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ABSTRACT 

This study presents two new, generic methods to modeling planar elastically coupled 

rigid body systems using Geometric Algebra. The two methods are twist-based po

tential energy function method and twistor-based potential energy function method. In 

this research, the rigid body motion in the plane is modeled as a twist or twistor 

motion in which the rotational motion and translational motion happen simultane

ously. The twist is denoted as a bivector using Geometric Algebra which facilitates 

the notation and computation. A twistor is defined in an intermediate frame half way 

between two displacement frames. The twistor parameters intuitively represent the 

relative displacement between two frames. 

Both twist-based and twistor-based potential energy functions are shown to be 

frame-independent and body-independent. The kinematics is studied using twist 

and twistor parameters. The constitutive equations are derived in which the wrench 

exerted by a pair of elastic bodies is computable given twist or twistor displacements. 

To analyze large displacements, this study also provides two higher order poly

nomial potential energy functions of twist parameters and twistor parameters. The 

polynomial potential energy functions are also shown to be frame-independent and 

body-independent. They are generally applicable to analyze large displacements of 

elastically coupled rigid body systems. 

Several case studies are provided in this research to demonstrate the utility of 

the presented modeling methods. A micropositioning stage device is modeled as a 

flexural mechanism with 6 rigid bodies and 7 flexural joints. Simulation is performed 

using Scilab software. The simulation results show good agreement with actual exper

imental data. The methods are also applied to simulate the displacement of flexural 

four-bar linkages with various geometry and various flexural hinges. This case study 

shows that the presented methods in this research are generic and case-independent. 
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In another case study, the higher order polynomial function method is applied to 

fit some randomly generated data which demonstrates the generality of the method 

and the applicability of the method in cases when only experimental data is available 

without knowing the geometry parameters of a mechanism. The case study of mod

eling electrostatic potential energy between liquid water molecules using polynomial 

function of twistor shows the potential utility of the method in the analysis of large 

displacement. 

The methods presented in this research have been shown to be generic, easily 

applicable, and easily computable. 
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Chapter 1 

INTRODUCTION 

1.1 Elastically Coupled Rigid Body Systems and Modeling 

This research considers the problem of modeling elastically coupled, planar rigid body 

systems. An elastically coupled rigid body system is a multibody system in which 

pairs of essentially rigid bodies are coupled by substantially more elastic bodies called 

flexural joints. A mechanism consisting of a series of rigid bodies connected by flexural 

joints is called a flexural mechanism or compliant mechanism. A multibody system 

that is symmetric with respect to and moves only in an inertial plane is called a 

planar system. An idealized, planar, elastically coupled rigid body system is shown 

in Figure 1.1. 

Flexural mechanisms have been widely used in various precision measurement 

fields. The goal of a flexural mechanism is to maintain a precise geometric relation 

between links while simultaneously providing sufficient compliance to accommodate 

relative motion in specific directions. Flexural mechanisms in various forms have 

been found in applications at the extremes of precision, including fine positioning 

stages for a wide variety of mechanical measuring instruments, probe microscopes, 

step-and-repeat cameras, and x-ray interferometers. Commercially, flexural joints 

can be found in computer disk drives, compact disk players, coordinate measuring 

machines, optical scanners, optical interferometers, electronic lithography and almost 

any precision manufacturing machine [59]. Like rigid-link mechanisms, a compliant 

mechanism also transfers or transforms motion, force, or energy. Unlike rigid-link 

mechanisms, however, compliant mechanisms gain at least some of their mobility 

from the deflection of flexible members rather than from kinematically constrained 
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(b) 

FIGURE I.l. Elastically coupled rigid bodies in the plane 
(a). Undeformed, relaxed configuration; 
(b). Deformed, strained configuration. 

joints only. 

The advantages of flexural mechanisms include a reduction in the total number 

of parts required to accomplish a specified task; a smaller number of movable joints, 

such as pin (turning) and sliding joints which results in reduced wear and need for 

lubrication and a significant reduction in weight; and the ease in which they are 

miniaturized and manufactured. Figure 1.2 shows a simple compliant four-bar mech

anism which could be manufactured from a single piece of material. There are no 

movable joints in this four-bar linkage, instead flexural joints called notch hinges are 

used. Flexural joints are also seeing wide usage in micro structures, actuators, and 

sensors, and many other Micro-Electro-Mechanical Systems (MEMS). The reduction 

in the total number of parts and joints offered by flexural mechanisms is a significant 

advantage in the fabrication of micro mechanisms. Flexural micro mechanisms may 

be fabricated using technology and materials similar to those used in the fabrication 

of integrated circuits [59]. 

Modeling elastically coupled rigid bodies is an important problem in flexuaral 
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ilexural 
notch hinge 

FIGURE 1.2. A flexural four-bar link mechanism 

mechanism design and analysis, and in multibody dynamics. .A. commonly used 

method of modeling flexural mechanisms is the so-called Pseudo-Rigid-Body Model 

(PRBM) in which the flexural elements are modeled as elastic springs plus kinematic 

constraints, i.e., the flexural elements are treated as discrete springs attached to rigid 

body joints. Figure 1.3 shows the pseudo-rigid-body model of the flexural mechanism 

in Figure 1.2 in which the flexural elements are replaced by torsional springs and 

rigid body joints (revolute joints). This model is used when the lengths of the flexu

ral members are small relative to the lengths of the rigid segments and the flexural 

pivots (notch hinges) are modeled as kinematic joints at the center of the flexible 

segment. Torsional springs are used to represent the flexural element stiffness [22]. 

This type of model has been applied to small-length flexural segments [26], initially 

straight fixed compliant segments with constant end loads [27], and initially curved 

segments with similar loads [28]. 

The advantage of the PRBM modeling method is that it allows well-known rigid-

body analysis methods to be used in flexural mechanisms. It is helpful in the initial 

design stage of flexural mechanisms. However, the PRBM method is case dependent. 

The PRB model of a mechanism usually depends on the geometry, load conditions 

and displacement boundary conditions of the flexural elements [43]. It is difficult 
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.torsional 
spring 

FIGURE 1.3. Pseudo-rigid-body model of flexural four-bar link 

A 

FIGURE 1.4. A cantilever beam and its PRB model 

to have a generic pseudo-rigid-body model for modeling various mechanisms. For 

example, Figure 1.4 shows an initially straight, flexible cantilevered beam, and its 

PRB model in which the force is acting on the end of the beam. However, if the force 

is not acting at the end of the beam, different PRB models might need to be used. 

The PRB model also depends on the geometric dimensions of flexural elements. 

For a given flexural mechanism, if the geometric parameters of the flexural elements 

are changed, different PRB models might need to be used. Figure 1.5 is a simple 

flexural four-bar linkage in which the simple leaf type hinges are used. When the 

length (or the ratio of length over thickness) of the leaf type hinge is "small", the 

leaf-type hinge can be modeled as a one degree-of-freedom (1-DOF) pin joint plus a 

torsional spring using a PRB model, as shown in Figure 1.6. However, as the length 

of the leaf type hinge becomes larger, it becomes necessary to model the "long" leaf 
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FIGURE 1.5. A simple flexural four-bar linkage 

lo; 

/  / / /  VTTT 

FIGURE 1.6. Leaf type hinges modeled as 1-DOF joints 

type hinge as 2-DOF joints as shown in Figure 1.7. It is seen that the PRB modeling 

method is case-based. The PRB modeling method is not generic. 

As to our knowledge, there is no generic lumped-parameter modeling method in 

the literature for the analysis of elastically coupled planar rigid body systems. There 

is no generic theory which is generally valid both for small displacement and large 

displacement analysis. 

The major objective of this research is to present a generic theory and modeling 

method for elastically coupled planar rigid body systems. The modeling methods and 
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FIGURE 1.7. Leaf type hinges modeled as 2-DOF joints 

theory presented in this dissertation are shown to be very generic, being generally 

applicable for flexural elements and sytems in the plane; they are valid both for small 

and large displacement analysis. 

1.2 Motivations of the Research 

The first motivation of this research is to present a generic theory and methods for 

the modeling of elasticaliy coupled planar rigid bodies. The methods will be case 

independent and geometric parameter independent. 

In the literature, screw theory has been used to model elasticaliy coupled spatial 

rigid body systems in which the general displacement is modeled as screw motions 

in space. A screw motion is the general motion in space which includes the rotation 

motion about a fixed axis (a line) in space plus the translational motion along this 

axis. Dimentberg [5] applied screw theory to the analysis of a rigid body suspended by 

a system of linear springs. The relevant screws are twist displacement (translational 

and rotational displacement) and wrenches (torque and force). Griffis and Duffy [15] 

showed that spatial stiffness and compliance matrices can be characterized intuitively 

by their screw eigenvectors. A twist displacement along an eigenscrew results in a 
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corresponding wrench. Patterson and Lipkin [49] looked in more detail at eigenvalue 

and generalized eigenvalue problems, defining twist eigenscrews, wrench eigenscrews, 

and compliant axes. They classify stiffness and compliance matrices in terms of the 

compliant axes. 

Zhang and Fasse [62] presented a geometric potential function method based on 

quaternion calculus. The potential function has been shown to be body-independent 

but not frame-independent. Fasse [12] provided two very generic methods for model

ing elastically coupled spatial rigid bodies. In the first method, relative displacement 

of the coupled bodies were represented using finite twists, which are continuous rigid 

body motions identified as screw motions. These twists are represented using vectors 

of dual numbers, which simplifies kinematic analysis and computation. In the second 

method, relative displacements are represented using dual quaternions. The strain 

energy potential function is approximated by a quadratic function of the dual quater

nion displacement. Both these models were shown to be very generic for modeling 

elastically coupled spatial rigid bodies. 

However, screw theory is only valid for three dimensional, spatial cases. When 

planar elastically coupled rigid bodies are concerned, the screw theory is not directly 

applicable. For example, to define the location of the screw motion in space (a line 

vector), the cross product of two vectors in the space is used to represent the moment 

of the line vector. However, in the plane, the cross product of two vectors is not 

defined. The dual number method also loses its meaning in two-dimensional space, 

for example, the dual angle which is defined as a rotation angle plus a translational 

displacement has no sense in the plane, therefore the dual number method can not 

be used in the planar case either. 

In the literature, most authors have focused on elastically coupled spatial rigid 

bodies. There are very few authors who have addressed the modeling of elastically 

coupled planar rigid bodies [36]. In the plane, the symmetry is missing. The op

erations of planar vectors are sometimes more difficult to deal with than those in 
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the three dimensional space. To solve the planar problems, many authors just treat 

the planar problems as special cases of three dimensional space problems and carry 

around the excess notations with many zeros in the unneeded coordinates [36]. This 

is not efficient both from computational and notational points of view, and it is not 

intuitive either. 

This comes to another motivation of this research. It is to find out a general 

theory and mathematical method to model elastically coupled rigid bodies which is 

generally applicable in the two-dimensional space and which can be extended to higher 

dimensional spaces easily. To start with relatively simple planar cases would benefit 

both the mathematical notations and computations. It will facilitate a student's 

understanding of this methodology as well. 

In practice, either as a consequence of planar manufacture or inherent geometric 

symmetries, it is often resonable to consider the important characteristics of a flexural 

system to take place in a plane. Figure 1.8 shows some typical planar compliant joints 

often used in practice [59]. It is not trivial to model elastically coupled planar rigid 

bodies. 

Another problem in modeling elastically coupled rigid bodies is the large displace

ment analysis. Most of the modeling methods in the literature are only valid (or 

accurate) for small displacement analysis. Very few authors have studied the mod

eling method of large displacement analysis for flexural systems. Fasse [12] briefly 

discussed the higher order polynomial method for large displacement analysis, but 

did not study it extensively. 

Thus, another motivation of this research is to present a generic theory and mod

eling method which can model flexural systems under both small and large displace

ments. The method would be generally applicable for any flexural system as long as 

the elastic characteristics of the system are available. 

In reality, some flexural joints are so complicated that it is very difficult to model 

these joints physically (such as in PRB models and FEA models). The best way 
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FIGURE 1.8. Some planar flexural joints 

(maybe the only way) to model these joints is to measure their elastic properties. 

Another motivation of this research is to present a modeling method which would be 

applicable for complicated flexural joints when only experimental data is available. 

In this research, we will introduce Geometric Algebra concepts into modeling of 

elastically coupled rigid body systems. The motivation of using Geometric Algebra 

is to facilitate the derivation and computation of the modeling methods. 

Geometric Algebra (also called Clifford Algebra) has been used in various areas. 

Geometric Algebra (GA) is a convenient representational and computational system 

for geometry. It is an algebra with products between scalars, vectors, multivectors, 

areas, volumes, etc. Geometric Algebra derives its power from the fact that both 

the elements and the operations of the algebra are subject to direct geometrical 

interpretation [21]. It hais been used to unify geometry in theoretical physics. It is also 

used in the computational treatment of geometry in the real-world-related computer 
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sciences of vision, robotics and simulation. Geometic Algebra unifies elements of linear 

algebra, differential geometry, Lie algebra and algebraic geometry into an integrated 

structure. It is claimed to be computationally more efficient than linear algebra. Even 

in kinematic and dynamic areas, some researchers have been using a combination of 

screw theory and Geometric Algebra techniques for the study of three-dimensional 

multibody dynamics[36]. However, to find suitable systems for solving problems in 

the plane has been a big challenge. 

The most amazing characteristic of Geometric Algebra is that it makes geometric 

intuition almost computable and it does so in a coordinate-free manner. In Geometric 

Algebra, a vector can be multiplied by another vector; a vector has its exponential; 

a vector can even be divided by another vector, and so on. All these operations can 

be done in a standard way and have geometrical meaning. In fact, some concepts of 

Geometric Algebra have been used in kinematics and dynamics for many years al

though these concepts may have different names. For example, the complex number 

method has been covered in some basic, undergraduate level kinematic and dynamic 

text books [7, 14]. The complex number method is compact and easily manipulated 

and it is ideally suited for digital computations though it is not completely intuitive. 

The complex number method has indeed greatly facilitated the computation of dy

namic problems. From the Geometric Algebra point of view, the complex numbers 

are a subalgebra of a Geometric Algebra [19, 21]. 

In this research. Geometric Algebra is only used in the kinematic analysis. For 

dynamic analysis, readers can choose any analysis methods they like and use the 

kinematic analysis method in this research as a subroutine. Therefore, readers do not 

need to learn Geometric Algebra to use the methods in this research. 

In summary, this research will present a theory and methods to model elasti-

cally coupled planar rigid body systems. These methods would have the following 

properties: 
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1. They are generic. They are case independent and frame independent. They are 

generically applicable for modeling a wide variety of elastically coupled planar 

systems. 

2. They are mathematically simple and easily computable. 

3. They are truly energy-conservative, with constitutive equations being derivable 

from a potential energy function. 

4. They have computable constitutive equations. 

5. They are accurate for small displacement analysis and applicable for large dis

placement analysis. 

6. The program codes are generically applicable for wide variety of models, and 

7. They do not depend on the physical solid models of the flexural system and are 

applicable when only experimental data is available. 

\s more and more researchers and students turn their focus to Geometric Al

gebra and screw theory for solving dynamic problems, some generic, intuitive and 

relatively simple applications and examples are essentially important. To teach these 

students and new users to use these novel concepts and methods, we believe that the 

two-dimensional, planar examples are much more accessible than three-dimensional, 

spatial examples. This is another motivation of our research which focuses on the 

planar cases. 

1.3 Dissertation Organization 

The rest of the dissertation is organized as follows. Chapter 2 defines the twist and 

twistor concepts using Geometric Algebra. The major theory and concepts used in 

this research are studied and derived in this chapter. Chapter 3 presents a twist-based 
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potential energy function method. A twist-based polynomial potential energy func

tion for large displacement analysis is also defined in this chapter. Chapter 4 provides 

a twistor-based potential function method. A potential energy function is defined us

ing twistor parameters (also called Clifford parameters). A twistor-based higher-order 

polynomial potential energy function is also presented for large displacement analy

sis. A case study of displacement analysis and simulation of flexural four-bar linkage 

mechanisms is presented in Chapter 5 to show the generality of the twist-based and 

twistor-based potential energy function methods. Chapter 6 presents a case study 

of a micropositioning stage displacement analysis using the twistor-based potential 

function method. The simulation result is compared with experimental test data 

reported in the literature. Chapter 7 provides two case studies to demonstrate the 

potential uitility and generality of the polynomial function methods. The first case 

study is to use the twistor polynomial function to fit some randomly generated test 

data. The second case study provides a preliminary analysis for the modeling of elet-

rostatic potential energy between molecules of liquid water {H2O). Chapter 8 is the 

conclusion chapter which summarizes the results of this research. 

In Chapter 2, the theory and concepts used in this research are studied. First of 

all, the major concepts of Geometric Algebra are reviewed. The geometrical meaning 

of geometric product, wedge product, bivectors, trivectors, and multivectors and their 

relationships with conventional concepts, such as cross product, complex numbers 

and unit quaternions, are provided intuitively. To establish a homogeneous coordinate 

system for the plane in Geometric Algebra, the Minkowski Algebra is introduced and a 

line is derived as a trivector in the Minkowski Algebra. The cost of using Minkowski 

Algebra is that instead of using three parameters for a plane, four parameters are 

used for the homogeneous representation of a plane. Then, the concept of a line 

vector or sliding vector is studied in detail. The relationships between these concepts 

are derived in the plane. To make it easy to be understood, both the Geometric 

Algebra representation of a line vector and the conventional representation of a line 
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vector using the cross product of vectors are provided. However, only the Geometric 

-A.lgebra representation will be used in our later work. After that, the planar motion 

and displacements are modeled as a line vector perpendicular to the plane. The 

coordinates of the motion and displacements are denoted as bivectors in Geometric 

Algebra. The planar displacement of this form is called a twist. This representation 

has been shown to be generally applicable for any motions and displacements, such 

as pure rotation, pure translation, or both translation and rotation. Similarly, a force 

system which includes forces and torques is modeled as a line vector in the plane and 

denoted as a bivector in Geometric Algebra. This representation of the force system 

is called a wrench which includes both force and torque parts. It has been shown that 

the resultant wrench of multiple forces and torques acting on a planar rigid body is 

simply a line vector with coordinates which are the summations of the corresponding 

coordinates. It has also been shown that the inner product (dot product) of a twist 

and a wrench is the corresponding power which is a scalar. After that, the relative 

displacements between two frames are derived as functions of twist displacements and 

an algorithm of calculation the twist given relative displacements is presented. Some 

simple illustrative examples are provided to show these relationships. 

In the second part of Chapter 2, a concept called twistor is introduced and es

tablished. It has been geometrically shown that the twistor represents relative dis

placements between two frames in an intermediate frame half way between these two 

frames. A twistor models rigid motions as continuous twisting motions. The rigid 

body displacements are modeled as continuous motions in which the rotational and 

translational motions happen simultaneously. The twistor is denoted as a multivector 

in Geometric Algebra which includes both scalar and bivector parts. The parameters 

of a twistor are called twistor parameters or Clifford parameters, which are defined in 

an intermediate frame half way between these two frames. These parameters are com

parable with Euler parameters. Mathematically, it is shown that the twistor equals 

the exponential of one-half of the corresponding twist. The twistors for pure rotation 
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and pure translation are also derived and some illustrative examples are provided. 

Finally, the relative displacements which include the rotational matrix and transla-

tional displacement are derived as functions of the twistor parameters. An algorithm 

to compute the twistor parameters given the displacements is also presented. 

In Chapter 3, the twist-based potential function methods are presented which 

include a quadratic potential energy function for small displacement analysis and a 

higher order polynomial potential function of twist parameters for large displacement 

analysis. First, the elastic potential energy function is defined as a simple quadratic 

function of relative twist displacements. Then, the potential function is shown to be 

frame independent and body independent, i.e., the potential function defined depends 

neither on which body is chosen as a reference, nor on which coordinate frames are 

chosen as references. After that, the kinematics of a virtual displacement is studied. 

The constitutive equations are derived in which the relationships between the wrench 

and the twist displacement are established. And the transformation relationships of 

wrenches in different coordinate frames are derived. Thus, the wrench is computable 

given elastic properties and corresponding twist displacements. The last part of the 

chapter presents a higher order polynomial potential function for large displacement 

analysis. The polynomial potential function is shown to be body-indifferent and 

frame-indifferent. The constitutive equations of generalized forces and wrenches are 

derived. 

In Chapter 4, the twistor-based potential function methods are presented. For 

small displacement analysis, the potential energy function is defined as a simple 

quadratic function of relative twistor parameters (Clifford parameters). And the 

potential energy function is shown to be frame-independent and body-independent. 

Corresponding constitutive equations relating rigid body twistor displacements and 

wrenches are derived. From the small displacement analysis, it is shown that the de

sired stiffness is achieved in equilibrium. In the second part, a higher order polynomial 

potential energy function of twistor parameters is presented and the corresponding 
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constitutive equations are derived. 

Chapter 5 presents a case study of modeling flexural four-bar linkage systems using 

twist and twistor based potential energy function methods. The potential energy 

function methods are applied to various designs of flexural four-bar linkages with 

various geometry parameters and various hinges. The major purposes of these case 

studies are to demonstrate the utility and generality of the potential energy function 

methods and to illustrate the application procedures of these methods. It shows that 

the potential energy function methods are easily applicable for a variety of flexural 

mechanisms with different designs. The case studies in this chapter show that the 

methods presented in this research are case independent, which shows the generality 

of the methods. 

Chapter 6 presents a case study for the displacement analysis of a micropositioning 

stage. The micropositioning stage is used in accurate positioning for such applications 

as semiconductor manufacturing equipment, and optical and electronic microscopes. 

This device is shown to be an over-constrained flexural mechanism. It is treated as 

a 6-body, 7-flexural-joint mechanism in our analysis. Dynamic analysis is performed 

using the twistor-based potential energy function method. Simulation is run using 

Scilab software. The simulation results successfully duplicate the measurement results 

from an actual experimental test reported by Scire and Teagure [54]. Compared to 

some other analysis methods reported in the literature, the twistor-based potential 

energy function method is shown to be more general and easier to apply. 

Chapter 7 provides two case studies to demonstrate the utility and generality of 

the higher order polynomial potential energy function methods. The first case study 

of this chapter is to fit some randomly generated data using the polynomial function. 

The simulation results show that the presented higher order polynomial function can 

fit some randomly generated testing data reasonably well. This case study suggests 

that the higher order polynomial function method could be applied to the modeling of 

some complex flexural mechanisms when only some experimental data are available. 
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The second case study of this chapter is the modeling of H2O electrostatic potential 

energy. Polynomial functions of twistor parameters are constructed to simulate the 

electrostatic potential energy between H2O molecules. To take care of the possible 

singularities of the electrostatic potential energy function, a rational polynomial func

tion which include both a numerator polynomial and a denomenator polynomial is 

used in this study. Simulations are run using different orders of polynomial functions. 

Since two H2O molecules can have relative displacements in a large range, this case 

study shows the potential utility of the polynomial function method in the analysis 

of large displacement of flexural mechanisms. 

Chapter 8 is the conclusion chapter which summarizes the results of this research. 
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Chapter 2 

TWISTS AND TWISTORS: DEFINITIONS 
AND DERIVATIVES USING GEOMETRIC ALGEBRA 

In this chapter, the concepts of twists, twistors, wrenches, line vectors, and their rela

tionships with rigid body displacements in the plane are established using Geometric 

Algebra (also called Clifford Algebra ) concepts. The concepts and methods of Geo

metric Algebra are applied to modeling elastically coupled rigid body systems for the 

first time. First of all, some major concepts of Geometric Algebra are introduced in 

this chapter. A homogeneous model of the plane is derived using Geometric Algebra 

which is represented by a horosphere in a higher-dimensional space. The homoge

neous representation of a vector in the plane has four elements and all the points 

have the same norm in the plane using this homogeneous representation. Next, a 

line vector is defined in the plane and the planar motion is defined as a line vector. 

Then, the general motion and displacements in the plane are defined as twists which 

are represented by line vectors and the parameters of the twists are derived. After 

that, the force system (forces and torques) are defined as wrenches in the plane which 

are also represented by line vectors. It shows that the operations and calculations 

of twists and wrenches are easy, straightforward, and have their geometric meanings. 

The relative displacements between two bodies in the plane are derived as functions of 

twist parameters. An algorithm to calculate twist parameters given relative displace

ments is also presented. Some simple illustration examples to show the operations of 

the twist representation are provided as well. 

In the second part of this chapter, the concept of a twistor is introduced. Math

ematically, a twistor is shown to be the exponential of one-half of a twist using 

Geometric Algebra. Geometrically, a twistor is shown to be a relative displacement 
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between two frames in the plane defined in an intermediate frame half way between 

these two frames. A twistor has four parameters in the plane. It shows that the 

relative displacement in the plane can be well represented by twistor parameters. An 

algorithm to calculate twistor parameters given relative displacements between two 

frames is also presented. It shows that a twistor can represent the displacement in a 

frame-independent and body-independent way. In the end, some illustration examples 

are provided to show the operations of twistors in the plane. 

The concepts and representations provided in this chapter are basis for the analysis 

and methods presented in other chapters of this research. 

2.1 Introductions to Geometric Algebra 

2.1.1 Geometric Product of Vectors 

The most distinctive feature of the Geometric Algebra is the rule for multiplying 

vectors. In geometric algebra, the geometric product of two vectors a and b is defined 

as 

ab = a • b + a A b. (2.1) 

where the scalar a • 6 is called the inner product of vectors a and b with 

a • 6 = |a||6| C0S7. (2.2) 

where 7 is the angle between these two vectors. The inner product of vectors is the 

same as regular dot product a - b. It is a scalar and a • b = b • a. The second term in 

the geometric product (2.1) is the outer product or wedge product of vectors a and b 

denoted as 

B = a A b. (2.3) 
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FIGURE 2.1. Wedge product and cross product of vectors 

The result of the outer product B is called a bivector. The bivector is a directed 

area, with a magnitude of |a||6|sin7, swept out by a and b as shown in Figure 2.1. 

The outer product of two vectors is antisymmetric, i.e. 

From the above, it is seen that the inner product a • 6 and outer product c A 6 of 

two vectors have different grades. Therefore, the geometric product of two vectors 

is the combination of a scalar and a bivector. The plus sign in Equation (2.1) 

means that the operation is a combination of two parts with different grades. It is 

different from the regular summation in which two parts with the same grade are 

summed up. 

Since the inner product is symmetric and the outer product is antisymmetric, i.e. 

a A 6 = —6 A a, (2.4) 

and, the outer product is distributive 

aA(6 + c) =  a A b  +  a A c .  (2.5) 

b a  =  b -  a  +  b A a  =  a -  b  —  a A b .  (2.6) 
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We can denote other products of vectors in terms of geometric products as 

a  -  b  =  ̂ { a b  +  b a ) ,  (2.7) 

and 

a  A  b  =  ̂ { a b  —  b a ) .  (2.8) 

The cross product of two vectors, a x 6, is a vector perpendicular to the plane 

defined by a and b with magnitude |a||6|sin7. The conventional cross product is the 

dual of the wedge product as shown in Figure 2.1. However, the cross product only 

exists in 3D space. Since in ID and 2D spaces, there is no direction for the cross 

product to go, whereas in 4D spaces and higher dimensional spaces, the concept of a 

vector perpendicular to a pair of vectors is not unique. Thus, the cross product is no 

longer used in the Geometric Algebra. Compared to the conventional cross product, 

the wedge product of two vectors in Geometric Algebra is much more generic since it 

is defined as a directed area formed by these two vectors. 

2.1.2 Geometric Algebra in the Plane 

Let ei and 62 be two orthonormal base vectors, that is 

el = el = 1, d • 62 = 0. (2.9) 

The geometric product of ei and 62 is 

ei 62 = ei • 62 + ei A 62 = ei A 62. (2.10) 

That is, for orthogonal vectors the geometric product is a pure bivector and 

62 Ci — 62 A 6i — —61 A 62 — —6162- (2.11) 
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The orthogonal vectors are anticommute. The full algebra of a plane (2D space) 

is spanned by a basis of {1, ei, 62, ei A62}. The basis includes one scalar, two vectors 

(EI, 62), and one bivector CI A 62- Thus, any element of the Geometric Algebra in the 

plane can be denoted as 

A = (1q + QI Ci + 02 62 + 03 CI A 62- (2.12) 

where, .4 is called a multivector which includes scalar, vector and bivector parts. In 

the Geometric Algebra of a plane, the highest grade element is the bivector. Let 

k = 6162, where A: is a bivector in the plane. Since CI 62 = EI A 62 = —62 EI, it is easy 

to show that 

KEI = (EI AE2)EI = (-6261)61 = -62, (2.13) 

KE2 = (EI A 62) 62 = (6162)62 = (2.14) 

It is seen that left multiplication by the bivector rotates vectors by (|) clockwise. 

