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Abstract 

Transitional and turbulent flows over a backward-facing step are physically highly 

complex. Apart from vastly different mean flow regimes and the rapid generation of 

turbulence, additional complexities arise from the presence of large coherent struc

tures. For the present study, the mean flow, turbulence statistics and the origin 

of large coherent structures were investigated using Direct Numerical Simulations 

and turbulence modeling approaches. The latter included Large Eddy Simulations 

(LES) and state-of-the-art Reynolds-Averaged Navier-Stokes (RANS) computations. 

Wall-distance independent forms of the RANS models were developed, validated and 

calibrated. The ability of computing the step flows investigated and the associated 

computational costs were evaluated, for both LES and RANS. 

By employing harmonic forcing of the shear layer and a Fourier analysis in time 

and in the lateral direction the generation of coherent structures was linked to specific 

hydrodynamic instabilities. Comparison with references in the literature, resolution 

and domain size studies, and variations of inflow conditions established an accurate 

description of the mean flow and turbulence quantities and the level of sensitivity of 

the flow field to boundary conditions. From the controlled environment of the simula

tions, a simplified scenario was proposed for the creation of large coherent structures 

in transitional and turbulent step flows. The scenario suggests that Kelvin-Helmholtz, 

elliptical and centrifugal instabilities may be the relevant physical mechanisms for the 

observed primary, secondary and tertiary instabilities of the shear layer, respectively. 

The onset of the elliptical instability can also be described as a fundamental resonance 

of two waves. A cascade of subharmonic resonances is regarded to be responsible for 

vortex mergings and the generation of low frequency waves in the flow field. Fur

thermore, the simulations indicate that a three-dimensional global instability of the 

time and spanwise averaged separation bubble may be present. It was observed that 

the range of all unstable lateral wavelengths has a short-wave cutoff depending on 

Reynolds number and an upper bound on the order of the reattachment length. 



25 

1. Introduction 

The process of shear-layer separation and subsequent reattachment is encountered 

in many industrial fluid flow applications including but not limited to airfoils, au

tomobiles, combustors, diffusers, and sudden expansions in pipes, see flgure 1.1 for 

example. 

Figure 1.1 Locations of separation and reattachment for the flow around a car; repro
duced from Hucho & Sovran (1993). 

For theses flows, the separated shear-layer is usually highly unstable with respect 

to small disturbances within the flow thus allowing for rapid growth of vortical struc

tures. In contradistinction to shear-layers in unbounded flows, such as mixing layers, 

jets, and two-dimensional wakes, the presence of the reattachment wall poses a fur

ther complication by limiting the spread of the shear-layer and by supporting the 

presence of a pressure gradient. Furthermore, a strong interaction of the unsteady 
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structures with the wall near reattachment generates acoustic and vortical distur

bances that feed back through the region of separated flow influencing the shear layer 

at separation and, consequently, the generation of the structures themselves. Coher

ent structures formed in this manner persist far downstream of reattachment and can 

be identified even in fully turbulent flows. They dominate the momentum transfer 

between different flow regions and have a significant impact on noise generation, drag, 

heat transfer, mixing, and dynamic structural loads. For this reason, predicting and 

possibly controlling the behavior of coherent structures in separated and reattaching 

shear-layers is of great interest. 

1.1 Backward-Facing Step Flow 

The backward-facing step (BFS) can be considered a canonical example of flow with 

a reattaching shear-layer, exhibiting all essential features of flow separation and reat

tachment (c.f. figure 1.2). Among its advantages are the two-dimensional geometry 

and fixed separation point and height. The incoming boundary layer separates at the 

step, forming a free shear-layer and a recirculation zone. The flow reattaches further 

downstream where the shear layer impinges on the wall. This location, referred to as 

the reattachment point, can fluctuate. The distance from this location to the step is 

identified as the instantaneous reattachment or recirculation length L. To describe 

the fluctuations and unsteady structures, we introduce a non-dimensional frequency, 

the Strouhal number, St = F*^, where the ratio of step height to free-stream veloc

ity is a characteristic time-scale for the flow. Another typical feature of step flows is 

their mean pressure distribution. While more benign pressure recovery devices, i.e., 

diffusers and ramps, obtain a higher pressure level gradually, the BFS yields first a 

sharp drop in pressure right after separation followed by a pressure recovery with a 

pressure peak in the vicinity of reattachment before finally reducing to the elevated 

value a diffuser would deliver. A good description explaining the major features of 
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the flow over a BFS is given by Simpson (1989, 1996). 

' L ' 

Figure 1.2 Characteristics of instantaneous BFS flow: BL - boundary layer; SL -
shear layer; RZ - recirculation zone. 

A set of non-dimensional quantities governs the appearance of unsteady coherent 

structures, the extent of the recirculation zone, and whether or not the flow exhibits 

purely two-dimensional behavior. Many experimental studies over the past decades 

have stressed the influence of three dominant parameters (for example, Adams & 

Johnston, 1988): (1) the Reynolds number based on step height and free-stream ve

locity, Rbh, (2) the ratio of boundary layer thickness at the step to step height, 

6h = S*/H*, and, for steps placed inside channels, (3) the expansion ratio, ER, i.e., 

the ratio of areas downstream and upstream of the step (ER = 1 refers to the open 

BFS flow shown in figure 1.2). Furthermore, the shape of the incoming velocity 

profile can not be ignored, thus leading to the distinction between laminar and tur

bulent separation of boundary layers or channel flows. The resulting flow fields can 

be divided into three major classes according to Armaly et al. (1983): (1) laminar 

separation and reattachment, (2) fully turbulent separation and reattachment, and 

(3) a transitional flow with laminar separation, but turbulent reattachment. This 

distinction is important due to the difference in the relationship between the reat-
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tachment length and Ren (c.f. Adams & Johnston, 1988), and due to the presence of 

unsteady and three-dimensional structures in categories (2) and (3). 

In order to obtain insight into the physics of the transitional and fully turbulent 

region, extensive experimental and numerical studies have been carried out. In their 

experiments, Westphal et al. (1984) noted a sensitivity of the flow patterns behind 

the step to slight changes in geometry and inlet conditions. By artificially perturbing 

the flow using vortex generators upstream of the step, they achieved a reduction in L. 

Contemporary studies focusing on the importance of coherent structures emanating 

from the shear-layer behind the step confirmed this reduction (Bhattacharjee et al., 

1986; Roos & Kegelman, 1986). These controlled experiments showed that introduc

ing harmonic disturbances before separation close to the dominant frequency of the 

coherent structures resulted in the largest reduction of the extent of the recirculation 

zone. For all cases, coherent structures were present which were reported to persist 

far downstream of reattachment, and forcing had a strong regularizing effect on their 

formation (see figure 1.3). 

Rcatcachmcnt 

Figure 1.3 Coherent structures in the flow behind a backward-facing step; Smoke 
visualizations for forced flows with laminar separation and turbulent reattachment 
(left) and fully turbulent (right); reproduced from Roos & Kegelman (1986). 

For the case of laminar separation, the onset of unsteadiness, required for the 

existence of unsteady coherent structures in the shear layer, was investigated experi

mentally by Hasan (1991) and numerically by Kaiktsis et al. (1991). Both observed 

the presence of two dominant frequencies in the flow behind the step (not observed 

by Bhattacharjee et al, 1986; Roos &; Kegelman, 1986). They therefore conjectured 
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that at least two instabilities should be present. The higher frequency was associated 

with an inviscid instability of the shear-layer (scaling with momentum thickness), the 

lower one with an oscillation of the whole separation bubble itself (frequently called 

"shear-layer flapping", presumably scaling with the step height). This finding sug

gests that either frequency, or combinations thereof, could be utilized for flow control 

purposes. 

Niew (1993) investigated the stability of the separation bubble behind the step 

using experimental and theoretical approaches. He found that typical wall-normal 

profiles of streamwise velocity within the recirculation zone can be absolutely unsta

ble for reverse flows in excess of 20% of the free-stream velocity. The presence of 

such an instability is important since it might dominate the flow in the vicinity of 

the separation bubble and as a consequence the flow might be less amenable to con

trol attempts. The amount of reverse flow which triggers an absolute instability is, 

however, configuration dependent; for example, Alam & Sandham (2000) found 15% 

suflftcient for their separation bubble on a flat plate with an artificially induced strong 

adverse pressure gradient. In addition, the window for an absolute instability to exist 
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Figure 1.4 Typical velocity profiles in the vicinity of a backward-facing step for dif
ferent ratios of 

is limited. This can be deduced by looking at the two physical limits of the step flow 

for given Ren and ER (illustrated in figure 1.4): For du —> oo (vanishing step) a 
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flat-plate boundary layer type flow is recovered, whereas for 5h —> 0 (infinite step 

height) the flow behaves like a plane mixing layer, both flows being only convectively 

unstable.^ 

For a convectively unstable case, the controlled numerical investigation of von 

Terzi (1998) showed that the optimal frequency (for which the largest reduction of 

time-averaged reattachment length was achieved) depended on the forcing amplitude. 

Calculated reattachment lengths in amplitude-frequency space were then plotted and 

it was noted that a similar shape of the effective frequency range, and the shift in 

the optimal frequency, had also been observed for fully turbulent separation bubbles 

at the front of a blunt circular cylinder exposed to forcing (Sigurdson, 1995; Kiya 

et al, 1997). Similar findings were reported by Huppertz (2001) for experimental 

investigations at a higher Rsh-

Many more controlled investigations for varying flow conditions have been carried 

out. Findings similar to those cited above have been reported. The flow conditions 

of these publications are tabulated in table 1.1 together with those of the controlled 

investigations discussed above. One recent publication, however, is noteworthy: Kang 

& Choi (2002) carried out numerical investigations of a fully turbulent backward-

facing step flow. They applied a suboptimal feed-back control loop as well as harmonic 

forcing using periodic blowing and suction. As a sensing variable they chose the 

spanwise distribution of wall-pressure fluctuations at a location downstream of the 

step near reattachment. They found that time-dependent spanwise variations of the 

forcing increased the reduction in spanwise-averaged reattachment length. 

The importance of spanwise variations is intriguing because their effectiveness 

raises the question whether longitudinal coherent structures are supported by an in

stability somewhere in the step flow. Flow visualizations in the studies discussed 

above and even in Kang & Choi (2002) reveal predominantly large spanwise struc-

^The type of the instability changes from viscous to inviscid (inflectional) for the fiat-plate bound
ary layer and mixing layer, respectively. 
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Publication Separation RBH SH ER 

Experimental Investigations: 
Roos & Kegelman (1986) lam. & turb. 4,000-78,000 0.21-0.38 1.3 
Bhattacharjee et al. (1986) turbulent 26,000-76,000 fa 0.2 1.1 
Hasan (1991) laminar 11,000 0.15 1.03 
von Terzi (1996) laminar 600 1.0 1 
Chun & Sung (1998) laminar 1,200 0.5 ±0.1 1 
Chun et al. (1999) turbulent 33,000 ? 1.5 
Huppertz (2001) laminar 1,500-6,200 0.1-0.6 1.04-1.2 
Wengle et al. (2001) laminar 3,000 0.2 1.09 
Morioka & Honami (2001) turbulent 27,000 0.75 1.5 

Numerical Investigations: 
Kaiktsis et al. (1991) laminar* 600 0.5 ~ 2. 
von Terzi (1998) laminar 600 1.0 1 
Wengle et al. (2001) laminar 3,000 0.2 1.09 
Kang & Choi (2002) turbulent 5,100 Ri 1.2 1.2 

Table 1.1 Summary of discussed backward-facing step investigations employing con
trolled perturbations; values for forced cases only; ER = 1 refers to flow over an open 
step; ? = unknown; * = channel flow. 

tures, often called "spanwise rollers." This is consistent with a Kelvin-Helmholtz type 

instability of the shear-layer (see section 4.2.2 for a brief description of the instability 

and Drazin & Reid, 1981, pp. 14-22, for details). Barkley et al. (2002), however, 

corroborate the existence of a three-dimensional global instability within the recir

culation zone which could support longitudinal structures (c.f. figure 1.5). They 

studied numerically the linear stability of a laminar channel flow over a step with 

expansion ratio of two and infinite width in span. At a Reynolds number Ren = 748, 

steady longitudinal rollers with a wavelength of roughly seven step heights started to 

appear. These structures were confined to the recirculation zone and resembled sec

ondary flow patterns frequently reported in experiments of laminar and transitional 

step flows (Goldstein et al., 1970; Denham & Patrick, 1974; von Terzi, 1996, for ex

ample) . Increasing the Reynolds number widened the region of unstable wavelengths, 

e.g., at Rsh ~ 1,000 structures with wavelengths ranging from 3.5 to 11.5 step heights 
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Figure 1.5 Three-dimensional flow structures within the steady recirculation zone of 
a BFS flow obtained from a linear stability analysis: contours indicate the strength 
of the streamwise velocity component and vectors show {v, w) flow patterns in cross-
sectional planes; Ren ~ 750, ER = 2.0; reproduced from Barkley et al. (2002). 

were amplified. Barkley et al. (2002) conjectured a centrifugal instability associated 

with the closed streamlines inside the recirculation zone as the cause for the onset of 

three-dimensionality. And, indeed, the strongest spanwise velocity perturbations of 

the critical eigenmode appear in regions predicted by an inviscid centrifugal instabil

ity criterion: near reattachment and near the vertical step wall. In order to represent 

this mechanism for generation of three-dimensional flow accurately, computational 

domains wide enough to support these structures are required. As a guideline, it 

should be noted that the largest unstable spanwise wavelengths presented by Barkley 

et al (2002) were always shorter than the corresponding reattachment length. 

Another candidate for producing longitudinal structures is the so-called "ellipti

cal instability" (c.f. Pierrehumbert, 1986; Bayly, 1986). This instability can occur 

if streamlines of two-dimensional vortices are (elliptically) deformed. The elliptical 

instability could manifest itself in form of a secondary instability of the finite am

plitude waves generated by the Kelvin-Helmholtz instability (Bayly et al., 1988), for 

example. A recent review on the theory of elliptical instability has been presented 
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Figure 1.6 Schematic of spanwise and longitudinal rollers observed in the shear-layer 
behind a BFS; reproduced from Huppertz (2001). 

by Kerswell (2002). With respect to step flows, this instability has been proposed 

in the literature as a possible mechanism for the generation of "braids," i.e., pre

dominantly longitudinal vorticity structures wrapped around large two-dimensional 

"rollers" (Neto et al, 1993; Huppertz, 2001, for example). An idealized schematic 

of spanwise and longitudinal structures observed in step flows is shown in figure 1.6. 

The relevance of the different instabilities to step flows and their relationship with 

coherent structures is a major focus of the present investigation. 

The demand for detailed databases for development of turbulence models and 

for validation of simulation techniques using turbulence models was the motivation 

for several other studies of turbulent BFS flow (e.g., Kasagi & Matsunaga, 1995; 

Jovic, 1996; Le et al, 1997). Extensive data including budgets of all Reynolds stress 

components were presented. In addition, some interesting observations were reported, 

e.g., the importance of normal stresses in the balance of turbulence kinetic energy 

close to the step. These studies emphasized that energy equilibrium concepts for 

turbulence modeling do not hold in the flow behind the step. They also pointed out 

the fact that even more than 50 step heights downstream of the step the turbulence in 

the outer boundary layer still has a memory of the upstream disturbance. Associating 

these memory effects in the redeveloping turbulent boundary layer downstream of 



34 

reattachment with the presence of coherent structures suggests that capturing the 

"large eddies" accurately is of great importance for predicting turbulent BFS flows. 

1.2 Simulation Techniques 

The three standard methods employed for numerical simulations of turbulent flows 

are direct numerical simulations {DNS), large-eddy simulations (LES), and statis

tical turbulence models for solving the Reynolds-averaged Navier-Stokes equations 

(RANS). DNS solves the complete Navier-Stokes equations without any further as

sumptions about the turbulence, hence all relevant time and length scales have to be 

resolved. If performed exactingly, DNS yields results like an experiment without in

trusive measurement techniques. Unfortunately, this approach becomes prohibitively 

expensive for all but the lowest Reynolds numbers. For LES, the resolution is coarser 

than for DNS, thus only large scale turbulent motion is resolved. The effect of the 

unresolved scales on the resolved scales must then be modelled. However, because 

part of the turbulent motion is still being computed, the simulation needs to be 

unsteady and three-dimensional. For statistical turbulence models, the whole spec

trum of turbulent fluctuations is averaged out and the resulting RANS equations are 

solved. Accounting for non-turbulent fluctuations of the "averaged" flow while still 

modeling all turbulent fluctuations results in so-called unsteady RANS or URANS. 

Since the largest scales of turbulence depend strongly on the flow under consider

ation, it is argued that for turbulence models to be adequate for use in RANS or 

URANS at least two additional transport equations for two independent turbulence 

quantities must be solved (c.f. Speziale & So, 1999). Nevertheless, because RANS 

simulations can often be carried out in two dimensions and require resolution of mean 

flow gradients only, they are still the most inexpensive of the three simulation strate

gies by far. This is the reason why currently high Reynolds number turbulent flows 

are exclusively simulated using RANS or URANS. More details about the three 
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basic methods can be found in numerous reviews (e.g., Patel et al., 1984; Hanjalic, 

1994; Piomelh, 1997; Wilcox, 1998; Speziale & So, 1999). 

Severe limitations for applying the standard methods arise for complex turbulent 

flows. For these flows, resolution requirements for DNS (and LES) reach or even 

exceed state-of-the-art computing capabilities while the physics render invalid many 

common assumptions for modeling turbulence. A typical example is the turbulent flow 

over a backward-facing step investigated here. Obstacles that have to be overcome in 

a successful numerical simulation include: 

(i) The coexistence of different flow regions, i.e., equilibrium boundary layer before 

separation, free shear-layer, non-equilibrium boundary layer after reattachment, 

reverse flow, and regions of adverse and favorable pressure gradients, require a 

very general turbulence model which can not be tuned to just one of these flow 

regimes. 

(ii) Within the recirculation region, and in particular at reattachment, normal 

stresses play a significant role and their impact on turbulence production must 

be included in the turbulence model. 

(iii) Due to strong non-equilibrium effects and anisotropy in the separated flow region 

as well as in the recovering turbulent boundary layer, the use of wall-functions 

and turbulence models which inherently assume the logarithmic law of the wall 

can not be justified. 

(iv) The presence of a wall causes DNS and traditional LES to be extremely costly 

(for large enough Ren) due to a vanishingly small viscous sublayer which must 

be resolved because of (iii). 

(v) The presence of large unsteady structures demands a time-accurate simulation, 

since for time-averaged solutions, i.e., steady RANS, essential information is 
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lost, e.g., frequency and wavelength of the dominant unsteady structures. More

over, the unsteady structures are typically strong enough to modify the mean 

flow due to nonlinear effects. This causes then in many cases at least quanti

tatively unsatisfactory results - even for time-averaged quantities. In addition, 

long transients and the presence of very low frequencies (e.g., "shear-layer flap

ping") make time-accurate simulations computationally expensive. 

In spite of, or rather because of, all these difficulties, the BPS has been a very 

popular geometry for testing numerical methods for complex turbulent flows (see ta

ble 1.2 for examples). For the BFS geometry, an abundance of detailed databases 

from experiments are available. However, high quality DNS and LES exist only 

for low Reynolds numbers (see table 1.2), and most of the data obtained by other 

simulations are very limited in scope and/or quality, caused to no small part by the 

difficulties described above. For good quality simulations, these difficulties have to be 

overcome. While obstacles (i)~(iii) can be tackled by employing nonlinear K - e mod

els (e.g., Speziale & Ngo, 1988) or Reynolds-stress models (e.g., Hanjalic &: Jakirlic, 

1998), overcoming the combination of obstacles (iv) and (v) seems considerably more 

difficult and, consequently, this problem has recently drawn a lot of attention. 

While for simulating coherent structures LES seems generally to be the method 

of choice, it can not be applied efficiently near walls. The shortcomings and limita

tions of traditional LES are described in detail in Kosovic (1997), Speziale (19986), 

Jimenez & Moser (1998), and Pope (2000), for example. As a consequence of these de

ficiencies, RANS, in spite of its concomitant loss in physics (especially the inability to 

capture coherent structures), remains the most attractive method for turbulent flows 

in close vicinity to walls. In order to bridge the gap, hybrid RANS-LES methods 

have been proposed. The hope is that these novel approaches allow for numerical sim

ulations of complex, time-dependent, and wall-bounded turbulent flows at Reynolds 

numbers beyond the reach of DNS. An example of a hybrid RAN S-LES method 
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Publication Separation Ren 5H ER Method 
Kaltenbach & Janke (2000) laminar 3,000 0.195 1.1 DNS 
Wengle et al (2001) laminar 3,000 0.2 1.09 DNS 
Le et al. (1997) turbulent 5,100 1.2 1.2 DNS 
Akselvoll & Moin (1995) turbulent 5,100 1.2 1.2 LES 
Kang & Choi (2002) turbulent 5,100 1.2 1.2 LES 
Lesieur et al (2003) turbulent 5,100 1.2 1.2 LES 
Hanjalic & Jakirlic (1998) turbulent 5,000 1.2 1.2 RANS 
Peng & Davidson (2000) turbulent 5,100 1.2 1.2 RANS 
Bredberg et al (2002) turbulent 5,100 1.2 1.2 RANS 
Neto et al (1993) turbulent 6,000 ? ? LES + WF 
Marrano et al (2001) laminar 11,000 ? 1.67 LES 

laminar 11,000 ? 1.67 RANS 
Fureby (1999) turbulent 15,000 ? 2.0 LES 
Arnal & Friedrich (1993) turbulent 27,000 ? ? LES + WF 
Akselvoll & Moin (1995) turbulent 28,000 ? 1.25 LES 
Fureby (1999) turbulent 37,000 ? 2.0 LES 
Hanjalic & Jakirlic (1998) turbulent 37,000 Ri 0.8 1.2 RANS 
Bauer et al (2000) turbulent 37,400 ? ? RANS + WF 
Neto et al (1993) turbulent 38,000 ? ? LES + WF 
Speziale & Ngo (1988) turbulent 132,000 ? 1.5 RANS + WF 

Table 1.2 Some numerical investigations of turbulent flow behind a backward-facing 
step; WF = wall functions instead of no-slip boundary conditions; ? = unknown. 

can be found in Fasel et al. (2002, 2003). 

In summary, for the present numerical investigations of turbulent coherent struc

tures in the flow behind a backward-facing step, DNS is clearly the method of choice 

whenever the required computational resources are available. This will, however, not 

be the case for sufficiently high Reynolds numbers. Then the alternative methods 

employing turbulence modeling need to be considered. However, we will have to 

scrutinize their performance with respect to representing the mean flow, turbulence 

statistics, coherent structures and computational costs. This evaluation is another 

focus of the present study. 
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1.3 Present Research 

The importance of large coherent structures for flows with separation and reattach

ment in general and backward-facing step flows in particular has been recognized 

in the literature (see section 1.1). Nevertheless, little is known about their origin, 

interdependencies and interactions. This knowledge, however, would allow for the 

development of more efficient flow control algorithms or, at least, for a better design 

of many industrial fluid flow applications. The impetus for the present research is 

therefore to shed some light on these issues by attempting to accurately and effi

ciently simulate the mean flow, turbulence statistics and the development of large 

coherent structures in transitional and turbulent flows over a backward-facing step. 

The underlying assumption is thereby that hydrodynamic instabilities of the mean 

and instantaneous flow are responsible for and govern the development of typical 

coherent structures observed in separated flows and the phenomena associated with 

them. 

Transitional step investigations are regarded as highly useful, as these show the 

onset of the instabilities more clearly and, as a result, coherent structures can be re

lated more easily to specific flow instabilities. If the dominant instability mechanisms 

are inviscid by nature, then the result can be transferred to the fully turbulent step 

fiows at higher Reynolds numbers. This assertion will be verified. 

We will also go to great lengths to demonstrate that the simulations are indeed 

accurate using comparisons with references and theories in the literature as well as 

employing resolution and domain size studies. To achieve efficiency we will attempt 

the use of LES and state-of-the-art RANS wherever possible and compare their solu

tions to DNS results. If sufficiently accurate flow predictions are obtained, then the 

turbulence modeling approaches will enable expedited parameter studies; otherwise 

we will have to rely solely on the DNS and experimental data. 

The investigation is carried out by solving the compressible Navier-Stokes equa
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tions. This approach facihtates a future use of the computed data for investigations 

of the impact of turbulent coherent structures on acoustic radiation and heat transfer. 

However, the computations are performed at a low Mach number of Ma = 0.25, hence 

enabling quantitative comparisons with experiments and incompressible simulations 

in the literature. 

Outline of the thesis: 

In chapter 2 the computational setup is described. The governing equations are pre

sented in section 2.1 (details on boundary and initial conditions can be found in 

appendix A). Then the turbulence closures employed are introduced (section 2.2): 

RANS using the explicit algebraic Reynolds stress models of Gatski & Speziale (1993) 

(EASM) and Rumsey et al. (2000) (EASMa) and, for comparison, an adaptation of 

the standard K-s model (cf. Wilcox, 1998), and LES with the compressible Smagorin-

sky model proposed by Speziale et al. (1988). For complex geometries, using com

pletely wall-distance independent turbulence models simplifies implementation and 

is of great computational benefit. To this end, wall-distance independent versions of 

the EASM and EASM^ are constructed using a limiter for the turbulent time-scale 

suggested by Durbin (1993). The necessary changes are discussed together with the 

K-e equations in section 2.2.4. For completeness, in appendix E turbulent trans

port equations and the EASM and EASMa are derived from the (incompressible) 

Navier-Stokes equations. 

The numerical method is summarized in section 2.3. Details on discretization, par-

allelization, program performance and grid-stretching are presented in appendices B, 

C and D. 

In order to evaluate how well the various simulation techniques capture statis

tical flow properties and the largest turbulent coherent structures, it is necessary 

to analyze the data computed. To this end, diagnostic tools, figures of merit and 

non-dimensional reference parameters have to be chosen. The definitions required 
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are introduced and briefly discussed in section 2.4, reattachment length, scaling laws, 

and turbulence statistics, for example. Many of the statistical tools can be derived 

from exact (incompressible) transport equations for the turbulence statistics. These 

transport equations, e.g., the (incompressible) Reynolds stress equations, are derived 

and discussed in appendix E. The definitions of the statistical tools are compiled in 

appendix E.4. 

