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ABSTRACT 

Non-Uniform-Raiional-B-Spline (NURBS) surfaces were investigated as a tool 

for creating an incoherent uniform circular illuminance distribution on a target plane. 

Specifically, a superposition solution, employing faceted reflective surfaces was 

e.\plored. The primary shape of the facets investigated was square, in spherical polar 

coordinates, mainly due to tiling concerns, .^n optimization procedure was the primary 

method for determining the NURBS \ ariables for facet surfaces. For the case of a single 

square-facet that creates a uniform circular-illuminance distribution, a perfect solution 

using aim-ray defects proved difficult at best. However, the use of flu.\ tubes in 

evaluating the illuminance yielded a highly uniform distribution with a very nearly 

circular shape. Superposition surface-point interpolation NURBS surfaces, constructed 

with this type of facet, were found to provide an e.xcellent solution to the overall problem. 

Solutions of this type were shown to be more efficient than a standard algorithmic 

approach. NURBS surfaces provided excellent boundary control, and while often non-

critical in single-aperture systems, boundary control was found to be very important for 

faceted systems. The techniques de\eloped for creating uniform illuminance 

distributions with shapes different from the facet aperture were also applied to other 

problems; such as a square-facet to arcuate-illuminance pattern, and a circular-facet to a 

square-illuminance pattern. 
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1. INTRODUCTION 

The main concentration of this dissertation was the creation of a uniform, incoherent 

illuminance distribution, which is circular in shape. Also important was maximizing 

efficiency while creating this illuminance distribution. Single-surface, faceted reflectors, 

constructed by optimizing Non-Uniform-Rational-B-Spline (NURBS) surfaces, were the 

primary investigation tools. 

The introduction is broken into three sections. The first section provides a brief 

historical context for the design of reflectors for illumination. The next two sections 

explore two main approaches for reflector design in illumination problems—tailoring and 

superposition. 

1.1 Illumination background 

Illumination is by no means a new field. Our early ancestors understood the power of 

creating and controlling light. The exact date of the invention of the first lamp is lost in 

history, but it was certainly quite a while ago. For example, stone lamps were found 

along with the Lascaux cave paintings, which have been dated to approximately 15,000 

years ago [1-1]. Parabolic and spherical mirrors were left by the Olmec people of the 

present-day Mexican state of Tabasco sometime between 1100 B.C.E. and 600 B.C.E. 

These mirrors were made from obsidian and have been demonstrated to be capable of 

starting fires [1-2]. Another illumination application of the ancient world was the 

lighthouse. The first regularly operated lighthouse is described by Lesches around 660 

B.C.E. It guided ships to Troy and the surrounding areas. Later, the well-known 
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lighthouse. Pharos of Alexandria, was constructed in 261 B.C.E. It was 450 feet high and 

known as one of the seven wonders of the ancient world [1-3]. Illumination also had its 

military uses. For instance, the Greek historian Polybius in his work Histories X, from 

the 2"'' century B.C.E., describes a somewhat elaborate scheme for military signaling 

using torches that are made visible by using an A-frame to raise them above a wooden 

screen [1-4]. The Greeks were also aware of the basic law of reflection by 300 B.C.E [1-

5]. 

Medieval miners experimented with different torch technologies. When they 

discovered that open flames could often cause explosions in the mines (at least by 1621 

C.E.), they considered some creative alternatives. A system of mirrors to bring sunlight 

into the mine, a glowing moss, and fireflies in ajar are some examples [1-6]. Another 

interesting device, dating back to at least the 16''* century C.E., is the water lens. Often 

referred to as the "lacemaker's condenser", the standard setup includes four spherical 

containers of water that are positioned around a candle so that four beams are formed. 

Four lacemakers would then work simultaneously [1-7]. 

The first use of reflectors to create a desired beam or illuminance distribution is 

somewhat more ambiguous. Lampshades have been around for some time, though one 

could argue that they block or diffuse light rather than "re-shape" the source distribution. 

One beam-forming device came with the advent of the Argand lamp in 1780. It was a 

parabolic reflector in conjunction with an Argand lamp designed for lighthouses, and 

formed much brighter beams than previously achieved [1-8], The automobile brought on 

the first ("Hella") headlamp in 1908, which included a parabolic reflector and an 
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acetylene source [1-9]. Thomas Edison's famous electric lamp, invented in 1879, made 

all types of lighting much more ubiquitous, and as Cox notes: 

By the mid 1930s, the use of reflectors with lamps to increase the amount of 
light cast in a given direction was well established [I-10]. 

Even though these reflective optical surfaces are now found in the bulk of 

illumination systems, the distinct field of reflector design for illumination has emerged 

relatively recently. The Optical Design of Reflectors, written by W. B. Elmer in 1974, is 

considered by many to be the primary source on this topic [1-11]. Another important 

book. High Collection Non-Imaging Optics [1-12], by Winston and Welford, appeared in 

1989, and further promoted interest in this area. As Garcia mentions in his dissertation 

[1-13], much of modem illumination engineering has its origins in these two works. 

Furthermore, Elmer's book is concerned with systems designed to produce a certain 

target distribution, e.g. lighting a street comer, while Winston and Welford are primarily 

concerned with maximum energy transfer—specifically solar concentrator design. These 

problems of maximum energy transfer and creating a specific target pattern are 

essentially the extreme cases of any illumination design problem. Frequently, real life 

systems have requirements in both areas. One important case involving both 

requirements is the task of creating a uniform illuminance distribution while maximizing 

the energy transfer [1-14]. Designing this type of system, using a superposition solution 

consisting of NURBS surfaces, is the primary focus of this dissertation. 

There are two primary techniques for designing reflector systems such as the one 

mentioned above. One is known as tailoring, and the other will be referred to here as 
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superposition. (It has also been referred to as "multiphase" or "hybrid".) Most systems 

involving uniform distributions are achieved by using one of these methods or a 

combination of both [1-15]. 

1.2 Tailoring 

Tailoring is the process of constructing a reflector in such a way that it uniquely 

maps each portion of the source (input) distribution to the desired target (output) 

distribution. This approach generally involves solving differential or integral 

equations—sometimes analytically, but more often numerically. Constructing reflectors 

for point and line sources in this way has been investigated [1-16], [1-17], [1-18]. In 

addition, the refractive version of this type of system has been explored. See, for 

instance, [1-19] and [1-20], Tailoring with extended sources using edge rays (i.e. tangent 

to the source) has also been investigated by a number of people. See, for example, [1-21] 

through [1-24]. Finally, it should be noted again that the systems designed in this 

dissertation assume incoherent illumination, or large P systems, in laser beam shaping 

terminology. (See [1-33], for instance, for the definition of p.) 

The main limitations of the tailoring approach are: it does not work for 3D 

extended sources (other than 2D extrusions), source characteristics must be well known, 

and source placement must also be well known. Below, a couple of simple tailoring 

examples that have analytical solutions are considered. 

For the case of an isotropic point source in 2D, using polar coordinates, one can 

tailor a reflector so that the source intensity (Lumens/steradian) at each angular location 
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maps to a unique portion of the output distribution. The simplest target output 

distribution in this case is uniform system intensity over some angular range. Another 

name for the system intensity is "far-field" angular distribution. The assumption is that 

the viewer is far enough away from the source and reflector that both together appear to 

be a point source. (For a good explanation of illuminance terms and units, see for 

instance. Palmer's chapter in the Handbook of Optics [1-25].) One of Elmer's 

contributions is the now-famous "Elmer Equation". It provides an analytical solution for 

the 2D tailoring problem described above. The equation is [1-26]: 

Where r is the radial distance from the source to the reflector, f is r at a =0, a is the angle 

locating a point on the reflector, and P is the angle describing a portion of the system 

intens i ty .  The bas ic  geometry  i s  shown in  Figure  1 .1 .  

Figure 1.1. 2D tailoring of point source intensity to output intensity distribution, a is the angle 

locating a position on the reflector, and P is the angle of the system intensity. 

E-1.1 

Reflector 
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One elegant example of this type of 2D system maps the unifomi, 360° intensity 

of a point source into a uniform, 90° output (i.e. system) intensity. Lemer solves this 

particular case (known as the 4:1 condensing reflector) in his dissertation [1-27], and here 

only the answer is considered. The reflector, in this case, covers 270°, and the forward 

90° radiates directly from the source. The reflector maps the rest of the source 

a 
distribution into the same 90°. The result is that for all a, ^ = J' ̂ nd then E-1.1 may be 

integrated to give; 

r = / 
[cos(a/3)] 

E-1.2 

E-1.2 can then be used to generate the 2D reflector. Figure 1.2 shows the reflector curve 

with some traced rays, as well as the output intensity distribution modeled in LightTools* 

[1-28]. (All subsequent modeling is done in LightTools* unless otherwise noted.) The 

output intensity is uniform over a 90° range, as anticipated. 

Output Intensity vs. Angle 

0.0003 -

0.0002 -

30.0 60.0 90.0 120.0 150.0 Acianith, dcg 
Figure 12, 2D, 4 to 1 reflector solution using Elmer equation. Left: reflector system with rays. Ripht: 
output intensity distribution—uniform over 90 degrees. 
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One might think that once the 2D curve is constructed, rotating it in the azimuthal 

direction would be enough to construct the 3D, rotationally-symmetric version of the 

same system. This, however, is not the case. In order to obtain the 3D case, one must 

consider solid angle rather than radial angle. It turns out that Elmer's equation (E-1.1) 

can be extended to the 3D case by defining P in terms of the solid angle ratio between 

Qj^ and co^, the solid angles defined by a and ^, respectively. First of ail, the boundary 

angles for a and P are 135° and 90°, respectively. Furthermore, the solid angle of a 

cone, defined in terms of radial angle is just: 

With these two pieces of information, the ratio of the boundary solid angles, and hence 

the ratio of the solid angles for all a, can be calculated. If this ratio is defined as the 

constant qj^ , then: 

Solid Angle^ =0)^= 2;r(l — cos^) 

Then, dividing the two cy equations and rearranging gives: 

P - arccos[l -0)^-^0)^ cos a\ 
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Which can be plugged directly into Elmer's equation: 

a - arccos[l -(Oq-\-(Oq COS a] 
da E-u 

E-l J has an analytical (although not very elegant) solution, which can be readily found 

with a little help from Mathematica®: 

r • f Ejv 7»«I  ifflb 1 -

Be[ ltcT«ak[ 
CM[a] E-1.4 

VT cm[£] j — 
tBrcT«i[— ^ —] V-wh ./sim[^] % (2 « ) •«)) -

V - *  V 2 *  ( - l *CM[a])ab * ' 

2Loe[V7co8[y] Veo • Vi77^r7tos[al)^l«6" .^Ja*[^J^b(8V7-l«XosIiil7eb) j 

(•b VJ • (-l4.C«w[a])iti I] 

E-1.4 can then be used to generate a new reflector curve. Figure 1.3 (top left) shows a 

comparison between the 2D (angle mapping) curve and the 3D (solid angle mapping) 

curve derived above. The graph on the top right shows a radial slice of the output 

intensity for both the (rotated) angle mapping curve and the solid angle mapping curve. 

Rotating the 2D curve to produce a surface does not give uniform intensity, while the 

solid angle solution surface does give uniform intensity for a 90° (full-angle) cone. 

The two above cases represent the simplest types of tailoring systems—i.e. 

isotropic point sources and uniform system intensity as the target distribution. When 

other factors come into play, e.g.: target illuminance distribution rather than intensity, 3D 
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non-symmetric reflectors, or extended sources, the equations are less likely to be 

analytically solvable. At that point, one can use numerical algorithmic approaches. Ries 

et al, for instance have recently developed an algorithmic method for tailoring a 

(refi^tive) surface that maps a point source to a highly sophisticated illuminance 

distribution [1-20]. As this dissertation shows later on, optimization of surface variables 

has also proven to be a powerful technique for creating certain illuminance distributions 

from a point source. 

Output Intansity Vs. Radial 
Angle For 3D Cas* 

Angle Mapping Curve 0.8 

0.6 

Solid Angle Mapping Cun f ° ̂  ^^AngMft^pping Solution 

40 

Angle Mapping | ^ 
Surface ^ 

Figure 1.3. 4 to I reflector solution—3D case. Top Left: Comparison of 2D curve and solid angle 
curve. TOP Riyht: output intensity distribution—solid angle curve is uniform over 90 degrees. Below: 
solid angle mapping surface 
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U Superposition 

The second basic approach for designing reflectors for uniform illumination is 

superposition. In this approach, the reflector surface is constructed from multiple smaller 

surfaces, or facets. These facets are often discontinuous—at least in 1" derivative—^and 

each one gives a unique mapping of a portion of the input distribution to a portion of the 

output pattern. For most cases considered here, each facet will map to the entire output 

pattern. (Elmer has referred to this case as "homogenous" [1-29].) The total output 

distribution is comprised of the summation of all the individual facet distributions. The 

laser beam shaping community has given some attention to superposition solutions 

(sometimes called wedge arrays or multi-aperture beam integrators) for creating a 

specific beam profile. See for instance, [1-30] through [1-34]. 

Interestingly, given the present ubiquity of non-imaging faceted reflectors systems 

in lighting applications, comparatively little has been published specifically on their 

design. There are some references found in the patent literature. Other references are 

found, for instance, in headlamp design [1-35]. Additionally, Elmer offers some 

comments about the design of "multiphase" reflectors [1-36]. David provides an 

explanation of how to create a uniform illuminance distribution by "smearing" planar 

facets [1-37]. A standard algorithmic approach for designing faceted reflectors for 

uniform illumination applications is presented in [1-38]. (This approach will serve as a 

baseline for designs developed later in this dissertation.) 

One advantage of the superposition approach is that it allows a uniform 

distribution to be created with a more general extended source than in the tailoring 
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approach. Also, source characteristics and placement are less critical, which makes 

faceted systems more manufacturable. The main drawback is that energy is generally 

sacrificed for the sake of creating the uniform distribution. 

Since faceted systems designed for a uniform circular illuminance distribution are 

the main focus in this work, a simple 2D faceted system is considered here as an 

example. This particular system uses five 10°-degree facets (polar coordinates centered 

at the source) to create a uniform illuminance distribution using a point source. Figure 

1.4 (left) shows how each facet maps a portion of the source intensity distribution to the 

entire target. Figure 1.4 (right) shows rays traced for the entire system, along with the 

(2D) illuminance in the target plane. The illuminance distribution is uniform. This type 

of system is simple enough (i.e. point source, 2D), that each facet has a readily 

numerically determined tailoring solution. Optimization of NURBS curves also works 

well for generating the solution. 

As might be expected, the above simple system also has a continuous tailoring 

solution. In other words, one curve can be constructed from 60°-110° that produces a 

uniform illuminance distribution using tailoring. This solution is shown in Figure 1.5. 

Note, that the source distiibution is uniquely mapped to the ou^ut illuminance 

distribution. Also, the solution is divergent just as the individual facets are in Figure 1.4. 



Entire System 

llluminanot «&Targ«t PoMien 

Target Illuminance From Entire System 

Figure 1.4. S. 2D-facet superposition system. Each facet maps to the whole target, and the individual 
patterns add up to form the uniform illuminance distribution. 
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Figure 1.5. Continuous tailoring solution for same system as in figure 1.4. The reflector maps each 
portion of the source uniquely to a uniform illuminance distribution. 

As mentioned above, one reason for choosing a superposition solution over a 

tailoring solution is source placement tolerance. Using the two solutions above, this can 

be understand more fully. Figure 1.6 shows what happens to the illuminance distribution 

for both systems as the source is displaced along the optical axis—i.e. horizontally 

towards the target. (The illuminance is plotted for source displacements of 0 through 0.7 

units, and the total starting distance from source to target is ~100 units.) The left graph 

has the results for the tailoring solution. Notice, that the source displacement; shifts, 

expands, and deforms the top of the illuminance distribution. By the time the source is 

shifted 0.7 units, the illuminance distribution is very different from the 0-displacement 

case. For the superposition solution (right graph), the illuminance distribution is shifted 

as the source displacement increases, however, the shape of the distribution is not nearly 

as affected as in the tailoring case. In other words, the distribution is basically uniform 
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even if the source is slightly misaligned. If one is trying to design a uniform illuminance 

system, this is usually a much more desirable result than observed in the tailoring system. 

Illimano* vi> Poilian-Tallaftng 

Figure 1.6. Effect of increasing source displacement along optical axis. Superposition system remains 
pretty uniform, while the tailoring solution does not. 

Now, a 3D example is considered. As mentioned above, the algorithmic approach 

of [1-38] will be used as a baseline for creating a uniform illuminance distribution 

through superposition. Figure 1.7, left, shows such a reflector designed for use with a 

cylindrical source oriented along the optical axis. (The details of the construction are 

considered more fully in chapter 6.) Figure 1.7, right, shows that the illuminance 

distribution is uniform over a central circular region, and then has a fall-off region at the 

edge. The energy outside the central uniform zone is wasted, and that portion of the 

energy is sacrificed for the sake of creating uniformity. 
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• He* yttC* 

Figure 1.7. 3D superposition example. Left: superposition reflector with cyhndrical source along-optical axis. 
Right: iliuminance distnbution on target plane. Energy loss in tails is traded for uniformity in desired region. 

Another thing to notice in Figure 1.7 is that the facets are "square". In this 

context, square means that the edges of each facet are lines of constant 6 or ((), in spherical 

polar coordinates. This type of facet is roughly square (or trapezoidal) in perimeter 

shape. Furthermore, the reflector designed here consists of planar surface facets, and 

they all fit together without spaces along the boundaries. In other words, they tile well— 

a general characteristic of square facets. Finally, note that while the facets are continuous, 

the 1® derivatives across the boundaries between adjacent facets are not. 

In this chapter, reflectors for illumination, and in particular tailoring and 

superposition have been examined. In chapter two, some different surface types for use 

in designing facets are explored. 
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2. SURFACE OVERVIEW 

For this work, a facet-by-facet design approach is the preferred method of 

constructing a given system. In chapter two, some surface types that could be used in 

constructing facets are explored. The first section considers some traditional, analytic 

surfaces, and the second explores some empiric surface construction possibilities. 

2.1 Analytically defined surfaces 

Optical surfaces are commonly defined analytically. Here we will consider only 

explicit, analytically defined surfaces. In other words, out of three possible spatial 

variables, one will be a unique function of the other two. For instance, z = F(x,y). 

Implicit analytically defined surfaces, e.g. F(x,y,z)=0, have also been investigated [2-1 ]. 

Plane 

One simple analytic surface is the plane. Mathematically, it can be expressed as: 

z = A + Bx + Cy (where: A, B,C are constants) 

They may be simple, but plane surfaces are common in faceted reflector design. A nice 

property of planes is that intersections with rays are easily calculated. Planes are also 

useful for "trimming" a surface. Reference [2-2] illustrates how planes may be used to 

create facets with different boundary shapes. For instance, roughly hexagonal elements 

can be constructed. Planes are also specified by relatively few variables. Three points is 

one unique definition. Another, perhaps more common definition in reflector design, is 
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one point and a normal vector. When multiple planes define facets, the facet borders 

change if an adjacent plane is tilted or moved. 