Similarly, acting from the right 

61 A :  =  C i  ( c i  62) =  62, 62 A :  =  62 ( — 6 2  61) =—61. (2-15) 

The right multiplication by the bivector rotates vectors by (|) anticlockwise. The 

square of the bivector is 

k"^ = (ei62)(6ie2) = (61 62)(-62ei) = -1. (2.16) 

It is seen that the bivector A; is a rotation operator in the plane. The bivector k 

is also called a unit quaternion in kinematics and dynamics. 
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Using the denotion of bivector k, a multivector in the plane can also be denoted 

as 

•4 = OFL "F" CI + 02 ^2 "I" 0,2 (2.17) 

which includes one scalar (oq), two vectors (0161,0362) and one bivector ( a ^ k ) .  This 

defines a linear space of dimension 4 for the plane. 

2.1.3 Geometric Algebra in 3D Space 

By adding a third vector 63 to the planar basis {ei, 62}, and assuming these three 

vectors to be orthonormal, we have the base vectors {ei, 62, 63} for the 3D space. 

These three base vectors are anticommute. These three basis vectors generate three 

bivectors of {6162, 6263, 6361}. Similarly, we denoted the bivectors as 

6 2 6 3  =  4 ,  6 3 6 1  = j .  (2.18) 

And = —1. Similarly, i, j and k are called unit quaternions. The highest 

grade elements in the geometric algebra of 3D space is the product of a bivector with 

a vector, i.e. 

(ci A 62) 63 = ei 62 63 = Ci A e-2 A 63. (2.19) 

This corresponds to sweeping bivector EI A 62 along vector 63. The result is a 3-

dimensional directed volume element and is called a trivector. Denote the trivector 

as e\ 62 63 = I, it is to see that 

I Ci — (ei 62 63) ei — 61 62 63 61 = —e\ 62 ei 63 — 62 63, (2.20) 



37 

and 

ei / = ei (ei 6263) = ei ei 6263 = 6363 = /ei. (2.21) 

The product of the trivector with a vector is a bivector and the trivector commutes 

with all vectors in 3D space. Since 6162 = I6263 = /ci, and 6361 = /e2, we 

say that the bivectors are the dual of the correponding vectors in the 3D space. It 

is also seen that = (ei 62 ez){e\63) = e\ 62 63 ei 62 63 = ei 62 ei 62 = —1- Finally, 

the product of the trivector with a bivector is 

The product of the trivector with the bivector formed by Ci and 62 is the vector 

perpendicular to the bivector plane but in negative direction. Thus, we can denote 

the cross product of two vectors as the dual of the bivector as 

It is shown in Figure 2.1 geometrically. A basis for the 3D Geometric Algebra is 

{1, ei, € 2 ,  6 3 ,  ei A 62, 62 A 6 3 ,  63 A ei, ei A 62 A 63}. 

It includes one scalar, three vectors, three bivectors and one trivector. These define 

a linear space of dimension 8 for a conventional 3D space. 

2.1.4 Minkowski Algebra 

To get a homogeneous model of Euclidean space, we introduce Minkowski Algebra. 

Let TZp^q = Q{W''') denote the Geometric Algebra generated by a vector space 

with non-degenerate signature {p,q), where p is the dimension of its largest subspace 

/ (61 A 62) = / ei 62 = / ei 62 63 6 3  =  / ^  63 =  - 6 3 .  (2.22) 

a  X  b  = —I { a  A  b ) .  (2.23) 
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of vectors with positive signature. The signature is said to be Euclidean if 7 = 0 and 

Minkowski i( q = I [20]. 

Consider the Minkowski plane and the Minkowski algebra 

that it generates. A null basis {e, e,} exists such that 

e'^ = el=0, ee. = 1. (2.24) 

This generates a basis {1, e, e., E} for where 

£• = e A e,, and = 1. (2.25) 

Using the geometric product form ee, = e • e. + e A e,, we have the relations 

e e .  =  l  +  E ,  (2.26) 

and 

e.e = !-£;. (2.27) 

It is easy to show that 

E e  = (ee, — l)e = ee.e - e = e(e,e — 1) = e { — E )  =  - e E ,  (2.28) 

and 

e = E ^ e  = E { E e )  =  E { — e E )  =  — E e E  =  —£'e(ee, - 1), 

= —Eeee, +  E e  =  0  +  E e ,  

=  E e ,  

=  - e E .  (2.29) 
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Similarly, we have 

e.E = —Ee, = e». (2.30) 

The properties of (2.29) and (2.30) are called the "absorption property" for null 

vectors. 

The null basis {e, e,} defines a plane called the E-plane as shown in Figure 2.2. 

This £^plane can also be represented by an orthonormal basis defined by [20] 

e ±  =  4 = ( A e ± A - ^ e . ) .  A  #  0 .  ( 2 . 3 1 )  
v2 

We note that 

= ±1. e+• e_ = 0, £" = e A e, = e+A e_ = e+e-. (2.32) 

The two sets of basis vectors are shown in Figure 2.2 for A = 1. As A varies 

in (2.31), the directions of e± vary, but the orthonormality relations (2.32) remain 

unchanged. On the other hand, a rescaling of the null vectors: {e, e,} —> {Ae, A~'e,} 

does not affect any of the relations (2.24) to (2.30). Thus, it is seen that the definition 

of the null basis fixes direction but not scale, whereas the orthonormal basis has fixed 

scale but arbitrary direction. 

The relationship between the Minkowski algebra 7Jn+i,i and its Euclidean subal-

gebra TZn is denoted by the multiplicative split defined as [20, 37] 

(2.33) 

Here, is a space of trivectors with a common bivector factor E. It is related to 

the vector space iH" by 
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e. 

FIGURE 2.2. E-plane and bases 

and it generates the Euclidean algebra 7^ = It has the basis 

{eit = CkE = Eck) = trivectors in 72.^+i,i-

For example, a vector x is denoted in the vector space as x = xiCi + ̂ 262 + ^"363, 

and it will be denoted as trivector in Euclidean space 'R? generated by Minkowski 

space as 

x A E  = XiCi A e A e, + 1262 A e A e, + 1363 A e A e, G TZ^, 

in Minkowski algebra 7^4,1. 

2.1.5 Homogeneous Models of Euclidean Space 

The Euclidean space can be modeled as a set of points with algebraic properties. A 

standard way to do that is to identify each Euclidean point with a vector x in 7^". For 

example, for a Euclidean plane if 61,62 is a basis of the plane, then a point x in 

the plane can be expressed as a vector x = +12^2 in vector space It can also 

be denoted as a trivector in Minkowski algebra 7^3,i as x = 1161 Ae Ae, -fX262 Ae Ae.. 

This kind of model is called the inhomogeneous model of Euclidean space 5", because 

the origin 0 is a distinguished point in 7^" (the norm of the origin point is zero, but the 



41 

norms of all other points are greater than zero). In other words, in the inhomogeneous 

model, a specific point has to be chosen as the origin point. 

To eliminate the drawback of the inhomogenuous model, we represent points in 

5" by vectors x € in the Minkowski space. And, to eliminate the extra degrees 

of freedom, we suppose that each point lies in the null cone 

=  { x | x 2  =  0 } ,  ( 2 . 3 4 )  

and on the hyperplane 

e,) = {x I e • X = 1} , (2.35) 

where 

e  •  { x  —  e , )  =  0  e  •  X =  1 .  (2.36) 

It shows that the plane passes through the point e,. The intersection of these two 

surfaces is the horosphere: 

= jV^"+^n7?"+i(e,e,). (2.37) 

The horosphere is shown in Figure 2.3. The horosphere represents the points of 

the homogeneous representation. The horosphere is called the homogeneous model 

of 5". The horosphere can be expressed mathematically as [20, 37] 

X = XJEJ - + e,. (2.38) 

where, x is the homogeneous point on the horosphere and x is the corresponding 

inhomogeneous point. Using identities of (2.24) to (2.30), it is easy to show that any 

point X on the horosphere satisfies 



FIGURE 2.3. Horosphere representation of Euclidean space 

—  X X  =  { j c E  -  +  e , ) { x E  — + E,) = 0, 

and 

1 

1 

x - e  = (xfJ --x^e + e.) • e, 

= xE • e - ̂ x^e • e + e, • e, 

= 1. 

For any two points x and y on the horosphere, the inner product is calculated as 

x - y = < x E E y >  = x• y - i(x^ + y^)e • e., 

=  x - y - i ( x 2 + y 2 ) ,  
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Therefore, the inner product 

x - y  =  — - ( x - y ) ^  = - - (Euclidean distance)^ (2.39) 

specifies an intrinsic relation among points in 

In (2.38), as X = 0, X = e,. We see that e, represents the origin point in If 

we divided a point x on the horosphere by its distance to its origin e,, we have 

We see that e represents a point at infinity. We conclude that the two null vectors 

e and e, defined in (2.24) also can be treated as two points in the hyperspace in which 

e. represents the origin point and e represents a point at infinity, respectively. It is 

seen that, instead of using one point as the origin point, we define two points for the 

homogeneous hyperspace. 

Next, we will model a 2-dimensional plane using Minkowski algebra. For a Eu

clidean space of a plane the corresponding Minkowski algebra is 7^"+' ' = 7^^ '. 

From (2.38), the horosphere representation of this vector is 

Therefore, the homogeneous, Minkowski algebra representation of a point or vector 

in the Euclidean 2D plane is 

We see that a point in the plane has four components on the basis of (ci, 62, e, e»}. 

Since = 0 is on the horosphere, we see that all the points on the plane have norm 

of zero. Since all points in the plane are identical, the model is homogeneous. 

X 

(2.40) 
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If we project the point on the horosphere onto a hyperplane formed by basis 

{ei, 62, e,}, the point is represented by 

X = xiei + X2e2 + le., (2.41) 

This representation is equivalent to the so-called homogeneous representation of 

a point [xi, X2, 1]. This representation is often used in kinematics and dynamics. In 

this case, an image plane is used in which all points have norm greater than zero 

although the norms are not the same for different points. If we call representation 

of (2.41) "homogeneous", then the horosphere representation of (2.40) will be "more 

homogeneous" or "most homogeneous". 

Finally, if we project the point on the horosphere of (2.40) onto {ei, 62} plane, we 

get 

x  =  x i e i + x 2 e 2 .  ( 2 . 4 2 )  

This is the conventional inhomogeneous representation of a point in the plane. The 

origin point is distinguished. The homogeneous representations of (2.40) and (2.41) 

potentially simplify the representation and computation for kinematic and dynamic 

analysis. 

2.2 Line Vector and Its Coordinates in the Plane 

A line vector is a vector with a well-defined axis, magnitude and direction. A line 

vector has a well-defined axis (a line), but it is not associated with any particular 

point on the axis. A line vector can be located anywhere on its axis. It is free to 

move on the defined line but not fixed to any particular point on the line. Thus, it 

is also called a sliding vector. A line vector can be considered mathematically to be 
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O 

FIGURE 2.4. A line vector in the plane 

an equivalence class of vectors bounded on a line. Forces acting on a rigid body can 

be treated as line vectors. This is because as long as the acting direction of a force 

is defined, the real acting point of the force on the rigid body doesn't matter. The 

angular velocity of a rigid body is also an example of a line vector since the angular 

velocity of a body is not related to any particular point on the axis of rotation. 

Assume that the page is the XY plane and unit vectors ei and 62 are the base 

vectors. A line vector s is shown in Figure 2.4. 

A line vector segment s defined by two points a and b in the plane with coordinates 

of (01,02) and (61,62) can be determined as 

s = b — a. (2.43) 

where, vectors a and b are denoted as 

a  —  Q l ^ i  +  0 2 ^ 2 i  

b — 6161 + 6262- (2.44) 
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The projections of vector s onto the ei and 62 axes are 

I = bi — ai = s • COS(Q), 

and 

h = b2 — a2 = s • sin(Q!). 

Then, the magnitude of vector s is 

s  =  { l ^  +  h ^ ) ^ .  (2-45) 

The direction of vector s is represented by its direction cosines of the line as 

cos(a) = 
s 

and 

sm(a) = —. 
s 

The location of the line vector s is represented by the moment of the vector about 

the origin point O. One way to denote the moment is to use the cross product of 

r X s, where r is any vector drawn from O to a point on the line joining points a and 

6, and the vector s can be located anywhere on the line. 

It is easy to see that 

r x s  =  b x s  =  a x s  =  d x s  =  r f s e 3 .  (2.46) 

where, d is the vector in the plane from the origin and perpendicular to the line 

vector. The moment is the product of d and s in the direction of 63. 

From (2.46) we see that the moment is the same regardless where the line vector 

s is located on the line. The magnitude of the moment can be seen as the area of 
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the parallelogram formed by vectors a and b. The location of the line vector is well 

defined by its moment about the origin regardless the choice of the point on the line. 

Thus, for any point p = (pi, P2) on the line, the moment magnitude of the line 

vector is 

m  =  d s  =  s { p i s i n { a )  —  p 2 C o s { a ) ) .  (2.47) 

It is seen that the three numbers of I, h and m fully define the magnitude, di

rection and location of a line vector in the plane. Therefore, they constitute a set 

of coordinates of a line vector. These coordinates are called Pliicker coordinates and 

denoted as [m; 1, h]. It is noted that /, h and m have different units of measurement. 

I and h have dimensions of length, while m has dimension of area. 

From above it is seen that to define the moment of a line vector in conventional 

algebra, we have to use the base vector, 63, which is out of the plane. To avoid this 

problem, we will use Geometric Algebra to represent line vectors in the plane. 

In Geometric .Algebra, a line segment in the plane can be denoted as a trivector 

as, 

e A a A b  =  (a A b)e + (b — a) A E, 

= ( a A b )e + (b-a)£;. (2.48) 

Since the wedge product of two vectors represents a directed area formed by these 

two vectors, the first part in (2.48), i.e., the wedge product a A b represents the 

moment of the line formed by these two vectors, a and b. .\s shown in Figure 2.5, 

the moment of line segment s can be denoted as 

a A b  =  a A ( b  —  a )  =  a A s .  (2.49) 

If we denote a and b as inhomogeneous points in the Euclidean space, i.e., a = 

aiBi +02^2 and b = 6161 + 62^2, the moment of the line vector can be denoted as 
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0 

FIGURE 2.5. Geometric Algebra representation of a line 

a A b = (oi^i + 02^2) ^ (^1^1 "I" ^2^2)1 

= 016261 A 62 "I" (I26162 A 61, 

= (0162 — 0261)6162, 

The second part of (2.48), i.e., (b — a) represents the magnitude and direction of 

the line vector, and 

Still, the parameters /, h and m are the coordinates of the line vector. The 

representation, e A a A 6, of a line segment using Geometric Algebra is simple and 

concise. 

me\e2. (2.50) 

b — a — (61 — ai)ei -f (62 — ^2)62, 

= Ig-i + he2- (2.51) 
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FIGURE 2.6. An infinitesimal rotation in the plane 

2.3 Vector Representation of Rotations and Planar Twists 

2.3.1 Planar Rotations and Coordinates 

An infinitesimal rigid displacement in the plane can be modeled as an infinitesimal 

rotation about a fixed point called the pole. It can be treated as a pure rotation with 

respect to an axis (a line) perpendicular to the plane. 

Consider a frame 'a' attached to a rigid body in the plane experiencing a displace

ment with respect to a fixed reference plane XY as shown in Figure 2.6. 

This displacement can be modeled as an infinitesimal rotation with respect to 

the pole point p{xp, yp). The velocity of a point on the frame 'a' coincident with 

a reference point O fixed in the reference XY plane is denoted as follows using the 

conventional cross product 

Vq = r xu = (Xp ei + yp e2) x u 63, (2.52) 

or write in the algebraic form as 
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V o  = ei + V y  6 2  =  ( u j y p )  C i  +  { - u x p )  6 2 - (2.53) 

where, u is the angular velocity; and ci, 62 and 63 are unit vectors in directions of x, 

y and perpendicular to the plane, respectively. 

The numbers of uj, V'x and Vy are called Pliicker coordinates of the infinitesimal 

rotation and denoted as a vector of 

This coordinate representation is defined as a "velocity twist" in the plane. The 

velocity twist combines a rotational velocity u and linear velocity VQ into a single 

compound quantity of velocity. For example, if an object is rotating in the plane 

with an angular velocity of 3.0 about the point (5,3), then the velocity twist can be 

written as a vector as f = [3; 9; —15]. 

2.3.2 Geometric Algebra Representation of a Twist 

The infinitesimal rotation of a planar rigid body can also be modeled as a line vector. 

This line vector is perpendicular to the plane and passes through the pole point 

{xp, Dp). The magnitude of the line vector is u. The location of the line vector is 

represented by its moment with respect to the origin point which is Vb of (2.53). The 

Geometric Algebra representation of this line vector is denoted as follows 

In this Geometric Algebra expression, we do not to use the vector, 63, which is out 

of the two dimensional plane. Instead we use the bivector 6^62 to represent a directed 

i=[u j -  V^;  Vy]  =  [u:  uyp \  -uXp] .  (2.54) 

i = u €162 + [upp ei + {-uJXp) 62] e, 

= u 6162 + {ujyp) eie - (uXp) 626. (2.55) 
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area which is also the direction of the plane. Since 63 = Ci x 62, 63 is the dual of the 

bivector £162. They have the same directional meaning. By using the bivector 6162. 

we avoid using any vectors out of the defined plane. This is one of the advantages of 

using Geometric Algebra representation. 

Later, we will show that the exponential of a twist in (2.55) also represents a 

transformation of frames in the plane. The expression (2.55) is called a twist because 

it represents an infinitesimal rotation in the plane. The velocity twist includes both 

angular velocity part and translational velocity part. The coordinates [a;; uiyp; ~uJXp] 

are called the twist coordinates or Pliicker coordinates of the twist. Generally, a twist 

can be expressed as a line vector as 

where, uj is the maganitude of the line vector, and /i = 6162 + ypCiC — Xpe2e is the 

axis of the line vector. 

2.3.3 Twists of Infinitesimal Displacements 

Assume a rigid body moves in the plane by undergoing a small rotation S(l> about an 

axis perpendicular to the plane (the direction of 6162) as shown in Figure 2.7. 

The tangential displacement of a point on the moving body coincident with a 

point O in the frame of reference is given approximately using the conventional cross 

product as 

i  =  u j [ e i e 2  +  V p e i e  -  X p e 2 e ] ,  

= U J f l .  (2.56) 

<^^0 = ^0 X 5<j)eie2- (2.57) 

The tangential and rotational displacement Stq and 5(j) can be related to the 
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FIGURE 2.7. Infinitesimal displacement in the plane 

tangential and angular velocity of VQ and UJ by dividing both sides of (2.57) by a 

small time increasement St. As St —> 0. 

Sro dro 

and 

d c f )  d ( f >  

Thus (2.57) can be rewritten as 

which is identical to (2.52). 

Therefore, the infinitesimal displacement can be represented as a twist, 

Si = S(t) 6162ScpUpCiC - S(j)Xp 626, 

= <J0[EIE2 + VP EIE - XP EAE], (2.58) 

The coordinates of this infinitesimal displacement twist are [J0; —S(i)Xp]. 
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Generally, for a finite rotation of angle a with a pole point p(xp, yp) in the plane, 

the coordinates of the displacement twist are denoted as 

i = [a; ayp; -axp\. (2.59) 

The first part (a) represents the magnitude of the displacement twist line vector, and 

[aVp] -axp] represents the moment of the displacement twist line vector with respect 

to the origin. The finite displacement twist of (2.59) can be denoted as a multivector 

as 

i  = a6162 + { a y p ) e i e  - { a X p ) e 2 e .  (2.60) 

Since the planar displacement can be modeled as a pure rotation, the finite dis-

placment twist can also be denoted as 

i  =  a f i ,  ( 2 . 6 1 )  

where 

/i = eie2 + ypeie-Xpe2e, (2.62) 

is the rotation axis and the angle a is a scalar representing the angular displacement. 

The rotation axis is perpendicular to the plane formed by ei and 62 and passes through 

the pole point (xp, yp). 

More generally, a displacement twist in the plane can be denoted as 

i  —  T 6162 +  t \  e ^ e  + t 2  62^1 (2.63) 

or 

i = an- (2.64) 
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where, 

f J ,  — ^162 4" CiC + ^2 C2C. (2.65) 

and vectors 1/ and 0 are denoted as i/ = [i/i; i/2] and 0 = [-1^2; vx]-

Therefore, any displacement in the plane can be expressed as a twist i with rota

tion angle a and an axis fi perpendicular to the plane and passing through a point 

(-i/2, Ui). 

For two frames 'a' and 'b' in the plane, the relative twist displacement i^, given a 

relative rotation angle Qj and a pole point p{xp; yp), can be expressed as 

^6 — (^162 + eie + 4^2 626). 

=  a l i e i e o +  y p C i e - X p e 2 e ) .  (2.66) 

To simplify the notation, the relative twist is also denoted as 

— b'b''' 

= K;"6X]-

(2.67) 

(2.68) 

where 

(2.69) 

it = K2/pJ (2.70) 

and, -  [ y p \  - X p ]  and = [xp\ yp]. 
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FIGURE 2.8. A pure translation in the plane 

2.3.4 The Twist Representation of Pure Translations 

Assume that the rigid body is moving with a pure translation velocity VQ, that is, 

every point in the body moves with the same velocity as shown in Figure 2.8. Clearly, 

the angular velocity u; = 0 and the twist representation of this motion is given by 

where Vq = [V'l; Vj]. We denote this motion as a Geometric Algebra twist as 

We see that this twist can be treated as a line vector which has zero magnitude 

but finite moment. Thus, a pure translation can be considered as a rotation with 

infinitesimal magnitude Su whose axis 6162 is perpendicular to the plane of translation 

and at an infinite distance, as shown in Figure 2.8. Assume TQ = Vofi, where // is a 

unit vector parallel to ro, then VQ = (5a;ro)(^ x ^162) is finite as Su ^ 0 and ro —> 00. 

Generally, the twist coordinates for a pure translational displacement are denoted 

i = [0; Ko]. (2.71) 

^ = 0 6162 + V'l eie + V2e2e, (2.72) 
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as 

i — [0; t2\. 

The pure translational displacement twist is expressed as 

t = ti e^e + t2 €26. (2.73) 

It shows that any displacement in the plane can be represented by a displcement 

twist using Geometric Algebra. 

2.4 Wrenches in the Plane 

A force applied to a rigid body in the plane can be well represented by a line vector. 

Let f be a force with magnitude of F applied to a rigid body along a directed line s 

in the plane as shown in Figure 2.9. The force can be expressed as a bivector in the 

plane as 

m = 7716162 + F1616, + ^2626,, (2.74) 

where 

m = Fd is the moment of the force with respect to origin O, 

Fi = F cos a is the force component in direction, 

F2 = Fsina is the force component in 62 direction. 

The coordinates of the force f are denoted as 

m = [m; Fi; F2], (2.75) 
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FIGURE 2.9. Line vectors of forces 

where m is called a planar wrench. A wrench combines a force and its corresponding 

torque into a single quantity. For example, a force of magnitude F = 3.0 in the 

direction of the unit vector [^; i] or (a = |) and located on a line through the point 

(4, 0) would be written as the wrench of mi = [6; |]. 

From (2.55) and (2.74), the power P can be calculated as 

P = < m^i >0= m • i, 

= (77x6162 + FiCiCt + ^2626,) • (0^6162 + Vieie + ^2^2^)1 

= mu-{• FiVi-{• F2V2. (2.76) 

It is seen that the inner product (dot product) of a wrench bivector and a twist 

bivector is a scalar. It shows that the dot product of a wrench and a twist does 

represent a scalar power. 

The problem of determining the resultant of an arbitary system of forces 

[mj; Fii; Fji], {i = 1,2, • •• , n) that acts on a planar rigid body is essentially that of 

determining a unique line vector with coordinates 
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m = ̂ mi, Fi = ^Fu, F2 = (2.77) 
t=i 1=1 t=i 

This means that any force system in the plane can be expressed as a line vector 

and thus represented by a wrench m = [m: Fi; F2] or denoted as a multivector as 

follows 

m m I 6162 + I ^ 1 eie, + [ ^ F2, ] ege,. (2.78) 

As an illustration, Figure 2.9 shows two forces fi and £2 applied to a planar rigid 

body. The wrenches of fi and f2 are shown as 

mi = 6; 
3n/3 3 

and 

m2 = .vs. 1 

The resultant wrench of these two wrenches is 

m = rhi + m2, 

6 + 3\/3; 
3Y/3 + 3 3 + 3>/3 

This resultant wrench m represents a resultant force with a magnitude of (3\/3+3) 

on a line at the direction of Q = | passing through point (\/3 - 1, 0) as shown in 

Figure 2.9. This wrench also can be expressed as a bivector, i.e. 

o /o\ ,3\/3"^~3. .3 + 3^^3. 
m = (6 4- 3v3) 6162 + ( )eie. + ( )e2e,. 
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= (m, +nu)e^e2 

FIGURE 2.10. A pure couple of forces 

Now, consider the pure couple case as shown in Figure 2.10. The resultant wrench 

of a pair of equal and opposite force with the coordinates [mi; Fi; F2] and 

[m2; -Fi; —F2], where mi ^ —m2 is obtained from (2.77) as 

m = [mi + m2; Fi - Fi; F2 - F2], 

= [MI + 1712; 0; 0]. (2.79) 

As shown in Figure 2.10, a pure couple can be considered as a force of infinitesimal 

magnitude, \Sf\ = {F^ + F^)^ —)• 0 acting along a line which is parallel to the lines 

o f  a c t i o n  o f  t h e  p a i r  o f  f o r c e s  a n d  i s  i n f i n i t e l y  d i s t a n t ,  d  =  o c ,  s u c h  t h a t  \ 6 f \ d  =  

(mi +7712). This line is called the line at infinity, and the coordinates of the resultant 

couple [mi + m2; 0; 0] can be expressed as (mi + m2)[l; 0; 0]. Where (mi +1712) is 

the magnitude of the resultant wrench and [1; 0; 0] are the coordinates of the line at 

infinity in the plane. 

If we express the result of a pure couple into a bivector as in (2.78), we get 

m = (mi 4-m2) 6162 + (Fi - Fi)eie, + (F2 - F2)e2e., 

= (mi-i-m2) 6162- (2.80) 
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Since the bivector 6162 represents a unit directed area, we see that the pure couple 

can be represented as a directed area with magnitude of (mi + 1712) in Geometric 

Algebra. 

Intuitivelj^ let a force with magnitude F = 1 N act on a body in the direction of 

y axis passing through the point (1,0). The moment of the force with respect to the 

origin ism = F*x = l (Nm). For the same amount of moment, m = 1 Nm, a force 

at point (10,0) in the y direction will have a magnitude of /' = ^ = 0.1 iV. Similarly, 

the force acting at point (1000, 0) with the same moment will have a magnitude of 

10~^ N. Thus, a force acting at infinite distance which generate the same amount of 

m o m e n t  w i l l  h a v e  a n  i n f i n i t e s i m a l  m a g n i t u d e  S f .  

Compare the wrench expression of (2.74) to the twist expression (2.63), it is seen 

that the wrench is a line vector in the plane and the twist is a line vector perpendicular 

to the plane. Their dot product is the power which is a scalar. The twist of form 

(2.63) can represent any displacement in the plane. The wrench of form (2.74) can 

represent any force system acting on a rigid body. 

2.5 Derivatives of Relative Rigid Body Displacements 

In this section, the relationships between rigid body displacements and corresponding 

twists are derived. First, the relative translational and rotational displacements of 

two rigid body frames are derived given the relative twist between these two frames. 

Then, an algorithm of calculating the twist given relative displacements is presented. 

Figure 2.11 shows a relative displacement between frames 'a' and 'b'. 

.\ssume frames 'a' and 'b' are coincident at the beginning, the relative displace

ments between frames 'a' and 'b' generally include both translational displacement 

P" and rotation displacement R^. Let Qb and Qa be the coordinates of a point q in 

frames 'b' and 'a' , respectively. Given qb, the coordinates of Qa can be obtained by a 

transformation of coordinates. 
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a 

FIGURE 2.11. Relative displacements of two frames 

q, = P^ + Rlq,. (2.81) 

First, let's consider the relative translational displacement between frames 'b' 

and 'a'. It is known that a general planar displacement can be treated as a circular 

motion about some fixed point. Assume a point 9 on a planar body moves from a 

position q{0) to another position 9(a) as shown in Figure 2.12. The definition of the 

sine function is 

d 
sinQ = -, (2.82) 

r 

The versine function is defined as 

h 
vers Q = —. 

r 
(2.83) 
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P q(0) 
1 X 

FIGURE 2.12. Relative displacement in a circular motion 

where, r is the rotation radium or the distance between the point q and the pole point 

p and Q is the relative rotation angle; h and d are horizontal and vertical displacements 

of point q relative to its original point <7(0). respectively. 

