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ABSTRACT 

A two-dimensional finite element model for simulation of dendritic solidification of 

binary alloys is developed. The model solves the coupled time-dependent temperature 

and solute concentration equations on two independent meshes: a fixed mesh for the 

temperature and an adaptive interface-conforming mesh for the concentration. The 

temperature is solved on the whole domain while the concentration is solved only on the 

liquid region because diffusion in the solid is much smaller than that in the liquid and can 

be neglected. Temperature and concentration are coupled at the interface through the 

generalized Gibbs-Thompson relation. The solid-liquid interface is explicitly tracked with 

a set of marker points that defines its position at all times. Latent heat of fusion, 

interfacial energy, kinetic mobility and crystalline anisotropy are taken into account. The 

adaptive mesh is generated at every time step as the interface position changes. The 

model is easy to use in the sense that it works with physical variables as opposed to those 

based on the phase-field variable and level-set method. 

The model is very accurate as demonstrated by a series of calculations that compare 

to exact solutions or predictions by solidification theories. In simulations of solidification 

of pure materials, where only the energy equation is solved, the model produces very 

complicated dendritic structures that are in close agreement with experimental 

observations, and the computation is very efficient. Calculations under a variety of 

conditions show that the undercooling and interfacial energy are the main factors that 

determine the final dendritic structures. In simulations of alloy solidification, where both 
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the energy and solutal concentration equations are solved, the results for the onset of 

interface instability and the prediction of the most unstable wavelength are in good 

agreement with linear stability theory. When applied to simulations of directional 

solidification of Pb-Sb alloys, the model generates dendritic structures and solute 

segregation similar to those observed experimentally, and the interface-development from 

a planar form to cells to dendritic structures is clearly demonstrated. These simulations 

are the first of their kind. 
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CHAPTER 1 

INTRODUCTION 

I . l  B a c k g r o u n d  

It is very common in both nature and industrial processing that a dendritic 

microstructure, characterized by complicated tree-like patterns, forms during 

solidification — a phase transformation of a material from its melt/gaseous state to solid 

state [1, 2]. In nature, snowflakes and frost patterns are among the most observed 

examples of naturally formed dendritic ice crystals. Fig. 1.1(a). In manufacturing, 

dendritic crystal growth is often encountered in the production of alloy castings, metal 

ingots and welds, where solidification is involved. Figs. 1.1(b) and (c). There are two 

forms of dendritic structures: equiaxed and columnar. Equiaxed dendrites grow in all 

directions from a center point, while columnar dendrites grow in some preferred 

direction. It is these microstructures that determine much of the thermal, mechanical and 

electrical properties of the solidified material. Understanding dendritic solidification -

when and how dendrites form and develop under various conditions - becomes important 

when one wants to predict and control the microstructures of the solidified material to 

produce products with desired properties. 

Dendritic growth occurs in both pure metals and alloys. The physical process of 

dendritic growth is as follows. In pure substances, the liquid is cooled to a temperature 

below its freezing point. The difference between the temperature and the equilibrium 
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freezing temperature is called undercooling. Solidification can be initiated by any 

perturbation such as dropping a tiny solid seed into the liquid or a fluctuation in pressure. 

Once solidification is started, the liquid-solid interface advances into the liquid, and latent 

heat is generated at the interface and diffuses away into the undercooled liquid and solid. 

The driving force of the solidification process is the undercooling at the interface. The 

process is inherently unstable in that any local protrusion on the interface that extends 

into the liquid finds itself in a lower temperature than do its neighbors, and, therefore, its 

growth is enhanced. The protrusion grows until the d.nving force is balanced by other 

constraining factors such as interfacial energy and kinetic effects. 

In the case of alloys, two diffusion fields coexist in the dendritic growth: 

temperature and solutal concentration. When the partition ratio (also called segregation 

coefficient) is less than one, which is the most typical case for dilute metallic alloys, 

solute is rejected at the interface and diffuses into the liquid as the dendrite grows. Since 

the solutal diffusivity is small, the solutal concentration builds up at the interface. This 

build-up of solutal concentration can result in a small region ahead of the interface being 

undercooled even if there is a positive temperature gradient ahead of the interface. This 

phenomenon is called constitutional undercooling and is another driving force different 

from the thermal undercooling in dendritic growth of pure substances. 

It is, therefore, generally understood that dendritic growth is controlled by a 

diffusion-limited process - how fast the latent heat or solute concentration diffuses away 

from the interface. In pure substances, the growth rate of a dendrite is controlled by the 

diffusion of latent heat from the interface. In alloys, both the diffusion of latent heat and 
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the diffusion of solutal concentration are in control of the growth. For most metallic 

alloys, the solutal diffusivity coefficient is three to four orders of magnitude smaller than 

the thermal diffusivity; hence, the solutal diffusion is the rate-controlling factor in 

dendritic growth. 

The complexity and difficulty involved in the study of dendritic growth lie in the 

following observations: 

1. A time-dependent moving interface is present in the domain under consideration. The 

interface undergoes topological changes such as branching, splitting and merging and 

can become very complex. The interface position is part of the solution and must be 

determined, either explicitly or implicitly, at any time. 

2. Discontinuities exist at the interface, including material properties, such as 

conductivity and specific heat, and field variables, such as temperature gradient and 

solutal concentration. 

3. A wide range of length scales is involved in the problem. For example, in the 

solidification of a typical metallic alloy, the thermal diffusion length is three to four 

orders of magnitude larger than the solutal diffusion length; the latter is four to five 

orders of magnitude larger than the capillary length. A summary of the most 

important length scales is shown in Table 1.1. 

4. Material properties such as interfacial energy, kinetic mobility and crystalline 

anisotropy must be taken into consideration. Since capillary forces are curvature 

dependent, the interface curvature must be calculated, which presents a difficulty for 

implicit interface-tracking method. 
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Table 1.1 Different length scales in dendritic solidification of Pb-Sb alloys 

(Based on growth rate K = 0.1 mm/s) 

Name Definition Length scale, mm 

Dendrite lip radius R J 0
 1 1 O
 

Capillary length ^0 = ^ or 
° L L- -10""' 

Thermal diffusion length / =£L or ^ 
V V 

~I0-

Soiutal diffusion length III 

-10"^ 

5. The problem is highly nonlinear. Although the energy (temperature) and the soiutal 

concentration equations are linear themselves, when convection is ignored, they are 

coupled at the interface nonlinearly. Even when there is only the energy equation 

involved in the solidification of a pure substance, the dependence of temperature at 

the interface on the interfacial curvature and the fact that the interface position must 

be determined as part of the solution makes the problem highly nonlinear. Also, the 

physical process has unstable tendencies in that a small change of initial conditions or 

boundary conditions may result in large changes in the final results. 

Dendritic solidification is a particular example of the much broader phenomenon of 

pattern formation in nature [3]. The formation of complex dendrites in the solidifying 

alloys is the result of competition and interaction among undercooling, interfacial energy, 

kinetic mobility, and crystalline anisotropy. In the study of dendritic growth, one would 

like to answer the following questions: 
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1. How does the degree of undercooling affect the formation and the evolution of 

dendrites? More specifically, given a substance, its thermo-physical properties and 

the geometry of the domain, does a dendritic or cellular structure form under a certain 

undercooling? In some cases, a cellular structure forms first, then it transforms to a 

dendritic structure. How and under what conditions does this transition take place? If 

a dendrite forms, how does its morphology change through side-branching and tip-

splitting? If there is an array of dendrites, then how do they affect each other? Of 

special interest to metallurgists is the primary dendrite arm spacing, the average 

spacing between the primary dendrite arms, as well as the secondary arm spacing. 

How does the system select these spacings under different thermal conditions? 

2. How do dendrites grow in different materials? How do the material properties such as 

the interfacial energy, the kinetic mobility coefficient, the crystallographic anisotropy, 

the partition ratio (solutal segregation upon solidification) and the liquidus slope in 

the phase diagram, and the difference of the thermal properties between the solid and 

liquid affect the dendritic growth? 

3. How do initial thermal, geometrical and constitutional conditions affect the dendritic 

growth? 

4. What role and to what extent does convection play in the dendritic growth? 

These questions are from a practical point of view and are related directly to 

numerical study of dendritic growth. There are many other questions related to instability 

of the interface, pattern formation and selection that are more theoretical and interesting 

to physicists. 
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While thermosolutal convection is often present in dendritic growth due to the 

shrinkage and the existence of a density gradient caused by temperature and solutal 

gradients, it is generally acknowledged to be responsible for macrosegregation in castings 

and ingots. The microstructure is mainly controlled by diffusional transport, although 

formation of sub-grains £ind the distribution of primary spacings are probably related to 

convection, as well. A good starting point in the investigations of dendritic growth is to 

study the problem as a diffusion process. Once the diffusion-controlled transport 

phenomena are well understood, then convection can be added to the system, and its 

effects can be seen. 

The mathematical description of dendritic solidification without convection has the 

form of two unsteady diffusion equations governing the transport of heat and solutal 

concentration in both the solid and liquid regions. The two equations are nonlinearly 

coupled at the solid-liquid interface through the Gibbs-Thomson relation and the phase 

diagram of the alloys. The time-dependent interface position, which describes the contour 

of the dendrites, is solved together with the temperature and concentration fields. The 

energy equation with its interfacial conditions is a classical Stefan problem, but is further 

complicated when interfacial energy, kinetic mobility and interface geometry are 

included. Analytic solutions to the above system are limited only to simple one-

dimensional problems at the present time. 
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1.2 Literature Review 

1.2.1 Theoretical studies 

Theories of dendritic solidification based on transport mechanisms, physical 

assumptions, and mathematical approximations have been developed over the last 55 

years. These theories can be divided into two categories: steady-state and dynamic 

theories. 

Most of the steady-state theories consider pure substances and predict the 

relationship between the dendritic growth velocity, tip radius, and the undercooling. 

Ivantsov [4] gave the first rigorous analytic solution to the energy equation by assuming 

the interface to be an isothermal, shape-preserving paraboloid growing at a constant 

velocity into a supercooled pure melt. The solution provides a relationship between the 

Peclet number, defined as the product of growth rate and tip radius divided by thermal 

diffusivity, and the dimensionless undercooling. For a given undercooling, there is a 

corresponding Peclet number, allowing an infinite number of combinations for growth 

velocity and tip radius. Ivantsov's transport theory cannot uniquely determine the 

dendritic operating state because the effects of interfacial energy and kinetic mobility are 

ignored and the temperature on the surface of the dendrite is assumed to be isothermal 

and equal to the melting temperature of the pure substance. There is only one length 

scale, dendrite tip radius, in the model. Another problem with Ivantsov's solution is that, 

for a given undercooling, if the tip radius is infinitely small then the growth rate is 

infinitely large; there is no maximum growth rate in the solution. This is contrary to the 

thermodynamic constraint of a critical tip radius below which growth cannot happen. 



Improvements to Ivantsov's solution were made in a series of theoretical models by 

Temkin [5], Boiling and Tiller [6], Trivedi [7], Sekerka et al [8], and by Glicksman and 

Schaefer [9, 10]. In these models interfacial energy was included, which adds the 

capillary length. Other assumptions made by Ivantsov [4] were still kept. It is found that 

it is impossible to satisfy both the Stefan condition (the heat flux due to the release of 

latent heat) and the Gibbs-Thompson relation (including the effect of surface tension) 

simultaneously at every point of the interface because the mathematical problem becomes 

over-specified, except at the dendrite tip. Therefore, these investigators chose the tip as 

the single point at which both the interfacial conditions were satisfied. At other points of 

the interface either the Gibbs-Thompson relation or the isothermal temperature plus the 

heat flux conditions were satisfied. Under these treatments, solutions were obtained that 

are similar to the Ivantson's solution except they exhibit a maximum growth velocity. 

This maximum velocity, together with its corresponding dendrite tip radius, was assumed 

to be the unique operating state for dendritic solidification for a given undercooling. 

Comparison between the experimental observations and the predictions from the 

steady-state models with the maximum velocity hypothesis is not satisfactory [2]. In 

order to satisfy the two interfacial conditions on the whole interface, one can drop the 

assumption about the shape of the interface and let it be determined by the solution. 

Along this line, Nash and Glicksman [11] developed a self-consistent formulation of 

dendritic solidification in the form of a nonlinear integrodifferential equation. This 

formulation made no assumptions about the interface shape and interfacial conditions. 

Unfortunately, a direct analytic solution to this integrodifferential equation is not 
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possible. A combination of functional and numerical analyses by Nash and Glicksman 

[12] showed that there exist a continuous range of steady-state solutions that are 

restricted to the tip region. These solutions show only a small shape correction on the tip 

region compared to Ivantsov's isothermal paraboloid. A fully capillary-corrected, steady-

state solution that covers the whole dendrite could not be found. 

The so-called microscopic solvability theories, developed about 16 years ago [12-

22], consist of advanced analytic approaches and numerical solutions to several proposed 

variants of Nash and Glicksman's [11] self-consistent non-linear integrodifferential 

formulation. These more general formulations include anisotropy of interfacial energy 

and/or kinetic mobility and are solvable over the entire solution domain only under 

certain conditions, from which the operating state of dendritic growth is derived. 

Time dependent theories include analyses of interface morphological stability. The 

First thermodynamic criterion for interface stability based on the concept of constitutional 

supercooling in directional alloy solidification was proposed by Rutter and Chalmers [24] 

in 1953. This criterion, without considering interfacial energy and kinetic mobility, 

simply states that the onset of interface instability occurs whenever there is constitutional 

supercooling. The criterion provides a simple relation between the critical temperature 

gradient and the growth rate for a given alloy. When the temperature gradient is less than 

the critical value the interface is unstable. Mullins and Sekerka [25] used linear stability 

theory to analyze the stability of a steadily advancing flat interface subject to small 

perturbations and obtained the exact relationship between the critical temperature 

gradient at the onset of instability, the wavelength of the disturbance, and thermophysical 
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property parameters including interfacial energy. At low growth rate, the simpler model 

of Rutter and Chalmers agrees very well with the linear stability theory. At high growth 

rate (>1 cm/s), the critical temperature gradient, predicted by Mullins and Sekerka's 

theory, is greater than the one predicted by constitutional supercooling criterion due to 

the inclusion of interfacial energy, which stabilizes the interface. According to Mullins 

and Sekerka's theory, for a temperature gradient less than the critical value, perturbations 

with a continuous range of wavelengths longer than the critical wavelgth are found 

unstable, while perturbations with shorter wavelengths are stable. Mullins and Sekerka's 

theory also provides a way to calculate the wavelength of the fastest growing instabilities. 

Ungar and Brown [26, 27] performed weakly non-linear analysis following the approach 

of bifurcation theory to study the morphology of the interface beyond the point of 

incipient instability of the planar shape. 

The marginal stability theory by Langer and Muller-Krumbhaar [28-31] was 

developed to study dendritic growth using the analysis of morphological stability. These 

authors assumed that a dendrite interface is everywhere time-dependent with the possible 

exception of the tip, where the system could persist in a marginal state of interfacial 

stability. The analysis resulted in a relation between the growth rate and the tip radius, 

which is independent of Ivantsov's solution. By combining the two results, a unique 

dendritic operating state was determined. Although comparison between the predictions 

of marginal stability theory and some experiments on succinonitrile shows good 

agreement, the validity of both its theoretical and mathematical foundations is limited [2]. 
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There are many other theories or improvements to the above mentioned theories 

proposed in the last twenty years on various aspects of dendritic growth including 

sidebraching and coarsening. All theories of dendritic solidification have limitations and 

have not withstood the test of time. New theories of dendritic growth are still under 

development. 

1.2.2 Numerical studies 

The simulation of dendritic growth has attracted much interest for the last 15 years 

due to the limitations of theories and importance of understanding and controlling 

solidification processes. The problem belongs to a more general category of moving 

boundary problems. The major difficulties lie in the presence of moving interfaces, i.e., 

the dendrite contours undergo very complex topology changes. It is very important for 

any simulation to accurately determine the interface position, not only because it is part 

of the solution but also because the interfacial conditions must be satisfied at the 

interface. And the effects of the interfacial energy, kinetic mobility, crystalline anisotropy 

and the geometrical properties of the interface must be taken into account. Furthermore, 

discontinuities of material properties at the interfaces must be included. All this requires 

an accurate determination of the interface position. 

Numerical methods for moving boundary problems that have been proposed so far 

can be divided into three basic types: 

1. fixed mesh methods, based on finite difference or finite element formulations, in 

which the basic computational mesh is held fixed. The interface is tracked using 

either a field variable or a discrete set of points that describe the interface position 



and is allowed to move in time following the evolution of the interface [40, 41, 44-

51]; 

2. adaptive boundary-conforming mesh methods, also based on finite difference or finite 

elements, in which the interface is described by nodes in the computational mesh. The 

mesh is allowed to deform so as to conform to the interface as it changes with time to 

capture its position during its evolution [32-34, 38,42, 43]; and 

3. boundary integral methods, in which the problem is cast in the form of an integral 

representation of the interface. The kernel of the integral contains the Green function 

for the diffusion operator [35-37, 39]. 

Boundary integral methods are well suited for linear problems and simple 

geometries. For highly nonlinear problems with very complicated moving boundaries 

such as the dendritic growth problem, these methods usually break down. 

The success of adaptive boundary-conforming mesh methods relies heavily on the 

quality of the mesh generator. For dendritic growth problems, it is required that the 

generator be automatic, robust and able to generate high-quality meshes that conform to 

complicated interfaces. The generator must also be efficient since remeshing is needed 

every time step. 

Fixed mesh methods are relatively popular simply because the mesh is simple. The 

mesh is fixed and usually uniform covering the whole computational domain. The field 

equations can be solved easily and accurately on the fixed mesh once the interface 
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position is known and the interfacial conditions are applied properly. All the difficulties 

are transformed to locating the interface. 

Fixed mesh methods can be divided into two subtypes, according to whether the 

interface is tracked explicitly or implicitly. In an explicitly interface-tracking method, 

also called a Eulerian-Lagarangian method [52], the interface is represented by a discrete 

set of marker points. The interface evolves through the motion of the marker points. The 

velocity of each marker is determined through the local interfacial conditions. The 

interface normal and curvature can be calculated at each marker point, and discontinuities 

and interfacial conditions can be handled. New markers are added and excessive markers 

are removed in such a way that the distance between any two adjacent markers is kept 

within a fixed range all the time. The disadvantage of this method is that the manipulation 

of markers, i.e. the marker addition and removal, and the reconstruction of interfaces 

after merging and splitting, are very involved in three-dimensional cases where the 

interface is an arbitrary surface. 

Juric and Tryggvason[41], and Udaykumar et al. [44] developed finite difference 

methods based on a fixed mesh, where the interface is tracked using a set of markers that 

define its position and shape. These methods successfully modeled two-dimensional 

unstable solidification of pure substances under a variety of different conditions, such as 

discontinuous conductivities, anisotropic interfacial energy, and kinetic mobility, and 

different symmetry modes. 

The second type of fixed mesh methods includes the enthalpy method, the phase-

field method, and the level-set method. These methods do not track the interface 



explicitly. Instead, by including an extra Field variable in the calculation, the interface is 

extracted from the field variable. In the phase-field method, an order parameter called 

phase field is defined in the whole domain. It takes a distinct constant value in the liquid 

and in the solid, respectively. Smooth transition between the two values takes place over 

a region of finite thickness, which contains the interface. Although the interface position 

can be sharply determined as the contour of the phase field at the average of the liquid 

and solid values after the calculation, the interface information and conditions are 

actually applied over the finite-thickness region in the simulation. The theoretical basis of 

the phase-field method is the existence of such a field variable and its governing 

equation. 

The phase-field method has become popular in the last ten years due to its ability to 

automatically handle complex topology changes of the interface, including merging and 

splitting, even in three-dimensional cases, without explicitly tracking the interface. All 

the difficulty in the treatment of the interface is reduced to the calculation of one extra 

field variable. Nevertheless, the phase-field method has drawbacks. Firstly, the 

theoretical basis of the method is questionable for general situations of solidification 

characteristic of non-equilibrium [52]. Secondly, it is difficult to accurately relate the 

parameters in the equations to physical parameters such as the interfacial energy, the 

kinetic mobility and the crystalline anisotropy. Thirdly, the simulations are dependent on 

the thickness parameter of the diffuse interface; the mesh resolution should be smaller 

than the interface thickness. In order to recover the sharp interface limit in which the 

thickness of the interface is zero, the mesh must be extremely fine and the corresponding 
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time steps must be very small, which is computationally very costly and can easily 

surpass the current computer capability. 

The level-set method is another technique in which the difficulty related to explicit 

interface-tracking is avoided. In this method, a field variable called a distance function is 

defined in the whole domain. At any point, the variable takes the value of the shortest 

distance from that point to the interface. Based on that definition, the interface at any 

time corresponds to the zero set contour of the distance function. The distance function 

evolves according to a speed function, which is another globally defined variable. At the 

interface the speed function is set to be the normal velocity of the interface. The speed 

function is then obtained by extending this normal velocity to the whole domain through 

a boundary integral equation taking into account the temperature, interfacial energy, 

kinetic mobility, the geometry of the interface and the history of the interface motion. 

The level-set method was used by Sethian and Strain [37] for crystal growth and dendritic 

solidification. However, the application of this method depends on the existence of the 

kernel in the boundary integral equation. The level-set method is not as popular as the 

phase-field method. 

Enthalpy methods have been used successfully in stable solidification problems, the 

classical Stefan problems. For unstable solidification where complex dendritic structure 

forms, enthalpy methods lack the ability to capture the details of the interface due to the 

limit of the interface thickness, which can not be too small because of the discontinuity of 

enthalpy at the interface. The effect of the interfacial energy, which depends on the 

curvature of the interface, cannot be accurately incorporated [52, 53]. 
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All the methods mentioned above have advantages and disadvantages. Each has 

been successful in qualitatively capturing some dendritic features of solidification. Most 

of the calculations that have been carried out have been for pure substances in two 

dimensions. Three-dimensional calculations are rare and only for simple situations. To 

simulate the dendritic growth of alloys and other multicomponent materials, one must 

include the solutal concentration equation in the simulation and make it fully coupled 

with the temperature equation. 

The major difficulties in simulating the concentration equation lie in the fact that at 

the interface the concentration has a jump and its gradient in the liquid side is extremely 

large due to the very small solutal diffiisivity. Fixed-mesh with interface-tracking 

methods, which are quite successful in dealing with the temperature equation for pure 

material cases, encounter big difficulties when dealing with the concentration equation. 

Firstly, the mesh at the interface must be very fine (smaller than the solutal diffusion 

length scale) to obtain meaningful results of concentration at the interface. The 

calculation of the interface concentration is very important because it directly affects the 

calculation of the interface temperature and the velocity of the interface. Secondly, due to 

the big jump of the concentration at the interface and the big difference between the 

solutal diffusivities in the solid and the liquid, the calculation of concentration in the two 

phases needs to be separated, and the two regions constantly change. 

Numerical solutions to alloy solidification in one dimension were presented by 

Rubinsky [54] and Derby and Brown [55]. In reference [54], a finite element method was 

used to discretize the energy and solute equations; the interface was tracked with an extra 
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moving node independent of the mesh that defined its position. The model was applied to 

the solidification of a dilute saline-water solution, and the implications of the results on 

the stability of a plane front were discussed. A sophisticated numerical scheme was 

presented in reference [55] for the solution of a one-dimensional steady-state model of 

solidification in a vertical Bridgman furnace. A predictor corrector in time and centered 

finite differences in space, in conjunction with a Newton iteration method, were used to 

solve the equations, and the model was applied to the solidification of the pseudo-binary 

alloy CdTe-HgTe. 

The first attempts at finding two-dimensional solutions for binary alloys appear to 

be those of McCartney and Hunt [56], Ungar and Brown [26], and Tsai and Rubinsky 

[57]. McCartney and Hunt developed a steady-state finite difference model that solved 

the solute and energy equations in axisymmetric coordinates. Starting from an assumed 

dendrite shape and using finite differences, the mesh was chosen with mesh points lying 

on the interface. The energy and solute equations were solved, the computational mesh 

was modified to adjust the shape so it was in equilibrium with the new solution, and the 

procedure was iterated to convergence. The model was applied to dendritic growth in a 

temperature gradient where the influence of the growth conditions on cell tip. 

compositions, undercooling, tip radii and cell spacings was examined. Subsequently, the 

solution of the energy equation was eliminated and temperature was included through an 

imposed moving linear temperature field that varied only in the axial direction [58]. 

Ungar and Brown analyzed the stability of a plane-front with a constant velocity under a 

prescribed temperature gradient; a "one-sided" model in which the solute concentration is 
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solved only in the melt was used. The domain was fixed through a transformation that 

made the interface position another dependent variable to be calculated, and the equations 

were solved using a finite element method with bi-quadratic elements and a non-linear 

Newton iteration to determine the cellular interfaces. This method and variations of it 

were also used in subsequent publications in which droplets and deep groves were 

simulated [27, 59, 60]. In Ungar et al. [61], the method was extended to include the 

solution of the temperature field while still retaining the assumption of steady-state 

solidification. 

