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ABSTRACT 

While we may know the overall quantum numbers of a given meson state and that 

such a state is necessarily a color singlet, we do not know a priori the relative 

spin and color alignments of the constituents: the quarks, antiquarks, and gluons. 

The overall meson wavefunction may have contributions from different spin-color 

configurations: one where the quark and antiquark alone account for the spin of 

the meson; or another where a gluon excitation also contributes to the total spin 

(a hybrid state), while helping to form the color singlet. The determination of the 

relative contributions of each these configurations to the overall meson state is the 

focus of this work. 

We use the lattice formulation of quantum chromodynamics (QCD) and 

we restrict our analysis to the limit of heavy quark masses. We are therefore able 

to use a non-relativistic approximation for the quark and antiquark Hamiltonians 

(NRQCD). This provides the additional separation of the spin- and orbital-angular-

momentum degrees of freedom of the quarks. We therefore have a clear separation 

of basis states where the meson spin is carried by only the quark and antiquark 

spins (qq), their relative orbital motion, or a combination of the two; and also the 

state where a gluon excitation (qqg) is needed, along with the quark and antiquark, 

to form the correct quantum numbers Using only the static and kinetic 

terms of the heavy-quark Hamiltonian we create meson-like correlators with the 

same , but with different color-spin configurations {qq and qqg). From these 



correlators we extract the masses and amplitudes which form the basis of a two-

state system. We then apply the lowest-order spin-dependent interaction at various 

intermediate time slices to form correlators between different configurations. From 

these "mixed" correlators we extract the off-diagonal matrix elements of our two-

state Hamiltonian. Diagonalizing this Hamiltonian, we find the relative contribution 

of each spin-color configuration to the true heavy-meson ground state. 

Finally, we use the static-quark limit to extract quark-antiquark potentials 

from our lattices, for both the color-singlet and color-octet configurations. We then 

use the Born-Oppenheimer approximation to determine the energy levels within 

these potentials, both as a check of our lattice results and to try to understand 

some of the systematic errors we may have introduced. 
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CHAPTER 1 

Introduction 

1.1 Hadrons, Quarks, and QCD 

In the early 1960's, the number of beasts in the hadronic zoo was growing rapidly. 

New particle states were being found with seemingly no way to classify them except 

with an ever-growing table of species, categorizing particles by their masses and 

quantum numbers. The work of Gell-Mann and others around this time brought a 

change to this almost biological classification of hadrons by modeling their structure 

in terms of underlying fermionic constituents; namely, quarks. The quark model 

succeeded in explaining the quantum numbers of the observed states in terms of 

the quantum numbers of the quarks and relations among the masses of the various 

states were also found. Even the presence of the A"*""*" state - seemingly causing 

troubles for the quark model since it requires three of the same type of fermion to be 

within either the same state or relatively complex spatial wavefunctions - could be 

explained in terms of the quark model by incorporating an additional internal degree 

of freedom for the quarks. This seemingly quick fix for the model turned out to be 

the step that would provide the foundation for much of the soon-to-be-discovered 

relations between quarks and hadron phenomenology. 

This new quark degree of freedom was given the title of color and conjec

tured to respect a global SU(3) symmetry. There were a few reasons to choose 
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this symmetry group. First, antiquark states need to be different from those of 

the quarks, so a complex representation was required. Also, to match with the 

"allowed" quark combinations seen in the simple quark model, mesons and baryons 

were postulated to be invariants under group transformations, while other combi

nations (e.g., two- and four-quark quark states) were not. The quark degrees of 

freedom are thus chosen to be within the fundamental representation of the group 

("3": qi;l = 1,2,3), while their anti-particle partners, the antiquarks, lie within 

the conjugate representation ("3": q''). The composite hadron wavefunctions thus 

follow directly from the three simplest contractions of quark and antiquark color 

states to make the SU(3) invariants (color singlets): 

q'-qi , e^'^'^qiqmqn , Simnq^ff,  (1.1) 

corresponding to mesons, baryons, and antibaryons, respectively. 

While this model enjoyed such successes, the reason that hadrons must 

be color singlets and that non-singlet states don't appear was still missing. Also 

left out was a theory allowing the partonic nature of hadrons to be seen at high 

energies (as in the SLAC-MIT experiments) (Bodek et al. 1973): a property known 

as asymptotic freedom. This was not realized until the color degrees of freedom were 

identified with a local gauge group and fortunately, the gauge group chosen, SU(3), 

a non-Abelian group, exhibited this phenomenon of asymptotic freedom (Politzer 

1973; Gross and Wilczek 1973). It was not long afterwards that Wilson (Wilson 

1974) showed that in the strong-coupling limit of such a theory, color singlets were 

the only finite-energy asymptotic states. So it was that the theory of colored quarks 

and antiquarks coupled to a local colored gauge field, quantum chromodynamics 

(QCD), appeared as the leading model for hadronic physics. 
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Now let's take a closer look at the group structure of the constituents of this 

theory. The quarks are chosen to be in the fundamental representation, so under 

an infinitesimal group rotation {aH""; a = 1,...,8; a" <C 1), we expect the quark 

wavefunction to transform as follows: 

+ (1-2) 

where the are the generators of the group in the fundamental representation 

(the usual Gell-Mann matrices). (Note that we have suppressed all indices except 

those for color - l,m,n - and group generator - a,b,c.) Since the quarks are 

chosen to be in the fundamental representation, the antiquarks must be in the 

conjugate representation and transform accordingly under the same infinitesimal 

group rotation: 

[<SL - (1,3) 

Now, the gauge fields may be incorporated via their influence upon the local value 

of the gauge rotation, a". For example, consider the parallel transport of the quark 

wavefunction along an infinitesimal space-time path, dx. The resulting group rota

tion would depend upon the local value of the gauge potentials, 

= dx>^gA;{x) ; [5^ + idx'^gAl{x){t'^)T + (1.4) 

From these potentials, the gauge-covariant field strength tensor may be constructed: 

F;, = d,Al - d̂ Al -f gr'̂ ^A'̂ Al, (1.5) 

where the are the structure constants for the SU(3) algebra: 

(1.6) 



Under an infinitesimal group rotation, it can be shown that the field strength trans

forms according to 

F;,  ̂ (1.7) 

Writing this in terms of generators for a particular representation, we find 

(1-8) 

where the Iq are 8x8 matrices, the generators for the adjoint representation ("8"). 

So we see here that the gauge-covariant field strength transforms as a color octet: 

= {t')LF;, ^ (r)lF;^ + +.... (1.9) 

Because of this transformation property of the gluon fields - or, in other words, 

because the gluons themselves carry the color charge (unlike in QED) - additional 

composite states, beyond mesons and baryons, may be considered when looking for 

singlets within the gauge group. These states, termed hybrids, contain excitations 

of the gluon fields and will be discussed in the following. 

1.2 Hybrid Mesons 

Having looked at the color structure of the constituent wavefunctions more closely, 

we may now consider composite objects and ask ourselves what possible combi

nations will provide finite-energy states: i.e., color singlets. First, we look at the 

simplest combination, one quark with one antiquark. In the language of irreducible 

representations of the group, SU(3), we have for this combination 

3 0 3  =  1 0 8 .  ( 1 . 1 0 )  

So we have here a composite object which forms a color singlet ("1"). Note, however, 

the other irreducible representation in this tensor product; it is a color octet ("8"), 
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like that of the gluon fields. We can imagine combining these objects together, the 

color-octet quark-antiquark pair with an excitation of the gluon fields. The tensor 

product can thus be reduced: 

8 (8) 8  = 1© 8 © 8 © 1 0 © T 0 © 2 7 .  ( 1 . 1 1 )  

We see that we have a combination which is a color singlet, so we must consider 

this as a possible finite-energy state. 

Let us view the quark-antiquark color singlet another way. We may write 

a contribution to the overall composite wavefunction in quite a general way: 

(1.12) 

where the operator O provides a gauge-covariant connection of the quark and an-

tiquark wave functions, while it also dictates the quantum numbers of the overall 

state. There is nothing that appears a priori in this expression that forces us to 

expect that the color structure of the operator O be that of a color singlet. It 

may happen that the gauge fields used to connect the quark and antiquark have a 

color-octet component. For example, if we look at the ultralocal contribution to an 

S-wave state, we may consider not only states like 

(1.13) 

where the quark and antiquark alone provide the color singlet, but we may also 

have contributions where the gauge fields appear: 

(1.14) 

This is also an overall color singlet and, given the same overall quantum numbers 

should have some overlap with the same meson state and the corresponding 

hybrid, a meson with a valence gluon excitation (qqg). 
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1.2.1 Exotic hybrids 

Given the possibihty of additional constituents (valence gluons) within a meson 

wavefunction, we should consider the effect upon the allowed quantum numbers 

for the overall states. It turns out that the inclusion of an appropriate gluonic 

excitation can alter the spin, parity, and charge conjugation of a meson state to a 

combination not normally seen in the simple quark model. States such as — 

l""*", 0"'"", 0 ,2+~ also become possibilities. These are termed exotic states and 

have been studied extensively in a variety of theoretical frameworks, including the 

MIT bag model (Close and Monaghan 1981; Barnes et al. 1983; de Viron 1984; 

Griffiths et al. 1983), effective string and constituent models (Barnes et al. 1995; 

Kalashnikova 1996; Kalashnikova and Yufryakov 1997), and lattice QCD (Bernard 

et al. 1997; Lacock et al. 1998; Toussaint 2000; Bernard et al. 2002a). Work has 

also been done on hybrid mesons in the limit of heavy quarks using static-quark 

potentials and the Born-Oppenheimer approximation (Juge et al. 1998; Juge et al. 

1999; Juge et al. 2000), as well as with the non-relativistic approximation in lattice 

QCD (Manke et al. 1998a; Manke et al. 1999; Michael 1999; Ali Khan et al. 2000; 

Drummond et al. 2000; Manke et al. 2001). Typical mass estimates for these 

states lie 1 — 2 GeV above the corresponding S-wave quarkonia. Exotic candidates 

have also been found experimentally (Ivanov et al. 2001), but confirmation of their 

constituents remains elusive. 

1.2.2 Non-exotic hybrids 

While exotic states offer significant promise for the detection of hybrid meson states, 

they will not be the main focus of the present work. Instead, we wish to explore 
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/ / 
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Figure 1.1: Mixing of a 1 hybrid configuration with the corresponding S-wave 

through the absorption of the valence gluon and the resulting spin flip of the quark. 

non-exotic hybrid mesons, i.e., those which have quantum numbers allowed within 

the framework of the simple quark model. Working within this context, we expect 

the true ground state of a given meson [J^^] to contain some admixture of a hybrid 

configuration, where the qq are in a relative color octet and their spin and spatial 

wavefunctions combine with that of the gluon excitation to provide the same . 

The level of such "configuration mixing" has been studied previously within the 

framework of the MIT bag model (Barnes 1979; de Viron 1984) and an adiabatic 

potential model (Gerasimov 1998). 

Here, we work within the heavy-quark limit and use the non-relativistic 

approximation of lattice QCD (lattice NRQCD) to determine the amount of hy

brid content of heavy quarkonia via the lowest-order spin-dependent quark-gluon 

interaction (see Fig. 1.1). 
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x-a^i U_^x) 

UJx) 

U^(x) x + a ]x 

>' UJx) 

Figure 1.2: Neighboring lattice sites, showing the fact that the quark fields 
(-0) occupy the sites, while the gluon fields [U^) form the links between. 
U-fj,{x) = [/t(x -  afi).  

1.3 Lattice QCD 

Since the quark-gluon and gluon-gluon couplings become large at low energies the 

perturbative approach to QCD breaks down. For this reason we choose to use a 

non-perturbative regularization of QCD, namely the lattice. In this formulation, 

space-time is viewed as a discrete set of points, where the quark (i/j) and antiquark 

[tp) fields occupy the sites and the gauge fields reside along straight-line segments 

joining adjacent points (see Fig. 1.2). The gauge-link variables, U^{x), with which 

we work in this context are given by 

U{x, x + ail) = A.(x')rfxt ^  ^  ̂ igaA,(x)_ 

The time coordinate in this theory is analytically continued to imaginary 
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time, making our lattice Euclidean and giving us a generating functional of the form 

where S{U, 'ip, ip) is the lattice form of the action. This has the convenient form of a 

partition function, at least as far as the gauge links are concerned. The situation is 

more complicated for the fermion fields since these involve anticommuting variables. 

However, there have been a number of methods introduced to handle this complexity 

and recast the lattice generating functional into the form of statistical-mechanical 

partition function [see (Montvay and Miinster 1994; Rothe 1997) and references 

therein]. We may therefore use Monte Carlo methods to create an ensemble of 

lattice gauge configurations (Creutz 1983; Montvay and Miinster 1994; Rothe 1997), 

which may then be used to calculate any number of observables, O, via a simple 

averaging scheme: 

We work within the quenched limit, where internal quark loops are ignored, 

so our generating functional is approximated by a simplified form, 

and we are left with the task of updating only the gauge links, Un{x), to generate 

new configurations within our Monte Carlo scheme. Before we can proceed, however, 

we need an appropriate expression for the gauge action on our discrete lattice. 

Most importantly, the discrete form of the gauge action should reproduce 

the continuum action as the lattice spacing goes to zero (a —> 0). As we have 

already seen, in the lattice formulation we no longer have a continuous space-time 

(1,16) 

(1.17) 

(1.18) 
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and the gauge fields are defined only along the links joining the discrete space-time 

points. Therefore, to define our lattice field-strength tensor, we use the 

plaquette: 

{x) = U^{x){x a/j)Ul(x + aP)Ul[x] 

— _ (1-19) 

Using the identity 

e-^e® = g-4+B+i[AB]+...^ 20) 

one can show that the lattice field strength has the form 

1 1 
= J^i,^{x) = -  [A^{x + afi) -  A^{x)] [Afj,{x + au) -  Af,{x)] 

CL a 

+ ̂w[Ai,{x),A^{x + afi)] + ^ig[Af,{x + az>), 

-t-O(o), (1.21) 

which does indeed approach the appropriate expression in the continuum limit, 

lim = Ff,^{x). (1.22) 

The lattice gauge action may be written in the form 

{1.23) S , { U ) = P Y :  
X\I1<1> 

l - ^ R e T r [ / ^ , ( x )  

where /? = 6/^^. Although this action is not unique (we use a more complicated, 

improved form in this work; see Sec. 3.1), it is a simple exercise to show that this 

has the appropriate continuum limit, 

lim S„ 
a^O ^ 

( U )  =  \ j  d * x F ; ^ F ^ .  (1.24) 
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While the lattice formulation respects the gauge symmetry, there are a 

number of problems that arise from the discretization, including broken Lorentz 

and chiral symmetries. Also, the relativistic form for fermions leads to a severe 

"doubling" problem. (This is no concern in the present work since we use a non-

relativistic approximation.) Rather than go further into the details of lattice QCD 

here, however, we refer the reader to a number of good texts on the subject (Creutz 

1983; Rothe 1997; Montvay and Miinster 1994). 