From Figure 2.12, the relative displacement of the point q on the body can be 

derived as 

Since we are concerned about the relative displacement of point q from its ini

tial position q{0) to its final position q{oi), it is better to use parameters which are 

measured relative to the initial position of a point rather than relative to some fixed 

point. Here, the displacements h and d are measured from the initial position 9(0) 

of point q rather than from the rotation center of point p. It is easy to see that 

vers Q = 1 — cos a. 

For a rigid body motion, all the points on the body have the same relative dis

placements. Thus, the relative translational displacement between frames "b" and 

"a" can be expressed as 

h = r versa. (2.84) 

(2.85) d = rsina. 
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FIGURE 2.13. Translational displacement in the plane 

=  h e i  +  d e 2  =  r ( v e r s Q ; j )  e i  +  r ( s i n a t )  6 2 .  ( 2 . 8 6 )  

where, Ci and 63 are unit vectors in the directions of axis x and y, respectively. 

More generally, let /> = [xp; yp] denote the vector of an instantaneous pole point 

p and 1/ = [yp, —Xp\ be the vector perpendicular to the vector v as shown in Figure 

2.13. It is seen that the relative translational displacement of P" with respect to these 

two vectors can be expressed as 

Pft" = vers Oj/> +sin ckj (2.87) 

where, aj is the relative rotation angle between the two frames 'b' and 'a\ 

From (2.66), given a relative twist displacement in the plane 

(6162 + cic + 626), (2.88) 

= (eie2 + j/pCie - Xpe2e). (2.89) 
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or 

t^ = K; atutl (2.90) 

where, = [yp; -Xp] and — [xp-, y^]. It is easy to see that the translationai 

displacement can be derived as 

(2.91) 

The computation of 2 x 2 orthonormal rotation matrix Rl for a planar rotation 

given a twist is straight forward, i.e. 

Rl = cosQb I + sina^ sk(l). (2.92) 

where, matrix I is the 2x2 identity matrix and a skew matrix sk(6) is defined as 

sk(6) = 

Thus, 

sk(l) 

Or write into matrix form as 

0 -b 
b 0 

0  - 1  

1 0 

(2.93) 

cos a? — sin a? 
sm COSQ? 

(2.94) 

An algorithm to calculate twist given displacement R^ and is as follows. 

From (2.94) it is seen that 

cos a? = ^ tr(i2?), (2.95) 
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where tr(i2J) is the trace of rotation matrix 

If cosQj = 1, then 

= a? = 0, 

and 

fa _ pa 
—  ^ b -

This is the pure translation case. 

If —1 < cosQj < 1, then 

From (2.91), we have 

pa 

= vers 

t>6 vers al + sin 

vers ag sinaj 
— sina 1 VERSQ^ I "1 J' 

" 1 0 • COS al — sin AJ 

0 1 sin al COS 

(2.96) 

(2.97) 

(2.98) 

(2.99) 

(-.r) (2.100) 

Or 

= [I (2.101) 

Since for general cases (not pure translation), COSQ^ ^ 1, i.e. , ^ I, the matrix 

[I -iift] is invertible, we get 

(2.102) 
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or 

— [ ^ p i  yp]i 

= [ i - R t r n \  

1 
2 

I+COS gg 

1+COSQg • 
2sinQg 

1 
2 

1 , 1 + cos aj 

5 ' ^  2 sin a; 

n". 

p.". 

(2.103) 

(2.104) 

(2.105) 

(2.106) 

Therefore, the twist given rotation matrix and translational displacement 

is computed as 

R."=Q; = COS-'(2.107) 

and 

tl = atvl (2.108) 

The twist displacement is 

i t  = T ^ e , e 2  +  t l e  

= RFT"EIE2 + KI/ICI+A^F2E2]E. (2.109) 

2.6 Illustrative Examples: Finite Twists and Displacements 

This section provides two simple examples to illustrate the relationships between the 

displacement of a planar rigid body and its corresponding twist. 

2.6.1 Example 2.1 

Consider two frames 'a' and 'b'. They are coincident originally. After displacement, 

the origin of frame 'b' moves to a point (2, 1) with respect to the origin of frame 'a'. 
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(-0.86,4.23) 

(2,1) 

(0,0) 

FIGURE 2.14. Example 2.1 

i.e. = [2; 1]. The orientation matrix of frame 'b' with respect to frame 'a' is given 

as 

Rt = 
0.866 -0.5 
0.5 0.866 

(2.110) 

We are going to find the twist displacement corresponding to the given transla-

tional displacement and rotation matrix. From (2.107), the relative rotation angle is 

obtained as 

= cos- . 

1.W 
= COS j, 

= cos" ̂ (0.866), 

or, 

From (2.106), the vector is obtained as 
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i>? 

1 - 0.866 0.5 
-0.5 1 - 0.866 

-1 

(0-
= (4») 

Thus, the twist corresponding to the given displacement is calculated as 

6  6  g .  

_  a  a _ f  2.21 \ 
h o^b ''b 0.45 ) • 

or 

it = 7 6162+ (2.21ei +0.4562)6. (2.112) 
0 

Since 0^ = [xp-, yp] = [—0.86; 4.23], we see that the given displacement is the 

result of a pure rotation with respect to the pole point (-0.86, 4.23) and the amount 

of the rotation is QJ = | as shown in Figure 2.14. This example shows that given 

any displacement in the plane, the corresponding twist could be easily found. 

2.6.2 Example 2.2 

Given a finite twist of frame 'b' with respect to frame 'a' as, 

TT 
tl — ^(^162 + 616 + 626), (2.113) 

That is 

— Wu ^2] — [1; !]• 
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Find out the relative displacement of frame 'b' with respect to frame 'a'. 

From (2.92), the rotation matrix can be calculated as 

= cosQ^ I + sinaj sk(l) 

cos aj — sin 

sin Qj cos 

2 2 
(2.114) 

v/2 V2 
2 2 

The translational displacement of the origin of frame 'b' with respect to the origin 

of frame 'a' is calculated from (2.91) as 

Since 0^ = [xp; yp] = [—1; 1], the given twist is equivalent to a pure rotation of 

— 4 respect to a fixed point (xp, ijp) = (—1, 1) as shown in Figure 2.15. The 

displacement configuration shown in the figure is consistent with what is expected. 

This example shows that the relative displacement between frames can be represented 

by a finite twist very nicely. 

2.7 Definition of Twistors and Geometric Interpretation 

2.7.1 The Exponential of a Twist 

It has been shown that a twist can well represent a general displacement, which 

includes both rotation and translation in the plane. A twist of the form 

Ph = ffc sin al + vers , 

(2.115) 
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FIGURE 2.15. Example 2.2 

i = a fi = a (eie2 + j/pCiC — Xp e^e), (2.116) 

represents a rotation of angle a  with respect to the pole point ( x p ,  t / p ) .  

Let 

^ = = (2.117) 

where 

^ = 6163 + t/p eie - Xp 626. (2.118) 

The powers of 11"^ = (6162 + VpCiC — Xp62e)" can be calculated as follows, 

= 1, 

= 
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= (eie2 + j/pBie - Xpe2e)(eie2 + t/peie - Xpeae), 

= 61626162 + Hp 6166162 — Xp 6266162 + Up 6162616 — Xp 6163626 + 0. 

= —61626261 + yp 6161626 -f Xp 6162626 — Hp 6161636 — Xp 6162626, 

= -1,  

M"* = = (-i)(-i) = 1, 

i 

//« = /iV=/^' = -l, 

= -n, 

Thus, the power of = (6162 + ype^e — Xpe2e)^ is as follows 

0 mod 4 

2 Id 4 

3 mod 4 

(6162 + Vp 616 - Xp 626)" = < 

1, if n = 

6162 + j/p 616 - Xp 626, if n = 
— 1, if n = 

-(6162+ yp616-Xp626), ifn = 

Therefore, the exponential of the half-twist (|) is derived as 
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e x p f j )  =  exp(0/x), 

2! 3! 
[dnY 

4- + 
n! 

COS0 + sin0^. (2.120) 

That is. 

e x p ( l )  =  c o s ( | ) + s i n ( | )  

(X CT 
=  c o s { - ) + s i n { - ) { e i e 2  +  y p e i e  -  X p e 2 e ) .  (2.121) 

Define 

g = cos(|) + sin(|) 6162 +ypsin(|)eie -Xpsin(|) 626. (2.122) 

We will call q the twistor in the plane, because we will show that it can be used 

to represent planar displacements. 

2.7.2 Geometric Interpretation of Twistor Parameters 

Consider a frame 'b' and a reference frame 'a' in the XY plane. Let angle Q be 

the relative rotation angle of frame 'b' with respect to frame 'a'. And let frame 'i' 

be the "intermediate" frame between frames 'b' and 'a'. Let P = [Pj.: Py] be the 

translational displacement of the origin of frame 'b' from the origin of frame 'a'. This 

planar displacement can be modeled as a pure rotation with respect to a fixed pole 



point (Xp,yp). The relationship between the coordinates of the pole point and the 

displacements P = [P^.; Py\ and a are given by [40] as. 

fPi . Q P„ Q1 , . a 
cos — / sm — 

2 ' 2 

UP = "TT COS — + sin - / sin —. 
^ 2 2 2 2 ' 2 

Pi a Py . a a 
(2.123) 

Substitute (2.123) into (2.122), we get the twistor expressed in terms of a and P 

as 

Figure 2.16 shows that the twistor in (2.124) represents the planar displacement 

half way from frame 'a' to frame 'b'. 

In Figure 2.16, frame 'i' is the intermediate frame located half way between frames 

'b' and 'a', such that frame 'i' has a rotation of angle (|) and a translational dis

placement of (y) from frame 'a' as shown. 

First, look at triangle EGO as shown in Figure 2.17. We see that 

a . OL 1, „ a „ . Q, 
<7 = cos - + sm - 6162 + -(Picos-+ Pj,sm-)eie 

1 , „  a . oc. 
+  ' " 2  (2.124) 

OG = -^ sm — 
2 2 

and 

Py ^ 
EG — — cos —. 

2 2 

Next, look at triangle BEF as shown in Figure 2.18. We see that 

and 



2 

FIGURE 2.16. Geometric representation of a twistor 



FIGURE 2.17. Triangle EGO 

G 

FIGURE 2.18. Triangle BEF 
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Thus, from the figure we get 

OD = OG + GD = OG + FB = ^sin| + y cos 

oc . a 
O C  =  F G  =  E G - E F  =  ̂ c o s - - - ^ s m ^ .  (2.125) 

2 2 2 2 

From Equation (2.123) we have 

Py . a Px a .a 
-rsin — + — cos — = Up sm 
2 2 2 2 2 

Py a Px . a .a 
cos-- y sin-=-oTpSin-. (2.126) 

Therefore, we get 

-p— . a 
O D  =  y p s m -  =  x i ,  

a 
OC = —Xp sin—=3:2. (2.127) 

where, xi = OD and X2 = OC are the displacement of the origin of the intermediate 

frame 'i' in the coordinates of frame 'i'. It is noticed that the relative displacement 

p a r a m e t e r s  a n d  X 2  a r e  d e f i n e d  i n  t h e  i n t e r m e d i a t e  f r a m e  H ' .  

Use parameters of Xi and X2, the twistor in Equation (2.124) becomes, 

q = cos ^2 "2 ^2^26. (2.128) 

It is shown that the parameters of a twistor represent the relative displacement in an 

intermediate frame, i.e., (|) is the half rotation angle between the two frames, and 

xi and X2 are the translational displacement defined in the intermediate frame. If we 

define two new parameters as 

cr = cos —. (2.129) 

and 

f = sin|. (2.130) 
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A planar twistor can be expressed as 

q = a + ̂ 6162 + X\e\e + 0:2626. (2.131) 

A twistor in the plane has four parameters. They are 

a 
(2.132) 

(2.133) 

(2.134) 

a cos-, 

. 01 

. Q 

and 

Q 
X2 = -Xp sm -

2" 
(2.135) 

We call these parameters ''twistor parameters'' or ''Clifford parameters". The two 

parameters a and ^ are related to the rotational displacement a, while the other two 

parameters Xi and X2 are translational displacements denoted in the intermediate 

coordinates. Since = 1, the four twistor parameters are not independent. 

This shows that the twistor of (2.124) and (2.131) does represent transformation 

and displacements between frames in the plane. However, it only accounts for one-

half of the total transformation. That is why the half angle | is used in the twistor 

expression (2.124). The other part of the transformation will be represented by its 

conjugate twistor q*, such that 

and. 
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That is, the twistor q of (2.122) has a norm of unity. In general, a twistor will be 

applied twice to any object on the plane, once on the right, and a second time (as 

a conjugate) on the left. Each time the twistor is applied, only a half of the desired 

outcome is obtained, so that the final result after the twistor is applied on both the 

right and the left is that the whole outcome is achieved. The operations of twistor 

parameters are comparable to the operations of Euler parameters which transform a 

3-space coordinate system by a semirotation to an intermediate 4-space system, then 

transforms the 4-space system to a 3-space system by a second semirotation. This is 

also why Euler parameters are represented with half the angle instead of the whole 

angle. 

More generally, a twistor can be defined as 

q  =  a  +  ̂6162 -I- X i  B y e  -f- X 2  626. (2.137) 

A twistor can be divided into scalar and vector parts. The scalar part is 

a 
a = cos — 

2 
(2.138) 

and the vector part is 

r 

a 
=  S l R j f X .  

= sin—(6162 + i^ieie-I-1/2626), 

=  s m — 6 1 6 2  +  y p s m — e i e  -  X p S m — 6 2 6 ,  

^6162 + xi eie -h X2 626, 

. a a . a 

(2.139) 

(2.140) 

(2.141) 

(2.142) 

(2.143) 

where 

H — 6162 + CiC -(- ^2 ^2^, (2.144) 
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=  V p :  (2.145) 

1^2 = -^p, (2.146) 

and 

c • " ^  =  s i n - .  (2.147) 

Set vector u = [ui] I/Q], we see that 

(2.148) 

2.7.3 Twistors for Pure Rotation and Pure Translation 

Consider the case of a pure rotation with respect to the origin in the plane. In this 

case, the translational displacement is zero, i.e. P = [Pi; Py\ = [0; 0]. From (2.124), 

the twistor for the pure rotation is as follows 

The twistor for pure rotation is also called a spinor. This is because a spinor 

operation q'xq rotates any vector x in the plane by an angle a with respect to the 

origin. Here, the vector x can be an inhomogeneous vector such as x = Xi ei + X2 62, 

or it can be a homogeneous vector as x = xiCi + 2:262 — + e». 

Not to lose generality, consider the effect of a spinor with a = | acting on a unit 

vector on the X axis, i.e. x = ei, or x = ei — + e,. The twistor is 

a . Q 
(2.149) Qr =  c o s - + s i n - 6 1 6 2 -

TT . TT 
Qr = COS — + Sm — 6162, (2.150) 
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o e, 

FIGURE 2.19. Twistors for pure rotation 

Using the relations of 616163 = 62, 616261 = -62, and 616262 = 61, for the inhomo-

geneous vector x = ei, we get 

/' = xgr = e[(cos ̂  + sin ^eiCo), 
6 6 

v/3 1 . - X 
—  ~ ^ e i  + - 6 2 ,  ( 2 . 1 5 1 )  

and 

I = Q '̂X.QR = QRL = ("2" - 2^1^2)1-̂ 61 + -62), 

3 ^3 \/3 1 
— -ei ^-616261 H——69 —7616262, 

4 4 4 4 
_ 1 ^ 

= COS ^ D + sin 162. (2.152) 

It shows that the spinor qr rotates a vector to a half way position and its conjugate 

spinor q* rotates another half of the rotation. 

If we use homogeneous representation for the vector, i.e., x = ei — ^e + e,, we get 
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I' = xgr = (ei - ̂e + e.)(cos^+ sin ^6162), 
I 00 

TT 1 TT TT 
= COS —Ci — - cos -e + cos —e, 

6 2 6 6 
- ^ 1 . TT . TT , _„x 

+ Sin -62 - - sin -66162 + sin -6,6162, (2.1o3) 
6 2 6 6 

and 

TT TT 
I = q'xqr = q*l' = (cos - - sin -6162)/', 

D 0 

o T T  1  5 ^  9 ^  T T . T T  
= cos —61 — - COS —e + cos —e, + cos — sin —62 

6 2 6 6 6 6 
1 TT TT TT TT . TT TT 

--Sin — cos —66162 + sin — cos —6,6162 + sin — cos —616261 
2 6 6 6 6 6 6 
1 TT TT TT TT • 2 ̂  

+- sin — cos —61626 — sin - cos —61626, — sin —626262 
2 6 6 6 6 6 
1 , 0 ^  .  0  T T  

— - sm —616266162 + sin -61626,6162, 
2 6 6 

TT . TV 1 
= cos—61 + Sin—62 —-6 + 6,. (2.1o4) 

O O ^ 

Comparing (2.154) with (2.152), it shows that the result of a spinor acting on a 

homogeneous vector is the homogenous vector form of the result of the same spinor 

acting on the inhomogeneous vector. The results are consistent. 

For a pure translation, let a = 0 and translational displacement P = [Pj.; Py], 

The twistor of (2.124) becomes 

qt — 1 + -^ 616 + 626, (2.155) 

The conjugate pure translation twistor of qt is 

Qt — 1 + ^26 — Qt- (2.156) 
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and 

Qtql = 1 + PiCie + Pj,e2e. (2.157) 

It is seen that the pure translation twistor is also a two-step action operator. 

It can be shown that q = qtQr, however, the twistor in (2.124) represents a frame 

transformation in a way that both rotation and translation happen simultaneously. 

That means, the twistor of (2.124) represents both rotation and translation is an 

order independent way. In next section, an illustrative example is provided to show 

that a twistor of the form in (2.124) well represents a general transformation in the 

plane regardless of the approaches to treat the motion. 

2.7.4 An Illustrative Example of Twistor Displacement 

Assume frames 'a' and 'b' are coincident originally. After a certain displacement, the 

origin of frame 'b' ends up at point (2, 2\/3) and frame 'b' orientates « = (f) with 

respect to frame 'a', as shown in Figure 2.20. 

The corresponding twistor of this displacement is given by (2.124) as 

q — ——h \/3eie + le2e. (2.158) 

Kinematically, the given displacement can be modeled using different approaches. 

It can be modeled as combinations of pure translations and pure rotations with dif

ferent orders. First, the given displacement can be modeled as a pure rotation of (|) 

with respect to the origin followed by a pure translation to point (2, 2\/3). In this 

case, the corresponding twistor is 
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(-2.2>/3) 

(4.0) (0.0) 

FIGURE 2.20. Planar displacement and corresponding twistor 

— 9a9ri, 
v/S 1 

= (1-h eie + \/3e2e){——I--6162), 

\/3 1 
= —h + \/3cie + 626. (2.159) 

Secondly, this displacement can also be seen as a pure translation from origin to 

point (4,0) followed by a rotation of (|) with respect to the origin of 'b'. In this case, 

the corresponding twistor is 

92 — 9r29t2) 
\/3 1 

("^ + 2^I62)(1 + 2eie), 

\/3 1 
— ^ — 6 1 6 2  +  \ / 3  e i e  +  6 2 6 .  ( 2 . 1 6 0 )  
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Finally, this displacement can be modeled as a pure rotation with respect to a 

pole point (—2, 2\/3), the corresponding twistor from (2.122) is 

From the above, it is seen that although the individual twistors for different steps 

of rotations and translations are different, the final twistors of the combined effects of 

these transformations are all the same. This is because no matter what approaches are 

taken, they represent the same transformation. It shows that the twistor of (2.158) 

well represents the transformation no matter what approaches you are looking at this 

transformation. It proves that the twistor represents a planar displacement in such a 

way that both translation and rotation are happening simultaneously. 

2.8 Derivation of Relative Displacements Using 
Twistor Parameters 

Given two frames 'a' and 'b' in the plane. The corresponding twistor related to the 

relative displacement of these two frames can be expressed as 

6 6' ' ^ 

n/3 1 Hi 
+ V 3 eie + 626. 

6 6 

(2.161) 

96 = <^6 + ̂ 6^162 + xl^eie + xli ,e2e. (2.162) 

where 

= cos(^), 

C = sin(^). 

(2.163) 

(2.164) 
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b1 
'  I T ) '  

ypsin(f) 

-Xp sin(^) 
(2.165) 

and 

Tb =  ̂ 6^162 +<.6eie + X2 6e2e. (2.166) 

Given the elements and of a twistor, computation of the 2x2 orthornormal 

matrix and 2x1 translational displacement is straightforward. 

Since the relationship between the coordinates of the pole point {xp, yp) and the 

translational displacement is given as 

= [y ~ -2-cos(-)]/sm(-), 

a. r  ^  \  •  / ^ \ i /  Vv = [—cos(-) + y sm(-)]/sm(-) 

Given {xp, yp), the translational displacement P = [Fi; Py] is 

(2.167) 

(2.168) 

,0e. 
P^ = 2sin^(-)a:p + 2sin(-)cos(-)yp, 

,ct .  
Py = 2sin (-)j/p - 2sin(-)cos(-)xp. 

Thus, the relative translational displacement 

(2.169) 

y . 

2cos(^) -2sin(^) 

2sin(^) 2cos(^) 

= 2 { 
cos(^) 0 

cos(^) 

sin(^) yp 

-sin(^)a;p 

0 -sin(^) 

sin(^) 0 
1 '  Kb' 

1 . ̂ 2,t . 
.(2.170) 
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That is 

Pt = 2iatl  + sk{^t))b1. (2.171) 

The 2x2 rotation matrix can be calculated as 

fl; = (i-2(S)=)i+2a;sk«;). (2.172) 

This is true because 

(l-2(Cni+2a^k(e,") 

2,-l^ 0 

0 1 — 2sin^(^) 

1 - 2sin2(^) 
2cos(^) 

cos aj — sm QJ 
sin aj cos qJ 

Rt-

0 

sin(^) 

sin(^) 

(2.173) 

An algorithm to compute cr^ and given displacements and is as follows. 

First consider the scalar part a^. Since 

tr{R^) = 2COS(Q;^) = 4COS2(^) - 2, 

then 

(2.174) 

<^b = cos(^) = ^yftT{R^)^. 

VVe are free to choose the non-negative root, 0 < aj" < 1. 

Next consider the vector part, T^. If cr^ > 0, then from (5.14) 

(2.175) 



87 

(2.176) 

This is not well behaved numerically for small and use only for CTJ >0.1 in the 

software implementation. If CTJ < 0.1, let 

Sign ambiguity is resolved by looking at the antisymmetric part of R^. Let M = 

if iV/2,1 > 0, then > 0. If M2,i < 0, then < 0. If A/2,i = 0, then 

cr^ = 0 and the sign of can be chosen arbitraily. Expression of (2.177) is always 

well defined, but it is not well behaved for large cr^. This expression is only used for 

cTj < 0.1 in the software implementation. 

The computation of 6° is straightforward from equations (5.12) and (2.169) as 

(2.177) 

6? =  i K I -sk(S))ff. (2.178) 

where 

(2.179) 
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Chapter 3 

TWIST-BASED POTENTIAL FUNCTION METHOD 

3.1 Introduction 

In last chapter, it has been shown that planar displacements can be represented by 

twists or twisters in the plane. This chapter examines geometric modeling of elasti-

cally coupled, planar rigid body pairs using a twist-based potential energy function. 

Assume that the elastic body pair is always in internal equilibrium, so that its po

tential energy is a function of the configuration of the two rigid bodies. A potential 

function is defined as a simple quadratic function of the twist displacement. This 

potential function is shown to be frame-indifferent, port-indifferent, and very generic. 

The corresponding constitutive equations relating rigid body displacements and the 

corresponding wrenches are derived. A higher order polynomial potential energy 

function of twist parameters is also presented for large displacement analysis and for 

higher accuracy. The corresponding constitutive equations are also derived. 

3.2 Definition of Potential Energy Function 

Let 'A' and 'B' index two elastically coupled planar rigid bodies, as depicted in Figure 

3.1. Let 'a' index a frame attached to body 'A'. Let 'b' index a frame attached to 

body 'B'. Frames 'a' and 'b' are assumed to coincide in unstressed equilibrium. Given 

a finite twist displacement 

— Tb^l^2 + 

= alexe2 -t- {aluiex -t- 0^4/263)6, (3.1) 



89 

L L 
a', b' a, b 

(a) 

b' o b 

FIGURE 3.1. Elastically coupled rigid body pair and frames 

or 

— th — 
'6 (3.2) 

b 

The potential energy function is defined to be 

(3.3) 

or 

c/K® = i [< K F ] K  

where K is the 3x3 sysmmetric stiffness matrix 

_ Ko Kc 
KJ Kt 

^6 
(3.4) 

(3.5) 

Where, Ko is a scalar which is the rotational stiffiness. Block Kc is the 1x2 

coupling stiffness row vector. Block Kt is the 2x2 translational stiffness matri.\. 
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3.3 Body and Frame Independence of Potential Function 

In this section, it is shown that the elastic potential energy function of (3.4) depends 

neither on which body is chosen as a reference, nor on which coordinate frames are 

chosen as references. 

First consider the choice of body. Assume the twist displacement of body 'B' with 

respect to body 'A' is 

If we exchange the roles of body 'A' and body 'B'. The twist displacement of body 

'A' with respect to body 'B' will be 

This is true because the twist displacement of body 'B' relative to body 'A', 

is the rotation of angle with respect to the pole point (—1^2, i^i)- While, the twist 

displacement of body 'A' relative to body 'B', is the rotation of angle (—Q^) with 

respect to the same pole point (—1/2, U])- Therefore, 

t l  = <(6162 + + 1/2626). (3.6) 

= a^(eie2+i/ieie +1/2626), 

= -0:6(6162+2/1616 + 1/2626). (3.7) 

(3.8) 

Thus, the potential energy function of twist 

UKiii) = 

= U^(il) .  (3.9) 
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P 

a 

FIGURE 3.2. Twists under different frames 

This proves that the definition of potential energv* function of (3.3) does not 

depend on which body is chosen as a reference. 

Next, we will show that the potential energy function does not depend on the 

choice of frames either. Let frames 'a" and '6" be another pair of frames attached 

to bodies 'A' and 'B' as shown in Figure 3.1. Assume that frames 'a" and '6" also 

coincide in unstressed equilibrium. The relationship between twists [r^'; t^] and 

[tj ; t^] is derived as follows. 

Figure 3.2 shows that the planar displacement between two frames can be treated 

as a pure rotation about a fixed point p. Thus, the angle of rotation is the same 

regardless the frames chosen, i.e., 

(3.10) 

The coordinates of the point p in frames 'a" and 'a' are related as 

i>;' = R^̂ i>; + p̂ ', (3.11) 
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Multiply Qy on left hand side of (3.11) and multiply on right hand side, from 

(3.10) it follows 

= <(«>p") + ̂ a'(a?). 

Since for the vector, u = [vy\ i/2] ,  we have 0 = [—^2; fx] and 

(3.12) 

and for 

we have 

(i>)^ = [-uy- -U2] = -t/, 

Ru = cos a — sin a 
sin a cos a 1^2 

cos aui — sm au2 
sin auy + cos au-i 

{Rur = 
—(sin aui+ cos av2) 
(cosat/i — sinai'2) 

0 -1  

1 0 

= sk{l){Ru), 

= Ri>. 

cos avi — sm 01/2 
sin aui + cos au2 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

Take the same wedge operation on both sides of equation (3.12) and divide by 

(-1), we get 

(3.20) 

Combine equations (3.10) and (3.20), the twist in frame a' is obtained as 
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ay 

r o
 

•
 

< 
I -Pa Ra . . . 

• 1 0^ • 

1 I 

. -Pa Ri . . '•6 . 
(3.21) 

or 

\
 

I 

1 o
 1 •

 

fa . -P^' Rt J . . 

Where the transformation matrix is the associated adjoint matrix defined as 

Ad(/?, P) = 
1 0^ 

-P R 
(3.23) 

Rewrite equation (3.22) as 

'•y 
= Ad(K',/^a"') (3.24) 

It is well known that stiffnesses of different frames are related by adjoint matrices. 

