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ABSTRACT 

There are several sources of uncertainties in hydrologic modeling studies. 

Conventional deterministic modeling techniques typically ignore most of these 

uncertainties. However, there has been a growing need for better quantification of the 

accuracy and precision of hydrologic model predictions. Bayesian Recursive Estimation 

(BaRE) is an algorithm being developed towards considering these uncertainties for 

parameter estimation and prediction within an operational setting. This dissertation work 

evaluated and improved the current version of the algorithm. The methodology was 

improved using a progressive re-sampling of the Highest Probability Density (HPD) 

region of the parameter space, which concentrated the samples in the current HPD region 

while terminating computations in the nonproductive portions of the parameter space, 

rather than evaluating feasible parameter space based on the initial set of samples. The 

covariance structure of the well behaving parameter sets is used to generate new 

parameter sets, resulting in significant improvements compared to the original BaRE. 

Further, to reduce the "model/data overconfidence" problem, an entropy term and a data 

lack-of-confidence factor were introduced into the probability-updating rule. Comparison 

to batch calibration using the popular Shuffled Complex Evolution (SCE-UA) 

optimization method indicated that the improved recursive calibration technique is a 

powerful tool, especially useful where basins are recently gauged and hydrologic data are 

not well accumulated- The final method is also effective in tracing the temporal 

variations of parameters as a response to natural or human induced changes in the 

hydrologic system. 
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CHAPTER 1. INTRODUCTION 

Building models of complex hydrologic systems that are sufficiently accurate to 

provide meaningful predictions of catchment behavior requires models to be calibrated. 

The goal of model calibration is to adjust the parameter values so that the model is 

constrained to be consistent with the observed hydrologic data (e.g., stream flow). The 

calibration of conceptual rainfall runoff models is of major interest due to the continual 

demand for more timely and accurate river forecasts. Traditional model calibration has 

been done manually and not only is very time consuming; its performance is also highly 

dependent on the expertise of the modeler. Yet there are thousands of forecast points in 

USA, which require immediate calibration for flood forecasting purposes. Therefore, 

automated (computer-based) techniques for watershed calibration have been explored 

intensively to provide objective solutions and also ease the calibration process by saving 

time and need for highly experienced modelers. Significant advances have been made in 

the development of automated methods for watershed model calibration during the past 

two decades, with emphasis on four main issues (Gupta et al, 1998): (1) the development 

of specialized techniques for handling the kinds of errors present in the measured data, 

(2) the search for a reliable way of solving the problem of parameter estimation, (3) 

finding out the most informative and the appropriate quantity of data, and (4) efficient 

representation of the uncertainty of the calibrated model and translation of this 

uncertainty in the model response. 

Regardless of the calibration approach used, model calibration is difficult for 

conceptual rainfall runoff (CRR) models for several reasons (among others, Johnston and 
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Pilgrim, 1976; Hendrickson et al, 1988; Duan et al 1992). Duan et al, 1992 summarizes 

these difficulties as; (1) there exists more than one "region of attraction" into which a 

search strategy may converge, (2) each major region of attraction contains several local 

minima, which may cause the optimization strategy to stop and miss the global optimum 

solution even if the local optimum is far away from the global one, (3) the objective 

function surface in the multiple parameter space is not smooth and has discontinuous 

derivatives. Therefore, derivative-based local optimization methods easily fail to find the 

optimum parameter set (4) the shape of the response surface is not convex and has flat 

valleys suggesting parameter insensitivity or long curved ridges indicating nonlinear 

parameter interaction. Optimization procedures designed for calibration of hydrologic 

calibration problems should be able to deal with all these difficulties. 

Traditional calibration methods have focused on finding a unique parameter set, 

which gives the best match of the simulated model output to the observation values using 

"batch" procedure (e.g., Duan et al., 1992, 1993,1994; Sorooshian et al., 1993). Batch 

approach requires accumulated historical data to implement the calibration and assumes 

that the model parameter values are time invariant. Among these single objective batch 

procedures, a widely referenced one is the Shuffled Complex Evolution method (SCE-

UA) developed by Duan et al (1992), a robust, effective and efficient global optimization 

algorithm combining the power of deterministic and probabilistic approaches. The 

method is based on a) systematic evolution of a "complex" of points spanning the 

parameter space, towards global improvement, b) competitive evolution, and c) complex 

shuffling. Several researchers used the algorithm in different fields and found the results 
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reliable in terms of finding the global optimum and eliminating poor calibration 

performance (e.g. Sorooshian et al, 1993; Kuczera 1997; Hogue et al, 2000, Mahani et 

al, 2000, Walker et al., 2001). 

There are both mathematical and practical difficulties for finding this "best" 

parameter set given that there is no perfect model to simulate nature. Also this best 

parameter set is dependent on the choice of the single criterion to define the performance. 

Therefore, there is a significant advantage to employ multi-criteria optimization in the 

parameter estimation problem. The incorporation of multiple objective measures also 

allows an estimation of the uncertainty associated with the parameter solutions, by 

providing a group of parameter sets also known as a "Pareto solution". Yapo et al (1997, 

1998) presented a procedure that uses a population evolution strategy (similar to that 

employed by SCE-UA algorithm) to converge to a Pareto set via single optimization run. 

The developed MOCOM-UA is a global optimization algorithm, which provides an 

effective and efficient estimation of the Pareto region (Bastidas et al., 2002). The 

procedure requires definition of a set of criteria or objective functions, F, which can 

usefully extract information from the data and find a set of solutions within the feasible 

parameter space. More details on the MOCOM-UA algorithm can be found in Gupta et 

al. (1999) and Bastidas et al. (2002). 

The MOCOM-UA provides estimates of the parameter uncertainty by providing a 

set of plausible solutions within the feasible parameter space. However, other 

uncertainties can significantly affect the accuracy ofhydrologic model simulations. These 

include; 
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(1) Uncertainty in observed system input and output measurements; 

(a) forcing data (eg. rainfall, evapotranspiration) 

(b) output measurement (eg streamflow) 

(2) Model uncertainty: No mathematical model can perfectly represent the 

complex environmental system. This type of uncertainty is the least explored 

in the hydrology literature. 

Generaly, the errors related to model structure and system descriptions are " extremely 

hard to quantify in a formal manner" (Beck, 1987). Various recent studies have been 

exploring efficient and reliable ways to summarize the uncertainty in the estimates of 

parameter values and the subsequent output predictions, while obtaining estimates of the 

most likely parameter values (e.g., Binley and Beven 1991; Beven and Binley, 1992; 

Franks and Beven, 1997; Kuczera and Mroczkowski, 1998; Bates and Campbell, 2001; 

Thiemann et al., 2001; Kavetski et. al. 2003, Vrugt et al, 2003a, Vrugt et al, 2003b) Some 

of the most recent methodologies include the Shuffled Complex Evolution Metropolis 

algorithm (SCEM-UA) (Vrugt et al, 2003a) and the MOSCEM-UA (Vrugt et al, 2003b). 

The SCEM-UA, therefore, provides both an estimate of the mode of the posterior 

parameter distribution (the traditional "best" parameter set) and a sample of parameter 

values describing the probabilistic representation of the remaining parameter uncertamty. 

The SCEM-UA operates by merging the strengths of Metropolis algorithm, competitive 

evolution, and complex shuffling in order to continuously update the proposal 

distribution and evolve the sampler to get the posterior target distribution for the 
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parameter values. Using this posterior parameter uncertainty, probabilistic model 

forecasts are produced. 

The SCEM-UA was further enhanced to allow for the use of multi-criteria in the 

optimization process. The MOSCEM-UA is a multiobjective extension of the SCEM-UA 

algorithm. 

Although batch calibration procedures are advancing and have shown to produce 

reliable estimates of parameters within various hydrologic models, a problem arises when 

insufficient historical data is available for batch calibration procedures. There are 

numerous recently gauged watersheds, which need to be calibrated as part of the NWS 

operational river forecasting system. Conventional batch calibration methods assume 

time-invariant model parameter values and require a considerable amount of data, 

typically 8-10 years. Recursive calibration methods can overcome this drawback by 

allowing forecasts to be generated soon after the first observation becomes available. 

Although this brings some additional computational cost, advances in computer 

technology lessen this concern. Several recursive formulations are currently being 

developed within the hydrologic community, including the stepwise implementation of 

the Generalized Likelihood Uncertainty Estimation GLUE (Beven and Binley, 1992) and 

the Bayesian Recursive Estimation (BaRE) (Thiemann et al, 2001) algorithms. 

The GLUE procedure is an extension of the Generalized Sensitivity Analysis 

(GSA) of Spear and Homberger (1980) and it is developed for calibration along with 

uncertainty estimation using likelihood measures. The concept of "equifinality" is the 

basis of the GLUE methodology. As hydrologic models are oversimplified 
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representations of the actual watershed systems, they all have errors to some extent. 

There is no single correct or optimal model and parameter set to simulate the real 

hydrologic systems. Several good (behavioral) simulations will exist given the limitations 

of our observations. This belief in multiple possibilities, rejecting the concept of 

searching for a single optimal representation, has been termed as equifmality. The GLUE 

method is a simple numerical Bayesian estimation that uses Monte Carlo simulation 

based on sampling parameter sets from assumed prior probability distributions. The 

technique is based on the estimation of probabilistic weights associated with different 

parameter sets, using arbitrary chosen goodness of fit criteria and the derivation of a 

posterior probability distribution function using the Bayes rule. This distribution ftuiction 

is subsequently used to derive the predictive probability of the output variables. The 

GLUE procedure has been widely used in the hydrologic applications. However, 

Thieman et al (2001) argue that the GLUE methodology does not respect the rules of 

Bayesian Inference. According to its formulation, any likelihood measure is used instead 

of the likelihood function in the Bayesian frame. In addition to this, it uses a user-defmed 

threshold to define the behavioral (accurate) and nonbehavioral (less accurate) 

simulations (Beven and Binley, 1992; Freer et al, 1992; Freer et al., 1996; Franks and 

Beven, 1997; Franks et al, 1998). This brings up the problem of subjectivity within the 

GLUE methodology to evaluate the parameter probabilities. 

To address all the above-mentioned issues, Thiemann et al. (2001) developed a 

Bayesian formulation, which permits the hydrologist to quantify uncertainty about 

prediction and parameter estimation in an on-line fashion. The method is called Bayesian 
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Recursive Estimation (BaRE). BaRE uses three sources of information for quantifying 

uncertainty in hydrologic predictions in selecting a suitable parameter set for the model 

(i.e., model calibration); measured data, physical laws (model), and statistical methods. 

The BaRE algorithm can serve as a very useful tool, especially in cases where not enough 

historical hydrological data have been accumulated or the data have gaps that make 

conventional batch calibration methods difficult to apply. It respects the rules of Bayesian 

inference. 

The current dissertation research was based on improving the BaRE methodology 

to provide a more effective and efficient recursive parameter and uncertainty prediction. 

The goal was to provide an algorithm for calibration of watersheds with limited data, 

which is capable of estimating the uncertainty related to the simulation while reporting 

the most probable forecast and be capable of tracing the parameter variability throughout 

time. 

The dissertation is organized as following: 

Chapter Two presents a general description of Bayesian analysis. 

Chapter Three revisits the work of Thiemann (2001), provides an application of 

BaRE using actual watershed data and a simple rainfall runoff model. At the end of the 

chapter the problems with the application of original BaRE are discussed. Later chapters 

explore possible solutions to these problems in the implementation of BaRE. 

Chapter Four evaluates the underlying assumptions of BaRE, presents a way to 

make the algorithm more objective. 
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Chapter Five provides a modification to the BaRE algorithm by adopting a 

progressive resampling scheme to overcome problems related to insufficient sampling of 

the parameter space. Both synthetic and actual data were used to test the effectiveness of 

the algorithm. 

Chapter Six investigates the entropy concept embedded within BaRE to deal with 

the problem of overconfidence in the model, which results in collapsing of the prediction 

bounds to a single estimate. 

In Chapter Seven a method to improve the computational efficiency and a 

comparison of the results of modified BaRE and original BaRE is presented. 