For the purpose of this study, the observables with which we deal mostly 

are the time correlations of meson wavefunctions: 

C{t)= (1.25) 

The operator M. determines the meson state {J^^) with which this correlator over

laps (see Sec. 2.3) and the time dependence is used to extract the mass of the state 

(see Sec. 4.1). 
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CHAPTER 2 

Non-Relativistic QCD 

2.1 Heavy Quark Systems 

When working with heavy quarks, it is possible to describe their behavior with 

a non-relativistic approximation to QCD (NRQCD) (Caswell and Lepage 1986; 

Eichten 1987; Lepage and Thacker 1987). The validity of such an approximation 

hinges upon the fact that the heavy quarks move with relatively small velocities 

in bound systems. For example, if we look at the bottomonium (T) system, we 

can estimate the kinetic energy of the bottom quark and antiquark and hence their 

relative velocity (c = 1): 

9 My — 2,1711) 
^ ^ 0 . 1 .  2 . 1  

zmt, 

The same estimate for charmonium {J/ip) gives ~ 0.3. So we can see that if we 

neglect relativistic corrections in an expansion (in v"^) of the equations of motion, 

we have an approximation valid, at least for the T system, to about 10%. 

2.2 NRQCD Lagrangian 

For our purposes here, we work with heavy quarkonium systems. We therefore 

wish to make an expansion of the relativistic Lagrangian and see how each term 

compares with the quark rest mass. We can see that the momentum and kinetic 
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energy of heavy, bound quarks, when compared to the rest mass, are relatively small 

quantities; 

P rHaV 
— ^ v ,  2 . 2  

rUg Trig 

K maV^ 9 
2.3) 

TUg rUg 

Expressed in terms of these, the relative importance of the contributions to the 

quark momentum and energy becomes clear (Lepage et al. 1992). 

Expanding the relativistic expression for the heavy-quark energy in increas

ing powers of (or ^), we have 

+ 
\ 

The first two terms are simply the rest mass and the non-relativistic kinetic energy 

of the quark. A Lagrangian containing these contributions -

^ = (2-5) 
2mg 

where D is the covariant spatial derivative - is accurate to 0{v'^).  The first rela

tivistic correction, 

is an 0{v'^) contribution to the heavy-quark energy. This is not the only term to 

be considered at this order; there are others due to the interaction of the quark's 

spin with the gauge fields. For simplicity, however, we neglect all 0{v^) terms 

except one: the lowest-order spin-dependent interaction between the quark and the 

chromomagnetic field. 

We consider the interaction between a quark and a static chromomagnetic 

field. The amplitude for this interaction may be written in the form (Lepage et al. 



26 

1992) 

TB{'P,T} =(2.7) 

where = if. In the non-relativistic hmit, we may express the quark wavefunction 

as 

/  4- m \  f xh \  
(2.8) 

, f Ep + ruq 
u[p) = ' ^ 

2E„ —2^2_V; \ Ep+rUq ^  

where the a are the usual Pauh matrices and 

Ep = ̂ /F+ ml. (2.9) 

The interaction thus becomes 

TB { P , ^  =  -
2m„ 2m2^ 

(p + ̂  • A + ia • A X [p — q) ip (2.10) 

The second term in the quark bihnear contains the quark spin dependence and its 

p — q dependence arises through the derivative, iA x (p — ^  = V x A(q — p) = B. 

The 0{v'^) term from this expression provides the spin-dependent interaction in our 

heavy-quark Lagrangian: 

(2 .11)  SCt, = • Bijj .  
^  2mq ^ 

It is via this interaction that we wish to explore the absorption or emission 

of a valence gluon excitation {B) and the corresponding spin flip of the quark (or 

antiquark) - or, i.e., the mixing of hybrid and quarkonium states (see Fig. 1.1). 

2.3 Heavy Meson Operators 

Previously, we focused upon the color structure of the quarks and did not consider 

their spin structure. Since the quarks are fermions, they exhibit Dirac spin structure 
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in the relativistic limit. However, if the quark and antiquark masses are large when 

compared with other relevant energies {K -C 2mq ^ Mmeson), the Dirac structure 

can be separated into two sets of Pauli spin doublets, one for the quark and one for 

the antiquark. Writing the four-component quark wavefunction as a collection of 

two spin doublets, 

V ' =  j  ;  ^  ^ 0 ^  ^ 2 . 1 2 )  

(p and X can be interpreted as the quark and the antiquark, respectively, as long as 

we work in the non-relativistic basis (Bjorken and Drell) for the 7 matrices: 

^ 1 0 \  ( 0 aA ,  ( 0 -1 , 
^ „ I ; 7' = I ^ _ h (2.13) 7° = , , 

0 -1 y y - a i  0  J  -1 0 

where the ai are the usual 2x2 Pauli matrices. Working in this basis, we can see 

that only an odd number of 7^'s and 7®'s will allow the contraction of the quark 

and antiquark components. For example, a O""*" heavy meson can be constructed 

using a single 7®: 

^7^ ̂  xV- (2.14) 

Similarly, a 1 S-wave meson state exists in the heavy quark limit: 

tjjftl) (2.15) 

P-wave states are also present, the relative momentum between the quark and anti

quark appearing via the quantum mechanical momentum operator, the derivative. 

The 0"'""'" P-wave is found to be 

'ipYDiip x^aiDicj), (2.16) 

where Dj is the covariant derivative in the iith direction. The spin-1 and spin-2 

versions of this operator are made through the cross- and outer-products of the 
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Table 2.1: Heavy meson operators. 
j f c  Operator 
0"+ S-wave { r j f j )  xV 
1~ S-wave (T) 
0++ P-wave (Xbo) x^cridi<p 
1++ P-wave (xbi) x^  ̂ i jk^jdk4* 
2++ P-wave {Xb2) xk '^ idj  + ct jdi  -  l5i jakdk)( t> 
1+- P-wave (h^) x^d,( j )  

1— Hybrid x^bici)  
0-+ Hybrid x '^cf ibicj)  
1-+ Hybrid x^  ̂ i jk^jbj^cf)  
2"+ Hybrid xkcf ibj  + gjbi  -  lsi jakbk)(p 

two vector operators, a and D. Local hybrid mesons may also appear through the 

appropriate contractions with field strength operators. The 1 hybrid may be 

projected from 

(2.17) 

where Bi is the chromomagnetic field, obtained from the purely spatial components 

of the field strength tensor (j, k ^ Qi). Other meson and hybrid operator forms that 

we consider may be found in Table 2.1. 

2.4 Lattice NRQCD 

Since we work in the lattice formulation, we need to consider the discrete form of 

the action which rises from our O(w^) Lagrangian, along with the a • B interaction. 

The resulting form may be separated into three terms: 

Sq — Sgtat  S^Ynagn — (2.18) 
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The first term represents the static limit - the limit of infinite quark mass - and 

ensures only propagation in the time direction. The second term is the contribution 

to the action from the kinetic energy: 

Skin = (2.19) 

where the is simply the discrete form of the covariant Laplacian. The last piece 

of the action couples the quark spin and the local value of the chromomagnetic field, 

Smagn^ • B{x)(l){x). (2.20) 

We discuss this form of the heavy-quark action more in the next chapter. 

Before we move on to our implementation of this action, however, we men

tion one more important detail: the fact that NRQCD is non-renormalizable. Each 

relativistic term in our expansion of the heavy-quark action requires a radiative 

correction in the form of a multiplicative factor (c^ in Smagn)- These corrections 

"contain power-law ultraviolet divergences, such as /arriq, which make perturba

tion theory useless unless a ~ l/m^ or larger" (Lepage et al. 1992). We therefore 

have a theory on the lattice which has no continuum limit (a —)• 0). We do what we 

can to try to deal with this serious problem: we perform our calculations on lattices 

with difi^erent values of the lattice spacing (see Sec. 5.1) to check for any such large 

dependencies in our results and we also try to determine the radiative correction 

nonperturbatively (see Sec. 4.5). 
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CHAPTER 3 

Implementation 

3.1 Lattice Generation 

The lattice configurations used for our simulations are quenched (no internal quark 

loops), as mentioned in the Introduction. The gauge action used to generate the 

gluonic variables, U^lx), however, is more complicated than the one presented pre

viously. These complications are introduced for a reason: to remove lattice artifacts 

up to O(a^). The gauge action we use is known as the Symanzik one-loop improved 

action (Symanzik 1983; Luscher and Weisz 1985; Lepage and Mackenzie 1993; Al-

ford et al. 1995) and is presented in more detail in Appendix A. 

Using this action, the gauge links were updated using a heat-bath / over-

relaxation method (Bernard et al. 1998; Rothe 1997). The sizes of the lattices 

generated and the bare couplings used are presented later (see Table 5.1), along 

with information about the spectrum runs performed on these configurations. 
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3.2 The Heavy Quark Hamiltonian 

As we mentioned previously, we include three terms in our heavy-quark action. The 

first term represents the static limit (the limit of infinite quark mass), 

This term simply parallel-transports the quark to the next time slice in the lattice 

as no movement in the spatial directions is anticipated for an infinitely heavy quark. 

The next two terms are the O(w^) and 0(d'^) contributions, arising from the quark 

kinetic energy and the coupling of the quark spin to the chromomagnetic field, 

respectively. Inclusion of the kinetic term relaxes the infinite mass constraint and 

takes into account movement of the quark in the spatial directions. This term 

contains the covariant Laplacian operator, which must be cast into the appropriate 

form for a discrete lattice. In Fig. 3.1, the discretized version of the Laplacian 

operator, accurate to 0{a), is shown. Written out in the action, this becomes 

The "magnetic" term arises due to the relativistic nature of the quarks, 

coupling their spin components to the gauge fields. We use an 0(a^)-accurate 

method of determining the field-strength tensor, averaging the field from 

the 4 plaquettes with corners at the site x (the "clover formulation"; see Fig. 3.2): 

'^W{x)(j){x) - (j)\x + aA)Ui^{x)^{x) . (3.1) 
X 

+ (i)\x- aj)U]{x - aj)(l){x)\]. (3.2) 

+ U^{x)Ul{x + i> - f i )Ul{x -  fj)U^{x -  fi)  
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+ — f i )Ul{x — V — f l )U^{x — v  — j l )Uy{x — P) 

+ Ul{x- v)Uf,{x - i))Uy{x -p + jl)Ul{x)\ , (3.3) 

y'i.uix) = ^ [Vt^,^{x) - - ilm[Trn^^(x)]. (3.4) 

The spatial components of this quantity represent the chromomagnetic field: 

(3-5) 

For the spin-dependent term, we thus find 

3 

( f ){x) ,  (3.6) Smagn — CB XI 
2amq ^ j ,k , l=l  

where the aj are the usual 2x2 Pauli matrices. The is a radiative-correction 

factor (c^ = 1 at tree level); one is needed for each relativistic term included in the 

NRQCD Lagrangian (Lepage et al. 1992). We discuss our determination of this 

quantity in more detail later (see Sec. 4.5). 

Having the terms we wish to include in the heavy-quark action, we may 

now address the question of how to propagate the quark on the lattice. In other 

words, if we know the value of the quark wavefunction, (j){x,t), at a certain value 

in time, t, how do we then determine its value at all other times on the lattice? 

Since we are using a non-relativistic approximation, we have greatly simplified this 

procedure. The quark (and antiquark) propagators need only be evolved in one 

direction along the time axis of the lattice. 

Inclusion of the static part of the action into the quark evolution is simple. 

The wavefunction need only be parallel-transported to the next time slice, the link 

matrix ensuring gauge covariance of the quark propagator: 

( l ){x , t  + a)  = U} {x)( f ){x , t ) .  (3.7) 
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•  V f j :  +  a 3 )  

U2(x - a2) 

\\l(x - a2) 

V f x  -  a l )  

I  V f x  +  a l )  

U j ( x  —  a l )  

j j  X f ( x  +  a 2 )  

U^(x - a3) 

Ml(x - a3) 

2 

Figure 3.1: The 0{a) lattice Laplacian, A^0(a:), evaluated at the point x uses 
the points shown above. The values of the wavefunction at the nearest-neighbor 
points, parallel-transported using the corresponding link matrices, are each given a 
weighting factor of -M/a^. The central-point value is given a weight of (—2/a^) x 3 
dimensions = —Q/o?. 



34 

A 

<-
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# X + a\i + av 
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• ̂ 

\ /  /\\/ / \  

Figure 3.2; The 0{a^) lattice field strength, Tfj,y{x), is constructed from the differ
ence of the term shown here and its Hermitian conjugate. 

We include the contribution from the quark kinetic energy via the standard 

quantum-mechanical evolution operator: for imaginary time. In order to 

maintain symmetry in the time direction, we perform the parallel transport midway 

through the evolution of a single time step: 

( t ){x , t  + a)  = e (3.8) 

T -Lq is the kinetic energy operator for the quark. 

no = -
2mq ' 

(3.9) 

and the t  and t  + a subscripts indicate upon which time slice the covariant Laplacian 

is performed. To continue, we must approximate the exponential functions in the 

quark evolution. This is done using the following binomial form: 

^(x , t  + a) = (l - (l - ̂ )_ m t ) .  (3.10) 
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The integer n must be chosen appropriately to ensure numerical stability, n > 

This is the form of lattice NRQCD we use to construct our "unperturbed" heavy-

quark propagators. 

A similar approximation is used for the evolution due to the interaction of 

the quark spin and chromomagnetic field, 

.  B.  (3.11) 
2mg 

Here, however, the operator is applied at the beginning of the time step, at each 

time slice (except t = 0): 

/ \" / n1-/ \" 
( j ){x , t  + a)  = (^1-Ul{x)  [1 - ^{1 -  aSn)t( l ){x , t )  ; t  > 0.  (3.12) 

This is the quark evolution we use to construct our heavy-quark propagators when 

we wish to include the spin-dependent interaction. 