Another common optical surface is the conic. One robust mathematical 

expression for a conic is [2-3]: 

Where r" = x" h-j", c is the base surface curvature, and k is the conic-constant. As k is 

varied from - «> to + », the conic curve becomes the well-known sphere (k=0), parabola 

(k=-l), hyperbola (k<-l), and ellipse (otherwise). For a more extensive explanation, 

consult [2-3], for instance. This type of surface is also specified with relatively few 

variables. The curvature, c, k, a point on the ellipse (usually the vertex), and a normal 

vector are all that is required (barring boundary concerns). Conies also allow non-

iterative ray tracing procedures [2-4], As with other analytical surfaces, boundary control 

can be problematic. Figure 2.1 shows an example of why this is the case. Figure 2.1, 

left, shows four identical conic surfaces that have difTerent vertex locations. Four 

boundary curves are formed among the facets. In Figure 2.1, right, the conic constant, k, 

of surface one is changed. This causes the boundaries between 1-2 and I-4 to shift, and 

Conic 

cr 2 

z - E-2.1 
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creates a new boundary between 2-4. Shifting boundaries can cause difficulties during a 

facet-by-facet design process since a change in one facet affects other facets as well. 

1 1 

Figure 2.1. Boundaries of 4 conic surfaces. Left: four identical conic surfaces intersect forming 
boundary curves. Right: conic constant of surface I is changed, boundary curves change 

The conic surface has also been extended with the addition of polynomial terms. 

Two variations of this are the polynomial asphere and the odd-polynomial asphere. Both 

of these add terms with increasing powers in r. Since, as with the standard conic, these 

surfaces are both circularly symmetric—and the problem at hand will require non-

symmetric surfaces—^they are not considered here. (Reference [2-3] gives definitions for 

these as well for the interested reader.) Another type of surface extended from the conic 

is known as the anamorphic asphere. However, the anamorphic asphere surface is not a 

generally non-symmetric surface either. For instance, the LightTools® help directory 

says: 

The anamorphic asphere surface shape allows a surface which has 
different 20th order aspheric shapes in the Y-Z and X-Z planes, but are 
still bilaterally symmetric in each plane. It is not a true general non-
symmetric surface shape. [2-5] 
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XY Polynomial 

One extension of the conic surface that does provide a generally non-symmetric 

surface is known as the XY Polynomial surface. It is defined as [2-6]; 

Where c, r, and k, are defined as in E-2.1, and the Aj are constants with index 

j=[(m+n)'+m+3n]/2+l. Although this specification allows non-symmetric surfaces, this 

type of surface does require an iterative approach to perform ray tracing [2-4]. Also, 

more variables are needed to specify the surface, and while c and k may be somewhat 

intuitive variables to work with, polynomial coefficients usually are not. As with all of 

the other analytic surface, boundary control must also be considered when making facets. 

"g-B" Polvnomial 

A variation on the above surface is referred to here as the a-p polynomial. 

Essentially, it is a base conic plus polynomial terms rewritten in terms of horizontal and 

vertical angles. If a z-axis offset, zo, is included as well, the base conic can be written as; 

E-2.2 

r = 
Vl+cot* 0 ((1+c(l + A^)ZO) cot 0 - CZq (2 -I- c(l + ̂ )ZG) + cot • 0) 

c(l + (l + /t)cot^0) 

where: 0 = ,r  = -^x'  +y' +z^ , a n d 0  < 0  <  1 8 0 °  
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(The base conic in e-23 is rotationally symmetric and only a function of the radial angle 

in spherical polar coordinates, i.e.6.) Next, a-^ polynomial terms can be added to give: 

N 

r(a, P) = ConicSurface{a, ^ Aja'"P" e-2.4 
7=2 

Again, c is the curvature, k is the conic constant, a and P are the horizontal and vertical 

angles looking from the origin out along the z-axis, respectively, and the Aj are constants 

with index j=[(m+n)^+m+3n]/2+l. ConicSurface(a,P ) refers to E-2J. 

At first glance, the a-p polynomial surface looks a bit complex and unwieldy, 

even compared to e-2.2. When used in the analytical form above, it also requires 

iteration to perform ray tracing, and has the usual boundary issues. However, when re-

specified as a NURBS surface, it can be ray traced without iteration, in certain situations, 

using CS mode (Appendix B), and the angular extents can be controlled. Figure 2.2 

shows an example that uses the a-P polynomial to create an elliptical reflecting surface. 

The directions of a and P are indicated, and the zero values for both angles occur on the 

z-axis. This surface is revisited in chapters 8 and 9. 
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Figure 2 J. polynomial surface is used to create an elliptical reflector, a and ^ are horizontal and 
vertical angles as indicated. 

2.2 Empirically-defined Surfaces 

A different approach to specifying surfaces is to define them empirically. 

Essentially, empirical definition means that portions of a surface, i.e. curves or points, are 

defined by the user, and then a surface is constructed between these portions in a 

controlled manner. 

Empiric surfaces have different advantages and disadvantages fi^om analytic 

surfaces when the objective is to create a faceted optical surface. One nice thing about 

empiric surfaces is boundary control. Such surfaces can be made to conform loosely or 

exactly to boundary curves. Another preferred quality is intuitive variable control. Since 

the variables relate directly to points on the surface, they are often easier to understand 

than polynomial coefficients, for example. This type of surface also is lends itself easily 
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to global coordinate systems, whereas analytical surfaces often must be translated and 

rotated after being constructed. For example, spherical polar coordinates are often 

desirable for faceted systems, and empirical surfaces work well in global coordinates for 

such systems. 

Empirical surfaces are not without problems. For instance, creating a traditional 

optical surface—e.g. an empirical elliptical starting point—is sometimes complicated. 

Perhaps the biggest problem is making sure that the surface behavior between the 

interpolated points or curves is desirable. (Chapter 3 will consider this type of issue in 

more detail.) 

There are a great variety of empirical surface construction techniques. Below 

three common types are briefly considered. They are: surface-point interpolation, swept, 

and skinned surfaces. This section concludes by introducing NURBS as a flexible 

mathematical representation for these surfaces. 

Surface-point interpolation 

The simplest empirical construction (used extensively throughout this work) is to 

specify points and then interpolate a surface connecting them. This surface construction 

is easier to work with than many analytical surfaces since it has intuitive variables, as 

mentioned above. Typically, the user specifies some other attributes such as surface 

degree in two orthogonal directions and the level of continuity across interpolation 

points. The interpolation process, specifically the interpolation of points, will be covered 
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more fully in chapter three and appendix A. Figure 2.3 shows and example of a surface 

interpolated through a set of points. 

Fisure 2.3. Empirical surface created by interpolating a surface through a set of points. 

Another useful property of defining surfaces by sampling a set of points is "re

sampling". Since the surface is defined by a set of points, variables are easily 

restructured. For instance, if more points are required, a new set of variable points can be 

found by tracing rays to the surface and using the intersections as a new set of surface 

points. Figure 2.4 shows how the variables may be increased during an optimization 

process. 

Swept Surface 

Another common empiric surface is known as the swept surface. This type of 

surface is created by sweeping one (sweep) curve along another (path) curve. This fairly 

simple concept can be used to create some rather complex surfaces with relatively little 
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effort Figure 2.5a shows a curve that is rotated around a circular path to create a surface. 

2.5b is a shifted parabolic curve rotated about an elliptical path the makes a surface 

(actually, an elliptical compound parabolic concentrator—CPC), and 2.5c is a closed 

circular curve that is swept along a helical path to form a helical tube or spring. 

Typically, the sweep curve has some specified degree, and so does the path curve. 

Optimize 3x3-point-defined surface Trace rays to find intersections on surface, create 
new 5x5-point-defined surface 

Figure 2.4. Empirical surface-point interpolation surface, before Oeft) and after (right) increasing 
variables by tracing rays. 

Skinned Surface 

A third type of empiric surface is the skinned surface. It is somewhat similar to 

the swept surface, except that the surface is constructed by interpolating between a series 

of specified curves, rather than by sweeping a single curve. The interpolation between 

the curves can be controlled in different ways. Figure 2.6 shows a couple of examples of 

this type of surface. 2.6a is a "triangular" (facet) created by skinning a series of curves. 

2.6b shows a balloon-like surface created by skinning between curves. 



Figure 2.5. Swept empirical surfaces, a) circular path curve, b) elliptical path curve, c) helical path 
curve 

Figure 2.6. Sidnned empirical surfaces, a)" triangular" skin surface, b) balloon-like skin surface 
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NURBS 

Empiric surfaces, as seen above, offer a versatile surface definition capability. In 

this dissertation, their use is considered for describing faceted reflector surfaces. Up to 

this point, only possible construction £^proaches for empirical surfaces have been 

explored. Without an underlying mathematical formalism for constructing the 

interpolating surfaces between the specified points and curves, this exercise is merely 

academic. As it turns out, there is a very powerful generalized type of surface 

representation that can be used (and was used) to create all the empirical surfaces 

described above. It is known as the Non-Uniform-Rational-B-Spline, or NURBS, 

surface. What these surfaces are, and how they are useful is the topic of the next chapter. 
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3. KEY NURBS CONCEPTS 

Non-Uniform-Rational-B-Splines (NURBS) provide a flexible means of general, 

non-analytic, surface representation. Many books have been written on this subject, and 

for the purposes of this work, the author assumes that the reader has some familiarity 

with Bezier and NURBS topics. Rockwood and Chambers [3-1], for example, provide an 

excellent introduction to NURBS in their book and accompanying software, and Farin's 

book [3-2] gives a much more thorough treatment of these topics. Additionally, in this 

work, much of the notation follows Piegl and Tiller's, The NURBS Book [3-3]. 

In this chapter, section 3.1 explores some important two-dimensional properties of 

Bezier/'NURBS curves, as well as the NURBS surface definition. Section 3.2 is a 

discussion of different ways to control the NURBS surfaces. Finally, since interpolation, 

in the sense of curve and surface fitting, is the primary method of creating and controlling 

NURBS used in this work, section 3.3 considers aspects of the interpolation process more 

thoroughly. 

3.1 Definitions 

Parametric Functions 

Explicit analytic functions give an output value for a given set of input values. 

For instance, the function: y = F(x). A curve may be created by plotting points (x,y) 

over a given range of the input variable x. A parametric expression of the same curve 
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would have an equation for each coordinate separately over a common parameter value. 

For example: x = X(t); y = Y(t); where the parameter t varies over some specified range. 

Bezier Curve 

Bezier curves predate the NURBS formalism of which they are a special case. 

The non-rational Bezier curve is given by [3-4]: 

= E-3.1 
/=o 

where: 5,„(M) = ——— 
e . {n -i)\  

C(u) is a vectorial expression of three parametric equations that locate curve points in 

space, fi,„(w)are the Bernstein polynomials,^ are the control points, u is the parameter, 

n is the Bernstein polynomial degree, and n+1 is the total number of control points. 

Figure 3.1 is an example of a 2"^ degree, non-rational Bezier curve. The first and 

last control points (and P,) are coincident with the curve. Also, the Bezier curve is 

tangent to the control polygon—formed by connecting the control points linearly—at 

those two control points. Furthermore, the second degree case expands in the following 

way: 

C(i/) = 2] = (1 -  u)'  P„ + 2u(l -u)P,+u'P, 
1=0 
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Observe that this expansion gives three parametric equations in u: Cx(u), Cy(u), and 

Cz(u)—as expected. (Note, non-cartesian coordinates and higher dimensions are also 

allowed in the mathematics.) For the non-rational case, each of these equations is a 

polynomial in parameter u. For the n=2 case, each parametric equation is a 2™* degree 

polynomial. 

Figure 3.1. 2"^ degree, non-rational, Bezier curve example. Circles indicate the position of control 
points, PO through P2. 

Rational Bezier Curve 

It is well known that polynomials cannot represent certain curves and surfaces 

exactly. Among these are: ellipses, hyperbolas, circles, spheres, and cones [3-6]. In fact, 

the only conic that a polynomial can create exactly is the parabola. A more general 

expression of the Bezier curve, known as the rational Bezier curve allows an exact 

representation of conics. This form of the Bezier curve is written as [3-7]: 

CONTROL POLYGON P2 

PI BEZIER CURVE 

PO 

n 

C ( u )  =  
n E-3.2 
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E-3.2 is said to be "rational" since the equations are expressed as the ratio of one 

polynomial divided by another. Note also, that each control point now has a weighting 

factor, vf,, associated with it When all of these weighting factors are equal to unity, 

equation E-3.2 reduces to E-3.1. Intuitively, the effect of increasing the weighting 

factors is to "pull" the curve towards the associated control point. Figure 3.2 shows a 2"̂  

degree, rational Bezier curve used to create an exactly elliptical curve. In this case, the 

weighting factors for and P, are unity, and the weighting factor for is 0.9775. 

Rays drawn from the first focus intersect at the second focus as anticipated. As a final 

note, in his dissertation, Garcia [3-9] derives the direct mathematical relationship 

between the conic sag equation and wl—the weighting factor associated with PI—^for 

the 2"'' degree rational Bezier case. 

P2 

PO 

Figure 3J. 2'"' degree, rational Bezier curve used to make an exact ellipse. Circles indicate the 
position of control points, PO through P2, and rays reflected from the first focus intersect at the second 
focus. 
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NURBS Curve 

The main conceptual difference between NURBS curves and the Bezier curves 

described above is segmentation. Essentially, the NURBS curve can be thought of as a 

collection of Bezier curves that are joined together at "break points". The degree of 

continuity across each of the break points is determined by the knot vector. This type of 

curve is much more flexible than the standard Bezier. A compact expression of the 

general NURBS curve is [3-8]: 

Z J V , , ^  

= E-3J 

/=0 

Where: are the B-Spline Basis Functions, p is the Basis Function degree, and the 

other variables are similar to the Bezier curve defmitions above. For a "clamped" 

NURBS curve, the control points are coincident with the curve at the first and last points 

just as in the Bezier case. In addition, the control polygon is tangent to the NURBS curve 

at the first and last points. E-3.3 shows the more general, or rational, case. If all the w- s 

are set to 1, then the denominator in E-3J goes to unity, and the NURBS curve is said to 

be non-rational—similar to the Bezier situation. The B-Spline Basis Functions, 

can be thought of as a set of unit step fiincitons that turn on and off for different 

parameter values. (Appendix A covers this in greater detail.) A final important thing to 
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note is that the user must ultimately specify: the control points and weights, the degree of 

the curve, and the knot vector associated with the curve, in order to create the curve. 

Knot Vector 

As mentioned above, the general NURBS curve is composed of a number of 

curve segments, which have varying degrees of continuity where the segments meet. 

(Bezier curves, in this context, are the subset of NURBS curves having only one curve 

segment.) The knot vector previously referred to is a list of parameter values, i.e. a set of 

u-values, which specifies where the curve segment endpoints are located in parameter 

space. The total number of knots in the knot vector is given by: p+n+2, where p is the 

degree, and n+1 is the number of control points. For the clamped case (essentially all the 

curves and surfaces used in this work will be of this type), the first p+1 knots are 0, and 

the last p+1 knots are 1. This has the effect of forcing the curve to be coincident with the 

first and last control points as mentioned above. An important thing to note is that 

clamped curves require at least 2(p+l) knots, which implies p+n+2 >= 2(p+l). This, in 

turn, implies that n+1 >= p+1, i.e. there must be at least p+1 control points for a curve of 

degree p. (n = p is the Bezier case.) Values for the knots between the ends of the 

sequence (i.e. when n>p) are chosen based on the desired curve characteristics. A 

common way to set these 'internal' knots is to space them uniformly, i.e. equally, 

throughout the parameter space. However, in certain situations it is useful to set the 

values more carefully. An important point is that each time a knot is repeated, the degree 

of continuity between adjacent curve segments at that knot is reduced by one. 
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2nd Order NURBS Curve 

— NURBS Cirve 
•m- Conirei Potygon 

O Knots 

xposWon 

(a) 
Uniform knot spacing 

knot vector: 
(0,0,0,1/3^/3,1,1,1) 

2nd Order NURBS Curve 

— NURBS Cifve 
Control Polygon 

O Knots 

xposMon 

(b) 
Repeated knot 

loiot vector: 
(0,0,0,1/2,1/2,1,1,1) 

2nd Order NURBS Curve 

— NURBS Cifve 
Conliol Polygon 

O Knots 

xpotWon 

(C) 

Spread out knots 
knot vector: 

(0,0,0,1/8,7/8,1,1,1) 

Figure 3 J. Three 2nd degree NURBS curves with same control points and unity weights, a) Uniform 
knot spacing, b) Repeated knot, c) Inner knots are spread out. 
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In order, to clarify some of these concepts, an example of a 2"^ degree NURBS 

curve with 5 control points is presented in Figure 3.3. Three such NURBS curves with 

the same control point locations, and unity weighting factors, are pictured. The only 

difference from curve to curve is the knot vector. Figure 3.3a shows the uniform spacing 

case. The knot vector in this situation is (0,0,0,1/3,2/3,1,1,1). Note, that there are p+l=3 

knots that equal zero, and p+l=3 knots that equal unity. The total number of knots must 

be p+n+2=8. This means that there are two "internal" knots left to be specified. In other 

words, there will be three curve segments if the knots are not repeated. For the uniform 

spacing case, the internal knots are set to u=l/3 and u=2/3, so that the three curve 

segments each have equal length in parameter space. (In all of Figure 3.3, control points 

are dark squares and knot locations are pictured as open circles.) An important point is 

that curve segments have continuity of p-1 without repeating knots. In Figure 3.3a, this 

means that the slope (l®* derivative) is continuous across the internal break points, but not 

the curvature (2"'' derivative). 

Figure 3.3b shows the effect of repeating internal knots. Both internal knots are 

now located at u=l/2, so the knot vector is: (0,0,0,1/2,2/2,1,1,1). As mentioned above, 

since the knot is repeated, the degree of continuity is reduced by one. This means that 

while the curve is continuous ("0'*' derivative") at the break point, the slope across the 

break point (l®* derivative) is not. Another thing to notice is that there are now only two 

curve segments. This type of slope discontinuity is useful for turning sharp comers or 

when constructing a single surface from an array of smaller elements (e.g. facets). 
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Finally, Figure 3.3c shows a non-uniform spacing of the two internal knots where 

the central segment corresponds to a larger portion of the parameter space. For this case, 

the knot vector is (0,0,0,1/8,7/8,1,1,1). Intuitively, the effect is that the break points are 

pushed closer to the ends of the curve. 

