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ABSTRACT
International fishing as a special dynamic game will be analyzed, which is a combination
of classical population dynamics and oligopoly theory.
The interaction of the countries or firms is through market rules assuming that all mar
kets are open to all participants. In addition, all fishing parties base their activity on the
existing conrunon fish stock. The available fish stock and the beliefs of the participants on
the fish stock are the state variables. Depending on the possible symmetry of the fishing
parties and on their behavior several alternative models will be formed.
The classical competitive model will be first formulated and examined, and two special
cases will be introduced. First, when the countries, or firms, are identical, second, when
one country, or firm, is significantly different than the others. Next, we will assume that
a grand coalition is formed, and the total profit of the industry is maximized. Finally, the
partially cooperative case will be examined, in which each participant's objective function
contains a certain proportion of the profits of the others in addition to its own profits.
In all cases, a detailed mathematical model will be constructed, the equilibrium will be
computed and the modified population dynamics rule will be formulated. For each case,
I will determine the number of positive equilibria, the stability of which will be analyzed
first based on the assumption that each participant has instantaneous information on the fish
stock. However, there is always a time lag due to information collection and implemen
tation. Since the delay is uncertain, continuously distributed time lags will be assumed.
Under this assumption, the dynamic system will be described by Volterra-type integrodifferential equations. The asymptotical behavior of the state trajectory will be analyzed
by using linearization. Conditions for the local asymptotical stability will be first derived,
and in the case of instability, special bifurcations, especially the birth of limit cycles, will
be studied. In illustrating the theoretical, analytic results, simple computer studies will be
presented.
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Chapter 1

INTRODUCTION
1.1 Oligopoly Games
1.1.1 The Cournot Model
The oligopoly model was first introduced by Cournot (1838) . In this model, we consider
n firms which produce the same product and sell it in the same market. Let Xi denote
the production level of firm i, then the total production level of the industry is given as
s = 537= I

Assume the cost of production depends only on the firm's own output, and

let Ci {xi) denote that cost for production level Xj. In addition, we assume that the product
is sold at a unit price which depends on the total production level of all n firms, s. Let the
price function be denoted as p (s). Fmally, we assume that firm i has a production capacity,
Li- Thus, firm z's strategies are given by the closed, bounded interval [0, Li]. Then the
profit of firm i is given by
-Cj(XJ).

0i(Xi,X2, ...,X„) =XiP

(1.1)

This situation can be modeled as an n-person game with the strategy set for player i being
the interval Xk = [0, Lk] and the payoff function being the firm's profit. This game can be
written in strategic form as T = {n; Xi,..., A"„; 0i,..., 0„}.
The solution to game F is a vector x* = (xj,..., x*) called the Nash-Coumot equilib
rium point of game F, if for i = 1,2,..., n, x* € Xj and for an arbitrary Xi € Xi,
-•• >

1'

^t+1' • • • 1 ^n) —

(^1' - - - >

I'

> ^i+1» • • • i ^n) *

That is, no player can improve its payoff by unilaterally changing strategy.
It is important to note that a Cournot oligopoly need not have an equilibrium point, as
the next example (given in Okuguchi and Szidarovszky, 1999) shows.
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Example 1. Let n = 2 and Xi = X2 = [O,

then s = Xi + X2. Define

p (s) =

1-

s,

and fori = 1,2

r. \
*^

\ 10,

+ 5, 1/0 < Xi < i
//Xi = 0

Assume (x*, xj) is an equilibrium point. First assume x\ > 0. Then the payofffunction for
firm i is
0l(Xi,X2) = Xi (1 — Xi — X2) — lOXi — 5
= —xf — (9xt + X1X2 + 5 ) ,
and its derivative is
Q
—01 (X1,X2) = -2xi - 9 - x; < 0.
axi
Therefore, for any xi, such that x* — xj is a sufficiently small positive number,
01 (xi,x;) > 01 (x*,x;),
which is a contradiction. Therefore, (xi,x2) is not an equilibrium point. Next, assume
x'l = 0. then
01 (0,x;) = -10,
but
lim 01 (xi, X2) = 0 • p (s*) — 5 = —5 > 01 (0, Xo) Therefore, for Xi > 0 sufficiently small,
01 (arijXj) > 01 (x*,X2),
which is a contradiction. Therefore, (x^,X2) is not an equilibrium point.
Even if an equilibrium exists, that equilibrium is not in general unique. This is shown
in the next example (taken firom Okuguchi and Szidarovszky, 1999).
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Example 2. Let n = 2 and Xi = X2 = [0,1.5], then s = Xi + X2. Define Ci (xj) = 0.5xi
fori = 1,2, and

{

^ 1.75
1 . 7 5—0.5s,
- 0 . 5 s , ///O
y 0<< s <<11.5
.5
2.5 — 5,
//1.5 < s < 2.^
.5
0,
ifs > 2.5

For this situation, we can show any point (x*, x^) € X', where
X' = {(xi, X2) |0.5 < Xi < 1,0.5 < X2 < 1, Xi + X2 = 1.5},
is an equilibrium point. Choose (x^, xj) G X*. We know

is concave in Xi for fixed Xi

when s < 2.5, and
dx\

01 (xj—0,12) = p'(1.5 — 0) x j + p (1.5) — C | (x* — 0)
= -0.5x^ + 1-0.5 = 0.5(1-xj) >0,

and
^0t(xI+O,x;) = p'(1.5-0)xI+p(1.5)-C;(xI-0)
OX\

= -Ixt-1-1-0.5 = 0.5-xt <0.
Thus, xj gives the maximal profit for firm I for all Xi such that Xi + xj < 2.5. Now assume
Xi + x5 > 2.5, then, because Xi > xj,
01 (xi, x;) = xip (xi, x;) - Ci (xx)
= -Ci (xi) < - C I (XJ) < x'ip(xi,x;) - Cx (xt) = 0X (A:I, X ; ) .
Ther^ore, x" is optimal among all possible outputs. Similarly, we can show the same for
x\, thus (x^, X2) is an equilibrium point.
1.1^ The Coumot Equilibrium
The concept of equilibrium was first introduced for two-person, zero-sum games by von
Neumann (1928). This work was followed by von Neumann and Morgenstem (1944). By
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assuming all cost functions are identical. Burger (1959) proved the existence and unique
ness of the Nash-Coumot equilibrium for the Coumot oligopoly when assumptions of reg
ularity and concavity of p and —C are made. Frank and Quandt (1963) extended this exis
tence result to the case when the cost functions are not identical. Szidarovszky (1970) du
plicated Frank and Quandt's (1963) result and extended Burger's (1959) uniqueness proof
to the non-symmetric case.
This result was duplicated using a more elegant method by Szidarovszky and Yakowitz
(1977) . In this paper, it was shown that when j/ and p" exist, p' < 0, p" < 0, —C'^ < 0 and
—C" < 0 for all z = 1,2,..., n, there exists exactly one equilibrium point.
Szidarovszky and Yakowitz (1982) extended this result to reduce the requirements on
the second derivatives of functions. They showed that if j/ exists and either p' is strictly
negative or the cost functions, Ci, are strictly convex for all t = 1,2,..., n, then the NashCoumot equilibrium is unique. Additionally, if a subset of the firms form a cooperative
group, either p is strictly monotonic or Q is strictly convex for all i = 1,2,..., n, then the
net production level will decrease from the purely competitive case, and the profit of the
cooperative subset can decrease below the level of the purely competitive case.
1.13 Product Differentiation Models
The classical Coumot oligopoly model can be extended by assuming that the n firms pro
duce a differentiated product. This modification has been considered in Hader(1966),
Krelle(1976), Okuguchi (1976) and Friedman( 1986). In this case, the price function for
firm i, Pi depends on the production level of all n firms, instead of the sum of all the pro
duction levels, so the price function of firm i is given as pi (xi,..., x„). Using Ci (xj) as
the production cost for firm t, firm Vs payoff function can be written as
(^1» - - -} ^n) ~ ^kPi

• - - » ^n)

{^t) -

(I-2)

The set of strategies for firm i is [0, Li], where Li is the production capacity limit for firm
i. This model is called a quantity setting or quantity adjusting oligopoly model.
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Similarly, models can be developed with the assumption that firms make decisions on
the unit prices of their products. This model is called a price setting or price adjusting
oligopoly model. Its formulation is as follows.
Assume that there are n firms and they produce differentiated products. Let Pi denote
the price of firm i's product. Again, define Ci to be the firm Vs cost function. Because of
the differentiated products, the demand function depends on the price of the products of all
n firms, d, (pi,..., p„). Then, the payoff function for firm i can be given as
(1.3)

(ll,...,In) =Pirfi(Pl,-..,Pn) -C'i(di(pi,...,p„)).

The set of strategies for firm i is [O, Pj], where Pi is the maximum possible price firm i
may charge for its product.
In both models, the equilibrium points are defined similarly for the equilibrium points
in the classical model. Friedman (1986) provided an existence theorem for these models.
1.1.4

Multiproduct Models

Selten (1970) and Szidarovszky (1978) modified the classical Coumot model by assuming
that each of the n firms sell M different products. Let x'"*' for i = 1,2,.. .,n and m =
1 , 2 , . . . , A/ be the production level of product m by firm x. Define Xj =

...,

j,

and let the cost function again be C, (Xi). Assume that the price function of each product
depends on the total output vector

Thus the payoff function for firm i is given by
M
<T>I (XI,. . . ,X„) =

X^LT^PM (S) - CK (XFC) -

(1 .4)

m=l

Szidarovszky (1978) proved the existence of the equilibrium point for concave mul
tiproduct oligopolies. The existence result was extend to cover multiproduct oligopolies
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with continuously differentiable profit functions with several additional assumptions by
Okuguchi and Szidarovszky (1985).
1.1.5

Rent Seeking Models

Rent seeking games were first introduced by Tullok (1980). These are formulated as fol
lows.
Assume there are n agents engaged in a rent seeking activity. Let Xi be the effort
expended by agent t for i = 1,2,..., n in seeking the rent, and let fi (xi) be his production
function for lotteries. In addition, assume ft (0) = 0 and fi (xi) >0 for Xj > 0 for all i.
With these definitions, the probability of agent i winning the lottery for the rent is given by
_

fi {Xj)

Let the rent be normalized to 1, then agent t's payoff function is given by
0t

> • • • J ^n) ~ Pi

,

(1.5)

their expected net rent. If xi = • • • = x„ = 0, then define <f>i to be zero for all i.
Notice that this game is mathematically equivalent to the classical Coumot oligopoly
game. Let j/i = fi (xj), then x< = gi {yi) where

= ff^. Then, we can rewrite equation

(1.5) as
=^
Now, if we let s = 53"=i !/]•> P(^) = ^

giiVi)-

(1.6)

^i iVi) = 9i iVi) the payoff function given in

equation (1.6) is the same as used in the classical Coumot oligopoly. Unfortunately, the
strategy set is unbounded, and thus the existence and uniqueness results for the equilibrium
discussed in section 1.1.2 do not apply.
Perez-Castrillo and Verdier (1992) first explored the existence and uniqueness of the
Nash equilibrium in rent seeking games. With identical production functions, Okuguchi
(1995) gave a general existence proof. This proof was then extended to consider the nonsymetric case by Szidarovszky and Okuguchi (1997).
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1.1.6

Labor*Managed Models

The first discussion of labor-managed oligopolies began with Ward (1958). Labor-managed
Coumot oligopolies with symmetric cost functions were formulated by Hill and Waterson
(1983). This formulation was extended to the case with nonsymetric cost functions by
Neary (1984). In these models, we assume there are n firms producing identical products,
where Xi is firm t's output, with a production capacity of Li. Following the classical model,
let the price function be a function of the total production level for all n firms, p (5) where
s=

Xi- However, the cost is broken into two parts; a fixed cost Cj, and a labor cost.