Finally, in Chapter Eight summary and conclusions are presented along with 

suggestions for future research directions. 
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CHAPTER 2. BAYESIAN ANALYSIS 

In Bayesian analysis, uncertainty is quantified probabilistically. Berger (1985) 

presents an excellent review of the Bayesian approach. Assume that we are trying to 

estimate sample observation y, given the inputs ^, using a model having an unknown 

k k parameter ^9 e © c 91 (91 denotes A'-dimeasional Euclidean space). 

2.1 BAYES' THEORY 

The joint probability density function of 6'aiid y can be written as; 

p { 0 , y )  =  p { 9 ) p {y 19 )  (2.1) 

which states that the joint probability for 0 and y is equal to the product of the 

probability of 6 prior to the data and the probability of data y will occur given G. 

Conversely, it is also true that 

p{e, y )  =  p { y ) p { 0 1 y) ( 2 . 2 )  

Therefore, the two can be equated, giving 

pi0)p{y i 0 )  =  p ( 9  i y)p{y) (2.3) 

which may be rewritten as 

^ (2,4) 
^  p { 0 )  

In discrete situations, the relationship between conditional and unconditional 

probabilities, which can be expressed by the formula for p{y | ^), is commonly known as 

Bayes' theorem (Bayes, 1763). Thomas Bayes was a 19^' century English clergyman who 
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investigated the manner in which probabilities change as more information becomes 

avaiiabie. 

This is a very useful relationship, because mostly we know one form of 

conditional probability but are interested in the other. In this expression, p{0) telis us 

what is known about 6 without any knowledge of the data and is called the prior 

distribution of 6. On the other hand, p{91 j/)tells us what is known about 0 given the 

knowledge of data and is called the posterior distribution of 6 given y. 

2.2. PRIOR INFORMATION 

An important element of Bayesian analysis is prior mformation concerning 9. 

The main idea of introducing prior probability is to reflect "before-the-fact" expectations 

of chance occurrences of an event. It typically does not depend on any currently available 

inputs or outputs. Characterization of prior probability can be achieved through careful 

analysis of historical data from another system having similar characteristics. There 

might be a concern that the prior may dominate and distort the information in data. 

However, by careful choice of the model structure and appropriate priors, Bayesian 

analysis can use the information from the data very effectively. When little or no prior 

information is available, non-informative priors are suggested so as not to favor any 

possible value of © over others. For example, when the parameter set O has n discrete 

members, one possible non-informative prior is probability of 1/n assigned to each 

member. 
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2.3. LIKELIHOOD FUNCTION 

Using Bayesian theory with a chosen probability model means that the data y 

affects the posterior inference only through the function p{y j 0), which is called the 

likelihood function of 9 and can be written as l{0 j >>). In other words, it is the function 

through which the data modifies prior knowledge of 0. In this way the likelihood 

principle is implicitly assumed in Bayesian inference, which states that for a given 

sample of data, any two probability models p{y \ 0) that have the same likelihood 

function yield the same inference for 0. Everything useful that the data has to say about 

the parameters is contained in the likelihood function. 

2.4. POSTERIOR PROBABILITY DISTRIBUTION 

The posterior distribution p{& \ y) is the conditional probability distribution of 6 

given the sample observation v. Just as the prior distribution reflects the beliefs about 6 

prior to simulation, p{91 y) reflects the updated beliefs about 0 after observing the 

data y. 

Bayes' theorem can be summarized as 

pmy) = my)p(0) (2.5) 

2.5 BAYESIAN INFERENCE 

The idea of Bayesian inference is that the posterior distribution is constructed to 

summarize all available information about 0 (both sample and prior information); 
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therefore, inferences concerning 6 could be made solely in terms of the features of this 

distribution. 

2.5.1 Prediction of the output 

To predict the values of , as yet unobserved outputs, we compute the 

predictive density of based on the previous observations (i.e., marginal posterior 

density of >v^,) as follows: 

piy'r^i I = J I c,y)de (2.6) 
© 

Prediction is done by computing meaningful summary statistics of this density 

from the region of highest probability density (HPD). A subset of R of the domain of p is 

c a l l e d  t h e  H P D  r e g i o n  o f  c o n t e n t  \  - a  i f  F { R )  - l - a  a n d  / ? ( v , )  >  p i y j )  f o r  a n y  y ^  e  R  

and y^^R. 

2.5.2 Estimation of model parameters 

In Bayesian estimation of a real valued parameter ^ e ©, we must specify a loss 

function,L{6,a)where a€0is the true value. The estimate of 6 is ae(d that 

minimizes the posterior expected loss; 

m ^ \ L ( e . a ) p ( e \ 4 , y ) d 0  (2.7) 
@ 

where, p{0\^,y)is marginal posterior density of 8 given as 

Pi0\^, y) = j p{yr,i ;0\^, >')4v .1 (2.8) 
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Often, analyses of decision rules are carried out for certain standard losses such as 

squared-error loss, { a  - o f .  However, this simple loss function does not typically reflect 

a useful measure for the calibration of hydrologic models because large errors are 

penalized too severely. 

The robustness of loss functions is questionable. However, because the decisions 

are functions of uncertain assumptions, this robustness problem is inevitable. Any loss 

used in the analysis will be uncertain to a degree. It is impossible to obtain a completely 

accurate specification of the loss function. 

2.6 RECURSIVE BAYESIAN ESTIMATION 

The Bayesian theory allows us to continually update information about a set of 

parameters 0 as more observations are available. 

Following Box and Tiao (1973), suppose that we have an initial sample of yi, then 

Bayes's rule gives us 

p{0\yi)<^p(0W\}\) (2.9) 

Assume that a second sample of observations, >2 independent from y-^, is 

available. Correspondingly, 

p{^ i yi,y2) ̂  I yi)K01 >2) 
c^pi^lyOmyd (2.10) 

It can be observed that ''"the final probability of the present inference is the initial 

probability of the next one". In other words, posterior distribution for 0 given y^. 
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becomes the prior distribution for the next step. If we have n independent observations, 

for the m"' stage, this can be written as 

m = 2,...,n (2.11) 

where 

p{0\y^)<^ p{0)l{0\y^) (2.12) 

Similarly, supposing that we are at time t  - T  and that all of the input and output 

data, ^ and V, are collected up to the current time, the recursive formula is presented as: 

p{0\^T^v^.yr^i.y)« piyr^i 1(2.i3) 

As new information relating to a situation becomes available, one can update 

subjective probabilities by Bayes' rule. In other words, Bayes' rule offers an opportunity 

for learning from experience. 
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CHAPTER 3. BAYESIAN RECURSIVE ESTIMATION (BaRE) ALGORITHM 

Let J? be a mathematical model med to predict an observation >> by y using input 

^ and parameter 0 as: 

(3.1) 

and error given by; 

s ^ y - y  ( 3 . 2 )  

Considering time steps, we can write: 

>'r+i=^(ll^)+%+i (3-3) 

which is a standard formulation for nonlinear regression. 

3.1. ASSUMPTIONS 

There exists a one-to-one and invertible transformation: 

z = g{y) (3.4) 

such that the measurement errors in the transformed space, given by : 

v = g(v)-g(i') (3.5) 

are mutually independent each having the exponential power density E{<7, p) described 

by Box and Tiao [1973, Section 3.5]; 

(3.6) piv\cr,^) = co{j3)o- ^exp 

where: 
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^ [ r [(i+/?)/2jJ 

11/2 

«/r,. ,, 
(i+«{r[(i+/?)/2]} '-

(3.7) 

(3.8) 

The shape parameter ^e(-l,l] is fixed and the standard deviation of the 

measurement errors o- > 0 is assumed to be unknown but constant with respect to time. 

Figure 3.1 shows the shape of the distribution function changing with the shape 

parameter. As P approaches -1, function approaches uniform distribution. On the other 

hand, p-\ corresponds to the double exponential function 

P--0.99 

>0.5 

f igure 3.1. Shape of the probability distribution function as a function of f3 
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3.2. RECURSIVE FORlvIULATION 

Following Box and Tim (1973), Thiemann et at (2001) derived the following 

relationship for the maximum likelihood estimate of the measurement error; 

2 - 1  2/(1+#) 1 2c{i3) 

T T{i+0y 
.(^)f (3.9) 

A recursive formulation for estimating the posterior density for B was given as 

follows; 

p{01 Zy,^i, z; oc Nj^{ff)p{0 \ z; fi) (3.10) 

where; 

Nr 
&^{0) 

exp -ciP) 
a^{0) 

m+p) 

(3.11) 

3.3. BaRE ALGORITHM 

To approximate the posterior and conditional densities, Thiemann et aL, (2001) 

used a Monte Carlo simulation approach as described in the following algorithm; 

Preparation; 

Select 

• System model - ?j(^ j ff) 

« Transfonnation model z = giy) 

• Error model v ~ E{a, p) 

• Kurtosis parameter P (Section 3.5. of Box and Tiao, 1973) 
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» Initial estimate for of the error model 

• © defined by specifying upper and lower limits for each 0 

• Prior probability distribution for parameters Pq{0) 

Sampling 

• Sample n different parameter sets O ' ,  i  - from a uniform distribution on 0. 

Initialization: 

• Set time to zero (T = 0) 

• Initialize prior p(ff \ 4,^1 fi) = Po(^) and error model variance 

estimate, (6*') = ; i - / n 

Prediction of the Output: (Considers only the model parameter uncertainty at this stage): 

• Compute transformed model output for each parameter set, 

11)); i = 

• Sort outputs in order of ascending magnitude, 

• Compute cumulative distribution function of the predicted output in the 

transformed space. 

• Compute appropriate percentiles to define the HPD region for the transformed 

output and un-transform these back to the original output space. 

Prediction of the Output Measurement: (Includes the additional uncertainty due to 

structvral error and output measurement error as estimated by the error m.odel) 

(No observation available yet) 

« Define output region of interest 
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- Find minimum and maximum of transformed output, z^^,(^)and 

respectively. 

- Extend the output range to [% ", ] 

i.e., - 2a{^') and 

a- t ='^f.l+2c7( r ) .  

- Discretize new range into Ua (e.g.,100) equally spaced points bk, k = l,..na. 

For each point h, k = l,..na, compute probability density 

n \ 

p(.yA, =<>. i^,>')=c£A'„(^' 
j=i 

and the . cumulative- - probability, .-.density of -.the., as-yet-unobsen'ed ..output. 

measurement in the transformed space: 

pi^ki ^ h 1= i,p(^ki = h 14.y) 
i=l 

where C is a constant that normalizes the total probability mass to 1. 

• Compute appropriate percentiles to define the HPD region for and un-

transform these to the original output space. 

Updating: (When ihe observalion yr+i becomes available) 

• Compute transformed measurement =  g  ( v v > t ) .  

• Update estimates of error model variance i = according to 

Equation (3.9). 

• Compute posterior density and set it as the prior for the next time step 
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/)(e'  l l .z.rr,,) = C.Afr,,{S' I p(e'\i .y). '  -  I.-.n 
%+•!. 

® -SetT - T + i-and.fesume with-prediction-ofoutpiit 

3:4: APPLICATION 

3:4:1". Hydroiogic Model(HYMOD)-

A relatively simple, 'five-parameter conceptual rainfall-runoff model named 

HYMOD, firstintroduced hj Boyle ei-al (2000), was .used to test the-algoritlmi. .Figure . 

3.2 shows a simple sketch of the model. Model parameters are Cmax and bexp whichi are 

the maximum capacity and- shape factor of the main soil water storage tank, a, the ratio 

determining the rate of water flowing tlirough slow and quick flow tanks, and Rs and Rq, 

referring to the recession .constants .of the .slow flow and quick.-flow tanks.,, respectively. 

Parameter bounds .are shown in Table 3.-1. 

Quick Flow Tanks 

Slow Flow Tank 

Figure 3.2. Conceptual diagram of hydroiogic mode! HYMOD. 
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Table 3.1. Parameter bounds and best parameter sets obtained'byBaRE and SCE-UA at 
the end of the 1953 Water year data of Leaf River Basin. 

