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ABSTRACT 

Effective and accurate algorithms are developed to evaluate the reliability of a frame 

and shear wall structural system subjected to both static and dynamic loadings. The basic 

deterministic finite element algorithm is based on the assumed stress-based fmite element 

method in which the tangent stiffhess can be expressed in explicit form and fewer elements 

are required to realistically capture the structural behavior. These features are desirable for 

developing an efficient reliability analysis algorithm for both static and dynamic cases. The 

presence of shear walls is represented by plate elements. The stiffness matrix for the 

combined system is then developed. To verify the accuracy of the deterministic algorithm, a 

2-bay 2-story building consisting of five similar frames is considered. Only one frame is 

assumed to have shear walls. The responses of the frame with shear walls subjected to static 

and dynamic loadings are evaluated. The responses of the same structural system are also 

evaluated using a commercially available computer program. The results match very well, 

implying that the deterministic algorithm developed in this study is accurate. 

The deterministic algorithm is then extended to consider the uncertainty in the random 

variables. For the static case, a stochastic finite element-based approach consisting of the 

reliability approach, the first-order reliability analysis procedure and the finite element 

method is proposed. For the dynamic case, a hybrid approach consisting of the response 

surface method, the finite element method, the first-order reliability method and the linear 

iterative scheme is used. The unique feature of this algorithm is that the earthquake loading 

can be applied in the time domain. The material and cross-sectional properties, the damping 
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and the magnification factors of earthquake time histories are considered to be random 

variables in this study. The reliability of a frame without and with shear walls is evaluated for 

the strength and serviceability performance functions. The results are verified using the Monte 

Carlo simulation technique. 

The proposed stochastic finite element-based algorithm to evaluate the reliability of a 

combined system consisting of frame and shear walls for static loading appears to be 

reasonable. The reliability of the combined systems can be evaluated using both the strength 

and serviceability performance functions. The results are very similar to the results obtained 

using Monte Carlo simulation. For dynamic loading, the proposed hybrid method appears to 

be very efficient and accurate. The proposed algorithm for dynamic loading is specifically 

attractive since earthquake loading can be applied in the time domain. The efficiency of the 

algorithms can be improved by conducting a sensitivity analysis. The presence of shear walls 

significantly improves the reliability of a combined system for two serviceability limit states, 

the horizontal deflection at the top of the frame and the interstory drifl. The proposed 

algorithms to evaluate the reliability of a combined system consisting of frames and shear 

walls for static and dynamic loadings are unique. They can be used in the future to evaluate 

the reliability of complicated structural systems. 
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CHAPTER 1 

INTRODUCTION 

1.1 General Remarks 

The application of risk and reliability in the analysis, design, and planning of 

engineering systems has received worldwide acceptance. As a result of extensive efforts 

by different engineering disciplines during the last three decades, design guidelines and 

codes are being modified or have already been modified to incorporate the concept of 

risk-based analysis and design. 

Most of the commonly used risk or reliability-based methods require that a 

functional relationship among the load and resistance-related variables, commonly known 

as the limit state or performance function, be available in explicit form. However, it can 

be difficult to explicitly define the relationship of the structural response as a function of 

basic design variables such as the geometries, material properties, the associated 

constitutive relations, the loads acting on the structure, various sources of nonlinearity 

expected in the structural behavior just before failure, etc. For large structural systems, it 

may be impossible. Thus, simple, commonly used risk-based analysis and design 

problems cannot be applied when the performance function is implicit. However, 

accurate reliability evaluation of such structures has been demanded by the profession. 

Finite element analysis is a powerful tool commonly used by many engineering 

disciplines to analyze simple or complicated structures. With this approach it is easy and 
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stxaightforward to consider complicated geometric arrangements, various sources of 

nonlinearity, and the load path to failure. However, the deterministic finite element 

method fails to consider the uncertainty in the variables, and thus cannot be used for 

reliability analysis. On the other hand, the available reliability methods fails to represent 

structures as realistically as possible. To capture the desirable features of these two 

approaches, they needed to be combined, leading to the concept of the stochastic finite 

element method (SFEM). 

The SFEM algorithm for frame structures has been developed by several 

researchers (Haldar and Gao 1997; Haldar and Mahadevan 1989, 2000b). However, the 

main drawback of frame structures is their inability to transfer horizontal loads (e.g. 

wind, earthquake and ocean wave) effectively. They are relatively flexible. To increase 

their lateral stiffness, bracing systems or shear walls are needed. Haldar and Gao (1997) 

attempted to consider bracing systems in a frame structure. They used truss elements in 

their model. However, the consideration of shear walls in a frame in the context of the 

SFEM has not yet been attempted. 

Thus, one of the major objectives of this proposed research is to study the 

behavior of a frame in the presence of shear walls. Since uncertainty in the parameters 

cannot be avoided, it is essential to study the combined system in the presence of 

uncertainties. To model the combined system, a finite element representation is 

necessary. Then, the uncertainties in the finite element formulation need to be 

incorporated, leading to the stochastic finite element representation developed in this 

study. 
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1.2 Objectives and Scope 

The main objective of this research is to develop an algorithm to estimate the 

reliability of a frame and shear wall structural system. To accomplish this objective, the 

proposed study is divided into four sub-objectives. They are: 

(1) develop a mathematical model to capture the behavior of frames in the presence of 

shear walls, 

(2) incorporate uncertainties in the deterministic finite element model of the combined 

system, 

(3) develop the stochastic finite element method (SFEM)-based algorithm for the strength 

and serviceability performance criteria for the combined system, and 

(4) perform Monte Carlo simulation to verify the results obtained by the proposed 

algorithm. 

1.3 Organization 

This study is composed of six chapters. In Chapter 2, the general concept of 

reliability analysis is reviewed and the concept of stochastic finite element methods is 

introduced based on the existing literature on structiu^l reliability methods. The finite 

element algorithm related to this study is also presented in this chapter. 

In Chapter 3, the finite element method (FEM) algorithm for a frame and shear 

wall structural system is presented. The algorithm is then verified for the static and 

dynamic problems. 
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In Chapter 4, the reliability analysis algorithm for a combined structure (frame 

and shear walls) is developed for static problems. The algorithm is then verified with the 

help of numerical examples. 

In Chapter 5, a hybrid stochastic finite element method is proposed for dynamic 

problems by combining the basic FEM, RSM and the first-order reliability method. The 

algorithm is then verified with the help of numerical examples. 

Chapter 6 contains the summary and conclusions of this study with suggestions 

for further studies. 



18 

CHAPTER 2 

LITERATURE REVIEW 

2.1 Introduction 

For several decades, the reliability analysis of a structure has been a 

challenging task to the profession. However, the task has not been fully achieved due to 

the difficulty- in applying the available methods to complicated structural systems until 

recently. As a result of recent developments, the reliability of most types of structures can 

now be evaluated. A detailed review of these methods is presented in this chapter and the 

finite analysis method used to represent a combined frame and shear wall structural 

system is also discussed. 

2.2 Methods for Reliability Analysis 

2.2.1 Fundamental Concept of Reliability Analysis 

The evaluation of safety of a structural system has been an ultimate goal to 

structural engineers and researchers for decades. Conventionally, the underlying safety 

has been introduced by the deterministic approach, which is based on the concept of 

safety factor. However, the nominal safety factor may fail to convey the actual margin of 

safety in design since the intended conservatism introduced by the safety factor depends 

largely on uncertainty in the load and resistance related variables, and the experience of a 

structural engineer. Therefore, a more rational approach would be to compute the margin 
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of safety by accounting for the uncertainty involved in design variables explicitly. This is 

the concept of reliability analysis. 

Referring to Figure 2.1, where load effect S and resistance R are the variables of 

interest. Both S and R are random in nature; their stochastic properties can be represented 

fs(s) 

R,S 

Figure. 2.1 Qualitative Idea of Reliability 

by corresponding probability density functions (PDF), fR(r) and fs(s), respectively. The 

reliability or risk can be evaluated by the relationship between two variables, called 

performance function. The mathematical expression of the relationship or performance 

function for this case can be described as 

giR.S)^R-S (2.1) 



20 

where g (/?, S) < 0 indicates the failure state, which corresponds to the overlapped area of 

the two curves (shaded region in Figure 2.1). Therefore, the reliability or risk can be 

estimated by measuring this area quantitatively. Mathematically, the failure event or P 

iR<S) for this case can be written as 

where fR.sO'.s) is the joint probability density function of the two variables. The 

integration in Equation (2.2) is performed over the failure region Q. 

In general, the load effect S and resistance R are the functions of other variables 

such as individual loads, sectional properties and material properties. Therefore, 

Equation (2.2) needs to be generalized for the multiple variable case, which is 

Where X is the relevant load and resistance parameters, called the basic random 

variables. The failure surface or limit state can be defined as g(.X)=0, which is the 

boundary between the safe and unsafe region. The failure probability may be calculated 

as (Ang and Amin 1968; Benjamin and Lind 1969; Cornell 1969; Haldar and Mahadevan 

2000a; Shinozuka and Itagaki 1966) 

(2.2) 

(2.3) 



21 

/ / =  J J - •• (2.4) 
K(jr)<0 

whereTaY^v/...., Xn) is the jomt probability density function of multivariable X. 

To calculate Pf in Equation (2.4), the multi-dimensional integration over the 

failure region should be performed. This requires the information of the joint probability 

density function fx(xi,...,x„). In general, this information is often unavailable or practically 

impossible to obtain. Even if the information is available, performing the multi

dimensional integration could be extremely difficult to achieve. Therefore, approximate 

approaches to perform this integration are required to evaluate the probability of failure. 

The practical approximate approaches are often restricted to the use of mean 

values and coefficient of variation (COV) because the information or data may only be 

sufficient to evaluate the mean and COV of a random variable (Cornell 1969; Ang and 

Cornell 1974). This leads to the development of the mean value first-order second-

moment (MVFOSM) method. However, the MVFOSM fails to incorporate the 

distribution information of the random variables, even if it is available. This led to the 

development of the first-order reliability method (FORM) and the second-order reliability 

method (SORM). 

The FORM uses the first-order (linear) approximation for the performance 

function, being capable of performing the reliability analysis for a linear performance 

function of uncorrelated variables or the linear approximation of the nonlinear 

performance function. The SORM performs the reliability analysis by approximating the 
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nonlinear performance function, including a linear performance function with 

uncorrelated non-normal variables, to a second-order representation. 

2.2.2. First-Order Reliability Method (FORM) 

To circumvent the difficulties in obtaining sufficient information and 

performing multi-dimensional integration, the second moment formulation has been 

introduced by limiting the use of means and variances in evaluating the probability of 

failure as mentioned earlier (Cornell 1969; Shinozuka 1983). The FORM, also known as 

the mean value first-order second-moment (MVFOSM) method, is one of the 

formulations, which is based on the first-order Taylor series approximation of the 

performance function at the mean values of random variables (Cornell 1969). In the 

previous example involving with two random variables (R and 5), the mean and variance 

of the performance function can be shown to be 

/ J i i  = ^ i <  - M s  

and 

cr- =a-,i +a-s 

(2.5) 

(2.6) 

Assuming that R and S are statistically independent and normally distributed random 

variables, the probability of failure can be calculated as 
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Pf = p(g<0) = ct) ^ ^ R  ~ I ^ S  

CT'n +0'c 
= <& (2.7) 

where O is the cumulative distribution function of a standard normal variable. In Equation 

(2.7), the ratio of the mean and variance of a performance function can also be defined as 

(2.8) 

where is the safety index or reliability index. As P increases the probability of failure 

decreases and vice versa. 

As explained earlier, this concept can be generalized for multiple random 

variables by using Taylor series expansion of the performance function as 

= g(X) + £ A (.V, -)+1J I; - .V, )(.V, - X, )+••• (2.9) 
i-\ ' ' ~ ;=l ;=1 ' ' / 

where the partial derivatives are evaluated at the mean values of the random variables X. 

Truncating the high order terms up to the linear terms, the first-order approximate mean 

and variance ofg(AO are obtained as 

(2.10) 
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and 

;=1 j=\ • J 
(2.11) 

where Cov{XiXj) is the covariance of Xi and Xj. If the variables are statically independent, 

then the variance is simply as 

The safety index /? in Equation (2.8) can be calculated using Equations (2.10) through 

Even though the MVFOSM provides a rough idea of the level of risk or 

reliability in the design, it may not be accepted as a valid reliability approach due to the 

lack of formulation invariance (Ditlevsen 1973; Veneziano 1974) and its failure to 

incorporate the distribution information of a random variable, even if it is available. The 

safety index defined by Equation (2.8) fails to be constant under different but 

mechanically equivalent formulations of the performance function. This problem was 

overcome by the advanced first-order second moment (AFOSM) method, using the 

reduced coordinate of random variables (Hasofer and Lind 1974). 

The AFOSM proposed by Hasofer and Lind is applicable for normal random 

variables. In this method, the probability of failure can be defined as the minimum 

distance from origin to the failure surface in the reduced coordinate as illustrated in 

(2.12) 

(2.12). 
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Figure 2.2 for a nonlinear performance ftmction. As a first step, the variables in the real 

coordinate should be transformed to the reduced coordinate as 

i i  =  \ X - , n )  (2.13) 

where .l", is a random variable with zero mean and unit standard deviation. Using 

Equation (2.13), the performance function in the original coordinate system can be 

transformed to the reduced coordinate system as 

grA''; = g(.v;,.v;,-..\r:) (2.14) 

Safe Region 
g(A:')>0 

Unsafe Region 
g(^')<0 

Limit State 
g(^)=0 

Figure. 2.2 Variables in Reduced Coordinate: 
Nonlinear Performance Function 
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In Figure 2.2, the point x* of minimum distance from the origin to the limit state 

represents the worst combination of the stochastic variables and is named as the design 

point or the most probable point (MPP) of failure. For a nonlinear limit state, the 

computation of the minimum distance becomes an optimization problem: 

Minimize D = ^jx''x' (2.15) 

Subject to the constraint g(X') = 0 

Using the method of Lagrange Multipliers (Shinozuka 1983), the minimum distance can 

be evaluated as 

/= i  

f - A 

' H - l .  -

\ 
Z M®.-

(2.16) 

where the derivatives 
ar;. 

are evaluated at the design point, The 

updated design point in reduced coordinate is given by 

X,' = (i = l2,--.n) (2.17) 

where 
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a (2.18) 

are the direction cosines along the coordinate axis X]. In the space of original variables, 

the design point is 

The Hasofer-Lind reliability index can be exactly related to the probability of 

failure when all the random variables are normally distributed. However, this is not 

common in structural problems. Rackwitz and Fiessler (1978) suggested that, when the 

problems involve non-normally distributed random variables, they might be solved by 

transforming the non-normal variables into equivalent normal variables. The 

transformation can be done by equating the cumulative distribution function (CDF) and 

the probability density function (PDF) of the non-normal variables to the equivalent 

normal variables at the checking point. Considering statistically independent non-normal 

random variables, the equivalent mean and standard deviation are obtained as 

V  = f ' x .  (2.19) 

(2.20) 
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and 

,v • A.v, =-^. - 0  
-I (2.21) 

where and /v, are the non-normal distribution and density functions of Xi respectively, 

and 0 and (ft are the cumulative distribution and density function of a standard normal 

variable. Having determined o-^ , the reliability index in Equation (2.16) can be 

calculated for the non-normal random variable cases. The Rackwitz-Fissler approach, also 

commonly known as the first-order reliability method (FORM), has been extensively used 

in the literature. However, the approach may not give an exact result for a highly nonlinear 

limit state case due to the underlying approximation of the linear limit state. Nonetheless, 

this approach has been considered as an effective reliability analysis method because of its 

simplicity and versatility. 