Assume each firm pays the same wage rate w, and let

be the amount of labor needed by

firm i, then the inverse production function is li = hi (xi). With these assumptions, the
payoff function for firm i is given by its profit per labor:
^
01 (^15 - • • 5

^ _ X i P (s) - ^hi (Xi) - Ci
U f \
hi \Xi)

This model can be trivially extend to include product differentiation or multiple products
following the example given in sections 1.1.3 and 1.1.4 respectively.
1.1.7 Oligopsony
In all of the previous examples, the firms only competed in the market with selling of the
products. Okuguchi (1996) and Chiaiella and Okuguchi (1996) first introduced a modi
fication of the oligopoly models where the firms also competed, as oligopsonists, in the
factor market, i.e for labor and capital. For this model, we assume that each of the n firms
makes M different products. Define the output vector of firm i as x =
where

is the production level of product m by firm t. Let Li be the amount of labor

and Ki be the amount of capital used by firm t. Note, the firms do not need to be making
optimal use of the labor and capital, so the feasible set for the output vector is a function
of the labor and capital used, Xi (£„ Ki) e

Finally assuming the price for each prod

uct depends on the total production level of all M products, the price vector is given by
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P (Iir=i *t) = (Pi (IZr=i Xi),...,p„ (5Z?=i *t)). and the wage rate, w, and capital rental,
r, functions depend on the total tabor,

and capital, ]Cr=i

used, respectively.

Under these assumptions, the payoff function for firm i is given by
<f>i{x.i, Li, Ki, .. . ,Xn, Ln, Kn) =3^P
1.1.8

-

~

Dynamic Oligopolies

It is also possible to explore a slightly rewritten version of the Oligopoly model (see for
example Szidarovszky and Chiarella, 2001) by noticing that with introduction of Qi =
payoff function, equation (1.1), can be rewritten as
4>i {Xi, Qi) = Xip {Xi + Qi) - C i i x i ) ,
where Qi

(1.7)

Ljj. Next we make the standard assumptions from oligopoly theory:

assume for all i , Xi 6 [0, Li] and Q € j^O,

^i]'

• Xij/' (Q) +pf i Q ) < 0
• p'(Q)-Cr(xO<0.
Then, <f>i is strictly concave in Xi. In equation (1.7), for any given Qi, there is a best reply
9i (Qi) = argmax {<(>i (x{, Qi)}, that maximizes the profit of firm i. The above assump
tions imply <f>i is strictly concave in Xi and the best choice is unique. When all n firms
simultaneously select the best reply, then a Nash-Coumot equilibrium is obtained. That is,
X* = ( x j , . . . , X*) is a Nash-Coumot equilibrium if and only if for all i = 1 , 2 , . . . , n
-

(1-8)

In the oligopoly models presented so far, the model only addresses a single decision.
This model can be expanded to consider multiple decisions over time. If at some time
t > 0, the n firms are at an equilibrium, it is in each firm's best interest to stay at their
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production level. However, if the firms are not at an equilibrium, at least one firm can
improve its payoff by changing its strategy. This change in the firms' strategies can be
modeled by using either discrete or continuous time adjustment assumptions. The discrete
time adjustment assumptions are discussed in Okuguchi and Szidarovszky (1999). In this
document, we will consider the continuous time adjustment assumptions. There are two
basic assumptions examined in the literature. In the adjustment procedure analyzed by AlNowaihi and Levine (1985), Dixit (1986) and Furth (1986) each firm modifies its actual
output proportionally to its expected marginal profit based on the assumption that all other
firms will use the same strategy as they did when the last decision was made.
A more commonly used assumption is that each firm changes its output proportional
to the difference between its best reply to the other firms' current strategies, and its own
current production level (see for example Chiarella and Szidarovszky, 2C)02b). This change
can be modeled by the set of ordinary differential equations;
Xi (t) = ki {gi (Qi) - Xi (t))
for i = 1,2,..., n where

(1.9)

> 0 is the speed of adjustment of firm z. We note that x* is a

Nash-Coumot equilibrium in equation (1.8) if and only if it is a steady state of the system
of equations given in equation (1.9).
Now, let

= fi{xi, Qi). To find the best reply for firm i, we need the maximum of
fi (^i> Qi) — ^iP {^i

Qi)

(^i (^t) •

(1.10)

We next assume an interior optimum, and sufficient differentiability. The best reply is then
a solution to
Q
•^ fi (a:i, Qi) =

P (xi + Qi) + XiP' (xi + Qi) - C- (xi) = 0.

(1.11)

If ft is strictly concave in x,, then
Xi = gi (Qi)

(1.12)
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is the unique solution to equation (1.11). If we substitute this solution into equation (1.11)
and differentiate with respect to Qi implicitly, we get
P' (Xi + Qi) {gfi {Qi) + 1) + Xip" (x, + Qi)
(Qi) + 1) +
5; m Tf (xi + Qi) - C : (Xi) (Qi) = 0.
Solving this equation for the derivative of gi gives
> _

'

-{jpf {xi-¥Qi)-^Xi'pl'(xi + Qi))
2p' (xi + Qi) + Xip" (Xi + Qi) - C'l (Xi) •

Under the usual assumptions, p* < 0, p* + Xjp" < 0, and c" > 0, we see that g* G (—1,0).
We know that the asymptotic behavior of the dynamic system is determined by the
Jacobian of the system (see Bellman, 1969). In general, let
Xi — Fi ( x i , . . . , Xji)
for t = 1,2,..., n be a nonlinear system. If Fi is continuously differentiable, then
• If in the neighborhood of an equilibrium x, all eigenvalues of the Jacobian, J (x),
have negative real parts, then the equilibrium is asymptotically stable.
• If at least one eigenvalue of J (x) has positive real part, then the equilibrium is un
stable.
Szidarovszky and Chiarella (2001) showed that the eigenvalues of the Jacobian for the
dynamical system given in equation (1.9) are all negative real numbers and therefore the
equilibrium is locally asymptotically stable. The characteristic equation for this system
was derived by noticing that the Jacobian for the dynartiical system was of the form:
^

J=

—ki
kiT-i

kiri • • •
—k-2 • • •

^ knTn kjiTfi
where

= g^

k iri ^
kiT-i

(1-14)

kji y

• The Jacobian can be written in the special form, J = D + al^

where
1^ = (1,-..,1),
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D = diag (-fc, (1 + n),..., -A:„ (1 + r„))
and
a = {kiri,..., knrnf.
Using the fact that for all u,v G

det (1 + uv^) = 1 + v^u, the characteristic

polynomial of this Jacobian is
rfet(J-AI)

= det(D-AI)det(H-(D-AI)-'al'')

So the locations of the eigenvalues can be easily determined.

1.2 Modeling Time Delay
In classical oligopoly theory, it is assumed that all information was immediately available
to the firms for use in making production output decisions. This is not a realistic assump
tion; there are always dme lags between obtaining and implementing information about the
competitors' production levels. These time lags can be modeled as either fixed time lags
or continuously distributed time lags. Fixed time lags have been studied in Russel et al.
(1986), where they lead to a differential-difference equation. These differential-difference
equations lead to a characteristic equation which is a combination of polynomial and expo
nential functions which lead to an infinite eigenvalue spectrum, as shown in the next simple
example.
Example 3. Consider the system
X (f) = X (t) + X (t

— 1) .

We seek a solution of the form x{t) = ce^. The system then simplifies to
cA = c + ce~^.
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This infinite eigenvalue spectrum makes the application of classical bifurcation theory
extremely difficult. In addition, in economic models the actual time lag is not typically
known. For this reason, models using continuously distributed time lags are more appro
priate which compute the expected profits with respect to the randomized delays. Continu
ously distributed time lags were used in mathematical biology (see, for example. Gushing,
1977). Invemizzi and Medio (1991) made the first use of continuously distributed time lags
in the economic literature.
The investigation of instabilities deriving from the addition of continuously distributed
time delays is based on recent research in the qualitative theory of nonlinear differential
equations. In particular, we are looking for special bifurcation types, namely for the birth
of limit cycles using the Hopf Bifurcation Theorem (see for example, Guckenheimer and
Holmes, 1983). In this document, we will show several examples of the birth of limit
cycles.
1.2.1

Continuously Distributed Time Lags

The effects of continuously distributed time lags on dynamic oligopolies were studied in
Chiarella and Khomin (1996) and Ghiarella and Szidarovszky (2002b). We follow the
format of the second paper here.
We start with the dynamic system of equation (1.9), and modify it by assuming that each
firm does not know the exact current value of its own output or the output of its competitors.
For this reason, it uses the expectation of its own output, xf and its competitors' total
output, Qf. Under this assumption, the dynamic system becomes
±i = ki {gi (Qf) - xf) .

(1.15)

The expectations on the production levels are given by
Q i { t ) = f w{t-s,Ti,Tni)Qi{s)ds
Jo

(1-16)
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and

(1.17)

Jo
where we select the weighting function as
w { t — s ,T ,

f

if m = 0
ifm>l

(1.18)

Here m is an integer and T is a positive parameter. If m = 0, then weights are exponen
tially declining with most weight given to the most current data, and if m > 1, then zero
weight is assigned to the most current data, rising to a maximum at t — s =T and declining
exponentially thereafter. As m increases, the weighting function becomes more peaked
around t — s = T, and if m ^ oo or T" —> 0, the function tends to a Dirac delta function
centered at T or zero, respectively. This form of the weighting function has several advan
tages. First, with different choices of parameters, we can create distributions with peaks
at any points and we can control the width of that peak. This allows the weighting func
tion to form a wide range of shapes for many distribution types. Second, this weighting
function allows the simplification of the Volterra integro-difTerential equation to a system
of ordinary differential equations. This can be done for Qf in the following manner. First,
assume

> 1, then define
(^)

From this definition, Qf =

~

®

(s)ds.

(1.19)

Now differentiating equation (1.19) gives

(1.20)
and
(1.21)

for all A: = 1,2,..., mt. Similarly we can form the same type of equations to define x\'^
for xf, and we can replace Qf and xf in equation (1.15) by

and

respectively.
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and then by including the differential equations for qj^ and x'fj. (or k = 1,2,..., mi and
j = 1,2,...,

the system is transformed into a system of ordinary differential equations.

A similar change of variables can be performed in the

= 0 case. Therefore we can use

methods known from the theory of differential equations to study the solution's asymptoti
cal properties.
The general method is to linearize equation (1.15) about the equilibrium as
ii6 ( t ) = ki

J w { t - s , T i , m i ) Q i s i s ) d s - J tw (t - s, Si,/i) Xjj (s) ds|, (1.22)

where Qis and Xis are the deviation firom the equilibrium of Qi and Xi respectively, and
7t = 9i (Q*)- We then form the characteristic equation (see for example Miller, 1972) by
seeking the solution to equation (1.22) in the form
Xii (f) =

(1.23)

for all I = 1,2,..., n. By substituting this into equation (1.22) and letting t —> oo, we have
4- fci y* w (s, Si, li)

Vi -

J

w (s, Ti, mt)

t'j = 0. (1.24)
i^i

Next, we define

/A9
= A+

\-{'<+!)
+

,

(1.25)

/ Xf
\ —(»n»+l)
Bi{X) = -kiji\^-^-hlj
,

(1.26)

where
_ ( li ifZi > 0
\ 1 xfli = 0
and

with
_ f TTit if mi > 0
~ \ 1
if mi = 0
Now equation (1.24) can be simplified to
>li(A)i/i + Bi(A)

=0

(1.27)
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for all t = 1,2,..., n. Therefore, we can write the characteristic equation as
B,(A)

f

det

\B„{X)

-42(A)

BI(A)
B2{X) • • • fiaCA)

B„(A)

BniX)

^(A)

= 0.

(1.28)

J

-J*

Next, by introducing the notation b(A) = (Bi(A), B2(A),..., B„(A)) , and D(A) =
diag (i4i(A) — Bi{X),A2{X) — S2(A),..., ^„(A) — Bti(A)) and using the result that for
u, V e 38", det (I + uv^) = 1 + v^u, equation (1.28) can be rewritten as

t

n (:5.(A) - 5,(A)) (l +

= 0.

(1.29)

using the same procedure as section 1.1.8. The locations of the eigenvalues depend on the
model parameter values, and a large variety of results have been presented in Chiarella and
Szidarovszky (2002b).
1^.2 Bounded Time Lags
The continuously distributed time lags discussed in the previous section have one problem;
for large values of t, it is unrealistic to consider all data from time 0 to the present. For this
reason, Chiarella and Szidarovszky (2(X)2a) have modified the weighting function to ignore
all data older than a certain time. This modifies equations (1.16) and (1.17) to be
Qf («) = / w(t- s, Ti, mi, Si) Qi (s) ds
Jt-Si

(1.30)

— Jt-Oki
f w(t — s,Ti,mi,Ai)xi{s)ds.

(1-31)

and

The weighting function, equation (1.18) is now modified by including a normalization
factor C {m,T,5):
w

{

f^,nTx\h^ ^

ifm = 0
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where

{

1 — e~?
1 _ e-T-

if m = 0
Ix^ if m > i

These equations will give rise to a difference-differential equation which can be addressed
using similar techniques as those described in section 1.2.1.