In particular, the relationship between stiffness K' and K is 

K' = AdW.PJj'-A-Ad«„f5), 

= Ad(4,P;). (3.25) 

This is true because the frame a coincides with frame b and frame a' coincide with 

frame b' under unstressed equiliburim condition (see Figure 3.1), respectively. And 

frames a and a' are attached to rigid body .4, and frames b and b' are attached to 
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rigid body B, respectively. Therefore, the relative displacement of frame a relative to 

frame a' and the relative displacement between frames b and b' are the same. That is 

Rl,=Rt„ andP", = P^ (3.26) 

Combining equations (3.24) and (3.25), the potential energy function in frame a' 

is obtained as follows 

1 
{ 4 f  K' fO-

L 

'•6 

= 2 ['•> ''f T 

= 

that is. 

(3.27) 

(3.28) UK'{tt ')=UK{tt).  

This shows that = UK{tl), which proves that the definition of the energy 

function does not depend on which frame is chosen as reference. 

From (3.9) and (3.27) it is proved that the potential energy function defined in 

(3.4) depends neither on which body is chosen as a reference, nor on which coordinate 

frames are chosen as references. The potential function is frame-indifferent and port-

indifferent. 

3.4 Kinematics of Virtual Displacements 

Consider an infinitesimal, virtual displacement of frame b on body B from an actual 

configuration Hb to a virtual configuration Hy. This displacement can be described 
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by an infinitesimal twist ((Jr^eieg 4- e6ty), or [6t^-, 6tl,]. 

We need to find out the change of finite twist Sif = 5[T^; t^] corresponding to this 

inf in i tes imal  twis t  [ST^;  St^ ,] .  

Since in the plane, the rotation angle is independent of the translation displace

ment, the corresponding rotational change is 

doct 

= Ja^=5(r^). (3.29) 

The change of the translational part is 

6{t t )  = 5{at  da^ + aSS(u^) .  (3.30) 

From the equation (2.102) of Chapter 2 we have 

= [%; ypl = (I K- (3.31) 

or 

i>h = 
1 + cos Qj 

2 sin Qj 
sk(l) pa (3.32) 

Therefore, the derivative of Pu is 

S{!>S) = isk(l)J 
1 + cos Qj 

sm a? 

1 . 1 + cos aj 
-1 + 

2 sin 
sk(l) SP^, (3.33) 

where 

1 + cos 

sma? 

1 + cosa?^ a 

sm 
(3.34) 



and since 

Ri n" 
0^ 1 

then, using result of (3.29) 

= exp { [ ] I 

fl? p; 
0^ 1 

Rt Pb 
0^ 1 

sk{ST^) Stl ,  
0^ 0 

i??sk(dQ^) R-,Sty 
0^ 0 

Therefore, the change of translational displacement is 

= ntsti , .  

=  ( COSQ! 6  I +  s i n Q f t  s k ( l ) )  ( J i y -

Substituting (3.38) and (3.34) into (3.33), we get 

^('>6) = - ^6 
1+cos gg 

+ 4-

sin ttj 

1 + cos ag 

s k ( l ) K  

2 sin a: 
<Sf» .  

since 

i/ft" = -sk(l)i>ft". 

and 

(J(i/,") = -sk(l)cJ(t>,"). 



Then 

H K )  = -5 
Sin Ofc 

+ 5sk(l) + 

Sai 

1 + COS 

2 sin Q-l 
6t  

Substitute (3.42) into (3.30), we get 

^(^6) = yt5al+al5{ul),  

I - - a^k ( l ) -
aj(l + cosa^) 

sin 
I 

+ 1 k(i) + i±^^i 
2 2 sin 

< 

Given non-zero ag, let 

<(1 +COSQg) 

^ 2sinQ^ 

Then, 

S{tt) = Pb^b -  2"6Sk(l)'^6 Sat 

+ 
at 

(l-p?)I+^sk(l) 5tl 

Therefore, 

Sal 1 

stt 1 

1 

Set 

( l - p ? ) I+^ sk ( l )  
ISAJ, 
-S4 

A fc — 
1 P t H f - ^ f i i > S f  

0  ( l - pg ) I - f  sk ( l )  
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Then 

stt 

ST^ 

< J 

If ot^ = 0, then 

6tl = 5t\,. Thus 

= i n f  

I. This is the pure translation case in which 

(3.48) 

Pft" and 

1 •
 

• 1 0^ 

t "a I 

. . 
0 I K J 

(3.49) 

and the transformation matrix T? becomes 3x3 identity matrix, i.e.. 

r" — 6 — 

1 0 0 
0 1 0 
0 0 1 

(3.50) 

3.5 Derivatives of Constitutive Equations 

The infinitesimal, virtual work done on the elastic body given virtual displacement 

[ST^] is 

sw = UKiit  + Sit)-UK{it).  

= [r^ K 
stt 

^a\T = [r^ {t ty]K{Tt) 
St^ 

(3.51) 

in which the second order terms are eliminated. 

Let [rrig; /Xg] be the wrench exerted by body 'B' on the elastic body, be the 

force exerted by body 'B' on the elastic body in coordinates of 'b'. is the moment 

exerted by body 'B' on the elastic body. This moment is with respect to the origin 

of frame 'b' in coordinates of frame 'b'. The infinitesimal, virtual work done on the 

elastic body given virtual displacement [Sr^; 5t\f] is 
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SW = [ml i^il)  b\T]  6T^ 

K (3.52) 

The virtual work defined by (3.51) and (3.52) must be equal for arbitary displace

ment [6T^] 5tl,]. We conclude that 

m' 
=  r t K  

^6 
(3.53) 

A similar expression holds for body 'A', exchanging indices 'a' and 'b'. 

Let [me; //g] be the wrench exerted by body 'B' on the elastic body with respect 

to the distinguished inertial reference frame. Let /jg be the force exerted by body 'B' 

on the elastic body in the inertial coordinates. Let rUe be the moment exerted by 

body 'B' on the elastic body. This moment is with respect to the origin of the inertial 

frame in coordinates of the inertial frame. 

The force in the plane can be treated as a line vector, the coordinates of the line 

vector with respect to frame 'b' are 

ml 
(3.54) 

as shown in Figure 3.3. 

The coordinates of this force in the frame 'e' are 

f j ,g — 

cos ai — fy sin ol 
sm a / cos 

cos Qj — sin Q-l •/^ 1 
sin al cos af . n .  

(3.55) 



o. 

FIGURE 3.3. A wrench in different frames 

or 

/Xe = /?6 

The moment is a scalar given as 

(3.56) 

TTXO — -"S + hW). (ffW 

or 

'e 

'e 
Y J 

(3.57) 

me = 1 {Pb)'^Rb 

Thus, the wrench in the inertial frame is 

m 

TUe "i {hVRb 
Me . 0 Rb 

'  mi '  
..b 
Me _ 

(3.58) 

(3.59) 

where 
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1 {PbfRb 
0 Rf, 

= [Aci(i?i, n)] -T (3.60) 

Therefore, 

rrie 

He 
= [Ad{Rt, n)]- mg (3.61) 

The wrench exerted by body 'A' on the elastic body is equal and opposite. 

If the damping effect were taken into account, given 3x3 damping coefficient 

matrix B = [Bo Be, Bj Bt], and given linear and angular velocities Va, uja, Vb and Ub, 

the viscous wrench in body coordinates is computed as, 

ml = 2AtBdx, 

where, 

1 a\T dx = -(A?) 
uJb 
Vb 

b\T 
- M) 

and 

(3.62) 

(3.63) 

A" = (i?) 
[ 0  a6" I  +  sk (^ , " )  J  

The viscoelastic wrench in body coordinates is 

(3.64) 

m!' r ^6 1 mf. 
b — 

c 
..6 + u 

1) 
. ̂  . . . . ̂^ V . 

The viscoelastic wrench in global, inertial coordinates is 

(3.65) 

mo 
/^o 

= [AdiRt,  Pb)]" 
m 

n' 
(3.66) 
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3.6 Large Displacement Analysis 

The quadratic potential energy function (3.4) is defined for large displacements, but 

only accurate for small displacements. For greater accuracy given large displacements, 

higher-order polynomials could be used. Let il = r^Cie^+tle be the twist coordinates 

of the displacement.  To simplify notation let = T and let = [ii;  12].  Let N 

be the order of the potential energy polynomial. The potential energy can be written 

as 

0<M+i2+i3<A' 
^ (3.6-) 

where, Cii,,2,,3 'he coefficients of the polynomial energy function. For example, for 

N = 3 the polynomial coefficients are 

zero order: co,o,o; 

1st order: Ci^o.oi <^0,1,01 Co,o,ii 

2nd order: ^0,1,1, C2,o,0! Co,2,0j ^0,0,2; 

3nd order: ci,i 1, C2,i,0i ^2,0,11 Ci,2,0) ci,o,2i co,i,2) co,2,1j 

Co,3,0) C3,o,0i Co,0,3-

The zero order coefficient co,o,o is arbitrary and can be set to zero. The first order 

coefficients Ci,o,o, Co,i,o and co,o,i must be zero so that the equilibrium is unstressed. 

More generally, rewrite the potential energy polynomial (3.67) into the form 

0<i l+t2+13<iV 

u =  ^  Ct/(idx)r"ii^4^ (3.68) 

where, cu is a one-dimensional array of coefficients and idx = idx(zi, ^2,^3, iV) is a 

pointer-arithmetic function. This function calculates the linear index of an array of 

polynomial coefficients given a set of indices and the order of the polynomial. 
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The elastic potential function defined in (3.67) and (3.68) depends neither on 

which body is chosen as a reference, nor on which coordinate frames are chosen as 

references. This is because twists expressed in different coordinate frames are related 

by linear transformations as of (3.22). Thus given any second pair of frames a' and 

b', there exists another array of coefficients c'^ such that 

0<il+t2+i3<jV 

u= ' 13 ' c't;(idx)(r')"((',)''(4)"- (3.69) 

Thus an N-th order polynomial of one set of twist coordinates is an iV-th order 

polynomial of any set of twist coordinates. Because of this, the set of polynomials 

of twists can be considered an intrinsically defined basis of analytic functions of rigid 

body displacements. 

Next consider the computation of the associated generalized forces. Let C be 

the generalized force corresponding to r. Let zi and Z2 be the generalized force 

corresponding to ty and f2, respectively. These generalized forces are {N — l)-th order 

polynomials of twist coordinates. The generalized forces corresponding to (3.67) are 

0<ii+i-2+i3<N-l 

C = ~ Y,' (3.70) 

0<i l+l2+t3<yV—1 

(3.71) 

0<i i+i2+t3<A/ ' - l  

= E (3.72) 

'l,'2.'3 

Using (3.68), the coefficient arrays of the generalized force polynomials are defined 

by 

c^(idx(ii,Z2,i3,-/V - 1)) = (u + l)ci;(idx(zi + l,Z2,i3,A'')), (3.73) 
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Cji(idx(zi,i2,23,iV - 1)) = (i2 + l)c(/(idx(ii,I2 + (3.74) 

c,2(idx(zi,22,Z3,iV-1)) = (Z3 + l)c{/(idx(ii, 12,23 + 1,^V)). (3.75) 

Computation of these coefficient arrays is a one-time initialization. The general

ized forces corresponding to (3.68) are then 

0<ii H-i2+t3<N^ — I 
C = ^ c,;(idx)r"t\^i", (3.76) 

tl2i'3 

0<ii+i2+i3^N^~l 
Zi = ^ c^l(idx)r"^^-^2^ (3.77) 

0<i i  +l2+l3<jV—1 

22 = ^ Cz2(idx)r"«'i^f2^. (3.78) 

where idx = idx(zi, 22, ^a, •'V - 1). These equations define the three polynomials that 

must actually be computed during simulation. 

Finally, consider computation of the associated elastic wrench in body coordinates. 

Given a virtual displacement [ST^; the infinitesimal, virtual work done on the 

elastic body can be expressed as 

5W = [m\ (/z^)^ 
ST^ 
St^,  

(3.79) 

By using generalized force [C; zf, Z2], the virtual work done on the elastic boby 

can also be expressed as 

J 
SW = [C zi Z2] 

= [C 2i 22](n)^ 
ST^ 

6tl ,  

(3.80) 

(3.81) 
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Since the virtual work defined by (3.79) and (3.81) must be equal for arbitary 

virtual displacement [Sr^ we get 

• = r? ' c '  
. . 

0  z 

To estimate the model coefficients, the following experimental procedure is en

visioned. Let body 'A' be kept stationary while body 'B' were displaced by some 

mechanism. For each trial, the displacements of body 'B', i.e., rotation angle QJ and 

translational displacement would be measured, as would be the wrench acting by 

the mechanism on the body (body 'B'), m^. Using equation (2.102) of Chapter 2. 

that is 

(3.83) 

and (3.47), i.e.. 

r" — I  R T W R - F W R  & (3.84) 
0  ( l - p j ) l - ^ s k ( l )  

the matrix Fg would be calculated for every displacement and P^. Then it would 

be possible to calculate the generalized forces 

c  
2 

= (r?) -1 (3.85) 

The resultant r = = a^, ti = a^ui, t2 = U2 and C and 2 from (3.85) could 

be substituted into equations of (3.76), (3.77) and (3.78), the coefficients of c<^, c-i 

and Cj2 could be computed. Substitute them into equations of (3.73), (3.74) and 

(3.75), three equations would be generated for coefficients C{/(idx). These equations 

are linear equations for cu. If n trials were performed, 3n such equations would be 
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generated. The resultant system of linear equations could then be solved exactly or 

in a least-squares sense for the coefficients cy. 

The Scilab code to calculate the coefficients is documented in Appendix B as 

makeAB-Q.sci. The procedure is used in Chapter 7 for the case study of randomly 

generated experimental data. 
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Chapter 4 

TWISTOR-BASED POTENTIAL FUNCTION METHOD 

4.1 Introduction 

Given two frames 'a' and 'b' in the plane. The corresponding twistor related to the 

relative displacement of these two frames was defined as 

QB = + ̂ 6^162 + <6EIE + XLHE2E. (4.1) 

where the four twistor parameters (Clifford parameters) are 

(^b = cos(^), (4.2) 

?? = sin(^), (4.3) 

and 

a 
Xh — •  ( 3 ; ) '  

i/p sin(^) 

-Xp sin(^) 
(4.4) 

It has been shown that the twistor of the form (4.1) represents the relative dis

placements of two frames a and b. Specifically, the relationships between the twistor 

parameters and the relative displacements were derived in Chapter 2 as 

Pb̂  = I + sk(^6))^^ (4.5) 

and 
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^6 = (l-2(0')I+2<sk(a. (4.6) 

In this chapter, a twistor-based potential energy function method is presented to 

model elastically coupled, planar rigid body pairs. A potential energy function is 

defined as a simple quadratic function of twistor parameters. This potential energy 

function is shown to be frame-indifferent and port-indifferent. The corresponding 

constitutive equations are derived. A higher order polynomial energy function of 

twistor parameters is also presented for large displacement analysis. The constitutive 

equations are derived as well. 

4.2 Definition of Twistor Potential Energy Function 

Again, let 'A' and 'B' index two elastically coupled planar rigid bodies, as depicted in 

Figure 4.1. Let 'a' index a frame attached to body 'A'. Let 'b' index a frame attached 

to body 'B'. Frames 'a' and 'b' are assumed to coincide in unstressed equilibrium. 

Given a twistor in the plane 

Q b  = ^ b  +  +  a : "  f t C i e  - I -  x l ^ e 2 e .  

The potential energy function is defined to be 

f K W )  =  2 ( S  K D A "  

where K is the 3x3 sysmmetric stiffness matrix 

K = 

(4.7) 

Ka Kc 
KJ K,  

(4.8) 

Where, Ko is a scalar which is the rotational stiffiness. Block Kc is the 1x2 

coupling stiffness row vector. Block Kt is the 2x2 translational stiffness matrix. 
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L I L U I U I 
A a', b' a. b B 

(a) 

(b) 

FIGURE 4.1. Elastically coupled rigid body pair and frames 

4.3 Kinematics of Virtual Displacements 

Consider an infinitesimal, virtual displacement of frame 'b' on body 'B' from an actual 

configuration Hb to a virtual configuration Hi/. This displacement can be described 

by an infinitesimal twist i^, = (5r^eie2 + eStl, ), or il, = [ST^; 

We want to find out the corresponding changes of the twistor q^. Since 

Hrn = S{at} = y-6a'^,  

= Sai=S{-4).  (4.9) 

we have 

(4.10) 

Since 
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4 = 2W^-sk(4'))P^ (4.11) 

we have 

d K )  =  6  jWi - skK;))p; 

= \5 {ct I -sk®)) + sk(S)) SPt- (4.12) 

Given the relationships of 

Q!K 
C = sin^ 

2 ' 
a a 

'b 

5CTI 

az = cos 

= 

"2^0. 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

We get 

()(CT,"I-Sk(^n) = 5(C0S^I-Sk(^,")), 

--(^,»I + sk«))Ja?. (4.17) 

From (4.5), it is known 

thus 

n" = 2w i+sk(o)i;. (4.18) 



i[<I-sk(e)W-

-jK;i+sk«))K [2KI + sk(e))<l, 

E< 1+sk(f;) skK) + < skK) + s sk(S)| , 

^cos Ysk(l)sk(l) 
. Oj . A .  

cos -r sin — I + sm 

-{ cos 2 .z _Jl 

— cos 

0 

,2 2t. 
2 + 

0 
. 2 sm 

— sin 

0 

2 ^ x^Sal, 

= -sk{l)xl6al,. 

From (3.38) of Chapter 3, we have 

5P^ = RtStl 

and 

^6 =(l-2(^6")')I+2a^k(a. 

Using identities of 

+ = cos2^ + sin2^ = l, 

sk(l)sk(l) = -I 

The second part of (4.12) is derived as follows 

[an-sk(a)]^n" = Kl-sk(^,-)]/2X, 

= w I -sk(ff)i[(i - 2(f;)') I +2<T;sk(f;)lfJ. 

= WH-sk«)lftt, 



112 

Substitute (4.19) and (4.24) into (4.12), we get 

S { x t )  =  - i s k ( l ) x ; H  +  ̂ W I  +  s k ® ) l ' 5 ( t ,  

= ll-itK + WI +sk(f;))(SiJ,|- (4.25) 

where = [—^2; ^i]- Therefore, combine (4.10) with (4.25), the change of the 

twistor corresponding to the virtual displacement is as follows 

Let 

then 

0 ̂
 

•
 

1 

~ 2 

A? = 

-i? cr^I + sk(^^) 
" ST^ ' 

•
 
•
 —1 • 

[ 0 a^l-sk(^^} 

(4.26) 

(4.27; 

^^6 
Sx^ 

1 -r 
5(A;)-

5T^ 

stt 
(4.28) 

4.4 Derivatives of Constitutive Equations 

The infinitesimal, virtual work done on the elastic body given virtual displacement 

Si^, = [5T^-, Stl,] is 

5 W  =  U M  +  S q i ) - U M ) ,  (4.29) 

where 

ca 
•>b 

^6 J 
(4.30) 
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and 

U M  +  S q l )  =  +  { x t f  +  { S x t f ] K  

^6 = 2 [ C ,  { x t f ] K  

+ 2 [ S ^ t  { S x t f ] K  

+ 2 [ C  { x t f ] K  

+ 2  [ 5 ^ ^  { S x t f ] K  

«  2  [ a  { x t f ] K  

+ 4  [ a  { x l f ] K  

5x% 

5x1 

6x1 

xl + 6x1 J 

(4.31) 

here, the second order terms are eliminated. Therefore, the virtual work done on the 

elastic body is 

6\V = UM + 6qt)-UM). 

^̂ 6 = 4[C (4.32) 

Substitute (4.28) into (4.32), the virtual work is derived as 

r /\T^ 
s w  =  2 [ ( s  w)'-]/f(An'' . (j-ss) 

Let rhg = 6162 + FiCie, + F2e2e,, or = [rUg; be the wrench exerted by 

body 'B' on the elastic body expressed in coordinates of 'b', the infinitesimal, virtual 

work done on the elastic body given virtual displacement = [6t^; is defined 

as 

S W = [ m i  6-4 
6t!y 

(4.34) 
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The virtual work defined by (4.33) and (4.34) must be equal for arbitary displace

ment we conclude that 

' m", • 
6 = 2A?A' • 

. e  . . ^6 . 
(4.35) 

Similar expression holds for body 'A', exchanging indices 'a' and 'b'. 

The wrench exerted by body 'B' on the elastic body expressed in the inertial 

reference frame 'e' is derived in Chapter 3 as 

T f t g  

/Zg 
= [Ad(i?ft, A)] -T JTlg 

where 

(4.36) 

[Ad{Rb, n)]-^ = 

and the adjoint matrix of Ad(/?6, fj) is 

1 (A)^i?6 
0 Rh 

(4.37) 

Ad(i?6, P,) = 
1 0^ 

—Pi, Rb 
(4.38) 

Therefore, the wrench rhe exerted by body 'B' expressed in the inertial frame is 

derived as 

TUe 1 mi = [Ad(i?6, n)]-^ 

= 2[Ad{Rb, Pb)]-''KK (4.39) 

Thus, for an elastic element with stiffness K, wrench rhg is computable given 

relative displacement [r^"; t^] using equations (4.2)-(4.5), (4.17), (4.23) and (4.24). 
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If the damping effect were taken into account, given 3x3 damping coefficient 

matrix B = [Bo Be; B^ Bt\, and given linear and angular velocities Uq, Wq, vt and u;^, 

the viscous wrench in body coordinates is computed as, 

= 2A?Bdx, 

where. 

dx = jCAJ)'-
Vb 

T>\T U J a  
Va 

and 

A^ = 
i.a\T n (i») 

[ 0  ( T j l  +  S k ® ) ]  

The viscoelastic wrench in body coordinates is 

m "  m 
+ 

^6 T H y  

The viscoelastic wrench in global, inertial coordinates is 

(4.40) 

(4.41) 

(4.42) 

(4.43) 

mo 

1^0 
= [Ad(/?6, n)] -T m 

(4.44) 

4.5 Small Displacement Analysis 

For a small, finite, real twist displacement from equilibrium state, = 6i^ = 

[St^] where 5t^ = Sa^ and 5t^ = [Saluu 5alu2]', the relationship between 

the small displacement and its corresponding wrench is derived as follows. 

It is known that 
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< = cos I = cos 

S = sin sin 

and 

xl = 
Q? 

sin-j-vi 
Q? 

(4.45) 

(4.46) 

(4.47) 
sin -fV2 

For small displacement from equilibrium state, the following approximations are 

true: 

and 

From (5.15), we have 

= 

C = 

Sck^ 
Scr^ = cos —- « 1, 

6 2 
(4.48) 

(4.49) 

xt = Sxl 
1 
5 cos -^JqJi/1 

5 cos ^6alu2 

Sa^U], 

6alv2 

1 
- cos — 
2 2 
1 Q? 
2Cos^<, 

(4.50) 

m \  
2AtK 

= 2 -atv 
<I-sk(^6") 

l ~ ^ s k { d T ^ )  _ 

/i: 

A: 
L 2 

. ̂ 6 . 

m 
(4.51) 



117 

Neglecting the second order terms yields 

(4.52) 

This shows that matrix K  does indeed determine the stiffness of the system at 

equilibrium state. 

4.6 Body and Frame Independence 

In this section, we will show that the elastic potential energy function defined in (4.7) 

depends neither on which body is chosen as a reference, nor on which coordinate 

frames are chosen as references. 

First, consider the choice of body. Assume the twistor 

represents the relative displacement of body 'B' with respect to body 'A', where 'b' 

is a frame attached to body 'B' and 'a' is a frame attached to body 'A', and 

<lb = + "^6^162 + xl^eie + (4.53) 

= cos(^), 

C = sin(^). (4.55) 

(4.54) 

(4.56) 
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Suppose that we exchange the roles of bodies 'A' and 'B', the relative displacement 

of body 'A' with respect to body 'B' is 

This is true because the relative displacement of body 'A' with respect to body 

'B' and the relative displacement of body 'B' with respect to body 'A' are modeled as 

pure rotations according to the same fixed point {Xp, yp) using the twistor method. 

Therefore, the potential enery function corresponding to the relative displacement of 

body 'A' with respect to body 'B' is 

in ^ = -C 

(4.57) 

(4.58) 

and 

(4.59) 

•^a 

=  2[-S - [ x t V ] K  
L •''b 

= 2 [?; (xj)'-] A- [ 5 1. 
L b . 

=  U M ) .  (4.60) 
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This proves that the definition of the potential function does not depend on which 

body is chosen eis a reference. 

Next, consider the choice of frames. As shown in Figure 4.1, let frame "a" and '6" 

be another pair of frames attached to bodies 'A' and 'B', respectively. They coincide 

in the unstressed equilibrium state. The relationship between stiffness matrix K' and 

K is known as 

Refering to Figure 3.2 of Chapter 3, it was shown that the relative rotation angle 

al = Q^', therefore From Figure 3.2 we also see that 

= Ad(/?^,p^)^/v:.\d(i?g„p^). (4.61) 

= Riv'^ + P„»', (4.62) 

or 

= KV" - P„"'. (4.63) 

Thus, 

(4.64) 

or 



120 

where the adjoint matrix is 

1 • 1 0^ • 
T"' f 1 

• 1 0^ • r 

. - p ^ '  

= Ad(i2f,P5) 
^6 

sin 

sin 

(4.65) 

Ad(/2:',P„"') = 
1 0^ 1 

-Py (4.66) 

Therefore, the potential energy function in the frames of 'a" and '6" is as follows 

UK'iqv) (4.67) 

= 2 a'\T K' S6' 

= 2[s 

f. = 2[f; ( x l V ] K  
L *"0 J 

= UK(QU- (4.68) 

This shows that UK'{<ly) = Uniq^), which proves that the definition of the energy 

function does not depend on which frames 'a' and 'b' are chosen as references. 

Therefore, we have shown that the potential energy function definition of (4.7) 

does not depends on which body is chosen as a reference, nor on which coordinate 

frames are chosen as references. 

4.7 Polynomial Functions for Large Displacement Analysis 

The quadratic potential energy function (4.7) is defined for large displacements, but 

only accurate for small displacements. For greater accuracy given large displacements, 
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higer-order polynomials could be used. Let i^eie + X2 „e2e be the 

twistor representing the displacement. There are four parameters in the expression 

of the twistor, namely cr^, and Xj j. Although and are not independent 

(since = cos ̂  and = sin ̂ ), to make our potential energy more general, we 

define a polynomial energy function using all of these four parameters. To simplify 

notation let = a, ^ and let = [ii; 12] • Let N be the order of the potential 

energy polynomial function. The potential energy is defined as a polynomial function 

£IS 

0<ii+12+13+14 <iV 

^ C(;(idx)a"f^xi^x^ (4.69) 
il,«2,«3,i4 

where, cu is a one-dimensional array of coefficients and idx = idx(ii, 22, is, N) is a 

pointer-arithmetic function. This function calculates the linear index of an array of 

polynomial coefficients given a set of indices and the order of the polynomial. The 

procedure and details of the index calculation are documented in Appendix B as 

idx4.sci using Scilab code. 

The elastic potential function defined in (4.69) depends neither on which body 

is chosen as a reference, nor on which coordinate frames are chosen as references. 

This is because twistors expressed in different coordinate frames are related by linear 

transformations as of (4.65). Thus given any second pair of frames a' and b', there 

exists another array of coefficients such that 

0<Zl+l2+i3+t4<iV 

u= ~ E c'i,(idx)(<T')''(5')"W)''(4)"- (4.70) 
»I,'2.'3il4 

Thus an N-th order polynomial of one set of twistor coordinates is an A'^-th order 

polynomial of any set of twistor coordinates. Because of this, the set of polynomials 

of twistors can be considered an intrinsically defined basis of analytic functions of 

rigid body displacements. 
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Next consider the computation of the associated generalized forces. Let E be the 

generalized force corresponding to cr. Let 5 be the generalized force corresponding to 

And let Xi and A'2 be the generalized force corresponding to Xi and 12, respectively. 

These generalized forces are (AT — l)-th order polynomials of twistor coordinates. The 

generalized forces corresponding to (4.69) are 

0<ii  - f io+ 'a+M I 

E = ^ C5:(idx)a''e2:r4'' (-t-71) 

0<M +t2+'3+'4<^V—I 
E = CH(idx)cr^'^'^2:j^X2 . (^-"2) 

0<ti+i2+«3+M<.iV-l  

Ai = ^ Cxi(idx)a''exr4% (4.73) 

0<ll + 
A2 = ^ CA-2(idx)cr"^'-x'i®X2 . (4-~4) 

ilt'2i'3,t4 

where idx = idx{ii,i2,i3,ii, N — 1) is the index function of the coefficients of these 

polynomials. These equations define the four polynomials that must actually be 

computed during simulation. The four coefficient arrays of these generalized force 

polynomials are defined by 

cj:(idx(ji, Z2, h ,  U ,  N  -  I ) )  = (ii + l)ct/(idx(ii + 1, ̂ 2,13,14, N)), (4.75) 

CH(idx(ii, Z2, iz, U, N - 1)) = (z2 + l)c{;(idx(ii, i2 + 1, ̂ 3, U, N)), (4.76) 

CA:i(idx(zi,Z2,i3,Z4,iV'- 1)) = (is + l)ct/(idx(ii,Z2,^3 + 1,^4, A'')), (4.77) 
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Cx2(idx(2i, 12, h, U, - 1)) = {u + l)c£/(idx(ii, Z2, is, U + 1, -V)). (4.78) 

Computation of these coefficient arrays is a one-time initialization. 