Since we are also concerned with the lowest-order mixing between hybrid 

and quarkonium states, we also create quark propagators which only involve a single 

application of the a • B term: 

/ nl-f \  / riT-l \" 
(/)(f,t-|-a) = (^1 -Ul{x)  (3.13) 

The appearance of the Kronecker delta ensures that the chromomagnetic interaction 

takes place only at the intermediate time slice t'. Elsewhere, only the static and 

kinetic terms are used. Thus, before the interaction time slice {t < t'), no mixing 

between the hybrid and normal meson states occurs. Only after this interaction 

{t > t') will the mixed propagators (hybrid source, normal sink, or vice-versa) 

appear. 

There is one more improvement we use in our heavy-quark Hamiltonian: 

tadpole improvement (Lepage and Mackenzie 1993). While in the continuum theory 
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a quark interacts with only a single gluon at a vertex, the same is not true when 

we look at lattice perturbation theory. Here, a quark (or a gluon) may interact 

with any number of gluons, leading to tadpole-like diagrams where, say, a gluon 

line returns to the qqg vertex from where it originated. To correct for such lattice 

artifacts, we calculate a tadpole correction factor from the average plaquette: 

3.3 The Layout and Communications 

In order to greatly accelerate such calculations, we perform them in parallel; the 

lattice configuration data, U^[x), are parsed over a number of processors (nodes) 

where the local contributions to the propagators are calculated. Of course, the 

nodes cannot work entirely separately and some amount of communication must, 

at times, take place between them. The computer code we use is that developed by 

the MILC Collaboration (Bernard et al. 2002c), employing MPI (Message Passing 

Interface) routines (MPI-F 2002) to handle the inter-node communications. Rather 

than explain all of the features of the MILC code here, we simply point out the 

changes we made for the purpose of our NRQCD spectrum runs and refer the 

reader to the references above for more details. The two main alterations of the 

code involve the layout of the lattice data (how the lattice is divided among the 

nodes) and the communications between the nodes. 

ReTr 
(314) 

We then divide each link by this factor: 

(316) 
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Figure 3.3: Hypercubic layout, showing two spatial dimensions and the imaginary 
time dimension. Each node has a collection of lattice sites The compu
tations taking place at any given moment on a single time-slice, t ,  are not spread 
over all nodes in this layout. 

At any given moment during the calculation of our heavy-quark propaga

tors, all of the work takes place upon a single time slice within the lattice. For this 

reason, we switched from the former layouts offered in the code (e.g., see Fig. 3.3), 

which divide the imaginary-time length of the lattice, to a new layout which keeps 

all time slices, for a given spatial sublattice, on a single node (see Fig. 3.4). The 

work is thus evenly divided among the nodes at all times during the calculation. 

For the same reason - all of the work taking place upon a single time slice -

we also made a slight alteration to the communication routines. As pointed out in 

Figure 3.5, rather than send the data from all time slices on a node to an adjacent 

node (e.g., when calculating the covariant Laplacian), we send only the data relevant 

to the current time slice. This reduces the amount of data sent and received by a 

factor of Nf. The result is that the code needs a factor of 2 — 3 less time (depending 



38 

Figure 3.4: All-time spatial-cube layout, showing two spatial dimensions and the 

imaginary time dimension. Each node has a collection of lattice sites 
In this layout, each node participates in the computations taking place on a single 
time slice, t, at any given moment. 

on the size of the lattice, the number of nodes, the communication hardware, etc.) 

to calculate the meson propagators when compared to the same code with the "full" 

communications. 

3.4 Sources and Sinks 

Given the evolution operator for the heavy quark and antiquark propagators, we 

need to consider how to combine these constituents at the source and sink ends in 

order to construct the appropriate meson propagators. In Section 2.3 we introduced 

the operators which we use in order to project onto a given meson state (see Table 

2.1). However, having the forms for the operators which are used to provide the 

relative spin and color alignments of the quark and antiquark in our mesons is not 
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1/ y 

Figure 3.5: Depiction of the limited data sent and received by adjacent nodes when 

using the single-time-slice communications (the solid arrows), as opposed to the 
"full" communications (the dotted arrows). 

enough. We also need to consider the spatial and gauge structure of our sources. 

We have some freedom here, but we must be careful not to destroy any of the 

symmetries inherent in the desired meson state. 

The simplest choice would be to make the meson source point-like; i.e., the 

quark and the antiquark occupy the same point in space at the source time slice. 

We use such a source, with one added level of complexity. Instead of using only 

a single point in space, we use all spatial points at the source end, placing both 

the quark (of specific color and spin) and the related antiquark (relative color and 

spin chosen via the meson operator) at each spatial point. So actually, this is a 

spatially extended source. However, if we do not perform any gauge rotations of 

the quark or antiquark fields over the spatial extent of the source - i.e., if we do not 

parallel transport the quark fields - and we perform no gauge fixing of the gauge 
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0(x) 
0(y) 

t. ^snk src 

Figure 3.6: A quark propagator (bold, solid curve) and contributions to an antiquark 
propagator (solid curves) which, together, contribute to the overall meson correlator. 
Contributions which do not originate from the same location as the quark (dashed 
curves) will vanish when averaged over many (non-gauge-fixed) configurations. 

fields, then this "wall-like" meson actually becomes an incoherent sum of point 

sources. Any contribution to a meson propagator where the quark and antiquark 

are at different points in this source will incorporate an SU (3) rotation determined 

by the gauge links that would need to be used to parallel transport the quark and 

antiquark fields to the same point. Since we include all gauges when creating the 

gauge configurations, these gauge rotations should be randomly distributed over 

the collection of lattices used for an ensemble average. We therefore expect non

zero contributions only from meson propagators which start with the quark and 

antiquark at the same spatial point (see Fig. 3.6). The resulting incoherent sum of 

point sources improves our statistics over a single point source by a factor of the 

number of spatial lattice sites. We term such a source a random-wall (RW) source. 

Likewise, we need to consider the structure of the sink. For our purposes 
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we use only a collection of point sinks, determining the meson correlators that arise 

from quark and antiquark propagators ending at the same point and averaging over 

all of the spatial points at the sink time slice. This method has the advantage of 

projecting out only the zero-momentum states of the desired meson, making fits to 

the masses easier. 

Another advantage of these point-like sources and sinks, outside of simplic

ity, is the fact that they preserve the symmetries, and hence the quantum numbers, 

of the desired meson state. For example, consider charge conjugation, C. If we were 

to use a source where the quark and antiquark are treated differently, we might end 

up with both states, C = ±1. This could happen if we use an extended source for, 

say, the quark and a point source for the antiquark; or, in the case of the hybrids, 

if we only use the gluon field operator at the position of the quark. Since we use 

point-like sinks, however, we always project out the correct state. 

Another source that we use is also a wall-like source. However, in this case 

we first fix the gluonic links in each lattice to a particular gauge - the Coulomb 

gauge - before calculating the meson propagators. Fixing to the Coulomb gauge 

has the effect of maintaining coherence, on a hadronic length scale, between the 

spatially separated quark and antiquark (Hecht and DeGrand 1992; Daniel et al. 

1992). We then proceed as before, finishing with the collection of point sinks, which 

ensures the correct quantum numbers for our overall meson correlator. 

One more thing should be mentioned concerning the hybrid sources. To 

improve overlap of our hybrid operators with the ground-state hybrid wavefunction, 

we smeared the spatial gauge links before determining the field strength, Q^i^{x) (not 

to be confused with the "unsmeared" used in the heavy-quark Hamiltonian). 
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Figure 3.7: A simple link, Ufj,{x), shown along with the two staples in the (/i, 
plane which are included in the averaging used to construct a smeared link. There 
are two more staples in the (/i, a) plane, where a is the third spatial direction. 

In Figure 3.7, we show the collection of links used in one step of smearing a gauge 

link. The field strength is then calculated using the same clover formulation (Fig. 

3.2). 

While, in retrospect, we realize that it may have been best to study the 

optimal amount of smearing for each set of configurations, we simply performed two 

such smearings for each spatial link. 
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CHAPTER 4 

Mass Spectrum and Configuration Mixing: Method 

4.1 Unperturbed Meson Correlators 

Without the spin-dependent term in the Hamiltonian, the hybrid and S-wave lattice 

operators project out orthogonal eigenstates since there is no means by which the 

quark-antiquark pair and the gluon excitation may alter their relative spin and 

color alignments within the meson (as in Fig. 1.1). The ground states of these 

"unperturbed" qq and qqg correlators are the two configurations whose relative 

contributions to the "true" heavy meson state - that with the a • B interaction 

included - we wish to determine. In the heavy-quark limit, we expect the spin-

dependent term to be relatively small (see Sec. 2.2) and thus this configuration 

mixing as well. We therefore take a perturbative approach with this part of the 

Hamiltonian and first proceed by considering meson correlators without it. 

We evaluate the correlators, as a function of the (imaginary) time separa

tion (t) of the source and sink, and compute the resulting path integral over the 

gluon fields by averaging over a given set of lattice configurations. We then fit (see 

Appendix B) the results to the form 

C{t)  = + (4.1) 
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where the are a measure (amplitude) of the relative overlap of our meson oper

ator with the wavefunction of a meson state with mass mj. The second exponential 

is included to handle excited states within the same meson configuration since we 

do not expect that our meson operators only overlap with the ground state. We 

calculate such correlators for the S-wave, P-wave, and hybrid operators. 

There are other consequences of leaving the a • B  term out of the heavy-

quark Hamiltonian besides this lack of configuration mixing. In particular, since 

there is no color hyperfine splitting, several meson states become degenerate. Two 

such states are the = O""*" and 1 S-waves. Other meson masses also become 

degenerate without this interaction. For example, the "magnetic" hybrid states O""*", 

1 , l""*", and 2""'" should all have equal masses; the 2++, 1+" P-waves as 

well. 

4.2 Setting the Lattice Scale 

The fits to the correlators provide meson masses in lattice units: am. In order to 

obtain physical quantities from our lattice simulations, we need a physical scale for 

the lattice spacing o. One method we use to determine this scale is the spin-averaged 

2P-1S meson mass difference. Fitting the S-wave meson correlator, 

Cs{t) = -F ..., (4.2) 

as well as the P-wave, 

C^{t) = + ..., (4.3) 

we can use the mass difference of the ground states to set the physical scale for the 

lattices. Setting this mass difference to the value expected for the spin-averaged 
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S-P mass difference for bottomonium, 

m2p — mis = — My = 440MeV, (4.4) 

we can determine the lattice spacing from the mass difference found in lattice units: 

440MeV . 
a = . (4.5) 

m2pa — rri isa 

We may also use the 2S-1S mass difference for the T to set the lattice scale. Since 

we obtain the two lowest-lying states from our fits to the S-wave correlators and 

this mass difference is known experimentally (563 MeV), we have all that we need 

for this method: 

a ^ = 563MeV 
(4.6) 

17123(1 — misd 

We also use these mass differences to fix the physical scale because of their relatively 

weak dependence upon the quark mass. The same mass differences are 428 MeV and 

589 MeV, respectively, for charmonium (458 MeV for the S-P mass difference when 

using the spin-averaged S-wave and the mass, both available for charmonium). 

We may use other quantities besides mass differences to set the scale. For 

example, the potential between a static quark-antiquark pair may be extracted from 

the large-time behavior of Wilson loops (Wilson 1974; Creutz 1983) (see also Ch. 6). 

Features of this potential - such as the string tension, K, (Teper 1997) determined 

at large separation where the potential is linear with distance, or the intermediate 

scales, To (Sommer 1994) and ri (Bernard et al. 2000), where the force is matched 

with phenomenological potential models (Richardson 1979; Eichten et al. 1980) ^ 

provide alternative physical scales. 

We present results for the physical lattice scale from each of these methods, 

and discuss some of the systematic differences which arise, later (see Sec. 5.1). 
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4.3 Quark Mass Extrapolation 

We need to make sure that we are using the appropriate value of the quark mass. In 

order to achieve this, we first create non-zero-momentum meson correlators. This is 

done by including an additional phase factor in the meson operators at the source 

and sink: 

if = (4.7) 

where the meson momentum is discretized on the periodic lattice, 

—* Stt - V . . 

p= (4.8) 

Tlx,  Uy,  and Tiz  being integers. Then, for a given value of the momentum, p = 

the ground-state energy can be determined from a fit to the correlator: 

Cs{t;p) = Au{p)e~^'''^P^^ + .... (4.9) 

Since the heavy mesons are non-relativistic, the dispersion relation should follow 

the form 

= + (4-10) 

Creating and fitting correlators with different values of the momentum, a fit of the 

resulting dispersion relation will provide a kinetic estimation of the S-wave mass, 

Using two different values for the quark mass parameter, an interpolation 

(extrapolation in our case) in the values for the S-wave kinetic mass can be per

formed, matching the mass with that for the 1 S-wave mass for bottomonium 

(Davies et al. 1994), My = 9.46 GeV. We thus ensure that we are using the ap

propriate physical quark mass and we obtain a physical value for the bottom quark 

mass, albeit lattice-regularized at the scale of 
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4.4 Mixed Correlators 

We are not, however, simply after the spectrum of bottomonium mass states. We 

would like to include the lowest-order spin-dependent interaction, 51-1, treating it 

as  a  per turbat ion,  and determine the level  of  mixing which occurs  between the qq 

and qqg configurations in the heavy-meson ground state. So, not only do we need 

the unperturbed correlators, starting and ending with the same configuration, but 

we also need those that mix the two, starting with one configuration as the source 

and using the other for the sink. This "mixed" correlator will involve only a single 

appl icat ion of  the  spin-dependent  term at  some intermediate  t ime t ' .  

