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ABSTRACT 

This dissertation describes research conducted to apply the Fractional Step 

Method to finite-element simulations of directional solidification. 

The Fractional Step Method (FSM) is also referred to as a projection method and 

as a splitting method, and has been applied commonly to high Reynolds number flow 

simulations. However, it is less common for low Reynolds number flows, such as occur 

in an alloy undergoing directional solidification (DS). The FSM offers increased speed 

and reduced memory requirements by allowing non-coupled solution of the pressure and 

velocity components. 

The FSM provides significant benefits for predicting flows in a DS alloy, since 

other methods presently employed are not computationally efficient. Previously, the 

most suitable finite-elements based methods for predicting flow in a DS alloy has been 

the penalty method for two-dimensional simulations and Galerkin least-squares (GLS) for 

three-dimensional simulations. The penalty method and GLS have the disadvantage that 

they require the coupled solution of the velocity components. The FSM allows 

decoupled iterative solution of the finite element equations, thereby greatly increasing the 

efficiency of the method, both in terms of memory and CPU requirements. 

Numerical simulations are now commonly used to predict macrosegregation in 

directionally solidified (DS) castings, which are used in jet and spacecraft engines. In 

particular, the finite-element simulations can predict the existence of "channels" within 

the processing mushy zone and subsequently "freckles" within the fully processed solid, 

which are known to result from macrosegregation. This macrosegregation is a direct 
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result of thermosolutal convection of the melt during the solidification process. Freckles 

cause strong material non-uniformities in the castings that are therefore scrapped. 

The phenomenon of thermosolutal convection in an alloy undergoing DS is 

explained, along with applications for DS alloys. Next, the momentum and continuity 

equations for a binary alloy undergoing DS, and the application of the FSM to these 

equations are presented, along with characteristics of the FSM that make its application to 

DS challenging. Finally, results of applying the FSM to simulations of DS in a binary 

alloy are given for two-dimensional and three-dimensional geometries, including 

performance improvements over methods previously applied. 
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CHAPTER 1 - INTRODUCTION 

This dissertation documents efforts to apply a numerical technique known as the 

fractional step method to simulations of directional solidification in a binary alloy. 

Existing models of directional solidification based on other methods [1-17] are greatly 

limited in terms of the size of the problem that can be simulated, due to the fact that they 

must solve the equation for the motion of the fluid in coupled form using an implicit 

formulation. The fractional step method allows de-coupled solution of the velocity 

components and the pressure, and therefore makes it possible to perform faster and larger 

simulations than previously. 

Understanding directional solidification is important because it is used to produce 

critical jet aircraft and spacecraft engine components. Failure of engine components can 

lead to catastrophe, as evidenced next. 

1.1 Flaws in Engine Components Can Lead to Catastrophic Failure 

Jet aircraft and spacecraft engines rotate at extremely high rates of speed. For 

example, the high pressure rotor of General Electric CF6-80C2 series engines, which is a 

high bypass turbofan engine used on Air Force One, Boeing 747's, 767's, and Airbus 

A300's and ASlO's [18], spins at up to 11055 revolutions per minute (rpm) [19], The 

Space Shuttle Main Engine high-pressure fuel turbo-pump spins at 37,000 rpm [20,21]. 

Combined with the high revolution speed, the turbine blades and other engine 

components must operate under severe temperatures and pressures. Flaws in the 

manufacture of engine components can cause catastrophic failures. Therefore, the blades 



33 

and associated hardware are inspected for flaws at the time of manufacture and during the 

operating life of the engine. 

A flaw that went unnoticed at the time of manufacture and during flight 

maintenance operations led to catastrophe on July 19, 1989 in the crash of United 

Airlines Flight 232, which emergency landed in Sioux City, Iowa. According to the 

National Transportation Safety Board (NTSB) report [22], the crash was attributed to a 

fatigue crack originating from a previously undetected metallurgical defect in a critical 

area of an engine fan disk. There were 111 fatalities and over 170 injuries as a result of 

this crash. As specified in the NTSB report, the metallurgical flaw was formed during 

manufacture of the fan disk; 

"The cavity associated with the hard alpha metallurgical defect was created 

during the final machining and/or shot peening at the time of GEAE's 

manufacture of the disk, after GEAE's ultrasonic and macroetch 

manufacturing inspections." 

The NTSB report went on, indicating that the flaw could have been discovered if 

the disk had been inspected after the final machining, rather than before: 

"The metallurgical flaw that formed during initial manufacture of the 

titanium alloy would have been apparent if the part had been macroetch 

inspected in its final part shape." 

The component that failed on the Sioux City crash is subjected to less severe 

temperatures and pressures than components deeper inside an aircraft or jet engine. In 

1 

GEAE stands for General Electric Aircraft Engine 
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addition, the metallurgical defect that led to the Sioux City crash was avoidable by 

inspecting the fan disk after final machining. 

The focus of this dissertation is on predicting flaws that can occur during the 

manufacturing process used to produce engine turbine blades. Turbine blades are 

subjected to more severe temperatures and pressures than most of the other rotating 

components in an engine. Due to the severe conditions turbine blades are subjected to, a 

special process known as directional solidification is used for their manufacture. As 

opposed to the avoidable flaw in the component that caused the Sioux City crash, flaws 

that are unavoidable can occur during the directional solidification. These flaws are a 

direct result of gravity-induced buoyancy effects, and inherent to the directional 

solidification process. The phenomenon that contributes to these flaws, called 

thermosolutal convection, is unavoidable for a given alloy subjected to a pre-determined 

set of processing conditions. The flaws that thermosolutal convection can lead to are 

described as "freckles" in engine turbine blades. This phenomenon is described next. 

1.2 Thermosolutal Convection During Directional Solidification 

Directional solidification (DS) is used to produce aircraft and engine turbine 

blades because it produces dendrites in the direction of solidification, which provides 

additional strength at elevated temperatures in the direction of solidification. Figure 1.1 

is a schematic diagram of a casting undergoing directional solidification. An important 

length scale, called the primary dendrite arm spacing (PDAS), is shown in Figure 1.1 and 

is dependent on the alloy constituents, concentration of constituents, and processing 
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conditions. This parameter is referred to often in this dissertation. Figure 1.2 shows 

dendrites, as seen under a microscope for a transparent organic alloy [23]. 

During the DS process, the casting is subjected to gravity induced buoyancy 

effects. The buoyancy effects can lead to casting defects that often necessitate the 

scrapping of a casting, which is very costly. A major defect that leads to scrapped 

castings is that of concentration non-uniformities. These are a direct result of the fluid 

motion that takes place in the melt during the DS process and affect the consistency and 

integrity of the casting. Segregation that produces concentration non-uniformities is 

classified under microsegregation or macrosegregation, depending on the length scale. 

Microsegregation occurs over a distance approaching the size of the PDAS and depends 

on the shape of the dendrites and solute diffusion in the mushy zone [24,25,26], 

Macrosegregation involves compositional differences over distances approaching that of 

the size of the casting or ingot; it is due to convection in the melt. 

During vertical directional solidification, the casting is cooled from below. This 

inhibits convection by imposing a stable temperature gradient. Strictly speaking, due to 

the stability impressed on the melt by cooling it from below, it is expected that thermal 

convection will be mostly suppressed. However, because of the partitioning of the solute 

constituents at the solidifying interface, density gradients due to differential solute 

concentrations are generated in the interdendritic liquid that interact with the temperature 

field and trigger convection. This combination of phenomena is often referred to as 

thermosolutal or double-diffusive convection [27]. Thermosolutal convection is the main 

cause of severe macrosegregation in castings. 
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Hellawell et al. [28] shed further hght on why a casting under the influence of a 

stable thermal gradient can experience an unstable flow situation. Of particular interest 

are situations in which the vertical density gradients, with respect to temperature, T, and 

solute concentration, S or C, are unequal and have opposite sign. Figure 1.3 illustrates 

this situation. Even though there is a stable density gradient in the all-liquid region, 

which results from the imposed thermal gradient, an unstable density gradient is present 

in the mushy zone, due to the concentration gradient. When there is an unstable density 

gradient in the mushy zone and a stable density gradient in the all-liquid region, such as 

in Figure 1.3, there is a density inversion at and below the growth front, which leads to 

instability, particularly when - By < 

\  JT \̂ y J s 

One of the most perverse macrosegregation defects is a "freckle", which is caused 

by convection. These defects are made up of long narrow streaks oriented roughly 

parallel to the direction of gravity. Freckles have solute concentrations that vary 

significantly from that of the surroundings [29]. The propensity for freckles to form is 

brought about by certain processing conditions, such as described by Nandapurkar et al. 

[27]: 

"Freckles were shown (by experiment and calculation) to form when the 

solidification rate is relatively slow and the interdendritic liquid flows in the 

same direction as and faster than the isotherms. This causes a local re-

melting within the S/L zone and the formation of channel-type segregates." 
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The freckles make the casting prone to fatigue cracking; therefore, castings with freckles 

are scrapped. 

1.3 The Impact of Thermosolutal Convection on the Aerospace Industry 

Thermosolutal convection, and the macrosegregation that results from it, are a 

significant cost to the aircraft industry, and also affect spacecraft engine reliability. 

These impacts are described here. 

The cost of scrapping castings is extremely high in the aircraft industry. 

According to Rolls Royce [30] and Frueh et al. [31], the demand for single crystal (SX) 

turbine blades will be significant over the next 20 years, because of expected yearly 

growth of at least 5% in passenger and cargo air traffic. In addition, the NRC report [32] 

states that turbine engines are the single largest US export product. Despite this 

important contribution to the US economy and over 30 years of experience in the 

production of single crystal turbine blades, processing problems are still common. Frueh 

et al. [31] state that there is evidence that 40% of DS blades are lost during the casting 

process. When the total cost of producing a casting is considered, including pattern 

preparation and post-casting metal removal, they also support the conclusion of Barth et 

al. [33] that blades rejected due to casting defects represent a loss of 49% of overall 

production costs. 

From the above arguments, it is concluded that simulations of the directional 

solidification (DS) process can offer important practical benefits in the production of 

single crystal turbine blades. 
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The Space Shuttle Main Engine (SSME) is one of the most sophisticated rocket 

engines ever developed. Paster and Stohler [20,21] list some of the design parameters: 

1) The SSME is required to produce over 500,000 pounds of thrust with an engine weight 

of 7000 pounds. 2) The high-pressure fuel turbo-pump (HPFTP) reaches speeds of nearly 

37,000 rpm, with each turbine blade producing over 600 horsepower. 3) The high-

pressure oxidizer turbo-pump (HPOTP) produces nearly 8000 psia of pressure and rotates 

at 29,000 rpm. Obviously, turbine blade performance and life are very important to the 

overall SSME rehabihty. 

Turbine blade life was addressed when upgrading the SSME high-pressure fuel 

turbo-pump and HPFTP alternate turbo-pump (AT) during the late 1980's and into the 

1990's [34,35], The upgrades in reliability associated with turbine life, along with other 

design upgrades, were incorporated into the new design and labeled the Block II engine 

[34,35]. According to Worlund and Hastings [35], the HPFTP/AT remains the least 

reliable SSME component and therefore the driver for the frequency of refurbishing the 

SSME. Even after making Block II upgrades to the SSME, such as enhancing blade life 

by producing thin, thermally compliant airfoils that can accept the rapid thermal 

transients at ignition and shutdown, the SSME requires refurbishment or removal every 

ten flights [35]. 

During the late 1980's, single crystal super alloys were identified as the best near-

term candidate for improved SSME turbine blades [36,37]. Subsequently, advanced 

processing conditions were evaluated as a method of improving the properties of the 

single crystal super alloys used in rocket engines. This effort was driven by the necessity 
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of early retirement of the SSME turbine blades, which were caused by high cycle fatigue, 

thermally induced low cycle fatigue, and hydrogen assisted cracking [36]. 

NASA's Space Launch Initiative (SLI) has a goal of producing Reusable Launch 

Vehicle (RLV) engines that are safer and more reliable [38] and to significantly reduce 

the cost of delivering a payload [39]. One of the specific goals of the SLI program is to 

produce engines that can fly 50 times without refurbishment sometime in the next decade 

(2010-2015) [40,41]. As is now the case for the SSME, one of the "tall poles" in any 

new RLV development will be the main engines [42], 

It is expected that a better understanding of the directional solidification process 

and subsequent enhancements in turbine blade production methods will greatly benefit 

future SSME upgrades and the SLI program. 

1.4 Experimental work 

Several experimental works have verified the existence of thermosolutal 

convection and the formation of channels in the mushy zone and subsequently freckles in 

the solidified casting. Several of the experimenters have used non-metallic transparent 

systems while others have used opaque metal alloy systems. There are advantages and 

disadvantages to both types of experiments. 

1.4.1 Experiments with Transparent Systems 

The experimental works using nonmetallic transparent systems include McDonald 

and Hunt [43,44], Copley et al. [45], Chen and Chen [46], Sample and Hellawell [47], 

and Steube and Hellawell [48]. The advantage of using a transparent system is that the 



flow field and phenomena resulting from it can be observed real-time. McDonald and 

Hunt [43,44] and Copley et al. [45] used the transparent, aqueous ammonium chloride 

(NH^Cl-H^O) system and observed that buoyancy forces arising from the mushy zone 

cause convection. These buoyancy forces are initiated by the segregation of less dense 

solutes from the mushy zone. Copley et al. [45] observed: "The tendency to freckle is 

greatest in systems with a large density inversion in the mushy zone, high thermal 

difflisivity, low solute diffusivity, and low viscosity." 

Stuebe and Hellawell [48] also used NH^Cl-H^O, and observed that this system is 

analogous to metals in the following ways: 1) it solidifies with a dendritic morphology; 2) 

NH^Cl has a cubic structure like most metals; 3) the solute water is less dense than 

NH^Cl, therefore there is a change in the slope of the density gradient at the solidification 

interface, analogous to some metal systems such as lead-tin and lead-antimony alloys, 

and iron alloys containing carbon, silicon, sulfur, and/or phosphorus. However, there are 

major differences between the NH^C1-H20 system and metal systems: 1) The Prandtl 

numbers differ by two orders of magnitude and 2) as observed in their paper [48]: 

"The experimentally feasible composition range in the aqueous system lies 

around 70% H2O ... and in this range the dendritic solid fraction in the 

mushy zone is typically much less than it is in those parts of metallic systems 

where channels form." 

However, Stuebe and Hellawell observe: 

"these differences combine to allow the formation of segregation channels in 

the aqueous system that are remarkably similar in scale and structure to those 
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found in metallic ingots. The system therefore appears to be a very good 

analogue for the metallic behavior of interest and a significant solutal 

dependence of the refractive index allows it to be used for a visual 

illumination of how segregation channels form and propagate." 

Stuebe and Hellawell observed the following from their experiments with the 

NH^Cl-H^O system: With the necessary density inversion, short-range fluctuating 

fingers form within a few minutes of the formation of a dendritic growth front. After 

about 1000 seconds, some of the fingers extend locally into the overlying quiescent body 

of liquid, with a few forming into a longer-range plume. To maintain continuity, a 

channel develops in the mushy zone, and consequently local circulation and re-

entrainment. As more plumes and channels develop, a gradual composition change in the 

bulk fluid occurs, correlating well with the total amount of water transported away from 

the growth front. Stuebe and Hellawell make the following two observations from their 

experimental work; 

"First, the widths and spacings of channels/plumes are remarkably similar in 

different materials, covering some three orders in Prandtl number ... Second 

... although the channel /plume dimensions are similar in metallic, aqueous 

and organic systems, the flow rates are very different, those in the aqueous 

solution being an order of magnitude faster than in the organics. 

(approximately < 10 mm/s: « 1 mm/s). Analysis of plume flow ... using 

post mortem data from metals to estimate buoyancy, would indicate that flow 

rates in metallic plumes are in excess of 100 mm/s." 



1.4.2 Experiments with Metal Alloys 

Other experimental efforts have used actual alloys such as lead-based alloys 

[29,49] to verify that freckles in metal alloys form by the mechanism of thermosolutal 

convection. Lead alloys are practical for directional solidification experiments because 

of their relatively low melting temperature and because of the strength of the density 

inversion for certain alloy constituent combinations, which leads to macrosegregation. 

In the work of Sarazin and Hellawell [29] with Pb-Sn and Pb-Sb alloys, they 

concluded: 1) channel formation is similar for the two alloys but occurs over different 

composition ranges; 2) for a particular alloy under given growth conditions, there is a 

lower limit on concentration, below which there is no channel formation; this lower limit 

corresponds to reduced permeability in the dendritic mushy zone, because liquid 

entrainment is not sufficient to sustain channel flow; 3) an upper composition limit and 

permeability range also exist, above which channels become diffuse and convection is 

turbulent; 4) channels originate at random sites and their density (frequency) decreases as 

channels interact with the surrounding region; 5) a critical effective Rayleigh number 

exists which correlates with a characteristic wavelength for liquid perturbation; this 

Rayleigh number is within an order of magnitude for both metallic and aqueous systems; 

and 6) an increase in temperature gradient and growth rate decrease the primary dendrite 

arm spacing and therefore the characteristic dimension for perturbation; therefore a larger 

driving force is required for channel formation. This is consistent with observed 

conditions for 'freckle' formation in industrial practice. In experiments on Pb-Sn, Tewari 

et al. [49] concluded: 
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"Thermosolutal convection caused by the solute build up ahead of growing 

arrays of cells and dendrites results in macrosegregation along the length of 

Pb-Sn alloy (10 to 58 wt % Sn) specimens when they are directionally 

solidified in a positive thermal gradient (melt on top, solid below, and gravity 

pointing down). At a constant thermal gradient, the extent of 

macrosegregation increases with decreasing growth speed as the 

microstructure changes from dendritic to cellular and to planar.. ..The extent 

of macrosegregation appears to be related to a parameter, 

[g(C,-Co)Z),/i?Co]"', where Q is the tin content of the alloy, C, is the 

tin content of melt at the array tips, i? is the growth speed, D, is the 

diffusivity of tin in the melt, and g is the acceleration due to gravity." 

Bergman et al. [50] conducted experiments on Pb-Sn and made the case that 

mushy zone Rayleigh number determines the strength of convection in the mushy zone 

and freckle characteristics, such as the number and size of freckles. The mushy-zone 

Rayleigh number is defined by Fowler [51] and Worster [52] in two previous papers and 

is linearly proportional to the difference in the density gradient due to the unstable 

concentration gradient in the mushy zone and the stable temperature gradient, gravity, a 

characteristic permeability, and a characteristic length; the mushy zone Rayleigh number 

is inversely proportional to the kinematic viscosity and the thermal diffusivity. Bergman 

et al. [50] describe the mushy zone Rayleigh number as; "... a ratio of the driving 

compositional buoyancy force to the retarding Darcy frictional force." 
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Giamei and Kear did experiments using nickel-based super alloys [53], which are 

the alloys used for turbine blades. They concluded: 

"1) Freckles form along vertical lines, at least for interfaces with simple 

shapes and this is consistent with buoyancy forces. 2) The size and gradient 

effects can be rationalized in terms of the parametric dependence of 

gravitational potential energy on ingot diameter and thermal gradient. 3) 

Freckles should be rich in eutectic constituents, solidify fast and exhibit 

excessive interdendritic porosity since the jets originate deep in the mushy 

zone, and 4) Equiaxed grains could originate from dendritic debris which 

would be generated if eutectic fluid were to flow along interdendritic 

channels." 

1.4.3 Interdendritic Flow 

Mehrabian et al. [54] studied flow conditions restricted to the neighborhood in 

between dendrites, otherwise known as interdendritic flow. They postulated that 

interdendritic flow leads to macrosegregation and observed that; "a critical condition of 

flow is shown to produce local melting with resulting formation of 'channel-type' 

segregates". They applied porous media theory to determine conditions in which 

macrosegregation occurs, by means of estimating the interdendritic flow velocity. From 

their analysis, they derived a critical condition for flow instability leading to 

macrosegregation. This condition is defined in Chapter 6. Subsequent experiments by 

Mehrabian et al. [55] supported their contention that interdendritic flow leads to 

macrosegregation. 



1.5 Commercial Codes Available for Simulating Solidification 

A need to understand microsegregation and macrosegregation of metal alloy 

components and the pressure profile in the solid/liquid region during solidification has 

led to significant development of solidification simulation tools [56], In fact, with the 

advent of faster computers, numerical simulation of the solidification process has become 

an important tool in the analysis and design of castings. The casting industry is already 

using off-the-shelf tools such as AFS Solidification System, CastCAE, EKK Metal 

Casting Simulation Software, Flow-SD ®, MAGMAsoft ®, Novaflow & Solid™, 

SIMTEC, and ProCAST ® to simulate the casting process, in order to optimize the 

process conditions a priori and minimize cost and metal waste. Refer to Midea and 

Schmidt [57] for a summary of capabilities for these commercially available casting 

simulation tools. As capable as these commercially available tools are, they are not 

specifically tailored to directional solidification thermosolutal convection and the 

prediction of channels and freckles. A brief summary of the advancements in 

solidification modeling that have led to the capability to model directional solidification 

and its associated problems follows. 

1.6 Numerical Simulation of Directional Solidification 

A brief description of the evolution of directional solidification modeling is 

contained in Felicelli et al. [58], As noted in this article, solute conservation was the only 

consideradon in the earliest works [59,60,61]. Natural convection of the interdendritic 

liquid [54,62,63] and the all-liquid region [64] were studied soon after. However, these 
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early models did not consider thermosolutal (double-diffusive) convection and the 

ensuing instabilities at the solidifying interface. Therefore, these models were incapable 

of predicting a major cause of segregation defects [58], 

Coriell et al. [65] studied thermosolutal convection in crystal-growing processes; 

subsequent numerical calculations showed its effect on macrosegregation [66,67]. For 

comprehensive lists of work the role of thermosolutal convection in solidification 

processes [58], consult References [68] and [69]. Also, Flemings [70] and Pehlke [71] 

provide additional information regarding the history of sohdification modeling. 

1.6.1 Treatment of the Dendritic Mushy Zone 

An important distinguishing feature in models simulating directional solidification 

is how the dendritic mushy zone is treated. Present models, which do not explicitly 

model the dendrites, require elements on the order of D^jV, where is the mass 

diffusivity of the solute liquid phase and V is the velocity of the solidification isotherm. 

-4 -1 
Since metals have low diffusivities, is O (10 -10 m). Therefore, even a two-

-3 -2 
dimensional casting with a size of 0(10 -10 m) can require thousands of nodes. 

-7 
Direct modeling of dendrites requires a mesh size even smaller, on the order of (10 - 10 

6 
m), in order to capture very irregular shapes that are characteristic of dendrites. 

There are simulation models that do model the dendrites. A two-dimensional 

model described in Zhao and Heinrich [72] and Zhao et al. [73] includes energy and 

solute conservation. Two distinct meshes are employed in this model. The energy 

equation is solved on a fixed mesh of bilinear elements in which the interface is tracked. 
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This mesh is called the temperature mesh (T-mesh). The solute conservation equation is 

solved on a non-uniform mesh of quadratic triangular elements in the liquid phase only. 

The triangular mesh is re-generated at every time step in order to conform to the 

changing solidification front (the front is tracked with the T-mesh). This model provides 

very detailed simulation of the dendrites and the liquid immediately surrounding the 

liquid, but does not yet include convection. Because of the fine mesh required near the 

dendrites, the model is not yet practical for simulating thermosolutal convection in 

castings. 

Since the dendrites cannot be simulated practically, other means are necessary in 

order to include their effect on the transport processes occurring during directional 

solidification. The dendritic mushy zone is generally treated as a porous medium, with 

the permeability related to the volume fraction of liquid. 

Bennon and Incropera [2,3], Beckerman and Viskanta [4], Voller and Prakash [5], 

Xu and Li [7,8], Amberg [9], Shanahi et al. [10], Chiang and Tsai [11], and Ahmad et al. 

[17] treat the permeability in the mushy zone as inhomogeneous and isotropic, with the 

permeability as a function of temperature, composition, fraction of liquid, or some 

combination. 

In 1987, Poirier [74] used regression analyses on data for flow of interdendritic 

liquid in partially solid Pb-Sn and borneol-paraffin columnar alloys to arrive at 

relationships between permeability and the morphology of dendrites. These efforts 

determined that when flow is parallel to the primary dendrite arms (the direction of 

solidification), the important morphological aspects are the volume fraction of liquid (/) 
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and the primary dendrite arm spacing c/,. When flow is normal to the primary dendrite 

arms, the permeability depends upon the secondary dendrite arm spacing dj as well as (j) 

and . The study produced correlations for a fraction of liquid between 0.17 and 0.66; 

experiments fail above a fraction of liquid of 0.60 to 0.65. Ganesan et al. [75] performed 

numerical experiments in 1992 for flow parallel to primary dendrite arms and in 1995 

Bhat et al. [76] performed numerical experiments to determine the permeability for flow 

perpendicular to primary dendrite arms, for a fraction of liquid greater than 0.65, to 

supplement the efforts done in [74]. 

In 1992, Sinha and Sundararajan [12] developed a model using an inhomogeneous 

and anisotropic permeability. They determined that anisotropy has a significant effect if 

the mushy zone is large or if the Rayleigh number is high. 

1.6.2 Further Study of the Phenomena Occurring in the Mushy Zone 

In 1997, Worster [77] published a report of various studies of buoyancy-driven 

convection in mushy layers (i.e., mushy zones), with particular attention paid to the 

interactions between solidification and the fluid flow that leads to "chimneys". Worster 

agrees with Hellawell et al. [28] when he says: "This combination of stable thermal 

buoyancy and unstable compositional buoyancy can lead to convection in the form of 

double-diffusive fingers in the liquid region." 

He goes on: "However, within the mushy layer the temperature and concentration 

of the liquid are strongly coupled and the buoyancy field is typically dominated by the 

concentration field, so no double-diffusive effects occur there." 
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One of the most interesting aspects of the Worster paper is the definition of an 

'ideal' mushy layer, and the contention that chimneys are an inevitable consequence of 

convection in ideal mushy layers. The ideal mushy layer defined by Worster has a fluid 

phase that is governed by Darcy's equation, an isotropic permeability, and a density that 

is essentially Boussinesq. The solid in an ideal mushy layer forms a stationary rigid 

matrix, whose permeability is locally isotropic and only a function of the local void 

fraction. Worster explains: 

"Above all, the solid and liquid phases in an ideal mushy layer are in perfect, 

local thermodynamic equilibrium the ideal mushy layer is a theoretical 

construct, but there is much experimental evidence that many real mushy 

layers conform closely to the predicted behavior of the ideal. There is 

experimental evidence, too, that some mushy layers behave differently from 

the ideal. In such cases, the theoretical predictions of the evolution of ideal 

mushy layers provide a usefiil basis for comparison by which the physical 

reasons for the nonconformity can be elucidated." 

He concludes that the study of an ideal mushy layer is of practical benefit but 

there is some observed behavior that is yet to be fijlly explained and investigations that 

incorporate non-ideal effects may be beneficial. 

1.6.3 The Effect of Shrinkage 

Until recently (mid-1990's), most numerical simulations of directional 

solidification considered systems under terrestrial conditions and did not take into 

account the effect of density variations during phase change [2,3,4,5,6,78,79]. More 



recent studies have shown that phase change induced density variations are very 

important at high solidification rates [14], However, as stated by Heinrich and McBride 

[56]: 

. .the main motivation to study the effect of shrinkage has come from 

interest in materials processing under microgravity conditions in space and 

the need to understand the behavior of the pressure deep in the mushy zone. 

The latter is believed to be strongly related to the formation of porosity in 

castings [8,11,15,80]." 

1.6.4 Present Simulation Capabilities 

The models currently used to predict macrosegregation include interdendritic 

diffusion, thermosolutal convecdon, and solute and energy conservation [56,80,81,82]. 

Since the mushy zone is an assembly of dendrites of complicated morphology and the 

scale of the domain in which the simulations are made is large, it is modeled as a region 

of anisotropic permeability with no predetermined size or shape [79,83]. 

Presently, the size of the domains that can be simulated is limited because of the 

large amount of computer resources required. This limitation is attributed mainly to two 

issues; 1) In order to adequately capture the diffusion processes occurring in the mushy 

zone, very fine elements are required, on the order of J, in the direction transverse to the 

direction of solidification and on the order of in the direction parallel to the 

direction of solidification, where is the PDAS and is the diffusivity of the alloy 

solute with the smallest diffusivity in the liquid, and V is the growth rate [84], 2) 
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Because Darcy's Law is used to model the varying liquid fraction of the mushy zone, the 

only numerical algorithms that have been successfully employed to solve the momentum 

equation in two dimensional domains use direct matrix solvers. In three dimensions, an 

algorithm that allows iterative solution of the momentum equation has been applied, but 

this algorithm has features that make its use difficult. 

When discretizing using finite element or finite difference models, the penalty 

method is presently the algorithm employed most frequently for the solution of the 

sohdification momentum equation stiffness matrices. The pressure is not calculated 

directly in the penalty method formulation. Rather, the pressure term is eliminated by 

setting it equal it to the sum of the terms that are in the continuity equation, times a large 

penalty parameter [85]. All velocity components are calculated simultaneously at each 

time step. Therefore, for a three-dimensional finite-element computation domain 

consisting of N nodes, the stiffness matrix of the momentum equation has a size of order 

3N X 3N. The stiffness matrix generated by the penalty method requires direct matrix 

solvers, due to the numerical stiffness introduced by the penalty term and due to the 

permeability term [56,80], which quickly makes the storage requirements unaffordable. 

The computer resources required by direct mixed formulations are even more than 

for the penalty method, since the matrices generated by a mixed formulation are non-

symmetric [85]. The pressure is calculated with no approximations; therefore, there are 

four unknowns per node, making the stiffness matrix size of order 4N x 4N. Since direct 

formulations characteristically produce very large ill-conditioned stiffness matrices, they 

are normally used only for calibration of the penalty and other methods [56]. 
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The Galerkin least-squares method was used in the 3D computations described in 

References [86,87] and allowed for simulations in somewhat larger domains. However, 

this method also requires four degrees of freedom per node and is very difficult to use 

[85], 

1.7 Solidification Simulations for Microgravity Research 

Another motivation driving this dissertation research is the need to simulate the 

directional solidification process under microgravity conditions. Numerical simulation is 

very useful for supplementing experimental research investigations in microgravity. 

Experimental research investigations of metal alloys processed in a microgravity 

environment are conducted aboard spacecraft to advance fundamental understanding of 

the solidification process. Diffusion-controlled transport phenomena (microsegregation) 

is normally coupled with macrosegregation, and as a result, either distorted or altogether 

hidden. The goal of microgravity research of metal alloys is to eliminate 

macrosegregation due to thermosolutal convection so that microsegregation can be better 

understood and characterized. Specifically, microgravity research enables the 

characterization of dendrite arm spacings and volume fraction of interdendritic liquid in a 

diffusion limited environment. The gathering of this scientific data is needed by the 

materials processing community and provides benchmark data of dendritic measurements 

grown without thermosolutal convection [88]. 

Simulation of the solidification process in the microgravity environment 

supplements experimental research done in space and aids in the design of the experiment 

apparatus and the experiment parameters. Designing, building, and launching 
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experiments in space is extremely costly; therefore, numerical simulations to predict the 

effect of the alloy containment system and operation environment prior to operation in 

space is necessary. These simulations are also used as tools for predicting and comparing 

the results of experiments conducted in microgravity versus terrestrial environments. 

As stated above, the goal of experiments in microgravity is the mitigation of 

convection. However, the environment on space vehicles is not free from vibration 

disturbances. Astronaut activity, orbital correction maneuvers, space vehicle systems, 

and other experiments can contribute to a less than ideal environment. Simulation of the 

solidification process in the space vehicle can predict whether the non-ideal vibration 

environment will harm experiment objectives. Parametrics on alloy composition and 

processing conditions can be simulated quickly to use as data for experiment design. 

Simulations also provide data that can be used to determine the ideal time to process the 

metal alloy during the spacecraft mission, to avoid processing during periods of the least 

favorable vibration environment. 

Estimations of the effect of spacecraft vibrations include an analytical study of a 

2 
bismuth-tin alloy (Bi-1 at% Sn) by Benjapiyapom et al. [89], which used the enthalpy 

method to solve for the temperature field, and a vorticity-stream function formulation to 

describe the thermosolutal convection in the liquid region. The accelerations imposed on 

the binary alloy in this simulation were not taken from actual measurements aboard a 

spacecraft but were sinusoidal accelerations imposed in order to determine which 

2 

at% stands for atomic percent 
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amplitude and frequencies would cause a velocity field that would distort the segregation 

of the solute. 

Their approach was to initiate the solidification with a constant gravity level of 1 

)ag and to impose the sinusoidal acceleration later in the simulation. Parametrics were 

performed by varying both the amplitude and frequency of the sinusoidal acceleration; 

amplitudes of 10 ,10 ,10 ,and 10 g and frequencies of 0.01, 0.05, 0.1, 0.5, and 1.0 

Hz were imposed. Their study concluded that at low frequencies and large amplitudes, 

the acceleration oscillations can affect the concentration of the solute. This is because the 

velocity field has time to respond and develop according to the varying acceleration field. 

For higher frequencies, the velocity does not have enough time in one cycle to respond to 

the oscillating acceleration field. 

A similar study was done by Timchenko et al. [90] for steady accelerations of 

1 \ig and 10 imposed on the Bi-1 at% Sn alloy. Subsequently, their model predictions 

3 
were compared to in-flight data for the USMP-4 mission aboard the US Space Shuttle 

Columbia [91]. 

1.8 Furthering the Capability of Directional Solidification Simulators 

The objective of the research described here is to employ a more efficient method 

of calculating the velocity and pressure fields in a solidifying binary alloy, both in terms 

of computation speed and storage needs for solving the momentum equation. The main 

feature required of this alternative method is that it must allow simulation of much larger 

3 

USMP stands for United States Microgravity Payload 
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domains. The Fractional Step Method (FSM) is such a method. It offers significant 

savings in computation time and required computer memory, compared to other methods. 

This is accomplished by de-coupling the solution of each velocity component from one 

another and from the pressure. Three uncoupled "intermediate" velocity components are 

calculated initially, without continuity imposed. Next, the pressure is calculated from the 

intermediate velocities and continuity is imposed. Finally, the three intermediate 

velocities are "corrected" using the gradient of the just-calculated pressure. Generally, 

the FSM is considered to involve two steps: 1) The initial "Intermediate" step, and 2) the 

"Projection" step, where the pressure and corrected velocities are calculated. For this 

reason it is also known as the Projection Method. Some authors refer to it as a splitting 

method, because the coupled solution is "split" into the independent solution of each 

velocity component. The calculation of pressure and corrected or final velocities are 

considered one step since calculation of the corrected velocities from the intermediate 

velocities and pressure is a simple arithmetic operation; no matrix solution is involved. 

There are a total of three (2D) or four (3D) separate matrix solutions necessary to solve 

velocity and pressure at every time step: the two or three velocity components, and the 

pressure, each with a stiffness matrix size of order N x N, where N is the number of 

nodes in the discretized domain. 

Since the FSM requires the solution of three or four matrices per time step that are 

much smaller than the single matrix solution required for other methods, it lends itself to 

solutions in large computational domains. The FSM allows solution in large domains 

that are impractical or impossible to solve with the models currently used. In addition. 
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the FSM makes it possible to solve the finite element matrices iteratively, significantly 

increasing the speed of the computation. 

Although parallel processing is beyond the scope of the research described here, it 

is important to note that the FSM lends itself to parallel processing. The assembly and 

uncoupled solution of the three momentum equation velocity matrices in the first step of 

the FSM can each be solved on separate processors, with no communication between 

processes necessary. 

The increased computation speed and decreased memory requirements realized by 

the FSM provides a new capability of solidification simulation previously not possible. 