For a deeper appreciation of what happens as the weights, control point locations, 

and knot vector change, the author recommends the numerous examples found in Piegl 

and Tiller [3-3], 

NURBS Surface 

The mathematics of the NURBS curve can be extended to a NURBS surface. A 

compact mathematical form for this is [3-10]: 

S{u,v)= where 0<M,V<1 E-3.4 

1=0 y=o 

First of all, there are still three parametric equations locating a point in space on the 

surface. These equations are now a f\mction of two parameters, u and v. Also, the 

control points now form a logically (but not necessarily spatially) rectangular mesh of 

points, sometimes referred to as the control mesh, with indexes i and j. In addition, the 

degree may be different in the u and v directions (p and q, respectively in E-3.2), and 

there are now two knot vectors—one associated with each parameter. In order to specify 
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the surface, the user must determine the control mesh, weights, u and v degrees, and u 

and V knot vectors. Examples of these surfaces will follow throughout this work. 

3.2 Control methods for generating surfaces 

There are different methods for manipulating NURBS surfaces (and curves) in 

practice. Three basic types of control methods are: 1) direct manipulation of the control-

point mesh, weights, degree and knot vector, 2) manipulation of points (or curves) on the 

surface and then interpolating them to form a NURBS surface, and 3) manipulate an 

analitical base surface, sample the surface, and interpolate to create a NURBS surface. 

Figure 3.4 shows how the three control methods work. 

For the purposes of this work, method (2)—i.e. interpolation—is the primary 

focus. In this context, interpolation means fitting a set of data points with a curve or 

surface in such a way that the all data points are coincident with that curve or surface. 

Additionally, interpolation here refers specifically to the construction of a NURBS curve 

or surface. 

Direct manipulation (Figure 3.4, top) allows the most exact use of the surface— 

primarily due to the access to the weighting factors. Most interpolation routines (method 

2) do not include the specification of weighting factors, i.e. they produce non-rational 

NURBS, and as already seen, some shapes cannont be represented exactly with non-

rational NURBS. Also, direct manipulation requires no mathematics above and beyond 

the NURBS specification. The main drawback is that finding the control point mesh, 

weights, and knot vectors for a starting point is not very intuitive. Also, manipulating 
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control points during an optimization process is not only less intutive than surface points 

or curves, but more care must be taken to ensure stability. 

Direct 
Manipulation 

Control mesh is 
manipulated by user Surface is constructed 

Interpolation of 
Surface Points 

(or curves) Manipulate surface 
points 

Interpolate surface 

Sample an 
Analytical Base 

Surface Manipulate analytical 
surface parameters, e.g: 

R, k, etc. 

Sample as many points 
as you want and 

interpolate/sub-divide 

Figure 3.4. Three basic control methods for NURBS surfaces: I) Direct manipulation of NURBS 
variables, 2) Interpolation of surface points, 3) Sampling a base surface and creating a NURBS surface by 
interpolating that surface. 
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Manipulation of interpolated surface points or curves to form a NURBS surface 

(Figure 3.4, middle) is the second control method, and the primary one used for this 

work. The starting point, as well as tracking variables during optimization, is generally 

intuitive. This is due to specification of surface points, curves, etc., rather than more 

abstract variables such as control points, weights, or polynomial coefficients. A big 

advantage of this method is the variety of surface construction techniques that 

interpolation allows. Sweeping and skinning curves to create NURBS surfaces are two 

such techniques, as seen in chapter two. One drawback is that the user must be cautious 

with the interpolation process; making sure that the surface is really what she wants it to 

be. Another issue is that most interpolation routines use only non-rational fits, as 

mentioned above. Finally, there is intermediate mathematics, i.e. before the NURBS 

surface creation, which can potentially slow down an optimization process. 

The final method discussed here is using a sampled-and-interpolated analytical 

base surface (Figure 3.4, bottom). Here the user can manipulate a NURBS surface by 

changing analytical surface parameters, e.g. radius, conic constant, polynomial 

coefficients, etc. Two advantages of this approach are: the analytical surface can be 

easily trimmed or sub-divided, and the NURBS surface can be viewed as a perturbation 

from the standard surface once the standard surface has been optimized. DifHculties 

include: surface variables that are not necessarily intuitive, and 3 levels of mathematics— 

sample analytical surface, interpolate, and create NURBS surface. 

A final point on control methods is that these methods may be used in 

complement. For example, a base surface could be sampled as a starting point for an 
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interpolation optimization, and the final stage of that optimization might be to optimize 

the control mesh and weights directly. 

33 Interpolation process 

Since the present work focuses on the interpolation method of NURBS surface 

control, it is important to have an intuitive understanding of how the process works. This 

section explains the basic process in 2D, as well as addressing the issue of 

parameterization. Appendix A contains some of the details of the 2D interpolation that 

will be omitted from this discussion. 

The interpolations considered here will all be of the same type, but the basic 

concepts are extendable to general NURBS interpolation. For simplicity, consider a 3'"̂  

degree NURBS interpolation with 4 control points—all contained in the x-y plane. This 

type of system has no internal knots in the knot vector since we have the minimum 

number of control points possible for the 3^'* degree case, in other words n=p. (Also, 

recall that n=p is the Bezier case.) In addition, the interpolation process used here will 

produce a non-rationa! solution—^weighting factors equal to unity—for reasons that 

should become clear presently. 

The interpolation process is based directly on E-3J—the general NURBS curve 

definition. The first thing required is to determine the B-Spline Basis functions, , 

for p=3. Though finding these is straightforward, the method is somewhat tedious. The 

details of the derivation are found in Appendix A, but here just the results are listed: 
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N,Ju) = ( \ -uf  

N,/u)  = u'  

where 0<u<l 

(Note, these results are identical to the Bernstein polynomials of degree 3, as expected, 

since the NURBS curve reduces to a Bezier in this case.) Then, recalling that when the 

weighting factors all equal unity the denominator is unity, E-3.1 expands to give: 

C(m) = A^O 3(w)Po +A^u(")^ +A^2.3(W)^2 +^3.3(")^3 ^-3.6 

Furthermore, as seen above, clamped NURBS curves have first and last control points 

that are coincident with the interpolated curve. Hence, if the end points, C(0) and C(l), 

are specified, then the first and last control points are also abeady known, i.e. PQ and . 

This means that ^ and A must still be specified. Since these curves are contained in 

the x-y plane, this means there are four variables to be found- P^^, , P,^, and P,,. One 

method for fmding these variables is to specify two more data points which are on the 

curve. Using E-3.6, this gives four equations: 
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^\x (^1) ~ -^0,3 (^1 )^0x -^1,3 (^1 )^\x ''' -^2,3 (^1 )^lx ^3,i (^l )^3x 

<^lv(Wl) = ^0,3("l)^0v + ̂ l,3("l)^v + ^2,M)^2y + ̂ 3.3(^1 )^3v £.3,7 

^2x (^2 ) ~ ^0,3 (^2 )-^x "'" -^1,3 ("2 )'^x •'" "^2,3 (^2 )^2x -^3,3 (^2 )-^x 

Qy(W2) = ^0.3("2)^0v +^l,3(W2)^y +^2,3("2)^2v +^3,3(W2)^3y 

Looking at this set of equations, if u, and were also known, a system of 4 linear 

equations with 4 unknowns would result—^which has a well known solution. At first 

glance, adding more data points, and thereby increasing the number of equations, might 

allow a larger system of equations—i.e. find i/, and m, in addition to the unknown 

control points. Unfortunately, the equations are non-linear functions of the parameter u 

(recall E-3.5), and simply specifying more points on the curve, while providing enough 

equations to solve the system, would give multiple roots, and often require iterative 

techniques to solve. Also, note at this point that if the weighting factors were not equal to 

unity, the four equations of E-3.7 would also be non-linear in w (e.g. terms such as 

This is why many NURBS interpolations use only non-rational algorithms— 

especially for degrees higher than 2. 

The non-linear dependence in u of the parametric NURBS curves is well known, 

and the standard approach for dealing with it is referred to as parameterization. Usually, 

the parameters (in our case u, and u^ ) are chosen by some algorithmic method. One 

common method is known as "uniform" parameterization. Here the u-values 

corresponding to data values are spread out evenly in parameter space. Another common 

method is to use the cumulative chord-length, i.e. distance, from one data point to the 
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next divided by the total chord-length for each u-value (a.k.a. chord-length 

parameterization). However one decides to do the parameterization, once it is 

accomplished, the four equations of E-3.7 become 4 linear equations with 4 unknowns, 

and are readily souluble. Then the interpolation is can be completed. 

One problem with using the above parameterization methods is that the solution 

set is not unique. There are infinite NURBS curves that can be used to interpolate the 

same specified data points because of different parameterizations. Here one interesting 

consequence of using chord-length parameterization, applied to the above system type, is 

considered. 

First of all, note that non-rational Bezier (in the above example, the NURBS has 

reduced to the Bezier case) curves are invariant under affine transformations. (For a 

detailed explanation, see for instance Garcia's dissertation [3-9].) For the current 

example, this means that a linear scaling in one of the control point dimensions will 

produce a linear scaling of the NURBS curve. To illustrate this point, consider Figure 

3.5. The top graph shows an interpolation example with four fit points (open circles) 

selected from a data curve. Using chord-length parameterization, the fit points are 

interpolated using the method described above. In this case, the parameters are found to 

be: 0, 0.2454, 0.5571, and 1 for the four fit points. The agreement between the NURBS 

curve produced and the original data curve is excellent. The bottom graph of Figure 3.5 

shows the effect of scaling the data curve in the y-direction by 5X. The control points are 

also scaled 5X in the y-direction. The result is that the NURBS curve also scales 
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accordingly and provides an excellent match to the scaled data curve—^as expected due to 

the affine property. 

10 
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NURBS Fit 

O FitPoirts 
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2 

0 
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X- position 

Data Curve 
50 

NURBS Fit 

Cortrol Polygon 

30 

10 

10 

X- position 

NURBS Interpolation using 
four data points with chord-
length interpolation—good fit. 

Parameter values for fit points: 
(0,0.2454,0.5571, 1) 

Scale the data curve and control 
polygon in y 5X. 

NURBS curve also scales and fit 
is still good. 

Figure 3.5. 3"* degree NURBS interpolations. Above: Interpolation of 4 data points gives a good fit to the 
original data curve. Below: 5X scaling of data curve and control points—NURBS curvc also scales, fit is 
still good. 
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Figare 3.6. Effect of re-interpolating the curve from figure 3.5 after it is scaled 5X. Above: scaled curve 
is interpolated—poor fit. Below: scaled curve is re-interpolated using previous parameter values for fit 
points—good fit. 
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One might also expect that scaling the data curve and repeating the same type of 

interpolation process would give a good match for the scaled data curve. This however is 

not the case. Figure 3.6, above, shows what happens after the interpolation—agreement 

between the scaled data curve and the NURBS curve is not very good. Notice that the 

parameter values for the 4 data points have changed. They are now: 0, 0.1452, 0.4551, 

and 1. The parameter values changed because the relative chord-lengths between the data 

points changed due to the 5X scaling. (Full details of the chord-length calculation are 

found in Appendix A.) 

If an interpolation that is the scaled version of the previous interpolation is 

desired, one can simply use the same parameters from the original interpolation (IX 

case). Figure 3.6, below, shows that switching back to the IX parameters, and using 

them to re-interpolate the scaled data curve, does in fact give the scaled version of the 

original interpolation curve. Why this works is understood by considering what happens 

in four equations of E-3.7. By scaling the data curve, the y values of the fit points are 

scaled. Balancing of the equations implies: 

^lx("l) ~ "^1.3 ("l )-^x -^2,3 )-^2x -^3,3 (^1 )-^x 

) = 5 [A^0.3("I )^0v + ̂ u("l )P\y + V + )^3v] 

5q..(«,) =5[Ar„,3(«,)Po, +iV,.3("2)^, + A'2,3(''2)^2, + ̂ 3,3 ("2 )^3, ] 

However, if the same values for w, and «, are retained, none of the A^,,p(w) terms 

change from the previous curve. This gives: 
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^ I x  (^1) ~ ^0,3 (^1 )-^x -^1.3 (^1 )^\x •'• -^2.3 (^1 -^3,3 (^1 )^x 

C(".) = ̂ 0.3(".)^v +^1.3("l)^v +^2.3(".)^, +^^3.3(".)^^ 

Q.(W2) = ̂ 0.3("2)^0x +^l,3("2)^x +^2,3(W2)^2x +^^3,3("2)^3x 

<^2, ("2 ) = A^O.3 (Ml K + ̂ 1,3 («2 )^- + ̂ ^2,3 («2 )^. + A^3.3 (^2 K 

Where the primes denote new values which are 5 times the original value. All this 

amounts to is a scaling of the control points in the y-direction, which is exactly the same 

as the scaling performed on the NURBS curve in Figure 3.5 (bottom chart). 

The above example shows that, although the NURBS curve itself may be 

invariant upon affine transformation, this is not always the case for the interpolation 

process. This, however, is just one curve-fitting issue among many, and as Piegl and 

Tiller mention [3-11], "There are many subtleties in fitting, and literally hundreds of 

papers have been written on this topic." As this work is primarily concerned with the 

application of NURBS interpolation to faceted reflector problems, further explorations of 

these subtleties are beyond its scope. However, this is definitely an interesting area for 

further research. 
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4. SQUARE FACET TO UNIFORM SQUARE ILLUMINANCE 

As a starting point for the creation of a faceted reflector that makes a uniform 

illuminance circular distribution, a square-facet to square-illuminance distribution is 

selected. For this work, 'square' facets means square in the sense that the facet borders 

are constructed with curves of constant phi or theta in spherical coordinates. This type of 

facet is a logical choice for a reflector system since it tiles easily, as seen below. The 

uniform square illuminance pattern is a good starting point because its perimeter shape is 

similar to the facet's perimeter shape. 

4.1 Ray aiming approach 

For this chapter, a ray aiming approach is used to create the uniform square 

illuminance distributions. The approach is to map rays representing equal portions of the 

facet's solid angle, i.e. equal energy for an isotropic point source, to equal area sections 

on the target plane. As shown in Figure 4.1, a square array of equal-solid angle rays 

produces a uniform, square illuminance pattern. 

For the uniform square case, the desired target location (x,y) can be expressed for 

any (<P>d) coordinate in a straightforward manner. The mapping is given by: 

w (#stap " •) 
X • - — if w 

2 (9stop ~ 9st«rt) 

w (co8 (e i - co» [e , t«pJ)  E-4 .1  
y • - — if w — 

2 (CosiestartI -Cos|ertc®l) 

Where w is the width of the square. The top equation of E-4.1 simply maps the fraction 

of the azimuthal angle, (p, to the x coordinate. The bottom equation is similar, but 
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includes cosine terms. The cosine terms are necessary for mapping solid angle to area. 

The familiar equation for finding the solid angle of a cone in terms of the radial angle, 6, 

helps to see this. It is: 

SolidAngle = 2^(1 — cos 0) E-4.2 

Using E-4.2, consider two infinite cones starting at the origin, one at Ostop, and one at an 

arbitrary 6 greater than dstan, and less than 6stop. then the difference in their solid angles is 

just 2n multiplied by the numerator of the ratio in the bottom equation of E-4.1. The 

denominator is just the total solid angle in the interval—the 2n factors cancel out. Note 

that for the mapping provided in E-4.1, the highest value of x maps to the lowest value of 

(p, and the highest value of y maps to the lowest value of 0. This represents a divergent, 

i.e. no caustic, solution. 

• •••••' 
••••••I  
• •••••< 

•••••••• 

• • • • • • •  

Aim equi-solid-angle rays on 
reflector to equal-area square 
grid of points. 

li 

U 'C M •• I t  M -a 21 

Square grid gives square uniform 
illuminance distribution. 

Figure 4.1. Equally spaced rays of equal solid angle (left) produce a uniform square illuminance pattern 
(right). 
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4.2 Algorithmic solutions 

For some of the square facet to square illuminance distribution considered here, a 

simple algorithm provides a good solution. In all cases, the algorithm provides a good 

starting point for an optimization process, however good optimized solutions can be 

found using a planar or spherical starting surface as well. 

One simple algorithm that proved to be effective uses surface normal planes to 

construct the surface. Figure 4.2 illustrates how the algorithm works. In Figure 4.2a, the 

center point of the facet is chosen, and a ray is aimed from the origin to that point A 

normal plane is constructed at the center point in such a way as to aim the ray to the 

desired point on the target for that ray—using the mapping equations of E-4.1. In Figure 

(b) 

(c) 

Figure 4.2. Algorithmic construction of a facet, a) Chosen center point maps ray to specified target 
location, b) Plane in (a) is extended so that rays a small equal solid angle unit away from the primary ray 
intersect it where new planes are constructed, c) Process repeats. 
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4.2b, the normal plane at the center point of the facet is extended until rays a small unit of 

solid angle away from the primary ray intersect it These intersection points are recorded, 

and then new normal planes are calculated for those points using the mapping equations. 

In Figure 4.2c, the process is repeated until the desired facet surface is adequately 

defined. After an array of surface points is built up by this method, the array is sampled, 

and a surface-point interpolation NURBS is constructed. For example, an algorithmic 

surface construction might contain 201x201 points, and then 5x5 of those points might 

actually be used to construct the interpolated NURBS surface. Figure 4.3 shows two 

examples of square-facet to square uniform illuminance distributions using the 

algorithmic approach described above. For both test cases, the algorithm gives a good 

solution. 

The illuminance distributions shown are evaluated using a Monte Carlo ray trace. 

Monte Carlo means that the traced rays have angular and/or spatial positions are chosen 

in a random manner. This type of ray tracing is a robust way to determine an illuminance 

distribution since its random nature helps to avoid systematic errors that can occur when 

non-random rays are used. For Monte Carlo ray traces, each ray is assigned a flux value 

that can change during the course of a trace. The rays are collected in "bins" on the 

target plane, and then the total flux of the rays in a bin divided by the bin area gives the 

illuminance value for that bin. All illuminance plots shown in this dissertation were 

created using Monte Carlo methods unless otherwise noted. (Appendix C discusses 

discuses Monte Carlo and the amount of error in Monte Carlo tracing more fully.) 
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System Target Illuminance With Slices 

Algorithm; 'On Axis' Case 
(4x4 pts: 3 unique variables) 

Algorithm: 0=65° Case 
(Sx5 pts: 15 unique variables) " ' " ' J] 

Figure 4J. Two examples of algorithmic solutions for the square facet to square uniform illuminance 
distribution case. Both facets are 20° by 20°. IHuminance distributions with slices are shown on the left. 

4J Optimized solutions 

Generally, as the test case moves to values of the spherical polar coordinate, 0, 

greater than 65°, the simple algorithmic solution is not as useful. A potential cause for 

this is that the facet-edges become less straight—that is the facet's perimeter shape is not 

as similar to the desired illuminance pattern's perimeter sh^e. For test cases of larger 6, 

a more sophisticated algorithm could be developed to find a better solution. Another 
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approach is to optimize the system. The latter approach was chosen for the rest of this 

dissertation. (Chapter 8 covers the optimization process used in more detail.) 

8=100° Case—facet is 20° by 20° 

li 

li 

a) Use algorithm for starting point; ok 

I! 

b) Optimize algorithm surface's unique 
variables: better 

c) Increase degrees of freedom and re-
optimize: best 

Rgure 4.4. Optimized example: 6=100° case, a) Algorithmic starting solution, b) Optimize variables, c) 
Re-sample surface with more variables and optimize again. 