Tsai and Rubinsky [57] developed a finite-element model with interface tracking 

in which the heat flux condition at the interface was discretized using a Galerkin 

formulation and was used to provide additional equations to solve for the interface 

position. They made use of a moving mesh of quadrilateral elements that was refined at 

the interface and studied the effect of transient short time temperature fluctuations on the 

stability of a planar interface. Somewhat later, McFadden et al. [62] developed a steady-

state finite differences model for the three-dimensional calculation of non-planar 

interfaces, assuming a linear temperature field and using their iterative method as a false 

time. It was applied to the solidification of Al-Cr alloys, in which steady-state solutions 

revealed two-dimensional bands and three-dimensional hexagonal nodes. 

Palle and Dantzig [63] developed an adaptive-mesh finite-element method for the 

solidification of binary alloys based on a fixed grid of bilinear elements that is locally 

refined in the proximity of the interface. They used linear triangles to handle the mesh 

transitions, and the refinement was controlled by an error estimator. The energy equation 
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was formulated in terms of enthalpy, with the position of the interface recovered from the 

freezing isotherm. The solute conservation equation was formulated in terms of the 

chemical activities, making it of the same form as the energy equation. The method was 

applied to two-dimensional solidification in a square region where the temperature at the 

lower left comer was reduced below the solidus temperature and the boundaries were 

assumed to be adiabatic. Results were presented for the solidification of Fe-0.05 wt% C. 

A full thermosolutal model using a fixed mesh was developed by Juric [64]. This was a 

direct extension of the model for a single substance presented in reference [41]. Juric 

used a single-field representation for the liquid and solid phases in which the jump in 

material properties at the interface is implicitly included, and he assumed equal liquid and 

solid densities. These methods use a material-indicator function similar to the phase-field 

variable, but the material indicator function is determined from the position of the tracked 

interface and only used to express the physical properties and the single-field variable. 

The equations are solved on a fixed mesh. The model was applied to directional 

solidification in a rectangular region starting from a perturbed plane front, and the 

analysis of Mullins and Sekerka [25] was used to determine the domain dimension and to 

ensure that the system was unstable. The results showed a necking phenomenon in 

growing granular protrusions and the actual pinch-off of solid granules. Simulations on a 

grid of 200 by 600 points, intended to show the formation of dendrites during directional 

solidification, revealed resolution difficulties due to the explicit nature of the algorithm. 

These simulations were then performed assuming a known linear temperature field in the 

growth direction. 
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Models based on boundary integrals and the solution of an integro-differential 

equation were proposed in [65] and [66], respectively. Both used one-sided models to 

solve for the solute field only and calculated steady-state solutions. Other work involving 

numerical simulations of dendritic solidification of binary alloys has been done using the 

phase-field method [67-75]. In all of these works, the temperature field was prescribed, 

and only the solute concentrations were calculated. Warren and Boettinger [71] applied 

the phase-field equations to a Ni-Cu alloy in a constant temperature. The equations were 

solved by means of a finite-difference method using a uniform grid, and some 

simplifying assumptions had to be made to make the problem tractable. They obtained 

very realistic growth patterns that captured the development, coarsening, and coalescence 

of secondary and tertiary dendrite arms. 

1.3 The Present Work 

In this work, we present a model for two-dimensional dendritic growth of binary 

alloys using numerical simulation based on a finite element method. The model solves 

the temperature equation on a fixed mesh that covers the whole domain while explicitly 

tracking the interface. Since solutal diffusivity in the solid is usually four orders of 

magnitude smaller than in the liquid for metallic alloys, diffusion in the solid is 

neglected. The concentration equation is solved on an adaptive, interface-conforming, 

locally refined mesh for the liquid region only. The interface is part of the domain 

boundary, and the mesh is regenerated at every time step as the interface moves. 
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Temperature and concentration are fully coupled by the interfacial conditions. Interfacial 

energy, kinetic mobility and crystalline anisotropy are taken into account explicitly. The 

method is simpler than other existing methods for dendritic solidification, and all 

calculations are restricted to the element level. 

An explicit interface tracking method is developed for this model, in which the 

interface is represented by a set of discrete marker points. The method can resolve 

complicated interface topological changes by marker addition, deletion, and 

reconstruction. The interface-normal and curvature can be easily calculated, and 

interfacial conditions are directly applied at the markers. The interface tracking method, 

although developed for dendritic solidification problems, can also be used in other 

moving-boundary problems. 

The model uses an independent two-dimensional mesh generator that is automatic 

and robust. The generator produces locally refined interface-conforming meshes of both 

linear and quadratic triangular elements. 

A series of model validations are performed by comparing the simulation results 

with existing theoretical results. Mesh convergence is tested for some benchmark 

problems. The model is first used to simulate dendritic solidification of pure substances 

into an undercooled melt, and then it is applied to directional solidification of binary 

alloys. 
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CHAPTER 2 

MATHEMATICAL MODEL 

2.1 Sharp Interface Formulation 

We consider a two-dimensional rectangular domain that contains two regions of 

different phases (solid and liquid for solidification problems) separated by an infinitesi-

mally thin interface. Fig. 2.1. Temperature and concentration are the two field quantities 

defined in the whole domain. The sharp interface evolves and the two regions change 

with time as solidification or melting takes place. The physical problem is stated as: 

given a domain, material properties, initial conditions including temperature, 

concentration and interface position, and boundary conditions for temperature and 

concentration, determine the interface position, temperature and concentration as a 

function of time. 

Since the solid and liquid regions change with time, this is a moving boundary 

problem. We present the sharp interface formulation in which the energy and 

concentration equations are written separately in solid and liquid, and matched at the 

interface. Temperature and concentration are coupled through the interfacial conditions. 

We assume that diffusion is the only mechanism for heat and mass transport; convective 

effects including that caused by shrinkage due to solidification are not considered. 

Therefore, we assume that the density in the solid and liquid are equal and constant. 

The energy conservation equation takes the form: 
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= for f > 0, X e (2.1b) 

where /?, c, k are density, specific heat and thermal conductivity, respectively; the 

subscripts S and L refer to the solid and liquid phases, respectively; t is time, x is the 

position vector and t) is the temperature. Interfacial conditions include continuity 

of temperature and balance of heat flux: 

=Ti^ for r > 0, X e 5,(/) (2.2a) 

{K^VT^-K^Ti_)-n = qV for/>0, *€ S,(r) (2.2b) 

in which: 

^ ^ = pdl  + (Cpt - )( t ,  -  t„)] 

V is the interface normal velocity, x,  is the local interface position, n denotes the unit 

normal to the interface pointing toward the liquid region, q is the heat generation per unit 

volume, L is the latent heat per unit mass, T, is the local interface temperature, and is 

the local equilibrium melting temperature, which is a function of local solute 

concentration. The expression for the interface heat generation, q, is a modified Stefan 

condition which accounts for the discontinuous heat capacity across the interface and the 

fact  that  a t  non-equi l ibr ium the  phase  change  genera l ly  occurs  at  a  temperature  T,  
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different than the equilibrium melting temperature T^. The interface temperature is 

related to the melting temperature through a generalized Gibbs-Thompson relation: 

T,-T„ + C + + Z2l££LZ£^[7 in(R) + 7- 7 ] = 0 
'  " psl  vid)  l  t j  " '  

for r > 0, X 6 5,(r) (2.2c) 

where is the anisotropic interfacial energy as a function of the local interface 

orientation 6 shown in Fig. 2.1; C is the local interface curvature and v{6) is the 

anisotropic kinetic mobility. The melting temperature is related to the local solute 

concentration through the phase diagram. Fig. 2.2. For hypoeutectic lead-antimony (Pb-

Sb) alloys, can be approximated as: 

= ^ m o f o r  r > 0 ,  J: e 5,(0 (2.2d) 

where is the melting temperature of the pure solvent (i.e., when there is no solute); 

m is the slope of the liquidus line and Q is the solute concentration in the liquid. 

The boundary condition for temperature is of either the Dirichlet type, i.e., 

T (x, t )  =  Tp (x, t )  for r > 0, x e (2.3a) 

or the Neumann type, 

-KtfVT = qfj{x,t) forr>0, xe9Q^ (2.3b) 

The initial condition is: 
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r(x,0) = 7'(,(x) for jce Q (2.4) 

Tj) and 7J, are prescribed temperatures; <7̂  is a heat flux and subscripts D and N denote, 

respectively, the portion of the boundary where a Dirichlet or Neumann boundary 

condition is prescribed. 

The solutal concentration C(x, /) is governed by mass conservation equations: 

dc 
= forr>0, (2.5a) 

dc 
-^ = V*(D^VQ) forr>0, (2.5b) 

where d is the solutal diffusivity. There are two interfacial conditions for concentration. 

The first one is the partitionings of solute, which takes different forms depending on 

whether the solutal concentration at the interface reaches the eutectic concentration: 

C5 = kC^ for / > 0, X e S,( t ) ,  before eutectic (2.6a 1) 

Q = Q + and Q = Q 

for r > 0, X e at eutectic (2.6a2) 

where k is the equilibrium partition ratio and is the eutectic concentration. The second 

interfacial condition for concentration is the balance of solutal fiux: 

(D5VC5-DtVQ)*n = (Q-Q)^ for r > 0, JC e S,(f) (2.6b) 

The boundary and initial conditions for concentration are: 
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n'VC = 0 fort>0,xGdQ (2.7) 

C{x, t )  =  C^ ix)  {or t  =  0 ,xeQ.  (2.8) 

Finally the initial condition for the interface is: 

S,( t )  =  S„  t  =  0  (2.9) 

This completes the sharp interface mathematical formulation of a class of 

solidification problems. 

2.2 Non-dimensionalization 

The following non-dimensional variables are introduced: 

' ^ ' = X t ' -^t  ZJ ' * ~ rw> ' y - h '  - i p  

t' — ^ r' - — 
AT- ' "Co 

V'  =  -^V,  C = HC 

where the prime denotes a non-dimensional quantity; the corresponding variable without 

a prime is dimensional, H is the length scale, Q is the initial bulk solutal concentration, 

AT =  Tmo-T^,  is the eutectic temperature. Eqs. (2.1a)-(2.9) are converted to the 

following non-dimensional system of equations with primes dropped. 

Governing equations: 
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f^t 
^  = v-i le ,vt , )  

^  = v-(le ,vt , )  

dc 
dt  

• = fio^'cs 

Bt  

Interfacial conditions: 

T =T 
^ L 

(ale^vt^ - le^t[^)-n = 

r > 0, X e 

r > 0, X e 

f > 0, X e 

r > 0, X e 

t>Oy X 6 S,( t )  

r>0,  X 6  S, ( f )  

T , -T„+ jS^St(T, -T j '+( l  +  ̂ , r j<TC+/^V=0 t>0,xeS,( t )  

T „ = P S l 

cs  =fcci ,  

r > 0 ,  x e  S, i t )  

t>0,  X e S,{ t )  before eutectic 

(/^qVQ-VQ)-/i = (1-A:)QV />0, X6 S,( t )  before eutectic 

Q = Q  

^  Le V 

Boundary conditions: 

Tix ,  t )  =  Toix ,  t )  

- k t i 'VT =  (7a, (x ,  / )  

/i.VC = 0 

t>0,  x e S,( t )  at eutectic 

r > 0, X e 5, (0 at eutectic 

/ > 0, X e dQ^ 

t>0, X 6 9Qv 

t>0,  x  e dQ 

(2.10a) 

(2.10b) 

(2.11a) 

(2.11b) 

(2.12a) 

(2.12b) 

(2.12c) 

(2.12d) 

(2.13a) 

(2.13b) 

(2.13c) 

(2.13d) 

(2.14a) 

(2.14b) 

(2.15) 
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Initial conditions: 

T{x,  t )  =  Toix)  f = 0, X e Q. (2.16) 

Cix, t )  =  C^(x)  t  =  0,  X €  Q (2.17) 

5,(0 = 5 10 t  =  0 (2.18) 

The non-dimensional parameters that appear in the above equations are: 

_ ps^ps 

PLPPL 
Ratio of volumetric heat capacities in solid and liquid 

Lewis number in the solid 

T _ Lbl — Lewis number in the liquid 

st = £fl^ Stefan number 

b Ratio of solute diffusivities in solid and liquid 

p _£pl__£p^ 
^pl 

Difference of solid and liquid specific heat 

pslhat  
Non-dimensional interfacial energy 

Dl / / =  ^ 
HvAT 

Non-dimensional kinetic mobility 

B Pm Non-dimensional slope of the liquidus line 

'mO 
Non-dimensional auxiliary constant 
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In converting Eq. (2.2c) to Eq. (2.12c), we have assumed {T ,  -T„ ) /T„  is small and 

ln[l + (T,-T„)/T„] = {T,-T„)/T„. The error introduced by this approximation is very 

small for most materials, especially metal alloys. \(T, - T„)/T„\ is less than 0.01* and 

is smaller than 1. If specific heats are equal in the solid and liquid (y9^= 0), there is no 

error in this approximation. 

2.3 Numerical Methods 

The energy and concentration equations are discretized and solved on two different 

meshes: a fixed stmctured mesh for temperature and an adaptive unstructured mesh for 

concentration. In the following the two-dimensional model will be described. In three 

dimensions, the procedures are the sjune, with the obvious added complexities derived 

from the topology. 

2.3.1 Discretization of the energy equation 

The discretization is based on a Galerkin formulation using the four-node 

isoparametric bilinear element. Without loss of generality, the discussion is restricted to 

the case of a rectangular domain, Q, subdivided by a uniform rectangular mesh. It is also 

assumed that an element can be intersected by an interface in only two basic ways. Figs. 

' From the generalized Gibbs-Thompson equation (2.2c). the difference between 7) and T„ mainly comes 

from the effects of interfacial energy and kinetic mobility:!7)= (>^„//7jL)C-(-V/v. For Pb-Sb 

alloys, yr^ I L~ 10""* mm/K and v - 10mm/K»s , a curvature of 10'*(mm"') and velocity of 1 mm/s result 

in l.I degree of 17} -7"„ I. Given ~ 550K, M/ -T„\ IT^ '\s about 0.(X)2. 



2.3(a) and 2.3(b). The element is subdivided into a triangle and a pentagon in the first 

case. Fig. 2.3(a), and into two quadrilaterals in the second case. Fig. 2.3(b). Other forms 

of intersect can be transformed to these two basic cases by rotation. If an element is 

intersected by more than one interface segment, it is considered to be beyond the mesh 

resolution capabilities, and a finer mesh needs to be used. Therefore, the resolution that 

can be achieved by this method as two interfaces or two parts of an interface advance 

toward each other is of the same magnitude as the mesh size, which is also the scale of 

the dendritic structures that can be resolved. 

The weak form of Eqs. (2.10a) and (2.10b) is as follows. Given the initial condition 

Eq. (2.16) and a set of marker points that define the initial interface position 5,o in 

C°(Q), find a temperature t  among all the test functions in the space ^'o(t2)such that 

the expression 

i[(H^j^+£Viy-vr)t/£2= j[ w (2.19) 

is satisfied for all weighting functions W in the space //'„(^)' and Eqs. (2.12a)-(2.12d) 

are satisf ied at  al l  marker points defining s, .  

In Eq. (2.19) t  is the temperature defined in the whole domain, including and 

\ 8 = \ and £ = ale^ in the solid region, s = 1 and £ = in the liquid region; and 

C°(Q) is the set of all continuous functions defined in £2. The set (12) and the space 

are, respectively, the subset of the space H\Q) consisting of functions that 
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satisfy the Dirichiet boundary condition, Eq. (2.14a), and the subspace of f^'(i2) 

consisting of functions that satisfy homogeneous boundary conditions on . H\Q) is 

the standard Sobolev space of functions that are square integrable, together with their first 

partial derivatives over Q. 

The semi-discrete Galerkin form of Eq. (2.19) is obtained by replacing the space 

//'(Q) with the finite-dimensional space of piecewise bilinear functions, 

defined over the finite element mesh of N nodes. Over each element. 

By setting =Nj , the semi-discrete Galerkin form is derived. We find T in 5"^ (Q) such 

that 

is satisfied for i = 1, 2 N, where globally T = ^J_, y)7^(0 and f, =dT, Idt, 

q,  = [ \ lS t - i r  -T^) \V.  The discretization above yields a system of ordinary 

equations in time of the form 

where the components of the mass matrix M and the stiffness matrix K are given by 

4 

T(x,  y ,  0  =  X (2.20) 

X {[ £ + [!_ • vw, <i£j] T; } = £ AT J/ +A( ,,<</ (2.21) 

MT+KT = F (2.22) 

and (2.23) 
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and T is the unicnown vector that contains temperature at the nodes. The right-hand-side 

vector F contains the contributions of the line integrals of the latent heat at the interface 

and the Dirichlet boundary conditions. 

The system of equations, represented by Eq. (2.22), is solved using the d-method 

[76]. The final system of linear algebraic equations takes the form 

(M + 6'A/K)T"*' =(M + (^-l)A/K)T'' +(1-^)F" +^F""' (2.24) 

where the superscript n denotes the time level and ^ is a user defined parameter. In this 

work, the value 0 = 0.5, which corresponds to the second-order-in-time Crank-Nicolson-

Galerkin method, has been used exclusively. Notice that the matrices M and K are 

rebuilt at every time step as the position of the interface changes. The system of linear 

algebraic equations, Eq. (2.24), is solved using a conjugate-gradient iterative method. 

The global matrices M and K in Eq. (2.24) are constructed by assembling element 

mass and diffusion matrices. For elements that are completely contained within either the 

solid or the liquid phase, the matrices are readily calculated from Eq. (2.23), and the line 

integral over the interface S, is zero. Details of how the mass and diffusion matrices are 

constructed for elements that are intersected by an interface are presented below. 

Mass matrix. In order to calculate the mass matrix of elements intersected by an 

interface, two isoparametric transformations are defined that map one portion of the 

element into a standard form. Figs. 2.4(a) and 2.4(b). These transformations are easy to 

evaluate. For the case in Fig. 2.4(a), they are 
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x '(l+7)Ar' 
and 

\ \  + a)L,- \  

y .  2 .(l-#)Ay J1,  { \+b)L,- \_  

For the situation in Fig. 2.4(b), they are 

x 
_1 

"(1 + 7)AX:' 
and 

V 2 .(l-^)Av_ 
and 

Jl .  

a 

j { \  +  /3)[b ,  - tb ,  +a{b,  -^o]- l ( i -^)  

Notice that the first transformation in both cases is a rotation and the second one always 

has the same form. For an arbitrary function F{x, y), the integrals over Q, are 

£ F(x,  y)dxdy =  J^F(L, ,L, ) -^(I  +  a)( l  +  A)AxAWL,i /L3 (2.25) 

when Q, is a triangle, and 

£ Fix,y)dxdy= ^F(a,  j3)-^(g + 2)AxAydad/3 (2.26) 

when Q^ is a quadrilateral, where L^, U, andL, are area coordinates for a triangular 

element (at any point in the triangle L,+L,+L,=l), and <; = b^-\-b.,^a{b^-b^ ). The 

integrals in Eq. (2.25) are evaluated numerically using six integration points in the 

triangle; the ones in Eq. (2.26) are calculated with a 3x3 Gauss quadrature. The 

components of the mass matrix are given by (when Q, is solid) 

m,,  =  J[A/; iV,c /a+(A-l )J[  N,N,da,  (2.27) 



Stiffness matrices. For the stiffness matrix, the expression for the integral over Q, 

becomes somewhat more involved due to the presence of the derivatives, but they can be 

obtained in closed form. For a triangular cut, the derivatives are given by 

(^ + 2)Arja>9 dy Ay^acir (^ + 2) 3/? dx 

The stiffness matrix is obtained from (when Q, is solid) 

dN, dN, ^ dN, BNj 

dx dx dv dv 

\ 

c/Q, 

The same integration quadratures, as for the mass matrix, are used to evaluate the 

stiffness matrices. 

Latent heat calculation. A weakness of previously proposed models has been their 

need to distribute the latent heat produced at the interface over nodes located a few grids 

away from the interface, essentially smearing the interface. Here full advantage of finite-

element methodology is taken by using the shape functions to integrate the source term 

exactly along the interface segment intersecting an element and assigning the 

contributions to the element nodes. 

Consider the intersected element in Fig. 2.5. It is assumed that the interface-

segment within the element is always a straight line. The contributions of the latent heat 

generated on the interface segment to each node in the element is 

a = £ [I / Sf + >?, (7, - T„ )]Vdl (2.28) 
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To evaluate the integral in Eq. (2.28), Si is expressed parametrically as 

x(j) (•*2 -x^)s + x^ 

.(>2 -yi)^+3'i 

and Eq. (2.28) is rewritten as 

a =[l/5r + >3,(7;-f„)]VL,J[ yy.(jc(j), y(^))rf5 (2.29) 

where t  and v are, respectively, the average temperature and velocity of the interface 

segment and l, = ̂ (x, -x,)- +(>*2 -yi)- is its length. Because the shape functions are a 

quadratic polynomial in s, they are integrated exactly using Simpson's rule or a two-point 

Gauss quadrature. 

2.3.2 Discretization of the concentration equation 

While the temperature equation is solved in a fixed uniform rectangular mesh, the 

solute concentration equation is solved in an adaptive graded triangular mesh. The two 

meshes are totally independent, and the two domains are different. The temperature mesh 

covers the whole domain, which consists solid and liquid regions. Due to the 

discontinuity of concentration at the interface and the big difference of solute diffusivity 

in solid and liquid, the concentration equation is solved in solid and liquid regions 

separately. Without loss of generality, only the liquid region is discussed here. 

In this case, the interface becomes part of the domain boundary; the solutal 

segregation at the interface becomes a flux boundary condition. Similar to the 

discretization of the temperature equations, we follow the standard weighted residuals 
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procedure and rewrite Eq. (2.1 lb) into the following weak form, taking into consideration 

the boundary conditions Eqs. (2.13b) and (2.15) (the subscript L in Q is dropped for 

simplicity) 

W'^ + Viy Vcl/n= J[ lV(l-it)CV^/ (2.30) 
) 

where is the portion of the domain Q. that contains the liquid phase and 5/ is the 

interface. The solutal concentration is expressed in terms of the shape functions as 

c(x,y, t )  = '^lvj(x,y)ci i t )  
I 

The weighting functions W are set equal to the shape functions N, in a Galerkin 

formulation, and the time derivative is discretized using the 6-method. The element 

equations become: 

(M + 6'A/K)C''"' =(M + (^-l)A/K)C + (l-^)F"+^F''"' (2.31) 

where C denotes the vector of nodal values at time t = t^-, the matrices are 

M= £iv.iv.c/n 

K = J[VA^,VA^/Q 

and the vector F is given by 
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Here, e denotes the element under consideration; / and y denote the element nodes. 

S,{sg) is the segment of the interface coinciding with a side of the element, if any, and 

is the average interface velocity of the segment. Figs. 2.6(a) and 2.6(b). If an element 

has two sides that coincide with the interface. Fig. 2.6(b), the vector F is the sum of the 

integrals over the two segments of the interface. The global system of equations 

constructed by assembling element equations is solved using a conjugate gradient 

iterative solver. 

2.3.3 Solution procedure 

1. At time t = (initial when n = 0), the temperature, concentration, interface 

position, and velocity of each marker in the direction normal to the interface are 

known. 

2. A new interface position at / = is obtained by moving each marker on the 

interface in the normal direction according to its known velocity. The spacing 

between markers is checked, and markers are added and/or deleted if necessary. 

3. A mesh of triangular elements conforming to the new interface position is 

generated. 

4. The solute concentration at the last time step is interpolated from the old mesh to 

the new mesh. 

5. Time-dependent temperature and solute concentration at the Dirichlet boundary 

are updated. 
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6. Using the current interface velocity, a new temperature is calculated from Eqs. 

(2.10a) and (2.10b), and a new solute concentration is calculated from Eq. 

(2.11b). 

7. The local melting temperature at the interface is calculated from Eq. (2.12d), and 

the interface temperature is then calculated from Eq. (2.12c). 

8. A new interface velocity is calculated for each marker from Eq. (2.12b) and is 

compared with the previously available velocity. If the relative difference at each 

marker is less than the prescribed tolerance, the time step is complete and a new 

time step is started from Step 1. Otherwise, a new interface velocity is obtained at 

each marker, and the program goes back to Step 6. 
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CHAPTERS 

INTERFACE TRACKING METHOD 

3.1 Introduction 

An interface is an internal boundary that is present in a wide variety of applications 

such as multi-phase/fluid flows, physiological flows, chemical processes, wave 

propagation, and solidification. The interface separates two regions of different phases. 

Field quantities in the two regions are coupled through interfacial conditions. Material 

properties are often different in the two regions, and there exist discontinuities of both 

material properties and physical quantities (such as temperature gradient and solute 

concentration in alloy solidification) at the interface. Therefore, in dealing with any 

moving interface/boundary problems, it is essential to know the interface position at all 

times in order to determine the different solution domains and apply the interfacial 

conditions. 