Parameter BaRE SCE-UA 
Cmax 1-500 181.91 282.51 
Bexp 0.1-2.0 0.T50 0.251 

Alpha 0.1-0.99 0.667 0.861 

Rs 0.00002-0.10 0.0295 O.OlOO 
Rq 0.1-0.99 0.4783 0.465 

5.4'.2. Transformation Scheme 

The power transformation shown in Equation 3.12 was used to deal with 

heteroscedastic- (non-constant) • variance of the measurement errors associated with 

streamflow {Hogue el al, 2000) and the structural errors associated with the mode! 

g(j)-=[(j + l)^-l]/l (3:12)-

X is a constant of transformation and referred as the transformation factor. The 

value of A, ranges from -I'.O to IVO.' For environmental 'data positive values are generally 

used. This transformation is very similar to the commonly used' Box-Cox transformation 

except adding 1 to the observation. This is to avoid negative numbers for zero flows. 

3.4.3. Case Study: LeafRiver Basin 

The BaRE method was applied to calibration of a conceptual'rainfall-runoff 

model of the Leaf River basin, a test basin used for many stu&s in the literature-(e.g. 

Sorooshian ei al., 1983; Brazil, 198S; Boyle ei al., 2000; Thiemann el al., 2001). This 

humid watershed is 1944 km^ and ideated north of Collins, Mississippi. 
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One year of hydrologic data. Water Year (WY) 1953, was used to test the 

algorithm and ten years (WY'1954 to 1964) were used lor model evaluation. Figure 3.3 

shows the preGipilatioH input for Water Year 1953. One thousand random parameter sets 

were sampled-from the feasible parameter space. A non-informative prior probability of 

1/n (n is the sample size, i.e., 1000 in this case) was assigned to each parameter set'to 

iflitiaiize the algorithiH. 

The initial variance.of the measurejiieat error was assumed to be 12,-twee the 

variance of the streamflow values (in the transformed space) for the selected water year, 

for illustrative puiposes only {Thiemann et al, 2001). 

1J.III.II 
150 200 250 

Day of Water 'fear 1953 

350 

Figure 33. Hyetdgraph' of daily precipitMion for Leaf River, for water year 1953 

The transformation factor % in Equation 3.12 was set to 0.5 and shape factor of 

the error model, P, was chosen as 0, which' corresponds to normal 'distribution as 

suggested by' Thiemann et a! '(2001). 

Figure" 3.4'and Figtire 3.5 show--the-prediction of streamflow-values-and the-

deviation from the most probable forecast using- p equal to 0.0 and % equal 0.5, in-the 

original- output space and in the transformed space respectively. 
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Figure 3.6 shows the evolution of parameter probabilities for the five parameters 

of the HYMOD model throughout the 1953 water year. We observe that after 

approximately 75 days the parameter probability bounds decrease to a single estimate and 

show two-different jumps around day 120 and day 225, These days correspond to the 

times of two different peak flows, which provide significant amount of information to be 

assimilated by BaRE procedure. 
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Day of-Water Year 1953 

Figure 3.4, a) Probabilistic streamflow predictions in the original output space b) 
Streamflow uncertainties relative to the most probable forecast, (p = Q; k = 0,5) in the 
original output space 
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Day of Water Year 1953 

Figure 3.5. a) Probabilistic stream flow predictions in the original output space b) 
Streamflow uncertainties relative to the most probable forecast. (P = 0; ^ = 0.5) in the 
original output space 
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Figure 3.6. Evolution of parameter probabilities for the HYMOD parameters Shades 
from darker to lighter correspond to 99, 95, 68, and 10 percentile confidence intervals, 
respectively. (• shows the location of SCE-UA optimal parameter set for water year 
1953). 

3.5. PROBLEMS ASSOCIATED" WITH BaRE 

While the current version of the BaRE is promising in terms of providing 

reasonable predictions of the model parameters and the associated error bounds, there are 

several problems with the implementation of the algorithm that must be taken into 

account. BaRE algorithm is built on the assumption that the measurement errors in the 

transformed space are mutually independent and are normally distributed. This 

assumption must have a concrete base to be able to defend. Two major error model 
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parameters, the shape factor, p, of the measurement error mode! and the transformation 

factor % , must be selected' according to a rule as we do not know ttie actual of the error 

model. Chapter'Four of this dissertation provides criteria to test the performance of'BaRE 

with respect to change in model" error parameters andtest the validity of the assumptions. 

Another problem • to be addressed, - which • can- be visually • noticed from Figure 3.6, 

is the eonvergenee-ofthe model-parameter values to-a'single-pafanieter set. We know that 

• there- is-no - single "Goirecf - representation^ of the -model and- that -the - predietions • are -not 

free- of error. This, deficiency, is-an. indication of overconfideace..of .the BaRE- in-the. 

, assimilation of information, coming from the most recently .obtained data. 

Another concern about the results is the significant jumps in the high probability 

density region of the individual jsarameter values. In some cases, this may be a 

consequence of several factors such as parameter insensitivity, interaction or 

nommiqueness of the model" structure. The current version of "the B'aRE" methodology 

makes predictions using a discrete sample of the model parameters and it does not have 

the capability of sampling region in the parameter space. Insufficient sampling of the 

feasible parameter space is a major concem. Therefore, especially in cases where the 

initial parameter sample is uneven there is a significant risk of missing the Mgliest 

probabiiit>' density region. To overcome this problem-one-way. may-be.to. use. a-, dense 

hypereube sampling. For a five-parameter model if each of the parameter bound is 

discretized into 100.points, the hypereube will have 100'.points. However, even with the 

advance in computer technology/, it is computationally verj^ cumbersome to deal with 

such an extreme number of samples. On the other hand, using a less densely sampled 
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hypercube may be problematic as it may not enclose the regions of HPD and may cause 

the final model and error estimates to not bracket the observed discharge data for 

significant part of the hydrograph. The feasible parameter space should be explored 

thoroughly without being trapped in the locally optimal regions. To address these issues, 

while being efficient in terms of computational effort, it is appealing to concentrate the 

samples in the current IIPD region while terminating computations in the nonproductive 

portions.-of the parameter space^by-progressivexesampling^atiitervMs during calibration. 

This would reduce the volume of the space over which the search is conducted and 

increase the chance of locating optimum posterior density of parameters by better search 

of the HPD regions. Chapter Five of this dissertation proposes using progressive 

resampling within the course of BaRE. 
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CHAPTER 4. EVALUATION OF THE BaRE ASSSUMPTIONS 

Subjectivity in the selection of the output transformation and error models is a 

criticized aspect of the BaRE methodology (Freer et al, 2003). The algorithm assumes 

that the correct values of j3 and a (factors in Equations 3.6 and 3.12) are known and that 

the error variance in the transformed space is constant. In this dissertation, a method is 

proposed to guide the selection of the appropriate transformation and error models, 

therefore reduce the subjectivity in the assumptions. Selecting a measure to evaluate the 

performance of the BaRE algorithm is essential in the proposed approach to select the 

error model parameters in an objective manner. Later, sensitivity analysis is carried out 

with respect to the error model parameters to determine which error model to select. The 

following sections describe the procedure. 

4.1. MEASURES TO EVALUATE PERFORMANCE 

To evaluate the performance of the results, two model performance criteria are 

analyzed: accuracy and precision. To represent the uncertainty in an efficient way we 

would ideally like to have the width of prediction bounds as small as possible while 

containing the streamflow data. 

Measure of Accuracy: % Bias and DRMS 

For the accuracy measure, the simple Daily Root Mean Square (DRMS) error and 

percent Bias (% Bias) criteria defined as follows are used: 
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DRMS= (4.1) 

n 

'Ziqr-O 
%Bias^^ *100 (4.2) 

n 

Z W )  

where qf' is the observed streamflow value at time t and is the computed 

streamflow value at time t. 

Measure of Precision: Forecast Range Error Estimate (FREE) 

We define precision as a characteristic related to the efficiency of the prediction 

uncertainty bounds in representing the actual distribution of the observed output data. An 

efficiency criterion called Forecast Range Error Estimate (FREE) is defined here to 

summarize the model performance in terms of both the inclusion of the observed data 

(desirable as large as possible) and the width of the prediction bounds (to be as small as 

possible while maximizing inclusion). 

A positive deviation, FREE POS, refers to the distance to the prediction 

boundary if the observation is within the prediction bounds and a negative deviation, 

FREE NEG, refers to the same distance if the point is outside the boundary. These 

distances are schematically shown in Figure 4.1. FREE is the sum, over all time steps, of 

these two distances. 
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Figure 4.1. FREE measure components, (mlh is most likely forecast value and and 
qimn95 ^ppgj. lower limits of 95-percentile confidence intervals for prediction, 
respectively.) 

In mathematical terms. 

I obs „mlh dt=% (4.3) 

\ \ d ,  > 0  {under prediction) 
distf=\ .  . . .  ;  t = l , . . , n  

Iff idf < 0 {overprediction) 
(4.4) 

If distf > 0, is outside the bounds 

otherwise, q°' is within the bounds 

FREE NEG = 
Sum of negative dist^ 

Number of time steps 
(4.5) 

FREE POS = 
Sum of positive dist^ 

Number of time steps 
(4.6) 

FREE^FREE_NEG+FREE_POS (4.7) 
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where is the maximum likelihood value of stream flow predicted by the BaRE 

algorithm at time t and and are upper and lower values of 95-percentile 

confidence interval at time t, respectively, n is the total number of time periods. 

Smaller FREE NEG means that more points are included within the bounds. 

Similarly, we desire FREE POS to be smaller too, such that the bounds are not too wide 

while containing the data. 

4.2. SENSITIVITY ANALYSIS ON ERROR MODEL PARAMETERS 

4.2.1. Selection of Output Transformation Factor A. 

Deciding which value of the transformation factor A, to use is critical because we 

do not know the exact nature of the measurement errors except that the higher the 

streamflow, the larger the measurement error is. In the hydrology literature, the value of 

A, is typically preset without any preliminary analysis. To determine the appropriate 

degree of transformation, we varied X between 0.1 and 1.0 with an increment of 0.1 (1.0 

refers to the im-transformed case) and plotted the changes in FREE, DRMS and %Bias. 

Figure 4.2 shows the variation of FREE and its positive and negative components with 

the transformation factor X. As can be seen from these plots, the precision measures are 

sensitive to the selection of transformation factor X. Figure 4.3 shows that the accuracy 

measures DRMS and %Bias are relatively insensitive to the selection of X. First fifty days 
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were not included in the performance measure calculations as it was used as a buffer 

period. 

FREE 
FREE-POS 
FREE-NEG 

0.7 0.4 05 0.S 

Lambda 

0.2 0,3 

Figure 4.2. FREE measure and its components for different values of transformation 
factor X using the BaRE algorithm for WY 1953 (first 50 days are ignored). 

DRMS 
BiAS 

Lambda 

Figure 4.3. DRMS and % Bias with respect to different values of % for Water Year 1953 
(first 50 days are ignored). 
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Figures 4.4 and 4.5 provide a visual comparison of the streamflow predictions 

made using three different transformation factors; 0.1, 0.3, and 1.0, in the original output 

space. Figure 4.6 and 4.7 show the same illustration for X equal 0.1 and 0.3. The case of A, 

equals 1.0 is not in these figures as it corresponds to the no transformation case. 

A,=0.1 

1=1.0 
T 1 1 1 1 r 

0 50 100 1 50 200 250 500 350 

Day of Water Year 1953 

Figure 4.4. Probabilistic streamflow predictions in original output space Solid dots 
denote the measured streamflow, dark regions and light- shaded region indicate the 95% 
confidence intervals for prediction of "true" streamflow and measured streamflow in the 
original output space, respectively. X changes as 0.1, 0.3, 1.0, in order from (a) to (c). (P 
set to 0 for all cases) 
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Day of Water Year 1953 

Figure 4.5. Streamflow uncertainties relative to the most probable forecast. X changes as 
O.l, 0.3, 1.0, in order from (a) to (c). ((5 set to 0 for all cases). 