Figure 4.4 provides an optimization example demonstrating the use of an 

algorithmic starting point, re-sampling, and the power of the optimization approach. The 

system is the &=100° case, with a facet that is 20° by 20°. Figure 4.4a shows the target 

illuminance distribution for a surface-point NURBS created with the algorithm in section 

4.2. The illuminance distribution is not perfectly flat, but the system is a reasonable 

starting point. Figure 4.4b shows the resulting illuminance distribution after the surface 
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variables from 4.4a are optimized. A nice feature of the surface-point interpolation 

NURBS control method is re-sampling, as illustrated in chapter two, figure 2.4. A larger 

number of new interpolation points are found by tracing a grid of rays from the origin. 

Figure 4.4c shows the resulting illuminance distribution after the surface has been re-

sampled, and the increased number of surface-points is optimized. 

4.4 Rotated square and energy loss 

At this point, its good to take a step back, and think about the larger problem at 

hand—to build an entire reflector that creates a uniform circular illuminance pattern 

efficiently. Although a good starting point, the square-facet to square-illuminance 

solution will not create a uniform circular distribution with maximized efficiency when 

multiple solutions are superimposed. 

Figure 4.5 shows what the problem is. The left side shows a single facet solution 

for the 0=65° case. The right side of Figure 4.5 shows the result of creating a ring of 

facets by using 18 similar facets, each 20° by 20°. The uniform square illuminance 

patterns are superimposed in the target plane. Where they overlap, the pattern is uniform 

and circular. Where they do not overlap, on the comers of each square, the pattern has a 

fall-off region. Since the energy in the fall-off region does not contribute to the uniform 

portion of the pattern, it constitutes an energy loss. 

Since a more efficient solution is desirable, a good next step is to try a square-

facet to circular-illuminance distribution. With perfect overlapping circular distributions, 

the superposition solution for a uniform circular illuminance distribution could be 
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maximally efficient. Also, note that although the work here suggests that circular facets 

could be used to create a circular distribution, circular facets do not tile well, and energy 

would be lost in the packing fraction. Therefore, chapter five examines using square-

facets to create circular illuminance distributions. 

Figure 4.5. Energy loss associated with multiple square facet to square illuminance solutions. Left: 
0=65° case—one facet. Right: 18 similar 8=65° facets forming a ring. Energy is lost in the fall-off region 
where the square distributions do not overlap. 
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5. SQUARE FACET TO UNIFORM CIRCULAR ILLUMINANCE 

In an effort to create a more efficient uniform circular illuminance distribution, 

this chapter explores the square-facet to circular-illuminance distribution case. Flux 

tubes used with a small number of aim-rays in optimization are found to produce a nice 

approximate solution. 

5.1 Ray aiming approach 

In order to create a circular distribution, a ray-aiming approach similar to that of 

chapter four is used. The mapping from a square subtense of solid angle to a square 

illuminance pattern is straightforward as seen in E-4.1. One method of creating circular 

illuminance distribution is to map the square target distribution of E-4.1 to a circle. 

Circular distributions made by clipping a square grid or using a hexapolar grid provide a 

uniform illuminance pattern, but it is hard to determine the mapping from a square grid to 

them. There are also conformal solutions for which the mapping from a square to a circle 

is well defined, but the spacing of the points is not uniform in the circle, and therefore, 

neither is the illuminance. The inverse Schwartz-Christoffel transform (i.e. from a 

polygon to the unit circle) is one such map [5-1]. The square is represented in the 

complex plane Z(x,iy) and mapped to a circle in the complex plane W(u,iv). Figure 5.1 

shows the hexagonal and clipped-square maps, as well as two Schwartz-Christoffel 

conformal mapping solutions. 

Fortunately, there is a simple mapping scheme that has both a well-defined 

mapping and gives a uniformly spaced circular grid. It was originally developed by 
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Shirley to sample a circular grid, given two random numbers from 0 to 1 [5-2]. The 

method uses conservation of fractional area from the square grid to the circular grid, and 

therefore gives uniform illuminance. The specific case of mapping the square to the 

circle is called the concentric map [5-3]. 
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circular grids—both are 
non-trivial to map to 
from a square grid. 
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Figure 5.1. Uniform and conformal mappings, a) Clipped square and hexapolar uniformly-spaced 
grids—hard to determine mapping b) Two conformal mapping solutions from square grid to circle—both 
have non-uniform grid density. 
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Figure 5.2. Concentnc Map; point (x.y) is mapped to point (r. 6). Fractional area, and hence uniformity 
of illuminance, are preserved. (aO/AO = aL Al). Illuminance pattern formed from equal-flux rays in the 
grid is shown below. 

Figixre 5.2 shows how the mapping works. The diagrams just below the two grids 

show how the point (x,y) in the square grid maps to the point (r,0) in the circular grid. 

The fractional area, aO/AO, in the square is equal to the fractional area in the circle, 

al Al. The mapping equation, for this % portion of the square, is given by: 

r = x, e  = (7i/4)(y/x) E-5.1 
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This equation is the special case where the half-length of the square, a, is equal to the 

radius of the circle, R. If they are not equal, there is an addition scaling factor of (R/a), 

i.e. r = X (R/a). The equations for the other three portions of the square may be 

determined by syrtmietry, or by the use of a coordinate rotation into the primary Y* 

section of the square. (See Appendix D for a generalized algorithmic approach for 

deriving these mapping equations.) This mapping can also be understood intuitively by 

looking at the square grid as a set of concentric squares. If the points on each square are 

"scrunched" down to a circle, you get a set of concentric circles. The salient features are 

that this circle map gives a very uniform distribution, and that the basic concept can be 

extended to other shapes. 

5.2 Optimized solutions 

Some simple algorithmic approaches for the square-facet to circular-illuminance 

case were explored. For this more complex problem, the solutions were not as useful as 

in the square-facet to square-illuminance cases of chapter five. The decision was made to 

move on to optimized solutions rather than to create a more sophisticated algorithm. 

The initial ray-aiming merit function used for optimization is similar to that of the 

square-facet to square-illuminance system. The two mapping equations of E-4.1 are first 

used to find the ideal square-grid target locations for each ray. Then the mapping of 

equation E-5.1 is used to transform the square-grid target locations to a circular grid. The 

end result is a mapping for any ray from a point source at the origin to the target circular 

illuminance distribution. The defects used in the merit function are the differences 
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between where 'real' rays strike and where they would ideally strike the target. Again, as 

in chapter four, a surface-point interpolation NURBS is used to create the facet. (For 

readers not familiar with the basics of optimization, merit functions, and defects, chapter 

eight, section 8.1 explores these concepts more fully.) 

Figure 5.3a shows the on-axis case for the square-facet to circular-illuminance 

distribution. Figure S.3b gives the resulting illuminance distribution when equally 

weighted defects are used throughout the subtended solid angle of the facet. The 

solution, in this case, is not perfect There are peaks in the illuminance distribution 

corresponding to rays from the comers of the square facet. Furthermore, the perimeter of 

the pattern is not perfectly circular. Figure 5.3c shows a second illuminance result. (As 

mentioned in chapter four, all illuminance results are found using a Monte Carlo ray 

tracing unless otherwise indicated.) For this case, aim-ray defects around the edge of the 

circle were more heavily weighted than defects inside. This merit function gives a nearly 

perfect, circular edge, however, the 4 peaks corresponding to the comers of the square 

facet have become quite large. Hence, the overall pattern is not very uniform. 

Since the solution was not uniform, it makes sense to try out a different 

interpolation NURBS surface, to see if it works better. A different approach is to break 

the facet into smaller pieces and optimize those pieces separately. A convenient way to 

do this is to make small triangular sections which all have a vertex at the center of the 

facet. Each one of these triangular "mini-facets" is constructed with a skinned NURBS 

surface using three NURBS curves. The curves are constructed by interpolating four 

surface points each. 
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a) On-axis square-facet 
to circular-illuminance 
distribution case 
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Figure 5J. Ray-aiming optimization for square-facet to circular-illuminance, a) On axis system—20° by 
20°. b) Equally weighted defects throughout circle, c) Heavily weighted edge rays 
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Figure 5.4. On-axis ray-aiming solution using mini triangular facets. Above: square facet is broken 
down into 10 unique NURBS skin-interpolation surfaces. Below: Illuminance distribution for this 
surface. 

Figure 5.4, above, shows the discontinuous mini-facet surface comprised of 80 

triangles—10 of which are unique for this on-axis system. The illuminance pattern has a 

very circular edge, and is highly uniform, except for thin discontinuities along the 

diagonals. Thus, it appears that a perfect ray-aiming solution is difficult at best—even 

with a large number of degrees of freedom. 
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S3 Flux tubes 

The above result suggests, first of all, that a perfect solution may not be 

possible—at least without a very large number of degrees of freedom Furthermore, 

since the primary goal of this work is to create an efficient, uniform circular illuminance 

distribution, changing the merit function structure might be beneficial. One way to insure 

uniformity is to add a measure of the illuminance directly into the merit function. A nice 

method for doing this is referred to here as "flux tubes" [5-4]. 

The concept of flux tubes is really a way of calculating the illuminance at some 

surface in a system by finding the spread of certain rays after they have traced to the 

surface in question. The particular implementation used for this work follows. First, a 

primary ray is traced at some angular location, ((p,0). Then two more rays are traced— 

one is a small distance away in (p, but has the same 8 as the primary ray, and a second is a 

small distance away in 6, but has the same (p as the primary ray. These three rays define 

the flux tube—z small amount of the source's solid angle, which constitutes a small 

amount of source flux. When these rays strike the target plane, the intersections describe 

a triangle of a given area. In other words, a small known amount of flux from the source 

passes through the area described by the three rays. Since illuminance is flux per unit 

area, the illuminance contribution for that flux tube can be readily determined. The 

defect is constructed by first calculating the total solid angle of the facet, and the total 

area of the target. Then, flux tubes of some fhictional amount of solid angle are created. 

When uniformity is desired, and the source is a uniform intensity point source, the 

fraction of the flux tube solid angle divided by the facet solid angle should be equal to the 
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fraction of the flux tube intersection area divided by the total target area. For this type of 

system, in practice it is easier simply to optimize the area created by each flux tube. In 

other words, the defects are proportional to 1/illuminance. Figure 5.5 shows the flux tube 

geometry. Three rays define a solid angle (and hence an amount of flux) from the point 

source. After the rays are reflected off the facet surface, they strike the target plane 

forming a triangular area. 

Figure 5.5. Flux tube geometry. Three rays are traced from the source and define an amount of flux. 
Afrer reflection, they strike the target plane, bounding the triangular area shown. Flux divided by area 
gives the illuminance contribution for the "flux tube". 

5.4 New solutions 

Returning to the surface-point interpolation NURBS facet, the new flux-tube 

defects are used for optimization. One thing to note is that the illuminance, i.e. flux-tube, 

defects described above are not position dependent. In other words, they are a measure 
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of how uniform the illuminance distribution is, but not what the pattern shape is. For this 

reason, it is necessary to use some ray-aiming defects to insure the pattern has the desired 

perimeter shape. Figure 5.6 shows two cases of optimizations with the new defects. 

Figure 5.6a gives the illuminance pattern, for the on-axis case, when many aim-rays are 

used around the edge, and flux tubes are used throughout The pattern is very circular, 

but it has peaks similar to those in figure 5.3c. When only a few aim rays are used 

around the perimeter of the circle, with flux tubes throughout, the optimized result is that 

shown in figure 5.6b. Here the pattern is very uniform, and the perimeter is not perfectly 

circular. However, overall the solution is a very reasonable approximation to a uniform 

circular distribution. 

This result found in Figure 5.6b is encouraging, and it turns out that that the 

approach also works for off-axis cases. Figure 5.7 shows the result for a 20° by 20° 

facet, centered at (p=90°, 0=65°. The pattern is very similar to that of Figure 5.6b. 

A very nice approximate solution for the square-facet to uniform circular 

illuminance distribution has been achieved in this chapter. With this solution, and the 

flux-tube-plus-aim-ray technique developed, the multiple-facet solution is an appropriate 

next step. Multiple-facet solutions are the topic on the next chapter. 
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a) Many aim rays surrounding the b) A few aim rays around the 
perimeter, flux tubes throughout. perimeter, flux tubes throughout. 
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Figure 5.6. On-axis case illuminance distributions with flux-tube defects, a) Many aim-rays on 
perimeter, flux tubes throughout, b) A few aim rays on perimeter, flux tubes throughout 

I 
0=65° Case 

Figure 5.7. Off-axis case with flux-tube and aim-ray defects, 
perimeter with flux tube defects throughout. 

A few aim rays are used around the 
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6. MULTIPLE FACET SOLUTIONS 

Cases involving off-axis facets have been presented in the proceeding chapters, 

however the problem of creating a full reflector solution has not yet been addressed. 

Here full reflector solutions using the formalism of chapter five are compared to a 

standard design approach. 

6.1 Square to square vs. square to circle 

As a first case using multiple facets, a square-facet to circular-illuminance "ring" 

solution is constructed and compared to the square-facet to square-illuminance ring 

solution shown in figure 4.5. Figure 6.1a shows the square-facet to square-illuminance 

ring solution from chapter four. Note that the total distribution in 6.1a is circular, even 

though the solution from each facet is square. (See figure 4.5 for a more thorough 

explanation.) Figure 6.1b shows the square-facet to circular-illuminance ring solution. 

The illuminance slices corresponding to 6.1a and 6.1b, are displayed in 6.1c. These 

slices reveal that the square-facet to circular-illuminance facet type gives a much more 

efficient ring solution. The fall-off region has been virtually eliminated. 

At this point, it is worthwhile to consider tiling issues as well. For this type of 

ring solution, each of the facets is an identical solution that is rotated to a particular 

location in the azimuthal, i.e. (((-direction of spherical polar coordinates, with the origin 

on the source. Since each facet also has mirror symmetry in the ((Hlirection about the 

plane ((>=90°, all the facets in the ring match boundary curves exactly, as in figure 6.2. 
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(a) Ring of 18 square-facet to square-illuminance pattern facets. 
Overall pattern is circular with fall-off as in figure 4.5. 

Target MunilnafKt 

(b) Ring of 18 square-facet to circular-illuminance pattern facets. 

( c )  I l luminance  s l i ce  compar i son  for  the  two  
different ring systems. 

Square 

Circle 

Figure 6.1. Comparison of square-illuminace-facet ring with circular-illuminance-facet ring, a) Square-
illuminance-facet solution, b) Circular-illuminance-facet solution, c) Comparison of illuminance slices 
from the two solutions—circular-illuminance-facet solution is more efficient. 
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Figure 6.2. Tiling of facet ring. (Left): facet has mirror symmetry about <I»=90° plane. (Right): Facets tile 
exactly along 0 boundaries. 

6.2 Full square-facet reflector using a standard design approach 

Now consider a more "real-life" problem. Suppose a reflector that captures all of 

the light from 0=50° to 0=130°, with (p=0° to 360°, using a point source is desired. 

Furthermore, let the target be a plane, 10 units from the source, and the desired 

distribution a uniform illuminance circle with radius 1 unit Additionally, let the rim of 

the reflector be 4 units in diameter at 0=50°. Although much of the literature on this type 

of design exists only in the form of patents, one algorithmic method for creating such 

reflector systems is found in [6-1]. The basic approach for this algorithmic method is 

outlined below. 



80 

For a point source, aim one ray at the top edge of the facet—point 1. This point is 

given for the design probletn above. Next a plane (2D) is created at point 1, and the 

angle of that plane from the horizontal is adjusted until the ray strikes the top of the 

circular target region—point A. Then the plane is extended until a second ray from the 

source is aimed to the bottom of circular target region—point B. The process then starts 

over with the bottom of the first facet connected to the top point of the next, at point 2, 

and continues until the reflector is defined. After this set of 2D facets is created, the lines 

representing planes are extruded and trimmed to make 'Vedges" that are then copied and 

rotated to build the rest of the reflector. The width of the wedges, i.e. the <(>-direction 

extent, is usually determined by similar methods. Figure 6.3 shows a set of 2D facets 

built according to the description above. Construction rays for each planar facet are also 

shown. 

1 

Point source 

Figure 63. Standard algorithmic approach for designing a reflector. (Process described above) 
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Figure 6.4 shows the full reflector solution created by the standard method 

outlined above. One thing to note about this approach is that given the initial conditions, 

the angular extent of the facets is determined by the algorithm. For the particular 

problem outlined above, this means 8 facets are created the 0-direction, and 29 facets in 

the ((>-direction. Also, note the uniform central circular region, and the surrounding fall-

off region in the illuminance pattern. 

Figure 6.4. Full-solution, planar-facet, standard-algorithm solution. With initial conditions and the 
algorithm, size of facets is detennined. Target plane illuminance distribution has a flat central region with 
a fall-off (energy loss) region surrounding it. 
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6J Full square-facet reflector using square to circle optimization 

Now solutions using the method outlined in chapter five are considered. As a 

starting case, consider the 20° by 20° facet cases used previously. For the problem 

defmed above, this means that there will be 4 facets in the 6-direction, and 18 facets in 

the (j)-direction. Figure 6.5 shows this solution. The central circular region is still flat, 

however the fall-off region has been significantly reduced. The result is a more efficient 

design than with the standard planar-facet approach outlined in the previous section. 

Figure 6.5. 20° by 20°--facet, full-solution, using square to circle optimization approach. The central 
region is highly uniform, and the fall-off region has been significantly reduced. 
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In addition to the increased efficiency that comes with this design approach, the 

designer also has more freedom in choosing the facet size. Recall that the solutions of 

section 6.2 had angular extents for the facets that were determined by the problem 

geometry. For the optimized, square-facet to circular-illuminance approach, as seen 

above, a better solution using facets of a different size is possible. Not too surprisingly, 

this approach does not require that the facets be 20° by 20°, or even that they have the 

same angular extents in (() and 0. Figure 6.6 shows a second solution which uses facets 

that are (j>=20° by 0=lO°~in other words, 8 facets in the 6-direction, and 18 in the in

direction. 

Figure 6.6. 20° by 10°-facet, full-solution, using square to circle optimization approach. Again, the 
central region is highly uniform, and the fall-ofT region has been significantly reduced. 
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Both of the square-facet to circular-illuminance optimization approaches provide 

a reduction in the fall-off region. Figure 6.7 is a graph comparing illuminance slices 

from all three of the systems considered above. This graph shows that the two square-

facet to circular-illuminance approaches give very similar solutions which are both at 

least 25% more efficient—i.e. more energy is in the uniform region—than the standard 

algorithmic solution. 