The obvious capability is in the simulation on larger physical domains, particularly in 

three dimensions and in more reasonable times. Also, increased computation 

performance makes it possible to apply more realistic transient boundary conditions than 

have been practical so far. In addition, more non-linearities may be introduced to the 

simulation, such as temperature dependent properties. The research described here 

should serve as a basis for making it possible to import complex casting geometries from 

sophisticated engineering drawing packages and simulate a casting process to predict the 

existence of thermosolutal convection and subsequently, channels and freckles. These 

simulations would then be used to mitigate the risk of channel and freckle formation in 

commercial castings. 

1.9 Previous Application of the FSM to Solidification Simulation 

There is a lot of information in the literature about the FSM as applied to forced 

convection in single-phase fluids. This literature search is addressed in the next chapter. 
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On the other hand, the literature yields almost no work regarding the application of the 

FSM to solidification simulations. The only source known to us is two papers by Sabau 

et al. [92,93]. They applied the FSM to the simulation of interdendritic flow in mushy 

zones and explored the evolution of porosity during solidification of castings. The new 

contribution of this work is the extension of the FSM to the solution of the momentum 

equation in the whole casting, including the all-liquid region and the mushy zone, in 

conjunction with the energy conservation equation and the alloy-solute conservation 

equation. 

1.10 Outline of this Dissertation 

The ultimate goal of the work described here is to develop a mathematical model 

and subsequently the capability to simulate the fluid flow occurring in a directionally 

solidifying alloy, using the FSM. The fundamental equations describing flow in a 

directionally solidifying alloy are complicated. In addition, implementation of the FSM 

is challenging. For this reason, the FSM is first applied to the two-dimensional equations 

governing natural convection in a porous medium, containing a single-phase fluid of one 

constituent. In this case, the permeability is homogeneous and isotropic. Next, the FSM 

is applied to solve the flow in a container with a liquid overlaying a porous medium of 

constant and isotropic permeability. Finally, the FSM is applied to the equations 

governing natural convection in a binary alloy undergoing directional solidification, 

where the permeability varies with fraction of liquid and is anisotropic. 

This dissertation is laid out as follows. Chapter 2 describes the fundamentals of 

the FSM, including the literature search specific to the FSM. Chapter 3 documents the 
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application of the FSM to the equations governing flow in a porous medium and a liquid 

layer overlaying a porous medium, including results. Then in Chapter 4, the FSM as 

applied to the equations governing flow in a binary alloy undergoing directional 

solidification is presented. Chapter 5 describes the challenges associated with applying 

the FSM to simulations of DS, particularly boundary conditions. Finally, results of 

simulations for this flow situation are presented and discussed, including two-

dimensional results without shrinkage in Chapter 6, two-dimensional results with 

shrinkage in Chapter 7, and three-dimensional results in Chapter 8. Conclusions of the 

work described in this dissertation and recommendations for further study are contained 

in Chapter 9. 
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Figure 1.1 Schematic diagram of direction solidification, showing the dendritic 
mushy zone with the dendrites magnified for clarity. The primary 
dendrite arm spacing (PDAS) is shown. Sketch of dendrites taken from 
Flemings [24]. 
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Figure 1.2 Columnar structure of a transparent organic alloy (from Jackson et al. 
[23]). Flemings [24], 
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Figure 1.3 (a) Relevant region of a phase diagram. Initial composition, Q; interfacial boundary composition Q ; 

depositing dendrites of tip composition Q. (b) Corresponding experimental configuration in a vertical 

temperature gradient dTfdz, (c) Composition profiles corresponding to (a) and (b). (d) Corresponding 

density profile for the liquid above and below the plane of the dendritic growth front. Figure taken from 
Helawell et al. [28]. 

Os 
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CHAPTER 2 - FUNDAMENTAL PRINCIPLES OF THE FRACTIONAL 

STEP METHOD 

The FSM as applied to the incompressible Navier-Stokes equations is simpler to 

implement and understand than its application to a solidifying binary alloy. The literature 

is full of examples of variations of its application to the incompressible Navier-Stokes 

equations. Many papers are dedicated to estimating its maximum accuracy. There are 

also many papers regarding the definition of boundary conditions. As mentioned in the 

introduction, there is little information available in regard to application of the FSM to 

momentum balance in a solidifying binary metal alloy. Therefore, it is useful to briefly 

present the FSM as applied to the incompressible Navier-Stokes equations. 

The FSM has been used extensively for solution of the incompressible Navier-

Stokes equations in Computational Fluid Dynamics (CFD). Chorin [94,95,96] introduced 

the method over thirty years ago and Temam [97] independently developed similar ideas. 

A general description of its implementation is discussed here. 

Beginning with the dimensionless form of the continuity equation, and the 

incompressible Navier-Stokes equation, 

V-i/ = 0 (2.1) 

—+ «-VH = -VP +—V'M + / (2.2) dt Re 

where/is the forcing term. 

The equations are discretized in time, where the subscript n+\ refers to the present 

time step (unknown) and the subscript n refers to the previous time step (known), with 
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the viscous term treated implicitly for stability and the convection and forcing terms 

treated explicitly. 

V-«„„=0 (2.3) 

— ( 2 . 4 )  At Re 

Equation (2.4) is split into two steps: the intermediate "viscous" step, 

(2.5) At Re 

where is the intermediate velocity and does not meet continuity constraints. The 

projection or "inviscid" step is 

Vft.")^-Vp.„ (2.6) 

The implicit viscous term is dropped, for reasons explained below, so that equation (2.6) 

becomes 

= (2.7) At 

Taking the divergence of Equation (2.7), a Poisson equation for the pressure is obtained. 

(2.8) At 

The reason most often cited for removing the implicit viscous term from the 

projection step is that the intermediate velocity profile is projected into an "inviscid" 

vector space, orthogonal to the intermediate "viscous" space [98,99]. Some references 

treat the viscous term explicitly [100] in Equation (2.5) so that it does not appear in 
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Equation (2.6). However, an explicit treatment of the viscous term restricts numerical 

stability, particularly for low Reynolds numbers. 

In other references [101,102], the FSM derived above is modified as follows: 

A/ , 
The pressure in Equation (2.6) is replaced with p = y/ V y/ : 

Re 

1 = (2.9) 
v Re td Re 

where y/ is described as a modified pressure term. The following terms are removed 

from Equation (2.9) and have the same form as Equation (2.7): 

"""a?""" 

Taking the divergence of Equation (2.10) yields a Poisson equation for y/ instead 

of p\ 

(2.11) 

and the pressure at the end of the time step is calculated as: 

(2.12) 
Re 

Applying the Laplace operator to Equation (2.10), multiplying both sides by —, and 
Re 

subtracting the product from Equation (2.10) yields Equation (2.9); therefore Equations 

(2.11) and (2.12) provide an exact solution to Equation (2.9). Whether calculating the 

pressure from Equations (2.11), and (2.12) is more accurate than calculating it directly 

from Equation (2.8) is application dependent and must be tested in practice [101]. 
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2.1 The Proj ection Operator 

The Projection Operator is referred to by many authors [92,100,103,104] and is 

mentioned briefly in the section following; therefore, it is necessary to introduce it here. 

Note that the Projection Operator is distinguished from the Projection Variable, which is 

described in a later chapter. 

The Projection Operator yields a direct expression for the divergence free velocity 

from the intermediate velocity . This is accomplished by first formally solving 

for from Equation (2.11): 

V« n+l (2.13) 

Now, insert this solution into Equation (2.10) and solve for . 

= l -v (v ' ) " 'V .  (2.14) 

where I is the Identity Operator and P = l -v (v ' ) " 'V '  is the Projection Operator. 

Note also from Equations (2.10), (2.13), and (2.14) that 

V ¥r,.̂  = v(v ' ) ' 'V  \ At J 
= ( i - p )  

V A/ y 

/ r. \ « n + \  

V At y 
(2.15) 

where Q  =  ( I - P ) =  v(v')~'v 

For the finite-element method applied to solidification simulations, it is not 

practical to directly calculate the divergence-free velocity from as shown in 

Equation (2.14). However, it is important to note that the Projection Operator P and its 



counterpart Q have properties that are useful and interesting to those who study the FSM 

on a mathematical level. The discussion of these properties is beyond the scope of this 

dissertation. Consult References [92,100,103,104] for more details. 

2.2 The Accuracy of the Fractional Step Method 

A number of authors have predicted the accuracy of the FSM for incompressible 

flow [101-106]. The general consensus is that the velocity can be determined to second-

order accuracy. However, there is disagreement on pressure. Some claim the pressure 

can be determined to second order accuracy [107,108], while others claim that the very 

nature of the FSM limits the pressure to first-order accuracy no matter what steps are 

taken to improve the method [105,106]. Fortunately, there is consistent agreement on 

how to improve its accuracy. 

The three main methods of ensuring acceptable accuracy for the FSM are: 

1) Accurate selection of boundary conditions for the intermediate velocity as 

suggested by Kim and Moin [109]. 

2) Accurate selection of boundary conditions for the pressure as suggested by 

Orszag et al. [110] and E and Liu [99,111], 

3) The use of pressure-correction schemes as demonstrated by Van Kan [108], 

Bell et al. [107], Quartapelle [100], and Gresho [103,104], 

The first two items hint at one of the inherent stumbling blocks of the FSM [105]. That is, 

there is only one set of the "real" boundary conditions: the boundary condition for the 

divergence-free velocity. Since the splitting of the Navier-Stokes equations into two 

steps requires two sets of boundary conditions, one must be very careful in setting up 
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these boundary conditions. The third item substitutes the calculation of the pressure at 

every time step with an "incremental" pressure calculation. That is, the pressure is 

adjusted or corrected at every time step relative to the previous pressure. These three 

methods of increasing the accuracy of the FSM are discussed next. 

2.2.1 Boundary Conditions for the Intermediate Velocity 

Shen [102] emphasizes the importance of the intermediate step boundary 

conditions when he claims that the precision of the FSM depends on how well the 

divergence of the intermediate velocity meets continuity. The better the boundary 

conditions for the intermediate step, the more closely the first step achieves continuity, 

making less "correction" necessary in the projection step. Similarly, Kim and Moin 

[109] tested a method proposed by LeVeque and Oliger [112] that bases the boundary 

conditions for the intermediate step on the governing equations. In Kim and Moin's error 

analysis, they showed that if this is not done, considerable numerical errors occur. Their 

method can be understood by reararranging Equation (2.10) to solve for the unknown 

intermediate velocity on the boundary from the known divergence-free velocity on the 

boundary and the gradient of the pressure function if/. Since the pressure function for 

time step n+\ is unknown prior to the calculation of the intermediate velocity, the known 

pressure function from the previous time step is substituted: 

«„+!|r (2.16) 

where indicates the condition along the domain boundary. Kim and Moin claim 

second-order accuracy by using this boundary condition for the intermediate velocity. 
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When they set the intennediate velocity boundary conditions to the same value as the 

divergence-free velocity boundary conditions = «„+i|p) ? the errors in their 

simulation actually increase with further mesh refinement. They conclude that the FSM 

with the latter boundary condition is an inconsistent scheme. 

Strikwerda and Lee [105] correctly point out that Equation (2.16) is only an 

approximation to |^ + A/ V and claim that the FSM can never 

completely satisfy the velocity boundary conditions. Therefore, they recommend that the 

boundary velocity , as calculated from Equation (2.10), be replaced with the given 

"real" boundary condition at the end of every time step to avoid the accumulation 

of error. 

2.2.2 Boundary Conditions for the Pressure Poisson Equation 

Shen [102] suggests that the precision of the projection method is negatively 

affected by the inconsistent Neumann boundary conditions of the pressure 

approximation. E and Liu [99,111] claim that the treatment of the boundary conditions is 

the main difficulty in the design and implementation of the FSM. Their papers focus on 

the boundary conditions for the Pressure Poisson Equation (PPE) in the Projection Step. 

In their literature review, they note that Chorin [96] used periodic conditions in his 

analysis, which gave him an advantage in achieving accuracy, since the Projection 

Operator and the Laplacian Operator commute for periodic boundary conditions. The 

Projection Operator does not commute with the Laplacian for physical boundary 

conditions, such as the no-slip condition. They cite an analysis by Bell et al. [107] that 
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suggests solid boundaries have the effect of creating numerical boundary layers and can 

introduce high-frequency oscillations that reduce the order of accuracy even in the 

interior of the domain. E and Liu then conduct a preliminary analysis and suggest that 

the numerical boundary layer in the pressure could pollute the numerical solutions in the 

interior and significantly reduce overall accuracy, including the accuracy of the velocity 

calculations. 

The analysis of E and Liu strongly favors Neumann boundary conditions for the 

pressure. The most obvious choice is the homogenous Neumann boundary condition, 

Bp 
— = 0. An alternative they suggest is to take the inner product of their original dn 

momentum equation. Equation (2.4), with the unit normal vector n and tangent vector i 

4 
on the boundary : 

The objective of using this boundary condition is to reduce the magnitude of the 

inconsistency between the pressure gradient on the boundary and inside the simulated 

domain. The pressure gradient is generally non-zero inside the simulated domain; 

therefore, forcing a zero pressure gradient on the boundary can cause an inconsistency 

between the boundary and the interior. This inconsistency becomes more pronounced for 

a smaller mesh size. Introducing a non-zero pressure gradient on the boundary that is 

based on their original momentum equation reduces the magnitude of this inconsistency. 

dp 
dh (2.17) 

4 

E and Liu do not have the forcing term/in their original momentum equation or boundary conditions. 
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E and Liu then propose an improvement to the pressure boundary condition in Equation 

(2.17) to achieve a better match between the boundary and domain interior for the 

Pressure Poisson Equation. That is, they replace V^«in Equation (2.17) using the vector 

relation = V (V • »v) - V x (V x >v) [113], where w is an arbitrary vector, and apply it 

to the intermediate velocity: 

| ? -  =  « - [V(V-«) -VX(VXH)]  a7 t J -^  =  ̂ [v (V-M)-Vx(VxH)]  (2 .18)  

They then assume that V (V •«) = 0 : 

|̂  = _/i.[Vx(VxH)] and ^ =-^[Vx(Vx«)] (2.19) 

According to E and Liu, the projection step, Equation (2.8), implies: 

and the boundary condition given in Equation (2.19) is more consistent with Equation 

(2.20) than the boundary condition given in Equation (2.17). Their main point is that 

Equation (2.19) provides further reduction of the inconsistency between the domain 

interior and the boundary (i.e., the numerical boundary layer), compared to using 

Equation (2.17). 

Despite their initial predictions and the predictions E and Liu cite in other work, 

their subsequent analysis and numerical evidence suggest that the projected velocity field 

has full accuracy all the way up to the boundary, even with a homogeneous Neumann 

boundary condition for the pressure. This requires some explanation. They claim that 

even though there is a boundary layer in the pressure, created by inconsistent boundary 
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conditions, the final corrected (divergence-free) velocity is free from these boundary 

layers since it is orthogonal to the boundary layer. They also claim that there is 

numerical dissipation created by their finite-difference spatial discretization. 

Additional understanding may be obtained by reading the review of E and Liu's 

work by Strikwerda and Lee [105]. They are leery of E and Liu's explanation of why 

they observed no boundary layer in the projected velocity despite evidence that a 

boundary layer exists in the pressure field. Strikwerda and Lee claim that there is not a 

boundary layer in the pressure itself, as claimed by E and Liu, but rather in the auxiliary 

pressure variable. The meaning of the auxiliary pressure variable is not clearly stated in 

Strikwerda and Lee, but from the two papers by E and Liu it is assumed that Strikwerda 

and Lee refer to the modified pressure term xj/, as used in Equations (2.9) through (2.12). 

E and Liu only consider the pressure p, and do not have a separate variable \f/. 

2.2.3 Incremental versus Full Pressure Calculation 

The previous section makes it obvious that there is disagreement regarding the 

accuracy of the FSM and the best way to apply boundary conditions. This section 

provides some relief There is consistent agreement that the following variation of the 

FSM provides additional accuracy [100,101,102,103,104,111] and quicker convergence 

toward a steady-state for simulated physical situations in which there is a steady-state. 

The variation is quite simple. Instead of calculating the pressure at every time step, 

calculate the pressure correction or what is often called the incremental pressure. 
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Equations (2.5) and (2.6), which are the intermediate step and projection step, 

respectively, are edited as follows using the equivalence - p„+{/?„+, 

(2,21) 
A/ Re 

= (2.22) 
A/ Re 

and Equation (2.8) is now as follows, after ignoring the viscous term in Equation (2.22): 

= (2-23) 

The incremental pressure formulation can easily be applied to the case where 

V72 p = y/- — y y/. 
Re 

It is apparent that in the case of a physical steady state, as —> p^, , 

i.e., the intermediate velocity comes closer and closer to meeting continuity as the steady-

state is approached. Even for continuous transients, there is less of a correction necessary 

to meet continuity when the second step is based on the incremental pressure rather than 

the pressure. 

The authors cited [100,103,104,107,108] do agree that the incremental pressure 

scheme introduces more accuracy than the non-incremental scheme, but none suggests 

[̂Pn.\-Pn) incremental pressure boundary conditions, other than inferring that dn 
= 0. 

r 
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CHAPTER 3 - MATHEMATICAL MODEL OF NAVIER-STOKES 

EQUATIONS FOR NATURAL CONVECTION IN A POROUS MEDIUM 

The development of the equations for a porous medium is presented here. These 

are based on extending the equations for natural convection in a fluid by means of the 

Brinkman approximation [114-117] to produce a smooth transition from a liquid layer to 

a porous medium. 

3.1 Natural Convection in a Porous Medium 

Natural convection in fluids and porous media is governed by conservation of 

mass and energy and the momentum balance. The FSM is used for solving the 

momentum equation, with appropriate application of mass conservation via the continuity 

equation. The solution of the energy equation is not affected by the choice of algorithms 

used for solving the momentum equation. Therefore, the energy equation is merely 

presented, with no derivation. The momentum and continuity equations are derived first. 

3.1.1 Momentum and Continuity Equations 

Using the Brinkman approximation [114-117], the equations of motion for liquid 

in a porous medium are: 

momentum, 

/ 3..' 

A 
5«' , , 

+M • W dt' = -Vy + //V"«'-//(K') u'  +  pg ' ,  (3.1) 

and continuity. 
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V'-m' = 0 (3.2) 

where p is the fluid density and // is the fluid viscosity. The permeability tensor K' is 

defined from the Darcy Equation [118]: 

(vy-/7#') (3.3) fj. 

The primes indicate dimensional terms. The permeability becomes smaller as a medium 

becomes less porous, making the permeability term dominant in Equation (3.1) as the 

porosity approaches zero. In a liquid, the permeability approaches infinity. Therefore, 

the tensor (K') ' is zero for a liquid, which reduces Equation (3.1) to the usual Navier-

Stokes equation. In a solid, the permeability is zero; therefore the tensor (K') ' goes to 

infinity, which correctly forces the velocity determined in Equation (3.1) to zero. 

When the buoyancy term in the Darcy Equation, Equation (3.3), is removed and 

the equation is rearranged to solve for the gradient of the pressure, Equation (3.3) is as 

follows, 

(3.4) 
iv 

The Brinkman equation builds on Equation (3.4) by adding a viscous term, 

= + (3.5) 
Jv 

where ju is an effective viscosity. Brinkman assumed that the effective viscosity ju is 

equal to the fluid viscosity, ju . Therefore, for a liquid layer overlaying a porous medium, 

this assumption provides a smooth transition from flow that is dominated by viscous 
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dissipation in the hquid layer to flow that is dominated by resistance due to permeability 

in the porous medium. Equations (3.1) and (3.3) to (3.5) show the permeability as a 

tensor to account for its anisotropy. In the analysis described in this chapter, K' is 

assumed to be constant and isotropic; therefore the permeability term is shown as a scalar 

t e r m ,  K ' .  

For convenience, the components of the hydrostatic pressure (based on the 

reference density) are separated from the pressure: 

P' = P'* + A(g>' + g>') (3-6) 

where p'* is a modified pressure, and the reference density is defined as the density 

of the fluid at r= Tg. The gradient of the pressure can be written as: 

vy=vy+p,g' (3.7) 

The Boussinesq approximation [119] provides a linear approximation for density 

as /? = yOp [l + FIJ. {T' - Tq )], where PJ is the thermal coefficient of expansion. After 

substituting this approximation for density and applying Equation (3.7), the dimensional 

momentum equation becomes: 

— + «'• VV = + VV"«'-vK'' u' + pJV-T')g (3.8) dt' pg 

The equations are non-dimensionalized according to the characteristic length H 

that is based upon the dimension of the simulated domain, and the characteristic 

temperature difference AJ, which is based upon the actual temperatures of the physical 

situation. The characteristic velocity V, time /, and pressure p* are: 
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V = ̂/],gATH 
t' t-— where r = (3.9) 
T DJ 

P _ aA p =— where = 
Po 

2 
Here, is the thermal difflisivity, and g is the magnitude of gravity, 9.81 m/s . Then it 

follows that: 

x' y' u' x = —, y = —, u = — 
H H V 

V = V'// Da = ̂  (3.10) H2 
g' T'-T' S = ̂  T = -  ̂
g AT-

where the dimensionless permeability term Da is referred to as the Darcy number. 

For convenience, drop the * from p and organize according to the thermal 

Rayleigh number Roj, and the Prandtl number Pr 

Pr^ — Dj. 

vDj, 
(3.11) 

where v is the kinematic viscosity, defined as /uj. This results in the dimensionless 

momentum equation: 

"̂ + «-Vh = i—Vp + J—V'u-J—Da~'u + Tg (3.12) 
^Pr Jiaj. dt Pr Raj y Râ , ]l Ra 

The dimensionless continuity equation has the same form as the dimensional version: 

V-tt = 0 (3.13) 
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3.1.2 Energy Equation 

The energy equation for a fluid in motion, with constant density, heat capacity, 

and thermal conductivity [120] is: 

The energy equation is non-dimensionalized using the same reference variables and 

dimensionless parameters as for momentum balance, Equations (3.10) and (3.11): 

Note that the permeability does not show up in the energy equation. 

3.2 Application of the Fractional Step Method to the Momentum Equation 

for Natural Convection in a Porous Medium 

In order to build stable stiffness matrices for the finite element method, Equation 

(3.12) is rearranged to treat the viscous term and permeability term implicitly, and all 

other terms are moved to the right hand side to be treated explicitly. The FSM requires 

that the transient term be discretized; therefore the subscripts n and n+\ are added, where 

n refers to the value at the previous time step (known) and n+\ refers to the value at the 

present time step (unknown). 

rlT' P,ĉ —+p,ĉ u'-v'r = kv"r (3.14) 

VT (3.15) 

(3.16) 

Pr RQJ, 

This is rearranged to the following: 
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'  ( l  +  A i P r f l n - ' - A < P r V ' ) « „ ,  = - — ( 3 . 1 7 )  
yjFrRaT^ ^ ' VxRa^ 

where the forcing term /„ = -m„ • V«„ + T„ ^ h , ^ m„ . 
A^^Pri?aj, 

Use the equality = /?„ +(jO„+i -p„) to introduce the incremental pressure. 

Equation (3.17) then becomes: 

/ (l + A/PrPa"' -A/PrVM«_ = 
A? JPr 

r / M [V/7„+V(p„„-p„) ]  ^ 

Pri?ar 

Split Equation (3.18) into an intermediate (viscous) step and a projection (inviscid) step, 

respectively: 

jI_(l + A(PrDa-' -A(PrV')»„, =^-^V;7„ + /, (3.19) 
Atyl?rRâ  ̂   ̂

.  , '  „  ( l  +  A< P r i Ja" '  -  A(Pr V' ) (h„ ,  -  )  =  

(3.20) 

where is the solution to the intermediate step and does not satisfy continuity. Now, 

take the divergence of the projection step, Equation (3.20) 

— .  { ( 1  +  A / P r o . "  -  A ,  P r V ^  ) ( « „ , - « „ , ) }  =  

^ ^ (3.21) 

P r i ? a ,  ̂  P r , )  
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Note that at the end of the time step, the velocity must satisfy continuity, therefore the 

divergence of both and are zero and the intermediate viscous term is 

ignored, resulting in 

V(P„, -P,) = +  A ( PrD a - ' ) V . ( 3 . 2 2 )  

To find the divergence-free velocity at the end of the time step, solve for each 

component of velocity from Equation (3.20), with the viscous term ignored. 

1 At 8 , X 
\l + AtPrDa^jylPrRaj.dx^ 

1 At d , N  ̂AS "̂+1 A.n -l\ IT .  »  ^ { P N ^ ^ ~ P N )  
(̂ l + A/PrDa jyJPrRaj. dy 

For a pure liquid, the permeability term K and its dimensionless counterpart Da approach 

infinity, therefore K~^ and Z)a ' approach zero and are eliminated from the above 

equations. In order to solve the above equations numerically, the finite element method 

is applied using the Galerkin formulation. For details on how the Galerkin finite element 

method is formulated the reader should consult References [85,121]. 

3.3 Results for Simulations of Natural Convection in a Porous Medium 

3.3.1 FSM Simulation of a Uniform Porous Medium 

Figure 3.1 shows the mesh spacing of the 1 x 1 dimensionless domain; there are 

41 nodes in each direction. Figures 3.2 through 3.6 show steady-state results of the FSM 

applied to the simulation of Rayleigh-Benard flow in a porous medium, with a Rayleigh 
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8 -6 

number of 10 , a Prandtl number of 1.0 and a Darcy number of 10 . The gravity vector 

2 
is oriented in the negative y-direction and has a magnitude of 9.81 m/s . Instability is 

induced by setting the dimensionless temperature to 1.0 along the bottom boundary and 

to 0.0 along the top boundary. The left and right boundaries are treated as adiabatic. The 

Dirichlet boundary condition for the intermediate velocities are set the same as the 

physical velocities, assuming no-slip conditions at the boundaries; that is, a homogeneous 

Dirichlet condition on all boundaries. The Neumann condition for the incremental 

pressure is also set as homogeneous. 

The results are presented in dimensionless form; dimensionless results are as 

follows: temperature is shown in Figure 3.2; pressure is shown in Figure 3.3; horizontal 

pressure gradient is shown in Figure 3.4; vertical pressure gradient is shown in Figure 

3.5; and the velocity is shown is shown in Figure 3.6. There are two flow cells present, 

one on the left and one on the right (Figure 3.6). The temperature and pressure gradients 

have shapes that are affected by the velocities, as expected. These predictions from the 

FSM are compared to results of the penalty method next. 

3.3.2 FSM Compared to the Penalty Method for a Porous Medium 

The penalty method has been previously benchmarked for this type of simulation 

problem [122,123]. Therefore, it is useful to compare the steady-state FSM prediction 

results to steady-state results predicted by the penalty method, for the same simulated 

problem. 

Steady-state temperature, pressure, horizontal pressure gradient, vertical pressure 

gradient, and velocity predictions for the penalty method are shown in Figures 3.7 to 



3.11, respectively. Compare these results with the FSM results in Figures 3.2 to 3.6. 

There are again two flow cells present, with velocity magnitudes nearly the same as 

predicted by the FSM. However, the velocity flows in the opposite direction in the two 

cells compared to the FSM results. Both predictions are correct; for the real physical 

situation, the flow could go either way. 

Figure 3.12 shows the relative difference in predicted velocity results between the 

two methods. The relative difference is calculated by reversing the sign of the penalty 

method predicted velocity and subtracting it from the FSM predicted velocities. These 

velocities are then divided by the average of the velocity magnitude. This procedure is 

conducted for both velocity directions, 

where and are the horizontal and vertical velocities predicted by the FSM, and 

and are the horizontal and vertical velocities predicted by the penalty method, 

respectively, and v^.^, are the relative difference in horizontal and vertical 

velocity plotted in Figure 3.12. The largest relative velocity differences occur along the 

vertical centerline of each cell, where the vertical velocity components are small but 

happen to be of the same sign. 

u 

and (3.25) 

V 
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The difference in the shapes of the temperature and pressure gradients between 

the two simulations can be attributed to the opposite direction of the velocities in the two 

flow cells. A difference in results that cannot be attributed to the opposite velocity 

directions for the two flow cells is the vertical pressure gradient at the bottom of the 

simulated domain. The penalty method predicts that the maximum pressure gradient is 

not at the bottom; but rather, is located at a dimensionless vertical location of>' = 0.05. 

For this simulation, the distance of this vertical location (y = 0.05) is above the bottom (y 

= 0) by a distance that is equivalent to twice the height (and width) of the square 

elements. The FSM predicts that the maximum pressure gradient is at the bottom. The 

two methods predict nearly the same vertical pressure gradient aty = 0.05, but not at the 

bottom. Similarly, but not as obvious in Figure 3.10, the penalty method predicts that the 

pressure gradient at the top drops off to a lower value than the FSM predicts, even though 

both methods predict the same pressure gradient aty = 0.95. 

This difference is due to the way that the pressure is calculated for the penalty 

method. The average pressure of each element is first calculated from the element 

average divergence of velocity ( V • m ) and the penalty parameter, in calculations 

performed at the end of the time step. The nodal values of pressure are then calculated 

from the average element pressures using least-squares approach. This method causes a 

lower pressure to be predicted along the edges than if the pressure is calculated directly 

for each node; the pressure at the node of each element contributes to the average element 

pressure, and each element on the top and bottom has only two nodes that contribute to 

the value along the edge. The FSM predicts the incremental pressure, and subsequently 



the pressure, at each node directly; therefore, the results for the FSM are more accurate 

for this simulation. The pressure predicted by the penalty method is not a cause for 

concern, however. As stated earlier, the pressure degree of freedom is removed from the 

penalty method formulation via the continuity equation. The pressure is derived from the 

velocities via processing at the end of each time step; therefore, its value does not 

influence the calculation of velocity in subsequent time steps. 

Another simulation is shown to check the consistency of the FSM with the 

penalty method. By skewing the gravity vector by 0.1 degree from vertical, the FSM and 

penalty method both predict that the velocity becomes one cell with the same direction of 

flow over the simulated domain. The temperature, pressure, pressure gradients, and 

velocities are essentially identical, both qualitatively and quantitatively, except for the 

difference in the vertical pressure gradient at the edges, as explained above. Figure 3.13 

shows the results of the temperature predicted by the FSM, and Figure 3.14 shows the 

results of the velocity predicted by the FSM. Figure 3.15 shows the relative difference in 

velocity magnitude predictions. Here, the relative difference in velocity is calculated in 

the same manner as Equation (3.25), except that the sign of the penalty method velocities 

are not reversed, since they are already in the same direction as those predicted by the 

FSM. There is excellent agreement between the two methods for this case; the relative 

difference is less than 0.01 throughout the domain. 

When the gravity vector is skewed by 0.1 degree in the opposite direction, the 

flow direction of the single cell reverses, with agreement in direction and magnitude by 

the FSM and penalty method predictions. 
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3.3.3 FSM Simulation of a Liquid Layer Overlaying a Porous Medium 

Figures 3.16 to 3.21 demonstrate the model for a liquid layer that is overlaying a 

porous medium with a constant and isotropic permeability; steady-state results are given. 

The interface between the liquid layer and the porous medium is at the midpoint in the 

vertical direction. The temperature and velocity boundary conditions for this case are set 

the same as those set in the previous set of simulations: a dimensionless temperature of 

1.0 along the bottom boundary and 0.0 along the top boundary, adiabatic conditions along 

the left and right boundaries, a homogeneous Dirichlet boundary condition for the 

intermediate velocities, and a homogeneous Neumann condition for the incremental 

pressure. 

Figure 3.16 shows the temperature; Figure 3.17 shows the pressure; Figure 3.18 

shows the horizontal pressure gradient; Figure 3.19 shows the vertical pressure gradient. 

Figure 3.20 shows the velocity in the liquid region; and Figure 3.21 shows the velocity in 

the porous medium. Note that the reference velocity in the porous medium is more than 

two orders of magnitude smaller than the reference velocity in the liquid region. 

6 
The parameters chosen are a Rayleigh number of 1.5 x 10 , a Prandtl number of 

-6  

6.26 and a Darcy number of 8.9 x 10 to match simulation parameters used by Chen and 

Chen [124], where temperature and velocity predictions are reported. In this article, the 

authors used analytical calculations to predict the temperature and flow for a liquid layer 

overlaying a porous medium. Their formulation is different than the formulation 

described in this chapter and includes a different Rayleigh number in the liquid layer than 

in the permeable region; therefore, direct comparisons cannot be made. However, in their 



paper, the shape of the temperature contours is similar to those shown in Figure 3.16 and 

there are two flow cells in the all-liquid region, qualitatively agreeing with the liquid 

region velocities shown in Figure 3.20. 
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Figure 3.1 Dimensionless mesh consisting of 41 x 41 nodes on a domain of 
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Figure 3.2 Dimensionless temperature for a porous medium; prediction using the 
FSM. Ra= \0^;Pr= l.O; Da = 10 
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Figure 3.3 Dimensionless pressure for a porous medium; prediction using the FSM. 
Ra= \Q^-,Pr= 1.0; Da = 10 ̂  
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Figure 3.4 Dimensionless horizontal pressure gradient for a porous medium; 

prediction using the FSM. Ra= 10 \Pr= 1.0; Da = 10 . 
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Figure 3.5 Dimensionless vertical pressure gradient for a porous medium; 

prediction using the FSM. Ra = 10^; /'r = 1.0; Da = 10 
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Figure 3.6 Dimensionless velocities for a porous medium; prediction using the 

FSM. Ra- 10 \Pr= I.O; Da =10 . Every second velocity vector is 
shown, for clarity. 
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Figure 3.7 Dimensionless temperature for a porous medium; prediction using the 

penalty method. Ra = 10^; Pr = 1.0; Da = 10 



93 

T = Q 
1.00 

0.80 -

0.60 -

0.40 

0.20 -

0.00 -

Pressure 
3.31 E+05 

-2.94E+06 
-6.21 E+06 
-9.48E+06 
-1.27E+07 
-1.60E+07 
-1.93E+07 
-2.26E+07 
-2.58E+07 
-2.91 E+07 
-3.24E+07 
-3.56E+07 
-3.89E+07 
-4.22E+07 
-4.54E+07 

0.00 0.20 0.40 0.60 0.80 1.00 

T = \ 

Figure 3.8 Dimensionless pressure for a porous medium; prediction using the 

penalty method. Ra= 10 , Pr= 1.0; Da =10 . 
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Figure 3.9 Dimensionless horizontal pressure gradient for a porous medium; 
8 -6 

prediction using the penalty method. Ra= 10 ; Pr= 1.0; Da =10 . 
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Figure 3.10 Dimensionless vertical pressure gradient for a porous medium; 
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prediction using the penalty method. Ra= 10 ;Pr= 1.0; Da = 1 0  .  
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Figure 3.11 Dimensionless velocities for a porous medium; prediction using the 
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Figure 3.13 Dimensionless temperature for a porous medium with the gravity vector 
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Figure 3.14 Dimensionless velocities for a porous medium with the gravity vector 

skewed by 0.1 degree from vertical; prediction using the FSM. = 10 ; 

Pr = 1.0; Da = 10 . Every second velocity vector is shown, for clarity. 
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Figure 3.16 Dimensionless temperature for a liquid overlaying a porous medium; 

prediction using the FSM. Ra= 1.5 x lO"; Pr = 6.26; Da = 8.9 x lo''. 
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Figure 3.17 Dimensionless pressure for a liquid overlaying a porous medium; 

prediction using the FSM. Ra=\.5 x 10^; Pr = 6.26; Da = 8.9 x 10 
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Figure 3.18 Dimensionless horizontal pressure gradient for a liquid overlaying a 
6 

porous medium; prediction using the FSM. Ra= 1.5 x 10 ; Pr = 6.26; 

Da = S.9 X 10 ^ 
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Figure 3.19 Dimensionless vertical pressure gradient for a liquid overlaying a porous 

medium; prediction using the FSM. Ra = 1.5 y. 10 ; Pr = 6.26; Da = 
8.9 X 10"^ 
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Figure 3.20 Dimensionless velocities in the all-liquid region for a liquid overlaying a 
6 

porous medium; prediction using the FSM. Ra= 1.5 x 10 ; Pr= 6.26; 

Z)a = 8.9 X 10 . The porous medium velocities are present but not seen 
because of their small magnitude compared to the all-liquid region 
velocities. Every second velocity vector is shown, for clarity. 
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Figure 3.21 Dimensionless velocities in the porous medium for a liquid overlaying a 
6 

porous medium; prediction usmg the FSM. Ra= 1.5 x \0 ;Pr= 6.26; 

Da = S.9 X 10 . The liquid region velocities are blanked out. In the 
porous medium, every second velocity vector is shown, for clarity. 
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CHAPTER 4 - THE FRACTIONAL STEP METHOD APPLIED TO THE 

DIRECTIONAL SOLIDIFICATION OF A BINARY ALLOY 

The formulation in Chapter 3 demonstrates the process of applying the FSM to 

convection in single-phase fluid to a porous medium and to a system of a porous medium 

with an overlying liquid layer. Directional solidification of a binary alloy is much more 

complicated. This process includes two constituents and two phases with an evolving 

porous medium of variable fraction solid and an anisotropic permeability. Therefore, 

mass, energy, and species must be conserved and momentum forces must be balanced. 