100 150 200 260 

Day of Water Year 1953 

Figure 4.6. Probabilistic streamflow predictions in transformed output space, (a) 1=0.1; 
(b) A,=0.3. (P set to 0 for all cases). 
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Figure 4.7. Streamflow uncertainties relative to the most probable forecast, in 
transformed output space (a) A,=0.1; (b) X=0.3. (p set to 0 for all cases). 

The transformation factor controls both the accuracy of the maximum likelihood 

prediction of streamflow and the width of the uncertainty bound. Not surprisingly, as X 

increases the width of the uncertainty bound decreases for high flows and increases for 

low flows. Based on this analysis, we selected a value of 0.3 for the transformation factor 

X, which gives the lowest FREE while still being relatively accurate. 

4.2.2. Selection of Error Model Parameter P 

A similar analysis was carried out to determine the appropriate shape parameter, 

P, of the power density function of the measurement errors in the transformed space. The 

value of P was varied in the interval (-1 1] as shown in Table 4.1, along with the 
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corresponding c(P) and w(P) values according to Equations 3.7 and 3.8, with X fixed at 

the value of 0.3. 

Figure 4.8 shows the variation of the FREE measure and its components with 

changing p. The change in accuracy in terms of DRMS and % Bias for several values of 

P is illustrated in Figure 4.9. Plots of stream flow prediction bounds for four different P 

values (-0.95, -0.5, 0, 1.0), in the original output space are shown in Figure 4.10. Figure 

4.11 illustrates corresponding uncertainties relative to the most probable forecast. Figure 

4.12 and Figure 4.13 are same plots in the transformed space. 

Table 4.1. Error model components as a function of shape factor 

c(0) MP) 
-0.95 0.0000 0.2887 
-0.75 0.0098 0.2978 
-0.50 0.1142 0.3207 
-0.25 0.2921 0.3545 
0.00 0.5000 0.3989 
0.25 0.7212 0.4547 
0.50 0.9491 0.5231 
0.75 1.1806 0.6064 
1.00 1.4142 0.7071 
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Figure 4.8. FREE measure and its components for different values of transformation 
factor p using the BaRE algorithm (WY 1953, first 50 days are ignored). 
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Figure 4.9. DRMS and % Bias with respect to different values of P for WY 1953 (first 50 
days are ignored). 



Day of Water Year 1953 

Figure 4.10. Probabilistic streamflow predictions in original output space. |j3 changes as -
0.95, -0.5,0., 1.0, in order from (a) to (d). (X set to 0.3 for all cases). 
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Day of Water year 1953 

Figure 4.11. Streamflow uncertainties relative to the most probable forecast, p changes as 
-0.95, -0.5,0, 1.0, in order from (a) to (d). (X set to 0.3 for all cases). 

When P is very close to -1.0 (corresponding to uniform distribution), the 

prediction bound of streamflow is extremely wide. However, the prediction bound 

decreases to a reasonable range very quickly and differs only slightly going towards P 

equal to 1.0 (double exponential distribution). This is important because it shows that the 

results are not overly sensitive to a wide range of values for the error model's shape 

factor. Analyses of these plots and the FREE measure suggest that values of P between 
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0.0 and 0.5 are reasonable. P value of 0.0 was chosen, corresponding to normal 

distribution for illustration purposes. 

Day of Water Year 1953 

Figure 4.12. Probabilistic streamflow predictions for prediction in the transformed output 
space. P changes as -0.95, -0.5, 0., 1.0, in order from (a) to (d). (X set to 0.3 for all cases). 
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Figure 4.13. Streamflow uncertainties relative to the most probable forecast in the 
transformed output space, p changes as -0.95, -0.5, 0,1.0, in order from (a) to (d). (X. set 
to 0.3 for all cases). 

4.2.3. BaRE results with selected error model parameters 

Application of BaRE using HYMOD on the Leaf River basin data, with the 

selected error model parameters (P=0; 1=0.3) results in the 95% confidence interval 

prediction uncertainty bounds shown in Figure 4.14 (a). Figure 4.14(b) illustrates the 

uncertainty of the streamflow predictions relative to the maximum likelihood value of 

streamflow. These plots are shown in the original (un-transformed) output space. Same 

plots in the transformed space are shown in Figure 4.15. It can be seen that the 95% 

Bayesian confidence intervals for the prediction of the streamflow measurement are 
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relatively narrow while containing most of the observed data. Uncertainty bounds are 

larger for peak flows and smaller for recessions. 

The evolution of the posterior probability distributions for the five model 

parameters is shown in Figure 4.16. Note that the probability bounds reduce quickly with 

the incoming information and, within a short time period (230 days), collapse to a single 

line. Given the structural simplicity of the HYMOD model, this indicates a major 

problem of algorithm overconfidence as noted earlier. The performance measures for the 

specific case are calculated to be; % Bias = 7.92; DRMS = 25.96; FREE - 12.86; 

FREE_NEG = 2.16; FREE_POS = 10.70. 
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Figure 4.14. (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast (f3=0 and A,=0.3) 
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Figure 4.15. (a) Probabilistic streamflow predictions in the transformed output space, 
(b) Streamflow uncertainties relative to the most probable forecast ((3=0 and A,=0.3) 
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Figure 4.16. Evolution of parameter probabilities for the HYMOD parameters obtained 
using p=0 and A,=0.3. Shades from darker to lighter correspond to 99, 95,68 and 10 
percentile confidence intervals. (* shows the location of SCE-UA optimal parameter set.) 

4.2.4. Comparison with Batch Calibration 

To compare the performance of BaRE with conventional calibration using this 

limited amount (one-year) of data, the SCE-UA method developed by Duan et al. (1992, 

1993) was applied to the same watershed using HYMOD with DRMS as the objective 

function. For both cases, the transformation factor X was set to 0.3. The calibrated model 

parameters using the SCE-UA algorithm are shown by stars at day 365, in Figure 3.7. 

Even though BaRE uses only a discrete sample of 1000 parameters sets in the feasible 
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parameter space, it is promising that its maximum likelihood parameter set is very close 

to the SCE-UA set at the end of the water year. Comparative values of the best parameter 

sets obtained at the end of the 1953 water year are shown in Table 4.2. 

Table 4.2. Parameter bounds and best parameter sets at the end of Water Year 1953 

Parameter 
Bounds 

BaRE SCE-UA 

Cmax 1-500 181.91 282.51 
bexp 0.1-2.0 0.150 0.251 
a 0.1-0.99 0.667 0.861 
Rs 0.00002-0.10 0.0295 0.0100 
Rq 0.1-0.99 0.4783 0.465 

Again, DRMS and %Bias are used as measures of accuracy. The DRMS estimate 

of model residual standard deviation is also used to construct the 95% confidence interval 

prediction uncertainty bounds explicit to the SCE-UA algorithm. The streamflow 

hydrograph corresponding to the optimal parameter set along with the prediction 

uncertainty bounds is plotted in Figure 4.17. 
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Figure 4.17. Leaf River basin calibration for Water Year 1953 using the Shuffled 
Complex Evolution (SCE-UA) algorithm. 
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It is interesting to note that after all the available data have been processed, the 

final most likely BaRE parameter estimate is theoretically equivalent to the value that 

would have been obtained by conventional batch calibration using pure random search. 

4.2.5. Model Evaluation 

For evaluation purposes the best parameter set chosen by SCE-UA method and 

the most likely parameter set selected by BaRE water year 1953 were used to evaluate the 

model performance over an independent 10-year period (WY 1953 to WY 1964) for the 

Leaf River basin. The residual variance estimate (in the transformed space) from the 

calibration period was used to compute the 95% confidence intervals for the forecasts. 

Figures 4.18 and 4.19 show these forecasts for the wettest year (WY 1961) within the 10-

year evaluation period. Comparative statistics are shown in Table 4.3. Note that the 

model performance is quite similar for both cases. Although BaRE was not developed to 

provide a single point estimate of the parameters for forecasting, this analysis indicates 

that the maximum likelihood parameter set provides an acceptable deterministic forecast. 

Table 4.3. Summary of statistics 

Calibration Evaluation 
BaRE SCE-UA BaRE SCE-UA 

DRMS 25.96 19.77 28.11 27.79 
%Bias 7.92 3.67 6.12 15.31 
FREE 12.86 7.47 7.35 6.73 
FREE_POS 10.7 3.54 2.66 2.01 
FREE NEG 2.16 3.93 4.69 4.72 
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Figure 4.18. Hydrograph for WY 1961 as a part of 10-year evaluation period (WY 54 to 
WY 64) generated by BaRE method's most likely parameter set et the end of calibration 
period. 
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Figure 4.19. Hydrograph for WY 1961 as a part of lO-year evaluation period (WY 54 to 
WY 64) generated by SCE-UA method's optimum parameter set found at the end of 
calibration period. 
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CHAPTER 5. IMPROVING BARE USING PROGRESSIVE RESAMPLING 

In a realistic model of a hydrologic system there is always uncertainty in some of 

the model parameters. Bayesian recursive parameter estimation (BaRE) handles this 

situation by randomly choosing parameters at the start of the algorithm. This is 

appropriate only if the feasible parameter space is reasonably represented with a large 

number of initial samples and the parameters are believed to be constant through time. 

However, real hydrologic systems .are highly complicated and, due to dynamic soil 

conditions triggered by urban changes or some other factors (eg. Fire, landslides, etc), 

invariability of the parameters appears to be oversimplification of the real process. 

Another concern is the roughness of the response surfaces. The feasible parameter space 

should be searched thoroughly without being trapped in the locally optimal regions. To 

address these issues, while being efficient in terms of computational effort, it is appealing 

to allow the parameters to vary by resampling at intervals during calibration. 

Previous work of Thiemann et al (2001), along with the results of this study as 

described in Chapter 3.5 illustrate significant jumps in the parameter space and collapsing 

of the parameter predictions to a single set. This is avoidable by moving around the 

feasible space to locate the highest probability density regions. In this study, use of 

progressive resampling was proposed to address all these issues. The following section 

presents the description of the resampling scheme adopted within the BaRE algorithm. A 

hydrologic case study is also presented using the HYMOD model applied to Leaf River 

Basin. 
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5.1. BaRE ALGORITHM WITH PROGRESSIVE RESAMPLING: 

The algorithm is summarized as following: 

Step 1. Initialization : 

Choose population size NPOINT 

Initialize prior probabilities, standard deviation 

Step 2. Run BaRE 

Step 3. Check threshold measure at each time step t. 

If number of parameters within the 95-percenti!e confidence interval of the parameter 

probability mass function is less than NPOINT*THOLD% perform Resampling 

Step 4. Assign states, standard deviation and prior probabilities for the newly sampled 

parameter sets. Run BaRE for these parameters from time step 1 until the time of 

resampling. 

Step 5. At the time of resampling, replace the parameters outside the 95-percentiie 

confidence interval of the probability mass function with the new sampled set. 

Calculate cumulative density function. 

Step 6. Go back to Step 2. Repeat the algorithm until the last time step. 
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Resampling Strategy J: Resampling using hypercubes (RH) 

1 .Determine the best 10% of the parameter sets based on the probabilities, b^, 

(k-l,..NPOINT*.10) 

2. Calculate the normalized Euclidian distances between b^ (k=l,..NPOINT*.10), 

dist^ 

3. Determine minimum(dist'^) 

4. Locate a hypercube with dimensions of min(dist'')/2 around each b*^ (b^ being 

centered). The dimension is selected accordingly to avoid coinciding of the hypercubes. 

If the hypercube has boundaries outside of the feasible region of parameter space, adjust 

the dimensions to be within the feasible bounds. Figure 5.1 shows the construction of the 

hypercubes in 2-dimensions. 

LB1UB1LB3 UB3 LB2 UB2 
LB4 UB4 

Figure 5.1. Construction of hypercubes for resampling 

5. Sample m/k new points within each hypercube corresponding to each b'', where m 

is the number of points outside the 95-percentile of the probability mass function. 
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where LB*' is the lower bound of the hypercube , UB*^ is the upper bound of the 

hypercube and Zu is a label drawn from uniform distribution U(0,1). If the 

hypercube coordinates are outside the feasible space replace it with the feasible 

bound. 