Illuminance vs. Position 
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c 
• 

0.15 
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0.05 

0 2 2 1 1 
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Figsre 6.7. Comparison of illuminance distribution central slices for the standard algorithmic solution, 
the 20° by 20°—facet, optimized solution, and the 20° by 10°~facet, optimized solution. The two 
optimized solutions are similar to each other, and more efficient than the standard solution. 
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The ({Htiling for this type of faceted reflector was considered in section 6.1. Now 

that there are multiple facets in the 6-direction as well, an examination of tiling in that 

direction is in order. For the 0-direction, there is no mirror symmetry, and the tiling is 

not necessarily going to work. Since the solution above is created by means of 

interpolating surface points, one convenient approach, which is used for the above 

designs, is to pin one point at the top-center of each facet to the corresponding point at 

the bottom-center of the previous facet. This method is illustrated in Figure 6.8 for the 

20° by 20° facet case. A zoomed view, shown in figure 6.8, right, reveals that there is a 

slight discontinuity along the 9-direction boundary away from the shared interpolation 

point. If this slight discontinuity presents a problem for a real-world design, the 

boundary can be forced to be continuous by increasing the number of shared points. 

Another alternative is to use skinned surfaces that share a common curve at the boundary. 

Hgure 6.8. Tiling in the 8-direction for the 20° by 20° facet solution, full-solution. Center point at edge 
of facet is shared, but there is a slight discontinuity along the boundary. 



86 

It turns out that increasing the number of boundary points eliminates the 

discontinuity with little effect on the output illuminance pattern for this particular design 

case. In figure 6.9, the number of interpolation points used for each facet is 9 x 9. This 

gives 45 unique variables because of ((^-symmetry, which is discussed more fully in 

chapter eight. The zoomed picture, 6.9, right, shows that the facet boundary is seamless 

when the nine boundary points (not pictured) at the facet edges are shared. Figure 6.10 

shows the output illuminance of the entire redesigned 20° by 20° facet system— 

continuous across both the ((>, and 6-direction boundaries (left). Also pictured is a graph 

comparing the performance of the original 20-degree facet system with the re-optimized 

system (right). The results illustrate that forcing continuous boundaries has very little 

impact on the illuminance distribution in this case. 

Figure 6.9. Tiling in the 0-direction for the re-optimized 20° by 20° facet, full-solution. All edge 
interpolation points are shared, creating a seamless boundary. 
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20 Degree i 
Contltxnus p 

Figure 6.10. Continuous-boundary, 20° by 20° facet case. Left: Illuminance distribution from entire 
reflector system. Right: Comparison bet^veen original 20° design and re-optimized continuous boundary 
case—very little change in pattern. 

The results of section 6.3, particularly those shown in figure 6.7 are of primary 

importance for this work. It has been demonstrated that a faceted reflector, which is 

more efficient than a standard algorithmic design, can be constructed using optimized 

surface-point interpolation NURBS surfaces. Furthermore, the NURBS surfaces give the 

designer more freedom to control the size and shape of the facets than the standard 

algorithmic design approach, and that facet boundaries are easily constrained in all three 

spatial coordinates. Now that the ability of the NURBS surfaces to solve the problem at 

hand has been demonstrated, the remaining chapters of this dissertation focus on other 

concerns in this type of design process. Specific topics include: inclusion of extended 

sources, examination of the optimization process and variables needed, and different 

facet shapes. 
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7. EXTENDED SOURCES 

In the previous chapters, point sources have been used for the design approaches. 

Another level of complexity is the inclusion of a real source's extended size. Information 

gained in the point-source design process turns out to be a powerful tool for 

understanding extended-source behavior [7-1 ], as will be seen below. 

The first section of this chapter describes how convolution can be used as a tool 

for understanding extended-source behavior, and the second section makes use of this 

concept in exploring the extended-source behavior of multiple facet systems. 

7.1 Extended sources and convolution 

Extended sources may be thought of as a collection of point sources that have 

different locations. Also, they potentially have different angular distributions and powers 

as well. Figure 7.1 shows a 2D example of this concept. In the figure, a spherical 

volume source illuminates a single facet. The center of the source constitutes one point 

source. The two solid rays show the extents of the energy emanating from this point 

source that reaches the facet, and then the target plane. Also shown is a point source 

located at the edge of the volume source, along with rays describing its energy that 

reaches the target plane. More point sources can be added until the entire extended 

source is constructed. The contributions from each of these sources are superimposed in 

the target plane to form the overall illuminance distribution. 

Throughout previous chapters, Monte Carlo methods have been used to pick rays 

at particular angular locations for a final system's illuminance analysis. Monte Carlo 
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methods refer to the random, or pseudo-random, selection of rays within the total ray-

space. For a closer look at creating different random distributions, see for instance [7-2]. 

The optimization procedures of chapters four, five, and six, on the other hand, were 

performed with significantly fewer rays—either by ray-aiming, or with flux tubes. Since 

Monte Carlo approaches involve randomness, they help to look at the system's behavior 

without the bias of aiming rays in a methodical way, as was done during the optimization 

processes. These same Monte Carlo techniques used for ray tracing point sources can 

also be applied to extended sources. In this case, the ray's starting location must be 

determined in addition to its starting direction. However, as described in appendix C, 

Monte Carlo traces generally require many rays to have significant resolution at a 

desirable accuracy, and are therefore processor intensive calculations. As might be 

expected, when an extended source is used, more rays are often needed to determine the 

system's behavior to sufficient accuracy than for the point source case. 

Figure 7.1. Extended source is constructed from multiple point sources. Central point source (solid 
rays), and edge source (dashed rays) contributions are pictured. Contributions from all the point sources 
are summed in the target plane. 
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One powerful way to approximate the illuminance pattern created by an extended 

source is convolution. Properly applied convolution has an effect similar to summing the 

different point sources as discussed above, but requires a lot less processor time, i.e. 

fewer traced rays. The math behind it is fairly involved, and a highly detailed description 

is beyond the scope of this work. For more information on the mathematics, see for 

instance [7-3]. A more detailed explanation of the application of convolution to extended 

sources of illumination can be found in [7-4]. 

For the purposes of this dissertation, the important point is that only two pieces of 

information are necessary to calculate the approximate extended source illuminance 

distribution for a given system. For a given facet, as in figure 7.1, the extended-source 

illuminance distribution can be approximated by the convolution of the extended-source, 

pinhole-illuminance distribution with the point-source illuminance distribution of the full 

facet—ak.a. the point response. This approximation is valid as long as the extended-

source pinhole response is fairly constant across the surface in question. 

At first glance, the utility of the convolution approach may not be apparent. The 

property that makes it so convenient is that the extended-source pinhole-response 

requires relatively few traced rays to be accurate enough for the convolution, and it often 

needs to be done only once for a given source. Then, only the point-source response is 

required to evaluate the extended-source system. This is very useful when the point 

source response is known, and the system behavior for different extended sources is 

desired. Tracing relatively few rays for each extended-source, pinhole-
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illuminance distribution, and then performing a convolution, is much less processor-

intensive than tracing the entire extended source for each case. 

7.2 Full square-facet reflector with an extended source 

In this dissertation, the primary focus is on the full square-facet to circular-

illuminance-distribution reflector solutions of chapter six. Specifically, the 20° by 20° 

solution is considered below. The validity and accuracy of the convolution model for use 

with a spherical volume emitter is first explored, and then convolution is used to predict 

what will happen to the illuminance distribution as the size of the source increases. 

As an extended source, a spherical volume emitter is chosen. Such a source is a 

good first approximation to an arc tube, for example. It is also convenient because it 

looks very similar when observed from different locations on the 20° by 20°, full-facet 

solution, or any other solution from chapter six. This means that, with the previously 

calculated point-source response for the 20° by 20° case, only one extended-source 

pinhole-response at an "average" facet location for each source is required to 

approximate the illuminance distribution. 

Before considering multiple source sizes, the convolution approach for this 

system needs to be justified. In figure 7.2, the point-source response for the 20° by 20°, 

full-facet solution (upper left) is convolved with the extended-source pinhole-response 

(upper right) for an extended source that has a diameter that is 5% of the minimum 

distance between the reflector and the center of the source (the origin). The pinhole is 

chosen to be located at 0=<|)=9O°~roughly an "average" location in angle-space. In the 



92 

figure (upper right), a 2D section containing the "pinhole" is shown. At the bottom of 

figure 7.2, the mathematical convolution of the point-source system illuminance, and the 

extended-source, pinhole-illuminance is pictured. 

i 

Point-source illuminance 
distribution 

I 

Pinhole illuminance from an 
extended volume source 

Convolution—approximates 
actual volume source trace 

Figure 7.2. Point-source response is convolved with extended-source pinhoie-response to create 
approximation of extended-source behavior. 
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Now, the convolution from figure 7.2 needs to be tested. For this particular case, 

a Monte Carlo trace was also performed for the extended source. In figure 7.3, above, 

illuminance distributions are shown for the convolution approximation and the Monte 

Carlo traced case. Below, a graph compares a slice through the two distributions. The 

convolution answer is scaled to have the same energy—i.e. area under the curve—that 

the extended-source Monte Carlo trace has. The convolution answer is a remarkably 

good approximation to the actual extended-source trace. Furthermore, using the point-

source illuminance distribution generated in chapter six, the convolution result was 

created by tracing only a few thousand rays striking the pinhole, and then performing the 

mathematical convolution. However, the extended-source trace required ~20M rays to 

reach a comparable statistical accuracy. 

Since the convolution approach has been shown to be an excellent approximation 

of the extended source behavior for this case, now the illuminance distribution behavior 

as a function of source size can be examined using convolution. Figure 7.4 shows slices 

through the illuminance distribution as the source size is increased from a point source to 

a sphere with a diameter that is 15% of the minimum distance between the center of the 

source and the reflector. For figure 7.4, the convolution answers are scaled to match the 

energy of the point source trace. The central flat region of the point source solution 

remains relatively flat as the source size increases. However, the width of the flat region 

decreases and the sides of the distribution smear out. 
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Convolution result—requires a few Ray trace result—requires 
thousand rays aimed at pinhole 20M traced rays 

Illuminance Slice Comparison 
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Figure 7J. Comparison of convolution approximation with Monte Carlo trace of 5% extended source. 
Illuminance slice comparison (below) shows that they are in excellent agreement. 
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Illuminance vs. Position 
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3.6% of min. distance 

5% of min. distance 

7% of min. distance 

10% of min distance 
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Figure 7.4. Trend of illuminance distribution slices as extended spherical volume source diameter is 
increased. 

In this chapter, the use of convolution to predict illuminance distribution behavior 

for an extended source has been Investigated for a faceted NURBS solution, and found to 

give an excellent approximation for an extended source. Also, using convolution 

techniques, the behavior of the illuminance distribution for the 20° by 20° facet, surface-

point interpolation NURBS solution of chapter six was investigated as a function of 

increasing extended source size. The primary result of this chapter is that an extended 

source has a "smearing" effect on the uniform circular distribution created in the 

superposition solution. Some smearing is a fact of life when a single reflective surface is 

used with an extended source. Note also, that since adding an extended source smears 
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out the starting pattern, a solution that is not a flat top to begin with would have an even 

more smeared edge. For the tailored 2D extruded-geometry cases mentioned in chapter 

one, section 1.2, the smearing effect of an extended source can be limited by the use of 

edge-ray design. However, no tailoring solution has been found for the general, 

extended-source 3D case. An interesting area for further research would be to investigate 

the use of edge-rays, with an optimization procedure and an extended source, to see if the 

smearing could be reduced any further for a single-surface superposition solution than 

observed in this chapter. 
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8. NURBS VARIABLES AND OPTIMIZATION 

In previous chapters, the capability of NURBS surfaces for providing excellent 

approximate square-facet to circular-illuminance solutions has been demonstrated. Also, 

NURBS variables—particularly the surface-point interpolation type—have proven to be a 

convenient way to describe a facet surface. The boundary control, and the intuitive 

nature of working with variables that are points coincident with the surface itself, were 

found to be useful. In this chapter, NURBS variables, and the optimization process are 

examined more closely. In the first section, general optimization is discussed very 

briefly. In the 2"'' section, a step-by-step optimization using a NURBS surface-point 

interpolation surface is performed. Then, in the 3^'' section, the a-P polynomial surface 

introduced in chapter two is investigated with the same merit fimction used for the 

surface-point interpolation surface. The last section summarizes some of the differences 

between the two surface structures that were observed. 

8.1 Optimization 

For the purposes of this dissertation, a damped least squares (DLS) approach is 

used uith both ray-aiming defects and flux-tube defects in order to optimize surfaces. 

The DLS method is employed widely in the imaging optics community, and here two 

important topics—merit function and defects—will be considered very briefly. For a 

more in depth explanation of the DLS procedure, see for instance [8-1 ]. 
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The merit function is the heart of a DLS optimization procedure. One formulation 

of it is: MeritFunction = ̂ {yvjd; where the dj are defect values, and the Wj are 
J 

weighting factors associated with each defect. For the ray-aiming systems considered in 

previous chapters, each defect is the intersection position of a ray traced through the 

system at the target plane, minus its desired position (usually one x-defect and one y-

defect per ray). As the ray intersections on the target get closer to their desired values, 

the defects go to zero, and so does the merit function. Hence the goal of optimization is 

to make the merit function value be as small as possible. The basic procedure an 

optimizer follows is to perturb variables in the system, evaluate the merit function, and 

then make new changes to the system variables based on an estimate of the variable 

change that will minimize the merit function. Then the process can be repeated. 

The weighting factors are used to place more importance on certain defects over 

others. In chapter five, for instance, higher values were given to weighting factors 

associated with defects on the rim of the illuminance pattern to force a circular shape, but 

then the rays inside the pattern did not go to the correct targets. 

8.2 Surface-point interpolation NURBS 

The primary surface type used in this dissertation has been the surface-point 

interpolation NURBS. Using the on-axis test case, this section explores the optimization 

procedures used in chapters 4-7 more closely. 
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Variables 

The on-axis, square-facet to circular-illuminance distribution case is highly 

symmetric. If the reflector is divided into four quadrants, these quadrants are 4-fold 

symmetric. Also, each quadrant has mirror symmetry about its diagonal. Figure 8.1 

illustrates the symmetry involved for the case of 5x5 surface points. Each surface point 

has a fixed 6 and (|> value, and r is variable. The 6 spheres in red in the figure indicate 

unique variables, and the blue spheres indicate points found by symmetry. 

For the on-axis, 5x5 case there were 6 unique variables out of 25 possible 

variables. The formula for determining how many unique variables are involved for a 

square, on-axis facet, made up of an oc/c/number of points, is given by: 

Where V is the number of independent variables, and n is the number of points on one 

side (must be odd) of the logically square grid. So for n=3, K=3; n=5, y=6, etc. 

E-8.1 
8 4 

Figure 8.1. SymmetTy of the on axis case for a 5x5 interpolation point surface. The red dots indicate 
unique variables. All other points are found by symmetry. 
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Step-bv-Step Optimization 

One general rule of thumb in optimization is that increasing the number of 

variables gradually is generally preferred over releasing all degrees of freedom at once. 

The reason for this is that when several variables are freed and the system is far from 

being optimized, the DLS type of optimizer can become stuck in a local minimum of the 

merit function, which in many cases is far from the global minimum. Another observed 

rule of thumb for the systems examined in this work is that using an aim ray optimization 

cycle first to get close to the solution, and then performing a flux-tube optimization helps 

convergence. 

Using the guidelines above, an optimization procedure was performed. For this 

test case, i.e. on-axis square-facet to circular-illuminance distribution, the surface point 

intersected by the z-axis, analogous to the vertex of a lens, was held constant. For this 

type of NURBS facet, the lowest number of points that can define a non-planar facet is a 

3x3 grid. So for the 3x3 case, applying E-8.1 with n=3 gives V=3, but since the middle 

point is pinned, there are only 2 variables. Another important point about the type of 

NURBS surface used in these optimization procedures is that the maximum allowed 

degree of the surface is n-1 for both the u and v-directions, i.e. the logical directions of 

the grid. So for the first optimization case, 3x3, the maximum degree is 2. Figure 8.2 

summarizes the results of an optimization procedure performed with surface-point grids 

of increasing size. The starting point is a planar surface 2 units behind the point source at 

the origin. 
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Optimization Details for Interpolation Run 
Istarting point - plane, aim-ray merit funtion I 0.594761 

n # vars degree aim cycles merit function flux tube cylcles merit function 
3 2 2 3 6.77719E-04 3 2.72295E-04 
5 5 3 2 4.87930E-04 2 1.88034E-04 
5 5 4 2 4.87036E-04 2 1.75361E-04 
7 9 3 2 4.86780E-04 2 1.78435E-04 
7 9 5 — — 2 1.71574E-04 
9 14 3 2 4.86652E-04 3 1.74874E-04 
9 14 5 — — 2 1.71849E-04 

11 20 3 2 4.86630E-04 5 1.73269E-04 
11 20 5 — — 2 1.71405E-04 
15 35 5 2 4.86612E-04 3 1.78234E-04 

Figure 8.2. Optimization summary for step-by-stq) point interpolation NURBS run. 

For this optimization run, the aim-ray merit function is constructed by aiming 

61x61 rays at the surface using CS mode. (See Appendix B.) The flux-tube merit 

function is constructed by creating tiny flux tubes using each of the 61x61 rays as the 

primary ray. (Chapter five explains flux tubes in more detail) In addition, the flux-tube 

merit function has 8 aim-rays spaced evenly around the border of the circle. For each 

row in the table, two optimizations are performed—first a ray-aiming optimization, and 

then a flux-tube plus edge-ray optimization. Dashes indicate where the aim-ray 

optimization was skipped since only the surface degree changed. 

In addition to the merit function, the illuminance distributions need to be 

considered. For this set of results, there are 38x38 bins for each illuminance raster plot. 

The number of Monte Carlo rays traced is enough to ensure at least +/-5% accuracy. 

(See Appendix C for a discussion of Monte Carlo.) Furthermore, the plots are 
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individually normalized to 1, and there are 10 equal sub-levels of color in all the raster, 

and 3d \'iew, plots. Figure 8.3a shows the starting point illuminance distribution. Since 

the starting point is a flat plane, the illuminance is a pretty uniform square, about 5 units 

across. Figure 8.3b shows the ideal circular illuminance pattern (and 3D view) that can 

be observed with this binning resolution—radius = 1 unit. 

. • ̂  . ft • r_i* n & . t 

(a) fb) 

Figure 8J. Starting point illuiminance distribution and ideal circle, (a) Hluminance pattern from sUrting 
point of optimization, (b) Ideal circle with chosen binning resolution. 

In figure 8.4, the illuminance-pattern results of the interpolation surface run are 

summarized. Each of the raster plots has the same boundaries as the ideal solution shown 

in figure 8.3, and all the patterns correspond to the final cycle of the particular 

optimization process listed in figure 8.2. The right hand set of charts shows increased 

degree, in both u and v directions, but with the same number of variables. With 

consideration of figures 8.2 and 8.4, several observations can be made. First of all, the 

surface-point interpolation NURBS has no trouble optimizing fi-om a planar starting 

point—for this test case. Next, a circular pattern emerges with 5 variables, and is 

reasonably flat for the 5 and 9 variable cases with degrees 4 and 5 respectively. The 14 

and 20 variable cases are reasonably flat for both 3^^* degree and 5''' degree surfaces. 
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When the number of variables is increased to 35, a slight dip forms in the center of the 

distribution. This is most likely because the convergence is more difficult when so many 

new variables are introduced at once. 