The development of these equations from a control volume formulation to programmable 

finite element form has been extensively described in other references [56,58,83,86,125]. 

Therefore, the energy and solute conservation equations are listed in final dimensionless 

form here. The solution of the momentum equafion is unique to the FSM; therefore, its 

formulation is listed here in detail, as is continuity. In all of the following equations, a 

prime (') indicates a dimensional quantity, while a term without the prime indicates a 

dimensionless quantity. 

4.1 Model Assumptions 

The assumptions below are inherent in the following model description [56]: 

1) No pores form, only liquid and solid phases are present. 

2) The liquid is Newtonian and incompressible; the flow is laminar. 

3) The solid is stationary. 

4) Viscosity, thermal diffusivity, and solute diffusivity are constant. 



108 

5) Density is constant except in the body force term of the momentum equation, 

which is the Boussinesq approximation. 

6) The mushy zone is modeled as a porous medium with a variable and 

anisotropic permeability. 

4.2 Continuity Equation 

The general form of the continuity equation for a two phase continuum, is given 

as Equation (25b) in Ganesan and Poirier [125]; it is 

^+v'-(p,»') = 0 (4.1) 

where p, is the density of the liquid, 'p is the average density, and «' is the superficial 

velocity. The average local density, p, is given by; 

P = Ps{̂ -(l>) + (4.2) 

where (j) is the fraction of liquid and p^ is the density of the solid phase. Assuming that 

the densities of the solid and liquid are different from each other but constant within each 

phase, the substitution of Equation (4.2) into Equation (4.1) yields: 

= (43) 

where P is the solidification shrinkage defined as = ——~. 
P 

4.3 Energy Equation 

The energy conservation equation is derived from Poirier et al. [126]; in its 

dimensionless form it is 
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[(!i + y(l-«()]-|^+(o-V)r = 

dt 
(4.4) 

psC ̂  ^ J 

where j L ; = —^; c ^ and c , are the constant heat capacities of 
PL^pl c^fiH GH 

the sohd and Hquid phases, respectively; L' is the latent heat at temperature ; pg is 

the reference density, = /?(7q,5o) ; G is the imposed thermal gradient; and//is the 

reference length. 

L' 

4.4 Solute Conservation Equation 

The solute conservation equation in dimensionless form is also derived from 

Poirier et al. [126]; it is 

dt po 
(4.5) 

with 5^ and , the solute concentration in the liquid and solid, respectively, given by 

s,= 

II
 

T - T  (4.6) 
— if ^ < 1 

(4.6) 

, m 

1 V \kS,d^ (4.7) 



110 

where k is the equilibrium partition ratio, is the melting temperature of the solvent, 

and m is the slope of the liquidus line in the phase diagram and is assumed a constant. 

Re, Pr, and Sc are defined later in Equation (4.26). 

4.5 Momentum Equation 

Ganesan and Poirier [125] derived a momentum equation for solidification using 

a volume-averaging approach. In their approach, the so-called effective viscosity /i did 

not evolve; therefore, they concluded that the Brinkman assumption is valid for the 

momentum equation that they derived. Their approach also includes anisotropic and 

variable permeability. The general form of this equation. Equation (43) of [125], is shown 

below, with the second-order resistance term neglected: 

where p' is the pressure, jj. is the fluid viscosity, g' is the gravity vector, and K is the 

permeability tensor. The interstitial velocity V is related to the superficial velocity u' 

Using the superficial velocity from here on and noting the vector identity 

V' • (rs) = (r • V) s + r (V • s), the left hand side of Equation (4.8) is re-written as follows: 

^(p,(!>»") + V.( Autf" V) = -^Vp' + p^g' 
Ot 

(4.8) 

+ V •{^piu^ = ~{piu')+ ^•S/\p,u') + ̂{V • p,u') (4.9) 
ot \T J \  I J ' 



I l l  

Expand the first (x') component of 
f ' \ 
ii.v {p,u'): 

u'-̂ (p,u') + v'-̂ (pju') dx'̂ '̂ ' dy'̂ '̂ ' 
,2 dp, , ,dp, , du , du' M -̂  + M V -̂ + p,u + PiV dx' dy' ' dx' dy' 

(4.10) 

In the mushy zone, u and v' are very small compared to the velocities in the all-

liquid region, and are typically on the order of 10"^ m/s or less. It then follows that the 

squares and products of the velocity components are on the order of 10"'" m^ /s^ or less, 

and (j) is on the order of 1.0 at the top of the mushy zone. Therefore, these terms 

combined are very small. At the bottom of the mushy zone, the velocities are even 

smaller, on the order of 10"^ m/s or less. Moreover, the density is assumed constant in 

3p 3p 
the liquid so that the density gradients and are zero. Generally, this is a good dx' dy 

assumption, although there may be some cases where the density gradients in the liquid 

are not negligible. Therefore, the terms and u'v—j are ignored, and the only 
0x' 

relevant components on the right hand side of Equation (4.10) are 

which is 

, du' , du' 

^iu'-V'u) 

(4.11) 

(4.12) 

in vector form. Therefore, the left hand side of Equation (4.8) becomes 
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—{p,u') +—{u'-Vu') + ~iV-p,u') 

After applying continuity, Equation (4.1), the left hand side of Equation (4.8) is : 

'̂5/' ' ydt' (f)dt'] 

(4.13) 

(4.14) 

Using the superficial velocity, expanding into x' and y' components and re-organizing 

the viscous term in Equation (4.8) can be re-written as: 

V- V̂'u' + // {V'uY -1 /"V • y" V"u' + ̂V'(V'u') 

Finally, the dimensional form of the momentum equation is as follows: 

du' p, , , p. v — u • V « + ' dt' (j) 
1 

dp, 1 op ̂ u 

+ -//V (V •«')-//(Z) K"'h'+ 

(4.15) 

(4.16) 

Using Equations (4.1) and (4.3), = ~Pî '" u' = -p,Pand = 0! 

du' p, , , , p, d<l) , , , p, -h —« • V u + — P — u - -fflV p ' dt' <!> (j) dt' 

p^K~ u' + (l)p,g' 
(4.17) 

For convenience, a component of the hydrostatic pressure (based on the reference 

density) is separated from the pressure: 

p = p'*+A (§•>'+g'yy'+gW) (4-18) 
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where p'* is a modified pressure, and the reference density is defined as the density 

of the fluid at 7 = TQ and S = Sq. The gradient of the pressure can be written as: 

Now, introduce the Boussinesq approximation, which by definition means that p, is 

treated as a constant in all terms except the buoyancy term [119], In the buoyancy term. 

Pi is defined as: 

and the density is equal to the reference density /?„ in all other terms. The terms and 

/3g are the thermal and solute coefficients of expansion, respectively. Note that the 

reference density p^ in the Boussinesq approximation is multiplied by ^g', per Equation 

(4.20), and cancels with the second term on the right hand side of Equation (4.19). Then 

the dimensional momentum equation becomes: 

Vp'-Vp'* + p,g' (4.19) 

Insert Equation (4.19) into Equation (4.17): 

(4.20) 

(4.21) 

p„ — + -̂ u'- Vu' + ̂j3̂ u'̂  -(jN'p'' + dt' (j) (p dt' 
(4.22) 

Divide all terms by p„ and non-dimensionalize per the definitions below: 
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H = Characteristic Length, V = Characteristic Velocity, 
f 

« = where V = //V' (4.23) 
V Po 

g 

where ^ is a unit vector in the direction of gravity and g is the magnitude of the gravity 

vector g'. Also, 

K 5, = T'-T Da = -^, T= 
GH ' S, 

and (4.24) 

/' , H t = — where r = — 
T V 

where Da is the dimensionless Darcy tensor, based on the permeability tensor K. 

Substituting these definitions into Equation (4.22): 

Yl 
H 

du \  ̂ B dd) 
1- —«• V«H —U dt (j) <j) dt 
vV 

V , vV = ^ 

H 3 dt 
\ 

(4.25) 

+ + p,S,{S,-\)\gg M 

Multiply all terms in Equation (4.25) by , drop the * from p for convenience, and 

organize according to the Reynold's number Re, the thermal Rayleigh Number RGJ , the 

Solute Rayleigh Number Râ , the Prandtl Number Pr , and the Schmidt Number Sc : 

Re = VH RQJ = PTSGH' 
vD^ 

Ra,=&SMl 

V V Pr = , & = — 
(4.26) 

D-R D, 
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where Dy, is the thermal diffusivity, is the solutal diffusivity, and v is the kinematic 

viscosity. 

du 1 P 1 2 ^ rk -I h — «  V«H u = -d)Vp-\ V« Da u dt (b (h dt Re Re 
r n (4.27) 

2) Re dt g ^Re'Pr Re'Sc 

Using the same scaling terms described in Equation (4.23), the dimensionless 

form of the continuity equation is the same as the dimensional form in Equation (4.3): 

V - u = B ^ .  ( 4 . 2 8 )  dt 

At this point, these equations can be solved in any number of ways: The three 

velocities and the pressure add together to make four degrees of freedom (DOF) per node 

in a finite element discretization (three DOF for a two-dimensional simulation), using a 

direct method. The penalty method allows the elimination of the pressure term by setting 

the continuity equation equal to the pressure term divided by a large (penalty) term, 

thereby reducing the number of DOF by one per node. Details of the penalty formulation 

are found in References [56,58,85]. The FSM for solidification, which is presented next, 

has the distinct advantage of solving only one DOF per node at a time, therefore 

significantly reducing the size of the stiffness matrices and the required Central Processor 

Unit (CPU) time to solve the system of equations. 

4.6 Implementation of the Fractional Step Method 

Continuing on from the dimensionless equations for momentum and continuity. 

Equations (4.27) and (4.28) can be rearranged with the viscous term on both sides, to 
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allow the option of treating it implicitly, explicitly, or semi-implicitly. In addition, the 

Darcy term — Da"'« is moved to the left side, so that it is treated implicitly. Finally, all Re 

other terms are moved to the right side since they can be treated explicitly. 

dU ^ \ 0 2 .yj 1 ry P h—Da u V u = -SVp — « Vm u dt Re Re (j) (j) dt 

?>Re dt Re 

(4.29) 

Re Pr Re Sc 

where 0 < <9 < 1. The viscous term is treated fiilly implicitly for^ = 1; it is treated fully 

exphcitly for 6* = 0; and it is treated semi-implicitly for 0 < ^ < 1. Treating the 

convective and body force terms explicitly ensures that stiffness matrices are symmetric 

positive-definite [56,127]. 

Now, insert the subscripts n and «+l, where the subscript n indicates the value of 

the variable at the previous time step (known) and n+l indicates the value at the present 

time step (unknown). Use these subscripts to discretize the transient term using a 

backwards Euler scheme: 

A/ Re^"-'- dt "" 
(4.30) " " 3Re dt 

Re Re'Pr Re'Sc 

To implement the fractional step or projection method, separate the solution of Equation 

(4.30) into two steps by splitting the divergence-free velocity into an intermediate 

velocity , and a "correction" velocity . That is, , where 
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"»+i = "«+i ~ "«+i • Also, move the known divergence-free velocity, , to the right hand 

side: 

where 

Q 
•—V' [«„+, + («„+, - «„+,)] = -t Vp„^, + /„ 
Ke 

" (/)„ " " t dt " 3Re dt 

(4.31) 

rp R^S ( O  _ l \  
. " 0^2 o V i." j " A /  

(4.32) 

Re^Pr " Re^Sc 

As stated earlier, the intermediate velocity does not meet continuity requirements. 

Continuity is imposed with the corrected velocity. Per the discussion pertaining to the 

incompressible Navier-Stokes equations for a pure liquid, the explicit pressure gradient in 

the initial intermediate step is used and the incremental pressure is calculated in the 

projection step. The equahty = p„ +(/>„+, ~P„) is a mechanism for calculating the 

incremental pressure rather than the full pressure. 

Equation (4.31) now has the following form: 

Ke 

The solution for the intermediate velocity is considered the "viscous" or 

intermediate step: 
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_l_^ 

A/ 
i+MID..-' 

Re «„+: =L-<l>yPn Re (4.34) 

The remaining terms are as follows: 

At 1 + Re Da„ 

(4.35) 

V' (««+! - ) 

As explained in Chapter 2, the implicit viscous term can be ignored in the 

projection step because the projection step is orthogonal to the intermediate step. 

Therefore, the implicit viscous term is not included in the projection step: 

At l+A^Da.-' Re (4.36) 

The next operation is implemented by first separating Equation (4.36) into its x 

and J' components. The x component is listed here: 

1 + -
(J ̂
 (^"+1 ~ Pn ) (4.37) 

Now, divide Equation (4.37) by 

d 
At <!>„ dx (4.38) 

1 + -ReDa, 

This is re-written as: 

At (4.39) 

and similarly, for the y component, 
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d 
A/ 

(4.40) 

where, 

= • (t^n 
1 + -

, A? 
-, and =• t 

Re Da^ 
1 + -

Re Da., 
(4.41) 

The tensor cr is: 

a = 0 

0 cr„ 
(4.42) 

where a is called the projection variable and is similar to the projection variable first 

suggested by Sabau et al. [92]. 

The vector form of Equations (4.39) and (4.40) is: 

At (4.43) 

To find the solution for the incremental pressure, take the divergence of Equation (4.43): 

V- At (4.44) 

Note that at the end of the time step, the velocity must meet continuity; therefore the 

divergence of is replaced by per Equation (4.28): dt 

P 84'. 
At At dt (4.45) 
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with a homogeneous Neumann boundary condition [ v  ( ) ] | ^  =  0  or an 

inhomogeneous Neumann boundary condition of the form 

[CT„ V (- p„ )]|^ = 1^ - 1^, per Equation (4.43). 

Once the incremental pressure is determined, the gradient of the incremental 

pressure is calculated and substituted into Equation (4.43) to determine the final 

divergence-free velocity for time step n+\: 

(4.46) 

Given the temperature and solute profiles from the energy and solute conservation 

equations, respectively, there are three equations that need to be solved in order to 

calculate the velocity and pressure profile at each time step: Equations (4.34), (4.45), and 

(4.46). Equations (4.34) and (4.46) are separated into their scalar components and solved 

independently of each other (once for each component of velocity at each time step). 

Equation (4.45) is solved once per time step. 

4.7 Finite Element Formulation for the Momentum Equation 

This section describes the application of the finite element method to the FSM for 

solidification, resulting in the Matrix Equations that must be solved by using a Matrix 

Solver. 

4.7.1 Intermediate Step 

Beginning with the x-component of Equation (4.34), all terms are multiplied by a 

weighting function and integrated over the element domain; 
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JPF - + -^At ReDa^^ 
, P 

dt - + 
A' 
Re -,.„dn=\wf^ja-\wt^dn (4.47) 

The Gauss-Green Theorem is apphed to the viscous and the explicit pressure; the 

horizontal velocity is interpolated using the bilinear element shape functions N^, i.e. 

u = NjUj . The subscript j ranges from 1 to 4 in a two-dimensional geometry and u . 

represents the nodal values of horizontal velocity at the four element nodes. In a three-

dimensional geometry, 7 ranges from 1 to 8. Similar to the method employed for the 

horizontal velocity; the vertical velocity is interpolated using v = N -Vj; the fraction of 

liquid is interpolated using (/) = ; and the temperature and solute terms are 

interpolated using T = NjT. and = ^j^Lj • The weighting function W is equal to N. 

in a Galerkin formulation [85]. Therefore 

+ -
At 0 ((dN: dN, dN: dN, 

a.At\ 
dN, 

N.N.u„^,da + —  [  — ^  +  Re •' I dx dx dy dy 
dn = 

(4.48) 

a. 6x n.  

Here, the average element pressure multiplies the integral term that results from applying 

the Gauss-Green Theorem to the explicit pressure in Equation (4.47). 

Using the isoparametric form of the bilinear element [121], the integrands above 

are evaluated in the finite element; that is 

1 1 
jF(Q)JD= j \f{^,r])\s\d^drj (4.49) 

ci. -I -1 

and using Gaussian quadrature, as described in Chapter 5 of Reference [121], 
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j ]\3\f(i,n)d^dij = Y;^W„W,\i\f(L,ri.) (4.50) 
_] _| m=\ n-2 

where J is the Jacobian matrix that relates the derivatives of the shape functions in terms 

of the global x, y coordinate system to the derivatives of the shape functions in terms of 

the local element coordinate system, which uses the variables ^ and rj for the abscissa 

and ordinate, respectively. The Gaussian quadrature weighting factors and W„ are 

equal to 1 for a (2D) bilinear interpolation [128]. 

The explicit terms in Equation (4.48) that contain pressure, temperature, 

concentration, and — are treated as piecewise constant over the element. Calculating dt 

the pressure gradient using this methodology affords greater accuracy than calculating the 

derivative of the pressure at four gauss points [56]. The other terms mentioned must be 

treated this way to achieve the balance between them and the pressure gradient. The 

remainder of the terms in Equation (4.48) should be evaluated using a four-point 

Gaussian quadrature. Summarizing, the system of equations for the x-component of the 

viscous step is: 

(4.51) 

where represents the average explicit pressure over the element, indicates the 

average element pressure applied along the element edge, and 

- + L(^„) +—(K-AJ - + - Re Re 
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M =  ^ N . N j d n ,  K =  j |  
dN. dN. 

dx dx dy By 

, A. 

do.. 

^.(^•Da,,.)= \N.N\-^ dCL. L ( A ) =  J / J A ' . A ' ,  

n,  

A 

dx 

n. Da 
-<• / /,« n.  

NK,v„,^^„)= j 
Q, <Pj,N ' ^J,N ^ 

'' 1 0^^ 

J/, 

c/Q. 

i/Q, 

(4.52) 

In addition, 

F ( A ) =  I 'V, 
13 

fi. IRe 
dN: 
dx 

A 

G{T„S,,.,0= \ N,NJ^,, 

V Jy,. 

RGT^ 

dN: d<f>^ 
+ - dy 

Ra 

dQ, 

'!—T. + Re^Pr ''" Re^Sc ( v - i )  dn, (4.53) 

dN 
dx 

The integrand of matrices , L, and G have an R on the top of the integrand 

symbol J j • indicates that these matrices are reduced integrated using one Gauss 

point quadrature, which treats these terms as piecewise constant over the element, as 

indicated in Reference [85]. 

Equation (4.53) includes the boundary integral terms and R for the case of 

^ 0 , which implies shrinkage during solidification. When shrinkage occurs, we can 

either simulate the moving free surface, account for the volume loss by setting the 

velocity on a closed boundary with an inhomogeneous Dirichlet boundary condition, or 

analyze a porous boundary through which mass can transfer. The selection of open 
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boundaries requires the boundary integral terms to be included since the normal velocity 

must be a degree of freedom. With (3 = 0 or when P and a closed boundary with 

inhomogeneous Dirichlet boundary conditions is used, the boundary integral terms are 

not necessary. This completes the description of the finite element formulation for the x-

component of the intermediate (viscous) step. The solution equation for the j-component 

of the viscous step is similar. 

Two finite element formulations for the projection step are described next. This is 

because the two formulations described are applicable to different simulation cases. 

Therefore, they are labeled Integration Option "A" and Integration Option "B". 

4.7.2 Projection Step Integration Option "A" 

To generate the finite-element matrix equations for the projection step, all terms 

in Equation (4.45) are expanded into their x- andy-components, multiplied by the weight 

function, and integrated over the element: 

(4.54) 

where p„^,= p„. 

The left-hand side of Equation (4.54) can be re-written as: 
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1 dx 

- J l  
n,. 

a W 
x,n ^ 

OX dy dy 
dCi 

dW dp^ 
x.n /-s /"v y,yi  ox ox dy dy 

\ 
(4.55) 

n+l dQ. 

Similarly, the first term on the right-hand side of Equation (4.54) can be re-written as: 

At ̂  dx dy dQ- ill 
. dW ^ dW 
Vi-^ + dx dy dQ. (4.56) 

Apply Green's Theorem [85,113], jl 
dN dM 
dx dy dQ. = ̂ {Ndy + Mdx), to the first term in 

both Equations (4.55) and (4.56), substitute into Equation (4.54), and rearrange: 

J, a r e  p. 
X.n o ^ y,n 

OX OX dy dy 
dCl + 

II ~ dx + jl ^ I dy = 

At 

dy 
dW 

SPn 
dx 

dW 
W"f"l --v w+1 

OX oy 
- + V,. dQ. 1 

+ \Wu„^,dy 
. + Z ̂ w^dQ 

At ̂  dt 

(4.57) 

Combine boundary integral terms: 

rf dWdp^ 
dx dx y,ti 

• H  At 
y," By 

' dy dy 

dx^\w[^ 

dQ^— [I *n+l dx • + v„ 

dp^ n+l 
At dx 

dy + -^ \W 
At J n,. 

dW 
dy 

dt 

do. 

dQ 
(4.58) 

The boundary integral terms reduce to the integral of the weight function times the final 

(divergence-free) velocity, per Equation (4.46): 
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dfV d n+] dW d 
^ x,n ^ ^ ^ ox ox oy oy 

n+\ dQ. 4J (  
. dW ^ dW 

A ^ II ^"+1 ^"+1 At ̂  [ ox oy do. 

^^\\Wv,^,dx+\Wu,„dy + P If^dCi 
(4.59) 

The Galerkin finite-element matrix formulation is as follows; 

K K ) + k,(^t^)} A,, = 

At 
+ C^v„^,) - (u„^| 1^ + v„^, IJ E + /? M 

v 5 / y „  

(4.60) 

where: 

K, (<^,) = J K, (ff,) = j 0-, 
5x dx 
"•dN^ 

dN. dN J 
dy By dCl 

r 01\. -- r dN-
c , =  M v a  dx 8y 

IK A 

E=jiV,.6/r, M= jiV,.iV/Q. 
a,. 

(4.61) 

Matrices K_^ and K^, are different than matrices and in Equation (4.52), since 

A /V A /V 

(7^ and (jy are inside the integral of and , respectively. and are different 

than and C in Equation (4.52) and are reduced integrated, as are E and M. 

Equation (4.59) is a convenient formulation because the line integral terms vanish for no-

shrinkage calculations, since the final (divergence-free) velocities are zero along all 

boundaries. However, as seen later, this formulation cannot be applied to all simulation 

cases. The reasons for this relate to both the selection of the Dirichlet boundary 

conditions for the intermediate velocity and to the formulation itself The next chapter 



127 

f ^ \ 
demonstrates that an inhomogeneous boundary condition of u 

n+] I f  

d p ^tCT x.n ^ 
V Sx J 

IS 

r 

necessary in most simulation cases to avoid velocity oscillations at the boundaries. This 

^Pn IS an approximation to 
x,n 

V dx 
. A similar inhomogeneous boundary 

r 

condition is necessary for . 

The combination of the inhomogeneous boundary condition and the finite element 

formulation for the projection step defined in Equations (4.59) to (4.61) can contribute to 

a situation where the intermediate velocity and the gradient of the incremental pressure 

along the boundaries essentially "floaf and diverge to large, unrealistic values. This is 

because the only condition enforced by excluding the line integral 

iw\ - a „ JX in Equation (4.58) is that = cr^ „ ^_EJ!+L j^is constraint is 
J [ A t  dy J M V 7 At " • "  8y 

met whenever= cr = c, where C is an arbitrary constant. The same is true 
At dy 

for the other line integral in Equation (4.58). 

4.7.3 Projection Step Integration Option "B" 

The alternative formulation is distinguished from the formulation above by not 

applying Green's Theorem to the first term on the right side of Equation (4.54), which is 

the divergence of the intermediate velocity. In this case, there is no boundary integral 

term for the divergence of the intermediate step velocity; therefore, the boundary integral 
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term resulting from the incremental pressure remains in its original form. This 

modification results in the following equation for the projection step: 

x.n ^ y.n ^ ^ OX ox cy oy dCl = -~ f W 
A/ J 

r Sy r 
dy + 4: \w 

dx dy da 
J 

(4.62) 

dx At ̂  dt -dO. 

The gradient of the incremental pressure is an unknown at the beginning the 

projection step; therefore in the line integrals, the value of the gradient of incremental 

pressure from the previous time step must be used as an approximation. 

rf dW dp„ 
Q,, 

8x dx y,n ' dy dy da = -— f At ̂  y dx 

-ffra^„—dx- \Wc7^„^dy + -^ \w^dO. 
J dy J • dx A/ J F)t At. 

dy dQ 
(4.63) 

The Galerkin finite-element matrix formulation is modified to the following 

J_ 
At (CX.,+C;i5„,) + (F' + G')p. 

- B 
+ -^M 

(d(j>\ 
r _ At I 5/J 

(4.64) 

where , K , and M are the same as before in Equation (4.61), indicates the 

average element incremental pressure applied along the element edge, and 

"r dN. \ dN. 
c: = Jiv, V''"' c', = \N,^da, J dx a 

R 

dy 
r dN. "r dN, F'= \(TN.—^dx, G'= \(TN.—^dy 
I  '  d y  l ^ ' d x  

(4.65) 
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In this formulation, the line integrals are either explicitly set in the projection step or 

excluded, which (in a "weak sense") sets equal to zero. This 
r '  

integration option decreases the potential for the intermediate velocity and the gradient of 

the incremental pressure to diverge at the boundaries for simulation cases with strong 

convection close to the boundaries. Further explanation is provided in the next chapter. 

4.7.4 Summary of Integration Options "A" and "B" 

The two options for applying the finite element method to the projection step are 

discussed further in upcoming chapters. Equations (4.59), (4.60) and (4.61) are a result 

of applying Green's Theorem to both the left side and right side of Equation (4.54), i.e., 

the implicit second order derivatives of the incremental pressure and the divergence of 

the intermediate velocity. This is Integration Option A. Conversely, Equations (4.63), 

(4.64), and (4.65) are a result of applying Green's Theorem only to the implicit second 

order derivatives of the incremental pressure but not the divergence of the intermediate 

velocity. This is Integration Option B. 

4.8 Final (End of Time Step) Velocities 

After the intermediate and projection steps, the intermediate velocities and the 

incremental pressure are known. Next, the x- and j-components of the incremental 

pressure gradient are calculated as piecewise constant functions over the element. The 

velocity calculations for time step n+l are concluded by algebraically calculating the 

final velocities from Equation (4.46) separately for each component of velocity. That is. 
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dx 
Q (4.66) 

=V„^i -P") 

4.9 Program Operation 

Figure 4.1 shows an overall diagram of the program flowchart. After 

initialization and non-dimensionalization, the program proceeds to looping through 

momentum, temperature, fraction of liquid, solute conservation, and phase determination 

calculations. The simulation marches forward in time, each time step depending on the 

results of the previous time step. 

The velocity is calculated only once per time step, while the temperature, fraction 

of liquid, and solute conservation equations are coupled, which requires iterations to 

reach a consistent solution at each time step. The velocities are also coupled to 

temperature, fraction of liquid, and solute conservation, but not as strongly. The velocity 

calculations still require a substantial portion of the program operation time; therefore, it 

is not practical to calculate velocities more than once per time step. 

Figure 4.2 is a flowchart of the velocity and pressure calculations. The boundary 

conditions for the intermediate velocity are set initially. Next, the stiffness matrices and 

forcing function matrices are built for each velocity component. Subsequently, the 

intermediate velocities are solved followed by building the incremental pressure stiffness 

matrix and forcing function matrix, using the solution of the intermediate velocity. 

Finally, the incremental pressure is solved, correction velocities are determined, and the 

final velocity is calculated. 
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Simulations using the finite element formulation derived in this chapter are 

presented as cases that can be compared to documented simulations and experimental 

results in Chapter 6. However, because the boundary conditions are such a major issue 

with the FSM, boundary conditions are addressed first in Chapter 5. 
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CHAPTER 5 - BOUNDARY CONDITIONS FOR THE FRACTIONAL 

STEP METHOD 

Many of the references in Chapter 2 state that the boundary conditions are one of 

the biggest challenges in implementing the fractional step method. These references 

3 
generally apply to high Reynolds number flow, 0(10 ) or more. This chapter 

demonstrates that this is also the case for applying the FSM to directional solidification 

simulations, where the Reynolds number is relatively low, 0(1) or less. In fact, 

experience has shown that the boundary conditions pose the biggest difficulty when 

applying the FSM to simulations of directional solidification. 

Boundary conditions present such a challenge to the work described here for the 

following reasons. In an alloy undergoing directional solidification and experiencing 

thermosolutal convection, the velocities in the solidifying ingot vary over several orders 

of magnitude. The velocities in the all-liquid region can easily be three or four orders of 

magnitude larger than the velocities in the mushy zone. In the bottom of the mushy zone, 

the velocities are small, even compared to the top of the mushy zone. In addition, the 

transient boundary condition at the bottom of a directionally solidified casting introduces 

significant difficulties to the FSM. 

The numerical error that can be introduced by improper selection of boundary 

conditions generally does not cause problems in the all-liquid region. This error is small 

relative to the velocities occurring in this region. However, the error introduced by 

improper boundary condition selection is easily of the same order of magnitude as the 
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velocities occurring in the mushy zone. The numerical error occurring at the beginning 

of the solidification simulation can also present problems in the all-liquid region, just 

above the mushy zone, since the all-liquid velocities at the beginning of the simulation 

are also of the same order of magnitude as the error. Initially, the errors can also be a 

problem at the top of the container, since convection is not as vigorous at the top as at the 

bottom. 

The order of the elements used for the finite element discretization can also cause 

problems at the solid boundaries. Elements with four nodes and first order shape factor 

functions (in both directions) are used in the intermediate step and were initially applied 

in the projection step. These elements are labeled bilinear elements. With these 

elements, gradients can only be specified or determined in the "weak" sense. That is, 

first order is generally not high enough to specify or determine the gradient of a variable 

at a solid boundary. This causes problems because the projection step of the FSM uses 

the gradients of the incremental pressure to correct the intermediate velocity. This 

inherent problem with the FSM can be overcome by implementing a set of different 

elements along the boundary. Hall and Heinrich [129] first introduced this set of 

elements in the mid-1970s. This set of elements provides second order approximation in 

the direction normal to the boundary, maintaining first order interpolation in the direction 

tangential to the boundary. These elements are labeled "Quadratically Blended" (QB) 

elements. The additional accuracy in the direction normal to the boundary provides the 

ability to impose the gradient of incremental pressure along the boundaries. These 

elements can be "quadratically blended" [129] with the standard bilinear elements in the 
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interior of the domain. The way in which QB elements are blended with bilinear 

elements is described in this chapter. 

A choice must be made in the selection of the boundary conditions for the 

intermediate step. This choice is between homogeneous and inhomogeneous Dirichlet 

boundary conditions, similar to the inhomogeneous boundary condition given in Equation 

(2.16). The Dirichlet boundary conditions are applied at all solid boundaries. The choice 

of boundary conditions in the projection step involves not only the type of boundary 

condition, but also where it is applied. The Neumann boundary conditions are not 

applied explicitly in the projection step, but rather by default or in a "weak sense". The 

way in which they are applied is determined by which integration option is used: Option 

A or Option B, per the description in Chapter 4. 

One Dirichlet boundary condition must be applied for the projection step, in order 

to have a unique solution. This boundary condition is applied only to one node of the 

simulated domain, and it can be the source of problems in the numerical simulation, as is 

demonstrated in this chapter. 

This chapter documents results of the FSM for simulations without shrinkage. 

The purpose is to demonstrate the difficulties associated with the selection of the 

boundary condition and how these difficulties have been overcome. This chapter is laid 

out as follows. First, the inherent difficulty with the boundary conditions is explained in 

further detail. Second, since the permeable mushy zone makes the selection of boundary 

conditions even more important, a description and empirical relations for the anisotropic 

permeability is given. Next, problems encountered at the begirming of the simulation are 
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discussed and the steps taken to correct the problems are given. Complications that can 

occur in the mushy zone are shown and discussed next, together with steps taken to 

correct these difficulties. Then, the "quadratically blended" elements are introduced, 

explained in detail, and their implementation is discussed. 

5.1 The Inherent Difficulty with Boundary Conditions for the FSM 

Recall from Chapter 2 that the FSM consists of two steps. The first step is to 

calculate an intermediate velocity that in general, does not meet continuity constraints. A 

velocity correction is calculated in the second step by taking the divergence of the 

intermediate velocity. By implementing this second step, the incremental pressure is 

solved and continuity is imposed. Given the solution of the intermediate velocity and the 

incremental pressure, the end of time step velocity is calculated from Equation (4.46), 

which is repeated here for convenience. 

««+! = A/ V ( ) (4.46) 

Now examine what happens when this equation is applied on a solid boundary. In 

the first step, a boundary condition must be selected for the intermediate velocities. The 

most obvious choice for the boundary condition is where Ug is the actual 

boundary condition given for the problem. Note that the projection variable a is non

zero, and the time step At is obviously non-zero. Therefore, if the gradient of the 

incremental pressure is non-zero, then an error is introduced on the boundary. The 

calculated velocity on the boundary at the end of the time step is not equal to the 

b o u n d a r y  c o n d i t i o n  g i v e n  f o r  t h e  p r o b l e m .  T h a t  i s ,  | ^  =  -  a  V  ( U g .  
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If this error is relatively small, then the velocity on the boundary at the end of the time 

step can simply be reset, |^ = Mg. However, if this error is substantial enough, the 

reset operation produces oscillations in the interior. This problem is discussed further, 

later in this chapter. 

5.2 Description of Anisotropic Permeability 

The magnitude of the permeability is extremely small in the bottom of the mushy 

zone, significantly restricting the flow. Because of this, the magnitude of the velocities in 

the mushy zone is several orders of magnitude smaller than the magnitude of the 

velocities in the all-liquid region. This makes the application of the boundary conditions 

even more important and more difficult. Errors along the boundary that are negligible 

compared to the magnitude of the velocities in the all-liquid region can be significant 

relative to the magnitude of the velocities in the mushy zone. 

As described in Chapter 1, the anisotropic permeability is calculated with 

empirical relations derived from both experimental data and numerical simulations, 

providing a means of simulating the effect of the dendrites in the mushy zone on the flow 

field in the mushy zone, without expHcitly modeling the dendrites. The permeability is a 

function of the fraction of liquid (f) and the primary dendrite arm spacing t/, (m), and is 

given as two sets of empirical equations, one for flow transverse to the dendritic direction 

of solidification and the other parallel to the direction of solidification. The empirical 

relation of permeability versus fraction of liquid and primary dendrite arm spacing, for 

2 
flow transverse to the direction of solidification, , in m is [56,74,75] 
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0.75 <^!i< 1.0 

The empirical relation of permeability versus fraction of liquid and primary dendrite arm 

2 
Spacing, for flow parallel to the direction of solidification, K mm is [56,74,75] 

3.75x10""^'<, 

2.05x10 -7 

10.739 

dl 

(1x0.65 

0.65 <(/)< 0.75 (5.2) 

0.074 log(l-(zi)"'-1.49 + 2(l-(z>)-0.5(l-^^)' d^, 0.75<^^<1.0 

Plots of permeability and versus fraction of liquid for primary dendrite arm 

spacings of 50, 100, 200, 300, 400, and 500 |am are shown in Figures 5.1 and 5.2, 

respectively. 

