®/s^ varies 
2.3 momentum flux J varies < 7.5m^/s^ 4.5m^/s^ 

3. geometry 

3.1 virtual origin xq 0 —4.75m —92..—77mm 
3.2 virtual nozzle x^n 64mm « 100mm 0 
3.3 inflow location Xin 16mm 0 0 
3.4 forcing location xforce. 40mm 10...20mm 75mm 
3.5 outflow location Xout < 0.816m < 0.5m < 1.5m 
3.6 domain height Umax < 0.132m < 0.34m < 0.42m 

4. inflow parameters 

4.1 velocity max. Umax 4.17mfs 50m/s 30m/s 
4.2 half width ^0.5 1mm 4.96mm 6.75mm 
4.3 spreading rate d6Q,s/dx 4.67% 0.078% « 7.5% 
4.4 mom. thickness S2 0.6mm 3mm 5mm 
4.5 Reynolds number Regg ^ 278 16,500 13,500 
4.6 Reynolds number Reg^ 167 10,000 10,000 

5. non-dimensionalization 

5.1 reference length Lref 3.2mTn 5mm 5mm 
5.2 reference velocity C/i-e/ 3m/s 30m/s 30m/s 
5.3 ref. Re-nimiber Re 640 10,000 10,000 

Table C.l Parameters characterizing the three base flows used in the present work. 
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grid parameters GRID A GRID A1 GRID A2 GRID A3 GRID A4 

1. equidistant streamwise grid 

1.1 grid points I 801 801 1,201 1,601 1,001 
1.2 step size Arc 0.125 0.125 0.125 0.125 0.125 

1.3 inflow Xin 5 25 5 5 5 

1.4 buffer begin xbuffer 55 75 105 155 105 
1.5 outflow Xout 105 125 155 205 130 

2. stretched wall-normal grid (for definitions, see appendix B) 

2.1 grid points J 180 (120+) 180 180 180 180 

2.2 superstretch 160 160 160 160 160 

2.3 step size ^ywaxi 0.02 0.02 0.02 0.02 0.02 
2.4 superstretch 25 25 25 25 25 
2.5 domain height ymax 41.2 (12.5t) 41.2 41.2 41.2 41.2 
2.6 stretch, paraxn. 1.03 1.03 1.03 1.03 1.03 
2.7 stretch, param. 7 1.2 1.2 1.2 1.2 1.2 

3. spanwise Fourier modes 

3.1 Fourier modes K 0 0 0 10 10 
3.2 wave length — — — 10 10 

grid used by these cases L1D2-* L1D2-PF2 L1D2-SC L1D3-B1 L1D3-B3 
(see Tables C.4-C.9) L1L3-* t L1D3-B2 

^First 120 wall-normal points from GRID A are used in cases L1D2-L* & L1L3-*. 
All dimensions are normalized by Lref = 3.2mm. 

Table C.2 Parameters for grid family A used for 2D-NS and DNS of transitional wall 
jets (BASE LI). 
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grid parameters GRID B GRID Bl GRID B2 GRID B3 

1. equidistant streamwise grid 

1.1 grid points I 601 301 401 1,001 
1.2 step size Ax 0.5 1 0.1 0.1 

1.3 inflow Xin 0 0 0 0 

1.4 begin of buffer X{^ffer 250 200 30 80 
1.5 outflow Xont 300 300 40 100 

2. stretched wall-normal grid (for definitions, see appendix B) 

2.1 grid points J 240 120+ 240 (120^) 240 
2.2 replaced points jp 20 20 20 20 
2.3 points replaced by j* 40 40 40 40 
2.4 begin superstretch je 160 160 160 160 
2.5 step size ^l/waii 0.0025 0.0051 0.0025 0.0025 
2.6 begin superstretch Ye 25 25 25 25 
2.7 domain height ymax 84.2 81.4 68.8 (7.97t) 68.8 
2.8 stretching param. /? 1.03 1.03 1.03 1.03 
2.9 stretching param. 7 — — 1.05 1.05 
2.10 stretching param. 5 0.07 0.07 — — 

3. spanwise Fourier modes (symmetric) 

3.1 Fourier modes K 0 0 0 20 
3.2 wave length — — — 2 

grid used by these cases TU-* TS-* L2D2-L* t L2D3-B1 
( see Tables C.10-C.16) L2D2-P1 

L2D2-S1 

^For GRID Bl, every other wall-normal point from GRID B is dropped. 
^First 120 wall-normal points from GRID B2 are used in linear calculations. 
All dimensions are normalized by Lre/ = 5mm. 