The most important diagnostic tools for the present study are arguably meth

ods to educe turbulent coherent structures from the data. A definition of coherent 

structures is given in section 2.4.6. Two fundamental approaches to identify the 

structures are employed: statistical methods, like proper orthogonal decomposition 

(POD) and Fourier analysis, and visualization techniques of the instantaneous veloc

ity field, methods based on an analysis of the velocity gradient tensor, for example. 

In appendix F, an overview of methods found in the literature is given and the most 

promising methods are tested in section 3.3 for a von Karman vortex street in the 

wake of a two-dimensional bluff body. 

Preliminary simulations are carried out in chapter 3 for validation purposes and 

to gain the experience required for the final simulations. 

In section 3.1, the numerical scheme is validated against linear stability theory 

and results of high-order numerical simulations for Tollmien-Schlichting (TS) waves 

investigated by Fasel & Konzelmann (1990). It is presumed that if the method can 

predict the growth of TS-waves, it will also be able to predict the growth of the 

coherent structures emanating from the shear-layer behind the step. In addition, the 

TS-wave simulation verifies the validity of compressible simulations at Ma = 0.25 for 

computing incompressible boundary layers. The impact of wall-normal grid-stretching 

on the accuracy of the solution is studied as well. 

In section 3.2, a standard CFD benchmark is computed: the confined backward-

facing step at low Reynolds number (reference experiment Armaly et al, 1983; in
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compressible computations of Le & Moin, 1994, Barton, 1997 and Barkley et ai, 

2002). This validation ensures an accurate implementation of the numerical method 

and boundary conditions for the step geometry. Additionally, the applicability of the 

compressible simulations at Ma = 0.25 for step flows is demonstrated and guidelines 

for grid-selection and placement of computational boundaries are deduced. Note that 

in this section, we corroborate the existence of a three-dimensional global instability 

for the step flow using DNS of the time-dependent problem. This instability was 

originally predicted by a linear stability analysis of the steady flow by Barkley et al. 

(2002). 

In section 3.3, a von Karman vortex street in the wake of a two-dimensional bluff 

body is computed. For this case the different identification methods of coherent 

structures are put to the test. Using POD, we will show that a von Karman vortex 

street consists of a superposition of different kind of vortical structures with large 

differences in energy content. Surprisingly, even the low energy structures must be 

resolved in order to attain the typical vortex street. 

Proper implementation of the turbulence models is validated for a turbulent 

boundary layer (TBL) with zero pressure gradient at Reg ~ 1,800 and Ma = 0.5 

(section 3.4). For this Mach number, it is demonstrated that compressible effects on 

the turbulence models are insignificant. The improved (wall-distance independent) 

EASM and EASMa are tested and calibrated for the same flow. 

The most important results, findings and lessons learned are summarized in sec

tion 3.5. 

In chapter 4, a transitional BFS flow AT REN =  3, 000 is studied. It is chosen to 

match an experimental setup for the large water tunnel facility of the Hydrodynamics 

Laboratory of the University of Arizona (see Sunkomat, 2000, for more details), thus, 

enabling a future experimental validation of the results. Resolution and time averag

ing  requ i rement s  a re  d i scussed  in  sec t ion  4 .1 .  An  inves t iga t ion  o f  t he  f low us ing  DNS 
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establishes the main flow features of transitional step flows and provides valuable in

sights into their physics. The formation of various coherent structures is observed in 

the flow behind a backward-facing step and their generation is attributed to specific 

hydrodynamic instabilities (section 4.2). In addition to DNS, RANS and LES are 

performed revealing the behavior (and limits) of the turbulence modeling approaches 

(sections 4.3 and 4.4). A brief summary of the results is presented in section 4.5. 

A forced transitional flow over a backward-facing step is investigated in chapter 5 

at the same Reynolds number as the step flow in chapter 4, but with a much thinner 

inflow boundary layer. The setup matches the experiments of Huppertz (2001). In 

addition, there exists an incompressible DNS published together with the experimen

tal results (c.f. Wengle et al, 2001). The forcing of the flow removes ambiguities with 

respect to background disturbances and provides a reference time signal for a Fourier 

analysis in time. In addition, the frequency of the initial Kelvin-Helmholtz instability 

wave is flxed. As a consequence, it will be easier to track coherent structures and 

to identify responsible hydrodynamic instabilities and their relationships with each 

other. Advantages and problems of the present setup and of the reference investi

gations are discussed in great detail in section 5.1. Good agreement of mean flow 

quantities and turbulence statistics with the experiments is established and extensive 

studies of the impact of the lateral domain width, forcing amplitude and inflow con

dition on these flow properties, are carried out (section 5.2). The structures identified 

in chapter 4 are then investigated in great detail and more evidence is reported with 

respect to the hydrodynamic instabilities involved (section 5.3). In section 5.3.4, a 

simplified scenario is proposed for the generation of large coherent structures and 

their interdependencies. Finally, section 5.4 provides a summary of the results. 

The results for a fully turbulent flow over a BFS at Ren = 5,000 are discussed 

in chapter 6. First, the experimental and numerical reference cases are introduced 
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(experiment and DNS by Jovic & Driver, 1994, and Le et ai, 1997, respectively) and 

the simulation setup for the present investigation is described (section 6.1). Then, 

mean flow data obtained using various RANS models are analyzed and compared to 

the results in the literature (section 6.2). Instantaneous DNS results are presented 

and compared to the transitional cases with respect to observed coherent structures 

(section 6.3). A summary of the results can be found in section 6.4. 

A summary of the most important results of each chapter, some general remarks, 

and the proposed scenario for the generation of large coherent structures in transi

tional and turbulent step flows are presented in chapter 7. Parameters of all simula

tions are compiled in appendix G. 



44 

2. Computational Setup 

2.1 Governing Equations 

The compressible Navier-Stokes equations (conservation of mass, momentum, and 

total energy) form the set of governing equations. A three-dimensional Cartesian 

coordinate system is employed. Filtering^ of the Navier-Stokes equations yields the 

fundamental equations for LES, i.e., the filtered continuity equation 

the filtered momentum equation 

^ ̂ ̂  4]) = 0 ' (2-2) 

and, following Harris (1997), the resolved energy equation 

^ ̂  ^ ~ ~ + [^ + ?/]) = He , (2.3) 

where an overbar denotes a standard filter and a tilde represents a mass-weighted 

filter (or Favre-filter) defined as 

0 = ~ .  ( 2 . 4 )  
P 

U i  is the velocity vector, p  the density, T the temperature, and p  the pressure. The 

viscous stress, resolved energy, and heat flux are 

W = ^ (Sij - , (2.5) 

T ui~uj( 

7(7 — l)Ma^ 2 

Ji df 

(7 — l)Ma^RePr dxi ' 

r-i - 1 \ /o ER = p \ ——I ' (2-6) 

(2.7) 

^Note that the filtering operation can be regarded as a generalization of the averaging procedure 
commonly employed to obtain the Reynolds-averaged equations. 
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respectively. The resolved viscosity ]I is computed applying Sutherland's law (c.f. 

White, 1991, using the resolved temperature T); 7  = 1.4 and Prandtl number Pr = 

0.71. The resolved strain-rate tensor is given as 

Furthermore, we invoke the equation of state for a perfect gas to determine the 

resolved pressure 

These equations differ from the unfiltered equations only by three terms: the subgrid 

stress-tensor rfj, the subgrid heat-flux qj^, and an additional source term in the 

energy equation. To close the set of equations, these terms need to be modelled (see 

section 2.2). However, by setting the model terms to zero instead, the (unfiltered) 

compressible Navier-Stokes equations used for DNS are recovered with the under

standing that ^ = 0 = 0. In other words, for DNS, the filter width (averaging 

interval) is so small that all temporal and spatial scales of the flow are resolved. On 

the other hand, if all turbulent fluctuations are filtered out, we obtain the (unsteady) 

Reynolds-averaged Navier-Stokes equations. 

To solve the above equations, boundary and initial conditions must be supplied. 

A detailed description can be found in appendix A. Note however that, for solving the 

equations, we do not need to know the filter function applied in deriving the equations. 

We merely solve for the filtered values themselves by solving the transport equations 

that govern their evolution. Nevertheless, there is an implied filter associated with the 

choice of the turbulence models for which the results are consistent to those of a DNS. 

Consistency in this context is defined such that if we were to solve both the filtered 

and unfiltered equations exactly, say to obtain the spectrum of turbulent kinetic 

energy, for instance, then applying the consistent filter to the DNS data would yield 

the same spectrum as solving the filtered equations directly. Unfortunately, the filter 
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consistent for obtaining the correct spectrum might not be consistent with respect to 

other statistics. This issue of an inherent filter for a turbulence model is elaborated 

upon in detail by Pope (2000, chapter 13.4.3) for the case of LES of homogeneous 

isotropic turbulence using the model of Smagorinsky (1963). A consequence of the 

existence of an inherent filter is that one has to take great care when determining 

subgrid scales by explicit filtering in conjunction with a turbulence model. 

2.2 Turbulence Closures 

In the filtered equations (2.2) and (2.3) the subgrid-stress tensor, and heat-flux 

vector, , as well as the source term in the energy equation. He, are still unknown 

and need to be modelled. In the following (sections 2.2.1-2.2.3), a turbulent heat flux 

model, , several Reynolds stress models, , and the corresponding models for the 

source term, H^, are introduced. For fully turbulent simulations, employing RANS 

or LES, the subgrid models are then simply rfj = = q^ and . 

Unfortunately, the turbulence models considered here cannot distinguish between 

laminar and turbulent flow structures. Therefore, for RANS simulations of the tran

sitional step flow in section 4.4, , qf and are "ramped on" spatially in stream-

wise direction using a cosine function as a kind of "transition ramp". The resulting 

subgrid terms become 

where Xg is the start location and Xg the end location of the ramp. The impact on the 

flow solution of this artiflcial "turning on" of the turbulence models is one concern 

addressed in section 4.4. 

Most of the models require characteristic scales of the turbulence for closure. They 

are provided by solving the respective transport equations. Exact (incompressible) 

transport equations are derived in appendix E.l and modelled terms are discussed 

(2.10) 
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in appendix E.2. The (modelled, compressible) equations solved are presented in 

section 2.2.4. All constants used in the various turbulence closures are compiled in 

appendix G.l. 

For complex geometries, using completely wall-distance independent turbulence 

models simplifies implementation and is of great computational benefit. To this end, 

wall-distance independent models are constructed using a limiter for the turbulent 

time-scale suggested by Durbin (1991, 1993). The changes necessary are discussed 

together with the e - equation in section 2.2.4. 

2.2.1 Turbulent Heat Flux 

For the turbulent heat-fiux, we invoke the assumption of similarity between thermal 

and velocity fields and gradient transport of heat and momentum, thus we can write 

qM = ^ (2.11) 
^ 7 (7 — l)Ma^PrT dxi ' 

where ht is a turbulence model specific eddy-viscosity (see below). The turbulent 

Prandtl number was chosen to be Ptt = 0.9 (as suggested by Speziale & So, 1999, 

p. 88).2 

2.2.2 Turbulent Stresses 

Four turbulence models are considered for representing the turbulent stresses: the 

mixing-length model of Smagorinsky (1963), the "standard" K - e model (c.f. Wilcox, 

1998), the explicit algebraic Reynolds stress model (EASM) of Gatski & Speziale 

(1993), and a generalized version of the EASM {EASMa, c.f., Rumsey et al, 2000). 

^For Prr = 1 complete similarity is assumed. This is the well known Reynolds analogy for 
turbulent heat transfer. In order to use a non-constant turbulent Prandtl number, we would have 
to solve two additional transport equations for the thermal turbulent diffusion and dissipation (c.f. 
Speziale & So, 1999, p. 88). 
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The (compressible) Smagorinsky-type model applied for the present investigations was 

developed by Speziale et al. (1988). The isotropic part of is ignored^ and only the 

deviatoric part is modelled as 

,  (2.12) 

where 

Hj, = P^^/T (2.13) 

with characteristic time-scale^ = (2SijSij^ ^ and characteristic length-scale 

£ = Cg = Cs [(Ax^ -f -I- A2:^)/3]^'^^. The Smagorinsky constant is 0.065 or 

0.1; Ax, Ay, and Az are the local grid sizes in the x, y, and z directions, respectively. 

Note that the Smagorinsky model assumes that the characteristic length scale £ of 

the turbulence to be modelled is directly proportional to the characteristic grid size 

A. This mixing-length model can therefore only be used for LES-type simulations 

with sufficiently fine computational grids, since, for the coarse grid limit, £ must be 

independent of A (c.f. Pope, 2000, chapter 13.4.4). 

The K - e model is implemented as 

='^pK 5ij - 2ij,t (^Sij - , (2.14) 

where 

flT = C^pKTT, (2.15) 

tt ̂  y (2.16) 

and CFJ,  = 0.09; K is the turbulent kinetic energy (PK = 0.5t4^), TT the turbulent 

time-scale and & the (isotropic) turbulent dissipation rate, i.e., the rate of destruction 

of K.  This model is frequently used for RANS and URANS.  When used for wall-

bounded flows, ht is usually multiplied with an empirical wall-damping function 

® Alternatively, it can be considered as being combined with the pressure to form a modified 
pressure. 
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ffj,, and/or off-wall boundary conditions (the so-called wall-functions) are employed, 

where instead of the no-slip boundary condition, the logarithmic law of the wall is 

enforced. For the present investigation, if utilized, 

/ - 1 - e A+ , (2.17) 

the so-called van Driest damping function is used, where = 25 and n'^ is the wall-

normal coordinate in near-wall scaling (the scaling is introduced in section 2.4.5). 

The purpose of this function is to enforce the correct asymptotic behavior of fxr near 

walls. It is, however, not coordinate invariant since it depends on wall-normal dis

tance. Furthermore, at locations with vanishing wall shear stress, i.e., separation or 

reattachment points, n+ = 0 for every point in wall-normal direction and, conse

quently, Ht = 0 for all n. This is difficult to justify and discourages the use of f^ of 

equation (2.17) in flows with separation. In addition, it is complicated to implement 

for geometries where more than just one wall may exist. Hence, for the present in

vestigation, it is used for comparison only. 

The EASM and EASMg closures are given as 

TIJ  =  -PKSIJ -2 I IASM I  ( S IJ  
1 

^ij Skk 

+ 0^4 C.2 {SikWk, + SjkWki) -  a •'aS SikSkj -  -^SkiSkiSij 

with an equivalent turbulent viscosity 

I J 'ASM c; P K t t ,  

(2.18) 

(2.19) 

where tt is the turbulent time-scale of equation (2.16). Note that, for the turbulent 

hea t  f lux ,  equa t ion  (2 .11) ,  t he  eddy-v i scos i ty  o f  equa t ion  (2 .15)  i s  used ,  no t  I IASM-

The two implementations differ only in the boxed coefficients. Ca2 and Cas are 

constants and, in general, C* and depend on the production-to-dissipation-rate 
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ratio the turbulent time-scale tt, and the irrotational and rotational strain-rate 

invariants rj and 

For the original EASM of Gatski & Speziale (1993), a constant production-to-

dissipation-rate ratio is assumed, thus yielding simplified expressions for and C*: 

c ;  =  y / f e O ,  ( 2 . 2 0 )  

C„2 = (2.21) 
Oil 

C«3 = —, (2.22) 
Oil 

Q!4 = Tx • (2.23) 

A regularized form of the function f{ri,^) has been used to remove the possibility of 

division by zero, 

3 _ 2r;2 + 6^2 ~ 3 + 7/2 + + 6^ " 

The terms ry and ^ depend on the resolved strain-rate tensor, Sij, and the resolved 

rotation-rate tensor, Wij, in the following way: 

1 Q/o / ~ ~ \ 1/2 
? 7  =  - — r r ,  ( 2 . 2 5 )  

2 ai 

C = - (m.my'rT , (2.26) 
Oil ^ 

(2.27) 
2 \ dxj dxi ^ 

The values of coefiicients appearing in equations (2.20) to (2.26) are cti = 0.227, 

a2 = 0.0423, and ^3 = 0.0396.^^ 

A constant production-to-dissipation-rate ratio requires calibration of Oii to as for 

different types of flows or, within one simulation, for different flow regimes (see Sand-

berg & Fasel, 2003, for example). For complex cases, like the flow over a backward-

facing step, this becomes quickly unfeasible and maintaining the dependency of the 

'^These values are obtained by assuming ^ 1.886. Note, that for ai = 2C^ and a2 = as = 0 
the standard K - e model of equation (2.14) is recovered. 
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Qij on ^ is therefore highly desirable. A derivation of such an approach is given by 

Rumsey et al. (2000), yielding 

(2.28) 

(2.29) 

(2.30) 

7r- T o " . ^ '  

where = 2SijSij, a.\ = 0.487, a.2 = 0.8, 023 = 0.375, 7q = 0.9, 7^ = 1.786. aj is 

the solution to the cubic equation: 

al + pal + qar + r — 0 , (2.32) 

with 

c; ) 

Ca2 = 0^2 , 

C«3 — 2 Q!3 , 

Tt 
a4 

P =  

Q = 

2Yi 
32^2 ' 

ai al a^ 

it Oil 

2 ' 

and = 21^jj Wij. Jongen & Gatski (1999) showed that the root with the lowest real 

part of equation (2.32) is the correct solution. An explicit formulation for calculating 

this root is given by Rumsey &: Gatski (2001) and included in appendix E.3, for 

comple teness ,  t oge the r  wi th  a  de ta i l ed  desc r ip t ion  o f  t he  de r iva t ion  o f  t he  EASM 

and the assumptions made thereby. 

2.2.3 Turbulent Energy Source 

The source term on the right-hand-side of equation (2.3) represents a loss in resolved 

energy if turbulent kinetic energy is produced and a gain in resolved energy if tur

bulent kinetic energy is dissipated into heat. For the low Mach numbers considered 
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here, energy transfer due to turbulent mass fluctuations can be neglected because 

mean density gradients are small. The source term is then expressed as 

iff = rjf Si, (1 - Ca2MaT) +pe{l- Ca^Mal) , (2.33) 

where the turbulent Mach number is defined as Mar = MaCa2 = 0.15, 

Ca3 = 0.2. The terms containing Ca2 and Cas stem from the model of Sarkar 

(1992) for the pressure-dilatation correlation. Since Mar 1 for subsonic flows, 

setting Ca2 = Ca3 = 0 is admissible and we recover the incompressible form. For the 

Smagorinsky model, must be reduced further to Sij, hence neglecting 

heat production by dissipation of the modelled turbulence ( p e ) ,  for which we have no 

estimate. 

2.2.4 Transport Equations 

The quantities K and e are solutions of their corresponding transport equations. 

These equations are part of the associated turbulence model. For the K - e model 

and the EASM, the same set of compressible transport equations are solved: 

dpK ^ d 

dt dxi 

dt dx 

pKuj 

&pe d ( 
+ ' • I peuj 

j \  

A + ifz: 
Re Ok 

JL^f^ 
Re o. 

OK 

dxi 

de 

dxi 

= Si,{l-Ca2MaT) 

-pe (l -  CaaMa^) (2.34) 

-7" M q _ \ 
2 "ij I ^ 

-pe ^ 

-peSkk (2.35) 

where = 1.0, cr^ = 1.3, = 1.44, Cg^ = 1.83, and Cgg = 0.001. Initial and 

boundary conditions are briefly described in appendix A.7. The turbulent Reynolds 

, pt is the eddy-viscosity of equation (2.15), and for the number is Rer RepK^ 
jxe 
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characteristic time-scale r the turbulent time-scale ry of equation (2.16) is used. In 

order to remove the singularity in the destruction term of the e-equation for K = 0, 

a damping function is commonly employed, 

n y/K Re 
/„ = 1 - , (2.36) 

where n  is the distance in wall-normal direction and = 10. This damping function, 

however, is the only term in the framework of the EASM containing a wall-distance. 

The model for the stresses themselves uses strain-dependent coefficients, i.e., C*, and 

nonlinear terms to account for low Reynolds-number and near-wall effects. 

For complex or moving geometries, being completely wall-distance independent 

simplifies implementation and is of great computational benefit. To this end, an idea 

of Durbin (1991, 1993) can be used to remove the singularity and hence the need 

for /sj. He suggests that the smallest possible turbulent time-scale in any flow, and 

consequently close to walls, is the Kolmogorov time-scale tk- He then proposes to 

compute the characteristic time-scale as 

Cy 
T = max [ tt,  CtTk] = max 

K ^ I Tl 
= Tt max 1 ,  

\/ Rex 
(2.37) 

e V Repe_ 

where Ct is a constant. Following the argument of Durbin (1993), the limited time-

scale should then not only be used in the source terms of the e-equation, i.e., equa

tion (2.35), but also replace tt in the eddy viscosity ht of equation (2.15) and when 

computing the turbulent stresses, i.e., equations (2.19) to (2.32). 

Unfortunately, for the EASM, the replacement of tt outside the ̂ -equation bears 

the risk of inconsistencies. With the assumptions made in deriving the EASM (see 

appendix E.3), ^ = ''r is the correct term to be used in equations (2.19) to (2.32). 

Nevertheless, we do not have to give up on the idea of a Kolmogorov-limited time-

scale. Speziale & Gatski (1997) derive an equation for the scalar dissipation rate from 

the exact dissipation rate equation for the case of homogeneous turbulence. Thereby 

production and destruction terms depending on tk appear. Both terms take a sim

ilar form as the destruction term containing Cg2 in equation (2.35). For turbulence 
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in equilibrium, these terms need to cancel each other, and, for most practical appli

cations, their net effect can be neglected in comparison to the terms depending on 

the turbulent time-scale. Close to walls, however, the turbulent time-scale vanishes 

due to the vanishing K and non-zero e. As a consequence, the difference of the terms 

depending on tk will become dominant. We, therefore, can use the limited time-scale 

to devise an alternative wall-distance independent wall-damping function as 

switching from a turbulent time-scale to a Kolmogorov time-scale dependence in 

the (net) destruction term of e once the turbulent Reynolds number becomes small 

enough. The damping in the production term is taken care of by the inherent damp

ing due to the strain-rate dependent coefficients in the Reynolds stress model. For 

EASM simulations, using equation (2.38) instead of (2.36) results in a completely 

wall-distance independent model for wall-bounded turbulent flows without compro

mising assumptions in its derivation. 

The performance of the alternative form of and the limited time-scale (in 

every term) in comparison to the standard form of is evaluated in section 3.4. 

In addition, the appropriate values of Ct and C-f for the EASM and EASM^ are 

determined by numerical experiments. 

2.3 Numerical Method 

The governing and model equations described in the previous sections are solved 

numerically at discrete points only. The necessary discretization of time and space 

derivatives is carried out using finite difference and spectral approximations. 

The Navier-Stokes equations, i.e., equations (2.1) to (2.3), are discretized using 

the method employed by Harris (1997). The numerical scheme is discussed in detail 

in appendix B.2. Here, only a brief description is presented: A fourth-order Runge-

Kutta method is used for time-advancement. In the x- and y-directions "fourth-order" 

max 1, (2.38) 
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split finite-differences are employed. In the z-direction a pseudo-spectral approach is 

applied, where the nonlinear terms are computed in physical space while differenti

ation, integration, and imposition of most of the boundary conditions take place in 

spectral space. Furthermore, symmetry of the flow to the z = 0 plane is assumed, 

thus either a sine or a cosine transform are performed for each variable.® Bachman 

(2001) compared the use of symmetric and full transforms for computing turbulent 

boundary layers with and without turbulence models. He found that employing full 

transforms yields only a minor improvement when comparing results to experiments. 

Hence he suggests that their use does not justify the associated doubling of compu

tational costs. This is certainly true for sufficiently wide enough lateral domain sizes. 

The reason for this is that the symmetry condition essentially enforces no-stress walls 

as lateral boundaries at 2: = 0 and z = since at the symmetry line = 0 and 

|| = = 0. Then, for wide enough domains, the "side-wall effects" can be neglected. 

For the present investigations, the K - e equations, i.e., equations (2.34) and 

(2.35), need to be computed in two dimensions only. Additionally, K and e appear 

"merely" in model terms, thus they are solved using the method of Harris with only 

second order split-differences in the x- and y-directions. The use of the lower-order 

accurate differences increased the stability of the overall method. 

Vast resolution requirements for the unsteady simulations of turbulent coherent 

structures make the reduction of computational time paramount. The necessary 

savings are accomplished by employing a domain decomposition technique in the x-y 

plane for efficient parallelization and the simultaneous use of several processors (up 

to 200 for some test cases). Details on the parallelization and program performance 

are presented in appendix C. 

®Thus the reference to symmetric transforms where only the odd or even part of the Fourier 
series is computed versus full, i.e., complex, transforms containing coefficients for both cosine and 
sine series. 
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Further savings in computational time are achieved by employing nonuniform 

grids. These grids allow the clustering of points in regions of high spatial resolution 

requirements, for example, near the corners of the step, in proximity to walls and 

across shear-layers to name a few. This is accomplished by transforming the (equidis

tant) computational space to the (stretched) physical space using polynomials or 

hyperbolic tangent functions for the mapping. For more details on the computational 

grids used, see appendix D. 

Proper implementation and suitability of the numerical method employed for the 

present investigation is verified in chapter 3. 

2.4 Data Post-Processing 

Once the set of equations introduced in the previous sections has been solved, large 

amounts of data are available for each method applied. In order to evaluate how well 

the various simulation techniques capture mean flow properties and the dynamics 

of the turbulent coherent structures in the flow over a backward-facing step, it is 

necessary to analyze this data. To this end, figures of merit and non-dimensional 

reference parameters have to be chosen. The definitions required are discussed in the 

following sections. 

2.4.1 Reattachment Length 

For the present study, the instantaneous reattachment point is defined as the al

location downstream of, and closest to, the step where no negative w-velocity is present 

across the field in the y-direction.® The reattachment length L is then the distance 

between the step and the reattachment point. 