Starting with the unperturbed S-wave and hybrid states (both O""*" and 

1 ), we work in a simple two-state basis: 

for the lowest lying hybrid. The overall Hamiltonian, including first-order correc

tions from the perturbative part, can be written out in this basis: 

Once we have the (small) ofF-diagonal elements of this two-state Hamiltonian, we 

can diagonalize it and determine the new eigenstates of the system: 

(4.11) 

for the lowest radial excitation of the S-wave and 

(412) 

(413) 

nil ,  -  mm 
(414) 
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and 
IS  n iH 

|15). (4.15) 
mih -  mu 

The strategy is relatively simple. We start with a meson source (either the 

hybrid or the S-wave configuration) and evolve the quark and antiquark propagators 

in the usual fashion, using only the static and kinetic terms. At some intermediate 

time slice, t', we apply the spin-dependent term. Then we continue to evolve the 

quark and antiquark propagators to the sink where we project the state onto the 

other meson operator. The presence of the spin-dependent term. 

allows the chromomagnetic excitation {B) to be absorbed (or emitted) by the quark 

at the expense of flipping the spin (cr) of the quark (or antiquark). This is the 

(lowest-order) mechanism which allows mixing between the unperturbed quarko-

nium and hybrid states. So in our simple two-state basis, the (non-diagonalized) 

Hamiltonian operator takes the form 

Note the inclusion of the spin-dependent term in the lower right of the matrix, 

indicating that, unlike the S-wave at this order, the hybrid mass is influenced by a 

After creating such a "mixed" propagator, we can fit the result in the region 

t > t' (before the interaction, no mixing occurs, so there is no signal before this 

region). If, for example, the sink is an S-wave meson, we expect the propagator to 

display masses characteristic of such a state. The resulting form for this propagator 

(4.16) 

(4.17) 

single application of  a  • B  (see Fig. 4.1) (Barnes et al. 1983). 
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would thus be 

d^ht',t) = + -• (4.18) 

Thinking more closely about what goes into making such a mixed propagator, we 

can write out the ground state amplitude, Ai^s, in terms of other quantities. We 

start with a hybrid source, so this amplitude will have a contribution from the 

overlap of our source operator with the ground-state hybrid wavefunction, 

Kli/|A(0))|=/i;f.  (4.19) 

A similar contribution comes from the S-wave operator at the sink end, 

IW()|15)j=/llf.  (4.20) 

There is also the matrix element which determines the amount of overlap between 

the hybrid and S-wave states. Again, this can only occur through the application 

of the spin-dependent term. So the matrix element is 

15' an I H )  =  { l S \ a S H \ l H ) .  (4.21) 

Lastly, we must remember that up until the interaction time, t ' ,  the meson prop

agates as a hybrid state with the corresponding characteristic mass. Taking all of 

this into account, we may write the ground-state amplitude of the mixed propagator 

as 

A,nsi t ' )  = (15 \aSH\ IH) + .... (4.22) 

Once we've determined this mixed amplitude and the masses and amplitudes of the 

unmixed propagators, we can solve for the matrix element, 

(15\a5H\ IH) = (4.23) 
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The same approach can also be used for the other mixed propagator, the one with 

the S-wave meson source. Applying the perturbation at the intermediate time slice 

t" ,  we can f i t  the  resul t ing hybrid propagator  in  the region t  > t"  -

Ci^{t",t) = + ... (4.24) 

- and determine the mixing matrix element from the resulting ground-state ampli

tude, 

= (4.25) 

Just one thing remains to be considered in this analysis. Since, in general, the source 

operator may also overlap with excited-state wavefunctions, it may be possible that 

mixings with these excited states (e.g., {lS\aS'H\2H) or {lH\a5'H\2S)) will also 

contribute to the ground-state mixed amplitude. In order to handle this possibility, 

mixed propagators with a variety of values for t' and t" can be measured. At large 

enough values of these interaction times, a plateau in the corresponding matrix 

element should be reached, indicating that the excited states from the source have 

sufficiently decayed before mixing could occur. 

We must also consider how these expressions change when using different 

types of source and sink operators; i.e., when we use a Coulomb-gauge-fixed wall 

source and point sinks. In this scenario, the overlap at the source and sink ends with 

the desired meson state will not be the same. This can be expressed in terms of the 

individual amplitudes in the resulting correlators. For example, the ground state 

amplitude for the S-wave correlator would now have to be written as a product of 

amplitudes, one from the Coulomb-gauge-fixed wall source (cw) and one from the 

point  s inks (p):  

Au = KZAZ- {4.26) 
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Likewise, the ground state hybrid amphtude becomes 

Given these changes in the expressions for the ground state amplitudes, we must 

return to the mixed correlator amplitudes, now expressed explicitly in terms of the 

type of source/sink used: 

A i U f )  = (15 \ a m \ \ H )  e - " " " ' '  (4.28) 

and 

= Al ' lAl t  (Iff \aSH\ 15) e-"- '" .  (4.29) 

In order to get the appropriate cancellations of amplitudes, we thus need to use a 

geometric mean: 

\ { l S \ a S n \ l H )  \  =  ( 4 , 3 0 )  
V AisAih 

at large t ' ,  t " .  

In principle, we may use the same technique to obtain the first-order spin-

dependent correction to the mass of the hybrid states. Using the hybrid configura

t i o n  a s  b o t h  s o u r c e  a n d  s i n k  a n d  a p p l y i n g  t h e  a  •  B  t e r m  a t  i n t e r m e d i a t e  t i m e  t ' ,  

we extract a new amplitude from the resulting correlator, 

cl'>(i'.«) = 41'(i')e-»"'l'-''> + ..„ (4.31) 

which we use to find the matrix element 

{ I H  \ a 5 n \ I H )  =  (4.32) 

Figure 4.1 shows the 0{as) and 0{a'^) contributions that we would expect 

to first order in the spin-dependent term (Barnes et al. 1983). We expect no 
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Figure 4.1: 0{asC^) and 0{a1c^) contributions to the mass of a hybrid meson. The 

• in the figure denotes the • B interaction. There are two similar diagrams 

with the roles of the quark and antiquark interchanged. 

such first-order correction to the mass of the 1 hybrid, since the spins of the 

quark and antiquark are anti-aligned in this state. However, for the other hybrids 

(O""*", l""*", 2~+) we should see an effect. 

4.5 Radiative Correction 

Until now, we have said little about the factor which appears in our a -B term in 

the Hamiltonian. Each relativistic term included in the heavy-quark Hamiltonian 

contains such a factor. At tree level we expect a value of = 1. However, there 

may be large radiative corrections (Lepage et al. 1992), and we must find the value 

of  this  factor  a t  the present  la t t ice  scale:  c^{a) .  
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Figure 4.2: An O(asC^) contribution to the mass of an S-wave meson. 

In an attempt to determine c^(a) nonperturbatively, we perform additional 

runs with the interaction, SH, applied at all intermediate time slices and with 

different values of c^. We then use the T — 77^, mass difference to set the value 

of c\{a). In the heavy-quark limit, these mesons exhibit a relatively small mass 

difference. The exchange of gluons via two a • B interactions causes a second-order 

energy shift in the masses of these states (see Fig. 4.2). Since the quark spins are 

aligned in the case of the 1 S-wave and opposite in the O"""", the energy shifts 

due to this gluon exchange are not the same for these two states. The resulting 

mass difference should be quadrat ical ly  dependent  ( to  lowest  order)  upon the a • B  

term and therefore upon the value of c^. Unfortunately, as there is no experimental 

value for the mass of the 77^, we must rely upon the value of the splitting provided 

by potential models, 30 — 60 MeV (Chen and Oakes 1996; Yndurain 2001), or look 

to the same hyperfine splitting for charmonium (M^ — = 117 MeV), where, 

unfortunately, our NRQCD Hamiltonian is not such a good approximation of the 

quark dynamics (v^ ~ 0.3). 
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CHAPTER 5 

Mass Spectrum and Configuration Mixing: Results 

5.1 Correlator Fits, Lattice Scale, and Physical Quark Mass 

In Table 5.1 we list the runs which we performed on three sets of quenched lattices 

previously generated by the MILC collaboration (Bernard et al. 1998; Bernard et al. 

2000). Fits to the heavy-meson correlators were performed and some of the results 

may be found in Appendix C. 

First, we present the results obtained from the fits to the "unperturbed" 

correlators. Figure 5.1 shows the resulting masses versus the minimum time used 

for the fit of the S-wave correlator from one set of lattices and at one value of 

the quark mass. [The same figures for other values of the quark mass and for the 

other lattices have similar features. The symbol sizes in Figs. 5.1, 5.2, 5.4, and 

5.5 are proportional to the confidence levels, calculated via the incomplete gamma 

function, and the number of degrees of freedom (Press et al. 1988).] Around the 

Table 5.1: Quenched NRQCD runs. 

/5 X Nt Uo arriq " (> 2amJ sources # configs. 

7.75 16^ X 32 0.8800 3.2, 3.6 2 RW,CW 220 
8.00 20^ X 64 0.8879 2.5, 2.8 2 RW,CW 240 
8.00 20^ X 64 0.8879 0.7, 0.8 3 CW 170 
8.40 28^ X 96 0.89741 1.8, 2.0 2 RW,CW 76 
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Figure 5.1: Lowest and first-excited S-wave masses vs the minimum time used in 
the fit. (3 = 8.0, aniq = 2.5. The octagons are the results from the random wall 
(RW) source; the squares, the Coulomb wall (CW) source. The size of the symbol 
is proportional to the confidence of the fit. 

value of tmin = 10, we see plateaus in the masses and we have reasonably good fits 

{x^/d.o.f. ̂  1; see the tables in Appendix C). There is a slight discrepancy between 

the excited-state masses (mi) obtained from the different sources. The random wall 

(RW) source gives a larger value than that of the Coulomb-gauge-fixed wall (CW) 

source. Although the RW source fits have smaller values of x^, we are inclined to 

trust the CW results more. The CW source provides a more spatially-smoothed 

operator and thus has less relative overlap with excited-state wavefunctions than 

the point-like RW source. It is possible that the RW-source correlator still has a 

contribution from an even higher state at this value of the time separation. 

In Figure 5.2 we show the same plot for the fits to the P-wave meson 
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Figure 5.2: Lowest lying P-wave masses vs the minimum time used in the fit. 

I3 = 8.0, aruq = 2.5. The size of the symbol is proportional to the confidence 
of the fit. 

correlators Here we clearly see better results from the CW source. Just past 

tmin — 10, we have a nice plateau, good fits, and smaller errors, and all from fits 

with a single exponential. 

Armed with the 2P-1S (and the 2S-1S) mass differences in lattice units, 

we may determine physical values for the lattice spacings, a. In Table 5.2 we 

present the results from our NRQCD spectrum runs [experimental masses are taken 

from (Hagiwara et al. 2002) and references therein], along with the lattice spacing 

determinations from the static-quark potential, using the string tension, k,, and an 

altered version of the Sommer parameter, ri (Bernard et al. 2000). Looking first 

at only the NRQCD results, we can see that, within the errors, we get consistent 

o : random wall. 2-mass fit 
o : random wall. 1-mass fit -
• : Coulomb wall, 1-mass fit 

CD 

o 
c9 

o 

<' 
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Table 5.2: Lattice spacing determinations with Cg = 0, CW source. Physi
cal scales used: ri = 0.344 fm ; = 440 MeV ; — My = 440 MeV ; 

Mr(2S) — Mr[is) = 563 MeV ; Mcc{2p) — Mcc(is) = 458 MeV ; M^(2S) — = 589 
MeV. The * denote values used for a throughout this work (except where explicitly 
noted otherwise). 

p arUq physical scale a (fm) a-^ (MeV) 

7.75 oo ri/a = 2.095(13) 0.1642(10) 1200(7) 

7.75 oo = 0.1652(47) 0.1820(26) 1082(15) 
7.75 3.2 a{M^,  -  Mr)  = 0.328(13) 0.1469(58)* 1341(53)* 

7.75 3.6 a(M^, -  Mr) = 0.324(12) 0.1451(54) 1358(51) 
7.75 3.2 a[Mr (2S) ~ Mr(is) )  = 0.487(60) 0.170(21) 1160(140) 
7.75 3.6 a{Mr (2S) ~ Mr {IS)) = 0.434(34) 0.152(12) 1300(100) 

8.00 oo ri/a = 2.6580(58) 0.12942(28) 1522(3) 
8.00 CO a^K = 0.09955(10) 0.14127(71) 1394(7) 

8.00 2.5 a{M^^ -  Mr)  = 0.2456(42) 0.1100(19)* 1792(31)* 
8.00 2.8 a{M^^ -  Mr)  = 0.2431(40) 0.1088(18) 1811(30) 

8.00 2.5 a[Mr{ 2 s )  ~  M t { i s ) )  —  0.3233(88) 0.1131(31) 1742(48) 
8.00 2.8 a{Mr{2S) ~ Mr{is))  — 0.3131(73) 0.1096(26) 1797(43) 

8.40 oo ri/a = 3.7301(69) 0.09222(17) 2136(4) 
8.40 oo a'^K = 0.04989(46) 0.10001(46) 1970(9) 
8.40 1.8 a{M^,  -  Mr)  = 0.1749(50) 0.0783(22)* 2516(71)* 

8.40 2.0 a(Mx,  -  Mr)  = 0.1724(47) 0.0772(21) 2552(69) 
8.40 1.8 a{Mr ( 2 s )  — Mr{is))  = 0.235(16) 0.0822(56) 2400(160) 
8.40 2.0 a{Mr ( 2 s )  ~ Mr{is))  = 0.229(14) 0.0802(49) 2460(140) 

8.00 0.7 a { M c c { 2 p )  — M c c {is)) = 0.323(11) 0.1389(47) 1418(48) 

8.00 0.8 CI'{MCC{2p ) — Mcc(is)) = 0.3116(98) 0.1340(42) 1470(46) 

8.00 0.7 a{M^ ( 2 s )  — M^(is) )  = 0.442(24) 0.1478(80) 1333(72) 
8.00 0.8 a(M^(2s) — M^(is) )  = 0.424(20) 0.1418(67) 1389(66) 

results from the two different mass splittings: — My and Mx(25) —Mr(is) -  Also, 

as we expected, there is only a small dependence upon the quark mass for the 2P-1S 

mass difference. 

There is a substantial difference, however, when we compare these results for 

the lattice spacing with those found from the static-quark potential. The NRQCD 
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mass splittings consistently give smaller values for the physical size of the lattice 

spacing. 

There are significant systematic errors introduced while using each of these 

methods. Probably the most significant of which is the effect of quenching. In our 

lattice calculations, internal quark loops are left out of the gauge configurations. We 

then, however, take an experimentally determined value, which naturally includes 

all such contributions, and match it to the same value in lattice units to find a. 

We estimate the effect of quenching upon our determination of the lattice spacing 

(see Ch. 6) and we suspect that the values for a we get from bb mass splittings are 

smaller than they should be when dynamical quarks are included, by ~ 10%. 

In our NRQCD calculations we also introduce another systematic effect due 

to the fact that we leave out relativistic corrections in our heavy-quark evolution. 

These may be especially important for obtaining reliable masses for the 2P and 2S 

states, where the quark and antiquark move with higher relative velocities. The 

sizes of these corrections and the relative magnitudes and directions of their elfects 

upon the mass splittings are difficult to determine. Estimates of the effect of one 

relativistic term, (—p^/(8mg)) (see Ch. 6), suggest that these may alter our bb 

splittings by few — 10%; decreasing them, in the case of this term, suggesting 

our values for a are too large. Beyond this, it's difficult to say what effect (or how 

large) neglecting other relativistic terms has upon our results. 

