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ABSTRACT 

A theoretical and experimental study was undertaken to validate the use of a novel 

time-domain system identification (SI) method for detecting changes in stiffnesses of 

uniform cross section fixed-fixed and simply supported beams. By quantifying the 

reduction of beam's elemental stiffnesses, the location of damage can be detected. The 

Iterative Least Squares (ILS-UI) algorithm, a novel, time-domain SI algorithm, being 

developed at the University of Arizona for nondestructive evaluation of structures, is 

used for this purpose. 

The ILS-UI algorithm requires the use of nodal response time histories to develop an 

equivalent multi-degree-of-freedom model in which the number of node points is equal to 

the number of sensors used in the experiment. To optimize the number of sensors, a 

finite element model was developed in which the beam was discretized into an optimum 

number of node points, such that nodal responses at these node points are equivalent to 

that of the continuous beam. 

As a prelude to the experimental validation, a simulation was performed to study 

errors in the numerical integration of a digitized signal for three different rules: 

trapezoidal, Simpson's and Boole's. It was shown that Simpson's rule and Boole's rule 

yield smaller errors than the trapezoidal rule, especially when lower sampling rates are 

used. Several post processing techniques to remove noise, to filter out high frequencies 

and remove slope and offset from a data set were also demonstrated. 

In the first phase of the validation experiments, the optimum number of node points 

was determined for the fixed beam. Also, a method was developed to scale angular 
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response based on the measured transverse response. The ILS-UI algorithm was then 

used to predict element stiffnesses for the fixed beam. The stiffness predictions did not 

converge. This prompted an investigation to determine the root cause of the failure. 

It was found that amplitude and phase errors in the accelerometer's measurements 

were the root cause of the failure. After this was determined, an alternative approach was 

developed to mitigate the amplitude and phase shift errors. 

To validate the alternative approach, nodal responses were measured for the beam 

with and without damage. The ILS-UI algorithm was demonstrated to successfully 

quantify reduction in the beam's element stiffnesses and the location of damage was 

identified. 
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1. CHAPTER 1-INTRODUCTION 

1.1. Statement of the Problem 

Nondestructive mechanical evaluation of existing, in-service structures is a subject 

of great interest and importance to the engineering profession and society at large. An 

aging national infrastructure drives the need for tools and techniques with which 

engineers can analyze structures and predict failure, but taking a structure out of service 

(e.g., shutting down a bridge) for inspection or testing can have a significant economic 

impact. What is needed is a tool or method that allows the engineer to evaluate a 

structure without taking it out of service, destroying it, or disassembling it. In addition, 

the development of a method for localizing damage, i.e., identifying a single damaged 

beam, truss, or column among many, would be a great technical advance and benefit to 

society. 

At present, there is no agreed-upon method for evaluating large, in-service 

structures. Often, defects are obvious to the naked eye, and replacement or retrofitting of 

the structure is relatively simple. More commonly, defects are not visible, and this raises 

questions. How many components should be inspected to assure that the entire structure 

is fit for service? How often should it be reinspected? When does the engineer know 

that all defects have been found? At what rate are different components degrading? A 

method is needed for monitoring and quantifying damage to individual components of a 

larger structure when visible defects are not present. 

In addition to the routine inspection of in-service structures, there is the issue of 

'emergency' inspections of a structure after it has been subjected to an unforeseen or 
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severe load (like an earthquake). Is it safe to open damaged buildings and bridges to the 

public after a quake? If it is not, how can the damaged structure be brought up to current 

standards? Which components of a structure need to be replaced and which can be kept 

under observation? Who decides whether the structure is safe or unsafe and whether it 

should be repaired or demolished? These issues came to the attention of the nation after 

the 1994 Northridge, California earthquake. One expert commented "There's a lack of 

capable, well-trained engineers who understand failure modes. Buildings are being 

condemned uimecessarily because the engineers are erring on the conservative side and 

reacting to people's fears." (Time Magazine) The expert saw "one office building torn 

down before business owners could retrieve company files." He also added "Officials 

also condemned a hospital and relocated the occupants to a nearby commercial building 

that might have been in a similar condition." 

Clearly, there is a lack of practical ideas for detecting and quantifying defects in 

existing structures. New, innovative solutions must be sought. 

In engineering practice to this point, global problems have been addressed at the 

global level and local problems at the local level. For instance, the use of structural 

modal analysis provides global information on the structure based on a global response. 

If the modal response changes from one inspection to the next, it can be inferred that 

something in the structure has changed, but the number, location and magnitude of the 

changes are unknown. 

Similarly, a local response can be used to perform a local analysis, but this presents 

its own set of problems. Assuming that the location and type of defect are knovm, it may 



be inaccessible; the available sensors may not be suitable to detect the particular defect; 

and it may not be possible to use the method to routinely inspect structures without 

disrupting operations, which may cost an excessive amount of money. 

The concept proposed here is motivated by the realization that defects begin at the 

local level and, depending on their location, magnitude, and rate of change, affect a 

structure globally. This third concept, and the subject of this dissertation, is the 

prediction of local behavior using global information. (Note that a potential fourth 

concept, the prediction of global behavior based on local information is, in most cases, a 

non-unique mathematical problem.) 

The research presented here is based on the assumption that a large structure is 

composed of single, local elements. This is true in a mathematical representation of the 

structure (a finite element model, for instance) or in a physical experiment. When 

damage occurs in a single element, the element properties (stiffness and damping) will 

change. These changes will be reflected in the global response of the structure. 

Recent advances in data acquisition, signal processing, and data analysis have made 

the System Identification (SI) technique an increasingly useful technique for extracting 

element characteristics from global responses. The SI technique serves as the starting 

point for the research described here, and will be described in more detail later. 

Note that several subjects are excluded from this research. First, the detection of 

minute defects that do not cause observable changes in structural behavior is not 

considered. All materials have defects; this study is about major defects that alter the 

static and dynamic behavior of the structure, causing safety concerns. It should be noted 
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that a minute defect may become a major defect over time, and the method developed in 

this dissertation has the potential to detect minute defects as they advance into more 

dangerous ones. 

Second, the detection of defects so severe that they will cause the structure to 

develop nonlinear behavior is beyond the scope of this study. Nonlinear behavior is a 

common natural occurrence, but (as will be seen) there are significant hurdles to be 

cleared before a method based on linear behavior can be implemented. Extending the 

method to consider nonlinear behavior will be a worthwhile exercise only after the 

successful implementation of the linear algorithm. 

1.2. Objective of the Dissertation 

The primary objective of this study is to develop a simple, economical, yet 

sophisticated nondestructive evaluation procedure to detect defects in existing and 

retrofitted structures (buildings, bridges and similar structures that can be represented by 

a finite element algorithm) without disrupting their normal use. To meet this primary 

objective, the proposed study aims to do the following: 

(1) Develop an SI algorithm that can be used routinely in identifying the location of 

defects at the local element level without using any input excitation information; 

(2) Conclusively verify the proposed method using the experimental results; 

(3) Develop a general procedure for post data processing to mitigate amplitude and 

phase errors in the measured nodal response. 
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1.3. Scope of the Dissertation 

To meet this primary objective comprehensively, the proposed study is subdivided 

into three parts: 

(1) Extend a finite element algorithm based on the iterative least-squares 

principle being developed at the University of Arizona, denoted hereafter as 

the Iterative Least Squares with Unknown Input (ILS-UI). This algorithm is 

used to identify stiffness and damping parameters of the structure at the 

element level. 

(2) Conclusively verify the ILS-UI algorithm with actual nodal responses 

measured for a uniform cross section fixed beam and a simply supported 

beam. To meet this objective the ILS-UI must be able to: 

(a) identifying stiffness of the beam at the element level 

(b) accurately identifying a damage and its location in terms of stiffness 

reduction 

(3) Develop a detailed procedure for post processing of the measured nodal 

response data. For instance, assessing a suitable numerical integration 

method that produces smallest errors in integrating acceleration to obtain 

velocity and displacement; applying curve fittings to remove biases that 

resulted from the post-processing of the data and electronic drift in the 

accelerometer; and applying filters to remove unwanted frequencies which 

perceived as noises in the data, etc. 
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1.4. Literature Review 

The System Identification concept has been around for some time and its 

applications, strengths and weaknesses are well-documented. Many papers on the 

technique can be found in the literature. Until recently, the shortcomings of using SI as a 

structural evaluation technique were thought to prohibit its use as an NDE method. 

However, in recent years some in the profession have reexamined the technique in light 

of developments in sensor technology and data processing (see, e.g., the Structural 

Engineers World Congress of 1998.) 

The basic SI approach is very simple. There are three components: the input, the 

system itself, and the output. For structural applications the input is a loading or 

excitation, the system is a mathematical model of the structure (i.e., a finite element 

model with global mass, stiffness, and damping matrices), and the output is the response 

of the structure (modes, accelerations, displacements, etc.) If the input and output are 

known, the system parameters (the model's M, K, and C matrices) can be identified 

(Agbabian, 1991). 
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input system system output 

Figure 1.1, Concept of system identification 
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There are two major classifications of SI: analyses done in the time domain and 

those done in the frequency domain. As is often the case in structural dynamics, the 

frequency domain is preferred, as use of time histories requires large amounts of data and 

computation time. Most SI analyses today are conducted in the frequency domain, where 

modal information is broken down into mode shapes, resonant frequencies, and modal 

damping ratios, all of which can be easily compared from one measurement to another. 

Unfortimately, frequency domain SI analyses have significant shortcomings. The 

primary limitation of frequency domain analyses is that the global dynamic properties 

measured in an SI analyses often do not reflect changes to local elements. For instance, a 

large fraction of local structural members may be broken without affecting the global 

modal response (fundamental frequencies) by more than 2%. Frequency changes of 2% 

are observed in structures with no damage or local changes at all, as the result of noise 

(Ibanez, 1988). For highly redundant structural systems, even global, structural level 

damage may not be detected by modal analysis. Clearly, time-domain techniques are 

necessary. 

There are two varieties of time-domain SI techniques; those where the input 

excitation history is required, and those where it is not (Figure 1.2). It should be obvious 

that, no matter the problem, a solution that requires less information to solve is preferable 

to one that requires more. Beyond this fundamental preference for simplicity, there is 

another reason for choosing an algorithm that does not require input excitation data -

input data in structural dynamics is frequently unreliable, contaminated by noise and 

variability in all but the most controlled laboratory environments. Since, unavoidably. 
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output responses will themselves be affected by noise, the elimination of another source 

of error (noise in the input) is very desirable. 
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ILS-UI 
Algorithm 

Time 
Domain 

Frequency 
Domain 

System 
Identification 

Input Known 
Output Known 

Input Unknown 
Output Known 

Input Known 
Output Known 

Input Unknown 
Output Known 

Input Unknown 
Limited Output 
Measurements 

Figure 1.2, Classification of system identification and proposed study 
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Five techniques that meet the "no input information required" requirement have been 

identified in the literature. They are (1) the Kalman Filtered Weighed Input (KF-WGI) 

with running load approach (Hoshiya and Maruyama, 1987), (2) the Stochastic-Adaptive 

techniques (Safak, 1989), (3) the Free-Decay Curve Analysis (Ibrahim, 1977; Kung et. 

al.; 1989; Bedewi, 1986; Mickleborough and Pi, 1989; Hac and Spanos, 1990), (4) the 

Stochastic Approach (Kozin, 1983; Wedig, 1983; Lee and Chen, 1988), and (5) the 

Random Decrement Technique (Cole, 1973; Cadwell, 1987; Kung et. al., 1989; Yang et. 

al., 1981, 1985; Tsai et. al., 1985, 1988). Derivatives of these techniques have been 

developed, but they will not be discussed here. A summary of the properties of these 

techniques is shown in Table 1.1. 

Examination of Table 1.1 reveals that all five of the techniques found in the 

literature have drawbacks. Four of them require modal information, which we have 

already seen may cause problems, and the one that doesn't (Stochastic) is not applicable 

at the element level and has limitations on the inputs and outputs. A sixth approach is 

needed, and it is found in the ILS-UI algorithm. 

The ILS-UI algorithm was first developed as a general concept in 1994 at the 

University of Arizona by Wang. In the years that followed, Wang applied the algorithm 

to specific applications and showed that it can identify stiffness and damping 

characteristics for shear, truss, and beam structures (Wang, 1994, 1995, 1997). Wang 

later showed that the ILS-UI algorithm can identify system characteristics from noise-

polluted responses. Further research showed that a Kalman filter can be used to predict 

nodal responses and reduce the number of degrees of freedom needed to perform system 
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identification. In 2000, Ling showed that, using Taylor series expansion to remove 

nonlinear characteristics, Rayleigh damping can be modeled and incorporated into the 

algorithm. (Ling, 2000) (Wang had used viscous damping in work done to that point.) 

In summary, there is a history of almost ten years of research showing that the ILS-

UI algorithm is a robust algorithm that can be applied to the nondestructive evaluation of 

structures. 
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Table 1.1, Comparison of the proposed method with other SI techniques with unknown 
input 

Limitation Limitation Need Identification Element 
Methods on Input on Output Modal 

Properties 
[K] [C] {f} Level 

KF-WGI with Yes No Yes No No Yes No 
running load 
Stochastic No No Yes No No No No 
Adaptive 

Free-Decay Yes Yes No/Yes Yes Yes No/ No/Yes 
Curve Analysis Yes 

Stochastic Yes Yes No Yes Yes No No 
Approach 
Random Yes Yes Yes Yes Yes No No 

Decrement 
Proposed Method No No No Yes Yes Yes Yes 

[K] stiffness matrix; [C] damping matrix; {f} force vector 
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1.5. ILS-UI Algorithm Background 

The Extended Kalman Filter method (Kalman, 1960) with a Weighed Global 

Iteration (KF-WGI) is frequently used when input excitation information is available but 

output responses may not be available for all Dynamic Degrees of Freedom (DDOF's) 

(Hoshiya and Saito, 1984; Imai et. al., 1989; Koh et. al., 1991; Hoshiya and Sutoh, 1993). 

The KF-WGI procedure is based on the Extended Kalman Filter (EKF) technique (Yun 

and Shinozuka, 1980). 

The EKF method is a recursive process that estimates the state of a system based on 

measured input and output data. It can be computed first at the local level. Once the 

local iteration procedure is completed, a weighed global iterative procedure with an 

objective function can be incorporated into the local EKF procedure to obtain the stable 

and convergent solutions. Thus, the KF-WGI technique requires information on input 

excitation and output response measurements, and the initial values of the state vectors. 

The KF-WGI procedure has several advantages. It is a time domain SI technique. It 

is easy to use when a finite element model can represent a structure. Output responses 

are needed for only some of the DDOF's. Element level structural parameters (stiffness 

and damping) can be directly identified by this technique. The drawback is that it cannot 

be used to identify structural parameters if the input excitation information is not known. 

Since the objective of this study is to avoid the use of input excitation information, 

the ILS-UI algorithm can fill in that gap for the KF-WGI technique in that it can identify 

structural parameters at the element level using response measurements recorded at only 

a few DDOF's without knowing the input excitation. This algorithm (developed by Wang 
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and Haldar in 1995) and the experimental validation of this algorithm is the main 

discussion of the dissertation. Hence, the original ILS-UI algorithm developed by Wang 

is used with the following exceptions: 

(1) A Kalman filter is not used because the responses at all dynamic degrees-of-

freedom for the beams are available. Kalman filter is used only when responses 

may not be available for all dynamic degrees of freedom. 

(2) Rayleigh damping is used without the linearization process by Taylor series 

expansion, because small damping coefficients were measured for both fixed-

fixed and simply supported beams. The error due to nonlinearity is very small 

(undetectable) and therefore it is negligible. 

1.6. Summary 

The motivation for this research is to conclusively validate a novel nondestructive 

system identification that can be used routinely to identify the locations of defects. A 

thorough literature survey revealed that the ILS-UI algorithm has never been validated 

with actual experimental data. Hence, the main purpose of this research is to validate the 

ILS-UI algorithm using actual measurements from fixed-fixed and simply supported 

beams. 
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2. CHAPTER 2 - IMPLEMENTATION OF THE ILS-UI ALGORITHM 

2.1. Introduction 

This chapter details the development of theoretical multi-degree-of-freedom models 

for fixed and simply supported beams. In these models the number of node points 

discretized along the beam is equal to the number of accelerometers used in the 

experiment. 

A beam is chosen in this study for its complete dynamic responses (axial, transverse 

and angular responses) compared to shear (transverse response only) and truss structure 

(axial response only). Hypothetically, if the ILS-UI algorithm is proven to work for a 

beam structure, it should also work for the shear and truss structures, since both shear and 

truss structures have fewer dynamic degrees-of-freedom than beam. 

The following sections discuss the development of the ILS-UI algorithm and a 

model based on finite elemental mass, stiffness and damping matrices for a beam. A 

step-by-step derivation of the ILS-UI model for a three-element fixed beam is given. 