2.2.3. Second-Order Reliability Method (SORM) 

The performance function can be linear or non-linear. When the limit state is 

linear, the probability of failure can be calculated using the FORM. However, if it is 

nonlinear, which is introduced by nonlinear relationship between the random variables or 

some variables being non-normal variables, the use of the FORM method may not be 

appropriate. To deal with the highly nonlinear limit state cases, the second-order 

reliability method (SORM) has been developed by several researchers. There are two 

types of the SORM approaches: 
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1. The failure surface is approximated locally by a quadratic surface at the design point 

(Breitung 1984; Der Kiureghian, Liu and Hwang 1987; Fiessler, Newmann and 

Rackwitz 1979; Hohenbichler et al. 1987); and 

2. The failure surface is approximated globally by a set of tangent hyper-planes, i.e., by 

a polyhedral surface (Ditlevsen 1984; Hohenbichler 1982; Madsen et ai. 1986). 

Even though SORM may provide better results than FORM in same cases, the 

necessit>' of using SORM approach seems not to be significant. This conclusion arises 

mainly from the comparison of the computational efforts required and the improvement 

in the accuracy of the reliability estimation. The SORM requires second-order partial 

derivatives of the performance function that is extremely difficult to evaluate for complex 

structures and renders the calculation time consuming. On the other hand, there is no 

obvious evidence that the results might be more accurate than FORM. Therefore, FORM 

may be a more practical method than SORM for general engineering problems 

considering conceptual simplicity and efficiency. Further research is required to develop 

simpler SORM approach. FORM is used in this study. 

2.3 Stochastic Finite Element Method (SFEM) 

In the stochastic finite element method (SFEM), the FEM formulation is 

modified using the perturbation technique or the partial derivative method to incorporate 

uncertainty in the structural system. Since the basic variables are stochastic, every 

quantity computed during the deterministic analysis, being a function of the basic 

variables, is also stochastic. Therefore, the efficient way to arrive at the stochastic 
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response may be to keep account of the stochastic variation of the quantities at every step 

of the deterministic analysis in terms of the stochastic variation of the basic variables. 

The basic idea is conceptually simple. However, the implementation in actual 

analysis may not be simple since it involves the computation and assembly of large 

matrices of partial derivatives of the various quantities in terms of the basic variables. 

Furthermore, devising methodologies to transform the spatially correlated random fields 

into the uncorrelated random fields renders the implementation more complicated. There 

are two main strategies of SFEM: (I) perturbation approach and (2) reliability approach. 

2.3.1 Perturbation Approach 

The perturbation approach generally starts with the governing equation of the 

problem. The governing equation could be the differential equation (Nakagiri and Hisada 

1982; Liu et al. 1986) or the potential energy formulation (Lawrence 1987; Ghanem and 

Spanos 1989). The stochastic quantities involved in this approach are expanded and the 

mean state is usually chosen as the expansion point. Because the random variables are 

treated as measurable fianctions (Loeve 1977; Ghanem and Spanos 1989) or deterministic 

perturbabtion variables (Yamazaki et al. 1988; Liu et al. 1986; Nakagiri and Hisada 

1982), it is possible to formulate the perturbation equations and solve them using the 

deterministic finite element method procedures. The aim of this method is to compute the 

first and second moments (mean and variance) of the response quantities. The 

perturbation method can be extended to the application of reliability analysis by using the 

mean-centered perturbation method (Hisada and Nakagiri 1985). Different methods are 
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used to expand the quantities involving the basic random variables. The first-order Taylor 

series (Handa and Anderson 1981) and the second-order Taylor series (Hisada and 

Nakagri 1985; Liu et al. 1986) expansions are commonly used to expand the quantities 

which are the function of random variables. The Neumarm expansion method (Shinozuka 

and Nomoto 1981; Spanos and Ghanem 1989; Yamazuki et al. 1988) has also been used 

to treat the random field of material properties. The result obtained by the perturbation 

method can theoretically approach any accuracy level depending on the order of the 

perturbation. However, this involves the computation and assembly of higher order 

partial derivative matrices and increases the complexity and size of the problem. Hence, 

higher order approximations should be used only if they offer significant improvement in 

the results. The perturbation method has the advantage of being applicable to a large 

variety of problems. However, the method generally does not use the distribution 

information of random variables. Acceptable results are generally obtained only for small 

random fluctuations in structural and material properties if lower order perturbation is 

used. 

2.3.2 Reliability Approach 

The reliability approach (Der Kiureghian and Ke 1985; Mahadevan and Haldar 

1989, 1991; Haldar and Mahadevan 2000b) uses the finite element model as the basis of 

the reliability analysis method (FORM/SORM). To implement such an approach, the 

matrix formulation of FORM/SORM should be developed. In the context of FORM and 

SORM, the failure surface of a problem is of interest. This approach starts with a 
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performance function that represents the failure surface of the problem. The function can 

be expressed in an w-dimensional standard Gaussian random variable space for n basic 

random variables by transforming them into the uncorrelated standard normal space. An 

iteration algorithm is used to locate the design point (the most likely failure point) on the 

limit state function using the first or second-order approximation. During each iteration 

step, the structural response and the response gradient vectors are calculated using finite 

element models. Once the point is located, the distance from this point to the origin in the 

standard normal space can be calculated, giving information on the probability of failure. 

The following iteration scheme can be used for finding the checking point and evaluating 

the probability of failure: 

y, a, + 
g(y, > 

\^g(y, )\ 

Where 

Vgrv> = 
(^(y) ^(y) 

' ' 4'n 

and 

a = - "^gfy,) 

\^g(y, )\ 

(2.22) 

(2.23) 

(2.24) 

In a structural problem, the limit state function g can be expressed in terms of the 

set of basic random variables jc (e.g loads, material properties and structural geometry). 
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the set of displacements u and the set of load effects s (except the displacements, such as 

internal forces). Then the limit state function can be expressed as 

g(jC,M,S) =0 (2.25) 

g(x,u,s)>0 defines the safe state, g(x,u,s)<0 defines the failure state and g(jc,«,s)=0 

denotes the limit state surface. By using the chain rule and Equation (2.25), the gradient 
i 

of the limit state function in uncorrelated and reduced coordinate can be derived as 

Vg69 = r' y-x (2.26) 

where /^'s are the Jacobians of transformation (e.g. , =-^). The gradient, , is 
gc 

used to find the new design point and the iteration continues until the prescribed 

convergence is achieved. Once the convergence is achieved, the probability of failure 

can be evaluated as 

Pf= \ny)dy = <p{-p) (2.27) 
my)  so  

where 

P  =  h ' ) ' ( y )  



34 

In Equations (2.27) and (2.28), P is defined as the safety index and can be estimated by 

measuring the distance between the origin and the design point in the standard normal 

space as mentioned earlier. 

The reliability approach has several advantages over the perturbation approach 

previously mentioned. Since this approach is closely combined with FEM and using 

sensitivity analysis, only important random variables can be used in the reliability 

evaluation and it does not require a large number of FEM calculations such as Monte 

Carlo Simulation (MCS). Also, it is more accurate than the perturbation approach since it 

uses the information on distributions. For these reasons, the reliability approach has been 

known to be the most effective and accurate method of the probability analysis. 

Therefore, this approach is used for the static reliability analysis in this study. 

2.4 Response Surface Method (RSM) 

Response surface method is one of statistical techniques designed to find the best 

value of responses or to investigate the relationship between responses and input 

variables. Originally, it was developed by researchers who performed experiments in 

biology and agriculture (Box et al. 1978). However, it has been widely used for a variety 

of problems; it has been used in civil engineering applications for only a decade. 

The primary role of RSM in reliability analysis is to approximately construct a 

polynomial in an explicit form to represent a complex and implicit limit state function 

(Rajashekhar and Ellingwood 1993; Bucher and Bourgund 1990; Faravelli 1989; Kim 

and Na 1997). It has also been used to approximate the structural response statistics by 
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several researchers (Yao and Wen 1996). Although the RSM is composed of several 

essential components to be associated with reliability approaches (FORM or SORM), the 

degree of polynomials is presented here to illustrate the main concept of RSM. Other 

components will be discussed in Chapter 5. 

The structural response quantity Y can be defined as the flmction of system 

parameters (Xi,Xj, that is 

where the function g(X) is the response function and is assumed to be a continuous function 

of X,. Supose that g(X) is continuous and smooth, the flmction can be represented locally to 

any degree of approximation by the Taylor series expansion at some arbitrary point 

.r = as 

Y  =  g i X )  =  g i X , , X , , - , X „ )  (2.29) 

1=1 ' ~ (=1 

1  =  1  '  J  

(2.30) 

where H.O.T. stands for higher order terms and all partial derivatives are evaluated at 

x = (x^,x2,- -.x„). This equation can be reduced to polynomal approximation of the form 

as 
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ft-I n 
Y  =  g { X )  = y9o +1A + I f i u X r  +S + H.O.T 

1=1 j>i 
(2.31) 

1=] i=\ 

where /3o, pi,p„ and y?y are regression coefficients which depend on x and the derivatives 

of g{X) at X. Based on Equation (2.31), three types of polynomials are defined depending 

on the terms considered. By using terms up to first degree, a first-order model can be 

defined as 

Y = giX) = /3o-^Y.fi.X,+e (2.32) 
1=1 

Considering terms up to second degree, a second-order model can also be obtained as 

Y = g{X) = p,^l,P,X,-^Y.P.,X,' ^±I.P,jX,X^ (2.33) 
/=1 /s| /siJ>1 

Finally, by eliminating the cross term, X, Xj in Equation (2.33), a second-order model 

without cross term can be expressed as 

Y ^ g { X )  =  p , - ^ Y ^ f i , X ,  ̂ Y . P X -  (2-34) 
1=1 1=1 

In the above equations, f is a random error that contains the error due to neglecting the 

higher order terms. 
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Because the RSM generates the explicit performance function for the implicit 

or complicated limit state function, it can be effectively applied to complicated problems 

as considered in this study. The reliability evaluation of structural systems subjected to 

short-duration dynamic loading is a good example. The application of RSM to the 

dynamic problem will be discussed in detail in Chapter 5 

2.5 Monte Carlo Simulation 

There are various types of simulation techniques, which require a tremendous 

number of deterministic analyses but use little background in probability and statistics. 

One of these techniques is Monte Carlo Simulation (MCS), used first by Von Neumann 

during World War II for secret work on nuclear weapons. In this technique, a set of 

pesudo-random variables is sampled several times to represent its real distribution 

according to its probabilistic characteristics. For each set, a deterministic analysis, such 

as finite element analysis, is conducted to evaluate the response. By evaluating the 

statistics of responses according to the performance criteria, the probability of failure is 

calculated using the following equation. 

where N is the total number of simulations and M/ is the number of cases which fail to 

satisfy the performance criteria. 
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The MCS has six essential elements: (1) defining the problem in terms of all 

the random variables (2) quantifying the probabilistic characteristics of all the random 

variables in terms of their probability density function and the corresponding parameters 

(3) generating values of these random variables (4) performing the deterministic analysis 

for each set of input variables (5) evaluating the probability of failure using Equation 

(2.35) (6) determining die accuracy and efficiency of the simulation. 

MCS can handle problems with both explicit and implicit performance 

functions. However, if the problems are extremely complicated and time consuming, as 

in the case of structures represented by numerous finite elements, the technique tends to 

be impractical. Therefore, MCS is routinely used to evaluate the accuracy of the 

sophisticated reliability methods (FOEIM and SORM) or to verify new techniques (SFEM 

and RSM). In this study, the MCS is used to verify the proposed algorithms. 

2.6 Finite Element Method for Reliability Analysis 

To evaluate the safety of complicated structures, a finite element-based 

formulation is desirable, since it is also the first step in a conventional deterministic 

analysis. In addition, the efficiency of the deterministic FEM is important for the success 

of the stochastic finite element method (SFEM) since the SFEM algorithm is based on 

tracking the uncertainty propagation through the step of deterministic analysis. 

Deterministic evaluation of the responses of firamed structures using either 

displacement-based or stress-based FEM has been discussed extensively in the literature 

(Bathe 1982; Atlruri 1975). In displacement-based FEM, polynomial type displacement 
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fields (shape functions) are assumed along the each beam member and appropriate 

nonlinear terms are retained in the total strain-displacement relations. The nature of this 

formulation requires a large number of elements to model a member with large 

deformation. The need for a large number of elements makes this approach 

computationally uneconomical. It has been reported extensively in the literature (Kondoh 

and Atluri 1987; Haldar and Nee 1989) that the assumed stress-based FEM has several 

advantages over the displacement-based FEM, especially for framed structures. In the 

assumed stress-based FEM, the tangent stiffness can be expressed in explicit form. The 

stresses of an element can be obtained directly, fewer elements are required in describing 

a large deformed configuration and integration is not required to obtain the tangent 

stiffness. Therefore, the assumed stress-based FEM is adopted in this research. 
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CHAPTER 3 

ASSUMED STRESS-BASED FINITE ELEMENT METHOD 

3.1 Introduction 

The formulation of the assumed stressed-based FEM for a frame and shear wall 

structural system is presented in this chapter. 

To develop an efficient SFEM algorithm, the use of a commercially available 

FEM algorithm may not be efficient. Researchers at the University of Arizona already 

developed a sophisticated algorithm. This algorithm is extended to estimate the reliability 

of a frame and shear wall structural system. 

