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ABSTRACT 
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This dissertation explores the apphcation of objective assessment of image quality 

(OAIQ) to hardware evaluation for both linear shift-variant and nonlinear imaging 

systems. We define our task to be the detection of a known signal in either a uniform 

or structured background. In particular, we study the detection of signals in digital 

radiography and optical tomography. 

In digital radiography, current figures of merit are based on stationarity assump

tions on the data. The Hotelling observer as we compute it does not make such 

assumptions. We quantify, from a detection-theoretic perspective, the errors incurred 

by using stationarity assumptions for nonstationary digital data. 

We find that by using Monte Carlo methods, the Hotelling observer carries over to 

the nonlinear setting, and we use it to study spatially varying detectability in optical 

tomography. In optical tomography there are several data types that can be used to 

detect signals. Using our methodology, we quantify the information content of those 

data types. Our results show that information content depends on the type of signal 

and background as well as how deep the signal is in the tissue. This type of analysis is 

meant to guide experimental techniques to be suited for the desired detection task. 
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1. INTRODUCTION 

1.1 OBJECTIVE ASSESSMENT OF IMAGE QUALITY 

Evaluating the performance of imaging systems must be based on the task for which 

the imaging system was designed [1-4]. One must take account of three elements: 

the task, the statistics, and the observer. The task refers to the intended use of the 

images. The statistics summarize the sources of variation in the data. The observer 

deals with how the information is obtained from the data. In order to properly 

quantify the usefulness of the data, one needs to account for all these elements of the 

imaging chain. 

Most medical or scientific imaging systems are designed with a task in mind. It 

might be detecting a tumor or it might be estimating the amount of blood being 

pumped by the heart. It is common to optimize imaging systems using physical char

acteristics such as the width of the point spread function. Using that width to rate 

the images makes the assumption that the width of the point spread function deter

mines the system performance in the task for which it was designed. There are cases 

where commonly measured physical quantities do not predict system performance in 

the intended task [5,6]. Hence, it makes more sense to evaluate the imaging system 

based on the task itself rather than on a surrogate quantity. 

The majority of papers in image science evaluate the quality of their images by 



comparing their best image with an image produced by a more established method. 

From these two images, the papers conclude that the new method has some advantages 

over the established method and therefore is worthy of publication. This approach is 

not only subjective, but also has a bias favoring the new method since the authors 

pick the image they present in their paper. Picking a single image or object to validate 

a method can lead to misleading conclusions. 

A better approach is to define the types of images that are of interest for a given 

algorithm or objects for a given data-acquisition system. Characterizing such an en

semble and evaluating the performance of the imaging system based on that ensemble 

removes the bias favoring the new method by looking at all the images of interest, 

not only the best example. This approach also incorporates the sources of variation 

that come from measurement noise as well as object (patient) variation. 

Once the task and the objects of interest have been specified, there is still the 

question of how the desired information will be obtained from the data. The end 

user of the data generated by the data acquisition system affects how it should be 

optimized. A system designed for a human would display a different type of image 

than one that has a computer as the observer. For a medical imaging application, 

the end user in most cases is a physician. It is important to take into account human 

vision and clinical culture in system optimization if the end purpose is to improve 

clinical performance [7]. 

Objective assessment of image quality is based on taking into account all elements 
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of the imaging chain to obtain quantitative measures of image quality. Applying this 

approach to system evaluation of new imaging systems is the unifying concept in this 

dissertation. 

1.2 SCOPE OF THIS DISSERTATION 

Most of objective image-quality analysis has looked at linear imaging systems. While 

some of these systems were shift variant, this aspect has not been fully explored. The 

purpose of this dissertation is to extend the analysis to the non-linear case and to 

quantify the effect of the shift-variance. The applications that we will consider are dig

ital radiography and optical diffusion tomography. Digital radiography is linear but 

not shift-invariant. Optical diffusion tomography is neither linear nor shift-invariant. 

Digital radiography is an imaging modality where anatomical structure is captured 

in a digital detector by measuring the attenuation of x rays. Typically a patient will 

be irradiated by an approximately constant fiuence of x rays; a planar digital detector 

collects the photons behind the target creating an image. 

There has been much work in assessing the image quality in digital radiography 

with figures of merit that rely on Fourier methods [8]. Fourier methods use the 

underlying assumptions of shift-invariance and stationarity. Shift-invairiance implies 

that the detector response does not change from one location to another. Stationarity 

implies that the statistical properties of the image are the same over the entire field 

of view. 
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Digital radiography is neither shift-invariant nor stationary. A source at the center 

of a pixel will have a different response than one in between two pixels. Given 

the Poisson nature of photon noise, the statistics of the axeas with large number 

of counts are different than those with a low number of counts. The predominant 

paradigm involves making assumptions that validate the Fourier methods, carrying 

out the analysis but never checking the assumptions [9|. This dissertation checks the 

assumptions using a method that does not rely on shift-invariance or stationarity. VVe 

find that optimizing using Fourier methods leads to different design decisions than if 

we use a more general continuous-to-discrete approach. 

By looking at the frequency-dependent detective quantum efficiency (DQE), it 

has been suggested that introducing blur before detection may improve system per

formance in digital radiography [10,11]. This dissertation studies the effect of pre-

sampling blur on system performance. For a simple model of the imaging system, we 

reproduce the results found by Rowlands et. al. [11]. Studying the detectability of 

signals of several sizes and under more complicated models shows that the previous 

results are misleading. In order to evaluate image quality, one must use a totally 

digital figure of merit, such as the Hotelling trace, that does not have underlying 

assumptions of shift-invariance or stationarity. For this application, the purpose of 

the analysis is to influence the research community to move away from Fourier-based 

methods. 

As we move into a nonlinear and shift-variant imaging system like optical diffusion 
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tomography, there are few or no attempts at objective assessment of image quality. 

In this application, the objective of our analysis is to establish that it is possible to 

carry out an objective assessment £ind use it to explore decisions in system design. 

Optical diffusion tomography distinguishes tissue by the differences in how near-

infrared light travels through tissue. A typical set up would have an array of detectors 

and sources on the surface of the object (patient). The light comes in through a 

source and is collected by all the detectors. The data are a set of readings from all 

detectors for each source. The goal is to estimate optical properties of tissue from 

these measurements. The measurements are nonlinear functions of the attenuation 

and scatter coefficients. The shift-variance can be seen by placing an attenuating 

signal close to the surface and placing another near the center of the object. The 

signal close to the surface wll mostly affect the data in the detectors near it while the 

signal in the center will have a broader but fainter effect. These issues make optical 

diffusion tomography both a challenging and interesting problem. 

There are several competing hardware designs for optical diffusion tomography; 

the differences lie in the type of data they collect. The simplest system measures 

only the total number of photons that reach a detector. Another system measures 

the mean time it takes for photons to travel from the source to a detector. The most 

complicated system can measure the time-resolved distribution of photons arriving 

at the detector from a given source. We introduce a way to quantify the information 

content of the data by determining the ability to detect small signals [12]. From this 
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analysis, we find that the gains of the more complicated measurement systems depend 

on the types of signals of interest and on the nature of the background. This kind of 

information could be useful in deciding which measurement system is appropriate for 

a given application. 

This dissertation presents an attempt at extending the ideas of objective image 

quality from a linear to a nonlinear setting and to study shift variance. We found that 

the detectability of a signal using the Hotelling observer carries over to the nonlinear 

setting and serves as a practical tool for studying spatially dependent detectability. 

In the optical diffusion tomography, this methodology was used to quantify the in

formation content of different data sets. In digital radiography, this approach led to 

a quantification of the errors incurred by using Fourier techniques. 

The next three chapters are three papers that have been or will be submitted to 

journals for review. 
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2. DIGITAL RADIOGRAPHY. I. FLAT BACKGROUND AND 

DETERMINISTIC BLURRING 

2.1 INTRODUCTION 

Most efforts regarding the evaluation of digital radiography center around noise equiv

alent quanta (NEQ) and detective quantum efficiency (DQE). These figures of merit 

combine the digital and continuous aspects of the imaging system [10,13-16]. They 

axe an attempt to provide a frequency-dependent figure of merit that can be used to 

optimize the hardware for the task of signal detection. These NEQ and DQE for

mulations are being used to make design decisions such as the preferred amount of 

presampling blur [10,11]. These studies found that some presampling blur not only 

reduces aliasing but may also improve the performance of the digital detector. 

In analog radiography systems with a stationary and linear shift-invariant (LSIV) 

model, one can decompose the signal-to-noise (SNR) into the hardware component 

and an object component [2,17]. The NEQ gives the hardware-dependent part of 

SNR. Hence, by optimizing NEQ, one can optimize the hardware independent of the 

object to be imaged. The separation of the object and hardware parts depends on 

the Fourier transform diagonalizing both the system operator for a LSIV system and 

the autocovariance function for a wide-sense stationary (WSS) random process. In 

digital radiography there is no such transformation since the object being imaged is 
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continuous and the data are discrete and finite. 

The lack of a single transformation that diagonaUzes both the deterministic and 

stochastic descriptions of the system leads to different formulations for NEQ and 

DQE. Using a large number of pixels as a surrogate for a continuous representation of 

the data, one can compute quantities analogous to the noise power spectrum (NPS) 

and the modulation transfer function (MTF). The purpose of this chapter is to com

pare these formulations of NEQ and DQE to the ideal SNR (from a detection-theoretic 

view). To this end, we use a simplified model that assumes a flat background and 

deterministic blurring. In chapter 3 of this dissertation, we study the effects of a finite 

number of secondaries, non-uniform x-ray fluence and anatomical variation. 

2.2 CONTINUOUS-TO-DISCRETE MODEL 

We consider a 1-D linear digital radiography system with deterministic blurring. This 

imaging system maps the incoming x-ray Poisson point process u{x) to a finite data 

vector g. The incoming x-ray point process u{x) is given by 

where J  is the Poisson-distributed number of x rays and { x j }  are the locations of the 

randomly distributed x rays with a fluence of f{x), i.e. {u{x)) = /(x). In the absence 

J  

(2.1)  
j=i 
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of electronic noise, the imaging system can be written as 

/

OO 

h j n{ x ) u { x ) d x  
•00 

J  

—  ^ ̂  h j n { X j )  

/

OO 

h m { x )  f { x ) d x  +  U m ,  (2.2) 
•oc 

where Qm is the measurement at the m"* pixel, hm{x) is the sensitivity function of 

the m"' pbcel, and the noise at each pixel, is defined by 

/

OC 

f { x )  d x .  (2.3) 
•00 

Written in vector form, Eq. (2.2) becomes g = [Hcd f] + n , where Tied is the 

continuous-to-discrete operator that gives the noise-free measurement: 

9m =  [ H a i f ]m (2.4) 

/

OO 

h m { x )  f { x )  d x .  
•OO 

For the purpose of presenting the various figures of merit, we write the continuous-

to-discrete map as a continuous-to-continuous map followed by point sampling. Fur

thermore, we consider a shift-invciriant continuous (presampling) map, 

J  

^ ^ /i(x X) 
j=i 

=  I  h { x  —  x ' )  f { x ' )  d x '  +  r i p s i x ) ,  (2.5) 
J  —OC 

where Q p s i x )  is the presampling data random process, h { x  —  a/) is the kernel of the 

continuous-to-continuous map, 

/

OO 

h { x  -  x ' )  f { x ' )  d x ' ,  (2.6) 
•OC 



22 

and Tips is defined as in the continuous-todiscrete case: 

/OO 

h { x  -  x ' )  f { x ' )  d x ' .  (2.7) 
'OC 

The data before sampling is a sum of sensitivity functions whose locations are random. 