2.2. Iterative Least Squares with Unknown Input (ILS-UI) Algorithm 

The general equation of motion of a linear system is formulated by expressing 

equilibrium of forces in matrix form: 

yin(t) + C\x(t) + Kvi(t) = f(t) (2.1) 
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where M, C, K are time-invariant global mass, damping, and stiffness matrices, 

respectively; vi(t),\i(t),\i(t) are acceleration, velocity and displacement, respectively at 

time t, and t(t) is the excitation force. 

By assuming the mass matrix and dynamic responses are known, equation (2.1) can 

be rearranged to: 

By defining the matrix X(t) to contain velocity and displacement dynamic responses 

of the structure on the left hand side of the equation (2.3): 

Kvi(t) + CiifO = f(t) - Mn(t) (2.2) 

or 

(2.3) 

Afr; = |u(t) \i(t)\. (2.4) 

vector P to contain the unknown stiffness and damping of the structure: 

(2.5) 
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and the force vector ¥(t) to represent the quantity on the right hand side of equation 

(2.3): 

¥(t) = {f(t)-Mu(t)} (2.6) 

Equation (2.3) can be expressed in a more compact form in terms of A(t), P, and ¥(t) as: 

A(t)-V=^(t) (2.7) 

Since the matrix A(t) contains the measured dynamic responses of the beam, it is 

referred as the Dynamic Response Matrix. Given A(^) and ^(t), solving for P is trivial.: 

V = A(t)*-^(t). (2.8) 

where A(t)* is the pseudo-inverse of matrix A(t). (Pseudo-inverse is an inverse of a non-

square matrix.) 

In practice, the input excitation vector i(t) is often not known; in these cases the 

force vector 'F(t) defined in equation (2.6) becomes a partially unknown vector. In order 

to solve for vector P in equation (2.8) an iterative algorithm based on the least squares 

principle is used. The basic steps for this iterative algorithm are summarized below: 

Step 1: Form the Dynamic Response Matrix, A(t), using equation (2.4), using 

displacement, velocity and acceleration time histories. For modeling, nodal 
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dynamic responses generated from the finite element model are used in forming 

A(t). For testing, actual nodal dynamic responses measured by the accelerometers 

and autocollimators are used. 

Step 2: Assume the initial values of input excitation to be zero, i.e., f(t)^0 for all 

time points. Form the initial force vector, Ff/;), using equation (2.6). 

Step 3: Using a least squares estimation, solve equation (2.8) to obtain the first 

estimate of the system parameters P 

Step 4: Substitute the system parameters (P) estimated in step 3 into equation 

(2.1) and estimate for the unknown input excitation f(t). 

Step 5: Apply force constraints to the input excitation f(t) estimated in step 4. For 

example, if the excitation is applied only at the i'^ dynamic degree-of-freedom, the 

force constraints in this case are: 

fi(t) 7^0; and 

fj(t) = 0 everywhere else. 

Next, update the force vector ¥{t) with the newly found constrained input 

excitation f(t). 
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Step 6: Solve the least-squares equation (2.8) to obtain the update estimation of 

the system unknown parameters, P. 

Step 7: The updated system unknown parameters, P, are then used to update the 

input excitation f(t) using equation (2.1). The iteration process continues until the 

convergence in the input excitation is obtained with a predetermined tolerance, e. 

A tolerance of £= lO"'^ is used in this study. The convergent criteria requires 

|/'+' - I < £• , where and f are the forces estimated for two consecutive time 

steps. 

This procedure was developed by Wang and it is known as the Iterative Least 

Squares with Unknown Input. It is used to solve linear system identification problems 

without input excitation information. 

2.3. Use of ILS-UI Algorithm with a Fixed-Fixed Beam 

2.3.1. Mass, Stiffness and Damping Matrices 

Beams subjected to transverse loading are found in many structural problems. The 

axial degree-of-freedom is very small compared to transverse and angular responses for 

beams and is ignored here. Thus, the consistent mass matrix nie for a plane frame 

element is given by: 

me 
III 

156 

221. 

54 

22/,. 

4 l f  

13/. 

•13/. 31; 

54 

13/, 

156 

-22 / .  

-13/, 

-3/f 

-22/, 

4/' 

(2.9) 
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where w^and are the mass and length of the elements, respectively. This mass 

matrix is fully populated. The diagonal terms represent transverse inertias and the cross 

terms represent rotational inertias of the beam. 

For a beam with uniform cross section (constant El), the elemental matrix stiffness 

ke for a plane frame is given by: 

k„  =  EL 
If 

12 6/,. 

61, 4lf 

-12 -61, 

61 21} 

-12 6/,. 

-6/, 21} 

12 -61, 

-61 41} 

(2.10) 

where E is elastic modulus; lis moment of inertia; and U is the length of the element. 

For modeling purposes, Rayleigh damping is used. This assumes damping to be 

linearly proportional to mass and stiffness: 

c, =otm,+pk, (2.11) 

where Ce is the elemental damping matrix and a and (3 are experimentally-determined 

mass and stiffness proportionality constants. By substituting (2.9) and (2.10) into (2.11), 

the damping matrix is found to be; 



34 

am, 
Ce = 

420 

156 

22/, 

54 

22/, 

4// 

13/. 

-13/. 3/; 

54 

13/, 

156 

-22/, 

-13/, 

-3/f 

-22/, 

4/' 

+ 
p£:/ 

12 

6/, 

-12 

6/.. 

6/, 

4/,' 

-6/, 

21' 

-12 

-6/, 

12 

6/, 

2// 

-6/. 

-6/, 4/; 

(2.12) 

Since Rayleigh damping is assumed for the ILS-UI model, both mass and stiffness 

damping constants, a and P, need to be derived based on the first and second resonant 

frequencies (/} and of the beam. (Clough and Penzien, 1998) suggests that these 

damping constants can be derived as follows. For the first resonant frequency: 

A _ , Pa>\ 
S1 

'C0\ 

and for the second resonant frequency: 

Pcoi 

where 

and 

„ a 
— + -

Oil = and (02 = 2nf2 

(Oi : first resonant angular frequency (rad/s) 

(x>2 : second resonant angular frequency (rad/s) 

(2.13) 

(2.14) 

(2.15) 

Assume damping coefficient is equal for both frequencies: 

or 

(2.16) 
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" + (2.17) 
ATif, • " 4J-/ 

The damping constants a and P can be solved simultaneously by first substituting the 

resonant frequencies,/} and f2, into equation (2.17), then solving for a in term of p. Next 

substitute the measured damping coefficient, and the newly found a (in terms of P), 

into equation (2.13) to solve for the damping constant [i. Finally, substitute the newly 

found p value into equation (2.13) to solve for the damping constant a. 

2.3.2. ILS-UI Model for Three-Element Fixed-Fixed Beam 

The following discussion illustrates step-by-step of the development of the ILS-UI 

model for a three-element fixed beam. 

A fixed beam is discretized into three elements of known lengths, //, I2, and Is, and 

masses, mi m2, and ms, respectively. In practice, depending on the geometry and 

complexity of the structure more elements may be assigned. The beam is fixed at both 

ends at Node 1 and Node 4 as shown in Figure 2.1. An unknown time dependent 

excitation force f(t) is used to excite the beam at Node 2. The beam has a uniform cross 

sectional area {A), a moment of inertial (7) and a material elastic modulus (£). 

The transverse and angular Q(t),Q(t),Q(t) nodal dynamic responses at 

Nodes 2 and 3 and the masses of the elements wy, ms, are known. The first step is to 

develop the global mass M, stiffness K, and damping C matrices for the beam. This 

requires the expansion and connecting of elemental mass, stiffness and damping matrices 
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into the size of the global matrices using standard finite element connectivity methods 

(Bickford, 1994). 
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Figure 2.1, Three-element fixed beam 
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As a result of expanding and connecting three elemental masses me as in equation 

(2.9), the unconstrained global mass matrix Mg is found for the three-element beam: 

156OTI 22/MI/, 54OTI -13OTI/I 0 0 0 0 

22OT|^ 4OT|lf 13/«i/| -3/wjlj 0 0 0 0 

54»ji 156(mi + m2) 22(m2^2~^i^) 54/M2 -\3m2l2 0 0 

4(7W,|f + OT2/2) 13OT2^2 -3m2^l 0 0 

0 0 54^2 13»22^2 -X'irmh 22(mT,l^-mJ[) 54^23 -13^3/3 

0 0 -13 mil 2 -3m2'2 22(^3/3-^/^) \3mih -3OT3I3 
0 0 0 0 54^3 \3rmh 156^3 - 22rmh 
0 0 0 0 -3/M3I3 - 22rmh Am^ll 

(2.18) 

Similarly, the expansion and connecting of elemental stiffnesses kg in equation 

(2.10) result in the unconstrained global stiffness matrix Kg for the three-element beam: 

12M 6/,^, -12A:, 6/,-t. 0 0 0 0 

6/IA:, 4/fA:i -^hh 2lUi 0 0 0 0 
-12/t, -(>hh 12^1 + 12^2 -6/, A:,+ 6/2^:2 -\2k2 6l2k2 0 0 
6/,A:, 2/i ^1 ""6/1^:1+6/2^:2 '^llh+^llk2 -6hk2 2llk2 0 0 

0 0 -I2h -6/2^ 12^2 + 12^3 -6/2^:2 + 6/3^:3 -12yt3 6/3^5:3 
0 0 6l2k2 2llk2 ~6/2^2"'"6/3^3 ^Ilk2 + Mlk, -6/3^:3 2/3^:3 
0 0 0 0 -12yt3 -6/3^3 12yt3 -6/3/^3 
0 0 0 0 6hh 2llh -6/3^:3 4/?^3 

(2.19) 

where the stiffnesses of individual elements are defined as follows 

-EL- -LL- -kl J f ^2 ? ' k 3 ? * 

l] fl fs 
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Since the beam has uniform cross section it is convenient to compare element 

stiffness using just the modulus of rigidity, EI. The modulus of rigidity is found by 

multiplying the elemental stiffness values, k2, and ks with the respective element 

lengths, //_ I2, and I3. By comparing modulus of rigidity {EI) values among elements, a 

damaged element can be identified. 

When boundary conditions are applied at both ends of the beam, the unconstrained 

matrices become the constrained matrices. The global constrained matrices are then used 

in developing mathematical model for the ILS-UI algorithm. The fixed supports at the 

beam's ends have zero degrees-of-freedom; for instance, the first and last two rows and 

two columns of the unconstrained mass (2.18) and stiffness (2.19) matrices can be 

crossed out. As the result, the global constrained mass M and stiffness K matrices for the 

three-element fixed beam are reduced to simpler matrices: 

M= 
42C 

156(rtf+m2) 22(rql2+mili) 34rm -ISmh 

22(17^12+mil I) 4(m,fi+rmf2) Hmh —Smfi 

54m2 ISmh 156(r^+m3) 22(njl3+m2l2) 

—ISmh -Smfi 22(r^l^+m2l2) ^(n^ll+msls) 

(2.20) 

K 

I2ki+i2k2 —6ljki+6l2k2 

-6liki+6l2k2 4l]ki+4f2k2 

— 12k2 ~^l2k2 

6l2k2 2l''2k2 

-12k2 

-6l2k2 

12k2+12k3 

l2k2'^^ Iskj 

6l2k2 

2l2k2 

-6l2k2 + 6l3k3 

4f2k2 + 4llk3 

(2.21) 



Next, substituting the constrained mass matrix (2.20) and constrained stiffness 

matrix (2.21) into equation (2.12), the constrained Rayleigh damping matrix is found to 

be: 

a 

4^ 

156(mj + m?) 22(m2l2 + mih ) 

22(m2l2 +mih ) 4(m,fj+m2l2) 

54m2 

-13m2l2 

13m2l2 

-3m2l2 

54m2 -13m2l2 

13m2l2 -3m2l2 

156(m2 + ni}) 22(m^ls + m2l2) 

22(m^l3 + m2l2) 4(m2l2 + m3l3) 

+ 

12ki+i2k2 —6liki+6l2k2 

-6lik, + 6l2k2 4l]kl + 4f2k2 

-12k2 -6hk2 

6l2k2 2l\k2 

-12k2 

-6l2k2 
12k 2+12k3 

'^I2k2'^^l3k3 

6l2k2 

2l2k2 

-6l2k2+6l3ks 

4f2k2 + 4l]k3 

(2.22) 

Following matrix connectivity and expansion, the unknown parameters {ki, k2, ks, a 

and P) are grouped into a single vector. To do this, the constrained mass (2.20), stiffness 

(2.21) and damping (2.22) matrices are substituted into equation (2.2) and expanded by 

multiplying them by the transverse, , and angular responses, h(t),Q(t),Q(t), at 

Nodes 2 and 3. 

Next, common terms for elemental stiffness and proportional damping constants are 

factored out into a single vector. This vector is the vector P, defined previously in 

equation (2.5), which contains the unknown stiffness and damping of the structure. 



The leftover terms are then arranged into a non-squared matrix. This matrix contains 

all the dynamic responses at Nodes 2 and 3, the prefixed constants and the element 

lengths carried over from the stiffness matrix. This matrix is the Dynamic Response 

Matrix, A(t), defined previously in equation (2.4). 

Lastly, the unknown force vector f(t), and the inertial force in the expanded form 

(mass times response acceleration) are grouped together to form the force vector ¥(t), 

previously defined in equation (2.6). 

By rearranging the Dynamic Response Matrix A(t), the vector P, and the force 

vector ¥(t) into equation (2.7), the equation of motion (2.1) expressed in expanded matrix 

form for the three-element fixed beam is obtained as shown in equation (2.23): 
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\2y2-6h02 13Cy2~^3)+6/2(6'2+ft) 0 
-6/13^2+4/?6*2 6/2(^2-J'a)+2/2(26*2+6^3) 0 

0 -^Xy2-y^-(>l2i02+d^ 
0 6/2(y2-J3)+2/2(^+26*3) 6ky^+Al]ei 

^(wi+m2)i'2+^o(Phh~ml^(h +^^2 js ~^omh(h 
^(fPhh-mldyi+42o('"i^? +^oml2y3 

^W2 >'2+^''e/2ft + '^(»22 + '^)>'3 +^("%/3 ̂  W2/2)ft 
-^m2hy2 ~^»e/2ft +^('^/3 -»e/2)>'3+^("22/2+»e/3)ft 

k\ 

fe 

h 
a > 

Ai 
fk2 

^3 

/(0-;^(»«i+»J2)3^2+^("^'2-w^i/Oft+^'W2i^3 

'mi^h~mldy2+^('^/?+mi^62 ̂ -^ornhh 
^ff?2 J2 +^^2/2(92+ii('^ +/M3)73 +^('^/3 - W®/2)(93 

"^W2/2J2~'^»e/2(92+^('"3/3-»e/2)i'3+l|^('"2/2 + »C/3)(93 

1272-6/1^ 13Cy2->'3)+6/2(^+1%) ® 
-6/ii'2+4/^(92 6/2(^2">'3)+2/2(2ft+(^ 0 

0 -13Cy2->'3)-6/2(ft+ft) 12>'3-6/3ft 
0 6/2(^2 "">'3)+2/2(^ + 2^) 6/3jV3+4/3ft 

DynamiResponsMatrix 

(2.23) 
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Using the iterative algorithm discussed previously, the vector, P = {ki, k2, ks, a, pki, 

f5k2, PksY, which contains elemental stiffness and damping constants, can be found. 

An important observation from equation (2.23) is that, if the beam were broken up 

into more than three elements, the number of terms (rows and columns) in the Dynamic 

Response Matrix would have increased. A larger matrix means more nodal responses 

will be required to identify all element stiffnesses of the beam. In practice each measured 

nodal response contains measurement errors, which would likely cause larger errors in 

the elemental stiffness predicted values. In a more severe case, if the measurement errors 

exceeded the convergence threshold, the ILS-UI would fail to predict stiffness for the 

beam. 

Errors in actual measurements resulting from mechanical misalignments, fluctuation 

in the electronics, post processing of the measured data, and etc. as well as large 

embedded noise and phase shift errors will cause the ILS-UI algorithm to fail to 

converge. The more measurements (nodes), the more potential for measurement error. 

Actual measurement errors in the experiment are discussed in detail in chapter 6. Thus, 

before conducting the experiments, the ILS-UI algorithm was verified for the fixed beam 

based on computer generated responses. The results of this verification are discussed in 

section 2.5. 

In the experiment, both transverse and angular responses at each node point are 

measured using a linear accelerometer and an autocollimator, respectively. So, 

optimizing the number of node points will also reduce the amount of equipment required 

to perform the test. For these reasons, it is necessary to determine the minimum number 
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of node points that could represent the beam's actual response. Determination of the 

optimal number of node points is discussed next. 