1.3 Commercial Fishing
In the classical oligopoly model, the firms only competed through the market. This was ex
panded in the oligopsony models, where the firms not only compete in the market for their
product, but also in the markets for labor and capital. When oligopoly models are extended
to examine renewable natural resources, it must be kept in mind that there is an underlying
rule that governs the availability of the natural resource with time. In an oligopoly model
of renewable natural resources, the firms must also compete for this natural resource, much
like they compete in the factor markets in an oligopsony.
A good example of a renewable natural resource is the fish stock in the ocean that can be
harvested through international fishing. The firms (in this case, countries) compete through
the price of fish in the various markets, and in their cost for fishing that varies with the
amount of fish available. Further, the level of the fish stock is governed by a dynamical
system and fishing will modify this system. The economics of fisheries, and the effect of
the economic activity on the underlying natural resource has been studied considerably, for
example in Conrad and Clarke (1987), and Conrad (199S, 1999).
In this document, we will examine the effects of time lag between the acquisition and
implementation of information about the fish stock. We will examine its effect on a compet
itive model with symmetric time lags in chapter 2, and semisymmetric time lags in chapter
3. Its effect on the fiilly cooperative case will be explored in chapter 4. Finally, chapter
S will introduce a partially competitive model, and explore the effects of time lag in this
model.
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A similar study focusing on a discrete time version of the international fishery model
was conducted by Bischi and Kopel (2002).
13.1 Fully Competitive Game
In his earlier paper, Okuguchi (1998) has analyzed international fishing of two countries un
der imperfect competition. His model and methodology has been extended by Szidarovszky
and Okuguchi (1998) to the n-country case, where a general dynamic systems model has
been developed to describe the trajectory of the fish slock as a function of time. In addi
tion they performed a complete equilibrium and stability analysis. That model is presented
here.
Assume that n countries harvest hsh in an open sea region, and sell it in their markets
as well as in the markets of the other harvesting countries. Let x^i denote the amount of
fish harvested by country k and sold in country i (t, k = 1,2,3,..., n). The total amount of
fish harvested by country k is given as X* = xjti + x^i H
fish sold in country i is VJ = Xii-{-X2i-\

f-

1- Xkn, and the total amount of

The inverse demand function in country

i is assumed to be linear;
Pi = Oi - biYi

(1.33)

with Oi, bi > 0. The fishing cost of country k is assumed to be quadratic;
XI
C k = C k + 7/fe-^,
where c/t, 7/t > 0, and

X

(1.34)

is the total level of fish stock as in Szidarovszky and Okuguchi

(1998). We assume that the n countries behave as Coumot oligopolists, that is, in each time
period t > 0 they form an n-person noncooperative oligopoly and the harvested amounts
are determined by the Coumot-Nash equilibrium of the resulting n-person non-cooperative
game. In Szidarovszky and Okuguchi (1998) it has been shown that under the above as
sumptions the total amount of fish harvested is

^

AFJX)
l+ f{Xr

(1.35)
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and the amount of fish harvested by country k can be given as
Afc =

l + 2B-fk/X'

(1.36)

where
1 + 2B-fk/X
with

It is assumed that without commercial fishing the growth rate of the fish stock is a
linearly declining function of the fish stock according to the dynamic rule

(where a,

> 0), which has been known to fit well with experimental data for many

biological populations (Clark, 1976). The effect of harvesting is to accelerate the decline
in the growth rate of the fish stock, therefore in the presence of international conrmiercial
fishing, the fish stock changes according to
Af{X)
Let
Af{X)
then it can be proved that G is strictly decreasing and convex in X , therefore the number
of positive equilibria of the differential equation (1.37) is 0, 1, or 2. In Szidarovszky and
Okuguchi (1998) a complete stability analysis of the equilibria was performed.
\3.2

Fully Cooperative Game

The fiilly competitive model of international fishing presented in the previous scction was
extended by Szidarovszky and Okuguchi (2(X)0) to consider the case where at each time
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period, the harvesting countries form a grand coalition and their total profit is maximized.
That model is presented next.
Consider a sea region where a single species of fish is harvested by n countries, and
assume that each country sells its harvest in the markets of all n countries. As in Szidarovszky and Okuguchi (1998), let Xki denote the amount of fish harvested by country k
and sold in country i {i,k = 1,2,... n). The total amount of fish harvested by country k is
given by Xk = $^r=i

amount of fish sold in country i is Yi = 53*= i

The price of fish in country i is assumed to be linear:
Pi=ai-hiYi

(1.38)

with Ot, 6i >0. The fishing cost of country k is given by:
Ck = Ck +
where c/t, j k > 0, and X is the total level of fish stock. With these price and cost functions,
the profit of country k is given by;
n*: = ^ PiXki
1=1

-

( Cfc +
^

fk-^j

•

(I -40)

'

With this form, we follow the models of Szidarovszky and Okuguchi (1998, 2000). We
now assume that the fish harvesting countries form a grand coalition. Therefore the profit
of the coalition is the sum of the individual profits of the n countries:
n = ^ n » = x;(<>< - ' i K ) Y i - i Z
»=1 fc=l

k=l

^

^

which is concave in the variables Xki- Assuming interior optimum, the first order conditions
for the coalition's profit maximization is given by:
dxki

= ai — 2biVi - 27ifc— = 0
^
"'X

for all i and k. Adding these equations over i and simplifying gives
A-S-Bjk^=0,
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where

S

=

harvest,

A = 517=1^ ~ 5Zr=i

Therefore

the total fish harvest of country k is
Xk = ^[A-S].
Iktf

(1.42)

By adding these equations for all values of k and simplifying gives the total fish harvest;
(143)

•^"CX + B
with

C

= $3fc=i

Note that in the purely competitive case (see Szidarovszky and

Okuguchi, 1998), the total fish harvest, Sc is given by
•=

(,44)

\+f{X)

with
fc=l
We will next prove that for all X > 0, Sc >

S . Let u/t

= 2^^. and note 5Z/t=i "fc =

so equation (1.45) can be rewritten as

Similarly,
=_i_ =

!

y-

,,47,

Since each term of the right hand side of (1.46) is larger than the corresponding term of
that of equation (1.47) we have

This inequality can be simplified to
2 A f { X ) { C X + B ) > A C X [1 + /(X)]
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or
2Af{X) ^ ACX
1+ /(X) ^ CX + B'
which proves the assertion.
Now, as before, it is assumed that in the absence of fishing, the fish stock changes
according to the logistic law;
X = { a - PX) X,
where

>0. This law has been known to fit well with experimental data from many

biological populations and is widely used in the fishery literature, including Clark (1976).
Therefore, in the presence of international commercial fishing, the fish stock changes ac
cording to
(1.48)
Let

then G { X ) is strictly decreasing and convex. Therefore the number of positive equilibria
of the dynamic system (1.48) is 0, 1, or 2, and a similar asymptotic study can be performed
as in the competitive case.
In this document I will present an extension and generalization of the previously dis
cussed models under the assumption of partial cooperation among the fishing countries.
133 An Alternative Model
Szidarovszky and Okuguchi (2002) have proposed a different model for international fish
ing, by examining a nonlinear inverse demand function and multiple competing firms in
each country.
Assume there are N countries, with n t firms in country k fishing from the same sea
region, and let the catchability coefficient for firms located in country k be qn. Let the
fishing effort of firm

in country k be eti^, and X the fish stock in the sea region. With
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these assumptions, the harvest of firm it is Cki^q^X, and the total effort for fishing exerted
by ail firms in country k is Ek = 527^=1 Cfcti,- In addition, let fk be the inverse demand
function for country k, and Cki^ be the unit cost of fishing for firm zjt- Then the profit of
firm ik is

We make the reasonable assumption that the unit cost to fish for all firms in country k have
t h e s a m e v a l u e , t h a t i s C k ^ = Ck f o r a l l i = 1 , 2 , . . . , r i k . N e x t w e a s s u m e t h a t f o r a l l k
and ik, f'(EkqkX) < 0, which implies that the price for the fish is strictly decreasing with
the amount of fish to be sold in the market, and f"{EkqkX)qkeki^X -f- f'{EkqkX) < 0,
which implies that each firms' marginal revenue is decreasing with respect to its fishing
effort. Note that these conditions are the same as the usual assumptions in oligopoly models
(which were introduced earlier). Together, these also imply that the profit is concave in the
fishing effort. Therefore, by examining the first and second derivatives of the profit with
respect to the firms' fishing effort based on a special system of algebraic equations, the
equilibrium for a fixed value of fish stock can be calculated. Further, it was shown that the
equilibrium value for fishing effort must be the same for all firms in the same country.
The effect of fishing for a given value of the fish stock can then be evaluated. The
dynamic system for the growth law can be modified in the same way as it was done in the
two previous sections, and it can be proved that at least one positive equilibria exists. In
addition, the fish stock will always converge to a positive equilibrium for all initial fish
stock Xq > 0.
In my future research, I am planning on extending this model to incorporate multiple
markets and time lags using techniques similar to those used to examine the effect of time
lags on the models presented earlier in sections 1.3.1 and 1.3.2.
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Chapter 2

COMPETITIVE INTERNATIONAL FISHING WITH TIME
DELAY
2.1

Introduction

Section 1.3.1 gave a general dynamic systems model that describes the trajectory of the fish
stock as a function of time. An important assumption in this model is that all countries have
access to instantaneous information about the fish stock. However this assumption may not
be realistic as there are inevitable time lags in obtaining and implementing information
about the fish stock. In this chapter, this model will be extended to allow for continuously
distributed time lags in obtaining and implementing information about the fish stock.

2.2 The Mathematical Model
The basic mathematical model was presented earlier in section 1.3.1.
2.2.1

Modeling the EfTect of Information Lags

One of our key assumptions in this chapter is that when the harvesting countries make their
decisions on the harvesting amounts, they have only delayed information on the fish stock.
The delay itself is uncertain, so a continuously distributed time delay (to be described
below) models this situation appropriately. It is also assumed that the information delays
of different countries are not necessarily the same.
For each country we form

the expectation of country k on the fish stock at time

period f, according to
(2.1)
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Note that

is the expected value of earlier data on the fish stock with the density func

tion w(t — s, Tk, ruk).
As in the case of dynamic oligopolies Chiarella and Szidarovszky (2002b) we select the
weighting function
rr.

X

I
\

if m = 0
ifm>l

^

where m is an integer and T is a positive parameter. If m = 0, then weights are expo
nentially declining with most weight given to the most current data, and if m > 1, then
zero weight is assigned to the most current data, rising to a maximum alt — s = T and
declining exponentially thereafter. As m increases, the weighting function becomes more
peaked around t — s = T, and if m —> oo or T

0, the function tends to the Dirac delta

function centered at T or zero, respectively.
Each country harvests according to the harvesting function given in equation (1.36),
but using as argument

(t), its estimate of the fish stock at time t. We note that the

harvesting fiinction(equation (1.36)) of country k can be expressed as
9k ( X ) = ^ ^ y.

^

=

••,")•

Then the dynamics of the fish stock, equation (1.37), can be expressed as
n

X (()•=>!•(«) (a The dynamic equation (2.3), with

(t)) - JZm ('f" W)
k=\

(2.3)

defined according to equation (2.1), is a

Volterra integro-differential equation. It is in fact equivalent to a system of nonlinear or
dinary differential equations as shown in the next subsection. Therefore standard methods
known from the theory of differential equations can be used to solve the equations and
investigate the asymptotical properties of the solution.
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2.2.2 The Dynamics as a set of Ordinary Differential Equations
In order to reduce the integro-differential equation (2.3) to a set of ordinary differential
equations we need to introduce for each country k the set of subsidiary variables

where
_ / rnt, if rrifc > 1
\ 1,
if m/k = 0
and I = m/fe,

— 1,..., 1,0. We note that
x p (t) =

(t).

By differentiating (2.4) and performing some elementary manipulations we see that
functions

can be generated by the set of ordinary differential equations
for(/ = mfc,mfc-l,...l),

ik
= ^[X(t)-xi°''"*^(t)].
Tk

(2.5)
(2.6)

The dynamics of the oligopoly are therefore governed by the set of ordinary differential
equations (2.3), (2.5) and (2.6), in all a set of
n

iV = 1 + ^^{rnic + 1) = 71 + 1 +
k=l

m/t

(2.7)

ifc=l

equations.