The statistics of this random process will depend on the number of x rays and the 

shape of the sensitivity functions [18]. As is customary in the literature connecting 

DQE with signal detectabihty [4,17,19], we model the data before sampling as a 

Gaussian random process. This model is justified by the central limit theorem if the 

mean number of photons per pLxel is reasonably large. 

The continuous-to-discrete map is obtained by point sampling and adding elec

tronic noise neUc-

/OO 

9ps(.^) dx -|- [7le/ec]m 
•00 

~ 9ps{.^m) ['^e/ecjm- (2-8) 

To simplify the notation and our computations, we let the unit of distance be the pixel 

pitch {Xm = rn pixels). With respect to our original description of the continuous-to-

discrete mapping we have hmi^) = — 2:), and rim = npsim) + [neiec]m-

In this chapter, we let the incoming background x-ray Poisson process u { x )  have 

a constant fluence. Given a constant fluence, (u(x)) = bo, the autocorrelation of u(x) 

is given by 

{ ( u { x )  -  bo) { u { x ' )  -  bo)) = bo S { x  -  x ' ) .  (2.9) 

We also assume the electronic noise has mean zero, is uncorrelated across pixels and 
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has the same variance (o^) at all pixels. Under these conditions, the data covariance 

matrix elements are [20] 

In chapter 3 of this dissertation, we consider more realistic situations. 

2.3 FIGURES OF MERIT FOR THE CONTINUOUS MAP 

We begin by considering the map from the x-ray point process to the presampling 

data random process. For that imaging system, the detection task can be phrased as 

discriminating between the following two hypotheses: 

ffps.oi^) = [Hccb]{x) + nps(x) if the signal is absent, 

9ps,i(^) = l'hccb](x) + [Hccs]{x) + nps(x) if the signal is present, (2.11) 

where ^ps,,(x) represents the data before sampling under the i"* hypothesis, b { x )  is 

the background x-ray fluence and s{x) is the signal x-ray fluence. 

For the following analysis, the background is fixed and constant (6(x) = bo) and 

the signal is deterministic, low contrast and known, in other words, we consider the 

signal-known-exactly/background-known-exactly (SKE/BKE) detection task where 

the signal does not affect the data statistics. We model the data before sampling as 

'mm' 

'mm' (2.10) 
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a Gaussian random process with the following autocovariance function: 

i i d p s i ^ )  ~  9 p s ) { . 9 p s { . ^  )  9 p s ) )  ~  { ^ p s i ^ )  T i p s i x)) (2.12) 

^ps(^T^ )• 

The ideal observer chosen by the Neyman-Pearson criterion requires that the ob

server maximize the true positive fraction (TPF) for any false positive fraction (FPF) 

in a detection task [21]. Therefore, it optimizes the area under the receiver operating 

characteristic curve (AUG). The test statistic used by the ideal observer is [22] 

/oo roo 
dx [Hccs\{x)  /  dx '  k~}{x,x ' )  gps{x ' ) ,  (2.13) 

OO •/ —OO 

where (x, a/) is the kernel of the inverse of the autocovariance operator, defined 

such that 
/OO roo 

dxk~^{x,x ' )  j  dukps{x ' ,u)  f{u)  = f{x) ,  (2.14) 
OO J —OO 

for any /(x). 

The SNR for any test statistic ( t )  is defined as 

SNR, = (2.15) 
a[t)  

where (f,) is the ensemble average under the z''' hypothesis and a{t)  is the standard 

deviation of the test statistic. For a Gaussian test statistic (as in this case), the AUG 

for the detection task is a monotonic transformation ^ of SNR [3]. Therefore we can 

use SNR to quantify the performance of the ideal observer in an AUG sense. 

^AUC =5 + 5 er/(5^^), where erf(-) is the error function. 
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The SNR^ of the ideal observer is given by 

= r  dx [Hccs]{x)  r  dx'  k - \x ,  x ' )  [nccs]{x ' ) .  (2.16) 
J —oc J —oo 

A shift-invariant imaging operator is diagonalized by the Fourier transform: 

T{[n^s\{x)}  = PSTF{u)  S{u) ,  (2.17) 

where T is the continuous Fourier transform, v is the frequency variable, PSTF{u)  is 

the presampling transfer function and Siu) is the Fourier transform of the signal. For 

a WSS random process {kg{x, x') = kg{x—x')), the Fourier transform also diagonalizes 

the inverse of the autocovariance operator, so 

~ NPSI^)' (2-18) 

where NPS{u)  is the noise power (Wiener) spectrum defined as the Fourier transform 

of the autocovariance function: 

NPS(Au) = J'{kp,{Ax)}  .  (2.19) 

If we represent the data using the Fourier basis, 

[H5](x)  = r  du PSTF{u)  S{u)  (2.20) 
J —OC 

SNP} reduces to 

ISC")!'- (2-21) 

At this point we already achieved a separation of the hardware component from 

the object component in the SNR^ expression. By optimizing which can 
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be computed from a characterization of the hardware, we optimize the detectability 

of any signal. This separation of the hardware and the object of interest avoids 

having an object-dependent figure of merit. To present the results in a manner that 

is standard in the community for image quality in digital radiography, we write the 

signal as a fraction of the background 

s(x) = 6oSo(:r), (2.22) 

where so(2^) is a fractional signal. We also phrase the transfer function in terms of 

the presampling MTF, PSMTF, (letting PSTF{Q) = G) 

\PSTF{u)\ = G • PSMTF{u), (2.23) 

leading to the following expression for SNP?\ 

SNA 2 ideal 

Using this notation we can write NEQ ^ as [13] 

This version of NEQ has a maximum (for a quantum-limited system) of bQ. The 

DQE is NEQ normalized by NEQ of a quantum-limited imaging system: 

DQE{u) = (2.26) 
Oo 

The NEQ and DQE are frequency-dependent figures of merit that do not depend 

on the object characteristics. If one optimizes NEQ or DQE at all frequencies, the 

^ I n  t h e  c i t e d  t e . x t ,  t h e  n o t a t i o n  f o r  6 o  i s  q .  
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system has been optimized for all objects in an SKE/BKE detection task for a system 

with continuous data that is WSS and LSIV. These properties of NEQ and DQE made 

them popular and useful in analyzing continuous radiography systems. 

2.4 FIGURES OF MERIT FOR DIGITAL RADIOGRAPHY 

In digital radiography we have a digital detector that, while it has a large number of 

pixels, still provides a discrete representation of the data. Each of the approaches to 

follow will attempt to generalize the figures of merit from continuous radiography to 

this new setting. 

2.4.1 The Hotelling approach 

If we do not attempt to model the process that leads to the digital data, the task can 

be seen as discriminating between the following two hypotheses [9,23,24]: 

go = gb + n, (2.27) 

gi = gb + gs + n, 

where g; is a finite array of measurements under the hypothesis, and gb and 

gs are the components of the measurement arising from the background and signal, 

respectively, and n is the noise. Just as in the continuous case, we pose the task as 

the SKE/BKE detection task with a low-contrast signal. 
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For data with Gaussian statistics, the ideal observer by the Neyman-Pearson cri

terion is the Hoteiling test statistic [4,25] 

t i d e a i i g )  =  g ,  (2.28) 

where g, is the transpose of the signal in the data and K~^ is the inverse of the data 

covariance matrix. The SNR^ for this test statistic is given by 

SNR^ideal)  = gl  K"^ gs. (2.29) 

This is the discrete data analog of the SNR expression in the continuous case shown 

in Eq. (2.16). At this point, we have assumed that the measurements are Gaussian 

distributed but there are no shift-invariance or stationarity assumptions. 

The signal gs depends on the location (/) of the signal and therefore so does SNR. 

To obtain an SNR that is independent of location, we average over signals uniformly 

distributed over a pixel [2] 

{SNR^{ideal)) loc = dl  SNR^{ideal ,  I ) .  (2.30) 

For discrete data with Gaussian statistics, the Hoteiling observer is rigorously 

ideal by several criteria including: the Neyman-Pearson criterion [4,21], maximizing 

SNRt [25] and maximizing the AUG for the detection task [3]. For the imaging 

situations described in this chapter, a Gaussian model describes the data statistics 

well. For that reason, we label SNR of the Hoteiling observer as the ideal SNR. In 

chapter 3, we consider situations (random backgrounds) where the Hoteiling observer 
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is not ideal in the Neyman-Pearson sense but still maximizes SNRt and the AUG 

among lineeir observers. 

2.4.2 The DSFT approach 

To present the DSFT approach [20,26], we consider the limit of a detector with 

an infinite number of pixels. The discrete-space Fourier transform (DSFT) is the 

continuous Fourier transform of a sampled function. Unlike the DFT, the DSFT can 

be evaluated for any frequency (6). We define the DSFT of an infinite-dimensional 

data vector g by 

GDSFT^Q^^ ^ (2.31) 
m=—OO 

For a constant background and deterministic blur, the covariance matrix is an 

infinite-dimensional Toeplitz matrix, satisfying 

=  ^0 h( T n - x )h(m'- x ) d x  + alSmm' (2.32) 
J  —OO 

/

OO 

h{v -  (m' - m)) h{v)  dv + S^m'  
•OO 

— Ajm'—mi 

with 

KI = BO /  h(v  — I) h{v)  dv + cr^ Si^q.  (2.33) 
J—oo 

A key result in writing SNR^{ideal)  expression using the DSFT is that the infinite 
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vector with elements is an eigenvector of the data covariance matrix: 

OO 
[Kg^lm = Y. (2.34) 

m'=—oc 
oc 

i=—OO 

In other words, the DSFT diagonahzes the data covariance matrix. Using the diag-

onalization shown above, one can write the SNif (ideal) expression for an infinite 

detector using the DSFT of the signal in the data [20,26] 

S s ^ g  S a  J  I  l ^ D S F T ( ^ 0 ^  •  

To obtain a figure of merit that does not depend on the location (/) of the signal, we 

average the signal location over a pixel just as we did in the Hotelling case: 

{SNR%^ = 1'^  dl  j \  de (2-36)  

JN 2 
i KDSFT(^Q>^ 

where we gave made explicit the dependence of G^^^{6) on the signal location by 

using the notation 

We can write G^^^{6\1) in terms of the continuous Fourier transforms (not 

DSFTs) of s{x) and h{x) [20,26]: 

OO 

H{0 + m)S{9 + m)e'^'""'^, (2.37) 

- L  
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leading to [2,26] 

2 m=—OO 

We then use the periodicity of the DSFT = K{9 + m))  to rewrite the 

expression for {SNP?)IOC 

where the last step follows firom breaking up the integral over the entire real axis over 

integer intervals. Here we have achieved the same type of separation that we saw in 

continuous radiography but with location averaging and an infinite detector. Note, 

however, that Eq. (2.39) involves two distinct kinds of Fourier transform: H{u) is 

the usual Fourier integral, but K^^^{u) is, of course, a DSFT. 