Finally, consider computation of the associated elastic wrench in body coordinates. 

Given a virtual twist displacement [ST^: St^], the infinitesimal, virtual work done on 

the elastic body can be expressed as 

ST^ 

K 
(4.79) 

Using generalized force [E; Xi; X2], the virtual work done on the elastic boby 

can also be expressed as 

S W  = [S  E  Xi  X 2 ]  

Similar to the equation of (4.28), we have 

6a^ 

5x1 

c.\T = ̂ (A^) 
5t\, 

here, the 4x3 matrix A? is redefined as follows 

[-̂ 6" <yt] 
0 (T,M-sk(^i°) 

Thus, equation (4.80) can be rewritten as 

(4.80) 

(4.81) 

(4.82) 

W = p E X, .Y2li(.'\J)'' (4.83) 

Since the virtual work defined by (4.79) and (4.83) must be equal for arbitary 

virtual displacement [ST^ we get 
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To estimate the model coefficients, the following experimental procedure is en

visioned. Let body 'A' be kept stationary while body 'B' were displaced by some 

mechanism. For each trial, the displacements of body 'B', i.e., rotation angle aj and 

translational displacement would be measured, as would be the wrench acting by 

the mechanism on the body (body "B'), m^. Using equation (2.102) of Chapter 2. 

that is 

•>? = (%; SpI = 11(4.85) 

and relationships of cr^ = cos = sin ^ and = sin then the matrix 

of (4.82)would be calculated for every displacement and P^. 

Then it would be possible to calculate the generalized forces 

• S • • -̂ 6 
— = 2 < 
A: 0 

fx: m 
(4.86) 

The resultant ^ = sin xi = sin X2 = sin ^^2 and generalized forces 

E, H and A' from (7.7) could be substituted into equations of (7.8), (7.9), (7.10) and 

(7.11), the coefficients of c^, ch, cxi and cx2 could be computed. Substitute them 

into equations of (7.12), (7.13), (7.14) and (7.15), four equations would be generated 

for coefficients C{/(idx). These equations are linear equations for cu. If n trials were 

performed, 4n such equations would be generated. The resultant system of linear 

equations could then be solved exactly or in a least-squares sense for the coefficients 

cu-

The above procedure has been used in the case study of randomly generated 

experimental data in Chapter 7. 
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Chapter 5 

CASE STUDY: SIMULATIONS AND DISPLACEMENT 
ANALYSIS OF FLEXURAL FOUR-BAR LINKAGES 

In previous chapters, the twist-based and twistor-based potential function methods 

are established and the constitutive equations are derived. From this chapter, the 

dissertation will provide some case studies of using the methods presented in previous 

chapters. In chapter 2, 3, and 4, the Geometric Algebra is used for the representation 

and derivatives of the twist and twistor and the potential energy functions. In the 

following chapters, Geometric Algebra will be used in the kinematic analysis but not 

in dynamic analysis. In dynamic analysis, the conventional displacement notations 

(a:, y, and a) will be used. This is to provide the flexibility of using conventional 

dynamic analysis methods in conjunction with the application of Geometric Algebra 

in the kinematic analysis subroutine. The transformation between twistor parameters 

(Clifford parameters) and conventional parameters is described in the next section of 

this chapter and the Scilab code is documented in Appendix A as trans2cliff2.sci. 

By doing so, readers do not need to learn the Geometric Algebra to apply the methods 

presented in this research and still can take the advantages of the methods. 

This chapter provides a case study of displacement analysis and simulations for 

flexural four-bar linkages using twist-based and twistor-based potential energy func

tion methods presented in previous chapters. The application procedure of these 

modeling methods is presented. The simulation results for various designs of flexu

ral four-bar linkages with different geometric parameters and different flexural joints 

are provided. The advantages of using the twist-based and twistor-based potential 

energy function methods compared to the Pseudo-Rigid-Body Modeling (PRBM) 

method and the Finite Element Analysis (FEA) method are discussed at the end of 
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this chapter. 

The motivations of this case study of flexural four-bar linkage modeling and sim

ulations are as follows: 

1. To demonstrate the potential utilities of the twist-based and twistor-based po

tential energy function methods; 

2. To show the generality of the methods by applying the methods to different 

designs of flexural four-bar linkages; and 

3. To present a simple, intuitive, step-by-step application procedure which could 

be easily followed by others to apply the twist-beised and twistor-based methods 

to other engineering applications. 

Four-bar linkage mechanisms are one of the most important mechanisms in engi

neering design. Not only is this mechanism most commonly used in its simplest form, 

many of the more complex mechanisms can be constructed through appropriatedly 

combining successive four-bar linkages. The reason of using flexural four-bar linkage 

in this case study is because four-bar linkages are very intuitive. The application 

procedure presented in this chapter is generally applicable for modeling of various 

flexural mechanisms. 

5.1 Application Procedures of Twistor-based Method 
in Simulation of Flexural Mechanisms 

This section illustrates application procedures of the twistor-based potential function 

method in modeling and simulating the motion of flexural linkage mechanisms. The 

application procedures of twistor-based method and twist-based method in model

ing of different mechanisms are the same. Therefore, the application procedure and 

computer code presented in this chapter is generally applicable for various flexural 
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FIGURE 5.1. Flexural four-bar linkage with leaf type hinges 

mechanisms. The four-bar linkage used here is for tutorial purposes. Figure 5.1 shows 

a simple flexural four-bar linkage utilizing leaf type flexural hinges. 

Configuration Creation of Mechanisms The first step in applications of twist/twistor 

methods is the configuration creations of the studied mechanisms. This step includes 

the following: 

1. Creations of rigid bodies; 

2. Creations of flexural joints; 

3. Definitions of material parameters of rigid bodies and flexural joints; 

4. Generation of initial conditions; 

The following sections describe the procedures of configuration creation. The 

Scilab code of the configuration creation for the flexural four-bar linkage is listed in 

Appendix A as fourbar.sci. 
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Inertial Frame, Body Frame and Frames at Centers of Stiffness To define the config

uration of a rigid body, a body frame (local frame) is attached to every rigid body in 

the mechanism. In the four-bar linkage, body frames are attached to the centroid of 

links 1 through 4. The inertial frame (global frame or fixed frame) is defined. It is 

attached to centroid of the ground link (link 1) in the four-bar linkage. The frames 

are shown in Figure 5.1. 

The configuration of a rigid body is defined by the transformation matrix of its 

body frame relative to the inertial frame, that is 

and Pi is the location of the origin of body frame i, that is 

The relative displacement of a pair of rigid bodies connected by a flexural joint 

is defined by two frames attached to the center of stiffness. The center of stiffness 

is a unique point attached to the rigid body at which the coupling stiffness matrix 

is symmetric [12]. Furthermore, the centers of stiffness of two elastically coupled 

rigid bodies must coincide in equilibrium. For a pair of rigid bodies connected by 

a cantilever hinge, the centers of stiffness coincide at the centroid of the cantilever 

beam in equilibrium. In the four-bar linkage, frames 'a' and 'b' coincide in equilibrium 

located at the center of the cantilever hinge. The frame 'a' is attached to one rigid 

body of the rigid body pair and frame 'b' is attached to the other rigid body of the 

pair. As shown in Figure 5.1, for the pair of rigid bodies 1 and 2 in the four-bar 

(5.1) 

where, Ri is the orientational matrix of body i, i.e., 

cos 6i — sin 9i 
sin 9i cos 6i 

(5.2) 
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linkage, frame 'a' attached to body 1 and frame 'b' attached to body 2, respectively. 

Frames 'a' and 'b' coincide in equilibrium. From the simulation results, it is seen that 

the frames 'a' and 'b' defines the relative displacement between the two rigid bodies 

coupled by the flexural joint. 

The configurations of frame 'a' and 'b' are first defined in the local frames (body 

frames) based on the geometry of the mechanism, then they are transfered to the 

inertial frame. If the configuration matrix of frame 'a' in local frame 'i' is 

then, the configuration of frame 'a' in the inertial frame will be Ha = 

The frames used in the four-bar linkage simulation are shown in Figure 5.1. The 

Scilab code of creation of the configuration of the four-bar linkage is listed in Appendix 

A as fourbar.sci. 

Stiffness Matrices of Flexural Hinges The stiffness matrix of a flexural hinge is de

noted as 

where, Kt is the translational stiffness matrix. Kg is the rotational stiffness matrix, 

and Kc is the coupling stiffness matrix. For an elastic beam of length L (cantilever 

hinge) with constant cross section A, with axis ei along the beam axis and 62 and 

63 axes aligned with a pair of orthogonal principal bending axes, the translational 

stiffness matrix is [12] 

(5.4) 

• M 
L 0 0 

iMZa 0 

0 
Kt = 0 

0 
(5.6) 
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and, the rotational stiffness matrix is 

• Gl^ 
L 0 0 

II 0 Eh. 
L 0 (5.7) 

0 0 Eh 
L J 

Here, I2 and /a are the rectangular moments of inertia, and Ip = h + h is the polar 

moment of inertia which determines the torsional behavior of the beam. Note that 

moment of inertia Iz determines the translational stiffness along the 62 axis and I2 

determines the translational stiffness along the 63 axis. 

The coupling stiffness matrix Kc is zero. 

For the planar cantilever hinge, the stiffness matrix is 

- Eh 
1 0 0 

K = 0 l2Eln 0 (5.8) 
0 0 AE 

L . 

where, the moment of inertia is I2 = 

The Scilab code of stiffness matrix calculation of the cantilever hinge is listed in 

Appendix A as cant-stiff.sci. 

State Parameters and Initial State For planar analysis, four state parameters are used 

in our method in which two parameters are related to the translational displacement 

and the other two are related to rotation. For every rigid body, the position of the 

origin of body frame i is denoted by the position vector Pi = [pi; p?]- The orientation 

of the rigid body is represencted by two Euler parameters a = cos | and ^ = sin 

The initial state include the initial values of state parameters pi = [pi; P2] and 

ep = [a; ^], and initial rates of linear velocities and angular velocities for every rigid 

body in the system. 

The Scilab code of creation of the initial state is listed in Appendix A as four-

bar.sci. 
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Clifford Parameters with Rotation Matrix and Translational Displacement Given two 

frames 'a' and 'b' in the plane. The corresponding twistor related to the relative 

displacement of these two frames can be expressed as 

Qb ^6^162 + Xij,eie + X2,ie2e. (5.9) 

where 

^6 = cos(-^), (5.10) 

= sin(^), (5.11) 

and 

T" 
- (S)' 

1 I'la 
- X p s m ( - ^ )  J  

Given the elements and of a twistor, computation of the 2x2 orthornormal 

matrix Rf and 2x1 translational displacement P" is straightforward. The relative 

translational displacement is derived as 

Pt» = 2Ki+sk(5;))x;. (5.13) 

The 2x2 rotation matrix can be calculated as 

a; = (1 - 2«)=) I +2<5k(ff). (5.14) 

The algorithm used to compute the Clifford parameters cr^, and x^ ,, given 

displacements R^ and is presented in Section 2.8 of Chapter 2. 
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5.2 Simulation of a Flexural Four-bar Linkage with Can
tilever Hinges 

Figure 5.1 shows a simple, flexural four-bar linkage with cantilever hinges. It is 

assumed that the rigid bodies (links 1 through 4) are made of aluminum. To make the 

elastic deformations be more visible, the Young's modulus of the hinges is assumed to 

be 5% of that of aluminum (E=69e9). The assumed Poisson ratio is that of aluminum 

{n = 0.3). The length of the cantilever hinges is 1 cm. The thickness of the cantilever 

hinge is 0.1 cm. The width of the cantilver hinges is the thickness of the links of 0.5 

cm. Stiffness parameters corresponding to these material parameters and dimensions 

are computed using linear beam theory [61]. These parameters are computed at the 

center of stiffness which is at the centroid of the cantilever hinges. 

Body frames (local frames) are attached to the mass center of the rigid bodies. 

Frames 'a' and 'b' are attached to the rigid body pairs (links) which are connected 

by the cantilever hinges, respectively. Frames 'a' and 'b' coincide in the equilibrium, 

undeformed state and they are located at the stiffness center of the two bodies. In 

this case, frames 'a' and 'b' are located at the centroid of the cantilever hinges in the 

undeformed state. 

The four links are denoted as bodies 1 through 4 and the flexural hinges are 

denoted as A, B, C and D. In the first simulation, the four links are assumed identical 

and the four cantilever hinges are assumed identical also. The links are assumed 4 

cm long, 0.5 cm wide and 0.5 cm thick. 

5.2.1 Dynamic Analysis Using Twistor-based Method 

Given compliance frame variables Pa, Ra, Pb and Rb, and the 3x3 stiffness matrix 

K = [Ko Kc, Kj Kt], the elastic wrenches in global coodinates are computable as 

follows using twistor-based potential function method. 

The wrench (moment first, forces second) exerted by rigid body 'B' on the elastic 
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FIGURE 5.2. Final and initial configurations of four-bar linkage with cantilever hinges 

body expressed in coordinates of frame 'b' is derived as 

ml = 2\tK 
X? I 

(5.15) 

where K is the stiffness matrix and 

A? = 
i.a\T • { i t )  

(5.16) 
0 

The wrench exerted by body 'B' on the elastic body expressed in the inertial 

reference frame 'e' (global frame) is derived as 

TTle 
= n)] -T ml 

where 

(5.17) 

[Ad(i?6, P6)]-^ = 1 {PbVRt 
0 Rb 

(5.18) 
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If the damping effect were taken into account, given 3x3 damping coefficient 

matrix B = [Bo Be] Bj Bt], and given linear and angular velocities uia, t'6 and 

the viscous wrench in body coordinates is computed as, 

where. 

and 

ml 
= 2A?5dx, 

a\T dx = -(A?) 
Vb 

5(A;) 
b\T U J n  

(5.19) 

(5.20) 

A" = (ife) a\T 

0 an + sk(e6") 

The viscoelastic wrench in body coordinates is 

(5.21) 

" ' 

b 
— 

b + V 
..b 

. . . . 

The viscoelastic wrench in global, inertial coordinates is 

mo 
fJ'O 

= [Ad(/?fc, n)] -T m 

(5.22) 

(5.23) 

The Scilab codes of twistor-based method for the dynamic analysis are listed as 

dynam.sci and comply-quat2.sci in Appendix A. 

5.2.2 Simulations of Motion 

Having calculated wrenches and forces acting on the rigid bodies from above dynamic 

analysis, the accelerations of rigid bodies can be calculated, i.e.. 
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q = M-^F, (5.24) 

where, q is the acceleration vector, M is the mass matrix, and F is the vector of 

forces. Solving the ordinary differential equations for the velocities and accelerations 

of each links in the mechanism, the configurations of the mechanism at time t are 

obtained. 

In this section, the dynamic motion of the four-bar linkage is simulated by using 

the twistor-based method. Using a Langrange multiplier method, the equation of 

motion for the constrained dynamic problem is 

• M " q ' F ' 

. 0 A . . 

where is the Jacobian matrix and — 7 = 0 is the acceleration constraint 

equation. 

For the four-bar linkage in this case study, it is assumed the driving link is Link 2 

(the left vertical link). The rotating velocity (velocity constraint) of the driving link 

is 

UJ2 = 0.57r^sin(107ri). (5.26) 

In the simulation of the flexural four-bar linkage, the stiff ODE solver is used. 

The simulation results are shown in Figure 5.3. The time interval between successive 

panels is 0.045 s. The Scilab code is listed in Appendix A as simulat.sce. 

5.3 Four-bar Linkage with Mixed Flexural Joints 

To show the generality of the twistor-based method, the twistor method is used to 

model and simulate an irregular four-bar linkage in which various flexural joints are 
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(a) 

(b) 

(c )  

(d) 

(e) 



(f) 

(g) 

(h) 

(i) 

(j) 

FIGURE 5.3. Simulation of four-bar linkage with cantilever hinges 
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FIGURE 5.4. An irregular four-bar linkage with various flexural joints 

used and links have different geometry. Figure 5.4 shown is a four-bar linkage in which 

two notch hinges and two different cantilever hinges (leaf type hinges) are used. 

From Figure 5.4, it is seen that the two cantilever hinges are different in which 

one is two times longer than the other. The four links (rigid bodies) are not the same 

either in that link 2 is shorter than the others. Assume that the length of links 1, 3, 

and 4 is 4 cm and that the length of link 2 is 3 cm. The length of cantilever hinge A is 

2 cm and the length of hinge D is 1 cm. The two notch hinges are assumed the same 

with hole diameter D = 0.8 cm, inter-hole spacing h = 0.05 cm, the hinge thickness 

is t = 0.5 cm. 

5.3.1 Simulation of the Four-bar Linkage with Mixed Joints 

By following the same application procedure described in previous section, the twistor-

based potential energy function method can be very easily applied to the modeling 

and simulation of the four-bar linkage shown in Figure 5.4. All the Scilab codes are 
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FIGURE 5.5. Final and initial configurations of four-bar linkage with mixed joints 

applicable as used in the simulation of the four-bar linkage with identical cantilever 

hinges in last section. The only change is to update the geometry parameters of the 

links and the stiffness parameters of the flexural joints. 

It is assumed that the two notch hinges are identical. The Young's modulus of 

the hinges is assumed to be 5% of that of aluminum and the Poisson ratio is the same 

as aluminum. The stiffness parameters of the notch hinges corresponding to these 

material parameters and dimensions were computed using functions reported in [60] 

and [61]. These functions are approximations of data from thousands of static finite 

element simulations. 

The stiffness matrix of the planar notch hinge is 

ko 0 0 
K = 0 ku 0 

0 0 ^24 

(5.27) 

where, the rotational stiffness is 
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K = kp2o * E *t* h^, (5.28) 

and, the translational stiffness parameters are 

* E * t, (5.29) 

f^2t = ^PU * E * t, (5.30) 

where, kp2o, kpu and Arpst are parameters calculated from approximate formulus based 

on finite element simulation data. The following formulus are used in this simulation 

for the irregular four-bar linkage. 

1 + 0.1109^^ 

+0.3568 

kp2o = -0.035—+ 0.1109\/—, (5.31) 

F C P U  =  0 . 1 4 5 2 — + 0 . 3 5 6 8 ( 5 . 3 2 )  

kpzt = -0.06692^(^)3 + 0.283^ - 0.03443(5.33) 

The Scilab code for calculating the notch hinge stiffness matrix is listed in 

Appendix A as notch-stiff.sci. 

In the simulation, it is assumed that the short, left vertical link (link 2) is the 

driving link. It has a rotational velocity of 

u;2 = 0.57r^sin(107ri). (5.34) 

The simulation was run for this constrained irregular four-bar linkage. Figure 5.6 

shown are the position and displacement of the linkage at different times. The time 

interval between successive panels is 0.045 s. 
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(f) 
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(j) 

FIGURE 5.6. Simulation of four-bar linkage with mixed hinges 
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FIGURE 5.7. PRB model of four-bar linkage with short hinges 

5.4 Discussion and Comparisons with PRB and FEA 
Modeling Methods 

From above analysis and simulation, it shows that the twist-based and twistor-based 

modeling method can be used to model various designs of four-bar linkages. The most 

distinguishing characteristic of the twist/twistor modeling methods is that they are 

very generic. From the case studies, it is shown that a twist/twistor based model is 

generally applicable for a variety of mechanisms. That is, the twist/twistor modeling 

method is case independent. As shown in the above modeling of four-bar linkages, 

the same model was used for the modeling of various designs of flexural four-bar 

linkages. The same model h£is been used for various designs with different geometry 

and different flexural joints. The same computer codes (Scilab codes) are used for 

the various designs. These codes are also applicable for other planar flexural system 

analysis (other than four-bar linkages). 

However, this would not be true if the pseudo-rigid-body modeling (PRBM) 
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FIGURE 5.8. Anothe PRB model for four-bar linkage with long cantilever hinges 

method were used. For the four-bar linkage with cantilever hinges of Figure 5.1, the 

hinges could be modeled as one degree-of-freedom pin joints plus torsional springs 

(account for the rotation stiffness) if the cantilever hinges are not very long, as shown 

in Figure 5.7. If the cantilever hinges are long, it might be necessary to model the 

hinges as two pin joints plus two torsional springs (two degrees-of-freedom) as shown 

in Figure 5.8. For the mixed four-bar linkage as shown in Figure 5.4, it would be 

necessary to model the longer cantilever hinge (hinge A) as two pin joints plus two 

torsional springs. The shorter cantilever hinge (hinge D) would be modeled as one pin 

joint plus one torsional spring. The notch hinges (hinges B and C) could be modeled 

as one degree-of-freedom pin joints plus torsion springs, as shown in Figure 5.9. 

It is seen that the PRB models depend on the geometry characteristics and solid 

physical model of a mechanism. As the geometry parameter of a mechanism changes, 

different PRB models would need to be used to model the same mechanism. That 

is, PRB models are case dependent and geometry parameter dependent. The PRB 
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FIGURE 5.9. PRB model for four-bar linkage with mixed hinges 

model is not generic. 

Another modeling method that could be used for the flexural joint systems is 

the Finite Element Ananlysis (FEA) modeling method. Figure 5.10 shows a FEA 

mesh for the cantilever hinges and notch hinges. Generally speaking, FEA modeling 

method is very generic in the sense that FEA can be used to model any kind of 

mechanism or structures. However, compared to twist/twistor based potential en

ergy function modeling, FEA is more complicated than twist/twistor methods. This 

is because finite element methods require detailed geometric and material constitu

tive models. However, the twist/twistor methods only require stiffness parameters, 

which can be determined analytically, experimentally, or numerically using for ex

ample off-line finite element analysis. As a mechanism gets very complicated. FEA 

modeling methods often need to sacrifice accuracy for computational (simulation) 

speed while twist/twistor methods do not need to sacrifice accuracy for speed since 

the stiffness parameters can be obtained off-line. This is one of the major advantages 
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FIGURE 5.10. A FEA model for flexural four-bar linkage 

of twist/twistor methods over FEA methods. 

From above four-bar linkage case study, we could conclude that the twist/twistor 

methods are much more generic compared to PRB modeling method. Twist/twistor 

methods are case independent and geometry parameter independent. Compared to 

FEA method, it shows that twist/twistor methods are simpler than FEA models. 

Twist/twistor modeling method is simple, straightforward, and easy to understand. 

The application procedure of twist/twistor method provided in this chapter is appli

cable for other mechanism analysis. The computer codes are generally valid for other 

mechanism analysis as well. 
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Chapter 6 

DISPLACEMENT ANALYSIS AND SIMULATIONS OF A 
MICROPOSITIONING STAGE DEVICE 

6.1 Background 

The micropositioning stage shown in Figure 6.1 is a device developed for accurate 

positioning in such applications as semiconductor manufacturing equipment and op

tical and electronic microscopes [54]. It was developed at the National Bureau of 

Standards and has been in use for the measurement of linewidths of photomasks in 

microelectronic processing. These measurements require the stage to be compact and 

vacuum compatible so that it could be used with optical and electron microscopes. 

The micropositoning stage is also useful in the accurate measurement of dimensions 

of other microscopic objects such as biological cells, air pollution particles, asbestos 

fibers, and microgap heads in tape recording equipment [54]. 

The micropositioning stage design combines a piezoelectric driving element and 

flexure pivoted lever arms in a displacement amplifying mode as shown in Figure 6.1 

to achieve a device with required resolution and range in a volume of less than 200 

cm^ (10 X 10 X 2 cm^). Normally, a piezoelectric stack is used as the input device 

to the stage and produces desired displacements at the output end of the stage. As 

shown in Figure 6.1, point a is the input position and point e is the output port. 

The major function of this micropositioning stage device is to obtain an amplified 

displacement at the output end (point e) given a small displacement at the input end 

(point a). 

If we view the micropositioning stage shown in Figure 6.1 as a kinematically 

constrainted mechanism, it is seen that the mechanism is over-constrained. However, 
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FIGURE 6.1. A drawing of a micropositioning stage device 

the stage could also be regarded as a flexural mechanism because the use of flexural 

hinges (notch hinges) does allow some kind of movement. The stage shown in Figure 

6.1 is a 6-bar, 7-joint (or hinge) compliant linkage. However, since body 6 is restricted 

only as an input body, it should be treated as a non-movable body. The mobile 

bodies are bodies 2 through 5. If the joints are viewed as ideal one-DOF kinematic 

constraints, the micropositioning stage device would have six 1-DOF hinges. They 

are notch hinges "b" through "g", where notch hinge "a" is treated as an input port. 

Therefore, to calculate the degree of freedom of the micropositioning stage device, 

the mechanism can be treated as a mechanism which has 4 mobile bodies and 6 1-

DOF hinges. Thus, the degrees-of-freedom (DOF) of this flexural mechnism can be 

calculated as. 

DOF = 4 X (3) - 6 X (2) = 0. 

It is seen that this mechanism has zero degrees-of-freedom. It is over-constrained. 
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The motion and displacement of this mechanism is provided by the "elastic" degrees 

of freedom in the flexural hinges. 

The micropositioning stage has proved to be useful in many modern technologies, 

but unfortunately there has not been ample references available for design engineers. 

Since the stage has zero degrees-of-freedom if it is treated as kinematically constrained 

mechanism, the pseudo-rigid-body modeling method is not applicable for the anal

ysis of this device. Her and Chang proposed a linear scheme for the displacement 

analysis of the micropositioning stage [18] in which each flexural hinge is treated as a 

rigid-body hinge plus a torsional spring. This is a kind of pseudo-rigid-body model. 

However, to deal with the over-constrained situation of the micropositioning stage, 

they have to "make" one of the rigid bodies "deflectable" to provide the required 

motion. This is not a correct assumption since the rigid bodies in the stage are not 

significantly flexible in the small displacement range and with small applied forces. 

Scire and Teague [54] provided an analysis and test results for the micropositioning 

stage device. They provided two simple analytical models. In the first model, it is 

assumed that all levers (bodies) in the mechanism are rigid bodies and all flexural 

pivots (hinges) do not stretch or compress. It is shown that the predicted displacement 

gain from this model is significantly larger than the observed displacement gain from 

an experiment. In the second model, the strains of the two most heavily stressed 

flexures (flexures a and b) were taken into account, but the strains which may be 

produced in the other flexures (flexures c, d, e, f, and g) were neglected. The second 

model in somewhat better than the first one, however, the difference between the 

predicted displacement gain and observed gain is still very large. 

In this case study, we will apply the twistor-based potential energy function 

method to model the displacement of the micropositioning stage device. Based on the 

measurement of the micropositioning stage device as reported in [54], the parameters 

of the notch hinges in the device are given as follows: the common diameter of the 

notch hole is Z> = 3 mm; the inter-hole spacing (the shortest distance between the 
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circumferences) is h = 0.25 mm; and the thickness of the hinge (the device thickness) 

is t = 2 cm. Since the thickness dimension of the micropositoning stage is much 

larger than the notch hinge hole diameter and the inter-hole distance, we could treat 

the stage displacement as planar. In our model, the strains of all the flexural hinges 

(hinges a, b, c, d, e, f, and g) are taken into account. The strains include stretching 

or compression strains as well as bending strain of the hinges in the device plane. 

6.2 Problem Statement and Configuration Construction 

The problem is to predict the output displacement at the output port e (body 4) of 

the micropositioning stage device given a small displacement at input port a (body 

6). In our study, the micropositioning stage device is modeled as a constrained multi-

body system coupled by flexural joints. The system includes six (6) rigid bodies 

(which include the input driving body, body 6) and seven (7) flexural joints which 

are notch hinges in this case. To use the twistor-based modeling method, the first 

step is to construct the mechanism using twistor coordinates. This section describes 

the construction procedure of the system using twistor coordinates. 

6.2.1 Configuration of the Mechanism 

The six bodies in the micropositioning stage are denoted as bodies 1 through 6, 

respectively. Body 1 is the bulk part of the device which is fixed during the operation. 

Body 1 is coupled with bodies 2, 3, and 5 by notch hinges b, d, and g, respectively. 