There are two basic methods to determine the time-dependent interface position: 

Eulerian and Lagrangian methods, characterized as interface-capturing and interface-

tracking, respectively. In a Eulerian method the interface is captured or reconstructed 

from an appropriate field variable, by which different phases/regions can be 

distinguished. On the other hand, a Lagrangian method explicitly tracks the interface as it 

moves from its initial position. 
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The existence of a field variable and its governing equation are necessary to 

formulate a Eulerian method for moving interfaces. Besides, the solvability of the 

governing equation for the field variable is also essential. In problems where the interface 

is sharp, a Eulerian method may encounter difficulties due to the stiffness of the field 

variable equation, which, numerically, requires a smooth transition of the field variable at 

the interface. 

Examples of Eulerian methods for dendritic solidification include the enthalpy 

method, the phase-field method and the level-set method. Methods that use discrete 

marker points or continuous functions to represent the interface belong to Lagrangian 

methods. Both Eulerian and Lagrangian methods have advantages and disadvantages. 

The main advantage of Eulerian methods is that interface-topological changes, especially 

merging and splitting, are automatically handled since the interface is given by the 

contour of the field variable. The disadvantage is that it is difficult to accurately 

implement the interfacial conditions that usually involve physical properties. For a 

Lagrangian method, the advantage is that the interfacial conditions can be directly 

applied at the exact position of the interface. But explicitly tracking the interface becomes 

very complicated in three dimensions. 

Whether a Eulerian or Lagrangian method should be used depends on the specific 

problem under investigation. In some cases both methods can be used; it is a matter of 

preference. In dendritic solidification, the complexity of interface topological changes 

calls for a Eulerian method on one hand, which can easily handle merging and splitting in 

higher dimensions. On the other hand the fact that the most important physical processes 
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occur at the interface, and interfacial conditions involve material properties (some of 

them are usually discontinuous at the interface) and geometric parameters (normal and 

curvature) calls for a Lagragian method, which directly apply the interfacial conditions. 

In the last fifteen years, both Eulerian and Lagrangian methods have been used with some 

success in the simulation of solidification problems. While the phase-field method is 

becoming more and more popular among Eulerian methods, it has some big drawbacks 

including its complexity, its high computational cost, its difficulty to relate model 

parameters with real physical properties, and its questionable phase-field variable 

equation, which is still under modification. 

In this work, a Lagrangian approach to explicitly track the interface in simulation of 

dendritic solidification has been taken. By fully taking advantage of the finite-element 

method, this interface tracking method is effective and relatively simple compared to 

other interface-tracking methods. Details of the method are presented below. 

3.2 Interface Representation 

An interface in a two dimensional domain is represented by a discrete set of marker 

points (or markers for short) in a sequential order from the first marker (start point) to the 

last marker (end point). The interface has no self-intersections except at its start and end 

points if it is closed; it is called an untangled interface in Glimm et al. [79]. If the last 

marker is connected to the first marker, the interface is closed; otherwise it is open. If an 

interface is open, its first marker and last marker must be on the boundaries of the 
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domain. A closed interface is totally within the domain. Figs. 3.1(a) and 3.1(b) show an 

open interface and a closed interface, respectively. This representation of an interface was 

also used by Juric [41] and by Udaykumar [44]. 

The marker-spacing is an important parameter. To represent a morphologically 

complex interface, the spacing must be small and more markers are needed. If the 

interface is simple, the spacing can be large and fewer markers may be used. 

There are different ways to join the markers to recover the interface morphology, 

i.e., with linear line segments and with higher-order polynomial segments. Numerical 

calculation shows that joining with line segments is the simpler, more reliable and more 

accurate way when the spacing between two adjacent markers is kept of the same order 

as the mesh element size. 

The movement of each individual marker determines the evolution of an interface. 

The velocity of a marker is determined by the physical interfacial conditions at that point. 

Interface-tracking is realized by determining the velocity of all markers at all times. 

3.3 Interface and Mesh 

An interface separates the computational domain into two sub-regions. The domain 

may be divided by several interfaces into several geometric sub-regions, as shown in Fig. 

3.2. In solidification problems where there are only two phases, these geometric sub-

regions are either solid or liquid. No matter how many sub-regions there are in the 

domain, there are only two phase regions: solid region and liquid region. 
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The state of a sub-region: This is determined in the following way. For either a 

closed or an open interface, one travels from the first marker to the last marker in a 

sequential order. To the left-hand-side is solid; the other side is liquid. The initial markers 

are numbered according to this convention, which is kept all the time. This convention is 

consistent with any topological changes of the interface. 

In a finite-element formulation, there is no need to know how many sub-regions are 

in the domain. One only needs to know the state (solid or liquid) of each element, since 

the domain is divided into many small elements and all the calculations are performed at 

the element level. When an element is cut by an interface, it is partially solid and partially 

liquid; otherwise it is complete solid or complete liquid. 

The state of an element: This is initially determined by the state of its nodes. A 

bilinear quadratic element has four nodes. If all four nodes are solid, the element is solid. 

If all four nodes are liquid, the element is liquid. In all other cases the element is cut by 

an interface and is partially solid and partially liquid. 

The state of a node: This is determined in the following way. For each node, 

search all the markers and find the closest marker to the node. Then form a vector from 

the node to its closest marker, as illustrated in Fig. 3.3, and take a scalar product of the 

vector and the normal to the interface at this marker. Since the interface normal is always 

pointing to the liquid, if the product is positive, then the node is in the solid; otherwise 

the node is in the liquid. 
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This procedure is done for all mesh nodes only one time at the beginning of the 

calculation. During the course of the simulation, only the state of those nodes in the 

elements intersected by the interface in previous and current time steps needs to be 

checked and updated. Other nodes that are far away from the interface do not change 

state in this time step and are not checked. This saves computational time. 

The intersections: Between an interface and element boundaries the intersections 

are calculated at every time step. This is done efficiently given the fact that, in a uniform 

underlying mesh, it is very easy to determine the element to which a marker belongs. 

The procedure is as follows. One travels the interface segment by segment; each segment 

has two adjacent markers as its end points. If the two markers belong to the same 

element, then there is no intersection between this segment and the element sides. If the 

two markers belong to different elements, then there are either one or two intersections: if 

the two elements have a common side, then there is one intersection; if there is no 

common side between the two elements, then there are two intersections. Figs. 3.4(a)-(c) 

shows the three situations. All the intersections are stored in the same sequential order as 

the markers. 

Identification of the intersected elements: This is fmalized when the intersections 

are calculated. Two adjacent intersections define a segment that cuts an element. The 

element contains the middle point of the segment, by which the element is identified. The 

connection between the segment and the element is established. The interaction between 

the interface and mesh is summarized in Fig. 3.5. 
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Some of the elements that are intersected in a previous time step may become fully 

solid or liquid in this time step and their states need to be updated. First check to see 

whether a previously intersected element is also an intersected element in the current time 

step, if it is, skip this element. For the rest of the elements, their states are determined by 

the states of their nodes. 

3.4 Interface Normal and Curvature 

The curvature and unit normal to the interface at a given marker point are calculated 

by constructing a local quadratic interpolant using three adjacent markers with the marker 

under consideration in the center. Fig. 3.6. For markers lying in the boundary of the 

domain, the condition that the interface intersects the boundary at 90° is imposed, and the 

symmetry is used to construct a quadratic interpolant centered at this point. More 

sophisticated interpolants, such as cubic and cubic splines, have also been utilized with 

no or little measurable improvement in the solutions. This agrees with the conclusions of 

Chorin [78] and Udaykumar et al. [44], who also reported that nothing is gained by 

utilizing higher-order approximations to the interface. 

Using the local-arc lengths as shown in Fig. 3.6, the interface position is 

represented by 

x{s )  _  ( s - s , ) i s - s , )  1 1 

y ( s )  i s ,  -S , ) ( s ,  - J , )  '  ( j ,  - s , )  J i ,  • (5 , -5 , ) (5 ,  

where and x,)-+ y,)- • 
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The expressions for the curvature and the unit normal at the midpoint, j = , are 

(5,)x„  (J;)(5,) 

,3.3) 
t j  

with S =  ̂J{ +(y,(j2))- • The derivatives are readily calculated from Eq. (3.1). 

Using the fact that ^, = 0, 

X,(s,)  _ (J: -•Ji) 1 ^^2 ^2 
J, (5, -Jj) .^2. 

1 
.^3 

1 -f. , 2 ^2 , 2 
5,5, ^ , (5 , -^3)  

3.5 Interface Position and Velocity 

The method used to determine the position and velocity of the interface is the most 

critical aspect of this method, because it determines the order of convergence of the 

numerical approximation to the interface position. These quantities are obtained 

simultaneously from the interface condition of Eq. (2.12b). Two basic approaches have 

been used, both of which involve an iteration that uses the velocity at the last time step to 

estimate the next position of the interface; that is, the initial guesses are 

(x ;* ' )o=x;  +AtV"n and (V"')o=V'" 

Subsequent approximations follow one of the two methods described below. 
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Direct approximation. In this method the jump in the heat flux at the interface is 

evaluated directly from the currently assumed interface position and the resulting 

temperature field. A new interface velocity is calculated directly from Eq. (2.12b), and a 

new estimate of the interface position is derived by multiplying the average of the 

velocity at the last time step and the new velocity by this time step. This is the simpler 

way to update the interface position. 

Incremental method. In this method, Eq. (2.12b) is used to update the interface 

position rather than the velocity. That is, the new interface position at which Eq. (2.12b) 

is satisfied is found given the newest temperature field. Fig. 3.7 shows a schematic and 

the notation in one dimension for simplicity. At the current iteration, the latest estimate of 

the interface position is (x,"''')^. The temperature field is calculated using this as the 

position of the interface. Introducing a correction the derivatives in Eq. (2.12b) are 

evaluated using as the interface position and the velocity (V"^')j. 

Satisfaction of Eq. (2.12b), which is done using Newton's method, requires the solution 

of the nonlinear equation ) = 0, where P is a polynomial in . Notice that the 

velocity can be made implicit by using [(jc,"''')4+eJ/Ar instead of (V^')^ in Eq. 

(2.12b). However, this can lead to a loss of stability and has not proved to be very 

effective. 

Several methods have been implemented in conjunction with a variety of 

approximations to the normal derivatives in Eq. (2.12b). Here, the discussion is restricted 

to two of these methods: linear approximation and quadratic finite element 
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approximation, together with the incremental approach to update the interface position. 

Other methods are either not as effective or behave very similarly to the methods 

described below. Using the notation shown in Fig. 3.8(a) in one dimension to simplify the 

expressions and assuming that the solid is to the left of the interface. 

dTs 
dn ~ a + e 

dTt  _h-T ,  
dn  a  — e  

(3.4a) 

(3.4b) 

for the linear approximations and 

dn 

Bn 

(x)  = 

( x )  =  

2x-3a-e  

^ a (2a  +  e)  

r 
7; + 

2a- i -e -2x  

a(a  +  e)  ^ 
t,+ 

2x-a  

(a  +  e) (2a  +e)  
T, 

^ 2x-3a + 2g ^ 

(e -a)(e-2a)^ 

^  2x-v  e -2a^  

a{e-a)  ,  
7-3 + 

2x-a+e  

a{2a  — e )  

(3.5a) 

(3.5b) 

for the quadratic finite element approximations. Eq. (3.5a) is written with respect to a 

local coordinate system with its origin at x= p^ in Fig. 3.8(a), and Eq. (3.5b) is written 

with respect to a local system located at jc = /? in the same figure. 

As long as e<s .a ,  Eqs. (3.4a) and (3.4b) yield an 0{a ' )  approximation to the 

derivatives at the midpoints 1 / 2(/?,+/?,) and l/2(p; + p,). The quadratic finite-element 

approximations, Eqs. (3.5a) and (3.5b), are 0{a^) when evaluated at the points /?, = 

(3-V3)(2a+e)/6 and p, =(3 + -\/3)(2a-e)/6 to the left and right of /?, respectively. 

where the points are given in their corresponding local coordinate systems. The points p, 
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and p, correspond to those in a set of two Gauss points over each element that are 

closest to on each side of the interface [76]. 

In Fig. 3.8(b), we show (one dimensionally for simplicity) a temperature profile for 

an element that contains the interface, together with the linear interpolant to the 

temperature over the element. It can be observed that the linear interpolant over the 

element is inaccurate due to the kink in the temperature field at the interface. Therefore, 

in order to preserve the accuracy in the calculation, we avoid interpolating the 

temperature over this element by choosing the distance a in Eqs. (3.4a) to (3.5b) large 

enough to ensure that the sampling points 7, and Tj in Fig. 3.8(a) do not lie in the 

element that contains the interface. In practice, a = h has been used with no detrimental 

effects, even though, strictly speaking, it should be a = "Jlh in a square mesh. However, 

smaller values, such as a = /i/2, produce a loss of accuracy in the calculations. This is 

important because it shows that the resolution of the method is restricted by the mesh 

size. 

For the direct method, the expressions for the normal derivatives are obtained from 

Eqs. (3.4a)-(3.5b) by setting e = 0. Regardless of the method used, a relaxation parameter 

must be introduced in the calculation of the interface velocity, that is. 

where V is the velocity that has just been calculated using one of the methods described 

above and P is the relaxation parameter. The value of is problem dependent and is 

chosen to minimize the iterations in a time step (normally less than 10). In the direct 

(3.6) 



method is kept constant, and values between 0.2 and 0.9 have been used, which are 

larger than the value O.l used by Udaykumar et al. [44]. In the incremental methods, P 

has been chosen between 0.005 and 0.03. This gives a relaxation factor comparable to 

that used by Juric and Tryggvason [41]. The convergence criterion used in the 

calculations presented in this work is that the change in the interface velocity between 

iterations must be less than 0.001% at all marker points before the iteration stops, and one 

moves to the next time step. 

3.6 Interface Topological Changes 

3.6.1 Interface stretching and shrinking 

The specified marker points along the initial interface can be distributed uniformly 

rather easily. During the course of simulation, the interface may undergo stretching or 

shrinking at different locations. In order to accurately represent the interface and prevent 

the markers from becoming too sparse or too dense, new marker points are added where 

stretching occurs and excessive marker points are removed where shrinking happens. The 

distance between any two adjacent markers, d, is controlled within ajk <d <a^h, where 

h  is the shortest side of the underlying uniform rectangular mesh, and are lower 

and upper constant coefficients, respectively. At any time, when d becomes greater then 

dyh  ,  a  new marker  i s  added in  between.  Likewise ,  when d  becomes  smal ler  than a ,h  .  

an existing marker is removed, provided that the distance between the newly adjacent 

markers does not exceed ; otherwise, the existing marker is relocated halfway 
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between its neighbors. Obviously, one requirement for choosing and is that 

. Another requirement on and , which will help efficiently calculate the 

intersections between the interface and the element boundaries, is ay < 1. This means that 

the elements that contain two adjacent markers must be also adjacent or the same one; no 

whole element separates two adjacent markers. This requirement is also consistent with 

the accuracy requirement that the marker spacing should be in the same order as the 

element size. In our simulation, = 0.95, and = 0.45 have been used. 

The location of a new marker, which lies halfway between two existing markers, 

can be obtained by simple linear interpolation or by higher order interpolation such as 

cubic spline interpolation. Suppose that a new marker needs to be added between marker 

I and marker t+l ; linear interpolation gives: 

= 0.5(x(/) + .r(/ +1)) 

-Vh =0.5(V ( 0 + V (/ + 1)) 

When cubic spline interpolation is used, the coordinates of the new marker are 

given by [80]: 

'2 -3 0 llFr'" 

-2 3 0 0 /-

1  - 2 1 0 /  

I  - I  0  oJ[ i  

by setting the parameter t  = 0.5. As t  varies from 0 to 1, the corresponding point moves 

from marker i to marker (j+1). The tangent vectors x\i) and y\i) are obtained by 

yn^-

x(/) Jc(/ + 1) xXi)  x'(/ + l) 

yi i )  y i i  +  l )  yXi)  yXi  +  l )  



66 

solving a tri-diagonal system of equations given the marker coordinates vector x{ i )  and 

y i i ) .  

Both the linear and cubic spline interpolations have been used in the calculations. 

The difference in the solutions is very small. In most cases the simple linear interpolation 

is used. 

3.6.2 Interface splitting and merging 

Splitting occurs when one interface breaks up into two or more interfaces, and 

merging occurs when two or more interfaces merge into one interface. Splitting and 

merging can happen at the same time to the same interfaces. The most challenging task in 

any interface-tracking method is to efficiently and reliably handle interface splitting and 

merging. Two basic steps, detecting and reconstructing, are involved. Detecting when 

and where splitting or merging happens must be efficient, since it may be very costly 

computationally, and the criterion to determine when to split or merge must be consistent. 

Reconstructing the newly formed interfaces after splitting and merging must be a reliable 

process, since it involves many logical decisions. Furthermore, the procedure for splitting 

and merging must be applicable to a wide range of situations. The published procedures 

for splitting and merging are usually very complicated; an example is given in 

Udaykumar and Shyy [50]. We have developed a relatively simple and reliable one 

described below. 

Detecting. For each interface, a probing front at a distance pj away from the 

interface is constructed in its normal direction, pj is chosen to be a little larger than the 



67 

diagonal length of the element. This ensures that a point on the front and the 

corresponding marker in the interface are in different elements. For a closed (open) 

interface, the probing front is also closed (open) and located in the liquid side. Figs. 

3.9(a) and 3.9(b). Given the normal of each marker point, the probing front is represented 

by the following points: 

t = 1,2 N 
ypU) = yJO + Pjn^U) 

where [«,(/),«,(/)] =/i(/) is the unit normal at marker i ,  is the total number of 

marker points in this interface. If, at some time step, a point in the probing front is found 

in the solid region. Fig. 3.9(b), splitting and merging are declared to be taking place at its 

corresponding marker. 

The procedure to find whether a probing front point lies in the solid region is the 

following: 

(1) Find the element that contains the point. 

(2) Check the state of the element. If the element is not intersected, then the point 

is not in the solid. If the element is intersected, go to the next step. 

(3) Check if the point is in the solid part of the element by examining the relative 

position of the point to the segment that intersects the element (refer to Fig. 3.3). 

After a probing point is found in the solid region, the next step is to find out which 

marker in another interface is closest to the marker that corresponds this probing point: 
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(4) The two intersections of the segment are known. The two markers that are 

outside the segment and closest to the segment are retrieved since the marker 

immediately before any intersection is stored. The closest marker is found by 

searching between these two markers; there are at most five markers between 

them. 

Now we have found a pair of markers that are close enough to merge. These two markers 

are called detected markers for merger. 

Reconstructing. Suppose the detected markers are marker im in interface i and 

marker jm in interface j represented by (/, im) and {j, jm). Figs. 3.10(a) and 3.10(b). (/ 

can be equal to j and im can be equal to jm, but they cannot be equal at the same time. 

When i=j, merging and splitting happen to the same interface). In Fig. 3.10(a), there are 

two additional pairs of markers (pair jm-2 and tm+2, and pair jm+2 and im-2), called 

merge markers, one on each side of the detected markers. Each pair consists of one 

marker from the two interfaces each. These four merge markers are chosen to be two 

segments away from the detected markers. The two markers in each pair join together at 

the midpoint of them, which is called a merge point. The two merge points are: 

= ix„( / , im  -2 )  +x j  j ,  jm  +  2) ) /2  

Xmg2 =  ( / ,  im  + 2)  +  x„i j ,  jm  -2 ) ) /2  

where mgl  and mgZ denotes the two merger points. The reasons for choosing the merge 

markers to be two segments away from the detected markers are the following: (1) when 

two interfaces come to contact, they contact over a small segment/area rather than at a 
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point; and (2) joining the detected markers directly results in a very sharp comer in the 

newly formed interfaces and markers near the comer may very likely be found to be 

detected markers for merger in the next time step. 

So five markers at each of the original interfaces are deleted; they are im-2, im-l, 

im, im+l and t>n+2 on interface i and jm-2, jm-I, jm, jm+I, jm+2 on interface j. The 

newly formed interfaces have the following marker sequential: 

im-4, im-3, mgl, jm+3, jm+4 and 

jm-4, jm-3, mg2, im+3, im+4 

In the algorithm, the only data that need to be stored for each merger (say img)  are 

the two merger markers, i.e., their interface and index (/, im) and (j, jm) in an order 

consistent with the original convention about the interface representation (i.e. counter 

clockwise). 

The first marker of each of the original interfaces and those merger markers are 

called key points. Interface reconstracting after splitting and merging starts at these key 

points, and other markers are picked up in their original order. This ensures the 

correctness of interface topological changes. When a key point is passed (either as a 

starting point or picked up in the middle), it is flagged as done to avoid being re-picked. 
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CHAPTER 4 

SIMULATION OF PURE SUBSTANCES 

Solidification of pure substances can be stable and unstable. Stable solidification of 

pure substances is the classical Stefan problem, where there is no undercooling and the 

solid-liquid interface remains stable under perturbations. The effects of interfacial energy 

and kinetic mobility are usually negligible, and the interface temperature practically 

equals the melting point. The release of latent heat of fusion is mainly conducted away 

from the interface through the cooler solid. Solidification is stable because the liquid 

temperature near the interface is higher than the melting temperature; a protrusion of the 

interface into the liquid finds itself in a hotter region and therefore its growth is inhibited. 

Analytic solutions for stable solidification exist for simple geometries. 

Unstable solidification occurs when an undercooled melt/liquid is solidified. The 

interface is unstable subject to small perturbations since the liquid temperature ahead of 

the interface is lower than the interface temperature, and this enhances the growth of 

protrusions. Unstable solidification is characterized by the diffusion of latent heat into the 

cooler liquid. Interfacial energy and kinetic mobility effects become significant, 

especially when large curvatures develop and solidification is fast. The interaction and 

competition among undercooling, interfacial energy and kinetic mobility result in 

complex interface morphologies, such as cellular and dendritic structures. These 
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structures are widely seen in solidification of pure materials and morphologically similar 

to those in metallic alloys. The mechanisms of their formation in both pure materials and 

alloys are also similar since both are diffusion-limited processes driven by undercooling 

and restrained by interfacial energy and kinetic mobility. Dendrites formed in the 

solidification of pure materials, where there is only thermal undercooling, are called 

thermal dendrites. Over the last 20 years, most theoretical and numerical studies on 

dendritic solidification have been focused on thermal dendrites. 

4.1 Model Validation 

A series of calculations were performed to test our model by comparing numerical 

results with exact solutions, with other numerical results when exact solutions are not 

available, and with dendritic growth theories. Mesh convergence and orientation tests 

were also performed. 

4.1.1 Stable solidification 

Consider the solidification in the plane due to a point heat sink located at the origin. 

Fig. 4.1. Initially the plane is at uniform temperature higher than the melting point. 

Solidification begins immediately after the sink is introduced. For this problem, a 

similarity solution exists in one-dimensional axisymmetric coordinates [77] 

ts( r , t )  =  T„ + Qs 

AttKS 
Ei{X-)-Ei  

/ t \ 
r' 

(4.1a) 



72 

r \ 
r 

(4.1b) 

where and or^ are the solid- and liquid-thermal diffusivities, respectively, 

P„=a^lai^, Qs is the strength of the sink, r_ and are initial uniform temperature and 

melt ing temperature,  respect ively ,  and Ei{x)  i s  the  exponential  integral ,  Ei{x)  = 

(e ' '  /s)ds , .r > 0. The interface location R{t)  is given by 

Rit) = 2Ayl^ (4.2) 

where A., a non-dimensional parameter, is the unique root of the equation 

+ StP^ I = —^ (4.3) 
Ei i f iJ , - )  ATtp^asL 

where the Stefan number St = Cpj^ iT^ -T^) /L.  

The one-dimensional axisymmetric problem was solved numerically in a two-

dimensional domain, which is the first quadrant of the plane over a region of 10 mm x 10 

mm as shown in Figs. 4.1 and 4.2. The physical properties used in the calculations are 

listed below together with the thermal conditions 

Density = p^ = p = \o* kg/m^ 

Solid conductivity = 20 J/s • m • K 

Liquid conductivity = lOJ/s • m • K 

Specific heat of solid Cp^ = 100 J/kg • K 
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Specific heat of liquid =160 J/kg -K 

Latent heat of fusion l = 20000 J/kg 

Heat sink =1000 J/s m 

Temperature difference r . -r  =10K m 

For this set of parameters, 5/= 0.08 and A = 0.10514688. 

These properties were chosen because they are similar to those of Pb-Sb alloys. The 

Stefan number was intentionally small to increase the difficulty of the numerical 

problem; usually a value between 0.1 and 10 has been used in the literature of numerical 

simulations. When the Stefan number is small, the release of latent heat at the interface is 

large and so is the discontinuity of the temperature gradient. To avoid the difficulties 

associated with the singularity at the sink, where the temperature is -<», and to make a 

comparison of results for different meshes meaningful, a square of size 0.4 mm x 0.4 mm 

that contains the origin is removed from the domain. The removed area corresponds to 

the largest element size used in the calculations. Calculations are started using as initial 

conditions the analytical solution at r = 10 s when the initial interface is at /^ = 2.974 

mm, the first one shown in Fig. 4.2. Along the boundaries defined by {.r = 0.4 mm, 0 < y 

< 0.4 mm}, {v = 0.4 mm, 0 < x < 0.4 mm}, x = 10 mm, and y = 10 mm, the analytical 

solution is imposed at all times as a Dirichlet boundary condition on the temperature 

field. Along the rest of the boundary, jc = 0, and y = 0, the symmetry condition of zero 

heat flux in, respectively, the y- and jc-directions is imposed. Meshes of 25 x 25, 50 x 50, 

100 X 100, and 200 x 200 elements corresponding to an element size h of 0.4, 0.2. 0.1, 
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and 0.05 mm, respectively, were used, and the time step was set accordingly at 0.04 0.02, 

0.01, and 0.005 seconds, respectively. The evolution of the position of the interface 

obtained on a 50 x 50 mesh of bilinear elements is shown in Fig. 4.2 at intervals of 10 

seconds. Initially, 25 markers describe the interface; the final interface position at 100 s 

contains 97 markers. 