®In the x-direction the zero m-velocity location is interpolated for increased accuracy. In the 
j/-direction, only points up to the step height are checked. 
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The above definition is equivalent to finding the streamwise coordinate of the point 

in the flow field closest to the step where M = 0 and = 0 hold simultaneously. For 

steady or time-averaged flow, this criterion is fulfllled only at the reattachment point 

at the wall, thus reducing to the "standard" definition of vanishing wall shear-stress. 

For unsteady flow, however, the criterion might be fulfilled away from the wall and 

can be seen to be analogous to the Moore-Rott-Sears criterion for unsteady separation 

(c.f. Schlichting & Gersten, 2000, pp. 292, 353-354). 

Note that in the presence of strong unsteady vortical structures in the shear-layer 

after separation, averaging the instantaneous reattachment length will not lead to 

the same result as averaging the flow field first before applying the criterion, i.e., 

^ L{{u)). This fact has been elaborated upon by von Terzi (1998). In the 

following, time-averaged reattachment length only refers to applying the criterion to 

time-averaged data. 

2.4.2 Skin Friction and Wall Pressure Coefficients 

The (incompressible) skin friction coefficient is defined as 

where p^e/ is the wall-pressure at an appropriate reference location. 

2.4.3 Integral Parameters 

For two-dimensional, incompressible flows, streamlines are an efficient way of showing 

the velocity field. Here, they are mostly used to illustrate recirculation regions of time 

(2.39) 

The wall-pressure coefficient is determined by 

Cp — 2 {Pwall Pref) ) (2.40) 
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and spanwise averaged velocity fields. They are computed as 

= f udy + i/^o. (2.41) 
J o  

For step flows, we set tpo = 0, thus the step is represented by the streamline ip •= 0. 

For flows with a recirculation zone, it is also convenient to plot equidistant contours 

of ln(|A '0| + 1) with A being an appropriate scaling factor in the order of 10"^. This 

results in exponentially spaced contours which are able to highlight the main recir

culation region and the corner vortex in the same plot. 

A set of integral parameters is frequently used for scaling of local profiles: 

displacement thickness 5i = J ^1 — ^ j dy , (2.42) 

/

u / u \  
U '  \  ~  T j )  ' (2.43) 

energy thickness ^ j ~ ' (2.44) 

where U  is the velocity at the upper bound of the integral. Here, the integrals are 

taken from the lower wall at y = 0 to the upper domain boundary with the exception 

of values obtained at the step location (or slightly upstream) where the integration is 

stopped at the location of the velocity maximum. Note that the parameters as defined 

above are used only in regions without reverse flow. Ratios of above parameters yield 

the so-called shape-factors: 

/?i2 = ^, (2.45) 

= Y- (2-46) 
02 

2.4.4 Turbulence Statistics 

Ristorcelli (1995) compiled useful parameters for application as diagnostic statistical 

tools for complex turbulent flows. The parameters have been derived from the (in

compressible) Reynolds stress equation (see equation (E.6) in the appendix) or from 
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dimensional analysis. These non-dimensional parameters characterize several aspects 

of the turbulence, e.g., intensity, characteristic scales, spectral bandwidth, large and 

small scale anisotropy, deviations from ideal Kolmogorov behavior, and magnitude of 

deformation to which the turbulence is subjected. The use of these statistical tools 

allows for assessing the quality of the turbulence models employed in representing the 

turbulence. In addition, the adequacy of assumptions made in deriving the turbulence 

models can be verified. Some statistics are omnipresent and might not be recognized 

as such, e.g., Reynolds stresses, turbulent kinetic energy, and turbulent dissipation 

rate. As an aid, a compilation of definitions is included in appendix E.4. 

2.4.5 Scaling Laws 

In the literature, for backward-facing step flows, the most common scaling of quan

tities employs the step height, H, and the maximum velocity in the approach flow, 

U, as characteristic length and velocity scales. This outer scaling is the standard 

non-dimensionalization for the present investigation. Thereby, it is assumed that H 

and U are in the order of the largest characteristic scales present in the BFS flow. 

The largest length scale of the approaching boundary layer is in the order of the 

boundary-layer thickness, 6. For the present investigation, 6 = 0{H), consequently, 

a local rescaling with is not necessary. Other characteristic length-scales found in 

the literature include the reattachment length, L, or the momentum thickness of the 

shear-layer, 0. However, since L = 0{H) holds for fully turbulent flow over a BFS, 

using L seems to be useful only when trying to compare quantities in the redeveloping 

boundary layer just after reattachment for flows with larger differences in reattach

ment length. In this case the downstream location x is then rescaled with L. Scaling 

with 9 is of importance for highlighting details in the developing shear-layer - not a 

priority of the present research. Thus neither scaling with L nor with 9 is considered 

here. 
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For emphasis of near-wall behavior and better comparison with theory, the well-

known wall-scaling, or inner scaling, for (incompressible^) turbulent flows is intro

duced (c.f. Schlichting & Gersten, 2000, chapter 17.1): 

u, •+ _ Ik 

U -r 

, pRe 
Xj = XiUr-ZZ-

Re^ = Ur Re, 

(2.47) 

(2.48) 

(2.49) 

where the (wall) friction velocity is defined as 

U-r (2.50) 

It follows from the theory (c.f. Schlichting & Gersten, 2000, chapter 17), that a tur

bulent boundary layer over a flat plate in the limit of i?e^ —> oo (i.e., Re —> oo for 

bounded Ur) has a logarithmic overlap layer between a wall-layer and an outer-layer, 

frequently called "logarithmic law of the wall:" 

= Ci In -t- C2 , (2.51) 

with Ci ~ 2.5 and C2 ~ 5. Furthermore, for the part of the wall-layer closest to the 

wall, the so-called pure viscous sublayer, holds 

U'^ = y+ (2.52) 

A smooth combination of equations (2.51) and (2.52) is given by Spalding's law (c.f. 

White, 1991, p. 415): 

y 
_ £2 

«+ + e e - 1 -
u •+ 1 / —+ \ 2 -I / —h \ 3 ^ 1 I \  I I 

Ci 2\Cx 6  VCi  
(2.53) 

'^Note, for incompressible flow, the dimensionless density and viscosity are one, i.e., = R,e, 
and Favre and standard averages are identical, i.e., } = (f>-
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Turbulence statistics in near-wall scaling take the form 

Rt = (2.54) 

K+ = (2.65) 

For incompressible flow, the near-wall behavior of these quantities can be determined 

analytically. Following Wilcox (1998), pp. 185-186, we expand the velocity fluctua

tions near a solid wall in a Taylor series in terms of wall-normal distance y. Enforcing 

the no-slip boundary condition and continuity yields 

C,iy + 0(y^), (2.57) 

v' - a2l/' + 0(?/3) , (2.58) 

w '  -  a i y  +  0 ( / ) ,  ( 2 . 5 9 )  

where the expansion coefficients C are dependent on time, x-, and ^-location. Sub

stituting the above equations in the definitions of i?jj, K, and e (equations (E.56), 

(E.58), and (E.61)) and subsequent scaling in near-wall coordinates gives 

1 -
CK = 2(^-1+^"^1)'  (2-60) 

Rt^ - p y-"' + O (y+') , (2.61) 

K+ - CK?/+' + 0(y+^) , (2.62) 

e+ - 2 CK + 0 (?/+). (2.63) 

As a consequence, near the wall holds 2 ~ In addition, experiments and 

simulations of turbulent channel flow show that £+ reaches a maximum at the wall 

and its value is in the range of 0.1 < £+ = 2 Ck < 0.2 (c.f., Patel et aL, 1984; Speziale 

& So, 1999, p. 59). In the logarithmic overlap layer, assuming production equal to 

dissipation rate and R12 ~ —Ty^ ~ constant, results in 

pe+ (2.64) 
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2.4.6 Coherent Structures 

The importance of coherent structures for separated and reattaching flows like the 

backward-facing step is stressed in the introduction. Even though there is a consensus 

in the literature on the existence of these structures, a clear definition is still elusive. 

This is a major obstacle for investigating the origin of coherent structures - the main 

objective of the present investigation. 

In his review on coherent motions in the turbulent boundary layer, Robinson 

(1991) classifies turbulent coherent structures predominantly as shear-layers or "vor

tices." Unfortunately, the definition for a vortex is as elusive as the one for a coherent 

structure and the statement is frequently made that there are as many definitions as 

researchers in the subject. Robinson (1991) defines a vortex as a region where "instan

taneous streamlines mapped onto a plane normal to the vortex core exhibit roughly 

circular or spiral pattern, when viewed from a reference frame moving with the center 

of the vortex core." This definition seems intuitively appropriate, however its useful

ness is severely limited by the fact that neither streamlines nor velocity vectors are 

Galilean invariant, and, consequently, this definition requires a priori knowledge about 

the location and convection speed of the vortex. Finding an appropriate reference-

frame velocity will be cumbersome at the very least. 

A more practical definition is given by Chong et al. (1990). They define a vortex 

core as "a region of space where the vorticity is sufficiently strong to cause the rate-

of-strain tensor to be dominated by the rotation tensor." This definition allows the 

use of criteria based on invariants of the velocity gradient tensor, thus being Galilean 

invariant. It is adopted in the following as the definition for a vortical structure. The 

term coherent structure then includes vortical structures and shear-layers. We will 

call coherent structures "large" if their extent, in at least one dimension, is on the 

order of the step height (or larger). Presumably, these structures then confine a flow 

area with a significant amount of kinetic energy, momentum and/or enstrophy. 
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Eduction of coherent (or vortical) structures from a given flow field requires an 

identification technique. In the literature, a host of methods has been proposed, see 

appendix F for an overview. In order to decide which technique might be useful 

for the present investigation, a preliminary study is presented in section 3.3. There 

the effectiveness of the most promising of the methods introduced in appendix F is 

evaluated for a von Karman vortex street in the wake of a bluff body. 

The structure identification methods can be classified in two categories, either 

fiow visualization techniques or statistical methods. Visualization techniques use 

instantaneous quantities, of the flow fleld to reveal the presence of speciflc structures. 

On the other hand, statistical methods can be considered as a decomposition of the 

flow field in components corresponding to extracted structures and leftovers. 

Visualization of coherent structures in the turbulent flow over a backward-facing 

step by Dubief & Delcayre (2000) indicate, that iso-surfaces of pressure represent 

roughly the largest vortical structures, whereas vorticity contours are contaminated 

by regions of high shear. The Q and A2 criteria (c.f. appendix F) delivered identical 

results and revealed different sizes of vortical structures depending on their threshold 

values. A preference for the use of pressure iso-surfaces over the A2 criterion for 

identifying the largest vortical structures is also reported by Kang &; Choi (2002). 

These findings are corroborated by the preliminary study in section 3.3. The 

results suggest the use of instantaneous iso-surfaces or contours of pressure and the 

second invariant of the velocity gradient tensor Q as complementary methods for 

vortical structure visualization. For shear-layer identification, the use of the second 

invariant of the strain-rate tensor seems adequate. In addition, contours of vorticity 

components and velocity vectors in planes of interest will be used. 

Furthermore, it can be beneficial to decompose the flow field using proper orthog

onal decomposition {POD, c.f. appendix F). This is especially true when comparing 

different eddy-resolving simulation techniques. The use of turbulence models, i.e., 
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solving filtered equations, will alter the composition of the resolved structures de

pending on the transfer function of the filter. Nevertheless, if the strongest structures 

with respect to kinetic energy content are still to be captured accurately, a decom

position using POD should reveal structures very similar to those found in a direct 

numerical simulation. 
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3. Preliminary Simulations 

3.1 Tollmien-Schlichting Wave 

Computing accurately Tollmien-Schlichting (TS) waves is a crucial test for any nu

merical method, because the growth (due to a viscous hydrodynamic instability mech

anism) of small amplitude disturbances in a boundary layer depends on the fine details 

of the instantaneous gradients of the u- and u-velocity components. The growth rate 

especially is a very sensitive indicator for the near-wall accuracy of a simulation. 

The location of amplitude minimum and maximum, as well as growth rates can be 

compared to linear stability theory (LST). Lower-order methods tend to attenu

ate amplitudes more than higher-order methods, for the same computational grid. 

Changes in wall-vorticity can deteriorate the solution considerably, in the worst case, 

changing the flow behavior from unstable to stable or vice versa. Here, the numerical 

scheme of Harris (1997) is put to the test. It is presumed that if the method can pre

dict the growth of TS'-waves, it will also be able to predict the growth of the coherent 

structures emanating from the shear-layer behind the step (if a sufficient resolution 

of the flow field is provided). 

The setup follows case lb of Fasel & Konzelmann (1990). At the inflow (x = 0.54) 

a Blasius similarity solution is prescribed with a local Reynolds number based on 

free-stream velocity and displacement thickness of Regi ~ 400. The T5-wave is 

excited using a blowing and suction slot (0.82 < x < 0.89). A sinusoidal w-velocity 

disturbance is introduced with forcing period T = 0.45 and amplitude A 10"'^. 

At the free-stream, an exponential decay condition for the disturbances is employed 

(see appendix A.5 or Fasel & Konzelmann, 1990, for details). Further computational 

parameters are Ma = 0.25, Ax = 0.007 and At = 0.0001. Unless specified otherwise, 

a wall-normal grid spacing of Ay = 0.0005 is used. A summary of the computational 
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setup is given in appendix G.2. 

Results obtained using the scheme of Harris (1997) are denoted as Bi. The method 

has been introduced in chapter 2.3 and is discussed in great detail in appendix B.2. In 

addition, data computed using the MacCormack method (c.f. Tannehill et al, 1997, or 

appendix B.l) are shown as case B2. Comparisons are made with an incompressible 

reference simulation (BM) published in von Terzi et al. (2001) employing the method 

of Meitz & Fasel (2000) - a fourth-order compact-difference scheme in combination 

with a fourth-order Runge-Kutta method. 
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(a) mean profile (b) disturbance amplitudes 

Figure 3.1 m-velocity profiles for a Tollmien-Schlichting wave for various numerical 
methods a t  Res^ = 800:  BM (•)  -  method of  Meitz  & Fasel  (2000);  BA (T) -
method of Harris (1997); B2 (Q) ~ MacCormack method; (—) - linear stability 
predictions using a similarity solution as basefiow; for the mean profile only every 
third grid point plotted for clarity. 

As a first step, the undisturbed baseflow is computed. Figure 3.1(a) compares 

the profiles obtained with the various methods described above. Overall, excellent 

agreement with the reference result is achieved. When disturbances are introduced 

into the flat plate boundary layer, Tollmien-Schlichting waves develop. If the am

plitudes are small enough, as in the calculations here, the resulting amplitude and 
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phase distributions of the fluctuating velocities can be compared with results from 

linear stability theory. Figure 3.1(b) shows the amplitude distribution of the stream-

wise velocity component of the disturbance at Res^ = 800. For better comparison 

of the shape, the profiles are rescaled with their local amplitude maximum. Excel

lent agreement with the results from the reference simulation, for both methods, is 

achieved. In addition, the amplitudes without rescaling are plotted in the insert of 

figure 3.1(b). The attenuation of the TS-wave by the MacCormack method is clearly 

visible, whereas, for all other methods, the curves match the prediction from LST 

very well. 
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(a) LST from basefiow (b) direct computation 

Figure 3.2 Growth curves for a Tollmien-Schlichting wave obtained using various 
numerical methods: BM (•) - method of Meitz & Fasel (2000); B4 (•) - method of 
Harris (1997); B2 (Q) ~ MacCormack method; LST (—) - linear stability predictions 
using a similarity solution as basefiow; only every 21st grid point shown for clarity. 

A detailed study of the normalized disturbance amplitudes as a function of local 

Reynolds number is presented in figure 3.2.^ It should be pointed out that 

the growth curves for the disturbances, such as those in figure 3.2, are obtained from 

integrating (in the downstream direction) the growth rates of the T/S-wave. Therefore, 

^The local maximum amplitude A of the w-velocity disturbance is normalized by Amin - the 
smallest value of A in the flow field. 
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small local deviations of the growth rates are amplified in the downstream direction, 

magnifying the errors. As expected from figure 3.1(a), using the various time-averaged 

velocity profiles as basefiow for LST calculations, the amplitudes closely match the 

results obtained with a Blasius mean flow profile. This indicates that the time-

averaged flow is well captured by all methods. In figure 3.2(b), results are presented 

for directly computed growth rates employing various wall-normal grid spacings and 

different domain heights for uniform and stretched grids. Except for the coarsest 

grid and the simulation carried out with the MacCormack method, all curves closely 

follow the results from the incompressible simulations, which in turn are in excellent 

agreement with the fourth-order simulations presented in Fasel & Konzelmann (1990). 

This shows that the effects of compressibility and heat transfer are indeed negligible 

for Ma = 0.25. Furthermore, the polynomial grid-stretching used in some cases did 

not negatively affect the quality of the simulation. It also demonstrates that for 

the given wall-normal resolution (the same as in Fasel &: Konzelmann, 1990), lower-

order methods are not accurate enough to represent the physics of the unsteady flow 

adequately. 

In summary, although the time-averaged flow fleld and the shape of the velocity 

disturbances are predicted accurately by all methods, only high-order methods achieve 

precise growth rates for a wall-normal resolution on the order of Ay used by Fasel & 

Konzelmann (1990). The method of Harris (1997) seems to deliver results comparable 

to fourth-order methods. 

3.2 Sudden Expansion 

Although the simulation of transitional and turbulent boundary layers flowing over 

a backward-facing step is the focus of the present investigation, much can be learned 

by a simplified test case. This case should validate the applicability of the low Mach 

number compressible computations for incompressible flows and ensure a proper im
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plementation of the numerical methods. In addition, it can help in finding grid-

selection guidelines for the final investigations. Further criteria for its selection are 

the availability of data for comparison and low computational costs. 

As validation case the backward-facing step inside a two-dimensional channel with 

parabolic inflow profile is chosen. This flow is a standard benchmark case for CFD 

codes — scientiflc and commercial (c.f. Freitas, 1995). In the low Reynolds number 

regime, the reattachment length increases with Reynolds number, thus revealing ex

cessive numerical viscosity of codes if the reattachment length deviates.^ The setup 

matches the two-dimensional simulations of Le & Moin (1994) with ER = 2.0 (refer

ence experiment Armaly et al, 1983). 

Figure 3.3 shows the reattachment length versus Reynolds number for the ex

periments of Armaly et al. (1983), the second-order accurate DNS of Le & Moin 

(1994), the steady-state spectral element calculations of Barkley et al. (2002), and 

the present DNS. Numerical values and computational parameters can be found in 

appendix G.3. Three distinct regions can be seen, RCH < 300, 300 < Ren < 1000, 

and Reff > 1000. 

Within the first region {RBH < 300), both DNS and the experiments are in good 

agreement, and the reattachment length L increases linearly with Reynolds number. 

There is only one recirculation zone present and the parabolic velocity profile at 

the outflow boundary is fully recovered. In this region, two-dimensional simulations 

represent well the physics of the flow. 

In the median region (300 < Ren < 1000), all DNS still agree fairly well with 

each other, and a second separation bubble at the upper wall appears, which is con

sistent with the experiments. The reattachment length continues to increase linearly, 

but at a slower rate. The experiments, however, reveal a much faster growth, and 

^Truncation error terms of even order in the numerical discretization can be seen as additional 
diffusion, thus altering the effective Reynolds number and, hence, the reattachment length. 
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Figure 3.3 Reattachment length L versus Reynolds number RBH for cases A {xgut — 
20, •) and cases L {xout = 40, O). Comparison with DNS of Le & Moin (1994) (•), 
Barkley et al (2002) (A), and experiments by Armaly et al. (1983) (Q)-

three-dimensional effects are reported. This indicates that 2D calculations are still 

able to predict qualitatively the flow field behind the step, but are not sufficient for 

quantitative predictions due to 3D effects. A typical flow field for the median region 

{RCH = 400) is illustrated in figure 3.4; in order to emphasize regions of reverse flow, 

only contours of M < 0 are plotted. 

In the last region {Reu > 1000), the appearance of vortex shedding in the ex

periments explains the sudden drop in the time-averaged reattachment length. On 

the other hand, the 2D-DNS of Le & Moin (1994) suggests a further growth in reat

tachment length and even a steady solution which is totally misleading. The present 

DNS is fairly close to experimental values and shows unsteadiness. The agreement, 
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Figure 3.4 Velocity vectors (top) and contours of u-velocity (bottom) for Ren = 400. 
Plotted are vectors of every lOth x- and every 3rd y-location and contours of m < 0. 

however, might well be fortuitous considering the importance of ZD effects at these 

Reynolds numbers. 

Looking at the differences between the two DNS more carefully shows that for 

Ren < 800, the reattachment lengths of Le k Moin (1994) are consistently larger 

than for the present investigation and deviate farther from the experimental results 

in the meaningful two-dimensional flow region (compare with figure 3.3). Noting 

that cases with the outflow located at Xout = 20 (cases A) differ from the DNS of 

Le & Moin (1994) only in the outflow boundary condition and the existence of an 

inlet channel before the step, a series of simulations at Ren = 100 with various inlet 

lengths was carried out (see table G.6 in the appendix). Shortening the inlet below 

four step heights caused the reattachment length to increase until the value of Le & 

Moin (1994) for zero inlet length was reached within the accuracy of the two methods. 

The same increase in L was also observed in a detailed investigation of the entrance 

effect by Barton (1997). Barton (1997) found an inlet length of three step heights 

sufficient for Ren = 450 and noted the decreasing importance of the inlet length for 

increasing Reynolds number. Barkley et al. (2002) used an inlet length of one step 

height, hence they obtained slightly larger reattachment lengths at the lowest RSE-
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In order to determine when the outflow boundary condition starts to deteriorate 

the simulation results, cases with the outflow farther downstream at Xout = 40 (cases 

L) are considered as well. Comparing cases A with cases L in figure 3.3 indicates 

that for RCH > 900 the outflow boundary condition strongly affects the primary 

reattachment length L. The reason for this is that starting at Ren = 600 the upper 

separation bubble extends beyond x = 20, i.e., the outflow boundary of cases A. 

Consequently, the outflow boundary condition would then have to account for inflow, 

which it is not designed for. 

Figure 3.5 Contours of u-velocity for Ren = 750. Plotted are contours of m < 0 for 
— 1 < a; < 26; top: case A with = 20; center: case B with Xgut = 35; bottom: 
case L with Xout = 40. 

This is demonstrated in figure 3.5 by showing contours of u < 0 for Ren = 750. 

In addition to cases A and L, case B is included which matches the domain size 

of Barkley et al. (2002). The impact of the outflow treatment of case A (located at 

X > 18) on the reattachment location of the upper separation bubble is clearly visible. 

The reattachment length L and the separation location of the upper bubble, however, 

are only slightly affected (see table 3.1). Case C in table 3.1 demonstrates that the 

small differences between cases B and L stem from the shorter inlet section of case 

B and not from the finer resolution or larger downstream domain size of case L. 
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Case ^in ^out L Upper Separation Bubble 

A -4.0 20.0 12.95 10.4 < X < 18.5 
B -1.0 35.0 13.05 10.4 < X < 24.8 
C -4.0 35.0 12.9 10.3 < a: < 24.9 
L -9.0 40.0 12.9 10.3 <x < 24.9 

Barkley et al. (2002) -1.0 35.0 13.1 10.5 < a; < 25.0 

Table 3.1 Reattachment length L and location of the upper separation bubble for 
Ren = 750. 

According to the literature (see the discussion above and section 1.1), the flow 

over a backward-facing step becomes three-dimensional at relatively low Reynolds 

numbers. Barkley et al. (2002) find that, for the test case investigated here, the flow 

becomes (linearly) absolutely unstable with respect to three-dimensional disturbances 

starting at a critical Reynolds numbers oi Reh = 748. Note that at this Ren the flow 

is still only convectively unstable with respect to two-dimensional disturbances. As a 

consequence, their linear stability analysis predicts that steady longitudinal structures 

within the recirculation zone are supported for a specific range of lateral wavelengths. 

At Ren = 800, for example, the unstable region spans approximately 5 < A^; < 9. 

For direct numerical simulations with sufficiently wide domains, we can therefore ex

pect that, depending on the lateral domain size, longitudinal structures of different 

wavelengths will appear. To corroborate these findings, figure 3.6 compares w-velocity 

contours for the unstable eigenmode at Ren = 750 with = 6.9 published in Barkley 

et al. (2002), with a three-dimensional simulation of case B computed with two higher 

Fourier modes. Excellent agreement in the shape of the structure is achieved. Note 

that the instability so close to the critical Reynolds numbers is extremely weak and, 

consequently, the resulting longitudinal structures were several orders of magnitude 

lower in intensity than the two-dimensional mean. Nevertheless, by increasing Ren 

the 3i^-instability grows stronger and additional eigenmodes become unstable. The 

first mode seen in figure 3.6 is steady and confined to the primary recirculation zone. 
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The second mode is quite similar, but corresponds to the upper separation bubble. 

The next two modes are a pair of oscillating structures. The superposition and possi

ble interaction of these modes make the flow field at higher Reynolds numbers fairly 

complicated and a sensitivity to the domain width is to be expected. 

Figure 3.6 Longitudinal structures behind the backward-facing step aX Reu = 750 for 
A^; = 6.9; plotted are ui-velocity contours of the unstable eigenmode: DNS (top) and 
linear stability results of Barkley et al. (2002) (bottom). 

In conclusion, the code can accurately predict the flow over a backward-facing 

step for Ma = 0.25 at low Ren- However, if large unsteady structures are naturally 

present, care has to be taken when applying two-dimensional simulations. We also 

note that an appropriate inlet length is required to obtain accurate results for step 

flows. The outflow boundary needs to be placed sufficiently downstream of the last 

region of separated flow to ensure an accurate prediction of the reattachment length. 

Furthermore, for three-dimensional investigations, a sufficiently wide lateral domain 

size is critical to support longitudinal structures. Then, depending on the domain 

width, different sizes of structures might be supported. 

Finally, we corroborated, by the means of time-dependent DNS, that the steady 

longitudinal structures predicted by the linear stability analysis of Barkley et al. 