The assumed stressed-based FEM algorithm for a framed structure was already 

developed by other researchers (Kondoh and Atluri 1987; Shi and Atluri 1988; Haldar 

and Nee 1989; Gao 1994; Gao and Haldar 1993, 1995) and is the basis of this study. The 

basic concept is presented in the first 3 sections of this chapter. A two-dimensional plane 

stress element is added to consider the shear wall effect in a framed structure. The 

procedure is explained in Section 3.4. 

A simple frame and shear wall structural system is analyzed using die proposed 

algorithm and ABAQUS computer program to establish its accuracy. 
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3.2 Static Algorithm of 2-D Beam-Column Element 

In the deriving governing equations of a 2-D beam-column element, the following 

assumptions are made 

1. An element is initially straight and its cross section is doubly symmetric. 

2. Shear deformations and warpmg effects are negligible. 

3. The material is assumed to be linearly elastic. 

4. An element can undergo arbitrary large rigid rotation but with small axial stretch and 

relative rotation. 

These assumptions are also valid in the formulation of the dynamic algorithm. 

A 2-D beam-column element in its arbitrary position is shown in Figure 3.1, 

where X, (/=1,2) denotes the global coordinate and .V',(/=l,2) denotes the deformed local 

coordinates. The deformations and nodal forces for a beam-column element are shown in 

Figures 3.1 and 3.2. 

Assuming that the large deformation of a 2-D beam-column element subjected to 

both axial force and bending moment can be considered as the superposition of 

components vvith arbitrary large rigid rotation and small axial stretch and relative 

rotation, the total rotation angle 9 at each node of the element can be expressed as 

d = d' + d (3.1) 

where O' is the small relative rotation, and 0 is the arbitrary large rigid rotation. 
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Figure 3.1 Kinematics Relationships between Deformed Local and Global 
Displacements of a 2-D Beam-Column Element 
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Under the assumption of small relative rotation, (i.e., B' «1), the total axial deformation 

of the member, H, can be approximately shown to be 

where I is the original length of a member, i?, and % are the relative displacements of an 

element in the X\ and X2 global coordinates, respectively, that is, u,=^u,-'u, and and 

'u, are the nodal displacements of the two nodes of an element in the X, global coordinate. 

The rigid rotation, 0, can be expressed as the function of the relative nodal displacements 

as 

Referring to Figure 3.2, the element axial force /v and moment M can be shown 

to be 

(3.2) 

tan 0 = —^ 
/ + u, 

(3.3) 

(3.4) 

where n is the nodal axial force, and m\ and mi are the moments at node 1 and node 2 of 

the element, respectively. They can be expressed in matrix form as 
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(a) Nodal Forces of a 2-D Beam-Column Element 
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(b) Free Body Diagram of a Deformed 2-D Element 

Figure 3.2 Nodal Forces and the Free Body Diagram of a 2-D Beam-Column Element 
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o" = [n, mi, m, ]' (3.5) 

The nodal forces for a 2-D beam element are shown in Figure 3.2. 

The commonly used linear iterative strategy for solving nonlinear structural 

problems can be expressed as 

where K'"' AD"" F'"' are the global tangent stiffness matrix, the incremental 

displacement vector, and the external load vector of the « th iteration, respectively, and 

is the internal force vector of the (/i-l ) th iteration. It is important to formulate all the 

quantities in Equation (3.6) according to the assumed stress-based finite element method. 

Referring to Figure 3.2, the tangent stiffness matrix of a 2-D beam-column element 

can be expressed as 

(3.6) 

(3.7) 

where is the elastic property matrix and can be expressed as 
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_/_ 

EA 

0 
3£/ 6£/ 

/ / 

6El 3EI 

(3.8) 

where /I is the cross-sectional area, E is the Young's modulus, and / is the moment of 

inertia of the cross section. is the transformation matrix and can be shown to be 

•^'aUO -

-COS0 
sinO 

I 
sin0 

I 

- sin 0 

0 

cosO 
I 

-1 

cosO 
I 
0 

cosO 
sinO 

1 
sm0 

I 

sin0 

0 

COS0 
/ 
0 

COS0 
I 

I 

(3.9) 

Ajjo is the geometric stiffness matrix, which can be expressed as 

*cUO 

Ci 0 -Cl 0 

CT dy 0 "CT -d, 0 

0 0 0 0 0 0 

-Ct 0 Ci 0 

-Ci -d^ 0 Ci 0 

0 0 0 0 0 0 

where 

c ,  = n  
(5/M0)' „^^^^{-Sin0CO3 0) 

I ^ I I 

(3.10) 

(3.11) 
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c ,=n^-  (3 .12)  

(cosO) m. -m {sin 9 COS d] 
d ,=n^-  ^ 1  (3 .13)  

The internal force vector R in Equation (3.6) for a 2-D beam-column element can 

be expressed as 

^ - ~-'^'aJO^aa^a + *i/0 (3.14) 

where 

J-tan~l -
I f m,l m-,1 

I (m\l nhl\ _ 

\ /+« l  

' Q-tan' 
Ml 

/ + mJ 

(3.15) 

and 

-

-n cos 0 -
-- m-, -m 

I 
sin 6 

~ nxi -m, ~ 
-n sin 0 + cos 0 

-m 

n cos 0 + 

I 
~ nil -m 

I 
sine 

~ m-, -m, ~ 
n sin 6 = cos 9 

m-, 

(3.16) 
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Substituting Equations (3.8),(3.9),(3.10),(3.15), and (3.16) into Equations (3.7) 

and (3.14), the tangent stif&iess matrix and the internal force vector can be obtained in 

explicit form. Using the linear iterative solution algorithm of Equation (3.6), 

geometrically nonlinear problems can be solved efficiently. In this study, the modified 

Newton-Raphson method with arc-length procedure (Crisfield 1982) is used to solve 

Equation (3.6). 

3.3 Dynamic Algorithm of 2-D Beam-Column Element 

In this section, the assumed stress-based formulation for the static analysis, as 

presented in the previous section, is expanded to consider the dynamic and seismic 

loading cases. The kinematics relationships and the governing equation formulation of 

the static algorithm are used to formulate the dynamic algorithm. 

The static governing equation derived in the previous section can be modified to 

incorporate the Newton-Raphson method, one of nonlinear solving techniques, as 

' k -  (3 .17)  

where 'K is the tangent stiffness matrix of the system at time t; adC" and are the 

incremental displacement vector and the external dynamic load vector of the A: th iteration 

at time r+ /lr, respectively; and is the internal force vector of the (^-1) th iteration 

at time i+zH. For dynamic problems, this equation needs to be modified by incorporating 

information on inertia, damping and seismic force vectors (Bathe and Bolourchi 1979). The 



inertial and damping force are required to be added to the left side of Equation (3.17) and 

the seismic force vector needs to be added to the right side of the equation. Then, Equation 

(3.17) can be rewritten as 

M (3.18) 

where the first and the second term of the left hand side of Equation (3.18) designate the 

inertial and the damping force vector respectively, and the last term of the right hand side 

indicates the seismic load vector. 

In general, the dynamic equation can be solved by either mode superposition or 

direct integration method (C lough and Penzien 1993; Bathe 1982). In direct integration 

method, a step by step procedure is used to approximately satisfy the equation of motion 

during each time step. At each time step, a system of simultaneous algebraic equations is 

solved by assuming the variation of displacements, velocities and accelerations. In the 

mode superposition method, the equations of motion are decoupled and solved by 

Duhamal's integral (Clough and Penzien 1993). The superposition of the solutions of all 

modes provides the total response of the system. 

For the dynamic analysis of nonlinear structures, the mode superposition method is 

impractical. The integration method considers the nonlinear effect by using the new 

properties appropriate to the current deformed state at the beginning of each time 

increment. In this method, the velocity and displacement calculated at the end of one 

computational interval are used as the initial conditions for the next interval. There are two 
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types of formulations for the direct integration. They are the explicit formulation and the 

implicit formulation. In the explicit formulation, a fixed constant value of the acceleration 

is assumed. An arbitrary value of the acceleration is assumed in the implicit formulation. In 

this formulation, an arbitrary value of the acceleration is initially assumed and continued to 

update until the convergence is achieved. The advantage of this formulation is that it is 

unconditionally stable while the explicit formulation is only conditionally stable; that is, the 

errors are not amplified from one step to the next step. 

The major sources of error in the dynamic analysis were investigated by many 

researchers (Clough and Penzien 1993). They are spatial discretization of the finite element 

method and temporal discretization in direct integration. The first source of error can be 

reduced by using the assumed stressed-based FEM. Considering the second source of 

error, Warburton (1984) suggested that the Newmark p method with /3=l/4 is the most 

accurate method among the three unconditional stable methods, i.e. Wilson 9, Hilber-

Hughers-Taylor and Newmark /? in a linear system. Bath (1982) also recommended that the 

operator that is unconditionally stable algorithm in the linear analysis should also be 

employed for a nonlinear dynamic analysis. He suggested that the trapezoidal rule 

(Newmark p method with y3=l/4) is the best choice. Therefore, Newmark's direct 

integration method is used to solve the nonlinear dynamic governing equation. Equation 

(3.18). in this study. In the Newmark formulation, the basic integration equations for the 

velocity and displacement are expressed as 

(3.19) 
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and 

D<*'='D+'£) A/ + • A/- (3.20) 

where tj provides a linearly varying weighting between the influence of the initial and the 

final accelerations on the change of velocity at a certain time interval; ±e factor p provides 

for weighting the contributions of these initial and final accelerations to the change of 

displacements. In this study rj=\l2 and P=\IA are assumed, which implies the acceleration 

as the constant average acceleration. The damping is assumed to be proportional to the 

mass and tangent stiffness matrices of the system. That is, 

'C = a-M + r'K (3.21) 

From Equation (3.20), the acceleration of A: th iteration at time r+zircan be obtained 

as 

(3.22) 

By substituting Equation (3.22) into Equation (3.19), the velocity at time z+^Jrcan be 

derived as 
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1 - -
2-/?. 

'b+—^ nf^' -D-'b • /Si (3.23) 

The displacement and dynamic force of A: th iteration are assumed to be the 

summations of those values at k-1 th iteration and the increments at time t+/St. They are 

t^Jl Q(kj _l*JiQ(k-\) 

and 

(3.24) 

(3.25) 

Substituting Equations (3.21) through (3.23) into Equation (3.18), and manipulating 

and assembling similar terms together, and using Equations (3.24) and (3.25), the dynamic 

governing equation for the nonlinear analysis can be derived as 

where 

(k-\) ,i*Ji AC (k) 

(3.26) 

(3.27) 

and ADf" is the increment of the relative displacement vector; 'K^ is the dynamic 

tangent stiffness matrix and can be expressed as 

'K^=A-M+f2-'K (3.28) 
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where and are the modified external force and its incremental vector, 

respectively. The modified external force vector can be shown to be 

1+^p-Jk-Dji-itpik-\)^i-i-^p(k-\) t+^ii^k-l) (3.29) 

and is the internal force vector as shown in Equation (3.14). 

The term in Equation (3.29) is the modified force vector contributed by the 

displacement, velocity and acceleration at time t and displacement at time and can be 

written as: 

The incremental external force term in Equation (3.27) can be derived as 

(3.31) 

The coefficientsyj's in Equations (3.28) and (3.30) are derived as constants in terms 

of ri,p, a ^ • They are 
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and 

f i  n r  
- 2/9 -Y 

•At 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 

Equation (3.26) now can be solved by the modified Newton-Raphson method. 

Once the displacements are obtained, the member forces can be calculated accordingly. 

3.4 Consideration of Shear Wall Effect 

In this study, a 4 nodes plane stress element is used to incorporate the effect of 

shear walls into a firamed structure. The behavior of the element is assumed to be linear 

elastic in this study. To obtain an explicit form of a stiffhess matrix of the element, the 

shape of a shear wall is restricted to be rectangular. To bring the shear wall stiffhess into 

the framed structure, the components of the shear wall stiffiiess are added to the 

corresponding frame stiffness components. 
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In the formulation of arbitrary shaped 2-D elements, numerical integration is 

generally required to obtain a stiffness matrix. However, the features of the reliability 

analysis prefer the explicit expression of a stiffness matrix since the reliability analysis 

uses the information on the stiffness and its derivative. By limiting an element shape to 

be rectangular, the explicit form of a stiffness matrix for the reliability analysis can be 

developed. The numerical integration involved in an ordinary formulation can be avoided 

and the efficiency of analyses is increased. The explicit form of a stiffhess matrix can be 

obtained as 

where / is the thickness of an element and A is the ratio of b and a; the dimensions of the 

p l a t e ,  i . e . ,  A  =  h / a .  

(3.39) 

2a 

2b 

2 
Figure 3.3 Element Shape 
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where E c  is the modulus of elasticity and vis Poisson's ratio of shear walls. 

Since the formulation of a frame adopts the geometrically nonlinear behavior, the 

nonlinear formulation of 2-D elements of shear walls might be desirable. However, 

considering the shape and behavior, the geometrical nonlinearity of shear walls may not 

be significant. Moreover, since the nonlinear formulation requires the reformulation of 

the stiffness matrix whenever the change in the wall geometry occurs, it would seriously 

decrease the efficiency of the reliability analysis. Therefore, the geometrically linear 

behavior of shear walls is assumed in this study. The error associated with this 

assumption will be discussed later. 
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Considering materials, design and construction methods, several types of shear 

walls are used in practice. Among them, the reinforced concrete shear wall is the most 

common type and is considered in this study. 

One of the most important features of reinforced concrete (RC) members is the 

presence or generation of cracks in them. Because the tensile strength of concrete is 

extremely small compared to its compressive strength, cracking usually occurs in the 

beginning of the loading sequence. The behavior of a RC member before cracking is 

significantly different from the behavior after cracking, as in the case of a RC shear wall. 

In terms of structural analyses, the behavior of a RC shear wall before and after cracking 

can be effectively reflected by considering the degradation of the shear wall stiffness. 

There has been extensive research on cracking in RC panels (Gupta and Akbar 1983; 

Liauw and Kwan 1985; Vecchio 1989; Inoue, Yang and Shibata 1997; Lefas, Kotsovos 

and Ambraseys 1990). It was observed that the degradation of the stiffness of shear walls 

occurs after cracking and it could be considered by reducing the modulus of elasticity of 

shear walls. The typical behavior of a shear wall under the horizontal loading is shown in 

Figure 3.4. Based on the experimental research done by Lefas et al. (1990), the 

degradation of the stiffness after cracking in terms of the global behavior of a shear wall 

was observed to vary from 40% to 70% of the original stiffhess depending on the amount 

of reinforcements and the intensity of axial loads. 