Bodies 2, 3, and 5 are displacement transient bodies (lever arms). Body 2 is coupled 

with bodies 1, 3, and 6 by notch hinges 6, c, and a, respectively. Body 6 is the 

input body which is driven by a piezoelectric driving element in practice. Body 6 is 

coupled with body 2 by notch hinge a. Body 6 is assumed to have purely horizontal 

displacement which is the given input displacement for the micropositioning stage 

device. Body 3 is the transient body from body 2 to the output body, i.e., body 4. 
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Body 3 is coupled with bodies 2, 1, and 4 by notch hinges c, rf, and e, respectively. 

Body 4 is the central, output body which is coupled with bodies 3 and 5 by notch 

hinges e and /, respectively. Since the "lever arm" between hinges a and c is longer 

than the lever arm between hinges a and 6, and the lever arm between hinges c 

and e is larger than the lever arm between c and d, the amplified displacement is 

observed at e (body 4) when an input displacement is applied at a (body 6). This 

fulfills the function of the micropositioning stage device, i.e., to achieve an amplified 

displacement at the output end (point e) given a small displacement at the input end 

(point a). 

A local, body-fixed frame is attached to the mass center of each rigid body. The 

global, inertial frame is attached to body 1 which is coincident with the mass center 

of body 1. Body 1 is the main structure of the micropositioning stage and is assumed 

to be fixed (not moving). Body 6 is the input body. Its displacement is the given 

input displacement. Bodies 2 through 5 can move in the plane. The seven fiexural 

j o i n t s  ( n o t c h  h i n g e s )  a r e  d e n o t e d  a s  a ,  b ,  c ,  d ,  e , f ,  a n d  g .  

The configuration of each body in the stage is denoted by the homogeneous con

figuration matrix, i.e.. 

Hi = Ri Pi 
0^ 1 

(6.1) 

where, Ri is the rotation matrix of body i refers to the inertial frame and pi is the 

translational displacement of the origin of body-fixed frame i (the mass center of 

body i). The coordinates of joints attached to each body are denoted in the local, 

body-fixed frame. The SciLab code of creation function for the micropositioning stage 

is listed in Appendix A as microstage.sci. For each body, the list function Hjoints 

lists the flexural joints attached to the body and function rbi lists the configuration 

matrix, mass, inertia moment, initial tranlational velocity, initial rotational velocity 

and the joint list of the body. 
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FIGURE 6.2. The modeling and frames of the micropositioning stage device. 

6.2.2 Stiffness of Notch Hinges 

The seven notch hinges used in the micropositioning stage device are assumed to 

be identical. The Young's modulus of the hinges is assumed to be that of 6061-T6 

aluminum alloy, i.e., E = 69 x 10^, and the Poisson ratio is 0.33. As reported in [54], 

the hole diameters are D = 2r = 3 mm. The inter-hole spacings of the hinges are 

h = 0.25 mm. The hinge thickness is i = 2 cm which is the thickness of the device. 

Using functions reported in [60], the stiffness of the notch hinges are computed as 

follows. 

The rotational stiffness Ko is calculated as Ko = 2.5096 compared to KB = 2.4919 

calculated by Paros and VVeisbord's approximate formula for notch hinges [18], that 

is 

KB = 
2E x. t X h-2 

7 I 
97rr2 

(6.2) 
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the difference between these two calculated rotational stiffnesses is only about 0.7%. 

The translational stiffness matrix Ki is calculated using formula reported in Zhang 

[60] as 

Kt = 

6.2.3 Initial State Generation 

1.588 X 10® 0 
0 1.661 X 10^ 

(6.3) 

The initial state includes the initial position state and initial velocity state. From 

the homogeneous configuration matrix of rigid bodies, the translational displacement 

and rotation matrix of the local frame are derived. In the twistor-based method, two 

translational parameters p = [x; y] and two rotational parameters (Euler parameters) 

ep = [a: = [cos|; sin |] are used. The initial position state p includes two 

translational parameters and two rotational parameters for each body. The initial 

velocity state includes two translational velocity and one rotational rate for each 

body. 

In the simulation of the micropositioning stage device, all the initial conditions 

are set to be zero except the small, driving body, body 6. Body 6 was given an initial 

horizontal displacement of 1.35 mm corresponing to the reported data in [54|. 

6.3 Dynamic Analysis 

In our analysis, the micropositioning stage is modeled as a 6-body, 7-joint constrained 

multi-body dynamic system. Using the Lagrange multiplier method, the equations of 

motion of this constrained dynamic system are denoted as 

" M ' Q ' • F • 
$ 0 A . 'y. 

(6.4) 
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where M is an 18 x 18 diagonal mass matrix, is the constraint Jocobian matrix, q 

is the acceleration vector of the rigid bodies, A is the vector of Lagrange multipliers, 

F is the vector of forces acting on the rigid bodies due to the flexural joints, and 7 is 

the vector of constrained forces. 

To make our method more flexible, the conventional parameters, i.e., x, y, and 

a, are used in the dynamic analysis equations above. However, the conventional pa

rameters are transformed into Clifford parameters in the kinematic analysis. The 

relationships between the conventional displacement parameters and Clifford param

eters are derived in Chapter 2. Given conventional translational displacement. P^, 

and rotational matrix R^, the Clifford parameters are calculated as follows. 

The Scilab code for the transformation, trans2clifi2.sci, is documented in Ap

pendix A. 

6.3.1 Mass Matrices 

Since the local, body-fixed coordinate frames are attached to the mass center of the 

rigid bodies, the mass matrix is diagonal, i.e., M = dmg{Mi, M^,..., Me), where the 

mass matrices for each body are calculated as 

(6.5) 

(6.6) 

(6.7) 

Ml = diag(0.07123, 0.07123, 0.000012), (6.8) 
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M2 = diag(0.01377, 0.01377, 0.0000019), (6.9) 

iV/3 = diag(0.00952, 0.00952, 8.44 x 10"^), (6.10) 

M4 = diag(0.01568, 0.01568, 0.000012), (6.11) 

iV/5 = diag(0.00952, 0.0952, 8.44 x 10"^), (6.12) 

Mg = diag(0.00784, 0.00784, 1.7 x 10"®). (6.13) 

6.3.2 Constraints and Jocobian Matrix 

The use of the micropositioning stage mechanism is to get the desired displacement 

gain at the middle central part (body 4) when a small displacement is applied at the 

upper central part (joint a of body 6). The kinematic constraints of this mechanism 

are the given horizontal input displacement of joint a (body 6) and the zero vertical 

and rotational displacements of the input body 6. At the same time, the bulk part 

of the micropositioning stage device (body 1) is to be fixed. Therefore, there are six 
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(6) constraints, i.e., 

(6.14) 

(6.15) 

(6.16) 

(6.17) 

(6.18) 

(6.19) 

Therefore, the Jocobian matrix is a 6 x 18 matrix with $,7(1,16) = 1, 

$,(2,18) = 1, $,(3,17) = 1, <&,(4,1) = 1, $,(5,2) = 1. $,(6,3) = 1 and all other 

elements are zero. That is 

— ^ input 

y6 = 0, 

tte = 0, 

= 0, 

yi = 0, 

U J l  = 0. 

$ ,=  

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

(6.20) 

For the required input displacement, the second order constraint equation is used. 

Assume that the second order constraint equation is, 

Mx + 2Bx + Kx = 0, (6.21) 

or, 

i = -2-^x - (6.22) 
M M 

Set Un = assume the dampling coefficient B is proportional to the 

stiffness, i.e., B = tconsi x K, and set Cn = r^; the constraint equation of (6.22) tconst 

becomes, 
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X = -2CU;tiX - J^x. (6.23) 

6.3.3 Compliant Wrenches Due to Flexural Hinges 

For two bodies 'A' and 'B' coupled by a flexural joint, given compliance frame vari

ables Pa, Ra, pb and Rb, and the 3x3 stiffness matrix K = [Kg Kc; Kj Kt], the 

elastic wrench in global coordinates are computable as follows using twistor-based 

potential function method. 

The wrench (moment first, forces second) exerted by rigid body 'B' on the elastic 

body expressed in coordinates of frame 'b' is derived in Chapter 4 as, 

m b 1 
= 2A1:K (6.24) 

where K is the stiffness matrix and 

•K = -{it) ~a\T 

(6.25) 
[ 0  < I - s k ( e , " ) J -

The wrench exerted by body 'B' on the elastic body expressed in the inertial 

reference frame 'e' (global frame) is derived as 

nie 

A'e 
= [Ad{Rb, A)] -T (6.26) 

where 

[Ad{Rb, Pb)]-'' = 1 {Pb)''Rb 
0 Rb 

(6.27) 
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If the damping effect were taken into account, given 3x3 damping coefficient 

matric B = [Bo Be, Bj Bt], and given linear and angular velocities = [uai; ^02]^ 

<^a, ^62]? and cjft, the viscous wrench in body coordinates is computed as, 

where, 

and 

mt = 2AJ J5 dx, (6.28) 

A\T dx = -{At) UJb 
Vb Va 

(6.29) 

V = •^a 
( i t )  A\T 

0 (7,"I+Sk(^,") 

The viscoelastic wrench in body coordinates is 

(6.30) 

m'' 
..b 

€ 
b + V 

5 
. ^ . . . v . 

The viscoelastic wrench in global, inertial coordinates is 

(6.31) 

mo 
fJ'O 

= [Ad{R,, P,)\ -T nr 
(6.32) 

In our analysis, the damping matrix B is assumed to be proportional to the 

stiffness matrix, i.e., B = tconst x K. The returned wrenches for the micropositioning 

stage mechanism constititute the 18 x 1 force vector F with its elements as 
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F = 

/ix 

f i y  
Til 
f2x 

/zy 
no (6.33) 

The constraint forces are 

fsx 

fey 

Tie 

(6.34) 

The Scilab codes for the dynamic analysis are dynamic.sci and 

comply - quat2.sci as listed in Appendix A. 

6.4 Simulation of Displacement and Results 

According to the intended application of the micropositioning stage device, the dis

placement simulations were run. The simulations were perfomed using Scilab in the 

Microsoft Windows system. For a typical desktop personal computer with Pentium 

III processor of 500 MHz, the simulations were finished in 2 to 4 hours. In order to 

directly compare the simulation results with the measurement results in an experi

ment as reported in [54], the input displacement at point a is given as 1.35 fxm in the 

simulation. The simulation result of the output displacement at point e are shown 

in Figure 6.3. The horizontal axis of the figure is the simulation time in seconds and 

the vertical axis is the displacement in meters. 

7 = 

-2C„i: - ulx 
0 
0 
0 
0 
0 
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FIGURE 6.3. Output displacement for the input of 1.35 nm. 

From Figure 6.3, it is seen that an output displacement at Body 4 of 37.5 //m is 

obtained from the simulation with a given input displacement of 1.35 /zm at Body 6. 

The output displacement at Body 4 given an input of 1.35 fxm at Body 6 is mea

sured as 37.5 - 38 /xm in experiments as reported in [54]. The simulation result shows 

that the displacement obtained from the simulation is very close to the measured out

put displacements during experiments. The displacement gain from the simulation is 

calculated as Gain = = 37.5/1.35 = 27.8 . Compared to the observed 

displacement gain from the device experiments of 27.8 - 28.1 [54] , it is seen that the 

difference between the simulation gain and the experimental gain is very small. 

This case study shows that the twistor-based potential energy function method 

presented in this research is applicable in the modeling of the micropositioning stage 

device displacement analysis and the simulation results of displacement gain success

fully duplicated the measured results from the experiment. 
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6.5 Conclusions and Discussions 

Compared to the analytical methods reported in [54] and [18], the simulation results 

are more accurate in predicting the displacement gain than the analytical results re

ported in these papers. In [54], the Paros and VVeisbord's bending stiffness function 

was used to calculate the rotational stiffness of the notch hinges in the microposi-

tioning stage. However, the translational (streching or compression) stiffnesses of the 

notch hinges are simply neglected. Because of this kind of simplification, their pre

dicted results of the displacement gain using the analytical models are significantly 

larger than the observed results based on the device experiment. In [18], Her and 

Chang provided an analytical scheme for the displacement analysis of the micropo-

sitioning stage. In their paper, the flexural hinges were treated as rigid body hinges 

(pin joints) plus torsional springs which is a kind of pseudo-rigid-body model. In their 

paper, the axial extensions of the flexural hinges are not considered. The bending 

stiffness parameters are obtained from a finite element analysis. However, to make 

the micropositioning stage move, they had to treat one of the rigid bodies as a flexible 

body to get the desired displacement. This assumption is not reasonable in the micro-

scale displacement range. Our results are not comparable directly with their results 

since they changed the thickness of the micropositioning stage from the original 2 cm 

to 2 mm. 

One of the advantages of using the twistor-based potential function method is 

that it takes into account all the possible strains of the flexural hinges which include 

stretching or compression strains and bending strains. The stiffness parameters used 

in the simulation are the data based on thousands of static finite element simulations 

which should be more accurate than the stiffness parameters obtained by Paros and 

Weisbord [48], which are approximations based on linear beam theory [60]. Thus, 

the simulation results using twistor-based method are more accurate than the results 

predicted by [54]. In the experiments done by Scire and Teague [54], the compression 
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FIGURE 6.4. The displacements of joint a on bodies 2 and 6. 

of flexural joint a and the stretching of flexural joint b are also measured. In the 

simulation of this case study using the twistor-based potential function method, we 

are able to predict the compression or stretching of the flexural joints of the micropo-

sitioning stage device. Figure 6.4 shows the displacements of flexural joint a on body 

2 and body 6, respectively. The difference between these two displacements is the 

compression of flexural joint a. From the simulation results of Figure 6.4, it is seen 

that the compression of joint a is about 150 nm. In [54], Scire and Teague reported 

a measured compression of joint a of 50 nm. However, they did not explicitly state 

the conditions under which the measurement was obtained. Our simulation results 

are not directly comparable with their measured results. 

Another advantage of using twistor-based method is that the method is generic in 

the sense of modeling. For example, most of the Scilab codes used in the simulation 

of the micropositioning stage device are the same as used in the simulations of the 
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flexural four-bar linkages. Most of the codes are generally applicable. The Scilab 

codes are listed in Appendix A. 

This case study shows that the potential energy function method presented in this 

research is an applicable method in the analysis of flexible multibody systems. The 

simulation results of the micropositioning device case study show that the method 

could be accurate in the analysis of small displacements. The method is simple and 

easy to apply, and the computer code is straight forward and generally applicable for 

various cases. 
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Chapter 7 

CASE STUDIES AND APPLICATIONS OF 
HIGHER ORDER POLYNOMIAL FUNCTION METHOD 

In Chapters 2 and 3, it has been shown that an iVth order polynomial of one set 

of twist/twistor coordinates is an iVth order polynomial of any set of twist/twistor 

coordinates. Therefore, the set of polynomials of twists/twistors can be considered as 

an intrinsically defined basis of analytic functions of rigid body displacements. Thus, 

the potential energy function between two bodies coupled by elastic elements can be 

modeled by a set of polynomial function of twist/twistor coordinates. 

This chapter includes two parts. In the first part of this chapter, the higher 

polynomial potential energy function presented in this research will be applied to fit 

a set of randomly generated test data (pseudo-experimental data). The purpose of 

this case study is to show the applicability and generality of the polynomial function 

method in modeling any test data set without knowing the geometric parameters and 

other physical properties of the flexural joints. This is highly desired in the modeling 

of many complicated elastically coupled rigid body systems since the pseudo-rigid-

body modeling method is usually not applicable in this case. 

In the second part of this chapter, a set of polynomial function of twistor coor

dinates will be used to model the electrostatic potential energies between molecules 

of liquid water {H2O). The twistor polynomial function method is applied to model 

the electrostatic energies between arbitarily distributed pairs of water molecules in 

the plane. The reason to model the electrostatic energy of H2O is because quite a 

few approximate molecule models (e.g., TIP-5 Model) of HOO are available and the 

electrostatic energy between H2O molecule pairs can be calculated analytically using 

these models. In this case study, the potential energy between two H2O molecules 
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modeled using twister-based potential energy function will be compared to the po

tential energy calculated using the TIP-5 model. 

Although the study results in this chapter are preliminary, the applications show 

the potential utility of the higher order polynomial function method in the modeling 

of complicated flexural systems. 

7.1 Fitting Random Experimental Data Using Polynomial 
Function Method 

7.1.1 Background 

In practice, oftentimes there is only some experimental data available for the analysis 

of a flexural joint. Either because the flexural joint is too complex geometrically or 

because the elastic properties are highly inhomogeneous. For example, the elastic 

parts of a human shoulder joint include several different kinds of ligaments, muscles, 

tendons, and some other soft tissues. It would be too complicated to model these 

elastic parts using pseudo-rigid-body models. The only way to analyze this kind of 

flexural joints is to test it. Thus, it is highly demanded to have a generic modeling 

method to fit the test data and to derive the relationships between displacements and 

applied forces (wrenches). 

In this case study, higher order twist and twistor polynomial potential energy 

functions are applied to fit some randomly generated test data. Assume there are two 

rigid bodies 'A' and 'B' which are coupled by a complex elastic joint, the following 

experimental procedure is envisioned. Let body 'A' be kept stationary while body 'B' 

were displaced by some mechanism. For each trial, the displacements of body 'B', i.e., 

rotation angle and translational displacement would be measured, as would 

be the wrench acted by the mechanism on the body (body *8'), m'. If N such tests 

were performed, there would be N sets of data available which include the rotational 

and translational displacements and the wrenches acted on the body. The polynomial 
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potential energy function of twistor coordinates presented in this research is going to 

fit these test data. Thus, the coefficients of the polynomial function of generalized 

forces and the coefficients of the polynomial function of the elastic potential energy 

can be solved. And the potential energy function of the elastic coupled rigid body 

system is established. 

7.1.2 Application Procedures and Methodology 

To demonstrate the generality of our presented polynomial potential function method, 

randomly generated test data using a random number generator (RNG) are used in 

our research. The presented polynomial function will fit these randomly generated 

data and the coefficients of the polynomial function will be calculated. The applica

tion procedure is as follows: 

1. Generate twist displacements using a random number generator; 

2. Exponentiate the twist displacements to get corresponding twistors; 

3. Generate wrenches using a random number generator; 

4. Compute generalized forces using equations in Chapter 4; 

5. Compute the coefficients of the generalized force polynomials; and 

6. Solve for the coefficients of the potential energy function. 

The procedures are illustrated as follows. 

Assume two bodies, body 'A' and body 'B', are coupled by a flexural joint. And 

assume body 'A' is fixed and body 'B' can be displaced randomly in a specified 

range in the plane. That is, body 'B' can be rotated randomly in the range of 

[—^f7iax/2, and it can be translated randomly in the range in: ^^min "I" 
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relative to fixed body 'A'. Then, the randomly generated rotational and translational 

displacement would be 

0 = Omax RN —O.od„ 

and, 

R = Rmin + r X RN, 

where, RN is the random number (uniformly distributed in the range of (0,1)) gen

erated from a random number generator. Therefore, the randomly generated twist 

coordinates are 

Of — ^max ^ RN O.OOlTTjaxi (7.1) 

and. 

pb _ 
^0 ~ 

Rcos{9) 
/2sin(0) 

The corresponding twistor coordinates are 

(7.2) 

G = cos(-). 

,Ci. 
^ = sin(-), 

ep = [tr;^]. 

(7.3) 

(7.4) 

(7.5) 

and. 

(7.6) 

where. 

^ . 
Thus the twistor parameters cr, xi, and X2 are generated. 
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Next, the wrenches (moments and forces) are generated randomly using random 

number generator. The moments are generated as 

and the forces are 

M = RRIMITI + RUR X RN, 

/ = fmin + /r X RN, 

or. 

^ = [/i; 12] = [/cos(0); /sin(<^)]. 

If N random numbers are used, N sets of twist displacements, twistor displace

ments and N sets of wrenches are generated. Therefore, N sets of generalized forces 

can be calculated as follows as derived in Chapter 4. 

" S • 
= 2 

X 

[i x] 
(T J ^ ^ 

0 crl+sk(^) 

m 
F 

(7.7) 

Given N sets of generalized forces and N sets of twistor parameters, AN polyno

mial functions of generalized forces are obtained as follows. 

0<II+12+13+14 <A^-L 

S = C£(idx)(T"^'-jr*i^X2, (7.8) 

0<tl+t2+l3+i4<N-l 

^ CH(idx)cr"^''x,^X2', (7.9) 

0<ii+i2+:3+i4<A/'-l 

A'l = ^ CA'i(idx)tT"C"'^'i'4'' (7.10) 
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0<ii I 

X2 = ^ cx2(idx)cr"^''x^^x2^ (7.11) 
tl,«2.'3ii4 

Using these 4A'" equations, the coefficients of the generalized force polynomial c^. 

ch, CXI and Cx2 can be solved. Since the coefficients of the polynomial potential 

energy function are related with these coefficients of generalized force polynomials as 

follows, 

cz{idx{ii,i2'.i3,U, N -'i-)) = (n + l)ct/(idx(zi + 1, ̂ 2, isr «4, ^V)). (7.12) 

CH(idx(ii, i2,i3,«4,A''- 1)) = (Z2 + l)C{/(idx(^•l,^2 + 1,^3,^4, ^V)), (7.13) 

CA-i(idx(ii, Z2, is, U, - 1)) = + l)c{/(idx(ii, Z2, h + 1, '4, -/V)), (7.14) 

CA-2(idx(ii, i2, is, i4, N - 1)) = [i^ -f 1 )ct/(idx(21, Z2,13, ii + 1. N)). (7.15) 

The coefficients of the polynomial potential energy function, i.e., cy, can be solved 

using the above equations. Thus, the polynomial potential energy function of the 

twistor parameters is established. 

The following is a methodology to solve the coefficients cu of the polynomial 

function given the twistor parameters a, xi, and Z2, given the polynomial order 

iV, and generalized forces Q. 

The methodology is to create matrices Ai and such that .4,[c[/] = Bi where cy is 

the array of coefficients of the AT-th order polynomial of the potential energy- function 

U. By calling this function n times, a system of equations can be generated such that 

.4 * Cu = B, where A = [^1; A2; A3; • • • ; and B = [Bi; B2] B^; • • • ] 5„]. This 

system of equations can be solved for cu using for example the method of pseudo-

inverse, i.e., Cu = pinv{A) * B. 
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In this case study, the twistor parameters and wrenches are generated by using 

random number generators. Then, the generalized forces are calculated using Equa

tions (7.7). The generalized force matrix Q are assigned as matrix B. For every given 

set of twistor parameters and the polynomial order N, the elements of the matrix 

A are calculated using the twistor polynomial function. By repeating this process n 

times, the matrix .4 is constructed. Thus, the coefficients cu can be solved. 

7.1.3 Simulation Results and Scilab Codes 

The major Scilab programming codes used for this case study are as follows, the 

details of the codes are described in Appendix B. 

1. Simulation code randomtest.sce; 

2. Matrix generation code makeAB-Q.sci for solving polynomial function coeffi

cients; 

3. Polynomial evaluation function evalpoly4.sci, and 

4. Index function code idx4.sci for accessing the array coefficients. 

The simulation code randomtest.sce follows the procedures described above. It 

generates twist and twistor parameters and wrenches using a random number gener

ator. Then, the generalized forces are calculated using Equations (7.7). Given the 

twistor parameters and the generalized forces, the coefficient matrices .4i and Bi are 

generated. Then, the coefficient array cu are solved. After that, the wrenches are 

evaluated from the generated polynomial potential energy function. And the evalu

ated wrenches from the polynomial function are compared with the original wrenches 

generated using random numbers. 

Figure 7.1 shows the wrenches generated from the random number generator. Fig

ure 7.2 shows the wrenches calculated from the polynomial function. Figure 7.3 shows 
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FIGURE 7.1. Wrenches generated from random number generator 

the differences (errors) between calculated wrenches from the polynomial function and 

wrenches generated from random number generators. The order of the polynomial 

function is 4 in this case study. The number of configurations (number of data points) 

is 17. 

From the simulation results above, it is seen that the polynomial function fits the 

randomly generated test data very well with the polynomial order of iV = 4 and test 

data point of 17 (17 random tests). The maximum error of moments is 0.0000264 with 

the maximum test moment of 0.944. The relative error for the moment is 0.002%. 

The maximum errors of forces are [0.0000153; 0.0000042] with the maximum test 

forces of [0.836; 0.959]. The relative errors for the forces are 0.0018% and 0.0004%. 

From this simple case study, we could conclude that the presented polynomial 

potential energy function method is an applicable method to fit randomly generated 

test data. The method is simple and straight forward. From this case study, it 

suggests that the presented polynomial method could be applied to the modeling 

of elastically coupled rigid body systems when only some testing data are available 
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without knowing the geometrical and physical properties of the flexural joints. 

7.2 Modeling of Electrostatic Potential Energy 
between H2O Molecules 

The energy between two particles (atoms, molecules, etc.) in a force field has two 

main types of energy terms: bonded (or valence) and nonbonded. The bonded terms 

(valence terms) include all terms related to the chemical bonds within the molecule 

while the nonbonded interaction include through-space terms that are independent of 

atomic connectivity, such as van der Waals interactions, electrostatic interactions and 

hydrogen bonds [32]. The electrostatic interaction energy Ue between two charged 

particles, qi and is usually represented by Coulomb's law [16], 

U^ = = k^. (7.16) 
47reo ri2 ri2 

where, ri2 is the distance between these two charged particles, and k is the dielectric 

constant of the medium between the interaction charges. 

The interaction between pairs of molecules can be treated as a sum of separate 

elementary interactions when the molecules are sufficiently far apart that their elec

tronic charge do not overlap. From a practical point of view, this requires intermolec-

ular distance, ri2, about 1 Angstrom greater than the nearest-neighbor spacing [32]. 

For liquid water molecules, the electrostatic interaction between to H2O molecules 

is known as a hydrogen bond. The bond is normally around 2.8 Angstroms long 

(measured from oxygen to oxygen). In this range, the Coulomb's law is valid. 

Therefore, the electrostatic potential energy between a pair of H2O molecules can 

be calculated using Equation (7.16). The forces between two charged particles can 

be calculated as. 
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47reo r^2 ^12 

By using twistor coordinates, tlie electrostatic potential energy could be modeled 

as a polynomial function of the twistor coordinates of the molecules. The polynomial 

function is defined as 

0<II+12+13+14 </V 

U = ^ c[,r(idx)cr"^'-i;'i^i2''- (~-18) 

where, ca is a one-dimensional array of coefficients and idx = idx(2i, ̂ 2,23, U, N) is a 

pointer-arithmetic function. This function calculates the linear index of an array of 

polynomial coefficients given a set of indices and the order of the polynomial. 

A large number of 'hypothetical' models for liquid water molecules have been 

developed in order to discover the structure of liquid water, on the basis that if the 

(known) model can successfully predict the physical properties of water then the 

(unknown) structure of water is determined. One of the recently introduced five-site 

models, called the TIP5P model, shows significantly improved results than some other 

older models [39]. Figure 7.4 shows the geometry of the TIP5P model. 

The parameters of the TIP5P model include the OH bond length, TQH = 0.9572 

Angstrom, the HOH bond angle OHQH = 104.52 degree or 1.8242 radians; and the 

negatively charged interaction sites are located symmmetrically along the lone-pair 

directions with an interventing angle, OIQL = 109.47 degree or 1.9106 radians. A 

charge of -f-0.241e is placed on each hydrogen site, and charges of equal magnitude 

and opposite sign are placed on the lone-pair interaction sites. There is no charge on 

oxygen for TIP5P model. 

If we project the five-site TIP5P water molecule onto the plane passing through the 

hydrogen and oxygen sites, and attach a frame to the structure as shown in Figure 7.5, 

the molecule of H2O would have two positive charges at the hydrogen atom sites qn — 



FIGURE 7.4. The geometry of TIP5P H2O model 

0.241e and one negative charge = -0.482e at position (-0.40415,0) Angstroms. The 

coordinates of the hydrogen sites in the plane are (0.5858823, 0.7569503) Angstroms 

and (0.5858823, -0.7569503) Angstroms. 

Therefore, the electrostatic potential energy between a pair of water molecules is 

C/ = ^ (7.19) 

The electrostatic force between a pair of water molecules is 

(7.20) 
tj = l 'J 

That is, for a pair of H2O molecules, there are nine terms for the electrostatic potential 

energy and nine terms for the electrostatic force. 

In our research, we assumed that one of the molecule is fixed and the other 

molecule can be arbitarily located in the plane. That is, the movable molecule could 

have random rotational angle and random translational displacement with respect to 



176 

O 
q. 

qH 

FIGURE 7.5. The configuration of TIP5P H2O model in the plane 

the fixed molecule. Therefore, the calculated electrostatic potential energy and force 

are random variables. 