Table C.3 Parameters for grid family B used for URANS/SRANS calculations of the 
fully turbulent wall jet (BASE T) and for 2D-NS and DNS of transitional wall jets 
(BASE L2). 
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case L1D2-... LBS LVFl LVF5 

number of cases 1 1 1 

1. forcing method blowing & 
suction 

volimie 
forcing 

volume 
forcing 

1.1 forcing frequency / bQHz 56Hz 56Hz 

1.2 forcing amplitude •Avf O
 1 cn
 

(->
 

o
 1 01 O
 1 01 

1.3 x-loc. of volume force Xc — 12.5 30 
1.4 y-loc. of volimie force Vc — 0.375 1.3125 
1.5 streamwise blob size do — 0.3125 0.3125 
1.6 wall-normal blob size bo — 0.0625 0.0625 
1.7 x-loc. of blow. & suet. ^bs 12.5 — — 

1.8 slot width SQ 5 — — 

2. grid (Table C.2) GRID A GRID A GRID A1 

paxameter study L1D2-... LVF2 LVF3 LVF4 

number of cases 12 X 6 48 48 

1. forcing method volume 
forcing 

volume 
forcing 

volume 
forcing 

1.1 forcing frequency f 56Hz 56Hz 56Hz 

1.2 forcing parameter Pvf 1.23 • 10-® 1.23 • 10-® 1.23 • 10-® 

1.3 x-loc. of volume force XQ 12.5 12.5 30 
1.4 y-loc. of volume force Vc 0.375 0.03125...1.5 0.03125...2.25 
1.5 streamwise blob size OQ 0.125...5 0.3125 0.3125 
1.6 wall-normal blob size bo 0.03125...0.1875 0.0625 0.0625 

2. grid (Table C.2) GRID A GRID A GRID A1 

Base flow is BASE LI (Table C.l). Numerical method is 2D-NS. 

Non-dimensional quantities are normalized by Lref = 3.2mm and Uref = 3m/s. 

Table C.4 Parameters for linear instability investigations of low Reynolds number 
wall jet (L1D2-L*). 
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parameter study L1D2-... PFl PF2 

number of cases 8 16 

1.1 forcing frequency / 56Hz 

1.2 forcing amplitude Ayf 0.01,0.02,0.030.04, 
0.05,0.06,0.08,0.1 

0.01,0.02,0.03,0.04, 
0.05,0.06,0.08,0.1, 
0.12,0.15,0.18,0.2, 
0.25,0.3,0.35,0.4 

1.3 x-loc. of volume force Xc 12.5 30 

1.4 y-loc. of volume force yc 0.375 1.3125 

2. grid (Table C.2) GRID A GRID A1 

Numerical method is 2D-NS. Base flow is BASE LI (Table C.l). 
Forcing method is volume forcing with blob size (ao, 6o) = (0-3125,0.0625). 

Non-dimensional quantities are normalized by Lref = 3.2mm and Uref = 3m/s. 

Table C.5 Parameters for investigations of primary instability of low Reynolds number 
waU jet (L1D2-PF1 &: L1D2-PF2). 
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parameter study L1D2-... S2 S3 S4 (SI) 

number of cases 8 4 8(1) 

1. fundamental frequency 56Hz 

forcing amplitude 0.05 0.05 
0.01,0.02,0.03, 

0.04, 0.05, 
0.06,0.08,0.1 

2. subharmonic frequency 28Hz 

forcing amplitude o
 1 o
t 

10-^ 10"^, 
10-3, iq-2 

O
 1 C

O
 

phase difference Q...7/2Tr in 
steps of TZ/2 

0 0 

Compute with 2D-NS using GRID A (Table C.2), BASE LI (Table C.l). 
Volume forcing at (xc, j/c) = (12.5,0.375) with blob size (ao, 6o) = (0.3125,0.0625). 

Non-dimensional quantities are normalized by Lref = 3.2mm and Uref = 3m/s. 