2.4. Optimal Number of Node Points for the Fixed Beam 

To study the problem comprehensively, the fixed beam is modeled with different 

number of elements ranging from three to 30. In general, a beam with fewer elements 

will produce stiffer nodal response; e.g., stiff response generally has smaller amplitude 

than the response of the same beam modeled with larger number of elements. However, 

once the optimum number of elements assigned along the beam is reached, the amplitude 

of dynamic response stops changing. The goal of this study is to determine the optimum 

number of elements by changing of dynamic response. 

A finite element software package, ANSYS version 5.4, is used to generate beam 

dynamic responses. The fixed beam is modeled with 3, 6, 12 and 30 elements of equal 

lengths. Note that the number of elements used for each model is a multiple of 3. This is 

done so that in all models there are two common node points (besides the two fixed end 

nodes) that can be used to compare dynamic responses. 

The beam's material is structural steel, with a uniform cross section - 3.81 cm (1.5-

in) wide, 0.64 cm (0.25-in) thick and 76.2 cm (30-in) long. In all cases, the beam is 

excited at node 3 (25.4 cm from the left support) with a sinusoidal \odidi,f(t)=sin(80nt), 

as shown in Figure 2.2. Rayleigh damping constants of a = 7.844 and p = 2.469x10'^ 

are used for all models. These constants are measured from the actual fixed beam that 

has the same dimensions and material properties as that of the beam used in the models. 

All nodal responses are recorded at a 20 KHz sampling rate. 



45 

/ 
Node 

1 

f(t) 

Node 
2 

Node 
3 

Node 
4 

Node 
5 

~() 

Node Nodi 
6 7 I 

Figure 2.2, Representation of the three- and six-element models. Solid circles are 

common node points for the models 
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As shown in Figure 2.2, each node is located 25.4 cm from the beam fixed supports. 

Nodes 1 and 7 represent the two fixed supports. The three-element model consists of 

three beam elements and nodes 1, 3, 5, and 7. When nodes 2, 4, and 6 are used, the 

model becomes the six-element model. Nodes 3 and 5 in these two models are common 

node points and their dynamic responses are the only responses used in the comparison. 

In similar fashion, more nodes are added in between the existing nodes 1, 3, 5, and 7 

of the three-element model to create the 12- and 30-element models, such that nodes 3 

and 5 are still the common node points for all models. 

The modeling results are plotted in Figure 2.3. The top two plots are transverse (left) 

and angular (right) responses at node 3; and the bottom two plots are transverse and 

angular responses, respectively, at node 5. 

From these plots, it is observed that there are visible differences in comparing the 

responses of the three-element model against the six-element model. However, nodal 

responses of the six-element model are identical to that of the responses of the 12- or 30-

element models. This leads the conclusion that six is the optimal number of elements for 

the fixed beam. No significant benefit will result from increasing the number of elements. 

The same approach is used to determine the optimal number of elements for a simply 

supported beam. These results are plotted in Figure 2.4. The results indicate that six 

elements is also the optimal number of elements for the simply supported beam. Note 

that this optimal number of elements applies only to these particular beam configurations. 

A beam that has different dimensions and geometry may have a different optimal number 

of nodes. 
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2.5. System Identification of the Fixed Beam 

The main discussion of this section is the use of the ILS-UI algorithm to identify 

elemental stiffnesses of a fixed beam based on computer generated responses at all node 

points. 

The six-element fixed beam is shown in Figure 2.5. This beam is similar to the one 

used in determining the optimum number of elements in the previous section. The beam 

is made of structural steel, with a uniform cross section of 3.81 cm (1.5-in) wide, 0.64 cm 

(0.25-in) thick and 76.2 cm (30-in) long. All six elements have an equal length of 12.7 

cm (5 inches.) Rayleigh damping constants of a = 7.844 and (5 = 2.469x10"^ are used; 

these damping constant are derived from the actual measured damping coefficient, 1.6%, 

of the fixed beam that is discussed later in the experimental section. 

A sinusoidal excitation f(t)-0.15sin(1007U) is applied at Node 3, located 25.4 cm (10 

inches) from the beam's left fixed support. The actual time history (amplitude and phase) 

of the excitation is not used in the prediction of the system identification; however, the 

location of the excitation along the beam; i.e., 25.4 cm from the left fixed support, is 

required as a constraint for the ILS-UI algorithm. 
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Figure 2.5, Six-element fixed beam 



The ILS-UI algorithm is written in Matlab. The program predicts the beam's 

]ij fTT FT EI EI EI 
elemental stiffnesses; i.e., = =— ;kA = —;k5 = -Y'^k3 = —, based on 

li ll n h Is h 

transverse, Y(t),y(t),y(t) ̂ and angular , 6(t),^(t),Q(t) dynamic responses of nodes 2, 3, 4, 

5, 6. Nodal responses are generated from the ANSYS finite element model. Beam 

elements are used throughout the model. Typical transverse and angular responses at 

node 3 for an undamaged fixed beam are shown in Figure 2.6. The responses at other 

nodes are observed to be very similar to the responses at node 3, except that they all have 

different amplitudes. The responses at Nodes 1 and 7 are zeros since these two nodes are 

constrained. 

The ILS-UI algorithm is then used to predict the element stiffnesses based on 

ANSYS-generated responses as input. The predicted results are summarized in Table 

2.1. Since all demerits have the same length (12.7 cm), only the modulus of rigidity {EI) 

for each element is reported here; this quantity is the product of element's stiffness and 

length. 

For the undamaged beam, given an elastic modulus of 197,340 MPa (28.6x10^ psi), 

EI . 
the theoretical elemental stiffness value for each individual element, k = ——, is calculated 

f 

to be 78,261 N/m (446.9 lb/in), which is equivalent to the modulus of rigidity of 160.3 N-

m^ (55,859 Ib-in^) for individual element. 

By comparing the ILS-UI predicted values with the theoretical values, the error is 

derived. A maximum error of 1.2% is observed for element ©. 
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Figure 2.6, Typical transverse and angular responses at node 3 for the undamaged fixed 

beam 
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Next, to create the defects in the beam, two small defects of the same size are 

introduced to element ® as shown in Figure 2.7. Element (D is bound by Nodes 2 and 3, 

which are located at 12.7 cm and 25.4 cm from the beam left support. The defects are 

uniformly cut across the width of the beam's top surface and both defects have the same 

size: 3.2 mm (0.125 inch) wide and 3.94 mm (0.155 inch) deep. The defects are 

positioned along the length of the beam, in between Nodes 2 and 3, at 18.9 cm (7.44 

inches) and 22.7 cm (8.95 inches) from the left fixed support. 

The defect size is arbitrarily, and the sensitivity of the ILS-UI algorithm to the 

severity of different sizes of the defect is not discussed in this dissertation; however, this 

would be an excellent topic for the future follow-up research. 
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Figure 2.7, Defect sizes and locations used in both fixed and simply supported beam 
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The defects are modeled by adding two nodes for each defect, one on each side of 

the defect. These four additional nodes create two defective elements which have a 

reduced thickness compared to the thickness of the beam. The responses at these 

additional nodes are not used as input to the ILS-UI algorithm. 

Typical transverse and angular responses at node 3 for the damaged fixed beam are 

shown in Figure 2.8. The damaged beam responses have higher amplitudes than the 

responses of the undamaged beam. This confirms that the defects are severe enough to 

affect the beam's global response. 

The ILS-UI algorithm is again used to predict the element's stiffness for the 

damaged beam. The predicted results are summarized in Table 2.1. 

For the undamaged beam, all elements have modulus of rigidity values close to the 

theoretical value; the variation of these values among the elements is about 2%. This 

indicates that there are no damages present in the structure, as all elements have equal 

stiffness. This also implies that the ILS-UI algorithm accurately identifies the element 

stiffnesses. 
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Figure 2.8, Typical transverse and angular responses (shown in red) at node 3 for the 

damaged fixed beam. Response for the undamaged beam shown in blue. 
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Table 2.1, Predicted element modulus of rigidity of the fixed beam using computer 

generated nodal responses 

Element 
Predicted Element 

Modulus of 
Rigidity (EI) for 

Undamaged Beam 
(N-m^) 

Compared 
Relative to 
Theoretical 
EI = 160.3 

Predicted Element 
Modulus of 

Rigidity (EI) for 
Damaged Beam 

(N-m^) 

Compared 
Relative to 
Theoretical 
EI = 160.3 

© 158.3 98.8 % 99.5 61.0% 

160.8 100.3 % 74.1 46.2% 

(D 158.8 99.0 % 150.6 93.9% 

@ 158.8 99.0 % 150.6 93.9% 

(D 161.4 100.6% 148.6 92.7% 

© 158.7 99.0 % 153.3 96.6% 
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The damaged beam results, on the other hand, indicate that the defects are possibly 

present in elements ® and ® since the modulus of rigidity of these two elements 

decreases 39% and 54% from the theoretical value, respectively. But how could that be 

when the defects were introduced only to element ®? The predicted stiffness of elements 

® and ® are affected by the response measured at Node 2, which is the common node 

for these two elements. As a result of the defects introduced to element ®, the response 

at Node 2 is changed that subsequently changes the stiffness of both element ® and 

element ®. 

The same reasoning also applies to Node 3; its response is also changed as the 

results of the defects. Further examination of the response at Node 3 indicates that the 

change in the angular response at this node (Figure 2.8), between undamaged and 

damaged beam, is much less detrimental than the change in angular response at Node 2, 

as shown in Figure 2.9. This explains why the stiffness of element (D does not change as 

much as the stiffness of elements ® and ®. 

From these observations, it can be seen that the ILS-UI algorithm is very sensitive to 

change in the angular response. In addition, the results show that the ILS-UI can only 

predict the location of damage accurately to within a boundary equivalent to the length of 

two elements. In other words, with fixed boundary conditions the ILS-UI can only 

pinpoint the location of damage to within one-third of the total structure length. 
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Figure 2.9, Typical transverse and angular responses (shown in red) at node 2 for the 

damaged fixed beam, response for the undamaged beam shown in blue for comparison 

purposes. 
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2.6. System Identification of the Simply Supported Beam 

The following discussion describes the implementation of the ILS-UI algorithm to 

identify elemental stiffness of a simply supported beam based on computer generated 

responses at all node points. 

As shown in Figure 2.10, the same configuration beam used in the fixed beam 

example is again used here for the simply supported beam, except with different 

boundary conditions. 

Since a slightly different damping constants are measured for the simply supported 

beam, a = 3.725 and = 3.692x10"^, they are used in the model to generate nodal 

responses. In the damping test, the beam had a speaker used as excitation attached to it. 

A large portion of the structure's damping came from the speaker. Hence, it is necessary 

to have the speaker attached to the beam while measuring damping. 

Similar to the fixed beam, a sinusoidal excitation f(t)=0.15 sin(487tt) excites the 

beam at a point 25.4 cm (10 inches) from the beam's left support. Note that the forcing 

frequency used for the simply supported beam is 24 Hz, compared to 50 Hz as was used 

for the fixed beam. The reason for this is to excite the beam near its resonance for higher 

amplitude responses. This is explained in detail in the experimental section. 



Node Node 

Node Node Node Node Node 

Figure 2.10, Six-element simply supported beam 
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In the same fashion as was done for the fixed beam, the elemental stiffness for the 

simply supported beam is predicted using the ILS-UI algorithm based the transverse, 

y(t),y(t),y(t), and angular , dynamic responses at all seven nodes (1, 2, 3, 4, 

5, 6 and 7). Note that transverse response at Nodes 1 and 7 is zero since the simply 

supported boundary conditions at these two nodes only provide angular responses. 

For the case of the damaged beam, the two defects shown in Figure 2.7 are again 

introduced to the element ®. These defects are identical to those in the fixed beam. 

The ILS-UI algorithm predicts the element's stiffness for the simply supported beam 

with and without damage. The results are summarized in Table 2.2. 

For the undamaged beam, all predicted elemental stiffness has similar value. By 

comparing the predicted stiffness among elements, a variation of less than 0.2% is 

observed. This is an indication that there are no damage in the beam. 

For the damaged beam, when compared to the theoretical value, the predicted 

elemental stiffnesses show a 84% of reduction for element ®; 87% reduction for element 

®; and a constant reduction of about 68% for elements (D, ® and ®. Despite the 

large reduction in stiffness from the theoretical value, damage in the elements can still be 

identified by comparing the predicted stiffnesses relatively among the elements. It is 

easy to identify elements ® and @ contained the defects because their stiffness values are 

16% and 18% lower than the rest of the other elements, respectively. 

The simulation results having proved successful, the experiments were carried out on 

actual beams in order to validate the ILS-UI algorithm. 
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Table 2.2, Predicted modulus of rigidity for the elements using computer generated 

nodal responses 

Element 
Predicted element 

modulus of rigidity 
(EI) for 

undamaged beam 
(N-m') 

Prediction 
compared to 
theoretical 
EI = 160.3 

Predicted element 
modulus of 

rigidity (EI) for 
damaged beam 

(N-m^) 

Prediction 
compared to 
theoretical 
EI = 160.3 

® 159.4 99.4 % 24.9 15.6% 

(D 157.6 98.2 % 20.2 12.6% 

157.0 97.8 % 49.9 31.1% 

@ 157.0 97.8 % 50.4 31.4% 

157.6 98.2 % 51.1 31.9% 

159.5 99.4 % 52.4 32.7% 
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2.7. Summary 

In this chapter, the development of the theoretical multi-degree-of-freedom beam 

models used in the ILS-UI algorithm was given in detail. In these models, Rayleigh 

damping is used and the number of node points discretized along the beam (7) is equal to 

the number of accelerometers used in the experiment. 

Using computer generated responses as input, the theoretical multi-degree-of-

freedom beam models successfully identified defects for both fixed-fixed and simply 

supported beams. 
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3. CHAPTER 3 - TEST EQUIPMENT 

3.1. Introduction 

Using computer generated nodal responses to verify the ILS-UI, as shown in the 

previous chapter, may be acceptable for preliminary verification purposes. However, it 

then becomes necessary to undertake more conclusive verification by measuring the 

actual responses of a structure representing in-service conditions. Laboratory 

experiments are required to validate the ILS-UI algorithm conclusively. 

This chapter discusses the instrument configuration used in the experiments. 

Capabilities and limitations of the test instrumentation such as accelerometer, 

autocollimator, data logger, signal generator, etc, are given in detail. 

3.2. Instrument Configuration 

The typical instruments necessary for a real-world, Non-Destructive Evaluation 

(NDE) consist of a portable computer with an Analog-to-Digital (A/D) data acquisition 

board, as well as accelerometers and autocollimators. The computer is loaded with a 

program used to evaluate the time domain data using the ILS-UI algorithm. 

After the accelerometers are mounted to the pre-selected locations and the data 

acquisition is set up, an excitation is used to excite the structure. For the beam under 

consideration, it may take less than two seconds to record the responses, and the structure 

can be identified immediately in terms of the element stiffnesses using the ILS-UI 

algorithm. The relative simplicity and short time frame needed to collect data make this a 
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very efficient form of NDE. A conceptual system block diagram for the instrument 

configuration is shown in Figure 3.1. 

Capacitive sensing element accelerometers and autocollimators are used to measure 

transverse and angular responses, respectively, of the structure. Each accelerometer has a 

built-in voltage regulator and a DC power supply is used as necessary for low noise. The 

capacitive sensor is a relatively new technology compared to piezoelectric and 

piezoresistive accelerometers. It is widely accepted in modal/dynamic testing, and there 

are several off-the-shelf models commercially available from various manufacturers. The 

model used in this study provides the highest sensitivity and lowest noise. The 

accelerometers can be attached to the structure by using adhesive or screws. 

The dynamic response of the structure could be collected by a high speed (133 kHz) 

multiple (up to 64) channel data acquisition system with simultaneous sampling 

capability. Both the data acquisition system and data processing software are integrated 

and down loaded to the portable computer. Differential analog outputs from the 

accelerometers is digitized and stored in the computer's memory. The data processing 

software contains the necessary routines required to post-process the accelerometer's data 

such as curve fitting, integrating and filtering. It is also used to perform the system 

identification routine. 

All measurements are sampled simultaneously. Considerable sophistication is 

necessary to obtain the measurements and minimize the potential for error. Instrument 

calibration procedure is critical for this study. All instrumentation used in the 



experiments went through calibrations traceable to the National Institute of Standards and 

Technology (NIST). 
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Figure 3.1, Configuration of test instrument 
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3.3. Test Equipment 

A successful experiment depends upon using the right test equipment to measure the 

wanted data. Test equipment has limitations. Understanding these limitations and 

planning to use the equipment within its limited capabilities will increase the probability 

of a successful test. The following section discusses the capabilities and limitations of 

each instrumentation used in the experiment. 

Accelerometer— Capacitive sensing accelerometers made by Silicon Designs, Inc., 

Model 2210-005, are used exclusively in the tests. This model contains a miniature, 

hermetically sealed micro-machined capacitive sense 

element, a custom integrated circuit amplifier, and 

differential output electronics. For applications 

requiring a bandwidth from zero to 200 Hz, this model 

provides unity gain. 