7.3 Construction of Polynomial Function 

The polynomial function of twistor coordinates is shown in Equation (7.21), i.e., 

0<ti +i2+i3+i4<Ar 

U = C{;(idx)<T''^'-xj^X.2''. ("-21) 
'1 •i2,«3,j4 

where, cu is a one-dimensional array of coefficients and idx = idx(zi, ia, 13, U, N) is a 

pointer-arithmetic function. 

Given the twistor coordinates of a pair of H2O molecules, the electrostatic poten

tial energy can be calculated by Equation (7.19). Given the order of polynomial N. 

the polynomial of the form Equation (7.21) could be constructed. The only unknown 

in the equation is the array of index C(/(idx). If we have M pairs of H2O molecules 

randomly distributed in the plane, M points of the electrostatic potential energy can 
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be generated. Then, M equations for the unknown array C[/(idx) are generated. To 

solve the M equations, the coefficient array C(/(idx) could be obtained. Therefore, 

the polynomial function for the potential energy is constructed. 

As two charged particles are getting very close, the electrostatic potential energy 

is getting very large. At some points, the potential energy might approach infinity. 

To make our method more general, a rational polynomial function which includes 

both numerator and denomenator parts is used in this research, i.e.. 

^ Num 

Den 

7.3.1 Generation and Computation of H2O Electrostatic Potential Energy 

As shown in Equation (7.19), given the relative configuration of any two H2O molecules 

the electrostatic potential energy between these two molecules can be computed. In 

this study, it is assumed that a H2O molecule pair can have arbitary relative dis

placement in the plane. Not to lose generality, we assumed that one of the molecules 

is fixed in the plane and the other molecule is assumed to be arbitarily distributed in 

the plane. Since the angle between atoms in the H2O molecule is 1.8242181 radians 

or 104.5 degree, the coordinates of the oxygen atom of the fixed molecule are set as 

[x, y] = [-0.4041513, 0] Angstrom. The coordinates of the two hydrogen atoms of 

the fixed molecule are [0.5858823, 0.7569503] and [0.5858823, -0.7569503] .Angstroms, 

respectively, as shown in Figure 7.6. 

To be general, we use a random number generator to generate the position and ori

entation of the arbitarily distributed molecule. Therefore, the center of the arbitarily 

distributed molecule can have a randomly generated translational displacement with 

respect to the center of the fixed molecule and a randomly generated rotational angle 
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FIGURE 7.6. Configuration of the fixed H2O molecule 

with respect to the fixed molecule. That means the position of the molecule is ran

domly distributed in the plane. The orientation of the arbitarily distributed molecule 

is also generated using a random number generator. 

Figure 7.7 shows 100 possible configurations of an H2O molecule pair in the range 

of the plane (360 degree range). 

The computation of electrostatic potential energy between any pairs of H2O 

molecules, in which one of the molecules is arbitarily located, is straightforward. Us

ing a random number generator, the coordinates of the arbitarily distributed molecule 

are generated. Thus, the relative displacements with respect to the fixed molecule 

are calculated. Using Equation (7.19), the electrostatic potential energy between any 

two water molecules are obtained. Similarly, the electrostatic force between two water 

molecules can be calculated using Equation (7.20). 

•< 

T • 1 • I T • I • T——r 
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FIGURE 7.7. Randomly distributed H^O molecules 

7.3.2 Construction of Polynomial Function and 

Computation of Coefficient Array 

For a rational polynomial function of the form (7.26), i.e., 

Num 
Ui = 

Den ' 

we have. 

(7.23) 

Num — Ui * Den = 0, (7.24) 

that is, 

0<ii + 
cn[/(idx)cr''^'^Xi'x2 

0<il +i2+i3+t4<yVj 

- Ui* Y, cdu{idx)(T''C'^{'4' = 0- (7-25) 

For every pair of charged particles, given the twistor coordinates of [a, xi, X2], 

the electrostatic energy Ui is computable from Equation (7.19), therefore an equation 

for unknowns of cn^ and cdu is generated as the form of (7.25). 
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If there are M data points, there will be M equations for the coefficient array cnu 

and M equations for cdu- This system of equations can be solved for cu = [cn[/;cd[/] 

using for example the singular value decomposition method. 

7.3.3 Evaluation of Polynomial Function and 

Comparison with Analytical Results 

Having solved for the coefficient array cu = [cncr', cdu], the polynomial function 

Num 

Den 

can be evaluated for any given coordinates [a,^,Xy,X2\- That is, to evaluate 

first evaluate 

0<ii +12+13+14^ ATfi 
Num = ^ cn{/(idx)cr''^'^xi^a:2, (7.28) 

and 

0<ii+i2+j3+M<^rt 
Den = ^ crf{/(idx)cr"^'^xi^a;2 • (7.29) 

Then, the polynomial U = Num/Den can be evaluated for the given coordinates. 

To show the accuracy of the polynomial function in modeling the electrostatic 

potential energy and electrostatic forces of H2O molecule pairs, the evaluation results 

of the polynomial function are compared with the theoretical calculation results of 
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the electrostatic potential energy of H2O molecule pairs, and the wrenches derived 

from the polynomial function are compared to calculated wrenches from (7.20). The 

maximum errors are calculated. 

7.3.4 Parameter Analysis 

To get the best result, the parameters of the polynomial function need to be chosen 

carefully. These parameters include the order of the polynomial, the number of data 

points used in the modeling, and the data distribution range. 

In the following sections, we will study the effects of these parameters on the 

accuracy of the modeling. 

7.4 Simulation Results and Analysis 

7.4.1 Simulation Results with Different Data Range 

Assume that the number of randomly distributed pairs of water molecules is 500 and 

the order of the polynomial is 6, i.e., = 6 and Nd = 6. 

Figure 7.8 shows the electrostatic potential energies calculated by Equation (7.19) 

and evaluated from the proposed polynomial function (7.26) in which the orientation 

coordinates of the H2O molecules are distributed in a quarter plane, i.e., the maximum 

relative rotational displacement is 7r/2. It is seen that most of the energy data points 

evaluated from these two different approaches overlap each other. They have a very 

good agreement for the values. Figure 7.11 shows the errors between the calculated 

energy and evaluated energy from the polynomial function. The maximum error 

between these two sets of values is 0.00089 and there are only three points in which 

the error is greater than 5% of the calculated electrostatic energy values. This example 

shows that in the range of a quarter plane (90 degree range), the proposed polynomial 

energy function has a very good agreement with the theoretical electrostatic energy 
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FIGURE 7.8. Electrostatic energy with displacement of 7r/2 

function. Figure 7.9 are the wrenches calculated using equation (7.20). Figure 7.10 

are the wrenches evaluated from the polynomial function. Figure 7.12 are the errors 

between the calculated wrenches and wrenches evaluated from the 6th polynomial 

function in a quarter plane. 

Figure 7.13 shows the electrostatic potential energy values calculated from Equa

tion (7.19) and evaluated from the polynomial function in which the orientational 

coordinates are distributed in the TT (180 degree) range (a half plane). Figure 7.14 

shows the errors between these two energy sets. The maximum error between these 

two sets of values is 0.086 and there are many data points for which the errors are 

greater than 5% of the calculated energy values. It is seen that the maximum error in 

the TT range is much larger than the maximum error in 7r/2 range. Figure 7.15 shows 

the errors between the calculated wrenches and evaluated wrenches from the poly

nomial function in the displacement range of half plane (180 degree relative rotation 

between two water molecules). It is seen that the errors of wrenches are larger than 

errors in the displacement range of 90 degree. 

Figures 7.16 and 7.17 show the errors of potential energy between theoretically 

calculated values and evaluated values from the polynomial functions in the range 



FIGURE 7.9. Calculated wrenches from (7.20) 
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FIGURE 7.10. Wrenches evaluated from the polynomials 



FIGURE 7.11. Energy errors for 6th order polynomial 

iJuii liLiiuiiyl ii 
i p f ' "  

• — fi - 12 

FIGURE 7.12. Wrench errors for 6th order polynomials 
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FIGURE 7.13. Electrostatic energy with displacement of TT 
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FIGURE 7.14. Energy errors for 6th order polynomial 
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FIGURE 7.15. Wrench errors in the displacement range of TT 

of 3/27r and 27r, respectively. Figures 7.18 and 7.19 are points with relative errors 

greater than 5% in the range of 3/27r and 27r, respectively. From the above simulation 

results, it is seen that for the same order of polynomial (iV„ = 6 and = 6), as the 

H2O distribution range gets larger (the relative displacement gets larger), there will 

be more singular points in the polynomial function which result in lower accurancy. 

However, in the range of a quarter plane (90 degree range), the errors are very small. 

There are only a few points which have relative error greater than 5%. We can 

conclude that a six-order twistor polynomial potential energy function is a good 

approximation for the electrostatic energy function in the range of a quarter plane. 

7.4.2 Simulations with Diflferent Orders of Polynomial 

To figure out the impact of orders of the proposed twistor polynomial potential energy 

function, this section provides some more simulation results using various orders of 

polynomials. Figure 7.20 shown is errors between the potential energy calculated from 

the analytical Equation (7.19) and the potential energy evaluated from an 8th order 

polynomial function of twistor coordinates. The data points are distributed in one-

quarter {n/2) range. The maximum error for the 8th order polynomial in the range of 
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FIGURE 7.17. Electrostatic energy errors in the range of 27r 
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FIGURE 7.18. Points with error > 5% in the range of |7R for 6th order polynomial 

FIGURE 7.19. Points with error > 5% in the range of 27r for 6th order polynomial 
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7r/2 is only 0.000005 which is much smaller than the maximum error of 0.01266 using 

the 6th order polynomial. Figure 7.22 shows the points which have relative errors 

greater than 5%. Notice that there is no point in the 7r/2 range which has errors 

greater than 5%. Figure 7.23 shows the wrench errors for an 8th order polynomial in 

the displacement range of 7r/2. It is seen that the errors are smaller than the errors of 

a 6th order polynomial in the same displacement range. The simulation results show 

that the 8th order polynomial is reasonabh' accurate for the modeling of the H2O 

electrostatic energy in the displacement range of 7r/2 according to the TIP5 model. 

Figure 7.21 shows the errors between these two data sets in TT range. Figures 7.24 

shows the points which have errors greater than 5% in the range of TT with the 8th 

order polynomials. 

If a 4th order polynomial function is used, there will be many points in which the 

relative errors are greater than 5% as shown in Figure 7.28 and 7.29 in the ranges of 

7r/2 and TT, respectively. Figure 7.27 are the calculated energy and evaluated energy 

from the 4th order polynomial. Figure 7.25 is the errors in 7r/2 range and Figure 7.26 

are errors in TT range. The maximum errors in the range of 7r/2 and TT are 0.17467 and 

1.0935, respectively. It is seen that the 4th order polynomial has much larger errors 

than 6th order and 8th order polynomials. 

From the above simulation results, it is seen that the proposed polynomial poten

tial energy function, with order no less than 6, has a very good agreement with the 

theoretical calculated potential energy up to the range of a quarter plane (90 degree 

range). With higher order polynomial function, the simulation results are better but 

the simulation takes a much longer time. This case study shows that the twistor-

based higher order polynomial function could approximate the electrostatic energy 

between water molecules and their associated wrenches reasonable well. 



190 

i  1  i l l  1  . 1  i l l  i j i i  •  •  1 . .  1  d  

l l l ' ] l  ' •  ' I I  1 

3 100 an UD 400 m 

FIGURE 7.20. Errors in the range of 7r/2 for 8th order polynomial 
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FIGURE 7.21. Errors in the range of TT for 8th order polynomial 
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FIGURE 7.22. Points with errors > 5% in 7r/2 range using 8th order polynomial 

FIGURE 7.23. Wrench errors of 8th order polynomial 
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FIGURE 7.24. Points with errors > 5% in TT range using 8th order polynomial 

FIGURE 7.25. Errors in the range of 7r/2 for 4th order polynomial 
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FIGURE 7.26. Errors in the range of TT for 4th order polynomial 

FIGURE 7.27. Calculated and evaluated energies in the range of 7r/2 for 4th order 
polynomial 
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FIGURE 7.28. Points with errors > o% in 7r/2 range using 4th order polynomial 

FIGURE 7.29. Points with errors > 5% in n range using 4th order polynomial 
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Chapter 8 

CONCLUSIONS 

This study provides two novel modeling methods for elastically coupled planar rigid 

body systems. These two methods are the twist-based potential energy function 

method and the twistor-based potential energy function method. The concepts and 

notations of Geometric Algebra are introduced and applied to the modeling of elas

tically coupled rigid body systems for the first time. The twist and twistor dis

placements are denoted as bivectors using Geometric Algebra. The strain potential 

energy functions of elastic joints are defined as functions of twist parameters and 

functions of twistor parameters. The potential energy functions are shown to be 

frame-independent and body-independent. The kinematics of the virtual displace

ment is studied. The constitutive equations are derived in which the wrenches are 

computable given the twist or twistor displacements. The higher order polynomial 

potential energy functions of twist parameters and twistor parameters are also de

fined for large displacement analysis. Four application case studies of the presented 

methods are provided in this research. 

The conclusions of this research are summarized as follows. 

1. A rigid body motion can be modeled as a twist motion in which the rotation 

and translation happen simultaneously. A planar twist motion can be defined 

as a line vector that is perpendicular to the plane and passes through the pole 

point. Using Geometric Algebra, a twist can be denoted as a multivector. 

2. Any motions in the plane (pure translation, pure rotation, and rotation plus 

translation) can be modeled as a twist with finite elements (twist parame

ters or Pliicker coordinates). The twist models the planar motion in a frame-

independent and body-independent manner. 
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3. A wrench (a force and its torque) in the plane can be modeled as a line vector 

in the plane and be treated as a bivector in Geometric Algebra. A force system 

in the plane can be intuitively represented by a line vector. The dot product of 

a wrench bivector and a twist bivector is a scalar which represents the power. 

4. Given a relative rigid body displacement (translational displacement and rota

tion matrix), the corresponding twist coordinates can be easily derived. Simi

larly, given twist coordinates, the relative displacements can be easily calculated. 

5. The concept of a twistor is introduced and established in this research. A 

twistor models rigid body motions as continuous motion in which the rotation 

and translations happen simultaneously. Mathematically, a twistor is shown 

as the exponential of one-half of the corresponsing twist using Geometric Alge

bra. The twistor parameters (Clifford parameters) define the relative rigid body 

displacements between two frames in an intermediate frame half way between 

these two frames. The geometric explanation of the twistor parameters in this 

research provides an intutive illustration for the concept of twistor. 

6. The twistor provides a frame-independent and body-independent approach to 

model the relative rigid body displacements. It has been shown that the twistor 

parameters have an intuitive geometrical meaning. Twistor parameters are 

comparable to Euler parameters in which both are defined in an intermediate 

frame and half the rotation angle is used. 

7. Geometric Algebra provides a coordinate-free approach to model geometry and 

rigid body mechanics. In this research, a truly homogeneous representation of 

points in the plane is derived using Geometric Algebra. Using this homogeneous 

representation, the derivations of the twist/twistor operations are facilitated. 

8. The price of using the homogeneous representation is that four parameters in

stead of three have to be used to represent a plane. The representation is more 
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complicated than conventional representations. 

9. The twist-based potential energy function and the twistor-based potential en

ergy function are defined as simple quadratic functions of twist coordinates and 

twistor parameters, respectively. These potential energy functions depend nei

ther on which body is chosen as a reference, nor on which coordinate frames 

are chosen as references. These properties are most important for a modeling 

method because it makes the modeling method generally applicable no matter 

which frame is chosen as reference and which body is chosen as reference. 

10. The twist-based and twistor-based potential energy functions are energ>' con

servative. The constitutive equations are derived from the energy functions. 

The wrench exerted by elastic body on rigid bodies are computable using the 

constitutive equations. 

11. The higher order polynomial energy functions of twist coordiantes and twistor 

parameters are also presented in this research for large displacement anah"^-

sis and for higher accurancy. These polynomial functions are also shown to 

be frame-independent and body-independent. An ATth order polynomial of 

one set of twist/twistor coordinates is an ^Vth order polynomial of any set 

of twist/twistor coordinates. The polynomial potential energy functions of 

twist/twistor are intrinsically defined basis for rigid body displacement analysis. 

The constitutive equations are also derived from these polynomial functions of 

twist and twistor coordinates. 

12. The case study of fiexural four-bar linkage simulations shows that twist/twistor 

based potential energy function methods are generic. The methods can be 

easily applied to flexural four-bar linkages with various geometries and various 

flexural hinges. The application procedure is simple and straightforward. The 

computer code is generally applicable for various linkage designs and for other 
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flexural mechanisms. 

13. The simulation results of the micropositioning stage device case study show that 

the twistor potential energy function method is accurate in the displacement 

analysis of the micropositioning stage device. The simulation results successfully 

duplicated the actual measurement results from an experiment. The simulation 

result of this research is more accurate than results from other pseudo-rigid-body 

models reported in the literature and the application procedure is simpler. 

14. The case study of fitting randomly generated test data using higher order twist 

and twistor polynomial functions shows that the polynomial function can fit 

some randomly generated data reasonably well. This shows that the higher 

order polynomial potential function of twist or twistor parameters would be ap

plicable in modeling a complex flexural mechanism when only some test data is 

available without knowing the geometry and solid physical model of the mech

anism. 

15. The case study of modeling electrostatic energy between H2O molecules shows 

the potential utility of the polynomial function method in the analysis of large 

displacements. 

In the future, it would be desired to apply the methods presented in this research 

to model some complex flexural mechanisms, such as biomechanical systems, when 

some actual test data are available. 
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Appendix A 

SciLAB CODE FOR FLEXURAL FOURBAR LINKAGE AND 
MICROPOSITIONING STAGE DEVICE ANALYSIS 

This appendix lists the Scilab code for the case studies of fourbar linkage analysis and microstage 
positioning device einalysis using the twist/twistor based potential energy function method. The 
first code, simulat.sce, is the simulation code for the analysis. It uses a standard ODE solver of 
Scilab and calls for the dynamic analysis function, dynam.sci. The Scilab function, dynam.sci, 
is the dynamic analysis code using twistor parameters. In the case with driving link, the driving 
forces need to be added as shown in the code. Scilab function, compiy-quat2.sci, is to compute the 
viscoelastic wrenches given frame coordinates using twistor based potential energy method. Func
tions cant-stiff.sci and notch-stiff.sci are Scilab functions to calculate cantlever hinge stiffness 
and notch hinge stiffness, respectively. Scilab function, trans2cliff2.sci is the code to transfer 
conventional rotational and translational displacement elements to Clifford parameters (twistor pa
rameters). Function R2P.sci compute the twistor parameters a and ^ from the rotation matrix 
while function P2R.sci transforms the twistor parameters to the rotation matrix. The hat.sci 
function trjuisfer a 2 x 1 array into Its "hat" array, i.e., HAT{V) = [-i;(2); u(l)]. The function 
sk2.sci returns a skew-symmetric array associated with a scalar while function sk2-inv.sci return a 
scalar associated with a skew-summetric array. The above Scilab functions are commonly used both 
for the four-bar linkage simulations and for the micropositioning stage device displacement analysis. 
Scilab function, fourbar.sci, is the creation function for a regulEU" fourbar linkage with identical links 
and cantilever hinges. Function microstage.sci is the creation function for the micropositioning 
stage device. 

simulat.sce 

clear 
getdC.') 
global frbr; 
frbr = fourbea-(); 

xO = frbr(8); 
disp(size(xO)) 
t.final = 0.20; 
n.samples = 200; 
t_des = [0:n_sainples]»(t_final/n_samples); //Desired times 
dt = t_des(2) - t_des(l); 

yl = xO; 
t(l) = t_des(l); 

//Put initial state in data array. 
//Initial time. 
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for i=l:(length(t_des)-l), 
disp(i) 
tl = t_des(i): 
t2 = t_des(i+l); 
t.mid = 0.5«(tl+t2); 
rtol = le-2: atol = le-4: 
[y_temp,w,itf] = ode(yl,tl,[tl t_mid t2],rtol,atol,dynam) ; 

if(i==l) then 
y = y_temp(:,3); 

else 
y = Cy, y_temp(:,3)] ; 

end 

//Append data to array; 

//Append data to array; 

yl = y_temp(:,3); //Final state is new initial condition. 
if(i==l) then 

t = t2; 
else 

t = [t t2]; 
end 
clear y.temp; 
save('fourbar.dat') 

end 

n = length(t); 
xf = y(n,:)'; //Final state 
save('fourbar.dat') 

dynam.sci 

function xd = dynam(t,x) 
global frbr; 
rblist = frbr(6); springlist = frbr(7); 

q=x(l:16): //Configuration variables from state (16=4x4) 
rates = x(17:28); //Rate veu^iables from state (12=4x3) 
qd = zeros(16,l); //Allocate space for configuration rates 
qdd = zeros(12,l): //Allocate space for accelerations 

for i=l:4, 
p = q((i-l)*4+l:(i-l)'»4+2): //Position, two per body 
ep = q((i-l)«4+3:(i-l)«4+4); //Euler parameters, sigma t xi 
Sigma = ep(l); xi = ep(2); //Scalar and vector parts 
v(l:2,l) = rates((i-l)'»3+l: (i-l)«3+2) ; 
om = rates((i-1)*3+3); //Angular velocity in body frame 
Lambda = [-xi, sigma]; //xi=sin(alpha/2),sigma=cos(alpha/2) 
epd = O.S^Lambda'^om; //Rate of change of Euler parameters 
if (i==l) 

qd = [v; epd] ; 
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else 
qd = [qd; v; epd]; 

end 
end 

M = mass(frbr); 
F = zero3(12,l): //Allocate space for forces and torques 

//Hinge 1 (A) connects frame 1 on rb(l) and frame 1 on rb(2) 
j0(l,l:4) =[1121]; 
//Hinge 2 (B) connects frame 2 on rb(2) and frame 1 on rb(3) 
j0(2,l:4) = [2231]; 
//Hinge 3 (C) connects frame 2 on rb(3) and frame 1 on rb(4) 
j0(3,l:4) =[3241]; 
//Hinge 4 (D) connects frame 2 on rb(4) and frame 2 on rb(l) 
j0(4,l:4) =[4212]; 

//Add compliant wrenches due to flexural hinges, 
for i=l:4 

A_ind = jO(i,l); B_ind = j0(i,3); 
p_A = q((A_ind-l)«4+l:(A_ind-l)«4+2); 
p_B = q((B_ind-l)»4+l:(B_ind-l)»4+2); 
ep_A = q((A_ind-l)»4+3:(A_ind-l)*4+4); 
ep_B = q((B_ind-l)*4+3: (B_ind-l)»4+4) ; 

//Position 
//Position 

//Euler parameters 
//Euler parameters 

//Reference frames 
R_A = p2R(ep_A); 
R_B = p2R(ep_B); 
H_A = [R_A, p_A; 0 0 1]; 
H_B = [R_B, p_B: 0 0 1]; 

//joint frames 
rb = rblist(A_ind): 
Hjoints = rb(8); 
H_a = H_A«Hjoints(jO(i,2)): 
rb = rblist(B_ind): 
Hjoints = rb(8); 
H_b = H_B»Hjoints(jO(i,4)): 
p_a = H_a(l:2,3); 
R_a = H_a(l:2,l:2) ; 
p_b = H_b(l:2,3): 
R_b = H_b(l:2,l:2); 

//Linear velocity in inertial coordinates 
v_A(l:2,l) = rates((A_ind-l)«3+l:(A_ind-l)'»3+2); 

//Angular velocity in inertial coordinates 
om_A = rates((A_ind-1)•3+3); 

//Linear velocity in inertial coordinates 
v_B(l:2,l) = rates((B_ind-l)«3+l:(B_ind-l)*3+2): 
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//Angular velocity in inertial coordinates 
oni_B = rates ( (B_ ind-1) •S+S) : 
tmp = p_a - p_A; 

//Joint frame linear velocity in joint frame coordinates 
v_a = R.a'^Cv.A + om_A«C-tmp(2); tmp(l)]); 

//Joint frame angular velocity in joint frame coordinates 
om_a = om_A: 
tmp = p_b - p_B: 

//Joint frame linear velocity in joint frame coordinates 
v_b = R_b'*(v_B + om_B»[-tmp(2); tmp(l)]): 
om_b = om_B; 

aspring = springlist(i); 
Kt = aspring(2); Ko = aspringO); 
K = [Ko, 0 0; [0; 0], Kt] ; B = lOO^eyeO.S); 
H0=comply_quat2(p_a,R_a, p_b,R_b,K,v_a,om_a,v_b,om_b,B) 
fO = H0(1:2): mO = wO(3); 

//Compute moments in body coordinates. 
fB.O = fO; 
mB = mO - p_B(l)«fO(2) + p_B(2)»fO(l); 
fA_0 = -fO; 
mA = -mO + p_A(l)*'fO(2) - p_A(2)»fO(l); 
F((A_ind-l)«3+l:(A_ind-l)»3+2) = F((A_ind-l)»3+l:(A_ind-l)'»3+2) - fA.O; 
F((A_ind-l)»3+3) = F((A_ind-l)«3+3) - mA; 
F((B_ind-l)«3+l;(B_ind-l)«3+2) = F((B_ind-l)'»3+l:(B_ind-l)*3+2) - fB.O; 
FCCB.ind-D^S+S) = F((B_ind-l)#3+3) - mB; 

end 

qdd = F./M; 
qdd(l:4) = [0;0:0:0] ; 
xd = [qd; qdd]; 

fourbar.sci 

function frbr = fourbarO //Creation function for fourbar linkage. 
scale = 0.005; //Scale for plotting unit vectors in meters 
time = le7; //Cheuracteristic time of elastic elements 

//CANTILEVER HINGE DEFINITIONS 
E.cant = (0.05)<'69e9: //Young's modulus, currently 57, of aluminum 
mu_cant =0.3; //Poisson ratio, currently that of aluminum 
L_cant = 0.010; //Length of cantilever beam 
t_cant = 0.001; //Thickness of beam, not plate thickness 
//List of cantilever hinge properties 
cantprop = list(E_cant,mu_cant,L_cant,t_cant); 

//The WIDTH is t.links 
rho.links = 2.7e3; //mass density of links, currently 100'/, of A1 
L_horiz = 0.040; //Length of horizontal links 
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H.horiz = 0.005; //Width of horizontal links 
t.links = 0.005; //Thickness of links 
L_vert = 0.005; //Length of vertical links 
w_vert = 0.040; //Width of vertical links 
//Properties of Links 
linkprop = list(rho_links,L_horiz,H_horiz,t_links,L_vert,H_vert); 

//Create rigid bodies of rigid links, including initial conditions. 
//LINK 1 The ground link 
pi = [0; 0]; //Inertial reference frame is at center of link 1 
R1 = eye(2,2); 
HI = [Rl, pi; 0 0 1]; //Homogeneous configuration matrix of the link 
L = L_horiz; 
w = tf_horiz; 
t = t.links; 
m = rho.links^L^w^t; //Mass of the link 
Izz = m«(w-2 + L-2)/12; 
vO = [0; 0]; omO = 0; //Velocities are always zero 
//Configuration of joint A (links 1-2) 
HjA = [eye(2,2),[-0.0175:0.0075]; 0 0 1]; 
//Configuration of joint D (links 1-4) 
HjD = [eye(2,2),[+0.0175:0.0075]; 0 0 1]; 
Hjoints = list(HjA,HjD): 
//List of rigid body (link) 1 
rbl = tlistCrbody',HI,eye(3,3) ,m,Izz,vO,omO,Hjoints); 

//LINK 2 The left vertical link 
p2 = [-0.0175; 0.0325]; //Inertial coordinates of body frame (link 2) 
R2 = eye(2,2): 
H2 = [R2, p2; 0 0 1]; 
L = w.vert; //The vertical direction is the length 
w = L_vert; 
t = t.links; 
m = rho_links«L«w*t; 
Izz = m»(w-2 + L-2)/12: 
vO = [0; 0]; omO = 0; //Initial velocities are set to be zero 
HjA = [eye(2,2),[0;-0.025]; 0 0 1]; //Joint A in body frame 
HjB = [eye(2,2),[0;+0.025]; 0 0 1]; //Joint B in body frame 
Hjoints = list(HjA,HjB); //Two joints connected with link 2 
rb2 = tlistCrbody',H2,eye(3,3) ,m,Izz,vO,omO,Hjoints); 

//Joints B Flexural joint connected with links 2-3 
H_B = H2«HjB; //Joint B coordinates in inertial frame 