2.4.3 The PSMTF-DFT approach 

The theory behind this approach [13] is based on using the data from an infinite 

detector to estimate Qpsi^)'-

KDSFTF^Q ^ RN) 

KDSFTI^L,) 
(2.39) 

OO 

9ps{x) « ^ sinc(a: - m) (2.40) 
m=—oo 

oc oo 

gps{m) 5{x -m) * sinc(x) + ^ [neiec\m sinc(x - m) 

= GPS{X).  
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This approximation is exact in the absence of electronic noise if ^s(x) is bandlimited 

below half the sampling firequency. The noise power spectrum is computed for ^s(x) 

as 

NPS{u)* ^  5{u — m) + a^ vect{u)  (2.41) 

= NPSDIGIU). 

In practice, NPSdig is estimated using the variance of the DFT coefficients of the 

data. The numerator in the digital NEQ is the same as in the presampHng case but 

restricts the frequencies to be within those that can be estimated from sample images 

without aliasing. The denominator replaces the NFS from the presampling data Qp^ 

with the NFS of the estimate gps as [13] 

Using this definition of NEQ^ig as a building block, we can define a DQEdig 

DQEdigiu) = (2.43) 
Oo 

The PSMTF-DFT approach for extending the formulation of NEQ and DQE to 

digital radiography did not start from a detection-theoretic interpretation of these 

quantities. The NEQdig and DQEdig were formulated as characterizations of the 

detector that somehow took into account the resolution and the noise of the system. 

For a derivation of the circumstances where the PSMTF-DFT approach coincides 

with the detection-theoretic interpretation, see Appendix A. 
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53 - ij) x-ray photons j=i 

X) 6/ur(i - X j )  blurred secondaries 
J=I 

I I I I N {u'm(i)} pixels 
ELECTRONICS \ 

{sm} data 

FIGURE 2.1. Schematic of the model used for simulation. We consider the case of a 
uniform background fluence and deterministic blurring of the x-rays. 

2.5 MODEL USED FOR SIMULATION 

To compare the behavior of the different figures of merit we need to specify the details 

of our 1-D model. The sensitivity functions are given by the convolution of the pixel 

Wm{x) with the presampling blur: 

hm(^)  = /  blur{x — x ' \Cb)Wjn{x ' )  dx ' .  (2.44) 
J — OC 

For our simulations, we let Wm{^) = rect{x  — m) and 

where x is the continuous space variable (in units of pixels) and oj, is the blur width. 

For a schematic of the model, see Fig. 2.1. 
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The signals of interest will be modeled by changes in the fluence: 

s{x-,as,l,bo) = C3{as,bo) exp ( -• (2.46) 

where Cs((Js,6o) is given by 

C.{A.,B„)=(-^Y 
Vv/TTO-s/ 

(2.47) 

This normalization of the signal sets the input SNR equal to 1 as in [24]. 

In our simulations I varied within the center pixel in 0.01 pLxel increments, was 

kept constant at 10® x-ray photons per pLxel, and the detector size was 256 pixels. 

When we refer to adding 10% electronic noise, we mean that is equal to 0.16o-

This is equivalent to adding 10% of the variance in the case with no blurring and no 

electronic noise. Using this model we compute all NEQ-inspired SNRs as well as the 

ideal-observer SNR. 

2.6 COMPUTATION OF THE FIGURES OF MERIT 

Computation of the figures of merit will assume that we can estimate the PSMTF and 

the covariance matrix from a set of sample images. While estimating these quantities 

will lead to errors, for the purposes of this chapter we will use the exact PSMTF and 

covariance matrix. 

System optimization requires a scalar figure of merit. For this reason, we will re

strict our comparison to the location-averaged versions of the SNR^ for the Hotelling 
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and DSFT approaches. For the PSMTF-DFT approach, we use NEQdig{u) to com

pute an SNR"^. 

To create an SNR"^ from NEQdig{i^), we begin by computing NPSdig{iy) from the 

data covariance matrix: 

NPSdigiUm) = [DKgD%m (2.48) 

= [KDFT] mm 

where KDFT is the covariance matrix of the DFT coefficients and D is the matrix 

representation of the unitary DFT: 

1 
[Dg|i = ^ ̂  (2^g) 

* * m=l 

with this definition, D~^ = D^ Theoretically, NPSdig{i^) is defined for an infinite 

detector [13,26]. In practice, it is estimated by averaging periodograms of finite 

detectors. The expression given above in terms of the variance of the DFT coefficients 

is equivalent to averaging an infinite number of periodograms [16]. 

Using NPSdig we can define an SNF^ based on NEQdig by 

1 J. 
2 A/ 

SNR^PSMTF-DFT.SO) = ^ A^£:Qdig(i^m) 15q(J/^)12. (2.50) 

— 2 

This figure of merit is not location dependent since it approximates SNI? before 

sampling (see Appendix A). 

For the DSFT approach we approximate the DSFT by using the DFT and use the 

periodicity of the DSFT, 

+ aM) « [KDFT]mm (2.51) 
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for any integer a. Then we discretize the location-averaged SNF? given in Eq. (2.39) 

as 

SiVfl^CPSMTF-DSFT.So) = (2.52) 
Ujn = -00 ^ 

OO 

= Y. NEQdi,{u^)\S^{y^)\\ (2.53) 
L/RN = -00 

In our simulations, the DFT was replicated over 20 periods which was sufficient to 

well approximate the infinite sum. 

For the Hotelling approach, we can compute SNR^{ideal)  without using the con

tinuous description of the presampling system. To approximate the location-averaged 

version of SNR we use 

1 
{SN{ideal)) loc = ^  SNR^{ideal ,  /,). (2.54) 

^ 1=1 

with NL = 100 and / varying from 0.005 to 0.995 (uniformly over the pixel in the 

center of the array). 

2.7 SIMULATION RESULTS 

The different figures of merit were studied by looking at the eff"ect of varying the 

amount of presampling blur in a similar way as Rowlands et al. [II]. Just as in the 

Rowlands' paper, we see an improvement in the PSMTF-DFT DQEdig{i^) when we 

look at the case without electronic noise (Fig. 2.2). Such a result may be interpreted 

as saying that adding presampling blur is not only better at reducing aliasing but also 
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FIGURE 2.2. DQEjig for the model with no pixel gap and no electronic noise. The 
DQEdig defined using the PSMTF and the DFT can improve as we increase the 
presampling blur, reproducing qualitatively the result found theoretically and exper
imentally by Rowland's et al. [11]. We will show that improvements in DQEdig can 
be a misleading indication of improvement in detector performance. 

at improving overall system performance. This conclusion would be an incomplete 

version of the story. 

We begin by looking at the dependence of SNR(ideal) on the signal location. For 

signals much smaller than a pixel, we see a strong dependence on location as we 

vary presampling blur (see Fig. 2.3). For signals larger than a pixel, we do not see 

much change [23]. This spatial dependence is important in terms of interpreting the 

results from detectability computations. If a detectability study were done with a 

small signal always at the center of the pixel, the conclusion would be that some 

presampling blur would significantly improve detectability as seen in Fig. 2.3. The 

gap shown in Fig. 2.3 becomes less noticeable as the presampling blur increases. As 

one would expect, presampling blur takes small signals in the gap and extends them 
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0.06 

p«x8igap 

FIGURE 2.3. Dependence of the ideal SNR on presampling blur and object location 
for a small signal [os = 0.01 pixels). In this model there is no electronic noise and a 
pixel gap of 0.1 pixels. The location of the signal with respect to the pixel strongly 
affects the dependence on presampling blur. A signal in the middle of a pixel has 
a maximum while a signal at the edge monotonically increases. We also see that 
presampling blur reduces the effect of the inter-pixel gap. 

to the active area of the detector. 

The NPSdig computations use the variance of the DFT elements but ignore the off-

diagonal elements of KDFT- With no electronic noise and crj, = 1 pixel, the diagonal 

elements dominate but the off-diagonal elements are not zero (Fig. 2.4). The off-

diagonal terms are small with respect to the diagonal terms but there are many of 

them (~ N"^). The error that arises firom these off-diagonal terms can be assessed by 

their effect on signal detectability. To see how the oflf-diagonal elements enter into 

SNR see Appendix B. 

In order to carry out the comparisons between the ideal SNR and NEQdig, we 

vary the amount of presampling blur and see how SNRs change (Fig. (2.5)). We find 

that for small amounts of presampling blur, the PSMTF-DSFT SNR given by Eq. 
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-0.4 -0.2 0 0.2 0.4 
frequency (1/pixel) 

(b) \0g{ \KDFT\)  

FIGURE 2.4. (a) Covariance matrix of data for = 1.0 pixel, (b) Log of the 
covariance matrix of the DFT coefficients of data for Cb = 1.0 pixel. This figure 
shows the existence of ofF-diagonal elements in the covariance matrix of the DFT of 
the data. Their magnitude is small but there are ~ of them. Their importance 
will be quantified by their effect on signal detectability. 
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(2.39) closely approximates the location-averaged ideal SNR ({SNR^{ideal)) loc)  [26|. 

The difference seen at higher presampling blurs reflects the errors in approximating 

the DSFT by using the DFT. For our simple model, in the hmit of an infinite number 

of pixels, there is no error in that approximation [20,23]. 