5.3 The Initial Condition 

The gravity vector is imposed in the negative vertical direction, (no horizontal 

component); the entire domain is all-liquid of uniform concentration Sq . An initial 

temperature gradient G- is imposed in the vertical direction with an initial temperature 

T'g at the bottom of the simulated domain and is at a temperature slightly higher than the 

liquidus. That is. 
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(5.3) 

To assure stability at the beginning of the simulation, the initial pressure is set 

according to the relevant components of the momentum equation, i.e., the buoyancy term. 

The dimensional momentum equation that results after applying the Brinkman and 

Boussinesq assumptions, Equation (4.22), is repeated here for convenience. 

^ • V'«' + = -(jN'p'' + juV^u' dt' (j) ^ dt' 

3 
- + 4,P„{PAT' 'T,) + PAS[-S„)]G' 

(4.22) 

With zero velocity everywhere, S[= (j) = \, (3 =0, and only a vertical component of 

the gravity vector, a relation for the initial pressure distribution can easily be found from 

the initial temperature distribution. 

dp' 
dy 7 = pMT'~T,)g', (5.4) 

Substitute the temperature given in Equation (5.3) into Equation (5.4): 

dp' 
dy , ~ PoPT (r;-r„)+G,V g. 

Integrate Equation (5.5): 

P'' = PiA 

(5.5) 

(5.6) 

where p'^ is set to zero at a reference location, typically at the top of the simulated 

domain. Using Equation (5.3) and rearranging results in 

p"=\pnis, [(r; -r.)+(r-r.)]/g; + k' (5.7) 
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The dimensionless form of Equation (5.7) is 

P = \-^iT. + T)yg^ + p, (5.8) 

5.4 Homogeneous versus Inhomogeneous Dirichlet Boundary Conditions. 

5.4.1 Homogeneous Dirichlet Boundary Conditions 

Figure 5.3 shows the rectangular simulation domain of a 0.008 m by 0.03 m 

rectangle. Figure 5.3 (a) shows the three zones that are normally present during 

solidification: liquid, solid, and mush while Figure 5.3 (b) shows the computational mesh. 

A mesh spacing of 0.0002 m is used, which is on the order of the primary dendrite arm 

spacing. The dimensions described and the mesh spacing produces 6000 elements and 

6191 nodes. 

The simulations initially reported in this chapter are for a Pb-5.8% wt. Sb alloy. 

The initial condition consists of a uniform temperature at the bottom boundary (y' =0) 

set slightly higher than the alloy liquidus temperature and an initial thermal gradient of 

G, = 12,000 K/m (positive with respect toy) throughout the domain. The melt is of 

uniform concentration (5.8 wt. %). The simulated boundary conditions are an 

imposed thermal gradient of 12,000 K/m at the top boundary, and the temperature at the 

bottom boundary is reduced in time at the rate of 0.18 K/s. A uniform gravitational 

2 
acceleration of 9.81 m/s is imposed in the negative y' -direction. This alloy and set of 

processing conditions is known to cause thermosolutal convection, but a processing 

condition with a slightly faster translation rate does not [49]. Tables 5.1 and 5.2 list the 
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processing conditions and properties used for the simulations reported here, labeled case 

PbSbA in Table 5.1. 

The boundary condition for the intermediate velocity is set to =Ug =0 

everywhere. Results using this boundary condition are shown in Figures 5.4 to 5.18; the 

time step used for the simulations reported in these figures is 0.05 s. The results shown 

in Figures 5.4 to 5.7 are the intermediate velocity, the final velocity, the vertical gradient 

of the incremental pressure (VGIP), and the temperature, respectively, where VGIP = 

d (— p' ) 
^ —. These results are after 3.0 seconds of simulation time, which is just prior Sy' 

to the first occurrence of sohdification; therefore, only liquid exists at this time. Since 

the orientation of the sample relative to the gravity vector is thermally stable, there 

should be no convection present. The absence of any body force in the x' -direction and 

the lack of convection allows for the results to be presented as one-dimensional in the 

vertical dimension. Therefore, variables in Figures 5.4 to 5.7 are plotted as a function of 

y' at the vertical centerline (x' = 0.004 m). Only the bottom third of the simulated 

casting is shown in these figures. As seen in Figure 5.4, the intermediate velocity is zero 

at the bottom, since it was set to zero. Figure 5.5 shows the final velocity, prior to 

resetting it to zero along the bottom boundary. Note that the final velocity at the bottom 

is non-zero. This is because the vertical gradient of the incremental pressure is non-zero 

(Figure 5.6). It is observed in Figures 5.4 to 5.6 that there is an oscillafion. This is a 

direct result of re-setting the final velocity to zero at the end of the time step. Figure 5.8 

shows the final velocity in two dimensions, also prior to resetting the boundary velocities 
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to zero. These annoying oscillations are consistent with results observed by E and Liu 

[111]. 

Observe what occurs after solidification begins. Figure 5.9 shows the final 

velocity occurring at 5.0 seconds, just after solidification starts in the elements at the 

bottom of the container and before the boundary velocity is reset to zero. Figures 5.10 

and 5.11 show results at a simulated time of 50.0 seconds. Figure 5.10 is the fraction of 

liquid profile, and Figure 5.11 is the final velocity. The velocity at the bottom boundary 

has become much smaller, because the mushy zone is developing. The fraction of liquid 

is approximately 0.70 at the bottom boundary; therefore the reduced permeability does 

not allow much flow at the boundary. However, the oscillations produced earlier in the 

simulation are propagated into the mushy zone and also the all-liquid region above the 

developing mushy zone. 

Figures 5.12 and 5.13 show the results for a simulated time of 100.0 seconds. 

Figure 5.12 is the fraction of liquid, showing that the bottom boundary has reached a 

fraction of liquid of approximately 0.50. Figure 5.13 shows the final velocity before 

resetting the boundary velocities to zero. Several convection cells are beginning to form. 

The magnitude of the convection-induced velocities is becoming larger than the 

magnitude of the velocity oscillations induced by the error associated with the boundary 

condition at the bottom. However, upon closer inspection, some effect of the oscillation 

is still evident. 

Before arriving at the conclusion that thermosolutal convection damps any errors 

or oscillations associated with the boundary conditions, we must look at the top of the 
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domain, Figure 5.14. Here, as at the bottom, oscillatory errors have developed over time, 

due to the boundary conditions. However, the stronger convective flow that originates at 

the bottom of the domain has not reached the top. Thus, there is nothing to "mask" the 

oscillatory errors. 

Finally, look again at the bottom of the all-liquid region and the mushy zone at a 

simulation time when thermosolutal convection is significant enough to mask the 

oscillations introduced at the boundary. Figures 5.15 to 5.18 show these results for a 

simulated time of 200.0 seconds. Figure 5.15 shows the fraction of liquid, revealing the 

origin of two channels, a result of thermosolutal convection. Figure 5.16 shows the end 

of time step (EOTS) or final velocity in the bottom portion. The flow field appears to be 

correct and continuity is met. The errors at the boundary appear to have been overcome 

by the convective flow and are negligible compared to the velocities in the interior. Now 

reference Figure 5.17 to see the velocities in the forming mushy zone, where the 

velocities are more than three orders of magnitude smaller than those in the all-liquid 

region. The velocities along the boundary are also shown (prior to being reset to zero). 

The velocities in the interior appear to be correct as indicated by Figure 5.16. The 

boundary velocities are negligible compared to the velocities in the all-liquid zone; 

however, the velocities along the vertical boundaries are very large compared to the 

mushy-zone velocities. Note also the velocities in the top portion, as revealed in Figure 

5.18. There is insufficient convection to mask the errors at the boundaries, and these 

errors propagate into the interior. 
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5.4.2 Inhomogeneous Dirichlet Boundary Conditions 

The results shown and discussed above demonstrate the problems with the 

intermediate velocity boundary conditions, echoing the sentiments expressed in the 

references discussed in Chapter 2. The problems are even more significant in simulations 

of directional solidification (DS) than in simulations of high-speed flow, which are the 

focus of the references in Chapter 2. The velocities in DS simulations vary by several 

orders of magnitude, and there are many situations where the convective flow is either 

too small or non-existent, so that it does not dominate the errors occurring at the 

boundaries. Hence, something besides homogeneous Dirichlet boundary conditions for 

the intermediate velocities is required. 

Per the recommendation of Strikwerda and Lee [105], Kim and Moin [109], and 

LeVeque and Oliver [112], Equation (4.46) is rearranged and applied at the boundaries. 

Note again that Ug is the actual boundary condition. 

Since V(- p„) is unknown in the intermediate step, this term must be approximated 

by using the gradient of the incremental pressure from the previous time step. 

Ir = Pn-\ )]t (5.1 0) 

To avoid the build-up of errors at the boundaries, as was done for homogeneous 

boundary conditions; we again reset boundary velocities at the end of the time step using 
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Contrast the results of Figures 5.19 to 5.21 to those of Figures 5.4 to 5.6 , for a 

simulation time of 3.0 seconds and a time step of 0.05 s, prior to the occurrence of 

solidification. In Figures 5.19 to 5.21, the Dirichlet Boundary Condition for the 

Intermediate Velocity is non-zero and set according to Equation (5.10). The incremental 

pressure gradient corrects the non-zero intermediate velocity to zero, at the boundary. 

Therefore, the interior is unperturbed and the physical condition of zero velocity 

everywhere, prior to solidification, is accurately simulated. 

This can be further understood by looking at the Incremental Buoyancy Term 

{IBT). The IBT is derived by applying Equation (5.4) at time step n and also at time step 

n+1, and subtracting the former from the latter. 

where the subscripts n and n-1 indicate the current time step and the previous time step, 

respectively, because the buoyancy term is treated explicitly. Note in Figure 5.22, where 

the time step used is 0.05 s, that the vertical gradient of the incremental pressure is almost 

equal to the IBT. Equation (5.12) is valid only prior to solidification, when the 

temperature component of the buoyancy term is dominant and the solute component of 

the buoyancy term is insignificant, since the melt is of uniform concentration throughout. 

It is important to understand that in the bottom portion of the simulated casting, the 

(5.11) 

In other words. 

(5.12) 
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gradient of the incremental pressure is highly dependent on the incremental buoyancy 

term. 

One can also gain understanding of the necessity to impose a non-zero boundary 

condition by examining why the intermediate velocity is non-zero in the domain interior, 

near the bottom of the domain. When the intermediate step is executed at the beginning 

of a time step, a new "cooler" temperature is imposed at the bottom of the domain. This 

increases the local density of the liquid. Since continuity is not imposed in the 

intermediate step, this higher density causes a downward flow, (a non-zero intermediate 

velocity). 

5.4.3 The Problem at the Bottom 

Once solidification begins to occur, the solute term is a significant component of 

the buoyancy term and also the IBT\ 

IBT = [Pr in - T:_, ) + ft (s;,„ - s;)] g', (5.13) 

Let us continue to look at the results using Equation (5.10) for the boundary conditions. 

Figure 5.23 shows the velocity at a simulated time of 100.0 seconds; the simulation 

reported in this figure was also executed with a time step of 0.05 s. The fraction of liquid 

at this simulated time is the same as that shown in Figure 5.12. Contrast Figure 5.23 and 

Figure 5.13. There is considerable improvement in along the boundary, but there are still 

oscillations in the interior that propagate up through the all-liquid zone. This can be 

explained using Figure 5.24, where the IBT and the VGIP are plotted versus the vertical 

coordinate, in the bottom portion of the simulated casting or ingot; the simulation used to 
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produce results in this figure and Figure 5.25 was conducted using a time step of 0.05 s. 

The VGIP does not keep up with the IBT at the very bottom, where cooling occurs. 

Figure 5.25 is a more detailed look at the bottom of the domain, showing the oscillation 

in VGIP for the first few nodes. Even with the improved boundary conditions, the 

fractional step method cannot keep up with the large changes that occur in the 

incremental buoyancy term when solidification is initiated. Figure 5.26 shows the IBT 

and VGIP versus simulated time, for the bottom node, at x' = 0.004 m in the domain. 

The VGIP stays very close to the IBT, prior to the onset of solidification. However, at a 

time just after 3.0 seconds when solidification begins, the magnitude of the IBT changes 

significantly, and the VGIP cannot adjust fast enough to keep up with the change. The 

failure of the fractional step method to react to this dramatic change in the buoyancy term 

is explained as follows. 

The problem is a direct result of splitting the solution of the momentum equation 

into two steps. In the first time step following a significant change in the buoyancy term 

due to the first occurrence of solidification, the intermediate step tries to account for the 

change by calculating a relatively large vertical intermediate velocity. This large vertical 

intermediate velocity occurs because the pressure gradient from the previous time no 

longer balances the buoyancy term. To better understand this, recall Equation (4.34) and 

the definition of , Equation (4.32). Prior to solidification, with gravity in the vertical 

direction, and no flow, the only significant terms for the intermediate step are the gradient 

of the incremental pressure from the previous time step and the temperature component 

of the buoyancy term, so v is given approximately by 
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v„, (s.m) 

Prior to solidification, the term in parentheses in Equation (5.14) nearly balances to zero. 

The projection step has no problem correcting the intermediate vertical velocity to a 

value that is essentially zero. In the time step immediately after the first occurrence of 

solidification, the buoyancy term includes the solute concentration component, and the 

fraction of liquid. Therefore, is now given approximately by 

-di ̂ +to [-»r (7"; - c,)+A (•s;, - •SL-,)] «;• (5-15) 

Because of the large jump in the buoyancy term, the term in brackets in Equation (5.15) 

is no longer close to zero, but is in fact relatively large. The vertical gradient of the 

pressure from the previous time step. 
/ a ' ̂  

does not come close to balancing the 

buoyancy term. This is understandable because the pressure in the previous time step 

was based on the previous buoyancy term, which had no solute concentration component. 

The magnitude of the vertical intermediate velocity calculated is relatively large, 

resulting in a large divergence of the intermediate velocity that results in the oscillations 

shown in Figures 5.23 to 5.25. 

5.4.4 Convection Overcomes the Problem at the Bottom 

The dramatic change in the buoyancy term that occurs at the bottom is the cause 

of the oscillations occurring in the mushy zone. Fortunately, for alloy properties and 

processing conditions that produce thermosolutal convection, the convection that 
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emanates from the developing mushy zone soon overcomes the oscillations. Figure 5.27 

shows the fraction of hquid for this case; note that the simulations reported in Figures 

5.27 to 5.30 were conducted with a time step of 0.05 s. 

The range of fractions of liquid shown in Figure 5.27 is the same as that shown in 

Figure 5.15, as expected. However, there is only one emerging channel, compared to two 

in Figure 5.15. Figures 5.28 and 5.29 show velocity vectors for the all-liquid region and 

the mushy zone, respectively. Compared to Figure 5.16 and 5.17, these agree 

qualitatively in the interior of the domain and show dramatic improvement along the 

vertical boundaries. As in the case of the homogeneous boundary conditions, the 

thermosolutal convection in the all-liquid region overcomes the boundary errors. On the 

other hand, when comparing Figures 5.17 and 5.29, the real improvement is realized in 

the velocity vectors in the mushy zone. The errors along the left and right boundaries 

have been reduced dramatically. 

5.4.5 Inhomogeneous Boundary Conditions at the Top 

Refer to Figure 5.30, which shows the velocities in the top portion of the ingot at 

100.0 seconds. Compare to Figure 5.14, and note the vast improvement in results. The 

oscillations in the vertical velocity component have almost been eliminated. Note too that 

the magnitude of the velocities is an order of magnitude smaller in Figure 5.30 and no 

error in the velocities along the boundaries can be discerned, showing the effectiveness of 

the inhomogenous boundary condition. 
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5.5 Integration Option A versus Integration Option B 

The previous discussion illustrates the importance of boundary conditions, 

particularly prior to the development of a convection field. The inhomogeneous 

boundary conditions for the intermediate velocity provide a vast improvement over the 

homogeneous boundary conditions by allowing the velocity along the boundary at the 

end of the time step to more closely match the given boundary conditions; as a result 

continuity is imposed more accurately. There is another issue that is addressed here. 

Recall the two integration options presented in Chapter 4; these options are in 

regard to the finite element formulation for the projection step. Option A eliminates the 

need to include line integrals in the incremental pressure finite element formulation. This 

is because the line integrals that result from applying Green's Theorem to both the left 

and right sides of Equation (4.54) form the real boundary condition. The velocity 

boundary condition is zero at all boundaries for flow with no shrinkage. Option B 

includes the following line integrals: (fVcr „ ——dx along the top and bottom 
r ' 

boundaries and dy along the left and right boundaries. When the gravity 
* ' dx 

vector is in the ̂ -direction only, there is no component of the hydrostatic pressure in the 

x-direction; therefore a "weakly" imposed homogeneous Neumann condition on the left 

and right boundaries is appropriate. 

Along the top and bottom, Integration Options "A" performs better because a 

non-zero value for the VGIF is required in order to accommodate the incremental 

buoyancy term. Option B has the potential for error at the location where the Dirichlet 
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boundary condition for the incremental pressure is applied. This is because the Dirichlet 

boundary condition interferes with the line integral. In effect, calculating the line integral 

along the top explicitly incorporates an inhomogeneous Neumann boundary condition; 

therefore, a Dirichlet boundary condition at a node at the top, in addition to the Neumann 

boundary condition, over-constrains the pressure solution. Figure 5.31, which is for a 

simulated time of 200 seconds and with a time step of 0.05 s, demonstrates this. The line 

integral is being applied across the top and the incremental pressure Dirichlet boundary 

condition is applied at the top center, where the velocity disturbance occurs. Moving the 

Dirichlet boundary condition to other locations in the domain does not solve this 

problem. However, the error at the top is eventually dominated by the convection. 

Along the left and right boundaries, where there is no horizontal component of the 

gravity vector, the horizontal gradient of the incremental pressure should be zero. This 

can be imposed with Integration Option "B" by not including the line integral. Then, the 

homogeneous Neumann boundary condition is imposed "weakly". The term "weakly" is 

used because the Neumann boundary condition is not explicitly imposed, but only 

imposed by leaving out the line integral term. 

Option B performs better along the left and right boundaries than Option A, 

particularly for cases with significant convection near the left and right boundaries. As 

discussed in Chapter 4, Option A essentially allows the intermediate velocity and the 

gradient of incremental pressure to "float" at the boundary, because this projection step 

fv d " ^ 
formulation only imposes the conditions that jw\ -^-<j At 8y 

n+l  dx = 0 and 
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l w ( d y - 0 ,  i.e., Integration Option A does not specify ^ o r  ^ ^ At ' dx I r 

5 A ̂7+1 

dy . The boundary conditions for the intermediate velocities are based upon the 

dp dp 
previous time step's incremental pressure gradient, —- and —-. Therefore, neither dx dy 

the intermediate velocities nor the gradient of the incremental pressures are fixed to a 

reference value. This creates a problem along the left and right boundaries when there is 

significant convection. The errors that occur as a result of this potential for the 

intermediate velocities and incremental pressure gradient to "float" are illustrated in 

Figures 5.32 to 5.35; the time step used in the simulation reported in these figures is also 

0.05 s. 

Figures 5.32 and 5.33 show the fraction of liquid and velocities, respectively, near 

the mushy zone for the Pb-Sb alloy described and used in the previous section. The time 

shown is 500 seconds, when the mushy zone has become fully developed. Figures 5.32 

and 5.33 are for the case of Option B; fraction of liquid and all-liquid velocity results for 

Option A are almost identical, therefore they are not shown. When the all-liquid region 

velocity vectors are blanked out, to view the mushy-zone velocity vectors, the calculated 

boundary velocities are also visible. Figure 5.34 shows the mushy-zone velocity vectors 

using Integration Option A and Figure 5.35 shows mushy-zone velocity vectors using 

Integration Option B. There is a slightly stronger convection cell along the left boundary 

than along the right boundary, as indicated by Figure 5.33. The homogeneous Neumann 
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boundary condition is imposed more accurately using Integration Option B; it can handle 

the convection cell along the left side better than Option A. 

It should be noted that inhomogeneous intermediate velocity boundary conditions, 

both normal and tangential, are used on all boundaries. This selection of boundary 

conditions yields the best results. 

As the above discussion shows, it appears that there is no optimum choice 

between Integration Option A and B. Option A provides better results at the top of the 

domain, particularly at the beginning of the simulation. Option B provides better results 

along the left and right boundaries, particularly when the convection becomes more 

vigorous. It is not surprising that Integration Option B works better than Integration 

Option A along the left and right boundaries. Option B enforces the homogeneous 

Neumann boundary conditions at least weakly, while Option A has the potential for 

allowing the intermediate velocity and horizontal gradient of incremental pressure (along 

left and right boundaries) to "float", as described above. 

5.6 Quadratically Blended Elements along the Boundaries 

For much stronger convection fields than those reported in the previous section, 

such as those that occur in alloys such as Pb-Sn, the weak enforcement of the 

homogeneous Neumann boundary condition is not adequate, even with Integration 

Option B. This is demonstrated in a Pb-Sn case here. This case is documented in Frueh 

et al. [31] and labeled Case 3c. Tables 5.1 and 5.2 show the processing conditions and 

the Pb-Sn properties used, respectively. A very fine mesh size was used in Case 3c. This 

fine mesh is used in results reported in Chapter 6, to compare the FSM to documented 
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results. However, for the parametrics reported in this section, the very fine mesh spacing 

is not necessary. Instead, a mesh spacing of 0.0002 m is used: all other characteristics of 

the case labeled Case 3c are identical. The simulated casting dimensions are 0.007 m in 

the x' -direction and 0.024 m in the y' -direction. To distinguish from the finer mesh 

spacing used in Case 3c versus the coarser mesh spacing used in the parametrics 

presented in this chapter, the simulation results presented here are referred to as Case 

3cA. 

The boundary conditions recommended for the Pb-Sb case reported above, seem 

to fail for this Pb-Sn case. That is, using Integration Option B and applying the 

inhomogeneous boundary conditions to all boundaries, for velocities tangent and normal 

to the boundaries, the simulation eventually becomes unstable. Integration Option A 

does not improve things. For both cases, the simulation diverges after only a few 

hundred time steps. Examination of results prior to simulation failure show very large 

velocities at the boundaries prior to resetting these boundary velocities to zero at the end 

of the time step, near the top of the mushy zone. This suggests that the "weakly" 

imposed homogeneous Neumann boundary condition is "too weak". Resetting the 

boundary velocities to zero at the end of the time step from their rather large values is not 

adequate. The boundary velocities for this case are on the same order as the interior 

velocities, even in the all-liquid region. Therefore, resetting them to zero caused too 

large of a change between the "as-calculated" velocity field and the "as-reset" velocity 

field. Continuity cannot be imposed. 



An alternative is to impose homogeneous Dirichlet boundary conditions for the 

intermediate step. When this is done, the simulation does not diverge, but produces very 

large velocities at the boundaries. This is illustrated in Figures 5.36 and 5.37; once again, 

the time step used in simulation reported in Figures 5.36 and 5.37 is 0.05 s. Figure 5.36 

shows the fraction of liquid and the all-liquid velocities near the mushy zone at a 

simulated time of 1500.0 seconds. The fraction of liquid and the velocity vectors indicate 

strong convection in the all-liquid zone. Figure 5.37 shows the velocity vectors in the 

mushy zone; there are large velocities on the boundaries just above the mushy zone. 

These velocities are substantially larger than those occurring in the mushy zone. 

Another alternative is to impose inhomogeneous Dirichlet boundary conditions 

for intermediate velocities tangential to the boundary and to keep homogeneous Dirichlet 

boundary conditions on the intermediate velocities normal to the boundary. Figures 5.38 

and 5.39 illustrate results obtained using this alternative. Here, the time step had to be 

reduced to 0.01 s. This is because the strong convection that is occurring at the wall is 

making the simulation unstable when the tangential velocities are constrained at the wall. 

The smaller time step should reduce the error in the boundary velocity, because the 

velocity along the boundaries is proportional to the size of the time step and is given by 

, since the intermediate velocity is set to zero on the boundary 

for this case. 

Figure 5.38 shows the fraction of liquid and all-liquid velocities near the mushy 

zone, at a simulated time of 1500.0 seconds. The fraction of liquid field is very similar to 

the fraction of liquid for the case described previously, but there is a difference in the 
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velocity fields. As shown in Figure 5.39, the tangential component of the boundary 

velocity has been eliminated. However, the normal component remains significant 

compared to the mushy-zone velocities. The "weak" enforcement of the inhomogeneous 

Neumann boundary condition is not sufficient to reduce the magnitude of the velocities 

on the boundary, such that they are negligible, even compared to mushy-zone velocities. 

The problem is inherent to the bilinear elements used for interpolation. For 

example, the first shape function for a bilinear element is 

f  x ' \ f  v ' \  
N , ( x \ / ) =  1-- 1-f (5.16) 

V h)\ k ) 

where h is the element length (width) in the horizontal x' -direction and k is the element 

length (height) in the vertical y' -direction. The derivative of this shape fiinction with 

respect to jc' is. 

dN, r 1 A 
1-^ 

V "y 
(5.17) dx' 

Note that at the left edge of the element, x' = 0, and at the right edge of the 

element, x' = h, the derivative of this shape function is the same and is non-zero, i.e., the 

der ivat ive  of  the  shape funct ions  wi th  respect  to  x' are  independent  of  x ' .  

Since the incremental pressure gradient in the x' -direction is independent of x', 

the weak imposition of the zero normal incremental pressure gradient in the numerical 

model appears to be insufficient to obtain the required accuracy for very slow flows, such 

as occur in the mushy zone. This suggests that a stronger imposition of the homogeneous 

normal pressure gradient along the boundary is necessary. This can be achieved using 

the QB elements. 
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QB elements are second order in the direction normal to the boundary. As an 

example, the first shape function for the QB element on the left boundary is 

N, \,QB_L 
V 

1 -
7' ' A  

(5.18) 

and the first shape function for an element on the right boundary is 

A^, i , Q B _ R  
V 

2x' x' 1 + —^ h h' 1 - k J (5.19) 

where the subscripts QB_L and QB_R indicate QB elements on the left and right 

boundaries, respectively. 

Now look at the derivatives of these shape functions with respect to x. 

dN, \,QB_L 
dx' h" 

t\ 
(5.20) 

and, 

dN, 
dx' 

2 2x' 
1 r-h 1- 7' (5.21) 

Evaluating Equation (5.20) at =0 and Equation (5.21) at x = h\ it is seen that 

both elements have zero horizontal gradients at the left and right boundaries, respectively. 

Moreover, these elements match the bilinear elements in the interior. For 

example, as shown in Figure 5.40 for the left boundary, a QB element shares two nodes 

with the bilinear element to its immediate right. In the QB element, local nodes 2 and 3 

(on its right edge) are the same nodes as local nodes 1 and 2 (the left edge) of the 

adjacent bilinear element. Therefore, shape function 2 of the QB element must match 

shape function 1 of the bilinear element. Shape factor 2 for the QB element is 
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(5.22) 

It is seen that N, \ , N-
' lA- =0 

= 1 - — as derived. The same is true for the k 

other shape functions. 

Figure 5.41 shows a map of the QB elements, including four edge element types 

and four comer element types. Table 5.3 lists the four shape functions for each type, 

including the default bilinear elements (Element Type 9), for comparison. Note that 

comer elements are second order in both directions. 

Figures 5.42 and 5.43 demonstrate the improvement provided by applying the QB 

elements to the left side of the projection step, either Equation (4.59) or Equation (4.62). 

It is necessary to apply them to only the projection step and only on the left side of the 

projection step equation in order to enforce a zero gradient of incremental pressure along 

the boundaries. Figure 5.42 shows the fraction of liquid and velocity vectors for this 

case. Note a change in the velocity field compared to the previous case described. 

Comparing the mushy-zone velocities and boundary velocities in the all-liquid zone 

between Figures 5.43 and Figures 5.39, we observe a considerable improvement in the 

mass conservation within the domain. 

The simulation used to generate Figures 5.42 and 5.43 was mn with 

inhomogeneous boundary conditions, both tangential and normal, for the intermediate 

velocities at all boundaries. The time step of 0.005 s was required for the simulation 

reported in Figures 5.42 and 5.43; constraining the normal velocities with the QB 

elements required an even smaller time step than previously, to maintain stability. Recall 
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that the case using bilinear elements with all inhomogeneous boundary conditions in the 

intermediate velocities was unstable. The QB elements enforce the homogeneous 

Neumann condition for the incremental pressure; therefore, the simulation is stable. 

Cases with homogeneous intermediate velocity boundary conditions were also run 

using the QB elements in the incremental pressure formulation. There was improvement 

over using only bilinear elements, but the boundary velocity results are two to three 

orders of magnitude larger than for the case of inhomogeneous intermediate velocity 

boundary conditions. 

5.7 Performance of the Quadratically Blended Elements 

The QB elements clearly do a much better job of enforcing the homogeneous 

Neumann boundary condition for the incremental pressure. When QB elements are used 

along the top boundary of the ingot, there can be oscillations in the velocities in the top 

portion of the domain. These errors are a result of imposing a zero VGIP at the top 

boundary with the QB elements, because the VGIP tends to follow the non-zero IBT 

along the top and bottom boundaries. For some alloys and processing conditions, these 

oscillations are negligible compared to the convection occurring in this locality. For 

other situations, the errors caused by enforcing a zero VGIP at the top boundary are not 

negligible. Figures 5.44 through 5.48 illustrate a case where the errors are negligible 

after a few hundred seconds of simulated time; the lead-tin case described as Case 3cA in 

Tables 5.1 and 5.2. As with Figures 5.42 and 5.43, the time step used in the simulations 

reported in Figures 5.44 to 5.48 is 0.005 s. Figure 5.44 shows the fraction of liquid and 

velocity over the entire casting for a simulated time of 300 seconds; the strongest part of 
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the convection field is confined to the bottom near the mushy zone. Therefore, as 

illustrated in Figure 5.45, the errors at the top are significant compared to the flow field 

near the top, where the homogeneous Neumann boundary condition is applied for the 

incremental pressure and a homogeneous Dirichlet boundary condition is enforced at the 

-6 

upper right comer. Velocity vectors with a magnitude greater than 8.0 x 10 m/shave 

been blanked out in Figure 5.45, for clarity. 

Only 100 seconds later, as shown in Figures 5.46 and 5.47, the convection field is 

becoming more significant at the top, making the error in velocity near the top negligible. 

Figure 5.48 is a detailed look at the top right comer, where the homogeneous Dirichlet 

boundary condition is set for the projection step. The error at the top is negligible 

through the rest of the simulation. 

Contrast the results for lead-tin. Case 3cA to those for the lead-antimony case 

reported previously. Case PbSbA in Tables 5.1 and 5.2. Case PbSbA is illustrated in 

Figures 5.49 through 5.52; the time step used in the simulation reported in these figures is 

0.05 s. The convection at the top does not become strong enough to overcome the error 

induced by trying to impose a zero VGIP at the top. Figures 5.49 and 5.51 show the 

fraction of liquid and all-liquid velocities for simulated times of 400 seconds and 1600 

seconds, respectively. Figures 5.50 and 5.52 show the velocities at the top of the casting; 

also at 400 and 1600 seconds, respectively. 

There are a couple of things going on here. First, the lead-antimony case has a 

cooling rate approximately four times faster than the lead-tin case, 0.18 K/s versus 0.0482 

K/s. This rate is applied to the bottom of the casting; but the cooling rate at the top is 



proportional to the cooling rate at the bottom; therefore, the cooling rate at the top is 

much faster for the lead-antimony case than for the lead-tin case. Recall from Equation 

(5.13) that for the all-liquid region, the IBT consists of the change in temperature and 

solute concentration from one step to the next times the coefficients of thermal and 

solutal expansion, respectively. The IBT is higher for the lead-antimony alloy (12 %). 

As a result, the VGIP is larger for the lead-antimony case than the lead-tin case. This is 

evidenced in Figures 5.53 and 5.54, where the vertical gradient of the incremental 

pressure and the IBT are plotted for a single node in both of the cases referenced. The 

location of the node that is plotted in both figures is the top of the casting, at the halfway 

point horizontally. Obviously, the other terms in the full momentum equation also affect 

the relationship between the IBT and VGIP, but the VGIP does closely follow the IBT, as 

seen in Figures 5.53 and 5.54. Note that the magnitude of the IBT and VGIP are two to 

six times less for the lead-tin case than the lead-antimony case. The values for the lead-

tin case oscillate due to the strong convection at the top, but their magnitude is always 

less than for the lead-antimony case. In the lead-tin case, shown in Figure 5.54, the VGIP 

is zero until a simulated time of approximately 250 seconds. That is because, for this 

particular case, the convection was not turned on until the bottom row of nodes had 

reached a fraction of liquid of 0.70. 

Besides the leading effect that the IBT has on the VGIP, the lead-tin system is less 

stable than the lead-antimony system; therefore, the lead-tin system has more vigorous 

convection. The error along the top is negligible at the top for the lead-tin case but is not 

negligible for the lead-antimony case. 
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5.8 An Alternative Solution 

The lead-antimony alloy case, PbSbA, where convection is not vigorous enough 

at the top to overcome the non-zero VGIP, requires a finite element formulation that does 

not force the VGIP to zero. However, this simulation case does benefit greatly from QB 

elements along the left and right boundaries. In some cases, the solution is to continue to 

use the QB elements along the left and right boundaries, and to return to using the 

bilinear elements along the bottom and top boundaries. This combination may also be 

beneficial for the lead-tin case, but is not as crucial since the convection at the top soon 

overcomes errors associated with enforcing a zero VGIP at the top. 

Transition elements were used at all comers of the domain to reduce the 

interpolation order from quadratic at the left and right boundaries to bilinear at the top 

and bottom boundaries. In these transition elements, second order functions are used 

only in two of the four shape functions, in the x' -direction. Figure 5.55 shows a new 

element map and Table 5.4 lists the shape functions for the transition elements, labeled 

Element Types 10 to 13. To better understand these elements, focus on Element Type 10, 

which is a hybrid between Element Type 4 and Element Type 9. Like Element Type 4, 

shape factors 1 and 2 are second order in the x' -direction, to match Element Type 4, and 

all the shape factors are first order in the y'-direction. Unlike Element Type 4, shape 

factors 3 and 4 are first order in the x' -direction to match the Element Type 9 shape 

factors at the top. Element Type 11 is a hybrid between Element Types 8 and 9. Element 

Types 12 and 13 are similar, except that shape factors 1 and 2 are first order in the x' -

direction and shape factors 3 and 4 are second order in the x' -direction. The transition 
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elements provide the desired interface between elements 8 and 9, and 4 and 9 along the 

left and right boundaries, as required. Some results follow. 

5.8.1 Results for Lead-Antimony, Case PbSbA 

Keeping the QB elements along the left and right boundaries and bringing back 

the bilinear elements along the top and bottom with transition elements in the corners 

significantly improves the velocities at the top. For integration Option A, the velocities at 

the top look nearly identical to the velocities using bilinear elements everywhere. Results 

for this new case are not shown here because of the similarity to results shown 

previously. The difference in the velocities at the top at a simulation time of 200 seconds 

using bilinear, QB, and transition elements is indistinguishable, compared to the results 

shown for all bilinear elements in Figure 5.30. Subsequent simulation times are also 

similar for the velocities at the top, using Option A. 

The Dirichlet boundary condition for the incremental pressure still produces error 

at the top for Integration Option B. However, the magnitude of this error is significantly 

reduced by using QB elements on the left and right boundaries and bilinear elements on 

the top and bottom boundaries, with transition elements in the comers. Compare Figure 

5.56 to Figure 5.50, which both show velocity vectors at the top for the same simulated 

time of 400 seconds; a time step of 0.05 s is used for both simulations reported. Focus on 

the velocity vectors in the top right comer; the scale of the velocity vectors shown in 

Figure 5.56 had to be magnified in order to see the error occurring in the top right comer. 

There is significant improvement. Figure 5.57 shows the velocity vectors at the 

simulated time of 1600 seconds, and can be compared to Figure 5.52, showing further 
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improvement at this later time. The time step used in both of these simulations is also 

0.05 s. 