In this study, the behavior of a shear wall after cracking is considered by 

introducing the degradation of the shear wall stiffness based on the observations made by 

Lafas et al. The shear wall is assumed to develop cracks when the tensile stress in 
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concrete exceeds the allowable value. The allowable tensile strength of concrete, 

according to the ACI code, is: 

/r = 7i-x/Z (3.44) 

where /. is the allowable tensile strength and fc is the design compressive strength of 

concrete. 

U 

Horizontal Displacement 

Initiation of Flexurai 
Crackine 

Initiation of Inclined 
Cracking 

Tension Reinforcement 
Yielding 

Figure 3.4 Typical Behavior of Shear Wall before and after Cracking 

When the stress in shear walls exceeds the allowable tensile strength. Equation (3.44), the 

degradation of the stiffness is introduced by reducing the modulus of elasticity of shear 

walls. To consider the presence of shear walls, a simple method is used in this study to 
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initiate further research. Other sophisticated approach is not used intentionally. Once a 

basic SFEM algorithm is developed for a frame and shear wall combined system, other 

sophisticated methods to consider the presence of shear walls can be attempted. 

Once the explicit form of the stiffness matrix of shear walls is obtained, the 

stiffness matrix can then be incorporated into the static and the dynamic nonlinear 

analysis algorithm of a frame. The procedures are explained using the equations derived 

in Sections 3.2 and 3.3. 

From Equation (3.6), the static governing equation for a frame can be expressed 

as 

where and F^'" are a tangent stiffness matrix of a frame, an incremental 

displacement vector and an external load vector at the ^ th iteration, respectively; and 

is the internal force vector of a frame at the {k-l) th iteration. The consideration of 

the shear wall effect can be incorporated by adding the shear wall stiffness to the frame 

stiffness as well as the internal force of shear walls to the frame internal force. Then, 

Equation (3.45) can be modified as 

(3.45) 

(3.46) 
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where Ksh represents the shear wall stiffness and term indicates the internal 

force vector of shear walls. 

For the dynamic case, the stiffness and mass of shear walls needs to be 

considered. The mass of shear walls can be treated as the mass of self-weights, such as 

slabs and frames, and it turns out to be relatively minimal. By modifying Equation (3.26), 

the stiffness and the internal force of the shear walls can be incorporated. The 

modifications can be done on the stiffness term 'K^ and the internal force term 

with the same procedure in the static case. This modification can be achieved in the 

programming stage. 

With the procedures presented in this section, the algorithm of the static and 

dynamic analysis for a frame and shear wall sU^cture is developed. Prior to employing 

the algorithm for the reliability analysis, the verification of the developed algorithm is 

necessary, and this verification is performed in the next section. 

3.5 Verifications of Developed Algorithm (Shdyn) 

The proposed algorithm needs verification at this stage. The verification is carried 

out in the following sections, for both the static and the dynamic loadings, separately. 

3.5.1 Description of the Combined System 

A two-story two-bay fi^e structure with shear walls in each floor is considered 

as shown in Figure 3.5. WI6x36 and W14x30 sections are used for beams and columns, 

respectively. The frame is assumed to be a part of a building consisting of a total of 5 
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similar frames. The frames are connected to each other by rigid diaphragms at the floor 

levels. Only the center firame of the building is assumed to have shear walls. Although, 

the physical thickness of the shear wall is considered to be 5 inches, considering the 

presence of 5 similar firames and rigid behavior of diaphragms, the effective thickness per 

frame is considered to be 1 inch in this study. The compressive stength of concrete in 

shear walls is assumed to be 3000 psi and the Poisson's ratio is 0.17. All of the material 

properties in this example are given in Table 3.1. 

a  
f— > c  

15 H 

J  r  

15 ft 

^—10 ft —'0 ft >|. 20 ft 

QQ 

J 
Figure 3.5 Numerical Model 
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Table 3.1 Material Properties 

FRAME 

Member Area (in^) I (in') Size of Section 

Beam 10.6 448 W I6x 36 

Column 8.85 291 W 14x30 

SHEAR WALLS 

fc (psi) Ec (ksi) V Reference 

3000 3100 0.17 

3.5.2 Static Loading 

To verify the proposed algorithm (Shdyn), the frame shown in Figure 3.5 is first 

subjected to static loadings. Three types of static loads are applied. They are dead load, 

live load and horizontal load applied statically to represent wind or seismic loads. The 

pattern of loading is shown in Figure 3.6 and the intensities of loads are given in Table 

3.2 
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Figure 3.6 Loading Pattern (Static) 

Table 3.2 Intensities of Loads 

Dead Load D {k/ft) Live Load L {k/ft) Horizontal Load W (Jdp) 

3.15 l.l 76.9 

For the loads given in Table 3.2, the structural responses (displacements and 

member forces) are evaluated at each node. For the verification purpose, the lateral 

displacements at point a and d (shown in Figure 3.5) are evaluated using the proposed 

algorithm and ABAQUS computer program. The results are summarized in Table 3.3. 
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Table 3.3 Comparison of Displacements 

Nodes Shdyn ABAQUS Difference (%) 

Node a Horizontal (in) 0.32090 0.3220 0.3 Node a 

Vertical (in) -0.03510 -0.0351 «0 

Node a 

Rotation (rad) 0.00099 -0.00099 ^0 

Node d Horizontal (in) 0.16336 0.1638 0.27 Node d 

Vertical (in) -0.02304 -0.02304 «0 

Node d 

Rotation (rad) 0.00096 -0.00096 ^0 

Member forces are also evaluated for the verification purpose. Member forces at 

Node b and c (shown in Figure 3.5) are evaluated using the two computer programs. The 

results are summarized in Table 3.4. 

Table 3.4 Comparison of Member Forces 

Members Shdyn ABAQUS Difference (%) 

Beam 

(Node b) 

Axial Force (kip) -11.732 -11.9 1.412 Beam 

(Node b) 
/• node moment (k-ft) -135.75 -136.83 0.789 

Beam 

(Node b) 

j node moment (k-ft) 61.76 61.67 0.146 

Column 

(Node c) 

Axial Force (kip) -41.047 -41.235 0.456 Column 

(Node c) 
i node moment (k-ft) 80.44 80.73 0.359 

Column 

(Node c) 

j node moment (k-ft) -97.18 -97.5 0.328 
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Results shown in Tables 3.3 and 3.4 clearly indicate that the proposed algorithm 

is accurate in predicting lateral displacements and member forces. The numerical 

procedures used in Shdyn and ABAQUS are different, but the structural responses 

obtained by the two programs are very similar. It can be concluded that the proposed 

algorithm is verified. This verified deterministic FEM algorithm is extended to consider 

the presence of uncertainty in Chapter 4. 

3.5.3 Dynamic Loading 

To verify the algorithm for dynamic loading, the same frame shown in Figure 3.5 

is considered. Using ABAQUS computer program, the fundamental period of the frame is 

found to be 0.38 seconds. The frame is excited for 5.12 seconds with the El Centro 

Earthquake(N-Scomponent)of 1940, as shown in Figure 3.8. The dominant frequency 

q=3.0 Ibm q=3.0 Ib/fl 

q=3.0 Ib/fl q=3.0 Ibm 
i i i i i i i i i m i i  i i i i n i i i i i i i i i i n n  

^(N-S Direction) 

Figure 3.7 Loading Pattern (Dynamic) 
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Figure 3.8 El Centre Earthquake Time History for 5.12 Seconds (N-S) 

of El Centro Earthquake is 0.2 seconds (Seed and Idriss 1982). The horizontal 

acceleration responses at Node a (Figure 3.5) are evaluated using the proposed algorithm 

and ABAQUS. To evaluate the maximum differences in responses by the two methods, 

the damping value is assumed to be zero. The time history of the responses are shown in 

Figure 3.9. 
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• » • Shdyn 

^ Q 4  
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Figure 3.9 Time History Diagram at Node a (Time versus Displacements) 

From Figure 3.9, it can be observed that the two time histories match very well. 

The maximum displacements occurring at 2.96 second are 0.979 inch from Shdyn and 

1.001 inch from ABAQUS, showing a 2.2% difference when no damping is considered. 

Even though these two diagrams slightly deviate as time progresses, the patterns are 

generally well matched. Furthermore, the difference at peak displacements is very small. 

Therefore, the deterministic algorithm for a frame and shear wall structural system can be 

considered verified for dynamic loading also. This verified algorithm is extended in 

Chapter 5 to evaluate reliability of dynamic systems. 
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CHAPTER 4 

STATIC RELIABILITY ANALYSIS USING 

RELIABILITY APPROACH 

4.1 Introduction 

The reliability approach is known to be one of the most robust SFEM approaches 

in the literatures (Haldar and Mahadevan 1989; Gao 1994; Haldar and Mahadevan 2000a, 

2000b). The approach is very efficient compared to simulation techniques (such as Monte 

Carlo simulation) since the stochastic quantities involved in random variables are carried 

in every calculation step of the finite element method (FEM) algorithm. Furthermore, It 

provides accurate results for most structural problems and can consider the information 

on distributions of design variables. The reliability approach is employed here for the 

static reliability analysis of structural systems consisting of frame and shear walls. 

The basic concept of SFEM, discussed in Section 2.3.2, needs to be implemented 

for the frame and shear wall structural system. The basic reliability-based algorithm is 

developed in Sections 4.2 and 4.3 for both the strength and serviceability performance 

functions. Consideration of uncertainties in shear walls is presented in Section 4.4. The 

reliability of combined system is evaluated in Section 4.5. The algorithm is then verified 

using the Monte Carlo simulation method. 
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4.2 Performance functions and Partial Differentials 

Prior to the evaluation of the probability of failure, the safety index should be 

estimated using Equations (2.22) through (2.28). To calculate the safety index, the 

gradient of the performance function. Equation (2.26), should be obtained and each 

partial derivatives and Jacobians in the equation are needed to be defined in terms of 

random variables, x, u, s . The derivation of the partial derivatives in Equation (2.26) 

starts with defining the performance functions or limit state functions. 

The risk needs to be estimated corresponding to a performance fianction or limit 

state function. Commonly used limit state functions can be broadly devided into two 

groups; the serviceability and strength limit states. Each limit state needs to be considered 

separately since a structure can fail due to excessive lateral or interstory deflection,or due 

to failure of several components in strength forming a local or global mechanism. 

4.2.1 Partial Derivatives for Strength Performance Functions 

Many members in a framed structure are subject to both bending and axial load. 

According to the American Institute of Steel Construction's (AISC's) Load and 

Resistance Factor Design (LRFD) design guidelines, the following interaction equations 

should be checked to satisfy the strength requirements for 2-D members. 

(4.1) 

and 
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-^ + -^^<1.0 ; if -^<02 (4.2) 

where ^ and are the resistance factor; is the required tensile and compresssive 

strength; P„ is the nominal tensile and compressive strength; Mux is the required flexural 

strength; and is the nonminal flexural strength. 

For reliability evaluation, the strength performance criteria can be defined using 

the strength requirements, Equations (4.1) and (4.2), and they are 

P„ 9  V  ;  
if > 0.2 

<t>pn 
(4.3) 

and 

gf;v.w.5; = i.o-| + 
\2P., 

if < 0.2 
^pn 

(4.4) 

where and/V/„ in Equations (4.3) and (4.4) are unfactored load effects. The load 

factors and the resistance factors are not involved in Equations (4.3) and (4.4) since they 

are introduced in the code to incorporate the concept of risk-based analysis and design. 

From Equations (4.3) and (4.4), the partial derivatives in Equation (2.26), 

— .  — ,  a n d  — can be derived. Neither g ftmction contains any explicit displacement 
3c cU 

component, therefore, — = 0 for both Equations (4.3) and (4.4). In order to derive 
A ^ 

the basic random variables need to be defined. The Young's modulus E, area A, yield 
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stress Fy, plastic modulus Zx and the moment of inertia of a cross section I along with the 

external force F are considered to be basic random variables. Therefore, the following 

expression can be obtained 

cx 
^ ^ ^ 
cE d4 cFy 

(4.5) 

From the AISC's LRFD manual (1994), one obtains 

P„ = A- (compression) or P„ = A-(tension) (4.6) 

and 

m^,=z,.f, (4.7) 

where 

F,, = |o.658''' J • F, : when < 1^ 

f.. = ̂ 0.877^ 

A; 
• F,, ; when > 1.5 

(4.8) 

(4.9) 

and 
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where A is the gross area of a member (in*); Fy is the specified yield stress (ksi); E is the 

modulus of elasticity (ksi); k is the effective length factor; / is the unbraced length of a 

member (inch) and r is the govering radius of gyration about the plane of buckling (inch). 

Substituting Equations (4.6) through (4.10) into Equations (4.3) and (4.4), 

respectively, and taking partial derivatives with respect to the basic random variables using 

the chain rule, each term of Eqation (4.5) can be evaluated as follows. 

For compression members 

When — > 02, and if ^ li 

(l + 4ln0.658) 
A • P„ 

^  =  -  - I n  0 . 6 5 8  
cf P„l 

9 ;V/^ -Z j 

and 

cF,. P„F„ 
•o.ess-^' (i+Avino.ess) 

8 

*9 m^.f^ 



When — > 02, and if 
<t>pn 

^ - pu 
cE P„E 

^ pu 
a p„-i 

^ ^ 8 
9 M n x - Z ^  

and 

8 

cF, 9 

When — < 02, and if < I j 

(-4 In 0.658) 

a4 2-AP, 
( 1  +  4 - I n  0 . 6 5 8 )  

^ _ pu 
a 1-P„-I 

•(-4 In 0.658) 

eg A/, 

; V / „ - Z  

and 

^ pu 
cF, 2P„-F, 

•0.658'^' (1 + 4 In 0-658) 
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When — < 02 , and if > li 
i>pn 

^ _ pu 
cE 2-P„-E 

^ = 0 
da 

^ 
r 7  2 P „ - /  

tvc ' 

and 

cF M • F C I  y "" nx ' > 

For tension members 

When > 02. 
<l>pn 

i^ = 0 
cE 

^ ̂  pu 
A-P„ 

cl 

_ ^ _ 8  mux 
9 

and 
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8 
9 

When — < 02 , 
<PPn 

^ = 0 
cE 

^  ̂ Pu 

^A 1A-P„ 

^ = 0 

<% _ 

and 

Pu . 
- + -

(fF ^ P F M -F '•' \ — ' n ' V ' ' III ' y 

— can be derived by taking the partial derivatives with respect to Pu and Mu as 
ci 

££ 
A 

_£L (4.11) 

When — > 02 . 
< p̂n 
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When — < 02, 
<ppn 

J ^  =  - _ L a n d - A - . _ _ L  
SP, 2P„ cM, M„ 

4.2.2 Partial Derivatives for Serviceability Performance Functions 

For the serviceability criterion, the following limit state function is used: 

where S is the calculated displacement component and is the allowable maximum 

value of the displacement component, which is generally given in the design codes. From 

Eqation (4.12), one obtains 

g(.V,H,.«) = 1.0-
S (4.12) 

ac cs 
(4.13) 

and 

cu \e6 
(4.14) 

. 1 
where — = 

The following seviceability design criteria for the allowable maximum 

displacement, J,, are commonly used: 
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1. Vertical deflection at the midspan of the beam under live load should be less than or 

equal to — of the span of the beam. In this case, = — 5 and 
^ 360 ^ 360 

2. Side-sway at the top of the frame should be less than or equal to ^ of the height of 

the frame. In this case, = — 
hm" 4QQ 

3. Inter-story drift should be less than or equal to 0.025/iix, where hsx is the story height 

(feet or m) below Level x. 