23 Local Stability Analysis
23.1 The Local Linearization
We will use linearization around an equilibrium X . The linearized version of the integrodifferential equation (2.3) can be written as
X s i t ) = ( q - 2^X) X s i t ) - V
fc=I

(X)

(t - s, n,TTifc) X^ (s) ds,
•'0

(2.8)
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where X g is the deviation of X from its equilibrium level. Using techniques (expounded for
example by Miller, 1972) for analyzing the stability of linear integro-differential equations,
we seek the solution in the form Xg (t) = e^^v. By substituting this solution into equation
(2.8) and letting t

oo, we have
(m» + l)

(2.9)
At any equilibrium X , a — P X — G (X), so a — 2 P X = 2G (X) — Q which can be
positive, negative, or even zero depending on the shape of function G and the location of
the equilibrium. In general, the solution of equation (2.9) is impossible to give in a closed
form, it can only be found by using computer methods. In order to obtain analytic and not
only experimental results, special cases will be examined.
Here we shall focus on the case of symmetric firms, where Ti = - • • = T„ = T,
tti = • • • = o„ = a, 6t = • • • =

= 6, and 71 = • • • = 7„ = 7 implying that A = na/b,

B = n/6.

and
A
where

(X) = • • • =

AX

(X) = g (X).

The equilibrium is a solution of the equation
a-pX-

(n + 1) X + 2B 'y

which is quadratic;
X^ff (n + 1) + X (2B/97 — a (n + 1)) + {An — 2QB7) = 0.
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In this case
a - 20X = 2G m - a =
— -a
^ '
(n + l ) X + 2B7
without a definite sign and
^ /l[(n + l)X+2B7l -.-Uir(n+l) ^

[ ( n + l ) X + 2B7f
for ail X. We will use these relations later.
Equation (2.9) can be rewritten as follows:
[A - (a - 2^X)] f 1 + — j

+ng'(^=0,

(2.10)

which is a polynomial equation with m + 2 real or complex roots. Analytic solution is
possible for only small values of m.
23^ The Case of m = 0
In the case of m = 0, equation (2.10) is quadratic:
[A - (a - 2PX)] (1 + AT) + ng' (X) = 0,

that is
TA^ + A (1 - T (a - 2;9X)) + (ng' (X) - a + 2PX) = 0.

(2.11)

We distinguish three cases depending on the magnitude of a — 20X.
(i) Assume first that a — 20 X < 0.
Then all coefficients are positive implying that the real parts of the eigenvalues are
negative. So we have the following conclusion:
Proposition 1. If at — 20X < 0, then the equilibrium is asymptotically stable.
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(ii) Assume next that
a-2pX>0.

(2.12)

a - 2PIX > ng'(T),

(2.13)

If

then the constant term is negative, showing the existence of two real roots, one is
negative and the other is positive. In this case, we have the following result.
Proposition 2. If a — 2^X > ng' (X), then the equilibrium is unstable.
If
a - 2|9X = ng' (X) ,

(2.14)

then the constant term is zero implying the existence of two real eigenvalues, at least
one of them is zero. If
ng' (X) = ^,
then both roots are zero, and if
ng'

(X) >

then the nonzero eigenvalue is positive implying the instability of the equilibrium. If
ng' (X) <
then the nonzero eigenvalue is negative.
In the first and third cases no conclusion can be reached on the stability of the equi
librium, however, in the second case we have the following fact.
Proposition 3. If a — 2^X = ng^ (X) >

then the equilibrium is unstable.
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(iii) Assume finally that in addition to (2.12),

Q-2pX <ng'(X).

(2.15)

In this case, the constant term is positive. If
a-2pX<i
then the coefficients are positive implying the following result:
Proposition 4. If a — 20 X < min {ngi (X) ,

then the equilibrium is asymptot

ically stable.
If
a-20X>i
then the linear coefficient becomes negative implying the existence of roots with
positive value or positive real parts.
Proposition 5. If ^ < a — 20X < ng' (X), then the equilibrium is unstable.
Assume finally that
a-2pX = ^,

. (2.16)

then there are two pure complex roots.
The existence of a pair of pure complex roots shows that there is the possibility that
the real parts change sign implying the change in the asymptotic behavior of the
equilibrium. In order to guarantee that such change really occurs we need to show
that the real part is a strictly monotonic function of some model parameter, which is
called the bifurcation parameter.
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Differentiating equation (2.11) with respect to T. which is now selected as the bifur
cation parameter, we have
+ 2TAA + A (1 - T (q - 20X)) - A (a - 20X) = 0.

(2.17)

From (2.16), the critical value of T is
1

T' =

a-20X'
and from (2.17),
A (a - 20X) - A2

. _
A—

2TA + [1 - T (a - 2/9X)]'
Notice that at the critical value T',
1 -T'A
AL _ = ^^.2 ^
\T=T2 T*

(2.18)

so
Re A

r=r*

1
#0
2 T" ^

implying the change in stability and by the Hopf bifurcation theorem, the existence
of a limit cycle. Hence we have the following existence theorem.
Proposition 6. If a — 2PX =

then there is a limit cycle around the equilibrium.

233 The Case of m = 1
When m=l, the characteristic equation (2.10) becomes
[A - (Q - 2/8X)] (H-2AT-I- A^T^) +715' (^ = 0,
which is the cubic:
A^T^ + A2 (2T - T2 (a - 20X)) + A (l - 2T (a - 2$1Q)
+
(X) - a -I- 2/8^ = 0.

^
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The Routh-Hurwitz stability criterion implies that all roots have negative real parts if
and only if all coefficients are positive and
(2T -

(a - 2^^) (1 - 2T (a - 2^X)) -

{ng' (X) - a + 2/3X) > 0

which is equivalent to the quadratic inequality of the form
2 (q -

T ^ - T {ng'

(X) + 4 (a - 2/9X)) + 2 > 0.

(2.20)

Eigenvalue Analysis
(i) Assume first that a — 2/3X < 0.

Then all coefficients of (2.19) are necessarily positive. The discriminant of the left
hand side of (2.20) has the form
ng' (X) [ng' (X)-h 8 (a - 2/3X)] ,

so we have to consider three possibilities:
(a) If
a - 2/3X = -gnj/' (X) ,

(2.21)

then (2.20) holds for all
J.

na'(Y) + 4 (a 4(a-20X)'

^

1 _
a-2/3X'

Proposition 1. If a — 2PX = —^ng* (X), then the equilibrium is asymptotically
stable for all T ^ ~a-20x'
(b) If
a - 2pX <

(X) ,

(2.22)

then the right hand side of (2.20) has no real root, so (2.20) holds for all T > 0.
Therefore, we have the following fact.
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Proposition 9. If a — 20X < —^ng' (^, then the equilibrium is asymptotically
stable.
(c) If
a-

2$X > -in^' (JT} ,

(2.23)

then (2.20) has two real roots:
ng' (X) + 4 (a - 2/3X) ± Jng'
Ti,2 =

(X) [ng' (X) + 8 (a - 2^X)]
—2

(2.24)

4 (a - 20X)

In order to examine the signs of these roots, notice first that
ng' (^ + 4 (Q - 2^X) > ng'(JT) - ^ng' (X) > 0,

that is, both roots are positive, therefore (2.20) holds if and only if T < Ti or T > T2,
where the roots are indexed so that Ti < T2. We can summarize this case as follows:
Proposition 9. If—^ng'

< a—20X < 0, then the equilibrium is asymptotically

stable for T < Ti orT > T2. IfT\ <T < T2, then the equilibrium is unstable.
(ii) Consider next the case when a — 20X = 0.
Then all coefficients of (2.19) are positive, and (2.20) reduces to the simple inequality
-Tng' (X) + 2 > 0
which holds if and only if
T<

^
ng'QC)'

So, we have the following resulL
Proposition 10. If a — 20 X = 0 and T <
ically stable.

^, then the equilibrium is asymptot
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(iii) Consider next the case when a — 2PX > 0.
All coefficients of (2.19) are positive if and only if
Q — 2/3X < min

r' 2T'"® pf)}

(2.25)

The quadratic polynomial (2.20) has two roots, given by (2.24), both are positive. By
using (2.2S), the larger root satisfies the following relation:

so T is never larger than Ta, thus (2.20) holds if and only if T < 7\. Combining this
condition with (2.25), we get the following fact.
Proposition 11. If a — 20X > 0 and T < min {Ti,

ng' (X) }, then the equilib

rium is asymptotically stable.
Hopf Bifurcation Analysis
Let's now turn our attention to the case when the real part of an eigenvalue passes to
zero from a negative value, that is when X loses asymptotic stability. A pure complex
number A = ir solves equation (2.19) if and only if
-ir^T"" -

(2T - T"" (a - 2/3X)) + ir (l - 2T (q - 2^X))
+ {ng' (X) -a + 2pjr) = 0.

Equating the real and imaginary parts to zero, we have
2

Since

1 - 2T (a - 2/3X)
(^ - Q + 2PX
T2
- 2T -T^{a-20T)'

> 0, real r exists only if
1 - 2T (a - 20T)

>0

(2-26)
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and (2.20) is satisfied with equality;
2 (Q - 2 0 X ) ^ T ^ - T { n g ' (X) + 4 (a - 20T}) +2 = 0.

(2.27)

A positive solution for T exists only if the discriminant is nonnegative and the linear
coefficient is negative;
a-2PX >~ng'(}r).

(2.28)

Let T* and Tj (Tj > T ' ) denote the roots. The bifurcation parameter is selected again
as T, then

and

are the critical values. Differentiate equation (2.19) with respect to T

implicitly to have
3A^Ar^ + A^2T + 2AA (2T -

(a - 2^X)) + A^ (2 - 2T (a - 2^X))

+A(l-2T(a-2;9X))+A(-2(Q-2,i3X))

= 0

implying that
~

2TA3 + A2(2-2T(a-2/9X))-2A(a-2/9X)
3A2T2 + 2A (2T - 7^ (a - 2^X)) + (l - 2r (a - 2 0 X ) ) '

At A = ir, the real part of this derivative is the following;
ReX

A
... - B

where
B = [-Sr^T^ + 1 - 2T (a - 2;3X)]^ + [2r (2T -

(a - 20X))\^ > 0

and
.4 =

j ^ [ 2 - ' 2 T { o t - 2 p X ) ] [ - ^ r ' ^ T ^ +\ - 2 T { a - 2 0 X ) ]
+ [2Tr' + 2r (Q - 2/3X)] [2r (2T -

=

[1 + r^T^] [-Sr^T^ -|- r^T^]
+ 2Tr^ + 2r-

=

(a - 2/8X))]

2r[2T-7-5-^]
2T J
(-r-^T^ + 27^2 + 3) ,

^
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which is nonzero if

^ 3. In this case, there is a linut cycle as a consequence of the

Hopf bifurcation theorem. Notice that if

= 3, then from (2.26),

T{a-20X) = -1,
and relation (2.27) implies that
-Tng' (X) + 8 = 0.
From these equations, we see that
a-2pX = -^ng'(X),

(2.31)

that is, (2.28) holds with equality. Assume next that (2.31) holds, then (2.27) can be rewrit
ten as
2 (a - 20xY T '^ + 4T (a

-20X)

+ 2 = 2 ((a - 20X) T

if = 0

implying that
T(a-2^X) = -1,
and from (2.26), we see that

= 3. We can summarize the above derivation as follows.

Proposition 12. If a — 20 X > —^ng'
value T ^

then there is a limit cycle around the critical

otherwise the existence of a limit cycle is not guaranteed.

2.4 Numerical Examples
First, we select m = 0, a =

= 1, a = 1, 6 = 3, 7 = 0.8 and n = 2. In this case.

A= B = l
fiX)

=

2X

G{X) =
3X + II'
9{X) =

3X + ||-

44

The critical value of T is 9. Figure 2.1 shows the birth of a limit cycle with this value
of T. In figures 2.2 and 2.3, we changed the critical value to 8.8 and 9.2. In the first case, a
shrinking cycle is shown, and in the second case, an expanding cycle is obtained.
Next, the case of m = 1 is illustrated. The selected parameter values are a = 0.75,
P = 1.5, a=l, 6 = 3, 7 = 2 and n = 2. In this case, A = B =
fm

=

G{X) =
9{X)

=

2X
X + 8l'
4
3

3X + I'
3X + f

The critical values of T are 4.38014 and 145.212 as the solutions of equation (2.27).
Figure 2.4 shows the occurrence of a limit cycle with the smaller value of T. Similar
phenomenon is obtained with the large root, as well. Shrinking and expanding limit cycles
can also be generated by lowering and raising the value of T from the critical values.