Table C.6 Parameters for investigations of secondary instability of low Reynolds num
ber wall jet (L1D2-S1 &: L1D2-S1 - L1D2-S4). 

parameter study L1D2-SC set 1 (8 cases) set 2 (8 cases) set 3 (8 cases) 

1. forcing frequency 56Hz 

forcing amplitude 0.01,0.02,0.03,0.04,0.05,0.06,0.08,0.1 

2. forcing frequency 28HZ 

forcing amplitude 10-3 — 10-3 

3. forcing frequency l4Hz 

forcing amplitude — 10-3 10-3 

Compute with 2D-NS using GRID A2 (Table C.2), BASE LI (Table C.l). 
Volume forcing at (xc,yc) = (12.5,0.375) with blob size (ao, 6o) = (0.3125,0.0625). 

Non-dimensional quantities are normalized by Lref = 3.2mm and Uref = 3m/s. 

Table C.7 Parameters for investigations of subhannonic cascade in a low Rejoiolds 
number wall jet (L1D2-SC). 
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parameter study L1L3-... SFl SF2 SSI SS2 

primary frequency /i/ 56Hz 

forcing amplitude 0.02 0.04 0.02 0.04 

3D resonance A: = 1 fundamental, n = 1 subharmonic, n = 1/2 

secondary frequency /(".i) 56Hz 28Hz 

forcing amplitude 10-5 

spanwise wave nimibers 0...0.87r (49 cases) 

Compute with LinNS3D (linearized 3D Navier-Stokes solver). 
Use GRID A (Table C.2) and base flow BASE LI (Table C.l). 
Volimie forcing at (a;c, 2/c) = (12.5,0.375) with blob size (a*;, 6fc) = (0.3125,0.0625). 

Non-dimensional quantities are normalized by Lref = 3.2mm and Uref = Sm/s. 

Table C.8 Parameters for 3D secondary instability investigation for a low Reynolds 
number wall jet (L1L3-SF1 - L1L3-SS2). 

case L1D3-... B1 B2 B3 

grid (Table 0.2) GRID A3 GRID A3 GRID A4 

forcing amplitude Figure 6.2a Figure 6.2b Figure 6.3a 

Compute with 3D DNS using BASE LI (Table C.l). 
Forcing by blowing &: suction at Xbs = 12.5 and with slot width 
Fundamental forcing frequency = 56Hz. 

Sk = 5. 

Non-dimensional quantities are normalized by Lref = 3.2mm and Uref = 3m/s. 

Table C.9 Breakdown for 3D secondary instability investigation for a low Reynolds 
number wall jet (L1D3-B1 - L1D3-B3). 
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parameter study L2D2-... LSI LFl LHl 

forcing frequency / 500Hz lOOOHz 2000fl'z 

forcing parameter Py/ 5 • lO"'' 

?/-location of volume force j/c 0.06...1.6 with 24 cases 

Compute using 2D-NS with GRID B2 (Table C.3) and BASE L2 (Table C.l). 
Forcing location at Xc = 4 with blob size (ao, 60) = (0.2,0.04). 

Non-dimensional quantities are normalized by Lref = 5mm and Uref = 30m/s. 

Table C.IO Parameters for linear instability investigations of high Reynolds number 
wall jet (L2D2-LS1 & L2D2-LH1). 

parameter study L2D2-... PI SI 

forcing frequency 500Hz lOOOfTz 2000^2 20Q0Hz 

1. volimae forcing of inner disturbance 2 at (xc, Vc) = (4,0.1) 

forcing blob size (ao, 60) (1,0.04) (1,0.04) (0.2,0.04) (0.2,0.04) 
forcing amplitude 0.06 0.15 0.75 0.75 
forcing frequency — — — lOOOHz 

forcing amplitude — — — 10-3 

2. volume forcing of outer disturbance 1 at (xc, Vc) = (4,0.9) 

forcing blob size (ao, 60) (1,0.08) (1,0.08) (0.2,0.08) (0.2,0.08) 

forcing amplitude A^f^ 0.08 0.06 0.375 0.375 
forcing frequency — — — lOOOHz 

forcing amplitude — — — 10-3 

Compute using 2D-NS with GRID B2 (Table C.3) and BASE L2 (Table C.l). 

Non-dimensional quantities are normalized by Lref = 5mm and Uref = 30m/s. 