In order to assess the error in the calculations, the simulations were run from 10 s 

to 85 s for the four meshes, and using the linear and the quadratic approximations to the 

temperature gradients at the interface given by Eqs. (3.4a) - (3.5b). The radial distance to 

the origin /?,- of the markers was calculated at every time step, and the relative error in 

their position was obtained using both the Euclidean norm, given by 

where R is the exact interface position and N is the total number of markers. This gives a 

measure of the average and maximum errors as a function of time. The errors at each 

time step are then added and divided by the total number of time steps to obtain one 

number representative of the average error in the interface position throughout the whole 

calculation. This was done for each of two velocity updating methods, i.e., direct linear 

and quadratic schemes described in Section 3.5, using each of the four meshes to obtain 

convergence rates. Figs. 4.3(a) and 4.4(a) show the average error at the markers as a 

(4.4) 

and the maximum norm. 

= max|/?,- -R\  i=  1 , 2  N (4.5) 
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function of time, and Figs. 4.3(b) and 4.4(b) show the total average error and the 

convergence rate on a log-log scale. Both the quadratic and linear schemes to calculate 

the interface position yield second-order accuracy; the quadratic approximation, however, 

is more accurate, generating errors about 20% smaller than the linear approximation. The 

error in the approximation of the interface velocity is shown in Figs. 4.5(a) and (b) and 

Figs .  4 .6 (a)  and (b)  for  the  l inear  and quadrat ic  cases ,  respect ive ly .  They  show 0(h)  

convergence rate, as is expected because the interface velocity is determined by the 

temperature gradients at the interface and the gradients are approximated to 0(h) by the 

finite-element solution. It is interesting to note that the quadratic scheme does not 

produce a more accurate approximation to the interface velocity, i.e., the errors for both 

cases are practically the same. The expected first order convergence rate can be observed 

in Figs. 4.5(b) and 4.6(b). 

The behavior of the error at individual markers has been examined at three marker 

points located at 0°, 22.5°, and 45° degrees with respect to the positive .r-axis. In general, 

these follow the same behavior as the average errors. The maximum errors occurred in 

the marker at 22.5° and are shown in Figs. 4.7(a) and 4.7(b) for the linear case. In Fig. 

4.7(a), oscillations in the interface position error are observed that decrease rapidly in 

magnitude as the mesh is refined, but the oscillations persist even in the finest mesh. In 

Fig. 4.7(b), only the portion where the interface goes between 4.5 and 5.5 mm has been 

depicted for better clarity. Oscillations in the error in the interface velocity are observed, 

that also decrease in amplitude with mesh refinement but remain with a magnitude of 

about 0.25% for the 200 x 200 mesh. It is clear that these oscillations are related to 
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perturbations generated when the interface markers go across inter-eiement boundaries, 

to perturbations that arise when new markers are added on the interface, to the latent heat 

generated at the interface, and the jump in thermal conductivity across the interface. 

4.1.2 Solidification witii undercooling 

One-dimensional solidification with undercooling. Consider one-dimensional 

solidification, where there is no effect of interfacial energy because curvature does not 

exist. Even for such a simple situation, there is no explicit time-dependent analytic 

solution when kinetic mobility is included. Steady-state solidification can be achieved 

when solidification has proceeded long enough from the beginning if the kinetic mobility 

is constant. In a frame of reference moving with the interface, the steady state solution 

takes the form 

The temperature in the solid is constant, = L/Cpi^ + TQ (after the initial transient), and 

the interface temperature is T,=T^-Vlv.  Here, St =  Cpi^ iT^-T^) l  L  is the 

undercooling, is the temperature far away from the interface, is the melting point. 

and v is the kinetic mobility. Since v>0, Eq. (4-6) implies that in order for 

solidification to achieve steady state (V >0) the absolute value of the undercooling must 

be greater than one. 

V'=-^(-5r-l) 
^pl 

(4.6) 

PL 
(4.7) 
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Calculations were performed in a domain of 2 units long, using the following 

dimensionless parameters*: L/cp^^ =1, 0^^, =1, T„ =0, TQ =-1.25. 1^ = 100. For this set 

of parameters, the final steady state velocity given by the analytic solution is V = 25 , and 

the diffusion length scale is flr^/V=0.04. Three different methods to evaluate the 

temperature gradients at the interface were used. Methods I and 2 belong to the direct 

quadratic approximation scheme, Eqs. (3.5a) and 3.5(b). In Method 1, temperature 

gradients are calculated at the exact location of the interface; in Method 2, they are 

calculated at two Gauss points, as explained in Section 3.5. In Method 3, an exponential 

expression is used to approximate the temperature gradient in the liquid side, which is 

—V"!// dx  l-exp(-aK/cir^) 

where is the temperature at x = + a, x ,  is the interface position. The formulation of 

Method 3 is based on the fact that at steady state solidification the temperature 

distribution ahead of the interface is exponential. In the solid side, where the temperature 

distribution is not exponential, Eq. (3.5a) is used. 

The accuracy and convergence of calculations using the three approximation 

methods were studied on meshes of 100, 200, 400, 800 linear elements. To keep the same 

conditions as those used in the derivation of the exact solution, the calculations were 

carried until the relative change in the temperature at the right hand side boundary, x = 2, 

reached 0.01%. The velocity error Ey in the Euclidean norm was obtained over an 

* For simplicity, all units are dropped on the condition that they dimensionally satisfy the governing 
equations. 
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interval of length 0.02 (1% of the domain length) to the left of the point where the 

calculation was terminated; that is 

Ev=-
V 

I 

—-TS(K-vr 
tip Ig + 1 

where Mq and np denote the first and last times included in the averaging process, is 

the velocity calculated at time step n, and v is the exact velocity. The results are shown 

in Fig. 4.8 in a log-log plot. All three methods exhibit quadratic convergence to the 

steady state velocity; the most accurate is Method 3 and Method 2 is clearly less accurate 

than the other two. However, the differences in accuracy between the methods become 

smaller as the mesh becomes finer. 

Calculations performed for this problem also show that steady-state solidification 

can be achieved whether a first or second type boundary condition is used at jc = 0. Fig. 

4.9 shows the temperature profiles calculated using Method 1 at two different times. In 

the results labeled (1) and (2), the temperature at x = 0 is fixed at the melting temperature 

while in those labeled (3) and (4) an adiabatic boundary condition is imposed at that 

point. Profiles (1) and (3) are plotted at the same point in time while (2) and (4) are 

chosen so that the interface is at the same location. During the initial transient, the 

interface moves somewhat faster in the case with adiabatic boundary condition, as 

expected, because when temperature at the boundary is fixed external heat flows into the 

domain from the left boundary that slows the solidification. After the initial transient, 

both solutions converge to the steady-state condition, and the temperature profiles in (2) 

and (4) coincide exactly. 
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The effect of the kinetic mobility in the steady-state interface temperature can be 

clearly observed. Fig. 4.10(a) shows an expanded view of the thermal boundary layer 

calculated with all three methods; the analytic steady-state profile is also depicted. It 

should be noted, however, that its location was picked arbitrarily and only for the purpose 

of comparison of its shape. Fig. 4.10(b) shows the interface velocity as a function of the 

interface position calculated using Method I, showing that the velocity converges to the 

correct steady-state value, but Fig. 4.10(c) shows that this is only in the average since the 

velocity reaches an oscillatory steady-state. This is due to errors introduced in the 

approximation of the fluxes in the element containing the interface, but the final relative 

error in the velocity can be kept to under 0.5%. The velocity-oscillation cannot be 

observed in Fig. 4.10(b) because that plot only includes the calculated velocity averaged 

over every 100 consecutive time steps (total number of time steps is about 30,000); in 

Fig. 4.10(c) every time step is included. 

Two-dimensional solidiflcation with undercooling. No exact solutions exist for 

two-dimensional solidification of a pure substance into its undercooled melt due to the 

complex morphology of the resulting interface and the dependence of the interface 

temperature on the local interface curvature. Fortunately there is a well-known model 

problem through which simulations can be compared with existing results in the 

literature. The model problem is stated as the following: 

A uniformly undercooled melt in a square domain is perturbed by a solid seed, 

at melting point, introduced into the melt at time t - 0. Solidification begins with 

the interface propagating into the melt. For a given set of parameters including 
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material properties, undercooling, initial and boundary conditions, and the 

geometries of the seed, determine the interface shape and the temperature field at 

any time. 

This problem has been previously simulated, and results have been reported by 

Juric and Tryggvason[41] and Udaykumar et al. [44]. To compare with their results, the 

same parameters and conditions as those used in References [41] and [44] were used in 

the present study. These parameters are the following, all non-dimensional: 

• The domain is 4 by 4 

• The shape of the seed is specified by 

ac = x^+/?cos(^-^^) (4.9a) 

y = +/?sin(^-^5) (4.9b) 

/? = /?o+f^cos[/nj(0-0^)] (4.9c) 

with {x^,y^) = (2,2), /?^ = 0.1, =0.02, m^=A and ^5 = 0 

• The melting point T„=0 

• Stefan number St = —Zkl = _o.5 
L 

The initial temperature conditions are T = T„ in the solid, and T = St in the liquid. 

Boundary conditions are adiabatic on all sides of the domain. 

In Eqs. (4.9a) and (4.9b), (x^,y^) is the center of seed set to be the center of the 

domain, m. determines the number of arms in the seed, 4 for four-fold symmetry, and 
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6^ determines the orientation of the arms. Other parameters include isotropic interface 

energy and kinetic mobility, <T = // = 0.002. The heat capacity and thermal conductivity 

are the same in both phases. As in References [41] and [44], solutions were obtained with 

meshes 100 by 100, 200 by 200, and 400 by 400 bilinear elements in order to illustrate 

the influence of the mesh refinement in the solution. The results are shown in Fig. 4.11, 

where no difference is observed between the results obtained in the 200 by 200 mesh and 

the 400 by 400 mesh, substantiating the high convergence rate of the model. The initial 

seed and the interface shapes obtained at times 0.2, 0.4, 0.6, 0.8 and 1.0 are depicted. In 

the coarsest mesh, the results differ substantially from the results reported in Fig. 7 of 

Reference [41]. The differences are considerably reduced in the finer meshes, but the 

results obtained in the 400 by 400 mesh exhibit split branches that are less pronounced 

and have flatter boundaries than those in Reference [41]. On the other hand, these shapes 

show excellent agreement with those shown in Fig. 21 of Reference [44], and no 

difference can be obtained for the finest mesh. 

Since many existing models exhibit artifacts from mesh orientation on the growth 

direction of dendritic arms, a mesh-anisotropy test was performed for the above model 

problem, and the results are shown in Figs. 4.12(a) - 4.12(d). In order to avoid boundary 

effects, the simulations were stopped when the temperature at any node on the boundary 

changed by more than 0.1%. Results when the principal axes of the seed are at angles of 

0°, 10° and 45° to the horizontal line are shown in Figs. 4.12(a), 4.12(b) and 4.12(c), 

respectively. Fig. 4.12(d) shows the three calculations rotated to 0° degrees and 

superimposed. As can be observed, the solutions are almost identical. 
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4.1.3 Comparison with microscopic solvability hypothesis 

In order to assess the accuracy of the present model in predicting the tip growth rate 

of a dendrite, numerical experiments were performed and compared with the two-

dimensional boundary-integral solution obtained by Meiron [15] using the microscopic 

solvability hypothesis. Calculations were performed for a single dendrite arm growing in 

a square domain in the first quadrant from a circular seed centered at the origin, as 

illustrated in Fig. 4.13(c), in a way similar to calculations performed by Karma and 

Rappel [81]. This choice provides the maximum growth length before the effect of 

temperature diffusion reaches the boundary and affects the velocity of the dendrite tip. 

Adiabatic boundary conditions were imposed on all four walls. 

In order to compare results, the same non-dimensional interfacial conditions, 

interfacial energy, anisotropy function, and parameter definitions as in Meiron [15] were 

used, i.e., 

T, =-<7f{0)C (4.10) 

f(e) = l + A^[l-cos4(e-0Q)] (4.11) 

where a-y!pLH and f!pL is the capillarity length. The parameter A.^ represents the 

strength of the anisotropy, 9 is the orientation of the interface normal as shown in Fig. 

2.1, and 0^ defines the direction of maximum growth. The non-dimensional velocity is 

defined by V = HV' /flr^, which is related to the non-dimensional velocity in Meiron 

[15] by V" =(7VI2. 
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Table 4.1 Comparison of steady-state tip velocities (V) calculated using 
the present method with those (V^) calculated in reference [15] using the 

microscopic solvability hypothesis. 

i-)St <T Domain 
Size 

Mesh V yM CPU Time* 
(Hrs) 

0.25 2x10"' 18x18 600x600 0.40 4.0x10"' 56 

0.35 4x10"' 12x12 600x600 1.05 2.1x10-* 53 

0.45 10"' 6x6 500x 500 1.76 S.SxlO"* 25 

0.55 10"' 4x4 400x 400 5.10 2.55x10"' 12 

0.65 2x10"^ 4x4 400x 400 7.43 7.43x10"' 12 

"'Simulations were performed using one processor on a 400-MHz SGI 2000 Origin machine. 

Results of the calculations for five different undercoolings, St = -0.25, -0.35, -0.45, 

-0.55, and -0.65, were obtained using the values ^4^ = 0.4 and 6^ =;r/4. Figs. 4.13(a) and 

4.13(b) show the dendrite tip velocity as a function of time for St = -0.25 and -0.65. Fig. 

4.13(c) illustrates the development of the dendrite at St = -0.45, and Fig. 4.13(d) shows 

the steady state velocity versus undercooling calculated using the present model 

compared with that obtained from Fig. 8 of reference [15]; the agreement is excellent. 

These results are listed in Table 4.1, along with the parameters used in the calculations 

and the approximate CPU time expended. The number of time steps performed in each 

case varied between 10,000 and 25,000; calculation was carried until the tip velocity 

shows less than 1% variation over 1000 time steps. The estimated steady-state velocity 

was obtained by averaging the calculated instantaneous velocity over the last 100 

consecutive time steps. The CPU column is included in order to convey an idea of the 

efficiency of the present model. This performance cannot be compared with those of the 

models In References [41] and [44] because no computational costs were reported there. 



84 

4.2 Simulation of Equiaxed Dendrites 

A series of full two-dimensional simulations of equiaxed dendrites were performed 

using the present model that include discontinuity of material properties, anisotropy of 

interfacial energy, and interaction of multi-dendrites. The computational domain is a 

square of 4 by 4 units, and the seed can be put anywhere in the domain. 

4.2.1 Discontinuity of material properties 

Most materials have different thermo-physical properties in solid and liquid. The 

ratio of specific heats of the solid to liquid in metals is usually close to 1; but the thermal 

conductivities (and so the thermal diffusivities) may differ by a factor of as much as 10 in 

other substances. For examples, the ratio of conductivity of ice to that of the liquid water 

at its freezing point is about four (2.2/0.56 J/s m -K); and the ratio is about two for Pb-

2.2 wt% Sb alloy. The discontinuity of material properties presents a big challenge to 

most models that deal with phase change problems. Juric and Traggvason [41] and 

Udaykuma et al. [44] studied the effect of the ratio of conductivities on the interface 

stability and morphology using a finite difference model with the interface explicitly 

tracked; they obtained different results. Most simulations using the phase-field model 

published have not considered the discontinuity of material properties. 

Simulations of unequal solid and liquid conductivity, where the ratio is 

between 100 and 0.2, that can be compared to the results in Fig. 11 of Reference [41 ] and 

Fig. 22 of Reference [44] were performed. All material properties are dimensionless (see 

footnote on page 77). Figs. 4.14(a) - 4.14(d) show the interface development when is 
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fixed at 1.0 while K'l varies from 0.2 to 1.5. The interface shape and instability are 

greatly affected by the ratio which is also the ratio of thermal diffusivities 

for equal specific heats. When tc^l is small. Fig. 4.14(a), latent heat diffusion 

into the solid becomes significant; this tends to stabilize the interface. When KI_Ik^ 

increases, the interface becomes more branched. Fig. 4.16(a) shows that the solidification 

rate increases with ; this is consistent with the Stefan condition 

when K[^l is close to or greater than 1. The approximation in Eq. (4.12) is justified by 

the fact that the temperature gradient at the interface is much smaller in the solid than in 

the liquid. The solidification rate is approximately proportional to until half of the 

domain is solidified. This is because the magnitude of the Stefan number is 0.5; the latent 

heat release is twice as much as needed to raise the undercooled melt to melting 

temperature. 

Figs. 4.15(a) - 4.15(d) show the interface evolution when is fixed at 1 and 

changes form 1 to 0.01. We see that changes in have little effect on the solidification 

rate. Fig. 4.16(b), but do affect the shape of the interface. When is smaller, i.e., 

<1^1 is larger, the interface is more branched and the grooves in the interface become 

narrower. 
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The above simulations differ significantly from those in Reference [41] but 

agree generally with the results shown in Reference [44]. Based on their results, Juric and 

Traggvason [41] argued that the ratio K^lonly affects the solidification rate and has 

little effect on the shape or the instability of the interface. Udaykumar et al. [44] 

contended that the ratio of conductivities also affects the shape of the interface. The latter 

is supported by current results. 

4.2.2 Effects of undercooling and surface tension 

As discussed in Section 1.1, undercooling is the driving force of unstable dendritic 

solidification while interfacial energy is the main stabilizing factor (kinetic mobility is 

also a stabilizing factor but relatively small for most metallic alloys when solidification 

rate is less than approximately 1 cm/s). The following simulations demonstrate the 

competition between them and their effects on interface morphologies. 

The computational domain is the same square as used in Section 4.2.1 and all the 

boundaries are adiabatic. To focus on the effects of undercooling and interfacial energy, 

the material properties are set equal in the solid and liquid; =cp^/c„ = 1. 

Anisotropy in interfacial energy is also included and takes the form: 

where 6 is the orientation of the local interface normal, the constant A„ is the strength 

of the anisotropy, is the mode of symmetry of surface tension, 6^ is the orientation 

of the symmetry axis. Eq. (4.13) was also used in References [41] and [44]. The 

(4.13) 
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following parameters were used: 0.4; m^= 6; = kIA\ a - 0.002, 0.001, 0.0005 

and 0.0002. 

The kinetic mobility coefficient takes the same values as a but without anisotropy. 

The seed is prescribed by Eqs. (4.9a) - (4.9c) with and =0a- results are 

shown in Figs. 4.17(a)-(d) and 4.18(a)-(d) for two values of undercooling, St = -0.6 and 

-0.8. The effect of interfacial energy as a destabilizing factor is clearly seen from both 

figures, where <j is decreased by one order of magnitude from (a) to (d) in those figures. 

For St = -0.6, when <J is relatively large, we can barely see the undulation of the 

interface. Figs. 4.18 (a) and 4.18(b). When <r is reduced to 0.0(X)5, Fig. 4.18 (c), side 

branching is apparent, and there are some secondary dendrite arms. In Fig. 4.18 (d) where 

<T is the smallest, there are many secondary dendrite arms and some tertiary dendrite 

arms can be seen. 

Interfacial energy has a significant influence on dendritic structures and growth 

rate. When interfacial energy is reduced, the dendritic structures become finer and the tip 

velocity is faster. Fig. 4.19(a) shows the variation of dendrite tip velocity and tip radius 

with interfacial energy. The dimensionless growth rate, defined as the Peclet number 

Pe-VR!is plotted in Fig. 4.19(b). The tip velocity was obtained by averaging the tip 

velocity of six dendrite arms (four non-splitting arms for <J = 0.0002) over a time range 

from 0.04 to 0.05, when the solidification has proceeded long enough to eliminate the 

effects of the initial condition, but before the diffusion of heat was felt by the boundaries. 

The tip radius was obtained in the same manner. The Peclet number is close to a constant 



of approximately 0.3; this is in qualitative agreement with the conclusion of Ivantsov's 

solution that, for a given Stefan number, there is a unique Peclet number. However, 

quantitatively, the difference is about one order of magnitude: by Ivantsov's solution, the 

Peclet number is 2.04 for St = -0.6. This big difference can be ascribed to the effects of 

interfacial energy and kinetic mobility, which are not included in Ivantsov's simple 

model. 

The destabilizing effect of undercooling on the interface evolution can be seen by 

comparing all parts of Figs. 4.17 and 4.18. Apart from the undercooling, all other 

parameters are the same in the two cases. While side branching is not observed in Figs. 

4.17(a) and 4.17(b), it is clearly seen in Fig. 4.18(a) and well developed in Fig. 4.18 (b). 

With the larger driving force, solidification takes more inter-dendritic space and the 

overall structures are more compact than those with smaller undercoolings. Notice that in 

Fig. 4.18(d) there is only one interface plotted, which contains more than 50,000 markers; 

this simulation demonstrates the ability of the model to handle complicated interface 

morphologies. 

4.2.3 Simulation of multi-dendrites 

Examples that illustrate the interaction between dendrites growing simultaneously 

under different initial and boundary conditions are presented in this section. Four 

calculations were performed using a square domain of 4 by 4 units. The material 

properties were the same as used in Section 4.2.2. Figs. 4.20(a) and 4.20(b) show the 

results of two calculations with all adiabatic boundary conditions but different 

undercoolings. In Fig. 4.20(a) there are four identical seeds with a spacing of I between 
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their centers for St = -0.5. Because the magnitude of the Stefan number is less than one, 

more energy is released by latent heat than is required to raise the temperature of the 

melt; therefore, solidification process comes to a halt when enough melt (in this case 

about 50% of the whole domain) is solidified. A case with nine squarely distributed seeds 

with a spacing of 0.6 and Sr = -I.O is shown in Fig. 4.20(b). In this case the undercooling 

is large enough for the dendrites to grow together. Some small areas of trapped liquid can 

also be seen. 

Figs. 4.21(a) and 4.21(b) show the results of another two calculations started with 

two seeds. In Fig. 4.21(a), St = -0.8, the boundaries were kept at a fixed temperature to 

allow heat loss from the computational region. The centers of the seeds were initially 0.4 

unit apart. And the interfaces were allowed to merge when the distance between any two 

non-adjacent markers became smaller than 0.4/i, where h denotes the mesh size. Fig. 

4.21(b) shows the case with adiabatic boundary conditions and St = -1.2. The centers of 

the seeds are initially one unit apart. Because the magnitude of the Stefan number in this 

case is greater than one (hypercooled), the heat released is not great enough to stop the 

solidification. The growth almost reaches steady-state shortly after the solidification 

begins, as can be seen from the almost equal spacing between the interfaces. It is 

interesting to notice that, after the merger, more and more shallow grooves (more like 

dips) form along the interface as solidification progresses. This feature indicates that the 

interface is locally unstable, but, by continuously generating dips, becomes globally 

stable. Unlike the solidification when I5rl < 1.0, the dips cannot develop into deep 

grooves because of the prevailing effect of the large undercooling. 



90 

4.3 Simulation of Columnar Dendrites 

Dendrites that grow in a preferred direction are called columnar dendrites. In order 

to simulate columnar dendrites in pure substances, we set up the computational domain 

and boundary conditions in a way similar to that used by Sullivan et al. [32]. As shown in 

Fig. 4.22, the domain is rectangular, the temperature is fixed on the left and right sides, 

and the other two sides are adiabatic. The initial interface is a straight line (with or 

without a perturbation) very close to the left side of the domain. To the left of the initial 

interface is the solid, and to the right liquid. The initial temperature of the solid is 

the melting point, and the liquid is undercooled. The thermo-physical properties of 

succinonitrile used in Reference [32] and listed in Table 4.2 are used in our simulations. 

Succinonitrile is a transparent plastic crystal that has similar solidification characteristics 

as metallic alloys and has been widely used in experimental study of dendritic 

solidification. 

For a perturbed planar interface propagating into an undercooled melt, a linear 

stability analysis (e.g., Langer [3]) predicts the most unstable wavelength to be 

approximately 0= l/ylv , where v is the base steady-state interface velocity, and the 

critical wavelength to be about . These wavelengths, which are of the same order. 

provide a length scale for the computational domain. For succinonitrile, is in the 
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range of 27.4 ~ 2.74 ^im when K is in 0.1 - 10 nun/s. We use the same length scale = 

27.2 nm as used in reference [32] in our simulations. 