5.8.2 Results for Lead-Tin, Case 3cA 

It is not a problem to use the QB elements at the top boundary for this particular 

Pb-Sn case. Case 3cA, because the convection at the top becomes vigorous relatively 

quickly and dominates the errors caused by imposing a zero VGIP at the top. Therefore, 

for this case, there is not much of a difference between using QB elements along all 

boundaries, or using QB elements along the left and right boundaries and bilinear 

elements on the top and bottom boundaries, with transition elements in the comers. 

5.8.3 Results for Lead-Tin, Case 3c, with Smaller Elements than those for Case 3cA 

Recall that Case 3cA is the same as Case 3c, except for the mesh fidelity. In 

Chapter 6, Case 3c is used to compare FSM results with penalty method results; in this 

section, results from Case 3 c are shown to demonstrate that the error associated with the 

Dirichlet boundary condition for the incremental pressure is not always masked by 

convection. The problem becomes harder to mask as the mesh spacing becomes finer. 

-4 
Case 3cA has a mesh spacing of 2.00 x 10 m in both the x' - and y' -directions, and for 

reasons described in Chapter 6, Case 3c has a mesh spacing of 9.21 x 10 ^ m in the x' -

direction and 7.08 x 10 m in the >>'-direction. Figures 5.58 and 5.59 show results for 

Case 3c, at a time of 1000 seconds, using a time step of 0.01 s. In Figure 5.58, the QB 

elements were used for the incremental pressure formulation on all the boundaries. In 

Figure 5.59, the "Alternative Solution" was used: QB elements on the left and right 
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boundaries; bilinear elements on the top and bottom boundaries; with transition elements 

at the corners. There is no noticeable difference in results. Throughout the simulation, 

the error at the top right comer does not spread from this localized region, but does not 

improve either. 

5.9 Summary 

This chapter illustrates the importance of the boundary conditions. There were 

three options presented: 1) Homogeneous versus inhomogeneous Dirichlet boundary 

conditions for the intermediate step; 2) Integration Option A versus Integration Option B 

for the projection step; and 3) Bilinear versus QB boundary elements for the projection 

step, or a combination of bilinear and QB elements for boundary elements. There are 

some clear choices and some choices that depend on the alloy and processing conditions 

being simulated. 

The results presented clearly show the improvement provided by using 

inhomogeneous boundary conditions for the intermediate step. These inhomogeneous 

boundary conditions are based on the original governing equations for the fractional step 

method, Equation (5.10). Equation (5.10) is an approximation to Equation (5.9), but is 

very effective. 

Integration Option B is more effective at enforcing a normal gradient of the 

incremental pressure, and thus a zero end of time step (EOTS) velocity along the left and 

right boundaries. However, Integration Option B can present problems at the top of the 

domain where the Dirichlet boundary condition is imposed. It appears that the choice 

between Integration Option A and Integration Option B is a balance between accuracy at 
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the top and minimizing end of time step velocities along the left and right boundaries. 

However, Option B is the only choice for all simulations except those with a very weak 

convection field along the left and right boundaries. 

When Integration Option B is used, there are errors associated with the 

homogeneous Dirichlet boundary condition. This boundary condition is set at the top of 

the domain. Shifting the location of this boundary condition did not remove the error; it 

merely translated it. This boundary condition over-constrains the pressure, because using 

Integration Option B defines a Neumann boundary condition for the incremental 

pressure, in addition to the Dirichlet boundary condition. For some cases, convection at 

the top renders this problem negligible. However, the errors associated with this 

Dirichlet boundary condition become more pronounced as the element size becomes 

smaller. 

Finally, the QB elements along the boundaries significantly improve the 

enforcement of a zero normal incremental pressure gradient compared to bilinear 

elements. In fact, they are essential for simulating cases with strong convection. Since 

the normal gradient of the incremental pressure is non-zero at the top boundaries, using 

bilinear elements along the top and bottom boundaries, along with transition elements in 

the comers is an effective means of reducing this error. However, this "Alternative 

Solution", as it is labeled in this chapter, does not always eliminate the oscillations that 

occur at the location of the incremental pressure Dirichlet boundary condition, 

particularly for cases with a very fine mesh. Further study is required to solve the 

oscillations associated with the Dirichlet boundary condition for the incremental pressure. 
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There is no universal set of options for all simulation cases. However, the options 

provided do offer flexibility in simulating many different types of cases. The simulation 

program is set up so that choices can be made easily by switching a single parameter in a 

data file. 

The next chapter presents results for cases that can be compared to documented 

simulation results and to experimental results. 
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Table 5.1 Processing conditions of lead alloys. 

Case Alloy G  Ill 

(K/cm) (|im/s) (urn) 

PbSbA Pb-5.8 wt. % Sb 120 15 300 

3cA Pb-23.4 wt. % Sn 77 6 185 

Table 5.2 Summary of thermodynamic and transport properties at S^, 

used for calculations in Chapter 5. 

Case \ (wt. %), 

7-.. (K) 
/^o ^ 

(kg/m') 
lo' A:* lo' 

vx 10 

(m'/s) 

PbSbA 5.8,563.0 10359 -1.20 -5.82 3.0 

3cA 23.4, 545.5 9520 -1.16 -4.90 2.62 

Case L  

(kJ/kg) (kJ/kg-K) 
k  

(kW/m-K) 
X lo'" 

{m7s) 

PbSbA 29.8 0.148 0.0146 11.3 

3cA 39.8 0.176 0.0206 4.25 
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Table 5.3 Element shape factors for Element Types 1 to 9. 

Element 
Type 

Order Shape Shape 
(.YV') Factor 1 Factor 2 

1 (2"" ,2"" )  

/ 

\ 

1-^  

h")  
V 

\ 

/ IF  
V 

\  

J 

2 
(  x '^  

1--
l h j  ' - f l  V ^ y 

x '  
' h  .  '-fl /C ^ 

3 (2"" ,2"" )  

^ O ' '2 A 
,  2x  X 1 + — 
.  h h ' )  

f  
^ k^  

2x '  x '^  ̂  

,T"^J V ,  

\  

J 

4 (2"" , ! " )  

2x '  x'^ ^  

1- + —r y  h  h ' ]  fi-Zl 
V ^  y 

' 2x '  x ' ' ^  

V ^ y V k  J  

5 (2 ° ' ' , 2"" )  

r I x  ^  x" ̂  
k  k ' )  

^ 2x' x'^ L 2;^ ^ _y  

[ /t A:' J 

6 (1^2°" )  

V h)  

f  o  '  '2  A  

k  k  )  

/ 

X 

I 
'1-^,41 

t J 

7 (2" ' ' , 2" ' )  1 - ^  

(  O ' ' 2 ^  

1 - —  

{ k k\ 

\ 

1  
x '^  

IF  
/  -- )  '  ' 2  A  

1 - — + ^  

^ A: e  ) 

8  (2~d^l„) 
f  x ' ^ '  

1-^ 
I V k  J  

x'^ 
IF  

r 1-^ 
V k  J  

9 (1",!") 
(  x \  
1--^ h)  V k ) 

x '  
h  
\ - l ]  
V ^  J 



171 

Table 5.3 - Continued Element shape factors for Element Types 1 to 9. 

Element 
T\pe 

Order Shape 
(x\y') Factor? 

Shape 
Factor 4 

1 (2"'',2"'') 
x'^ y'^ 
Yle 

/ 

\ 

x" 
1-^ 

\y" 
e 

2 (1«2"«) X' y" 
h e 

r x'^ 
1--

V ^ y 

ti y 

3 (2°"',2""') 
2x' x'^ ^ 
rh'Y] 

y" 
e 

^^ 2x ̂  x'^ ̂  yi 
k^ 

4 (2"'',1") 
^ 2x' x'^ f 

21 
k 

2x' ̂  x'^ \ r y_ 
k 

5 (2"",2'"') 
^ 2x' 2y' y'^^ 

Jy k k^ J 
f, 2x' x" ̂  

1 + -7-h h ) 
V_zll 
^ k k^ ̂  

6 (1",2"'') 
x' 
h 

'2/ 
.k e) 

' x'^ 
1--. h) 

f 1 ̂ 2j 
yk k\ 

7 (2"'',2"') 
x'^ 
1^ [k k\ 

\ f  

V 

x^\ 
1-^ h'j 

f  r  '2 ^  ^y y 
^ k k\ 

\  

I  

8 (2"'',1") 
x'~ y' 
h^T 

( x" 

I h' 
^ y 

y k 

9 (IM") 
X y' 
h k 

( x'^ 
1--

V 
ly 
k 
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Table 5.4 Element shape factors for Element Types 10 to 13. 

• 

Element 
Type 

Order * 
(x\y') 

Shape 
Factor 1 

Shape 
Factor 2 

10 (T,r^) 
r 2x'^X''YJ 

h J \ k) y h J y k ) 

11 (T,l^') . h') V k, 

\ 

/ 

x'^ 
'V f'--V k ̂ / 

12 (T,r') 
( x'^ 
1--

V h) 
r.-^i 1 kj 

x' 
~h 'U] V k V* 

13 (TX') 
( x'^ l_iL 

V h) V k y h{ kj 

Element 
Type 

Order * Shape 
Factor 3 

Shape 
Factor 4 

10 {TX') x' y' 
h k 

f x'^ 
1--

V hj 
y 

k 

11 (T,r') 
x' y' 
h k 

( x^ 
1--

V ^ y 

t y_ 
k 

12 {TX') ( 2x' x" ̂  7' 
[ h h" ) k 

L 2x ]y 
h J k 

13 (T,l") 
x'^ y' 
Ifk 

x'^ y 

k 

* - T indicates transition elements (two 1^^ order shape factors, two 2"^ order 
shape factors) 
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Figure 5.1 Permeability perpendicular to the direction of solidification as a function 
of volume fraction of liquid, (f) and primary dendrite arm spacing, . 

Fraction of Liquid, ^ 

Figure 5.2 Permeability parallel to the direction of solidification as a function of 
volume fraction of liquid, (f) and primary dendrite arm spacing, t/,. 
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Figure 5.3 (a) Domain and coordinate system for solidification of a binary dendritic 
alloy, (b) Dimensions (m) and mesh spacing of the domain used in the 
simulations reported in Chapter 5. 
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Figure 5.4 Intermediate vertical velocity versus vertical location in a Pb-5.8% Sb 
ingot, prior to solidification. Time step 60; simulated time of 3.0 
seconds. Homogeneous boundary conditions. 
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Figure 5.5 Final vertical velocity versus vertical location in a Pb-5.8% Sb ingot, 
prior to solidification. Time step 60; simulated time of 3.0 seconds. 
Homogeneous boundary conditions. 
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Figure 5.6 VGIP versus vertical location in a Pb-5.8% Sb ingot, prior to 
solidification. Time step 60; simulated time of 3.0 seconds. 
Homogeneous boundary conditions. 
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Figure 5.7 Temperature versus vertical location in a Pb-5.8% Sb ingot, prior to 
solidification. Time step 60; simulated time of 3.0 seconds. 
Homogeneous boundary conditions. 
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Figure 5.8 Final velocity in the bottom portion of a Pb-5.8% Sb ingot, prior to 
solidification. Time step 60; simulated time of 3.0 seconds. 
Homogeneous boundary conditions. 
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Figure 5.9 Final vertical velocity versus vertical location in the bottom portion of a 
Pb-5.8% Sb ingot, after solidification begins. Time step ICQ; simulated 
time of 5.0 seconds. Homogeneous boundary conditions. 
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Figure 5.10 Fraction of liquid in the bottom portion of a Pb-5.8% Sb ingot, after 
solidification begins. Time step 1000; simulated time of 50.0 seconds. 
Homogeneous boundary conditions. 
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Figure 5.11 Final velocity in the bottom portion of a Pb-5.8% Sb ingot, after 
solidification begins. Time step 1000; simulated time of 50.0 seconds. 
Homogeneous boundary conditions. 
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Figure 5.12 Fraction of liquid in the bottom portion of a Pb-5.8% Sb ingot. Time 
step 2000; simulated time of 100.0 seconds. Homogeneous boundary 
conditions. 
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Figure 5.13 Final velocity in the bottom portion of a Pb-5.8% Sb ingot. Time step 
2000; simulated time of 100.0 seconds. Homogeneous boundary 
conditions. 
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Figure 5.14 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 2000; 
simulated time of 100.0 seconds. Homogeneous boundary conditions. 
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Figure 5.15 Fraction of liquid in the bottom portion of a Pb-5.8% Sb ingot. Time 
step 4000; simulated time of 200.0 seconds. Homogeneous boundary 
conditions. 
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Figure 5.16 Final velocity in the bottom portion of a Pb-5.8% Sb ingot. Time step 
4000; simulated time of 200.0 seconds. Homogeneous boundary 
conditions. 
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Figure 5.17 Mushy zone and boundary velocities in the bottom portion of a Pb-5.8% 
Sb ingot. Time step 4000; simulated time of 200.0 seconds. 
Homogeneous boundary conditions. 
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Figure 5.18 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 4000; 
simulated time of 200.0 seconds. Homogeneous boundary conditions. 
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Figure 5.19 Intermediate vertical velocity versus vertical location in a Pb-5.8% Sb 
ingot, prior to solidification. Time step 60; simulated time of 3.0 
seconds. Inhomogeneous boundary conditions. 
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Figure 5.20 Final vertical velocity versus vertical location in a Pb-5.8% Sb ingot, 
prior to solidification. Time step 60; simulated time of 3.0 seconds. 
Inhomogeneous boundary conditions. 
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Figure 5.21 VGIP versus vertical location in a Pb-5.8% Sb ingot, prior to 
solidification. Time step 60; simulated time of 3.0 seconds. 
Inhomogeneous boundary conditions. 
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Figure 5.22 VGIP and IBT versus vertical location in a Pb-5.8% Sb ingot, prior to 
solidification. Time step 60; simulated time of 3.0 seconds. 
Inhomogeneous boundary conditions. 
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Figure 5.23 Final vertical velocity versus in the bottom portion of a Pb-5.8% Sb. 
Time step 2000; simulated time of 100.0 seconds. Inhomogeneous 
boundary conditions. 
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Figure 5.24 VGIP and IBT versus vertical location in a Pb-5.8% Sb ingot, after 
solidification occurs. Time step 100; simulated time of 5.0 seconds. 
Inhomogeneous boundary conditions. 
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Figure 5.25 VGIP and IBT versus vertical location in a Pb-5.8% Sb ingot, after 
solidification occurs. Time step 100; simulated time of 5.0 seconds. 
Inhomogeneous boundary conditions. This figure is a more detailed look 
at the bottom, compared to Figure 5.24. 
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Figure 5.26 VGIP and IBT versus simulated time in a Pb-5.8% Sb ingot. 
Inhomogeneous boundary conditions. 
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Figure 5.27 Fraction of liquid in a Pb-5.8% Sb ingot. Time step 4000; simulated 
time of 200.0 seconds. Inhomogeneous boundary conditions. 
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Figure 5.28 Final velocity in the bottom portion of a Pb-5.8% Sb ingot. Time step 
4000; simulated time of 200.0 seconds. Inhomogeneous boundary 
conditions. 
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Figure 5.29 Mushy zone and boundary velocities in a Pb-5.8% Sb ingot. Time step 
4000; simulated time of 200.0 seconds. Inhomogeneous boundary 
conditions. 
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Figure 5.30 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 2000; 
simulated time of 100.0 seconds. Inhomogeneous boundary conditions 
and Integration Option A. 
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Figure 5.31 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 4000; 
simulated time of 200.0 seconds. Inhomogeneous boundary conditions 
and Integration Option B. 
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Figure 5.32 Fraction of liquid in a Pb-5.8% Sb ingot. Time step 10000; simulated 
time of 500.0 seconds. Inhomogeneous boundary conditions. 
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Figure 5.33 Final velocity in the bottom portion of a Pb-5.8% Sb ingot. Time step 
10000; simulated time of 500.0 seconds. Inhomogeneous boundary 
conditions. 
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Figure 5.34 Mushy zone and boundary velocities in a Pb-5.8% Sb ingot. Time step 
10000; simulated time of 500.0 seconds. Inhomogeneous boundary 
conditions and Integration Option A. 
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Figure 5.35 Mushy zone and boundary velocities in a Pb-5.8% Sb ingot. Time step 
10000; simulated time of 500.0 seconds. Inhomogeneous boundary 
conditions and Integration Option B. 
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Figure 5.36 Fraction of liquid and final velocity in a Pb-23.4% Sn ingot. Time step 
30000; simulated time of 1500.0 seconds. Homogeneous boundary 
conditions. 
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Figure 5.37 Mushy Zone and boundary velocity in a Pb-23.4% Sn ingot. Time step 
30000; simulated time of 1500.0 seconds. Homogeneous boundary 
conditions. 
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Figure 5.38 Fraction of liquid and final velocity in a Pb-23.4% Sn ingot. Time step 
150000; simulated time of 1500.0 seconds. Homogeneous boundary 
conditions for normal velocities. Inhomogeneous boundary conditions 
for tangential velocities. 
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Figure 5.39 Fraction of liquid; and mushy zone, boundary velocities in a Pb-23.4% 
Sn ingot. Time step 150000; simulated time of 1500.0 seconds. 
Homogeneous boundary conditions for normal velocities. 
Inhomogeneous boundary conditions for tangential velocities. Bilinear 
elements everywhere. 
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Figure 5.40 Left hand boundary with a QB element directly along the boundary and a 
bilinear element adjacent to it not on the boundary. Local element node 
numbers 1 to 4 are shown in each element. Local element nodes 2 and 3 
in the QB element are the same nodes as local element nodes 1 and 4 in 
the bilinear element. 



207 

7 6 6 6 5 7 6 ^ W  6 ^ W  6 5 

8 4 

i L k 

r 1 r 

8 9 4 

I  i 

r r 

8 4 

1 2 2 2 3 1 2 ^ W  2 2 3 

Figure 5.41 Map of element types; all but the interior elements (9) are second order 
in the direction normal to the boundary. 
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Fraction of liquid and final velocity in a Pb-23.4% Sn ingot. Time step 
300000; simulated time of 1500.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. 
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Figure 5.43 Mushy zone and boundary velocities in a Pb-23.4% Sn 
ingot. Time step 300000; simulated time of 1500.0 
seconds. Inhomogeneous boundary conditions on all 
boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. 
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Figure 5.44 Fraction of liquid and final velocity in a Pb-23.4% Sn ingot. Time step 
60000; simulated time of 300.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. Every second 
velocity vector is shown, for clarity. 
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Figure 5.45 Final velocity in the top portion of a Pb-23.4% Sn ingot. Time step 
60000; simulated time of 300.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. 
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Figure 5.46 Fraction of liquid and final velocity in a Pb-23.4% Sn ingot. Time step 
80000; simulated time of 400.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. Every second 
velocity vector is shown, for clarity. 
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Figure 5.47 Final velocity in the top portion of a Pb-23.4% Sn ingot. Time step 
80000; simulated time of 400.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. 
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Figure 5.48 Final velocity at the top right comer of a Pb-23.4% Sn ingot. Time step 
80000; simulated time of 400.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. 
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Figure 5.49 Fraction of liquid and final velocity in a Pb-5.8% Sb ingot. Time step 
8000; simulated time of 400.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. Every second 
velocity vector is shown, for clarity. 
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Figure 5.50 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 8000; 
simulated time of 400.0 seconds. Inhomogeneous boundary conditions 
on all boundaries. Quadratically Blended elements on all boundaries, 
using the element map in Figure 5.41. 
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Figure 5.51 Fraction of liquid and final velocity in a Pb-5.8% Sb ingot. Time step 
32000. Simulated time of 1600.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. Every second 
velocity vector is shown, for clarity. 
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Figure 5.52 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 
32000; simulated time of 1600.0 seconds. Inhomogeneous boundary 
conditions on all boundaries. Quadratically Blended elements on all 
boundaries, using the element map in Figure 5.41. 
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Figure 5.53 VGIP and IBT at the top center of a Pb-5.8% Sb ingot. 
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Figure 5.54 VGIP and IBT at the top center of a Pb-23.4% Sn ingot. 
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Figure 5.55 "The Alternative Solution" map of element types: Element Type 8 along 
the left edge; Element Type 4 along the right edge; Element Type 9 
(bilinear) along the top and bottom edges and in the interior. Element 
Types 10 to 13 are in the four comers. 
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Figure 5.56 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 8000; 
simulated time of 400.0 seconds. Inhomogeneous boundary conditions 
on all boundaries; Integration Option B. The alternative solution. 
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Figure 5.57 Final velocity in the top portion of a Pb-5.8% Sb ingot. Time step 
32000; simulated time of 1600.0 seconds. Inhomogeneous boundary 
conditions on all boundaries; Integration Option B. The alternative 
solution. 
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Figure 5.58 Final velocity in the top portion of a Pb-23.4% Sn ingot, using the fine 
mesh prescribed in Case 3c. Time step 100000; simulated time of 
1000.0 seconds. Inhomogeneous boundary conditions on all boundaries; 
Integration Option B. Quadratically Blended elements on all boundaries. 
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Figure 5.59 Final velocity in the top portion of a Pb-23.4% Sn ingot, using the fine 
mesh prescribed in Case 3c. Time step 100000; simulated time of 
1000.0 seconds. Inhomogeneous boundary conditions on all boundaries; 
Integration Option B. The alternative solution. 
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CHAPTER 6 - VERIFICATION OF TWO-DIMENSIONAL RESULTS 

AND SIMULATION OF LARGE DOMAINS WITH FSM, NO 

SHRINKAGE 

The previous chapter demonstrated the difficulties that are inherent with the 

fractional step method, due to the uncertainty of how to impose the boundary conditions. 

Several choices to resolve this problem were presented, including integration options, and 

the use of bilinear or QB elements, or some combination. In this chapter, results are 

presented for simulations using the FSM and compared to simulations previously 

compared and benchmarked to experimental results. Cases available for benchmarking to 

experimental results are primarily lead-tin alloys; therefore, the FSM is benchmarked 

with lead-tin alloys. Once benchmarking is complete, simulation cases for lead-antimony 

alloys are presented. Next, simulations involving larger domains of the benchmark Pb-Sn 

alloys are reported. The same mesh spacing, alloy properties, and processing conditions 

used in the benchmark cases is used for these larger domains. Finally, performance 

comparisons are made between the FSM and the penalty method, in terms of central 

processor unit (CPU) time and momentum equation stiffness matrices size. 

Further benchmarking is done in the next chapter, where the pressure predicted by 

the FSM for a case simulating shrinkage is compared against a model that has been 

benchmarked previously. 

In all cases in this chapter, inhomogeneous Dirichlet boundary conditions are used 

for the intermediate velocities. Integration Option "B" is used, and QB elements are used 



along the left and right boundaries (in the projection step only). In all cases except the 

Lead-Tin cases presented in Section 6.2, "Comparison to More Recent Results" and 

Section 6.4, "Extension to Larger Simulation Domains", bilinear elements are used along 

the top and bottom boundaries. Recall from Chapter 5 that the use of QB elements along 

the left and right boundaries and bilinear elements along the top and bottom boundaries is 

labeled "The Alternative Solution". In Sections 6.2 and 6.4, QB elements are used along 

all boundaries (in the projection step only). This is because the cases presented in these 

sections have extremely small element spacing; as described in Section 5.8.3, the use of 

the "Alternative Solution" does not provide any benefit for simulations with relatively 

small elements. 

6.1 Comparison to Earlier Results 

Poirier and Heinrich [130] conducted a series of simulations for an alloy 

consisting of Pb-10% wt. Sn in 1994. The penalty method was used for these 

simulations. These simulations used processing conditions similar to experiments 

conducted by Sarazin and Hellawell [29] and were compared to them. The FSM is 

compared to these simulations here. Table 6.1 lists the properties used by Poirier and 

Heinrich in their simulations and also used in the FSM simulations Hsted here. Table 6.2 

lists the cooling rates applied at the bottom of the domain and the primary dendrite arm 

spacing used in the Poirier and Heinrich simulations, labeled PHI to PH5. Cases PH2A 

to PH2E, which are not included in the Poirier and Heinrich paper, are also included in 

Table 6.2 for reasons described later. 
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In all of these simulations, an initial thermal gradient of 1000 K/m was applied 

throughout the casting and a thermal gradient of 1000 K/m was applied at the top of the 

domain throughout the simulation. The simulated casting size in each case is 0.005 m 

horizontally by 0.010 m vertically, with a uniform mesh of 20 elements in the horizontal 

direction and 30 elements in the vertical direction. 

Figures 6.1 to 6.4 show results for Case PHI after 10 minutes of solidification; a 

time step size of 0.05 s was used in this simulation. Figure 6.1 is a plot of the fraction of 

liquid and the velocity, and shows that the mushy zone has advanced to a location of 

approximately 0.004 m. Thermosolutal convection has made the mushy zone shape 

extremely irregular. Figure 6.2 shows the stream function and is compared with penalty 

method results in Figure 2 (b) of Reference [130]. Although the patterns of the stream 

function contours are different between the FSM and penalty method results, the 

magnitudes are similar. Like the penalty method prediction, the deflected flow advects 

enough flow to form a pocket in the mushy zone. Figure 6.3 shows isoconcentrates of the 

solute in the liquid. When the fraction of liquid is less than 1.0, the concentration of 

liquid is a direct function of the temperature per Equation (4.6); therefore, the 

isoconcentrates are horizontal for ^ <1. When (j> = I, the liquid solute field is not 

coupled to the temperature; therefore, the isoconcentrates are not horizontal. Figure 6.4 

shows the total concentration of solute, revealing channels forming along both of the 

vertical walls and a channel forming in the center-top of the mushy zone. In the channels 

along the walls, the concentration of the mixture (i.e., total concentration) is 10.3 - 11 % 

Sn. In the pocket of liquid in the middle, the concentration is as high as 11.3 % Sn. 
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These results are very similar to the results documented in Poirier and Heinrich. Results 

for Case PH2, which has a cooling rate twice that of Case PHI, has results qualitatively 

similar to that of Case PHI; therefore figures for this case are not shown. The mushy 

zone advanced to 0.004 m in only 5 minutes, and looks very similar to that shown in 

Figure 6.1. As concluded by Poirier and Heinrich, doubling the cooling rate has little 

impact on the dynamics and segregation in the simulated casting. 

Figures 6.5 to 6.8 show results for Case PH3, for fraction of liquid and velocity, 

stream function, and isoconcentrates for liquid and total concentration, respectively, at a 

time of 2 minutes. The time step size used in this case was 0.01 s, since the front is 

advancing five times faster than in Case PHI. At this cooling rate, there is negligible 

macrosegregation. Since macrosegregation is not predicted by the FSM, but is predicted 

by the penalty method in Figure 5 (b) of Reference [130], the stream function magnitudes 

are considerably different between the two predictions. The isofraction liquid lines and 

isoconcentrates are horizontal and straight in the FSM prediction, but not in the penalty 

method prediction. The FSM simulation was run to a time of 5 minutes, when the 

solidification front had advanced to the top of the domain. There was no evidence of 

macrosegregation throughout the entire simulation. 

These results disagree with the results from the Poirier and Heinrich paper, which 

predicted a channel near the left wall. The Poirier and Heinrich paper does describe that 

the increased cooling rate for Case PH3 is having a stabilizing effect on the casting, but 

their results show instability, while the FSM predicts stability. 
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Since there is disagreement in stability predictions between the results described 

in Reference [130] and the FSM results, five additional simulation cases, labeled PH2A -

PH2E were run with the FSM. The purpose of these additional cases was to determine 

the cooling rate at which the FSM predicts a transition from an unstable to a stable 

situation. The cooling rates for these five cases are listed in Table 6.2 and are in between 

the cooling rates of Cases PH2 and PH3. The primary dendrite arm spacing (PDAS) is 

250 (im, as used in Cases PH2 and PH3. 

The FSM results predict unstable results for Cases PH2A, PH2B, and PH2C and 

stable results for Cases PH2D and PH2E. Case PB2C is considered to be the cooling rate 

at which the transition from instability to stability occurs. At two minutes (results not 

shown), there is little evidence of instability. The isofraction liquid lines, and 

isoconcentrates are horizontal and straight. Later on in the simulation, there is instability. 

Figures 6.9 to 6.12 show results for Case PH2C, for fraction of liquid and 

velocity, stream fiinction, and isoconcentrates for liquid and total concentration, 

respectively, at a time of 5 minutes. A time step size of 0.02 s was used in this case. A 

channel has formed along the right side, with total concentration as high as 11.7 % Sn. 

The stream function contours are concentrated above the channel, as expected, and are of 

magnitude similar to those predicted by the penalty method for Case PH3. 

Case PH4, which is not shown, is predicted to be stable by the FSM. Reference 

[130] predicts a slight depression in the mushy zone for this case, but very little 

segregation. 
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Fraction of liquid and velocities, and the stream functions are shown for Case 

PH5 in Figures 6.13 and 6.14, at a time of 30 seconds; for this case with a relatively fast 

solidification front velocity, a time step of 0.001 s was required to avoid oscillations in 

the mushy zone. Note the small magnitude of the velocities, even in the all-liquid region. 

The velocity of the solidification front is advancing so quickly that thermosolutal 

convection does not occur. The velocities in the mushy zone and in the all-liquid region 

are very small and do not cause macrosegregation, as predicted by the penalty method. 

However, the stream function magnitudes predicted by the FSM are somewhat weaker 

than those predicted by the penalty method, as shown in Figure 7 (b) of Reference [130]. 

The set of simulation comparisons described above demonstrate good but not 

exact agreement between the FSM and the penalty method in predicting the onset of 

thermosolutal convection. The agreement was very good in Cases PHI, PH2, PH4, and 

PH5, with disagreement in Case PH3. In the FSM simulations and the paper referenced, 

there is a transition from considerable thermosolutal convection to very little or no 

thermosolutal convection, due to an increase in the velocity of the solidification front. 

This increase in the solidification front velocity was accomplished by increasing the rate 

of cooling at the bottom of the casting. The simulations documented in Reference [130] 

-2 

predicted the transition to be at a cooling rate between 4.2 and 8.3 x 10 K/s. The FSM 
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simulations predicted the transition to be at a cooling rate of approximately 3.0 x 10 

K/s. This difference is not unexpected, considering the bifurcation that occurs in natural 

convection simulations and the completely different way in which velocities are 

calculated with the FSM versus the penalty method. When considering the differences 
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between the penalty method and the FSM, it is also important to realize that the penalty 

method simulation program has undergone many changes since 1994. 

6.2 Comparison to More Recent Results 

Recall that the lead-tin case in Chapter 5, Case 3 cA, was nearly identical to Case 

3c; the only difference being a coarser mesh spacing. Case 3c is from a set of cases 

benchmarked to experimental data by Frueh et al. [31], who compared simulations using 

the penalty method with experimental results. One of the main comparison criteria was 

whether a system is stable or unstable. Other criteria, such as the magnitude of velocities, 

and deviation of the solute concentration from the initial concentration are compared 

between the penalty and FSM method. These four cases are labeled Case 3c, Case la, 

Case 3b, and Case SI. The processing conditions are listed in Table 6.3; it is also 

indicated whether the results were stable or unstable; for the experimental results, 

prediction with the penalty method, and prediction with the FSM. Table 6.4 lists the 

thermodynamic and transport properties used in the calculations and Table 6.5 lists the 

mesh spacing and domain size used. 

The mesh spacing used in these cases is finer than used in the Poirier and 

Heinrich cases. This was based in part on a comprehensive study done by Sung et al. 

[84] to determine the mesh spacing required. The Sung et al. study concluded that: 

"When solidification conditions either lead to a well-established freckling 

case or to a well-established non-freckling case, the simulated results are not 

sensitive to the mesh spacing provided the elements are no larger than about 
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2(ij by 2 D^IV and by 4 D^jV respectively, where is the primary 

dendrite arm spacing, is the diffusivity of the alloy solute with the 

smallest diffusivity in the liquid, and V is the growth rate." 

However, for cases where the soHdification conditions are very close, the 

transition between freckling and non-freckling, the simulated results are very sensitive to 

mesh spacing, particularly in the y' -direction. In this situation, their conclusion was to 

recommend a mesh spacing no larger than 2d^ in the x' -direction and 1.5 D^jV in the 

y' -direction. The cases presented in Frueh et al. and also presented here for the FSM 

went a step further, using a spacing of 0.5 d^ in the x' -direction and \ .Q D^jV in the y' -

direction. This was based on a stricter criteria used in another paper by Sung et al. [131] 

whose purpose was to investigate the initiation of a channel during directional 

soHdification of a super alloy. Using this spacing, there are at least two elements 

between the primary dendrite arms in the x' -direction and one element within the solutal 

boundary layer (D^/V) for the y' -direction. 

Before proceeding further, the criteria of what is "stable" and what is "unstable" 

should be explained further. Whether a system is stable or unstable can be judged by 

somewhat subjective observations; i.e., when is freckling occurring, and when is it not 

occurring. Mehrabian et al. [54] estabhshed a "freckling" condition over 30 years ago 

that persists in evaluating whether a system is stable or unstable [31]. The criterion is 

written in terms of two thermal variables commonly used in foundries; the thermal 

gradient AT, and the cooling rate s, and establishes that a system is unstable when 
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^<-1 (6.1) 

Subsequently, the condition was rewritten as [132] 

l-^<0 (6.2) hu 

where v and u are the intrinsic velocity of the interdendritic liquid and the isotherm 

velocity, respectively, and ft is the unit vector normal to the isotherm. Frueh et al. [31] 

provide a explanation of Equation (6.2): 

"If the liquid velocity exceeds the isotherm velocity, each element of fluid 

finds itself in a hotter region as it flows [24,54,132]. The rate of heat 

conduction in a liquid metal is much faster than the rate of mass diffusion 

(i.e. the Lewis number » 1), so the temperature of the convecting liquid 

matches its new environment; if Equation (6.2) is satisfied, then equilibrium 

can only be obtained by locally remelting the existing dendritic array. As a 

result of remelting, local flow increases, resulting in more remelting and 

channel formation. After complete solidification, these former liquid-rich 

channels reveal themselves as freckles." 

Remelting is accounted for in the model by allowing the fraction of solid and the 

average concentration in the solid to change with time, and by recording the history of the 

average solid solute concentration at every node that has undergone any solidification. 

Under the assumption of no diffusion in the solid, at the first occurrence of 

solidification for a particular location in the casting (i.e., before remelting occurs at that 
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location), a non-uniform solid concentration is calculated from Equation (4.7), which is 

repeated below for convenience. 

S,=~\kS,dip (4.7) 

However, after remelting, this equation cannot be used to determine the 

concentration at that particular location. Local remelting is most likely due to an increase 

in concentration brought about by the convection of solute-rich liquid to a partially 

solidified region that is more dilute [83]. The local increase in concentration reduces the 

melting temperature; therefore, even though the local temperature remains the same, or 

nearly the same, part of this once-solidified region is remelted. The local liquid 

concentration has increased; therefore, it would be incorrect to calculate the concentration 

from Equation (4.7). The solidification history of the particular remelted region must be 

used to determine the concentration. 

Using the criteria defined in Equation (6.2), Cases 3c, la, 3b, and SI are labeled 

as stable or unstable, in the last two columns of Table 6.3. The FSM and previously 

benchmarked penalty method predict the same condition for all four cases. The 

simulations using the penalty method were benchmarked against experimental data 

obtained by Tewari et al. [133]. The two simulation methods agree with experimental 

data for three out of the four cases. Case SI being the exception. As explained in Frueh 

et al.. Case SI is a borderline case. That is. Equation (6.2) only marginally predicted 

instability. Let us now examine these cases. 
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6.2.1 Case 3c 

Results for this case are reported at a simulation time of 2000 seconds, which is 

sufficient to compare the case documented in Frueh et al. [31] at a simulation time of 

3000 seconds. This particular case is very unstable in terms of the convection predicted; 

because of this, the time step size required by the FSM for this case is 0.01 s. Experience 

with these types of simulations has shown that there are periods during a simulation in 

which the liquid velocity accelerates considerably in a very short period of time, which 

significantly reduces the time step size that is required to maintain program stability. 