This accelerometer can measure both static and 

dynamic accelerations with a maximum amplitude of 5G's. Note that one-G is equal to 

2 2 9.81 m/s (386.4 in/s ). Each accelerometer weighs approximately 15 grams with cable. 

The scale factor for converting the accelerometer's voltage output to unit of acceleration 

is provided by the manufacturer's calibration data, which is traceable to National Institute 

of Standards and Technologies (NIST). The nominal scale factor for this model is 800 

mV/G. The output scale factor is independent from the supply voltage (typical from +9 to 

+30 volts DC); this is credited to the on-board voltage regulator. A 9V alkaline battery is 

recommended to power the accelerometer, further minimizing noise generated by the 
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voltage power supply. This accelerometer model has a maximum scale factor accuracy 

of 2%; a maximum cross coupling error of 2%; and noise for this model is less than 

0.5%. 

Autocollimator— This device is used to measure dynamic angular motion with an 

accuracy of within 5 jj,rad. Autocollimator model 431-XY made by United Detector 

Technology is used for the experiment. The limitation of 

this model is its low operating bandwidth (60 Hz). This 

means that for motion of 60 Hz or higher, the measured 

amplitude is less than actual due to attenuation. For the 

experiment, the angular motion at various node points 

are calibrated based on the highest forcing frequency of 

54 Hz, which is below the autocollimator's operating 

bandwidth; therefore, no attenuation in the amplitude is expected. 

Function Generator — A Hewlett-Packard 

function generator model 3314A is used to 

generate the voltage waveform. The waveform is 

then fed through a midrange woofer speaker to 

convert electrical signal into displacements to 

excite the structure. The waveform used in the experiment is a sinusoidal waveform, 

with a maximum amplitude of lOV DC. The waveform's frequency can be altered to any 
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discrete value up to 20 MHz. In the experiment 24 Hz and 54 Hz are used for the fixed 

and simply supported beam, respectively. 

Midrange Woofer Speaker— A 10 cm midrange woofer speaker, Optimus model 40-

1030 is used to provide displacement to excite the structure. 

The frequency response for this speaker ranges from 20 Hz to 

10 kHz. Given an input voltage of 10 volts DC, this speaker 

will output an estimated maximum excitation force of 0.9 

Newton (0.2 Ibf.) This load will excite the beam enough to 

provide a sufficient response amplitude. 

Data Logger - The Tektronix model 2505 data logger is used in the experiment. 

This unit has a built-in program which allows the user to set up sampling rate, number of 

data points to be captured, number of pre-triggered 

data points and the triggering function to 

automatically record response data once the beam is 

excited. This model can record 16 analog channels 

simultaneously with a latency of less than 1 |isec in 

between two consecutive channels. The data once recorded, it is digitized and stored in 

the local hard drive that can be transferred to floppy disks for post processing. It is worth 

to mention that there are many other data loggers available in today's market and their 
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performance is far more superior than the Tektronix model used here. Many models are 

in the form of circuit cards, which are readily integrated with a personal computer. 

Calibrated dead weights— a set of calibrated brass dead weights of 10, 50, 100, 200, 

500, and 1000 grams are used. 

Mechanical dial indicator— a Starrett mechanical dial indicator with a readout 

resolution of 2.5 fxm (0.0001 inch) is used in measuring the beam's displacement, which 

results from a dead weight hung at the beam mid-span. 

For most mechanical dial indicators, it is ideal to have the 

measuring arm positioned perpendicular with the 

displacing surface. If there is an angle formed between the 

measuring arm and the displacing surface, an error 

approximately equal to the cosine of the inclined angle 

will incur in the beam's displacement reading. To mitigate 

this error, a height gauge with a resolution of 2.5 |a,m is also used to verify the dial 

indicator readouts. If the two readings differ more than 5 |j,m, the indicator arm is 

.<ir- • ,* 

adjusted to remove the error caused by the inclined angle. 

Test articles — The uniform cross sectional cold rolled structural steel beams are 

from Phoenix Metals, with a precut length of 3.66 m (12-ft). The cross-section 

dimensions are 3.81 cm (1.5 inches) wide, 0.64 cm (0.25 inch) thick. After delivery each 
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beam was machined at a local machine shop into 0.91 m (3-ft) sections to use as test 

articles. The vendor-provided literature indicates that the beams have an elastic modulus 

of 200,100 MPa (29-10^ psi), Poisson's ratio of 0.27 and a material density of 8.03 g/cm^ 

(0.29 IbW). 

3.4. Summary 

In this chapter, the overall configuration of test instrument used in the experiment 

was given in detail. As identified, capacitive sensing accelerometer and autocollimator 

are used to measure transverse and angular responses, respectively of the structure. 

Also given in detail were the capabilities and limitations of individual test equipment 

such as: accuracy, noise, range and bandwidth of the capacitive sensing accelerometer 

and autocollimator; data latency of the data logger; waveforms outputted from the 

function generator; maximum load generated by the midrange subwoofer speaker used to 

excite the beam, etc. 
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4. CHAPTER 4 - POST PROCESSING OF TEST DATA 

4.1. Introduction 

The most common use of accelerometers is measuring shock and vibration. Many 

mechanical and structural systems built today have accelerometers installed to monitor 

structural response in order to predict failure. In recent years, the design and 

development of micro machined integrated circuit accelerometers have made them more 

accurate, robust, compact, and reliable than many of their predecessors. 

The use of these sophisticated sensors is increasing in both aerospace and 

commercial products. For instance, an accelerometer is used as an automobile's airbag 

activation switch replacing the mechanical 'ball-in-a-tube' switch. They are also used to 

measure a missile's linear velocity and acceleration during flight. A novel use of 

accelerometers is as a tilt sensor in the hand-held Palm pilot. 

In general, accelerometers can be categorized into three different types: 

piezoresistive, piezoelectric, and variable capacitance. Each type has a different 

operational principle. Regardless of what type, all accelerometers are motion sensors; 

they measure acceleration. Thus, both velocity and displacement can also be derived 

from the measured acceleration through numerical integration (acceleration integrated 

over time results in velocity; velocity integrated over time results in displacement). 

In many cases, the accelerometer's output analog signals will be digitized by an A/D 

converter. Seldom is the digital signal used in its raw form; it is normally put through 

some sort of data post-processing either to filter out unwanted frequencies, to remove 
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noise from the data, or to integrate numerically for velocity and displacement (Vo and 

Haldar, 2003). 

This dissertation outlines the operational principles of different types of 

accelerometers and the advantages and disadvantages of each type. The study of errors in 

time domain post-processing due to numerical integration, data filtering, and curve fitting 

are also addressed in detail. 

4.2. Accelerometer Type 

4.2.1. Piezoresistive Accelerometer 

The advance of micro machining on silicon substrates led to the development of new 

piezoresistive accelerometers with integrated circuits. The piezoresistive accelerometer 

operates on the same principle as its predecessor: the resistance-wire strain gauge. The 

strain gauge element in this case is a solid state silicon resistor whose electrical output is 

proportional to the acceleration at its base. The significant characteristic of the silicon 

resistor is that its change of resistance is large relative to its change in length. It also has 

a gauge factor many times greater than that of the wire strain gauge. 

Although its application is very similar to that of the resistance-wire, the 

piezoresistive accelerometer is much more robust and compact, providing higher output 

to a wider frequency response. Piezoresistive accelerometers can measure both dynamic 

(vibration) and steady state (gravity) accelerations. Typical frequency response for this 

accelerometer varies from zero to IMHz. The disadvantage of this accelerometer is that 

it is sensitive to temperature. 
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4.2.2. Piezoelectric Accelerometer 

The piezoelectric accelerometer utilizes piezoelectric effect of natural quartz or 

ceramic crystals to generate an electrical output that is proportional to the applied 

acceleration. This piezoelectric effect is a result of the crystal element being "squeezed" 

by an external force, which causes displaced electrical charges accumulating on opposing 

surfaces. These accumulated charges are proportional to the applied external force. 

Crystalline quartz either in its natural or high-quality reprocessed form, is one of the most 

sensitive and stable piezoelectric materials available. 

Static acceleration imparts a fixed amount of energy into the crystal resulting in the 

displacement of a fixed amount of electrical charges. However, the interface circuitry 

bleeds these charges off causing the signal to decay. This decay limits the measurement 

of static acceleration. 

A typical piezoelectric accelerometer has a seismic mass attached to the crystal 

element, and depending how this seismic mass is arranged, different configurations can 

be designed for specific applications. The compression arrangement features high 

rigidity making it useful for applications with high frequency and high g-load. Its 

disadvantage is that it is sensitive to temperature. The flexural arrangement features low-

g, narrow frequency range, and low over-shock survivability; however, this arrangement 

allows the accelerometer to be insensitive to temperature. The shear arrangement offers 
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a balance of wide frequency range, insensitivity to base strain and thermal transients, and 

off-axis response. 

Material stiffness of piezoelectrics is similar to that of many metals, but piezoelectric 

materials can produce high electrical charge output with very little strain. For this reason, 

piezoelectric accelerometers are rugged and have excellent linearity over a wide 

amplitude range. In fact, when coupled with properly design conditioners, piezoelectric 

accelerometers can have a frequency response of greater than 10 MHz, or about five to 

ten times that of most piezoresistive accelerometers. 

For applications with a wide range of temperature fluctuations, accelerometers with 

integrated circuitry cannot be used, because some of the electronic components are 

sensitive to large temperature changes. In this case, a charge-type accelerometer is used 

in conjunction with an external amplifier/signal conditioner to convert piezoelectric 

charges into high output signals. 

4.2.3. Variable Capacitance Accelerometer 

The variable capacitance accelerometer is a relatively new technology compared to 

aforementioned accelerometer types (Connolly, 2002; Tang, 1994). Its operation is based 

on the capacitance changes of a pair of gaseous dielectric (air-gap) capacitors when 

external acceleration is applied. The change of capacitance charge is proportional to the 

external acceleration. 

To create the air-gap capacitors, a pair of conductive capacitor plates is placed 

symmetrically underneath on each side of a torsion upper plate. The torsion upper plate 
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is asymmetrical in shape so that one side is heavier than the other, resulting in a center of 

mass that is offset from its central rotation axis. The upper plate is free to rotate about 

this central axis. When external acceleration is applied, the upper torsion plate rotates, 

causing capacitance changes in the two air-gap capacitors. The integrated circuit then 

converts the capacitance charges into high output voltage; in many cases the output 

voltage is so high that additional amplification of the output is not required. This 

eliminates the cost of additional signal conditioner/amplification and to make this 

accelerometer type very affordable. 

The advantage of the variable capacitance accelerometer is that it can measure both 

steady state and dynamic accelerations. It can operate in a large temperature range 

without using any compensation as the piezoresistive type must. It also provides low 

noise, high sensitivity and very low cost compared to other accelerometer types. 

4.3. Accelerometer S ignal 

A typical accelerometer's raw signal output will have: 

DC bias output — This DC bias is a fixed offset amount. It can be easily 

removed, but if it is not removed prior to integration, there will be a gross error in 

velocity and displacement. Normalizing the raw data about its mean will remove 

most of this DC bias. 
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Noise — To remove noise from the raw data, a low-pass filter is normally used. 

This process can be done together with the process to remove high frequency 

responses from the data. 

High Frequency Response — Some times high frequency response is mistaken for 

noise, because they cannot not be distinguished in the time domain data plot. To 

detect the present of high frequency responses, a fast Fourier transform (FFT) is 

often used. The FFT will transform time domain data into frequency responses 

and frequencies can be determined. Once the frequencies are identified, we can 

use filtering techniques to remove the unwanted frequencies. Low-pass filters are 

used to remove high frequencies, and high-pass filters are used to remove low 

frequencies. If only a particular frequency is of interest, both low-pass and high-

pass filters can be used together, or a band-pass filter can be used to remove all 

frequencies outside a desired frequency band. 

Slope — If there is presence of a slope in the time domain data, it can be removed 

with linear regression fitting techniques. If a slope is not removed from the data, 

it will result in gross errors when the data is integrated. For example, suppose the 

measured acceleration of a simply supported beam at mid-span has a slope 

embedded in its sinusoidal response. If this acceleration signal is to be integrated, 

the resulting velocity will have a parabolic shape; and the subsequent integration 

of the velocity signal results in a cubic polynomial for the displacement. The 
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displacement at mid-span of the simple beam is a sine function, not a parabola or 

cubic polynomial. 

Numerical integration is an important technique in post processing data, so we will 

first study the errors introduced by numerical integration. 

4.4. Numerical Integration 

As with digital computers, test equipment today is more sophisticated, has faster 

response time, is more precise and has larger data storage; this facilitates the development 

of advanced numerical techniques for processing high-speed time domain data. 

In this section, several numerical integration methods such as the trapezoidal rule, 

Simpson's rule, and Boole's rule are discussed. These rules have been known for a long 

time and are found in most numerical analysis textbooks and in the literature (Davis and 

Rabinowitz, 1984; Pozrikidis, 1998; Rice 1983). They are known for their simplicity and 

are easy to apply. 

The mid-point rule and other open Newton-Cotes rules are not considered here 

because these rules do not consider the end points. The consequence for not using the 

end points is the relative phase shift errors occurred as the signal is being integrated. 

In general, numerical integration of the discrete time-domain data involves two 

steps; 

Step 1: Approximate the line passing through successive data points with either a global 

interpolating polynomial defined over the whole domain of integration, or a 
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collection of local or piecewise interpolating polynomials defined over intervals 

that are divided by a small group of data points. 

Step 2: Integrate the interpolating polynomials over their defined domain. 

Global interpolating polynomials require fitting of a high order polynomial over the 

entire data set, often hundreds or thousands of data points, which often results in 

substantial error, especially near the ends of the domain of interpolation. Thus, global 

polynomial interpolation techniques yield a result similar to that of applying a low-pass 

filter: high frequency content, including noise, in the measured signal are eliminated. 

Because of the potential for substantial error, the use of global interpolating polynomials 

in numerical integration is not desirable, except in applications where closed form 

integration is required and a low level of accuracy is acceptable. 

A remedy for the gross error in global interpolating polynomial is to replace the 

interpolating polynomial with a collection of low-order local interpolating polynomials, 

each involving a small group of data points. For instance, the trapezoidal rule 

approximates a straight line over two consecutive data points; Simpson's rule 

approximates a parabola over three consecutive data points; and Boole's rule 

approximates a fourth-order polynomials over five consecutive data points. 

4.4.1. Trapezoidal Rule 

Numerical integration using trapezoidal rule is graphically illustrated in Figure 4.1. 

In this figure, ^-intervals are distributed evenly between the integration domain [a,b]. A 

series of piecewise straight lines connect pairs of successive data points results in n areas 
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under the curve. By a cumulative adding of these areas, we approximately integrate the 

given function. For a linear function, the trapezoidal rule yields the exact result. 
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f(x) 

b a X 
X 

Figure 4.1, Illustration of the numerical integration using trapezoidal rule 
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Using a first order polynomial, the trapezoidal approximation for the area bound 

between a and b is given by (Davis and Rabinowitz, 1984): 

+  a < i < b  ( 4 . 1 )  
i=I  

The last term on the right hand side of the equation (4.1) is the integration error, 

which is derived from the interpolation error, where f"(^) is the continuous second 

derivative of the given function f(x) in \a,b\. Detailed derivation and proof of the 

integration error can be found in [Pozrikidis, 1998]. When the piecewise interval n is 

^ ^ 
distributed evenly with uniform spacing, h = , the trapezoidal rule reduces to its 

n 

compound form: 

D 

^f(x)dx^ M + f(a + h) + ... + f(a + (n-l)h) + ̂  
1 (b-  a)  3 

J, 2 -f"(0 (4.2) 
n 

4.4.2. Simpson's Rule 

Integration by Simpson's rule is the collection of approximated piecewise parabolas, 

which locally connect a series of three consecutive data points over the integration 

domain [a,b]. Assuming that even piecewise intervals 2n are distributed uniformly over 
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the integration domain, Simpson's rule reduces to its compound form (Davis and 

Rabinowitz, 1984): 

a 

a < ^ < b  (4.3) 

The last term on the right hand side of the equation (4.3) is the integration error, 

which derives from the interpolating error with/^Y^ as the fourth continuous derivative 

of the function f(x). 

4.4.3. Boole's Rule 

Approximating a function f(x) with a fourth-order polynomial, whose graph passes 

through five consecutive points over the integration domain {a,b'\ is integration by 

Boole's rule. It is given as follows (Pozrikidis, 1998): 

j  f ( x ) d x ^ — ( 7 f ^  +  3 2 f , „  +  1 2 f „ ,  +  3 2 f , ^ ,  +  7 f j - — f " > ( x , ) h '  (4.4) 

Xi  

where h = -—- = xm - Xi, and the notation /, = /("Xi) • 
2n 
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Again, the last term on the right-hand side of equation (4.4) is the integration error, 

derived from the interpolating error, where is the sixth continuous derivative of the 

function f(x). 