2.5 Conclusions
In this chapter, oligopoly theory was combined with the population growth model to derive
a dynamic model of international fishing. It is shown in Szidarovszky and Okuguchi (1998)
that the asymptotical behavior of the fish stock depends on the model parameters and the
initial fish stock. If t —f cx), then X {t) either converges to a positive equilibrium, or tends
to zero resulting in the extinction of the fish stock. In this model, instantaneous information
about the fish stock was assumed. However, there is always a time delay between the time
when measurements are taken and the actual decisions are implemented.
In this chapter, we have shown that in the presence of time delays, the asymptotical
properties of the fish stock becomes much more complicated. In particular, we were inter
ested in a special type of bifurcations. Conditions were derived under which limit cycles
can be bom, and numerical examples have illustrated the theoretical results.
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The analysis of the symmetric case with m > 2 and the nonsymmetric case requires
computer assistance, it will be the subject of a future paper.
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F IGURE 2.1. Birth of a limit cycle with m = 0
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F IGURE 2.2. A shrinking cycle for T = 8.8
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F IGURE 2.4. Birth of a limit cycle with m = 1

50

Chapter 3

INTERNATIONAL FISHING WITH SEMI-SYMMETRIC TIME
DELAY
3.1

Introduction

In section 1.1.3, we presented a general dynamic systems model that described the tra
jectory of the fish stock as a function of time. This model was extended in chapter 2 to
include the inevitable time lags in obtaining and implementing information about the fish
stock when each country experienced symmetric time lags. In this chapter, this model will
be modified to consider the case where n — 1 countries share the same time lag, and one
country has a different time lag in obtaining and implementing the information about the
fish stock.
In this chapter, we use the same model as presented in section 1.3.1. As in chapter 2, it
is assumed that when each country makes their decision on the amount of fish to harvest,
they have delayed information on the size of the fish stock. This delay is uncertain, so a
continuously distributed time lag is used again.
From chapter 2, we know the eigenvalues of the linearized system are given by equation
(2-9):

(m* + I)

(3.1)
ic= 1.

in the general case. While in chapter 2, we examined the effect of a symmetric time lag, in
this chapter we will consider the semi-symmetric case.

3.2 Semi-symmetric Case
The semi-symmetric case of the international fishing oligopoly model involves n countries
sharing the same parameters, except for T in the weighting function. The first n — 1
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countries have the same parameter T, while the nth country has parameter eT instead.
Therefore, we have ai = • • • = On = a,

= -•• =

= 6,71 = • • • = 7„ = 7, so,

A = ^, B = J, furthermore mi = • • = m„ = m,Ti = • • • = T„_i =T,Tn = eT.
This implies
fiX)=
G{X)=

"
l + 2B^

X + 2B7'

JCH-2B7

_

and
n
where 51(X) = gaCX) = • • • = ^„(X) = g i X ) . The equilibrium is a solution to
I

z ti

which is a quadratic equation for X:
X^^ (n -1- 1) + X (2B/37 — a (n + 1)) + {An — 2QB7) = 0.
In this case
Q - 2^X = 2G(X) - a =

(n-+-l)X + 2B7

a

without a definite sign and
^ A[{n+\ ) X +2B'^\-AX{n+\ )
^
[(n + l)X + 2B7f
for all X.
Equation (3.1) can be rewritten as follows
A - (a - 20X) +

(X)

—(m+l)
ATV^
'

y

A

Aer\

—(ni+l)
= 0. (3.2)

3.3 Effects of Time Delay
Equation (3.2) is equivalent to a polynomial equation, the degree of which depends on the
value of m. To simplify analysis, we will examine the special case where m = 0. Introduce
the notation z = a — 2PX.
In the case of e = 0, equation (3.2) is quadratic.
A - z + g' (X) [(n - 1) (1 + XT)-' + 1] = 0,

that is,
X^T + Xil-Tz + Tg') +{g'n-z)=0

(3.3)

with ^ = g' (X). This is the case when country n has instantaneous information. The
stability of the equilibrium depends on the sign of z. Assume z < 0, then all coefficients are
positive implying the real parts of the eigenvalues are negative. Therefore the equilibrium
is asymptotically stable. Next, assume z > 0, and let
l+Tg'

J

and
Z2 = ^'n.
If 2 < mm {zi, 22}. the equilibrium is asymptotically stable. If 2 > min {zi, 22}, then the
equilibrium is unstable. Finally, if 2 = mi7L{2i, 22}, then the stability of the equilibrium is
undetermined because of the nonlinearity of the system.
Now, the case when the real part of an eigenvalue passes through zero is examined in
order to see the possibility of the birth of limit cycles. In this case, a pure complex number,
A = ir, solves equation (3.3) if and only if
— t^ T + ir{l — Tz -i-Tg') + {g'n — z) = 0.
The real and imaginary parts must both be zero:
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and

\ - T z + T g ' = 0.
Since T > 0, real r exists only if z < zi, and z = z\. Selecting T as the bifurcation
parameter, considering the eigenvalue as a function of T, and differentiating equation (3.3)
with respect to T gives
2AAT' + y? + A (1 — Tz -i- Tg') + A (—z + g') = 0.

(3.4)

From (3.4),

•

^

- X j - z + g') 2XT + I- Tz + Tg'
z-g'-X
2T
z — g' ±ir
2T

'

therefore
ReX =

z — g'

# 0.

The Hopf bifurcation theorem (see for example Guckenheimer and Holmes, 1983) implies
that there is a limit cycle in the neighborhood of X.
Next we consider the case when e > 0. Equation (3.2) becomes
A- 2 +

[(n - 1) (1 + AT)-' + (1 + XeT)-^] = 0,

which can be rewritten as a cubic equation:
eT^X^ + [(1 + c) r - zeT"] A^
+[ 1 - 2 ( l + c ) r + Tp'(l + (n-l)t)]A
+ [n^ — z] = 0.

(3.5)

The Routh-Hurwitz stability criterion implies all roots have negative real parts if and
only if all coefficients are positive and
[(i + c)T-2cr2] [i-z(i + c)r + r<;'(i + (n-i)c)]

-eT^ [ng' - z] > 0,

54

which is quadratic in T:
7^ [z^ (c + £2) _ ^2 (e + (n - 1) e^)]
+T [gf (1 + (n - 1) c^) -2(1+ c)^]

(3.6)

+ ( 1 + c) > 0 .

The dependence of the eigenvalues on z is next examined. Assume z < 0 . This implies
the coefficients of (3.5) are all positive and (3.6) is trivially true for all T > 0. Therefore
the equilibrium is asymptotically stable for all T > 0. If 2 > 0, then the coefficients of
(3.5) are positive if and only if
z < min {u, u, w}

(3.7)

where
u= 1+ e
eT '
1 + Tg' (1 + (n - 1) e)

(l + e)T

and
w = ng'.
Inequality (3.6) is next examined. The discriminant of the left hand side can be written
as
[ 5 ' ( l + ( n - l ) £ 2 ) _ ^ ( n - e )v2l2
']
-4 [z^ (c +
_ g,^ (c + („ _ 1) £2)1 (1 + e)
= 5'^ (1 + (n - 1)
+ gl (22) (n - 1) (1 - e^) + (e^ _ i)]
+22 (1 - e f .

D =

This is quadratic in

in which the leading coefficient is positive. Therefore D is convex

in
It is easy to see that the discriminant, D^, of this quadratic function is
^ (2i)"

(n - 1) (1 - e) (1 +1) - {1 - e) (1 + €)]'

which simplifies to
= (-16) 2^ (1 - tf (1 + €)' ((n - 1)

.
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This is negative if e ^ 1 implying that the quadratic polynomial D has no real roots, so
D > 0 always. If c = 1, then Dgt = 0, so D has a unique real root in g', and for all other g'
values, D > 0.
Let the coefficients of the left hand side of inequality (3.6) be denoted as
A = 2^ (e + c^) — g'z (c + (n — 1) c^) ,
B =

(1 + ( n — l)c^) — 2 ( H - c ) ^

and
C = 1 + c.
In addition, let
_ g'{l + { n - l)e'')
and
g'(l + (n-l)c)
= —

Clearly,

in —

•

> 0 if and only if 2 > 22, B > 0 if and only if 2 < 21, and C > 0 always.

Notice that
2i < 22 < mm {u, xo) .
Based on the above derivation, we have the following cases:
1. If 2 < 2i then i4 < 0, B > 0. This implies that there is a positive and negative root
for T. Therefore the equilibrium is asymptotically stable for all T < T2 and unstable
for T > T2, where T2 is the larger root.
2. If 2i < 2 < 22 then -A < 0, B < 0. This implies again the existence of a positive
and a negative root for T. Therefore the equilibrium is asymptotically stable for all
T < T2, an unstable for T > T2.
3. If 2 = 22. then A = 0, B < 0, This implies there exists one root T* = =^, and the
equilibrium is asymptotically stable for all T < T*, and unstable forT > T ' .
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4. If 0 > 22 then

> 0, B < 0. This implies either there exists two positive roots

for T, and the equilibrium is asymptotically stable for T < T\ or T > T2, or there
exists only one root T'j, and the equilibrium is asymptotically stable for all T ^ T*^Notice that this second case occurs when e = 1, which is the completely symmetric
case discussed in the previous chapter.
Now, we will examine the possibility of the birth of limit cycles. Note, this can only
happen when z > 0, otherwise the equilibrium is always asymptotically stable. A pure
complex number, A = ir, solves equation (3.5) if and only if
-zr^cT^ - r2 [(1 + c) T - zeT^]
+ir [1 — 2 (1 + c) T + Tg' (1 + (n — 1) c)]
+ [n^ — 2] = 0.

Equating the real and imaginary parts to zero gives
2 ^ 1 - (1 -f e) 2r + Tg'{l + (n - l)e) ^
ng' - z
cT2
il+e)T-zeT^'

^

'

Since 7^ > 0, real r exists only if
1 — (1 + e) zT + Tg' (1 + (n — l)c) > 0

or equivalently
l -Hrg^ ( l - K n - l ) e ) _
(l + c)T
Equation (3.5) has three roots, two of which are given by A = ±ir, but the third root is

real. Using relation (3.9) to rewrite equation (3.5) as

eT^\^ + A^ ((1 + e) T - zcT^) + AcT^r^ +

((1 + c) T - zeT^) = 0,

which can be simplified to:
(A^ + r^) (eT^'X + ((1 -f- c) T - zeT^)) = 0.

The roots of this equation are Ai;^ = ±ir, and
^3 =

( 1 + e) T - 2cT2
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There are three possibilities for the third root. If 2 < u, then A3 > 0, and the equilibrium
is unstable. If z = u, then A3 = 0, and no definite stability result is obtained because of
the nonlinearity of the system. However, if 2 > ix, then A3 < 0 and therefore the other two
eigenvalues determine the stability of the system.
As was shown earlier, as long as z > 0, a positive solution for T exists. Let T* and
(T2* > T*) denote the roots. We select the bifurcation parameter again as T, then
T2 are the critical values, which might coincide in the case of c = 1.
Differentiate equation (3.5) with respect to T implicitly to get
2C TA3 + eT^SA^A + (1 + c - 2zeT) A^ + {{i+e)T- zeT^) 2AA
+A (1 — 2 (1 + c) r 4- neTg' + (1 — c) Tg')
+A (—2 (1 + e) + neg' + (1 — e) g') = 0.

Solving for A gives

where
U = -2eT\^ + A^' [2zeT - (1 + c)] + A [z (1 + c) - g' (1 + (n - 1) e)],
and
V = 3CT 2A^ - A [2zeT - 2 (1+ c)] T + [1 - 2T (1 + c) + g'T (1 + (n - 1) e)].
Using relation (3.9), these expressions can be further simplified:
1 — r^fT^
U = -2€TA=' + A=^ (22eT - (1 + e)) -I- -—
and
V = ScT^A^ - A {2zeT - 2 (1 + e)) T + r^eT^.
Since A = tr, equation (3.10) becomes
i {eTr^ + f) - (22er - (1 -i- c))
~ V ~ -i {2zrtT^ - 2rT (1 + c)) - 2eT^T^'

and
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The numerator of the real part of A is
(eTr^ +

{-2zreT^ + 2rT (1 + e)) +

{2zeT - ( 1 + c ) ) 2eT^r^
= 2r''i-zTe + {l+e)).