For these reasons, we wish to make it clear that we are not presenting a 

very precise determination of the bottomonium spectrum. This has been done by 

others (Davies et al. 1994; Davies et al. 1998) using more elaborate forms of lattice 

NRQCD. Our goal here is to determine meson configuration mixings dominated by 
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the lowest-order spin-dependent relativistic correction in the heavy-quark Hamilto-

nian. We do, however, wish to keep our overall analysis self-contained. Therefore, 

throughout this work, we use the lattice spacings obtained from our 2P-1S bottomo-

nium mass splittings. For each set of lattices, we use the value given by the runs 

with the lower quark mass. It turns out that these quark masses lie closest to the 

physical bottom-quark mass (see below). 

Taking a look at the values of the lattice spacing and the corresponding 

lattice sizes, we see that our smallest lattices are approximately 2.2 fm in spatial 

extent. This is significantly larger than the sizes we expect for the S- and P-wave 

bottomonium wavefunctions 0.2 — 0.5 fm), as well as for the more-spatially-

extended hybrids (~ 0.5 — 1.0 fm; see Ch. 6). We therefore expect no trouble from 

finite-size effects. 

Figure 5.3 shows one of the plots of the lowest-lying S-wave masses versus 

the momentum applied to the meson in the correlator. The masses, as expected, 

are well-fit by a straight line when plotted against the squared momentum 

The kinetic masses for the IS states are then extracted from the coefficients to 

the quadratic term The results are presented in Table 5.3, along with the 

extrapolated (to = Mx = 9.46 GeV; or = Mcc{is) = 3.068 GeV for cc) 

quark masses. 

Figures 5.4 and 5.5 depict the masses from the fits to the hybrid correlators. 

The first figure shows the results for the RW source, the second for the CW source. 

Here again we see the significant advantage to using the CW source: the overlap 

with excited hybrid states is relatively small as a plateau is reached quickly (note 

the drastic difference in vertical scales for the two plots). Also, the CW-source 
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Figure 5.3: Ground-state energy of the non-zero-momentum S-wave mesons vs the 
momentum. 

Table 5.3: Kinetic masses for the IS states and the resulting (lattice regularized) 
physical quark masses. The lattice scale is set using the spin-averaged 2P-1S mass 
differences found for the bb systems. 

arriq (GeV) ami, rrib (GeV) 
7.75 3.2 

3.6 

7.38(54) 

8.44(59) 

9.90(72) 
11.46(80) 

3.09(21) 4.17(28) 

8.0 2.5 

2.8 

5.509(77) 

6.178(90) 

9.87(14) 
11.19(16) 

2.41(4) 4.34(7) 

8.4 1.8 
2.0 

4.00(16) 
4.42(17) 

10.06(40) 
11.28(43) 

1.70(7) 4.31(18) 

arric rric (GeV) 
8.0 0.7 

0.8 
1.752(23) 

1.964(26) 

3.154(41) 
3.535(47) 

0.677(12) 1.219(22) 



61 

4 

3 

o" 
S 2 
d 

1 

0 
0 2 4 6 

^min 

Figure 5.4: Lowest and first-excited O""*" hybrid masses vs the minimum time used 
in the fit. RW source, /3 = 8.0, arriq — 2.5. The size of the symbol is proportional 
to the confidence of the fit. 

correlators only require single-mass fits, whereas the single- and two-mass fits for 

the RW-source correlators do not appear to be approaching a consistent mass. We 

can, however, obtain good two-exponential fits to the RW-source hybrid correlators 

by fixing the lower-lying mass to that found with the CW-source correlator. This 

is a procedure we apply to the mixed correlators as well. 

5.2 Configuration Mixing 

A clear signal of the configuration mixing which we wish to determine can be seen 

by just looking at the "mixed" correlators. In Figure 5.6 we display a plot of 

T I I I I I I I I I I I I—r 

o : 2—mass fit 
o : 1-mass fit 

4 

I 

I ' ' I ' I ' I I I I ' I I I » t 
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6 

Figure 5.5: Lowest lying 0^"*" hybrid masses vs the minimum time used in the fit. 
CW source, P = 8.0, arrig = 2.5. The size of the symbol is proportional to the 
confidence of the fit. 
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Figure 5.6: O""*" meson correlators. The octagons and squares denote the unper
turbed S-wave and hybrid, respectively. The diamonds represent the H^S mixed 
correlator; the crosses, the S—>H. The two vertical lines mark the time, t', at which 
the interaction, SH, is applied. j3 = 8.0, = 2.5. 

the unperturbed correlators for the S-wave and hybrid configurations, along with 

the corresponding S-wave —> hybrid and hybrid S-wave correlators, the mixing 

occurring via a single application (at t') of the spin-dependent term (a • B) in our 

heavy-quark Hamiltonian. 

As discussed in the previous chapter, we use these mixed correlators, along 

with the masses and amplitudes from the unperturbed correlators, to find the 

amount of hybrid configuration in the ground state of a heavy meson. In the fol

lowing, we present our results for this configuration mixing in the T and rjfj states, 

along with some (probably less reliable) results for J/if) and 

To remove correlations among the different amplitudes and masses that 
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Figure 5.7: The mixing matrix element vs the time of application of the interaction 

term. RW source, hybrid mass fixed to that found with CW hybrid source, (3 — 8.0, 
arUq = 2.5. 

go into the calculation of the (configuration) mixing matrix element (e.g., see Eq. 

4.30), we use a single-elimination jackknife analysis (Efron and Tibshirani 1994); 

calculating the matrix element from a set of lattices with one configuration removed, 

repeating this with each lattice participating, in turn, as the neglected one, and 

finally multiplying the resulting standard deviation of the matrix element by the 

square root of the number of subsets (the number of lattices). All of the errors 

presented henceforth are jackknife errors. 

In Figures 5.7 through 5.11 we present plots of the mixing matrix element 

versus the time of application of the mixing term in the Hamiltonian. Some of these 

results were reported in earlier work (Burch et al. 2001; Burch et al. 2002). 
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The first two figures show the results from the /? = 8.0 lattices at aniq — 2.5 

(the runs at arug = 2.8 produce similar results). Figure 5.7 has the results from 

the RW-source correlators. This is a similar plot to that found in (Burch et al. 

2002); however, here the lowest-lying hybrid mass is fixed to the value found with 

the unperturbed CW-source correlator (previously, we did not have the CW-source 

correlators). We do this because of the relatively poor quality of the mass plateaus 

which we now have - with greater statistics - from the RW-source hybrids (see Fig. 

5.4). Earlier results with the RW-source hybrids suggested that a plateau in the 

mass had been reached at small values of tmin [see Fig. 2 in (Burch et al. 2001)], 

resulting in a seemingly larger value for the hybrid mass. We now believe there was 

significant excited-state contamination (e.g., \2H)) in the signal which caused an 

enhancement of the mixing: a\{lH\5T-L\lS)\ = 0.072(6), 0.116(5) for the 1 and 

O"'^ channels, respectively. The mixing matrix elements in Figure 5.7 appear to 

reach a plateau about 30% lower in magnitude. Within the (relatively large) errors 

for the H—)-S results, there seems to be agreement between the mixings, regardless 

of the starting source. 

The question now is whether we get consistent results for the mixing with 

the CW-source correlators. To answer this, we turn to Figure 5.8, where we compare 

the results obtained from the two diff'erent types of sources. There is an added 

complication for the CW-source results: the overlap of the operators with the meson 

wavefunction at the source (CW) and sink (point sinks) ends is different. We 

therefore have the additional factor 

(or its reciprocal) in the matrix element and we need the geometric mean of the 
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two results to remove it (see Eqs. 4.33—4.37). The horizontal lines in the figure 

denote the la jackknife errors for this geometric mean of the CW-source results 

when we use the points marked with the dotted symbols. This method has an 

obvious disadvantage which lies in the fact that we are dependent upon both mixed 

correlators to find the matrix element. For example, the 1 H—>-S results present 

no obvious plateau as t' is increased. (This is the worst case; the same results from 

the other lattices present better plateaus.) We are encouraged, however, by the 

agreement (within errors) with the RW-source results. 

In Figures 5.9 and 5.10 we find the CW-source mixing matrix element 

results for the /3 = 7.75 and 8.40 lattices, respectively. As before, the S—>H results 

give reliable plateaus. The H—>S results for these lattices also look encouraging. The 
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points chosen for the geometric mean are again marked with the dotted symbols. 

In Figure 5.11 we display more results for the matrix element from the 

P = 8.0 lattices. In this case, however, the quark mass is much lower (aniq = 0.7) 

in an attempt to reach the charmonium spectrum. A quick look at the result for 

the O""*" channel, however, shows that the non-relativistic approximation (at least 

at the level of simplicity in our heavy-quark Hamiltonian) may not be such a great 

idea: 

In spite of this we carry on and present our results for charmonium, encouraging 

the reader not to forget the large systematic effect we may have introduced by 

(IHldnilS) _ 0.2 

2mg 1.4 
0.15 (5.2) 
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the geometric mean to get the CW-source results. 

neglecting other 0{v^)  terms in our heavy-quark Hamiltonian. 

Once we have this off-diagonal element, we diagonalize our two-state Hamil

tonian to find the true eigenstates. We choose to express the resulting meson ground 

states in terms of a configuration mixing angle: 

|T) = cos 0115(1 ))-I-sin0|liJ(l )) 

and 

(5.3) 

(5.4) |?7j,) = cos0'|lS'(O "*"))+sin0'Iliy(0 "*")). 

The results for the mixing matrix elements and the configuration mixing angles are 

presented in Table 5.4. We linearly extrapolate the two mixing angle results for 

each set of lattices to the point of the physical quark mass (see Table 5.3) to arrive 
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Table 5.4: Results for the S-wave/hybrid configuration mixing (CW source). 

p atriq a { i h  • b ZTUq  i s )  |sin(0)| 

7.75 3.2 
3.6 
3.2 
3.6 

0"+ 

1~ 

0.1032(58) 
0.0954(57) 
0.0624(61) 
0.0582(61) 

0.0945(26) 
0.0862(26) 
0.0566(27) 
0.0518(27) 

0.0968(26)cs(^) 

0.0579(27)CB(^) 

8.0 2.5 

2.8 

2.5 

2.8 

0"+ 

1~ 

0.0966(34) 

0.0887(32) 

0.0566(33) 

0.0522(31) 

0.1031(29) 
0.0939(27) 
0.0618(28) 
0.0564(27) 

0.1059(29)CB(^) 

0.0634(28)CB(/3) 

8.4 1.8 
2.0 
1.8 
2.0 

0"+ 

1— 

0.0767(60) 
0.0723(61) 
0.0369(44) 
0.0352(44) 

0.1156(52) 
0.1074(53) 
0.0618(36) 
0.0578(36) 

0.1197(53)CB(^) 

0.0638(36)cb(/5) 

1(1^1(1^)® kc))l 
8.0 0.7 

0.8 

0.7 
0.8 

0"+ 

1— 

0.2327(77) 

0.2172(69) 

0.1349(84) 
0.1259(74) 

0.2403(62) 

0.2270(56) 

0.1483(81) 

0.1393(70) 

0.2434(62)CB(/3) 

0.1504(81)cs(^) 

at the hybrid configuration overlap in the final column. Here we also remind the 

reader of the radiative correction, Cg(a(/3)), which must be included in this result. 

Actually, this factor should multiply the matrix element before we diagonalize the 

Hamiltonian, but for small angles (as we have here), this is the same factor as in 

t h e  f i n a l  r e s u l t  ( s i n 0  P i  9) .  

We also attempted to calculate the first-order spin correction to the O""*" 

hybrid mass (see Fig. 4.1). As expected (Barnes et al. 1983), we see no first-order 

(in a • b) correction to the 1 hybrid mass; its correlator is unaffected by adding 

5% at t', regardless of the value of t'. The O""*" correlator, however, differs from its 

unperturbed value in the region t > t'. We therefore use a similar procedure as the 

one for the off-diagonal matrix element to extract the perturbative correction to 
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the hybrid mass (see Eq. 4.38). Figure 5.12 shows the results of such attempts. No 

reliable plateau can be found. For any given value of t', the larger fit range (4 — 8) is 

preferable. For the same reason (to avoid contributions from excited hybrid states), 

we would also like to use a relatively large value for t'. Since the hybrid mass is 

relatively large and the correlators short-lived, we appear to be "between a rock 

and a hard place." Looking at the trend in the points in the figure, it is conceivable 

that the mass correction lies around 0.05a~^ (~ 100 MeV). This correction reduces 

the mass of the 0^+ hybrid state (Barnes et al. 1983) and therefore results in 

an increase in the amount of configuration mixing in this channel (~ 5%, given 

our estimate above). The same result for our charmonium system appears to be 

~ O.la"^ (~ 10% increase in the configuration mixing). 
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5.3 Radiative Correction 

As we have mentioned previously, we need to calculate the radiative correction, 

c^(a), to the spin-dependent term for each set of lattices. In an attempt to calculate 

this quantity non-perturbatively, we created additional meson correlators with ST-i 

applied at all intermediate time slices, using = 1 and 2. We then looked at the 

resulting IS hyperfine splittings (see Table 5.5), which we expect to be proportional 

to c\ at lowest order (see Fig. 4.2). For the bottomonium systems, the hyperfine 

splittings have the expected proportionality (within errors) to the spin-dependent 

term. The situation is different for our charmonium results. The hyperfine splitting 

clearly strays from being oc c\. This may be due to higher-order corrections (~ 

c%,c^, etc.) or to a shift in the physical quark mass (in lattice units) due to 

the inclusion of the spin-dependent term in the heavy-quark Hamiltonian. This 

latter eflfect could be checked if we had non-zero-momentum S-wave correlators 

with Cq 7^ 0, but alas, we do not. 

It should be mentioned here that these additional meson correlators were 

actually created with — —1 and —2, due to a sign error (discovered much too 

late) in our chromomagnetic field in the original implementation (see Eq. 3.5). 

This has no effect upon the configuration-mixing results considered thus far since 

they are all first-order (in c^) results and we have neglected the matrix element's 

overall sign, which is arbitrary since we consider only a two-state system. For the 

hyperfine splittings, the c% behavior is unchanged. This is especially obvious in 

the bb system, where the mass splitting is proportional to c% and our splittings 

are comparable with other lattice groups' results (Drummond et al. 2000). We do 

need to be mindful of this sign error if we try to deal with higher-order (e.g., c^) 
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Table 5.5: IS hyperfine splittings. 