The study of integration errors as a function of the interval size is illustrated in the 

following examples. 

4.4.4. Example 1 

I 
We will approximate the following integrand, f ( t )=  j s in (M)dt ,  using trapezoidal 

0 

rule, Simpson's rule and Boole's rule. Evaluate the integration errors for various uniform 

spacing intervals: n= 100, 200, 500, 1000, 2000, 5000, 10000. 

The simple sinusoid function of this integrand is plotted in Figure 4.2. This function 

can be integrated in closed form using elementary calculus for a time domain from zero 

2 
to 1 second, which results in an exact value of —. In practice, the output error from a 

n 

typical accelerometer ranges from 2% to 5%, so we limit the calculation of integration 

error to 10"^, seven orders of magnitude below the actual error of the accelerometer's 

2 
output. The exact solution of — to ninth decimal place is 0.636619772. 

n 
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t 

Figure 4.2, Simple sinusoid, /(t) = sin(;^) 
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For numerical integration, we approximate this integrand using a spreadsheet 

program. Since the round-off error in computing (10"'^) is several orders of magnitude 

smaller than the integration error (10"^), the round-off error does not affect the accuracy. 

Summary of the integration results and errors for different uniformly spaced intervals are 

shown in Tables 4.1 and 4.2. 

All three numerical integration methods create very small errors in integrating the 

sine function. The maximum error of 10"'^ is found for Simpson's rule with an interval of 

100. This error is still two orders of magnitude above the actual accelerometer's error. 

As the number of intervals increases the integration errors decrease. What does this 

really mean in terms of sampling time interval {At) between two consecutive data points? 

This means that the shorter the sampling time interval (high n) the smaller the integration 

error. For instance, in this example if we choose trapezoidal rule to integrate the time 

data, which was sampled at a uniform interval of 0.01 second (zl^l/100); the integration 

error is 5.2x10"^. If the data was sampled at a faster rate, say, At = 1/2000 = 0.0005 

second, the integration error is reduced to 1.3x10"^. 
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I 

Table 4.1, Summary results of numerical integration of f ( t ) ^  j s in f  re t  )d t  

Uniform 
Interval 

n 
Trapezoidal Rule Simpson's Rule Boole's Rule 

Exact value .6366 1977 2 .6366 1977 2 .6366 1977 2 
100 .6365 6741 2 .6365 1504 7 .6365 8050 4 
200 .6366 0668 2 .6366 1977 3 .6366 0995 5 
500 .6366 1767 8 .6366 1977 2 .6366 1820 2 
1000 .6366 1924 9 .6366 1977 2 .6366 1938 0 
2000 .6366 1964 1 .6366 1977 2 .6366 1967 4 
5000 .6366 1975 1 .6366 1977 2 .6366 1975 7 
10000 .6366 1976 7 .6366 1977 2 .6366 1976 8 

I 
Table 4.2, Summary results of numerical integration errors, f ( t ) -  ̂ s in ( tu)dt 

0 

Uniform 
Interval 

n 
Trapezoidal Rule Simpson's Rule Boole's Rule 

Exact value — — -— 

1—
 

o
 

o
 

5.2 X 10-' 1.0 X lO"'' 6.2 X 10"^ 

200 1.3 X 10-^ <1.0 X 10"' 1.5 X 10"' 

500 2.1 X 10"^ <1.0 X 10"' 2.5 X 10"' 

1000 5.2 X 10-^ <1.0 X 10"' 6.2 X 10"' 

2000 1.3 X 10-' <1.0 X 10"' 1.5 X 10"' 

5000 2.1 X 10"'^ <1.0 X 10"' 2.4 X 10"'^ 

10000 5.0 X 10"' <1.0 X 10"' 6.3 X 10"' 



90 

4.4.5. Example 2 

Given, = 

^=0.05 

G)= 1 

/ 

Approximate the following integrand,j = ^cos(coat) + sin(outj\e~^'"'dt, using the 
0 

trapezoidal rule, Simpson's rule and Boole's rule. Evaluate integration errors with 

various uniformly spaced intervals: n= 100, 200, 500, 1000, 2000, 5000, 10000. 

This function shown in Figure 4.3 represents free-vibration response of an under-

critically damped system. This response oscillates about the neutral position, with a 

constant circular frequency co, damping frequency cOd, and damping coefficient This 

function is particularly selected for its relevancy and similarity with the actual response 

of the system used in the experiments. It is not trivial, but this function can also be 

integrated in closed form to yield the following result: 

\[cos( codO + —j[(^ + cOdX^ -cos a)d)-{^ - a>d)^i>^cod] (4-5) 
g h+G>d 

Substituting (Od = into equation (4.5) further reduces the equation to: 

^[cos(Q)dt) + sin(cojt)\e ^'"'dt = e ^ 
0 

(4.6) 
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t 

Figure 4.3, Under-critically damped sinusoid, /(O === [cos(tyj^) + sin(®rfO]e 
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For a damping of 5%, ^ = 0.05, this integral results in an exact value of 

1.267492192. Again, in this study we limit the evaluation of integration errors to only 

10-^ 

A computer spreadsheet program is used to approximate this integral using 

trapezoidal, Simpson's and Boole's rule. Summary of the integration results and errors 

are shown in Tables 4.3 and 4.4, respectively. 

Again, in this example the integration error in trapezoidal rule at the lowest number 

of interval (100), is still minuscule (10"^) compared to the actual accelerometer's output 

(10"^). Both Simpson's rule and Boole's rule have integration errors less than 10"^. This 

is an improvement over the trapezoidal rule. 

When comparing integration errors with respect to actual accelerometer error, it does 

not matter which method of numerical integration is used. As long as the accelerometer 

data is sampled at a uniform interval of less than 0.01 second, the integration error will be 

at least two orders of magnitude less than that of the accelerometer error. 

Even though the trapezoidal rule produces the largest integration error in both 

examples, the trapezoidal rule is still preferred to both Simpson's rule and Boole's rule 

because of its simplicity and efficiency in computing time. 



Table 4.3, Summary results of numerical integration of 

I 
f( t) == \^cos( codt) + Sin( (Odt 

0 

Uniform 
Interval 

N 
Trapezoidal Rule Simpson's Rule Boole's Rule 

Exact value 1.2674 9219 2 1.2674 9219 2 1.2674 9219 2 

100 1.2674 8136 8 1.2674 9219 2 1.2674 9219 2 

200 1.2674 8948 6 1.2674 9219 2 1.2674 9219 2 

500 1.2674 9175 9 1.2674 9219 2 1.2674 9219 2 

1000 1.2674 9208 4 1.2674 9219 2 1.2674 9219 2 

2000 1.2674 9216 5 1.2674 9219 2 1.2674 9219 2 

5000 1.2674 9218 8 1.2674 9219 2 1.2674 9219 2 

10000 1.2674 9219 1 1.2674 9219 2 1.2674 9219 2 

Table 4.4, Summary results of numerical integration errors of 

I 
f( 0 = j[co5f m 0 + sin( cod 

0 

Uniform 
Interval 

N 
Trapezoidal Rule Simpson's Rule Boole's Rule 

Exact value — — — 

100 1.1 X 10"' <1.0 X 10"' <1.0 X 10"' 

200 2.7 X 10-^ <1.0 X 10"' <1.0 X 10"' 

500 4.3 X 10"' <1.0 X 10"' <1.0 X 10"' 

1000 1.1 X 10"' <1.0 X 10"' <1.0 X 10"' 

2000 2.7 X 10"' <1.0 X 10"' <1.0 X 10"' 

5000 4.0 X 10"' <1.0 X 10"' <1.0 X 10"' 

10000 1.0 X 10"^ <1.0 X 10"' <1.0 X 10"' 
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4.5. Low Pass Filters 

An ideal low pass filter allows all low frequencies to pass through and does not pass 

any of the high frequencies. In reality, this ideal low pass filter is unobtainable. Figure 

4.4 shows the ideal and Butterworth low pass filters that will be examined in this section. 

A high-order Butterworth filter bears the closest resemblance to the ideal filter. 

Mathematical derivations of the Butterworth and other low pass filters can be found in 

(Geis, 1989). 

The Chebychev and elliptic filters have monotonic gain or ripples in the pass band, 

which causes amplitude fluctuations in the data after filtering. The gain of the Bessel 

filter does not ripple; however, it is not nearly as good as the gain of the Butterworth 

filter (Geis, 1989). The advantage of the Bessel filter is that it produces zero phase shift 

error to the filter signal. 

For filtering of noise and high frequencies, the Butterworth filter provides the closest 

to ideal gain response compared to other low pass filters. The filtered data is to be used as 

input to a system identification algorithm, which is very sensitive to the gain response. 

For that reason, we choose the Butterworth as a choice for low pass filters in this study. 
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Figure 4.4, Ideal and Butterworth low pass filters 
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The general equation for gain response G(o)) of the Butterworth filter is: 

Gico) = 

1 + 
0) 

\coo J 

(4.7) 

where is an arbitrary constant; cd is the frequency (rad/s); coq is the cutoff frequency 

(rad/s); and n is the filter order. In general, higher filter order n yields a gain response 

closer to the ideal value. 

4.6. Illustrations of Post Processing Accelerometer Data 

The following example illustrates a number of data processing techniques 

(Oppenheim and Schafer, 1975) applied to a simulated time domain signal: (1) applying 

fast Fourier transform to identify frequencies; (2) removing high frequencies and noise 

with an eighth-order Butterworth low pass filter; (3) removing slope and offset from the 

data with a linear curve fitting; (4) quantifying gain and phase errors of the filtered 

signal; and (5) using trapezoidal rule for numerical integration. 

A Matlab software package is used exclusively in this study. 

Figure 4.5 shows the unfiltered time signal to be used in the example. This signal 

has three distinguishable frequencies: 10, 80 and 200 Hz. The primary frequency 

response is the 10 Hz component, which is assigned with unit amplitude. The other 

assigned amplitudes are 0.2 and 0.1 for 80 Hz and 200 Hz, respectively. The phase of 
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this simulated signal is arbitrarily chosen to be zero. In addition, uniformly distributed 

noise with maximum amplitude of 0.1, a straight line having a slope value of 1.2, and an 

offset of 0.5 are added to this simulated signal. 

The total number of data points for the unfiltered signal is 1000, and the data points 

are separated by a uniformly spaced time interval of 0.001 second. From the plot in 

Figure 4.5, it is very difficult to distinguish high frequency responses from noise. 

However, utilizing the fast Fourier transform, the frequencies in this signal are readily 

identified. 

Figure 4.6 shows the frequency response of the unfiltered time signal. The 

frequencies in this plot are identified as 10 Hz, 80 Hz and 200 Hz. 

It can be seen from the plot in Figure 4.6 that the response amplitude at 10 Hz is 

greater than both response amplitudes of 80 Hz and 200 Hz. This indicates that the 10 Hz 

response is the dominant one. Many times in practice, we have some knowledge or 

estimation about the fundamental frequencies of the structure that we are analyzing. 

Based on that knowledge we decide which frequencies to be filtered out (Brockwell, 

1996). 
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Figure 4.5, Unfiltered time signal 
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Figure 4.6, Frequency response of the unfiltered time signal as a result of the FFT 
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As for this problem, we are going to eliminate noise and both 80 Hz and 200 Hz 

responses from the unfiltered time signal. To achieve this, an eighth-order Butterworth 

low-pass filter is used with a cutoff frequency setting at 20 Hz. The resulting filtered 

time signal is shown in Figure 4.7. It is clear from this plot that noise and high frequency 

responses are all but completely eliminated. 

Left in this filtered time signal are the slope and offset from the origin. A straight 

line is best fitted and subtracted from the filtered signal. Since the straight line is fitted 

with both a slope and an offset, the slope and offset are removed from the data in a single 

operation, as shown in Figure 4.8. 

Because the curve fitting technique is not perfect, after the removal of a slope and 

offset, visual inspection of the data is necessary. Not all data sets are as straight forward 

as the one we used in this example, and it might take several iterations of trial-and-error 

to obtain a desirable set of fitted data. In general, the more that's understood about the 

data itself, the better the decisions made in processing it. 

Note that the amplitude and phase of the last cycle of the filtered signal is distorted 

(Fig. 4.8). In practice, it is recommended that one eliminate at least two cycles from the 

beginning and end of a filtered signal, to mitigate errors. 
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Figure 4.7, Filtered time signal with slope and offset 
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Figure 4.8, Final filtered time signal 
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The final filtered time signal is now ready to compare to the ideal noise-free 10 Hz 

response. For comparison purposes, the first and last two cycles of the filtered signal are 

removed from the data set. Figure 4.9 shows both signals. The maximum absolute 

amplitude error for the filtered signal is about one percent. The relative phase error in 

this case is very close to zero. 

The last step in post processing is numerical integration of the 10 Hz filtered signal 

shown in Figure 4.8 using trapezoidal rule. Assume this filtered signal is acceleration. 

The first integration of acceleration yields velocity; the integration of velocity results in 

displacement. After each integration, the slope and offset are removed from the 

integrated curve. The slope and offset are the results of integrating a given signal with an 

unwanted constant. Thus, this constant is the residual error left from other data 

processing operations. A further penalty for not removing slope and offset is that the 

subsequent integration would have an even larger error. Illustrations of these errors are 

shown in Figure 4.10. 
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Figure 4.9, Comparison of filtered signal versus ideal 10 Hz response 
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For comparison purposes, Figure 4.10 displays acceleration, velocity and 

displacement as the results of (a) Ideal closed form integration of the 10 Hz response; (b) 

Numerical integration of the 10 FIz filtered signal without removing slope and offset; (c) 

Numerical integration of the filtered signal with slope and offset removed after each 

integration. 

By comparing the minimum and maximum values of the filtered data versus the 

ideal closed form solution, the absolute amplitude and phase errors for acceleration, 

velocity, and displacement are calculated, as shown in Table 4.5. 

In actual testing, these errors can be mitigated by collecting the highest response 

acceleration that is allowed by the structure; so that when the acceleration signal is 

integrated, larger amplitudes for velocity and displacement can be obtained. Since the 

amplitude gets smaller it becomes more sensitive to change. 
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Table 4.5, Absolute amplitude and phase error due to numerical integration 

Amplitude Error Phase Error 

(%) (deg) 

Acceleration 1.4 0 

Velocity 1.9 1.8 

Displacement 5.8 6.5 



105 

4.7. Summary 

A simulation was performed to study errors in the numerical integration of a 

digitized signal for three different rules: trapezoidal, Simpson's and Boole's. For high 

data sampling rates, these rules yield minimum error. For low sampling rate, Simpson's 

rule and Boole's rule yield smaller errors than the trapezoidal rule. Several post 

processing techniques to remove noise, to filter out high frequencies and remove slope 

and offset from a data set were also demonstrated. 
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Figure 4.10, (Left Column) Ideal closed form integration of the 10 Hz response; (Middle Column) Numerical integration of the 10 Hz filtered 

signal without removing slope and offset; (Right Column) Numerical integration of the filtered signal with slope and offset removed. 
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5. CHAPTER 5 - EXPERIMENTS 

5.1. Introduction 

The experiments used to validate the ILS-UI are categorized into two 

distinguishing groups of tests: the baseline tests and the ILS-UI dynamic tests. 

The baseline tests are used to determine actual structural parameters, i.e., stiffness 

and damping, of the structure. Stiffness is measured by hanging a known weight and 

measuring deflection of the structure as a result of the weight applied. Hooke's law is 

then used to calculate stiffness, which is equal to the ratio of the applied static weight to 

beam deflection. 

Several techniques of determining damping were reviewed and the logarithmic 

decrement method was selected to measure damping. This method is very simple and the 

results are quite accurate. Damping is measured by calculating the rate of decay of the 

structure's free oscillations. 

The ILS-UI dynamic tests are used to validate the ILS-UI algorithm conclusively. 

Using the time domain data measured from the accelerometers and autocollimator, this 

method can detect local damage in the structure; as a byproduct the algorithm also 

calculates stiffness and damping of the structure at the element levels. In these tests, an 

autocollimator is used in a laborious in-situ calibration scheme to convert linear 

acceleration responses into angular acceleration responses. This is done due to lack of 

funds to buy additional autocollimators. The calibration technique is discussed in detail. 
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5.2. Baseline Tests 

5.2.1. Static Deflection Test 

The static deflection test is conducted to estimate the stiffness of the beam. The test 

setup is shown in Figure 5.1. 

A Starrett mechanical dial indicator with a resolution of 2.5 |am was used to measure 

the maximum static deflection of the beam when a 1 kg (2.2046 lbs) weight was hung at 

the beam's midspan. Before the weight is introduced, the dial indicator is zeroed out. 

The 1-kg weight was then slowly applied at mid-span and the indicator's reading 

recorded. The test is repeated several times for both fixed and simply supported beams. 