This is nonzero when

The Hopf bifurcation theorem implies the existence of a limit cycle in the neighborhood of
the equilibrium. As we have seen earlier, if z < u, then the system is unstable because of
the positive third eigenvalue. U z = u, no definite stability property can be established, and
if 2 > «, then ReX < 0. Therefore, as the value of T passes through the critical value, the
unstable equilibrium becomes stable.

3.4

Numerical Examples

As an illustration of the results given in the previous sections, we consider the following
special case: n = 2, identical firms except with different time delays. We selected two
possibilities for e: e = 0 represents the case when the second firm has no time delay at all,
and as a nonzero, non-unit value, we selected e = 0.5.
For e = 0, the model parameters were as follows: a = 1, 6 = 3, 7 = 0.8, a = 1 and
P = 1.05. This choice of parameters yields an equilibrium at X = 0.3647. Figure 3.1
shows the limit cycle at the critical value of 7" = 12.2216. We notice here that the cycle
goes into negative territory, so practically, the fish stock becomes extinct.
For e = 0.5, the model parameters were as follows: a = 1, 6 = 3, 7 = 0.86, a = 1
and P =

This choice of parameters yields an equilibrium at X = 0.49107. Rgure 3.2

shows the limit cycle at the critical value of

= 92.0718. In this case, Ti < 0. Rgures

3.3 and 3.4 show a shrinking and expanding limit cycle at the values of T = 82.0718 and
T = 102.072 respectively.
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In order to illustrate how the critical values depend on e, we used the same values for
the model parameters as in the e =• 0.5 case, but varied the value of e from 0 through 20
and calculated the critical values. The results are illustrated in figure 3.5, where the figure
suggests that the smaller (negative) critical value tends to zero increasingly and the larger
is also convergent. Since the critical values can be given in closed form in this particular
case, it can analytically be shown that the smaller critical value converges to zero and the
larger converges to ^ ~ 55.994.

3.5

Conclusions

In this chapter, the international fishery model of Szidarovszky and Okuguchi (1998) was
revisited when we dropped the assumption that the fishing countries had identical time
delay in obtaining and implementing information on the fish stock.
The symmetric case was analyzed in chapter 2. In this chapter, we assumed that the
average time delay of one country is an e-multiple of the others. The local asymptotical
stability of the equilibrium was analyzed, and in the case of instability, a special bifurcation,
the birth of limit cycles, was examined. The value of € = 0 corresponds to the case when
no time delay is present, and the value of e = 1 corresponds to the symmetric case which
was examined earlier.
Two numerical examples were presented for e = 0 and e = 0.5. In the second case,
we also illustrated the dependence of the critical values on e. This is an interesting result,
since e can be considered as the measure of asymmetry of the countries with respect to time
delays.
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61

F IGURE 3.2. Limit Cycle fore = 0.5
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F IGURE 3.5. The Dependence of the Critical Value on <

65

Chapter 4

A GRAND COALITION MODEL OF INTERNATIONAL
FISHING
4.1 Introduction
In his earlier paper, Okuguchi (1998) analyzed international fishing of two countries under
imperfect competition. His model and methodology was extended by Szidarovszky and
Okuguchi (1998) to the n-country case, where a general dynamic systems model has been
developed to describe the trajectory of the fish stock as a function of time and in addition a
complete equilibrium and stability analysis has been performed. This model was extended
in chapters 2 and 3 to include the inevitable time lags in obtaining and implementing infor
mation about the fish stock when each country experienced symmetric and semi-symmetric
time lags.
In addition, the competitive model of Szidarovszky and Okuguchi (1998) was modified
by Szidarovszky and Okuguchi (2000) to consider the case where at each time period, the
harvesting countries form a grand coalition and their total profit is maximized. (See section
1.3.2) In this chapter, this model will be extended to include time lags similar to the study
in chapters 2 and 3.

4.2 The Mathematical Model
The basic mathematical model for the grand coalition model in international fishing was
presented in section 1.3.2. As in chapter 2, it is assumed that when each country makes her
decision on the amount of fish to harvest, she has delayed information on the size of the
fish stock. The delay is uncertain, so it is modeled again by using continuously distributed
time lags similarly to the earlier studies of Chiarella and Szidarovszky (2002b) and Engel
etal. (2001).

66

Instead of knowing the real value of the fish stock, each country has some delayed
value. To model this, the expectation of country k on the fish stock at time period t,
is formed according to

f

Jo

(4.1)

w{t - s,Tk,mk) X {s)ds,

where the weighting function w is selected as it was done earlier;
wit

s,T,m) - ^ \

ifm > 1 '

Here m is an integer and T is a positive parameter. When m = 0, the most weight is
assigned to the most current data, and the weights are exponentially declining as the data
becomes older, and when m > 1, then zero weight is given to the most current data, the
weight increases to a maximum att — s = T and the weight declines exponentially for
all earlier data. As m increases, the weighting function becomes more peaked around
t — s = T, and if m —> oo or T

0, the function tends to the Dirac delta function centered

at T or zero, respectively.
Each country harvests the amount of fish as it is given in equation (1.42), but uses her
expectation of the fish stock,

instead of the true value, X. Combining equations (1.42)

and (1.43) implies that
Xfc=5fc(X)=

^

(CX + B)'

7it

so equation (1.48) is now modified as
n

X { t ) = X (t) (a - 0 X i t ) ) - X;
jfc=i

{ X ^ " («)) -

(4.3)

The dynamic equation (4.3), with X^^ defined by equation (4.1), is a Volterra-type
integro-differential equation, which is equivalent to a system of nonlinear ordinary dif
ferential equations. Therefore standard methods known from the theory of differential
equations can be used to investigate the asymptotical properties of the solution.
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First, we will linearize equation (4.3) around an equilibrium X, and then use techniques
for analyzing the stability of linear integro-differential equations (see, for example. Miller,
1972).
The linearized version of equation (43) can be written as
X s {t) = (a -

X s (t) - V
k=i

r
Jo

(« - s, n , rrifc) X s (s) ds,

(4.4)

where Xg is the deviation of X from its equilibrium level. We look for the solution to this
equation in the form Xs (t) = e^^v. Substituting this solution into equation (4.4) and letting
t

oo gives the characteristic equation

"
A - (a - 25X) +
fc=i

/
v'T' \ -(nik +l)
(^ ( 1 + — )
=0.
^
'

(4.5)

Notice that this is equivalent to a polynomial equation, so there are finitely many eigen
values. The asymptotic properties of the trajectory X{t) depends on the locations of the
eigenvalues.

4.3 Effect of Time Delay
In the general case, computer methods are used to find the solutions of equation (4.5). In
order to obtain analytical results, we have to consider special cases. Assume therefore that
we have the case of symmetric countries, where Ti = • • • = T„ = T, ai = • • • = o„ = a,
6t = • • = 6„ = 6 and 71 = • • • = 7„ = 7. This implies A = ^,B =
AX
y{CX + By
where

= •• • =

= g { X ) , and
If •v\

^
for all X.

AB

" y{CX + BY ^

C = ^ and
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At any equilibrium X , a — f i X = G ( X ) , so a — 2PX — 2G (X) — a which can be
positive, negative, or even zero depending on the shape of function G and the location of
the equilibrium.
Equation (4.5) can be rewritten as follows:

(
X'r\
1+ —
j

+ n^' (X) = 0.

(4.6)

In the case of m = 0, this equation is quadratic:
[A - (a - 2i8X)] (1 + AT) +ng'(X)^ 0,
that is
TA^ + A (1 - T (q - 2^X)) + (ng' (X) - a-h 2 p X ) = 0.

(4.7)

We distinguish three cases depending on the sign and magnitude of a — 20X. Assume
first that a — 2^X < 0, then all coefficients are positive implying that the real parts of the
roots are negative, and therefore the equilibrium is asymptotically stable.
Assume next that a — 20X > 0 . If a — 20X > ng' (X), then the constant term is
negative, showing the existence of two real roots, one is negative and the other is positive.
Thus the equilibrium is unstable. If a — 2/3X = ng* (X), then the constant term is zero
implying the existence of two real eigenvalues, at least one of them is zero. If ng' (X) =
then both roots are zero. If ng' (X) <

then the nonzero eigenvalue is negative, and no

conclusion about the stability of the equilibrium can be drawn, and if ng' (X) >

then the

nonzero eigenvalue is positive implying the instability of the equilibrium. Assume finally
that a — 2/3X < ngf (X), then the constant term is positive. If in addition Q — 2fiX <
then the coefficients are positive, and the equilibrium is asymptotically stable, and if
Q — 2PX >

then the linear coefficient becomes negative implying the existence of roots

with positive value or positive real parts with unstable equilibrium. Assume finally that in
addition to a — 2^X > 0 and a — 2^X < ng' we have
a-20X = ^.

(4.8)
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Then there is a pair of pure conjugate complex roots raising the possibility of the birth of
limit cycles. In order to apply the Hopf bifurcation theorem (see for example Guckenheimer
and Holmes, 1983) we differentiate equation (4.7) with respect to T, which is now selected
as the bifurcation parameter. It is easy to see that
+ 2TAA + A (1 - T (a - 2 ^ X ) ) - A (Q - 20X) = 0,

(4.9)

which implies
•
/\

A (a - 2y3X) - A2
2TA + [ 1 - T { a - 2 P X ) ] '

Notice that at the critical value, T* = <k—2pX
—so
T=T'

_ 1 -T'X
2 T* ^

(4.10)

so
Re A

1
T=T'

2 T'^

#0

implying the existence of a limit cycle around the equilibrium.
When m = 1, the characteristic equation (4.6) becomes
[A - (Q - 2y9X)] (1 + 2XT + A^T^) + n</' (^ = 0,
which is a cubic polynomial equation:
+ A2 (2T - T^{a- 2P^) + A (l - 2T (a - 2/8X))
+ (ng' (X)-a + 2^^)

= 0.

(4.11)

The Routh-Hurwitz stability criterion implies that all roots have negative real parts if
and only if all coefficients are positive and
(2T -

(a - 20X)) (l - 2T (a - 20X)) -

{ng' (X) - Q + 2^X) > 0

which is equivalent to the quadratic inequality of the form
2 (a - 20xf

- r {ng' (X) -I- 4 (q - 2PX)) + 2 > 0.

(4.12)
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At this point, the structures of equations (4.11) and (4.12) are the same as that studied
earlier in chapter 2.
Assume first that a — 2PX < 0, then all coefficients of (4.11) are necessarily positive.
We need to consider three possibilities
(a) If a — 20X = —\n^ PO'

(4-12) holds for all
T^
^

=
a-20X'

and the equilibrium is asymptotically stable.
(b) If a — 20X < —gnp' ( X ) , then the left hand side of (4.12) has no real root, so
(4.12) holds for all T > 0. Therefore, the equilibrium is asymptotically stable.
(c) If Q — 2PX > —^ng' (^, then the left hand side of (4.12) has two real roots:
(X) + 4 (a - 20X) ± y/ng' (X) [n^
—
4 (a - 2 0 X )

(X) + 8 (a - 2pX)]

.

(4.13)

Clearly, both roots are positive and if T < Ti or T > T2, the equilibrium is asymptoti
cally stable, but if Ti <T < T2, the equilibrium is unstable.
Consider next the case when a — 20X — 0. Then all coefficients of (4.11) are positive,
and from the simplified form of (4.12) we conclude that the equilibrium is asymptotically
stable for T <

^, and unstable if T >

Next when q — 2PX > 0, the coefficients of (4.11) are positive if and only if
Q-2/9X<min||;,^,ng'(X)|.

(4.14)

The quadratic polynomial (4.12) has two roots, given by (4.13), both are positive. In
addition, (4.13) and (4.14) imply that T < T2 thus (4.12) holds if and only if T < Tj. In
this case the equilibrium is asymptotically stable. If Q — 20X > min {ng' (X) } or
T > Ti, the equilibrium is unstable.
Let us now turn our attention to the case when X loses asymptotic stability that is, when
the real part of an eigenvalue passes to zero from a negative value. A pure complex number

71

A = ir solves equation (4.11) if and only if
-ir^T"^ -

(2T -T^ {a- 2^7^)) + ir (l -2T {a- 2PX))
+ { n g ' ( X ) - a + 2 0 X ) = 0.

Equating the real and imaginary parts to zero, we have
a

Since

l-2T(a-2/3X)
T2

ng^(X)-a-h2^X
2T - T2 (a - 2/9X) •

> 0, real r exists only if
1 - 2T (q - 20X) > 0

and (4.12) is satisfied with equality;
2 (a - 20xf T ^ - T ( n g ' (X) + 4 (a - 2 ^ X ) ) +2 = 0.