Table 4.2 Physical properties of Succinonitrile [32] 

Property Symbol Units Value 

Volumetric specific heat of solid P^PS J/mm^K 1.968x10'^ 

Volumetric specific heat of liquid P^PL J/mm^.K 1.922x10"^ 

Thermal conductivity of the solid *5 J/s.mm.K 2.244x10"^ 

Thermal conductivity of the liquid J/s-mm.K 2.227x10"' 

Thermal diffusivity of the solid mmVs 0.1140 

Thermal diffiisivity of the liquid mm"/s 0.1159 

Melting point TtnO K 331.25 

Latent heat of fusion pL J/mm^ 0.04547 

Interfacial energy r J/mm^ 8.96x10"^ 

Kinetic mobility V mm/s.K 200. 

The first calculation was performed in a domain of with an undercooling 

St = -0.4 and no anisotropy in interfacial energy and kinetic mobility. The initial planar 

interface was located at JC = 0.1>^q and perturbed with a sinusoidal wave of amplitude 

/?o/500 and wavelength AQ. Figs. 4.23(a) and 4.23(b) show the results of the simulation. 

In Fig. 4.23(a), the interface is shown from r = 0 to r = 0.052 s at time intervals of 0.002 s. 

Solidification is faster at the beginning and near the end when the temperature gradients 

are the largest and the tips tend to split. No side branching is observed since there is no 

anisotropy in surface tension and kinetic mobility. The temperature contours in Fig. 

4.23(b) show hot spots (labeled 12) where grooves form, and one of the "splits" tends to 
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slow down. Remelting can be observed at the tips of the smaller radii that are left behind 

and in the interdendritic regions at the far left, where the temperature rises slightly above 

the local melting temperature. 

In order to examine the influence of the numerical noise on the stability of the 

interface, calculations were performed with no external perturbations to the initial planar 

interface. Figs. 4.24(a) and 4.24(b) show the results with three undercoolings, St = -0.4, 

-0.55 and -0.65, and anisotropic surface tension is given by Eq. (4.13). In all the three 

cases, the interface stays planar at the early stage of the simulation, indicating the 

numerical noise is small and the interface morphological development is slow. After the 

initial stable period, many small waves start to appear and gradually develop into cells. 

Competition between cells is obvious and as solidification proceeds; some cells quickly 

develop into larger dendrites and the rest are left behind. Dendrites tend to form when tip 

velocity is large. In the case St = -0.4, the smallest undercooling, there is no tip splitting, 

and side branching is just seen in the last interface. As undercooling is increased, there 

are tip- splittings and side-branching, and the transition from cellular to dendrites 

happens at an earlier time. In the case with St = -0.65, Fig. 4.24(c), there is a shape-

preserving dendrite growing at approximately a constant velocity. The numbers of 

primary dendrites/cells that are dominate are 5, 4 and 3 for St = -0.4, -0.55, and -0.6, 

respectively. The primary arm spacing is about 30 nm, one order of magnitude larger 

than the secondary arm spacing. Fig. 4.24(c). 

In the next calculations, one or more perturbations were introduced to the initial 

planar interface by perturbing the position of one or more markers in the normal direction 



93 

of the interface with a small perturbation of 0.005>^o. The results are shown in Figs. 

4.25(a) - 4.25(d). In Fig. 4.25(a), the undercooling is St = -0.5, the domain is 6AQ'x.AAQ 

and there is only one perturbation at the middle of the interface. In the early stage of the 

solidification the small perturbation quickly grows into a big cell, which is unstable and 

splits at the tip. One of the branches that grows in a direction close to the temperature 

gradient direction subsequently develops into a primary dendrite arm, and dominates the 

directional solidification process. The tip velocity is almost constant and the dendrite 

grows in a shape-preserving manner. As the primary dendrite grows, side branches form 

and evolve into secondary dendrite arms. The periodic formation of the side branches 

occurs at a distance of the order of tip radius from the tip. These features qualitatively 

agree well with experimental observations [2]. In Fig. 4.25(b), the undercooling is the 

same as in Fig. 4.25(a), but there are two single perturbations placed at the middle points 

of the upper and lower half of the interface, respectively, and the domain is only 50% 

longer and wider (9/?qX6/?o). The growth pattern of the two perturbations is almost 

identical to that in Fig. 4.25(a). The growth rate in Fig. 4.25(b) is a little slower than that 

of Fig. 4.25(a) as can be seen by comparing the tip position of the third interface. The 

effect of the interaction between the two dendrites on their growth is small at this 

spacing. 

Fig. 4.25(c) shows a similar calculation with a larger undercooling St = -0.55. The 

domain is \2AQXSAQ, and there are four perturbations located at the middle of the four 

quarters of the interface. The four perturbations quickly evolve into four primary 
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dendrites growing almost in a nearly steady-state manner. The dendrites are thinner and 

grow faster due to the larger undercooling. There are more side branches and the spacing 

between them is smaller than that of Figs. 4.25(a) and 4.25(b). The growth of the side 

arms in the interdendritic region is retarded, and their tips become rounded when they 

come close to each other. Fig. 4.25(d) shows the final four dendrites of the same 

calculation. Well behind the dendrite tips, coarsening effects can be clearly seen: larger 

side arms grow even larger and smaller ones gradually shrink and disappear. As a result, 

the dendritic structure becomes coarser than the structure near the dendrite tips. 

Coarsening usually happens near the root of the dendrites that is far away and thermally 

shielded from the external undercooled melt by the surrounding branches. The latent heat 

released by the surrounding branches is locally trapped, and the temperature in this region 

becomes almost uniform and close to the melting temperature. In this situation, the 

surface energy stored in the interface, although small, becomes significant and starts to 

dissipate through the reduction of the overall interfacial area of the structure. 

To further study the selection of primary dendrite arm spacing in more realistic 

situations, simulations were performed when random perturbations are introduced to the 

initial interface. Figs. 4.26(a) - 4.26(d) show the results of four simulations with three 

different levels of perturbation strength and two undercoolings in a fixed domain 

6^x4AQ. It can be seen in all these simulations that, during the early stage of 

solidification, there are many small cellular-type fingers growing out from the random 

perturbation. As solidification progresses, most fingers shrink or stop growing and only a 

few survive as a result of competition between them. These surviving fingers eventually 
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evolved into primary dendrite arms with well-developed secondary arms. The mechanism 

behind the competition is that the diffusion of latent heat released by larger dendrites into 

the growth path of the adjacent smaller ones hinders their growth, and the larger dendrites 

grow in a more and more advantageous environment. In Figs. 4.26(a) - 4.26(c) the 

undercooling is fixed at St = -0.55, but the magnitudes of the perturbation are 0.00 

O.OOIAQ and 0.004/^o, respectively; the final number of well-developed primary dendrite 

arms is two. The morphologies of the primary dendrite arms are not always the same 

depending on their relative location and overall size, but their tip radii are about the same. 

In Fig. 4.26(a), one primary dendrite arm is larger than the other, but their spacing is 

large enough that the interaction between them is small. In Fig. 4.26(b), the dendrite arm 

on the top grows in a restricted region, and as a result, the side branches are not fully 

developed. In Fig. 4.26(c), there is a half-dendrite arm growing very close to the bottom 

of the domain; no side branches grow on the side that is closer to the adiabatic boundary. 

For a larger undercooling, St = -0.65, Fig. 4.26(d), where four dendrite arms develop, two 

of them grow unbalanced because of the restriction of the boundary. In this case side 

arms can still grow in the restricted regions, although smaller, because of the larger 

cooling rate. These calculations also show that the average primary dendrite arm spacing 

is smaller for a larger undercooling, while the secondary arm spacing is always about one 

order of magnitude smaller than the primary arm spacing. 
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CHAPTERS 

SIMULATIONS OF BINARY ALLOYS 

In alloy solidification an additional transport field, the solute concentration, needs 

to be solved together with the temperature field; the two fields are nonlinearly coupled 

through the generalized Gibbs-Thompson equation at the interface and the liquidus of the 

phase diagram of the alloy. This introduces a new length scale into the problem, which is 

/c = / V, where is the mass diffusivity of the solute in the liquid phase and V is the 

solidification velocity. This diffusion length is several orders of magnitude smaller than 

the heat-diffusion length, leading to very steep concentration gradients at the solid-liquid 

interface, when compared to the temperature gradients, as well as to widely different time 

scales for the two transport processes. Another issue is the segregation of solute 

concentration at the interface; mathematically this presents a discontinuity of 

concentration. All the above makes numerical approximations to the solution of the 

governing equations difficult, no matter what method is used. 

The current model considers the liquid and solid as two sub-domains of the whole 

domain and solves the solute concentration equation in the liquid only because the mass 

diffusion in the solid is negligible compared to that in the liquid. To realize this, a mesh 

that conforms to the moving interface needs to be generated every time step. In the 

following, the mesh generation techniques are described in Section 5.1, calculations to 
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test the model are presented in Section 5.2, and applications to equaxial and directional 

solidification of binary alloys are presented in Sections 5.3 and 5.4, respectively. The 

model can be easily extended to solve the solute concentration in the two phases 

separately and match the solution at the interface. This directly deals with the 

discontinuity of the concentration at the interface and the big difference of the solute 

diffusivities in the two phases. 

5.1 Adaptive Mesh Generation 

Adaptive mesh generation in one dimension is relatively simple because the 

interface reduces to a point. The procedure, illustrated in Figs. 5. l(a)-(d), is used. First a 

uniform mesh (Fig. 5.1 (a)) that covers the whole domain is calculated as the background 

mesh; the element length is Ih. Then a graded mesh is generated that covers a smaller 

portion of the domain; it is very fine at one end (the interface) and gradually coarsens to 

the other end (Fig. 5.1(b)). The smallest and largest element lengths are /i, and hn, 

respectively; the ratio has been used, but it can be larger or smaller depending 

on the physical problem. The graded mesh floats over the fixed background mesh and 

moves with the interface (Figs. 5.1(c) and (d)). Two adaptive elements are used to 

connect the graded and the background meshes, making the transition smooth. The length 

of the adaptive elements varies within / 2 and depending on the relative position of 

the two meshes. The whole mesh consists of the gradient mesh, the two transition 

elements and that part of the background mesh that covers the rest of the domain (Fig. 
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5.1(d)). Linear (two nodes) and quadratic (three nodes) elements have been used. For 

linear elements the interpolation of the solute concentration from an old mesh (x,, C,) to 

a new mesh (, C„) can be one of the following: 

(1) Linear interpolation: C„ = C, + (C,^, - C, )(i„ - Jc,) / h, 

C — C e'̂ '̂  ( C 
(2) Exponential interpolation: C„ = — ' j— 

where h. = - x, and x, < x„ < X;^,, and V is the interface velocity. Numerical 

calculations have shown that exponential interpolation is better than linear interpolation 

in conserving the solute mass because the latter over-evaluates the interpolated variable 

with an exponentially decaying distribution. For quadratic elements, the finite element 

shape functions are used for the interpolation, which is quadratic, and calculations have 

shown that it is as accurate as the exponential interpolation. 

Adaptive mesh generation in two dimensions is much more complex, although to 

some extend the techniques are now mature. The issues in point are the quality of the 

generated mesh and the efficiency of the mesh generator. It may be easy to generate a 

high quality graded mesh conforming to a stationery complex interface by repeatedly 

examining the mesh and adapting it locally, but for the evolving arbitrarily complex 

interfaces encountered in dendritic solidification, the whole process must be automatic, 

reliable and efficient. This is still an area under extensive study in mathematics and 

computer science. 



Since re-meshing is needed at every time step, it must be implemented in an 

efficient manner. A number of adaptive strategies have been proposed to accommodate 

the interface/domain change from one time to the next [82]. The ones most commonly 

used are based on moving the nodes while conserving the mesh structure [83]. Another 

strategy consists of selecting elements according to an error criterion and subdividing 

them in such a way as to preserve the mesh quality [84, 85]. Because the interface can be 

very complex, and the computational domain over which the solute concentration 

equation is solved changes continuously, these methods have been deemed impractical 

for the present problem. Instead, the decision was made to perform a complete re-

meshing of the liquid region at each time step, in order to avoid problems associated with 

excessive deformation of the elements and the resulting degradation of the mesh quality. 

The price paid for this is that a full interpolation of the solutal field from the old to the 

new mesh is required at each time step. Unless done carefully, this may introduce 

excessive interpolation error that violates mass conservation: more details follow. 

The process used in the generation of the meshes involves three stages. ( I )  The 

sizes of the elements are specified by means of a size function S(x,y), which in most 

cases is an error function. In this work the elements are refined according to their normal 

distance to the solid-liquid interface. (2) A mesh is generated from the size function and a 

background mesh that covers the whole domain. (3) The solutal concentration is 

interpolated from the old mesh to the new one. Because each of these procedures must be 

performed at every time step and the meshes required in the computations typically 

contain 0(10''-10^) elements, efficiency becomes a key issue in the mesh generation. The 
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present implementation achieves an 0(MogAO computational cost, where N is the number 

of nodes in the mesh. This allows the whole process to be performed at a cost similar to 

that of the calculation of the temperature field and the position of the interface. 

The size function is obtained from the background mesh and by interpolating with 

the same shape functions used in the finite-element discretization. To obtain a 

computational cost of 0{N\ogN), the elements of the background mesh are classified 

using a quadtree [87] in such a way that every "terminal square" contains, at most, one 

mesh node, as explained in reference [88]. The whole domain is first enclosed in a square 

region that becomes the root of the quadtree. Then the mesh nodes are inserted in such a 

way that, every time two nodes lie in the same square, this square is subdivided into four 

squares, until, in the final quadtree, no square contains more than one mesh node and 

many contain none. This procedure is illustrated in Figs. 5.2(a)-(c). When this process is 

finished, each terminal square is intersected by only a small number of mesh elements. A 

list is then generated that contains all the elements with some portion of their area in each 

terminal square. It is among these elements that a search is performed for the element that 

contains the new node inside the terminal. For each node of the new mesh, a search of the 

terminal that contains the node is done with a cost (9(logA0- The search for the element in 

the old mesh that contains the node is done on the elements associated with the terminal 

at a fixed cost, and, finally, the interpolation inside the element also has a fixed cost so 

the whole process for all the nodes remains 0{NlogN). 

The generation of the mesh of triangular elements is accomplished with a special 

implementation of the Delaunay method [87], in which nodes are added incrementally. 
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The method involves three steps: starting with a two-triangle subdivision of the root 

square of the quadtree described above, the nodes that define the domain boundary are 

added. Next the domain boundary is recovered and the external elements contained in the 

root square that do not belong to the domain are removed. Finally the interior elements 

are generated. This procedure is illustrated in Figs. 5.3(a)-(c). In Fig. 5.3(a), we observe a 

large number of spurious connections in the region occupied by the interface, because 

every marker points has been defined as a boundary points. During the mesh generation, 

the nodes are added sequentially, maintaining the Delaunay condition that the interior of 

the circumcircle of each triangle must not contain any node of the triangulation. The 

triangulation obtained is the convex hull of the set of the nodes, as can be seen in Fig. 

5.3(a). During this part of the process, it is possible to miss some boundary edges. 

Therefore, before removing the external elements, the boundary must be checked and, if 

necessary, recovered. Finally, new nodes are added to the elements selected for 

refinement in the interior of the domain by dividing the largest element side into two, as 

shown in Fig. 5.3(c). New elements are generated, joining the new node to the opposite 

vertices. Once the new elements have been generated, the quadrilateral regions defined 

with adjacent elements are analyzed to see whether changing the orientation of the 

diagonal yields better-shaped elements. If this is the case, then the change is made, and 

the new elements are analyzed again with respect to their new neighbors. If the quality 

criterion used to decide when to make the change is the maximization of the minimum 

angle, the triangulation generated is of the Delaunay type. Furthermore, if the order in 

which the elements are subdivided is properly chosen, then the number of the elements 
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that need to be analyzed is bounded and does not depend on the overall size of the mesh 

[89]. Figs. 5.4(a) and (b) show two example meshes, one generated over a domain with a 

closed interface and one with an open interface. 

An adaptive grid method for dendritic solidification of a pure substance using the 

phase-field method has been successfully used by Provatas et al. [43]. Their method 

differs significantly from this one in that it is not based on a Delaunay triangulation but, 

instead, uses a quadtree-generated mesh with bilinear quadrilateral elements combined 

with linear triangular transition elements to accommodate the extra nodes produced on 

the side of an element when a rectangle is subdivided. The present method utilizes only 

triangular elements in the solute concentration equation. Furthermore, as mentioned 

above, to conserve mass accurately in the solute conservation equation requires quadratic 

triangular elements. Because the exponentially decaying nature of the solute boundary 

layer ahead of the dendrite tips, linear interpolation from the mesh used in the previous 

time step to the new mesh for the next time step always overestimates the interpolated 

variable, due to the lack of curvature of the linear triangular element. In time, the 

interpolation error produces an increase of the solute mass, unless extremely small linear 

elements are used within a distance of approximately 5/^ of the advancing interface. This 

makes the meshes based on linear triangular elements overly large and impractical. On 

the other hand, it has been determined through numerical experiments that using 

quadratic triangular elements, which are capable of approximating the curvature in the 

exponentially decaying solute field, results in the possibility of using meshes containing 

about one tenth the number of linear elements and one half the number of nodes. 
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relegating the error in the mass conservation to less than 0.1 % at the end of a typical 

calculation. 

5.2 Model Validation 

5.2.1 Calculations of solute concentration 

To test the accuracy and convergence of the model in calculating the solute 

concentration on a graded triangular mesh, a simple solidification problem that permits 

an exact analytical solution is considered. In a two-dimensional rectangular domain, an 

alloy melt is solidified directionally from one end to the other. Fig. 5.5(a). Solidification 

proceeds by the movement of the solid-liquid interface at a constant velocity. The 

assumptions are the interface is planar and perpendicular to the direction of the motion: 

also the diffusion in the solid and convection in the liquid are ignored. Then the problem 

is simplified as a one-dimensional moving boundary diffusion problem that is governed 

by the following equations with dimensional variables, written in a coordinate system 

moving with the interface: 

r>0, .r>0 (5.1) 

-D,-^ = {\-k)C,V t>0, jc = 0 (5.2) 
dx 

Q(jr,r) = Co f = 0 (5.3) 

Q(jr,0 = Co X = oo (5.4) 
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where , Q, V, and k are the solute diffiisivity, the solute concentration in the liquid, 

the interface velocity and the partition ratio, respectively. The physical process described 

by Eqs. (5.1) to (5.4) consists of two stages: an initial transient, during which the solute 

concentration at the interface builds up to its maximum value Q/it, and the final 

steady- state. Exact solutions were obtained by Smith et al. [90] for the above two stages 

and a situation where the interface velocity is abruptly changed during steady-state 

solidification. 

Calculations were performed in a rectangular domain of 10 mm by I mm using the 

following properties: = 7.53x10"* mmVs, k = 0.312 and C(, = 2.2 wt%. Two 

triangular-element meshes were used. One is linear and the other quadratic, as shown in 

Figs. 5.5(b) and 5.5(c). The ratio of the number of nodes in the linear and quadratic 

meshes is approximately 2:1 and that of elements 8:1. Calculations were carried out from 

the initial uniform distribution of the solute concentration until the final steady-state is 

reached. During the simulation, the calculated solute-distribution approached the steady-

state solution, and the maximum relative difference at the mesh nodes was measured. 

Comparison of the performance of the two meshes for four different interface velocities 

is shown in Table 5.1, and the minimum error achieved for each of the meshes is plotted 

in Fig. 5.6. Table 5.1 indicates that the performance of the quadratic mesh is better than 

that of the linear mesh in both efficiency and accuracy, justifying the use of quadratic 

elements. 
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Table 5.1 Comparison of performance of linear and quadratic triangular-
element meshes in solute concentration calculations 

Interface 
Velocity 
V(fmi/s) 

Diffusion 
length (^m) 

l c = D J V  

Linear element h  = I0()un) Quadratic element h  = 40(jun) Interface 
Velocity 
V(fmi/s) 

Diffusion 
length (^m) 

l c = D J V  I c l h  Error (%) CPU Time 
(min) 

I c f h  Error (%) CPU Time 
(min) 

I 753 75.3 0.006 22 18.8 0.003 8.4 

2 377 37.7 0.005 10.5 9.4 0.001 3.3 

4 188 18.8 0.014 6.3 4.7 0.003 1.5 

8 94.1 9.4 0.042 2.6 2.4 0.016 0.68 

The domain is lOby 1 mm, and time step is between 10-50s. =7.53xlO~'mmVs,A: = 0.312. 

Table 5. 2 Relationship between element size and diffusion length for 
quadratic fmite elements 

Domain 
(mm) 

Minimum 
eleme n t  s i z e  h  

(^m) 

Time step 
A/(s) 

Interface 
Velocity 

V (jim/s) 

Diffusion length 
[(• = Df^/V(^m) I c l h  

10 X 1 40 4.0 15.5 48.6 1.2 

10 X 1 10 0.25 56.5 13.3 1.3 

10 X 1 2.5 0.016 198 3.80 1.5 

1 xO.l 1 0.0025 565 1.33 1.3 

V is the maximum interface moving velocity with which an accuracy of 0.1 % relative error in 

solute concentfation can be achieved. = 7.53 x 10"* mm 7s. = 0.312 

In order to determine how fine the elements at the interface should be to achieve a 

prescribed accuracy, calculations were performed using four quadratic meshes with 

different minimum element sizes: 0.04, 0.01, 0.0025 and 0.001 mm. as the minimum 

element sizes at the interface. The results are shown in Table 5.2 for an accuracy of 0.1% 

maximum relative error in the solute concentration. The ratio of diffusion length to the 
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minimum element size, l(~ Ih, is less than 2 in all cases, indicating that a relatively coarse 

quadratic-element mesh can be used and still achieve good accuracy. The ratio, l(-lh, is 

used as a reference parameter in determining the element size in later calculations. 

The transient solute distribution in the solid was obtained by Smith et al. [90]. Figs. 

5.7(a) and (b) show the comparison of the analytical and numerical results, where in Fig. 

5.7(a) no distinguishable difference can be seen in the solute distribution. The relative 

error is shown in Fig. 5.7(b). The maximum error, less than 0.5%, occurs at the very 

beginning of the solidification. The error drops quickly to 0.1%, and in most of the initial 

transient is within 0.01%. 

When solidification is steady-state at a growth rate of V,, a sudden change of the 

growth rate from V^ to V, causes another type of transient, which is of considerable 

engineering importance [91]. This transient ends when a new steady-state at velocity K 

is established. A sudden increase in growth velocity results in a solute-rich band in the 

solid, and a sudden decrease results in a solute-poor band. Again this case has been 

studied by Smith et al. [90], who obtained an exact solution with the steady state at V^ as 

the initial condition. Numerical calculations using the current model were performed on 

this case, and the results are shown in Figs. 5.8(a) and (b) together with the exact solution 

for a partition ratio of ^ = 0.5 and three velocity ratios K/V, = 2, 5 and 10. Fig 5.8(a) 

shows the solute concentration in the solid versus the non-dimensional distance before 

and after the sudden increase of the growth velocity, and Fig. 5.8(b) shows the relative 
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error, which has a maximum value of around 0.24% and is less than 0.1% in most of the 

transitory regions. 

5.2.2 One-dimensional solidification of a binary alloy 

The simplest coupled (temperature and solute concentration) model of alloy 

solidification that admits a similarity solution is the one solved by Rubinstein [92]. It is a 

one-dimensional case where the melt is initially at uniform temperature and 

concentration Q, where TQ is equal or higher than the equilibrium freezing 

temperature of the alloy at C = Co. At time t  =  0, the temperature at the left end. .r = 0, is 

abruptly lowered below the freezing temperature, initiating the solidification. In the semi-

infinite domain 0 < x < oo, the concentration equations (2.5a) and (2.5b) are solved with 

initial conditions T(x,0) =TQ, Q(j:,0)=0, and jc,(0) = 0 and boundary conditions 

Ts(0,t) = T f ,  T^{oo,t) = TQ, and Q(oo,r) = Co, where T^, Q and are constants and x, 

denotes the position of the interface as a function of time. In dimensional form the 

solution is 

(5.5) 

(5.6) 

(5.7) 
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etfcixjlJOj] 
Q = Q +(c, - Co)—; rV-\ 

erfc\^Aylas/D^j 

where the dimensionless parameter A, interface temperature T,, and interface solute 

concentration C, are obtained from 

yjasetf{A) yla^erfc[Aylas/a^) 
(5.9) 

C  
C = — ==- (5.10) 
' \-{\-k]yl7[aJai_Ae^''''^'''-erfc(^AyjajD^) 

T,=T„o+mC, (5.11) 

(Surprisingly, T, and C, are constant during the course of solidification, independent of 

the initial and boundary conditions). To test our model on this case, a Pb-Sb alloy is used 

and its physical properties are listed in Table 5.3. The initial temperature is Tq =7'^(Q) 

and Ty = Tq - ID (K). Under these conditions, the calculated parameter A is 0.004149053. 

and the interface solute concentration and temperature are C, = 3.65811857 (wt%) and 

T, = TQ = 9.95749171 (K). The results over a finite domain of 2 mm long, with a 

uniform fixed mesh of 200 linear elements to solve for the temperature and 200 quadratic 

elements in a variable mesh for the solute concentration, are shown in Figs. 5.9(a) and (b) 

and 5.10(a) and (b). Fig. 5.9(a) shows the calculated interface position as a function of 

time, together with the relative error, which is less than 0.01% throughout the calculation. 