Resampling Strategy 11: Resampling using Covariances (RC): 

1. Calculate the covariance, Z, of the parameter sets remaining within the 95-

percentile confidence interval of the parameter probability mass function. 

2. Determine the best 10% of the parameter sets based on the probabilities, b'', 

(k=l,..NPOINT*.10) 

3. Randomly draw a label Z from standard uniform distribution between -3 and 3. 

{Z^U(-3,3)) 

4. Generate m new points around b\ where m is the number of points outside the 95 

percentile, using; 

( t .=b'+s'Z'Z 

where s is a predefined jump rate, in the range of 1 to 3, used to overdisperse the 

distribution. 

If is within the feasible parameter space accept it, otherwise return to step 3. 
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5.2 APPLICATION 

The problem of deciding which strategy to use in order to locate the HPD regions 

and confine the search around these regions is a challenge because of several reasons. 

Response surfaces for environmental models are rough and have several local optima. 

(Duan et a!., 1992, 1994). The risk of getting trapped within those local regions of 

attractions is high. The resampling strategy should concentrate around the HPD regions 

but at the same time be flexible enough to inflate the search area to avoid being trapped 

within a local regions of attraction. The efficiency and effectiveness of the proposed 

resampling strategies were tested on both synthetic case and Leaf River data. 

5.2.1. Synthetic Case 

Synthetic runoff data was generated using preset parameters. In this case, the true 

parameter set was chosen as Cmax=200; bexp-0.7; a=0,8; Rs=0.08 and Rq=0,5. The 

synthetic runoff data was created by running HYMOD using these parameters, and the 

actual precipitation input for 1953 water year of the Leaf River. This is the case where 

there is no model error. For comparison purposes, results of the original BaRE 

application for one-year synthetic data with no resampling using only 100 parameter sets 

as initial sample are shown in Figures 5.2 through 5.4. 

In this simple analysis BaRE seems to fail finding the true set of parameters, as 

the sample size of 100 points is too small. We would expect using the resampling strategy 

would successfully locate the true set of parameters. 
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Figure 5.2. (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Synthetic flow data, 
NP0INT=100,original BaRE) 
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Figure 5.3. (a) Probabilistic streamflow predictions in the transformed output space, (b) 
Streamflow uncertainties relative to the most probable forecast (Synthetic flow data, 
NPOINT=100, original BaRE) 
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Figure 5.4. Evolution of parameter probabilities for the HYMOD parameters obtained 
using. Shades from darker to lighter correspond to 99, 95, 68 and 10 percentile 
confidence intervals. (* shows the location of true parameter set.) (Synthetic flow data, 
NPOINl -100, original BaRE) 

5.2.1.1. Application of BaRE with Resampling Strategy 1 (RH) 

Resampling was done using the strategy of sampling uniformly within the 

hypercubes located around the parameter sets within the highest probability density 

region. The same 100 parameter sets was used as the previous application. Results are 

shown in Figures 5.5 through 5.7. 
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Although these results show significant improvements with respect to the case 

with no resampling. Figure 5.7 shows that the true values of Cmax and bexp were not 

accurately determined. It is because this particular strategy is very vulnerable to get 

trapped within certain regions in the course of resampling. As the hypercube dimensions 

become smaller and smaller, this risk increases. It becomes hard to shift the search in 

other parts of the feasible parameter space. 
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Figure 5.5. (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Synthetic flow data, 
NPOrNT=100, BaRE with RH) 
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Day of Water Year 1953 

Figure 5.6. a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (Synthetic flow data, 
NPOINT=100, BaRE with RH) 
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Figure 5.7. Evolution of parameter probabilities for the HYMOD parameters. Shades 
from darker to lighter correspond to 99, 95, 68 and 10 percentile confidence intervals. (* 
shows the location of true parameter set.) (Synthetic flow data, NPOINT=100, BaRE 
with RH) 

5.2.1.2. Application of BaRE with Resampling Strategy II (RC) 

The second resampling strategy proposed uses the covariance of the well 

performing parameter sets to guide the probabilistic search within the feasible space. 

Results of the application to the synthetic data are shown in Figures 5.8, 5.9 and 5.10. 

The streamflow prediction in the transformed space (Figure 5.9) illustrates an 

ideal behavior. The prediction bounds gradually decrease in a smooth fashion while the 

maximum likelihood value of the streamflow matches the synthetic flow values. Figure 
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5.10 shows that after almost 150 days the actual true set of parameters were accurately 

detected 
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Figure 5.8 (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Synthetic flow data, 
NPOINT-100, BaRE with RC) 
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Figure 5.9. (a) Probabilistic streamflow predictions in the transformed output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Synthetic flow data, 
NPOINT=100, BaRE with RC) 
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Figure 5.10. Evolution of parameter probabilities for the HYMOD parameters. (* shows 
the location of true parameter set.) (Synthetic flow data, NPOrNT=100, BaRE with RC) 

5.2.2. Actual Data 

Water year 1953 data of Leaf River Basin was used to test the resampling 

strategies. The sample size of parameter sets was increased to 200. The results of 

applying BaRE without resampling using this limited size of initial population results in 

streamflow predictions shown in Figures 5.11 and 5.12. Evolution of parameter 

probability bounds is illustrated in Figure 5.13. The dots at the end of the year show the 

optimal parameter set determined by using the SCE-UA algorithm. The parameters 

determined by the BaRE method at the end of the year are away from these parameters 
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especially for a and Rs. Significant jumps in the probability bounds together with the 

problem of collapsing to a single line is more clear in this application, as the sample size 

is fairly small (200). Performance of the resampling strategies embedded in BaRE were 

analyzed in the following sections. 
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Figure 5.11. (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Actual flow data, 
NPOINT=200, original BaRE) 
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Figure 5.12. (a) Probabilistic streamflow predictions in the transformed output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Actual flow data, 
NPOINT=200, original BaRE) 
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Figure 5.13. Evolution of parameter probabilities for the HYMOD parameters (* shows 
the location of optimal SCE-UA parameter set). (Actual flow data, NPOINT=200, 
original BaRE) 

5.2.2.1. Resampling with hypercubes (RH) 

The same initial sample of 200 parameter sets was used in order to test if the 

resampling strategy would improve the results. The results at the end of the year were 

again compared with the optimal set of SCE-UA algorithm. Figure 5.14 and 5.15 show 

the prediction of streamflow and Figure 5.16 shows the parameter probability bounds 

throughout the year. Except some of the peak values of flow, observed data is well 

captured within the streamflow prediction bounds. Parameters reached at the end of the 
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year are close to the ones obtained by the SCE-UA algorithm. Figure 5,16 also shows the 

variation of parameter a before it stabilizes to the SCE-value. 
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Figure 5.14. (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Actual flow data, 
NPOINT=200, BaRE with RH) 
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Figure 5.15 (a) Probabilistic streamflow predictions in the transformed output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Actual flow data, 
NPOINT=200, BaRE with RH) 
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Figure 5.16. Evolution of parameter probabilities for the HYMOD parameter. (* shows 
the location of optimal SCE-UA parameter set.) (Actual flow data, NPOINT=200, BaRE 
withRH) 

Parameter bounds are smoothly evolving; sudden jumps are not seen as it was 

encountered in the original BaRE application. To test the robustness of the procedure ten 

different runs were done. It was observed that in some cases, the resampling strategy got 

trapped in areas of the feasible parameter space and could not jump to other parts of the 

search space to locate the HPD regions. The average performance criteria and the number 

of times resampling was required in two-monthly periods are shown in Table 5.2 and 

Figure 5.20, respectively. 
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5.2.2.2. Resampling with covariances (RC) 

Same analysis was done to test the performance of the second resampling scheme 

(RC), which uses the covariance structure of the well performing sets to guide the search 

in the feasible parameter space. Stream flow predictions (Figure 5.17 and 5.18) are very 

similar to the ones obtained by using the RH strategy. Parameter bounds smoothly 

converge to a set (Figure 5.19), which contains the SCE-UA algorithm's optimal set at 

the end of Water Year 1953. It was observed that the results were more robust compared 

to hypercube resampling approach. Ten different runs ended up with average 

performance criteria as shown in Table 5.1. Figure 5.20 shows the resampling frequency 

in two-monthly periods compared to the one obtained using the previous resampling 

approach, RH. Number of times that resampling is required was much lesser than the 

resampling approach using hypercubes. 
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Figure 5.17. (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Actual flow data, 
NPOINT=200, BaRE with RC) 
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Figure 5.18 (a) Probabilistic streamflow predictions in the transformed output space, 
(b) Streamflow uncertainties relative to the most probable forecast (Actual flow data, 
NPOINT=200, BaRE with RC) 
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Figure 5.19. Evolution of parameter probabilities for the HYMOD parameters (* shows 
the location of optimal SCE-UA parameter set.) {Actual flow data, NPOINT=200, BaRE 
with RC) 

Table 5.1 Performance criteria for both resampling procedures 

%Bias DRMS FREE FREE NEG FREE POS 
Resampling I(RH) 9.14 23.44 11.04 2.65 8.38 

Resampling II (RC) 12.06 22.97 10.81 2.58 8.23 
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Figure 5.20 Comparison of resampling frequencies for resampling strategies using 
hypercubes (RH) and covariances (RC) 

Based on these observations, for further analysis second resampling strategy 

(RC), which uses the covariance of the well performing parameter sets was chosen 

because of its relative robustness and efficiency. 

5.3. SENSITIVITY ANALYSIS 

5.3.1. Defming HPD region of parameter space 

When there is less than a certain percentage of the initial population outside of the 

95-percentile confidence interval of the parameter probability' mass, the proposed 
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resampling algorithm requires to define the HPD region of the parameter space to sample 

new parameter sets. Best 10% of the parameter sets based on the probability values were 

chosen as a default approach. To test if this is a good choice, a sensitivity analysis was 

carried out. Initial population was again chosen as the earlier 200 parameter sets and the 

test was done using the Leaf River's 1953 water year data. Table 5.2 shows the summary 

of performance measures for different values of percentages used to define the best 

parameter sets. 

Table 5.2. Summary of performance measures 

%Bias DRMS FREE FREE NEG FREE POS 
5% 10.76 22.69 10.55 2.63 7.92 
10% 12.06 22.97 10.80 2.57 8.22 
25% 11.80 22.46 10.77 2.74 8.02 
50% N/A 

It was observed that if the HPD region of the parameters was defined as the best 

50% of the initial population, the algorithm does not work. That is because the distinction 

between best performing and not so well performing parameter sets could not be done 

effectively, in this case. Other than 50%, all other percentages tested ended up with 

similar performances. Density of resampling was also observed using the plots shown in 

Figure 5.21 for all these cases. These figures are generated by plotting the number of 

resampling required within two-monthly periods. It is illustrated that the resampling 

frequency is also similar for all three cases (5%, 10% and 25%). It was decided to use the 

10% for defining the highest probability density region of the parameter space, which 
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resulted slightly lesser amount of actual flow data being outside the prediction bounds 

that is reflected by the value of FREE NEG measure. 
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Figure 5.21. Performance measures with changing respect to percentage defining 
parameter HPD region. (BaRE with RC) 

5.3.2. Threshold for Resampling 

Another sensitivity analysis was done to see the effect of changing threshold 

value, which is required for resampling to start within the course of running BaRE. As in 

the previous analysis, initial sample consisted of 200 parameter sets. The threshold was 

changed between 10 and 70% of the total population, if the number of parameter sets 

outside the 95-percentile of the parameter probability mass is more than the THOLD 
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percentage of the total population of 200, the resampling is required. In this case, 

THOLD value of 10% did not work. This is again for the reason that the HPD region was 

not well defined and it was too early to start resampling. Other values of THOLD, 30, 50 

and 70 %, worked and resulted in similar results in terms of performance measures 

(Table 5.4). However, for THOLD equal to 70%, there is a significant decrease in the 

resampling frequency. This is for desirable to reduce the computational cost. 