(4.16)

Assume first that Q — 20X = 0. Then equation (4.16) is linear implying that
V

=

ng'(X)
is the critical value. Differentiating equation (4.11) with respect to T implicitly we have
+ 2X^T + 4AAT + 2A2 + A = 0
implying that
2X^T + 2X^
3A2T2 + 4Ar+r
Since A = ir, the real part of this derivative is
Re X

A=tr

= T? > 0
B

with
A = 2r^ {r^T^ + l) > 0

^

^
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and
B = (-Sr^T^ + 1)^ + (4rT)^ > 0.
Therefore there is a limit cycle around the equilibrium.
Assume next that a—2/9A" ^ 0. A positive solution for T exists only if the discriminant
is nonnegative and the linear coefficient is negative:
a-20X>-\ng'{^.
O
Let T* and
as T, then

(4.18)

(Tj > T*) denote the roots. The bifurcation parameter is selected again

and Tj are the critical values. Differentiate equation (4.11) with respect to T

implicitly to have
+ A^2T + 2AA (2T -

(a - 2/3^) + A^ (2 - 2T (a - 2/3X))

+A(1-2T(a-2/3X))+A(-2(a-2^X)) = 0
implying that
^

2RA3 + A2(2-2T(Q-2/3^)-2A(A-2I9X)
3A2T2 + 2A(2T-T2(A-2|9X)) + (1-2R(A-2/3X))'

At A = ir, the real part of this derivative is the following:
Re A

A
X=ir

(4.20)

B'

with
B =

[-3T^T^ + l-2T{a-20X)]^-^[2r{2T-T^{a-20jr})]^

= [-2t^T^] ^ + [3rT + r'T^]^ > 0
and similarly
.4 =

+ 2r^T^ + 3)

where we used relation (4.15). Notice that .4 is nonzero if

^ 3. In this case, there is

a limit cycle as a consequence of the Hopf bifurcation theorem. Notice that (4.15) implies
that

= 3 if and only if
T (a - 2/3^ = -1,
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which is equivalent to equation
a-2pX = ~ng'(X),

(4.21)

which is (4.18) with equality. Therefore, if q — 2^X > —^ng' pf), then there is a limit
cycle around the critical value T /

otherwise the existence of a limit cycle is not

guaranteed.

4.4

Numerical Examples

First, we illustrate the case of m = 0. We choose n = 2, o = 1, 6 = 3, 7 = 1, and
a = /3 = 1. These parameters yield an equilibrium at X = 0.272727. The critical value of
T is 9.99991. Figure 4.1 shows the birth of a limit cycle with this value of T.
Next, we illustrate the case of m = 1. Here, we select n = 2, a = l,6 = 3, 7 = 1,
a = 0.94 and /3 = 1.64. This choice of parameters yields an equilibrium at X = 0.166667.
There are two critical values; T' = 1.21909 and Tj = 5.30202. Figure 4.2 shows the
birth of a limit cycle for the critical value T'. Figure 4.3 shows a expanding limit cycle for
T = 1.31909 and figure 4.4 shows a shrinking limit cycle for T = 1.11909.

4.5

Conclusions

In this chapter, an international fishing model was examined, when the fishing countries
form a grand coalition and therefore at each time period their total profit is maximized.
This situation was modeled by a modified version of the well known logistic law. We have
shown that there are at most two steady states. Continuously distributed time lags were
then assumed in obtaining and implementing information on the fish stock by the fishing
countries, which resulted in Volterra-type integro-differential equations. The asymptotical
properties of the fish stock trajectory was examined by using linearization, in the case
of symmetric countries, we were able to derive a simple expression of the characteristic
polynomial. A complete stability analysis was given based on the eigenvalues, and the
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possibility of the birth of limit cycles was explored. Numerical examples illustrated such
cases.
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Xi

0.2735

0 .273

0.2725

0.2715

0.272

0.2725

273

0.2735

0.274

F IGURE 4.l. Birth of a Limit Cycle for m = 0

0.2745

F IGURE 4.2. Birth of a Limit Cycle for m = 1
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Xi

0.17

0.168

0.166

0.164

0.16,

0

0.162

0.164

0.166

0.168

0.17

F IGURE 4.3. An Expanding Limit Cycle for m = 1

0 .172
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Xi
0 .1675
0 .16725
0.167

0.16675
0 .1665
0.16625

0.16625

0.1665

0.16675

0.167

0.16725

0.1675

F IGURE 4.4. A Shrinldng Limit Cycle for m = 1
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Chapter 5

A PARTIAL COOPERATIVE MODEL OF INTERNATIONAL
FISHING
5.1

Introduction

Szidarovszky and Okuguchi (1998) extended the model and methodology of Okuguchi's
initial study (1998) of international fishing of two countries under imperfect competition
to the n-country case. Further, Szidarovszky and Okuguchi (1998) developed a general dy
namical systems model to describe the trajectory of the fish stock as a function of time and
performed a completed equilibrium and stability analysis. (See section 1.3.1) This model
was then extended to consider the case when time lags exist in obtaining and implementing
information about the fish stock in chapters 2 and 3.
In addition, Szidarovszky and Okuguchi (2(X)0) modified this competitive model by
considering the case where all n harvesting countries form a grand coalition and try to
maximize their total profit at each time period (See section 1.3.2). This grand coalition
model was introduced in chapter 4 to consider the effects of time lags.
In this chapter, the models of international fishing of Szidarovszky and Okuguchi (1998,
2000) will be extended to consider the case of partial cooperations between the the harvest
ing countries. In addition, the effects of time lags similar to those used in chapters 2, 3 and
4 will be examined. In the two extreme cases partial cooperation becomes total cooperation
and total competition, so the model of this chapter is a common generalization of the earlier
studies and results.

5.2 The rMathematical Model
Consider the case where a single species of fish is harvested from a single sea region by
n countries, and each country sells its harvest in the markets of all n countries. As in
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Szidarovszky and Okuguchi (1998), let Xki denote the amount of fish harvested by country
k and sold in country i {i,k = 1,2,... n). Assume the inverse demand function in country
i is linear:

PI = AI-BIYI
with Oj, 6i > 0 and Yi =

(5.1)

's the total amount of fish sold in country i. In addition,

as was used previously, assume the fishing cost of country k is quadratic:
Ck = Ck +

(5.2)

where c^, 7* > 0, X is the total level of fish stock and Xk = $3?=!

>s the total amount

of fish harvested by country k. The profit of country k follows from these inverse demand
and cost functions:
rifc = ^ (oi - biYi) Xki -

(5.3)

t=l

With these assumptions and profit equation, we follow the form of Szidarovszky and
Okuguchi (1998, 2000). Now we assume that all n countries partially cooperate, i.e. the
payoff of country k is the sum of her profit and certain proportions of the profits of the
competitors. Thus the payoff of country k is now
Hfc = ^ (Oi + biYi) xfc, - 7*^ + 53 a« I ^ (Oi + b^Yi) xu - 7f^ ) •
i=l

'

t#fc

\«=l

(5.4)

/

We assume interior optimum, therefore the first order conditions for the maximization of
country fc's profit are given by
= Ot + ^ Vi - MK -

+ 52

(-tai) = 0

(5.5)

or simplifying
Xki + Y^ockiXu = ? -

(5.6)

This equation for all A: (A: = 1,2,... n) can be combined in the the matrix equation
Hz. = ( ^ - K . ) l - ^ C X

<5.7)
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where
(

1

H=

a 12
1

Otln
Q(2n

• •

1=

X u\
x-ii

, Zx —

,C =

7i 0
0 72

v i y
\ 0 0
Equation (5.7) can be solved for Zj to get

V

1

Otn2
( 1>
1

(

0
0

0 ^
0

• • •

7n }

''fii j
ari

,X =
\

J

Adding these equations over i { i = 1,... n) and simplifying gives
X = (.4-5)(H4-^C)
where A = 53"=i ff' ^ = 517=1

(5.8)

1,

Since l^X = 5 =

we have
-1

S = (^-5)l^ ( h + ^ C ^
where S is the total fish harvest. Solving for S results in
®
where f { X ) =

Af{X)
1+n x )

(5.9)

(H + ^C)~' 1. Combine equations (5.8) and (5.9) to get
-I

+/m.

(5.10)

Next we assume that in the absence of commercial fishing, the logistic law governs the
dynamism of the fish stock;
X = {5- pX) X,
where 0,3 >0. In order to avoid confusion of notation, we use different parameters than
in the previous chapters. Experimental data from many biological populations is fit by the
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logistic law, commonly used in the fishery literature (see, for example, Clark, 1976). There
fore. with the international fishing harvest given in equation (5.9), the fish stock changes
according to
X = {8 - p X - G { X ) ) X

(5.11)

where

A-a+zw)
As in Engel et al. (2001), we assume there exists an uncertain time delay in between
the time information on the fish stock is obtained an the time it is used to decide how much
fish a country should harvest. Similar to the earlier studies of Chiarella and Szidarovszky
(2(X)2b) and Engel et al. (2001), this uncertain time delay is modeled by the use of contin
uously distributed time lags for the value of the fish stock. This is modeled by forming the
expectation of country k on the fish stock at time period t, X^^{t), as

f

Jo

w{t-s,Tk,mk)X {s)ds,

(5.12)

where w, the weighting function, is selected as was done in Engel at al. (2(X)1)
w I*
(

'T
' '

\

J
"

"

'

"

I

i

f

m

ifm=0
>
i •

/c nx
*
'

with m a positive integer and T > 0.
Because of this time delay, country k will harvest fish according to the Ar"* element of
equation (5.10):
A:ifc = <7ik(X)=X^efc,

(5.14)

except country k will use its expectation of the fish stock, X®*, instead of the true value,
X. Thus equation (5.11) is modified as
n

X = i 6 - PX) X - Y , 9 k ( X " it)) .
k=l

(5.15)

This Volterra type integro-differential equation is equivalent to a system of nonlinear ordi
nary differential equations as shown earlier. Therefore the asymptotical properties of the
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solution can be investigated by standard techniques known from the theory of ordinary
differential equations.
First, equation (S.IS) is linearized around an equilibrium, X,
X s i t ) = { S - P X ) X s i t ) - V5; (X) r
k=i
•'0

(t - s, Tfc, m ^ ) X s i s ) d s ,

(5.16)

where Xs is the deviation of X from X. Next, we analyze the stability of the linear integrodifferential equation using standard techniques (see Miller, 1972 for example). We look for
a solution to equation (5.16) of the form Xsit) = ve^^. This solution is substituted into
equation (5.16) and t is taken to infinity to give the characteristic equation
A

-

where

"

/

(
fc=i

^

V'T' \ -(fflfc + l)
l+—
=
0

,

( 5 . 1 7 )

'

=I

if TUk = 0
9* 1t rrik. otherwise
Since equation (5.17) is equivalent to a polynomial equation, the number of eigenvalues is
finite. The locations of these eigenvalues will determine the asymptotic properties of the
trajectory, X(t). In the general case, computer methods are needed to locate the eigenval
ues. In the case of symmetric countries however an analytic approach is possible.

5.3 S3iiimetric Case
In order to obtain analytical results, we will consider the case of symmetric countries. In
this case qi = • • • = a„ = a, oi = • • • = a„ = a, 6t = • • • = 6n = 6, 7i = • • • = 7n = 7.
rrii = • •• = TTin = m, and Ti = •••Tn = T, which implies A = ^, B = ^ and
ff,(X) = .•.= gr^iX) = giX) with

^
'

2B7 + a: [(71 +1) + (n - l)ar

Therefore
g'iX) =

[2B7 + X ((n + 1) + (n - 1)

2 > 0.
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The nonzero equilibrium of system (5.11) is the solution of equation

s-px=

An
2B'y + X [(n + 1) + (n — 1)q] "

Notice that the right hand side is strictly decreasing in X and is strictly convex, and in
addition, decreasing in a. It is easy to see that there is either 0, 1, or 2 positive equilibria.
The only case when stable equilibrium occurs is when 2 equilibria exists, and the larger is
the stable one. If a increases, then this stable equilibrium also increases.
Equation (S.17) can be rewritten as follows;
(5.18)
When m = 0, the characteristic equation is quadratic;
[A - (cJ - 2/9X)] (1 + AT) + ng' (X) = 0,
that is
TA2 + A (1 - T (J - 2^X)) + {ng' (X) - 5 + 2^X) = 0.