The PSMTF-DSFT SNR is the only NEQ-based SNR that attempts an explicit 

connection to signal detectability [26]. The PSMTF-DFT SNR and DQE(O) should 

not be compared in terms of their exact agreement with {SNR^(ideal))loc but in terms 

of the design decisions to which they lead. In particular, if we look at the case with 

Poisson noise and no electronic noise with a small signal (Fig. 2.5(a)), all three SNRs 

have different behavior as we increase the presampling blur. Part of the motivation 

for this work was the counter-intuitive result found by Rowlands et al. [11] where 

presampling blur appeared to improve detector performance. This result as seen 

before in DQE (Fig. 2.2) is reproduced by our model. The PSMTF-DFT SNR for a 

small  s ignal  has  a  maximum as  we increase presampling blur .  The {SNF^{ideal)) loc,  

on the other hand, remains constant. 

As the signal size increases (Fig. 2.5(b)), the difference between the PSMTF-

DSFT SNR and the PSMTF-DFT SNR decreases. This is because the frequency 

support of the signal mostly lies below half the sampling frequency of the detector. 

In that case, both SNRs are the same. 

The DQEdig{0) is included in the plot not because it has been suggested as a figure 

of merit for evaluating presampling blur but because of its use as a summary measure 
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FIGURE 2.5. SNR^ vs. presampling blur for (a) a small signal and (b) a large signal 
for the model with no electronic noise. The SNRs vary differently as we increase 
presampling blur (at). Note that the slight increase in DQEdig{0) as at, increases is 
due to the finite detector size and that for the large signaJ, the PSMTF-DFT and 
PSMTF-DSFT plots lie on top of each other. 
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for system characterization. As one would expect, DQEdig{0) changes very httle with 

presampling blur. Blurring before detection should not change the total counts or 

the variance of the total counts. The increase that is seen with presampling blur is 

due to the errors in estimating the variance of the zero frequency with a finite size 

detector and DFT techniques . When we increase the detector size, the DQEdig{Q) 

plot becomes flat. 

Not only do the design decisions vary with the SNR chosen, they also vary with 

the signal of interest (Fig. 2.5(a) & Fig. 2.5(b)). The design process has to include 

the signal of interest. The discretization effects are different for both signals. Because 

the signals are normalized in object space to have an SNR equal to 1, the scale of 

the "Y" axis in Fig. 2.5(a) & Fig. 2.5(b) reflect the effect due to discretization. The 

effect is much larger for the small signal than for the large signal. 

Introducing an inter-pixel gap produced an unexpected result in {SNR^(ideal)) loc-

it remained constant (see Fig. 2.6(a)). For a small amount of blur, SNR for a small 

pixel at the gap is zero, but SNR for the active part of the pixel increases such that 

SNR averaged over a pixel remains unchanged. The DQEdig{Q) with no presampling 

blur is equal to the quantum efficiency (0.9), but as the blur increases the effect of 

the gap is reduced. For large signals (Fig. 2.6(b)) there is a small decrease in SNR 

due to the gap, but the qualitative behavior remains the same as in the case where 

there is no gap. 

We also examined the effect of adding electronic noise to our model by adding 
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FIGURE 2.6. SNR"^ vs. presampling blur for (a) a small signal and (b) a large signal 
for a detector with an inter-pixel gap = 0.1 and no electronic noise. Surprisingly, 
{SNR?(ideal))loc remains unchanged for the small signal. The decrease in detectabil-
ity in the gap is compensated by an increase in the active part of the pixel. Note that 
for the large signal, the first three SNRs almost completely overlap. 
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independent Gaussian noise with 10% of the variEince of the Poisson noise to our data. 

The results show that for small signals {SNR^{ideal))loc no longer remains constant 

(Fig. 2.7). The ideal observer can undo the correlation arising from the presampling 

blur but not the variance from the electronic noise added after detection. For sub-

pixel signals, we find that having no presampling blur is optimal. Even with electronic 

noise, for signals larger than a pixel, presampling blur increases detectability slightly 

(~ 3%). We also see that introducing electronic noise after detection improves the 

approximation of the {SNF^{ideal))loc by the PSMTF-DSFT SNR. Electronic noise 

makes the covariance matrix more diagonally dominant and hence closer to being 

diagonalized by the DFT. The DQEdig{0) is reduced as expected and does not change 

as we increase the presampling blur. 

The NEQdig attempts to provide a frequency-dependent figure of merit. A more 

theoretically sound approach is to plot {SNR^{ideal))loc vs This kind of a plot 

can be used to answer questions having to do with the size of a signal. Fig. 2.8 shows 

how presampling blur helps to decrease the effect of the inter-pixel gap. If we add 

electronic noise, the presampling blur becomes undesirable (Fig. 2.9). 

2.8 DISCUSSION 

The purpose of this chapter was to explore the connection between the different for

mulations of NEQdig and the ideail SNR. What we found is that the NEQdig formula

tions studied here do not always correlate to detectability. For small signals, with and 
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FIGURE 2.7. SNR'^ vs. presampling blur for (a) a small signal and (b) a large signal 
for a detector with 10% electronic noise. We see an overall decrease in SNR but there 
are also fundamental changes in the behavior from the case with no electronic noise. 
The electronic noise washes out the maximum found in SNR(PSMTF-DFT) for small 
signals (Fig. 2.6(a)). In Fig. 2.7(a), {S[ideal))and SNR(PSMTF-DSFT) lie 
on top of each other. 
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FIGURE 2.8. {SNR"^{ideal)) loc vs. ^ for an inter-pixel gap of 0.1 pixels and no 
electronic noise. In this case, presampling blur helps to decrease the effect of the gap 
for all the signals studied. 
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FIGURE 2.9. {SNR'^[ideal)) loc vs. ^ for an inter-pixel gap of 0.1 pixels and 10% 
electronic noise. 



without electronic noise, SNR(PSMTF-DFT) has a maximum where SNR(ideal) re

mains constant or decreases. The design decision made by using SNR(PSMTF-DFT) 

would be different than the one taken if we look at signal detect ability. Therefore, 

we should use a fully digital figure of merit that avoids the pitfalls that come from 

trying to combine continuous and discrete description of the imaging detector. 

Our simple model only slightly tested the circulant nature of the data covariance 

matrix. In more realistic models, there will be more sources of error for these tasks [9]. 

There are further complications with real measurements. The NFS is a stationary tool 

that is being applied to detectors with non-stationary statistics. While detectors have 

large numbers of pixels, smaller sections of the detector are used to estimate NPSdig. 

The use of those smaller sections magnifies the errors associated with working in 

the frequency domain. In real data sets, there would also be errors associated with 

estimating the PSMTF from the data. 

The inter-pixel gap reveals a weakness in the location-averaged approach to de-

tectability. Location averaging simplifies the analysis because it removes the location 

dependence for a flat background. This simplification carries with it the inability to 

distinguish between a detector with and without a pbcel gap for a small signal. In 

chapter 3, we will see that in structured backgrounds, location dependence cannot be 

avoided. 

To obtain a figure of merit that depends on scale and takes into account mea

surement uncertainty without the use of Fourier methods, we suggest a plot of 
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FIGURE 2.10. DQE based on the Hotelling observer vs. ^ for the same model as 
Fig. 2.2. Frequency is a surrogate for signal size in the same way that ^ is. This 
plot is a version of DQE that does not rely on Fourier methods but maintains all the 
properties of Fig. 2.2. The Hotelling DQE still shows improvement with increased 
presamphng blur but much reduced from what Fig. 2.2 would imply. 

{SN{ideal)) loc as a function of signal size (figures 2.8,2.9,2.10). This pixel-domciin 

quantification of system performance does not rely on shift-invariance or stationarity. 

Frequency is a natural surrogate for size in LSIV systems but in digital radiography 

it seems more natural to use signal size to talk about the scale dependence of a detec

tor's performance. In Fig. 2.10, we give an alternative formulation of DQE {DQEHOT) 

in which there is little improvement by increasing presamphng blur. 

2.9 CONCLUSIONS 

The interpretation of DQE in terms of signal detectability for continuous data was 

established by Wagner [19]. This chapter studies the connection between signal de

tectability and the commonly used extensions of DQE for digital detectors. We find 



49 

that NEQdig and DQE^ig do not always correlate with signal detectability. 

Working in the pixel domain avoids the stationarity and shift-invariance assump

tions needed to justify NEQdig. Avoiding such assumptions makes the Hotelling-

based SNR generalizable to more realistic situations hke those considered in chapter 

3. This generalizability and accuracy comes at the price of more computational ex

pense and the necessity to include the signal in the evaluation process. To justify the 

added effort, we have shown that imder some circumstances, using NEQdig-hased 

figures of merit lead to the incorrect design decision. If one adheres to the statistical-

decision-theory interpretation of SNR, the SNR defined from the Hotelling observer 

provides the most reliable approach to system optimization. Ways to carry out these 

computations for large matrices and more reaUstic models is an active area of re

search [9,24], 
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3. DIGITAL RADIOGRAPHY. II. FINITE NUMBER OF 

SECONDARIES AND STRUCTURED BACKGROUNDS 

3.1 INTRODUCTION 

Evaluation of an imaging system should be based on the performance in the task for 

which it was designed [1-4,17]. One of the tasks of interest for digital radiography 

is the detection of small signals. We will study how deviations from stationarity and 

shift-invariance affect the performance of a digital detector as we vary presanipling 

blur. 

Fourier methods are entrenched in the digital radiography community in part 

because of their use in film radiography. The transition from continuous to digital 

radiography brought certain additional complications in extending shift-invariance 

and stationarity to the digital case. In the previous chapter, we considered flat back

grounds with deterministic blurring. The three main aspects of the imaging process 

that we will study in this chapter are the production of secondaries (electrons or 

light photons), structured backgrounds (patients) and random backgrounds (patient 

variation). 

The production of secondaries is a random process where the x-ray energy is 

distributed into secondary light photons or electrons which in turn are detected. The 

location of each secondary is random, and number of secondaries is finite. 
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A flat background is a useful standard to use for evaluation of digital radiogra

phy but it does not reflect the cases of interest which are characterized by having a 

fluence with structure. By taking a flat background as the case to test, one makes 

Fourier methods more applicable but assumes that flat background results translate 

to those with more complicated structure. We are interested in looking at what a 

flat-background calculation says about a case with more compHcated structure. 

A more subtle source of randomness is the variation among patients. Such vari

ation may even be the critical factor in the system performance [5,6,27]. The opti

mization of an imaging system has to take into account the objects one is imaging. 

Object variation introduces long-range correlations which decrease the applicability 

of Fourier techniques. 

There are too many possible combinations of effects to study in one dissertation. 

To simplify the presentation we consider the flat background and deterministic blur 

as our base case and vary one component at a time. This approach gives us a simple 

way of comparing the qualitative effect of each process on signal detectability. 