Hooke's law is then used to calculate the beam's stiffness, which is equal to the ratio 

of the applied weight to the maximum deflection of the beam measured at midspan. For 

instance (Thomson, 1993): 

W 
k = — (5.1) 

S 

where, 

k : stiffness of the beam (N/m) 

W : static weight applied at the beam's mid-span (kg) 

S ; average maximum deflection measured at mid-span (m) 

The results of the measured maximum static deflections are shown in Tables 5.1 and 

5.2 for the fixed and simply supported beams, respectively. 
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Figure 5.1, Static deflection test setup 
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The average of measured maximum deflections for the fixed beam is 143.5 |am 

(0.00565 inch), and 555 ^m (0.02185 inch) for the simply supported beam. Substituting 

the average deflection and the applied weight into equation (5.1) the average stiffness for 

both beams are found. They are shown in Table 5.3. 

Despite the fact that the deflections were measured for a beam with different 

boundary conditions; i.e. fixed versus simply supported, the calculated modulus of 

rigidity, EI, varies by less than 3%. This indicates that the experiments were conducted 

under controlled environments and that Hooke's law provides accurate results. 

The beams have a uniform cross section: 0.64 cm (0.25-in) thick and 3.81 cm (1.5-

in) wide; and the beam length is 76.2 cm (30 inches). The average elastic modulus is 

calculated to be 197,340 MPa (28.6-10^ psi.) This compares favorably with the vendor-

provided elastic modulus of 200,100 MPa (29-10^ psi.) Thus, the measured average 

elastic modulus, 197,340 MPa (28.6-10® psi), is used for modeling purposes. 



Table 5.1, Fixed beam static deflection test results 

Trial Maximum Deflection (i^m) 

1 to 10 145, 142, 142, 145, 142, 142, 142,142, 142, 142 

Table 5.2, Simply supported beam static deflection test results 

Trial Maximum Deflection (|xm) 

1 to 10 556, 556, 554, 554, 554, 556, 556, 554, 554, 556 

Table 5.3, Measured average stiffness 

Stiffness, k 
(N/m) 

Modulus of Rigidity, EI 
(N-m^) 

Fixed Beam 68,682 158.3 

Simply Supported Beam 17,670 162.9 
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5.2.2. Logarithmic Decrement Method 

Because of its simplicity and accuracy the logarithmic decrement method is 

employed to determine damping coefficients for the fixed and simply supported beams. 

This method measures the beam's free oscillatory response when excited with an 

impulse; damping coefficient is estimated based on the rate of decay of the beam's 

oscillatory response. 

The test setup for the simply supported beam is shown in Figure 5.2. Since the sub-

woofer speaker is an integral part of the beam structure in the dynamic test, it is included 

in the damping test. 

To generate the beam's free oscillatory response, a 1-kg dead weight is hung at the 

beam mid-span then abruptly removed. A linear accelerometer mounted at mid-span 

captured the beam's response. The accelerometer data is recorded and stored in the data 

logger, which was programmed to trigger once the acceleration value changed by 3% 

from the initial static one-G level. (This feature is very useful for dynamic testing since 

the beam's response must be sampled instantaneously at the moment the impulse 

applied.) For consistency, all data in the damping test is sampled at 4000 Hz, which is 

the same sample rate used in the ILS-UI dynamic testing. 
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Figure 5.2, Logarithmic decrement damping test setup 
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The free oscillatory motion of the fixed beam (measured in mV) is shown in Figure 

5.3. The decaying oscillatory motion of the fixed beam has a natural frequency of 

approximately 53 Hz. Similarly, the simply supported beam responds at a lower natural 

frequency, approximately 25 Hz, as shown in Figure 5.4. All the motion has been 

normalized about a zero mean. 

The logarithmic decrement used in estimating damping is given by (Thomson, 

1993): 

where 

xo : amplitude of first cycle 

x„ :amplitude after n cycles have elapsed 

C : damping coefficient 

d .logarithmic decrement 

Thus, for small damping coefficient (C <0.05), the quantity-^1 in equation (5.2) 

is estimated equal to 1. This reduces equation (5.2) to: 

S = = - l n ^  
« x„ 

(5.2) 

d = 27rC = -ln^ (5.3) 
«  X n  

or 

^  =  ̂ l n ^  
2;^ x„ 

(5.4) 

Based on equation (5.4) damping coefficients of 1.6% and 1.75% are estimated for 

the fixed and simply supported beams, respectively. 
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Using equations (2.13) through (2.17), the damping constants a and P for both fixed 

and simple beams are derived based on the measured damping coefficients. These 

damping constants are summarized in Table 5.4, which are used only in the finite element 

models to generate the beam's theoretical responses. 



116 

Fixed Beam-- Log-Decrement Damping Data 
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Figure 5.3, Free-decay measurement at midspan of the 76.2 cm fixed beam 
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Figure 5.4, Free-decay measurement at midspan of the 76.2 cm simply supported beam 
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Table 5.4, Rayleigh damping constants (a andP) 

Ci 6 fi f2 a fi 

Fixed Beam 0.0160 0.0160 54 145 7.844 2.469-10"^ 

Simple Beam 0.0175 0.0175 25 99 3.725 3.692-10-' 
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5.3. ILS-UI Dynamic Tests 

5.3.1. Fixed Beam Experiment to Validate the ILS-UI Algorithm 

Based upon the successful results of the theoretical study, an experiment is 

performed for an undamaged cold rolled steel fixed beam, which has the same material 

properties and dimensions as the beam used in the finite element model; e.g., 76.2 cm 

long, uniform cross section of 0.64 cm thick and 3.81 cm wide. 

The test setup for the ILS-UI dynamic test is shown in Figure 5.5. The beam is fixed 

in the horizontal configuration, with both ends clamped to the base steel blocks using C-

clamps (Ling, et al., 2000). 

To generate dynamic responses, the beam is excited at 25.4 cm fi*om the left fixed 

support with a harmonic excitation (Figure 5.5 shows the beam is being excited at 

midspan.) A small size sub-woofer speaker with a round flexure attached to its 

membrane is used to excite the beam. The speaker is driven by an electronic input 

voltage signal that is generated by the Hewlett-Packard Signal Generator. The speaker's 

membrane movement is transferred through the steel flexure to excite the beam. The 

maximum excitation load from the speaker is estimated about 0.9 Newton (0.2 Ibf.) 

The flexure is necessary to provide a deterministic point of excitation and to 

compensate for any misalignments between the speaker and the beam that might have 

caused the speaker's coil to bind up during the test. 



Figure 5.5, Test setup for the fixed beam experiment 
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Even though the actual time history information of the excitation (amplitude and 

frequency) is not required, the ILS-UI algorithm requires that the location of the 

excitation be known as a constraint. In this test, the excitation location is 25.4 cm (10 

inches) from the left fixed support, which is equivalent to Node 3 in the models discussed 

in the previous chapter. 

The fixed beam is discretized into six elements (or seven nodes including the two 

end nodes). Recall that this is the optimal number of elements (derived previously). The 

responses at the two fixed end nodes are zero, so there are five nodes whose transverse 

and angular responses are need to be measured. Responses at each node are measured by 

an accelerometer (transverse response) and an autocollimator (rotational response). 

As shown in Figure 5.5, five linear accelerometers are bonded on top of the beam, 

equally spaced atl2.7 cm (5-in) apart. For the ideal setup, the angular responses at these 

nodes would be measured with five different autocollimators. However, there is only one 

autocollimator available for testing, so it is not possible to measure the angular response 

for all node points simultaneously. For that reason, a scaling method is developed in 

which the angular responses are obtained based on the transverse response measurements. 

This method is discussed next in the Scaled Angular Response section. 

The accelerometers' analog outputs are sampled, digitized and stored using the 

Tektronix A/D data logger. A sampling rate of 4000 samples per second is used in 

capturing the response data throughout the experiment. This high sampling rate assures 

that aliasing error will not occur in the test data and also mitigates the integration error in 

post processing of the test data. 
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5.3.1.1. Optimization of the Beam's Response Amplitude 

The beam's response amplitude is a function of the forcing frequency. For instance, 

a maximum response amplitude of 0.1-G is measured at the beam's midspan when it is 

excited using a forcing frequency of 20 Hz. This response amplitude has a low signal-to-

noise ratio (about 25:1) and yields a large error (over 10%) when used as input to predict 

element stiffnesses of the beam. To mitigate this error, higher amplitude beam response 

is required. 

For this experiment, the beam's maximum response amplitude was found to be 0.5-

G. This was found by trial and error. This response provides adequate signal-to-noise 

ratio (about 125:1). With this response amplitude, the ILS-UI algorithm predicts the 

elemental stiffness with a smaller error (about 2%.) To increase the beam's response 

amplitude without changing the speaker to one that outputs higher excitation load, the 

forcing frequency is increased from 20 Hz to 50 Hz. This new forcing frequency (50 Hz) 

is chosen to be near the first resonant frequency of the fixed beam (54 Hz) to amplify the 

beam's response. As a result, the maximum beam response of 0.5-G+ is obtained. 

Increasing amplitude response by changing the forcing frequency to be at or near the 

structure's resonance is not recommended in actual engineering practice, as it increases 

the risk of damaging the structure. More often, the excitation source is one that outputs a 

higher load. 
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5.3.1.2. Scaled Angular Response 

In looking at both the measured and computer-generated data, it can be seen that 

transverse and angular responses of the same node are linearly proportional to each other; 

i.e., both responses have the same phase and shape but different amplitudes. This 

proportionality is true for all five nodes along the fixed beam. 

Typical measured transverse and angular responses at Node 3 for the fixed beam are 

shown in Figure 5.6. Note that Node 3 is located 25.4 cm from the left support. 

The angular response shown in Figure 5.6 has a similar shape and phase as that of 

the transverse response. The only difference between these two responses is their 

amplitudes. This suggests that the angular response can be scaled from the transverse 

response. The angular-to-transverse scaling ratio can be found by dividing the variance 

of the angular response to that of the transverse response: 

« (5.5) 
CJ trans 

where 

R : angular-to-transverse scaling ratio 

(^trans '• Variance of the transverse response 

Gang '• variance of the angular response 
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Figure 5.6, Transverse and angular responses at node 3 
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Prior to performing the actual ILS-UI dynamic test, the angular-to-transverse 

scaling ratio at each node was determined by a series of tests. In these tests, the beam is 

excited at the same point (Node 3) as it would be in the actual ILS-UI dynamic test. Both 

transverse and angular responses are measured simultaneously by the accelerometer and 

autocollimator at a given node. The same test is repeated for all five nodes. Every time 

the test is performed at the new node, the autocollimator is relocated to measure the 

angular response at that new node. 

Based on the measured responses, equation (5.5) is used to calculate the ratios. The 

angular-to-transverse scaling ratios for all five nodes for the fixed beam are summarized 

in Table 5.5. Note that the negative scaling ratios indicate that angular response is 180 

degrees out of phase relative to transverse response at that node. 

The sign on each ratio was determined by carefully examining the phase of the 

angular response relative to the phase of the transverse response. If the relative phase 

between these responses is zero or very close to zero degrees, both responses are in-

phase; they have the same sign (+). If the relative phase between the responses is 180 

degrees or very close to 180 degrees, both responses are out-of-phase. In this case, the 

ratio has a negative sign (-). 

Once the ratios are determined, the angular responses no longer need to be 

measured, because they now can be scaled directly from the measured transverse 

responses. The same scaling ratio at an individual node is used to derive angular 

acceleration, velocity and displacement based on the transverse responses measured of 

the same node. For example, the angular acceleration at Node 3 is derived by 
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multiplying the measured transverse acceleration at Node 3 with the scaling ratio at Node 

3; similarly, the product of the measured transverse velocity at Node 3 and the scaling 

ratio of the same node yields the angular velocity at Node 3; the same operation is also 

applied to the displacement. 



Table 5.5, Angular-to-transverse scaling ratios for the undamaged fixed beam 

Scaling Ratio 

Node 2 0.33044 

Node 3 0.10278 

Node 4 -0.00461 

Node 5 -0.10856 

Node 6 -0.33291 
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For comparison purposes, both scaled and actual angular acceleration responses 

measured at Node 3 are shown in Figure 5.7. Clearly, the scaled angular response is 

almost identical to that of the measured angular response. This confirms that the scaling 

method is accurate and minimal error is expected. 

Another advantage of using the scaled angular response is that both transverse and 

angular responses have zero phase error. This feature is found to be very useful in 

mitigating phase induced amplitude error, discussed in the next chapter. 
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Scaled Response 
Actual Response 

Figure 5.7, Comparison of the scaled and actual angular response measured at Node 3 

for the fixed beam 
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5.3.1.3. Post-processing of the Accelerometer Data 

Post-processing of the measured accelerometer responses using various techniques 

discussed in the previous chapter (using the trapezoidal rule to integrate acceleration to 

obtain velocity and displacement; employing second order Butterworth high-pass and 

eighth order low-pass filter in conjunction with curve fitting and normalizing test data 

about the zero mean to remove biases and integration errors) was used to obtain 

transverse velocity and displacement. 

Figure 5.8 shows the raw data of transverse acceleration measured at Node 3. The 

primary frequency of this transverse response is equal to the forcing frequency, about 50 

Hz. Higher frequencies are also coupled to the primary response frequency as seen in the 

plot. These frequencies are the beam's resonances and noise. 

The first step in post-processing the raw data is converted from millivolts to 

acceleration unit (m/s^) by multiplying the accelerometer raw data with the calibrated 

scale factor. Next, an eighth order Butterworth low-pass filter is applied to the 

normalized data with a cutoff frequency at 120 Hz. . Then, the data is normalizing it 

about the zero mean to remove the DC bias. The result, a filtered transverse acceleration 

measured at midspan, is shown in Figure 5.9. 
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Figure 5.8, Raw transverse acceleration measured at Node 3 for the undamaged fixed 
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Figure 5.9, Filtered transverse acceleration measured at Node 3 for the undamaged fixed 

beam 
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The transverse velocity and displacement are then obtained by integrating the 

filtered acceleration data twice; after each integration operation, a second order high-pass 

filter with a cut off frequency at 10 Hz is applied to the data. This is necessary to remove 

the integration residual errors; without the high-pass filter, the response velocity and 

displacement will not be symmetric. 

By multiplying the post processed transverse responses by the corresponding scaling 

ratio in Table 5.5, angular responses are obtained. 

5.3.1.4. Predicted Elemental Stiffness 

After post-processing the measured response data to obtain transverse and angular 

dynamic degrees-of-freedom at all node points, they are inputted to the ILS-UI algorithm 

to identify elemental stiffnesses. The results are shown on Table 5.6. 

The results shown in Table 5.6 do not make any sense, since there is no such 

quantity as negative modulus of rigidity, EI, for elements ® and (D. Plus, it is known 

that the beam has no damage present in it; so the stiffness values should be comparable to 

each other. This leads to the conclusion that the ILS-UI algorithm failed to predict the 

elemental stiffness for the undamaged fixed beam. This failure is a major setback to the 

research. Detailed investigation of the root cause of this failure is discussed next in 

chapter 6. 



Table 5.6, Predicted element's stiffness for the fixed beam 

Element 
Predicted Modulus of 

Rigidity (EI) for 
Undamaged Beam 

(N-m^) 

© 11.3 

@ -8.8 

(D 0.5 

® 0.07 

-21.8 

19.3 
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5.4. Summary 

Stiffness and damping of the beams were measured for the fixed-fixed and simply 

supported beams. Despite the fact that the tests were measured for the beams in different 

boundary conditions, small variations are observed for the measured damping and 

modulus of rigidity of both beams. 

The optimum number of node points was determined for the fixed beam. A method 

was developed to scale angular response based on the measured transverse response; this 

was done in lieu of lack of test equipment. The ILS-UI algorithm was used to predict 

element stiffness of the fixed beam based on the measured transverse responses and 

scaled angular response. The predicted stiffnesses were determined not to converge. 

This prompts and investigation to determine the root cause that is discussed in the 

following chapter. 
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6. CHAPTER 6 - VALIDATION OF THE ILS-UI ALGORITHM 

6.1. Introduction 

In this chapter, an investigation to determine the root cause of the ILS-UI 

algorithm's failure to predict element stiffnesses for the fixed beam is discussed in detail. 

In the investigation, amplitude and phase errors in the accelerometer's measurements 

were found to be the root cause. An alternative approach was developed to mitigate these 

errors and computer-generated responses were used to verify the alternative approach. 

The remainder of this chapter discusses the implementation of the alternative 

approach using actual accelerometer and autocollimator measured responses, for both 

fixed-fixed and simply supported beams. Defects were then introduced to the beams and 

the alternative approach was again used to identify the damaged element. 

6.2. Root Cause Investigation 

Several sources of error were considered, primarily measurement errors caused by the 

accelerometer, such as noise, data latency, scale factor and cross coupling error. Relative 

phase error among the measured responses was also thought to be a candidate. 

Accelerometer scale factor error (or amplitude error), cross coupling and phase shift 

errors are the root cause of the ILS-UI algorithm's failure to predict elemental stiffness. 