//LINK 3 The top, horizontal link 
p3 = [0; 0.065]; 
R3 = eye(2,2); 
H3 = [R3, p3; 0 0 1]; 
L = L.horiz; 
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w = tf_horiz; 
t = t.links; 
m = rho.links^L^w^t; 
Izz = in»(w*2 + L*2)/12: 
vO = [10; 0]; omO = 0; //Given an initial horizontal velocity 
HjB = [eye(2,2).[-0.0175;-0.0075]; 0 0 1]; 
HjC = [eye(2.2),[+0.0175:-0.0075]; 0 0 1]; 
Hjoints = list(HjB,HjC) ; //Joints with link 3, B:2-3 ft C:3-4 
rb3 = tlistCrbody',H3,eye(3,3) ,m,Izz,vO.omO,Hjoints) ; 

//LINK 4 The right vertical link 
p4 = [0.0175; 0.0325]; //Inertial coordinates of body frame 
R4 = eye(2,2); 
H4 = [R4, p4; 0 0 1]; 
L = w.vert; 
w = L.vert; 
t = t.links; 
m = rho_links»L«w^t; 
Izz = m«(w-2 + L-2)/12; 
vO = [0; 0]; omO = 0; //Initial velocities are zero 
HjC = [eye(2,2),[0;+0.025]; 0 0 1]; 
HjD = [eye(2,2),[0;-0.025]; 0 0 1]; 
Hjoints = list(HjC,HjD); //Two joints with link 4, C:3-4 t D:4-l 
rb4 = tlistCrbody',H4,eye(3,3) ,m,Izz,vO.omO,Hjoints); 

//List of rigid bodies (links) 
rblist = Iist(rbl,rb2,rb3,rb4); 

//Create 4 flexural joints 
//Joint A through D (1—4) are cantilever hinges 
L = L_cant; t = t_cant; W = t_links; 
E = E.cant; G = 0.5«E/(l+mu_cant); 
K = cant_stiff(t,W,L,E,G); //Call cantilever stiffness function 
Ko = K(2,2): //Rotation stiffness wrt z-axis 
Kt = diag([K(6,6) ,K(4,4)] ) ; //Translational stiffness 

//List of cantilever hinge stiffness and chzuracteristic time 
aspring = tlistCspring',Kt,Ko,time); 
//List of 4 flexural joints 
springlist = list (aspring,aspring,aspring,aspring) ; 

cleau: q qdot //Generate initial state 
for i=l:4 

rb = rblist(i); 
H = rb(2); //Configurations of rigid body (link) 
R = H(l:2,l:2); p = H(l:2,3); 
ep = R2p(R): //using eqs(2.156)-(2.158) 
V = rb(6); 
om = rb(7); 
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if(i==l) then 
q = [p: ep]: //q is the position state 
qd = [v; om] ; //qd is the velocity (rate) state 

else 
q = [q: p; ep] ; 
qd = [qd; v; om] ; 

end; 
end 

xO = [q: qd]; //Initial state 
frbr = tlistCfourbar'.scale,time.cantprop.linkprop 

rblist,springlist, xO); 

comply-quat2.sci 

function wO=comply_quat2(pa,Ra, pb, Rb, K, va, oma, vb, omb, B) 
//C0HPLY_QUAT2(pa,Ra,pb,Rb,K,va,oma,vb,omb,B) computes a viscoelastic wrench 
//in global coordinates given compliance frame variables pa,Ra,pb and Rb; 
//given 3x3 stiffness matrix K = [Ko Kc; Kc' Kt] ; given linear and angular 
//velocities va,oma,vb and omb; and given 3x3 damping coefficient matrix 
//B = [Bo Be; Be' Bt] . The wrench is computed using the "twistor-based" 
//method. The wrench returned, wO = [fO; mO], is the wrench exerted 
//_by_ body B _on_ the compliamt, viscoelastic element. This is also the 
//wrench exerted by the compliant element on body A. 

wO = zeros(3,1); 
//arguments 
// pa : position of compliant joint frame of body A (2x1) 
// pb : position of compliant joint frame of body B (2x1) 
// Ra : joint frame orientation matrix of body A (2x2) 
// Rb : joint frame orientation matrix of body B (2x2) 
// K : Stiffness matrix at a/b (3x3) 
// va : linear velocity of compliant joint frame of body A (2x1) in 
// coordinates of that frame. 
// oma : angular velocity of compliant joint frame of body A (scalar) in 
// coordinates of that frame. 
// vb : linear velocity of complicint joint frame of body B (2x1) in 
// coordinates of that frame. 
// omb : angular velocity of compliant joint frame of body B (scalar) in 
// coordinates of that frame. 
// B : Damping matrix at a/b (3x3) 

//Computation of constitutive equations using twistor-based method. 
//Compute the displacement 
Rba = Ra'^Rb; 
pba = Ra'«(pb - pa); 
//Given Rba and Pba, calculate the twistor coordinates 
cba = trans2cliff2(Rba,pba); 
sigmaba = cba(l); xiba = cba(2); xba = [cba(3); cba(4)] ; 

//Compute elastic wrench in body coordinates 
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Lam_ba = [sigmaba, -(hat(xba))'; 
zeros(2,l), signiaba«eye(2,2)-sk2(xiba)] ; //eq(4.27) 

we_b = 2«Lam_ba»K'»[xiba; xba] ; //eq(4.46) 

//Compute viscous wrench in body coordinates 
Lam.ab = [sigmaba, (hat(xba))'; 

zeros(2,1), sigmaba*eye(2,2)-i-sk2(xiba)] ; 
dx = 0.5»Lam_ba'•[omb:vb] - 0.5«Lam_ab'*[oma;va]; 
wv_b = 2»Lam_ba*B»dx: 

//Viscoelastic wrench in body coordinates 
w_b = we_b + wv_b: 
//Convert to global, inertial coordinates 
temp = [1, (hat(pb))'•Rb; zeros(2,l), Rb]«w_b; //moment first, force second 
wO = [temp(2:3);temp(l)]; 

cant-stiff.sci 

function K = cant.stiff(t,W,L,E,G) 
//CANT_STIFF(T,W,L,E,G) computes the stiffness of a cantilever hinge 
//with thickness T, width W, length L, Young's modulus E, and shear 
//modulus G. The resultant stiffness '/, matrix is diagonal, with 
// K = diag([klo k2o k3o kit k2t k3t]). 

//Compute principal stiffness parameters; 
A = t^W; 
12 = W»t-3/12: 
13 = t*W-3/12: 
Ip = 12 + 13; 

kit = AfE/L; 
k2t = 12»E«I3/(L-3); 
k3t = 12»E«I2/(L-3): 
klo = G»Ip/L; 
k2o = E«I2/L: 
k3o = E«I3/L: 

K = diag([klo k2o k3o kit k2t k3t]): 

notch-stiff.sci 

function K = notch.stiff(D,t,h,E,G) 
//NOTCH_STIFF(D,T,H,E,G) computes the stiffness of a notch hinge 
//with hole diameter D, plate thickness T, inter-hole spacing H, 
//Young's modulus E, and shear modulus G. The resultant stiffness 
//matrix is diagonal, with K = diag([klo k2o k3o kit k2t k3t]). 

//Compute nondimensional stiffness parameters 
hovD = h/D; 
tovD = t/D; 
kaplt = 0.1452»hovD + 0.3568»sqrt(hovD); 



temp = 0.1095«hovD"2 - 0.1017»hovD*1.5 + 0.03881»hovD... 
- 0.004978«sqrt(hovD): 

kap2t = temp»(0.2296»tovD"2 - 1.3961»tovD + 2.5834); 
kapSt = -0.06692«hovD*1.5 + 0.283'«hovD - 0.03443»sqrt(hovD); 
temp = 0.05174«hovD"l.5 + 0.04711«hovD - 0.008237«sqrt(hovD); 
kaplo = temp*(0.2736»tovD*2 - 1.3975»tovD + 2.496); 
kap2o = -0.035«hovD +0.1109»sqrt(hovD); 
kapSo = 0.01295»hovD + 0.02967«sqrt(hovD); 

//Compute principal stiffness peirameters; 
kit = kaplt»E«t; 
k2t = kap2t«E«t"3/(h"2); 
k3t = kap3t»E«t; 
klo = kaplo»G«t"3; 
k2o = kap2o»E«t«h"2; 
k3o = kap3o»E«t"3; 
K = diag([klo k2o k3o kit k2t k3t]); 

trans2cliff2.sci 

function c2 = trans2cliff2(R,p) 
//TRANS2CLIFF2(R,P) returns 2D Clifford parameters (twistor parameters) 
// corresponding to 20 rotation matrix R and displacement P. 

//Scalar part 
sigma = 0.5»sqrt(trace(R)+2): //eq(2.156) 
ifCsigma < 0) then 

errorCsqrt should return a non-negative square root.') 
elseif(sigma >0.1) then 

xisk = as(R)/(2«sigma); //eq(2.157) 
xi = sk2_inv(xisk); 

else //(sigma <= 0.1) 
xi = sqrt(0.5-0.25'»trace(R)) : //eq(2.158) 
M = as(R); 
if(M(2,l) < 0) then xi = -xi; end 
xisk = sk2(xi); 

end 

X = 0.5«(sigma«eye(2,2) - xisk)»p: //eq(2.159) 
c2 = list(sigma,xi,x(l),x(2)); 

return 

R2P.sci 

function ep = R2p(R) 
//ep = R2p(R) 
//compute euler parameters ep from orientation matrix R 
M = 0.5»(R-R'); //Antisymmetric part, M=as 
sigma = 0.5*sqrt(trace(R)+2); //eq(2.156) 
if (sigma > 0.1) then 

tmp = M/(2»sigma); xi = tmp(2,l); //eq(2.156) ,tmp=sk(xi) 
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else 
xi = sqrt(0.5 - 0.25»trace(R)); //eq(2.158) 
if (M(2,l) < 0) then 

xi = -abs(xi); 
elseif (M(2,l) > 0) then 

xi = abs(xi); 
end 

end 
ep = [sigma; xi]; 

P2R.sci 

function R=p2R(ep) 
//compute transformation matrix R from euler parameters ep 
sigma = ep(l); //split Euler peirameter vector 
xi = ep(2); 
R = (1 - 2»xi"2)»eye(2,2) + 2»sigma*[0 -xi; xi 0]; 

hat.sci 

function v_hat = hat(v) 
//HAT(V) Moment matrix of a 2x1 array, HAT(V)=[-v(2);v(l)] 
[m,n] = si2e(v): 
if ((m-=2)iE(n==l)) then 

v_hat(l,l) = -v(2); 
v_hat(2,l) = v(l): 

else 
error ('Only defined for 2x1 array'): 

end 

sk2.sci 

function skXI=sk2(xi) 
//returns skew-symmetric matrix skXl associated with scalar xi 
skXI = zeros(2,2): 
skXI(l,2)=-xi: 
skXI(2,l)= xi; 

mass.sci 

function M = mass(frbr) 
//MASS(FRBR) returns the mass matrix of fourbar object frbr in the form 
//of a vector, because the mass matrix is diagonal. This is to save memory, 
rblist = frbr(6); 
M = zeros(13,13); 
M(6,13)=l; H(13,6)=l; 

for i = l:length(rblist), 
rb = rblist(i); 
m = rb(4): Izz = rb(5): 
if (i == 1) then 

M(i,i)=m; M(i+l,i+l)=m; M(i+2,i+2)=Izz; 
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elseif (i==2) then 
H(i+2,i+2)=m: M(i+3,i+3)=m: M(i+4,i+4)=Izz; 

elseif (i==3) then 
M(i+4,i+4)=m; M(i+5,i+5)=in; M(i+6,i+6)=Izz: 

else 
M(i+6,i+6)=m; M(i+7,i+7)=ni: M(i+8,i+8)=Izz; 

end 
end 

microstage.sci 

//Creation function for the micropositioning stage. 
function microp = microstageO 
global dO; 
scale = 0.005; //Scale for plotting unit vectors in meters 

//NOTCH HINGE DEFINITIONS 
E.notch = 69e9; //Young's modulus of 6060-T6 aluminum 
t_chzu: = le-3; //Chsuracterstic time, works with aluminum. 
mu_notch = 0.33; //Poisson ratio, currently that of aluminum 
D_notch = 0.003; //Hole diameter of notch hinge, 3mm 
h.notch = 0.00025; //Inter-hole spacing, the thinnest part, 0.2mm 
notchprop = list(E_notch,mu_notch,D_notch,h_notch); 

//The THICKNESS is t.links 
rho.links = 2.7e3; //mass density of links, currently 100'/, of A1 
t_links = 0.02; //Thickness of links 
linkprop = list(rho_links,t_links); 

//Create rigid bodies of rigid links, including initial conditions. 
//LINK 1 The ground link 
pi = [0; 0]; 
R1 = eye(2,2); 
HI = [Rl, pi; 0 0 1]; //Homogeneous configuration matrix of the link 
m = rho_links« (0.038*0.012+0.012»0.056+0.006»0.024) •t_links; 
Izz = m«(0.030-2 + 0.024-2)/12; 
vO = [0; 0]; omO = 0; //Velocities are always zero 
Hjb = [eye(2,2),[-0.014;0.044];0 0 1]; //Joint b connects bodies 142 
Hjd = [eye(2,2), [-0.014:0.0] ; 0 0 1]; //Configuration of joint d (links 1-3) 
Hjg = [eye(2,2), [+0.014;0.0] ; 0 0 1]; //Configuration of joint g (links 1-5) 
Hjoints = list(Hjb,Hjd,Hjg); //Joints connected with link 1 
//List of rigid body (link) 1 
rbl = tlistCrbody',HI,eye(3,3) ,m,Izz,vO,omO,Hjoints) ; 

//LINK 2 The most left vertical link 
p2 = [-0.021; 0.023]; //Inertial coordinates of body frame (link 2) 
R2 = eye(2,2); 
H2 = [R2, p2: 0 0 1]; 
ml = rho_links»0.005»0.010«t_links: 
m2 = rho.links^O.021*0.006»t_links; 
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m3 = rho_links«0.014»0.010«t_links/2: 
m = ml + m2 +m3 
11 = ml«(0.005-2+0.010-2)/12+ml«(0.001-2+0.018*2): 
12 = ni2«(0.006-2+0.021-2)/12+in2«(0.002-2+0.008-2): 
13 = m3*(0.006-2+0.009-2)/12+m3<'(0.003-2+0.006-2): 
Izz= I1+I2+I3; 
vO = [0; 0]: omO = 0; //Initial velocities are set to be zero 
//Joint b coordinates in body frame 
Hjb = [eye(2,2).[0.007:0.021]; 0 0 1]: 
//Joint c coordinates in body frame 
Hjc = [eye(2,2),CO.007;-0.020]: 0 0 1]: 
//Joint a is the input joint (bodies 2&6) 
Hja = [eye(2,2),[0.007:0.012]: 0 0 1]; 
//Three joints connected with link 2 
Hjoints = list(Hjb,Hjc,Hja); 
rb2 = tlistCrbody',H2,eye(3,3) ,m,Izz,v0,omO,Hjoints): 
Ha = H2«Hja: 

//LINK 3 The left, inside link 
p3 = [-0.014; 0.015]; 
R3 = eye(2,2); 
H3 = [R3, p3: 0 0 1]; 
m = rho_links»0.017«0.005*t_links»2; 
Izz = m«(0.017-2+0.005-2)/12+m»(0.0025-2+0.0075-2) 
vO = [0; 0]; omO = 0; 
//Joint c connects bodies 2£3 
Hjc = [eye(2,2),[0.0;-0.012]: 0 0 1]; 
//Joint e is the output joint (bodies 344) 
Hje = [eye(2,2).[0.0:0.009]; 0 0 1]; 
//Joint d connects bodies 3tl 
Hjd = [eye(2,2),[0.0;-0.015];0 0 1]; 
Hjoints = list(Hjc,Hjd,Hje); 
rb3 = tlistCrbody',H3,eye(3,3) ,m,Izz,vO.omO,Hjoints); 

//LINK 4 The central, output link 
//Inertial coordinates of body frame (link 4) 
p4 = [0.0; 0.024]; 
R4 = eye(2,2); 
H4 = [R4, p4: 0 0 1]; 
m = rho_links»0.010^0.028»t_links; 
Izz = m^(0.028-2 + 0.010-2)/12: 
vO = [0: 0]; omO = 0; 
Hje = [eye(2,2),[-0.014:0.0]; 0 0 1]; 
Hjf = [eye(2.2),[0.014:0.0]; 0 0 1]; 
//Two joints with link 4, joints e and f 
Hjoints = list(Hje,Hjf); 
rb4 = tlistCrbody',H4,eye(3,3) ,m,Izz,v0,om0,Hjoints); 

//LINK 5 The right, inside link 
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p5 = [0.014; 0.015] ; 
R5 = eye(2,2); 
H5 = [R5, p5; 0 0 1]; 
m = rho_links»0.017«0.005'»t_links«2: 
Izz = iii«(0.017-2+0.005-2)/12+m«(0.0025"2+0.0075"2) 
vO = [0: 0]; omO = 0; 
Hjf = [eye(2,2),CO.O;0.009]; 0 0 1]; 
Hjg = [eye(2,2),[0.0;-0.015]; 0 0 1]; 
Hjoints = list(Hjf,Hjg) : 
rb5 = tlistCrbody',H5,eye(3,3) ,m,Izz,vO.omO,Hjoints); 

//LINK 6 The small input body 
p6 = [-0.007; 0.035]; 
R6 = eye(2,2); 
H6 = [R6,p6: 0 0 1]; 
m = rho_links«0.014»0.010'»t_links: 
Izz = m»(0.007*2 + 0.05-2)/12 
vO = [0; 0] ; omO = 0; 
Hja = [eye(2,2),[-0.007; 0]; 0 0 1]; 
Hja = inv(H6)<'Ha; 
Hjoints = list(Hja) 
rb6 = tlistCrbody',H6, eye(3,3) ,m,Izz,vO.omO,Hjoints); 

//List of rigid bodies (links) 
rblist = Iist(rbl,rb2,rb3,rb4,rb5,rb6); 

//Create 7 flexural joints all hinges are notch hinges 
D = D.notch; t = t_links; h = h_notch; 
E = E.notch; G = 0.5*E/(l+mu_notch); 
K = notch_stiff(D,t,h,E,G); 
Ko = K(2,2); 
Kt = diag([K(4,4),K(6.6)]); 
disp(Ko,Kt); 
ktmin = min([Kt(l,l),Kt(2,2)]); 
for i=l:2, 

if (Kt(i,i) > lOO^ktmin) 
sprintfCToo stiff! Kt(*/,d,'/,d) reduced from '/,6.4f to '/.6.4f.',... 

i,i,Kt(i,i),(100»ktmin)); 
Kt(i,i) = 100*ktmin; 

end 
end 

aspring = tlistCspring',Kt,Ko,t_char); 
//List of 7 flexural joints 
springlist = list (aspr ing, aspr ing, aspring, aspr ing, aspr ing, aspring, aspr ing); 

clear q qd 
//Generate initial state 6 bodies 
for i=l:6 
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rb = rblist(i); 
H = rb(2): //Configurations of rigid body (link) 

//Extract rotation and translation matrics 
R = H(l:2,l:2): p = H(l:2,3): 
ep = R2p(R); //Euler parameters, use eqs(2.156)-(2.158) 
V = rb(6): 
om = rb(7); 
if(i==l) then 

q = [p: ep] ; //q is the position state 
qd = [v; om] ; //qd is the velocity (rate) state 

else 
q = Cq: p: ep]; 
qd = [qd; v; om]; 

end; 
end 
xO = [q; qd]; //Initial state 

microp = tlistCmicrostage'.scale,t_char,notchprop,linkprop,. 
rblist.springlist,xO); 
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Appendix B 

SCILAB CODE OF FITTING RANDOM TESTING DATA 
USING POLYNOMIAL FUNCTION METHOD 

This appendix lists the Scilab codes for the case studies of fitting randomly generated data using 
polynomial function method. The excutive Scilab function randomtest.sce is to generate displace
ment £md wrenches using a random number generator and compare the generated value with values 
evaluated from polynomial functions. Scilab function, makeAB-Q.sci, is to generate matrices .4 
and B to solve for the coefficient array of the polynomial energy function. Function evalpoly4.sci is 
to evaluate the polynomicil function given coefficient array cuid twistor parameters. Scilab function 
iclx4.sci is to get corresponding coefficient array index given polynomial function parameters. 

randomtest.sce 

clear 
getd('c:/H20/Radtest') 
randC 'imiform'); 
randCseed' ,22); 
N_config = 17; 
N = 4; 
th_dist = Xpi/4: 
alpha.dist =5lpi/4; 

//Generate twist and twistor coordinates using random number generator 
for i = l:N_config 

th = th_dist»r5uid() -0.5«th_dist; 
//Generate random rotation angle 

alpha = alpha_dist«rand() - 0.5»alpha_dist; 
radius = 3 + S^randO ; 

//Generate random translation displacement 
pOb = [radius*cos(th); radius*sin(th)]; 

//Calculate twistor from the twist coordinates above [alpha; pOb] 
ep = [cos(0.5*alpha); sin(0.5«alpha)]; //ep=[sigma; xi] 
X = 0.5«(ep(l)«'eye(2,2)-sk2(ep(2)))'»p0b: //x=[xl: x2] 

//Generate wrenches using random number generator 
m = 1 - 2*rand(); 
fl = 1 - 2»rand(); 
f2 = 1 - 2«rand(); 
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mu = [fl; f2]; 
wi = [m:niu] ; 

//Put the generated numbers into array 
if i==l then 

epb = ep; xb = x; wrench = wi; 
else 

epb = [epb, ep] ; xb = [xb, x] ; wrench = [wrench,wi] ; 
end 

end 

//Generated wrenches 
mO = wrenchCl,:) ; 
fOl = wrench(2,:) ; 
f02 = wrench(3,:); 

//Plotting the wrenches 
xset('window',1); xbasc (); 
plot2d([m0',f01',f02']); 

//Compute generalized forces Q 
A = zeros(4»M_config,idx4(0,O.O.N,N)): 
B = zeros(4#N_config,1) : 

for i = l:N_config 
Delta = [-epb(2,i). -xb(l.i), -xb(2,i); 

epbd.i), -xb(2,i), xb(l,i): 
0, epb(l.i). -epb(2.i); 
0, epb(2,i). epbd.i)]; 

Qi = 2*Delta*wrench(: ,i); 
[Ai,Bi] = makeAB_Q(epb(: .i),xb(:,i),Qi,N); 
idl = (i-l)«4+l; id2 = (i-l)'»4+4; 
A(.\dl:id2,:) = Ai; B(idl:id2.1) = Bi; 

end 
//The coefficient array c_U is solved 
c_U = pinv(A)'»B; 

//Evaluate the wrenches from generated polynomial function 
c_Sigma = 2eros(idx4(0.0.0,N-l.N-l),1); 
c_Xi = zeros(idx4(0,0.0.N-l.N-l),1); 
c_Xl = zeros(idx4(0.0.0,H-l,N-l).1): 
c_X2 = zeros(idx4(0.0,0,N-l,N-l),l): 

index = 1; 
for i4 = 0:(N-1). 

N3 = (N-l)-i4: for i3 = 0:N3, 
N2 = N3-i3; for i2 = 0:N2, 

N1 = N2-i2: for il = 0:N1. 
c_Sigma(index) = (il+l)«c_U(idx4(il+l.i2.i3,i4.N)); 
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c_Xi(index) = (i2+l)*c_U(idx4(il,i2+l,i3,i4,N)); 
c_Xl(index) = (i3+l)«c_U(idx4(il,i2,i3+l,i4,N)); 
c_X2(index) = (i4+l)'»c_U(idx4(il,i2,i3,i4+l,N)); 
index = index + 1; 

end; 
end; 

end; 
end 

for i = l:N_config 
Sigma = evalpoly4(epb(l,i) ,epb(2,i),xb(l,i),xb(2,i),N-1,C.Sigma): 
Xi = evalpoly4(epb(l,i),epb(2,i),xb(l,i),xb(2,i),N-l,c_Xi): 
XI = evalpoly4(epb(l,i),epb(2,i),xb(l,i),xb(2,i),N-l,c_Xl): 
X2 = evalpoly4(epb(l,i) ,epb(2,i),xb(l,i),xb(2,i),N-l,c_X2); 
Q = [Sigma; Xi; XI; X2]; 
Delta.inv = [-epb(2,i), epb(l,i), xb(2,i), -xb(l,i); 

0, 0, epb(l,i), epb(2,i): 
0, 0, -epb(2,i), epb(l,i)]; 

tf = O.S^Delta.inv^Q; 
if i == 1, 

wrench2 = w; 
else 

wrench2 = [wrench2, w]; 
end 

end 

//Compare the calculated wrenches from the polynomial function 
//with original randomly generated wrenches 

ml = wrench2(1,:); 
fll = wrench2(2,:); 
fl2 = wrench2(3,:); 
xset('window',2) ; xbascO ; 
plot2d([m0',f01',f02', ml',f11',f12']); 
[maxerrm.k] = max(abs(mO-ml)) 
[maxerrfl.k] = max(abs(f01-f11)) 
[maxerrf2,k] = max(abs(f02-f12)) 
maxmO = max(abs(mO)) 
meucml = max(abs(ml)) 
maxfOl = max(abs(f01)) 
maxfll = max(abs(f11)) 
maxf02 = max(abs(f02)) 
maxfl2 = mjix(abs(f 12)) 

makeAB-Q.sci 

function [Ai.Bi] = makeAB_Q(ep,x,Q,N) 
//Given Euler parameters ep = [sigma; xi], x = [xl; x2], 
//generalized forces Q, and polynomial order N; 
//create matrices Ai and Bi such that Ai«[c_U] =Bi 
//where c_U is the array of coefficients of the N-th order 
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//polynomial of the potential energy function U. 
//By calling this function n times a system of equations 
//can be generated such that A«c_U = B, where 
// A=[A1:A2:...;An] and B=[B1:B2:... :Bn] . 
//This system of equations can be solved for c_U using 
//for example a pseudoinverse c_U = pinv(A)«B; 

pl(l)=l; for i=l:N, pl(i+l)=pl(i)»ep(l), end 
p2(l)=l; for i=l:N, p2(i+l)=p2(i)'»ep(2), end 
p3(l)=l; for i=l:N, p3(i+l)=p3(i)»x(l), end 
p4(l)=l; for i=l:N, p4(i+l)=p4(i)•x(2), end 
length_c_U = idx4(0,0,0,N,N); 
Ai=zeros(4,length_c_U); 

index=l; 
for i4=0:N, 

N3=N-i4; for i3=0:N3, 
N2=N3-i3: for i2=0:N2, 

Nl=N2-i2: for il=0:Nl, 
if(il>0) then 
Ai(l,index)=il»pl(il)»p2(i2+1)»... 
p3(i3+l)'»p4(i4+l) ; 

end 
if(i2>0) then 
Ai(2,index)=i2»pl(il+l)«p2(i2)»... 
p3(i3+l)«p4(i4+l): 

end 
if(i3>0) then 
Ai(3,index)=i3»pl(il+l)»p2(i2+l)*... 
p3(i3)*'p4(i4+l) ; 

end 
if(i4>0) then 
Ai(4,index)=i4»pl(il+l)<'p2(i2+l)«... 
p3(i3+l)»p4(i4); 

end 
index=index+l; 

end 
end 

end 
end 

Bi = Q: 

evalpoly4.sci 

function val = evalpoly4(xl,x2,x3,x4,N,c) 
//Evaluate the N-th order polynomial with 
//coefficient array c given xl x4. 
val = 0; index = 1; val4 = 1; 
for i4 = 0:N, 
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val3 = val4: N3 = N-i4; for i3 = 0:N3, 
val2 = val3; N2 = N3-i3: for i2 = 0:N2, 
vail = val2: N1 = N2-i2; for il = 0:N1, 
val = val + c(index)*vall; 
index = index + 1; 
vail = vall»xl: 

end; val2 = val2*x2; 
end; val3 = val3»x3; 

end; val4 = val4»x4; 
end 

idx4.sci 

function ix = idx4(il,i2,i3,i4,N} 
//Random access of array coefficients. Given il i4 with 
//il+...+i4 <= N, find the corresponding linear array index. 
//The table computation should really be a one-time initialization. 

table=ones(N+l,4); 
for j=2:4, 
for i=2:(N+l), 
table(i,j)=table(i-l,j)+table(i,j-l); 

end 
end 
ix=l; 
for i=N+l:-1:N+2-i4, ix=ix+table(i,4); end 
N3=N-i4; 
for i=N3+l:-l:N3+2-i3, ix=ix+table(i,3); end 
N2=N3-i3; 
for i=N2+l:-l:N2+2-i2, ix=ix+table(i,2); end 
Nl=N2-i2; 
for i=Nl+l:-l:Nl+2-il, ix=ix+table(i,1); end 
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