Fig. 5.9(b) is a similar plot of the interface velocity as a function of time; the error is 
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slightly larger, as expected, but is still very small. The calculated and analytical solutions 

are indistinguishable when plotted together. Fig. 5.10(a) shows the solute concentration at 

four different times, and Fig. 5.10(b) shows the relative error in the concentration. The 

errors are of the same order as for the interface position. At the beginning of the 

calculation, the error is larger because, in the analytical solution, the interface 

concentration goes instantaneously from Q to C, while the numerical method needed a 

few time steps to reach it. 

Table 5.3 Physical properties of Pb-2.2 wt% Sb alloy 

Property Symbol Unit Value 

Bulk concentration of Sb Co wt% 2.2 

Solute diffiisivity DL mmVs 1.13x10-3 

Solute partition ratio k 0.312 

Eutectic concentration CE wt% 11.2 

Slope of liquidus line m K/wt% -6.829 

Melting temperature of pure solvent TmO K 600.0 

Eutectic temperature TE K 523.5 

Density P kg/mm^ 1.0416x10"^ 

Specific heat of solid ^PS J/kg-K 142.0 

Specific heat of liquid ^PL J / k g - K  151.0 

Thermal conductivity in the solid *"5 J/s • mm • K 0.030 

Thermal conductivity in the liquid J/s • mm • K 0.016 

Thermal diffiisivity in the solid % mm"/s 20.28 

Thermal diffiisivity in the liquid "L mm'/s 10.17 

Lewis number in the solid Le  ̂ 17947 

Lewis number in the liquid 9000 

Latent heat of fusion L J/kg 29775 

Interfacial energy r J/mm~ 7.0x10"® 

Kinetic mobility V mm/s • K 6.67 
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A more realistic case in one dimension that is similar to directional solidification 

is solidification under a thermal gradient by extracting heat from one end of the domain. 

Fig.  5.11.  Initially,  the solute concentration is  uniform Q and a temperature gradient G 

(>0) is imposed in the domain with t = t^ic^) at the left end of the domain (JC = 0). At 

time r > 0, a cooling rate CR is applied at x = 0, and the initial temperature gradient G is 

imposed on the right boundary. For this case there is no exact solution available at this 

time. An approximate analytical expression for the solidification velocity can be obtained 

when solidification reaches steady-state. From Eq. (2.2b), ignoring the kinetic mobility 

and assuming that the thermal diffusivity is large compared to solute diffusivity so that 

the temperature gradients in both the solid and liquid are almost constants, the steady-

state velocity is given by 

In a coordinate system moving with the interface, the steady-state concentration in the 

liquid is given by 

Several calculations have been performed for this one-dimensional solidification 

under a variety of different conditions using the properties of Pb-2.2 wt% Sb alloy. The 

domain is 40 mm long and the mesh for the temperature contains 400 fixed linear 

elements, and the changing mesh for the solute concentration initially has 400 quadratic 

(5.12) 

(5.13) 



I l l  

elements. Two cooling rates, Cyj= 0.03 and 0.1 K/s, are used; the temperature gradient is 

G = 10 K/mm; and a kinetic mobility v= 6.67 mm/s K is included. Fig. 5.12(a) shows the 

variation of growth velocity with interface position. For the larger cooling rate, the 

velocity increases quickly from zero to a maximum and then drops down below the 

steady state velocity, which is = 1.811x10"" mm/s according to Eq. (5.12). After this 

initial transient, the velocity gradually approaches and stays close to it. Simulations 

may never reach an exact steady state due to numerical noise. For the smaller cooling 

rate, = 0.03 EC/s, the same pattern is observed in the velocity variation except that the 

maximum velocity is closer to the steady state velocity. 

Fig. 5.12(b) shows the variations of solid and liquid concentrations (Q and Q ) 

at the interface for the two cooling rates. The concentration in the solid has been obtained 

from Q = A:Q at the interface during the course of the solidification. The initial and the 

steady-state concentrations at the interface, Q and Q/it, respectively, are also plotted 

for comparison. Similar to the velocity, the interface concentrations exhibit oscillatory 

variation during the initial transient, where solute-rich and solute-poor bands form in the 

solid. It is interesting to notice that the variation in the interface concentration is prior to 

that of the velocity. 

Concentration profiles at five different times for each of the two cooling rates are 

plotted in Figs. 5.13(a) and (b) for the first half of the domain. The thickness of the solute 

concentration boundary layer ahead of the interface is proportional to the growth 

velocity; for the smaller cooling rate, the growth velocity is smaller and the concentration 
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boundary layer is thicker. Figs. 5.14(a) and (b) show the temperature and concentration 

profiles, respectively, at time t = 1000 s when the interface is at 11.39 mm for C^= 0.1 

K/s, the temperature has been shifted down by T„{CQ). The freezing temperature 

corresponding to the liquidus of the local solute concentration in Fig. 5.14(b) is shown 

with a dashed line in Fig. 5.14(a). A region of constitutional undercooling, where the 

freezing temperature is higher than the actual temperature, can be observed in front of the 

interface, which extends for about 3.2 mm, or about 50 times of the diffusion length. The 

temperature field shows a clear deviation from a constant temperature gradient at the 

interface. The observed change in the temperature gradient at the interface is due to the 

difference in thermal conductivity between the solid and the liquid and the latent heat 

release; the former has a larger effect than the latter does, which results in a concave 

shape in the temperature profile. The concentration calculated in the solute boundary 

layer at time t = 1200 s for C;,= 0.1 K/s is shown in Fig. 5.15, together with the one 

calculated from Eq. (5.13). They are undistinguishable. The maximum difference in this 

case is about 0.35% with respect to the analytic concentration. 

5.3 Equaxial Solidification of a Binary Alloy 

Two-dimensional calculations of the growth of an equiaxial grain in an 

undercooled solution without an imposed thermal gradient are presented in this Section. 

In order to illustrate the effect of a second component and to compare its behavior with 

that of a pure substance, the case that was calculated and presented in Section 4.1.2 is 
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considered with a solute added to the pure substance. The computational domain, the 

initial and boundary conditions, the shape of the seed and the material properties 

including the interface energy and the kinetic mobility are the same. Two calculations 

were performed with the following two sets of parameters related to the solute: (I) Q = 

2.2, 10 and m = -0.035; (2) Co= 2.2, Le^= 100 and /« = -0.1, all non-dimensional. 

In these two cases, the values of the slope of the liquidus line are much smaller than those 

of the Pb-Sb alloy of interest, but large enough to clearly illustrate the effect of the 

presence of the second component on the solidification process. Calculated results are 

shown in Figs. 5.16(a)-(d) together with the result of the pure substance. Fig. 5.16(a) 

shows the interface shapes for the alloy of Case 1 and the pure substance at times when 

the two are of comparable size. The two solid lines are interfaces of the alloy at times of 

0.4 and 2.0, and the two dashed lines are those of the pure substance at times of 0.2 and 

1.0. For such a small value of the liquidus line slope, m = -0.035, the alloy solidifies 

much slower (about half as fast) than does the pure substance, indicating the significance 

of the effect of the solute concentration buildup at the interface on the solidification rate. 

The interface morphologies are also quite different for these two cases, the alloy shows 

much thinner and longer grooves and the tips split faster than in the pure substance. Figs. 

5.16(c) and 5.16(d) show the temperature fields, with the interface demarcated as a 

dashed line, at times of 0.5 and 1.0 for the pure substance and the alloy of Case 1. 

respectively. We expect that these differ quantitatively due to the longer time needed for 

the alloy to solidify this far, but we also observe that the solid region in the alloy is 

always below T^{CQ) while in the pure substance it is slightly higher (at the groove) or 
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lower (at the tip) than the melting temperature. For the pure substance, the interface 

temperature varies from 0.015 at the groove to -0.015 at the tip, this variation is solely 

due to the curvature effect. For the alloy, the interface temperature changes from -0.074 

near the groove to -0.094 near the tip, it is lower than = 0 because the interface 

concentration is always higher than Q. 

With 100 (Case 2), solidification is even slower due to the larger value of the 

liquidus slope. The interface at a time of 2.0 is shown in Fig. 5.16(b) and has a very 

different morphology than the first case and the pure substance; the grooves are much 

narrower and more splitting of the tips occurs. 

The solute concentration fields for the two alloys are shown in Figs. 5.17(a) and 

5.17(b). Microsegregation of solute concentration in the solid is clearly observed in both 

with solute-rich spots near the grooves and solute depleted at the tips; this is because the 

solute rejected at the interface is trapped in the grooves but diffuses more easily into the 

lower concentration liquid region at the tips. The solute boundary layer ahead of the 

interface is much thinner in (b) than in (a) because in (b) the Lewis number is one order 

of magnitude larger. Although the growth rate in (b) is smaller than in (a) by a factor of 

about two, the diffusion length, l(. = Di^lV , is still smaller in (b) by a factor of five. In 

order to resolve a smaller diffusion length, a finer mesh needs to be used. The mesh for 

the second case at time of 2.0 is plotted in Fig. 5.17(c) for the upper-right quarter of the 

domain. The fine-element region ahead of the interface covers the whole solute boundary 

layer; far from the interface where the solute concentration is almost uniform, the 
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elements are very coarse. The detail of the same mesh that zooms into the thin long 

channel at 45° is depicted in Fig. 5.17(d). The high quality of the meshes obtained with 

the procedure described in Section 5.1 can be clearly observed in both Figs. 5.17(c) and 

5.17(d). 

5.4 Directional Solidification of a Binary Alloy 

Directional solidification (DS) can be realized by translating the sample from the 

hot zone to the cold zone in a furnace, while the temperature gradients in the two zones 

and the translating velocity are controlled. To simulate DS in two dimensions, an initial 

constant temperature gradient G is imposed in the domain of melt with a uniform solute 

concentration; solidification is initiated and subsequently driven by extracting heat from 

cooled end while keeping the initial temperature gradient G on the hotter end, this is 

illustrated in Fig. 5.11. There is no externally applied thermal undercooling; the only 

cause of interface instability is the constitutionzd undercooling. In a one-dimensional 

case, it has been shown in Fig. 5.14(a) that there is an undercooled region in front of the 

interface that is about 50 times of the diffusion length. In two dimensions, the 

constitutional undercooling and interfacial energy are the main factors that affect the 

interface morphological change and the final microstructures of the solidified alloy. All 

the calculations presented in this section use the domain, the initial and boundary 

conditions illustrated in Fig. 5.11. 
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5.4.1 Cellular solidification 

At onset of instability, the planar interface first becomes rippled and then cellular; 

under certain conditions, e.g., large growth rate and sufficient anisotropy of interfacial 

energy or kinetic mobility, the cellular interface develops into a dendritic form. In order 

to simulate the onset of interface instability, and compare results with predictions from 

the linear stability theory and other reported simulations, calculations were performed 

with the data used by Ungar and Brown [26, 27]. These authors did extensive studies 

(including simulations) on cellular formation and evolution in solidification of a very 

dilute Pb-0.02 wt% Sb alloy. The thermophysical properties of this alloy are listed in 

Table 5.4. The exact initial and boundary conditions for the temperature described in 

Ungar and Brown [27] cannot be achieved here, because they assumed that the 

temperature gradient was prescribed and constant, and they neglected the latent heat. The 

latter assumption cannot be imposed in this model; nevertheless the results can be 

compared to those of Reference [27]. 

For the Pb-0.02 wt% Sb alloy, the linear stability curves predicted by Mullins and 

Sekerka [25] are plotted in Figs. 5.18(a) and 5.18(b) for a non-dimensional temperature 

gradient G = 1.68 x 10"^ and several values of the Peclet number, neglecting and including 

the latent heat, respectively. G is related to the dimensional temperature gradient G by 

G = GAplT„,o, where Ap is the preferred wavelength chosen to be close to the most 

unstable wavelength, in this case A,p=0.l mm, which was also used in Reference [27] . 

The Peclet number is Pe = VApl Di^, where V is the initial planar-interface velocity. 
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Figs. 5.18(a) and 5.18(b) show that as the Peclet number increases, both the critical and 

most unstable wavelengths shift to the left, i.e., they become shorter, while the growth 

rate increases with an increasing Peclet number. 

Table 5.4 Thermo-physical properties of Pb-0.02 wt% Sb alloy [26] 

Property Symbol Unit Value 

Bulk concentration of Sb Co wt% 0.02 

Solute diffusivity DL 2 , mm / s 2.0x10"^ 

Solute partition ratio k 0.4 

Slope of liquidus line m K/wt% -5.0 

Melting temperature of pure solvent ^mO K 600.0 

Interfacial energy r J/mm" 2.542x10'^ 

Density* p kg/mm ̂  1.0416x10"^ 

Latent heat of fusion* L J/kg 29775 

Heat conductivity in the solid* *"5 J/s • mm • K 0.023 

Heat conductivity in the liquid* J/s • mm • K 0.023 

Specific heat of solid* ^PS J/kg-K 146.0 

Specific heat of liquid* ^PL J/kg-K 146.0 

Quantities with are not in the original list in reference [26] but are needed in the 
current model; they are the averages of the data in Table 5.3. 

The computational domain is 2 mm by 0.6 mm. The width of the domain was 

chosen to be six times that of the preferred wavelength Ap. In order to obtain initial 

conditions as close as possible to those used in Reference [27], the calculations were first 

performed in one dimension. Initially,  in one dimension, a linear temperature gradient G 

is imposed with temperature T„{CQ) at X = 0. For time r > 0,, a constant cooling rate is 

applied at jc = 0, and the initial temperature gradient is imposed on the right boundary. 
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which is the hotter end. The one-dimensional domain is long enough for solidification to 

reach a steady-state. The cooling rate at x = 0 is adjusted so that the final steady-state 

velocity gives Peclet numbers equal to those used in Reference [27]. 

The steady-state temperature and solute concentration fields obtained from the one-

dimensional calculation are used as initial conditions for the two-dimensional calculation, 

starting from a planar interface with the same cooling rate applied at x = 0 and with the 

same temperature gradient G imposed on the right-hand side (x = 2 mm). The two-

dimensional model is subsequently run for 100 time steps to verify that the steady-state 

velocity does not changeS and at this point, the planar interface is perturbed. Different 

types of perturbations are used including a cosine wave, a perturbation of a single marker 

and a random perturbation with an amplitude of O.Olyl^. The wavelength of the cosine 

perturbation is Ap. The perturbation is introduced at only one time step, and the cellular 

morphology is allowed to develop. All of these calculations have been performed using a 

mesh of 100 by 30 bilinear elements for the temperature field. The solute concentration 

equation is solved in a variable mesh of quadratic triangular elements with a minimum 

size less than 20% of the solutal diffusion length at the interface. The initial mesh 

contains close to 12,000 elements. Table 5.5 summarizes the calculations, including the 

CPU time in a 400 MHz Silicon Graphics Origin 2000 computer at The University of 

Arizona, using a single processor. 

Care must be taken to prevent the planar interface from becoming unstable since the constitutional 
undercooling is already built up in the one-dimensional calculation. Two ways to do this are: (1) use a 
larger surface tension coefficient, which is changed back to the correct value when the perturbation is 
inu-oduced; (2) use a very small time step. 
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In Reference [27], Pe =0.8 was used. At this Peclet number. Figs. 5.18(a) and (b) 

show that the interface is barely unstable in the absence of latent heat but stable in the 

presence of latent heat; the latter has been confirmed in our numerical calculations. In the 

following, calculations for Pe = 1.0, 1.4 and 2.15 with different types of perturbation are 

presented. These calculations together with those presented in the next section are 

summarized in Table 5.5. 

Table 5.5 Summary of computation cases for directional solidification 

Dimensionless Dimensional Simiil;itinn CPU 

Case 
Pe 

G 

(10"^) 

V 
(mm/s) 

G 
(K/mm) (K/s) 

Time 

(s) 

Time* 

(hour) 

Perturbation 

type 

Pb-0.02 wt% Sb alloy 

1 I.O 1.68 0.02 1.008 0.02565 60 16 Cosine 

2 1.4 1.68 0.028 1.008 0.039 40 24 Cosine 

3 2.15 1.68 0.043 1.008 0.06885 26 53 Cosine 

4 1.4 0.5 0.028 0.3 0.0191 38 49 Cosine 

5 1.4 2.33 0.028 1.4 0.05 46 10 Cosine 

6 1.4 1.68 0.028 1.008 0.039 56 28 Single 

7 1.4 1.68 0.028 1.008 0.039 44 51 Random 

Pb-0.2 wt% Sb alloy 

8 1.4 1.68 0.028 1.008 0.039 4 44 Random 

Pb-2.2 wt% Sb alloy 

9 n/a n/a 0.0038 10 0.1 26 370 Cosine 

Pb-5.8 wt% Sb alloy 

10 n/a n/a 0.0015 10 0.4 96 465 Cosine 

•Calculations were performed using a single processor in a 400 MHz Silicon Graphics Origin 
2000 computer at The University of Arizona. 
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Results for Pe = \.0 are shown in Figs. 5.19(a) and (b) up to 60 s of solidification. 

Fig. 5.19(a) shows the position of the interface at intervals of 3 s. In this and the rest of 

the results presented here, the interface is shown starting from the time the planar 

interface is perturbed. This case is very close to the stable limit; the perturbation growth 

rate is small and the perturbation takes a long time to develop into a pattern of shallow 

waves. Fig. 5.19(b) shows the solute concentration at the end of the calculation, where 

some weak microsegregation in the solid is evident after the instability has developed. 

The shape of the cellular front predicted with the present model differs from that shown 

in Fig. 5(a) of Reference [27] for the same temperature gradient, in that no grooves 

develop here and the tips of the cells are rounder 

Figs. 5.20(a) and (b) show results for Pe = \A for 40 s of solidification. For a 

higher Feclet number, the instability develops faster; the initial cosine wave interface 

quickly evolves into a cellular interface. The transition happens at about / = 6 s, the fourth 

interface in Fig. 5.20(a), when the cosine wave features are lost. Later, the grooves 

become deeper, the tips of the cells become flattened, and we observe more 

microsegregation in the solid. Fig. 5.20(b). The cells resemble more the ones in 

Reference [27], but no deep grooves can be detected. The main reason for this difference 

may come from the difference in the perturbation growth rate, which is larger in 

Reference [27] where the latent heat was neglected. 

The third case is for an even higher Peclet number, Pe = l . \5, and the results are 

shown in Figs. 5.21(a) and (b) for a simulation time of 26 s. In this case the transition 

from the initial cosine wave to cellular happens earlier than the last case, and the overall 
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cellular growth is faster. From Fig. 5.21(a) we see that the original perturbation with 

wavelength equal to Zp does not have the correct preferred wavelength; each cell splits 

into two shortly after the instability develops but not all the new cells survive. Four of 

them die somewhat later, and the system goes from six initial cells to eight, where it 

stabilizes at a shorter wavelength of about O.lSAp. This transition is in accordance with 

Fig. 5.18(b), where we see the wavelength with the maximum growth rate shifts to a 

smaller value as Pe increases. For Pe = 2.15, the maximum growth wavelength, is 

approximately 0.055 mm, a little larger than half of the original perturbed wavelength 

A.p. As can be seen from Fig. 5.18(b) if the wavelength is further reduced below , the 

system will quickly become stable (the perturbation growth rate becomes negative). This 

explains why the twelve-cell pattern in Fig. 5.21(a) (with a wavelength = 0.05mm < ) 

cannot stay as the steady-state mode. 

For Pe = 1.4, two more calculations with different temperature gradients are shown 

in Figs. 5.22(a) and (b) for 38 s and in Figs. 5.23(a) and (b) for 46 s. In the first of these, 

G = 0.5xl0~', the ratio GIPe is smaller than before, indicating a more unstable 

situation. In Figs. 5.22(a) and (b), we observe deep cells, the depth of the cells increase 

with time until it reaches about 5Ap. The width of the cells also changes with time, and at 

the end of the calculation, only five of the original six cells survive but their widths are 

different. Figs. 5.23(a) and (b) show results for G = 2.33x 10^*. This case has practically 

the same value of the ratio G/Pe as Case 1 in Table 5.5, and the results are indeed very 

similar in both cases. 
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To further investigate the selection of preferred wavelength in cellular 

solidification, the case with Pe = l.4 and G = 1.68xlO~' was repeated twice, one time 

starting from a single perturbation in the center of the domain and another time with a 

random perturbation. Figs. 5.24(a) and (b) show the calculation with a single perturbation 

midway in the initial vertical interface. Initially a single cell develops from the 

perturbation; later smaller ones gradually appear on the two sides of the initial cell, which 

grow wider and wider and eventually split into two cells in the middle. The system finally 

settles to the same six cells as in Case 2 in Table 5.5. A similar situation is observed in 

Figs. 5.25(a) and (b) where a random perturbation is applied along the plane interface. 

Initially many protuberances develop, but they quickly consolidate into six cells. 

5.4.2 Dendritic solidification 

To simulate dendritic solidification, we use solute concentrations much larger 

than that in Section 5.4.1 and include in the calculations the anisotropy of interfacial 

energy given by Eq. (4.13). According to the linear stability theory of Mullins and 

Sekerka [25], a moving planar interface is more unstable and the most unstable 

wavelength becomes shorter when the initial solute concentration is larger, given that the 

other conditions are the same. This is illustrated in Fig. 5.26(a) where the perturbation 

growth rate is plotted against wavelength for three very different solute concentrations. In 

Fig. 5.26(b) the critical wavelength and the wavelength with the maximum growth 

rate are plotted versus initial solute concentration. Physically, for larger Q, the 

buildup of solute concentration at the interface is also larger and so is the effect of the 
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solute concentration on the interface temperature. The stronger non-linear coupling 

between the solute concentration and temperature makes numerical simulations difficult 

and slow to converge. Since the unstable wavelength is shorter, the mesh elements must 

be smaller in order to resolve the smaller length scale. To overcome the strong numerical 

instability, a very small time step must be used. Furthermore, solidification is extremely 

slow at the beginning of the process because the buildup of solute at the interface greatly 

lowers the freezing temperature, offsetting the cooling effect. Numerical experiments 

have shown that, for the cooling rates of interest, the solidification is very slow at first 

while the concentration increases enough to cause constitutional undercooling and trigger 

the instability. When simulating dendrites, the one-dimensional model is run first until 

the solidification rate becomes large enough to trigger the instability. The temperature, 

concentration profiles, and interface position from the one-dimensional calculation are 

then used as initial conditions to start the full two-dimensional calculations. 

The first calculation was performed for a Pb-0.2 wt% Sb alloy with the thermal 

properties in Table 5.4. The initial temperature gradient is G = 1.008 K/mm and the 

imposed cooling rate at the cooler end is 0.039 K/s. Under these conditions, the one-

dimensional calculation achieved a steady state with V = 28 mm/s. The preferred 

wavelength (i.e., the most unstable) at this velocity is close to 0.02 mm from Fig. 5.26(a). 

The domain for the two-dimensional calculation is set to 0.8 by 0.24 mm; the height is 

about 12 times the preferred wavelength. A random perturbation is introduced to the 

initial planar interface. The results are shown in Figs. 5.27(a)-(c) for a simulation time of 

4 s, where Fig. 5.27(a) shows the interface development, (b) the solute concentration field 
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and (c) the temperature field. The interface-development in the early stage is enlarged in 

Fig. 5.28, which shows many small protuberances at the very beginning, but only twelve 

of them develop into cells at time t = 0.8 s (the fifth interface from left), this is in 

agreement with linear stability prediction about the preferred wavelength. A little later 

four of the twelve cells are left behind due to the competition among them, and two split 

at the tip. Even later, five more cells are left behind and the rest, two and a half, evolve 

into dendrites through tip splitting and side branching. The two dendrites on the top grow 

in an unstable manner and keep splitting at the tip; the one on the bottom boundary grows 

steadily with well-developed side arms. The temperature contours in Fig. 5.27(c) show 

that there is a difference in the temperature gradients in the solid and liquid, and even 

though the thermal diffusivity is four orders of magnitude larger than the solute 

diffusivity, the temperature is not constant in the direction perpendicular to the overall 

growth direction. 

The next calculation is for Pb-2.2 wt% Sb with properties listed in Table 5.5. The 

applied temperature gradient and cooling rate are G = 10 K/mm and Q =0.1 K/s, 

respectively. For such a large initial solute concentration, Q = 2.2 wt% Sb, the interface 

becomes unstable at a very low velocity, well before the steady state is reached. 

Therefore, to simulate a more realistic situation, the one-dimensional simulation is 

stopped when C, = 4.69 wt% Sb and V = 3.79 ^im/s (the steady state velocity is 18.11 

^im/s with C, = CQfk= 7.05 wt% Sb). The interface velocity V is larger than the critical 

instability velocity V(~= 0.51 p.m/s given by Eq. (3-3) in Flemings [91]; so the 
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constitutional undercooling is already established. In this case the unstable wavelength 

spectrum is not available; the linear stability analysis is not valid because the steady-state 

assumption is not met here. We expect the unstable wavelength to be around 10 ^.m*, and 

a domain of 0.8 mm by 0.24 mm is chosen for the simulation. The mesh for the 

temperature calculation consisted of 30 by 100 bilinear elements, and the mesh for the 

solute concentration initially contained 80 quadratic elements along the planar interface. 