4.3 Evaluation of Jacobians and Adjoint Variable Method 

The partial derivatives in Equation (2.26) are derived in the previous section. The 

derivation of those derivatives are comparatively simple since g(x,u,s) is an explicit 

function of x,M,and s. However, some of Jacobians are not simple to derive due to its 

implicit relation to random variables. 

As discussed previously, the four Jacobians in Equation (2.26) need to be 

computed. Jy,x and its inverse are easy to compute due to the triangular nature of the 

transformation. Js,x can be shown to be /j.jc=0 since s is not an explicit function of the 

basic random variable jc. However, the Jacobians of the transformation Js,d and Jd.x are 

not easy to compute since s, D, and JC are implicit functions of each other. Therefore, the 

adjoint variable method (Arora and Haug 1979; Ryu et al. 1985) is introduced to compute 

the product of the second term, which involves the Jacobians Js.d and Jd.x . in Equation 

(2.26) directly. 

An adjoint vector A can be incorporated such that 



A ' A -  =  e ^  +  ̂ y , o  
A ai 
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(4.15) 

To implement the adjoint variable method, the adjoint vector X needs to be evaluated at 

this stage. It depends on the performance functions being considered. 

For the case of the serviceability performance criterion, ^ = o,~ = 
^ a 

^,0 
d S  

and 

I 
— = according to Equations (4.13) and (4.14). The Jacobian J^d in this case does 

s\,m„ 

not need to be evaluated since the last term of Equation (4.15) becomes 0 due to — = o. In 

Equation (4.15), all the parameters except X are known and can be easily evaluated. 

For the strength performance criteria represented in Equations (4.3) and (4.4), 

— = 0, and — is already derived in Equation (4.11); However, Jsd needs to be evaluated 
cu ^ 

to estimate X. Normally, when the strength performance functions are considered, the 

internal force vector <t is the only contribution to the load effect s and can be expressed as 

s = A-a, where A is the ttansformation matrix with constant elements. Thus, one can obtain 

j ^ ^ = ^  =  A . ^  =  A \ ^ , O \  ( 4 . 1 6 )  
cD cD cH 

where d is the nodal displacement vector in the global coordinate for the element and can 

be expressed as 
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rf = {'M, 'M. '0 -M, -0j (4.17) 

From the knowledge of Chaper 3, the increment of the internal nodal force-do-can be 

expressed in terms of zlD as 

- A-2,{A^^-SD~R„) (4.18) 

As stated earlier, the iteration strategy is used for nonlinear problems. Therefore, once the 

algorithm converges, <do-and ad in Equation (4.18) become zero and Equaiton (4.18) 

becomes r„=0. Thus, the relationship between trand</can be shown to be 

cr = 

n 

/n, 

nu 

£ 

i 

AH 

-2/(2 ^9'+-e' 

2/( '0* +2 -9') 

(4.19) 

where "d'{a=\,2) are the small relative rotations defined in Section 3.2. Using Equation 

(4.19), the derivative of the internal force with respect to the displacements can be 

expressed as 

rcr 

d d  

3i dn^ 

c d  c d  

3n2 
id 

(4.20) 
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where 

±. 0 S. ol (421) 
c>d I \ L L L L \ ^ ' 

_ 2  _ , ]  

/ I L- L- L- \ ^ 

^ = ^ -3(/+"i) J 

dd I \ L- L- L- L- ' ^ ^ 

where L is the deformed length and can be calculated as I = ^(/ + ii,)* +("2)" • 

All other parameters are defined in Chapter 3. 

Thus, all the parameters except X in Equation (4.15) are known for the strength 

performance criteria and X can be evaluated from Equation (4.15). 

Introducing the adjoint vector X and examining the relationship between the 

second term of the gradient of limit state function. Equation (2.26), and the right hand 

side of the governing equation. Equation (3.6), the following equation can be obtained 

(Gao 1994). 

(4.24) 

The X evaluated from the serviceability and strength performance criteria can then 

be associated with the FEM algorithm by substiting X into the last part of Equation 
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(4.24). As a result, the second part of Equation (4.24) becomes to be known quantities 

which are required to evaluate the gradient of the performance fimctions in Equation 

<5F 
(2.26). In Equation (4.24), — is easy to obtained since the explicit dependence of Fon 

3c 

the basic random variables is known, assuming the external load is not affected by the 

structural response, and —— can be derived by modifying Equation (3.14) as 
oc 

r = '^'ouoract + (4-25) 

where R .^a ~ can be expressed as 

lah 
n - -

^aa - m, (4.26) 

Since A'g^Q and Rjo are not functions of the basic random variables, the derivative of R 

with respect to jc can be expressed as 

^ ^aa 
^ ~ ~'^oc/0 , 
 ̂n.a  ̂

(4.27) 
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where /l^ois defined in Equation (3.9) ,and can be expressed for elastic nonlinear 
3c 

beam-column case as 

^ac 
<3f 

<^ac-
ce 31 ^ 

(4.28) 

where 

Act 

ce 

2/(2' 6' +- e') -2/(' d' +2- 9') 

~T 1 'i 
(4.29) 

aa 
da 

eh 
0 0 (4.30) 

and 

^ = { 0  (4.31) 

4.4 Consideration of Shear Wall Effect in the Reliability Approach 

The basic SFEM algorithm for frame structures for both the strength and 

serviceability performance functions are presented in the previous sections. This 

algorithm is extended in this section to consider the presence of uncertainty in the shear 

walls. Two additional random variables to consider the presence of shear wails are Ec and 

v. 

The partial derivatives with respect to the random variables related to shear walls 

{Ec,v) are zero since the strength and serviceability performance functions are not a 
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function of these random variables. Therefore, the modification of the partial derivatives 

is not necessary. 

For the derivation of the Jacobians, once the adjoint vector A is evaluated from 

Equation (4.15) for both the strength and serviceability limit states using the combined 

stiffness (frame and shear walls), the evaluation of the gradient of the performance 

function can be achieved using the relationship in Equation (4.24). The consideration of 

the shear wall effect can be made in this stage. In Equation (4.24), A is used for 

evaluating the second part of Equation (4.24). In the last part of Equation (4.24), F will 

remain the same. However, the derivatives of internal forces, in Equation (4.24), 

with respect to Ec and vneed to be evaluated. They can be derived as 

ck. xh I (4.32) 
I ,  c v  

where £,. and vare the modulus of elasticity and Poisson's ratio for shear walls, 

respectively and each derivative of Equation (4.32) can be shown to be 

= t\— e a^ — e b + — c^ ec\ (4.33) 
£, [4/1 \2X 12 

and 

^  =  ea  — a ^ e \ a + b ^ e \ b + ^  c ^ e \ c  |. (4.34) 
'  \ 2X  12 I 
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where 

e = 
1 - V -

1 V 
V 1 

0 0 

0 
l - v  

Iv \ + \r 

( \ - V ) -  ( \ - v - ) -

2v  1  + V "  

0 

0 

1 
2( \  +  v ) -

(4.35) 

(4.36) 

All the matrices and parameters in Equations (4.33) and (4.34) are defined in Section 3.4. 

The gradient of a limit state function is now avariable in the explicit form for a 

frame and shear wall structural system. Therefore, the probability of failure can be 

evaluated by performing the FORM analysis presented in Section 2.3.2. 
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4.5 Numerical Examples 

To investigate the effect of shear walls, both a frame without shear walls and a 

frame with shear walls are studied in this section. All loads are applied statically. The 

results obtained using the proposed algorithm are compared with the results of Monte 

Carlo simulation for the verification purpose. 

4.5.1 Reliability Analysis of the Frame without Shear Walls 

A two-story two-bay frame shown in Figure 4.1 is considered first. The frame is 

designed according to the AISC's LRFD design guideline. A36 steel is used. The 

statistical characteristics of cross sectional and material properties are given in Table 4.1. 
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Figure 4.1. A Frame without Shear Walls 
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Table 4.1 Basic Random Variables of a Frame 

Parts Variables Nominal 
Value 

Mean/Nominal c.o.v Distribution Comment 

Frame £(ksi) 29,000 1.0 0.06 Log-normal • 

^'(in') 25.3 1.0 0.05 Log-normal Beam 

/•(in') 1530.0 1.0 0.05 Log-normal W18x86 

Z/ (in^) 186.0 1.0 0.05 Log-normal ly=175 in** 

^'(in') 17.9 1.0 0.05 Log-normal Column 

fisn') 640.0 1.0 0.05 Log-normal W14x61 

Z/(in') 102.0 1.0 0.05 Log-normal Iy=107 in"* 

Fv(ksi) 36.0 1.05 0.1 Log-normal -

* 6=Beam, c=Column 

The frame is subjected to three static loads, i.e., dead , live and horizontal loads. 

The statistical properties of these loads are given in Table 4.2 

Table 4.2 Basic Random Variables of Loads 

R.V. Variables Nominal 
Value 

Mean/Noninal C.O.V Distribution 

Loads D ( k / f t )  2.4 1.05 0.1 Log-normal Loads 

L ( k / f t )  1.7 1.0 0.25 Type I 

Loads 

H (kip) 8.6 0.78 0.37 Type I 

For the strength limit state, the most critical beam and column are checked 

according to the performance functions, Equations (4.3) and (4.4). For the serviceability 

limit state, the horizontal drift of the top floor and the vertical deflection of the beam at 

the mid span are checked. The allowable horizontal drift at the top floor is considered not 

to exceed /z/400, where h is the height of the frame. Thus, is equal to 0.72 inch in 
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this example. Similarly, the allowable vertical deflection in the midspan of the beam is 

considered to be //360 under the unfactored live load as suggested in the AISC's LRFD 

code, where / is the span length of the beam. In this case, is considered to be 1 

inch. 

Considering all the random variables given in Tables 4.1 and 4.2, the reliability of 

a beam (node b) and a column (node d), shown in Figure 4.1, are evaluated for the 

strength limit states. The results are summarized in Tables 4.3 and 4.4, respectively. 

Using the Monte Carlo simulation technique of 10,000 simulations, the corresponding 

probabilities of failure are also evaluated. They are also shown in Tables 4.3 and 4.4. The 

reliability indexes obtained by the proposed method and Monte Carlo simulation are 

almost identical, implying the proposed algorithm is very accurate for the strength limit 

states. The reliability indexes for the strength limit states for the beam and column are 

found to be 2.792 and 2.807, respectively. They are very similar, implying that they 

reflect the basic concept of AISC's LRFD design code. 

The serviceability limit states are considered next. The probabilities of failure of 

the frame due to horizontal deflection at Node a and the vertical deflection at Node c, 

shown in Figure 4.1, are calculated using the proposed algorithm. The results are 

summarized in Tables 4.5 and 4.6, respectively. The corresponding probabilities of 

failure are also evaluated using the Monte Carlo simulation technique, as given in Tables 

4.5 and 4.6. 100,000 simulations are performed in this case. The reliability indexes for 

the serviceability limit states are also very similar, implying the proposed algorithm is 

very accurate for the serviceability limit states also. 
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Table 4.3 Strength Limit State without Shear Walls (Beam, Node b). Load: D+L+W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.27246 29000 27657.4 

a ' (in-) -0.01570 25.3 25.21 

(in^) -0.21391 1530.0 1483.16 

Z/ (in') -0.27515 186.0 178.77 

A' (in-) 0.00593 17.9 17.89 

-0.02368 640.0 637.09 

ZfOn') 0.0 102.0 101.87 

Fy (ksi) -0.56175 37.8 32.16 

D (k/in) 0.23180 0.21 0.223 

L (k/in) 0.65781 0.142 0.220 

W (kip) -0.03818 6.7 6.057 

Performance 0.3528 -0.000647 

Function 

Reliability 

Index 

Monte Cairo 

Simulation 

2.792 (0.0026) 

2.590 (0.0048) 

() indicates the probability of failure. 

Number of lterations=5 
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Table 4.4 Strength Limit State without Shear Walls (Column, Node d). Load: D+L+W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.30628 29000 27493.6 

-0.00513 25.3 25.29 

/"(in') -0.08548 1530.0 1509.88 

Z/(in') 0.0 186.0 185.77 

^'(in') -0.04131 17.9 17.77 

-0.15932 640.0 625.07 

Z/(in') -0.23529 102.0 98.56 

Fy (ksi) -0.50164 37.8 32.68 

D (k/in) 0.23699 0.21 0.223 

L (k/in) 0.70749 0.142 0.229 

W (kip) 0.08982 6.7 6.884 

Performance 0.3389 -0.000507 

Function 

Reliability 

Index 

Monte Cairo 

Simulation 

2.807 (0.0025) 

2.590 (0.0048) 

() indicates the probability of failure. 

Number of Iterations=6 
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Table 4.5 Serviceability Limit State without Shear Walls (Drift, Node a), Load; D+L+W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.00198 29000 28932.4 

-0.00005 25.3 25.27 

-0.00064 1530.0 1527.87 

Zj ' ixn')  - - -

0.0 17.9 17.87 

ran')  -0.00096 640.0 639.06 

Z/(in') - - -

Fy (ksi)  - - -

D (k/in) 0.00755 0.21 0.210 

L (k/in) 0.01170 0.142 0.138 

W (kip) 0.99990 6.7 30.20 

Performance 0.7631 0.002653 

Function 

Reliability 4.522 (3.043E-06) 

Index 

Monte Cairo 4.275 (0.00001) 

Simulation 

() indicates the probability of failure. 