Subsequently, after another short period, the velocities decelerate and the allowable time 

step rises. This necessitates the use of a variable time step in order to avoid a simulation 

with a very small time step over the whole simulation time, which is impractical. The 

variable time step has not been implemented yet for the two-dimensional version of the 

FSM program. 

First observe the initial temperature profile in Figure 6.15. The temperature at the 

bottom boundary is set to slightly above the alloy's melting temperature and the 

temperature in the rest of the casting is referenced to this bottom temperature through the 

imposed gradient of 7700 K/m. 

Figure 6.16 shows the temperature profile after 2000 seconds; comparison with 

Figure 6.15 indicates cooling throughout the casting, as expected. Figure 6.17 shows the 

fraction of liquid after 2000 seconds of solidification. Several channels are observed. 

Now observe the plot of the total concentration in Figure 6.18, as defined by Equation 

(4.5). There is significant freckling occurring in the interior and long channels along the 
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vertical boundaries. The freckle locations indicated in Figure 6.17 agree qualitatively 

with results shown in Figure 2 of Frueh et al. and with results of simulated freckles of 

hypoeutectic Pb-Sn alloys reported in an earher paper [134], Figure 6.19 shows the 

fraction of liquid and velocities occurring in the all-liquid zone while Figure 6.20 shows 

fraction of liquid and velocities occurring in the mushy zone, with the velocities in the 

all-liquid zone blanked out. The mushy-zone velocities are two to three orders of 

magnitude smaller than those occurring in the all-liquid zone. Now observe the velocities 

occurring near the largest channel, on the center-right of the mushy zone. Figure 6.21 

shows the velocities in the channel, with an order of magnitude of 2.0 X 10 m/s. Figure 

6.22 shows the mushy-zone velocities feeding the channel, with an order of magnitude of 

2.0 X 10 m/s. 

Now look at the left side of the mushy zone, highlighting the channel of liquid 

along the boundary. Figure 6.23. Velocity vectors are shown and fraction of liquid 

contours are shown and labeled. Above the vertical dimension of 0.009 m, the velocity in 

the channel is upward, being fed from mushy zone velocities that are mostly horizontal. 

Below 0.009 m the flow is downward. Further down the left boundary, as seen in Figure 

6.24, the flow in the channel continues downward. Mass conservation is met globally by 

upward flow in the less permeable mushy region in the interior. Also note some 

oscillation in the velocities in the interior part of the mushy zone, near a vertical location 

of 0.007 m. 

Figure 6.25 shows the mushy-zone velocities along the right boundary, where 

there is also a channel. The flow is downward in the channel, feeding a convective cell in 
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the mushy-zone interior. Further down, along the right boundary, the flow in the channel 

is still downward and feeds upward flow into the interior part of the mushy zone. Figure 

6.26. Here, the oscillations in the horizontal direction are severe. Obviously, continuity 

is not being met locally, although global mass conservation is met. Figures 6.27 and 6.28 

show the incremental pressure and pressure, respectively. There is considerable 

oscillation in the incremental pressure, which also leads to oscillations in the pressure 

near the bottom of the mushy zone. These oscillations are related to the oscillations in 

the velocity. This is the only case where such severe oscillation is observed in the 

velocities, pressure, and incremental pressure. 

One can deduce that these oscillations arise as a result of the large velocities 

occurring in the channels, which have a magnitude much larger than the velocities 

occurring in the less permeable mushy-zone interior. The exact cause and time of the 

perturbation causing these oscillations is unknown. Perhaps a sudden turn in the channel 

from a mainly vertical flow to a horizontal flow could have caused the oscillations. 

Experience with the FSM has shown that just one occurrence of a perturbation can cause 

an oscillation that does not die out, if there is not strong convection to overcome it. 

Obviously, in the bottom of the mushy zone, convection is very minimal. The velocities 

in the mushy zone are so small compared to the velocities in the all-liquid region, that the 

velocity oscillations observed in the mushy zone are noise by comparison. However, 

these oscillations are disturbing and further study of this occurrence is necessary. It 

should also be noted that this case is one that has very significant convection and is one 

of the most difficult cases to simulate, of the ones reported in this dissertation. 
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6.2.2 Case SI 

Case SI is compared to the Frueh et al. [31] penalty method predictions, using a 

time step of 0.025 s for the FSM. In Frueh et al. [31], their simulations indicate that it 

could be deemed a stable system because the intrusions into the mushy zone are minor 

and absent of channels. 

In Figure 6.29 (a), where a plot of the mushy zone is shown for a time of 1260 

seconds, the intrusions into the mushy zone appear to be more significant than those 

predicted by Frueh et al. in Figure 5 (a) of [31]. Figure 6.29 (b) shows a horizontal plot 

of the concentration of tin at a vertical location of 0.0096 m, demonstrating that the 

intrusions into the mushy zone did cause some enrichment. 

Figure 6.29 (b) shows that the FSM predicts a higher deviation from 5'^ = 10 wt. 

% Sn, approximately 12.5 %, than the penalty method, as seen in Figure 5 (b) of [31], 

where the maximum concentration is S= 11.3 wt. % Sn. In Figure 6.30, observe the full 

plot of total concentration of tin at the time of 1260s, revealing some channeling and 

segregation. A plume of lighter liquid, of higher concentration, is seen rising from the 

mushy zone and convected into the overlying liquid. 

There are also velocity oscillations present in the mushy zone in this case, as 

shown in Figure 6.31, which shows velocity vectors and the fraction of liquid. In this 

case, the oscillations are observed to be higher in the mushy zone than those observed in 

Case 3c. Note that there are not oscillations in the entire mushy zone. Most of the 

velocities in the mushy zone, particularly toward the top of the mushy zone are well-

behaved. 
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The exact source of these oscillations is unknown, but it must be observed that 

oscillation occurs only in regions where the magnitude of the velocity is very small, on 

-7 
the order of 10 m/s or less, and in regions close to places where we observe non-

oscillating velocities of much higher magnitude. Figure 6.31 shows the proximity of the 

oscillating velocities to larger velocities in the all-liquid region and in a channel that has 

formed. It must also be pointed out that even though these oscillations may be present in 

the calculation, they do not affect the overall behavior of the solidification process, the 

final solute concentration, or channel formation. 

6.2.3 Effect of the Time Step on Mushy-Zone Oscillations 

Oscillations in the mushy zone can occur frequently, so we must identify 

strategies that prevent or reduce oscillations in the mushy zone. To look at the effect of 

the time step, two simulation cases are compared at a simulated time of 250 seconds. The 

first case is described above. Case SI, which has a time step of 0.025 seconds. See 

Figure 6.32, which shows vectors and the fraction of liquid. The oscillations occur near 

the location where the fraction of liquid is 0.80. 

In the second, the time step size was reduced from 0.025 seconds to 0.01 seconds. 

This change was successful; the oscillations were all but eliminated. Figure 6.33 shows 

the mushy-zone velocities at roughly the same location as that shown in Figure 6.32. The 

velocities are now accurately calculated, with little or no oscillation. The magnitude of 

the velocity vectors increased in this particular mushy-zone location; therefore the 

reference vector had to be increased. Close examination revealed no oscillations in this 

location or any other location in the mushy zone. Figure 6.34 shows roughly the same 
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location using a higher value of the reference vector for additional insight into the flow. 

Finally, Figure 6.35 shows velocity vectors lower in the mushy zone, between a fraction 
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of liquid of 0.4 and 0.7. Note the value of the reference vector, 2.0 x 10 m/s. Even this 

deep in the mushy zone, the velocities are much better behaved. Clearly reducing the 

time step can alleviate oscillation problem, but this comes at a significant computational 

cost. 

6.2.4 Preliminary Assessment of Ways to Reduce Mushy-Zone Velocity Oscillations 

The reduction in time step significantly reduced the oscillations in the mushy 

zone. The proximity of small mushy-zone velocities to large all-liquid and channel 

velocities has the potential to cause these oscillations. Reducing the time step size 

reduces the size of the correction velocity calculated in the projection step. Therefore, 

the intermediate step comes closer to enforcing continuity than with a larger time step, 

and the gradient of the incremental pressure from the previous time step n is a better 

approximat ion to  the  gradient  of  the  incrementa l  pressure  for  the  current  t ime s tep  n+\ .  

With less "correction" necessary in the projection step, there is less potential to 

perturb the results. Any time that a perturbation occurs, the divergence of the 

intermediate velocity can become quite large; the projection step overcompensates, and 

without significant convection present, the perturbation is propagated and amplified. 

Reducing the time step size is adequate to a degree, but can become impractical. 

The time step size for Case 3c is already at 0.01 seconds and oscillations are rampant 

even with this small time step. This time step was necessary in order to satisfy the 

convection stability condition that requires a local Courant number less than one. 
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Evidently, an even smaller time step is necessary to prevent oscillations in the mushy 

zone. It is has also been observed that oscillations become more likely as the mesh 

spacing becomes finer. The oscillations seen in Case 3c were not seen in Case 3cA, 

Chapter 5, which was the same alloy processed under the same conditions, with a coarser 

mesh spacing. 

In the future, a series of parametric simulations can be done to determine what is 

the time step size needed to reduce or eliminate mushy-zone oscillations. This set of 

simulations must determine the maximum time step allowable or perhaps find a limit on 

the allowable size of the divergence of intermediate velocities. That is, such a simulation 

may find a limit on allowable deviation from mass conservation in the intermediate step. 

An alternative is to create a sub-time-step for the velocity calculations. That is, 

retain a relatively larger time step for the calculation of temperature, fraction of liquid, 

and solute concentrations, while calculating the velocities over several sub-time-steps 

within the single "global" time step. The benefit of this method is that the velocity and 

pressure stiffness matrices would only have to be calculated once per global time step, 

since the stiffness matrices' coefficients only vary with fraction of liquid, for a fixed 

mesh. Also, as the size of the sub-time-step is reduced, the amount of iterations 

necessary per sub-time-step is reduced. Therefore; with the combination of only 

calculating the stiffness matrices once per global time step and a reduction in the number 

of iterations per sub-time-step, the added expense in terms of CPU time, to implement the 

sub-time-step method is minimal. This concept is explained more fully in Chapter 9, 

"Conclusions and Recommendations". 
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6.2.5 Case la 

This case is predicted to be unstable by both the FSM and the penalty method in 

Frueh et al. [31], agreeing with experimental results. The time step used in this 

simulation is 0.05 seconds. There is considerable macrosegregation, and two freckles, 

but not major channels along the vertical walls. Figure 6.36 shows the fraction of liquid 

contours and the velocity vectors. Figure 6.37 reveals the macrosegregation via the total 

solute concentration. 

Figure 6.38 shows the velocity vectors and the fraction of liquid in the mushy 

zone, revealing less penetration into the mushy zone than Case 3c. This is because the 

liquid channels along the edges are less open. Finally, Figure 6.39 shows a more detailed 

look at the mushy-zone velocities, on the left side of the mushy zone, with fraction of 

liquid labeled. The velocities appear to be free of oscillation. 

This case has less significant channels along the vertical walls and has velocity 

vectors that are well-behaved. Therefore, this case provides anecdotal evidence to 

support the conjecture above that long channels with velocities large relative to the 

mushy-zone velocities potentially give rise to oscillations in the mushy-zone velocities. 

6.2.6 Case 3b 

This case is predicted to be stable by both the FSM and the penalty method 

simulations performed by Frueh et al. [31], which also agrees with experimental results. 

Due to the small spacing, the time step used was 0.02 s. The velocities predicted by the 

FSM are very small and do not form convection cells. There is not enough of a driving 

force to induce convection; therefore, the velocities predicted are basically noise. The 
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maximum velocity predicted by the FSM is 2.4 x 10 m/s and occurs near the vertical 

walls at the top of the mushy zone; this is approximately two orders of magnitude smaller 

than the velocity of the solidification front. 

6.3 Lead-Antimony Cases 

Results of three lead-antimony cases are reported. These were chosen from a list 

of experiments planned for a possible space flight experiment [88]. Any experiment 

flown in space must be replicated on earth for comparison. Therefore, it is useful to 

simulate these cases under terrestrial conditions. 

The planned experiments included two alloys, Pb-2.2 wt.% Sb and Pb-5.8 wt.% 

Sb. Translation velocities range from 3-30 |j.ni/s and imposed thermal gradients range 

from 40- 120 K/cm. The three cases selected for simulations are 1) Pb-5.8 wt.% Sb, 40 

K/cm and 3 i^rn/s, 2) Pb-5.8 wt.% Sb, 120 K/cm and 30 |a,m/s, and 3) Pb-2.2 wt.% Sb, 40 

K/cm and 3 |j,m/s. The first two are considered to be the most unstable and stable cases 

for the Pb-5.8 wt.% Sb alloy, respectively. The third case is run because a more dilute 

alloy presents a less permeable mushy zone, and therefore offers more resistance to 

convection in the presence of gravity. Processing conditions for the three cases are 

summarized in Table 6.6, and labeled Cases PbSbl, PbSb2, and PbSb3. Properties for 

-4 
the two alloys are summarized in Table 6.7. A mesh spacing of 2.0 x 10 m is used in 

both directions in Cases PbSbl and PbSb3, which is finer than the criteria defined earlier. 

T h i s  s p a c i n g  r e p r e s e n t s  0 . 6 7 c / ,  b y  0 . 6 7  f o r  C a s e  P b S b l  a n d  0.61 b y  0 . 5 3  D^jV 

for Case PbSb3. The mesh spacing for Case PbSb2 had to be finer in the y '  -direction 
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-4 . 
due to the larger velocity. The mesh spacing for Case PbSb2 is 1.48 x 10 in the x' -

direction and 3.0 X 10 in the -direction. The spacing in the -direction, corresponds 

to 0.67 D^jV . In order to keep the aspect ratio of the elements from exceeding 5.0, the 

x' -direction mesh spacing is also finer than the spacing used in the other two cases. 

6.3.1 CasePbSbl 

Figure 6.40 shows the fraction of liquid and velocities at a simulated time of 3500 

seconds for Case PbSbl, where the top of the mushy zone has reached a vertical location 

of approximately 0.01 m. A time step of 0.025 is used for this case. There is instability 

and channels forming in the mushy zone, as expected. Figure 6.41 focuses on mushy-

zone velocities, and shows channels along the boundaries. Here, flow is upward in the 

channels and downward in the less permeable mushy-zone interior. Unlike Case 3c, the 

velocities are well-behaved; they do not experience oscillations. Figure 6.42 shows the 

solute concentration at the same time and a few streamlines. 

6.3.2 Case PbSb2 

This case is stable, predicting negligible velocities, even in the all-liquid zone. 

There is no evidence of macrosegregation or any freckles, as reflected in the plot of 

fraction of liquid at a simulated time of 300.0 seconds. Figure 6.43. The time step used 

in this case was also 0.025 s. 
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6.3.3 Case PbSb3 

This case has the same processing conditions as Case PbSbl, with a more dilute 

concentration; therefore, comparisons are made. Like the two other Pb-Sb cases 

reported, this case was simulated with a time step of 0.025 s. Figure 6.44 shows the 

fraction of liquid for the Pb-2.2 wt. % Sb alloy at 3500 seconds of processing time. Now 

compare the mushy-zone velocities, Figure 6.45 versus Figure 6.41. There is much less 

channeling in the more dilute alloy and much less velocity penetration into the mushy 

zone in the more dilute alloy than the richer alloy. Finally, contrast the difference 

between Figures 6.46 and Figure 6.42. There is freckling in both alloys, but less in the 

more dilute alloy. 

6.4 Extension to Larger Simulation Domains 

The original intent of applying the FSM to simulation of directional solidification 

was to extend the simulation capability to larger domains. Much larger domains are 

indeed now possible and an example is shown here. Case 3c is chosen because of its high 

level of convection and because it is already well documented, here and elsewhere. The 

chosen domain size is twice the size of Case 3 c in the x' -direction and four times the size 

of Case 3c in the y' -direction; therefore the domain size for this case is 0.014 m x 0.096 

m. Given the same element spacing, this produces roughly eight times more elements 

and nodes than Case 3c, for a total of 206,112 elements and 207,621 nodes. As with 

original domain size for Case 3c, a time step of 0.01 s was used for this case. 
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Figure 6.47 is a plot of the temperature profile at the beginning of the simulation, 

and when compared to Figure 6.15, shows a benefit of being able to simulate larger 

domains. That is, given the same temperature gradient as that used in the smaller 

domains, a much higher temperature and more realistic temperature is present at the top. 

This more closely simulates actual temperatures in larger castings that are subjected to a 

constant temperature gradient and results in a larger density difference between the top 

and bottom of the all-liquid region. Figure 6.48 shows the fraction of liquid and velocity 

vectors at a time of 500 seconds, where the mushy zone is not yet fully developed. There 

is already a large channel forming. Figure 6.49 shows the mushy-zone velocities at the 

same time, particularly near the channel. 

This large domain takes an enormous amount of time to run. It took nearly 550 

hours of CPU time to reach a simulation time of 500 seconds, and the mushy zone is not 

yet fully developed. However, this size domain was unachievable previously. Note also 

that an iterative solver was successfully applied to the solution of the intermediate 

velocities, but is not practical for the solution of the incremental pressure. Therefore, a 

direct solver is still used for solving the incremental pressure. This issue is discussed in 

the next section, where performance comparisons are made between the FSM and the 

penalty method. 

6.5 Performance Comparison between the FSM and the Penalty Method 

The main benefit of applying the FSM to simulations of directional solidification 

is to significantly reduce the memory requirements and the simulation time. This section 

reports comparison between the fractional step method and the penalty method in regard 
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to these two performance comparisons. An iterative solver that uses the conjugate 

gradient method has been used to solve for the intermediate velocities. The success of 

this solver relies on the use of a "lumped" mass approximation, which makes the final 

system matrix strongly diagonally dominant. The mass matrix stems from the implicit 

transient term, , in Equation (4.34). To better understand this, consider the implicit At 

transient term for a single element, where the intermediate horizontal velocities for local 

element nodes, 1, 2, 3, and 4 are multiplied by the coefficients. Instead of distributing the 

mass term as follows, 

(6.3) 

where, for the implicit transient term, the coefficients are defined per Equation (4.52), 

a..= \N^NjdQ, / = 1,4, J = 1,4 (6.4) 

a,, a^ 2  a,3 a,4 

<321 a22 ^23 ^24 

^33 «34 

«41 ^42 «43 «44 

^ 2  
X  

. "4 .  

the mass term is "lumped" as shown below. 
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(6.5) 
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Lumping the mass term as described here is typical for velocity calculations, 

provides increased stability, and generally reduces undesired oscillations [85]. Lumping 

can only be applied to the mass term, not the viscous or Darcy terms. The incremental 

pressure formulation does not have a mass term; therefore, the iterative solver is very 

inefficient for this formulation and we are forced to use a direct solver. There are 

preconditioned iterative solvers available that artificially add a "lumped mass" term to the 

diagonals of the element stiffness matrices and gradually remove it as a solution is 

reached. It is believed that this offers the best hope of significantly increasing the 

efficiency of the iterative solver for the incremental pressure, but requires more effort to 

implement. This issue is discussed in the final chapter of this dissertation, Chapter 9, 

"Conclusions and Recommendations." 

Comparisons are made here between the penalty method and FSM, listing 

required memory and CPU time. First, comparisons are made based on present 

capabilities, where the iterative solver is used for both intermediate velocities and the 

direct solver is used for the incremental pressure. Then, comparisons are extrapolated to 

predictions of FSM capability, once an iterative solver that is practical for solving the 

incremental pressure is located or developed. 

6.5.1 Required Memory Comparison with Present Capability 

The best comparison of required memory for the penalty method versus the FSM 

is the storage requirements of the stiffness matrices for the velocity calculation. The 

other memory requirements in the directional simulation codes are equal between the two 

methods; temperature, solute concentrations, velocity right hand sides, etc. 
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Figure 6.50 is a comparison of the storage requirements for the penalty method 

stiffness matrix (always using a direct solver) and the FSM incremental pressure stiffness 

matrix (direct solver as well) versus the number of nodes used in a particular simulation. 

The penalty method for a two-dimensional domain, as described earlier, solves the two 

velocities simultaneously, with the pressure degree of freedom (DOF) eliminated via the 

continuity equation. Therefore, one would expect there to be a ratio of 4.0 between the 

penalty method versus the FSM incremental pressure. This is indeed the case, except that 

the ratio is slightly lower than 4.0; it is between 3.7 and 3.9 because the formulation for 

the penalty method has Dirichlet boundary conditions on all boundaries while there is 

only one Dirichlet boundary condition for the FSM incremental pressure. Figure 6.51 

shows a more accurate representation of the storage required by the FSM, as presently 

implemented. In this figure, the storage required for the stiffness matrices for both 

intermediate velocities are added to the storage required for the incremental pressure. 

Since the intermediate velocities are solved iteratively, the storage required for these two 

stiffness matrices is very small compared to that of the incremental pressure. Note the 

step increases in the storage requirements of the direct solver. The step increase at the 

same number of nodes is a result of a change in the ratio of nodes in the x' and y' -

directions and the way memory must be allocated for the direct solver. This also results 

in a significantly larger amount of storage for the direct solver versus the iterative solver. 

This is explained next. 

The particular direct solver used is a Skyline method, based on Bathe [135]. 

Figure 6.52 shows a schematic of the skyline structure, where "NZ" represents a non-zero 
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coefficient. The second to the last column has a box around the coefficients that must be 

stored for that column. Since the direct solver implements an LU factorization before 

solving, all coefficients between the uppermost non-zero coefficient and the diagonal 

must be stored, including zeroes. Therefore, the half-bandwidth of the matrix is affected 

by the aspect ratio of the simulated domain. Figure 6.53 shows a relatively narrow and 

tall domain in Figure 6.53 (a) and a square simulated domain in Figure 6.53 (b). There is 

a set of 9 nodes shown schematically in each side of the figure, with the center node 

circled. This center node has non-zero coefficients relating it to the eight nodes 

surrounding it. The number of zero coefficients between the non-zero coefficients is 

directly related to the difference in global node numbers between the nodes with non-zero 

coefficients. These zero coefficients must be stored, because they become non-zero after 

LU factorization. To reduce the half-bandwidth size, the nodes are numbered beginning 

at the lower left, from left to right, then up. Therefore, for two simulated domains with 

the same number of nodes, the difference between the node numbers in the row above 

and below the node of interest is greater for a domain with a square aspect ratio, such as 

Figure 6.53 (b), versus a domain with a more narrow aspect ratio, such as Figure 6.53 (a). 

This increases the half-bandwidth of the matrix and affects the number of coefficients 

that must be stored, as shown in Figures 6.50 and 6.51. 

The direct solver for the incremental pressure dominates the total storage 

requirement with the present capability. The ratio of storage required by the penalty 

method ranges from approximately 3.3 times larger than that required for the FSM (both 
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intermediate velocities and the incremental pressure) for smaller domains, to 

approximately 3.7 times for larger domains. 

6.5.2 Required Memory Comparison if the Incremental Pressure is Solved Iteratively 

Figure 6.54 shows the storage requirements for stiffness matrices solving the 

incremental pressure with the direct solver versus the use of the iterative solver. The 

storage requirements for the stiffness matrices associated with both intermediate 

velocities are included in this figure. There is a significant reduction overall. Note also 

that when only the iterative solver is used, the storage requirement is a linear function of 

the number of nodes. The iterative solver does not require Skyline storage; therefore, the 

storage is not affected by the aspect ratio of the simulated domain. 

Figure 6.55 shows a ratio of the storage requirements of the penalty method 

versus the storage requirements of the FSM when using the iterative solver for the 

intermediate velocities and the incremental pressure. The aspect ratio used in the 

simulations described here is also shown in Figure 6.55. There is a significant reduction 

in required storage, on the order of 10 for a small domain, to 20 or 40, depending on the 

aspect ratio (the aspect ratio only affects the penalty method). 

6.5.3 CPU Time Comparison with Present Capability 

There is a significant savings in required CPU time using the FSM, compared to 

the penalty method. Figure 6.56 shows a comparison of the CPU time required for 1000 

time steps versus the number of nodes in the simulated domain, on a Compaq (HP) 

AlphaServer GS60E with 4 GBytes of memory, and eight 700Mhz CPUs. No parallel 
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processing is done for any of the work reported in this dissertation; therefore, only one of 

the eight CPUs is ever used for any simulation. The times shown are the amount of time 

required to calculate the velocities and the incremental pressure over the 1000 time steps. 

Note that the largest casting that can be simulated on the machine described above with 

the penalty method is approximately 105,000 nodes. This size casting was with a 

favorable aspect ratio of 18.0. A less favorable aspect ratio of 4.5, with roughly the same 

number of nodes, could not be simulated using the penalty method, due to its memory 

requirements. 

The FSM, as presently implemented, uses less than one third the CPU time 

required by the penalty method for the calculation of the velocities and pressure. With 

the penalty method, the calculation of the velocities and the pressure consists of building 

the velocity matrices (stiffness matrix and right hand side), solving for the velocities, and 

at the end of the time step, calculating the pressure from the velocities. The FSM 

requires more steps: building the velocity matrices, solving each intermediate velocity 

separately, building the incremental pressure matrices, solving for the incremental 

pressure, and finally, algebraically solving for the final (divergence-free) velocities. As 

with the required storage, the CPU time required by the penalty method is affected by the 

aspect ratio of the domain. The time required by the FSM to solve the velocities is 

dominated by the time required to solve the pressure using the direct solver, as illustrated 

in Figure 6.57. The solution of the incremental pressure requires 50% -70% of the total 

CPU time required to calculate the velocity, depending on the aspect ratio of the 

simulated domain. 



6.5.4 CPU Time Solving the Incremental Pressure Iteratively 

There is considerable potential for additional savings in CPU time if a 

preconditioned iterative solver is used to solve the incremental pressure. Here, an 

estimate is made by taking data from the iterative solution of the intermediate velocities. 

The average CPU time required to solve for the horizontal and vertical intermediate 

velocities is used in place of the CPU time required by the direct solver. Since a 

preconditioner is required to successfully apply an iterative solver to the solution of 

pressure, a factor of 1.5 is applied to this estimate of CPU time. That is, the CPU time 

estimate for the incremental pressure is: 

^CPU^„+CPU:^ 
'IP CPU.p =1.5^^ ^ (6.6) 

where CPU.^j is the known CPU time required to solve the horizontal intermediate 

velocity iteratively, CPU^y is the known CPU time required to solve the vertical 

intermediate velocity iteratively, and CPU,p is the estimated CPU time required to solve 

the incremental pressure iteratively. 

Figure 6.58 shows this estimate compared to the penalty method and Figure 6.59 

shows this estimate compared to the present capability. As expected, once the direct 

solver is replaced with an effective iterative solver, the estimated CPU time is 

independent of aspect ratio. Based on the assumptions described above, the CPU time 

required for solving the velocities and pressure can be further reduced by a factor of 1.5 

to 3. 
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Table 6.1 Thermodynamic and transport properties used in Poirier 

and Heinrich [130]. 

Property Reference 

Reference concentration (5^), 10 wt. % Sn 

Reference temperature (7^), 577 K [136] 

Equilibrium partition ratio {k ) ,  0.31 [136] 

Melting Point of lead (7;^), 600 K [136] 

Slope of liquidus (m), -2.33 K (wt. %)' [136] 

Density [/?o = yOo(7;,5'„)], 1.01 X lo"^ kgW [137] 

Thermal expansion coefficient (), 1.2 X 10 K [137] 

Solutal expansion coefficient ), 5.2 x 10 (%)' [137] 
-7 2 

Kinematic viscosity (v), 2.47 X 10 m/s [138] 
Latent heat (L), kJ/kg 

At(^o,7y,26 [139] 

At 56 [139] 

Used in calculation, 37.6 

Heat Capacity (c), kJ/kg-K 

Liquid at (5'o,rQ), 0.161 [139] 

Solid at 0.173 [139] 

Lfsed in calculation, 0.167 

Thermal conductivity, {k), kW/m-K 

At (5'o,ro), 0.0167 [126] 

At (^^,,7^), 0.0198 [126] 

Used in calculation, 0.0182 

Thermal diffusivity (or = A:/yO„c), 1.1 x lO^m^/s [126,137,139] 

Solutal Diffusivity (D ), 3.0 x 10 ̂  m^/s 
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Table 6.2 Simulation cases of Poirier and Heinrich [130] and 

additional cases. 

Case Cooling rate Primary dendrite arm 

aty' = 0 (K/s) spacing (^im), 

PHI 8.333 X 10"^ 300 

PH2 1.667 X 10"^ 250 

PH2A 2.000 X 10"^ 250 

PH2B 2.500 X 10"^ 250 

PH2C 3.000 X 10"^ 250 

PH2D 3.500 X 10"^ 250 

PH2E 4.000 X 10"^ 250 

PH3 4.167 X 10'^ 250 

PH4 8.333 X 10"^ 220 

PH5 1.667 X 10"' 180 
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Table 6.3 Processing conditions of Pb-Sn alloys directionally solidified by 
Tewari et al. [133] and predicted results. 

Case 
s 

• G 

(K/cm) 
Sn) ^ 

jjj^B 
(}.im/s) 

d, 
(Hm) 

Experimental 
Results, stable 

/ unstable 

Prediction, 
stable / 
unstable 

(Penalty / 
FSM) 

3c 23.4 77 6 185 Unstable Unstable 

la 16.5 101 4 172 Unstable Unstable 

3b 23.4 81 24 164 Stable Stable 

SI 10.0 110 10 115 Stable Unstable 
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Table 6.4 Summary of thermodynamic and transport properties of lead-tin 
alloys simulated in Chapter 6, at S^, T^. 

C.asc 7;,(K) 

(kg/m3) 
o

 
X

 

. 

X 10^  
v'x 10 

(m^/s) 

3c 545.5 9520 -1.16 -4.90 2.62 

la 561.6 9836 -1.18 -5.03 2.67 

3b 545.5 9520 -1.16 -4.90 2.62 

SI 576.7 10150 -1.20 -5.15 2.46 

Table 6.4 - Continued 

Case 
(kJ/kg) (kJ/kg-K) 

k 

(kW/m-K) 
Dj. X lo'" 

(mVs) 

3c 39.8 0.176 0.0206 4.25 

la 38.7 0.171 0.0202 4.98 

3b 39.8 0.176 0.0206 4.25 

SI 37.6 0.167 0.0198 5.74 
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Table 6.5 Domain size, number of elements, and element size for four 
recent Pb-Sn cases. 

Case 
Width 

Height (m) 
Number of 
Elements 
.y' by v" 

Element Size 

.v' by v'* 
(m) 

3c 0.007 0.024 76 by 339 
9.21x10"' by 

7.08x10' 

la 0.007 0.020 82 by 160 
8.54x10 ' by 

1.25x10^ 

3b 0.007 0.022 86 by 1243 
8.14x10"' by 

1.77x10"' 

SI 0.007 0.022 122 by 386 
5.74x10"' by 

5.70x10"' 

* - The element size for each case corresponds to 0.5 in the x-direction 

and 1.0 D / F in the y-direction. 
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Table 6.6 Processing conditions of Pb-Sb alloys simulated with the FSM. 

Case ^0 
(vvt. % Sb) 

G 

f K / c m )  
V 

(f-im/s) (l^m) 
Prediction, stable / 

unstable 

PbSbl 5.8 40 3 300 Unstable 

PbSb2 5.8 120 30 180 Stable 

PbSb3 2.2 40 3 300 Unstable 
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Table 6.7 Summary of thermodynamic and transport properties of lead-
antimony alloys simulated in Chapter 6, at S^, T^. 

Case 7, (K) n 4 3 
"  ^ / i , x l O  y f i ^ x l O  

v'x lO' 

(m^/s) 

PbSbl 561.0 10359 -1.20 -5.82 2.53 

PbSb2 561.0 10359 -1.20 -5.82 2.53 

PbSb3 585.5 10552 -1.22 -5.88 2.48 

Table 6.7 - Continued 

Case 
(kJ/kg) (kJ/kg-K) 

Liquid/Solid 
(kW/m-K) 

D, X 10'° 

(m7s) 

PbSbl 26.0 0.152/0.143 0.0217 8.95 

PbSb2 26.0 0.152/0.143 0.0217 8.95 

PbSb3 24.3 0.152/0.143 0.0225 13.9 
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Figure 6.1 Fraction of liquid and velocity for Poirier-Heinrich Case 1. Cooling rate 
-3 

of 8.333 X 10 K/s; primary dendrite arm spacing (c/,) of 300 |j,m. 

Time step 12000; simulated time of 600 seconds (10 minutes). 
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Figure 6.2 Stream function in -s ')x 10 for Poirier-Heinrich Case 1. Cooling 
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rate of 8.333 x 10 K/s; primary dendrite arm spacing ( d , )  o f  300 fim. 
Time step 12000; simulated time of 600 seconds (10 minutes). 



263 

0.010 

0.008 

0.006 

0.004 

0.002 

0.000 

Liquid 
Concentration (%) 

11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

0.000 0.002 0.004 

x' (m) 

0.006 

12.00 
11.85 
11.70 
11.55 
11.40 
11.25 
11.10 
10.95 
10.80 
10.65 
10.50 

Figure 6.3 Liquid solute concentration (wt. % Sn) for Poirier-Heinrich Case 1. 
-3 

Cooling rate of 8.333 x 10 K/s; primary dendrite arm spacing (c/,) of 

300 |am. Time step 12000; simulated time of 600 seconds (10 minutes). 
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Figure 6.4 Total solute concentration (wt. % Sn) or Poirier-Heinrich Case 1. 
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Cooling rate of 8.333 x 10 K/s; primary dendrite arm spacing (J, ) 

of 300 jam. Time step 12000; simulated time of 600 seconds (10 
minutes). 
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Figure 6.5 Fraction of liquid and velocities for Poirier-Hemnch Case 3. Cooling 
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rate of 4.167 x 10 K/s; primary dendrite arm spacing ((i,) of 250 |a,m. 

Time step 12000; simulated time of 120 seconds (2 minutes). 
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Figure 6.6 Stream function in (^m^ - s ') x 10 for Poirier-Heinrich Case 3. Cooling 
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rate of 4.167 x 10 K/s; primary dendrite arm spacing (d^) of 250 |a.m. 

Time step 12000; simulated time of 120 seconds (2 minutes). 
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Figure 6.7 Liquid solute concentration (wt. % Sn) for Poirier-Heinrich Case 3. 
-2 

Cooling rate of 4.167 x 10 K/s; primary dendrite arm spacing (t/,) of 

250 |j,m. Time step 12000; simulated time of 120 seconds (2 minutes). 
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Figure 6.8 Total solute concentration (wt. % Sn) for Poirier-Heinrich Case 3. 
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Cooling rate of 4.167 x 10 K/s; primary dendrite arm spacing (af,) of 

250 )a,m. Time step 12000; simulated time of 120 seconds (2 minutes). 
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Figure 6.9 Fraction of liquid and velocities for Case 2C. Cooling rate of 3.0 x 10 
K/s; primary dendrite arm spacing (d,) of 250 jj.m. Time step 15000; 

simulated time of 300 seconds (5 minutes). 
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272 

0.010 

0.008 

0.006 

0.004 

0.002 

0.000 

Total 
Concentration (%) 

11 11.50 
10 11.20 
9 10.90 
8 10.60 
7 10.30 
6 10.00 
5 9.70 
4 9.40 
3 9.10 
2 8.80 
1 8.50 

1 J  ^  L  1 J  L  1 J  L  1 J  I  L  
0.000 0.002 0.004 

x' (m) 

0.006 

Figure 6.12 Liquid solute concentration (wt. % Sn) for Case 2C. Cooling rate of 3.0 
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Figure 6.13 Fraction of liquid and velocities for Poirier-Heinrich Case 5. Cooling 

rate of 1.667 x 10 K/s; primary dendrite arm spacing () of 180 ^m. 