These sources of error are discussed next. 
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Noise — A test was performed to measure accelerometer and autocollimator noise 

under a static one-G field. In this test, the time histories for the accelerometer and 

autocollimator are recorded for two seconds, at the sampling rate of 4000 samples per 

second. These noise measurements for the accelerometers and autocollimator are shown 

in Figure 6.1. 

After data reduction it was found that the worst case root-mean-squared (RMS) noise 

was 0.3% for the accelerometer and 1.7% for the autocollimator. 

To assess whether noise is the root cause of the ILS-UI algorithm's non-convergence 

the slightly higher RMS noise values of 0.4% and 1.9% were randomly added to 

computer generated noise-free data for transverse (accelerometer) and angular 

(autocollimator) responses of the fixed beam, respectively. The noise-polluted responses 

were then used as input to predict beam's elemental stiffnesses. 

As shown in Table 6.1, the ILS-UI successfully predicted the elemental stiffnesses in 

terms of modulus of rigidity, EI, for both noise-free and noise-polluted responses. This 

indicates that noise in the measured responses is not the root cause. 
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Table 6.1, Predicted EI fox the fixed beam using noise-free and noise-polluted responses 

Element Predicted EI using 

Noise-Free Response 

(N-m^) 

Predicted £•/using Noise-

polluted Response 

(N-m^) 

© 155.5 151.5 

0 157.6 153.6 

@ 155.9 151.9 

0 156.0 152.0 

(D 156.1 154.7 

© 156.1 152.5 



Accelerometer Scale Factor Error-— Each accelerometer comes with a calibration 

sheet in which the manufacturer (Silicon Design) provides a scale factor to convert the 

accelerometer's output voltage into acceleration (unit of G). Silicon Design used a 

standard calibration method that is traceable to the NIST. The typical scale factor for 

accelerometers used in this experiment is about 800mV/G. Each accelerometer also has a 

typical scale factor error of ± 2%, caused by calibration errors and non-linearities. 

Both scale factor and cross coupling errors combine to produce the response 

amplitude error measured at each individual node point. Accordingly, these two errors 

were combined into one error value when used to evaluate their impact on the ILS-UI 

algorithm. 

Accelerometer Cross Coupling Error — Cross coupling error is primarily caused 

by mechanical misalignments of the sensing element mounted inside the accelerometer's 

case. The typical cross coupling error for this accelerometer model is ± 2% 

(manufacturer's specification). 

The combined root-svim-squared (RSS) error for scale factor error and cross-

coupling is ± 2.8% (= 0.028 = 2.8%). This total RSS error is then added 

to the transverse (accelerometer) and angular (autocollimator) responses, using computer-

generated noise-polluted data for the fixed beam. Note angular and transverse responses 

have the same amount of error, since the angular response is scaled directly from the 

transverse response. To determine the convergent threshold for the ILS-UI algorithm, 

various levels of the combined scale factor and cross coupling errors; i.e., 0.5, 1.0, 2.0, 
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3.0 and 4%, were introduced to the computer generated noise-polluted data. Using the 

data with errors as input, the ILS-UI algorithm predicted the beam's element stiffnesses, 

and the predicted stiffnesses were used to evaluate the algorithm's convergence. The 

predicted results are shown in Table 6.2. 

For the first three cases shown in Table 6.2, the combined scale factor and cross 

coupling errors were introduced to nodes 2, 3, 4, and 5 in different combinations. The 

first combination has the error introduced to nodes 2 and 3 only; the second and third 

combinations have the errors introduced to nodes 2, 3, 4 and 2, 3, 4, 5, respectively. 

These three combinations do not reflect actual errors in testing. In actual testing, all 

accelerometer measurements have scale factor and cross coupling errors embedded in 

them. These combinations, however, show us that the ILS-UI algorithm is very sensitive 

to the amplitude error, as the algorithm failed to converge in all three cases. 

For cases 4 to 8, amplitude errors ranging from 0.5% to 4% were randomly 

introduced to all five nodal responses. The results in these cases indicate that an 

amplitude error of 0.5% is the threshold for ILS-UI algorithm convergence; in other 

words, the algorithm can accurately predict the beam's elemental stiffnesses when a 0.5% 

error is present in the responses. 



141 

Table 6.2, ILS-UI algorithm convergence with nodal response amplitude error 

Case 
Number 

Introduced Scale 
Factor and Cross 

Coupling Errors to 

Error ILS-UI Convergence 

1 Nodes 2 and 3 +4% for nodes 2 
-4% for node 3 

Failed 

2 Nodes 2, 3, and 4 -4% for nodes 2 and 4 
+4% for node 3 

Failed 

3 Nodes 2, 3, 4 and 5 -4% for nodes 2 and 4 
+4% for nodes 3 and 5 

Failed 

4 All 5 nodes Randomly varied 
amplitudes of all 5 
nodes ±0.5% 

Converged and accurately 
predicted stiffnesses 

5 All 5 nodes Randomly varied 
amplitudes of all 5 
nodes ±1% 

Failed 

6 All 5 nodes Randomly varied 
amplitudes of all 5 
nodes ±2% 

Failed 

7 All 5 nodes Randomly varied 
amplitudes of all 5 
nodes ±3% 

Failed 

8 All 5 nodes Randomly varied 
amplitudes of all 5 
nodes ±4% 

Failed 

9 All 5 nodes Increased all 
amplitudes by a fix 
error of +4% 

Converged and accurately 
predicted stiffnesses 

10 All 5 nodes Decreased all 
amplitudes by a fix 
error of -4% 

Converged and accurately 
predicted stiffnesses 
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In the last two cases (9 and 10) the response amplitudes at all node points were 

increased and decreased by a fixed amount of 4%. The results from these two cases 

indicate that the ILS-UI algorithm is not sensitive to the absolute response amplitude as 

long as the relative amplitudes between the responses remain unchanged. 

Since 0.5% was found to be the threshold for algorithm convergence, it is clear that 

the combined scale factor and cross coupling error of 2.8% is one of the root causes of 

the convergence problem. 

Phase Shift Error — There are two separate sources of error that cause relative 

phase shift in the measured responses. The primary source of phase shift error is the 

integration of the measured acceleration. As was shown in Chapter 4 (Table 4.5), the 

worst case phase shift for velocity response is estimated to be 1.8 degrees. Displacement 

response phase shift is estimated to be a maximum of 6.5 degrees. 

The second source of phase shift error is data latency that caused by the sampling 

rate of the Tektronix data logger. This error occurs because there is a time delay in the 

sampling of two consecutive responses. The data logger model used in the test has a 

maximum latency of one micro-second. For the fixed beam experiment, there are five 

consecutive channels to be sampled, one for each accelerometer. This translates to a total 

latency of five micro-seconds. Given the beam's response at 50 Hz, the 5 micro-second 

data latency results in a phase shift error of: 
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e =  ̂ - 1 0 ( 3 6 0  d e g )  =  0 . 0 9  d e g  

— sec 
V50j 

This 0.09 degree phase shift is two orders of magnitude smaller than the phase shift 

error caused by the integration process. 

To assessing whether the phase shift error is one of the root causes of the ILS-UI 

algorithm's non-convergence, a maximum root-sum-squared (RSS) phase shift errors of 

1.8 degrees (Vl.S^+ 0.09^ =1.8deg) for velocity and 6.5 degrees 

(V6.5^ + 0.09^ = 6.5 deg) for displacement was randomly introduced to the noise-polluted 

theoretical responses. The responses with noise and phase errors were then used as 

inputs to the ILS-UI algorithm. 

Table 6.3 shows convergence results for the ILS-UI algorithm's predictions based on 

input responses that have the phase shift errors ranging from 0.5 degree to the maximum 

6.5 degrees. 

It can be seen that the ILS-UI algorithm is very sensitive to the phase shift error in 

the measured nodal responses. For instance, if the relative phase error between responses 

is 0.5 degree, the ILS-UI algorithm will converge. The predicted elemental stiffnesses in 

this case decreased by as much as 15% compared to the absolute stiffness; because of the 

reduction in stiffness, the quantifiable change in the stiffness value between the predicted 

and the absolute stiffness would not be accurate to pinpoint the damaged element. 

Despite the reduction, the predicted values vary less than 5% among the elements. This 

small variation is later found to be useful in identifying damage. 
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For cases where the phase shift error is greater than 0.5 degree, the predicted element 

stiffness values are reduced further; and, if the phase shift error is four degrees or 

greater, the ILS-UI algorithm will not converge. 

From these results it is clear that 0.5 degree is the threshold for relative phase shift 

between nodal responses. 

Clearly, the phase shift of 1.8 and 6.5 degrees for displacement and velocity 

responses are the root cause of the algorithm's convergence. 

In summary, the ILS-UI algorithm was found to be very sensitive to both amplitude 

and phase shift errors. In order to mitigate these errors, an alternative approach was 

developed in which the amplitude error is mitigated by using fewer nodal responses and 

the phase error is mitigated by scaling all responses based on the measured transverse 

response of a reference node. This alternative approach is discussed next. 
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Table 6.3, ILS-UI algorithm convergence with phase shift error 

Phase Shift Error Observation 

0.5 degree ILS-UI algorithm converged. 

All elemental stiffness values decreased 15% 

Relative elemental stiffness values varied less than 5%. 

1.0 degree ILS-UI algorithm converged. 

All elemental stiffness values decreased 48% 

Relative elemental stiffness values varied less than 12%. 

2.0 degrees ILS-UI algorithm converged. 

All elemental stiffness values decreased by different amount. 

Relative elemental stiffness values varied as much as 42%. 

4.0 degrees ILS-UI algorithm failed to converge. 

6.5 degrees ILS-UI algorithm failed to converge. 
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6.3. Alternative Approach 

6.3.1. Phase Shift Mitigation 

The phase shift error is mitigated by scaling the measured transverse responses of 

all nodes based on the transverse response of a single reference node point. The 

reference node is chosen arbitrarily, however, for this study the reference node point and 

the excitation node were coincident. This scaling is referred to as transverse-to-

transverse scaling, which is different from the angular-to-transverse scaling discussed in 

the previous chapter. 

Scaling of the transverse responses is necessary to eliminate relative phase shifts 

among nodal responses. All responses should have zero phase error once the angular-to-

transverse (derived in previous chapter) and transverse-to-transverse scaling is applied to 

the data. 

The transverse-to-transverse scaling ratio can be found by dividing the variance of 

the measured transverse response at the reference node to the measured transverse 

response at the node to be scaled (cr„). For instance: 

T (6.1) 
<Ji 

where 

T : transverse-to-transverse scaling ratio 

Gref : variance of the measured transverse response at the reference node 

Oj : variance of the measured transverse response at the node to be scaled 
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One practical advantage of this alternative approach is that the beam is only 

subjected to the ILS-UI dynamic test once. In this test, all nodal responses are measured 

and stored, so that they can be post processed later without interfering with normal 

operation of the in-service structure. 

6.3.2. Amplitude Error Mitigation 

Recall the Dynamic Response Matrix, A(^), shown in equation (2.23) of chapter 2. 

Each component of this matrix is populated with transverse and angular responses 

measured at different node points. In actual testing, each transverse and angular response 

is embedded with amplitude error from the scale factor and cross coupling errors. By 

using fewer nodal responses, the Dynamic Response Matrix is smaller and total 

amplitude error is reduced. As a result, the ILS-UI algorithm can tolerate a larger 

amplitude error in a single response measurement because fewer responses are used. 

For instance, the original ILS-UI algorithm requires five nodal responses as input for 

the fixed beam and seven nodal responses for the simply supported beam. The 

alternative approach requires only two nodal response for the fixed beam and four nodes 

for the simply supported beam. The two extra responses for the simply supported beam 

are angular responses at the beam's support ends. 

To further prove that the ILS-UI algorithm is less sensitive to amplitude error when 

fewer nodal responses are used, the computer-generated nodal responses for the six-

element fixed beam are used. In this case, the fixed beam used previously in Section 

5.3.1 is again used here. Excitation is applied at Node 3 (25.4 cm from the left fixed 



148 

support); only nodal responses at Nodes 3 and 5 are used as the mitigation of the 

amplitude error. 

Based on the measured transverse response at Node 3 (which is used as reference), 

the angular-to-transverse and transverse-to-transverse ratios relative to other nodes 

(Nodes 2, 4, 5 and 6) were calculated using equations (5.10) and (6.1), respectively. The 

scaling ratios are shown in Table 6.4. 

Based on these ratios, the scaled transverse and angular responses were constructed 

based on the transverse response measured at Node 3. A maximum amplitude error of 

±2.8% was then introduced to the scaled responses with the polarity chosen so that the 

error introduced at Node 3 would have the opposite sign of the error introduced at Node 

5. Alternating the polarity of the amplitude errors causes the worst case amplitude error 

in the responses. 

To check for convergence of the ILS-UI algorithm, nodal responses with the 

embedded worst case amplitude errors and with both angular-to-transverse and 

transverse-to-transverse scaling ratios applied are used as input to predict element 

stiffnesses for the fixed beam. A summary of the predicted stiffnesses in terms of 

modulus of rigidity, EI, is shown in Table 6.5. 



Table 6.4, Measured scaling ratios for the fixed beam 

Ratio 

Angular-to-transverse 

(Wyj) 

T ransverse-to-transver se 

(y/yj) 

Node 3/Node 2 0.1276 0.3819 

Node 3 /Node 3 0.0869 1.0000 

Node 3/Node 4 -0.7683 1.2099 

Node 3 / Node 5 -0.1008 0.9163 

Node 3 / Node 6 -0.1126 0.3374 

Table 6.5, ILS-UI algorithm convergence 

Configuration Baseline 
Element 
Stiffness, 

EI 
(N-m^) 

Damaged 
Element 
Stiffness 

EI 
(N-m^) 

Changes in 
Element 
Stiffness 

(%) 
No Error K13 64.1 32.1 -50% No Error 

K35 132.5 129.6 -2% 
No Error 

K57 130.4 130.4 +0% 

With Error K13 166.2 94.7 -43% With Error 
K35 191.4 188.0 -2% 

With Error 

K57 161.2 159.8 -1% 



As shown previously, one indication of the algorithm's non-convergence is a 

negative stiffness value. All predicted stiffnesses in Table 6.5 show positive values, 

which confirms that the ILS-UI algorithm converged and that the algorithm is less 

sensitive to amplitude error when fewer nodal responses are used. 

However, the drawback to this approach is that the predicted elemental stiffness 

values changed. This is because the optimized number of responses used in the ILS-UI 

algorithm has been modified. The predicted stiffnesses can no longer be compared with 

the beam's absolute stiffness to identify damage. However, they can be compared to 

each other to identify damaged elements. 

As can be seen in Table 6.5, the quantifiable change in element stiffness values from 

the baseline to the damaged configurations for both cases (with and without amplitude 

errors introduced to the response data) can be used to identify the damage element. The 

reduction in stiffness value is detected to be as much as 50% for the damaged element. In 

this case it is the beam section between nodes 1 and 3. 
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6.4. Experimental Results for the Fixed-Fixed Beam 

6.4.1. Undamaged Fixed Beam 

Using the measured nodal responses for the undamaged fixed beam was previously 

discussed in chapter 5. This time the measured data is post processed using the 

alternative approach; i.e., using only two nodes as input to the ILS-UI instead of five. 

The reduced nodal responses are scaled based on a single reference transverse response at 

Node 3, coincident with the input excitation. 

Recall that there are six elements discretized for the fixed beam; the element and 

node number designations are shown in Figure 6.2. The two end nodes 1 and 7 are fixed 

and their responses are zeros. Since this beam has no damage present, it represents the 

baseline configuration. 

In the alternative approach the beam's baseline element stiffness values are 

calculated using the nodal responses of only two node points. But the fixed beam has 

five non-zero nodal responses (nodes 2 through 6) to chose from, so how do we know 

which responses of the two nodes to select? When the two end nodes are taken out of 

consideration, there are four different pairs of node points that can be used as input to the 

ILS-UI algorithm, as shown in Figure 6.4. In each pair the responses at Node 3 must be 

used to satisfy the force constraint. As a result, the four combinations are: (i) Nodes 3 

and 2; (ii) Nodes 3 and 4; (iii) Nodes 3 and 5; and (iv) Nodes 3 and 6. 
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Figure 6.2, System identification of a fixed beam using alternative approach 
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The predicted element stiffness results for the baseline undamaged beam using the 

alternative approach are summarized in Table 6.6. In this Table, the modulus of rigidity 

(EI) is reported under the column Baseline Elemental Stiffness. Note that the modulus of 

rigidity {EI) value is calculated by multiplying the element's stiffness value {K) by the 

element's length (/^). Note that the lengths of the elements change for different pairs of 

node points, as can easily be seen in Figure 6.2. 

Because of the reduced number of nodal responses used in the alternative approach, 

the Baseline Elemental Stiffness results can not be compared to the beam's absolute 

stiffness to pinpoint damage. Thus, these baseline stiffness results standing alone do not 

provide any quantifiable changes in element stiffness, which is the main ingredient for 

detecting damage. 