Table 5.4. Summary of performance measures 

THOLD% BIAS DRMS FREE FREE NEG FREE POS 
10 N/A — — 

30 11.49 22.72 10.56 2.55 8.01 
50 12.05 22.97 10.81 2.58 8.22 
70 12.67 22.71 10.77 2.66 8.10 

Figure 5.22 shows the resampling frequency as a function of time, obtained for 

the tested THOLD values. The decrease in the number of resampling required is 

significant going from 30% to 70%. However, it was decided to keep the THOLD value 

as 50% not to concentrate so quickly on the smaller percentages of best parameter sets, 

and avoid premature convergence of the algorithm. 



97 

70 

60 Q. 
o 50% 

50 
+ 30% 

40 

Di 
•E 30 Q. 

E 10 

0 
0 50 100 150 300 350 200 250 

Day of Water Year 1953 

Figure 5.22. Performance measures with changing respect to threshold percentage 
required for resampling. (BaRE with RC) 

5.4. TESTING THE ALGORITHM WITH 3-YEAR ACTUAL DATA 

Using the Leaf River data for Water Year 53,54 and 55 the performance and 

efficiency of the progressive resampling using covariance structure of the well 

performing parameter sets was tested to check if the possible variations in the parameter 

space would be captured. Figure 5.23 and 5.24 show the prediction of streamflow for the 

three years. The performance measures obtained considering the prediction bounds in the 

original output space were %Bias == 13.9; DRMS - 18.4; FREE = 8.0; FREE NEG 

=1.61; FREE POS =6.39. Figure 5.25 shows that parameter probability bounds stabilize 
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almost after 500 days. The algorithm converges around the optimal parameter set for the 

53-56 Water Years obtained by SCE-UA algorithm and the end of the period. 

Resampling frequency gradually decreases with time as shown in Figure 5.26. During the 

third year, almost only one sixth of the first year's resampling frequency was required. 
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Figure 5.23. (a) Probabilistic streamflow predictions in the original output space, 
(b) Streamflow uncertainties relative to the most probable forecast 
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Figure 5.24. (a) Probabilistic streamflow predictions in the transformed output space, 
(b) Streamflow uncertainties relative to the most probable forecast (3-year actual flow 
data, NPOINT=200, BaRE with RC) 



100 

g400 
£ 200 
o 

0.1 

Q^^.05 [ 
0.8' 

^1:!^ 
0.2; 

ro 0.8 

0 100 200 300 400 500 600 700 800 900 1000 

Day of Water Year 1953-1956 

Figure 5.25. Evolution of parameter probabilities for the HYMOD parameters obtained (* 
shows the location of optimal SCE-UA parameter set.) (3-year actual flow data, 
NPOINT=200, BaRE with RC) 
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Figure 5.26. Resampling frequency as a function of time (3-year actual flow data, 
NPOINT=200, BaRE with RC) 

5.5. OBSERVATIONS 

Use of covariance structure of the well perform ing parameter sets was found to be 

effective in locating the HPD regions during the application of BaRE with the 5-

parameter hydrologic model, HYMOD, using Leaf River data. The results show that 

implementation of progressive resampling within the BaRE algorithm improves the 

stream flow predictions significantly compared to original BaRE implementation. The 

sudden jumps in the parameter space reflected in the figures showing the evolution of 

parameter probability bounds were avoided. Resampling procedure guides the 

probabilistic search to be concentrated around well performing parameter sets, instead of 

being limited to a preset sample of parameters, which was the case in the original BaRE. 
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The non-constant parameter sets show that the assumption of the correct model error is 

not valid. Capturing the variabiUty of the parameters is essential to be able to track the 

natural or human effects on the watershed. Figure (5.19) shows that a progressive change 

in parameter a seems to occur during in the water year 1953 data of the Leaf River. 

However, when the recursive estimation is extended to 3 years as seen in Figure (5.25) 

the parameter sets stabilize and the search seems to be highly concentrated in the certain 

parts of the parameter space and is not capable of jumping to other parts of the feasible 

space. This maybe because the algorithm is still placing too much confidence to the 

accumulated knowledge of model predictions, which is summarized in the prior 

probabilities of the parameters. The question is how to modify the algorithm such that the 

recursive parameter estimation will acknowledge the fact that the parameters may not be 

constant in time and the model errors are existent throughout the time. In Chapter 6, the 

concept of entropy is presented to overcome the overconfidence problem. 
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CHAPTER 6. IMPROVING AND EXTENDING BaRE BY APPLICATION OF THE 

PRINCIPLE OF ENTROPY 

As mentioned in the previous section, current implementation of BaRE assumes that 

the model is correct and overvalues the information coming from the implementation of the 

model. Entropy is used to solve this problem. Entropy measures the amount of uncertainty in 

the probability distribution. It is defined as the average information content of the outcomes 

of a random event, and is first introduced by Clausius (1850) in the context of 

thermodynamics. However, the explicit relation between entropy and probability was 

recorded several years later (Planck, 1906). In compliance with the fact that there is a 

significant amount of uncertainty in the applications where simplified models are used for 

simulating the rainfall runoff process, it is reasonable to introduce additional measures of 

uncertainty within prior distribution to reflect the uncertainty due to model errors. In this 

study, entropy was introduced into probability updating rule to decelerate the effect of the 

information coming from the model itself. This is to avoid parameter HPD from collapsing to 

a single or very narrow bounds. 

Referring back to Equation (2.1) 

pi9\y)cc p{0)p{y\0)  

It can be rewritten as 

Posterior oc Likelihood * Prior (6.1) 
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This simple expression is the technical core of Bayesian inference where the primary 

task is to perform necessary computations to summarize the posterior distribution, p{6 ] y), 

in appropriate ways. However, there is an inherent uncertainty in the prior probabilities. We 

can account for this uncertainty by rewriting Equation (6.1) as following: 

Posterior oc Likelihood * prior^' *^^ (6.2) 

Where K is referred as entropy factor and ranges between 0 and 1. When this factor is 

equal to zero, it can be said that we have Ml confidence in our prior information 

accumulated from the model simulations. The increasing parameter K (entropy factor on 

prior) can be used to reflect that the assumption of constancy of parameters is not trusted and 

therefore that the belief that the model is correct is not good. To demonstrate the effect of 

applying entropy factor on prior a hypothetical prior was created by superimposing two 

Gaussian distributions and the change in distribution with changing K was plotted as in 

Figure 6.1. 
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Figure 6.1. An example prior distribution and effect of applying different values of entropy 
factor K. 

The shape of the function smoothens and flattens as the value of entropy factor is 

increased. The question is how much should we ignore the prior information. Following 

chapter analyses this question. 

6.1. SENSITIVITY ANALYSIS FOR ENTROPY FACTOR 

A sensitivity analysis was carried out to see the effect of applying entropy factor to 

the prior probability of the parameters. Leaf River data for water year 1953 was used in the 

sensitivity analysis. Initial sample of 1000 parameters were randomly selected according to 

uniform distribution. Performance measures were again %Bias, DRMS, FREE and its 

components (FREE__NEG and FREE POS). Table 6.2 shows the summary of these measures 

with changing entropy values. Figures 6.1 shows the plots of the performance measures 

K=0.9 

K=1.0 
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versus the entropy factor K. It is illustrated that performance is veiy sensitive to the change in 

the entropy factor. This result is not surprising because the factor K causes an exponential 

decay on the prior term. Mathematical illustration of these effects are shown as follows: 

posterior = likelihood * prior^^'"' 

p, = ',-PU 

r=',.R-,-PS"F'" 

(6-3) 

Ft ~ '( •'(-1 *'<-2 'i 

The effect of K is very reflective on the streamflow predictions. Very slight increase in K, 

results in change in both the maximum likelihood prediction and also change in the 

prediction bounds. DRMS and % Bias both decrease with increasing K. However, the 

prediction bounds increase rapidly with the increasing K. 

Table 6.1. Results of sensitivity analysis of the entropy factor K (original BaRE) 

K BIAS DRMS FREE FREE NEG FREE POS 
0.02 4.08 22.63 13.80 1.17 12.63 
0.04 3.05 22.12 15.54 0.79 14.75 
0.06 4.08 22.63 13.80 1.17 12.63 
0.08 2.70 20.55 16.75 0.60 16.15 
0.10 2.93 20.67 19.98 0.54 16.43 
0.15 2.51 20.87 18.49 0.54 17.95 
0.25 2.50 20.92 19.61 0.42 19.18 
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Figure 6.2. Performance measures with changing Entropy factor K applied to prior. 
(Original BaRE, 1953 water year data of Leaf River) 

The information contained within the model itself is ignored almost totally even 

when the value of K is only 0.25. The corresponding flow predictions are shown in Figures 

6.2 and 6.3. The parameter probability plot (Figure 6.4) shows that the parameter probability 

bounds almost enclose the whole region of feasible parameter space, when K is equal to 0.25. 

Although these results may not be generalized for all cases, it is safe to conclude that 

applying entropy factor scales the information within the model, hence leads to wider range 

of uncertainty. Figures of prediction bounds for output uncertainty and evolution of 

parameter HPD regions clearly illustrate how the uncertainty bounds increase with the 

application of entropy. Use of entropy helps to avoid overconfidence in the predictions, 

which causes the uncertainty bounds collapsing to a single line. 
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Figure 6.3. (a) Probabilistic streamflow predictions in the transformed output space, (b) 
Streamflow uncertainties relative to the most probable forecast (K=0.25) 
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Figure 6.4. (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (k=0.25) 
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Figure 6.5. Evolution of parameter probabilities for the HYMOD parameters obtained using 
k=0.25. Shades from darker to lighter correspond to 99, 95,68 and 10 percentile confidence 
intervals. (* shows the location of SCE-UA optimal parameter set.) 

6.2. USE OF ENTROPY TOGETHER WITH PROGRESSIVE RESAMPLING 

As mentioned in section 5.5 even though BaRE algorithm with the progressive 

resampling fixed the problem of sudden jumps in the parameter space, the problem of 

overconfidence was found to be remaining in the estimation of parameters and uncertainty 

bounds. Effect of entropy applied together with progressive resampling was analyzed using 

the water year 1953-1956 data of Leaf River. The number of initial parameter sets were 200. 

The entropy factor K was varied and the effect of it in the results was summarized with the 
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performance measures as tabulated in Table 6.2. Figure 6.6 shows the graphical illustration of 

the change in performance measures with respect to K. 

Table 6.2. Results of sensitivity analysis of the entropy factor K (BaRE with progressive 
resampling) 

K %Bias DRMS FREE FREE_NEG FREE_POS 

0.01 11.61 21.52 9.91 2.18 7.73 
0.04 8.90 17.29 11.23 0.79 10.43 
0.08 8.97 17.17 14.26 0.52 13.73 
0.15 7.81 17.32 19.32 0.25 19.07 
0.25 7.34 16.86 28.31 0.10 28.21 

Based on these criteria K was selected as 0.04, which ends up with very few measured 

data being outside of the streamflow prediction bounds (small FREE_NEG) while the bounds 

are not too wide and the maximum likelihood value tracing the actual observation. The 

corresponding streamflow prediction results are shown in Figure 6.7 and 6.8 in original and 

transformed space, respectively. Notice that the model predictions appear to track the 

observations fairly well. The evolution of the parameter estimates is illustrated in Figure 6.9. 

As the streamflow data are processed the parameter HPD regions decrease. However, due to 

neglecting some of the prior information the HPD region does not collapse to narrow bounds. 

Also the variation in model parameters could be better captured. 
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Figure 6.6. Performance measures with changing Entropy factor k applied to prior. (BaRE 
with progressive resampling, 1953-1956 water year data of Leaf River) 

Figure 6.10 shows the resulting resampling frequency of BaRE for the 3-year period. 