During the simulation, the total number of elements in the variable mesh ranges between 

10,000 and 25,000, and the number of nodes ranges between 40,000 and 100,000. The 

nondimensional interfacial energy is anisotropic, given by Eq. (4.13) with Afj= 0.4, -

4 and dfj = 0; the kinetic mobility is constant. 

Figs. 5.29(a)-(c) show the results after 26 s of simulation from the time the 

perturbation, with a wavelength of 40 ^m is applied. Fig. 5.29(a) shows that the first 

protuberances to grow are very small, actually slightly smaller than expected, with an 

average wavelength of 7 ^im. However, the system very quickly evolves to larger 

structures, and at the end of the calculation, the computational region seems to be able to 

hold only one branched primary dendrite arm. This "cascading" of length scales as the 

dendritic structure evolves appears to be one of the main difficulties in the successful 

numerical simulation of dendritic solidification of alloys. For the alloy and conditions 

under consideration, experimental measurements show a primary dendrite spacing of 

about 150-200 |im [93], which is close to the results of this simulation. However, if one 

* Assuming v = 3.79 ^im/s is the steady state velocity, together with C = 10 K/mm, the linear stability 
theory gives a critical wavelength of 7.2 nm and a most unstable wavelength of 12.4 ^m for this alloy. 
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wishes to study the evolution of a dendritic structure from a planar interface, then the 

small-scale instability must be resolved to provide the correct initial conditions, which 

makes the computational effort quite formidable. Fig. 5.29(b) shows the solute 

concentration at 26 s. The largest concentration at the base of the dendrites has reached 

about 5 wt% Sb. Fig. 5.29(c) shows the concentration in the solid only, which varies over 

a smaller range, but clearly shows the concentration in the solid increasing at the base of 

the dendrites due to the accumulation of solute in the interdendritic liquid. 

Lastly a calculation for Pb-5.8 wt% Sb is presented. For such a high initial 

concentration of 5.8 wt% Sb, the liquid reaches a eutectic concentration of 11.2 wt% Sb 

quickly. This calculation was performed in a region 2 mm long by 0.8 mm high using a 

mesh of 40 by 100 bilinear elements for the temperature field and a mesh with 120 

quadratic triangles on the initial planar interface. The temperature gradient is 10 K/mm 

and the cooling rate 0.4 K/s. The two-dimensional calculation was started from a planar 

front when the interface solute concentration was 7.46 wt% Sb and the interface velocity 

was 1.53 ^.m/s. A larger perturbation with wavelength 0.1 mm was used purposely to 

inhibit the small initial protuberances at the interface; these large perturbations quickly 

grow and evolve into dendritic cells. Results after 96 s of simulation are shown in Figs. 

5.30(a) and (b). In Fig. 5.30(a) the interface position is shown at intervals of 2 s, and it 

can be seen that, in the first interface profile at 2 s, the very small protuberances have 

already disappeared. Fig. 5.30(b) shows the solute concentration at 96 s. The position of 

the interface is white. The solid region reaches more than 1.2 mm in the .r-direction 

everywhere in the domain. Because a eutectic composition is reached at the roots of the 
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dendrites, the microstructure in the solid exhibits significant microsegregation. The 

primary dendritic structure has an average concentration of less than 3.5 wt% Sb, and the 

interdendritic solid is comprised of the eutectic mixture, with a concentration very close 

to the eutectic concentration of II.2 wt% Sb. In this simulation, the morphological 

features of the eutectic mixture were not calculated. The nondimensional solute 

concentration in the eutectic solid at the eutectic solidification is given by 

CsE=Ce+-r^nVC,. (5.14) 
Le^V 

Hence, the concentration of the eutectic solid can be anywhere between kC^ and Q, 

depending on the interface velocity and the solute concentration gradient in the liquid 

side of the interface. Eutectic solidification occurs at the roots of the dendrites where the 

solute concentration gradient is small and the solidification velocity is large. According 

to Eq. (5.14), the concentration in the eutectic solid is approximately equal to C^; hence, 

the concentration in the solid undergoes a sudden change, roughly from kC^ in the 

primary solid to Q in the eutectic solid, leaving apparent segregation boundaries in the 

solid. 
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CHAPTER 6 

CONCLUSIONS 

A two-dimensional model for the numerical simulation of dendritic solidification of 

binary alloys has been presented. The model comprises the coupled energy and solute 

conservation equations, which are solved directly using a finite-element formulation. The 

energy equation is solved over a uniform mesh of bilinear elements that covers both the 

solid and liquid regions. The solute conservation equation is solved over an independent 

variable mesh of triangular elements that covers the liquid region only. The model is 

simple in the sense that it only works with physical variables, as opposed to those based 

on the phase-field variable or the level-set method, and we have shown through 

numerical simulations that it is effective. 

An explicit interface-tracking method was developed for this model, in which the 

interface is represented by a set of discrete marker points. The method is capable of 

resolving complicated interface morphological changes by marker addition and deletion 

and interface reconstruction. The interface tracking method, although developed for 

solidification problems, can be used for other moving boundary problems. 

The model uses an independent two-dimensional mesh generator that, at every time 

step, generates a locally refined triangular-element mesh that conforms to the solid-liquid 

interface. The mesh generator has shown to be robust, automatic, and efficient, and the 

meshes generated are of high quality. 
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The model has been tested in a variety of situations of differing degrees of 

difficulty. For pure substances, the two-dimensional calculation of an axisymmetric 

stable solidification due to a line heat sink shows that the model achieves second-order 

convergence in calculating the interface position and first order in approximating the 

interface velocity. This performance appears to be the best for solidification models at 

this time. In the calculation of a one-dimensional unstable solidification problem, the 

model shows quadratic convergence to the steady state velocity. In comparisons with the 

results of microscopic solvability theory, the model shows excellent agreement in 

calculating the dendrite tip velocity under a wide range of undercooling. For binary 

alloys, calculations of cases where exact solutions exist show that the model is very 

accurate. In simulating the onset of interface instability and unstable wavelength, the 

model was tested against the predictions of Mullins and Sekerka's linear stability theory 

[25], and the agreement is very good. In simulations of solidification of dilute Pb-Sb 

alloys under a variety of conditions, the cellular morphologies produced by this mode! 

agree qualitatively with the numerical results of Ungar and Brown [27] who obtained 

results using a simplified model. 

In full two-dimensional calculations of both equiaxed and columnar dendritic 

growth of pure substances into undercooled melt under a variety of conditions, the model 

is able to efficiently track very complicated interface morphologies that are in close 

agreement with experimental observations. Numerical results show that undercooling and 

surface tension are the two main parameters that affect the dendritic structures of the 

solidified material. 
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The model has been applied to simulations of the solidification of Pb-Sb alloys 

under conditions found in real castings. These calculations, which are the first of their 

kind, show dendritic structures similar to those observed experimentally. It has also been 

shown that the model can naturally handle conditions of eutectic solidification, where 

large amounts of microsegregation are obtained in the solid phase. 

Some calculations of alloy solidification are difficult to perform and require a very 

large amount of computer time because very small time steps and a large number of 

nonlinear iterations within each time step are required to achieve convergence. It is found 

that there are three physical parameters that complicate the calculations: the small solute 

diffusivity relative to the heat diffusivity that creates a disparity in the length and time 

scales; the large initial solute concentration that significantly reduces the preferred 

wavelength of the instability when starting from a plane front; and the large values of the 

slope of the liquidus m, in that small changes in the interface concentration are greatly 

magnified (by a factor > 6.8 in the case of a Pb-Sb alloy). The latter two are sources of 

instability when the interface temperature is calculated through the Gibbs-Thompson 

equation. The model is capable of computing effectively when any two of these 

parameters are realistic; however, when all three are set to practical levels, the 

calculations become slow and difficult. Ways to resolve this difficulty are left for future 

investigations. 

Future work to extend the current model includes (1) inclusion of convection in the 

model to calculate fluid flow due to shrinkage and density variation (because of variation 

in temperature and/or solutal concentration), and (2) extension to three dimensions. The 



1 3 1  

first extension is of significant practical importance because convection is unavoidable 

when solidification happens in terrestrial environments. The Navier-Stokes equations will 

be solved on the adaptive mesh that covers the liquid region only. This work will reveal 

the effects of shrinkage-induced convection and thermosolutal convection on the 

dendritic microstructures. For the second extension, a three-dimensional adaptive mesh 

generator is needed, and the interface tracking will become more involved. Computation 

time will be significantly increased. The second extension will be more difficult to 

implement than the first one. 
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APPENDIX: LIST OF FIGURES 

Fig. I. I Some pictures of dendrites: (a) frost dendrites on icicle (from W.Shyy 
[52]); (b) equiaxed dendritic structure in alloy (from W. Lyman [23]); 
(c) columnar dendritic structure in alloy (from W. Lyman [23]) 141 

Fig. 2. 1 Computational domain £2 comprising Qj as the solid region and 
as the liquid region. The boundary of Q is 9£2 = 9J2D+8^^^, where 

dilo and dSln are, respectively, the Dirichlet and the Neumann 

boundaries. 5, is the interface separating J2s and Q/.. n is the vector 

normal to the interface with an orientation denoted by 6 142 

Fig. 2. 2 Phase diagram of lead-antimony (Pb-Sb) alloy for wt% Sb < 30. T„o is 
the melting temperature of the pure lead 143 

Fig. 2. 3 Two basic ways in which an element is intersected by an interface, (a) 
The element is subdivided into a triangle and a pentagon, (b) The 
element is subdivided into two quadrilaterals. Other forms of intersect 
can be transformed to (a) and (b) by rotation 144 

Fig. 2. 4 Transformation of a portion of an intersected element into a standard 
form, (a) Triangle/pentagon intersect; (b) bi-quadrilateral intersect 145 

Fig. 2.5 Latent heat calculation and its distribution to the element nodes. 

(.r| , _ v ,)and indicated by "A", are the two intersections 
between the interface and the element. The thick line is the interface 
segment within the element. Markers are denoted by "o " 146 

Fig. 2. 6 A quadratic triangular element that has (a) one side and (b) two sides 
coinciding with a segment of the interface. The thick line is the 

interface 5/. Dots denote the element nodes. is the average 

velocity of the segment 146 

Fig. 3. 1 Interfaces represented by marker points in a rectangular domain: (a) an 
open interface; (b) a closed interface 147 

Fig. 3. 2 A rectangular domain is divided into six geometrical subregions by an 
open interface and three closed interfaces. Four of the subregions are 
solid and the other two are liquid 147 
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Fig. 3. 3 Illustration of the determination of the state of a mesh node. The curve 
is the interface. Dots on the curve are the markers, and 

mesh-nodes and their closest markers are m,and respectively, /i; 

and interface normals at m, and nh, respectively. The arrow 
along the interface indicates the direction the markers are numbered. In 
this illustration, p, is in the solid and pj in liquid 148 

Fig. 3.4 Three basic positions that an interface segment is located in the 
underlying mesh: (a) no intersections with the element boundaries; (b) 
one intersection; (c) two intersections 149 

Fig. 3. 5 The connnection between the interface, the markers, the intersections. 
the segments, and the elements 150 

Fig. 3. 6 Local arc length coordinates to calculate curvature and direction of the 
normal to the interface 151 

Fig. 3. 7 Schematic of the incremental velocity updating method 151 

Fig. 3. 8 Schematic and notation for the calculation of the temperature gradients 
at the interface, (a) Location of the temperature interpolation points, (b) 
Error introduced by linear interpolation over an element containing the 
interface 152 

Fig. 3. 9 Illustration of a probing front used to detect interfaces approaching 
each other. The dashed line is the probing front of interface i and the 
dots on it are the probing points, (a) Need to merge the interface is not 
detected, (b) Need to merge the interface is detected 153 

Fig. 3. 10 Interface splitting and merging, (a) Marker im in interface i and marker 
jm in interface j are detected to be close enough to be merged, (b) 
Reconstructed interfaces after splitting and merging 154 

Fig. 4. 1 Schematic of axisymmetric plane freezing due to a heat sink . Due 

to symmetry, the computational domain is chosen to be the first 
quadrant of the plane. v is the solid-liquid interface velocity 155 

Fig. 4. 2 Interface position calculated using a 50 by 50-element mesh in a 
domain of 10 mm by 10 mm for the axially symmetric solidification 
problem in Fig. 4.1. The interface is represented by markers (dots) and 
is plotted in time intervals of 10 s. A small square of 0.4 mm by 0.4 
mm at the origin, the position of the heat sink, is removed from the 
domain due to its singularity 156 
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Fig. 4. 3 Results obtained by using linear approximation to the temperature 
gradient at the interface to calculate the interface velocity: (a) error in 
the interface position, (b) mesh convergence rate 157 

Fig. 4.4 Results obtained by using quadratic approximation to the temperature 
gradient at the interface to calculate the interface velocity: (a) error in 
the interface position, (b) mesh convergence rate 158 

Fig. 4. 5 Results obtained by using linear approximation to the temperature 
gradient at the interface to calculate the interface velocity: (a) 
maximum error in the interface velocity, (b) mesh convergence rate for 
the interface velocity 159 

Fig. 4. 6 Results obtained by using quadratic approximation to the temperature 
gradient at the interface to calculate the interface velocity: (a) 
maximum error in the interface velocity, (b) mesh convergence rate for 
the interface velocity 160 

Fig. 4. 7 Results for the marker at 22.5 degree: (a) error in the interface position; 
(b) error in the interface velocity 161 

Fig. 4.8 Convergence rate to the steady-state velocity for Methods 1-3. 
Calculations of one-dimensional solidification with undercooling and 
kinetic mobility in meshes of 100, 200, 400 and 800 elements 162 

Fig. 4. 9 Calculated one-dimensional temperature profiles with two different 
boundary conditions at .r = 0: curves labeled I and 2 are the results of 
fixed temperature T(0) = Tm at times 0.016 and 0.061, respectively: 

curves labeled 3 and 4 are results of adiabatic boundary dT/dxi0) = 0 at 

times 0.016 and 0.0595, respectively 163 

Fig. 4. 10 One-dimensional solidification with undercooling and kinetic mobility: 
(a) Steady state temperature profiles near the interface obtained with 
methods I, 2, 3 and analytical solution, (b) Interface velocity as a 
function of interface position obtained with method I. (c) Detail of the 
oscillatory steady state velocity 164 

Fig. 4. 11 Effect of mesh refinement in the interface position for unstable 
solidification with isotropic interfacial energy and kinetic mobility in a 
square domain of 4 by 4 units. The interface is shown in an equal time 
interval of 0.2 with the initial one (seed) in the center. St = -0.5. 

/ fc^ — c/ c— 1, ^ ^ — 0.002 165 
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Fig. 4. 12 Effect of the seed orientation with respect to the mesh, (a) The seed's 
axes have the same orientation as the x-y axes, (b) Seed's axes oriented 
at a 19-degree angle to the x-y axes, (c) Seed's axes at 45 degrees to the 
x-y axes, (d) Three cases (a — solid line, b — dotted line and c ~ dashed 
line) rotated to the same orientation and superposed 166 

Fig. 4. 13 Comparison of the calculated dendrite tip velocity with the prediction 
(broken lines) of solvability theory by Meiron [15]. (a) Tip velocity as a 
function of time for St = -0.25. (b) Tip velocity as a function of time for 
St = -0.65 167 

Fig. 4. 14 Effect of liquid thermal conductivity on the interface evolution of two-
dimensional solidification with undercooling: (a) =0.2, (b) Ki^ =0.5. 

(c) K[^= 1.0, and (d) v^=1.5. The interface is shown from r = 0 to / = 

1.0 at equal intervals of 0.1, *'j=l, = -0.5, <T = //= 0.002 (no 

anisotropy), Cpi^ =Cps = I 169 

Fig. 4. 15 Effect of solid thermal conductivity on the interface evolution of two-
dimensional solidification with undercooling: (a) *5 = 1.0, (b) *5=0.5, 

(c) *5 = 0.2, and (d) >c^ =0.01. The interface is shown from r = 0 to r = 

1.0 at equal intervals of 0.1, **^=1, = -0.5, <7 = //=0.002 (no 

anisotropy), Cp[^ = Cp^ = 1 170 

Fig. 4. 16 Solid fraction versus time for various thermal conductivities: (a) 
*•5=1.0 fixed, varies from 0.2 to 1.5; (b) *•^ = 1.0 fixed, *"5 varies 

from 0.01 to 1.0. St = -0.5, (T = ju = 0.002 (no anisotropy), 

^PL ~^ps ~ ^ 

Fig. 4. 17 Effects of interfacial energy and kinetic mobility (as indicated in the 
plot) on the interface morphology with an undercooling St = -0.6. The 
interface is shown from r = 0 to (a) 0.14, (b) 0.12, (c) 0.1 and (d) 0.07 
at intervals of 0.01. Cpjcp^ = kJk^ = 1, A^= 0.4, Wo.= 6, no 

anisotropy in kinetic mobility 172 

Fig. 4. 18 Effects of interfacial energy and kinetic mobility (as indicated in the 
plot) on the interface morphology with an undercooling St = -0.8. The 
interface is shown from r = 0 to (a) 0.06, (b) 0.04 and (c) 0.03 at 
intervals of 0.01. The interfaces shown in (d) are the initial one and the 
last one at 0.015. Cp^^/cp^ = = 1, A^= 0.4, mg.= 6, no 

anisotropy in kinetic mobility 173 
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Fig. 4. 19 Effect of interfacial energy on dendritic solidification: (a) dendrite tip 
velocity and tip radius versus interfacial energy; (b) Peclet number 
versus surface tension. St = -0.6, Cpi^lcp^ = = 1- ^<7= ^.4, 

6, no anisotropy in kinetic mobility 174 

Fig. 4. 20 Interactions in the solidiHcation of several dendrites with adiabatic 
boundary conditions: (a) four seeds I unit apart at St = -0.5; interfaces 
for each seed shown from r = 0 to 0.4 at intervals of 0.02, mesh 200 by 
200; (b) nine seeds 0.6 unit apart at St = -1.0; time range from 0 to 
0.015 plotted at intervals of 0.003, mesh 400 by 400 175 

Fig. 4. 21 Two initial interfaces merging into one: (a) fixed temperature boundary 
conditions at St = -0.8, interfaces shown between t = 0 and r = 0.13 at 
intervals of 0.01 except for numbers one and two, which are very close 
to when merging takes place; (b) adiabatic boundary conditions at St = 
-1.2; results between / = 0 and r = 0.014 at intervals of 0.001 176 

Fig. 4. 22 Schematic of the two-dimensional domain and boundary conditions in 
the simulation of columnar dendrites.  S, (t)  denotes the interface and n 
is the local interface normal 177 

Fig. 4. 23 Unstable solidification from a perturbed plane front: (a) the interface 
shown from t = 0 to t = 0.052 s at intervds of 0.002 s with the initial 
perturbed interface indicated by dotted line to the far left; (b) 
temperature contours together with the interface (broken line) at 0.052 
s 178 

Fig. 4. 24 Dendritic solidification of succinonitrile from a planar interface without 
perturbation (the dotted line to the far left): interfaces shown from r = 0 
to (a) t = 0.052 at intervals of 0.002, (b) t = 0.0136 at intervals of 
0.0004 and (c) t = 0.0046 at intervals of 0.0002. The Stefan numbers 
are -0.4, -0.55, and -0.65 for (a), (b) and (c), respectively. As= 0.4, 

ms = 4 179 

Fig. 4. 25 Dendritic solidification of succinonitrile from a planar interface with 
perturbations (the dotted line to the far left): interfaces shown from t = 
0 to (a) t = 0.003 at intervals of 0.001, (b) t = 0.004 at intervals of 0.001 
and (c) t = 0.(X)24 at intervals of 0.0008. The interface shown in (d) is 
at r = 0.0047. The Stefan numbers are indicated; = 0.4, = 4 180 
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Fig. 4. 26 Dendritic solidification of succinonitrile from a planar interface with 
random perturbations (the dotted line to the far left): interfaces shown 
from f = 0 to (a) r = 0.002, (b) t = 0.0024, (c) t = 0.002 and (d) t = 
0.0012 at intervals of 0.0004. The Stefan number and perturbation 
strength are indicated; = 0.4, = 4 181 

Fig. 5. 1 Illustration of the one-dimensional adaptive mesh, (a) Fixed uniform 
background mesh covering the whole domain, (b) Graded mesh 
covering the solute boundary layer, (c) The whole mesh at time t = 0 
produced by overlapping (a) and (b). (d) Mesh during the simulation 
showing the graded mesh moving with the interface at velocity V over 
the background mesh and two changing elements separated by a dotted 
line 182 

Fig. 5. 2 Mesh structure development using the quadtree: (a) mesh and resulting 
quadtree partitioning using the criterion "one node or less per terminal 
square"; (b) the four levels of partitioning in the resulting quadtree; (c) 
graph representation of the data structure 183 

Fig. 5. 3 Mesh generation process: (a) generation of the boundary nodes; (b) 
elimination of external elements and generation of interior nodes; (c) 
addition of interior nodes to the Delaunay mesh 184 

Fig. 5.4 Two examples of graded triangular-element meshes: (a) a mesh 
conforming to a closed interface with 40328 nodes and 75351 
elements; (b) a mesh conforming to an open interface with 14429 nodes 
and 22276 elements 185 

Fig. 5. 5 One-dimensional solidification in a two-dimensional domain with a 
constant solidification velocity V: (a) the 10 by 1 mm domain; (b) a 
lineeir triangular-element mesh with 21234 nodes and 41559 elements; 
(c) a quadratic triangular-element mesh with 10066 nodes and 4915 
elements 186 

Fig. 5. 6 Comparison of the accuracy of the solute concentration calculated 
using the linear and quadratic meshes in Figs. 5.5(a) and (b). The error 
is the relative difference in the solute concentration with respect to the 
analytic solution, and V is the interface velocity.Fig. 5. 7 Distribution of 
the solute concentration in the solid during the initial transient for three 
different partition ratios, (a) The concentration versus dimensionless 
distance, (b) Relative error of the numerical results with respect to 
analytical solution 187 
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Fig. 5. 7 Distribution of the solute concentration in the solid during the initial 
transient for three different partition ratios, (a) The concentration 
versus dimensionless distance, (b) Relative error of the numerical 
results with respect to analytical solution 188 

Fig. 5. 8 Transient solute distribution in the solid resulting from an abrupt 
change of the solidification rate from V, to , the partition ratio \sk = 
0.5. (a) The concentration versus dimensionless distance, (b) Relative 
error of the numerical results with respect to analytical solution 189 

Fig. 5. 9 Comparison of calculated finite element results and the analytical 
solution given by equation (5.5): (a) calculated interface position and 
relative error (broken curve); (b) calculated interface velocity and 
relative error (broken curve) 190 

Fig. 5. 10 Comparison of calculated finite element results and the analytical 
solution given by equation (5.8) at 5, 25, 45, and 65 s; (a) calculated 
solute concentration; (b) relative error in the solute concentration 191 

Fig. 5. 11 Schematic of one- and two-dimensional solidification of a binary alloy 
showing the domain, the initial and boundary conditions 192 

Fig. 5. 12 One-dimensional solidification of Pb-2.2 wt% Sb alloy: (a) interface 
velocity vs. interface position (the dash-dot lines denote the steady-
state velocities); (b) interface concentrations vs. interface position (the 
dash-dot lines denote the steady-state concentrations) 193 

Fig. 5. 13 One-dimensional solidification of Pb-2.2 wt% Sb alloy; (a) solute 
concentration profile at 800, 1600. 2400, 3200, and 4000 s for cooling 
rate 0.03 K/mm; (b) solute concentration profile at 400, 600, 800, 1000, 
and 1200 s for cooling rate 0.1 K/mm. The dash-dot lines denote the 
steady state interface concentrations 194 

Fig. 5. 14 One-dimensional solidification of Pb-2.2 wt% Sb alloy at 1000 s for G 
= 10 K/mm and Cyj= 0.1 K/s: (a) calculated temperature (solid line) 

and freezing temperature (dashed line); (b) solute concentration, the 
dash-dot lines denote the steady-state interface concentrations 195 

Fig. 5. 15 One-dimensional solidification of Pb-2.2 wt% Sb alloy at 1200 s for G 
= 10 K/mm and C^= 0.1 K/s: calculated concentration in the solute 
boundary layer compared with steady state analytical solution 196 
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Fig. 5. 16 Growth of an equiaxial grain into an undercooled liquid: (a) 
comparison of the interface morphology between a pure substance 
(dashed lines) at times of 0.2 and 1.0, and that of an alloy with 

= lO.O (solid lines) at times of 0.4 and 2.0; (b) dendritic 

morphology for an alloy with =100.0 at time 2.0; (c) counters of 
temperature field for the pure substance at time 0.5; (d) contours of the 
temperature field for the alloy with = 10.0 at time 1.0 197 

Fig. 5. 17 Equiaxial growth of the alloy: (a) solute concentration field for 
= 10 at r = 1.4; (b) solute concentration for = 100 at / = 2.0; 