Time step 30000; simulated time of 30 seconds. 
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Figure 6.15 Initial temperature (K) for Case 3c. 
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Figure 6.16 Temperature (K) for Case 3c. Time step 200000; simulated time of 
2000.0 seconds. 
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Figure 6.17 Fraction of liquid for Case 3c. Time step 200000; simulated time of 
2000.0 seconds. 
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Figure 6.18 Total solute concentration (wt. % Sn) for Case 3c. Time step 200000; 
simulated time of 2000.0 seconds. 
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Figure 6.19 Fraction of liquid in the upper part of the mushy zone and all-liquid 
velocities for Case 3c. Time step 200000; simulated time of 2000.0 
seconds. Every second velocity vector is shown, for clarity. 
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Figure 6.20 Fraction of liquid and velocities in the mushy zone for Case 3c. Time 
step 200000; simulated time of 2000.0 seconds. Every second velocity 
vector is shown, for clarity. 
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Figure 6.21 Fraction of liquid and velocities in the mushy zone for Case 3c, Channel 
velocities highlighted. Time step 200000; simulated time of 2000.0 
seconds. 
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Figure 6.22 Fraction of liquid and velocities in the mushy zone for Case 3c. 
Velocities feeding the channel highlighted. Time step 200000; simulated 
time of 2000.0 seconds. 
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Figure 6.23 Fraction of liquid and velocities in the mushy zone for Case 3c. Mid-
upper left part of mushy zone highlighted. Time step 200000; simulated 
time of 2000.0 seconds. In the channel, every sixth velocity vector is 
shown in the vertical direction, for clarity. 



284 

2.0E-7m/s 

0.0070 -

0.0065 -

0.0060 

0.0055 -

0.0000 0.0005 0.0010 

x' ( m )  

0.0015 0.0020 

Figure 6.24 Fraction of liquid and velocities in the mushy zone for Case 3c. Lower 
left part of mushy zone highlighted. Time step 200000; simulated time 
of 2000.0 seconds. In the channel, every seventh velocity vector is 
shown in the vertical direction, for clarity. 
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Figure 6.25 Fraction of liquid and velocities in the mushy zone for Case 3c. Mid-
upper right part of mushy zone highlighted. Time step 200000; 
simulated time of 2000.0 seconds. In the channel, every sixth velocity 
vector is shown in the vertical direction, for clarity. 
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Figure 6.26 Fraction of liquid and velocities in the mushy zone for Case 3c. Lower 
right part of mushy zone highlighted. Time step 200000; simulated time 
of 2000.0 seconds. In the channel, every seventh velocity vector is 
shown in the vertical direction, for clarity. 
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Figure 6.27 Incremental pressure (Pa) for Case 3c. Time step 200000; simulated 
time of 2000.0 seconds. 
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Figure 6.28 Pressure (Pa) for Case 3c. Time step 200000; simulated time of 2000.0 
seconds. 
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Figure 6.29 (a) Fraction of liquid for Case SI. (b) Liquid concentration (wt. % Sn) 
at y' = 0.0096 m for Case SI. Time step 50400; simulated time of 

1260.0 seconds. 
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Figure 6.30 Total solute concentration (wt. % Sn) for Case SI. Time step 50400; 
simulated time of 1260 seconds. 
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Figure 6.31 Fraction of liquid and mushy zone velocities for Case S1. Time step 
50400; simulated time of 1260 seconds. 
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Figure 6.32 Fraction of liquid and mushy zone velocities for Case SI. Time step size 
of 0.025 seconds; time step 10000; simulated time of 250 seconds. 
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Figure 6.33 Fraction of liquid and mushy zone velocities in the upper portion of the 
mushy zone for Case SI. Time step size of 0.01 seconds; time step 
25000; simulated time of 250 seconds. 
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Figure 6.34 Fraction of liquid and mushy zone velocities in the upper portion of the 
mushy zone for Case SI. Time step size of 0.01 seconds; time step 
25000; simulated time of 250 seconds. 
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Figure 6.35 Fraction of liquid and mushy zone velocities in the lower portion of the 
mushy zone for Case SI. Time step size of 0.01 seconds; time step 
25000; simulated time of 250 seconds. 
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Figure 6.36 Fraction of liquid and all-liquid velocities for Case la. Time step 50000; 
simulated time of 2500 seconds. Every third velocity vector is shown, 
for clarity. 
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Figure 6.37 Total solute concentration (wt. % Sn) and all-liquid velocities for Case 
la. Time step 50000; simulated time of 2500 seconds. Every third 
velocity vector is shown, for clarity. 
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Figure 6.38 Fraction of liquid and mushy zone velocities for Case la. Time step 
50000; simulated time of 2500 seconds. 
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Figure 6.39 Fraction of liquid and mushy zone velocities for Case la. Time step 
50000; simulated time of 2500 seconds. 
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Figure 6.40 Fraction of liquid and all-liquid velocities for Case PbSbl. Time step 
140000; simulated time of 3500 seconds. Every third velocity vector is 
shown, for clarity. 
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Figure 6.41 Fraction of liquid and mushy zone velocities for Case PbSbl. Time step 
140000; simulated time of 3500 seconds. In the channel, every tenth 
velocity vector is shown in the vertical direction, for clarity. 
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Figure 6.42 Total solute concentration (wt. % Sb) and streamlines for Case PbSbl. 
Time step 140000; simulated time of 3500 seconds. 
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Figure 6.43 Fraction of liquid for Case PbSb2. Time step 120000; simulated time of 
300 seconds. 
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Figure 6.44 Fraction of liquid and all-liquid velocities for Case PbSb3. Time step 
140000; simulated time of 3500 seconds. Every third velocity vector is 
shown, for clarity. 
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Figure 6.45 Fraction of liquid and mushy zone velocities for Case PbSb3. Time step 
140000; simulated time of 3500 seconds. In the channel, every tenth 
velocity vector is shown in the vertical direction, for clarity. 
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Figure 6.46. Total solute concentration (wt. % Sb) for Case PbSb3. Time step 
140000; simulated time of 3500 seconds. 
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Figure 6.47. Initial temperature (K) for Case 3c, large domain. 
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Figure 6.48 Fraction of liquid and all-liquid velocities for Case 3c, large domain. 
Time step 50000; simulated time of 500.0 seconds. Every fourth 
velocity vector is shown, for clarity. 
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Figure 6.49 Fraction of Liquid and mushy zone velocities for Case 3c, large domain. 
Time step 50000; simulated time of 500 seconds. 
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Figure 6.53 Influence of simulation domain aspect ratio on half-bandwidth for the 
direct solver storage requirements, (a) Narrow and tall domain. 
(b) Square domain. 
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Figure 6.54 Comparison of storage requirements for the FSM when the incremental 
pressure is solved with a direct solver versus when it is solved 
iteratively. Includes storage requirements required for intermediate 
velocities; already solved iteratively. 

J . J 1 

- -ir - FSM - Inc. Pressure uses Direct Solver 
A 

—•— FSM - Inc. Pressure uses Iterative Solver 

* 
* 

* 

> 

* I 

A 

' ^ 
1 # 
. « 

a' 

A 
! 

1 •! T- _ 

Ratio of Penalty Method 
to FSM 

• -A - Aspect Ratio 

50000 100000 150000 

Number of Nodes 

200000 250000 

Figure 6.55 Ratio of storage requirements for the penalty method (direct solver) 
versus the FSM when the incremental pressure is solved iteratively. 
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Figure 6.56 Comparison of CPU time required for to calculate the velocities and 
pressure for 1000 time steps, using the penalty method versus the FSM. 
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Figure 6.57 Time required to solve the incremental pressure with the direct solver 
versus the total time required to solve the incremental pressure (with the 
direct solver) plus the time required to solve the velocities iteratively. 
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Figure 6.58 Estimated comparison of CPU time required to solve the velocities and 
pressure for 1000 time steps; using the penalty method versus the FSM 
with an efficient iterative solver for incremental pressure. 
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incremental pressure for 1000 time steps: the present capability versus 
the estimated capability with an efficient iterative for incremental 
pressure. 
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CHAPTER 7 - TWO-DIMENSIONAL RESULTS WITH SHRINKAGE 

INCLUDED 

In this chapter, simulations with the FSM including shrinkage are reported. With 

the Boussinesq approximation, there is no volume change associated with a change in 

temperature or concentration of the solid or liquid. There is only a change in volume 

when a change of phase occurs. The metal alloys addressed in this dissertation have a 

greater density in the solid phase than in the liquid phase; therefore, shrinkage in volume 

occurs as solidification takes place. 

In terrestrial simulations where thermosolutal convection is present, the velocities 

generated by shrinkage are generally so small compared to the velocities caused by 

thermosolutal convection that they have a negligible effect on macrosegregation [14]. 

However, shrinkage is very relevant as the gravity vector approaches zero, such as aboard 

a spacecraft. This chapter focuses on the situation where gravity is either zero or very 

small and transient, such as would occur aboard a spacecraft that is in low earth orbit. 

First, a simple case of a simulated casting undergoing shrinkage in a zero gravity 

environment is presented. This case highlights a numerical problem that is inherent in 

simulations of shrinkage using a discretized finite element or finite difference approach. 

An improved method of addressing this problem is introduced; this method shows 

considerable improvement for the case of shrinkage in a zero gravity environment. Next, 

the pressure predicted by the FSM in a zero gravity environment, with shrinkage, is 

compared to a model that has been baselined previously. Finally, a simulation of a 
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casting that is undergoing solidification in a transient gravity vector field that simulates a 

spacecraft environment and includes shrinkage is presented. 

In all cases in this chapter, inhomogeneous Dirichlet boundary conditions are used 

for the intermediate velocities, Integration Option "B" is used, QB elements are used 

along the left and right boundaries, and bilinear elements are used along the top and 

bottom boundaries. 

7.1 Case PbSbl with Shrinkage, and a zero gravity term 

In the absence of gravity, the buoyancy terms are not relevant and the remaining 

terms in the momentum equation. Equation (4.30), are: 

A/ Re Re 
1 V 7  P  ( 1 - ^ ) V 7 2  - — — u  w  - V M  + - ^ V  — +  u  ^ dt " (/> " " 3Re 8t Re 

The model is demonstrated using Case PbSbl from Chapter 6. All processing 

conditions are the same as in Table 6.6 and all properties as described in Table 6.7 are the 

same, except that the solid and liquid densities are no longer the same. The liquid density 

3 
remains unchanged, but the soHd density is set to 10,715 kg/m to effect shrinkage. This 

value of the solid density is taken from Reference [88] and is based on the overall 

shrinkage associated with complete solidification. The simulated casting size and mesh 

spacing are the same as in Case PbSbl of Chapter 6. Simulations of Case PbSbl with the 

solid density listed above are reported throughout this chapter. 

Figure 7.1 shows the fraction of liquid at a simulated time of 100 minutes, along 

with velocity vectors at three locations. The time step used in this case is 0.05 seconds. 
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The top boundary is modeled as porous, allowing a uniform flow of liquid at the 

reference concentration to enter the casting, to compensate for the volume lost to 

shrinkage. In the all-liquid zone, a Poiseuille flow develops, with no-slip at the walls. In 

the mushy zone, the velocities are nearly uniform, with slip velocity allowed. The 

velocities are now observed at two locations: Figure 7.2, the bottom of the all-liquid zone 

and the top of the mushy zone as the velocity transitions from Poiseuille flow to uniform 

flow, and Figure 7.3, the bottom of the mushy zone. 

The velocity at the top is set according the amount of volume lost due to 

shrinkage. The amount of shrinkage-induced volume reduction over the whole casting 

during one time step is: 

where W is the horizontal "width" of the casting, L is the vertical "length" of the casting, 

and is the total volume lost to shrinkage at a single time step. The uniform 

velocity at the top of the casting is set to 

WAt' ^ ' 

and is re-calculated at every time step. 

7.1.1 Eutectic Solidification 

An important difficulty common to all solidification models based on finite 

elements or finite differences arises when the interdendritic liquid reaches the eutectic 

temperature and concentration. In the model configuration used in the simulation 

0 0 

(7.2) 
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reported in Figures 7.1 to 7.3, when a node reaches eutectic temperature, it is assumed 

that the solidification of the eutectic liquid continues at constant temperature until all the 

eutectic is solidified [58]. During that time, the rate of change in the fraction of liquid is 

a function of the rate of dissipation of latent heat; generally much more rapid than 

primary solidification. With this approach, solidification is not achieved continuously 

across the elements, but rather at discrete intervals, when a node reaches the eutectic 

temperature and concentration. Figure 7.4 is a schematic diagram of this phenomenon. 

The element is not considered solidified until the eutectic isotherm overtakes the top set 

of nodes. 

During terrestrial simulations of directional solidification, this is not a serious 

problem. However, for microgravity simulations, where the convection is driven by 

shrinkage, it has the effect of predicting lower fluid velocities when the eutectic isotherm 

is in the interior of the element, as the eutectic is solidified. When the eutectic isotherm 

reaches a node, all the eutectic must be solidified in a short period of time, causing a 

sharp increase in velocity [140]. This is illustrated by plotting velocity versus time for 

two nodes. The two nodes are located at the horizontal centerpoint and at vertical 

locations of 0.010m and 0.025 m. Figure 7.5 shows the location of these two nodes, 

labeled Node 2071 and 5146. Another node. Node 4121, is also shown in Figure 7.5; it is 

not referenced in this section, but is referenced later. These are the actual node numbers 

in the finite element mesh. 

In Figure 7.6, the vertical velocity at Node 5146 is plotted at a simulated time 

between 5000 and 7000 seconds (83.3 - 116.7 minutes). Figure 7.7 shows the velocity of 
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Node 2071, which is in the mushy zone. Here, the magnitude of the oscillation becomes 

more pronounced just prior to solidification, which occurs when the velocity goes to zero 

for this node, at a time of approximately 6700 seconds. Figures 7.8 and 7.9 are the 

^ At 
fraction of liquid, (j), and the time rate of change of the fraction of liquid, —, dt 

respectively, for Node 2071. We observe a "numerical jitter" in the velocity that is tied 

directly to the time rate of change of the fraction of liquid, —. Shrinkage is the only dt 

driving mechanism in this simulation. The oscillations shown in Figures 7.7 and 7.9 are 

initially a result of nodes solidifying below this location. At this particular node, the 

eutectic isotherm arrives after 6573 seconds, and eutectic solidification occurs. The time 

rate of change of the fraction of liquid accelerates as the fraction of liquid approaches 

zero. The extreme value of the spike in — is reached before solidification occurs, a dt 

negative value 0.018 s ; the full value of the spike is not shown in Figure 7.9. Since 

p / 

p — is the only mechanism driving the velocity for this simulation, the numerical value dt 

of the velocity at this node also increases as eutectic solidification occurs. This in turn 

causes acceleration throughout the casting. 

Although it has been determined that numerical jitter does not affect 

macrosegregation in the casting, it can have an affect on the dendritic scale, and therefore 

should be minimized. In terrestrial simulations, the magnitude of the convection induced 

velocifies are several orders of magnitude larger than the velocities induced by the 

"numerical jitter". However, in microgravity simulations, that is not the case. 
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7.1.2 A Method to Reduce the Numerical Oscillations Caused by Eutectic Solidification 

To account for this numerical difficulty, we have employed the following scheme. 

For the cases of interest in this chapter, in the lower part of the mushy zone, we can 

assume one-dimensional solidification to approximate the rate of change of the fraction 

of liquid in the elements containing the eutectic isotherm before the element is fully 

solidified. 

To see how this is done, look at Figure 7.10, which is a plot of the fraction of 

liquid, ̂  versus the dimensionless vertical distance y. Since we are assuming one-

dimensional solidification at the lower part of the mushy zone, this figure represents the 

entire row of elements at the bottom of the mushy zone. Now we focus on what is going 

on in a single element; whose bottom two nodes are considered solidified and whose top 

two nodes remain in the mushy zone (with the eutectic isotherm in between). This 

element is generically referred to as the "eutectic element" in this section. Since one-

dimensional solidification is assumed, only one bottom node and one top node is 

referenced in the context of the eutectic element. 

The solidified node of the eutectic element is located at y., and the node in the 

mushy zone is located at y.^^. At time step n, the eutectic isotherm, which is moving 

with time, is located at vertical location y", not necessarily coinciding with a node. 

Similarly, at time step n+l, the eutectic isotherm is at the vertical location . The 

fraction of liquid of the node in the mushy zone at time step n is . Similarly, the 

fraction of liquid of the same node in the mushy zone at time step n+\ is . 
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To calculate a smoothed time rate of change of the fraction of liquid over the time 

it takes to solidify the element, we calculate the change in the amount of liquid mass 

contained in an element from one time step to the next. For simplicity, it is assumed that 

the fraction of liquid (j)^ at eutectic temperature remains constant as the eutectic 

isotherm traverses the element. In the following derivation, there is no indicator to 

prescribe whether the variables are dimensional or dimensionless. In order to understand 

what is going on physically, assume that the variables are dimensional. Note, however, 

that the final equation in this derivation, Equation (7.10), has the same form whether the 

variables are dimensional or dimensionless. 

First, the velocity of the eutectic isotherm, V^,, is simply 

- y" 
Ve,=^—^ (7.4) 

At 

Next, we define the liquid mass in the eutectic element at time step n, Ml, which 

includes the trapezoid comprised of both the shaded region and the cross-hatched region 

in Figure 7.10. It is defined as 

yM 1 

+A){y,., -/)• (7.5) 

where is the cross-sectional area of the eutectic element (perpendicular to the 

direction of solidification). 

The amount of liquid mass contained in the eutectic element at time step n+\, 

is comprised of the cross-hatched trapezoid in Figure 7.10 and is defined as 
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Mf=pLAs] HV-/*'). (7.6) 

The change in Hquid mass from time step n to time step n+\ is, 

MT'-Ml =-p,A,, [(C' +4)(7,>, -/)] (7.7) 

This is re-written as 

T '(<!>:::-c.)(7M +c)(y"' -/)] (7.8) 

Divide by Af to get the right side in terms of the time rate of change of fraction of hquid, 

d(j> 
dt at location , and the interface velocity , 

DM lim 1 = — 
dt At 2 

This is rearranged to write as 

7+1 

dt {y:,,-y"')-{A+€,y„ (7.9) 

_ 2(̂ r'-m,")/(A(P,/1„)+(4 

dt (7.10) 

This value is applied to the top node of the eutectic element. The time rate of 

change of the fraction for the bottom node of the eutectic element is set to zero. 

The results reported here for the FSM after applying the derivation described 

above are referred to as the Improved Calculation of Eutectic (ICE) method. 



7.1.3 Results of the Improved Calculation of Eutectic 

A smaller time step is used for the results presented here than the results presented 

in the previous section because the results in this section are compared to G-jitter 

simulations (defined later), which were executed with a time step of 0.025 seconds to 

achieve stability. The comparison between this case and the case presented previously is 

not sensitive to time step size. 

Figure 7.11 shows the velocity at Node 5146 for the ICE method. The oscillation 

in the velocity has decreased considerably. Figure 7.12 further demonstrates the 

considerable improvement; the ICE method is compared with the results from the 

uncorrected method. Note that the velocity calculated with the ICE method has a smaller 

magnitude than the average velocity of the unimproved method. This is because the time 

rate of change of fraction of liquid of the bottom node of the eutectic element is set to 

zero when the eutectic isotherm reaches it. Physically, this value represents shrinkage 

associated with liquid at eutectic temperature solidifying. A velocity representing this 

shrinkage could be set as a boundary condition on the bottom nodes of the eutectic 

element. Several attempts have been made to do this. However, setting a non-zero 

boundary condition on these bottom nodes induces an oscillation in the mushy-zone 

velocities. The nature of this oscillation is a considerable variation in the magnitude of 

the velocity from one node to the next in the mushy zone (in the vertical direction). This 

oscillation is a result of the FSM, the intermediate velocity prescribed at the bottom does 

not balance with the pressure, and the velocity correction required in the projection step 
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is large enough to induce an oscillation that propagates into the mushy zone. This 

oscillation should also be further explored in the future. 

The velocity at the nodes undergoing a eutectic phase change is 

( v . i i )  

Figure 7.13 demonstrates what the value of the velocity shown in Figure 7.12 

would be when the velocity calculated in Equation (7.11) is added to it. 

Figure 7.14 shows the ICE velocity results at Node 2071 compared to the 

uncorrected results; the velocity at the eutectic nodes calculated in Equation (7.11) is not 

included in the results shown in Figure 7.14. Figure 7.15 shows the fraction of liquid 

calculated for this node compared to the previous calculations. With the ICE method, the 

fraction of liquid ^ for Node 2071 immediately changes to zero when its temperature 

reaches the eutectic temperature. In the uncorrected method, there is an acceleration in 

the time rate of change of the fraction of liquid when the node reaches the eutectic 

temperature, but the fraction of liquid does not immediately drop to zero. Figure 7.16 

p / 

shows the considerable improvement in the time rate of fraction of liquid, — for Node dt 

2071. The rate is relatively steady during the time takes for an element to solidify. In 

this figure, the eutectic isotherm reaches the bottom of the eutectic element (i.e., the node 

below Node 2071) at approximately 6500 seconds. At this time, the calculations 

p i  

described above are used for calculating — for this node. Initially, the magnitude of dt 
p i  

increases rather rapidly and then slowly increases over the time it takes the eutectic 
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isotherm to reach Node 2071. Finally, at a time of approximately 6566 seconds, 

solidification of the Node 2071 is complete. The remainder of results reported in this 

chapter is from simulations performed after implementing the method described above. 

7.2 Comparison of Pressure Prediction for to an Established Model 

One way to validate the results predicted by the FSM is to compare the pressure 

predicted in the mushy zone by the FSM to the prediction of a simplified model. At the 

bottom of the mushy zone flow is strictly of Darcy type due to the extremely small value 

of permeability there. Recall from Chapter 3 the Darcy equation, Equation (3.3) that is 

repeated here. 

u' = -—{Vp'-pg') (3.3) 

In the bottom of the mushy zone, when gravity in the negative y' -direction and 

shrinkage are the only driving mechanism, Equation (3.3) can be further simplified and 

re-written to express the pressure drop as a function of vertical velocity. 

— = -~v' + pg' (7.12) dy' K\, ' 

Erdmann and Poirier [141] developed a Mathematica [142] model of pressure 

drop through the mushy zone based on Equation (7.12). In their model, the permeability 

is based on the same relation of vs. (f) as used in the FSM simulations reported here 

and documented in Chapter 5. Their model uses the Scheil relation for the fraction of 

liquid, as taken from Mehrabian et al. [54]: 
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(7.13) 

where is the concentration of the eutectic solid, is the density of the eutectic 

solid, and k is the equilibrium partition ratio for the alloy. As before, 5"^ is the 

concentration in the liquid, given by Equation (4.6) for ^ < 1, is the density of the 

solid, and is the initial concentration. The temperature is assumed to vary linearly 

between the liquidus temperature at the initial concentration and the eutectic temperature. 

The FSM simulation does not include the capability for the density of the eutectic 

solid to be different to that of the non-eutectic solid; therefore, for this comparison, 

PsE - Ps' Equation (7.13) reduces to. 

where s is the imposed cooling rate (K/s), is the imposed thermal gradient (K/m), 

3 Pi  J  is the local density (kg/m ), a function of the local temperature T. and the local 

liquid concentration 5*^. The FSM model assumes that the liquid density is constant, 

except in the buoyancy term. Therefore, the Mehrabian model is modified to calculate 

the velocity based on the reference liquid density Pi= p^. In addition, the Mehrabian 

(7.14) 

which is the standard Scheil equation given in [24]. 

The velocity in the Erdmann and Poirier model is calculated as: 

(7.15) 
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model calculates a non-zero velocity at the eutectic isotherm. As indicated previously, 

the FSM model cannot presently accommodate a non-zero boundary condition at the 

eutectic isotherm. Based on these two simplifications, the Mehrabian model is modified 

to calculate the velocity as shown below, 

(7,16) 
^0 PL ^0 

To assess the pressure drop based solely on shrinkage, Equation (7.12) was 

implemented with g'^ = 0. Integration of the pressure gradient was performed in 

Mathematica, to calculate the pressure in what is now labeled the Modified Mehrabian 

Model (MMM). In the FSM model results, the pressure is referenced to the location of 

the discrete node above the eutectic isotherm at the bottom of the mushy zone. 

Results for the FSM simulation versus the MMM are shown in Figures 7.17 to 

7.21, showing temperature 7^, fraction of liquid vertical velocity v,., pressure gradient 

and the pressure versus distance from the bottom of the mushy zone. Overall, U'J; 
the agreement is very good. The largest discrepancy is that the peak in the pressure 

gradient is shifted to the left in the FSM simulation results, compared to the MMM 

results. This is a direct result of a slight difference in the prediction of the fraction of 

liquid. Figure 5.2, the plot of permeability versus (j) for flow parallel to the direction of 

solidification, shows a large change in permeability ai (p = 0.65 and again at = 0.75. 

The slight difference in the prediction of the fraction of fraction of liquid between the two 
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models causes a difference in the location of the change in permeability, which in turn 

causes the peak in the pressure gradient to be shifted, per Equation (7.12). 

7.3 G-jitter Simulations for a Casting Under-going Solidification on a 

Spacecraft 

Experiments of a casting under-going directional solidification are planned for 

either the Space Shuttle or the Space Station [88]. These experiments are generally 

referred to as microgravity experiments, since they are conducted in low earth orbit 

-6 

(LEO), where the gravity vector is on the order of 10 g^, where g^ is the terrestrial 

2 
gravity vector, -9.81 m/s . The purpose of the microgravity experiments is to expand the 

fundamental understanding of dendritic solidification. Phenomena of particular 

importance are solute segregation at the solidifying dendrite tips and the realization of no 

macrosegregation in directionally solidified castings, which generally do undergo 

macrosegregation when processed terrestrially. This is because macrosegregation 

severely masks or distorts the microsegregation phenomena. The microgravity 

experiments are used to benchmark dendritic growth models, including verification of 

primary dendrite arm spacing, dendrite tip radius, and dendrite tip concentration. 

Unfortunately, the environment on space vehicles can be less than ideal. 

Vibrations caused by crew activity, vehicle systems, and vehicle on-orbit operations 

threaten the integrity of the microgravity environment. The high cost of on-orbit 

experiments requires mitigating the risk of the non-ideal space vehicle environment 

compromising experiment success. Therefore, it is essential to use mathematical models 
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to predict the effect of the space vehicle vibrations on the solidification of the binary 

alloy. The application of the FSM for this purpose is demonstrated here. These 

simulations are referred to as "G-jitter" simulations. 

7.3.1 Spacecraft Disturbances used in the G-jitter Simulation 

On-orbit acceleration data obtained from the Microgravity Science Division [143] 

at Glenn Research Center (GRC-MSD) was used as input for the simulation reported 

here. There is much data available, encompassing many different missions, periods of 

different activities during a particular mission (nominal, crew quiet time, water-dump, 

orbital maneuvering, crew exercise, etc.), and recorded with a variety of measurement 

systems. After investigating several different time periods during two typical space 

shuttle missions, a period of crew exercise during the STS-89 SpaceHAB mission was 

determined to be the most severe, due its amplitude and frequency. 

Previous simulations of sinusoidal microgravity disturbances derived from 

analytical functions have shown that any disturbance with a frequency of 10 Hz. or 

higher [88], regardless of amplitude, does not cause macrosegregation in the binary alloys 

of interest. Therefore, for the acceleration data used in the simulations reported here, all 

frequencies above 10 Hz. were filtered out by GRC-MSD before the data was received. 

The data was given for all three axes of direction, relative to the Shuttle Coordinate 

System. 

To incorporate data from all three axes into a two-dimensional simulation, the 

acceleration applied to the simulated domain x' -axis was a combination of the data from 

the X and y' -axis of the Shuttle Coordinate System and the simulated domain y' -axis 
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acceleration was set equal to the acceleration for the z -axis of the Shuttle Coordinate 

System, per Chen et al. [144]: 

S. = , if < 0, = -g^ 

gy=G^ 

Here, , and G^ are the accelerations recorded for the x', y', and z' -axes 

of the Shuttle Coordinate System, and and g^ are the applied accelerations in the x 

and y' components of the momentum equation, Equation (4.22), for the two-dimensional 

simulated domain. Figures 7.22 to 7.24 show the acceleration disturbances versus time: 

, Gy, and G^, respectively. 

7.3.2 Application of G-jitter Acceleration Disturbances to the FSM Model 

The FSM was run with an initial period of no acceleration, to establish the mushy 

zone, and to provide a comparison of results between an ideal microgravity environment 

and the microgravity environment encountered during crew exercise. For the case 

reported in detail in the following section, the initial period of zero acceleration is 5000 

seconds. Therefore, the data shown in Figures 7.22 to 7.24 was shifted by 5000 seconds 

and incorporated into the simulation using Equation (7.17). The acceleration data entered 

into the simulations is shown in Figures 7.25 and 7.26 for the x' and y' -axes of the 

simulated domain, respectively. 

Since the magnitude of the acceleration changes with time, the vertical gradient of 

incremental pressure (VGIP) changes with the gravity magnitude entered into the 

simulation. This is because the VGIP is a strong function of the Incremental Buoyancy 
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Term {IBT), as discussed in Chapter 5, which includes gravity. Recall that the VGIP 

from previous time step, n, is used in the inhomogeneous boundary condition for the 

intermediate step, in Equation (5.10). To predict an inhomogeneous boundary condition 

that is based on the magnitude of acceleration for the current time step n+\ rather than 

time step n, Equation (5.10) is modified to the following for the simulations reported 

next. 

where g„ is the known magnitude of the gravity vector at previous time step n and 

is the magnitude of the gravity vector at the current time step n+\, also known. Equation 

(7.18) is applied separately for each velocity component. 

7.3.3 G-jitter Simulation Results 

In the beginning of this chapter, when the only phenomenon simulated was 

shrinkage, results for Nodes 5146 and 2017 were given. Therefore, results for these two 

nodes are shown first. The time step used in the simulations reported in this section is 

0.025 seconds. Refer back to Figure 7.5 for the locations of these two nodes. Node 5146 

remains in the all-liquid region throughout the whole simulation. Figure 7.27 shows the 

fraction of liquid versus time for Node 2071 during the simulation. This node is at a 

fraction of liquid of approximately 0.58 when the G-jitter disturbances are applied at 

5000 seconds and fully solidifies before the end of the simulation. 

Recall that the purpose of conducting the microgravity experiments is to provide 

data that can benchmark dendritic growth models, including verification of primary 

(7.18) 
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dendrite arm spacing, dendrite tip radius, and dendrite tip concentration. This type of 

information is impossible to obtain with terrestrial experiments, since the effects of 

convection distort and mask the effects of microsegregation. There is a concern that the 

G-jitter disturbances can distort the effect of microsegregation, particularly at the dendrite 

tips. 

Therefore, it is necessary to show results for a node in between Nodes 5146 and 

2017. Refer once again to Figure 7.5; Node 4121 is located at the horizontal centerline 

and at a vertical dimension of y' = 0.20 m. Figure 7.28 shows the fraction of liquid 

versus time for Node 4121. At the beginning of the application of G-jitter disturbances, 

Node 4121 is in the all-liquid region. Node 4121 begins to solidify approximately 2000 

seconds after the G-jitter disturbances are apphed and reaches a fraction of liquid of 0.60 

by the end of the simulation. This range of fraction of liquid assures the capture of any 

distortion of phenomena that may occur at the dendrite tips. 

Figure 7.29 is a plot of the vertical velocity for Node 5146. The numerical jitter 

described earlier is still noticeable prior to the time that G-jitter accelerations are imposed 

at 5000 seconds, even after improvements for simulating eutectic solidification on a 

discrete mesh are implemented (ICE). After this 5000 seconds, the velocities are 

observed to track the accelerations imposed. Even though Node 5146 remains in the all-

liquid region throughout the simulation, the average magnitude of the vertical velocity 

decreases. This is also observed in the same simulated case with no G-jitter disturbances 

applied. The reason the vertical velocity decreases with time is because as the 

solidification front advances upward and the length of the all-liquid region decreases, the 
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flow in the all-liquid region does not have adequate space to develop into Poiseuille flow; 

therefore the center (peak) velocity at y' = 0.025 m diminishes over time. 

Figures 7.30 and 7.31 show the presence of convection. This convection is not 

present when G-jitter disturbances are not applied. Figure 7.30 shows the velocity 

vectors at the top of the casting at a time of 6000 seconds, and Figure 7.31 shows the 

velocity vectors in the region just above the mushy zone, also at a time of 6000 seconds. 

The fraction of liquid is also shown in the form of a contour plot in Figure 7.31. The 

penalty method also predicts convection due to G-jitter for Case PbSbl. 

Figure 7.32 shows the vertical velocity for Node 2071. As with Node 5145, the 

numerical jitter is observed prior to the application of G-jitter disturbances. The 

numerical jitter is completely masked once the G-jitter disturbances are applied. The 

velocity tracks the G-jitter disturbances and decreases in amplitude as this node solidifies. 

It is apparent that the velocity due to the G-jitter disturbances is super-imposed upon the 

velocity due to shrinkage. 

Figure 7.33 shows the vertical velocity for Node 4121. Similar to the results for 

Node 2071, the velocity due to the G-jitter disturbances is super-imposed upon the 

velocity due to shrinkage. Now look at Figure 7.34, the horizontal velocity for Node 

4121. In the horizontal direction, there is no component of velocity that is due to 

shrinkage. The G-jitter disturbances cause large variations in velocity amplitude, much 

larger than the magnitudes seen in the vertical direction. Figure 7.35 shows the pressure 

versus time for Node 4121. Like the velocities, the effect of numerical j itter can be 

observed prior to the application of the G-jitter disturbances. Once the G-jitter 
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disturbances are applied, the pressure oscillates with an amplitude more than two times 

its average value. 

Figure 7.36 shows the solute concentration in the liquid versus time for Node 

4121. This plot is probably the most important one, in terms of determining whether the 

G-jitter disturbances impact the dendrite tips. In the mushy zone, the concentration of the 

liquid is only a function of temperature, given by the liquidus line; therefore one would 

expect little or no oscillation as a result of G-jitter. However, there is concern that the 

liquid concentration in the all-liquid region can be affected by the G-jitter disturbances. 

Nevertheless, when looking at Figure 7.36 prior to a simulated time of 6900 seconds, 

where ̂  = 1 in Figure 7.28, there are no oscillations present. To further assess whether 

G-jitter has any affect on the liquid solute concentration, the G-jitter case is compared to 

the same simulation case with no G-jitter applied. The difference in the liquid solute 

concentration between the two simulations is plotted in Figure 7.37; note the extremely 

small scale. There is no difference prior to 5800 seconds. However, as the solidification 

front approaches Node 4121, there is a difference of approximately 2.0 x 10"^ wt. % Sb . 

The spikes are attributed to the numerical oscillation associated with the eutectic isotherm 

transitioning from one element to the next, as explained earlier in this chapter. The 

difference in liquid solute concentration becomes zero approximately 400 seconds after 

the Node 4121 begins to solidify. Figure 7.38 shows predicted temperature for the G-

jitter disturbance case and Figure 7.39 shows the difference in predicted temperature 

between the two cases, G-jitter versus no G-jitter. A maximum difference of 

approximately 3.0 x 10^ K is observed in the temperature of Node 4121, between the 
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results with no G-jitter versus results with G-jitter imposed. At the beginning of 

solidification of Node 4121, between 6900 and 7300 seconds, there is a difference in the 

predicted temperature between the two cases; this corresponds to the time that there is a 

difference in solute liquid concentration, when ̂  < 1.0. 

The total solute concentration for the G-jitter case is plotted in Figure 7.40 and the 

difference in total solute concentration for the G-jitter case and the case with no G-jitter 

is plotted in Figure 7.41. The total solute concentration is obviously the same as the 

liquid concentration in the all-liquid region, and peaks at 6900 seconds, when Node 4121 

begins to solidify. Over time, the total concentration drops as the solid concentration, 

which is much lower than the liquid concentration, has more of an effect on the total 

concentration value. As Node 4121 solidifies, the difference in total solute concentration 

between the two cases reaches a value of approximately 8.0 x 10'^ wt. % Sb. 