3.2 CONTINUOUS-TO-DISCRETE MODEL 

A 1-D digital radiography system maps an x-ray point process u{x) to a discrete data 

vector g. The x rays are converted into electrons or secondary light photons. The 

finite number of secondaries produced are distributed randomly, and they also form 

a point process. The secondary point process is then discretized by the pixels. A 
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FIGURE 3.1. Schematic of the model used for simulation. We present the case with 
a finite number of secondaries. 

schematic of this process is shown in Fig. 3.1. 

The incoming x-ray Poisson point process u{x) is written as 

J  

u(r) = ^ — Xj), (3.1) 
j=i 

where x is the space variable (measured in units of pixels) and Xj gives the location of 

the x-ray interaction. The ensemble mean of this point process is given by /(x), 

i.e. {u{x)) = f{x), which is called the fluence. Each of the x rays produces a random 

number Kj of secondaries 

J  K J  

Us{x) = ^ ̂  <^(a^ - - Axjjk), (3.2) 
j=i fc=i 

where Us{x) is the secondary point process and Axjk is the difference between the 

location of the fc"* secondary from the j"* x-ray interaction. 



53 

We assume that the spatial distribution of secondgiries p(x) for each x-ray photon 

interaction is the same over the field of view and is given by a Gaussian function 

.  \  ( {x — XjY\ 

~ v^sr) 

where CT;, is referred to as the blur width. We also assume that the mean number of 

secondaries {Kj) produced by each x ray is the same for all x rays. i.e. (/v}) = 

for all j. Given these two assumptions we can express the fluence of the secondaries 

fs for a given realization of the x-ray point process as 

J  

f s { x )  =  ̂  N s p { x  - X j ) .  (3.4) 
j=i 

The deterministic blurring model described in chapter 2 can be seen as the limit of 

a large number of secondaries. In this limit, the secondary random process can be 

modeled as a deterministic blurring of the x-ray point process. In the notation used 

in chapter 2,  blur{x — Xj) = Nsp{x — xj) .  

We integrate Us{x) over the pixel support {rect{x — m)) and add electronic noise 

(rie/ec) to get the pixel measurements 

/OO 

rect{x -  m) u^{x) dx -I- [rie/eclm 
•OO 

— / Us(^x^ dx(3.5) 
J m 

We use the shorthand to refer to integrating over the support of the m"' pixel. 

To present the various figures of merit, we write the continuous-to-discrete map 

as a continuous-to-continuous map followed by point sampling. The continuous (pre-
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sampling) map is given by 

J Kj 
9ps{^) — EE rect{x -  Xj — Axjk) 

j=l k=l 
/OO 

h{x -  x') f{x')  dx'  + Tipsix),  (3.6) 
•OO 

where gps{x) is the presampling data random process, h{x) is 

/OO 

rect{x')  Ns p{x -  x'\  Ob) dx' ,  (3.7) 
•OO 

and Hps is defined as 

/

OO 

h{x -  x') f(x) dx' .  
•OO 

(3.8) 

The discrete measurements are obtained by point sampling and adding electronic 

n01S6 

/

oo 

6{m -  X) Qpsix) dx + [neleclm 
•OO 

— [^e/ec]mt (3-9) 

where is the measurement at the m"* pixel. 

3.3 THE DETECTION TASK 

We consider the task of detecting a signal in a background. The signal is deterministic, 

low contrast and known; in other words, we consider the signal-known-exactly (SKE) 

detection task where the signal does not affect the data statistics. We will consider 

both backgrounds known exactly (BKE) and backgrounds known statistically (BKS). 
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The task can be seen as discriminating between the following two hypotheses 

[9,23,24]: 

go = gb + n, (3.10) 

gi = gb -I- gs + n, 

where gj is a finite array of measurements under the i"* hypothesis, and gb and gs are 

the components of the measurement arising from the mean background and signal, 

respectively, and n is the noise. 

The detection task is carried out by computing a test statistic t  from the data and 

comparing it to a threshold. The signal-to-noise ratio (SNR) for any test statistic is 

defined as 

SNRt = (3.11) 
a{t] 

where {U) is the ensemble average under the i"* hypothesis and a{t) is the stemdard 

deviation of the test statistic. The ideal observer uses the test statistic that maximizes 

the true positive fraction (TPF) for any false positive fraction (FPF). We refer to the 

SNR for the ideal observer as SNRideai-

The signals of interest will be modeled by changes in the incoming x-ray fluence 

s{x;(T„l,b) = Cs{as,b) exp (3.12) 

where is the signal width, / is the location of the signal and b is the background x-

ray fluence. The scahng constant Cs{(T3,b) is chosen in two ways. The so-called SNR 

normalization sets Cs{as,b) so that the input SNRifieai is 1 as in [24] or equivalently, 
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divides by the input SNR, 

This normalization varies the amplitude of the signal as the size or location of the 

signal varies. Unless specifically stated, plots are SNR-normalized. 

The other normalization used fixes the area under the Gaussian (AUG-normalized) 

to give £in SNR(Hot) (defined in the next section) of 1 in the data for a small signal 

with no blur. In that case, Cs(b) is not a function of the signal size. This normalization 

will be useful when looking at structured backgrounds. We give a description of the 

backgrounds in their corresponding sections. 

3.4 SNR COMPUTATIONS 

Using the mean and covariance matrix of the data, we can define the Hotelling ob

server [4,20,23,28] 

i f fotig) = gsK-^g, (3.14) 

where K~^ is the inverse of the data covariance matrix. In the nonrandom background 

case with deterministic blur, the Hotelling observer is the ideal observer [4]. For 

the cases with a finite number of secondaries or random backgrounds, the Hotelling 

observer is the optimal linear observer [3] in the sense that it maximizes SNflc among 

all linear observers. 
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We compute the performance of the HoteUing observer for a signal at location / 

as 

SNR\Hot,l)= g,K-^gs. (3.15) 

To obtain an expression that is independent of the signal location, we average over 

locations within a pLxel, so 

1 
{SNR^{Hot))ioc SNR'^iHot,  /.), (3.16) 

where Ni is the number of signals used to compute the average. In this dissertation 

Nl = 100. 

In order to compute the Fourier-based figures of merit, we define the presampling 

modulation transfer function (PSMTF) by 

PSMTF{u) = (3.17) 
o 

where H { v )  is the Fourier transform of h{x) and G is li/(0)l. We define the dig

ital NEQ [NEQdig) for a flat background by sampling PSMTF at the frequencies 

estimated from the pixel values: 

NEQ,,,(PSMTF) = (3.18) 

where 6o is the background x-ray fiuence and NPSdig is the variance of the DFT 

coefficients of the data. The DQE is a normalized version of NEQ [8,13], 

ri/n IT ( \ ^^Qdigi^i) /cy DQEdig{ui) = . (3.19) 
Oo 
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To rank or optimize digital detectors we need to reduce NEQdig{u) to a scalar. 

We create an SNR by defining a fractional signal so(x) = ^ and adding the elements 

of the NEQdig{u) weighted by the frequency components of the signal of interest 

1 1 
2—X7 

SiV/?2(psMTF-DFT,5o)= ^ NEQdig{u^)\So{um)\^, (3.20) 

where M is the number of detector pixels [M = 256) and 5b(i/) is the Fourier trans

form of So(x). 

A different type of NEQdig-hosed SNR uses a discrete-space Fourier transform 

(DSFT) to estimate {SNR^(Hot))ioc- We approximate the DSFT using the DFT and 

use the periodicity of both the DFT and DSFT [26] 

00 

SNR\PSMTF-DSFT,So) = Yi (3.21) 
t'm = —OO 

For a detailed derivation of these expressions and their relation to continuous 

radiography see chapter 2. 

3.5 THE DATA COVARIANCE MATRIX 

Our approach to quantifying detectability is based on the Hotelling observer which 

uses only the mean and the covariance of the data. It behooves us to examine how 

the different sources of variation contribute to the data covariance matrix. 

We can write the overall data covariance for a digital radiography system as [9] 

Kg = + + -H Kf' -h , (3.22) 
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where the terms represent, respectively, the electronic noise; the Poisson statistics 

of the X rays as reflected through the gain mechanism; the excess noise of the gain 

mechanism; the effect of the object randomness, and the effect of the re-absorbed 

Compton-scattered photons and K x-rays. 

In chapter 2 we introduced the general approach of studying how Fourier-based 

methods correlate with signal detectability. We examined the effect of electronic 

noise and excess noise of a uniform background with deterministic blurring. In this 

chapter, we look at the effect a nonuniform background and object randomness. We 

will account for the statistics of the gain mechanism by allowing the x-ray photons 

to produce a finite number of randomly located secondaries. 

The re-absorption of Compton-scattered photons or K x-rays creates short-distance 

correlations that, while they should be taken into account for realistic modeling, will 

not produce qualitatively different behavior than presampling blur. 

3.6 FINITE NUMBER OF SECONDARIES 

The x-ray photons in digital radiography are detected through their interaction with 

the detector material. In scintillating detectors, they produce light photons. For 

semiconductor detector they produce electron-hole pairs. The number of secondaries 

and the position of the secondaries is random. We assume for simplicity that the gain 

process obeys Poisson statistics. 

With a constant background x-ray fluence (b(x) = bo) and a finite number of 
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secondaries with mean Ns, the data covariance matrix is [4,29] 

gjmm' [^g\mm' — / dx \^ibQ^{^X) Sffim' 

+ dx dx'  [H2bo\{x,x') ,  

'mm' 

(3.24) 

(3.23) 

with 

[nib] { x ) = f  d y N , p { x - y )b{ y )  
—OO 

and 

[H26] [x,  x ')  = [ dy p{x -  y) p[x'  -  y) b{y) 

Including the random nature of the secondaries introduces a diagonal term to the 

data covariance matrix. In Fig. 3.2, we see that for small signals, the detectability 

decreases as we increase the presampling blur. For larger signals, we see the same 

kind of maximum seen in the presence of electronic noise with deterministic blur. 

3.7 NONRANDOM STRUCTURED BACKGROUNDS 

For most medical cases there is anatomical structure that affects the detection task. 

We may consider this structure to be a nonrandom spatial function for repeated imag

ing of the same patient, or we can consider it to be random for different patients. Due 

to Poisson statistics, even deterministic spatial variation in the background fluence 

does away with the assumption that the system can be shift-invariant or stationary. 

We consider a nonuniform background with deterministic blur (the limit of large 

number of secondaries) and no electronic noise. The covariance matrix under these 
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FIGURE 3.2. SNR^ vs. presampling blur for (a) a small signal and (b) a large signal. 
We consider the incoming photons as a Poisson point process with the mean number 
of secondaries (A^^) equal to 100. The increase in DQEdigiO) is due to the finite size 
of the detector. 
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circumstances is given by 

[Kg\mm'= f  dx f  dx'[H2b]{x,x') .  (3.25) 
J m Jm' 

We now do a numerical integration for every element of the matrix. In the limit of a 

large number of secondaries SNP?{Hot) is independent of N3. 