(c) triangular mesh in the first quadrant at r = 2.0; (d) detail of (c) in 
the narrow channels 198 

Fig. 5. 18 Stability curves calculated from Mullins and Sekerka's theory [25] for 
Pb-0.02 wt% Sb alloy, with thermal properties listed in Table 5.4 and a 
non-dimensional temperature gradient G = I.68xI0"^: (a) without latent 
heat; (b) with a latent heat L = 29775 J/kg 199 

Fig. 5. 19 Solidification from a perturbed plane front with Pe = 1.0 and 
(5 = 1.68x10"*: (a) interface position at intervals of 3 s; (b) solute 
concentration at 60 s (the interface is white) 200 

Fig. 5.20 Solidification from a perturbed plane front with Pe = 1.4 and 
C = 1.68xl0~*: (a) interface position at intervals of 2 s; (b) solute 
concentration at 40 s (the interface is white) 201 

Fig. 5.21 Solidification from a perturbed plane front with Pe = 2.15 and 
(^ = 1.68x10^*: (a) interface position at intervals of 2 s; (b) solute 
concentration at 26 s (the interface is white) 202 

Fig. 5.22 Solidification from a perturbed plane front with Pe = 1.4 and 
G=0.5xl0"^: (a) interface position at 0, 2, 10, 24 and 38 s; (b) solute 
concentration at 38 s (the interface is white) 203 

Fig. 5. 23 Solidification from a perturbed plane front with Pe = 1.4 and G = 

2.33x10"^: (a) interface position at intervals of 2 s; (b) solute 
concentration at 46 s (the interface is white) 204 

Fig. 5.24 Solidification from a perturbed plane front with Pe = 1.4 and 
C = !.68xI0~* perturbing the plane front at the single location y = 0.3: 
(a) interface position at intervals of 2 s; (b) solute concentration at 56 s 
(the interface is white) 205 
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Fig. 5.25 Solidification from a perturbed plane front with Pe = 1.4 and 

G = 1.68x10"* starting with a random perturbation: (a) interface 
position at intervals of 2 s; (b) solute concentration at 44 s (the interface 
is white) 206 

Fig. 5. 26 Linear stability of the interface for Pb-Sb alloys: (a) perturbation 
growth  rate  vs .  wave length;  (b )  cr i t i ca l  and  most  uns tab le  (^ )  
wavelength vs. initial concentration. The interface velocity is V = 28 
mm/s 207 

Fig. 5. 27 Solidification of Pb-0.2 wt% Sb from a randomly perturbed planar 
front; (a) interface position at intervals of 0.2 s; (b) solute concentration 
at 4 s (the white line is the interface); (c) temperature field at 4 s 208 

Fig. 5. 28 Interface development at early stage of solidification showing the 
transition from planar to rippled to cellular to dendritic. The interfaces 
are plotted at equal intervals of 0.2 s.Fig. 5. 29 Solidification of a Pb-
2.2 wt% Sb alloy after 26 s: (a) interface position at intervals of 1 s; (b) 
solute concentration at 26 s; (c) solute concentration in the solid at 26 s 209 

Fig. 5. 29 Solidification of a Pb-2.2 wt% Sb alloy after 26 s: (a) interface position 
at intervals of 1 s; (b) solute concentration at 26 s; (c) solute 
concentrat ion  in  the  so l id  a t  26  s  210  

Fig. 5. 30 Solidification of Pb-5.8 wt% Sb alloy after 96 s: (a) interface position 
at time intervals of 2 s; (b) solute concentration at 96 s (the solid-liquid 
inter face  i s  whi te )  211  
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Fig. l.I Some pictures of dendrites: (a) frost dendrites on icicle (from W.Shyy [52]); (b) 

equiaxed dendritic structure in alloy (from W. Lyman [23]); (c) columnar dendritic 

structure in alloy (from W. Lyman [23]) 
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Fig. 2A Computational domain Q comprising Cis as the solid region and Ql as the 

liquid region. The boundary of Q is d^ = dilD +dQ,\i, where 0Qd and dCl,\ are, 

respectively, the Dirichlet and the Neumann boundaries. 5/ is the interface separating 

Qs and Ql - n is the vector normal to the interface with an orientation denoted by 0. 
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Fig. 2.2 Phase diagram of lead-antimony (Pb-Sb) alloy for wt% Sb < 30. T„Q is the 

melting temperature of the pure lead. 
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Fig. 2.3 Two basic ways in which an element is intersected by an interface, (a) The 

element is subdivided into a triangle and a pentagon, (b) The element is subdivided into 

two quadrilaterals. Other forms of intersect can be transformed to (a) and (b) by rotation. 
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Fig. 2.4 Transformation of a portion of an intersected element into a standard form, (a) 

Triangle/pentagon intersect; (b) bi-quadrilateral intersect. 
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(4) (3) 

markei 

Fig. 2.5 Latent heat calculation and its distribution to the element nodes. (.ri,>'i)and 

indicated by "A", are the two intersections between the interface and the 

element. The thick line is the interface segment within the element. Markers are denoted by 

(a) 

Fig. 2.6 A quadratic triangular element that has (a) one side and (b) two sides coinciding 

with a segment of the interface. The thick line is the interface S,. Dots denote the element 

nodes. V^g is the average velocity of the segment. 
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(a) (b) 

Fig. 3.1 Interfaces represented by marker points in a rectangular domain: (a) an open 

interface; (b) a closed interface. 

Liquid 

SoUd 

Solid Solid 

solid 

Fig. 3.2 A rectangular domain is divided into six geometrical subregions by an open 

interface and three closed interfaces. Four of the subregions are solid and the other two are 

liquid. 
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Fig. 3.3 Illustration of the determination of the state of a mesh node. The curve is the 

interface. Dots on the curve are the markers, pj and p-, are two mesh-nodes and their 

closest markers are and /n,. respectively, /i/ and /ij are interface normals at m, and 

/Wt, respectively. The arrow along the interface indicates the direction the markers are 

numbered. In this illustration, P] is in the solid and in liquid. 
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(c) 

Fig. 3.4 Three basic positions that an interface segment is located in the underlying 

mesh: (a) no intersections with the element boundaries; (b) one intersection; (c) two 

intersections. 
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Interface 
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Cut elements 
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Nodes near interface 

Latent heat 
calculation 

Element matrices 
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Non-cut elements near interface 

Fig. 3.5 The connnection between the interface, the markers, the intersections, the 

segments, and the elements. 
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' ̂ i+i) 
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Fig. 3.6 Local arc length coordinates to calculate curvature and direction of the normal 

to the interface. 

J 
X," (^rxj^ocrx., 

/ * / 
n 

= {xr\ + 

(V, = 
At 

Fig. 3.7 Schematic of the incremental velocity updating method. 
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(a) 

Temperature distribution 

(+1 
Linear interpolation 

7 
(b) 

Fig. 3.8 Schematic and notation for the calculation of the temperature gradients at the 

interface, (a) Location of the temperature interpolation points, (b) Error introduced by 

linear interpolation over an element containing the interface. 
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Interface j 

Interface i 

Interface j 

Interface / 

Fig. 3.9 Illustration of a probing front used to detect interfaces approaching each other. 

The dashed line is the probing front of interface / and the dots on it are the probing points, 

(a) Need to merge the interface is not detected, (b) Need to merge the interface is detected. 
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Interface j 

Interface / 
jm 

(a) 
im 

Fig. 3.10 Interface splitting and merging, (a) Marker im in interface / and marker jm in 

interface j are detected to be close enough to be merged, (b) Reconstructed interfaces after 

splitting and merging. 
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Computation 
domain 

solid 

liquid 

V 

Fig. 4.1 Schematic of axisymmetric plane freezing due to a heat sink • Due to 

symmetry, the computational domain is chosen to be the first quadrant of the plane. V is 

the solid-liquid interface velocity. 
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Fig. 4,2 Interface position calculated using a 50 by 50-element mesh in a domain of 10 

mm by 10 mm for the axially symmetric solidification problem in Fig. 4.1. The interface is 

represented by markers (dots) and is plotted in time intervals of 10 s. A small square of 0.4 

mm by 0.4 mm at the origin, the position of the heat sink, is removed from the domain due 

to its singularity. 
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Fig. 4.3 Results obtained by using linear approximation to the temperature gradient at the 

interface to calculate the interface velocity: (a) error in the interface position, (b) mesh 

convergence rate. 
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mesh 200x200 E  ̂

mesh 200x200 E  ̂

Quadratic 

Linear 

Fig. 4.4 Results obtained by using quadratic approximation to the temperature gradient 

at the interface to calculate the interface velocity: (a) error in the interface position, (b) 

mesh convergence rate. 
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Fig. 4.5 Results obtained by using linear approximation to the temperature gradient at the 

interface to calculate the interface velocity: (a) maximum error in the interface velocity, (b) 

mesh convergence rate for the interface velocity. 
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Fig. 4.6 Results obtained by using quadratic approximation to the temperature gradient 

at the interface to calculate the interface velocity: (a) maximum error in the interface 

velocity, (b) mesh convergence rate for the interface velocity. 
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1: mesh 25x25 
2: mesh 50x50 
3: mesh 100x100 
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mesh 50x50 
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55 4.5 

Interface position (mm) 

Fig. 4.7 Results for the marker at 22.5 degree; (a) error in the interface position; (b) error 

in the interface velocity. 
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Fig. 4.8 Convergence rate to the steady-state velocity for Methods 1-3. Calculations of 

one-dimensional solidification with undercooling and kinetic mobility in meshes of 100, 

200. 400 and 800 elements. 
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Fig. 4.9 Calculated one-dimensional temperature profiles with two different boundary 

conditions at x = 0: curves labeled 1 and 2 are the results of fixed temperature T{0) = Tm at 

times 0.016 and 0.061. respectively; curves labeled 3 and 4 are results of adiabatic 

boundary 37'/8x(0)=0 at times 0.016 and 0.0595, respectively. 
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Fig. 4.10 One-dimensional solidification with undercooling and kinetic mobility: (a) 

Steady state temperature profiles near the interface obtained with methods 1, 2. 3 and 

analytical solution, (b) Interface velocity as a function of interface position obtained with 

method I. (c) Detail of the oscillatory steady state velocity. 
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mesh 100x100 
mesh 200x200 
mesh 400x400 

Fig. 4.11 Effect of mesh refinement in the interface position for unstable solidification 

with isotropic interfacia! energy and kinetic mobility in a square domain of 4 by 4 units. 

The interface is shown in an equal time interval of 0.2 with the initial one (seed) in the 

center. St = -0.5, *5=cps/cpi_=\, c = fi= 0.002. 
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Fig. 4.12 Effect of the seed orientation with respect to the mesh, (a) The seed's axes have 

the same orientation as the x-y axes, (b) Seed's axes oriented at a 19-degree angle to the x-

y axes, (c) Seed's axes at 45 degrees to the x-y axes, (d) Three cases (a — solid line, b ~ 

dotted line and c — dashed line) rotated to the same orientation and superposed. 
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Fig. 4.13 Comparison of the calculated dendrite tip velocity with the prediction (broken 

lines) of microscopic solvabilit>' theory by Meiron [15]. (a) Tip velocity as a function of 

time for St = -0.25. (b) Tip velocity as a function of time for St = -0.65. 



St = -0.45 
(T = 1x10' 

(C) 
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(d) 

Fig. 4,13 - Continued, (c) Domain and interface contours for St = -0.45 for 0 < / < 2.2 

intervals of Ar=O.I. (d) Dimensionless tip velocity versus undercooling: dots 

calculated: solid line - Reference [15]. 
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Fig. 4.14 Effect of liquid thermal conductivity on the interface evolution of two-

dimensional solidification with undercooling: (a) = 0.2, (b) ic^ = 0.5, (c) = 1.0. and 

(d) Ki = 1.5. The interface is shown from r = 0 to / = 1.0 at equal intervals of 0.1, = 1. 

St = -0.5. <y-ijl = 0.002 (no anisotropy), Cp[^ =Cps=\. 



Fig. 4.15 Effect of solid thermal conductivity on the interface evolution of two-

dimensional solidification with undercooling: (a) ic^ = 1.0, (b) ic^ = 0.5, (c) *5 = 0.2, and 

(d) *5 = 0.01. The interface is shown from / = 0 to r = 1.0 at equal intervals of 0.1, = 1, 

St = -0.5, cr = // = 0.002 (no anisotropy), =C/>j = 1. 
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Fig. 4.16 Solid fraction versus time for various thermal conductivities: (a) K S = 1.0 fixed. 

Ki^ varies from 0.2 to 1.5; (b) *"^=1.0 fi.xed, varies from 0.01 to 1.0. St = -0.5, 

0.002 (noanisotropy), Cp^ = = 1. 
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Fig. 4.17 Effects of interfacial energy and kinctic mobility (as indicated in the plot) on the 

interface morphology with an undercooling St = -0.6. The interface is shown from f = 0 to 

(a) 0.14, (b) 0.12, (c) 0.1 and (d) 0.07 at intervals of 0.01. Cpi^/cp^ = i^sl= 1, A^-

0.4, /Mg. = 6, no anisotropy in kinetic mobility. 
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Fig. 4.18 Effects of interfacial energy and kinetic mobility (as indicated in the plot) on the 

interface morphology with an undercooling Si = -0.8. The interface is shown from / = 0 to 

(a) 0.06, (b) 0.04 and (c) 0.03 at intervals of 0.01. The interfaces shown in (d) are the initial 

one and the last one at 0.015. cp^lcps = iCsl<l ~ 0-4, OTo.= 6, no anisotropy in 

kinetic mobility. 
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Fig. 4.19 Effect of interfacial energy on dendritic solidification: (a) dendrite tip velocity 

and tip radius versus interfacial energy; (b) Peclet number versus surface tension. St = -0.6. 

c Pile PS = k^Iki - 1, Aff = OA, /«£,. = 6, no anisotropy in kinetic mobility. 
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(b) 

Fig. 4.20 Interactions in the solidification of several dendrites with adiabatic boundary 

conditions; (a) four seeds 1 unit apart at St = -0.5; interfaces for each seed shown from i = 

0 to 0.4 at intervals of 0.02, mesh 200 by 200; (b) nine seeds 0.6 unit apart at St = -1.0; 

time range from 0 to 0.015 plotted at intervals of 0.003. mesh 400 by 400. 
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Fig. 4.21 Two initial interfaces merging into one: (a) fixed temperature boundary 

conditions at St = -0.8, interfaces shown between i = 0 and r = 0.13 at intervals of 0.01 

except for numbers one and two. which are very close to when merging takes place; (b) 

adiabatic boundary conditions at St = -1.2; results between t = 0 and / = 0.014 at intervals 

ofO.OOl. 
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Adiabatic 

Undercooied melt 

Solid 

Adiabatic 

Fig, 4.22 Schematic of the two-dimensional domain and boundary conditions in the 

simulation of columnar dendrites. Sf{t) denotes the interface and n is the local interface 

normal. 
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Fig. 4.23 Unstable solidification from a perturbed plane front: (a) the interface shown 

from r = 0 to / = 0.052 s at intervals of 0.002 s with the initial perturbed interface indicated 

by dotted line to the far left; (b) temperature contours together with the interface (broken 

line) at 0.052 s. 



Fig. 4.24 Dendritic solidification of succinonitrile from a planar interface without perturbation (the dotted line to the far left): 

interfaces shown from / = 0 to (a) l = 0.052 at intervals of 0.002, (b) t = 0.0136 at intervals of 0.0004 and (c) t = 0.0046 at intervals 

of 0.0002. The Stefan numbers are -0.4, -0.55, and -0.65 for (a), (b) and (c), respectively. A^ = 0.4, m^= 4. 
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Fig. 4.25 Dendrilic solidification of succinonitrile from a planar interface with perturbations (the dotted line to the far left): 

interfaces shown from r = 0 to (a) i = 0.003 at intervals of 0.001, (b) t = 0.004 at intervals of 0.001 and (c) / = 0.0024 at intervals of 

0.0008. The interface shown in (d) is at t = 0.0047. The Stefan numbers are indicated; = 0.4, = 4. 



too 

75 

SO 

25 

0, 
(a) (b) 

Si = '0.5S, St = -0.65, e=0.002X, 

100 

75 

50 

25 

0 

Fig. 4.26 Dendritic solidificalion of succinonitrile from a planar interface with random perturbations (the dotted line to the far 

left): interfaces shown from / = 0 to (a) / = 0.002, (b) t = 0.0024, (c) ( = 0.002 and (d) t = 0.0012 at intervals of 0.0004. The Stefan 

number and perturbation strength are indicated; 0.4, m^^ = 4. 
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(a) 

(b) 

(c) 

Fig. 5.1 Illustration of the one-dimensional adaptive mesh, (a) Fixed uniform 

background mesh covering the whole domain, (b) Graded mesh covering the solute 

boundary layer, (c) The whole mesh at time t = 0 produced by overlapping (a) and (b). (d) 

Mesh during the simulation showing the graded mesh moving with the interface at velocity 

Vover the background mesh and two changing elements separated by a dotted line. 
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1̂3223̂ 232̂ :7̂  

(b) 

(c) 

Fig. 5.2 Mesh structure development using the quadtree: (a) mesh and resulting quadtree 

partitioning using the criterion "one node or less per terminal square"; (b) the four levels of 

partitioning in the resulting quadtree; (c) graph representation of the data structure. 



(a) (b) 

(c) 

Fig. 5.3 Mesh generation process; (a) generation of the boundary nodes; (b) elimination 

of external elements and generation of interior nodes; (c) addition of interior nodes to the 

Delaunay mesh. 
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(b) 

Fig. 5.4 Two examples of graded triangular-element meshes: (a) a mesh conforming to a 

closed interface with 40328 nodes and 75351 elements; (b) a mesh conforming to an open 

interface with 14429 nodes and 22276 elements. 



Melt initially at uniform solute concentration 

Fig. 5.5 One-dimensional solidification in a two-dimensional domain with a constant solidification velocity F: (a) the 10 by I mm 

domain; (b) a linear triangular-element mesh with 21234 nodes and 41559 elements; (c) a quadratic triangular-element mesh with 

10066 nodes and 4915 elements. 
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Fig. 5.6 Comparison of the accuracy of the solute concentration calculated using the 

linear and quadratic meshes in Figs. 5.5(a) and (b). The error is the relative difference in 

the solute concentration with respect to the analytic solution, and V is the interface 

velocity. 
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Fig. 5.7 Distribution of the solute concentration in the solid during the initial transient 

for three different partition ratios, (a) The concentration versus dimensionless distance, (b) 

Relative error of the numerical results with respect to analytical solution. 
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Fig. 5.8 Transient solute distribution in the solid resulting from an abrupt change of the 

solidification rate from F, to V-^. the partition ratio is ^ = 0.5. (a) The concentration versus 

dimensionless distance, (b) Relative error of the numerical results with respect to analytical 

solution. 



190 

30 40 
Time (s) 

(a) 

O.OE+00 

-5.0E-05 

t u 
-1.0E-04 > 

-5 u C t  

-1.5E-04 

-2.0E-04 

2E-05 

1.5E-05 -

£ 
'a o 
u 1E-05 -
> 

a L. U 
c ̂ 5E.06 -

30 40 
Time (s) 

(b) 

- 4.0E-04 

- 2.0E-04 

- O.OE+00 

c 
t 1) 

_a 
u  C£ 

- -2.0E-04 

- -4.0E-04 

50 60 

Fig. 5.9 Comparison of calculated finite element results and the analytical solution given 

by equation (5.5): (a) calculated interface position and relative error (broken curve): (b) 

calculated interface velocity and relative error (broken curve). 



191 

0.5 1.0 
r (mm) 

(a) 

6.0E-05 

4.0E-05 

25 s 
2.0E-05 

45 s 
65 s 

-2.0E-05 

0.5 
X (mm) 

(b) 

Fig. 5.10 Comparison of calculated finite element results and the analytical solution given 

by equation (5.8) at 5. 25. 45. and 65 s; (a) calculated solute concentration: (b) relative 

error in the solute concentration. 
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Sample 

Boundary conditions 

Initial conditions 

Fig. 5.11 Schematic of one- and two-dimensional solidification of a binary alloy showing 

the domain, the initial and boundary conditions. 
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Fig. 5.12 One-dimensional solidification of Pb-2.2 wt% Sb alloy; (a) interface velocity vs. 

interface position (the dash-dot lines denote the steady-state velocities); (b) interface 

concentrations vs. interface position (the dash-dot lines denote the steady-state 

concentrations). 
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Fig. 5.13 One-dimensional solidification of Pb-2.2 wt% Sb alloy; (a) solute concentration 

profile at 800, 1600, 2400, 3200, and 4000 s for cooling rate 0.03 K/mm; (b) solute 

concentration profile at 400, 600, 800, 1000, and 1200 s for cooling rate 0.1 K/mm. The 

dash-dot lines denote the steady state interface concentrations. 
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Fig. 5.14 One-dimensional solidification of Pb-2.2 vvt% Sb alloy at 1000 s for G = 10 

K/mm and C^= 0.1 K/s: (a) calculated temperature (solid line) and freezing temperature 

(dashed line); (b) solute concentration, the dash-dot lines denote the steady-state interface 

concentrations. 
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Fig. 5.15 One-dimensional solidification of Pb-2.2 wt% Sb alloy at 1200 s for C = 10 

K/mm and C/j= 0.1 K/s: calculated concentration in the solute boundary layer compared 

with steady state analytical solution. 
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Fig. 5.16 Growth of an equiaxial grain into an undcrcoolcd liquid: (a) comparison of the 

intcrfacc morphology between a pure substance (dashed lines) at times of 0.2 and 1.0, and 

that of an alloy with = 10.0 (solid lines) at times of 0.4 and 2.0; (b) dendritic 

morphology for an alloy with = 100.0 at time 2.0; (c) counters of temperamrc field 

for the pure substance at time 0.5; (d) contours of the temperature field for the alloy with 

Le^ = 10.0 at time 1.0. 
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(c) (d) 

Fig. 5.17 Equtaxial growth of the alloy; (a) solute concentration field for LCi^ =10 at 

/ = 1.4; (b) solute concentration for = 100 at / = 2.0; (c) triangular mesh in the first 

quadrant at t = 2.0; (d) detail of (e) in the narrow channels. 
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Fig. 5.18 Stability curves calculated from Mullins and Sekerka's theory [25] for Pb-0.02 

wt% Sb alloy, with thermal properties listed in Table 5.4 and a non-dimensional 

temperature gradient (5 = 1.68x10"^; (a) without latent heat; (b) with a latent heat L = 

29775 J/kg 
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Fig. 5.19 Solidification from a perturbed plane front with Pe= 1.0 and G = 1.68x 10~': (a) 

interface position at intervals of 3 s; (b) solute concentration at 60 s (the interface is white). 
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Fig. 5.20 Solidification from a perturbed plane front with Pe= 1.4 and G = 1.68x 10"*: (a) 

interface position at intervals of 2 s; (b) solute concentration at 40 s (the interface is 

white). 
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Fig. 5.21 Solidification from a perturbed plane front with Pe = 2.\5 and G = 1.68x 10"*: 

(a) interface position at intervals of 2 s; (b) solute concentration at 26 s (the interface is 

white). 
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Fig. 5.22 Solidification from a perturbed plane front with Pe= 1.4 and G =0.5xl0~'; (a) 

interface position at 0, 2, 10, 24 and 38 s; (b) solute concentration at 38 s (the interface is 

white). 
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Fig. 5.23 Solidification from a perturbed plane front with Pe = 1.4 and G = 2.33x10"': 

(a) interface position at intervals of 2 s; (b) solute concentration at 46 s (the interface is 

white). 
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Fig. 5.24 Solidification from a perturbed plane front with Pe = 1.4 and G = 1.68x10"' 

perturbing the plane front at the single location y = 0.3: (a) interface position at intervals of 

2 s; (b) solute concentration at 56 s (the interface is white). 
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Fig. 5.25 Solidification from a perturbed plane front with Pe = 1.4 and G=1.68xl0~' 

starting with a random perturbation: (a) interface position at intervals of 2 s; (b) solute 

concentration at 44 s (the interface is white). 
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Fig. 5.26 Linear stability of the interface for Pb-Sb alloys: (a) perturbation growth rate vs. 

wavelength; (b) critical () and most unstable (/?^) wavelength vs. initial concentration. 

The interface velocity is F= 28 mm/s. 
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Fig. 5.27 Solidification of Pb-0.2 wt% Sb from a randomly perturbed planar front; (a) 

interface position at intervals of 0.2 s; (b) solute concentration at 4 s (the white line is the 

interface); (c) temperature field at 4 s. 



Fig. 5.28 Interface development at early stage of solidification showing the transition 

from planar to rippled to cellular to dendritic. The interfaces are plotted at equal intervals 

of 0.2 s. 
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Fig. 5.29 Solidification of a Pb-2.2 wt% Sb alloy after 26 s: (a) interface position at 

intervals of I s; (b) solute concentration at 26 s; (c) solute concentration in the solid at 26 s. 



Fig. 5.30 Solidification of Pb-5.8 wt% Sb alloy after 96 s: (a) interface position at time 

intervals of 2 s; (b) solute concentration at 96 s (the solid-liquid interface is white). 
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