It can be noticed that after first year less resampling was required. However, when there is 

peak flow the algorithm requires denser resampling, trying processing the Increased 

information. 
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Figure 6.7. (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with progressive 
resampling and k=0.04) 
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Figure 6.8. (a) Probabilistic streamflow predictions in the transfomed output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with progressive 
resampling and K=0.04) 
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Figure 6.9. Evolution of parameter probabilities for the HYMOD parameters obtained using 
progressive resampling and k=0.04. (* shows the location of SCE-UA optimal parameter set) 
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Figure 6.10. Resampling frequency as a function of time (BaRE with progressive resampling 
and K=0.04) 

6.3. SYNTHETIC STUDY: KNOWN VARIATION OF PARAMETERS 

The goal of applying entropy was to eliminate the overconfidence of the model 

predictions by implicitly accounting for the model error through attenuating the process of 

information coming from the model. Ideally, we want the possible variation in the 

parameters be captured during the application of the BaRE algorithm. In order to test if the 

BaRE with the progressive resampling and the application of entropy could detect these 

changes, a synthetic case study was designed. A synthetic flow data using 1953-1956 water 

year precipitation data of Leaf River Basin was generated using preset parameters of 

HYMOD model. While Cmax=200, bexp=0.7, Rs=0.08 and Rq =0.5 were kept constant 
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throughout tiie 3-year period, parameter a was varied for each year as 0.8, 0.2 and 0.9. 

Streamflow predictions were obtained as shown in Figure 6.11 and 6.12 in original and 

transformed parameter space, respectively. The true streamflow data is consistent almost all 

the time with the maximum likelihood value of the algorithm as reflected by low values of 

%Bias equal to 1.47 and DRMS equal to 4.48. Only one out of 1095 days' flow data was out 

of the prediction bounds. The related performance measures were obtained as; FREE = 9.41; 

FREE NEG = 0.01 and FREE POS = 9.40. During first year the streamflow predictions 

showed an ideal behavior, gradually and smoothly decreasing while capturing the true set of 

parameter set. As soon as the value of a changed dramatically from 0.8 to 0.2, the prediction 

bounds increase as a response. This dramatic change of parameter a cannot be expected in 

the actual hydrologic system in one day. Therefore, this is a rigorous test. However, Figure 

6.13 illustrates that even this abrupt change in the parameter a was detected and only within 

less than 200 days the true value of a used to generate 2"^ year's synthetic flow data was 

successfully determined. Later in the 3"^ year, the value of a was increased to 0.9. Again the 

algorithm responded successfully to the variation in the parameter. At the end of 3rd year all 

the true parameters were determined accurately. Figure 6.14 showed the resampling 

frequency required during the application of the algorithm. First year more resampling was 

required than the other years as the processing of the information was more crucial. 
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Figure 6.11. (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with progressive 
resampling and K=0.04, synthetic flow data) 
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Figure 6.12. (a) Probabilistic streamflow predictions in the transformed output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with progressive 
resampling and k=0.04, synthetic flow data) 
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Figure 6.13. Evolution of parameter probabilities for the HYMOD parameters obtained using 
progressive resampling and k=0.04 for synthetic flow data (* shows the location of true 
parameter set). True value of a is 0.8, 0.2 and 0.9 for consequent years. 
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Figure 6.14. Resampling frequency as a function of time (BaJRE with progressive resampling 
and k=0.04, synthetic flow data) 
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6.4. OBSERVATIONS 

Results from the actual and the synthetic case studies show that the use of entropy 

plays an important role to improve BaRE results by fixing the overconfidence problem and 

allowing to trace the possible variation of the parameters. The later improvement is a 

significant contribution to the hydrologic literature as the algorithm serves to capture the 

variation of parameters along with recursive assimilation of the streamflow data. However, 

the effectiveness of the proposed algorithm is at the expense of computational efficiency. 

Frequent resampling requirement is a sign of quickly reducing HPD region of parameters. 

While the entropy factor K attenuates the prior information, there exists a remaining 

overconfidence problem due to the too much weight given to the new data. Therefore, the 

threshold for resampling is met quite often during the application of the algorithm. Next 

chapter of this thesis analyzes this problem and proposes an approach to improve the 

efficiency of the algorithm. 
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CHAPTER 7. IMPROVING EFFICIENCY OF THE ALGORITHM 

The BaRE algorithm with the implementation of progressive resampling and the 

concept of entropy appears to be effective in terms of locating the parameter HPD regions 

and capturing the variation of the parameters, but at the expense of computational 

efficiency. As mentioned in the previous section, the drawback of poor efficiency is 

because the algorithm requires frequent resampling due to quick shrinkage in the HPD 

region. In the probability updating rule there are two terms defining the posterior 

distribution: likelihood and prior. By introducing entropy to the prior, the uncertainty in 

the model was acknowledged. However, there also exists lack of confidence on the 

likelihood term, which reflects the belief in the current observation. Therefore, it is 

reasonable to also "flatten" the likelihood function with a "lack of confidence factor" 

similar to the entropy. The probability updating rule can be rewritten as; 

Posterior oc Likelihood^* prior*'"(7.1) 

where s is the lack of confidence parameter, ranging between 0 and 1, zero corresponding 

to full confidence and 1 corresponding to no confidence on the likelihood term. 

Figure 7.1 illustrates how e affects the likelihood function in case error model is 

chosen to have normal distribution. As the value of e increases the likelihood function 

flattens and spreads, and hence the belief in the most currently available data is reduced. 

The question is how to decide which degree of s to apply on the likelihood fimction. Next 

section addresses this issue. 
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Figure 7.1. Effect of applying "lack of confidence factor", s on likelihood function 

7.1. SENSITIVITY ANALYSIS FOR LACK OF CONFIDENCE FACTOR 

To see the effect of applying lack of confidence factor on the flow predictions and 

parameter estimation, a sensitivity analysis was carried out. Initial sample of 1000 

parameter sets were chosen from the feasible parameter space of HYMOD model. Water 

Year 1953 data of Leaf River was used and original BaRE was tested with different e 

values, performance measures were recorded as in Table 7.1. Graphical illustration of 

these performance measures was shown as in Figure 7.2. 
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Table 7.1. Results of sensitivity analysis of the lack of confidence factor, e (original 
BaRE). 

e % BIAS DRMS FREE FREE NEG FREE POS 
0 7.39 26.34 12.60 2.36 10.24 

0.10 7.39 26.34 12.61 2.34 10.27 
0.50 7.39 26.34 12.81 2.24 10.56 
0.60 7.39 26.34 12.93 2.19 10.74 
0.80 7.39 26.34 13.52 1.63 11.89 
0.90 7.39 26.34 16.60 0.61 15.98 
0.95 7.39 26.34 20.22 0.45 19.77 
0.98 7.39 26.34 24.00 0.47 23.54 

25 T 

20 

e 
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0.4 0.8 0.2 0.6 1 0 

Lack of confidence factor, s 

—•—BIAS 
DRMS 

-Sir-free 

-e-free_neg 

—8—free_pos 

Figure 7.2. Performance measures with changing Entropy factor e,  applied to likelihood 
flmction 

The maximum likelihood estimate of the BaRE algorithm was not affected by the 

change in s. Therefore, values of % Bias and DRMS stayed constant. On the other hand, 

the FREE measure and its components responded to the change in s especially after e was 
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increased to values more then 0.6. The stream flow prediction bounds increased as s 

increased and enclosed the actual observation, resulting in low FREE NEG and high 

FREE and FREE POS values. 

The probabilistic streamflow predictions made using HYMOD with s equal 0.8 

applied to the likelihood function are shown in Figures 7.3 and 7.4 in original and 

transformed output space, respectively. Figure 7.5 shows the corresponding parameter 

probability bounds throughout the year. Parameter bounds are very wide and stay almost 

constant except a very slight decrease towards the end of the year. In the extreme case of 

8 equals 1, it means that no information from the new observation is relevant. 



126 

X*Tp-T-JTjr-TTp| 

1 

Day of Water Year 1953 

Figure 7.3. (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (Original BaRE, £=0.8; 
K=0) 
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Figure 7.4. (a) Probabilistic streamflow predictions in the transformed output space, (b) 
Streamflow uncertainties relative to the most probable forecast (Original BaRE, E=0.8; 
K=0) 
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Figure 7.5. Evolution of parameter probabilities for the HYMOD parameters. Shades 
from darker to lighter correspond to 99, 95, 68 and 10 percentile confidence intervals. (* 
shows the location of SCE-UA optimal parameter set.) (Origmal BaRE, s=0.8; k=0) 

7.2. USE OF LACK OF CONFIDENCE FACTOR TOGETHER WITH PROGRESSIVE 

RESAMPLING AND ENTROPY 

Ignoring some of the information coming from the most recent data through the 

application of e was expected to improve the efficiency of the BaRE algorithm with 

progressive resampling. To check how the BaRE results improve with e, water year 1953 

through 1955 data of Leaf River was used. The number of initial sample of parameter sets 

was chosen as 200, entropy factor K was set equal to 0.04 based on the observations from 
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Chapter 6. BaRE with progressive resampling was applied to Leaf River data using 

HYMOD model and change in the performance and resampling frequency was observed. 

Several approaches to assign the value of s were tested. First approach was to set a 

constant s throughout three years. Results were tested for three different values of e; 0.1, 

0.5 and 0.9. Change in performance measures were tabulated in Table 7.2. In this case, 

the maximum likelihood estimate of the streamflow is changed with the change in e. As 

the width of prediction bounds become larger FREE measure increases resulting in more 

actual observation being captured within the bounds. 

Table 7.2. Performance measures for different s values. (k=0.04 for all cases). 

e % Bias DRMS FREE FREE_Neg FREE Pos 
0.10 11.81 10.92 10.92 2.00 9.82 
0.50 11.38 17.98 11.56 1.12 10.44 
0.90 8.13 18.91 30.38 0.25 0.13 

Figure 7.6 illustrates the change in resampling frequency for different values of s. 

As the value of s increased less number of resampling was required. Streamflow 

predictions corresponding to 8=0.5 are shown in Figure 7.7 and 7.8. Very few of the 

observed flow data were outside of the prediction bounds. Figure 7.9 shows the 

corresponding parameter probability bounds. SCE-UA parameters at the end of the year 

were matched with the most likelihood parameter set of the BaRE algorithm at the end of 

the year. Variation in parameter a could be observed. 
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Figure 7.6. Frequency of resampling for different e values. 
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Figure 7.7. (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with resampling, 
8=0.5; k=0.04) 
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Day of Water Year 1953-1956 

Figure 7.8 (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with resampling, 
s=0.5; k=0.04) 
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Figure 7.9. Evolution of parameter probabilities for the HYMOD parameters. (* shows 
the location of SCE-UA optimal parameter set.) (Original BaRE, 8=0.5; k=0.04) 
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As a second approach, the lack of confidence factor, s, was assigned differently 

for the subsequent years as 0.9, 0.5 and 0.2. First year one would not want to have too 

much confidence on the model and the measurements. Therefore, a high value of 0.9 was 

chosen for first year. For later years, this value was gradually decreased to acknowledge 

the increasing reliability of the predictions as data had been accumulated. Prediction of 

streamflow bounds in original and transformed space are shown in Figure 7.10 and 7.11. 