(2002) for a steady separation bubble are indeed present. However, for the cases close 

to the critical Reynolds number investigated here, the final amplitudes are orders of 

magnitude lower than the mean flow. For higher Reynolds numbers, the stability 
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analysis predicts a stronger instability and more unstable modes, but experiments 

show that the flow is then also highly unsteady within the recirculation zone. The 

unstable steady separation bubble exists then only in the mean, and it is not obvious 

whether the instability will be able to persist or the structures will still develop. 

3.3 von Karman Vortex Street 

The flow past a two-dimensional bluff body at Ma = 0.25 and Reo = 1,000 with a 

boundary layer thickness at separation of (5 « 0.2 was selected to test some of the 

coherent structure identiflcation techniques described in appendix F. Computational 

details are compiled in appendix G.4. The computational grid is depicted below in 

flgure 3.7 (right). The case was selected due to the presence of strong shear-layers 

and a von Karman vortex street in the wake of the body. In this flow, the presence 

of vortices is commonly accepted, and every criterion considered will reveal at least 

some aspects of the vortical structures. A comparison of the methods will give some 

insight in what techniques are appropriate for use in the present research. 

Figure 3.7 Streamlines ijj of time-averaged flow fleld for a von Karman vortex street in 
the vicinity of the base (left, plotted are equidistant contours of ln(|5-10~^ V'l + 1)) and 
the corresponding computational grid for the complete domain (right, every fourth 
point plotted for clarity). 

Figure 3.7 shows streamlines of the time-averaged flow fleld and the corresponding 

computational grid. A short recirculation zone behind the body is visible. The high 

density of streamlines around the body indicates relatively strong gradients in the 
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approaching boundary layer and the free-shear layer. Figure 3.8 (left) highlights the 

overwhelming presence of shear-stress in these regions by plotting negative contours 

of the second invariant of the (instantaneous) strain-rate tensor in the range of —5 < 

lis < —2. A reduction of absolute values to — 1 < lis < —0.25 (figure 3.8 on the 

right) reveals the weaker shearing in the vortical structures convected downstream. 

Figure 3.8 Shear-layer visualization for a von Karman vortex street; left: —5.0 < 
lis < —2.0; right: —1.0 < lis < —0.25. 

0.15 

Figure 3.9 Discrete Fourier transform of the w-velocity for a von Karman vortex street 
at X = 10.189 and y = 1.32. 

A "probe" is placed in the flow field at x = 10.189 and y = 1.32 and the u-velocity 

is recorded for a sampling time of t = 100 at a rate of At = 0.2. Applying a Fourier 

decomposition to the time-signal reveals the dominant frequency of the vortex shed

ding as St ^ 0.21 (figure 3.9). In addition, the presence of higher harmonics can be 

seen. 
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In figure 3.10, we use different methods to visualize more clearly the vortical 

structures from above. Assuming that the structures move with the mean flow, the 

time-averaged velocity is subtracted from an instantaneous data set. The resulting 

disturbance velocity vectors are plotted in the top left of figure 3.10. Roughly circular 

patterns are clearly visible, thus indicating the presence of "vortices" according to 

the definition of Robinson (1991). Pairs of vortices rotating in opposite directions 

with slight offsets of the centers in the y-direction can be recognized. 

The instantaneous contours of (total) pressure (middle left) reveal the size of the 

vortex cores and the offset more clearly than the disturbance velocity vectors and no 

assumptions about the convection speed need to be made. However, the information 

on the direction of rotation is lost. 

Plotting spanwise vorticity contours in the range of —4 < < 4 (bottom left) 

shows the structures almost as clearly as the pressure contours. Additionally, the sense 

of rotation can still be deduced from the sign of the contours (negative contours are 

dashed to highlight the counter-rotating vortices). Nevertheless, the regions of high 

shear in the approaching boundary layer are visible as well, thus demonstrating that 

instantaneous layers of high shear and vortical structures can not be distinguished by 

looking at vorticity contours alone. 

The A- and Q-criteria (middle and bottom right plots, respectively) depict the 

vortex cores most clearly. The small differences in the plot stem from the choice of 

the contour levels (1 < Q < 10 and 1 < A < 20) and can be reduced by fine tuning. 

The choice of bounds is necessary, because the identification of a vortical structure 

requires values (sufficiently) larger than zero. In addition, the high values of Q and A 

at the corner necessitate the upper bound. The compressible A-criterion (top right) 

yields identical results to the incompressible version for the low Mach number con

sidered. 
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Figure 3.10 Various visualization techniques for a von Karman vortex street; for defi
nitions of the Q, A and compressible Ac vortex identification criteria see appendix F. 
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Applying POD to a time series of the velocity field yields a better distinction 

of the basic flow patterns representing the von Karman vortex street. It can also 

help in gaining a deeper insight into the dynamics of the vortical structures. The 

disadvantage is the storage of data required for the statistical analysis. Expecting 

the dominant structures to oscillate with St « 0.21, two data sets were analyzed, one 

with a sampling time of t .76 and a sampling rate of At = 0.238 and the 

other with t = '^ = 100 and At = 2. Both analyses with the POD yielded identical 

results for the eigenfunctions. 

The zeroth eigenmode contains by far the most kinetic energy; it is identical to 

the mean flow. All other modes appear in pairs indicating that these structures are 

travelling. The first pair of modes represents the most energetic vortical structures 

(mode 1 is shown in the top left plot of figure 3.11). These structures are very similar 

to those visible in the disturbance velocity vectors, but there is no offset of the vortex 

cores in the y-direction. The next two pairs of modes consist each of a quadruple of 

vortices in arrangement similar to lateral and longitudinal quadrupoles, modes 3 and 

5 in figure 3.11, for example. The energy contained in these modes is only a fraction 

of the first pair (less than 0.3% for each). The presence of modes 3 and 4 causes the 

offset in the y-direction of the vortex cores visible for all visualization techniques in 

figure 3.10. This can be demonstrated by adding mode 1 and 3, for example (see 

top right picture in figure 3.11). Modes 5 and 6 cause a stretching of the circular 

patterns to an ellipse shape. Adding modes 1 to 6 suffices to represent the velocity 

disturbances seen before quite accurately (c.f. middle and bottom right plots). All 

further modes have vanishing energy contents (less than 2 • 10~^% of the first pair). 

Besides the spatial distribution, i.e., the eigenfunction, the POD analysis delivers 

also time signals for each mode. It is interesting to note that a Fourier analysis of 

these time series reveals that the first pair of eigenmodes oscillates with the dominant 

vortex shedding frequency, while the other pairs are associated with different higher 

harmonics. 
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Figure 3.11 Proper orthogonal decomposition of the velocity field for a von Karman 
vortex street; the velocity vectors are scaled arbitrarily in order to highlight the 
vortical structures. 
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In summary, a flow field analysis using proper orthogonal decomposition showed 

that a von Karman vortex street consists of a superposition of different kind of vorti

cal structures with large differences in energy content. If the less energetic structures 

were filtered out but their impact on the dominating structures were not accounted 

for, we would obtain an incomplete picture of the flow. Furthermore, different fre

quencies of time-oscillations were attributed to different eigenmodes. 

In conclusion, flow visualization techniques are useful tools for capturing charac

teristic flow patterns. Pressure contours can be used for a first glimpse, since pressure 

is computed anyway and hence the method comes for free. Computing vorticity con

tours is the next logical step. In order to distinguish between high shear layers and 

vortical structures, negative contours of lis for highlighting the regions of high shear 

and a vortex eduction technique based upon analysis of the velocity gradient tensor 

could then be employed. The latter methods all yield very similar results; thus the 

Q-criterion seems to be an appropriate choice due to the lower computational costs 

and simplicity of implementation. In addition, it seems clear that a POD analysis is 

a viable tool for identifying and understanding the dynamics of the basic flow struc

tures. For simulation techniques differing in the resolved energy content, a POD 

could be beneficial for comparing the dominant flow structures. 

3.4 Turbulent Boundary Layer 

Implementation and performance of the turbulence models introduced in section 2.2 

are tested for a turbulent boundary-layer (TBL) over a flat-plate. Since all models 

are implemented in the same code using the same routines for integrating the filtered 

Navier-Stokes equations, all differences can be attributed solely to the turbulence 

models. This allows for scrutinizing the effects of the various models. As figure of 

merit, the w-velocity profile in wall-normal direction is chosen. For emphasis of near-
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wall behavior and better comparison with theory, the wall-scaling for turbulent flows 

from section 2.4.5 is used. 

Results are presented for the Reynolds number based on momentum thickness 

and free-stream velocity of Reg pa 1,800, Ma = 0.5, Ax = 3 • 10"^, Aymin = 2 • 10""^, 

Aymax 10 and At = 5 • 10 the first grid point is at ?/+ < 1. For these values, a 

comparison is possible with another compressible 2D Navier-Stokes simulation using 

an axisymmetric code and the EASM (Sandberg, 2001, private communication), and 

with an incompressible simulation of the boundary layer equations employing the K 

- e model with (Seidel, 2000, private communication). Results of these simulations 

are plotted in figure 3.12 (left) together with those from the present study using the 

EASM and the K - e model (with and without fjj). Included as reference is the the

oretical curve from equation (2.53). The outer regions differ since the references are 

obtained at different values of Reg. We therefore concentrate on the self-similar loga

rithmic region for comparison. Deviations between the simulations in this region are 

generally speaking small. However, the two compressible EASM simulations agree 

especially well with each other, as do the two simulations applying the K - e model 

with (compressible and incompressible). However, the slope in the logarithmic 

region of all simulations is steeper than for the theoretical line of equation (2.53). 

The unimportance of compressible extensions to the turbulence models at low 

Mach number is illustrated by setting Ca2 = Ca3 = 0, i.e., switching the model for 

the pressure-dilatation correlation off.® The resulting curve for the EASM does not 

deviate from the results obtained using the regular EASM (see figure 3.12, right), 

hence validating that compressibility effects are indeed negligible — even at Ma = 0.5. 

Figure 3.12 (right) shows results for the wall-distance independent version of the 

^Turbulent mass fluctuations have already been neglected. 
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Figure 3.12 Turbulent boundary layer over a flat plate; u-velocity profile in near-wall 
scaling for various turbulence models and governing equations (left) and EASM with 
various coefficients CT of Durbin's limiter (equation (2.37)) (right); (—) Spalding's 
law with Ci = 2.5 and C2 = 5; axisymmetric simulation by Sandberg; results from 
solving boundary layer equations by Seidel. 

EASM applying Durbin's limiter for various constants CT- Added for reference 

are the regular EASM (using the /g^-function) and the theoretical curve from above. 

CT = 6 is the value suggested by Durbin (1993). However, for all values of 0 < CT < 6 

the simulations yields the same results as without the limiter and fs^ = 1 (not shown 

here). Increasing CT delays the departure of the curve from the pure viscous sublayer 

(«"*" = y"*"), and the logarithmic overlap layer starts roughly at = CT- For Ct = 12 

the logarithmic region has the same slope and offset as the theoretical curve (i.e., 

Ci a; 2.5 and C2 ~ 5). Increasing CT further extends the pure viscous sublayer even 

more and the slope and offset are getting larger (not shown here). Values of CT > 60 

have not been investigated. Simulations with a coarser resolution indicated the same 

behavior (of CT = 12 being the optimum value). The discrepancy in Durbin's value 

of CT = 6 and the present value of CT = 12 does not indicate an error in either 

method; it is more likely due to differences in the turbulence models. This assertion 

is supported by the fact that, for a wall-distance independent model used by Bat

ten et al. (2000), the limiter of the turbulence time-scale for their* non-linear K - e 

model turns out to be equivalent to the limiter suggested by Durbin (1993), but with 
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CT = It is interesting to note that, for CT = 12, the EASM hits the theoretical 

curve (see also figure 3.13) whereas for all models using the /g^-function (e.g., the 

models in figure 3.12, left) the slopes are steeper. 

o Spalding's Law with C =5 -- EASM1 EASM Ct=12 
- EASMJ EASM — EASM„CT=18 

(a) 

k-e f EASMf EASM Ct=12 EASM„ f EASM^f -f EASM„ C^18 EASM„ C^20 \C = OA y 
\C = 0.05 y 

= 0.02 f 

1000 

(c) 

—• -• EASM EASM C^12 • EASM^f^ 
--H5 EASM^f/ —• EASM^Cp12 

6EASM^CT=16 
EASM„CT=17 --->EASM„Ct=18 V EASM, C^20 

k-e f.. f 
EASMf EASM f 
EASM f EASM.. C^18 

(d) 

Figure 3.13 Turbulence quantities in near-wall scaling: (a) u-velocity, (b) turbulent 
kinetic energy, (c) turbulent dissipation rate, (d) production to dissipation rate ratio. 

In figure 3.13, we evaluate the performance of the EASMg, of Rumsey et al. 

(2000) and calibrate CT for this model. Plot (a) shows again the M-velocity in near-

wall coordinates. The EASM and EASM^ differ only slightly for both near-wall 

treatments. The enlargement of the logarithmic region shows again how well the 
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EASM with CT = 12 matches the theoretical slope. The optimum value of CT for 

the EASMa has shifted to 18 which is caused by an increase in C* near the wall. 

Differences between the near-wall treatments are most visible for the turbulent 

kinetic energy and dissipation rate, i.e, plots (b) and (c), respectively. The correct 

near-wall asymptote of K~^ ^ 0.5 (see section 2.4.5) is not obtained by any 

of the models tested here, however, the models using perform best. On the 

other hand, the empirically suggested absolute maximum of e at the wall (see again 

section 2.4.5) is only obtained for models using the Kolmogorov limiter. The K - e 

with an additional wall-damping function does attain a maximum, but it is not 

absolute. Note that for these results the EASM and EASMQ, are not sensitive to 

order one changes in the value of C t-

The equilibrium of turbulence production and dissipation predicted for the loga

rithmic layer (c.f. section 2.4.5) is verified in plot (d). This is not surprising since all 

the models are calibrated to the equilibrium values. The wall-distance independent 

form of /g2 has also been tested for the EASMQ, and almost identical results to the 

version with the standard form have been obtained for = 4.6. However, a sensi

tivity to the second digit of the coefficient is observed. This is in the same order as 

the sensitivity to other coefficients in the e-equation, e.g., Cgi and 0^2-

In summary, results for the TBL of other codes using the same turbulence models 

could be reproduced and compressibility effects even for Ma = 0.5 are indeed negligi

ble. The slope of the M+-velocity in the logarithmic overlap region is controlled by the 

/ej-function. Several wall-distance independent version of the EASM and EASM^ 

have been tested successfully and calibrated to reproduce the logarithmic law of the 

wall for the TBL over a flat plate. The wall-distance independent versions are viable 

alternatives to the standard implementation of the EASM and EASM^. 
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3.5 Summary and Lessons Learned 

We confirmed that the present numerical method is sufficiently accurate to capture 

the growth of waves due to instability mechanisms. It is, therefore, suited for the 

present investigation of the growth of coherent structures arising from hydrodynamic 

instabilities in the backward-facing step flow. 

The computational setup was validated and domain size requirements were inves

tigated by comparison with experiments and simulations in the literature for a sudden 

expansion in a two-dimensional channel. The prediction of a linear stability analy

sis for the possibility of a global three-dimensional instability of the two-dimensional 

steady separation bubble was confirmed. As a result of the global instability steady 

longitudinal structures may develop within the recirculation zone. 

Flow visualization techniques are useful tools for capturing characteristic flow pat

terns. Pressure contours can be used for a first glimpse, since pressure is computed 

anyway and hence the method comes for free. Computing vorticity contours is the 

next logical step. In order to distinguish between layers of high shear and vortical 

structures, a vortex eduction technique based upon analysis of the velocity gradient 

tensor should be employed. The Q-criterion seems to be an appropriate choice due 

to the low computational costs and simplicity of implementation. In addition, POD 

and/or Fourier analyses can be viable (and complementary) tools for identifying and 

understanding the dynamics of basic flow structures. A von Karman vortex street in 

the wake of a two-dimensional bluff body was computed in order to evaluate identifi

cation techniques for coherent structures. Using a POD analysis, we noted that even 

weak structures may play an important role for the resulting flow field, i.e., structures 

with a fraction of the kinetic energy of the large coherent structures must be resolved 

or modeled accurately in order to attain the typical vortex street. 
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The implementation of turbulence models was tested for a turbulent flow over 

a flat plate. Wall-distance independent versions of the EASM and EASM^ were 

tested successfully for a turbulent boundary layer and calibrated to reproduce the 

logarithmic law of the wall. In addition, it was confirmed that compressibility effects 

on the turbulence models are negligible even up to a Mach number of Ma = 0.5. 
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4. Unforced Transitional Flow 

4.1 Simulation Setup 

For this flow, the boundary layer is laminar at separation, reattachment is turbulent, 

and the ratio of boundary layer thickness to step height at separation is approximately 

0.56. The Reynolds number based on step height and maximum velocity at the inflow 

is Ren = 3, 000 and Ma — 0.25. At the step, with Reg ~ 233 and H12 ~ 2.4, the 

boundary layer is thus just about critical with respect to a Tollmien-Schlichting type 

instability. 

The setup is chosen such that a corresponding experimental investigation in the 

large water tunnel facility of the Hydrodynamics Laboratory of the University of Ari

zona is feasible (see Sunkomat, 2000, for more details). This investigation has not 

been carried out yet. Thus the current results are left for future experimental valida

tion. Nevertheless, valuable insights into the physics of this kind of flow are gained 

- in particular with respect to the formation of coherent structures and their rela

tionship with hydrodynamic instabilities. In addition to DNS, RANS and LES are 

performed revealing the behavior (and limits) of the turbulence modeling approaches. 

For the simulations discussed here, the domain dimensions, scaled with step height, 

are = 28.13, Ly ^ 6, and = 3.2 in the x, y, and 2; directions, respectively. The 

step is located at a; = 0. Calculations were carried out with four different grid 

resolutions. For the "baseline" resolution, the grid sizes were At — 0.002, 0.02 < 

Ax < 0.2, 0.02 < Ay < 0.15, and Az = 0.1, i.e., 601 x 200 points in the x- and y-

directions, respectively, and 9 spanwise modes in the ^-direction for 3D simulations. 

This resolution was employed for all methods. A "coarse" resolution, doubling Ax, 

Ay, Az, and At of the previous grid, was employed for LES and RANS calculations 

only, i.e., 301 x 100 points and 5 spanwise modes for 3D simulations. In addition. 
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two better resolved DNS were carried out, both with 16 modes in the z-direction 

{Az = 0.05) and the same At and Ax as the baseline case. One DNS is computed 

with a grid (denoted "fine grid") using the same Ay than the baseline grid whereas 

the other employs a stretched grid (denoted "finest grid") with = 0.0069 at 

the lower wall, but a coarser Ay in the free shear-layer. The coarsest local physical 

resolution of the "finest grid" case is in the turbulent boundary layer at the wall 

where Ay"*" 1.2, Aa;+ 7.2, A^;"*" fa 9.0 or, with respect to the Kolmogorov scales 

of turbulence, = 0(1) (see figure 4.1, left) and ^ <C 1. A summary of the physical 

and computational parameters can be found in appendix G.6. 
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Figure 4.1 Physical resolution and convergence of running average: plotted above are 
an estimate of the minimum Kolmogorov length-scale IK (left) and the running time-
average of the (spanwise-averaged) M-velocity at x = 19.04 and y = 1.0 normalized 
with its value at t^ve = 1,000 (right); Ay^aii for the finest (— • —) and the baseline 
(—) grids are added for reference; DNS data computed on the finest grid. 

Time-averaged data, for DNS and LES, were obtained by running averages over 

a time interval of 200,000 time steps, i.e., tave = 400 which is equivalent to 10 charac

teristic flow-through periods (assuming a convection speed of 0.7 C/qo). The finest grid 

simulation required an even longer time for convergence. It was therefore averaged 

over tave = 600. Increasing the averaging time to tave = 1,000 incurred changes of 

less than one percent (see figure 4.1, right). Sampling started after t = 464 due to 

the very long transients. Averages are taken every Atave = 0.02, i.e., every 10 At. 
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4.2 Direct Numerical Simulation 

4.2.1 Averaged Flow and Turbulence Statistics 

First, we investigate the time- and spanwise-averaged behavior of the flow. In fig

ure 4.2, streamUnes of the time- and spanwise-averaged velocity field in the vicinity of 

the step are shown for different resolutions (the baseline, fine and finest resolutions). 

The contours are exponentially spaced to highlight the recirculation region and the 

corner vortex. In addition, coefficients of wall-pressure and skin friction are plotted 

Figure 4.2 Streamlines for DNS with different resolutions: finest grid (top), fine 
grid (middle) and baseline grid (bottom); plotted above are equidistant contours of 
ln(|10"^ V'l -I- 1). 

in figure 4.3 and shape factors of the reattached fiow in figure 4.4. Reattachment 

lengths determined using the criterion from section 2.4.1 are L = 6.8 for all grids. 
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Using the zero skin-friction criterion, i.e., ^\waii = 0 computed with fourth-order 

one-sided finite differences from the averaged u-velocity, yielded L — 6.9 for the finest 

grid and L = 7.0 for all others. Scrutinizing differences in the skin friction and wall 

'o 
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X 

o 

-0.05 

20 0 10 
X 

15 5 

Figure 4.3 Coefficients of wall pressure withp^e/ = p|a:=2o(left) and skin friction (right) 
behind the step for DNS with different resolutions: (—) finest grid; ( ) fine grid; 
( ) baseline grid; vertical ticks mark reattachment for finest grid. 

pressure coefficients for the different resolutions shows that the smaller Ai/y^aii leads 

to deviations from results with the baseline Aywaii mainly within the regions of strong 

negative skin friction {3 < x < L) and pressure maximum [L < x < 10). A better 

resolution in the lateral direction alone does not alter the flow in these regions. Dif

ferences in the flow fields are generally small indicating that the fine and finest grid 

cases are satisfactorily resolved and that the case with the baseline resolution should 

clearly be sufficient for a LES. Note that the lateral extent of the computational 

domain is rather small {L^ < L), thus larger wavelengths of three-dimensional in

stability modes possibly occurring in the flow are suppressed or shifted to smaller 

wavelengths (c.f. discussion in section 3.2). This could delay transition and/or affect 

the size of the corner eddy. A lateral domain size study could clarify this issue, but 

it is not part of the investigation of the present chapter (it is part of the step flow 

investigation discussed in chapter 5). 
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Figure 4.4 Shape factors of the reattached flow for DNS with different resolutions: 
HI2 (left) and H32 plotted against H12 (right); (—) finest grid; ( ) fine grid; ( ) 
baseline grid; (• • •) data of Wieghardt included for reference (c.f. Schlichting, 1979, 
p. 675). 

From the mean flow quantities, three flow regimes downstream of the step can be 

discerned: In the vicinity of the step {x < 3) the dividing streamline leaves the step 

tangentially with little curvature. Below resides the so-called "dead-water" region 

containing the (very weak) corner vortex with almost zero velocities and a plateau of 

constant wall pressure and very low skin friction. The second region (3 < x < 10) 

shows strong curvature of the dividing streamline and is characterized by a strong 

adverse pressure gradient. This region contains the most dramatic changes in mean 

flow behavior: the location of maximum reverse flow and largest negative skin friction, 

flow reattachment, impingement of the free-shear layer on the wall and development 

of the reattached turbulent boundary layer with drastic changes in shape factors. 

We will see later that this is also the most dynamic region containing the rise of 

three-dimensionality, transition to turbulence and the development of large coherent 

structures. Within the last region (x > 10), the wall pressure drops and the skin 

friction decreases almost linearly (for x > 13). Changes in shape factors are gen

erally small and a fully turbulent boundary layer has developed (1.3 < H12 < 1.5). 
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H^2{H i2), for this TBL, is comparable to data compiled by Wieghardt for flows over 

a flat plate over a range of pressure gradients (see figure 4.4, right). Differences are 

commonly attributed and very likely due to remnants of large coherent structures in 

the outer region of the boundary layer (see Jovic & Driver, 1994, for example).^ 
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Figure 4.5 Maximum values of the spanwise-averaged Reynolds stresses for the DNS 
computed on the finest grid: (—) K] (• • •) R^x', (- -) Ryy', (— • —) Rzz', vertical ticks 
mark mean reattachment location. 

Figure 4.6 Contours of spanwise-averaged turbulent dissipation rate for the DNS 
computed on the finest grid: plotted are contour levels of 0 < e < 0.01. 

Maximum values of the spanwise-averaged Reynolds stress components are plot

ted in figure 4.5. The absolute maxima are reached close to reattachment where 

^For the BFS flow in chapter 5, this deviation from the shape factor exists even for very wide 
domains, thus excluding the small domain width of the present study as the possible cause. Other 
quantities, like large i;-velocity fluctuations in the outer region, for example, hint strongly to the 
presence of large coherent structures as the cause of the differences. 



94 

Rxx ~ Ryy > Rzz- However, in the redeveloped turbulent boundary layer the maxima 

relate as Rxx > Ryy ~ Rzz- u^-velocity fluctuations become only significant in the 

second flow region (x > 3), simultaneously with turbulent fluctuations in general. 

Contours of the spanwise-averaged turbulent dissipation rate (figure 4.6) show that 

its maximum value appears also in close vicinity to reattachment (at the wall). 
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Figure 4.7 Spanwise averaged Reynolds stress components for the DNS computed 
on the finest grid: (a) Rxx within the recirculation zone; (b) and (c) Rxx for the 
reattached turbulent flow; (d) various components at x = 15.0. 

In flgure 4.7, profiles of the spanwise-averaged longitudinal normal Reynolds stress 
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Rxx are plotted for different x-locations. For figure 4.7 (a), i.e., x < L, an increase 

in Rxx in the downstream direction is clearly visible, in particular, once x > 3. The 

peak value of the wall-normal profile always appears in the shear layer and, hence, 

its ^/-location approaches the wall with increasing a;-location. For figure 4.7 (b), 

i.e., L < X < 2L, the flow has reattached and Rxx decays in downstream direction. 