To illustrate the effect of background structure, we give b{x) a simple functional 

form 

x^ 
b{x) = 6mm ^{pmax bfriin) ' (3.26) 

with bjnax = 10® photons/pbcel and bmin = 10® photons/pixel. Using this functional 

form (Fig. 3.3(a)), we show how the detectabihty varies with the location of the 

signal (Figs. 3.3(c) & 3.3(d)). For a small signal where we fix the amplitude (AUG-

normalized), there are two sources of spatial dependence (Fig. 3.3(c)). We can see 

the location dependence due to the pixelization and the change in detectabihty due 

to the structured background. As we would imagine, the detectabihty is higher for 

the locations with higher fluence. When we normalize the input SNR (Fig. 3.3(d)) 

only the pixel variability is left since we accounted for the background variation in 

the normahzation. 

In terms of the covariance matrix, a structured background with a uniform gain 

on all pixels is equivalent to considering a uniform background with electronic noise 

that varies from pixel to pixel. For a system with no presampling blur, the covariance 

matrix in both cases is diagonal but not a multiple of the unit matrbc. Taking the DFT 

of the data under these circumstance takes a diagonal covariance matrix in the pixel 
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FIGURE 3.3. This figure shows a structured background (a) and SNR dependence on 
blur for a small signal at the center of the domain (b). The comparison in (b) was 
done for the {SNR"^{ideal))loc with the structured background and the DFT-based 
SNRs with a flat background with the correct background value. The dependence of 
SNR for a small signal (cTj = 0.01 pixels, cxi, = 0.25 pixels) when normalized by the 
area under the Gaussian signal (AUG) [23] behaves as we would expect (c) . When 
we normalized by the input SNR, the output SNR(Hot) is independent of fluence (d). 
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domain to a nondiagonal matrix in the Fourier domain. The detailed computations 

are given in Appendix C. 

3.8 RANDOM STRUCTURED BACKGROUNDS 

Optimizing an imaging system for a specific object does not necess£U"ily translate to 

optimizing the system for all objects of interest. In particular, the statistics of the 

objects may drastically change the optimal design [5,6]. For digital radiography, ob

ject variations introduce long-range correlations which provide an added complication 

to the use of Fourier-based methods. Increasing the correlation length in the data 

makes the covariance matrix less circulant, therefore increasing the error involved 

with assuming that the DFT diagonalizes the covaxiance matrix. 

To introduce object variation, we will add a zero-mean random (lumpy) back

ground to the flat background (with fluence bo). We create the backgrounds by 

filtering white noise such that the noise power spectrum is given by [30] 

where by definition the power spectrum of white noise W{i>) is constant, and A{i>) is 

a Gaussian filter of the form 

W,{u) = W{u) l/l(^)|2, (3.27) 

A{u) = >1(0) exp (—27r^ u^). (3.28) 

Hence, the power spectrum of the lumpy background is given by 

= VKi(0)exp(-47r^(Tf i/^). 
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where Wa{0) = 1^(0) A(0)2. 

To compute the data covariance matrix, we use the autocorrelation function given 

by the inverse Fourier transform of the power spectrum 

Ra{x) = exp ("2^) ' (3-30) 
yj2iraibg \  2(^ibgJ 

with aibg equal to \/2(Ja. The covariance matrix of the data (with deterministic 

blurring and no electronic noise) when we include object randomness is given by [4,29] 

[Kg\mm' = f  dx f dx'  {[H2b]{x,x')  + \H\RaH'' '^{x,x')) .  (3.31) 
Jm J m* 

The computations used fio = 10® photons/pixel, l'Ka(O) = 10® photons^/pixel and 

c/6g = 5.0 pixels. We do not need individual realizations to compute the figures of 

merit but we present a sample background and lesions to better visualize the detection 

problem (Fig. 3.4). 

By introducing anatomical correlations, we make the covariance matrix less cir-

culant. For = 1.0 pixel, we can see that the covariance matrix has significant off-

d iagona l  e l ements  tha t  p ropaga te  in to  the  covar iance  o f  the  DFT of  the  da ta  { K D F T )  

(Fig. 3.5). In chapter 2 we include a similar image in the absence of anatomical 

variation. 

The long-range correlations in the data cause a larger error in the Fourier-based 

methods (Fig. 3.6) than in the fiat background. The {SNR^{Hot))ioc remains un

changed as we increase the presampling blur because the Hotelling observer can undo 

the correlations caused by the lumpiness. The DQE{0) is and remains con-
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FIGURE 3.4. Piece of a sample random background {bo = 10® pliotons/pixel, Wa{0) = 
10® photons^/pixel and an,g = 5.0 pixels). We also include the two lesions (at x=-7.5 
and 7.5) with their amphtudes normalized to have SNRinput = 1- Note that the 
amplitude of the signal at x=-7.5 is much smaller since it is easier to detect a signal 
with a width much smaller than the background variations. 

stant as we increase presamphng blur. We computed SNRinp^t including the lumpy 

background variation using numerical integration in the Fourier domain 

SNR'iideaOir.p^t = H . (3.32) 
J-cc yK{i^)+oo 

3.9 DISCUSSION 

The effect of the random number of secondaries on the second-order statistics of the 

data is an additional diagonal term to the covariance matrix. Hence the behavior 

of the detectability is similar to when electronic noise is added to the model with 

deterministic blur. 

If the background fluence has structure and we are concerned with quantification 

of the detectability of a signal, we cannot assume a constant background. Fourier 
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FIGURE 3.5. (a) Covariance matrix of data with random background (6O = 10® pho
tons/pixel, = 10® photons^/pixel and cr/6g = 5.0 pixels) and ai, = 1.0 pixel, (b) 
Log of the covariance matrix of the DFT coefficients of data with random background 
and £76 = 1.0 pixel. The varying anatomical background introduces long-range cor
relations in the covariance matrix. Even though the background is stationary, these 
correlations translate to larger off-diagonfil elements in the covariance matrLx for the 
DFT coefficients {KDFT) than in the flat background case. 
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FIGURE 3.6. SNR^ vs. presampling blur with a random (lumpy) background (FCB = 
10® photons/pixel, l-VaCO) = 10® photons^/pLxel and aibg = 5.0 pixels) for (a) a small 
signal and (b) a large signal. The correlations introduced by anatomical variation 
lead to quantitative differences between the SNR defined by the PSMTF-DSFT and 
SNR(Hot). We also see that the large signal is more affected than the small signal. 
DQEdigiQ) ~ and remains constant. For this reason, DQEdig{0) is not included 
in the plot. Note that for the large signal, the PSMTF-DSFT and PSMTF-DFT plots 
overlap. 



69 

methods give an inaccurate result. Fourier techniques are not localized in space, 

so a spatially varying fluence makes estimation of an accurate NPSdig impossible. 

However, if we are looking for a design decision, we are concerned only with relative 

values of the figure of merit with respect to the parameter of interest. We compute 

the SNI^{ideal) of signals for a given position with the full covariance matrix and 

NEQdig-hased SNRs using a flat background with the correct background value (Fig. 

3.3(b)). The kind of errors one gets for this comparison are similar to those obtained 

from a flat background. 

The introduction of the lumpy background affected not only the difference between 

NEQdig-hased methods and SNR(Hot) for a given signal but it also increased the 

difference between SNRs for signals of different sizes. In the flat background cases, 

the deviations between SNR(Hot) and SNR(PSMTF-DSFT) occurred mostly for the 

smaller signals. When we include anatomical variation, the larger signals are also 

affected. Using the flat-background result in chapter 2, we see that the large-signal 

detectability is more affected by the background randomness than the small-signal 

detectability (Fig. 3.6). This is reasonable considering that the large signal is closer 

to the scale of the background variation. 

We explore the effect of the background variation on signal size by plotting 

{SNR^{Hot))ioc vs. as (Fig. 3.7). In the first plot, the correlation length of the 

background is similar to the small signal. The presampling blur separates the signal 

from the background. In the second plot, there is a transition. For smaller signals no 
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FIGURE 3.7. SNR'^ vs. signal width for a random (lumpy) background with (a) aibg 

= 0.01 pixels, l'Va(O) = 10® photons^/pixel and (b) aibg = 1.0 pixel, VVa(O) = 10® 
photons^/pixel. In the first plot, the correlation length of the background is similar 
to the small signal. In the second plot, there is a transition. For smaller signals no 
blur is preferable but the opposite is true for larger signals. To emphasize smaller 
signals we plot SNR vs. ab as in [24] instead of SNR vs. ^ as in chapter 2. 



71 

blur is preferable, but the opposite is true for larger signals. The different types of be

havior seen for signals shows the need to characterize both the signal and background 

to evaluate the detector properly. 

3.10 CONCLUSIONS 

The NEQdig-hased approach to image quality is constrained by its stationarity and 

shift-invariance assumptions. While these assumptions are a sensible first model to 

examine, fundamentally different behavior appears when we include other sources of 

variation like structured and varying backgrounds. Even though we used stationary 

backgrounds, the finite detector size was enough to introduce significant errors in the 

DFT-based SNFls. As we use more complicated models, we are required to consider 

detectors which have a shift-variant response and nonstationary statistics. For such 

detectors, the Hotelling SNR provides a Fourier-free alternative. 
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4. INFORMATION CONTENT OF DATA TYPES 

IN TIME-DOMAIN OPTICAL TOMOGRAPHY 

4.1 INTRODUCTION 

Optical tomography uses near-infrared light to estimate the spatial distribution of 

the optical parameters of tissue. The optical properties of tissue provide useful phys

iological information. Current applications include monitoring of oxygenation in the 

brain [31] and detection of breast cancer [32]. 

The data-acquisition systems used in optical tomography can be put into two 

categories: time domain and frequency domain [33,34]. Time-domain systems use a 

short pulse of light as a source and collect a time-sampled waveform of the arriving 

photons at each detector. Frequency-domain systems use a modulated light source 

and collect an amphtude and phase at each detector. Previous detectability studies 

in optical tomography were in the frequency domain. They considered reconstructed 

images and measured detectability using contrast-detail diagrams [35] or used the 

mean signal over the variance of the data [36]. This chapter addresses the evaluation 

of data types in time-domain systems prior to reconstruction. 

Measuring the full waveform requires sophisticated electronics. Other possible 

measurements are the total number of photons at the detector or the mean time 

of arrival. We quantify in a detection-theoretic way how much more information is 
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contained in the full time-sampled waveform measurements than in the mean time 

or total number of photons. The information content is measured directly in the 

measurements and therefore is independent of the reconstruction algorithm used for 

the inverse problem. This is a hardware optimization approach. For a given opti

mal hardware configuration, the evaluation of reconstruction algorithms can be done 

separately by evaluating the detectability of signals in reconstructed images. 