Figure 8.4. Illuminance raster and 3D view plots for the interpolation surface run corresponding to 
Figure 8.2. Plots are normalized to unity. 
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Another thing to keep in mind is that these solutions are designed as part of a 

superposition process. Essentially, any solution above that shows a central region on the 

same color level, and is relatively circular, will be good enough to be part of an excellent 

superposition solution, since the superposition process has an averting effect. One way 

of approximating the superposition solution when designing a facet is to apply rotational 

averaging to the illuminance solution, and then see whether a flat circular pattern is 

produced. 

8J a-P polynomial NURBS 

An interesting alternative way to work with NURBS surfaces is to control them 

with analytical surface parameters, as discussed in chapter three. This allows the surface 

to terminate at certain angular extents, and with CS mode, also means that a single 

surface can be traced without requiring iteration. In this section, the same optimization 

case considered in the previous section is explored using the a-P polynomial surface 

defined in chapter two. 

Variables 

As in the surface-point interpolation case, the symmetry of the on-axis case needs 

to be taken into account. Since there is four-fold symmetry in the a-P space, only terms 

that have even powers of these variables need to be considered. (Figure 2.2, in chapter 

two, shows how a and |3 are defined.) This means that the terms necessary will be the 

following: 
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r, K radius and conic constant 

2nd degree terms 

4th degree terms 

,a'P*,6th degree terms 

etc... 

Furthermore, the surface is symmetric in the a and ^ directions individually, so terms 

involving only one variable will be symmetric, and require only one coefficient. For 

instance, the and coefficients will be identical. The result of these symmetry 

considerations is that the number of variables for the surface follows: 

V = 2 + Y,̂  P = 2,4, 6, 8,10,12... E-8.2 
p 2 

Where V is the number of variables, the 2 in front comes from the radius and conic 

constant, r and k, respectively, and p is the degree. The sum on p goes through the 

highest desired degree of the surface. So for example, if a surface with terms through 

degree 4 is required, then the number of variables will be 2 + 1 +2 = 5. 

Step-bv-Stet? Optimization 

As in section 8.2, an optimization process with a gradual increase in variables is 

now considered. For this run, the exact same two merit functions for ray-aiming and 

flux-tubes are used as in section 8.2. The a-P polynomial surface is constructed by 

sampling a 31x31 surface-point grid which is then interpolated to form a 3^** degree 

NURBS surface. The vertex point is held constant at 2 units behind the origin as in the 

previous optimization run for the surface-point interpolation surface. Figure 8.5 is a 
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summary of the optimization details. Note that degree refers here to the highest degree of 

polynomial terms freed, rather than interpolation surface degree which here is held 

constant at 3. 

One thing to notice is that the starting point for the optimization is not a plane, as 

in the previous case, but rather a radius of 12. Through trial and error, it was determined 

that the optimizer got stuck in local minima for radii greater than -12, so a plane, i.e. 

r—>oo, would not work as a starting point 

Optimization Details for Alpha-Beta Run 
[starting point -> r = 12. aim-ray merit funtion I 0.188351 

# vars aim cycles merit function flux tube cylcies merit function 
r 1 4 2.74656E-03 2 4.32387E-04 
r.k 2 3 2.74656E-03 2 3.92749E-04 
2nd deg 3 3 2.08014E-03 3 3.88420E-04 
4th deg 5 3 4.87487E-04 4 1.75479E-04 
6th deg 6 2 4.86992E-04 2 1.73776E-04 
6th deg 12 2 4.66760E-04 2 1.73758E-04 
10th deg 17 2 4.86786E-04 2 1.73746E-04 
12th deg 23 2 4.86812E-04 2 1.73757E-04 

Figure 8.5. Optimization summary for step-by-step a-P polynomial NURBS run. 

Though the exact value of the radius tended to vary from cycle to cycle, the approximate 

value for a converged solution was ~6.4 units—roughly half of the starting value. The 

illuminance distribution for the starting, i.e. spherical, surface is given in figure 8.6. It is 

a uniform, nearly square pattern of slightly less than four units on a side. Figure 8.7 

shows a summary of all the Monte Carlo illuminance rasters, and 3d views for the 

optimization cycle corresponding to figure 8.5. 
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Observing figures 8.5 and 8.7, one conclusion is that the solution is not circular 

before the inclusion of the 4'*' degree terms. This is not too surprising since the 2™* 

degree terms give a circularly symmetric parabolic term—the coefficients for or and 

are equal, and r and k both apply to the circularly symmetric base conic. After the 

inclusion of the 4* degree terms (5 variables), the pattern becomes more circular, and the 

top is reasonably flat Adding the 6'^' degree (8 variables) terms increases the uniformity, 

and in fact it is hard to tell the difference between illuminance distributions for this 

surface and the remaining surfaces. A look at the values of the variables reveals that 

terms above 8'*' degree (12 variables) were not important, i.e. they remain set at zero after 

the optimization cycle. 

- 2 - 1 0  1  7  
I I I • I I I I 

Figure 8.6. Illuminance panern for starting point of a-^ polynomial NURBS optimization. 

8.4 Summary 

In this chapter, two types of NURBS surfaces were examined, and some initial 

observations were made. One further point that should be made is that the uniformity and 

shape of the two solutions, as well as their merit functions, were roughly the same. 
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Below, some further comments on the degrees of freedom and functionality of the two 

surfaces are presented. 

vanables 

8 6t)ideg 

Figure 8.7. Illuminance raster and 3D plots for the a-p polynomial NURBS run corresponding to Figure 
8.5. Plots are normalized to unity. 

Degrees of freedom 

The surface-point interpolation method requires 9 variables (7x7 grid) for a 

reasonable S"' degree solution, or 14 variables (9x9 grid) for a good 3^** degree solution. 

The a-p polynomial NURBS requires 8 variables (through 6* degree polynomial terms) 

variables 



109 

for a good 3^** degree surface solution. Therefore, it appears that there is a moderate 

savings in degrees of freedom for the a-P polynomial case. 

A good point about the variable structure of the a-p polynomial is the ability to 

quickly recognize when a variable changes from its initial state. This is due to the 0 

starting point of the polynomial terms. Finding changes in surface-point interpolation 

variables requires more analysis since none of its initial values are zero. As mentioned in 

chapter three, however, the a-|3 polynomial variables are less intuitive in general than 

points defined on a surface. 

A last point is that both surfaces require significantly more degrees of freedom for 

an off-axis case. The point interpolation NURBS requires slightly more than half of its 

grid to be varied when only two-fold symmetry is present in the system. The a-p 

polynomial NURBS would require additional non-symmetric terms as well as a global 

surface aim-vector. 

Functionality 

The first comment is that the surface-point interpolation surface is easier to set up. 

This is primarily because it lends itself easily to global spherical polar coordinates—a 

natural choice for creating the types of systems in ch^ter six. The a-P polynomial 

surface requires more front-end mathentatics, and facet surfaces would need to be 

transformed into the desired coordinate system. 

Another issue is the starting point. As seen above, the optimizer finds the solution 

with the surface-point interpolation NURBS when given a convenient planar starting 
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surface, while the a-^ polynomial surface requires more care in starting point selection— 

at least for the above example. 

One of the biggest problems with the a-p polynomial is that its natural reference 

point is the vertex. While this is often a convenient choice for a single-aperture surface, 

it is not usually the best choice for a faceted reflector. Also, as seen in chapter six, it is 

desirable to pin the edges of facets. Even though the polynomial surface allows 

pinning of the angles a and P, the radii cannot be pinned. This can cause shadowing 

between facets, not to mention causing manufacturing difficulties. 
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9. OTHER FACET SHAPES AND DISTRIBUTIONS 

The primary design case explored in this work is the square-facet to circular-

illuminance distribution, faceted-reflector system. In this chapter, some other facet 

shapes and illuminance distributions are investigated. In the first two sections, alternative 

illuminance distributions constructed with square facets are examined. In the remaining 

sections, different types of facets are explored. 

9.1 Square facet to rectangular illuminaiice distribution 

Square facets can also be used to create non-circular uniform illuminance 

distributions. One example of this is the rectangular distribution. The aim-ray mapping 

from the angular location of a ray to its desired position on the target plane for this case is 

a simple variation on equation E-4.1. All that changes is that the width (w) is different in 

the x-direction from the y-direction. The equations become: 

x = — -\-a 

2 i<Ps,op-<^srar,) 

{Cos[e]-cos[e^,^p]) 

2* (Cos[e^]-Cos[0,„^]) 

Where a, b are the rectangle lengths in the x and y directions, respectively, and <j), (p are 

the spherical coordinates associated with a ray leaving a point source at the origin. The 

start and stop subscripts refer to the angular extents of the facet. 

Figure 9.1a shows a surface-point interpolation NURBS surface used to form a 

4:1 aspect ratio, rectangular illuminance distribution. For this optimization procedure. 
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much like the square-facet to square-illuminance case, usually aim-rays are sufficient to 

obtain a very nice solution. Figure 9.1b shows the Monte Carlo results for a square facet 

that produces a rectangular uniform illuminance distribution. For the solution shown, 

five degrees of freedom were used. 

(a) 

Figure 9.1. Rectangular illuminance pattern facet, a) On-axis square facet forms a uniform rectangular 
illuminance distribution, b) Illuniinance raster plot and 3d view on the target plane. 
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9.2 Square facet to arcuate illuminance distribution 

One way of creating an arcuate area is to translate a spherical curve in the plane 

that contains it, in a direction perpendicular to the curve at its center point This type of 

distribution is of interest in the microlithography industry, since annular (ring field) 

distributions are often used. (See for instance [9-1], [9-2].) 

The aim-ray mapping for this case is essentially a variation on E-9.1. The x-

direction is identical, but the y-direction has a circular shift. The new mapping equation 

for the y-direction is: 

Where: yrea and are the x and y values from E-9.1, R is the radius of the arcuate y-

boundary curves, and v is the y-direction center of mass for the arcuate. 

Figure 9.2a shows a 9-facet reflector system with and without traced rays. Each 

facet creates an 8:1, arcuate-shaped illuminance distribution, and then the solutions are 

superimposed on the target plane. Figure 9.2b shows the illuminance distribution. This 

type of solution requires more degrees of freedom than the rectangular illuminance 

distribution. The example used up to 44 degrees of freedom per facet (9x9 grid, 2-fold 

symmetry, one pinned point) for the 3 facets bisecting the yz plane, and 80 degrees of 

freedom (9x9 grid, one pinned point) for the other surfaces since they have no symmetry. 

Furthermore, flux tubes were used with perimeter aim-rays to create the final solution. 

E-9.2 



(a) 
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Figure 9.2. Arcuate illuminance pattern system, a) 9 square facets create a superimposed. 8:1 aspect 
ratio, arcuate distribution, b) Monte Carlo illuminance distribution. 
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The convolution technique used in chapter seven can also be used to examine the 

9-facet, arcuate system of figure 9.2. Figure 9.3a shows a central Y-direction slice 

through the illuminance distribution for a spherical volume emitter source with a 

diameter that is 3.5% of the total faceted-reflector width. Superimposed in 9.3a is an 

energy-scaled slice through the convolution approximation for the same size source, 

following the method of chapter seven. 
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(a) 

(b) 

Figure 9.3. Illuminance slice comparisons for arcuate system, a) Comparison of convolution 
approximation with traced spherical volume emitter source. Y-slice through Center X b) Comparison of 
convolution approximations for increasing source size. 
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As in the systems of chapter seven, the convolution is an excellent approximation 

of the behavior of the illuminance slice for the arcuate solution. Figure 9.3b shows 

central Y-slices through the convolution-approximated arcuate illuminance distribution 

for increasing source sizes. The sides of the distribution are smeared out as the source 

size increases, and the central uniform area gets smaller. For real arcuate illuminators, a 

sharp cut-off is not desirable, so this type of distribution might be useful. 

9 J Circular '^facet'^ to square illuminaiice distribution 

In previous chapters, square facets have been used to create circular illuminance 

distributions. Although a circular reflective surface does not tile well, creating a square 

illuminance distribution from a circular "facet" is an interesting test case. The ray-aiming 

map for this situation is the inverted case of equation E-5.1. For the first V* portion of the 

square (See figure 5.2), this is given by: 

Where p is the "angular radius" of the circular facet and P is the angle locating the 

direction of p relative to the (|>-axis starting at the central (<]),6) coordinate. (The other 

three equations of the mapping can be found from symmetry.) 

For the on-axis case of this surface, there is a circular edge and high symmetry, as 

in the square-facet to circular-illuminance cases considered previously. Furthermore, 

pinning the facet edges is not a consideration in this example, since circles do not tile 

x = p 
E-93 

n 
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anyway, and the system is on axis—making the vertex a logical reference point. This 

information, coupled with the fact that chapter eight revealed its potential reduction in 

variables, the a-P polynomial is a good starting choice for this system. In order to use 

the a-p polynomial in CS mode, which eliminates the need for iteration as seen in 

appendix B, the NURBS points must be specified on a rectangular grid of the coordinates 

a and p. This is not a problem since a square facet can be optimized with a circular 

bundle of ray defects. Then sampling can be used to create radial NURBS curves, which 

are skinned in the orthogonal direction to make a circular NURBS surface. Figure 9.4a 

shows radial curves or "spokes" which are skinned to create the circular-aperture surface. 

The sampling used for all cases in section 9.3 is: 51 curves, each of which is constructed 

by performing an 8-point NURBS curve interpolation. The underlying a-P polynomial 

surface is constructed with terms through 8"* degree—i.e. 12 degrees of freedom. 

(a) (b) 

Figure 9.4. Circular "facet", a) Skinned-curve NURBS surface constructed by sampling an S* degree a-P 
polynomial NURBS surface, b) Circular skinned surface forms a square distribution. 
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For the optimization process, aim rays were first used to find a close solution, and 

then flux tubes with a few perimeter aim rays were used for the final optimization. 

Figure 9.5 presents the illuminance distributions (normalized) for the final aim-ray and 

flux-tube optimization cycles, (a) and (b), respectively. 
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Figure 9.5. liluininance distributions for aP-polynomial circular surface, a) Illuminance distribution from 
final circle-to-square aim-ray optimization cycle, b) Illuminance distribution from final circle-to-square, 
flux-tube optimization. 
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A circular-aperture surface also can be constructed from a radially-sampled 

surface-point interpolation NURBS. Again, following the results from chapter eight, a 

9x9, 5''' degree surface is chosen for this system. Since the surface is on axis, and the 

vertex point is pinned, this means there will be 14 degrees of freedom for the 

optimization process. The sampling for the circular skinning is the same as for the a-P 

polynomial surface. 
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Figure 9.6. Illuminance distributions for surface-point NURBS circular surface, a) IHuminance 
distribution from final circle-to-square aim-ray optimization, b) Illuminance distribution from final circle-
to-square flux-tube optimization. 
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Figure 9.6 shows the illuminance results for both the final cycle of an aim-ray cycle 

optimization (a), and the final cycle of the subsequent flux tube optimization (b), for the 

surface-point interpolation NURBS surface. 

Considering Figures 9.5 and 9.6, the first thing to note is that both flux-tube 

optimization procedures produced very uniform, reasonably square illuminance 

distributions using a circular-aperture facet. In addition, the surface-point approach gave 

a slightly sharper square edge. It is also interesting to compare the aim-ray solutions. 

The a-^ polynomial surface illuminance distribution has an elevated boundary all around 

the perimeter, while the surface-point distribution has large singularities at the comers of 

the square only. Both of the preceding observations suggest that the surface-point 

interpolation (9x9 grid, 14 degrees of freedom) gives a more precise boundary control 

than the a-p polynomial surface (8*'' Degree, 12 degrees of freedom) for this example. 

However, both flux-tube solutions are reasonably square and very uniform. 

9.4 Hexagonal facet to circular illuminance distribution 

Since NURBS-surface interpolation procedures usually require logically square 

grids, and since they lend themselves well to spherical-polar coordinates as well as tiling 

easily, square facets have been used for most of the work in this dissertation. Another 

facet shape that tiles well is the hexagon. Hexagonal facets can be created in the same 

way that the circular facet was. Essentially, optimize a square facet with a hexagonal 

bundle of defect rays, and then sample the surface to create a hexagonal-aperture surface. 
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The hexagonal facet also requires a new mapping for the aim rays in the 

hexagonal bundle. Using the principle of fiactional area preservation discussed in 

chapter five, a relatively simple map can be constructed. Since there is 6-fold symmetry 

in this case, the equations shown here pertain only to the 1^ 1/6 section of the hexagon, 

and the rest may be found using symmetry. The mapping equations are; 

where: are the x, y coordinates on the target plane for the hexagonal rays— 

found by plugging the 0,6 spherical polar coordinates for each ray (hexagonal bundle) 

into equation E-4.1 with w=2 . R is the desired radius of the circular target pattern, and 

^c,r > ^cir locations for the ideal ray intersections on the target plane in polar 

coordinates. The mapping in E-9.4 is derived in appendix D, along with mapping for a 

square to circle. 

Figure 9.7 illustrates the mapping produced by E-9.4. 9.7a is the first \I6^ 

section of a unit-side hexagon (an equilateral triangle), and 9.7b shows the corresponding 

116^ circular section that it maps to for the case of a unit radius circle. 

^ a r = 0 :  

0 - • otherwise E-9.4 
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14 l< l.t l.« If I.I 

(a) (b) 

Figure 9.7. Hexagonal mwping. a) unit hexagonal grid—first 1/6"' section only, b) Equation E-9.4 maps 
the hexagonal grid to a 1/6 circular pattern of unit radius. 

Figure 9.8 shows a square facet that is optimized with a hexagonal ray bundle (a), 

which is then radially-sampled to create a skinned NURBS surface (b). Figure 9.8c 

shows the hexagonal facet producing a circular ray pattern. As in the last section, the a-P 

polynomial and the surface-point interpolation are examined as base surfaces. Due to the 

sharp edges of the hexagon, significantly more sampling curves were required to produce 

a hexagonal shape than for a circular one during the skinning surface construction 

process. For the examples presented here, the sampling was 201 curves, where each 

curve is constructed by interpolating 8 points. The curves are sampled radially, similarly 

to those shown in Figure 9.4a. 
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(0 

Rgure 9.8. Hexagonal facet, a) Square facet is optimized with a hexagonal ray bundle, b) Hexagonal 
surface is constructed by radially sampling the square surface, c) Hexagonal-aperture facet creates a 
circular illuminance distribution on the target plane. 