/5 arriq a{Mx — Mri^) Mr - Mrj^ (MeV) 
7.75 3.2 1 0.01246(89) 16.7(1.3) i^My -M,Jexp/(17MeV) 

4 0.0474(23) 63.6(5.1) 

8.0 2.5 1 0.012220(49) 21.90(55) i^Mr -M,Jexp/(22MeV) 
4 0.04554(16) 81.6(2.6) 

8.4 1.8 1 0.01003(15) 25.2(1.1) (^Mr -M,Jexp/(25MeV) 
4 0.03715(37) 93.5(4.9) 

a(M^ - MjjJ M^ - (MeV) 

8.0 0.7 1 0.03792(32) 68.0(1.8) 1.2 - 1.7 

4 0.1192(12) 213.6(7.1) 

corrections to the hyperfine splitting or when we consider hybrid masses, which may 

have O(c^) corrections. 

Unfortunately, the quality of our results is not in tune with the experimental 

side: whereas our bottomonium systems seem to follow the c| proportionality and 

our charmonium systems do not, there is no experimentally measured mass for the 

0""*" bb meson (%) while the corresponding cc meson (rjJ has been observed. So 

we report our findings for c^(a(/3)) from the bottomonium systems in terms of the 

Mr — mass splitting. For the charmonium results, we report two values for 

c%{/3). The larger value is the result of a linear extrapolation from 0 through the 

— 1 point to — Mn^ = 117 MeV at c| = c%{l3). If we believe the physical 

quark mass shifts with the inclusion of the spin-dependent term and that this is the 

dominant effect in explaining why our cc hyperfine splitting is not oc c^, then this 

is the result we would trust more. If, however, we believe there is a correction 

present and that this is the dominant effect, we should trust the lower value, which 

results from using an interpolation of the form a2C^ + through the c^  — —1 

and —2 points and extrapolating to 117 MeV in the > 0 region. If we use these 
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results with that from bb a t  ^  = 8.0, we find My — 26 — 38 MeV and c^{(5  = 

7.75) 1.24 - 1.50, cb{i3 = 8.0) ^ 1.09 - 1.31, = 8.4) Pi 1.02 - 1.23. We use 

the smaller values here to determine the configuration mixings for our bottomonium 

systems displayed in Figure 5.13 as a function of the lattice spacing. The points 

show the  re l a t ive ly  sma l l  l a t t i ce - spac ing  dependence  which  r ema ins  once  the  IS  bb 

hyperfine splitting is known. 

One may not be ready to accept the values for the radiative corrections set 

by the charmonium results given the relative lack of sophistication of our heavy-

quark Hamiltonian and the unnerving fact that v'^ ~ 0.3 is hardly a small quantity. 

For this reason, we also present the ranges of values for c^(/3) when we consider the 

o : 0" 
• : r 

1 1 1 1  



range of values for Mr — provided by potential models. Using 30 — 60 MeV for 

this mass splitting (Chen and Oakes 1996; Yndurain 2001), we have the following: 

Cb{P = 7.75) - 1.33 - 1.88; 0^(13 = 8.0) - 1.17 - 1.65; = 8.4) ~ 1.10 - 1.55; 

or roughly 

|(li?|T)|- 0.076 - 0.11 ; i(lF|%)| ~ 0.13 - 0.19 (5.5) 

and 

|(m|^)|-0.18-0.25 ; I(1F|?7,)I-0.29-0.4. (5.6) 

We are now in a position to compare our configuration-mixing results with 

those of others. Using the MIT bag model, Barnes (Barnes 1979) finds 

I (1H|T) I 0.043,0.15 ; |(lif|?7(,)| ft; 0.074, 0.24 

and 

KmiV')! ^ 0.12,0.36 ; I(li/|r;JI ft; 0.20,0.48, 

where the two values are the results of two different models (with and without 

the color Coulomb interaction between q and q). For each quantity, our results lie 

between the two values determined with these models. Using an adiabatic potential 

model, Gerasimov (Gerasimov 1998) finds \ {lH\ip) \ fti 0.25, which is consistent with 

the upper limit (Mr — = 60 MeV) we consider. 

As before with the determination of the lattice spacing, we need to con

sider the systematic effects which may be present in our results. Clearly, the largest 

uncertainty in our determination of the configuration mixing is the radiative cor

rection. For our charmonium results, where the physical value for S-wave hyperfine 
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splitting is known, we unfortunately introduce large systematic effects by neglect

ing other relativistic terms in our heavy-quark Hamiltonian. For our bottomonium 

systems, where these effects are much smaller, we lack the needed experimental 

value for the hyperfine splitting. With the resulting range of values we have for 

the configuration mixing, it becomes quite difficult to quantify systematics. Also, 

for an effect like quenching we require information about the gluonic wavefunctions 

in the different meson configurations and how they behave with the inclusion of 

vacuum polarizations. This may well remain elusive until we repeat the analysis on 

unquenched lattices. 

5.4 Hybrid Masses 

We may also use the correlators with the a-B term applied at all intermediate times 

to consider the spin-dependent effects of hybrid masses. In Table 5.6 we present 

the results for the l"""" (exotic) and 2~+ hybrid masses via their difference with the 

spin-averaged IS mass. The results are also presented in Figure 5.14 as a function of 

Cg. The degeneracy at = 0 is expected and offers a nice test of our hybrid mass 

spectrum. Masses for the O""*" and 1 hybrids at 7^ 0 could not be determined 

due to mixing with the S-wave configurations; i.e., the first plateau found for these 

masses (versus tmin) is that of the S-wave state. Within the (relatively large) errors 

and the limited range of values for c^, the exotic hybrid mass appears to experience 

only a first-order spin-dependent correction (as in the diagrams shown in Fig. 4.1). 

We may relate this to the first-order correction in the 0""^ and 2~+ channels via the 

relative qg + qg spin factors: —2 : —1 : 1 for J = 0,1, 2 (Barnes et al. 1983). For 

the O""*" hybrid, we would therefore expect a slope twice as large as that for the l"""*" 
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Table 5.6: Hybrid/S-wave (spin-averaged) mass splittings. 

/? arriq JFC o-iMiH — Mis) Mih - Mis (MeV) 
7.75 3.2 1-+ 0 1.061(44) 1420(60) 

-1 1.089(49) 1460(70) 
-2 1.125(57) 1510(80) 

2-+ -1 1.040(42) 1390(60) 

-2 1.016(41) 1360(50) 

8.0 2.5 1-+ 0 0.928(13) 1660(20) 

-1 0.962(20) 1720(40) 
-2 0.992(23) 1780(40) 

2"+ -1 0.920(17) 1650(30) 
-2 0.903(17) 1620(30) 

8.4 1.8 1-+ 0 0.689(29) 1730(70) 
-1 0.701(34) 1760(90) 

-2 0.717(42) 1800(110) 
2"+ -1 0.680(27) 1710(70) 

-2 0.669(27) 1680(70) 

8.0 0.7 1-+ 0 0.879(12) 1580(20) 
-1 0.944(23) 1690(40) 

-2 0.984(35) 1760(60) 
2"+ -1 0.869(17) 1560(30) 

-2 0.849(18) 1520(30) 

in this same plot, suggesting a 0.064(26)a~^ (115 ±47 MeV) reduction in the mass 

of the O""*" hybrid for = 1, consistent with our earlier estimate from the "singly 

perturbed" hybrid correlator (ps 0.05a~^). Our results for the spin-dependence of 

hybrid masses leave many questions open, especially those concerning higher-order 

corrections which may further reduce the 0""'" hybrid mass, and we refer the reader 

to the work of others (Barnes et al. 1983; Drummond et al. 2000) on this subject. 



78 

1.05 

-+ 

1.00 

CO 

' 0.95 

0.90 

slope = -0.032 H— 0.013 

0.85 
- 2  -1 0 

Figure 5.14: Hybrid masses vs the value of Cg used. CW source, (3 = 8.0, aniq = 2.5. 



79 

CHAPTER 6 

Static-Quark Potentials and the Born-Oppenheimer Approximation 

In this chapter we describe our use of static quark propagators on the lattice to 

extract the potentials between infinitely heavy quarks and antiquarks. We then 

relax the static approximation by solving the Schrodinger equation within these po

tentials to determine the quark and antiquark wavefunctions and the corresponding 

energy levels (the Born-Oppenheimer approximation). We then use the results to 

compare with the mass splittings obtained from our lattice NRQCD spectrum runs 

and estimate some systematic effects due to quenching and the non-relativistic ap

proximation. 

6.1 Ground-State Static-Quark Potential 

The quark-antiquark potential, V{r) ,  is determined via the static approximation. 

Static quark and antiquark propagators in the time direction are joined at source 

and sink ends by straight lines to form a gauge-invariant planar Wilson loop (see 

Fig. 6.1): 

W{C) = ReTr l[U,{x) .  (6.1) 
iec 

Actually, rather than incorporating the spatial links in the computation, we fix 

to the Coulomb gauge and include only the spatially separated, static quark and 

antiquark propagators (Bernard et al. 2000), relying upon the Coulomb gauge to 
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maintain coherence between the quark and antiquark (Hecht and DeGrand 1992; 

D a n i e l  e t  a l .  1 9 9 2 ) .  T h e n ,  f i x i n g  t h e  d i m e n s i o n s  o f  t h e  l o o p  {R = r/a;  T  ~ t /a) ,  

we calculate its average value over all the lattice configurations: 

/ [dUd^l^d^|J W{C) 
f [dUdil^d^] 

W{R,  T)  = {W{C))  =  ̂ . (6.2) 

The form of this average Wilson loop is known to be of the form (Wilson 1974; 

Creutz 1983) 

W^(i?,r) = + (6.3) 

The static quark potential can thus be determined from the large-time behavior of 

the Wilson loop: 

V(R) = ̂ im (6.4) 

and, to a good approximation, follows the form (in physical units) 

y(r) =/^r — — + Vo- (6.5) 

Note the linear behavior in this potential at large distances, indicating the confining 

behavior of the gluonic fields. 

6.2 Hybrid Potential 

A similar approach may be used to extract excited state potentials as well; e.g., the 

potential between a static quark-antiquark pair in the color-octet representation. 

The only difference is the choice of path used to connect the static quark propaga

tors. For example, we may use the following superposition of two paths between 

the quark and antiquark, (• — U): each path consisting of the previous straight-line 

path, but shifted one step in an orthogonal spatial direction (see Fig. 6.2). Using 
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Figure 6.1: A rectangular Wilson loop used to extract the ground-state static-quark 
potential (S+). 
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Figure 6.2: A combination of non-planar loops used to extract the hybrid potential 

such spatial paths, we find a gauge-invariant loop which couples to a static quark-

antiquark pair and an associated excited-state gluon wavefunction which respects 

certain symmetries (Griffiths et al. 1983; Juge et al. 1998). From the ensemble 

average of this loop we extract a hybrid potential: 

where again the large r behavior is dominated by the linear potential, V { r )  oc 

arising from the string-like nature of the gluonic fields between the quark and 

antiquark at large separations. 

We use another method to extract the same hybrid potential. This method 

is based upon considering the static limit of our hybrid meson operators. We fix 

the lattice configurations to the Coulomb gauge and combine the static quark prop

agator with the local values of the chromomagnetic field at the ends. We use the 

symmetric combination of this loop and the one with the chromomagnetic fields 

determined at the location of the antiquark (see Fig. 6.3) in order to maintain 

charge conjugation symmetry, C. 

n„. 

(6.6) 
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r  

Figure 6.3: Another set of loops used to extract the n„ hybrid potential. The static 
quark lines are combined with a component of the chromomagnetic fields (computed 
via the clover formulation) at their ends. Rather than connecting the spatial paths, 
the gauge is simply fixed to the Coulomb gauge. 
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6.3 Born-Oppenheimer Approximation 

We wish to work in a framework where we can easily separate our relatively fast (glu-

ons) and slow (heavy quarks) degrees of freedom. The BO approximation presents 

such a framework. We first integrate out the gluonic degrees of freedom by deter

mining the static quark-antiquark potentials in the lattice backgrounds. We then 

construct a non-relativistic Hamiltonian using this potential and the kinetic energy 

operator for the heavy quark (and antiquark). Schrodinger's equation is then used 

to solve for the quark (or antiquark) wavefunction. Working in the frame of, say, 

the antiquark, we can solve for the quark wavefunction, ijj, and the energy of the 

bound meson state, E: 

+ ^ = (6.7) 

where m is the reduced mass for the system, 

m  = mqltlq rrin 
(6-8) 

rriq + rriq 2 

Since we have a central potential, we may separate the variables and write the quark 

wavefunction as 

^ = R(r)Yr(e,<p). (6.9) 

The angular dependence is given by the spherical harmonics, (9,(1)): 

v^yr{e,<t>) = ~ Yr'(e,4')-

The remaining radial equation thus becomes 

" / ( /  +  ! )  1 1 
—  — i r R )  

2m r dr^ 2mr^ 
+  V { r )  R = ER. 

(6.10) 

(6.11) 

Here, we choose to work in units of the string tension, k , 

ft;V2 = 440 MeV = 
1 

0.448 fm 
(6.12) 



85 

All dimensionful quantities may be cast into dimensionless form using this value: 

r = (6.13) 

m = (6-14) 

E = (6.15) 

including the static quark potential, 

V { r )  =  V { p / k } ^ ' ^ )  —  K ^ ^ ' ^ V { p ) ,  (6.16) 

where V(p) is the dimensionless ground-state, 

V { p )  =  p - ^  +  V o ,  (6.17) 

or hybrid potential, 

V (p) = Vho + \/ kIp'^ + bp + c. (6.18) 

Working also with a new, dimensionless radial wave function, 

the radial equation, Eq. (6.11), becomes 

d^e 

dp"^ 
+ 2,. V(p) -2peE. (6.20) 

This second-order differential equation can be separated into two first-order 

equations. Defining a new function, Q, to be the derivative of our wavefunction, S, 

we have the following coupled differential equations to solve, 

f = (8-21) 
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dVt 
dp 

(6.22) 

For either form of the potential above, there are no analytical solutions to these 

equations, so we must use numerical methods. 