In the task of detecting a change in the attenuation or scatter coefficient, one needs 

to characterize the sources of randomness. We consider two sources of randomness: 

measurement noise and anatomical variation. The measurement noise arises from the 

random nature of photon counting. The anatomical variation arises from having to 

detect an inclusion in a structured background that changes from patient to patient. 

We present the methodology to quantify the detectability of changes in the atten

uation and scatter using time-domain data types. We study the depth dependence of 

detectability and the robustness each of the data types to the anatomical variation. 

4.2 MEASUREMENT SYSTEM AND DATA TYPES 

We consider a 2-D domain with circular boundary with radius a of 50 mm. We 

base the measurement setup on the MONSTIR [31] system. The 32 sources and 32 

detectors are placed uniformly around the boundary. Theoretically, the complete 

data from light emitted from source q and arriving at detector m is the temporal 

waveform of arriving photons r,ym(0- practice, to obtain this measurement for 
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any given source-detector distance, the electronics need to be fast enough £ind have 

a large enough dynamic range to count the incoming photons. 

The MONSTIR system provides a time-sampled normalized waveform for the 

source-detector pairs that are sufficiently apart to have the necessary temporal sam

pling. For our model, we consider data from all detectors except the nearest five on 

each side of a given source. A variable attenuator fixes the mean total number of 

photons collected to 10® for each detector which limits the required dynamic range. 

The output waveforms used in our simulations have a time bins of 25 picoseconds. A 

schematic of the measurement setup is shown in Fig. 4.1. 

In our simulations, we generate noise-free data types based on the theoretically 

obtained temporal waveforms (vectors are in bold) : 

Sampled Waveform: Fqm with (4.1) 

Total Number of Photons: Eqm = /o°° (4.2) 

Sampled Normalized-Waveform; NFqm = • Fqm, (4.3) qm £.^ q m  

Mean Time: ^ tT^mWdt. (4.4) 
C<qm ^ 

Even if we restrict ourselves to time-domain systems, other data types could be 

chosen [37]. We chose these data types because E and r are the first two moments of 

r(f) and NF is the output of the MONSTIR system. Understanding the information 

content of these data types provides insight into current experimental approaches 

[33,34]. 
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DETECTOR 

SOURCE 

TISSUE 

FIGURE 4.1. Schematic of the experimental setup. The 32 detectors and 32 sources 
are uniformly placed in the boundary of a circular domain with a radius of 50 mm. 
One source and 32 detectors are shown. The nearest 10 detectors to the source (shown 
with dotted lines) are not used in our calculations. 
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4.3 SIGNAL AND BACKGROUND TYPES 

We consider the detection of variations in both the attenuation {na) £ind reduced 

scatter {na) coefficients in uniform (fiat) and structured (lumpy) backgrounds. Fluc

tuations in tissue oxygenation cause a correlated change in ^ and //s [38]. A signal 

with a correlated increase in both jia and /Zj was considered in a previous paper [12]. 

Here we consider signals where only Ha or Hs is perturbed to study how each of the 

parameters affects the performance of each data type. We use truncated Gaussians 

as the functional forms of the signals: 

where and are signals with increased attenuation and scatter respectively, 

and are the maximum values, r is the 2-D spatial coordinate, Tq is 

the location of the signal and s is the width of the signal. We keep the following 

parameters constant: = 0.0001 mm"', = 0.01 mm"', and s = 1.0 mm. 

For applications that study tissue oxygenation, changes in fia and Hs are correlated, 

but in breast cancer imaging the changes can be anti-correlated [40]. To study such 

tissue, we introduce a third signal type (/^ai/zj) where we add a signal in the 

attenuation coefficient but subtract a in the scatter coefficient. Prom a theoretical 

perspective, these signals are of interest because with the proper functional form they 

generate no change in E [39]. 

||r- Toll < 3s 
otherwise 

(4.5) 

^s^r) = " 2>2"  ;  | | r - ro | |<35 (4.6) 
0 : otherwise 



Signal detection is most often considered in a flat background. We consider flat 

backgrounds with Ha = 0.01 mm~^ and /is = 1.0 mm~^ Using a flat background 

is appropriate if the background fluctuations are small compared to the signal of 

interest. In practice, it is more often the case that there is background structure. To 

study the effect of background structure on the detection task we introduce lumpy 

backgrounds [1,4,41]: 

where 6(r) is the lumpy background, bo is the spatial mean (equal to flat background 

value), N is the Poisson-distributed number of lumps and tn is the uniformly dis

tributed location of each lump. The lumps have the following form: 

where lo is the lump strength, w is the lump width and Q. is the domain (in our 

case a disk) and >1(0) is the area of the domain. The second term in the expression 

for the lumps was designed such that the mean of the lumpy background is the flat 

background. We consider lumps in the attenuation coefficient. They are similar to 

the signals but with different amplitudes and widths, w = 4 mm, N = 2000, and 

/o = 0.1 • Fig. 4.2 shows a sample lumpy background and signal. 

N 
(4.7) 

(4.8) 



FIGURE 4.2. Sample lumpy background and signal in the center of the domain. 
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4.4 INFOR^/IATION CONTENT: A DETECTION-THEORETIC VIEW 

We quantify the information of a data set from the perspective of statistical detec

tion theory. The task is to detect a signal in the parameter of interest from the 

measurements. This implies discriminating between the following two hypotheses: 

go = (g(6)) + n if the signal is absent, , > 
gi = {g(^ -f- s)) + n if the signal is present, 

where gi are the measurements under the i"* hypothesis, (g(6)) is the noise-free data 

from the background, (g(fa -I- s)) is the noise-free data from the background and 

signal, and n is the noise. We consider signals with low contrast so that the noise 

is independent of the signal. The noise term will include both the randomness due 

to the Poisson nature of photon counting and the uncertainty due to background 

variation. 

To quantify the ability to detect signals from the data, we use the ideal linear 

(Hotelling) observer [1,4]: 

t f i o t i g )  (4.10) 

where 

gs = (g(6-fs)) - (g(6)), (4.11) 

and is the inverse of the data covariance matrix. Note that since the imaging 

system is nonhnear, (g(s)) ^ s)) — (g(6))-

The Hotelling observer maximizes the signal-to-noise ratio (SNRt) among all lin-
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ear test statistics [3] with 

(4.12) 

where (ti) is the ensemble average under the i''* hypothesis and a(t) is the standard 

deviation of the test statistic. The SNF^ for the HoteUing observer is 

given by 

If the test statistic is Gaussian, the Hotelhng observer also maximizes the airea under 

the receiver operating characteristic (ROC) curve [3,4]. For a discussion of making 

the Gaussian assumption in this appUcation see Appendix D. 

In a flat background, the noise is independent for every source-detector combina

tion, therefore the covariance matrix due to measurement noise is diagonal. 

Structured backgrounds introduce correlations between measurements from dif

ferent source-detector pairs. For these backgrounds the covariance matrix has a com

ponent that arises from the photon measurement noise and one that arises from the 

background variation [1]: 

where Kg,meas is the measurement covariance matrbc for a fixed background, (•)6 is the 

ensemble mean over backgrounds and Kg,lumps is the lumpy background component 

of the covariance matrix, 

K-' g3. (4.13) 

)6 Kg,lumps (4.14) 

Kg.iumps = ((g - g)(g - g)')6, (4.15) 
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with g = (g)„|6 and g = ((g)„|5)6-

The lumps introduce spatial correlations in the backgrounds that result in corre

lations in the data. One of the goals of this research is to study the robustness of the 

data types to these correlations. 

4.5 NOISE MODELS 

For SNRy^i^ computations, we need to compute the variance of the data for each data 

type. The noise model for our data types assumes we have the output of MONSTIR 

and some independent measurement of E. The analysis is intended to examine how 

much would be gained by adding E to the MONSTIR measurements. We assume 

the dominant noise in the normalized waveform NT{t) to be Poisson, hence NF is a 

Poisson random vector [31]. We consider estimating the mean time from the noisy 

normalized waveform: 

For computational reasons it is much faster to estimate r from the moments of 

a normalized waveform than from the output of a sampled normalized waveform. In 

the limit of a large mean number of arriving photons Na (10^ in our case) at a given 

detector, the variance of r is given by [44] 

(4.16) 

(4.17) 
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The measurements of E are assumed to be Poisson with variance equal to 10® 

arriving photons. For the full waveform computations, we assume NF and E are 

independent measurements and combine them. 

4.6 DIFFUSION APPROXIMATION 

Near-infrared light transport in tissue is dominated by scattering. Away from bound

aries, under assumptions of high scattering, we can model light transport by the 

diffusion approximation to the radiative transport equation [34,42] 

1 - V • J:(r)VOCr, t) + t) = 9„(r, (), (4.18) 
c at 

where $ is the photon density, qo is the source distribution and c is the speed of light 

in the medium. The diffusion coefficient k is related to the attenuation and scatter 

coefficients by: 

k{v) =  —— ( 4 . 1 9 )  
3(/ia(r) -l-^s(r)) 

We use Robin boundary conditions for ^ 

t) + 2 k{^) A h • V$(e, t) = 0, (4.20) 

where A accounts for the refractive index mismatch [42]. The measurements at the 

boundary are proportional to the photon flux: 

r{U,t) = -ckiU)n-V^{U,t), (4.21) 

where is the location of the detector. To numerically solve this model we use the 

finite element solver incorporated in TOAST [43]. 



83 

waveform 

0.9 
normalized waveform 

0.8 

0.7 

= 0.6 
« X 

0.4 

0.3 

0.2 

0.1 

distance from center (mm) 

FIGURE 4.3. Detectability of signal in a flat background. Note that the normalized 
waveform and r plots overlap. 

4.7 RESULTS AND DISCUSSION 

We begin by examining the detectability of signals in a flat background 

as a function of depth. All plots stop 5 mm from the boundary because of the 

signal size and the limits of the diffusion model near the boundary. Fig.4.3 shows the 

detectability of a signal in a flat background. The majority of the information of 

the waveform is contained by E, and the maximum detectability occurs away from 

the boundary. This behavior is consistent with previous results based on photon 

measurement density functions (PMDFs) [45]. For this situation, the normalized 

waveform can be summarized by r with little loss of information. 

The figure for the nf lesion (Fig.4.4) tells a different story. The maximum de

tectability occurs as the signal approaches the boundary, and r does not encode all 
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FIGURE 4.4. Detectability of signal in a flat background. 

the information of the normalized waveform. For the signal (Fig. 4.5), E, r 

and the normalized waveform have comparable information close to the boundary, 

but as the signal gets deeper in the tissue, E loses its information content faster than 

the other two data types. 