As the major portion of the information stored in likelihood function was ignored in the 

first year parameter probability bounds were very wide and for later years they converge 

around the SCE-UA parameter set, as can be seen in Figure 7.13 parameter. The 

performance measures were obtained as: % Bias = 7.93; DRMS = 17.44; FREE = 20.51; 

FREE NEG - 0.51; FREE POS = 20.00. Compared to the results of constant s 

throughout 3 years, stepwise assignment of s results in lower % Bias and DRMS and but 

the FREE measures stay high suggesting wide prediction bounds. Resampling frequency 

was illustrated in Figure 7.13. First year, very little resampling was required compared to 

later years. Total number of resampling required was increased gradually for year two 

and three. 
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Day of Water Year 1953-1956 

Figure 7.10 (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with resampling, 
£=0.9,0.5,0.2 for subsequent years; K=0.04) 
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Figure 7.11 (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with resampling, 
£=0.9,0.5,0.2 for subsequent years; K=0.04) 
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Figure 7.12. Evolution of parameter probabilities for the HYMOD parameters. (* shows 
the location of SCE-UA optimal parameter set.) (BaRE with resampling, 8=0.9,0.5,0.2 for 
subsequent years; k=0.04) 
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Figure 7.13. Resampling frequency as a function of time (BaRE with resampling, 
8=0.9,0,5,0.2 for subsequent years; k=0.04) 

As a third alternative, the value of s was assigned in a linear fashion, being equal 

to 1 at time O and equal to O at the end of third year. Streamflow prediction bounds 

(Figure 7.14, 7.15) and the evolution of the parameter probability bounds (Figure 7.16) 

show similar type of behavior obtained in the previous approach where the value of s was 

assigned in a stepwise fashion. The gradual increase in the number of resampling 

required was more gradual in this case (Figure 7.17). Value of performance measures 

obtained in this case were: % Bias = 9.10; DRMS=18.06; FREE=20.87; 

FREE_NEG=0.47; FREE_POS=20.42. 
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Day of Water Year 1953-1956 

Figure 7.14. (a) Probabilistic streamflow predictions in the transformed output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with resampling, 
e=(-t/(3*365)+l); K-0.04) 
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Day of Water Year 1953-1956 

Figure 7.15. (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with resampling, 
e=(-t/(3*365)+l); K=0.04) 
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Figure 7.16. Evolution of parameter probabilities for the HYMOD parameters. (* shows 
the location of SCE-UA optimal parameter set.) 
(BaRE with resampling, 8=(-t/(3*365)+l); k=0.04) 
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Figure 7.17. Resampling frequency as a function of time (BaRE with resampling, s=(-
t/(3*365)+l); K=0.04) 
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Final test was done by assigning e according to an exponential decay function 

shown in Figure 7.18. Performance measures were obtained as; % Bias = 7.51; DRMS = 

17.78; FREE = 13.21; FREE NEG = 0.66; FREE POS = 12.55. These values show best 

overall performance among the values tested. Streamflow predictions (Figure 7.19, 7.20) 

show that the maximum likelihood estimate of BaRE matches fairly well with the 

observed data while the prediction bounds are not too wide. Parameter probability bounds 

(Figure 7.21) smoothly converge around the optimal parameter set obtained by SCE-UA 

algorithm, and parameter variation is also captured. 
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Figure 7.18. Exponential decay function used to represent the value of e. 
(^^^(-o.oo5^r)^0_2) 
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Figure 7.19. (a) Probabilistic streamflow predictions in the original output space, (b) 
Streamflow imcertainties relative to the most probable forecast (BaRE with resampling, 8 
defined by exponential decay function, K=0.04) 
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Figure 7.20. (a) Probabilistic streamflow predictions in the transformed output space, (b) 
Streamflow uncertainties relative to the most probable forecast (BaRE with resampling, e 
defined by exponential decay function,k=0.04) 
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Figure 7.21. Evolution of parameter probabilities for the HYMOD parameters. (* shows 
the location of SCE-UA optimal parameter set.) (BaRE with resampling, s defined by 
exponential decay function,k=0.04) 
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Figure 7.22. Resampling frequency as a function of time (BaRE with resampling, s 
defined by exponential decay function,k=0.04) 

7.3. COMPARISON WITH THE ORIGINAL BaRE 

One question that might arise is how the original BaRE algorithm with a large 

number of initial parameter sets would compare with the modified BaRE (with 

progressive resampling, entropy applied to prior and lack of confidence factor applied to 

likelihood function) results. To answer this question the original BaRE was run with 

10,000 parameter sets with the 1953-1955 water year data of Leaf River basin. 

Stream flow prediction bounds are shown in Figure 7.23 and 7.24. The maximum 

likelihood value of the streamflow predicted by BaRE was a fairly good estimate of the 

actual observation. The performance measures were obtained as: % Bias = 11.80; 



148 

DRMS= 19.76; FREE = 8.33; FREE_NEG = 1.48; FREE_POS = 6.85. These values 

compared poorer to the results of BaRE with resampling, e defined by exponential decay 

fimction and k set to 0.04. Even though the number of parameter sets was high, the 

problem of not being able to capture the HPD regions still existed because the search was 

limited only to the initial parameter sets chosen. 

Figure 7.25 shows the evolution of parameter sets. At the end of the third year the 

BaRE parameter set was almost the same as the SCE-UA optimal parameter set. 

However, the parameter probability bounds had the before mentioned problems; 

collapsing to a single line, sudden jumps, not being able to show the parameter variation 

after a certain time. All these observations suggests that the implementation of 

progressive resampling along with introducing 'entropy' and 'lack of confidence 

parameters' to eliminate the problem of overconfidence met the goal of providing an 

effective and efficient tool for recursive parameter and output uncertainty estimation. 
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Figure 7.23. (a) Probabilistic streamflow predictions in the original output space, (b) 
Stream flow uncertainties relative to the most probable forecast (Original BaRE with 
10,000 parameter sets) 
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Figure 7.24. (a) Probabilistic stream flow predictions in the transformed output space, (b) 
Stream flow uncertainties relative to the most probable forecast (Original BaRE with 
10,000 parameter sets) 
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Figure 7.25. Evolution of parameter probabilities for the HYMOD parameters. (* shows 
the location of SCE-UA optimal parameter set.) (Original BaRE with 10,000 parameter 
sets) 
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CHAPTER 8. CONCLUSIONS AND FUTURE WORK 

8.1. SUMMARY AND CONCLUSIONS 

The purpose of the present research was to provide a recursive method, which 

would be capable of estimating parameters and predict output uncertainty simultaneously, 

in an effective and efficient way. The basis of this study was the Bayesian Recursive 

Estimation (BaRE) method, which was developed by Thiemann et al (2001). BaRE 

methodology was an attempt to pose the model identification problem in the context of 

Bayesian framework to quantify uncertainty about prediction without recourse to 

calibration. BaRE differs from conventional batch calibration in a sense that it does not 

search for a single best set of parameters by using accumulated historical data, instead it 

updates the conditional probabilities associated with several competing parameter sets 

and tries to quantify uncertainty in the predictions in a recursive mode. Although BaRE 

was promising in terms of providing reasonable predictions of the model parameters and 

the associated error bounds, several problems existed in the implementation of the 

method. The first one was the subjectivity of the assumptions. The error model and the 

transformation model parameters were assumed to be known. There was a need to guide 

the selection of the appropriate values of the transformation and error model parameters. 

To provide a basis for the selection of these parameters chapter four of this dissertation 

evaluated the assumptions and proposed an approach to assess the performance of the 

BaRE algorithm with respect to change in the transformation and error model parameters. 

A new performance criterion called "Forecast Range Error Estimate" (FREE) was 
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introduced. This criterion evaluated the precision of the error bounds in capturing the 

actual observation, while not being too wide. Accuracy of the predictions was evaluated 

by widely used Daily Root Mean Error (DRMS) and % Bias criteria. Sensitivity analysis 

was done by changing the transtbrmation factor and the error model's shape factor and 

the accuracy and precision of the results were observed to evaluate the performance. 

Based on this analysis, transformation and error model parameters were chosen according 

to the best performance. Therefore, the subjectivity in the underlying assumptions of 

BaRE was reduced. 

Implementation of BaRE also showed deficiencies reflecting insufficient 

sampling of the feasible parameter space. There were sudden and significant jumps in the 

estimate of the most likely parameter set. To address this issue, Chapter Five of this 

dissertation provided a progressive resampling approach being adopted within BaRE to 

concentrate the samples in the current HPD region while terminating computations in the 

nonproductive portions of the parameter space. Progressive resampling used the 

covariance structure of the well behaving parameter sets to generate new parameter sets. 

The approach resulted in significant improvement compared to original BaRE results. 

Even in the case of very small number of parameter sets as an initial sample to start 

BaRE, by using progressive resampling the search in the feasible parameter space was 

successfully guided to locate the HPD regions and resulted in relatively precise and 

accurate stream flow predictions. 

Original BaRE results showed that the parameter HPD region collapsed to a 

single estimate after a short time. After the adoption of progressive resampling within 
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BaRE algorithm, this problem was not obvious for short time periods but after e.g. two 

years of recursive updating, the parameter HPD regions tend to be very narrow and the 

potential variation in parameter sets were not able to be captured. This was linked to the 

fact that the algorithm was overconfident in the information coming from the model 

simulations, which was summarized in the prior term in the probability-updating rule. 

The original BaRE assumed that the model was correct. However, it is a fact that the 

hydrologic models are very simple representations of the actual systems and predictions 

made by these models do have uncertainties. To acknowledge this fact and reduce the 

impact of overconfidence problem, concept of entropy was introduced in the probability-

updating rule. Chapter Six of this dissertation analyzed the entropy concept within the 

BaRE algorithm. Prior term in the probability-updating rule was flattened with the use of 

entropy. Using sensitivity analysis the degree of entropy to use was explored. Analysis 

found out that the predictions were no longer collapsing to a single estimate after 

applying the entropy concept; hence the model error was implicitly accounted for. 

Possible variations in parameters were also captured. This is very significant 

improvement in a sense that to our knowledge in the hydrologic literature there has been 

no research capable of representing the variations in the parameter sets in a recursive 

way. It has been mostly assumed that the parameter sets were constant and time 

independent. This is oversimplification of the real process as we know that in the actual 

hydrologic systems are highly complicated and the soil conditions can be dynamic due to 

several natural or urban changes. Analysis in Chapter Five, while proving to increase the 

effectiveness of the BaRE, brought up another concern related to the computational 
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efficiency. The algorithm seemed to require very frequent resampling, which introduced 

additional computational cost. This was because the parameter HPD region shrunk 

quickly. Entropy acknowledged the uncertainty in the model, however there was another 

source of additional uncertainty, which is the belief in the most currently available data. 

This uncertainty is present in the likelihood function. Therefore, an additional "lack of 

confidence factor" was introduced to the likelihood function in the probability-updating 

rule. Chapter Seven of this dissertation explored the effect of this additional factor in 

improving the computational efficiency. Results showed that the algorithm was 

successful in locating the parameter HPD regions while requiring less computational cost. 

The parameter HPD region did not shrink so quickly and hence less resampling was 

needed. Finally the improved BaRE algorithm's results were compared to the original 

BaRE with a large number of parameter sets. Results showed that although the original 

BaRE with large number of parameter sets was fairly successful in matching the optimal 

parameter set of the batch calibration at the end of the year, all the above-mentioned 

problems still existed. Therefore, the research done in this dissertation provided 

significant improvement to the original BaRE results. 

As a final comment, the improved version of the BaRE algorithm is a contribution 

for the hydrologic science as it provides an approach to generate hydrologic predictions 

for a previously ungaged watershed that has only recently being instrumented. Improved 

version of BaRE is a significant improvement in the hydrologic research as it is also 

capable of tracking the parameter variation in a recursive fashion. The drawbacks in the 

original BaRE were eliminated, leading to a more efficient and effective algorithm. 
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8.2. FUTURE WORK 

The current research revealed several directions for future research: 

• The efficiency and effectiveness of the BaRE algorithm was tested with 

HYMOD, a simple CRR model. The performance of the modified BaRE should 

be tested with more complex models such as SAC-SMA or land surface models. 

With the increase in dimensionality of the model, the resampling strategy may 

fail to locate the HPD regions in the parameter space and may need further 

modification. 

• Different error models and transformation schemes should be tested as they may 

provide better representation of the uncertainty estimates. 

• The proposed resampling strategy requires the evaluation of states, simulated 

stream flow values and the posterior probabilities for the newly generated points 

by going back to initial time (t=0). A more efficient way could be to assign 

these values at the time of resampling by some sort of interpolation or a separate 

model (e.g. Neural Network). This will save significant amount of 

computational time especially when the time of analysis gets longer. 

• The input uncertainty was not explicitly incorporated within the BaRE 

algorithm. To be able to present a complete approach capable of incorporating 

all types of uncertainty related with the model, it is worthwhile to explore ways 

to account for the input uncertainty. 

• Finally, BaRE should be tested within the multiobjective framework. 
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