Number of lterations=100 
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Table 4.6 Serviceability Limit State without Shear Wails (Deflection, Node c), Load: L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.00198 29000 29251.8 

(in") -0.00005 25.3 25.27 

/ (in^) -0.00064 1530.0 1535.96 

Z/ (in') - - -

A' (in-) 0.0 17.9 17.90 

f (m')  -0.00096 640.0 643.12 

Z/( in ')  - - -

Fyiksi)  - - -

D (k/in) - - -

L (k/in) 0.01170 0.142 0.607 

W (kip) - - -

Performance 0.7638 0.002653 

Function 

Reliability 5.434 (2.622E-08) 

Index 

Monte Cairo «(0.0) 

Simulation 

() indicates the probability of failure. 

Number of Iterations=7 
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4.5.2 Reliability Analysis of the Frame with Shear Walls 

The frame shown in Figure 4.1 is reinforced with shear walls as shown in Figure 

4.2. The statistical properties of Ec and v for the shear walls are given in Table 4.7. As 

before, the building is assumed to contain 5 similar frames connected to each other by 

rigid diaphragms at the floor levels. The combined system is again subjected to three 

static loads identified in Table 4.2. The behavior of reinforced concrete shear walls 

before cracking is expected to be different from the behavior after cracking. This 

difference is considered by degrading the shear wall stiffness as explained in Section 3.4. 

After the tensile stress of each shear wall exceeds the allowable tensile stress of concrete, 

the degradation of the shear wall stiffiiess is assumed to be reduced to 40 % of the 

original stiffness. 

D+L D+L 
H ^ 

0.65 H 

a 

D+L D+L 

ss 

d K 

12 ft 

12 ft 

l< >l<- 30 ft 

ss 

J 
Figure 4.2. A Frame with Shear Walls 
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Table 4.7 Basic Random Variables of Shear Walls 

Parts Variables Nominal 
Value 

Mean/Noninal c.o.v Distribution Comment 

Wall Ec (ksi) 3100.0 1.0 0.18 Log-normal fc'=3000 

(psi) 

Wall 

V 0.17 1.0 0.10 Log-normal 

fc'=3000 

(psi) 

The probability of failure of the combined system is calculated using the proposed 

algorithm. For the strength limit state, the probability of failure of a column, represented 

by Node d in Figure 4.2, is estimated. The results are summarized in Table 4.8. For the 

serviceability limit state, the horizontal deflection at the top of the combined system 

(point a in Figure 4.2) is evaluated. The results are summarized in Table 4.9. 

Again, the Monte Carlo simulation technique is used to verify the algorithm. 

10.000 simulations are used for the sttength limit state and 100,000 simulations are used 

for the serviceability limit state. For both the strength and serviceability limit states, the 

reliability indexes estimated by the proposed algorithm and the Monte Carlo simulation 

technique are almost identical. The results clearly indicates that the proposed algorithm is 

accurate in estimating the probability of failure of a combined system consisting of frame 

and shear walls under static loading. 
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Table 4.8 Strength Limit State with Shear Walls (Column, Node d). Load: D+L+W 

V ariables Sensitivity Index Initial Point Final Point 

£(ksi) -0.29702 29000 27417.2 

0.00502 25.3 25.29 

/(in-*) -0.08605 1530.0 1508.17 

Z/(in') 0.0 186.0 185.77 

^^(in-) -0.03732 17.9 17.78 

f (in^) -0.15496 640.0 624.27 

Z/(in') -0.22941 102.0 98.37 

F^.(ksi) -0.49005 37.8 32.40 

Ec (ksi) 0.00057 3100.0 3051.92 

V 0.00006 0.17 0.169 

D (k/in) 0.22529 0.21 0.224 

L (k/in) 0.72787 0.142 0.245 

W (kip) 0.07486 6.7 6.826 

Performance 0.3682 -0.000502 

Function 

Reliability 3.051 (0.00114) 

Index 

Monte Cairo 2.760 (0,0029) 

Simulation 

() indicates the probability of failure. 

Number of Iterations=6 
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Table 4.9 Serviceability Limit State with Shear Walls (Drift, Node a). Load: D+L+W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.03482 29000 29417.3 

^''(in-) -0.00176 25.3 25.29 

/(in') -0.01047 1530.0 1534.27 

Z/(in') - - -

/l^(in-) -0.00151 17.9 17.89 

-0.01528 640.0 642.98 

Z/(in') - - -

Fv(ksi) - - -

Ec (ksi) -0.06934 3100.0 2773.17 

y -0.01021 0.17 0.170 

D (k/in) -0.00315 0.21 0.209 

L (k/in) -0.00486 0.142 0.137 

W (kip) 0.99674 6.7 68.41 

Performance 0.9005 0.000732 

Function 

Reliability 7.708 («0.0) 

Index 

Monte Cairo oc (0.0) 

Simulation 

() indicates the probability of failure. 

Number of Iterations=6 
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4.5.3 Observations 

For the reliability analysis of the frame without shear walls, the reliability indexes 

for the beams and columns are similar, satisfying the intent of the AISC's LRPD code. 

The results obtained by the proposed algorithm and Monte Cairo Simularion are similar 

indicating that the proposed algorithm is accurate. 

For the reliability analysis of the frame with shear walls, the results of Monte 

Cairo Simularion are also similar to the results obtained by the proposed algorithm. The 

reliability of the column did not change significantly due to the presence of shear walls. 

However, the horizontal drift at the top of the frame reduced significantly and the 

probability of failure of the combined system in serviceability became almost zero. 
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CHAPTER 5 

DYNAMIC RELIABILITY ANALYSIS 

USING RESPONSE SURFACE METHOD (RSM) 

5.1 Introduction 

The reliability methods presented in Chapter 4 caimot be effectively used for short 

duration dynamic loadings. A hybrid approach by combining the response surface 

method (RSM), the finite element method (FEM), and the first-order reliability method 

(FORM), originally proposed by Huh (1999), can be extended for the reliability analysis 

of the combined frame and shear wall systems and is used in this study. The effort in 

estimating the reliability of the combined system under dynamic loading is expected to be 

more involved. The basic procedure is presented in the following sections. 

Since RSM is an integral part of the algorithm, its essential features are briefly 

discussed below. 

5.2 Response Surface Method (RSM) 

The essential components of RSM are: (1) the degree of polynomial to be used to 

represent the performance function, (2) the experimental region and codified values, (3) 

the selection of sampling or design points, known as the experimental design, and (4) the 

determination of the center point. They are explained in the following sections. 
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5.2.1 Degree of Polynomial in Performance Function 

The degree of polynomial to be used in developing a response surface was 

discussed in Section 2.4. 

Any degree of polynomial can conceptually be used to represent a response 

surface. However, using higher order polynomial often turns out to be ineffective since 

the evaluation of higher order terms is a tedious process and the calculation effort 

increases enormously as the number of random variables increases. Thus, the use of 

higher order terms in the RSM is often limited to second-order. Considering the dynamic 

response of frame and shear walls combined system, the second-order representations 

would be appropriate for the response surface. The response surface is represented by a 

second-order polynomial in this study. 

The second-order polynomial can be represented without cross terms as 

k k 
(5.1) 

/ = l  / = l  

and with cross terms as 

g { x )  =  b q + y .  b i x i - ^ t b i i x r + l  i m j x i x j  /=i /=i /=ij>\ 

k k -y k-\ k 
(5.2) 
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where X, (/=l,2, ,k) is the / th random variable, k is the total number of random 

variables involved in the problem, 6o,6/,6„ and i»,yare the unknown coefficients to be 

determined, and i(A')is an approximate representation of g(X). The number of 

cofficients p to be estimated for Equations (5.1) and (5.2) are p = 2it + iand 

p = { k  +  \ ) { k + 2 ) l 2 ,  respectively. 

5.2.2 Experimental Region and Codified Values 

It is generally known that the experimental region should be kept to a minimum 

for the efficient and accurate construction of a performance function (Khuri and Cornell 

1996). The uncertainty in the random variables can be incorporated in the model by 

varying in arbitrary amount (increasing or decreasing) producing the whole experimental 

region. The bounds for each input variable X, can be defined as 

±hiX,jaX where / = (5.3) 

where k is the number of random variables, Xf and o- j-, are the coordinates of the center 

point and the standard deviation of a random variable X, respectively, A,- is an arbitrary 

factor that defines the experimental region and x, the coded variable defined as 
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All the parameters are defined in Equation (5.3). It is easily observed from Equation (5.4) 

that the coded values at the center points of random variables are zero. 

5.2.3 Experimental Design 

Expreimental design is the sapmling design method to decide which observed 

values of responses are callected for evaluating the unknown parameters in the 

polynomials such as Equations (5.1) and (5.2). Through the experimental design, a set of 

random variables is selected within the experimental region to obtain the unknow 

coefficients by analyzing a structure deterministically. Even though the number of 

design points should be kept to a minimum to increase the computational efficiency, the 

number of design points must be at least equal to the number of the unknown coffecients. 

In general, the available procedures for experimental design can be devided into two 

categories: classical design and saturated design (Box et al. 1978; Kuhri and Cornell 

1996). 

In the classical design approach, a regression analysis is carried out to formulate 

the response surface after reponses are calculated at sampling points. One of this 

approach is a factorial design, in which the response values are estimated for each 

variables sampled at equal intervals. The sampling points in this design should have at 

least 3 levels for each variables to fit a second-order polynomial, leading to 3* factorial 

design. Since this design approach becomes inefficient as the number of random 

variables increases, a more efficient approach, known as the centeral composite design 
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(CCD), was introduced by Box and Wilson (1951). It has been applied to the reliability 

analysis using RSM by several researchers (Faravelli 1989; Yao and Wen 1996) and is 

used in this study. 

Unlike the classical design approach, saturated design uses sampling points as 

many as the number of unknown coefficients and the coefficients are evaluated by 

solving a set of linear equations, instead of the regression analysis, obtained at each 

sampling point. Thus, the improved effenciency can be achieved compared to the 

classical design. However, some of the statistical properties (rotationalibility, 

orthogonality, etc) may be lost, caused by uncovering the sample space between the axes 

of random variables. 

Considering the feature of the dynamic relibility analysis as well as the 

capabilities of saturated design and CCD, three experimental design models to select 

design points are considered in this study; (1) saturated design using a second-order 

polynomial without cross terms, (2) saturated design using a second-order polynomial 

with cross terms, (3) central composite design with a second-order polynomial with cross 

terms. They are denoted hearafter as Model (I), Model (2) and Model (3) and are 

explained next. 

5.2.3.1 Model (1): Saturated Design using a Second-Order Polynomial without Cross 

Terms 

This model uses a second-order polynomial without cross terms, i.e. Equation 

(5.1) and the sampling points are selected by saturated design. The sampling points 
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selected in this model are composed of one center point and 2k star points (one at +1 and 

one at -I for each random variable in coded values), leading to the total number of 

experimental points, N =2k + \, in which k is the number of random variables. The 

sampling points in coded values can be represented in the form of matrix and the matrix 

X is shown in Table 5.1 for k random variables. The graphical representation of the 

sampling points for Model (1) is also given in Figure 5.1 for k='i. 

The true performance function g(X) or V in Equation (2.34), can be represented in 

the form of matrix as 

where V is the actural reponse vector and X is the matrix shown in Table 5.1 

The unknown coefficients, denoted by bo, b„ and b,, in Equation (2.34) can be 

evaluated by solving Equation (5.5) as 

Y = Xb + E (5.5) 

b  =  X ~ ^ Y  (5.6) 

Even though this model may not be accurate due to its incapability of covering the 

sample space between the axes as mentioned earlier, it can be used in intermediate steps 

to increase the efficiency of the algorithm. 
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Table 5.1 General Representation of the XMatrix in the Coded Values for Model (1) 

-to Xl Xk X\^ Xk-\ Xk 

I +1 -1 0 0 0 +1 0 0 0 

2 +1 +1 0 0 0 +1 0 0 0 

3 +1 0 -1 0 0 0 +1 0 0 

4 +1 0 +1 0 0 0 +1 0 0 

2k-3 +I 0 0 -1 0 0 0 +1 0 

2k-2 +1 0 0 +1 0 0 0 +1 0 

2k-\ +1 0 0 0 -1 0 0 0 +1 

2k +1 0 0 0 +1 0 0 0 +1 

2kH +1 0 0 0 0 0 0 0 0 

Figure 5.1 Model (1): Saturated Design using a Second-Order Polynomial 
without Cross Terms for k=3 
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5.2.3.2 Model (2): Saturated Design using a Second-Order Polynomial with Cross 

Terms 

Model (2) is the model including the cross terms of a polynomial as in Equation 

(2.33). The inclusion of the cross terms may improve the accuracy in representing the 

response surface. Since Model (2) uses the saturated design, the sampling points consist 

of one center point, 2k start points (one at +1 and one at -I for each variable in coded 

values), and k{k-\)l2 edge points. An edge point is a A:-vector having ones in / th and j th 

location and zero elsewhere. Thus, the total nimiber of the sampling points in Model (2) 

becomes the number of Model (1), N = lk + \, plus k{k-\)l2, resulting in 

n + i)(A + 2)/2. The graphical representation for A:=3 and the matrix form of the coded 

values are represented in Figure 5.2 and Table 5.2 respectively. 

The true performance flmction g(^ or Y in Equation (2.33), can be represented in 

the form of matrix as 

Y = X b + e (5.7) 

where Y is the vector of actual responses, and A" is a matrix shown in Table 5.2. 