However, by comparing element stiffness measured in the baseline configuration 

versus the element stiffness measured in the damaged configuration, the quantifiable 

changes in element stiffness are obtained. To prove that damage can be detected by using 

this approach, damage is introduced to the beam and the quantifiable changes in element 

stiffness are discussed next. 

6.4.2. Damaged Fixed Beam 

Damage was introduced to element ® of the beam, as shown in Figure 6.3. 

Physically, the damage was created by machining two small defects across the beam 

width. Each defect has a width of 3.18 mm and a depth of 3.94 mm. These two defects 

are positioned along the beam at positions 18.90 cm and 22.73 cm measured the left fixed 
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support (Node 1). The defect dimensions and locations are shown in Figure 2.7 of 

Chapter 2. 

Cracks present in actual structures may be smaller than the defects used in this 

experiment. However, the large defects used here assure that unmistaken changes in 

nodal response can be obtained for the damaged fixed beam. This is necessary for 

proving the feasibility of the alternative approach. The sensitivity of the ILS-UI with 

respect to the defect size is beyond the scope of this study and is not addressed here. 

Element stiffnesses for the damaged beam are predicted using the same four 

combinations as used in the baseline configuration. The predicted element stiffness 

values for the damaged beam are shown in Table 6.6, under the column Damaged 

Element Stiffness. 



Figure 6.3, Damaged fixed beam 
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Figure 6.4, Predicted element stiffnesses using alternative approach for the fixed beam 
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Table 6.6, Quantifiable changes in element stiffnesses using the alternative approach for 

the fixed beam 

Evaluation 
Configuration 

Baseline 
Element 
Stiffness 

(EI) 

Damaged 
Element 
Stiffness 

(EI) 

Changes in 
Element 
Stiffness 

(%) 
Case 1—Used 
nodal responses 
of nodes 3 and 2 

K12 125.4 101.0 -19% Case 1—Used 
nodal responses 
of nodes 3 and 2 

K23 125.6 77.2 -39% 
Case 1—Used 
nodal responses 
of nodes 3 and 2 K37 128.0 136.9 +7% 

Case 2—^Used 
nodal responses 
of nodes 3 and 4 

K13 138.9 96.9 -30% Case 2—^Used 
nodal responses 
of nodes 3 and 4 

K34 142.0 148.9 +5% 
Case 2—^Used 
nodal responses 
of nodes 3 and 4 K47 148.3 151.8 +2% 

Case 3—Used 
nodal responses 
of nodes 3 and 5 

K13 160.4 102.5 -36% Case 3—Used 
nodal responses 
of nodes 3 and 5 

K35 186.7 185.3 -1% 
Case 3—Used 
nodal responses 
of nodes 3 and 5 K57 156.9 158.0 +1% 

Case 4—Used 
nodal responses 
of nodes 3 and 6 

K13 1142.0 704.7 -38% Case 4—Used 
nodal responses 
of nodes 3 and 6 

K36 927.2 873.2 -6% 
Case 4—Used 
nodal responses 
of nodes 3 and 6 K67 399.6 376.6 -6% 
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6.4.3. Evaluation of the Fixed Beam Test Results 

The quantifiable changes in element stiffness values from the baseline configuration 

to the damaged configuration are shown Table 6.6, under the column Changes in Element 

Stiffness. 

Case #3 uses the responses at nodes 3 and 5 to predict elemental stiffness of the three 

subsections of the beam; each subsection has a length equal to one third of the beam's 

total length. This case should be evaluated first to determine which third of the beam is 

having the damage. Test data indicates that the subsection between nodes 1 and 3, which 

included elements ® and ®, has a 36% reduction in stiffness from the baseline; clearly 

this subsection contains the damaged element. 

To further pinpoint the location of defect in this damaged subsection, the 

responses at nodes 2 and 3 (Case #1) are used to evaluate elemental stiffness for these 

two elements. The ILS-UI predicted results indicate that stiffness values of both 

elements reduced significantly from the baseline as shown in Case #1 of Table 6.6. So 

which element is the one that has the cracks in it? To answer this question, further 

examination of the data in Table 6.6 was required. 

Stiffness values for elements ® and ® have reduced 19% and 39% from the 

baseline, respectively. This suggests that both elements have damage in them. The data 

also hints that the damage in element @ is more severe than the damage in element ®, 

however, it cannot pinpoint for sure which element contains the defects in it. This is the 

shortcoming of the alternative approach. 



Furthermore, if damage is present in elements other than element the data 

from case #2 and case #4 can be used to further pinpoint the locations of damage in the 

same manner as is demonstrated in case #1. Thus, examining the data from cases #2 and 

#4 further reinforces the conclusion that the damages are indeed in the beam section 

containing both elements ® and ®. 

The measured data in Cases #2, #3 and #4, shows that the limitation of the 

alternative approach is that the damage can only be located to a subsection equal to one 

third of the fixed beam's length. One third of the beam's length is equal to the length of 

two elements. 

6.5. Simply Supported Beam Experiment 

6.5.1. Test Setup 

The simply supported beam test setup is shown in Figure 6.5. It is very similar to 

the setup for the fixed beam. Both ends of the simple beam are rested on two steel 

rollers, which are bonded to the steel bases. The roller centerlines are precisely set at 

76.2 cm (30 inches) apart; this distance defines the beam's length. Five accelerometers 

are bonded on top to the beam at an equidistance of 12.7 cm apart. 

As shown in Figure 6.6, the excitation is applied at Node 3 (25.4 cm fi-om the left 

support.) The same speaker with steel flexure interface used in the fixed beam 

experiment is again used here to excite the beam. The forcing frequency is set at 24 FIz, 

which is slightly lower than the forcing frequency applied for the simply supported beam 

(25 FIz). By exciting near its resonance, higher response amplitude for the beam can be 
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Figure 6.5, Test setup for the undamaged simply supported beam experiment 
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obtained. Again, this practice is not recommended for actual structures because it 

increases the risk of damaging it. It is done in the experiment only because of a lack of 

sensitive test equipment. 

6.5.2. Test Results for the Simply Supported Beam 

The angular responses at all nodes are scaled based on the transverse responses. In 

the same fashion as it was done for the fixed beam. Note that the simply supported beam 

has two additional angular responses at the supported ends (Nodes 1 and 7). The angular 

responses at Nodes 1 and 7 are scaled based on the transverse responses measured at 

Nodes 2 and 6, respectively. Summary of the angular-to-transverse ratios is shown in 

Tables 6.7 and 6.8 for the undamaged and damaged beam, respectively. 

The transverse-to-transverse ratios are also calculated for this beam based on the 

measured transverse responses at all nodes. Obviously, there are zero transverse 

responses at Node 1 and 7. Node 3 is again chosen as the reference node for 

constructing the ratios. Summary of the transverse-to-transverse ratios is also shown in 

Tables 6.7 and 6.8 for the undamaged and damaged beam, respectively. 

The measured responses for nodes 1 through 7 of the undamaged simply supported 

beam are shown in Figure 6.7. Post-processing techniques similar to those used in the 

fixed beam experiment were used to reduce the transverse and angular responses to 

displacement, velocity and acceleration. 
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Figure 6.6, Designation of nodes and elements for the simply supported beam 



Table 6.7, Measured scaling ratios for the undamaged simply supported beam 

Ratio 

Angular-to-transverse 

(O/yj) 

T ransverse-to-transverse 

(y/yj) 

Node 3/Node 1 0.12092 00 

Node 3 / Node 2 0.10472 1.6912 

Node 3 /Node 3 0.06049 1.0000 

Node 3/Node 4 -0.00204 0.9210 

Node 3/Node 5 -0.06046 1.0907 

Node 3 / Node 6 -0.10475 1.9097 

Node 3/Node 7 -0.12097 00 

Table 6.8, Measured scaling ratios for the damaged simply supported beam 

Ratio 

Angular-to-transverse 

(0/yj) 

T ransverse-to-transverse 

(y/yj) 

Node 3 / Node 1 0.12276 00 

Node 3 / Node 2 0.10950 1.7323 

Node 3 /Node 3 0.04079 1.0000 

Node 3 / Node 4 -0.04079 0.8654 

Node 3/Node 5 -0.05848 0.9983 

Node 3/Node 6 -0.09543 1.7278 

Node 3/Node 7 -0.10899 00 
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Figure 6.7, Measured responses of the undamaged simply supported beam 
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As expected, the maximum transverse response shown in Figure 6.7 is measured at 

the beam's midspan (Node 4); a small angular response is also measured at this node. 

This small angular response is the result of asymmetrically applied excitation (Node 3). 

Almost identical measurements are seen for the transverse and angular responses at 

the following pair of node points: 1 versus 7; 2 versus 6; and 3 versus 5. If the excitation 

was to be applied at the beam's midspan, the responses at these pairs of nodes would be 

expected to have the same phase and amplitude for transverse responses and 180 degrees 

out of phase with the same amplitude for angular responses. 

The post processed data was then used as input to predict for the beam's element 

stiffnesses. The ILS-UI predicted results are shown in Table 6.9. 
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Table 6.9, Quantifiable changes in element stiffnesses using the alternative approach for 

the simply supported beam 

Configuration 
Baseline 
Element 
Stiffness, 

EI 
(N-m^) 

Damaged 
Element 
Stiffness 

EI 
(N-m^) 

Changes in Element 
Stiffness 

(%) 
Case 1—nodes 1, 2, 3, 7 K12 93.8 35.1 -63% Case 1—nodes 1, 2, 3, 7 

K23 92.9 28.9 -69% 
Case 1—nodes 1, 2, 3, 7 

K37 76.9 58.1 -24% 

Case 2— nodes 1, 3, 4, 7 K13 97.4 12.4 -87% Case 2— nodes 1, 3, 4, 7 
K34 89.0 26.4 -70% 

Case 2— nodes 1, 3, 4, 7 

K47 105.6 24.0 -77% 

Case 3— nodes 1, 3, 5, 7 K13 143.6 22.7 -84% Case 3— nodes 1, 3, 5, 7 
K35 140.7 47.9 -66% 

Case 3— nodes 1, 3, 5, 7 

K57 143.9 48.4 -66% 

Case 4— nodes 1, 3, 6, 7 K13 115.7 29.7 -74% Case 4— nodes 1, 3, 6, 7 
K36 121.4 66.5 -45% 

Case 4— nodes 1, 3, 6, 7 

K67 107.0 58.6 -45% 
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6.5.3. Evaluation of the Simply Supported Test Results 

The quantifiable changes in element stiffness values from the baseline configuration 

to the damaged configuration are shown Table 6.9, under the column Changes in 

Elemental Stiffness. Stiffness values change by large quantities from the baseline 

configuration. Nevertheless, the damaged section of the beam still can be identified by 

comparing the Changes in Elemental Stiffness to one another. 

To begin, we look at Case 1. In this case the responses at Nodes 1, 2, 3, and 7 are 

used to find the element stiffnesses. The predicted reduction in elemental stiffness from 

the baseline (undamaged) to the damaged configuration are 63% and 69% for elements ® 

and ®, but a 24% reduction for the beam section comprised of elements (D, @, ®, and 

®. From the percentage reduction, it is clear that the damage is present in elements ® 

and ®, because these two elements have larger stiffness reductions (63% and 69%) when 

compared to the 24% reduction identified for elements (D, 0, ®, and ®. The number of 

nodal responses used in the SI algorithm has been reduced from the optimum of seven 

nodes to only four nodes, so the ILS-UI predicted element stiffnesses can no longer be 

compared against the theoretical stiffnesses to identify damage. The only option left is to 

compare the percentage reductions in element stiffness. 

Similarly, nodal responses at Nodes 1, 3, 4, and 7 are used in Case 2. An 87% 

reduction in stiffness values from the baseline to the damaged configuration is identified 

for the beam section containing elements ® and ® (between Nodes 1 and 3); a 70% 

reduction is noted for elements ®; and a 77% reduction occurs for the beam section 
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containing elements ®, ®, and ®. Again, the section containing elements ® and ® is 

identified as the damaged section. 

Case 3 uses the responses at Nodes 1, 3, 5 and 7 as input. The beam is divided in 

three sections of equal length (25.4 cm). Similar to Cases 1 and 2, the damage is present 

in the beam section bound by Nodes 1 and 3, i.e., 84% stiffness reduction there compared 

to 66% for the other sections. 

Lastly, Case 4 uses nodal responses at Nodes 1, 3, 6 and 7 as input. In this case 

there is a 74% reduction in stiffness in the section between nodes ® and (D but only a 

45% reduction in the other two sections. 

The actual damage is present only in element ®, but all the test results indicate that 

damage is present in both elements ® and ®. This is because of the limited number of 

nodal responses used in the ILS-Ul algorithm. This causes the accuracy of the prediction 

to degrade. With four responses, the damage can be identified to within one-third of the 

beam's length; to go beyond that, more nodal responses must be used. 

Despite the large measurement error in the sensors (accelerometer and 

autocollimator) that restricts the use of large number of nodal responses in the beam, the 

ILS-Ul algorithm is robust enough to identify damage in the beam even with a minimum 

of information. It is believed that in the near future, when more accurate and affordable 

sensors become available, the limitation in sensor's accuracy will no longer be a 

restriction and the implementation of the ILS-Ul algorithm will be expanded to a new 

level. 
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This dissertation proves that the ILS-UI algorithm works and can be used as a 

method for detecting damage in structures. The algorithm works in both fixed-fixed and 

simply supported beams despite large error in the sensor's measurements; this is an 

indication of its wide applicability. 

6.6. Summary 

Several topics were discussed in this chapter. First, an intensive investigation to 

determine the root cause of the ILS-UI algorithm's failure to converge was performed. 

Amplitude and phase errors in the accelerometer's measurements were found to be the 

root cause. Following this discovery, an alternative approach was developed to mitigate 

the amplitude and phase shift errors. 

The implementation of the alternative approach, using actual accelerometers and an 

autocollimator to measure nodal responses for the fixed-fixed and simply supported 

beams was given in detail. Nodal responses were measured for the beam with and 

without damage. It was demonstrated that the ILS-UI algorithm successfully quantified 

reduction in the beam's element stiffnesses and the location of damage was identified. 
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7. CHAPTER 7 - SUMMARY 

7.1. Summary 

The ILS-UI algorithm is a novel, nondestructive system identification technique. 

Although it has the potential to be a powerful tool in the identification of structural 

damage, to date it has not been validated with experimental data. The purpose of this 

research was to validate the algorithm using measurements from fixed-fixed and simply 

supported beams. 

The development of the theoretical multi-degree-of-freedom beam models used in 

the ILS-UI algorithm was given in detail. These models successfully identified defects 

for both fixed-fixed and simply supported beams, using computer generated input. 

As a prelude to the experimental validation, a simulation was performed to study 

errors in the numerical integration of a digitized signal for three different rules: 

trapezoidal, Simpson's and Boole's. It was shown that Simpson's rule and Boole's rule 

yield smaller errors than the trapezoidal rule, especially when lower sampling rates are 

used. Several post processing techniques to remove noise, to filter out high frequencies 

and remove slope and offset from a data set were also demonstrated. 

In the first phase of the validation experiments, the optimum number of node points 

was determined for the fixed beam. Also, a method was developed to scale angular 

response based on the measured transverse response. The ILS-UI algorithm was then 

used to predict element stiffnesses for the fixed beam. The stiffnesses predictions did not 

converge. This prompted an investigation to determine the root cause of the failure. 
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It was found that amplitude and phase errors in the accelerometer's measurements 

were the root cause of the failure. After this was determined, an alternative approach was 

developed to mitigate the amplitude and phase shift errors. 

To validate the alternative approach, nodal responses were measured for the beam 

with and without damage. The ILS-UI algorithm was demonstrated to successfully 

quantify reduction in the beam's element stiffnesses and the location of damage was 

identified. 

7.2. Conclusions 

The ILS-UI algorithm has been conclusively validated for fixed-fixed and simply 

supported beams. That is to say, it can be used successfully to quantify reduction in the 

beam's elemental stiffnesses and to identify the location of the damage. 

The ILS-UI algorithm was also found to be very sensitive to the accelerometer scale 

factor and cross coupling errors. Phase shift error among the measured nodal response 

time histories was found to be a root cause of the ILS-UI algorithm failure to converge. 

These errors were overlooked at the beginning of this research. It is the author's believe 

that in the very near future, when the accelerometers are more accurate and more 

affordable, the ILS-UI algorithm will find its place in many SI applications for both new 

and existing structures. 
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7.3. Future Work 

This dissertation only implements the ILS-UI algorithm in an individual beam with a 

single damaged element. The following are recommended areas for future research: 

1. Sensitivity of the ILS-UI algorithm to defect size 

2. Application of the ILS-UI algorithm to more complicated, multiple beam 

structures 

3. Mitigation of the algorithm's sensitivity to amplitude and phase error, with the 

goal of pinpointing the location of damage to a smaller section of the beam. 
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