Two distinct peaks are visible in the profiles. The near-wall peak is caused by the 

downstream pressure-gradient whereas the outer peak corresponds to large coherent 

structures which originated in the shear layer. Since the near-wall peak decays at a 

lower rate it quickly becomes dominant, whereas the outer peak widens and even

tually forms a kind of plateau. In addition, the extent of the turbulent region itself 

widens to larger values of y. For figure 4.7 (c), i.e., x > 2L, the near-wall peak is not 

decaying anymore, but the outer plateau is still widening and reducing its value. Also 

the outermost region of M-fluctuations is still expanding. For flgure 4.7 (d) various 

components are compared at x = 15.0. The normal stresses show a strong anisotropic 

behavior in the near-wall region. In contrast to the w-velocity fluctuations, which are 

impeded by the vicinity of the wall, the u-velocity fluctuations are even stronger than 

in the outer region. The profile is similar in shape to the profile of turbulent 

kinetic energy, but at a lower value, i.e., R^z is proportional to the sum of all normal 

Reynolds stresses. In the outer region, Ryy R^x, indicating a strong exchange of 

momentum in wall-normal direction and mixing of the flow. The equal magnitude 

of u- and w-velocity fluctuations at locations where the mean value of u is an order 

of magnitude larger than the mean of v suggests that rotating structures of roughly 

circular form are passing through this region, i.e., "vortices" or, in the context of the 

present investigation, so-called large coherent structures. 

For emphasis of the near-wall behavior and better comparison with theory, the 

well-known wall-scaling for turbulent flows from section 2.4.5 is used in flgure 4.8 

for the flow at x > 2 L. The time and spanwise averaged u-velocity computed on 
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the different computational grids is shown in the top left plot together with different 

approximations of the logarithmic overlap layer. Increasing the von Karman constant 

from 1/2.5 to 1/1.8 results in good agreement with the DNS data for 30 < ?/+ < 

200.  The tradit ional  value of  1/2.5 is  asymptotical ly reached for  large values of  x 

(see top right plot). The near-wall peak of turbulent kinetic energy (bottom left) 
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Figure 4.8 Spanwise averaged flow quantities in near-wall scaling for DNS: Time-
averaged ^-velocity for different resolutions at x = 15.0 (top left) and, for the finest 
grid at different x-locations, u-velocity (top right), turbulent kinetic energy (bottom 
left) and dissipation rate (bottom right); top left: reference curves u~^ = y~^, u~^ = 
1.8 ln{y~^) + C~^ with (7+ = 4.5, 5.0 and 6.0; (•) finest grid; (Q) fine grid; (•) baseline 
grid; all others: reference curves «+ = y"*", «"•" = 2.5ln{y~^) + 5.0, K'^ — 0.1 

£+ = (O) X = 14.0; (•) x = 15.0; (0) x = 16.0; (a) X = 17.0; 
(<) X = 18.0. 

remains constant in near-wall scaling revealing a self-similar behavior in the viscous 

sublayer (?/+ < 20). The correct near-wall asymptote of = 0.5 y'''^ (see 
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section 2.4.5) is captured very well demonstrating sufficient near-wall resolution of the 

present simulation. The dissipation rate (bottom right) obtains a maximum at the 

wall of roughly 0.2 as has been proposed in the literature for turbulent channel 

flows and flat plate boundary layers (c.f., Patel et  al ,  1984; Speziale & So, 1999, 

p.59). For the logarithmic overlap layer (30 <£"*"< 200), the turbulent dissipation 

rate agrees fairly well with ^ indicating the existence of an equilibrium layer 

where turbulent production balances turbulent dissipation (see again section 2.4.5). 

4.2.2 Instabilities and Coherent Structures 

Time-averaged and instantaneous data obtained by the DNS on the "finest grid" 

are analyzed for the presence of coherent structures. The generation of identified 

structures is then related to hydrodynamic instabilities inherent in the step flow at 

the present Reynolds number. 

Figure 4.9 Time-averaged w-velocity iso-surface within the recirculation zone (left) 
and velocity vectors in the y-z plane at a: = 4.0 (right) for the fine-grid DNS with fine 
^Vwaii', plotted above are the iso-surface for {w) = 5 • 10"^ in the range of 0 < a: < 8, 
o<y< 4 and —3.2 < z < 3.2; lower wall added in black for reference. 

In figure 4.9, contours of time-averaged w-velocity and velocity vectors in the y-
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z plane are shown. The plots highlight the existence of steady longitudinal rollers 

within the recirculation zone and close to the step wall at a distinct lateral wavelength 

of = 1.6. Such structures with L have been predicted by Barkley et al. (2002) 

as a consequence of a global instability of the separation bubble (see the discussion 

in section 1.1). 

With a magnitude on the order of one percent of the free-stream velocity, the 

presence of this global mode generally seems to be weak and can be overlooked easily 

in quantities like the u- and w-velocities - in particular for insufficient long time 

averages. On the other hand, the mean w-velocity is uniquely suited for identifying 

the global instability mode because in its absence the mean should be zero. Since the 

global modes are periodic in the lateral direction, a Fourier decomposition will help 

identifying them more easily. Furthermore, the imposed symmetry in the present 

simulation will keep their position fixed in z, hence, emphasizing the structures. 
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Figure 4.10 Time-averaged contours of tu-velocity for DNS computed on the finest 
grid: plotted are equidistant contours of —0.025 < {w) < 0.025 for the lateral Fourier 
modes k = 1 (top, A^ = 3.2) and k = 2 (bottom, A^ = 1.6). 

Comparing Fourier mode k = 2 = 1.6) of the time-averaged w-velocity in 

figure 4.10 (bottom) with a typical eigenfunction presented by Barkley et al. (2002) 
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as shown in section 3.2, figure 3.6, reveals a surprisingly good agreement of the shape 

(and sign) of the velocity contours, in particular if the x-coordinate is scaled with 

the corresponding reattachment length. This corroborates that a global instability 

may indeed have led to the steady structures. For the present investigation, only 

Fourier mode two contains this global mode. All other Fourier modes possess only 

a very weak, uncorrelated mean w-velocity component which seems to vanish for 

longer time averages (see figure 4.10, top, for mode k = 1 with = 3.2, for exam

ple). Even if it is weak, the presence of the steady global mode is important, since 

it imprints its lateral wavelength on the separating shear-layer and, hence, can bias 

other three-dimensional (secondary) instabilities of the time-dependent flow towards 

this wavelength. 

X 

Figure 4.11 Instantaneous contours of spanwise-averaged total vorticity (top) and 
second invariant of the velocity gradient tensor Q (bottom) for DNS computed on 
the finest grid; plotted are equidistant contours of 0.05 < (f) < 5.0. 

In figure 4.11, instantaneous, spanwise-averaged, contours of total vorticity, O, 

and the second invariant of the velocity gradient tensor, Q, are shown. The data in

dicate laminar separation and development of coherent structures during transition. 

The coherent structures persist downstream and show a strong spanwise coherence. 

Associated with these structures are three-dimensional effects and breakdown to tur
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bulence prior to reattachment. 

Time series of the Q. and Q contours indicate the generation of two-dimensional 

structures due to a quasi-periodic roll-up of the shear-layer with Aj; 2.0 — 2.5 

and St 0.17.^ This is consistent with the growth of waves of lateral vorticity 

due to a Kelvin-Helmholtz type instability of the shear-layer (see Drazin & Reid, 

1981, pp. 14-22). The Kelvin-Helmholtz instability is a convective, inviscid and 

two-dimensional instability where M-velocity profiles with an inflexion point become 

unstable with respect to sinusoidal disturbances once a critical Reynolds number is 

surpassed, i.e., the damping due to viscosity is overcome. The sinusoidal disturbances 

grow in amplitude as they are convected downstream and the amplitude of these 

disturbance waves can become quite large and, at their saturation level, may then 

be visible as so called "cat's eye pattern," "spanwise rollers" or, simply, "spanwise 

vortices." 

From experience, it seems that, for step flows, at least one wavelength is usually 

required for the structures to become sufficiently large to be visible as such. Only 

then will they be strong enough to provide the flow with the necessary exchange 

of momentum to close the separation bubble. The closing requires at least another 

wavelength. Consequently, a minimum of two wavelengths of the Kelvin-Helmholtz 

instability wave must fit in the shear layer prior to reattachment. 

In addition, the time series reveal a merging/pairing of structures in the vicinity of 

the reattachment point (downstream of reattachment the wavelength has doubled, see 

figure 4.11). The merging of structures can be explained by a subharmonic resonance 

of two-dimensional instability waves (see Pierrehumbert & Widnall, 1982; Monkewitz, 

1988; Wernz, 2001, or section 5.3.2, for example). Thereby, a subharmonic wave 

has grown sufficiently large in the presence of the fundamental wave that, at the 

"merging location," the fundamental wave is replaced by the subharmonic as the 

^These are very crude estimates from various spanwise averaged time series, each over t  = 200 
with At = 2, and probe points in the flow field near reattachment and the step with Af = 0.04. 
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dominant flow structure. Thus, visualization techniques will show either the slowdown 

of one "vortex" until it has been reached by the next one followed by a pairing 

of the structures or, alternatively, that every other structure just decays ("vortex 

shredding"). Either way, the wavelength has then doubled downstream. 

(c) (d) 

Figure 4.12 Instantaneous iso-surfaces of various quantities for the DNS computed 
on the finest grid: (a) = 5.0; (b) uj^ = 3.0; (c) Q — 5.0; (d) II ~ —100.0; lower 
wall added in black for reference; i = 1, 000; 0 < a; < 15.0; 0 < y < 4.0; 0 < z < 3.2. 

In figures 4.12 and 4.13, we visualize "vortex merging" and the formation of 

"braids," i.e., predominantly longitudinal vorticity structures wrapped around the 

large two-dimensional rollers. Instantaneous iso-surfaces of different flow quantities 
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are plotted in figure 4.12: (a) the total vorticity, 0, (b) the longitudinal vorticity com

ponent, ujx, (c) the second invariant of the velocity gradient tensor, Q, and (d) the 

second invariant of the strain rate tensor, II. While total vorticity iso-surfaces show 

the existence of longitudinal structures and the merging of spanwise rollers, these 

events are not clearly visible due to a superimposition of regions of high shear, in 

particular near the wall. Plotting only the longitudinal vorticity component does not 

alleviate this problem. Rather it aggravates it, because the longitudinal structures 

are slightly tilted and connected thus containing also other vorticity components not 

represented by OJX- On the other hand, the regions of high shear remain visible. The 

(posi t ive)  Q and (negative)  II  iso-surfaces separate the effects  of  high shear  (see II)  

and vortex structures (see Q). As a consequence, Q contours are better suited for 

highlighting "vortex merging" and "braid development." We will therefore zoom in 

on the region of mean reattachment using an iso-surface of Q that allows us to see 

both of these events. 

In figure 4.13, different views of the Q = b.O iso-surface are shown in the vicinity 

of mean reattachment at an instant in time close to vortex merging. The merging 

process of two spanwise rollers (marked as "A" and "B") is most clearly seen in 

the side-view. The top-view illustrates that the cores of the spanwise rollers are 

sinusoidally deformed in the lateral direction with a wavelength of = 1.6. The 

two rollers are in phase, i.e., they lag behind at the same locations. Pairs of counter-

rotating braids (e.g., the one marked as "C") seem to originate at the location of the 

lag tilting away from it and downwards (see diagonal view). The wavelength of the 

pair of braids is thus also = 1.6 (see front or top view). This wavelength is on the 

order of the wavelength of the Kelvin-Helmholtz instability wave with A^/A^; ~ 2/3. 

It is also the lateral wavelength of the steady structures from figures 4.9 and 4.10. 

The braids are convected downstream together with the spanwise rollers. 

Huppertz (2001) conjectures a so-called "elliptical instability" as one possible gen-
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Figure 4.13 Instantaneous iso-surface of Q = 5.0 for the DNS computed on the finest 
grid in the vicinity of mean reattachment in perspective views: downstream from step 
(top left), from top (top right), diagonal (bottom left), and from the side with flow 
from left to right (bottom right); lower wall added in black for reference; t = 1,000; 
4.0 < a: < 8.0; 0<y < 4.0; -3.2 < z < 3.2. 

eration mechanism for the braids. This instability is essentially a classic secondary 

instability of the two-dimensional vorticity wave inside the shear layer with respect to 

sinusoidal disturbances in the lateral direction (c.f. Bayly et ai, 1988). The name "el

liptical instability" stems from an explanation for this short-wave three-dimensional 

instability which shows that closed, elliptically shaped streamlines can be susceptible 

to three-dimensional disturbances (c.f. Pierrehumbert, 1986; Bayly, 1986). Hereby, 

the instantaneous streamlines are determined in a reference frame moving with the 

above rollers. Depending on the eccentricity of the streamlines, the flow may be
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come unstable to waves in the lateral direction. The spanwise vorticity structures 

perturbed in this manner presumably cause the formation of longitudinal structures 

due to vortex stretching and tilting. The longitudinal structures will have no mo

tion relative to the roller, i.e., they are steady in the frame of reference moving with 

the rollers. The inviscid analyses of Pierrehumbert (1986) and Bayly (1986) do not 

support a lower bound on A^, but the damping due to viscosity introduces one (c.f. 

Kerswell, 2002). Thus the shortest wavelength supported by the instability becomes 

smaller with increasing Reynolds number. According to the stability investigation by 

Pierrehumbert &: Widnall (1982), the lateral wavelength of longitudinal structures 

supported by the elliptical instability (in the publication referred to as "translative 

instability") is in the order of the longitudinal wavelength A^, of the Kelvin-Helmholtz 

instability wave with X^/Xx ~ 2/3 for the most unstable one. 

The braids may indeed be caused by an elliptical instability, as they match the 

above description and all criteria of the elliptical instability so well. Moreover, the 

perfect agreement of A^: for the steady structures with A;j for the braids and rollers 

seems to be more than just a coincidence. Hence, it is likely that the different instabil

ity mechanisms influence each other when selecting their respective lateral periodicity. 

However, one should bear in mind that the three-dimensional instabilities discussed 

above are distinct and can exist independently. Even though it is possible that the 

instability of Barkley et al. (2002) is also an elliptical instability, it is still an insta

bility of the mean recirculation zone rather than of the unsteady spanwise vortices. 

From experience, there is an upper bound in the order of the reattachment length 

for the instability of Barkley et al. (2002). Therefore one could imagine situations 

of cooperation as well as obstruction or even annihilation. It would be interesting to 

see if the ratio of their lateral wavelengths can attain non-integer values and, if not, 

which instability determines the underlying fundamental A^. This could be investi

gated in more detail by varying and L. The latter could be altered by forcing of 

the shear-layer or by imposing a different boundary layer thickness at the inflow. 
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4.3 Large Eddy Simulations 

Long transients and low frequencies were observed within the recirculation zone and, 

consequently, long sampling intervals were required for obtaining time-averaged data. 

Therefore, the computational costs make DNS prohibitively expensive for parameter 

studies, demonstrating clearly the need for more efficient simulation techniques, i.e., 

the use of turbulence models to allow for simulations with coarser resolutions in at 

least the x- and z-directions. To this end, three large eddy simulations were carried 

out. Two on the baseline grid with Cg = 0.065 and = 0.1 (the range of Smagorinsky 

constants found in the literature) and one on the coarse grid with Cg = 0.1. 

ro 
b" 

X 

Figure 4.14 Streamlines for LES with different Cg and resolutions; baseline grid: 
Cg = 0.065 (top), Gs = 0.1 (middle); coarse grid and Cj = 0.1 (bottom); plotted are 
equidistant contours of ln(|10^'^ ?/;| + 1). 

Streamlines of the spanwise and time averaged flow for the three LES are shown 

in figure 4.14. Both LES on the baseline grid compare fairly well with the results 

from the DNS (see figure 4.2). Only the (mean) reattachment locations are shifted 
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downstream. L = 7.5 and L = 7.4 were obtained with Cg = 0.065 and Cg = 0.1, 

respectively, using the skin-friction criterion and L = 7.3 for both cases employing the 

standard criterion, i.e., a deviation of roughly 7% from the DNS. The downstream 

shifts indicate a delay in transition due to the attenuation of instability waves in the 

laminar region by the eddy-viscosity. While the baseline grid results are acceptable, 

the LES on the coarse grid is not able to capture the mean flow behavior correctly. 

The corner eddy is far too large and the reattachment length of L = 9.4 is far too 

long. 
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Figure 4.15 Coefficients of wall pressure with p^e/ = pU=20 (left) and skin friction 
(right) behind the step for LES with different and on different grids: (•) reference 
DNS on the finest grid; (•) reference DNS on the baseline grid; (—) LES with 
Cg = 0.065; (—) LES with Cs = 0.1; (• • •) LES with Cg = 0.1 on the coarse grid. 

The same tendency can be seen in the wall pressure and skin friction coefficients 

(figure 4.15) and in the shape factors (figure 4.16). Both LES on the baseline grid 

show identical mean flow results. This demonstrates an insensitivity to the variation 

in the Smagorinsky constant Cg. Additionally, the same turbulent boundary layer as 

for the DNS is obtained sufficiently far downstream, again indicating a slight delay in 

transition. On the other hand, the LES on the coarse grid converges to a completely 

different flow. The flow does thus not only experience a stronger delay in transition, 

but the grid is, in general, too coarse for this kind of simulation to obtain the correct 

mean. 
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Figure 4.16 Shape factors of the reattached flow for LES with different Cg and on 
different grids: H12 (left) and H32 plotted against H12 (right); (•) reference DNS on 
the finest grid; (•) reference DNS on the baseline grid; (—) LES with Cg = 0.065; 
(—) LES with Cs = 0.1; (• • •) LES with Cg = 0.1 on the coarse grid; (o) data of 
Wieghardt included for reference (c.f. Schlichting, 1979, p. 675). 

In figure 4.17, instantaneous, spanwise-aver aged, positive contours of Q are shown 

for the DNS computed on the finest grid and one LES computed on the baseline grid. 

A phase shift in the structures is to be expected, in particular since the two snapshots 

are taken at different times. Nevertheless, the formation of two-dimensional rollers 

-2.0 0.0 

Figure 4.17 Instantaneous (positive) contours of spanwise-averaged (^-criterion; DNS 
computed on the finest grid (top), LES computed on the baseline grid with = 0.1 
(bottom); plotted are equidistant contours of 0.05 < Q < 5.0. 

at similar locations with similar wavelengths can be seen. Thus, one can suspect 

that the success of the LES in capturing the mean flow behavior lies in its ability 
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to produce large-scale structures equivalent to those predicted by DNS. This ability 

might be attributed largely to the fact that the contribution of the Smagorinsky model 

is very small for LES on the baseline grid, with both Cg = 0.065 and Cg = 0.1. This 

assertion is verified in figures 4.18 and 4.19. 

10.0 12.0 14.0 16.0 18.0 20.0 

-2.0 0.0 2.0 4.0 .0 10.0 12.0 14.0 16.0 18.0 20.0 

Figure 4.18 Contours of instantaneous subgrid turbulent viscosity for LES with 
different Cg and computational grids; baseline grid: Cg = 0.065 (top), Cg = 0.1 
(middle); coarse grid and Cg = 0.1 (bottom); plotted are equidistant contours of 
0 < iUT < 5 • 10^^ 

In figure 4.18, contours of instantaneous subgrid turbulent viscosity, fir, are plot

ted for the different LES. From its definition (equation (2.13)) we expect HT to 

increase with larger Cg and coarser grid. This is indeed the case and most clearly 

visible by comparing the contour densities for the different cases in the separated 

shear-layer. For the simulations on the baseline grid, the values of the subgrid turbu

lent viscosities are slightly larger than the molecular viscosity (jUt = 0(1/Re)) and 

estimates of the subgrid turbulent length-scale £ are close to the smallest Kolmogorov 
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length-scale estimate {I = 0{iK\min)i see figure 4.19). This results in an attenuation, 

but not elimination, of the three-dimensional structures accompanying the spanwise 

rollers and a slight reduction of the effective Reynolds number within the shear layer. 

Obviously, both effects do not matter much. The first, since the role of the small-

scale structures is arguably to cascade energy to the viscous scales. Their effect on 

the large-scale structures is then predominantly dissipative - a role performed by HT-

The latter, because the shear layer is inviscidly unstable. The additional local viscos

ity does dampen the growth of disturbances somewhat, hence the delay in transition, 

but  i t  does not  severely impede the process or  el iminate i t  al together  (as  a  RANS 

would).  The abil i ty of  the LES to produce the same mean fiow for  two different  Cg 
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Figure 4.19 Turbulent length-scale for LES {£ = A): (—) LES with Cs = 0.065; 
(—) LES with Cg = 0.1; (• • •) LES with Cg = 0.1 on the coarse grid; (— o —) 
minimum Kolmogorov length scale est imate from reference DNS. 

shows that this is indeed the case. The larger Cg causes a larger and more small-

scale structures are removed, but their net dissipative effect must then be captured by 

the increased subgrid viscosity. For the coarse grid simulations, however, this is not 

true anymore, HT obtains values so large that almost all three-dimensional structures 

are eliminated and the development and strength of the larger structures are clearly 
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affected severely. Thus the baseline grid seems to meet the resolution requirements 

for a Smagorinsky type LES whereas the coarse grid does not. 

In conclusion, for the flow considered here, LES with the Smagorinsky model 

provided no savings in computational costs or any gain in physical accuracy over a 

"no-model" simulation on the same computational grid, i.e., a "coarse DiVS"' where 

the subgrid-scales are effectively modelled by the discretization error of the numerical 

method. One might be tempted to assume that this will change for higher Reynolds 

numbers and/or fully turbulent flows. However, after scrutinizing the literature some 

doubts remain on whether this will really be the case - even for more advanced models 

(see the discussions in sections 1.2 and 6.1). Therefore, for the present investigations, 

no further "traditional" large eddy simulations are carried out. 

4.4 Reynolds-Averaged Simulations 

Figure 4.20 Streamlines for RANS employing the K -  e model with fs2, fn and 
different transition rarnps; no rarnp on the finest grid (top); 4 < Xr < 7 on the 

baseline grid (bottom); plotted are equidistant contours of ln(HO~'''0| + 1)-

For RANS calculations, computing the flow with the turbulence model fully on 

at the inflow would result in a turbulent boundary layer prior to separation and a 

very short reattachment length (see flgure 4.20, for example). Since we are comparing 
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to DNS data with laminar separation, the turbulence model has to be ramped in 

spatially. For the ramping, we are using the cosine function of equation (2.10), thus 

fixing the region of transition artificially. Furthermore, for all resolutions (the coarse, 

the baseline and the finest resolution) identical results were obtained. This is of 

course to be expected when an adequate RANS model is used. Once the mean flow 

gradients are resolved well enough in a RANS calculation, any further resolution 

refinements will not alter the model contribution and, consequently, the resulting 

mean flow. In contradistinction, for LES, the coarse grid was not suflicient (see the 

previous section). 

9 

8 

7 

6 

5 

4 
0 2 4 6 8 

X. 

Figure 4.21 Reattachment length L for RANS of various (median) ramp locations 
Xr', DNS data (—) included for reference; all RANS computed with EASM and 
limited turbulent time-scale (Ct = 12) on the baseline grid. 

Figure 4.21 shows the reattachment lengths obtained from RANS calculations 

for different (median) locations, Xj., of the ramp. The calculations were carried out 

using the EASM and a limited turbulent time-scale (CT = 12). DNS results are 

included for reference. Reattachment lengths from the RANS data depend strongly 
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on the (artificial) location of transition. However, the tendency is consistent with 

physical considerations: delaying transition increases the reattachment length (see 

also figure 4.20 for the K - e model). 
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Figure 4.22 Streamlines for RANS using the EASM with limited turbulent time-scale 
(CV = 12) and different transition ramps on the baseline grid: 5 < < 6 (top), 
4.5 < Xr < 6.5 (middle), 4 < < 7 (bottom); plotted are equidistant contours of 
ln(|10-4?/'| + 1). 

In contrast, the length of the ramp does not influence the location of reattachment. 

This can be seen by comparing the three cases plotted in figure 4.22 - all have the 

same median location X^. = 5.5 and the same reattachment length L ^ 7. However, 

the transition region, in the form of a kink in streamlines close to the lower wall, is 

clearly visible (see the top plot, for example). This kink is more benign for longer 

ramps (see the bottom plot). 

For the case with 4 < < 7, using the EASM^ and/or different near-wall 

treatments (not shown) did not affect the streamlines prior to reattachment. This 

is not surprising, since the model is fully "on" only for x > 7. However, a shorter 
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recirculation length can be observed when employing the K -  e model: L ̂  6.5 vGrsus 

L ft; 7 (compare the bottom plots of figures 4.22 and 4.20). 

It is also noteworthy that the corner eddies are much stronger for the three-

dimensional simulations, i.e, DNS or LES, and RANS without a transition ramp, 

than for the RANS cases with a ramp. Since the various ramps start downstream of 

the corner eddy, they clearly distort the flow field inside the separation bubble. 
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Figure 4.23 Coefficients of wall pressure with p^e/ = p|a:=2o (left) and skin friction 
(right) behind the step for RANS with different transition ramps; all RANS carried 
out with EASM and limited turbulent time-scale {CT = 12) on the baseline grid; 
(—) reference DNS] ( ) 4 < X, < 7; (- - -) 5 < X, < 7; (• • •) 4.5 < X, < 6.5. 

Plotting wall pressure and skin friction coefficients for different transition ramps 

(see figure 4.23) we find again that the length of the transition ramp has no visible im

pact. However, the ad hoc, artificial ramping of the RANS through the transitional 

flow region causes large perturbations in the mean flow which decay only slowly in 

the downstream direction. In particular, the minima and maxima are more extreme. 

Shifting the median ramp location downstream moves the entire curve downstream 

and increases its extreme values. Sufficiently far downstream, the same values are 

obtained as for the transition ramp further upstream. This indicates that the sensi

tivity to the ramp location is still considerably less than the reaction of the flow to 

the speciflc form of the transition function. Moreover, the cosine-function used here 

is clearly an inadequate form for the transition ramp. 
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Comparing different turbulence models and near-wall treatments (figure 4.24) re

veal that the influence of the actual model on the overshoot in extreme values is 

rather small compared to the impact of the transition ramp. The difference between 

the models lies rather in how quick this perturbation is overcome. It turns out that 

the EASM and EASM^ using the limited turbulent time-scale readjust the fastest 

and the K - e model the slowest. 
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Figure 4.24 Coefficients of wall pressure with p^e/ = pU=2o (left) and skin friction 
(right) behind the step for RANS with different turbulence models and near-wall 
treatments; all RANS computed on the baseline grid with transition ramp 4 < < 
7;  (—) reference DNS; (o)  EASM with CT = 12; (•)  EASM with fg2' ,  (•)  EASM^ 
with CT = 18; (•) EASM^ with f^2] (•) K - e with fs2 and /^. 