To compute the detectability for the lumpy backgrounds, we ran Monte Carlo 

simulations to estimate SNRff^^ from sample estimates of Kg and gg. Fig. 4.6 shows 

the convergence plot for SNRj^^^ with four independent samples of 500 fia lumpy 

backgrounds each. The relative standard deviations of four estimates of SNF? based 

on 500 samples {SNRIqq) for the different signal and corresponding background types 

are summarized by Table 4.7. For the lumpy background results we exclude the 

waveform and normalized waveform due to the computational time required. 

For the signal in the lumpy background (Fig. 4.7), we see that the behavior of 
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FIGURE 4.5. Detectability of signal in a flat background. 
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FIGURE 4.6. Stability plot for 4 sets of 500 lumpy backgrounds each. 
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Table 4.1. Relative Standard Deviations of Estimates 

<T(SNRI^)  

{SNI( ioo)  

Signal E T 

5.9x10"'^ 4.1xl0-'^ 
4.0x10"=^ 9.4x10"^ 
2.0x10-"^ 2.3xl0-'^ 

E 

'0 5 10 15 20 25 30 35 40 45 
distance from center (mm) 

FIGURE 4.7. Detectability of signal in a lumpy background. 

E near the boundary differs from the flat background plot (Fig. 4.3). For the lumpy 

background the detectability continues to increase as the signal gets closer to the 

boundary. The background variations also increase the rate at which the information 

decreases for E as the signal gets deeper in the tissue. There is an overall decrease 

in information for both data types since the lumps add uncertainty in the data. 

For the signal (Fig. 4.8) and fi~ signal (Fig. 4.9), we see the same behavior 

near the boundary, but E loses information more rapidly than r as the signal is deeper 

\ J . ^ D  

0.2 

0.15 
CM X cc z 
to 

0.1 

0.05 
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distance from center (mm) 

FIGURE 4.8. Detectability of signal in a lumpy background. 

in the tissue. 

It seems that E loses more information due to the lumps than r, i.e. is less robust 

to background fluctuations. To quantify this statement we averaged over 

the signal locations {{SNRjjg^)ioc) and summarized the results in Table 2. When we 

compare the how the values change from the flat to the lumpy background for the 

Ha and signals, E loses more information than r. The opposite is true for the 

signal. The discrimination task occurs in data space, so when the data from 

the lumps looks similar to the data from the signal, the discrimination task is harder. 

We have considered a theoretical measurement of the total number of photons. 

This may not be possible for circumstances where there is an unknown interface (such 

as hair) between the boundary and the detector. This data type may not be accessible 

in some applications such as monitoring of oxygenation in neonates but it may be 
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FIGURE 4.9. Detectability of signal in a lumpy background. 

Table 4.2. Summeiry Comparison Between E and r 

Signal 
Background Flat Lumpy Flat Lumpy Flat Lumpy 

E 6.3x10"^ 5.7xl0-'^ 8.2x10-1 1.2x10-1 3.6x10-'^ 1.9x10-'^ 
T 4.0xl0-'^ 1.3x10"=^ 7.9x10"^ 4.7x10-'^ 1.9x10-1 7.6x10-'^ 

attainable in breast-cancer detection. 

The map from the optical parameters to the data is nonlinear. The nonlinearity 

presents a challenge in generalizing the results presented in this chapter. Much like 

the exact form of the PMDFs depends on the background value [45] so will the spatial 

detectability maps. While the exact shape will vary, the general patterns are likely 

to remain the same. 



89 

4.8 CONCLUSIONS 

The information content of each data type depends on the type of signal, the location 

of the signal and the background. For a flat background and or signal, E 

contains most of the information in the waveform. For the signal, r contains 

more than E. 

The effect of the background variation on the data types is correlated with how 

similar the lump is to the signal in data space. The location averaged detectability 

quantifies that effect. 

We have established a methodology for evaluating information content of data 

types for optical tomography as a nonlinear system. By using spatial detectability 

plots and Monte Carlo methods we generalize the approach generally used for linear 

systems. We are only beginning to address the many open questions in objective 

assessment of image quality for nonlinear systems. 
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5. FUTURE WORK 

This dissertation dealt only with the hardware component of the imaging chain from 

a detection-theoretic view. Even with such a restriction, our exploration left us with 

more questions than answers. 

In digital radiography, a natural next step is to introduce realistic modeling. Our 

collaborators at the Food and Drug Administration (FDA) have already started 

that program by using 2-D detectors and Monte Carlo models for photon propa

gation through the detector. The results from this dissertation hopefully will guide 

their computationally expensive experiments. Their approach is based on using the 

channelized-Hotelling observer. That approach avoids the estimation and inversion of 

large covariance matrices by using a small number of channels. This approach is taken 

even further in Li Ying Chen's research where she couples a forward model of a digital 

radiography system with an optimization routine based on the channelized-Hotelling 

detectability. 

An alternative would be to develop sparse-matrix techniques to compute the 

Hotelling observer for 2-D data. This T.UUU provide a way to verify the channelized-

Hotelling observer results. The sparse-matrLx techniques could also be generalized to 

deal with signals whose decomposition into channels is complicated, as is the case for 

tomographic data. 

More realistic modeling could also come in the form of structured backgrounds 
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that better model the tissue being imaged. It would be interesting to compare the 

results of the Hotelling observer which only uses the mean and the variance of the 

data with the ideal observer which uses higher moments. 

Underlying the previous suggestions is the idea that better modeling gets us closer 

to realistic clinical tasks. We showed that Fourier-based figures of merit did not always 

correlate with signal detectability, but how does the Hotelling detectability correlate 

with complicated clinical tasks? That question involves the human observer and 

her/his performance on complex tasks. We hope that efforts in improving the raw 

data will propagate to the clinical tasks. 

In optical tomography, questions regarding image quality axe wide open. The 

nonlinearity of the problem presents a formidable challenge in terms of generalizing 

what we understand from linear systems. One such challenge that has not been 

addressed is the dependence of our results on the absolute background values. In 

optical tomography 

g(6o-t-s)-g(6o) #g(s), (5.1) 

where g is the data, ho is the background and s is the signal. Partly because of this 

inequality, results at one background value may be different than at another. If we 

think of the background in the scattering parameter, the spatial detectability plots 

would look different in a high scattering medium than a low scattering medium. This 

issue also concerns the signal, it is unclear how the detectability of high-contrast 

signals relate to the low-contrast signals studied in this dissertation. 
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The method used for estimating the detectability for the lumpy backgrounds was 

based on Monte Carlo estimates of the Hotelling trace. Because we used simulations, 

we were able to generate as many samples as were needed to achieve convergence. In 

experiments, there are only a limited number of samples. A probability model for 

Monte Carlo estimates of the Hotelling trace would be a useful tool to develop for 

such cases. A challenge in that development is the noise propagation through the 

inverse of the noisy estimate of the covariance matrix. Such a result would also be 

applicable to linear systems. 

These are only some possible future directions. There is much work left to be 

done. This dissertation is a small contribution to the general effort of incorporating 

the objective assessment of image quality to the design of medical imaging systems. 
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6. APPENDIX A 

The PSMTF-DFT approach computes the presampling NEQ without the knowledge 

of the exact continuous presampling map. If we consider our model in the limit of an 

infinite detector with no electronic noise and ^ps(x) restricted to be bandlimited be

low half the sampling frequency, then gps{x) = gps{x). Sine interpolation under those 

circumstances is an invertible transformation between the data and its continuous 

presampling representation. Since SNR^{ideal) is invariant under invertible trans

formations, SNR'^{ideal) computed from the data is the same as the one computed 

before sampling; 

We quantify the errors incurred by these approximations by looking at the devia

tions between the PSMTF-DFT SNR and the ideal SNR. The largest deviations arise 

for small signals and small amounts of presampling blur. The errors are even larger 

when we include object variability as can be seen in chapter 3. 

blGlPSMTF^u) 
NPSdi,{u) 

(6.1) 
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7. APPENDIX B 

The SNR{ideal) in the discrete data could also be computed using the DPT. Just as in 

the case of Appendix A, the SNR can be computed using any invertible transformation 

of the data, so 

lDg.R KB'FT lDg.l = Pg.]'[DKP']-'lDg.| (7.1) 

= g.'D'[D'I-'K-'D-iDg, 

= gjK-'g.. 

The ideal SNR can be decomposed in terms of NPSdig and the off-diagonal elements 

of KDFT 

A/ i fn  1 |2  
SNR^ideal) = ̂  E MWgXn. 

m=l m=j m'=m 

(7.2) 

where Re{z} is the real part of 2. 

Taking the DFT of the image changes the basis on which SNR^ is computed and 

may turn out to be useful in some circumstances. The complications arise when one 

ignores the ofF-diagonal elements of KDFT and estimates the continuous representa

tion of the data before sampling. 
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8. APPENDIX C 

We consider a special case that illustrates a possible drawback of working in the 

Fourier domain. The intended advantage of working in the Fourier domain is a di

mensionality reduction of the covariance matrix of the data. If the DFT diagonalized 

the MxM data covariance matrix, then the M elements of the diagonal would fully 

describe KDFT- Let us consider the case where the background is flat and there is 

no presampling blur but with pixel-dependent gain (equivalently, a structured back

ground). In that case. Kg is given by 

where is the variance at the m"' pixel. The covariance matrix is diagonal in the 

pixel domain. If we apply the unitary DFT (D) to the data, then the covariance 

matrix for the DFT coefficients is 

gjuim' m  ̂ T T i m '  ? (8.1) 

[KDFT]kk> = [DKgD%k' (8.2) 

(8.3) 

We get a covariance matrix that is circulant in the DFT domain! 
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9. APPENDIX D 

The Hotelling observer maximizes SNRt among all linear observers. If the test 

statistic t is Gaussian then there is a monotonic transformation between SNRt and 

AUG [3,4]: 

AUCc(SNR,) = ^ + ^erf(j^y (9.1) 

where e r f { - )  is the error function. Fig. 9.1 shows a standardized histogram (with N  

= 2000 samples) of tuot with a //„ signal and lumpy background for the E data type. 

The histogram appears Gaussian, but we check the validity of Eqn. 9.1 by comparing 

it to the AUG obtained using the Mann-Whitney U-statistic statistic [47]: 

AUC,nv = 4 E E - '?)• (®'2) 
i=l J=1 

where tj is the value of the test statistic on the background with the signal present 

and value of the test statistic on the i"* background with the signal absent. We 

obtained AUCQ = 0-55 and AUCMW = 0.56. It seems that for this application, 

SNRfjot can be interpreted as a monotonic transformation of AUG. 
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FIGURE 9.1. Histogram of standardized Hotelling test statistic for lumpy background 
data of the E data type. 
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