The simplest method available to solve these equations is to just integrate 

them. We start with the initial conditions 

- the choice for fi(0) being arbitrary since this will simply determine the normaliza

tion of the quark wavefunction - and integrate using the fourth-order Runge-Kutta 

method out to a large value of the radius. We combine this with the bisection 

method for root-finding to ensure that the wavefunction goes to zero at large r and, 

correspondingly, that we have the appropriate value for the energy (the "shooting" 

method) (Press et al. 1988). 

6.4 Results 

In Figure 6.4 we show the result of the fit of the ground-state static-quark potential 

determined from the ^ = 8.0 quenched lattices. The constant term, Vq, in the 

potential is set to zero and the dotted lines show the point at which the radius 

reaches one unit of the lattice spacing, r = a. In the region of r < a, we use 

two forms for the potential: the one used in the figure, where we approximate 

the potential by a straight line using V{1) — t^(0) from the lattice, and another 

S(0) = 0 (6.23) 

and 

(6.24) 
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where we use the Coulomb and linear terms even in this region \V{r —>• 0) 

—oo]. The differences that arise from using these two potentials may tell us the 

importance of having the correct short-distance behavior in the potential. However, 

both potentials still have spherical symmetry and are continuous, quite unlike the 

lattice, where only discrete rotational (n7r/2) and translational (na) symmetries 

remain. 

Also displayed in this figure are the wavefunctions and energy eigenvalues 

from numerically integrating Schrodinger's equation. The results for the IS, 2P, and 

2S levels are shown. The physical scale is set using the string tension = 440 

MeV) and if we expect the same discrepancy that we had previously when we set 

the lattice scale (see Table 5.2), then the mass splittings here should turn out to 

be too small. This is in fact what we see. For the potential in the figure we have 

M2P — Mis = 319 MeV and Mgs — Mis = 470 MeV when we use a reduced quark 

mass consistent with aruq = 2.5. The same splittings are only ~ 5% and 1% 

larger, respectively, when we use the "Coulomb+linear" form for the potential when 

r < a. 

Since the static-quark potentials have been computed for not only the 

quenched lattices but also for configurations which include dynamical quark loops 

(Bernard et al. 2000), we are in a position to explore the effects of quenching. Fig

ure 6.5 shows the 2P-1S mass splittings (determined using the full Coulomb-|-linear 

potentials) as a function of the fit value of a, the coefficient of the Coulomb term 

in the potential. The /5 = 7.18 and /5 = 7.09 lattices were chosen to have lattice 

spacings (determined via ri) similar to that of the /3 = 8.4 quenched lattices. The 

[3 — 7.18 lattices include 3 flavors of dynamical quarks at about the mass of the 
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Figure 6.4: The IS, 2P, and 2S energy levels and wavefunctions determined via the 
numerical solution of the Schrodinger equation with the potential found from the 
/3 = 8.0 lattices. 
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strange quark. The (3 = 7.09 lattices have 2 light flavors, m « 0.2ms, and 1 heavier 

OIIG, ttl tris. Here it appears that the quenched approximation introduces a large 

systematic error since the mass splitting increases by ~ 20% when we use the poten

tials from the dynamical configurations. However, since we set the scale here with 

the string tension, this does not take into account the fact that this quantity also 

changes when dynamical quark loops are included. The fit values for o^k decrease 

by 20% from /3 = 8.4(q) to /3 = 7.09(2+1), causing the lattice spacing to decrease 

by 10% when determined via this method. So the mass splittings only increase by 

~ 10% in lattice units when dynamical quarks are included. We see similar results 

for the 2S-1S mass splittings. If we trust that we are having the same problem here 

that we had on the discretized lattice, we may conclude that quenching is the main 

reason for the discrepancy between the lattice spacings determined via the string 

tension and our NRQCD heavy-meson mass splittings. 

We use this approach to check another systematic effect: relativistic correc

tions. Once we have the quark wavefunction, we can compute one of the lowest-order 

relativistic corrections (see Eq. 2.4), thereby checking the validity of leaving out 

such terms in the lattice calculation. Using first-order perturbation theory, this 

energy correction is 

where ^|) is the unperturbed quark wavefunction found via the Schrodinger equation. 

For states with specific angular momentum [1), this expression, with the use of 

/*^7r /'I /* oo J J J d{cos 9) d(f), (6.25) 
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Figure 6.5: 1S-2P splitting vs a, the coefficient of the Coulomb term in the 
static-quark potential. The horizontal line marks the expected (spin-averaged) value 

for the bb system, AM2p_is ~ 440 MeV. 
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dimensionless quantities, becomes 

/1 
8m^ 

_  ,  /  2 l { l  + 1) ( f  4/(/ +  1 )  d  
•^l\p) i j„4. ^7 j j). d p ^  d p ^  p ^  d p  

l{l + ! ) [ / ( /  +  1 )  -  6 ] \  
d p .  (6.26) 

P' 

Performing the integration numerically, we find that this correction decreases the 

2P-1S and 2S-1S mass splittings by 10% each when using the full Coulomb+linear 

potential and by ~ 1% and ~ 5%, respectively, when we use the linear potential for 

r < a (for the potentials fit from the quenched lattices). 

We also have results for the hybrid potential (n„), extracted from the "sta

ples" (Fig. 6.2) and the fields (Fig. 6.3) appearing at the ends of the static quark 

propagators. In Figure 6.6 we compare the results from the two methods. The 

results extracted from time separations t = 2 — 3 are shifted up by 1 in this plot, 

simply for clarity. While it appears (from t = 3 — 4) that both methods extract 

the same potential, from the t = 2 — 3 results we see that the "staples" work 

better at larger separations and the field method operates better at small separa

tions. This may provide some information about the nature of the gluonic fields 

between a color-octet quark-antiquark pair at different separations. To perform a 

more rigorous extraction of the hybrid potential, one should use a more complete 

set of spatial gauge connections with the appropriate symmetries and a matrix vari

ational approach to extract the resulting lowest eigenvalue from the corresponding 

set of correlators (Griffiths et al. 1983; Juge et al. 1998). The one advantage of 

the field method, however, is that it may be applied at separations which are not 

necessarily along a lattice axis. This can be seen in the next figure. 

Figure 6.7 shows the ground-state static-quark potential determined from 
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Figure 6.6: Comparison of the n„ hybrid potential determined via the non-planar 
loops (staples) and via the fields at the ends of the static quark lines (Coulomb B^). 



the j3 = 8.0 lattices, along with some of our attempts to extract the hybrid potential. 

One may first notice, like the color-singlet potential, the large number of points 

available from the (Coulomb-gauge-fixed) field method. For this method we are 

not restricted to quark-antiquark separations that lie along a lattice axis and we 

therefore have results for non-integer distances (in lattice units). Unfortunately, 

the t = 2 — 3 results for the hybrid potential are not completely free of excited-

state contributions, while the signal from t = 3 — A exhibits large statistical errors. 

Regardless, we continue and fit the results to the expected functional forms (see Eqs. 

6.5 and 6.6). Also shown in the figure are the resulting lowest-energy eigenvalues 

for each of the fit potentials, along with the lattice result for the same quark mass. 

The results for the hybrid mass from the t = 2 — 3 hybrid potentials are larger than 

the lattice result. This is consistent with the view that these potentials still contain 

excited-state contributions. The lower of these highest eigenvalues is from the staple 

method, which seems to have better overlap with the hybrid potential over a range of 

larger separations. We would, however, like to compare these methods again using 

links with various amounts of smearing. Smearing of the links used in the staple 

method has been done on the j3 = 8.4 lattices, as well as with dynamical-quark 

configurations (Bernard et al. 2002b). 

It was originally our hope that we may also use the static-quark potentials 

and Schrodinger's equation to calculate the amount of configuration mixing which 

we calculated previously using NRQCD on the lattice. After solving Schrodinger's 

equation within the potentials determined from the lattice, we have not only the 

energy levels for the S-wave and hybrid states, but also the quark wavefunctions for 

each. We may use this information to calculate an overlap integral of the quark-

antiquark wavefunctions between the two configurations, but this would not be 
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IH-IS splitting determined from the lattice (when the IS level is fixed to that 
determined from the ground-state potential). 
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enough to determine the relative amount of each configuration in the heavy-meson 

state. The complete meson wavefunction also has a gluonic component and we would 

need to know the gluon wavefunctions in each configuration in order to calculate 

their mixing through the field operator at the site of the quark (or antiquark). 

There are currently methods to determine the gluon field distributions on the lattice 

for a given separation of a static quark-antiquark pair (Koma et al. 2002). It 

is our hope that in the future we may use such methods to determine the field 

distributions on our lattices. By convolving this information with the relative quark-

wavefunction overlap integrand, we hope to determine, in yet another way, the 

overall configuration mixings in heavy mesons. 
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APPENDIX A 

The Gauge Action 

The gauge action we use is known as the Symanzik one-loop improved action 

(Symanzik 1983; Luscher and Weisz 1985; Lepage and Mackenzie 1993; Alford et al. 

1995) and may be written in the form (Bernard et al. 1998) 

S , ( ( 7 ) = / 3  X: [l-flp„ ( x ) ] + A  5; [1 - , (A.l) 

where 

Piifix) = jReTV[C/p„(a:)] (A.2) 

is the term we have seen before arising from the plaquette. The remaining terms 

contain more complicated loop structures: 2x1 rectangles, 

Rnuix) = -^ReTr [U^{x)Ufj,{x + afi)Uu{x + 2aft) 
o 

+ a(l + aC')Uji_{x + av')Ul{x)] 

= -ReTr 
3 

and 1x1x1 "twisted chair" loops, 

(A.3) 

C^ya{x) = -ReTx[U^{x)Uy{x + afj)U„{x afi +av) 
o 

•Ul_{x + ai) + aa)Ul{x + aa)Ul{x)] 

= -ReTr 
3 

(A.4) 



A tadpole-correction factor is calculated from the average plaquette, 

uq = 

and used in the one-loop perturbatively improved coefficients: 

=  - ^ ( 1  +  0 . 4 8 0 5 Q ; , )  

and 

^ - -4 0.03325q;„ 
ui 

where 

41n(Mo) a., = — 
3.0684 

and (3 = lQ/g^. The leading errors are of O^a^ag, a'^). 
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APPENDIX B 

Fitting Method 

Measuring the meson correlators on a collection of gauge configurations, we have the 

following data with which to work: the time extent, ti, of the meson correlator in 

lattice units, and the value of the correlator, Ci^i, measured at that time on the /th 

configuration. Summing the contributions from the individual lattices, an average 

correlator may be found: 

= (B.l) 

Assuming Gaussian errors, we use the method of least-squares fitting to determine 

the parameters in the functional form of the meson correlator. We do not, however, 

expect the propagator measurements at different times to be uncorrelated. We 

therefore use the following form of the goodness-of-fit, or function: 

N t - l  

x' = E [c. - C{U, A, m)] Sij' [Cj - Cfe; A, m)] , (B.2) 
i , j=0 

where the Nt x Nt covariance matrix is determined from 

E (Cm - c,) (C,, - C,) 

^ (B.3) 
n - 1 \ n  ,  

Given the form for our we now have the task of determining the values of the 
—t t 

parameters, P = ( A , m ) ,  w h i c h  m i n i m i z e  t h i s  f u n c t i o n .  



99 

Our minimization method is based upon Newton's method for root finding. 

Since we are trying to minimize with respect to the parameters, P, we are 

essentially looking for the root of the first derivative of this function with repsect 

to the parameters: 

f{Pmin) 
dx' 

dP 
= 0. (B.4) 

According to Newton's method, given reasonable initial guesses for the parameters, 

we can find where this function reaches zero via the iterative equations. 

j  

where the matrix, J, is defined as 

{B.5) 

m p )  
SJ, 
dpi 

(B.6) 

the matrix whose determinant provides the Jacobian. These equations may be 

rearranged to appear as 

j2mp') {p^*' - p]') = -mp" (B.7) 

Substituting the appropriate expressions in terms of our original function which we 

wish to minimize, we arrive at a set of equations for the current updating of the 

parameters, AP" = • 

E 
d'^x^ 

r dpidp, 

dy^ 
AP" = —^ 

.  ^ dP 
(B.8) 

pn 

Solving this set of equations for all of the AP"'s, we may then update the parame

ters, 

P"+^ = P" + a AP", (B.9) 

until the gradient, \dx^/dP\, is within a given tolerance. We additionally adjust 

the parameter a in the above equation, making it larger or smaller than 1, in an 
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attempt to further reduce the value of at each step, thereby speeding up the rate 

of convergence. 

The situation may arise where the matrix d'^x^/i^PidPj) cannot be decom

posed; i.e., the set of equations in Eq. (B.8) cannot be solved for the AP"'s. In 

that event, we switch to a simpler, although less desirable, method: the method of 

steepest descent. By calculating the gradient of the function in parameter space, we 

know the local direction of steepest ascent. Taking a step in the opposite direction, 

pn+l _ pn _ a (B.IO) 
pn dP 

we hope to approach the minimum. The trick here is to find an appropriate value 

of a', such that we don't step too far out of the local "valley" in the function, x^-i 

or take too small a step and have to repeat this gradient search a large number of 

times. This method of last resort is rarely necessary, however, since given a good 

choice of starting parameters, the Newtonian method successfully converges to the 

minimum in 



APPENDIX C 

Tables of Chosen Fits 

Table C.l: j5 = 7.75, arrig = 3.2, CW source, — 0 for mixed correlators). 