The differences in concentration and temperature that are observed between the 

two cases, G-jitter accelerations imposed versus no G-jitter, are smaller than the most 

sensitive measurement instruments can detect. However, the simulations reported here 

demonstrate that we can use them to numerically predict the effect of G-jitter 

disturbances and to determine whether the G-jitter disturbances threaten the integrity of 

data obtained from microgravity directional solidification experiments. 

7.3.4 Limitations of FSM in Simulating G-jitter 

The simulations reported above show relatively large disturbances in the 

velocities and the pressure due to the imposed G-jitter disturbances. The figures of the 

velocity vectors at 6000 seconds (Figures 7.30 and 7.31) show some induced convection. 



The results presented are reasonable. Despite the application of Equation (7.18), the 

FSM model has a hard time keeping up with the changes in imposed accelerations that 

occur, particularly between 6000 and 7000 seconds. 

Figures 7.42 and 7.43, which are at the top of the casting and near the top of the 

mushy zone at a time of 7000 seconds, respectively, demonstrate this. An oscillation in 

the velocities has appeared close to the right vertical boundary in the all-liquid region, 

just above the top of the mushy zone, and propagated into the bottom of the mushy zone. 

This is typical of what has been seen previously for the FSM; a single disturbance can 

cause an oscillation that does not disappear in the absence of strong convection. In this 

-7 
case the maximum velocity in the all-liquid region is on the order of 10 m/s; once an 

oscillation is excited there is no mechanism to eliminate it or larger velocities to hide it. 
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Figure 7.1 Solidification with shrinkage; no gravity. Fraction of liquid and velocity. 
Time step 120000; simulated time of 6000 seconds (100 minutes). At 
the three vertical locations shown, every second velocity vector is shown 
in the horizontal direction, for clarity. 



338 

0.021 

0.020 

0.019 

0.018 

0.017 

0.016 

0.015 

0.014 

0.013 

2.0E-07m/s 

Fraction of Liquid 

0.000 0.002 0.004 0.006 

x' (m) 

0.008 

Figure 7.2 Solidification with shrinkage; no gravity. Fraction of liquid and velocity. 
Transition from all-liquid region to mushy zone (no-slip flow to slug 
flow). Time step 120000; simulated time of 6000 seconds (100 
minutes). Every second velocity vector is shown, for clarity. 
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Figure 7.3 Solidification with shrinkage; no gravity. Fraction of liquid and velocity 
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seconds (100 minutes). In this figure, every second velocity is shown in 
the horizontal direction, for clarity. Below >> = 0.0135 m, every second 
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Figure 7.4 Eutectic isotherm in-between nodes of an element. Convection is caused 
by shrinkage. 
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Figure 7.8 Fraction of liquid versus time for Node 2071. 
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Figure 7.9 Time rate of change of fraction of liquid versus time for Node 2071. 
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Figure 7.10 One-dimensional schematic diagram of an element at the bottom of the 
mushy zone. The bottom node (shown at left) is solidified, the top 
node (shown at right) is in the mushy zone. 
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Figure 7.11 Vertical velocity versus time for Node 5146. Improved Calculation of 
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Figure 7.13 Vertical velocity of liquid versus time for Node 5146. Improved 
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eutectic node is artificially added to the ICE velocity, per Equation 7.11. 
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Figure 7.15 Fraction of liquid versus time for Node 2071. Improved Calculation of 
Eutectic (ICE) versus no correction. 
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Figure 7.16 Time rate of change of fraction of liquid versus time for Node 2071. 
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Figure 7.17 Temperature (K) in the mushy zone for the FSM versus the Modified 
Mehrabian Model. Shrinkage only; no gravity. 
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Mehrabian Model. Shrinkage only; no gravity. 
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Figure 7.19 Vertical velocity (m/s) in the mushy zone for the FSM versus the 
Modified Mehrabian Model. Shrinkage only; no gravity. 
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Figure 7.21 Pressure (Pa) in the mushy zone for the FSM versus the Modified 
Mehrabian Model. Shrinkage only; no gravity. 
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Figure 7.22 Acceleration versus time from Space Shuttle Mission STS-89. 
Accelerations in the x' -direction of the Shuttle coordinate system. 
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Figure 7.23 Acceleration versus time from Space Shuttle Mission STS-89. 
Accelerations in the y' -direction of the Shuttle coordinate system. 

0 
t; 
(f) « 

CD 
E" 
to _ 

CD CO O 

c 
o 

CD 

<D 

B 

c 

o < 
c 0 
c3 

o •D 1 
N 

O O 

4.00E-03 

3.00E-03 

2.00E-03 

1 .OOE-03 

O.OOE+00 

1.00E-03 

-2.00E-03 

3.00E-03 

-4.00E-03 
500 1000 1500 2000 2500 3000 3500 

Mission Time (Seconds) 

Figure 7.24 Acceleration versus time from Space Shuttle Mission STS-89. 
Accelerations in the z' -direction of the Shuttle coordinate system. 
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Figure 7.25 Derived acceleration versus time used in simulation. Accelerations in 
the x' -direction of the casting coordinate system. 
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Figure 7.26 Derived acceleration versus time used in simulation. Accelerations in 
the y' -direction of the casting coordinate system. 
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Figure 7.27 Fraction of liquid versus time for Node 2071. "G-jitter" applied at 5000 
seconds. 
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Figure 7.28 Fraction of liquid versus time for Node 4121. "G-jitter" applied at 5000 
seconds. 
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Figure 7.29 Vertical velocity versus time for Node 5146. "G-jitter" applied at 5000 
seconds. 
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Figure 7.32 Vertical velocity versus time for Node 2071. "G-jitter" applied at 5000 
seconds. 
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Figure 7.33 Vertical velocity versus time for Node 4121. "G-jitter" applied at 5000 
seconds. 
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Figure 7.34 Horizontal velocity versus time for Node 4121. "G-jitter" applied at 
5000 seconds. 
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Figure 7.35 Pressure versus time for Node 4121. "G-jitter" applied at 5000 seconds. 
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Figure 7.36 Liquid solute concentration (wt. % Sb) versus time for Node 4121. "G-
jitter" applied at 5000 seconds. 
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Figure 7.37 Difference in liquid solute concentration (wt. % Sb) between the case in 
which "G-jitter" accelerations are applied and the case in which they are 
not applied, versus time for Node 4121. 
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CHAPTER 8 - THREE-DIMENSIONAL SIMULATIONS 

Results are presented here for three-dimensional simulations using the fractional 

step method. Comparisons are made to results of a three-dimensional simulation 

performed using the Galerkin least-squares (GLS) Method and documented in Felicelli et 

al. [86]. The disadvantage of the GLS is that all four degrees of freedom (three velocities 

and the pressure) must be calculated simultaneously. In addition, the GLS requires that 

various parameters be continuously adjusted as it is being executed, which makes it very 

difficult to compute with. 

The equations described in Chapter 4 for the FSM are applied in three 

dimensions. The optimizations applied to the two-dimensional simulations reported 

earlier; that is, the use of inhomogeneous boundary conditions and QB elements at the 

boundaries, are not used in these calculations. Homogeneous boundary conditions for the 

intermediate velocity are imposed at all boundaries and trilinear "brick" elements are 

used everywhere. Integration Option B is used in the simulations reported in this chapter. 

Since the optimizations applied to two-dimensional simulations are not used here, the 

results in this chapter should be considered preliminary. 

8.1 Comparison to Results Obtained in Felicelli et al. 

In Felicelli et al. [86], a parallelepiped domain with dimensions of 0.01 m by 0.01 

m by 0.02 m in the x', y', and z' -directions, respectively, was simulated. Mesh 

spacings were 0.0005 m by 0.0005 m by 0.00067 m in the x', y', and z' -directions, 

respectively. This combination of dimensions and mesh spacing produced 12000 



elements and 13671 nodes. The alloy simulated was Pb-10.0 wt. % Sn, with an imposed 

-2 

thermal gradient of 1000 K / m, and a cooling rate of 1.67 x 10 K/s on the bottom 

surface. With these processing conditions, the velocity of the solidification front is 1.67 

X 10 ^ m/s. The processing conditions and alloy properties are summarized in Table 8.1 

and 8.2, respectively. The calculations do not include shrinkage. 

The mesh spacing in the x' and j;'-directions for the Felicelli et al. case is larger 

than the primary dendrite arm spacing (PDAS) by a factor 1.67 (0.5 mm versus 0.3 mm) 

and the mesh spacing for the z -direction is larger than the ratio of solute liquid 

diffusivity divided by isotherm velocity D^jV by a factor of 3.72 (0.67 mm versus 0.18 

mm). This violates the recommendations given in Sung et al. [84] and also discussed 

further in Frueh et al. [31], and in Chapter 6 of this document. However, at the time that 

Felicelli et al. [86] was written, the studies outlined in [31] and [84] had not been 

conducted. Furthermore, the spacing used for the FeliceUi et al. case is at the practical 

size limit, considering the limitations of the GLS. 

Two FSM cases are documented here, both using the processing conditions and 

alloy properties listed in Tables 8.1 and 8.2, and the same domain dimensions. The first 

case, labeled the "Coarse Mesh" was simulated using the same mesh spacing as Felicelli 

et al. [86]. As listed above, there are 12000 elements and 13671 nodes for this case. The 

second case, labeled the "Fine Mesh" was simulated using a mesh spacing that complies 

with the recommendations given in [84]: no larger than the PDAS in the directions 

transverse to the direction of solidification, and no larger than D^jV in the direction of 

solidification. This corresponds to a mesh spacing of 0.00025 by 0.00025 by 0.00018 
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mm in the x , y , and z -directions, respectively. This spacing, along with the domain 

dimensions of 0.01 by 0.01 by 0.02 m produced 177600 elements and 188272 nodes, 

roughly 14 times as many elements and nodes as the "Coarse Mesh". 

In these three-dimensional FSM simulations, a variable time step was applied. 

The maximum time step allowed is based upon the following equation: 

= 0.60MW 
max 

dxju^ 

dylv^^y. (8.1) 
dzjw„ 

max 

where is the maximum allowable time step, dx, dy, and dz are the dimensions of 

each brick element in the x', y', and z' -dimensions, respectively, and , and 

Wniax maximum velocities occurring in the domain for the three components of 

velocity, respectively. The variable time step assures solution stability [85]. Experience 

with the two-dimensional simulations shows that significant velocity accelerations can 

occur and cause the initial time step to be inadequate. The potential for acceleration is 

even more likely in three-dimensional simulations. Since a variable time step is used, 

some of the simulated times in the figures shown are at values close to whole minutes, 

but not an exact whole number. 

The "Coarse Mesh" results are shown in Figures 8.1 to 8.3. Figure 8.1 shows the 

fraction of liquid and velocities for the alloy after 10 minutes of solidification. Channels 

have formed in some of the comers and along some of the edges. Although the mushy 

zone has advanced to roughly the same location as that shown in Figure 1 (a) of [86], 

approximately 0.008 m, the fraction of liquid at the bottom is higher for the FSM than 
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reported in [86], Figure 8.2 shows the Hquid concentration along with the velocity 

vectors, also at a simulated time of 10 minutes. This figure clearly indicates the liquid 

plumes emanating from the mushy zone. Figure 8.3 shows the total concentration after 

30 minutes. The region z' > 0.18 m was removed to expose the contour at the isosurface 

of z' = 0.18 m. There are freckles in some of the comers and along some of the edges. 

In [86], where the GLS method was used, there was a freckle in the center and the 

freckles along the edges had higher solute concentration than those predicted by the FSM 

method. 

The "Fine Mesh" is shown in Figures 8.4 to 8.6, at a simulated time of 

approximately 10 minutes. Figure 8.4 shows the fraction of liquid and velocities in the 

all-liquid region. The only velocities shown are those near the forward edges of the 

casting (x' = 0.0090 to 0.0095 m and y' = 0.0090 m to 0.0095 m). In this simulation, 

the mushy zone has advanced approximately 0.008 m, and the fraction of liquid at the 

bottom is lower than predicted by the FSM for the coarser mesh at 10 minutes. This can 

be attributed to differences in interpolation across the elements, which are much smaller 

in this case. Figure 8.5 shows the liquid concentration with the velocities highlighted 

near the rear edges (x' = 0.0005 to 0.0010 m and y' = 0.0005 to 0.0010 m). Finally, 

Figure 8.6 shows the total concentration, indicating the formation of freckles in the 

comers and along the vertical walls; the velocity vectors are shown in the same location 

as in Figure 8.5 (near the rear walls). 
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8.2 Time and Memory Requirements for Three-Dimensional Simulations 

In the FSM simulations reported in this chapter, the iterative matrix solver is used 

for the solution of the incremental pressure, as well as all intermediate velocities. In 

Chapter 6, it was reported that the iterative solver is very inefficient, making the direct 

solver a more practical choice for the solution of the incremental pressure. This is true 

for two-dimensional simulations. In three-dimensional simulations, the iterative solver is 

still inefficient for the solution of the incremental pressure, but the direct solver is even 

worse. The large mesh and the considerable increase in the half-bandwidth of the 

stiffness matrix in three-dimensional simulations rendered the direct solver impossible to 

use for the "Fine Mesh". There is simply not enough memory available. For the "Coarse 

Mesh", the direct solver is feasible for solving the incremental pressure but not 

competitive with the iterative solver. 

Since the iterative solver is used for the FSM and the GLS method, the memory 

required by the FSM is approximately one fourth that required by the GLS. That is 

because 4 DOF per node for the GLS requires a stiffness matrix approximately 16 times 

larger than the stiffness matrix used by the FSM, with one DOF per node. However, the 

FSM requires four stiffness matrices: one for each velocity component and one for the 

pressure. The ratio of required memory does not change with model size. 

The time comparison is very encouraging. The GLS was run briefly for both the 

"Coarse Mesh" and the "Fine Mesh". For the "Coarse Mesh", there is only about a 25% 

reduction in required CPU time for the FSM versus the GLS. However, for the "Fine 

Mesh", with nearly fourteen times as many nodes, the FSM is approximately six times 



faster. The "Fine Mesh" was executed only a few hundred time steps for the GLS to 

make the time comparison. However, since it takes so long to run with the "Fine Mesh", 

the GLS is not practical to run for the thousands of time steps that are required for a 

meaningful simulation. 

With The "Fine Mesh", the incremental pressure takes over 70 % of the time 

required to solve the velocities for the FSM. Therefore, when a better iterative solver that 

is efficient for the incremental pressure is found, additional time saving will be realized 

for three-dimensional simulations of directional solidification. This additional time 

saving is essential to making such large three-dimensional simulations as "The Fine 

Mesh" more feasible. With the present implementation of the FSM on the machine 

described in Section 6.5.3, each time step required two minutes of CPU time. 

8.3 Optimizing the FSM for Three-Dimensional Simulations 

In the future, the optimizations employed in the two-dimensional FSM should be 

implemented for the three-dimensional FSM: particularly, the use of inhomogeneous 

boundary conditions and the use of QB elements along edges and in comers. This effort 

will be rather tedious and time-consuming, but should be straightforward. 
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Table 8.1 Processing conditions of lead-tin alloy; three-dimensional 
simulation. 

Alloy G Cooling V 

CK cm) Rate (K/s) (|.im/s) (|im) 

Pb-10.0 wt. % Sn 10 1.67 X 10"^ 16.7 250 

Table 8.2 Thermodynamic and transport properties of lead-tin 
alloy at S^, T^; three-dimensional simulation. 

5,J (wt. % Sn), 

7; (K) 
P o  

(kg/m3) 
/i,xl0' 

vx 10^ 

(m7s) 

10.0, 577 10100 -1.20 -5.15 2.47 

L 
(kJ/kg) (kJ kg-K) 

K 
(kW/m-K) 

Dj. X lo'" 

(m7s) 

37.6 0.167 0.0182 30.0 
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Fraction of Liquid 

Figure 8.1 Fraction of liquid and velocities for the "Coarse Mesh" at a simulated 
time of 600 seconds (10 minutes). All velocity vectors are shown. 
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Figure 8.2 Liquid solute concentration (wt. % Sn) and velocities for the "Coarse 
Mesh" at a simulated time of 600 seconds (10 minutes). All velocity 
vectors are shown. 
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Figure 8.3 Total solute concentration (wt. % Sn) for the "Coarse Mesh" at a 
simulated time of 1800 seconds (30 minutes). 
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Figure 8.4 Fraction of liquid and velocities for the "Fine Mesh" at a simulated time 
of 594.4 seconds («10 minutes). Near the forward edges, every second 
velocity vector is shown in the x' and y' -directions and every fourth 
velocity vector is shown in the z' -direction, for clarity. 
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Figure 8.5 Liquid solute concentration (wt. % Sn) and velocities for the "Fine 
Mesh" at a simulated time of 594.4 seconds (»10 minutes). Near the 
rear edges, every second velocity vector is shown in the x' and y' -

directions and every fourth velocity vector is shown in the z' -direction, 
for clarity. 
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Figure 8.6 Total solute concentration (wt. % Sn) and velocities for the "Fine Mesh" 
at a simulated time of 594.4 seconds («10 minutes). Near the rear 
edges, every second velocity vector is shown in the x' and y' -directions 

and every fourth velocity vector is shown in the z -direction, for clarity. 
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CHAPTER 9 - CONCLUSIONS AND RECOMMENDATIONS 

Conclusions stemming from the work contained in this dissertation are reported 

first, identifying what has been accomplished. Within these conclusions areas that 

require more work are identified. Next, strategies to extend this work and improvements 

to the accomplishments achieved thus far are outlined. 

9.1 Importance of Work 

Structural integrity of turbine blades is very important because of the intense 

conditions that these components are subjected to in their normal operation: high RPM at 

extreme temperature and pressure. The turbine blades are manufactured using directional 

solidification; during this process, casting defects known as freckles occur as a result of 

thermosolutal convection that is inherent to the process. Thermosolutal convection 

occurs because of fluid instability due to a density inversion at the interface between the 

mushy zone and the all-liquid zone. This density inversion is present because of a 

negative density gradient in the all-liquid region that is due solely to the imposed thermal 

gradient and a positive density gradient in the mushy zone that is due mainly to the 

concentration gradient. 

It is necessary to simulate the directional solidification process in order to predict 

if thermosolutal convection and resulting freckles occur for a particular alloy subjected to 

a given set of processing conditions. These simulations are also useful in research that is 

directed toward better understanding of the directional solidification process, such as 

experiments in space that are conducted to mitigate the risk macrosegregation occurring. 



9.2 Work Accomplished Previously 

Models based on finite differences / volumes, and the penalty finite element 

method have been applied to two-dimensional DS simulations but are limited because of 

the required coupling of the velocity components and because the penalty term requires 

that a direct matrix solver be employed to obtain the velocities. Direct matrix solvers 

require significantly more memory and more CPU time than iterative solvers. The 

Galerkin least-squares (GLS) method was apphed to three-dimensional DS simulations 

and does allow iterative solution of the stiffness matrices but requires that all velocities 

and the pressure be solved in a coupled fashion. The GLS also has parameters that must 

be adjusted during program operation, making it difficult to implement. Due to their 

inherent characteristics, all of these methods are limited in the size of the problem that 

can be simulated. 

9.3 The Benefits of the FSM 

Because of the limitations of the methods previously applied, and the desire to 

simulate larger castings, including more practical three-dimensional simulations, a more 

efficient simulation algorithm is needed. The FSM was chosen because it offers 

significant reduction in memory requirements and in required CPU time. The FSM is 

more efficient because the velocity components and the pressure can be solved 

independently of each other. The FSM also has the benefit of allowing iterative solution 

of the stiffness matrices, which fiarther enhances its efficiency. 
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9.4 Significant Accomplishments with the FSM 

The FSM was successfully applied to both two- and three-dimensional 

simulations of directional solidification. It was demonstrated that the FSM does predict 

the formation of "channels" in the mushy zone and subsequently "freckles" in the 

solidified alloy. The FSM predicted instability (the existence of freckles) for some 

simulation cases and stability (no freckles) for other simulation cases, and agreed with 

results obtained by methods employed previously; these methods have been benchmarked 

with experimental observations. The FSM has been applied to much larger two-

dimensional and three-dimensional simulations than previously. It has demonstrated 

significant savings in required memory and CPU time, compared to the methods 

employed previously. 

The FSM was applied to simulations including shrinkage, particularly 

microgravity (low-gravity) simulations. A new method of dealing with the numerical 

instability inherent to simulating shrinkage on a discrete mesh was demonstrated. This 

method predicts the mass of liquid being solidified in an element for one time step and 

time-averages the velocities that occur due to shrinkage. The method significantly 

reduces the large velocity spikes observed in previous shrinkage simulations, when 

elements solidify. 

Acceleration data from a space shuttle mission was used as a disturbance input in 

a simulation of a directional solidification experiment on a spacecraft. The simulation 

demonstrated the capability of the FSM to predict the effect of acceleration disturbances 
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on the velocities, pressure, and concentration of the casting, particularly near the top of 

the mushy zone. 

Other than the Dirichlet boundary condition for the incremental pressure at one 

node, the boundary conditions for the incremental pressure are of the Neumann type. The 

method of integration in the projection step. Option "A" or Option "B" affects how the 

Neumann boundary condition is imposed. With Option "A", it is imposed indirectly by 

leaving out the line integrals; therefore the incremental pressure gradient on the boundary 

"floats" with the intermediate velocity on the boundary. With Option "B", the 

incremental pressure gradient is set explicitly by choosing the value of the line integral. 

Leaving the line integral out for Option "B" weakly imposes a homogeneous Neumann 

boundary condition. It was determined that Option "B" was required for most 

simulations because the "floating" intermediate velocity and incremental pressure 

gradient along the boundaries that occurred with Option "A" tend to diverge if there is 

significant convection close to the boundary. For simulations with significant convection 

next to the boundaries, the weak imposition of a homogeneous boundary condition along 

vertical boundaries is too weak with bilinear elements. Therefore, the Quadratically 

Blended (QB) elements were introduced along the left and right boundaries, which 

imposed a true homogeneous Neumann boundary condition for the incremental pressure. 

The bilinear elements are best along the boundaries where the incremental pressure 

gradient is non-zero, such as in the top portion of the casting. Transition elements that 

serve as an interface between the QB elements and the bilinear elements were introduced 

in the comers. 
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9.5 Unresolved Issues 

There are still issues that must be addressed in the future. These issues are 

symptoms of the inherent difficulty introduced by splitting the solution of the momentum 

equation into two steps. Two sets of boundary conditions must be applied in the two 

steps while only one set of physical boundary conditions is given. The combination of 

the imposed boundary condition for the intermediate velocities and the calculated 

correction velocity on the boundaries can result in end of time step velocities on the 

boundary that vary significantly from the required physical boundary condition. The 

velocities on the boundary can be reset to the physical boundary condition at the end of 

the time step, but a significant variation of the as-reset boundary velocity from the as-

calculated velocity on the boundary can lead to oscillations that propagate into the 

interior. Therefore, inhomogeneous boundary conditions based on the previous time 

step's incremental pressure gradient are required. 

The homogeneous Dirichlet boundary condition for the incremental pressure leads 

to numerical error for Integration Option "B" because it, along with the imposed 

Neumann boundary condition, over-constrains the solution of the pressure at that 

particular location. Moving the node that the incremental pressure Dirichlet boundary 

condition is applied on merely translates the error, but does not eliminate it. Generally, 

this error becomes negligible during the simulation as convection renders it negligible. 

However, it is never totally eliminated, particularly for fine meshes. Further study should 

be applied in order to better understand and eliminate it. 
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There were other numerical oscillations that were not totally eliminated in the 

results reported. Particularly, at the beginning of the simulation, there may be 

oscillations at the bottom of the simulated domain. Fortunately, these oscillations are 

rendered negligible very quickly in the simulation for cases that have convection. 

Velocity oscillations that do not necessarily become negligible are those that occur in 

some localized regions of the mushy zone for some simulations, particularly those with 

strong convection. These oscillations result in continuity not being satisfied at these 

localities, although continuity is still met globally and in the rest of the mushy zone. 

They are a symptom of the de-coupled solution of the velocities, and exacerbated by the 

large range of velocities that occur in a directionally solidified casting. Further study 

should also be done to minimize this problem. 

9.6 Recommendations for Further Study 

There are many avenues of study that can be taken to continue on the work 

reported here. The highest priority is minimizing or totally eliminating the oscillations 

that occur in the mushy zone. A close second would be to eliminate the error that occurs 

at the top of the simulated domain where the Dirichlet boundary condition for the 

incremental pressure is imposed. Finally, the problem at the bottom should be 

eliminated, so that there are no oscillations initially. If this problem is solved, a similar 

problem experienced in the simulations of shrinkage flow may also be eliminated: that is 

the oscillations that occur when an inhomogeneous boundary condition for velocity is 

imposed at the bottom of the mushy zone to account for shrinkage flow into the eutectic 

region. However, before any of these issues are addressed, it is recommended that efforts 
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be geared toward finding an iterative solver that can efficiently solve for the incremental 

pressure. Adding this capability will significantly reduce required simulation time and 

therefore provide quicker turn-around time in addressing the other issues. Suggested 

strategies on how to address some of these issues are next, with the iterative solver for 

incremental pressure addressed first. Finally, a short paragraph on parallel processing is 

included. 

9.6.1 An Iterative Solver for the Incremental Pressure 

Chapter 6 provided explanation of why the iterative solver works efficiently for 

the intermediate velocities but not the incremental pressure. That is because "mass 

lumping" can be applied to the implicit intermediate velocity, thereby "weighting" the 

stiffness matrix for the incremental velocities toward the diagonal. There is not a mass 

term in the projection step formulation; therefore the stiffness matrix is not diagonally 

dominant. Since this is a common occurrence, there are now diagonally preconditioned 

iterative solvers available that artificially weight a stiffness matrix toward the diagonal. 

As the solution is approached, the artificial mass is removed and totally eliminated in the 

final converged solution. Such a routine is available, for example, from the Silicon 

Graphics, Inc. (SGI) Scientific Computing Software Library (SCSL) and installed on 

most SGI mainframe computers [145], 

Another algorithm to explore is the Generalized Minimal Residual (GMRES) 

[146]. An algorithm based partially GMRES has been applied to unsteady CFD 

problems, employs a preconditioner, and claims to require less memory than GMRES, at 

the expense of some additional CPU time [147]. 
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Finally, "FISHPACK is a collection of FORTRAN subprograms which utilize 

cyclic reduction to directly solve second- and fourth-order finite difference 

approximations to separable elliptic Partial Differential Equations (PDEs) in a variety of 

forms" [148,149], However, as stated, it is limited to finite difference approximations. A 

related and more flexible collection of software, called MUDPACK, uses multigrid 

iterative techniques to approximate separable and nonseparable elliptic PDEs. See 

Adams [150] for more information on MUDPACK. 

9.6.2 Oscillations in the Mushy Zone 

In Chapter 6, oscillations were observed in the mushy zone in localized regions. 

That is, the velocities were well behaved in the all-liquid region and in some, but not all 

parts of the mushy zone. The oscillations occur at locations where there are large 

velocities adjacent to the smaller mushy-zone velocities. In Case 3c, this is in the 

channels along the vertical walls, the larger velocities were in the channels and the 

smaller velocities were in the mushy zone adjacent to the vertical walls. In Case SI, the 

all-liquid velocities are large relative to the mushy-zone velocities near the top of the 

mushy zone, where the oscillations occur. Since convection in the mushy zone is very 

minimal, the uncoupled solution of the velocities that is inherent to the FSM makes it 

very difficult for oscillations to be dampened in the mushy zone, once they are initiated. 

Additional research must be conducted to determine the exact cause of the 

oscillations. The time step that the oscillations were initiated at can be determined and 

from there, after examining the critical variables, a further determination can be made. 

Suggested variables to examine include the divergence of the intermediate velocity and 
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the actual intermediate and end of time step velocities. Close examination of boundary 

velocities is also suggested. Once it is determined which variables affect the initiation of 

the oscillations, these variables can be monitored during the simulation and specific steps, 

such as time step reduction can be taken, to minimize or eliminate the oscillations. 

It was shown for Case S1, at least anecdotally, that reducing the time step size 

could eliminate the oscillations. However, reducing the time step significantly increases 

CPU time, and the FSM can become impractical. Here, other options are proposed as 

subjects for further research. One of these options was briefly mentioned in Chapter 6: 

introducing a sub-time-step in the calculation of the velocity. This option is explained 

more here. Two additional options are briefly proposed: domain decomposition and a 

combination penalty method / fractional step method solution. The sub-time-step concept 

is discussed first. 

9.6.2.1 The Sub-Time-Step 

In Case SI, the reduction in time step significantly reduced the oscillations in the 

mushy zone because a smaller time step reduces the size of the correction velocity 

calculated in the projection step. In lieu of a smaller time step that must be used in all 

calculations it is proposed that research be done to create a sub-time-step for the velocity 

calculations. As stated in Chapter 6, a sub-time-step would have the effect of reducing 

the deviation from mass conservation in the intermediate step without causing all 

variables (temperature, fraction of liquid, and solute concentration) to be calculated over 

a very tiny time step. 
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In Figure 9.1, this concept is illustrated. The velocity and pressure stiffness 

matrices are calculated once per global time step, at the beginning of the velocity 

calculations. This is necessary only once per time step because the stiffness matrices' 

coefficients only vary with fraction of liquid, for a fixed mesh. The set of forcing 

functions (or right hand side) is re-calculated for every sub-time-step and the velocity 

components and incremental pressure are re-solved at every sub-time-step. However, as 

the sub-time-step size is reduced, the number of iterations per sub-time-step required in 

the iterative solver of the system of equations is also reduced. Each previous sub-time-

step's solution is a preconditioned estimate of the solution for the new sub-time-step. 

Therefore, each previous sub-time-step's solution is a better approximation to the new 

sub-time-step's solution as the sub-time-step size is reduced. To be practical, this 

concept requires that the incremental pressure be solved iteratively and efficiently, per 

Section 9.6.1. 

9.6.2.2 Domain Decomposition Applied to the Oscillatory Regions of the Mushy Zone 

Domain decomposition is a method by which sub domains or "small domains" are 

partitioned from the original problem domain so that a solution is reached for each sub 

domain rather than for the entire domain [151]. The advantage is that a much smaller 

stiffness matrix is required for each sub domain than for the global domain; therefore 

much less memory and CPU time is required per sub domain than for the entire domain. 

The sub domains may overlap and the scheme usually involves iterations to update 

interface data. This approach is very common to solutions of the boundary layer, for 

example, where viscosity is important and then to the flow away from the wall where 
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inviscid potential flow is relevant. It is also particularly beneficial for parallel 

processing; each sub domain is solved on a different processor, with communication 

necessary between processors to share interface data. 

It is suggested here that domain decomposition be applied to the oscillatory 

regions of the mushy zone, only when such oscillations occur. The suggested approach is 

as follows: First, a global solution is calculated using the FSM, as described and 

implemented in the present work. Next, diagnoses of the entire domain, particularly the 

mushy zone is made to determine if an oscillation is begiiming to occur. If so, a sub 

domain is estabhshed that encompasses the region containing the oscillation. The sub 

domain is large enough such that its boundaries are outside the region of the oscillations. 

As an example, the boundaries for a sub domain encompassing an oscillatory region of 

the mushy zone may include an actual domain boundary, extend into the all-liquid region 

and also extend into a region of the mushy zone not experiencing oscillation. The final 

step is to reach a solution for the sub domain velocities, either with a method that affords 

a coupled solution of the velocities, such as the penalty method or with the FSM using a 

small time step. 

The domain decomposition scheme would be applied only when a particular 

mushy zone-region is beginning to experience oscillations. The purpose is to damp out 

these isolations by coupling the velocities and to achieve local continuity, using the 

global solution that presumably has already met continuity globally. Some iteration 

between the sub domain solution and the global solution will be necessary. 
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This approach will be more likely to succeed if oscillations can be damped out 

either before or immediately after they occur, and if the approach is necessary only 

infrequently throughout the simulation. The use of a coupled solution method, such as 

the penalty method will not cause significant increase in CPU time if applied infrequently 

and to a sub domain that is much smaller than the original problem domain. 

9.6.2.3 An FSM and Penalty Method Solution or a "Penalty-Projection Scheme" 

Recall that the penalty method is a solution whereby the velocity components are 

solved in a coupled fashion but the pressure DOF is eliminated by equivalencing it to the 

divergence of the velocity times a large penalty parameter. Shen [102] noted what has 

been demonstrated in this dissertation: "The precision of the projection schemes partially 

depends on how well the incompressibility condition is satisfied by the intermediate 

velocity." He suggested that a penalty function be applied to the first step of the FSM, 

hoping to improve the performance of the FSM, or what he calls a "Penalty-Projection 

Scheme". In order to implement the Penalty-Projection Scheme, the intermediate 

velocities must now be coupled, to allow substitution of the pressure term with the 

divergence of the velocity (times the penalty parameter). 

At first glance, this scheme appears to eliminate the primary advantage of the 

FSM, uncoupled solution of the velocities. However, this method should be thought of as 

a way of relaxing the requirements of the penalty method rather than improving the FSM. 

As claimed by Shen, with this approach, the addition of a projection step to the penalty 

method allows for a "less stiff penalty parameter, i.e., a smaller penalty parameter. 

Since the continuity obtained with a smaller penalty term would be degraded, the 
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projection step is required to improve the imposition of continuity. A "less stiff penalty 

term could allow iterative solution of the Penalty-Projection Scheme, rather than a direct 

matrix solver, which is required by the penalty method. 

The only use this scheme may have to the research outlined here is quicker 

solution of a sub domain, as described in Section 9.6.2.2. The Penalty-Projection Scheme 

serves as one example of the many combinations and applications of the FSM available 

in the literature and yet to be invented. 

9.6.3 Correcting the Problem at the Bottom 

Chapter 5 described the problem at the bottom: which is primarily due to a large 

change in the Incremental Buoyancy Term {IBT) and the uncoupled solution of velocity. 

If the change in the IBT is large from one time step to the next, the projection step does 

not calculate the proper velocity correction. The vertical gradient of incremental pressure 

{VGIP) does not keep up with the IBT. There is another inherent problem: the gradient of 

incremental pressure {GIP) is reduced-order integrated. That is, both the horizontal and 

vertical GIP are first calculated over the element, and then the GIP is calculated for each 

node using a least-squares algorithm. This method of calculating the GIP is more 

accurate in the interior of the domain than if the order of integration for the GIP were the 

same as the order used for calculating the pressure [85]. However, this method of 

calculating the GIP is least accurate on the boundaries. At the beginning of the 

simulation, when the bottom row of nodes is beginning to solidify and the row of nodes 

immediately above it are still in the all-liquid region, the inaccuracy along the bottom 

boundary is more pronounced. For this situation, there is a large difference in the 
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magnitude of the /sr between the bottom row of nodes and the row of nodes 

immediately above it. Therefore, the averaging effect of the reduced-order integration 

causes a large error in the calculated value of the VGIP on the bottom row of nodes. A 

method known as the boundary residual method [85] is suggested for calculating a better 

approximation to the gradient along the boundaries. Simply stated, the boundary residual 

method uses boundary residual equations [152] derived from the finite element 

formulation. In the application to the FSM for directional solidification, the boundary 

residual equations would be derived from the finite element formulation of the projection 

step. Only detailed study will determine whether the boundary residual method can 

resolve the problem at the bottom, but that is where the exploration for a solution should 

begin. 

9.6.4 Parallel Processing 

The FSM lends itself to parallel processing because the uncoupled solution of the 

velocity components in the intermediate step can be done with no communication 

between processors. In addition to solving the velocities separately on separate 

processors, the building of the stiffness matrices for each velocity component can be done 

on a separate processor. 

Presently, there is no practical reason to implement parallel processing because 

the solution of the incremental pressure is by far the most significant user of CPU time. 

Benefit cannot be obtained from parallel processing until an efficient iterative solver can 

be found for the solution of the incremental pressure in the projection step. 
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