The hexagonal facet does not have the same symmetry as other cases, so a slightly 

different variable scheme was used in both base surfaces. For the a-P polynomial case, 

one new variable was introduced for each of the degree-groupings of terms. The pure a 

and P terms are no longer equal since, although the surface is symmetric in both 

directions, the symmetry is different in these two directions. This means that the 

coefficients of terms such as and will not be equal as they were for the square-facet 
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to circular-illuminance case, or the reverse case shown in section 9.3. For the proceeding 

examples, terms through 8''' degree were used, so the total number of variables is 12 + 4 = 

16. For the surface-point interpolation NURBS base surface, again a grid of 9x9 points 

was used. Four-fold symmetry was then used with one pinned vertex point, giving a total 

of 24 variables. 

gfipltd MB Polynomitf (Hm rvyt) 

S«npi«d AB Polynomiai (flui tu5M) 

00^ •- • • . .# I :o «o 00 to ;c 
Figure 9.9. Illuminance distributions for a|3-poIynomial hexagonal surface, a) Illuminance distribution 
from final hex-to-circle aim-ray optimization, b) Illuminance distribution from final hex-to-circle flux-
tube optimization. 
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Figure 9.9 shows the illumiance distribution results for the a-^ polynomial base 

surface using aim-ray only, and flux-tube plus some perimeter aim-rays, (a) and (b), 

respectively. Figure 9.10 shows the illuminance distribution for the corresponding 

surface-point interpolation NURBS base surface, for aim-rays only (a), and flux-tubes 

plus perimeter aim-rays (b). 

I 

Sampltd Surfic* Poffn (ttn rayi) 

-CA 2C &S 

' C •CS 3£ &9 - 0 

• oooMSei 

S«npi«d Surfiet PoM (ilm nyt) 

Q:ciQ;cja<csasc:o8CS 

(a) 

SarnpM Swfke* PoM (flut (ubM) 

I 

.«c -OA « 

-tx -a% c£ &s -0 

Snwpitd Surftoe* Point (Ihix tu6tt) 

3C C« OS oa 

(b) 

Figure 9.10. Illuminance distributions for surface-point NURBS hexagonal surface, a) Illuminance 
distribution from final hex-to-circie. aim-ray optimization, b) Illuminance distribution from final hex-to-
circie. flux-tube optimization. 
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The aim-ray results of figures 9.9 and 9.10, suggest again that the surface-point 

interpolation approach gives greater control along the perimeter, since there are 6 sharp 

singularities in the surface-point interpolation NURBS base surface case, while the a-P 

polynomial base surface has elevation around much of the perimeter. In addition, both 

flux-tube solutions are highly uniform, and have a nicely circular shape. Given the 

degrees of freedom for these surfaces, the a-P polynomial (16 variables vs. 24 for the 

surface-point interpolation) appears more favorable in this example. 

9.5 Pentagonal facet to circular illuminance distribution 

Another solution that can be achieved using the above methods is the pentagonal-

facet to circular-illuminance case. Again, a new mapping is required for aim rays. Using 

the method found in appendix D, and the 5-fold symmetry of the pentagonal grid, 

mapping equations are readily derived. For a pentagon with one vertex on the positive x-

axis, the mapping for the 1®* 1/5 section starting on the x -axis is: 

f o T x ^ = y ^ , = 0  

= 

5 sin 
. 2;r 

pent 

In 
+ cot — 

10 

\ • otherwise 
E-9.5 

'"dr = f-
"ilt 

pent • pent 



127 

where: , y^, are the x, y coordinates on the target plane for the pentagonal rays— 

found by plugging the (>,6 spherical polar coordinates for each ray (hexagonal bundle) 

into equation E-4.1 with w=2, as in the hexagonal case. R, , andd^,, are the same as 

defined above for the hexagonal case as well. 

Figure 9.11 uses E-9^ with appropriate coordinate rotations to map a full 

pentagonal grid to a full circular grid, while preserving fractional area 

1  

wm 
i i : : .  

i i i i i i i : : : .  

iiil 
• • • V V . V A * l  
•  •  •  1  

( •  •  •  •  • « • •  •  

*  •  •  •  •  
• • • • • • • «  
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•.̂ V-vv.vvv: 
v.-
• • •• ( 
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• ••• • • • • 
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• • 

• • • # • 
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(a) (b) 

Figure 9.11. Pentagonal grid (a) is mapped to circular grid (b) using equation E-9.5. 

In creating a pentagonal surface, variables must again be considered. Here the 

surface-point interpolation NURBS is used to find the base surface. Since the grid of 

interpolation points is square, and the defect ray bundle is pentagonal, only mirror 

symmetry is used in creating the grid. For the examples considered below, a 9x9 grid of 

interpolation points was optimized using mirror symmetry. This means there were 44 

degrees of freedom since the z-axis point, i.e. vertex, is pinned. 
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After the base surface-point interpolation NURBS surface is optimized, 

pentagonal sampling is required. For the hexagonal example in section 9.4, the radial 

sampling required 201 radii, each with 8 points, in order to force the comers to be square. 

Instead of using the same approach for the pentagon, a different sampling technique can 

be employed. In chapter three, section 3.1, the concept of the knot vector was introduced. 

Furthermore, it was demonstrated that repeating knots in a curve reduces the degree of 

continuity across the break point associated with each knot by one for each repitition. 

This implies that instead of constructing radial curves to sample the surface, concentric 

rings are perhaps a better approach. With careful choice of the knot vector, the degree of 

continuity can be reduced such that each comer of the pentagonal ring curves 

corresponds to a breakpoint with a discontinuity in 1" derivative. These discontinuities 

allow the pentagonal element to have sharp comers with relatively few sample points. 

Figure 9.12a shows the concentric curves with discontinuities in slope that are sampled 

from the rectangular facet. 9.12b shows the resulting skinned surface forming a 

pentagonal facet. 9.12c shows the pentagonal ray bundle being mapped to a circle by the 

facet. For the case pictured here, the sampling uses 30 points for each concentric curve, 

with 7 total curves. Therefore, this method required 210 total samples while the radiial 

sampling would require approximately 201 curves with 8 points each, or ~1600 total 

samples—a dramatic savings in sampling. (Note this technique can be used with any 

polygonal aperture—including the hexagon.) 

Illuminance distributions for the pentagonal surfaces are given in figure 9.13. 

9.13a shows the illuminance distribution for the final aim-ray optimization cycle. Again, 
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as found in the square and hexagonal solutions above, the distribution shape is circular, 

but there are high points that correspond to the comers of the facet 9.13b is the 

illuminance distribution for the final flux-tube optimization cycle with five perimeter 

aim-rays. The distribution is nicely circular, and very uniform, similar to solutions in 

previous sections. 

(c) 

Rgnre 9.12. Pentagonal facet, a) Square facet is sampled with concentric curves, b) Pentagonal surface 
is constructed skinning the curves, c) Pentagonal-aperture facet creates a circular illuminance distribution 
on target plane. 
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Concamrtc taiwM Surfkc* (Mir-nyi) 

CeneanBic tanpMd tuitta* (Dux a*n| 

Figure 9.13. Illuminance distributions for surface-point NURBS pentagonal surface, a) flluminance 
distribution from final pentagon-to-circle, aim-ray optimization, b) Illuminance distribution from final 
pentagon-to-circle, flux-tube optimization. 

9.6 ''World Cup*^ solution 

In the last two sections, hexagonal and pentagonal-aperture facets were used to 

create a uniform circular illuminance pattern. One interesting surface that can be 
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constructed from these two shapes is colloquially known as the Bucky ball. This surface 

is formed starting with a planar pentagon surrounded by five planar hexagons. Then 

additional hexagons and pentagons are added to build up a closed surface that 

approximates a sphere. For an interactive demo of this surface, see for instance [9-3]. 

This type of pattern is also used in constructing the common soccer ball, however the 

polygons are no longer constrained to be planar. The procedures from sections 9.4 and 

9.5 may be used off-axis as well, and the optimized surfaces are not too far from a sphere. 

In this section, a six-facet solution was achieved using one pentagonal facet surrounded 

by five hexagonal facets, referred to here as the "World Cup" solution. Figure 9.14a 

shows the geometry of the faceted surface, and 9.14b shows that it produces a circular ray 

pattern on the target plane. 

(a) 

Hgure9.14. Geometry of the "World Cup" solution, a) Reflector surface, b) Circular pattern is formed 
on the target plane when rays are traced. 
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The World Cup solution was created using surface-point interpolation NURBS. 

The pentagon is on-axis, so it is a solution similar to that of section 9.5. The surrounding 

hexagons required more degrees of freedom for the off-axis case. A rectangular base 

NURBS surface was optimized using 91 degrees of freedom for the final flux-tube cycle. 

Sampling of each of the hexagonal facets was accomplished with 11 concentric rings, 

each using 42 points, for a grand total of 462 samples. 

The illuminance distribution for the World Cup solution is given in Figure 9.15. 

The shape of the pattern is very nearly circular, and highly uniform. Potential advantages 

of this type of reflector construction include modularity—i.e. the pattern can be repeated 

to form another section of a sphere—as well as its assymetry which can be beneficial for 

the quality of the superposition. 

OI' 

OJ' ' 
• 20  • • 3  o; »0 23  

Figure 9.15. Illuminance distribution for the World Cup solution. 
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It is also worthy of note that triangular facets could be used to create surfaces that 

approximate spheres, as seen in architectural geodesic domes. The triangle, however, is 

the polygon which resembles a circle the least. While fractional area mapping to find the 

aim-ray defects works for this case as well, constructing the surface is more difficult than 

for the square, hexagonal, and pentagonal facets. 

Another point to remember is that the polygons used here are not actually regular. 

In other words, the surfaces have curvature. Hence, the polygon concepts presented in 

the last few sections should be viewed mainly as an instructive exercise. 
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10. DISCUSSION AND CONCLUSIONS 

In this dissertation, the primary goal was to create a uniform circular illuminance 

distribution on a target plane. Specifically, the objective was to create this distribution 

using faceted-reflective NURBS surfaces in a superposition solution. In chapter six. 

through the use of surface-point interpolation NURBS surfaces, this goal was realized. 

Furthermore, the solutions found in chapter si.\ were demonstrated to be more efficient 

than a standard algorithmic approach to the problem. This was due to a dramatic 

reduction in the fall-off region surrounding the circular uniform region in the illuminance 

distribution. In the course of investigating this problem, several other interesting 

phenomena were obser\ ed. The most salient of these are revisited below. 

One finding, early on in this dissertation, was a 3D solution to the classic 4:1 

tailored reflector using the Elmer equation. The solution was found using solid angles 

instead of the radial angles used in the original equations. Chapter one gives the 

numerical solution, and a simulation of the optical system. 

During the course of investigating the interpolation of NURBS curves and 

surfaces, a property of the interpolation was uncovered. A well-known property of 

NURBS curves and surfaces is that affine transformation of the control points gives an 

affine transformation of the cur\ e or surface itself. It was demonstrated in chapter two 

that an affine transformation of a set of interpolated data points does not necessarily 

imply that new interpolated NURBS cur\e will be the affinely transformed original 

interpolation cur\'e. 
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While working on the square-facet to circular-illuminance, single facet case, the 

use of fractional area mapping was found to be helpful in determining aim-ray locations 

for a circle. A generalized algorithmic approach was developed for mapping a given 

uniformly spaced grid to a circle. This algorithm is presented in appendix D. 

Another observation was that a simple algorithmic approach for creating a square-

facet to circular-illuminance surface was not possible. A more sophisticated algorithm, 

such as one that includes curvature and recursion would be required. This led to a 

decision to use optimization as the primary tool for finding NURBS surface solutions. 

An important finding in chapter five was that a perfect optimized square-facet to 

circular-illuminance distribution is difficult to achieve at best, and would at least require 

a very large number of degrees of freedom. However, the use of flu.x-tube illuminance 

defects allowed an excellent approximate solution to a circular shape that was very 

uniform. Furthermore, it was found that using aim-ray defects to get close to the 

solution, and then switching to flux-tubes gave the best results. Also, since flux-tube 

defects only measure the uniformity of the illuminance distribution, a minimal number of 

aim-rays are required while using them, so that the shape of the distribution is correct. A 

good choice in this work was to use a few aim rays around the perimeter of the 

distribution. 

.Another important finding was the importance of boundary control. In single-

aperture optical systems, often the angular extent of the aperture, or F/#, is more critical 

than the exact surface boundary locations. For a faceted surface, this is not the case. In 

order to tile without surface discontinuities, all three spatial dimensions of the facet 
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boundary must be able to be controlled during an optimization process. Not only can 

lack of control cause surface discontinuities, and hence manufacturing issues, but it can 

also cause shading due to neighboring facets. Unlike most analytical surfaces, the 

NURBS surface, and in particular, the surface-point interpolation NURBS was found to 

handle boundary control issues exceptionally well, as seen, for example, in chapter six. 

Additionally, it was observed that the interpolated NURBS surfaces handle global 

coordinates easily, and are therefore much more convenient for creating faceted reflectors 

in spherical polar coordinate systems, than many analytic surface types. 

Extended sources were shown to cause smearing of the sides of the illuminance 

distribution in chapter seven. Some smearing is unavoidable when a single reflective 

surface is used with an extended source. An interesting case for future research would be 

to use the edge-rays of an extended source to optimize a single surface. This might lead 

to a less smeared distribution, or at least aid in understanding the system tradeoffs more 

fully. 

In chapter two, a new surface dubbed the "a-P polynomial" was introduced. In 

chapter eight, it was optimized as a logically square-sampled NURBS surface to give a 

nice on-axis, circular-illuminance solution. Additionally, it was shown to require fewer 

variables for this solution than the surface-point interpolation NURBS surface. However, 

the a-P polynomial, like its cousin the xy polynomial, has only one fully controlled 

point—the vertex. As mentioned above, this can be problematic when creating 

boundaries for a faceted surface. 
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An interesting side point that was observed in chapter eight concerned the starting 

point for optimization of the on-axis. square-facet to circular-illuminance case. It was 

shown that while the a-P polynomial required a starting-point radius close to the final 

solution, i.e. a spherical surface, the surface-point interpolation NURBS easily converged 

from a plane. How general this phenomenon is would be an excellent area for fiirther 

research. 

A basic fact of NURBS interpolation is that a logically square grid of sample 

points is desirable. This can be problematic when a non-rectangular shape is required. 

An interesting approach, that was uncovered in chapter nine, is to optimize a rectangular 

grid of interpolation points using a differently shaped bundle of defect-rays. .After the 

surface is optimized, the rectangular surface can be sampled to form a different aperture 

shape. One sampling procedure was to use radial spokes to define the new surface. This 

worked in creating a circular-aperture facet as well as for a hexagonal facet. Also in 

chapter nine, a concentric-ring sampling approach was used to make a pentagonal facet. 

Because this approach used the knot vector to create discontinuities in the comers of the 

pentagon, fewer samples were required. 

A last point from chapter nine is that the basic techniques of optimized aim-rays 

with fractional area conservation, followed by the use of flux-tubes, appear to give nice 

solutions to a variety of problems. A multiple square-facet to arcuate-illuminance 

distribution w as one interesting case. Another multiple-facet involved a pentagonal facet 

surrounded by five hexagonal facets. Further exploration of non-square facets, 

particularly hexagonal facets, would be a good area for fiiture work. 
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APPENDIX A -INTERPOLATION EXAMPLE 

This appendix provides a more detailed treatment of the interpolation process 

outlined in Section 3.3. Some specific details it includes are: the derivation of the 3'^'' 

degree B-Spline Basis Functions, calculation of chord-length parameterization, and the 

process for solving the resulting systems of equations. 

Consider again the interpolation process used in constructing a 3'^'' degree, non-

rational NURBS curve constrained to by in the x-y plane. Four control points will be 

used so that n-!-l=4. Further inspection shows that n=p (Bezier case) and that 2{p+l) 

=n-rp+2. i.e. there are no internal knots, and the knot vector is simply: (0. 0. 0. 0. 1. 1. 1. 

1). Finally, since the interpolation is to be non-rational, all the weighting factors are 

unity. Recall that for this situation, the NURBS cur\ e is expressed as: (E-3.6) 

C { u )  =  N q j { u ) P Q  +  N ^  . { u ) P ^  +  , ( « ) A  +  N y j { i i ) P ,  

To aid in this discussion, consider also Figure .\.l. It shows the four control points. 

through Py. Note also, as in Section 3.3. a clamped NURBS cur\ e is chosen, where the 

first and last control points are coincident with the first and last data points, respectively. 

Therefore. P„ and P, are already defined since they are equal to the first and last data 

points. Also, as shown in Section 3.3. 4 total data points are required to construct the 4 

equations and 4 unknowns needed to specify P^ and P, in the x-y plane. 
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NURBS Curve 

o Interpolation Points 

Control Polygon 

Figure A.I. 3"^ degree, non-rational interpolation through fit points C0-C3. Points P0-P3 are the control 
points. 

The next thing required is to determine the B-Spline Basis functions, for p=3. 

There is more than one way to do this, but for this treatment a recursive procedure is 

used. First of all, two defining equations are required; 

H - J ^ Ui au < Ui^i 
^ ^ In otherwise 

U - U i  U i ^ p > l - U  
Hi,p (u) • (w) + (") E-A.2 

Ui+p - Ui ~ **!•! 
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E-A.l is the definition of the 0'*' degree B-Spline Basis Function (i.e. p=0). .A.s briefly 

discussed in Section 3.3. it is a unit step funciton. E-A.2 is the recursion relation between 

B-Spline Basis Functions of sucessive degrees. From these two equations, the .V ^(u) 

for any degree can be constructed. The index i. shown in the abo\ e equations, refers to 

the i'*" knot in the knot vector. For this e.xample. all the knots are either 0 or 1 as 

mentioned abo\e. In equation form, that means: uo = ui = u: = u,; = 0. and U4 = U5 = Uo = 

ut = 1. Furthermore, the NURBS cur\ e is of degree 3. so all the basis functions up 

through p=3 need to be found. Consider first the 0''^ degree Basis functions. For this 

case: 

NO,B (U)  =  Mi ,o  (u)  =  N2,O (U)  =  0  
1 0 S u < 1 o"' Degree B-Spline 

H3 , O( U) = 1 q otherwise Basis Functions 

H4,o (u) = N5,o (U) = (") = 0 

These equations are all found by applying E-.A.l for knots i=0 to i=6 (E-.A.l does not 

apply to \-l knot since there is no i=8 knot). The Basis function u ith i=3 is the only non-

vanishing term, since all the variation of u occurs between knots i=3 and i=4. Using the 

O"" degree basis funcitons. E-A.2 is then applied to find the T' degree functions. They 

are: 

No,i (u) = (u) = 0 

„  / X  r l - U  0 S U < 1  
N2,1  (u)  =  M3,O (U)  =  i  r t  4-1 ,  

_ Q ' i 0 otherwise 

u  t  \  / X  r "  O s u < l  
' ' ' 17̂  ' • ° ' 0 otherwise 

N4,I  ( U )  =  H5 , I  ( U )  =  U t  i  (u) = 0 

r' Degree B-Spline 
Basis Functions 



141 

Now continue applying E-A.2 until degree p=3 is reached. The expansions for p-2 and 

p=3 are shown below. 