The unknown coefficients, bo, b„ b„ and bij, can also be evaluated as in Model (2) 

using Equation (5.7) as 

b = x-' y (5.8) 
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Table 5.2 General Representation of the AT Matrix in the Coded Values for Model (2) 

xo Xi Xt 
•> 

*l" 
t 

Xz' •• JCi-l" XIT *1.2 Xu X,,k X2.3 

1 + 1 -1 0 •• ... 0 0 +1 0 • .... 0 0 0 0 ... 0 0 0 

2 + 1 +l 0 •• ... 0 0 +1 0 .... 0 0 0 0 ... 0 0 0 

3 + 1 0 ... 0 0 0 +1 • .... 0 0 0 0 ... 0 0 0 

4 + 1 0 +1 •• ... 0 0 0 .... 0 0 0 0 ... 0 0 0 

2k-2 + 1 0 0 -•• -1 0 0 0 • .... +1 0 0 0 ... 0 0 0 

2k-2 + 1 0 0 •• 0 0 0 • .... +1 0 0 0 ... 0 0 0 

2A-1 + 1 0 0 - 0 -1 0 0 • .... 0 +1 0 0 ... 0 0 0 

2k + 1 0 0 -•• 0 +1 0 0 • ... 0 +1 0 0 ... 0 0 0 

2k+\ •>•1 -I +1 - 0 0 +l +I • ... 0 0 +1 0 ... 0 0 0 

2k+2 + 1 +1 • 0 0 +l 0 • ... 0 0 0 +1 ... 0 0 0 

+ 1 +l 0- 0 +1 0 • ...+I 0 0 0 ... 0 0 0 

+ 1 +1 0-•• 0 +1 +1 0 •• ... 0 +1 0 0 . . . + 1  0 0 

+ l 0 +I •••• • 0 0 0 +1 •• ... 0 0 0 0 ... 0 +1 0 

+ 1 0 +1 — • +1 0 0 +l •• ... +I 0 0 0 ... 0 0 0 

-^1 0 +1 •••• • 0 +1 0 +1 •• ... 0 +1 0 0 ... 0 0 0 

^1 0 0 - -• +1 +-1 0 0 •• •• +1 +l 0 0 ... 0 0 +1 

{k+l)(k+2)/2 + 1 0 0 — 0 0 0 0 •• ... 0 0 0 0 ... 0 0 0 
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Figure 5.2 Model (2): Saturated Design using a Second-Order Polynomial with 
Cross Terms for k=3 

Model (2) provides more accurate results than Model (1) and is more effcient than 

Model (3). Therefore, it can be used for the intermediate stage as well as for the final 

stage of the algorithm. However, the use of this design in the final stage is generally 

desirable to be an alternative to Model (3) when the number of random variables is larger 

than 9 because the lack of statistical properities caused by saturated design is inherent in 

this model. 

5.2.3.3 Model (3): Central Composite Design (CCD) using a Second-Order 

Polynomial with Cross Terms 

Box and Wilson (1951) introduced this design as an alternative to 3^ factorial 

designs for a second-order polynomial. Equation (2.33). 
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The CCD is conceptually the most accurate design among three models and is 

composed of; (1) a complete 2* factorial design, where the factor levels are coded to the 

usual -1, +1 values and is called the factorial portion of the design, (2) no center points 

(rto^l; generally «o=l if the numerical experiments are conducted), and (3) two axial 

points on the axis of each design variable at distance a from the design center, called the 

a x i a l  p o r t i o n  o f  t h e  d e s i g n .  T h e n ,  t h e  t o t a l  n u m b e r  o f  d e s i g n  p o i n t s  i s  ; V  =  2 *  + 2 k + n Q  

which is much more than the number of the coefficients p = {k +1)(^ + 2)/2. The graphical 

representation for /c=3 and the matrix form of the coded values are represented in Figure 

5.3 and Table 5.3, respectively. 

The true performance function g(X) or Y in Equation (2.33), can be represented in 

the matrix form as 

Y = X b + s (5.9) 

where Y is the vector of actual responses, and X is the matrix shown in Table 5.3. 

The least squares estimates b, denoted by bo, bt, b,i and b,j in Equation (5.2), are 

obtained by conducting the least square (regression) analysis, i.e.. 

b ^ ( x '  x r ^ x ' y  (5.10) 
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Table 5.3 General Representation of the A" Matrix in the Coded Values for Model (3) 

Xo Xl Xt 
•> 

Xt' 
1 1 

xr •*1,2 Xl.S " Xl.k XlJ •*•*.1,11 

1 + 1 -1 -1 -I + 1 + I ... +1 H + 1 +1 +I +1 +1 

2 + l + l -1 -I + 1 + 1 ... + I -1 •  (  • •  -I +1 +l 

3 + 1 -1 -1 -I + 1 + 1 •• ... +1 +1 -I +1 •• +1 -I +l 

4 + 1 + 1 -1 -1 + 1 + l •• ... +1 +l + 1 -1 •• -1 -1 +1 

2k-2 + l -1 + 1 + l + 1 + 1 •• ... +1 +1 + 1 -1 •• -I -1 +l 

2k-2 + l + l + l +1 + 1 + 1 •• ... +1 +l -1 +1 •• +1 -1 +l 

2k-1 + 1 -1 + 1 + l + 1 + 1 •• ... +1 +1 -I -1 •• -I +l +I 

2k + 1 + 1 + I + 1 + 1 + 1 •• ... +I + l + I + 1 .. +I +1 +I 

2k-*-\ + 1 -a 0 0 a' 0 •• ... 0 0 0 0- 0 0 0 

2k+2 + 1 +a 0 0 
j 

a" 0 •• ... 0 0 0 0- 0 0 0 

2k+3 + 1 0 0 0 0 ... 0 0 0 0- 0 0 0 

2k+4 + 1 0 0 0 0 
•y 

... 0 0 0 0 ••• 0 0 0 

• 

2'-2A-3 + 1 0 -a 0 0 0 •• 0 0 0 ••• 0 0 0 

2^+2k-2 + 1 0 +a 0 0 0 •• 
•» 

•• a" 0 0 0 ••• 0 0 0 

2'+2A-l + l 0 0 -a 0 0 -•• 0 a' 0 0- 0 0 0 

2*+2jt + 1 0 0 +a 0 0 -•• 0 a" 0 0 ••• 0 0 0 

2*+2A+I + 1 0 0 0 0 0 ••• •• 0 0 0 0- 0 0 0 
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Figure 5.3 Model (3): Central Composite Design using a Second-Order 
Polynomial with Cross Terms for k=3 

The design includes several statistical properties such as othogonality that makes 

the calculation of x'x term simple and rotatability that insures the uniform precision of 

the predicted value. Thus, this design is more accurate than the saturated designs [Model 

(1), and Model (2)]. However, it may require high computational effort as the number of 

random variables increases. Therefore, Model (3) is used for the final iteration stage only 

when the number of random variables is reasonably small, say less than 9, in this study. 



110 

5.2.3.4 Comparison of Efficiency among Three Models 

The number of sampling points required for each model is directly related to the 

efficiency in them. Three models are compared in Table 5.4 

Table 5.4 Comparison of the Three Models 

Model Number of Coefficients k  Number of Sample points 

Model (1) 7 J 7 
p  =  2k  +  \  17 8 17 N =  l k^ \  

25 12 25 

Model (2) 10 3 10 

_ (^ +1X^ + 2) 
2 

45 8 45 ^  _ ( ^  +  l ) ( A :  +  2 )  

_ (^ +1X^ + 2) 
2 

91 12 91 

^  _ ( ^  +  l ) ( A :  +  2 )  

Model (3) 10 3 15 

45 8 273 N = l'^ +lk + \ 

91 12 4142 

Model (1) is the most efficient as shown in Table 5.4. Thus it is used for the 

intermediate stage of the algorithm as mentioned earlier. Model (2) is more accurate than 

Model (1) as well as more efficient than Model (3). Thus, it is used for both intermediate 

and final iteration stages. However, it is more desirable to be used in the final iteration 

when the number of random variables is relatively large, say 9. Finally, even though 

Model (3) is the most accurate design among the three, it is very inefficient. Considering 

both the accuracy and efficiency. Model (3) is used in this study only for the final 

iteration when the number of random variables is relatively small. 

In order to find the best algorithm considering both computational efficiency and 

accuracy, six schemes shown in Table 5.5, suggested by Huh (1999), are considered next. 
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Huh (1999) commented that Scheme 4 and 5 appeared to be the best. These two schemes 

are considered in this study. 

Table 5.5 Six Schemes for the Algorithm 

Schemes Intermediate Iteration Final Iteration 

Scheme 1 Model (1) 

Scheme 2 Model (2) 

Scheme 3 Model (3) 

Scheme 4 Model (1) Model (2) 

Scheme 5 Model (1) Model (3) 

Scheme 6 Model (2) Model (3) 

5.2.4 Determination of the Center Point 

The center point around which the design points are selected is extremely 

important in constructing the accurate response surface. However, determining the 

location of the center point is not a simple task and a systematic iterative approach is 

necessary. An iterative linear interpolation scheme for this purpose was suggested by 

Bucher and Bourgund (1990) using the information already available in the context of 

FORM procedure. 

In the scheme, the location of the center point is initially selected to be the mean 

value x- of each random variable X. since the point is unknown in the begining of the 

iteration. It is denoted as in Figure 5.4. Using the center point, a performance giiX) is 
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created. Then, the following linear interpolation scheme can be used to select the next 

center point as 

Xm, ) ) ' 

' )-g(jCD, ) 
. If g(*D,) 2: ) (5.11) 

or 

. r , /  = X n  + i x u  - X r , )  
fUD,)-gU,V,,) 

g(j^D, ) 
If g(^D, ) < g(-^W, ) (5.12) 

Another performance function is constructed by considering design points around 

the new center point x v,,. The iteration process is continued until all the random variables 

at the center point converge to a pre-selected criterion. The graphical representation of 

the iteration is shown in Figure 5.4 

5.2.5 Reliability Analysis Procedure using RSM 

All the features of the proposed hybrid algorithm for the reliability analysis under 

dynamic loading are discussed in the previous section. In the context of RSM, the 

procedure to evaluate the probability of failure can be summarized as follows. 
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•—1—i g(X) : Actual Limit State Function 

gi (X): First Response Surface 

g2 (X'): Second Response Surface 

gj(X): Third Response Surface 

• X V, : Center Point for the i th Iteration 

A Xfl : Design Point for the i th Iteration from FORM 

^  X ,  

Figure 5.4 A Graphical Illustration of Linear Interpolation Scheme for 
Determination of the Center Point 



Step 1 

Step 2 

Step 3 

Step 4 

Step 5 

Step 6 

Step 7 

Step 8 

Step 9 

Step 1 

Step 1 
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Set the initial center point to start the iteration at the mean values of random 

variables. 

Select a model (a polynomial and its corresponding design) considering both 

the number of random variables and importance of the analysis. 

Formulate a response surface model using the model chosen at Step 2 and 

conduct the response surface analysis. 

Find the vector b containing unknown coefficients of the response surface and 

develop a closed form expression for the performance function. 

Determine the design point, xo, by conducting FORM using the performance 

function obtained in Step 4. 

Find a new center point, xm , for the next iteration using the linear interpolation 

scheme, Equation (5.11) or (5.12). 

Repeat this iteration scheme (Step 2--Step 6) until a pre-selected convergence 

criterion is satisfied. 

Select a model (a polynomial and its corresponding design) for the final 

iteration considering both the number of random variables and importance of 

the analysis. 

Formulate the final response surface model using the model chosen at Step 8 

and conduct the response surface analysis. 

Find the vector b containing unknown coefficients of the final response 

surface. 

Finally calculate the reliability index and the sensitivity indexes using FORM. 

Thus, its corresponding probability of failure can be obtained. 
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As discussed earlier, a computer program (Rshdra) is developed to implement the 

algorithm. This computer program is extensively used in the next section to demonstrate 

the application potential of the proposed algorithm, 

5.3 Numerical Examples 

To evaluate the probability of failure of frames with or without shear walls, 

several examples are considered in this section. The results are verified using the Monte 

Carlo simulation technique. 

Considering the efficiency and accuracy, Schemes 4 and 5 in Table 5.5 are used in 

this study. Scheme 4 represents the saturated design without cross terms [Model (1)] in 

the intermediate iterations and the saturated design with cross terms [Model (2)] in the 

final iteration. Scheme 5 represents the saturated design without cross terms [Model (1)] 

in the intermediate iterations and the central composite design [Model (3)] in the final 

iteration. Schemes 4 and 5 are used to evaluate the probability of failure of the combined 

system consisting of frame and shear walls in this section. 

The structural model used in this section is basically similar to the model used in 

Section 4.5. 
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5.3.1 Reliability Analysis of the Frame without Shear Walls 

A two-story two-bay fnune shown in Figure 5.5 is considered first. The frame is 

designed according to the AISC's LRFD design guideline. A36 steel is used. Using 

ABAQUS computer program, the fundamental period of the frame is found to be 0.573 

seconds. The frame is excited for 5.12 seconds with El Centro Earthquake (N-S 

component) of 1940. The dominant frequency of El-Centro Earthquake is 0.2 seconds 

(Seed and Idriss 1982). The statistical characteristics of cross sectional and material 

properties are given in Table 5.6. 

2.4 k/ft 

a  

2.4 k/ft 
' i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i n i i i i i i i i i i i  

2.4 k/ft 

2.4 k/ft 
i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i  

30 ft 

55 

12 ft 

12 ft 

SS 

30 ft J 

-S Direction) 

El Centro Earthquake Excitation 

Figure 5.5. A Frame without Shear Walls 
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Table 5.6 Basic Random Variables of a Frame 

Parts Variables Nominal 
Value 

MeanyNoininal c.o.v Distribution Coment 

Frame E (ksi) 29,000 1.0 0.06 Log-normal 

a' (in-) 25.3 1.0 0.05 Log-normal Beam 

/(in') 1530.0 1.0 0.05 Log-normal Wl8x86 

Z/(in') 186.0 1.0 0.05 Log-normal Iy=175 in"* 

/t'(in') 17.9 1.0 0.05 Log-normal Column 

^(in') 640.0 1.0 0.05 Log-normal W14x61 

Z/(in') 102.0 1.0 0.05 Log-normal Iy=107 in' 

Fv.(ksi) 36.0 1.05 0.1 Log-normal -

* 6=Beam. c=Column 

The frame is subjected to the dynamic loading. The statistical properties of the 

dynamic parameters are given in Table 5.7 

Table 5.7 Basic Random Variables of Dynamic Parameters 

Cases Variables Nominal 
Value 

Mean/Nominal C.O.V Distribution 

Without 
Walls 

0.02 1.0 0.15 Lognormal Without 
Walls 

gc 1.0 1.0 0.2 Type I 

Damping ratio 

ge: Magnification factor for the amplitude of actual seismic acceleration 
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The horizontal drift of the top floor and the interstory drift are checked in this 

example. The allowable horizontal drift at the top floor is considered not to exceed /i/400, 

where h is the height of the frame. Thus, is equal to 0.72 inch in this example. 

Similarly, the allowable interstory drift is considered to be 0.025/jjx , where hsx is the 

story height (feet or m) below Level x. In this case, is equal to 0.3 inch. 