Propagator fit ] range ^0 [^l] antiQ [ami] xVd-O.f. 
S-wave 8 -- 20 20.84(19) 0.4987(12) 8.1/9 

[-33(7)] [0.986(40)] 
S-wave (001) 10 - 20 20.1(3) 0.5097(15) 6/7 
S-wave(Oll) 10 - 20 19.5(3) 0.5210(14) 7/7 
S-wave(lll) 10 - 20 18.7(2) 0.5319(13) 7/7 
S-wave (002) 10 - 20 18.1(2) 0.5419(13) 5/7 
S-wave(012) 10 - 2 0  17.5(2) 0.5529(12) 5/7 
S-wave (112) 10 - 20 16.7(1) 0.5635(14) 4/7 

P-wave 10 - 20 2.75(34) 0.826(12) 7.4/9 
0~+ Hybrid 3 - 5 0.378(39) 1.575(35) 0.35/1 
1~ Hybrid 3 - 5 0.137(26) 1.596(62) 0.90/1 
l""*" Hybrid 3 - 5 0.238(32) 1.560(44) 0.002/1 

0" -+ S-^H, t' = 8 11 - 13 0.002255(75) 1.575 6.1/2* 
t' = 10 13 - 15 8.57(32)e-4 1.575 12/2 
t' = 12 15 - 17 3.09(ll)e-4 1.575 6.9/2 
t' = 14 17 - 19 1.145(37)e-4 1.575 5.8/2 

0" -+ H^S, t' = 3 12 - 20 0.001527(31) 0.4987 12/8* 
t' = 4 12 - 20 3.41(18)e-4 0.4987 9.2/8 
t' = 5 12 - 20 5.8(1.0)e-5 0.4987 9.0/8 

r -- S^H, t' = 8 11 - 13 8.10(49)e-4 1.596 1.0/2* 
t' = 10 13 - 15 3.29(17)e-4 1.596 1.8/2 
t' = 12 15 - 17 1.129(66)e-4 1.596 1.9/2 
t' = 14 17 - 19 3.97(23)e-5 1.596 0.035/2 

r -- H^S, t' = 3 12 - 20 5.31(17)e-4 0.4987 8.2/8* 
t' =4: 12 - 20 1.088(95)e-4 0.4987 6.8/8 
t' = b 12 - 20 1.89(58)e-5 0.4987 7.3/8 
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Table C.2: /5 = 7.75, arUq = 3.6, CW source, = 0 (15t,t' for mixed correlators). 

Propagator fit ] range Ao[Ai] arrio [ami] xVd-o.f. 
S-wave 8-- 20 21.54(17) 0.4749(10) 9.7/9 

-27(4) 0.909(27) 
S-wave(OOl) 10 - 2 0  20.9(2) 0.4847(12) 8/7 

S-wave (Oil) 10 - 2 0  20.2(2) 0.4944(11) 8/7 

S-wave(lll) 10 - 2 0  19.5(2) 0.5039(10) 7/7 
S-wave (002) 10 - 2 0  18.9(2) 0.5127(10) 6/7 
S-wave (012) 10 - 2 0  18.3(2) 0.52221(96) 6/7 
S-wave (112) 10 - 2 0  17.6(2) 0.53153(89) 5/7 

P-wave 10 - 20 2.84(33) 0.799(12) 7.4/9 
0"+ Hybrid' 3 - 5 0.387(43) 1.569(37) 0.42/1 
1 Hybrid 3 - 5 0.142(29) 1.593(67) 0.97/1 
1"+ Hybrid 3 - 5 0.242(34) 1.551(47) 0.0066/1 

0" -+ S^H, t' = 8 11 - 13 0.002511(90) 1.569 6.9/2* 
t' = 10 13 - 15 0.001013(39) 1.569 12/2 
t' = 12 15 - 17 3.84(14)e-4 1.569 6.7/2 
t' = 14 17 - 19 1.479(50)e-4 1.569 6.8/2 

0" -+ H->S, t' = 3 12 - 20 0.001530(31) 0.4749 10/8* 
t' = 4 12 - 20 3.46(18)e-4 0.4749 10/8 
t' = 5 12 - 20 5.6(1.0)e-5 0.4749 7.7/8 

r - S^H, t' = 8 11 - 13 9.17(58)e-4 1.593 1.3/2* 
t' = 10 13 - 15 3.93(21)e-4 1.593 1.7/2 
t' = 12 15 - 17 1.405(87)e-4 1.593 2.3/2 
t' = 14 17 - 19 5.18(31)e-5 1.593 0.065/2 

r -- H^S, t' = 3 12 - 2 0  5.31(17)e-4 0.4749 7.7/8* 
t' = A 12 - 20 1.103(97)e-4 0.4749 5.6/8 
t' = b 12 - 20 1.87(61)e-5 0.4749 7.2/8 
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Table C.3: P — 8.0, arug = 2.5, CW source, c^g = 0 (l^f,t' for mixed correlators). 

Propagator fit 1 range amo[arni] xVd-o.f. 
S-wave 9-- 30 21.534(51) 0.49167(16) 19.9/18 

[-21.5(1.0)] [0.8150(80)] 

S-wave(OOl) 12 - 30 20.82(8) 0.50088(17) 17.6/15 
S-wave (Oil) 12 - 30 20.00(8) 0.50986(19) 18.3/15 
S-wave(lll) 12 - 3 0  19.24(10) 0.51900(23) 18.2/15 
S-wave(002) 12 - 3 0  18.58(9) 0.52777(23) 16.1/15 

S-wave(012) 12 - 3 0  17.84(10) 0.53677(25) 14.4/15 
S-wave(112) 12 - 30 17.19(13) 0.54601(32) 14.0/15 

P-wave 11 - 24 1.715(77) 0.7373(42) 11.3/12 
0"+ Hybrid 3 -8 0.458(15) 1.413(10) 4.0/4 

1 Hybrid 3 - 8 0.1483(85) 1.402(19) 8.4/4 
l"""^ Hybrid 3 - 8 0.311(13) 1.420(13) 8.2/4 

Q-+ S^H, t' = 10 14 - 16 9.56(31)e-4 1.413 2.6/2 
t' = 12 16 - 18 3.56(10)e-4 1.413 1.9/2* 
t' = 14 18 - 20 1.421(47)e-4 1.413 5.2/2 
t' = 16 20 - 22 5.23(17)e-5 1.413 3.2/2 
t' = 18 22 - 24 1.983(66)e-5 1.413 11/2 
t' = 20 24 - 26 7.47(23)e-6 1.413 5.8/2 

0" -+ H^S, t' = 4 14 - 30 5.99(ll)e-4 0.49167 23/16 
t' = 5 14 - 30 1.518(66)e-4 0.49167 10/16* 
t' = 6 14 - 3 0  3.49(43)e-5 0.49167 15/16 

1" - S^H, t' = 10 14 - 16 2.85(16)e-4 1.402 1.8/2 
t' = 12 16 - 18 1.182(60)e-4 1.402 2.2/2* 
t' = 14 18 - 20 4.64(22)e-5 1.402 0.44/2 
t' = 16 20 - 22 1.71(ll)e-5 1.402 1.5/2 
t' = 18 22 - 24 6.24(35)e-6 1.402 6.4/2 
t' = 20 24 - 2 6  2.28(13)e-6 1.402 3.8/2 

r - H^S, t' = 4 14 - 30 2.031(64)e-4 0.49167 25/16 
t' = 5 14 - 3 0  5.37(39)e-5 0.49167 25/16* 
t' = 6 14 - 3 0  1.68(23)e-5 0.49167 17/16 
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Table C.4: /3 = 8.0, arUq = 2.8, CW source, = 0 (l^t/ for mixed correlators). 

Propagator fit ] range ^0 [^l] arrio [ami] xVd.o.f. 
S-wave 9 -- 3 0  22.223(49) 0.47514(13) 23.9/18 

[-21.98(85)] [0.7882(64)] 
S-wave(OOl) 12 - 3 0  21.56(7) 0.48335(16) 20/15 

S-wave(Oll) 12 - 30 20.77(8) 0.49134(17) 21/15 
S-wave (111) 12 - 30 20.04(9) 0.49945(20) 21/15 
S-wave (002) 12 - 30 19.44(9) 0.50731(20) 19/15 
S-wave (012) 12 - 30 18.73(9) 0.51533(22) 17/15 
S-wave (112) 12 - 30 18.08(11) 0.52350(25) 17/15 

P-wave 11 - 24 1.798(77) 0.7182(38) 14.2/12 
0~+ Hybrid 3 - 8 0.470(16) 1.406(11) 4.3/4 
1— Hybrid 3 -8 0.1527(92) 1.397(20) 7.9/4 
1~+ Hybrid 3 -8 0.317(14) 1.412(14) 8.8/4 

Q-•+ S^H, t' = 10 14 - 16 0.001034(35) 1.406 3.4/2 
t' = 12 16 - 18 3.97(12)e-4 1.406 0.69/2* 
t' = 14 18 - 20 1.654(57)e-4 1.406 5.6/2 
t' = 16 20 - 22 6.32(22)e-5 1.406 3.2/2 
t' = 18 22 - 24 2.451(88)e-5 1.406 11/2 
t' = 20 24 - 2 6  9.64(31)e-6 1.406 5.2/2 

0 -+ H^S, t' = : 4 14 - 30 6.07(ll)e-4 0.47514 22/16 
t' = 5 14 - 30 1.522(67)e-4 0.47514 11/16* 
t' = 6 14 - 3 0  3.51(44)e-5 0.47514 14/16 

r - S^H, t' = 10 14 - 16 3.10(18)e-4 1.397 2.8/2 
t' = 12 16 - 18 1.332(72)e-4 1.397 1.5/2* 
t' = 14 18 - 20 5.49(27)e-5 1.397 0.23/2 
t' = 16 20 - 22 2.11(14)e-5 1.397 1.4/2 
t' = 18 22 - 24 7.67(48)e-6 1.397 5.6/2 
t' = 20 24 - 26 2.98(17)e-6 1.397 4.1/2 

1" -- H-^S, t' = : 4 14 - 30 2.053(64)e-4 0.47514 25/16 
t' = 5 14 - 30 5.40(40)e-5 0.47514 24/16* 
t' = 6 14 - 3 0  1.70(23)e-5 0.47514 13/16 
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Table C.5: j3 = 8.4, arUq = 1.8, CW source, = 0 (l^t,t' for mixed correlators). 

Propagator fit range ^o[^i] amo [ami] xVd-o.f. 
S-wave 11 - 30 21.34(20) 0.45317(32) 14.8/16 

[-21.1(1.8)] [0.688(13)] 

S-wave (001) 14 - 30 20.6(2) 0.45976(40) 19/13 
S-wave(Oll) 14 - 30 19.7(2) 0.46608(41) 15/13 
S-wave(lll) 14 - 30 18.9(2) 0.47243(47) 22/13 
S-wave(002) 14 - 30 18.4(3) 0.47910(51) 25/13 
S-wave(012) 14 - 30 17.6(2) 0.48539(48) 20/13 
S-wave(112) 14 - 3 0  16.7(2) 0.49142(48) 27/13 

P-wave 14 - 3 0  0.927(65) 0.6281(49) 14.9/15 
O""'' Hybrid 5-- 11 0.277(36) 1.104(25) 8.7/5 

1 Hybrid 5-- 11 0.068(14) 1.048(42) 0.61/5 
l""*" Hybrid 5-- 11 0.225(34) 1.142(29) 7.2/5 

0" -+ S^H, t' = 8 13 - 16 0.002140(94) 1.104 5.0/3 
t' = 12 17 - 20 3.74(16)e-4 1.104 12/3 
t' = 16 21 - 24 6.20(29)e-5 1.104 5.7/3* 
t' = 20 25 - 28 9.37(45)e-6 1.104 2.3/3 
t' = 24 29 - 32 1.426(71)e-6 1.104 4.2/3 

0" -+ H->S, t' = 5 20 - 30 3.764(88)e-4 0.45317 12/10 
t' = 6 20 - 3 0  1.325(55)e-4 0.45317 13/10* 
t' = 7 20 - 30 4.37(37)e-5 0.45317 15/10 
f = 8 20 - 30 1.80(25)e-5 0.45317 10/10 

r -- S->H, t' = 8 13 - 16 5.85(34)e-4 1.048 4.3/3 
t' = 12 17 - 20 9.76(61)e-5 1.048 11/3 
t' = 16 21 - 24 1.59(12)e-5 1.048 0.98/3* 
t' = 20 25 - 28 2.10(15)e-6 1.048 3.5/3 
t' = 24 29 - 32 3.67(28)e-7 1.048 0.65/3 

r - H^S, t' = 5 20 - 3 0  1.176(56)e-4 0.45317 4.5/10* 
t' = 6 20 - 30 3.80(31)e-5 0.45317 16/10 
t' ^7 20 - 30 1.28(25)e-5 0.45317 12/10 
t' = 8 20 - 30 5.22(14)e-6 0.45317 14/10 
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Table C.6; /5 = 8.4, aruq = 2.0, CW source, = 0 for mixed correlators). 

Propagator fit ] range amo [ami] xVd-O.f. 
S-wave 11 - 30 22.00(16) 0.44408(27) 13.2/16 

[-21.8(1.5)] [0.673(11)] 
S-wave (001) 14 - 30 21.3(2) 0.45001(37) 17/13 

S-wave(Oll) 14 - 3 0  20.5(2) 0.45575(38) 14/13 
S-wave(lll) 14 - 3 0  19.7(2) 0.46147(41) 20/13 
S-wave (002) 14 - 3 0  19.2(2) 0.46743(43) 22/13 
S-wave (012) 14 - 30 18.4(2) 0.47319(42) 19/13 
S-wave (112) 14 - 30 17.6(2) 0.47869(42) 25/13 

P-wave 14 - 30 0.924(53) 0.6165(38) 17.1/15 

O"""" Hybrid 5-- 11 0.292(37) 1.105(25) 8.3/5 
1 Hybrid 5 -- 11 0.072(15) 1.050(42) 0.52/5 
1~+ Hybrid 5-- 11 0.237(37) 1.142(31) 7.3/5 

0" -+ S^H, t' = 8 13 - 16 0.00218(10) 1.105 4.4/3 
t' = 12 17 - 20 4.03(18)e-4 1.105 10/3 
t' = 16 21 - 24 6.89(34)e-5 1.105 4.5/3* 
t' = 20 25 - 28 1.070(54)e-5 1.105 1.8/3 
t' = 24 29 - 32 1.689(89)e-6 1.105 5.6/3 

0" -+ H^S, t' = 5 20 - 3 0  3.841(90)e-4 0.44408 15/10 
t' = 6 20 - 3 0  1.317(58)e-4 0.44408 11/10* 
t' = 7 20 - 3 0  4.43(39)e-5 0.44408 14/10 

= 8 20 - 30 1.87(27)e-5 0.44408 8.5/10 

1" - S^H, t' = 8 13 - 16 5.97(37)e-4 1.050 3.4/3 
t' = 12 17 - 20 1.039(69)e-4 1.050 9.9/3 
t' = 16 21 - 24 1.78(14)e-5 1.050 0.91/3* 
t' = 20 25 - 28 2.36(18)e-6 1.050 2.4/3 
t' = 24 29 - 3 2  4.32(36)e-7 1.050 0.67/3 

r -- H->S, t' = 5 20 - 3 0  1.188(57)e-4 0.44408 4.8/10* 
t' = 6 20 - 3 0  3.72(30)e-5 0.44408 14/10 
t' = 7 20 - 30 1.25(26)e-5 0.44408 12/10 
t' = 8 20 - 30 5.3(1.4)e-6 0.44408 12/10 
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