For the transitional backward-facing step, the region of flow most amenable for 

modeling using RANS is arguably the redeveloped turbulent boundary layer for 

X > 2L. However, by studying the shape factors (flgure 4.25), we note that the 

variation in H12 between the different models in this region is considerably less than 

their  difference to the DNS value {H12 ~ 1.4 for  RANS and H12 ~ 1.3 for  DNS).  

Consequently, a different kind of turbulent boundary layer has been obtained for the 

RANS. This is corroborated by the wall-norrnal profiles of turbulent kinetic energy 

(see figure 4.26, left). Even though different values are obtained by the RANS cal

culations, the shapes of the profiles are very similar - not so for the results from the 

DNS which show a peak near the wall and a very wide plateau. 
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Figure 4.25 Shape factors of the reattached flow for RANS with different turbulence 
models and near-wall treatments; Hu plotted against x (left) and Hs2 plotted against 
Hi2 (right); all RANS computed on the baseline grid with transition ramp 4 < < 
7;  (—) reference DNS; (o)  EASM with Ct = 12; (•)  EASM with fg2; (•)  EASM^ 
with Ct = 18; (•) EASMa with fs2', (•) K - e with and 

In figure 4.26, right, and figure 4.27 we highlight again the behavior close to the 

wall by scaling the fiow variables in the near-wall coordinates of section 2.4.5. Neither 

the mean velocity profiles nor the profiles of turbulence statistics {K and e) agree suffi

ciently with the DNS. Although the EASM and EASM^ with the limited turbulent 

time-scale perform better than the models using 7^2, it seems that the RANS models 

can not predict the turbulent flow far downstream of the step accurately. Whether 

this is due to a history effect of how the flow transitioned to turbulence or is inherent 

to step flows (presence of coherent structures in the outer layer and strong anisotropy 

of the Reynolds stresses near the wall) could be determined by investigating a fully 

turbulent  f low over a  BFS. 

In summary, for the time-averaged flow, the RANS models behave properly and 

as expected, in the sense that trends are represented correctly and the solutions are 

convergent for adequate resolution. Of course, physically meaningful results can only 

be obtained if the transition process were specified appropriately using information 
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Figure 4.26 Turbulent kinetic energy (left) and w-velocity in near-wall scaling (right) 
at X = 15.0 for RANS with different turbulence models and different near-wall treat
ment; all RANS computed on the baseline grid with transition ramp 4 < Xj. < 7; 
(—) reference DNS; (— • —) DNS on the baseline grid; (o) EASM with CT = 12; 
(•)  EASM with U; (•)  EASMa with CT = 18; ( •)  EASM^ with As;  {i)  K -  e 
with fg2 and 
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Figure 4.27 Turbulent kinetic energy (left) and dissipation rate (right) in near-wall 
scaling at a: = 15.0 for RANS with different turbulence models and different near-wall 
treatment; all RANS computed on the baseline grid with transition ramp 4 < < 7; 
(—) reference curves = 0.1 ~  0.5 and (A) reference DNS; 

(o) EASM with CT = 12; (•) EASM with U; (•) EAS^M^ with CT = 18; (•) 
EASMa with fs2; {^) K -e with fe2 and /^. 
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provided from existing experiments or DNS. However, the ad hoc, artificial ramping 

of RANS through a transitional flow region with a cosine-ramp causes large pertur

bations in the mean flow which decay only slowly in the downstream direction. Other 

transition ramps based on physical rather than geometric parameters would proba

bly be more successful. In addition, the fully turbulent flow far downstream of the 

step is predicted poorly by the RANS models tested here. Moreover, any transition 

ramp inside the region of reverse flow will have upstream effects and, consequently, 

compared to attached transitional flows greater care has to be taken when designing 

any of these "transition models." 

Although (two-dimensional) RANS is clearly an inadequate method for studying 

unsteady and/or three-dimensional coherent structures in any turbulent flow, it re

mains to be seen if it can be used to obtain an estimate of the mean flow for fully 

turbulent step flows. If this were the case, vital information and an initial condition 

could be obtained at comparably low computational costs for setting up the final 

eddy-resolving simulations. We will test this later, in chapter 6. 

Furthermore, the wall-distance independent forms of the EASM and EASM^ as 

proposed in section 2.2.4 perform equally good or better than the original versions 

using a wall-distance based /g2-function. They are viable alternatives in particular 

for (geometrically) complex flows. 

4.5 Summary 

Mean flow and turbulence quantities obtained from DNS on the "finest grid" were 

discussed in great detail and different flow regions were discerned. With respect to co

herent structures and flow instabilities, several observations were made. The primary 

instability of the shear layer led to the growth of spanwise vorticity waves forming two-

dimensional rollers. These "vortices" merged close to reattachment as a consequence 

of a subharmonic resonance. The two-dimensional rollers in turn were unstable to 
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three-dimensional disturbances, leading to the formation of longitudinal braids. For 

the case investigated, the rollers and braids persisted far downstream of separation. 

Furthermore, steady three-dimensional structures within and adjacent to the region 

of separated flow were observed. The shape of the w-velocity distribution of these lon

gitudinal rollers agreed well with the eigenfunction of the dominant global instability 

mode discovered by the linear stability investigation of Barkley et al. (2002). Note, 

however, that their analysis was carried out for a steady flow only, at considerably 

lower Reynolds numbers and for a much larger expansion ratio. In contrast, for the 

present investigation, the longitudinal rollers existed only in the mean. They were 

very weak (with a magnitude on the order of one percent of the free-stream velocity), 

but there were indications that these structures might have imprinted their lateral 

wavelength on the two-dimensional rollers formed in the shear layer and hence on the 

braids. This issue requires further clarification through the study of step flows with 

different lateral domain widths and reattachment lengths (see chapter 5). 

Large eddy simulations with the Smagorinsky model provided no savings in com

putational costs or any gain in physical accuracy over no-model simulations on the 

same computational grid, i.e., a "coarse DNS." Artificial ramping of RANS through 

a transitional flow region with a cosine-ramp caused large perturbations in the mean 

flow which decayed only slowly in the downstream direction. Even the fully tur

bulent flow far downstream of the step was predicted poorly by the RANS models 

tested here. Whether this was due to a history effect of how the flow transitioned 

to turbulence or is inherent to step flows will be investigated in chapter 6 for a fully 

turbulent flow over a BFS. Note that the wall-distance independent forms of the 

EASM and EASMa, as proposed in section 2.2.4, performed equally well or better 

than the original versions using a wall-distance based /£2-function. The new forms 

are viable alternatives, especially for (geometrically) complex flows. 
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5. Forced Transitional Flow 

5.1 Simulation Setup and Reference Investigations 

Forced transitional flow over a backward-facing step is investigated at a Reynolds 

number based on step height and free-stream velocity of Ren = 3,000, Ma = 0.25 

and an expansion ratio of ER = 1.09. In the vicinity of the step, two-dimensional 

harmonic disturbances with a period of T = 2.2 {St 0.45) and an amplitude of 

A = 0.04 are introduced to a laminar boundary layer of thickness 5H ~ 0.2 and 

Ree ^ 80. Large coherent structures form downstream of the step and the flow 

transitions quickly to turbulence prior to reattachment. This setup matches the ex

periments of Huppertz (2001) and an incompressible DNS published together with 

the experimental results (c.f. Wengle et ai, 2001). In addition, there exists also a 

numerical simulation of the unforced case (Kaltenbach &: Janke, 2000). A summary of 

Investigation Experiment DNSi DNS2 Current DNS 

RCH 3,000 3,000 3,000 3,000 

Xref  -0.05 0.0 -0.05 -0.05 
d\Xref  0.2 0.2 0.2 0.2 
Rsq \ Xj '^ j '  pa 80 75 80 79 

HI2 l^^re/ 2.56 ? 2.42 2.40 
ER 1.09 1.09 1.09 1.09 
Domain width 20.0 6.0 6.0 0.2 to 6.4 
Lateral boundaries walls periodic periodic periodic/ 

symmetry 
Upper boundary wall no-stress wall ? free-stream 
St 0.45 0.45 - 0.45 
A 0.04 0.01 - 0.04 

Table 5.1 Setup of reference experiment and simulations; experiment of Huppertz 
(2001), reference DNSi of Wengle et al. (2001) and reference DNS2 of Kaltenbach 
& Janke (2000); ? = unknown. 

the computational parameters is given in table 5.1. For additional computational pa

rameters of the reference simulations see table G.16. All physical and computational 
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parameters for the current simulations are compiled in appendix G.7, tables G.17 to 

G.19. 

The coarsest physical resolution is in the turbulent boundary layer at the wall 

where ~ 2, Ax+ ~ 6, A^"*" ~ 8 or, with respect to the Kolmogorov scales of 

turbulence, at the wall near reattachment where 0 = 0(1) (see figure 5.1, left) and 

^ <C 1- To ensure adequacy of the resolution, selected simulations were repeated 

with either A2;/2, a stretched grid in y with I\y\y^aii/= 0.48, but slightly coarser 

in the shear layer, or with a differently stretched grid in x with Xout ~ 31 instead of 

Xout 21. All these simulations did not lead to any visible differences in the plots 

presented in the following sections. A domain size study in the lateral direction is 

presented in section 5.2.2. Furthermore, the resolution used for the present study is 

comparable to those of the reference simulations in the literature and agreement with 

the reference experiment is established in section 5.2.1. 

s 

e 
I 

0,5 

1200 
t 

0,02 

0.0175 

0.005 

0 5 10 15 
X 

Figure 5.1 Physical resolution of DNS (left): estimate of the minimum Kolmogorov 
length-scale IK from data of the DNS with = 6.4; Ay (• • •) for the grids with 
baseline and fine wall resolutions are added for reference. Convergence of running 
time-averages (right): spanwise-averaged u-velocity normalized with the maximum 
value of the average at x = 4.04, y = 0.5 (—) and x = 12.52, y = 0.5 (• • •) for the 
DNS with L, = 0.8. 
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Time-averaged data and turbulence statistics were obtained by employing running 

averages. Convergence was monitored using probe points in the vicinity of reattach

ment (the region of slowest convergence) and in the reattached turbulent boundary 

layer. In addition, the data was post-processed with different averaging intervals to 

ensure sufficiently small deviations. It turns out that two-dimensional simulations 

and those with very small domain widths < 1.6) require very long sampling times 

(see figure 5.1, right, for example). They were averaged over tave = 1538 pa TOOT. 

Simulations with 1.6 < < 6.4 needed tave = 616 = 280 T and with > 6.4 

needed tave = 308 = 140 T. This corresponds to about 50, 20 and 10 characteristic 

flow-through periods, respectively (assuming a convection speed of 0.7 C/qo)- Sampling 

started after a startup calculation of t = 418 in full 3D. Averages are taken every 

^tave = 0.008, i.e., every 4 At 

• O 
• O 
• o 

•o 

• o 

0.9 

2.5 

rms(u') X 10 

1.15 

1.05 

0.2 0.4 
u/u. 

Figure 5.2 Flow condition close to the step: plotted are time and spanwise averaged 
M-velocity at the step (left) and spanwise averaged \/Rxx at x 0.06 (right); all 
simulation data from the DNS with = 6.4; experimental data (•, o) added for 
reference with U at x = —0.05 and \/Rxx at a: = 0.05 for two different 2;-locations. 

A comparison of the mean inflow velocity profiles of the experiments and the 

current simulation is presented in figure 5.2 (left). The difl'erences are smaller than 

the uncertainties in obtaining the experimental values from the figure published by 

Huppertz (2001). Boundary layer thickness, shape factor and Ree just upstream of 
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the step (all values based on the local maximum velocity) agree very well with the ex

periments and in particular with the (unforced) DNS of Kaltenbach & Janke (2000), 

see table 5.1. The flow is completely two-dimensional at this location and "turning 

on" the forcing did not alter the above parameters. Note that the approach boundary 

layer is stable with respect to Tollmien-Schlichting type disturbances. 

A sensitivity of the step flow to background disturbances is reported in the lit

erature (e.g., Kaltenbach & Janke, 2000; Lesieur et al, 2003, for transitional and 

turbulent step flows, respectively). This sensitivity causes deviations in particular 

for the mean reattachment length. This affects other mean flow values, e.g., wall-

pressure and skin-friction coefficients, and turbulence statistics which agree best for 

corresponding downstream locations scaled by the reattachment length. For the setup 

considered here, Kaltenbach & Janke (2000) demonstrated that, for the case without 

explicit forcing, agreement with experiments is difficult to achieve. 

The problem of sensitivity to inflow perturbations can be alleviated by explic

itly adding disturbances of known amplitude and spectral content which exceed the 

background noise level (in the experiments) by at least one order of magnitude. In 

addition, disturbance frequencies should be close to maximum amplification of the 

shear-layer instability. This ensures that these known perturbations control the flow 

behavior. 

Apart from removing ambiguities and better comparability with experiments and 

other simulations, several additional benefits can be reaped from a forced step fiow 

investigation: The reattachment length shortens and, hence, domain length require

ments and computational costs are reduced. Moreover, in particular for forcing with 

only one frequency, a reference time signal is given, which allows for phase-averaging 

and Fourier analysis in time without window functions. As a consequence, it is easier 

to track coherent structures and to identify responsible hydrodynamic instabilities. 

Also, the resulting structures are usually stronger and thus easier to identify. 
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Different forcing mechanisms were employed for the experiments, the reference 

DNS and the present DNS. Huppertz (2001) was forcing at the upper corner of the 

step under an angle of 45 degrees using a monopole like disturbance with an amplitude 

in the velocity of ^ = 0.04. He then showed that for the low amplitudes consid

ered here, the direction of the forcing did not matter, but the v-velocity disturbance 

amplitude and its frequency did. For the reference DNS, the same location was cho

sen, but the forcing slot was only resolved with two finite volume cells. The largest 

amplitude in these simulations is only A = 0.01 for which the best agreement with 

the experiments is reported (c.f. Wengle et al, 2001). Not presenting results with the 

amplitude from the experiments makes one wonder if, for larger forcing amplitudes, 

numerical problems would have occurred. For the numerical method employed here, 

forcing at the step corner with the experimental amplitude would at least incur in

creased resolution requirements and a reduced time-step. For this reason, we chose 

instead to move the forcing slot just upstream of the step. Thus it could be widened 

enough to be easily resolved and to allow for larger amplitudes (amplitudes up to 

= 0.1 were successfully tested). In addition, a dipole like disturbance profile was 

used with the advantage of a zero net instantaneous mass flux. 

Due to the possibly different receptivity of the shear-layer to the different forcing 

mechanisms, we plot root-mean-square M-velocity fluctuations {^/Rxx) close to the 

step in figure 5.2 (right) for the present simulations and the experiments. The agree

ment in shape and amplitude is not perfect, but it is satisfactory. We conclude that 

the initial disturbances in the free shear-layer are indeed comparable to the exper

iments and we expect deviations only in the amplitude distributions of disturbance 

components very close to the step. The impact of different strengths in forcing and 

slight variations in upstream flow conditions is investigated in detail in section 5.2.3. 

The experiments were carried out very carefully using an array of measurement 
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techniques, i.e., PIV,  LDV, hot wire anemometry, oil film interferometry and flow 

visualization by smoke wire, providing a host of fairly accurate data, e.g., mean reat

tachment length, wall-pressure and skin-friction coefiicients, longitudinal Reynolds 

stresses and streamlines of the time-averaged flow field to name only a few. It is 

not clear, but it seems that, with the exception of the reattachment length and the 

skin friction coefficient, the data were taken at specific lateral locations only and not 

averaged in the spanwise direction. Since the experimental setup used a domain wide 

enough to allow three-dimensional structures to meander and because time-averages 

were sufficiently long {tave ~ 330), these results are likely to be equivalent to the 

spanwise and time-averaged data presented here. Unfortunately, the experiments did 

not provide quantitative three-dimensional data. However, the existence of "braids" 

was observed with the help of ffow visualization. 

Data available from the reference DNS are limited in quantity and quality. Apart 

from the issue of the forcing amplitude (see the discussion above), it seems that the use 

of a no-stress wall at the upper domain boundary yields a different longitudinal mean 

pressure gradient than for the experimental setup (see the next section). Near-wall 

resolution, inflow boundary condition and lateral accuracy of the numerical method 

are also of lower quality in comparison to the present investigation. 

5.2 Averaged Flow and Turbulence Statistics 

5.2.1 Comparison with Reference Investigations 

In the following, we will compare mean flow and turbulent statistics obtained by the 

current investigation with a domain width of = 6.4 to the experimental results 

of Huppertz (2001). This setup and the forcing amplitude of A = 0.04 are chosen 

because they led to the best overall agreement with the experimental data. Whenever 

available, we will also compare to data of the corresponding reference simulation (c.f. 

Wengle et ai, 2001). 
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In table 5.2, mean reattachment length, maximum reverse flow velocity and max

imum values of Reynolds stress components are compared. In addition, the absolute 

maxima of the turbulent kinetic energy and dissipation rate are given. Note that all 

of  the  absolute  maxima occur  a t  locat ions with x < L.  

Investigation Experiments Reference Current DNS 
DNS {L,  = 6.4) (L, = 6.4*) 

L 4.4 ±0.125 4.2 4.46 4.46 
min [U] -0.22 —0.2 -0.2 -0.21 
max [ R x x ]  0.057 ? 0.059 0.057 
max [Ryy] 0.058 ? 0.056 0.057 
max ? ? 0.052 0.056 
max [ \ R x y \ ]  0.028 ? 0.029 0.029 
max [K] ? ? 0.082 0.083 
max [e] ? 0.04 0.074 0.075 

Table 5.2 Comparison with reference experiments and simulation; experiments of 
Huppertz (2001), reference DNS of Wengle et al. (2001); all DNS data is spanwise 
averaged except for the one marked with * which is averaged over 0.8 < -z < 2.4 only; 
? = unknown. 

The DNS results with = 6.4 are in good agreement with the experimental 

data. Averaging the flow only over part of the lateral extent improves the agree

ment even further. The partial average eliminates "side-wall effects" of the imposed 

symmetry plane where three-dimensional structures are fixed and emphasized (see 

discussion in section 5.2.2). However, the differences are rather small. 

Streamlines of the time-averaged flow flelds are shown in flgure 5.3. Except for 

the corner eddy, the simulations compare almost perfectly with the experimental 

results. The corner eddy for the partially averaged domain does look fairly similar 

whereas, for the full spanwise average, the height of the corner eddy is slightly too 

low. Nevertheless, one needs to bear in mind that this vortex is extremely weak and 

therefore difficult to measure; it is essentially part of the "dead water" region. 



126 

0 2 
(a) experiments 

(b) DNS (averaged over 0.8 < 2: < 2.4) 

-2.0 -1.5 -1.0 -0.6 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.6 6.0 6.5 6.0 6.5 

(c) DNS (spanwise averaged) 

Figure 5.3 Streamlines of time-averaged step-flow (only part of the computational 
domain is shown, plotted above are equidistant contours of ln(|2 • + 1) for the 
simulations and selected contours of ip  for the experiments); for the DNS, Lg = 6.4. 

Plotted in figure 5.4 are the coefficients of wall-pressure (left) and skin-friction 

(right). In the "dead water" region, both DNS yield fairly similar values for the 

pressure plateau with a lower base pressure than in the experiments. Outside this 

region, the Cp - curve of the experiments matches the results of our DNS. The 

reference DNS, however, does deviate substantially from the experiments (around 

20% in the redeveloping turbulent boundary layer) and its pressure gradient is less 

favorable far downstream. 
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Figure 5.4 Coefficients of wall pressure with P r e f  = p \ x = i 5  (left) and skin friction 
(r ight)  behind the s tep;  ( • )  experiments;  ( • )  reference DNS] (—) current  DNS 
{Lz = 6.4); (• • •) current DNS {Lg = 0.8); vertical ticks mark mean reattachment in 
experiments. 

The skin friction results are surprising in the sense that the order of agreement 

for the DNS with the experiments is inverted. This time, the reference DNS shows 

very good agreement with the experiments except for a small region in the vicinity 

of the mean reattachment location, i.e., the second location downstream of the step 

with vanishing skin friction. However, for the DNS with Lz = 6.4, the maximum and 

minimum skin friction are too extreme and, for a; > 7, C/ attains values consistently 

too large. Refining the grid in wall-normal direction or averaging only over part of 

the domain width did not alter the solution. A simulation with a smaller domain 

width of Lz = 0.8 did achieve a better agreement for Cf downstream of the corner 

eddy, but other quantities in the flow deviated more (see section 5.2.2). 

One reason for the disagreement could be the boundary condition at the top of 

the domain. To clarify the issue, two simulations with = 1.6 were carried out; one 

with the current free-stream boundary condition (results are part of section 5.2.2) and 

one with a no-stress wall as for the reference DNS. In contrast to the calculation 

using the free-stream boundary, the no-stress wall simulation attained a skin friction 

coefficient close to the reference DNS and the experiments. Unfortunately, it also 

matched the wall-pressure distribution downstream of reattachment of the reference 
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D N S .  This less favorable pressure gradient allowed for more intense structures in the 

redeveloped turbulent boundary layer and a longer region of outflow treatment with 

lower order filtering was required for overcoming the initial transients. 

Using an experimentally determined balance of the integral momentum equation, 

Huppertz (2001) shows that the contribution of the skin friction to the balance is 

negligible and that the flow is essentially pressure driven. Therefore, we will carry 

out all simulations with the free-stream boundary condition to match the experimen

tal Cp and accept the resulting deviation in C/. Note that, albeit we will attain 

better agreement with the experiments in general, the differences in skin friction will 

negatively affect comparisons with quantities in near-wall scaling. 

It seems as if agreement with the experiments, for both C p  and C f ,  can only be 

achieved by resolving the boundary layer on the upper wall of the wind tunnel. Apart 

from the fact that its state and thickness are unknown, the computational costs would 

be unreasonably high and, consequently, computing this boundary layer is discarded 

for the present investigation. However, the problem with the upper domain boundary 

condition could have been avoided if, for the experiments, the boundary layer at the 

upper wall had been removed or its growth had been compensated for by tilting the 

wall. 

The downstream development of maximum values for the Reynolds stresses is 

illustrated in figure 5.5. For the maxima of R^x, the DNS and the experiments 

compare extremely well and, for the maxima of Ryy, fairly good agreement is achieved. 

Differences in Ryy are most visible near the mean reattachment and in the initial 

shear-layer at x < 1.5. The first seems to be caused by the differences in the setup 

of the lateral direction (c.f. section 5.2.2), while the latter is most likely due to the 

different forcing mechanisms (recall the discussion in section 5.1, c.f. section 5.2.3). 

The numerical data indicate that, for experiments, the maxima of Rzz can be 

approximated with the lesser of the maxima of Rxx and Ryy and hence an estimate 
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Figure 5.5 Maximum values of Reynolds stresses for the current DNS {L^ = 6.4): 
( • • • )  R x x ,  ( -  -  - )  R y y ,  (  )  R z z ,  (—) K] and the experiments: (o) (•) Ryy,  (•) K 
estimated from equation (5.1); vertical ticks mark mean reattachment in experiments. 

for the maxima of K can be constructed: 

where K and the Ra are the corresponding maximum values in the y-direction at the 

downstream location x. Note that in the shear layer the v disturbance fluctuations 

are dominant whereas in the reattached boundary layer the maxima of the u distur

bance fluctuations are paramount (the maxima of Rxx are actually within the viscous 

sublayer, see below or, in more detail, the discussion in section 4.2). 

The maxima of K computed from the experimental maximum values of Rxx and 

Ryy using equation (5.1) are included in figure 5.5. The data compares reasonably 

well to our DNS. The worst disagreement appears at the location of the absolute 

maximum of K where the estimate is about 10% larger than the computational value. 

Note, however, that the above formula breaks down far downstream of reattachment 

due to the anisotropy in the Reynolds stresses (c.f. section 4.2, figure 4.7, bottom 

right). Nevertheless, for 0 < a; < 2 L, the estimate is sufficiently accurate. 

R5 0.5 max [ R x x ,  R y y ]  + min [ R x x ,  R y y ]  (5.1) 
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Figure 5.6 Spanwise-averaged longitudinal Reynolds stress profiles for different x-
locations: (•) experiments; (•) reference DNS; (—) current DNS (spanwise aver
aged); (—) current DNS (averaged over 0.8 < z < 2.4); ( ) 2.8x values of current 
DNS atx  = 1.0. 

Longitudinal Reynolds stress profiles for different x-locations are presented in fig

ure 5.6. At X = 1.0, the receptivity of the shear layer and of the corner vortex to 

the disturbance generation can be seen. Longitudinal fluctuations in the experiments 

have already grown substantially and a profile with a near-wall plateau and a sym

metric double peak in the shear layer has developed. The reference DNS has reached 

amplitudes similar to the experiments, but contains asymmetric peaks within the free 

shear-layer where the outermost peak is strongly enhanced. For the present DNS, the 

shape of the R^x profiles is very similar to the experiments with a near-wall plateau 
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and a symmetric double peak in the shear layer. However, amplitudes reached are 

roughly three times smaller than in the experiments. The explanation for this is 

the difference in forcing mechanism and location between the experiments and the 

simulation. For the simulation, the amplitudes decay first before they reach the free 

shear-layer where they are then amplified (see sections 5.2.3 and 5.3.2). 

Already at x = 2.0, the differences in the disturbance generation have no impact 

on the flow. All simulations and the experiments agree fairly well. Fluctuation levels 

have generally increased and a dominant peak is visible in the shear layer at y ~ 0.9. 

Results from the present DNS compare best with the experimental values. The 

reference DNS attains slightly larger values between the wall and the peak location. 