Considering all the random variables given in Tables 5.6 and 5.7, and the 

serviceability limit states, the probabilities of failure of the frame due to horizontal 

deflection at Node a and the interstody drift at Nodes b and c, shown in Figure 5.5, are 

calculated using the proposed algorithm. The results are summarized in Tables 5.8 and 

5.9. respectively. The corresponding probabilities of failure are also evaluated using the 

Monte Carlo simulation technique, as given in Tables 5.8 and 5.9. The reliability indexes 

for the serviceability limit states are very similar, implying the proposed algorithm is very 

accurate. 
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Table 5.8 Serviceability Limit State without Shear Walls (Horizontal Drift, Node a) 

(Scheme 4: 'hi=1.5, 'hf=l.O) 

Variables Sensitivity Initial Final Point 

Index Point 

E (ksi) -0.29519 29000 32915.5 

a'' (in") -0.00602 25.3 25.33 

(in') 0.02450 1530.0 1514.00 

A'=(xn-) -0.00089 17.9 17.88 

r (in') 0.13883 640.0 604.24 

4 -0.47340 0.02 0.034 

gc 0.81783 1.0 0.43 

Performance -1.9614 6E-8 

Function 

Reliability -oc (1.0) 
Index* 

Monte Cairo -qc (1.0) 

Simulation* 

'hi: Experimental region conttolling factor used for intermediate iterations 

'hf: Experimental region conttolling factor used for final iteration 

•: Iteration No.= 3, CPU time = 110 Sec. 

• : Cycle of simulation= 10,000, CPU time= 9,876 Sec. 

( ) :  T h e  p r o b a b i l i t y  o f  f a i l u r e  
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Table 5.9 Serviceability Limit State without Shear Walls (Interstory Drift, Node b See) 

(Scheme 4: 'hi=1.5, 'hf=1.0) 

Variables Sensitivity 

Index 

Initial 

Point 

Final Point 

E (ksi) -0.08787 29000 30301.6 

^'(in') 0.00936 25.3 25.17 

(in^) -0.11953 1530.0 1609.9 

0.00069 17.9 17.87 

r (in^) -0.00589 640.0 640.70 

4 -0.54736 0.02 0.040 

gc 0.82357 1.0 0.39 

Performance 

Function 

-2.4215 -6E-5 

Reliability 

Index* 

-oc (1.0) 

'hi! Experimental region controlling factor used for intermediate iterations 

'hf: Experimental region controlling factor used for final iteration 

•: Iteration No.= 3, CPU time = 125 Sec. 

(): The probability of failure 
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5.3.2 Reliability Analysis of the Frame with Shear Walls 

The frame shown in Figure 5.5 is reinforced with shear walls as shown in Figure 

5.6. The statistical properties of £cand v for the shear walls are given in Table 5.10. As 

before, the building is assumed to contain 5 similar frames connected to each other by 

rigid diaphragm at the floor levels. Using ABAQUS computer program, the ftmdamental 

period of the frame is found to be 0.283 seconds. The frame is excited for 5.12 seconds 

with the El Centre Earthquake (N-S component) of 1940. 

2.4 k/ft 2.4 k/ft 
m i l  

a 

2.4 k/ft 

ESS 

<-

2.4 k/ft 
m i l  

12 ft 

12 ft 

30 ft 
>!•<-

30 ft 

ss 

J 
^(N-S Direction) ̂  

El Centro Earthquake Excitation 

Figure 5.6. A Frame with Shear Walls 
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The behavior of reinforced concrete shear walls before cracking is expected to be 

different from the behavior after cracking. This difference is considered by degrading the 

shear wall stiffhess as explained in Section 3.4. After the tensile stress of each shear wall 

exceeds the allowable tensile stress of concrete, the degradation of the shear wall stiffhess 

is assumed co be reduced to 40 % of the original stiffness. 

Table 5.10 Basic Random Variables of Shear Walls 

Parts Variables Nominal 
Value 

Mean/Nominal c.o.v Distribution Comment 

Wall Ec (ksi) 3100.0 1.0 0.18 Log-normal fc'=3000 

(psi) 

Wall 

V 0.17 1.0 0.10 Log-normal 

fc'=3000 

(psi) 

The frame is subjected to the dynamic loading. The statistical properties of the 

dynamic parameters are given in Table 5.11 

Table 5.11 Basic Random Variables of Dynamic Parameters 

Cases Variables Nominal 
Value 

Mean/Nominal C.O.V Distribution 

With 
Walls 

0.05 1.0 0.15 Lognormal With 
Walls 

gc 1.0 1.0 0.2 Type I 

Damping ratio 
ge: Magnification factor for the amplitude of actual seismic acceleration 
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The probability of failure of the combined system is calculated using the proposed 

algorithm. For the serviceability limit state, the horizontal deflection at the top of the 

combined system (point a in Figure 5.6) and the interstory drift (points b and c in Figure 

5.6) are evaluated. The results are summarized in Tables 5.12 through 5.15 for Schemes 4 

and 5, respectively. 

Again, the Monte Carlo simulation technique is used to verify the algorithm. 

100.000 simulations are used. The reliability indexes estimated by the proposed 

algorithm and the Monte Carlo simulation technique are almost identical. The results 

clearly indicates that the proposed algorithm is accurate in estimating the probability of 

failure of a combined system consisting of frame and shear walls under dynamic loading. 
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Table 5.12 Serviceability Limit State with Shear Walls (Horizontal Drift, Node a) 

(Scheme 4: 'hi=1.5, 'hpl.O) 

Variables Sensitivity 

Index 

Initial 

Point 

Final Point 

e (ksi) -0.02814 29000 28783.3 

a'(in-)  0.00343 25.3 25.28 

-0.01091 1530.0 1525.3 

^^(in-) -0.00179 17.9 17.87 

f  (in*^) -0.01097 640.0 638.02 

ec (ksi) -0.19160 3100.0 2717.7 

V 0.00926 0.17 0.169 

4 -0.10002 0.05 0.047 

gc 0.97579 1.0 2.10 

Performance 

Function 

0.5508 II o
 

o
 

Reliability 

Index* 

3.430 (0.0003) 

Monte Cairo 

Simulation* 

3.265 (0.00055) 

'hj: Experimental region controlling factor used for intermediate iterations 

'hf: Experimental region controlling factor used for final iteration 

•: Iteration No.= 3, CPU time = 186 Sec. 

+ : Cycle of simulation= 100,000, CPU time= 118,908 Sec. 

(): The probability of failure 
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Table 5.13 Serviceability Limit State with Shear Walls (Horizontal Drift, Node a) 

(Scheme 5: 'hi=l-5, 'hpl.O) 

Variables Sensitivity 

Index 

Initial 

Point 

Final Point 

e (ksi) -0.08928 29000 28451.2 

(in') - - -

(in') -0.03967 1530.0 1518.3 

.l^(in-) - - -

r(in')  -0.03564 640.0 635.53 

ec (ksi) -0.36598 3100.0 2469.7 

v 0.02201 0.17 0.170 

-0.20343 0.05 0.045 

go 0.90187 1.0 1.898 

Performance 

Function 

0.5508 it o
 

o
 

Reliability 

Index* 

3.160 (0.0008) 

'hj: Experimental region controlling factor used for intermediate iterations 

'hf: Experimental region controlling factor used for final iteration 

•: Iteration No.= 3, CPU time = 295 Sec. 

( ) ;  T h e  p r o b a b i l i t y  o f  f a i l u r e  
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Table 5.14 Serviceability Limit State with Shear Walls (Interstory Drift, Node b&.c) 

(Scheme 4; Vl.5, 'hpl.O) 

Variables Sensitivity 

Index 

Initial 

Point 

Final Point 

e (ksi) -0.06290 29000 28658.0 

a '' (in") 0.00243 25.3 25.28 

/*(in-') -0.03634 1530.0 1520.7 

^^(in-) -0.00583 17.9 17.86 

-0.01986 640.0 637.51 

ec (ksi) -0.11836 3100.0 2883.6 

V 0.00733 0.17 0.169 

c -0.11772 0.05 0.047 

gc 0.98304 1.0 1.76 

Performance 

Function 

0.4445 -lE-8 

Reliability 

Index* 

2.687 (0.0036) 

'hj: Experimental region controlling factor used for intermediate iterations 

'hf: Experimental region controlling factor used for final iteration 

•: Iteration No.= 3, CPU time =171 Sec. 

( ) :  T h e  p r o b a b i l i t y  o f  f a i l u r e  
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Table 5.15 Serviceability Limit State with Shear Walls (Interstory Drift, Node b&.c) 

(Scheme 5; 'hi=1.5, 'hf=1.0) 

Variables Sensityvity 

Index 

Initial 

Point 

Final Point 

e (ksi) -0.11028 29000 284617.7 

/fVin-) - - -

^(in') -0.05315 1530.0 1517.7 

- - -

p (in') -0.03202 640.0 636.6 

ec (ksi) -0.30857 3100.0 2649.2 

V 0.01489 0.17 0.170 

c 
S -0.19481 0.05 0.046 

ge 0.92228 1.0 1.643 

Performance 

Function 

0.4445 lE-8 

Reliability 

Index* 

2.490 (0.0064) 

'hj: Experimental region controlling factor used for intermediate iterations 

'hr: Experimental region controlling factor used for final iteration 

•: Iteration No.= 3, CPU time = 318 Sec. 

( ) :  T h e  p r o b a b i l i t y  o f  f a i l u r e  
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5.3.3 Observations 

From Table 5.8, it can be observed that the initial stiffness of the frame without 

shear walls was very low. It produced excessive lateral drift at Node a and could not meet 

the drift requirements. The same observation can be made for the interstory drift between 

Nodes b and c in Figure 5.5, as shown in Table 5.9. Results from simulations also 

confirm the observations made in Tables 5.8 and 5.9. 

The results of the reliability evaluation of the frame with shear wall system for 

horizontal drift and interstory drift using Schemes 4 and 5 are summarized in Tables 5.12 

through 5.15. The presence of shear walls increased the lateral stiffhess and the 

probability of failure of the combined system became reasonable. The probabilities of 

failure obtained by the proposed method and the simulation technique matched very well 

indicating that the proposed algorithm is viable. Schemes 4 and 5 appear to give similar 

results. Scheme 5 always required larger CPU time than Scheme 4. However, the CPU 

time required for simulation is much larger than CPU time required for either Scheme 4 

or 5. This example clearly indicates that the proposed algorithm is efficient without 

sacrificing any accuracy. 
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CHAPTER 6 

SUMMARY AND CONCLUSION 

6.1 Summary 

Effective and accurate algorithms are developed to evaluate the reliability of a 

frame and shear wall structural system subjected to both static and dynamic loadings. 

The basic deterministic finite element algorithm is based on the assumed stress-based 

finite element method in which the tangent stiffhess can be expressed in explicit form and 

fewer elements are required to realistically capture the structural behavior. These features 

are desirable for developing an efficient reliability analysis algorithm for both static and 

dynamic cases. The presence of shear walls is represented by plate elements. The 

stiffness matrix for the combined system is then developed. To verify the accuracy of the 

deterministic algorithm, a 2-bay 2-story building consisting of five similar frames is 

considered. Only one frame is assumed to have shear walls. The responses of the frame 

with shear walls subjected to static and dynamic loadings are evaluated. The responses of 

the same structural system are also evaluated using a commercially available computer 

program. The results match very well, implying that the deterministic algorithm 

developed in this study is accurate. 

The deterministic algorithm is then extended to consider uncertainty in the 

random variables. For the static case, a stochastic finite elemen*-based approach 

consisting of the reliability approach, the first-order reliability analysis procedure and the 

finite element method is proposed. For the dynamic case, a hybrid approach consisting of 
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the response surface method, the finite element method, the first-order reliability method 

and the linear iterative scheme is used. The unique feature of this algorithm is that the 

earthquake loading can be applied in time domain. The material and cross sectional 

properties, the damping and the magnification factors of earthquake time histories are 

considered to be random variables in this study. The reliabilities of a firame without and 

with shear walls are evaluated for the strength and serviceability performance functions. 

The results are verified with the Monte Carlo simulation technique. 

6.2 Conclusions 

On the basis of the results of the present study, several important conclusions and 

observations can be made. 

They are as follows. 

1. The proposed stochastic finite element-based algorithm to evaluate the reliability of a 

combined system consisting of firame and shear walls for static loading is reasonable. 

The proposed algorithm gives similar results for both the strength and serviceability 

performance functions compared to the results firom Monte Carlo simulation. 

2. For dynamic loadings, the proposed hybrid method consisting of the response surface 

method, the finite element method, the first-order reliability method, and the linear 

iterative scheme is also very efficient and accurate. The probabilities of failure of a 

frame without and with shear walls match very well with the results of Monte Carlo 

simulation. 
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3. The proposed algorithm for dynamic loading is specifically attractive. It estimates the 

probability of failure very efficiently without sacrificing any accuracy. 

4. In the dynamic reliability analysis using RSM, Scheme 4, i.e., the saturated design 

without cross terms [Model (1)] in the intermediate iterations and the saturated design 

with cross terms [Model (2)] in the final iteration, appears to be more efficient than 

Scheme 5, i.e., the saturated design without cross terms [Model (1)] in the 

intermediate iterations and the central composite design [Model (3)] in the final 

iteration. Both Schemes 4 and 5 can be used to evaluate the reliability of a combined 

system consisting of frames and shear walls. 

5. The sensitivity indexes in the static and dynamic reliability analyses are found to 

provide valuable information about the influence of various parameters. Using the 

information obtained after the first few iterations, the randomness of several random 

variables, which have very low sensitivity, can be ignored in the reliability analysis. It 

improves the efficiency of the reliability analysis algorithms without significant loss of 

accuracy. 

6. The reliability of a frame for horizontal deflection or interstory drift can be 

significantly improved with the help of shear walls. In the context of finite element 

representation, the presence of walls can be considered in a more elaborate way. 

However, the proposed algorithm is a first step towards any such improvement. 

7. The proposed algorithms to evaluate the reliability of a combined system consisting of 

frames and shear walls for static and dynamic loadings are unique. The algorithms 
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produce accurate and efficient results. They can be used in future to evaluate the 

reliability of complicated structural systems involving shear walls. 

6.3 Suggestion for Future Studies 

Based on the results of the current study, the following topics need to be 

addressed in future research: 

1. In this study the reliability analyses are conducted based on the FORM approach. 

However, second-order reliability method (SORM) may be necessary to estimate the 

probability of failure for the problems that contain highly nonlinear limit states. 

2. The joints in a structure are considered as fully restrained joints in this study. However, 

the joints of real frames are not fully constrained and may introduce a considerable 

amount of uncertainty. Therefore, the consideration of partially restrained joints in a 

frame structure is desirable for the realistic estimation of the reliability. 

3. The reliability analysis algorithms developed in this study are only capable of 

considering the frame and shear wall structural system. Expanding these algorithms to 

other types of structures with more complex geometries, loadings and boundaries, 

such as plates and shells, are needed. 

4. To consider the effect of cracking in RC shear wall, the degradation of the shear wall 

stiffness after cracking is empirically considered in this study. More sophisticated 

algorithm for the consideration of cracking in RC is desirable to evaluate the 

probability of failure of the frame and shear wall structural system. 
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