Table C.ll Parameters for nonlinear primary and secondary instability investigations 
of high Reynolds number wall jet (L2D2-P1 & L2D2-S1). 
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parameter study L2D3-B1 mode k = 1 mode k = 2 mode k = 3 

spanwise wave length 2 1 0.666 

forcing frequency 323Hz 510Hz 73lHz 

1. volume forcing in inner flow region 

forcing location (xc, Vc) = (2,0.1) and blob size (a^, bk) = (1,0.04) 
forcing amplitude = 0.05 and phase = 0 

2. volume forcing of outer flow region 

forcing location (xc, Vc) = (2,1.25) and blob size {ak, bk) = (1,0.2) 
forcing amlitude = 0.02 and phase = —TT 

Compute using 3D DNS with GRID B3 (Table C.3) and BASE L2 (Table C.l). 

Non-dimensional quantities axe normalized by Lref — 5mm and Uref = 30m/s. 

Table C.12 Parameters for the bypass transition in a high Reynolds number wall jet 
(L2D3-B1). 
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URANS case 
SRANS case or study 

TU-LFl 
TS-LFl 

TU-LSl 
TS-LSl TS-LF2 TS-LF3 

number of cases 1 1 8 9 

forcing frequency / 34Hz llHz 34Hz Z4Hz 

x~\oc. of volume force Xc 15 15 4,6,8,10, 
15,20,40,60 

15 

y-loc. of volume force yc 1.2 1.2 1.2 0.8,1,1.2,1.4, 
1.6,2,2.4,3.2,4 

Compute URANS with. GRID B and SRANS with GRID B1 (Table C.3). 
Base flow is BASE T (Table C.l). 
Volume forcing with blob size (ao,6o) = (2,0.5) and with amplitude Ayj = 10"^. 

Non-dimensional quantities are normalized by Lref = 5mm and Uref = 30m/s. 

Table C.13 Parameters for linear URANS and SRANS calculations for turbulent wall 
jet (TU-LFl, TU-LSl & TS-LFl - TS-LF3). 

URANS case 
SRANS case or study 

TU-PFl 
TS-PFl 

TS-PFIMK 
TS-PFISSA 

TU-PSl 
TS~PS1 

TU-PF2 
TS-PF2 

number of cases 1 1 6 10 

forcing frequency / 34Hz l7Hz 34JIz 3AHz 

forcing amplitude Aj,/ 0.05 0.05 
0.01,0.02, 
0.03,0.04, 
0.05,0.05+ 

0.01,0.02,0.03, 
0.04,0.05,0.06, 

0.07,0.08,0.09,0.1 

^Forcing location is at Xc = 60. 
Compute URANS with GRID B and SRANS with GRID B1 (Table C.3). 
Base flow is BASE T (Table C.l). 
Volume forcing is at {xcVc) = (15,1.2) with blob size (OQ, 6O) = (2,0.5). 

Non-dimensional quantities are normalized by Lref = 5mm and Uref — 30m/s. 

Table C.14 Parameters for nonlinear URANS and SRANS calculations for turbulent 
wall jet (TU-PFl, TU-PSl, TU-PF2 & TS-PFl - TS-PF2). 
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URANS case 
SRANS case or parameter study 

TU-Sl 
TS-Sl TS-S2 TS-S3 

number of cases 1 8 10 

1. fundamental frequency ZAHz 

forcing amplitude 0.05 0.05 0.01...0.1 in 

steps of 0.1 

2. subharmonic frequency 17Hz 

forcing amplitude 0.01 10-3 10-3 

Compute URANS with GRID B and SRANS with GRID B1 (Table C.3). 
Base flow is BASE T (Table C.l). 
Volume forcing is at (Xc, Uc) = (15,1.2) with blob size (ao, 6o) = (2,0.5). 

Non-dimensional quantities are normalized by Lref = 5mm and Uref = 30m/s. 

Table C.15 Parameters for secondary instability calculations with URANS and 
SRANS (TU-Sl & TS-Sl - TS-S3). 

parameter study L1D2-SC primary inst. subharmonic res. subh. cascade 

1. forcing frequency ZAHz 

forcing amplitude 0.1 

2. forcing frequency 17Hz 

forcing amplitude — 0.01 0.01 

3. forcing frequency 8.5Hz 

forcing amplitude — — 0.01 

Compute SRANS with GRID B1 (Table C.3) and base flow BASE T (Table C.l). 
Volume forcing is at (xc, j/c) = (15,1.2) with blob size (ao, 6o) = (2,0.5). 

Non-dimensional quantities are normalized by Lref = 5mm and Uref = 30m/s. 

Table C.16 Parameters for investigation of subharmonic cascade in the turbulent wall 
jet using SRANS (TS-S4). 
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