After reattachment {x = 6.0), amplitudes decay faster in the outer region than in the 

vicinity of the wall. Thus a second peak in the R^x distribution has developed near 

the wall. Again, very good agreement between the current DNS and the experiments 

is achieved. 

For X = 15.0, we are far enough downstream that a self-similar layer has developed 

between the wall and the location of maximum fluctuations (compare with results in 

section 4.2). In this layer the peak value of normal stresses is determined by the 

downstream pressure gradient. Again the present DNS matches the experiments 

whereas the reference DNS reaches a slightly lower value (due to the shallower pres

sure gradient, see figure 5.4). Results in the outer region, however, differ considerably 

more with the best agreement between the present simulation and the experiments 

for the partial spanwise averaged data. The reference DNS matches the shape of 

the experiments, but has too low fluctuation values. The partial and full spanwise 

averaged results differ only for y > 0.7. There, the outer flow is rapidly getting quiet 

whereas the symmetry plane causes structures to move up thus adding velocity fluc

tuations to this region. 

In figure 5.7, quantities of the turbulent boundary layer after reattachment are 
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Figure 5.7 Spanwise-averaged profiles in near-wall scaling for different j;-locations: 
experiments {x = 7.0: •; x = 15.0: o); current DNS with = 6.4 {x = 7.0: -
X  —  15.0: —); current DNS with = 0.8 { x  =  7.0: • • • ;  x  =  15.0: ); reference 
curves (—): (a) Spalding's law (equation (2.53) with Ci = 2.0, 1.5 and C2 = 6.0, 3.5 
for upper and lower curve, respectively); (c) = 0.5(d) £+ = 2^. 

shown in near-wall scaling for the experiments, the DNS with = 6.4 and a DNS 

with = 0.8. The DNS with the thin domain has been included because it (coinci-

dentally) matches the skin friction of the experiments (see section 5.2.2). In the top 

left plot, mean w-velocity profiles are compared with the experimental and theoretical 

values. In the viscous sublayer and the logaritmic overlap layer (y+ < 70), the two 

DNS agree well with each other and follow Spalding's law (see equation (2.53)) for 

both a:-locations. However, the value of the slope in the logarithmic overlap-layer 

continues to change in the downstream direction, even at x = 15.0. At x = 7.0, good 
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agreement is obtained between both DNS and the experiments, but, at x = 15.0, the 

experimental data could not be matched using Spalding's law. In the outer region, the 

DNS with Lz = 0.8 matches the experiments, but the DNS with = 6.4 achieves 

consistently lower values. The reason for this lies in the discrepancy of the skin-friction 

coefficients between the DNS with the wider domain and the experiments/DA'^iS with 

the thinner domain. 

Longitudinal Reynolds stress profiles are shown in the top right plot. The DNS 

with the wider domain agrees in shape with the experiments for both locations, but, 

again due to the differences in (mean) skin-friction, the profiles differ in magnitude. 

The DNS with = 0.8, however, reveals a different near-wall behavior of individual 

Reynolds stress components - an artifact of the narrow domain (see the next section). 

Profiles of turbulent kinetic energy and dissipation rate are included for complete

ness even though experimental values are not available. Here, both DNS agree fairly 

well with each other. For x = 15.0, the physical resolution is sufficient to resolve 

the correct near-wall asymptote of = 0.5At this location also ^ 

agrees with the wide DNS over the region of the logarithmic overlap (11 < ?/+ < 100) 

indicating the existence of an equilibrium layer where turbulent production and dis

sipation rate balance each other (c.f. sections 2.4.5 and 4.2.1). 

In summary, good agreement has been achieved for results obtained by the exper

iments and the present DNS with = 6.4 with the exception of the skin friction 

coefficient far downstream of reattachment and near its minimum. Thereby the role 

of the upper domain boundary should not be underestimated. A no-stress wall does 

reproduce the skin friction coefficient at the lower wall, but causes a different longitu

dinal mean pressure gradient when compared to the experiments. The good agreement 

of the present simulation with the experimental turbulence statistics, mean reverse 

flow magnitude and reattachment length highlights the importance of the mean pres

sure gradient for the flow instabilities which govern the global flow behavior and for 
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the decay of turbulent coherent structures far downstream. 

In addition, the numerical data show that it is possible to obtain estimates for 

the maximum values of Rzz and the maximum turbulent kinetic energy from mea

surements of Rxx and Ryy. Note also that the same flow regions as for the step flow 

investigated in chapter 4 can be identified and the same conclusions hold. 

5.2.2 Influence of Domain Width 

Studying the influence of the domain width is important for two reasons: First of all, it 

is difficult to simulate the side walls of the experiments accurately due to potentially 

very thick boundary layers of unknown state (laminar, transitional or turbulent). 

The impact of the lateral boundaries on the spanwise average (or center part of the 

flow) can be minimized by choosing a wide enough domain in the corresponding 

simulations and the experiments. According to Huppertz (2001), the experimental 

setup facilitates a sufficient width. For the simulation, to strike a balance between 

computational costs and quality of agreement with the experiments, an adequate 

width needs to be determined. 

Secondly, the lateral domain size can also serve as a selection mechanism for 

wavelengths of three-dimensional instabilities. Fixing the z-location of structures, 

can emphasize them and allow for a more controlled study of the three-dimensional 

development. A classic example is the use of spacers in the experiments of Klebanoff 

et al. (1962). The effect of the spacers can be achieved here by the use of symmetric 

Fourier transforms and an appropriate choice of the lateral wavelength of the fun

damental mode. This introduces a plane of symmetry in the flow where coherent 

structures will not be able to pass through. For thin computational domains, i.e., the 

lateral wavelength, A^, of three-dimensional structures is equal to (or in the order of) 

the domain width, L^, this results in locking the largest supported ZD structures to 

Xz = Lz and denying them to meander - the desired effect of Klebanoff's spacers. 
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In what follows we will study the impact of different domain widths on the time 

and spanwise-averaged flow field and on the spanwise-averaged turbulence statistics. 

Domain widths are varied in the range of 0.2 < < 6.4 and the results are compared 

with each other, a two-dimensional simulation and the reference experiments. Note 

that the two-dimensional simulation does not represent the infinite domain width 

limit. The 2D-^^DNS" removes the possibility of three-dimensional instabilities and 

transition to turbulence. It yields a vastly different result than any 3D-DNS cor

roborating the existence and importance of 3D-instabilities for the step flow at this 

Reynolds number. 

In addition to verifying independence from the domain width for results obtained 

with = 6.4 we want to find "interesting" values for L^, i.e., widths where three-

dimensional instabilities might be enhanced or impeded. These cases will then be 

investigated in more detail in section 5.3. 

L,  0.2 0.4 0.8 1.6 2.0 3.2 6.4 2D 

L 5.42 4.79 4.42 4.33 4.38 4.42 4.46 3.03 
L j  1.25 1.11 1.02 1.0 1.01 1.02 1.03 0.7 

Table 5.3 Mean reattachment lengths for different domain widths. 

In table 5.3, values of the mean reattachment length are compiled for the simula

tions with different domain widths, where L is determined from the second location 

of vanishing skin friction of the spanwise averaged velocity field. 

For three-dimensional simulations, the minimum reattachment length is obtained 

at = 1.6. Increasing the domain width causes only a slight increase in L whereas a 

reduction below the threshold of = 0.8 causes the recirculation region to increase 

drast ical ly  in  s ize .  On the other  hand,  a  two-dimensional  s imulat ion decreases  L 

severely (we will see later why). = 1.6 seems to be a special case, especially if we 

recall that the three-dimensional instabilities investigated in section 4.2.2 occurred at 
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this wavelength. 
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Figure 5.8 Streamlines of time and span wise averaged step-flow for different domain 
widths Lz (only part of the computational domain is shown, plotted above are equidis
tant contours of ln(|2 • 10~® 4-1). 

Streamlines for selected simulations are presented in figure 5.8. For domain widths 

Lz > 0.8, streamlines do not differ much from each other. In fact, for 1.6 < < 3.2 

the streamlines look identical. As we will see, = 0.8 is a borderline case. How

ever, for larger domain widths (see the case with = 6.4), a larger corner vortex 

forms. An enlargement of the corner vortex can also be seen for the thin domain cases 

{Lz = 0.4 and = 0.2). The reduced corner eddy is thus a feature of simulations 

where the wavelength of steady longitudinal structures coincides with the domain 
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width. For domain widths that are too small for these structures to exist, a large 

corner eddy similar to the one in the experiments of Huppertz (2001) is visible. The 

same is true if the domain width is larger than the lateral wavelength of the steady 

structures. 

Wall-pressure and skin-friction coefficients are plotted in figure 5.9. For > 

0.8, the simulations yield virtually identical wall pressure coefficients and match the 

experimental values downstream of the base pressure plateau. Reducing the domain 

width to Lz = 0.4 and = 0.2 causes deviations from the experimental values 

corresponding in magnitude to the change in reattachment length. Recalling that, 

for cases which match the experimental pressure coefficient, L also agrees within 3% 

suggests a close relationship between wall pressure gradient and flow reattachment. 

Note that only for < 0.8 does Cp of our DNS deviate from the experiments 

stronger than the reference DNS. Results of the 2D simulation are included for 

completeness. They differ substantially from all other curves indicating a completely 

different kind of flow. 

0 experimenis (L =20) 

^ reference DNS (L^=6.0) 
o 

u 

0 5 10 15 
X 

• experiments (L =20) 

^ reference DNS (L^=6.0) 

L^=6.4 -0.2 

•^3 L^=0.4 

00 2D 

0 5 10 15 
X 

Figure 5.9 Spanwise and time averaged wall pressure and skin friction coefficients 
behind the s tep for  dif l 'erent  domain widths  L ^ :  C p  with p^e/  =  p \ x = i 5  ( l e f t ) ;  C f  

(right). 

The skin friction coefficients tell a slightly different story. This time, simulations 
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with Lz > 1.6 agree almost perfectly with each other downstream of the skin friction 

minimum, but, as has been discussed in the previous section, for a; > 7, C/ is larger 

than for the experiments due to the free-stream boundary condition. However, simu

lations with Lz = 0.8 and 0.4 compare well with the experiments in this region. For 

Lz = 0.8, the agreement is even very good for locations downstream of the corner 

eddy. It is a very fortuitous case with respect to mean flow quantities, where the skin 

friction and wall-pressure coefficients agree with the experiments. For simulations 

with Lz = 0.2 and in 2D, again a very diff'erent solution is obtained. 

1.85 

• Rotta 
• Wieghardt 

X 

' l2  

L=3.2 
1.6 

1,5 

af 
1.4 

1.3 

1.2, 
"5 

X 

Figure 5.10 Shape factors H12 (left) and i?32 (right) of reattached flow for diff'erent do
main widths Lz', data of Rotta and Wieghardt included for reference (c.f. Schlichting, 
1979, p. 675). 

The degree of agreement for the reattached flow is emphasized by looking at the 

shape factors (figure 5.10). For Lz > 1.6, the integral parameters agree fairly well 

with each other. Simulations with Lz = 0.8 and more so with Lz = 0.4 reach higher 

values of H12 and if32 corresponding to the differences in skin friction (see figure 5.9). 

Shape factors for the 2D and Lz = 0.2 simulations are not included since they are 

vastly different. 

Maximum values of Reynolds stresses for different domain widths are illustrated 

in figure 5.11. The global maxima are compiled in table 5.4. Again the 2D and 

Lz = 0.2 simulation yield considerably different results with much larger values of 
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turbulent kinetic energy, R^x and Ryy maxima than the simulations with a wider 

domain. In addition, their ^-locations of the maxima of the individual components 

differ {max[Ryy] resides in the shear layer all others in the reverse flow region). In 

contrast, they appear roughly at the same location within the shear layer for the 

wide domain cases. The larger maxima of turbulent kinetic energy suggest that the 

two-dimensional Kelvin-Helmholtz instability waves reach a larger value of non-linear 

saturation, i.e., the 2D rollers are more intense. We can conclude that, for < 0.2, 

the flow is stable with respect to a secondary 3Z?-instability of these wavelengths. For 

experiments (L =20) 9 experiments (L,=20) 

L=6A 

L=i.2 
L=2.0 

L^=0.8 

O—O L^=0.4 

L=0,2 

(a) Rx (b )  Ryy  

L=6.4 

L=2.0 

L=0.4 

L=0.2 

L=6.4 

L=l,6 

L=0.8 

L=0,4 

L=0.2 

(c) (d) K 

Figure 5.11 Maximum values of Reynolds stresses for different domain widths L^. 

Lz >0.4 the maximum kinetic energy is constant indicating the same saturation level 

for the 2D rollers. The global maximum even occurs at the same location, except 



140 

for Lz = 0.4 where it is shifted downstream. = 0.4 is therefore an interesting 

case where it seems that the three-dimensional instability of the mean recirculation 

zone is suppressed (a large corner vortex is visible) whereas a secondary instability 

of the rollers is still possible. For > 0.8 also the maxima of R^x become constant. 

Another interesting point is that for increasing the maxima of R^z increase whereas 

the maxima of Ryy decrease. Asymptotically, the absolute maxima reach roughly 

2/3 K fa Rxx ~ Ryy ~ Rzz for domains wider than the reattachment length. 

Lz  0.2 0.4 0.8 1.6 2.0 3.2 6.4 2D 

max [.Rxo;] 0.209 0.071 0.061 0.063 0.062 0.062 0.059 0.436 
max 0.114 0.085 0.070 0.057 0.058 0.058 0.056 0.324 
max [ R z z ]  0.002 0.019 0.027 0.043 0.045 0.049 0.052 -

max [K]  0.108 0.082 0.077 0.081 0.081 0.084 0.082 0.236 

Table 5.4 Global maxima of Reynolds stresses for different domain widths. 

Finally, figure 5.12 includes spanwise-averaged longitudinal Reynolds stress pro

files for domain widths 0.8 < < 6.4 at x = 1.0,2.0,6.0 and 15.0. The plots for 

X = 6.0 and x = 15.0 are repeated at a larger scale to include the data of simulations 

in 2D and with = 0.2 and = 0.4. For > 1.6 only small variations within 

the data sets are visible. Calculations with a domain width of = 0.8 yield results 

similar to those of simulations with wider domains, but some differences are notice

able. Nevertheless, the deviation from the experimental results is still less than for 

the reference DNS. For = 0.4 considerably larger near-wall fluctuations of the 

«-velocity are present in the flow. The shape of the profiles differs, but still resembles 

those of the wider domain cases. However, for = 0.2, the fluctuation amplitudes 

are very large and the shape is similar to the 2D simulation, albeit the location and 

values of the maxima and minima differ. At x = 6.0 and x = 15.0, the shapes 

of the 2D and = 0.2 simulations look very similar to amplitude distributions of 

Tollmien-Schlichting waves (c.f. section 3.1, figure 3.1). Clearly, the flow has turned 
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Figure 5.12 Spanwise-averaged longitudinal Reynolds stress profiles for different x-
locations and domain widths L^. 
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"two-dimensional" at = 0.2 demonstrating the stability of the flow with respect 

to perturbations with very short wavelengths. = 0.2 is therefore smaller than the 

(viscous) short-wave cutoff Xmin for the three-dimensional instabilities. 

From the observations discussed previously, we can discern three distinct flow 

regimes for the three-dimensional simulations: 

(1) Lz < Xmin (with Xmin < 0.4). A pseudo-2£) flow establishes where steady 3D 

structures in the recirculation zone are not supported. A large corner eddy is 

visible and the reattachment length is particularly long. Values of are close 

to vanishing and and Ryy resemble distributions from 2D instability waves. 

Xmin is thus the viscous short-wave cutoff for the three-dimensional instabilities 

and should depend strongly on the Reynolds number. 

(2) Xmin ^  Lz < L.  The lateral domain size is in the order of supported instability 

wavelengths (assuming the existence of a long-wave cutoff of the 3D instabilities 

in the order of the reattachment length L). The resulting flow is similar to 

experiments with "spacers" where meandering of flow structures is suppressed. 

The mean flow is three-dimensional and the Reynolds stress components differ 

in magnitude from each other. Also, compared to a setup with a very wide 

domain, the corner eddy shrinks considerably in size, but the reattachment 

length and the turbulent kinetic energy distribution are similar. 

(3) L,  > L.  A two-dimensional mean flow with superimposed 3D structures is 

observed (phase jitter causes the vanishing mean). A large corner eddy is again 

visible. Lateral wavelengths of 3D structures are smaller than the domain 

width and "side-wall effects" are negligible. Absolute maxima of the normal 

Reynolds stresses are roughly equal and they occur in the shear layer just prior 

to reattachment. 
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The above results corroborate that at least two distinct three-dimensional in

stabilities are present in the flow prior to reattachment (see also the discussion in 

section 4.2.2): One, visible in its impact on the corner vortex, is possibly the in

stability proposed by Barkley et al. (2002). The instability is associated with the 

mean recirculation zone for the cases with > 0.8 and will be investigated sepa

rately in section 5.3.1. The other is a secondary (possibly elliptical) instability of the 

two-dimensional unsteady rollers for the cases with > 0.4. The instability removes 

kinetic energy from the large 2D vortices whose strength alone seems to determine the 

mean reattachment. In the two-dimensional simulations, this weakening is disabled 

and, hence, the 2D rollers are stronger and cause a considerably shorter separation 

bubble. The growth of the two-dimensional structures and their possible merging 

due  to  subharmonic  resonances  a re  inves t iga ted  in  sec t ion  5 .3 .2  toge ther  wi th  the  3D 

instabilities and their consequences. 

5.2.3 Influence of Inflow Condition and Forcing Amplitude 

Additional simulations were carried out for the case of Lz = 3.2 with a slightly thicker 

boundary layer at the inflow leading to 0.23 and Tieg si 93, but with the same 

shape factor of Hu = 2.4 at Xref = —0.05. In addition, forcing amplitudes were 

varied {A = 0.01,0.04,0.05,0.1). Therefore, two studies are combined here. For the 

first, by comparing the results for A = 0.04 with those of the same domain width and 

forcing amplitude from the previous section, the influence of the inflow condition is 

investigated. The second study deals with the effect of the forcing amplitude on the 

resulting step flow. Both studies combined will shed some light on the influence of the 

shear-layer instability on global flow parameters, such as the reattachment length. 

In addition, the amplitude study enables an assessment of the importance of dif

ferences in the forcing mechanism/receptivity between the current investigation, the 

reference experiments and the reference simulation. A more efficient mechanism will 
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have a higher receptivity, i.e., more of the energy contained in the artificial distur

bances of the forcing will be transferred to the instability waves relevant for the 

problem under investigation. Consequently, it can be seen as equivalent to forcing 

with a less efficient mechanism at a larger amplitude. This could explain the use of 

a considerably lower forcing amplitude in the reference simulation. 

In figure 5.13 streamlines are plotted for the time and spanwise averaged flow 

fields of the different cases. Comparing cases (b) and (c) demonstrates that a thicker 

boundary layer at the inflow leads to a longer reattachment length whereas the cor

ner eddy is largely unaffected. Increasing the forcing amplitude, however, causes the 

recirculation zone to shrink (compare cases (a), (c) and (d)). Both effects can be ex

plained with the stability properties of the free shear layer emanating from the step. 

A thicker boundary layer (for the same shape factor) decreases the mean gradients 

and, hence, increases the stability of the shear layer. The resulting lower growth rates 

delay the generation of the strong rollers which provide the flow with the necessary 

exchange of momentum to close the separation bubble. As a consequence, the flow 

reattaches (in the mean) further downstream. Larger amplitudes, on the other hand, 

give the instability waves a head-start, such that the saturation levels are reached 

earlier, the rollers appear further upstream and the bubble shortens. 

With the help of flgure 5.14 we will corroborate the above conjecture. In the left 

plot we compare mean flow profiles of the m-velocity (scaled with the maximum value) 

at a location just upstream of the step for the different fiow conditions and forcing 

amplitudes. The thicker boundary layer in comparison to the standard inflow and the 

experiments is clearly visible. In addition, the proflles are identical for the different 

forcing amplitudes but same inflow condition.^ 

^The strong stability of the approaching boundary layer for Ree < 100 ensures that the mean 
flow is unaffected by the forcing amplitudes in the present range. 
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Figure 5.13 Streamlines of time and spanwise averaged step-flow for different forcing 
amplitudes and = 3.2 (only part of the computational domain is shown, plotted 
above are equidistant contours of ln(|2 • 10~® ?/)! -1- 1)). 
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Figure 5.14 Flow condition close to step: plotted are time and spanwise averaged u-
velocity at the step (left) and spanwise averaged \/Rxx at a; p:; 0.06 (right) for different 
forcing amplitudes and = 3.2: (• ••) A = 0.01; (—) A = 0.04; {-  - )  A  = 0.05; ( ) 
A = 0.1; (•) DNS with standard inflow and A = 0.04; experimental data (•, o) added 
for reference with at x = —0.05 and \/Rxx sX x = 0.05 for two different 2:-locations. 

Having established identical mean flow conditions upstream we look at the ampli

tudes of longitudinal velocity fluctuations just downstream of the step (right plot). 

Three points are noteworthy. First, for the same forcing amplitude of A = 0.04 and 

the same forcing mechanism, the thicker boundary layer results in a lower amplitude 

within the core of the shear layer, but the same level of \/Rxx farther outside {y > 1.1 

and y < 0.98). This demonstrates the lower growth rate for the shear layer gener

ated by a thicker boundary layer at the step. Second, as expected, higher forcing 

amplitudes lead to higher amplitudes in the initial shear-layer. Third, for the same 

forcing amplitude and the same boundary layer at the step than for our simulation, 

the forcing mechanism used in the experiments creates higher disturbance amplitudes 

in the shear layer. 

Spanwise and time averaged wall pressure and skin friction coefficients are shown 

in figure 5.15. The Cp and C/ distributions reveal a shift of its maximum and min

imum values upstream for larger amplitudes. The values themselves, however, seem 

largely unaffected. This is consistent with a shortening of the separation bubble. 



147 

'o 

U 

10 15 0 5 

0.1 

U 
-0.1 

Figure 5.15 Spanwise and time averaged wall pressure and skin friction coefficients 
behind the s tep for  different  forcing ampli tudes and = 3.2:  C p  with p r e f  = p \ x = i 5  

(left); C f  (right): (• • •) ^ = 0.01; (—) A  = 0.04; (- -) A = 0.05; ( )  A  =  0.1; (•) 
D N S  with standard inflow and A  =  0.04. 

The lower values of L  can also be seen by comparing the location of C/ = 0 farthest 

downstream for the different cases. It should be noted, however, that, for a forcing 

amplitude of 25%, Huppertz (2001) also found qualitative changes in the flow field. 

Tangential blowing and suction with such a large amplitude caused a synthetic jet to 

be formed, thus drastically altering the mean flow in the vicinity of the step. 
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Figure 5.16 Shape factors H12 (left) and H32 (right) of the reattached flow for different 
forcing amplitudes and = 3.2: (• • •) A = 0.01; (—) A = 0.04; (- -) A = 0.05; 
(— • —) .A = 0.1; (•) DNS with standard inflow and A = 0.04; data of Rotta (o) and 
Wieghardt (•) included for reference (c.f. Schlichting, 1979, p. 675). 
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Shape factors of the reattached flow fields for forcing with different amplitudes are 

included in figure 5.16. They show that the shortening of the bubble merely offsets 

the development of the flow downstream of reattachment, but does not alter it qual

itatively, i.e., roughly the same shape factors are obtained far enough downstream 

(x > 9). In particular when comparing II32 as a function of Hu, it becomes clear 

that, for Hi2 > 1.35, indeed the same kind of turbulent boundary layer has devel

oped. This TBL behaves very similar to turbulent boundary layers over flat plates 

with pressure gradients (compare with empirical data, see Schlichting, 1979, p. 675). 
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Figure 5.17 Maximum values of Reynolds stresses for different forcing amplitudes and 
L ,  = 3.2: { • • • )  A  =  0.01; (—) A  =  0.04; { - - )  A  =  0.05; ( )  A  = 0.1; (•) DNS 
with standard inflow and A = 0.04. 
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Figure 5.17 compares the maximum values of different Reynolds stress components 

at different rc-locations and their development downstream for the different forcing 

amplitudes and inflow conditions. Comparing the case with A = 0.04 to its refer

ence case with thinner boundary layer shows that the thicker boundary layer causes 

a slower amplitude growth of turbulent fluctuations, shifting the absolute maximum 

downstream and to lower values. The same is true for lowering the forcing amplitude. 

However, far enough downstream at x > 9, the maximum Reynolds stresses have 

reached a state independent from the (small) variation of inflow conditions and the 

differences in forcing amplitude. 

Spanwise-averaged R^x profiles for different x-locations and forcing amplitudes 

are shown in figure 5.18. The results for the DNS with standard inflow are added for 

reference. At a; = 1.0 and x = 2.0 we see the manifestation of the lower growth rate 

for the thicker profile: At these two locations, the amplitudes in the shear layer for 

the case of the thinner (standard) profile with A = 0.04 have reached (at a; = 1.0) or 

exceeded (at x = 2.0) those of the case with strongly forced thicker profile {A = 0.1). 

Figure 5.17 showed that the maximum stresses decay rapidly after reattachment 

and become independent of the initial amplitude for locations far enough downstream. 

Both results can be seen for the R^x profile at a: = 6.0 and x = 15.0, respectively. 

The lower amplitude cases have a larger reattachment length and, hence, their peak 

values at X = 6.0 have not yet decayed as much. At a; = 15.0 not only the peak values 

agree, but there are almost no differences visible in the longitudinal Reynolds stress 

profiles for the different cases. 

In summary, increasing the forcing amplitude from 1% up to 10% of the free-

stream velocity, but maintaining the forcing frequency, merely shifts the different 

stages in the development of the flow field closer to the step. Hereby, the extreme 

values in the (mean) wall-pressure and skin-friction coefficients are unaffected whereas 
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Figure 5.18 Spanwise-averaged longitudinal Reynolds stress profiles for different x-
locations and forcing amplitudes and = 3.2: {•••) A = 0.01; (—) A = 0.04; (- -) 
A = 0.05; (— • —) A = 0.1; (•) DNS with standard inflow and A = 0.04. 

the maximum Reynolds stresses, i.e., the saturation level of non-linear disturbances 

within the shear layer, are magnified. However, the fiow more than two reattachment 

lengths downstream of the step is unaffected by the forcing amplitude in this range. 