2"'' Degree B-Spline Basis Functions 
H , , 2  ( U )  » 0  

u  t \ / \  f ( l - u ) '  O S u < l  NI,2 (U) = N2,i(U)=|^ 
_ 0 0 otherwise 

1 - u  r 2 u ( l - u )  0 ^ u < l  
M,,, (u) . _ H,,x (u) + — M,,i (u) . { ̂ otherwise 

_ 0 ® otherwise 

M4,2 (U) = M5,2 (U) = M6,2 (U) = 0 

3"^^ Dearee B-Soline Basis Functions 

ki  / . . \  / \  r( i -u)^ Oiu<i  
M O , 3  ( U )  =  M i , 2 ( U ) = { ^  

_ Q 0 otherwise 

M I , 3  ( U )  =  N I , 2  ( U )  +  N 2 , 2  ( U )  «  {  ̂  
1 - 0  1 - 0  0  

u - 0  1 - u  r S u ^ f  
M 2 , 3  ( U )  =  M 2 , 2  ( U )  +  H 3 , 2  ( " ) « { ,  ^  

1 - 0  1 - 0  0  

1 _ Q 0 otheirwise 

H 4 , 3  ( u )  =  N 5 , 3  ( U )  =  (u) = 0 

And the result from section 3.3 (E-3.5) appears: 

! ^ q J u )  =  ( \ - U /  

N^ /u) = 3 w (\-iO~ 

N. Ju) = l> ir(\-ii) 

N^ Jii) - where 0 < u < 1 

•  u ) ^  0 2 u < l  
otherwise 

- u) 0 2 u < 1 
otherwise 
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For the case chosen above, the B-Spline Basis Functions reduce to a Bezier. In other 

words, they reduce to the Bernstein Basis Functions defined in E-3.1. One can plot these 

basis functions separately over the parameter space and obser\e their behavior 

individually. Chase, for example, has some nice charts showing the basis functions for 

the 3'^'' order Bezier case, as well as other BezierNURBS systems, tor the interested 

reader [A-l], 

Moving on to the rest of the interpolation procedure, recall that expanding E-3.6 

for two more data points between the first and last data point gi\ es the four equations of 

E-3.7: 

) = iVo.3("l )^0.r + ̂ 1.3 ("l )^.v + ̂ 2.:M )^;v + )^-v 

C, ,.(w, ) = A^0.3("i )^0v + ̂ 1.3(^1 + ̂ 2.3 ("1 )^: v + '^3.3("l > 

Q.v(": ) = ^0.3("2)^0.v + ^u(^2 )^v + ̂ 2.3)^2v + ^3.3(^2 

Q > ("2 ) = ̂ 0.3(^2 )^0 > + ^1.3 ("2 )^ v + ̂ 2.3(^2 )^2 > + ^3.3(^2 v  

Also, recall that the parameters z / ,  and i / ,  were chosen using an algorithmic technique 

known as chord-length parameterization. Chord-length parameterization is the 

cumulative distance between points normalized by the total distance. Denoting the total-

chord-length as TCL. this gives the following relations for the 4-data-point case. 

u l  =  ^ :  

TCL 

7{C,, -C„,)= +(C„ +7(C, -C,,)= +(C, -C„ 
u l  =  ^ ^  :  ^ —  

TCL 
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WTiere TCL is given by: 

TCL = V<C,,-Q,)'+(C„-C„,)-' + 

^(C,  -  C, ,  )^ +  (C,  -  C„ )= +  -  c ,  )= +  (C,  -  C,  

And t/0=0, i/3 = l. 

With these equations, one can observe that a linear scaling in the y-direction will change 

the values for w, and ii.. For the examples found in Sec 3.3. the original 4 data points 

are: 
Cx Cy 

0 0 0 
1 3.333 1.333 
2 6.667 4.444 
3 10 10 

If these \ alues are used in the above equations: 

TCL = 3.590 ^ 4.560 ^ 6.479 = 14.629. j/, = 3.590 14.629 = 0.2454. and 

II. = (3.590 + 4.560) 14.629 = 0.5571. just as in Section 3.3. Then, if scaling the Cy 

data point values by 5. the new values are: 

Cx Cy 
0 0 0 
1 3.333 6.667 
2 6.667 22.22 
3 10 50 

Now. TCL = 7.454 + 15.909 + 27.977 = 51.340. h, = 7.454 /51.340 - 0.1452. and 
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z/, = (7.454 + 15.909) /51.340 = 0.4551. as in Section 3.3. Hence, the scaling changed 

the chord-length parameterization—and the interpolation itself. 

Now that the parameterization is taken care of. the only thing left to do is solve 

the system of 4 equation and 4 unknowns (E-3.7). First, the equations can be rearranged 

by grouping some of the known quantities. Let: 

 ̂ )̂ 0.V + ̂ 3.3 ("l )^vv] 

B  =  )  -  [ N ^ j i u ,  ) P o ,  +  ]  £ . ^  3  

^ = Q,v(":) - [^0.3 (": )^o.v + ̂ 3.3 (": )^vv J 

D  =  ^  )  -  [ y V o  3  { l l .  ) P o  ,  +  ̂ 3 . 3  ( " :  ]  

Then: 

'^ = ̂ 1.3("l)^v+^:.3(«i)^:r 

^ = ̂ 1.3("l)^, +^2.3(«l)^:,v 

D  =  N ^  ^  +  N .  ^  

Which are really just two separate systems of equations, each w ith two unknow ns: 

 ̂= A ,̂ 3 (w,  ̂ 3 (m, )P. ,  ̂= 1̂.3 ("l ) f \ y  + ^ 2.3 ("l )^2 v 

C = A^i,3(«2)^.t + ^2.3("2)-'^2.v =-^1.3 ("2)^1 +^2.3(^2)^21 

These are readily soluble by substitution, which gives four equations for the control point 

locations: 
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P u  =  

R  =  

^1.3("l W.3("2)- ^1.3(^2)^2. 3 (^'1)  

5^ ,3(^/ , ) - DA^2.3("I) 

^I.3 )^Z.3 (^2 ) ~ ^1.3 ("2) ̂ 2. 3(^1)  

A N ^ . { u . ) --CiVi3(« , )  

•^1.3~ •^1.3 ("2)^2 .3("l )  

B N , : X i h ) - D N ^ J u J  

^ 1.3("i )^:.3 (":) - ̂ 1.3 (": :.3 ("i) 

E-A.4 

Now all the quantities are known for control points and P.. The table below shows 

the location of all the control points for the y-scaled case with the original parameter 

values. 

0 0 
1 0.2454 
2 0.5571 
3 1 

Px 
0 

4.996 
8.001 

10 

Py 
0 

4.629 
29.243 

50 

This particular system of equations was relatively simple to solve using 

substitution. For more complex systems, matri.x formalism is preferred. Many 

mathematical method te.xtbooks cover this topic. See. for instance [A-2]. 
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APPENDIX B -CALCULATED SURFACE (CS) MODE 

Calculated surface (CS) mode is a way of representing a NURBS surface so that 

tracing rays to it does not require iteration to find the intersections. CS mode is 

implemented by a using parameterization in an advantageous way. In particular, this 

method works for a single surface (or sequential system) that can be expressed as a 

rectangular ((j).0) grid in spherical polar coordinates, and does not ha\e multiple 

intersections for each ((t).0) value. Parameterization, in the context of this dissenation, 

means the process of choosing the parameters of the NURBS surface that correspond to 

data points used for an interpolation procedure. What parameterization is. and wh\ it is 

necessary in general, are addressed more fully in Chapter 3.3 and .Appendix .A. 

In Appendix B, iterative ray tracing is first briefly discussed. Then an explanation 

of how calculated surface (CS) mode works is presented. 

Iterative rav tracing 

Complex surfaces, for instance those represented as: high order polynomials, 

implicit functions, and general NURBS, usually require iteration in order to find ray 

intersections with the surface. Iteration, as pointed out by Shannon, is the most accurate 

way to trace rays using a computer [B-1]. The e.xact procedure used for iterative ray 

tracing is very much specific to the software package used, and therefore proprietary 

information. However, the basic idea is to shoot a ray in a particular direction, stop it at 

some point, check to see how far the real surface is from that point, and use this 

information to guess how much further the ray should go. The procedure is then repeated 
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(i.e. iterated) until the ray "stopping-point" is within some specified tolerance of the 

actual surface [B-2]. 

As seen in Chapter 3. a NURBS surface is represented parametrically. This 

means each coordinate in the three spatial directions is defined as a function of two-

dimensional parameter space, as in equation E-3.4. This further complicates the 

procedure since the surface cannot be e.xpressed as a single equation \\ hich is a function 

of the spatial coordinates in the form of F(x,y.z)=0. 

CS Mode 

In certain situations, a NURBS surface can be parameterized in such a way that 

the ray-trace may be performed without iteration. .A. point source traced to a square facet 

is such a case. First, consider the form of this NURBS surface in spherical polar 

coordinates: 

<() = 0(i/, v) 

6> =  0(« ,v)  

r = /?(:/, v) 

Where: 9. and r are the spherical polar coordinates and ii. v are the parameters of 

which each coordinate is a function. 

A more convenient form for the NURBS surface, as far as a ray trace procedure 

goes, would be to have a single function for r. that is dependant on (p and 6. rather than u 

and V. That way. for a ray traced at a given (p and ft the surface intersection could be 

calculated in a straightforward manner. At first, this form seems complicated for a 
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NURBS since the functions <J>, 0. and R of E-B.I. are usually non-linear functions of u 

and However, since the data are being interpolated, parameter values are specified for 

each interpolation point that is used. Chapter three explains two routine methods for 

selecting these parameter values—uniform, and chord length parameterization. .A.nother 

approach is to set the parameters to be scaled versions of the variables (p and 9. Now u 

and V go to: 

I I  = 

^Stop ^Sian 

O s ,op - e  
V = 

n  _ a  
Slop Slart 

E-B.2 

Where Stop and Start refer to the beginning and ending values of <j) and 6 for the facet. 

Notice that for stop values larger than start values, ii and v \ary between 0 and 1 as 

required for the surface specified in E-3.4. 

When E-B.2 is inserted into E-B.l, a new equation for the variable r emerges 

which is a function of (f) and 9. which is the desired convenient form. It turns out that if 

the interpolation points are chosen on a rectangular grid of (p and 9 values, the surface 

described by plotting: 

r  = /?( i / , i )  = R 'Pstap ^ ^ 

^Ston ^Slan ^Sion ^ Siu 
= R{<I>.9) E-B.3 

\r Stop ^Stan Stop Stan J 

that is. /• as a function of ^and 9, will be virtually identical to the surface mapped out by 

varying the parameters u and v between one and zero, and plotting the parametric 

equations of E-B.l separately. One important thing to note here is that this only allows 
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surfaces that have one possible r-value for each (^, 6) value. The general NURBS 

surface has no such limitation. 

Another property of the NURBS surface is that it has well defined derivatives. A 

detailed explanation of how the derivatives are calculated is beyond the scope of this 

work, and the interested reader is referred to Piegl for a rigorous treatment [B-3]. For the 

purposes of e.xplaining CS mode, what's important is that the surface normal can be 

calculated for any NURBS surface for a given set of parameter values ii and v in a 

straightforward manner. This means that, in addition to the /-value found in E-B.3. the 

surface normal at that point is also readily available. With these two pieces of 

information, and the law of reflection, any ray originating at the origin can be traced to 

the surface and reflected without iteration. 



150 

APPENDIX C -MONTE CARLO ACCL R-\CY 

Throughout this dissertation, the basic approach for designing any given facet is 

to first optimize the system using ray-aiming or flux-tube defects, and then evaluate the 

illuminance pattern using a Monte Carlo ray trace. Monte Carlo ray tracing is a robust 

way to evaluate the illuminance of a given system since it uses rays that are generated in 

a random (or pseudo random) manner. The randomness helps eliminate systematic errors 

that are possible in ray-aiming solutions or flu.\-tube calculations of the illuminance 

distribution. 

When using Monte Carlo ray tracing, one must pay attention to the statistical error 

involved in the calculation. During this type of ray trace, the target plane is broken up 

into a set of bins in which rays are collected. The sum of the tlux from each ray, divided 

by the bin area, gives the illuminance value for that bin. The accuracy of the ray trace is 

increased as the number of rays per bin is increased. The resolution of the illuminance 

pattern increases with the total number of bins, so there is usually a trade-off betw een 

accuracy and resolution. 

The exact distribution of the error function is unknown, but a good approximation 

of the fractional error is given by: 

E-C,l 

N  
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where: .V is the number of rays in a bin. / is magnitude of the ray. and s is the error 

estimate [8-2].[8-3]. This equation is valid when the total number of rays traced is large 

compared to the number of rays in each bin—which is usually the situation encountered 

in practice. 

A special case of E-C.l. that is easy to remember, results when all the ray-

magnitudes are equal. In that case, the magnitudes cancel out. and the equation reduces 

to; 

For the case of an isotropic point source w ith rays reflecting specularly off of a 

reflector, the flu.\ of each ray is appro.ximately the same. e.g. in the square-facet to 

circular-illuminance cases found throughout this work. Furthermore, the average error— 

i.e. over all the bins—can be approximated by dividing the total number of rays on the 

receiver by the total number of bins that contain rays. This a\ erage number of rays per 

bin is then substituted into E-C.2 to find the appro.ximate fractional error. For all 

illuminance plots shown throughout this work, e is -5% or less. 

1 E-C.2 
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APPENDIX D -FILACTIONAL AREA MAPPING TO A CIRCLE 

The fractional area mapping solution for a square grid to a circular grid solution 

used in chapter five was provided in references [5-2] and [5-3], Here a generalized 

method for mapping a uniform grid to a uniform circle determined in the course of this 

work is presented. The hexagonal-to-circle map used in chapter nine is used as an 

e.xample. and then the square-to-circle case is derived as well. 

Hexagon to square 

Since a hexagonal grid has 6-fold symmetry, the mapping equation needs to be 

found only for one of the 6 zones. Then the other zones may be found by symmetry, or a 

rotate-in. transform, and rotate-out type of process. 

The first thing to do is place the entire starting grid on the x-y plane so that its 

center is coincident with the point (0.0). Next, chose a primary zone—in this case a 1/6 

zone due to the 6-fold symmetry. A convenient choice of primary zone here is the zone 

from 0=0 to 9=:r/3. Figure D.l shows the outlines of the he.xagonal grid and the circular 

grid to which it will be mapped. Figure D. 1. below, also shows the primary zone of the 

hexagon, with area AO. and the corresponding zone on the circle, with area A1. 

Now. the mapping can be determined for an arbitrary point (x.y) within the area 

AO. First, a line. LI. is drawn connecting the origin in the hexagon through the point 

(x.y). and then through the edge of the hexagonal pattern. The intersection with the edge 

of the pattern is defined as the point (xO,yO). as shown in Figure D.2. The slope of LI is 

tan(a) = y/x. Also the line defining the edge of the hexagon is labeled as L2. 
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a 

Figure D.l. Outline of hexagonal grid and circular grid. Also shown are the chosen primar>' zones for 
the mapping procedure (below). 

V 

L2 

(xO,yO) 

R 

Figure D.2. Geometry o i L I .  L 2 .  point (x.y). point (xO.yO). and the angle a 
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The next step in the procedure is to determine the fractional area contained in AO 

that is below L I .  In order to do this, the point (xO.yO) needs to be calculated. This can be 

accomplished by finding the intersection of the two lines. LI  and L2.  The slope of LI  is 

just tan(a). The slope of L2 may is easily calculated since two points on it are also 

coincident with the hexagonal border. One of those points can then be used to calculate 

the y-intercept as well. The equations of the two lines are then: 

L\:  V = .rtan(a) 

L I :  I -  =  - x y l h  +  a V s  

These equations are then set equal to each other to find xO and yO: 

ayil) x O  =  
tan(a) + v3 E-D.L 

n n. / . av3tan(a) _\0 = .vO tan(a) = j= 
tan(a) + \3  

Now. the area of the triangle below LI  can calculated and divided by the total area. AO, to 

find the fractional area contained in AO below line L I \  

-

_ ^ 2vO 2a-v/3tan(a) 2tan(a) 
areaFraciion 

1 , \/3 fl-v/J ay[3( ta .n(a)  +yJZ)  tan(a) + -\/3 

2 2 

The fractional area for a circle is simpler to calculate. For a radius at angle 0. which 

slices the circle between 0=0 and 0=7:/3, the fractional area below the radius is just: 

"-R-- U-- 3 

areaFraciion = -== = -= = 6 — 
A\ 71 

6 
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Now 0 can be determined by setting the two fractional area equations equal: 

^ ;t 2 tan(a) 
^ = T ^ E-D.2 

• 3  tan( a r ) - f v 3  

In order to determine the value of the radius, r, of the point corresponding to (x.y) on the 

circle, the fractional distance of point (x.y) along LI must be determined. Using the 

results of E-D.I. it is aiven bv: 

i .V + i'" yix'~v' tan(cir) + V3 
dis lrract ion = i—r '  ~  

\ .vO' -i- vO' aV3 + tan(a)" 

For the circle, the equation is just distFraciion = r R. Setting this two equations together 

gives: 

_ _ ^ V . v - + . v  l a n l a l ^ V 3  g.pj 

a\3 -^'1 + tan(ar)" 

Now. recalling that tan(a) = y/x, E-D.2 and E-D.3 can be simplified to give: 

r = —^( i -r.vv3) 
a y J 3  

e  =  2m-
E-D.4 

3(v + .vV3) 

Note that for x = y = 0. the mapping breaks down, so for that case. 0 s 0. r s 0. 

E-D.4 is simply the general case shown in chapter nine, equation E-9.4. Also. Figure 9.7 

shows a he.xagonal grid mapped to a circular grid for the case of R = a = 1. 
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Circle to square 

The same procedure can be used to derive the equations to map a square area to a 

circular area while preser\ing fractional area, as in chapter five, equation E-5.1. 

Considering the geometrv' in chapter five, figure 5.2. and the fact that there is mirror 

symmetry about the x-axis for the portion of the square governed by E-5.1. a 1/8''' 

portion may be considered as the primary zone. Figure D.3 shows the new geometrv'. 

Also, note that this zone is defined between 0=0 and 0=71/4. 

V L2 

(xO.yO) 

' (x.y) 

Figure D.3. Geometry of the 1/8"" primaiy zone for the square to circle map. 

For the square-to-circle case. LI  has a slope of tan(a) as before with a y-intercept 

of 0. and L2 is simply x = a. Also, from figure D.3. .xO = a. and therefore yO = a tan(a). 

The fractional area below 17 is given by: 
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areaFraction - — = tan{C!f) = — 
1 ^ .V 
-a '  T 

For the circle the equation is now: 

4 
areaFraction = — = 6 — 

Setting the last two equations equal gi\'es: 

A- 4 

For the distance fraction, the circle is still r'R, and for the square: 

disiFraction = '^ 
\ .vO" + .vO" a 

Setting those two equations equal gives: 

a 

Together, the mapping equations are: 

r- — 
a 

0  =  ̂ -
X 4 

E-D.5 

Again, equation E-D.5 is the general form of the mapping found in chapter five: E-5.1. 
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