(5.19)

Since g' (X) is positive, the form of equation (5.19) is the same as was studied in Engel
et al. (2002). We examine the sign and magnitude of 5 — 2PX. First, we consider the case
5 — 2PX < 0, then the coefficients of equation (5.19) are positive and the real parts of the
roots are negative. This implies the equilibrium is asymptotically stable.
Next, we consider the case 5 — 2^X > 0. There are three possibilities.
(a) If d — 2 P X > ng' (X), then the constant term is negative, implying the existence
of a positive and a negative real root. Thus the equilibrium is unstable.
(b) If 5 — 2 P X = ng' (^, then the constant term is zero implying the existence of
a zero root and a second real root. In addition, if ng' (X) =
also zero. If ng'

(X)

<

then the second root is

then the nonzero root is negative, so no conclusion about the

stability of the equilibrium can be given, and if ng' (X) >
is positive, and therefore the equilibrium is unstable.

then the nonzero eigenvalue
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(c) If 5 — 2^X < ng' (X), then the constant term is positive. In addition, if 5 —
2PX <

then the coefficients are positive, and the equilibrium is asymptotically stable.

If (5 — 20X >

then the linear coefficient becomes negative implying the existence of

roots with positive value or positive real parts. Thus the equilibrium is unstable. If
5-20X = i

(5.20)

then there is a pair of pure conjugate complex roots raising the possibility of the birth of
limit cycles. In order to apply the Hopf bifurcation theorem (see for example Guckenheimer
and Holmes, 1983) we again select T as the bifurcation parameter and differentiate equation
(5.19) with respect to T implicitly to get
-f 2TAA + A (1 - T (5 - 2/SX)) - A (5 - 2 0 X ) = 0,

(5.21)

solving for A results in
^

A (5 - 2PT) - A2
~ 2TX+[l-T{5- 20X)]'

We are interested in A at the critical value, T' = ^ ' •y, so
l-T'X
T=T'~

2T-2

with real part
« A»
Re
T=r*

1 ^0
2 T* ^

implying the existence of a limit cycle around the equilibrium.
In the case m = 1, the characteristic equation (5.18) becomes a cubic polynomial
equation:
[A - (5 - 20X)\ (1 + 2AT + A^T^) + ng' (X) = 0,
that is
A^T^ + A2 (2T - r2 (J - 2 0 X ) ) + A (1 - 2T (<J - 2 0 X ) )
+ (n<7' (X) - 5 + 20^ = 0.

(5.23)
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The Routh-Hurwitz stability criterion implies that all roots have negative real parts if
and only if all coefficients are positive and
(2T -

(<y - 2 p X ) ) (1 - 2T (5 - 2 P X ) ) -

{ n g ' ( X ) - 5 + 2 0 X ) > 0.

This is equivalent to the quadratic inequality of the form
2 (5 - 20xf T^-T {ng' (X) + 4 (5- 20T)) + 2 > 0.

(5.24)

Since g (7) is positive, the behavior of equations (5.23) and (5.24) is the same as cases
examined in Engel et al. (2001).
Rrst assume S — 2 P X < 0, then all coefficients of (5.23) are positive. We consider the
following three possibilities:
(a) If 5 — 2fix = —\ng' (^. then (5.24) holds for all
T^
^

^—=
5-2pX'

and the equilibrium is asymptotically stable.
(b) If (5 — 2fix < —^ng' (X), then the left hand side of (5.24) has no real root, and
(5.24) holds for all T > 0. Therefore, the equilibrium is asymptotically stable.
(c) If J — 2
T\^ =

fix >

—

PO'

hand side of (5.24) has two real roots:

n g ' ( X ) - h 4 { 5 - 2 f i X ) ± y j n g ' (X) [n^ (X) + 8 (5 - 2fiX)]
=—2
4 (5 - 2fiX)

(5.25)

Clearly, both roots are positive and the equilibrium is asymptotically stable for T < Ti or
T > T2, but the equilibrium is unstable for T\ <T < T2.
Next assume S — 2 f i X = 0, then all coefficients of (5.23) are positive. In addition, equa
tion (5.24) is simplified to a linear equation and it implies that the equilibrium is asymptot
ically stable for T <

, and unstable if T >
.
n9'(X)
n9'(-*)
Next assume S — 2fiX > 0. The coefficients of (5.23) are positive if and only if
(J-2^X < min||;,^,ng'(X)|.

(5.26)
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The quadratic polynomial (5.24) has two positive roots, given by (5.25). In addition, (5.25)
and (5.26) imply that T < T2 thus (5.24) holds if and only if T < Ti, implying the
equilibrium is asymptotically stable. However, if 5 — 2/3X > min

^,ng' (^} or

T > Ti, the equilibrium is unstable.
Let us now turn our attention to the case when the real part of an eigenvalue passes to
zero from a negative value, that is when bifurcation occurs. A pure complex number A = ir
solves equation (5.23) if and only if
- i r ^ T ^ - j ^ ( 2 T - T ^ { 6 - 2 0 1 ^ ^ ) + i r (l - 2T (5 - 20X))
-h{ng' (JTj -5 + 20X) = 0.
Equating the real and imaginary parts to zero, we have
, ^ 1 - 2T (li - 2gX)
V
Since

ng'(X)-S + 20X
IT-T'(5 -20X)'

> 0, real r exists only if
I - 2 T { 5 - 2P'X) > 0

and equation (5.24) is satisfied with equality:
2 (5 - 20xf T^-T {ng'

(X) + 4 (J - 2 p X ) ) +2 = 0.

(5.28)

First consider the case when 5 — 2ffX = 0. Then equation (5.28) is linear implying that
the critical value is
T* =

.
ng* (X)
Differentiating equation (5.23) with respect to T implicidy we have
3\^XT^ + 2X^

4\XT -h 2A2 + A = 0,

implying that
2 X ^ T + 2A2
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Since A = ir, the real part of this derivative is
-1
Re X\

lA=jr

A
= — >0
B

where
.4 = 2r^ (r^T^ + l) > 0
and
B=

+ 1)^ + i4rTf > 0.

Therefore there is a limit cycle around the equilibrium.
Next we consider the case when 5 — 2PX ^ 0. A positive solution for T in equation
(5.28) exists only if the discriminant is nonnegative and the linear coefficient is negative:
5 - 2pX > -\ng'
8

.

(5.30)

Let T" and Tj (Tj > T { ) denote the roots. The bifurcation parameter is selected again
as T, then

and

are the critical values. Differentiate equation (5.23) with respect to T

implicitly to have
+ A^2T + 2AA (2T

20X)) + A^' (2 - 2T(<5 - 2/3X))

+A(1-2T(J-2/3X))+A(-2(5-2^X))
implying that
2TA' + A2 (2 - 2T (5 - 2/9X)) - 2A (^ - 2^X)
~ ~3A2T2 + 2A (2T - T2 (<y - 2/9X)) + (l - 2T (5 - 2^:^) "
At A = ir, the real part of this derivative is the following:
Re A

A

where
A=r^ {-r'^T* + 2r'^J^ + 3)

= 0
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and
B = [-2T'^T^f + [3rT +
Notice that A is nonzero if

> 0.

^ 3. In this case, there is a limit cycle as a consequence

of the Hopf bifiircation theorem. Notice that (5.27) implies that

= 3 if and only if

T { 5 - 2 0 X ) = -1,
which is equivalent to equation
(5-2i8X = -in»'(X),

(5.33)

which is (5.30) with equality. Therefore, if J — 2/9X > —\ng! (^, then there is a limit
cycle around the critical value T #

otherwise the existence of a limit cycle is not

guaranteed.

5.4

Numerical Examples

Rrst, we illustrate the case of m = 0. We choose n = 2, o = 1.6 = 3, 7 = 0.9, and
d = /? = 1 and a = 0.5. These parameters yield an equilibrium at A" = 0.326262. The
critical value of T is 7.21145. Figure 5.1 shows the birth of a limit cycle with this value of
T.
Next, we illustrate the case of m = 1. Here, we select n = 2, a = 1, 6 = 3, 7 = 1,
5 = 0.85 and 0 = 1.57 and a = 0.5. This choice of parameters yields an equilibrium at
X = 0.243739. There are two critical values: Tj* = 3.22582 and

= 43.251. Figure

5.2 shows the birth of a limit cycle for the critical value T^. Figure 5.3 shows a expanding
limit cycle for T = 3.32582 and figure 5.4 shows a shrinking limit cycle for T = 3.12582.
In the second case, figure 5.5 illustrates the dependence of the critical value of T on the
cooperation level Q. Figure 5.5 shows that for this choice of parameters both critical values
are strictly increasing in a.
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5.5 Conclusions
In this chapter, we examined international fishing using the theory of dynamic oligopolies.
Partial cooperation of the fishing countries was assumed. The equilibrium at each time
period was first determined and then the asymptotic behavior of the equilibrium was exam
ined under the additional assumption that there is time lag in obtaining and implementing
information on the available fish stock. Without time lag, the asymptotical properties of
the system are very similar to those shown earlier in Szidarovszky and Okuguchi (1998,
2000), but in the presence of time delay, instability occurs. We were particularly interested
in a special bifurcation, the birth of limit cycles. The theoretical results were illustrated by
simple numerical examples.
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Xi

0 .327

0.3265

0.3255

0.326

0.3265

0.3275

255

F IGURE 5.1. Birth of a Limit Cycle for m = 0
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Xi

0.2445

0.244

0.2435

0.24

0.2435

0.2445

F IGURE 5.2. Birth of a Limit Cycle for m

0.245
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Xi

0.2445

0.244

0.2435

0 .243

0.2435

0.245

F IGURE 5.3. An Expanding Limit Cycle for m = 1

0.2455
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Xi

0.2445

0.2435

0.2425

.244

0.2445

FIGURE 5.4. A Shrinking Limit Cycle for m = 1

0 .245

F IGURE 5.5. The Dependence of the Critical Value on a
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Chapter 6

CONCLUSIONS
In my dissertation, a special class of dynamic games was analyzed. This type of dynamic
games arises from the combination of the classical population dynamics theory and the
well known oligopoly theory of mathematical economics.
International fishing is a typical example of this type of dynamic games in which several
countries, or firms, fish on a sea region. Their interaction is through market rules when we
assume that all markets are open to all participants. In addition, all fishing parties base their
activity on the existing common fish stock. The combination of the market economic rules
with population dynamics results in a special dynamic system, in which the available fish
stock and the beliefs of the participants on the fish stock are the state variables. Depending
on the possible symmetry of the fishing parties and on their behavior several alternative
models will be formed.
The classical competitive model was first formulated and examined. After the general
model was constructed, two special cases were introduced. First, we assume the countries,
or firms, are identical. Next, we considered the case when one country, or firm, is signif
icantly different than the others. In these special cases, I derived simple analytic results
about the asymptotic behavior of the state trajectory, which is tractable in the general case
only by computer simulations. Next, we assumed that a grand coalition is formed, and the
total profit of the industry is maximized. Partial cooperative case was examined next, in
which I assumed that each participant's objective function contains a certain proportion of
the profits of the others in addition to its own profits.
In all cases, a detailed mathematical model was constructed, the equilibrium or profit
optimizing fish rate was computed and the population dynamics rule was modified accord
ingly. For each case, I determined the number of positive equilibria of the resulting dynamic
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system. The stability of the equilibria was analyzed based on the assumption that each par
ticipant has instantaneous information on the fish stock. However this assumption is not
realistic, since there is always a gap of information due to information collection and im
plementation. Since the time is not known exactly, continuously distributed time lags were
assumed. Under this assumption, the dynamic system was described by a Volterra-type
integro-differential equation system. The asymptotical behavior of the state trajectory was
analyzed by using linearization. Conditions for the local asymptotical stability of the state
were first derived, and in the case of instability, special bifurcations, especially the birth of
limit cycles, were studied. In addition to the theoretical, analytic results, I illustrated these
bifurcations with simple computer studies.
My future research plan has two major focus areas. First, I plan to expand my study
on the same models which were examined in my dissertation. In particular, 1 plan to do
computer simulations in the most general cases where no analytic solution is possible.
In this study, differential equation solvers as well as software for computing the roots of
nonlinear algebraic equations will be used. I hope to find more diverse bifurcation behavior.
Parallel to the computer studies, I also plan to use the same methodology that was a major
tool in my dissertation to analyze the asymptotics of alternative models. The basics of this
model was presented in section 1.3.3 and discussed in detail in Szidarovszky and Okuguchi
(2002). This model in the present form does not allow the firms of any country to sell their
product in the markets of the competing countries. In my research, I plan to extend the
model for this more realistic situation.
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