Similarly, a thinner boundary layer at the step (for the same shape factor) causes 

larger growth rates for the disturbances within the shear layer and higher non-linear 

saturation levels are reached. Thus, the same shift upstream occurs as for larger 

forcing amplitudes, but also the same independence for the flow far downstream is 

attained. On the other hand, using different forcing mechanisms in the experiments 
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and for the present simulations does not change the saturation levels and the flow 

agrees fairly well (see section 5.2.1). Thus, we conclude, that a difference in initial 

growth rates and/or amplitudes in the free shear-layer has a more severe impact than 

the differences in how the disturbances are generated. 

5.3 Instabilities and Coherent Structures 

In section 4.2.2, we have identified several large coherent structures in the flow behind 

a backward-facing step: (1) longitudinal rollers within the mean recirculation zone, 

(2) unsteady spanwise rollers which may undergo "merging" or "shredding" and (3) 

pairs of longitudinal braids developing from spanwise perturbations of the 2D rollers. 

We asserted that these structures arise as a consequence of hydrodynamic instabilities 

and, based on good circumstantial evidence, identified those deemed responsible (see 

also the summary in section 4.5). In previous sections of the present chapter, we noted 

the impact of variations in the boundary conditions on the mean flow and turbulence 

statistics. We attributed the effects to the suppression or enhancement of some of 

the instabilities, in particular for variations in the domain width (section 5.2.2). In 

the present section, we will look at the coherent structures in more detail using our 

DNS database and propose a scenario for their generation. Wherever possible, we will 

remark on the relationship of coherent structures with flow instabilities by qualitative 

comparisons with linear stability results of Barkley et al. (2002) and Pierrehumbert 

& Widnall (1982). 

For convenience, we introduce the notation (/i, k) for a pair of mode numbers 

with respect to Fourier transforms in time and the lateral direction where h/T is 

the frequency and lirk/L^ the lateral wavenumber of a structure; T is the period 

of the 2D forcing. (0,0) represents the time and spanwise averaged flow, (0,2) is a 

steady longitudinal roller with lateral wavelength = L2/2 and (1/2,1) denotes a 

subharmonic wave of period 2T with = L^. 
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5.3.1 Three-Dimensionality of the Mean Flow 

We note that the longitudinal rollers were observed within the mean recirculation 

zone. They are therefore investigated in more detail by analyzing the time-averaged 

data. In figure 5.19, we plot iso-surfaces of the time-averaged ly-velocity within the 

recirculation zone for different domain widths. For > 0.8, two global vortical 

structures are visible in the mean, corner vortices close to the step and longitudinal 

rollers farther downstream. 

longitudinal rollers 

corner vortice? 

L, = 0.8 L, = 0.4 

Figure 5.19 Time-averaged w;-velocity within the recirculation zone for different do
main widths; plotted are the iso-surfaces for {w) = ±2-10~^ in the range of 0 < a: < 5, 
0 < ?/ < 1 and —Lz<z<Lz] light and dark contours refer to the positive and neg
ative contour levels, respectively; lower wall added in black for reference. 

For 0.8 < Lz < 3.2, the flow patterns are very similar to those visible in figure 4.9. 
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Pairs of counter-rotating corner vortices are oriented in the x-z plane extending from 

the lower wall almost to the step. The downstream extent of the corner vortices is 

about one step height (see figure 5.20, for example). Their height is roughly equal to 

the step height and the width of one structure is as close to a step height as possible, 

i.e., for Lz = 3.2, the wavelength of the structures locks into the higher harmonic 

(A^ = 1.6). For all cases, the longitudinal rollers farther downstream attain the same 

wavelength and fill the whole recirculation zone in the span. We will look at them in 

more detail later. For = 0.8, only the longitudinal rollers are visible in figure 5.19, 

however, the same corner vortices can be observed for lower absolute values of the 

z«-velocity iso-surfaces {{w) = ±1 • 10"^). 

m i l l  \\\\\\\ *11 U ny/ / / / / / Ti I J ^  ̂  ̂i y / / / 
/// 7 / /  
I'  ̂  
i / ^ 
/1' I / 

7 / / / \ J / ^ 
'l J / 
i i ' I i II I I 1 1 

Figure 5.20 Time-averaged velocity vectors (left) and streamlines (right) in the x-z-

plane at y = 0.25 for = 2.0; streamlines obtained by integrating w in x. 

In contrast, for the experiments, a corner vortex is formed with flow recirculating 

in the x-y plane, with presumably no w-velocity component and extending also about 

one step height downstream (see streamlines in figure 5.3 of section 5.2.1). Similarly, 

for Lj: = 6.4, the flow close to the step forms a corner vortex with the same orientation 

and a similar size than in the experiments (see also the streamlines in figure 5.3); only 

within one step height of the lateral boundaries reside vortices in the x-z plane, 

i.e., fiow patterns similar to those in figure 5.20. This explains why the partial 

averaging in section 5.2 was more successful in matching the experimental corner 
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vortex. The orientation of corner vortices is thus strongly dependent on the domain 

width. However, downstream of the corner vortex, also the wide domain of = 6.4 

shows the same development of longitudinal rollers as for the narrower domains. 

For Lz = 0.4, almost no coherence is visible, i.e., only very weak structures close to 

reattachment were found and for the remainder of the recirculation zone {w) < 10"^. 

Hence, we can confirm that the (mean) separation bubble as a whole is stable with 

respect to these short wavelengths and the predicted (viscous) short-wave cutoff is in 

the range of 0.4 < Xmin < 0.8. 

Comparing Fourier modes (figure 5.21) for the domain widths for which steady 

longitudinal structures were observed, i.e., > 0.8, allows us to determine the lateral 

wavelength, A^, of these steady structures more clearly. For each domain width we 

plot the fundamental (0,1) and harmonic (0, 2) modes. Higher harmonics were less 

important except for the wide domain case with = 6.4 (see figure 5.22). We 

note that for Lg = 0.8 only mode (0,1) and for = 6.4 only higher modes show 

any significant coherence. This indicates that the mean flow is only unstable to 

wavelengths in the range of 0.4 < < 6.4. Recalling the range of the reattachment 

length as 3.2 < L < 6.4 corroborates that the reattachment length, L, might indeed be 

an upper bound for the instability. This confirms our original conjecture of section 1.1 

which we deduced from the data presented by Barkley et al. (2002). On the other 

hand, for 1.6 < < 3.2, both (0,1) and (0,2) are present. In addition, some of 

the Fourier modes, e.g., (0,1) for = 1.6 and (0,2) for = 3.2, resemble the 

dominant eigenfunction found by Barkley et al. (2002) for the global instability of 

the low Reynolds number step fiow discussed in section 3.2 (see figure 3.6). This 

similarity suggests that the same kind of instability mechanism might also be present 

here. Note that for = 2.0 the fundamental wavelength contains the largest lateral 

velocities, thus A^ = 2.0 is likely to be close to the most unstable wavelength. 



155 

-2.0 -1.6 -1.0 -0.6 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.S -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 20 2.5 3.0 3.5 4.0 4.5 6.0 5.6 6.0 6.5 

(a) = 0.8, = 0.8 (f) L, = 0.8, A, = 0.4 

(b) L, = 1.6, A, = 1.6 

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0 2.6 3.0 3.6 4.0 4.5 5.0 6.6 6.0 6.5 

(g) L, = 1.6, A, = 0.8 

-2.0 -1.5 -1.0 -0.6 0.0 0.5 1.0 1.5 2,0 2,5 3,0 3.5 4.0 4.5 5.0 5.5 6.0 $.5 -2.0 -1.6 -1.0 -05 0.0 0.5 1.0 1.5 2.0 2.6 3.0 3.5 4.0 4.5 S.O 5.5 6.0 6.5 

(c) = 2.0, A^ = 2.0 (h) L, = 2.0, A^ = 1.0 

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 6.0 5.5 6.0 6.6 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.6 2.0 2.5 3.0 3.5 4.0 4.6 6.0 5.5 6.0 6.6 

(d) L, = 3.2, A^ = 3.2 (i) L, = 3.2, A, = 1.6 

s-
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1,0 1.5 2,0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 $.0 6.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.S 2.0 2.5 3.0 3.6 4.0 4.5 5.0 5.6 6.0 6.5 

(e) = 6.4, A^ = 6.4 (j) L, = 6.4, A, = 3.2 

Figure 5.21 Spanwise Fourier modes of time-averaged lu-velocity for different domain 
widths L^: fundamental mode k = 1 (left) and first harmonic k = 2 (right); plotted 
above are equidistant contours of —0.02 < w < 0.02; negative contours are dashed. 

Figure 5.22 Lateral Fourier mode A; = 4 (A^ = 1.6) of the time-averaged ti;-velocity 
for Lz = 6.4; plotted above are equidistant contours of —0.02 < iv < 0.02; negative 
contours are dashed. 
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In figure 5.23, we look at velocity vectors at a; = 2.0, i.e., the location in fig

ure 5.21 where the mean flow in the lateral direction appears to be strongest and 

with flow coming out and going into the x-y plane at different wall-normal locations 

thus indicating the presence of longitudinal rollers. For = 0.4, very weak flow up 

and down is visible with virtually no lateral component of the velocity vectors. This 

is consistent with the previous findings suggesting that the domain is too narrow for 

any longitudinal structures to develop. The flow, for a domain width of = 0.8, 

showed only one unstable mode in figure 5.21. This leads to a clearly visible pair 

of counter-rotating vortices filling the whole cross-section. For wider domains, more 

modes become unstable and more complicated fiow patterns appear. Nevertheless, 

longitudinal structures are still present, see modes (0,2) and (0,4), for = 6.4 in 

figures 5.21 and 5.22, for example. A larger fundamental wavelength merely allows 

more unstable modes of the unstable region to be present at the same time. This 

can be illustrated by comparing the cases with = 3.2 and = 6.4. Assuming 

unstable wavelengths lie within 0.8 < \z L with L 4.4 from section 5.2.2, then, 

for Lz = 3.2, only modes one to four are unstable whereas, for = 6.4, modes two 

to eight are supported. As a result, for very wide domains, longitudinal structures 

are not as easily spotted without a detailed data analysis. 

In summary, we have seen that longitudinal structures can exist inside the mean 

recirculation zone for > Xmin, where the short-wave cutoff lies in the range 0.4 < 

Amin < 0.8. Their formation is likely due to an instability of the mean recirculation 

zone similar to the one found by Barkley et al. (2002) for steady step flows. These 

structures are emphasized and most clearly visible for domain widths < 3.2 with 

an optimum for Lz ~ 2.0. For these domain widths, the large 2D corner vortex of 

the experiments is not visible instead pairs of counter-rotating vortices in the x-z 

plane close to the step can be seen. For wider domains and for widths below the 

short-wave cutoff, the 2D corner vortex with recirculating flow in the x-y plane is 
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Figure 5.23 Time-averaged velocity vectors in the ^/-z-plane at x = 2.0 for different 
domain widths (all vectors are scaled equally). 
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restored (c.f. the streamlines in figure 5.8). Wavelengths with > 6.4 are stable and 

the reattachment length might well be an upper bound for unstable wavelengths. 

5.3.2 Subharmonic and Fundamental Resonances 

The stability of a periodic row of two-dimensional coherent shear-layer vortices with 

respect to two- and three-dimensional waves of infinitesimal amplitudes has been 

investigated by Pierrehumbert & Widnall (1982). They found two main classes of 

instabilities: subharmonic and fundamental resonances. For the first, both 2D and 

3D waves were amplified, but the vortices were most unstable in the two-dimensional 

limit. As a consequence of the subharmonic resonance, two vortices merged and 

their downstream spacing doubled. For the fundamental resonance, predicted growth 

rates of the 3D waves were on the order of those for the resonating 2D subharmonic 

waves. Maximum growth was obtained for lateral wavelengths = 2/3 A^;, where 

Aa; represents the downstream spacing of the vortices. The growth rate for this wave 

was slightly less than for the 2D subharmonic, but the value was less sensitive to the 

thickness of the shear layer - an important fact considering the fast thickening of the 

shear layer in the BFS fiow. By varying the shape of the vortices, Pierrehumbert & 

Widnall (1982) found that a 3D fundamental resonance did not occur for a perfectly 

circular vortex whereas any elliptical deformation allowed for this instability to arise. 

Since a centrifugal instability can also be present for circular vortices, this strongly 

hints to the elliptical instability of Pierrehumbert (1986) and Bayly (1986) as the 

physical mechanism for the 3D fundamental resonance. 

In the present section, we will look for subharmonic and fundamental resonances 

in the flow behind a backward-facing step, i.e, secondary instabilities of the shear 

layer. Both resonances are likely to be present, but their importance at different flow 

locations might differ drastically. This is expected since, for the present step flow, 

the shear layer spreads quickly until its further growth is impeded by the lower wall; 
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additionally, its lateral extent is restricted by no-stress walls (the symmetry planes). 

On the other hand, the linear stability analysis of Pierrehumbert & Widnall (1982) 

assumes periodicity of the two-dimensional vortices with constant wavelength and 

phase velocity downstream, and infinite width. 

Data obtained from the D N S  with various lateral domain widths were sampled 10 

t imes per forcing period, T, over an interval of twelve forcing periods (with T = 2.2). 

The data were then used for analysis of the whole flow field using discrete Fourier 

transforms in time. Note that only the fundamental frequency, 1/T, was forced, 

therefore, all other disturbance waves had to grow from the background noise level 

(roundoff error) or were generated by nonlinear interactions. The results are used here 

to investigate the dynamic behavior of waves travelling downstream and to determine 

the spectral content of the flow. We hope that the wave analysis allows us to identify 

regions where {2D and/or 3D) subharmonic and (3D) fundamental resonances occur. 

The wavelengths, and phase velocities, Cph, of the downstream travelling waves 

were determined from the derivative in the x-direction of the corresponding phase:^ 

In figure 5.24, maximum Fourier amplitudes of the u-velocity are plotted for simu

lations with different domain widths. For all cases the spectra in time and space filled 

up very quickly, thus, for clarity, only modes {h, k) are shown which reach dominant 

values at some x-location. Choosing integral values of the amplitudes instead of the 

maximum values did change results only quantitatively. For all domain widths, 3D 

waves with the same frequency as the fundamental wave grow the fastest until the 

fundamental wave reaches its nonlinear saturation level, i.e., between one and two 

^The phase of the Fourier transformed v-velocity at j/ = 1 (the step location) was used. Jumps in 
the phase of TT were removed, central differences were employed to approximate the derivative and 
the resulting curve was smoothed by applying a running average over 20 to 30 grid points. 

(5,2) 
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Figure 5.24 Maximum Fourier amplitudes of the w-velocity for modes { h ,  k )  and dif
ferent domain widths L^; every sixth point shown for clarity. 
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step heights downstream of the step. This strong growth is an indication for a funda

mental resonance. The strongest growing wave has the same lateral wavelength as the 

longitudinal structures observed for the mean recirculation zone (compare with sec

tion 5.3.1), i.e., mode (1,1) for < 2.0 and mode (1, 2) for > 2.0. For = 3.2, 

both modes, (1,1) and (1,2) grow at about the same rate. For = 0.4 and = 0.8, 

where 3D structures in the mean recirculation zone were either not visible or very 

weak, the initial amplitudes of the 3D fundamental resonance waves were one or two 

orders of magnitude smaller than for the wider domain cases (0(10~^) versus 0(10^'^) 

and 0(10~^)). As a consequence lower final amplitude values were attained. From 

the above results we conclude that the steady mode of the recirculation zone increases 

the initial amplitude for the 3D resonance waves of the shear layer. An interaction 

between the steady mode and the 3D unsteady modes is also conceivable. 

Once the fundamental wave has reached its peak value, the 3 D  resonance wave 

ceases to grow or even decays. From then on a subharmonic wave becomes domi

nant and prior to reattachment reaches amplitudes exceeding those of the (decaying) 

fundamental wave. Associated with the decay of the fundamental and the rise of 

the subharmonic is the process of "vortex merging" (see Pierrehumbert & Widnall, 

1982; Monkewitz, 1988; Wernz, 2001, for example). The dominant subharmonic is, 

in general, mode (1/2,0). Exceptions are the flows with = 0.4 and = 3.2 with 

dominant modes (1/3,0) and (1/2,1), respectively. However, for both cases, mode 

(1/2,0) reaches the same amplitude level as the dominant mode prior to reattachment. 

For all cases, in vicinity to reattachment and farther downstream other subhar

monic frequencies become dominant, thus forming a "subharmonic cascade" with 

continuously increasing wavelengths, Xx, and decreasing frequencies. It depends on 

the domain width which modes are involved in the cascade and at what location they 

become dominant (see table 5.5). However, except for the simulation with = 3.2, 

all dominant subharmonic waves are two-dimensional as has been expected in light 

of the stability results from Pierrehumbert & Widnall (1982). For = 3.2, once 
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L, 1. 2. 3. 4. 

6.4 (1,0) (1/2,0) (1/4,0) & (1/6,0) -

3.2 (1,0) (1/2,1) & (1/2,0) (1/3,2) & (1,0) & (1/2,0) (1/2,1) & (1/2,0) 
2.0 (1,0) (1/2,0) (1/2,0) & (1/3,0) (1/4,0) 
1.6 (1,0) (1/2,0) (1/3,0) (1/2,0) & (1/3,0) 
0.8 (1,0) (1/2,0) (1/4,0) (1/3,0) & (1/4,0) 
0.4 (1,0) (1/3,0) (1/2,0) & (1/3,0) & (1/4,0) (1/2,0) 

Table 5.5 First four dominant modes {h, k) behind the step for different domain widths 
the dominant mode is defined as the wave with the largest maximum amplitude 

of ii-velocity at a given x-location. 

the amplitude of the fundamental wave ceases to be the largest, we always have a 

three-dimensional and a two-dimensional subharmonic wave dominating the flow at 

roughly equal amplitude. This is a very surprising result and it must be attributed 

to the particular lateral extent of the domain. 

Note that once a 2D subharmonic wave obtained a sufficiently large amplitude, 

we observed 3D waves which "mirrored" growth and decay of these large-amplitude 

waves. This suggests that fundamental resonances occur continuously in the flow 

with varying frequencies. Note also that the dominance of 2D waves for most of the 

cases explains the spanwise coherence frequently observed in step flows. 

At this point we can not be sure that the growth of the amplitudes of the sub

harmonic waves is indeed caused by a resonance process and not due to a primary 

instability. A necessary condition for an energy transfer between resonating waves is 

the matching of their phase velocities. Therefore, we examine the phase velocities of 

the fundamental and the first two dominant subharmonic waves for selected cases. 

In addition, we plot the corresponding maximum amplitudes and wavelengths A^;, for 

reference. 

The simulation with = 6.4, shown in figure 5.25, has been chosen because it 

matched the experiments best. In the top plot of figure 5.25 we see the growth of all 
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Figure 5.25 Amplitude A ,  phase speed Cph and wavelength of fundamental and 
subharmonic waves for = 6.4; data taken from Fourier amplitudes and phases of 
the w-velocity; the vertical line marks the (mean) reattachment. 

three modes up to x PS 1.5 where the fundamental wave reaches its peak value. For 

X > 1.5, mode (1,0) decays with the exception of a small region in the vicinity of mean 

reattachment and far downstream. The maximum amplitude of the first subharmonic 

wave exceeds the one of the fundamental for a; > 3. Mode (1/4,0) becomes domi

nant shortly after reattachment. However, all three modes attain similar amplitude 

values for a: > 5. From instantaneous contour plots of spanwise vorticity (not shown) 

we notice that vortex merging appears to happen in close vicinity of the reattach

ment location, i.e., a location where the mode (1/2,0) is dominant. The middle plot 

shows the phase velocities of the three modes; we can see that at reattachment the 

phase velocities of the subharmonic and the fundamental waves roughly match. The 

matching is a necessary condition for resonance. Farther downstream (x ~ 6) mode 

(1/4,0) also locks into this phase velocity. On the other hand, once the resonances 

occur, the amplitudes of the involved waves are actually decreasing. While this seems 
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surprising at first, one should bear in mind that, at this stage of the flow, the am

plitudes of these waves are nonlinear and 3Z) fundamental and other subharmonic 

resonances take place simultaneously. Thus, while mode (1/2,0) might gain energy 

from mode (1, 0), at the same time, it may loose energy to modes (1/4, 0) and (1/2, 2), 

for example, and its amplitude arguably could then be decaying. Consequently, the 

agreement in phase velocity corroborates the possibility that subharmonic resonances 

have indeed occurred, but this agreement alone does not constitute a rigorous proof. 

In addition, figure 5.25 shows the increase of the phase velocity of all three modes 

in the downstream direction. This explains the acceleration of the dominant struc

tures after reattachment reported for step fiows in the literature (e.g., Le et al., 

1997). Note that the increase in the speed of the structures is continuous, not a 

sudden change. 
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Figure 5.26 Amplitude A ,  phase speed Cph and wavelength of fundamental and 
subharmonic waves for = 3.2; data taken from Fourier amplitudes and phases of 
the w-velocity; the vertical line marks the (mean) reattachment. 

The simulation with = 3.2 (figure 5.26) represents a very interesting case, since 
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the subharmonic wave couples first to the phase velocity of the fundamental (at 

a: ~ 3). The 2D subharmonic follows later (x ~ L). Thus we truly have a dominant 

2)D subharmonic resonance. 

For all cases investigated here, the first subharmonic resonance occurred upstream 

or in close vicinity to reattachment. However, peak amplitudes of the subharmonic 

waves varied and for some cases even exceeded those of the fundamental, e.g., the 

cases with = 2.0 and = 0.8 (see figure 5.24). 

In conclusion, subharmonic and fundamental resonances are very likely to be 

present in the step flow. For the cases investigated here, we observed indications 

for a fundamental resonance with respect to the initial Kelvin-Helmholtz wave close 

to the step where the three-dimensional wave has the same wavelength as the steady 

structures within the recirculation zone. Once the fundamental wave has reached 

its peak value, a cascade of subharmonic resonances seems to set in, continuously 

increasing the downstream wavelength and lowering the dominant frequency in the 

flow. The process of vortex merging appears to be associated with the subharmonic 

resonances. Which frequencies are dominant at what locations depends on the domain 

width. In general, the most unstable subharmonic waves are two-dimensional, thus a 

lateral coherence of the flow can be observed. The exception is the case with = 3.2 

where 3D subharmonic resonances are equally important. For all dominant waves, 

there exists at least one resonant fundamental 3D wave generating three-dimensional 

variations in the spanwise rollers. For the present step flow, the temporal and spatial 

spectra are filled up very quickly. 

5.3.3 Development of Braids 

The development of pairs of longitudinal vortical structures in the transitional step 

fiow, called "braids," has already been observed in section 4.2.2. We noted that the 
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braids inherit their lateral wavelength from the sinusoidal deformation of the spanwise 

rollers and that they are stationary in a reference frame moving with the rollers. In 

the previous section, the deformation was identified as a secondary instability due to 

a fundamental resonance of three-dimensional disturbance waves with the 2D Kelvin-

Helmholtz wave. How the braids are formed and what causes their generation are the 

topics of the present section. 

roller 

Figure 5.27 Instantaneous iso-surfaces of Q = 10 for = 6.4; lower wall added in 
black for reference; —3.2 < 2: < 3.2; 0 < x < 7.2. 

Instantaneous iso-surfaces of Q = 10 are shown in figure 5.27 for the simulation 

with Lz = 6.4. This contour level visualizes a strongly bent spanwise roller in the 

front and a large amount of vortical structures of smaller scales just downstream of 

it. These smaller structures are wrapped around other spanwise rollers. Many of 

these structures are long vortex fiilaments which we will call "braids." Downstream 

of reattachment, the vortical structures decay quickly. The observed decay motivated 

Huppertz (2001), p. 63, to generalize the present case and to conjecture that a quick 
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decay of coherent structures after reattachment occurs for all unsteady step flows. 

This is, however, contradicted by the results for the step flow with same RCH, but 

a thicker inflow boundary layer, as discussed in chapter 4 (see figure 4.12). Also the 

fully turbulent step flow discussed in chapter 6 has a larger value of 5h and, for its 

setup, we will confirm the findings in the literature that coherent structures persist 

far downstream. Therefore, the quick decay observed for the present simulation and 

in the experiments is likely to be due to the very thin boundary layer at the step. 

Figure 5.28 Time series of instantaneous iso-surfaces of Q = 5 for = 6.4 upstream 
of reattachment in perspective views from top and the side; lower wall added in black 
for reference; flow is from left to right; 0 < a; < 2.5; 0 < y < 1.5; 0 < 2; < 3.2. 

For the same simulation as shown in figure 5.27, we investigate the origin of the 

braids by looking at instantaneous iso-surfaces of Q = 5 upstream of (mean) reat

tachment and for difi"erent simulation times (figure 5.28). The time series illustrates 

how the spanwise rollers are deformed sinusoidally in the lateral direction. Thereby 

parts of the roller start to lag behind and others move ahead faster. When the rollers 

are sufficiently large deformed, pairs of longitudinal rollers (the braids) appear which 

wrap themselves around the rollers from the top towards upstream and below. The 

process is idealized in the schematic of figure 5.29. Contrary to a possible explana-
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Figure 5.29 Schematic of braid formation near spanwise rollers: perspective view (left) 
and side view (right). 

tion attempt using vortex dynamics, the spanwise rollers are not transformed into 

braids, rather the braids are newly generated along the instantaneous streamlines 

with high curvature. Also the braids seem to originate local to the rollers, hence vor

tex stretching of separately existing longitudinal vorticity-structures in the presence 

of the spanwise rollers is rather unlikely, but possible. The growth of the additional 

vorticity structures can be explained by a centrifugal instability of the (deformed) 

rollers. However, other instabilities can not be ruled out, e.g., an elliptical instability 

of cross-sections of a deformed roller. The centrifugal and the elliptical instabilities 

would explain why the braids inherit their lateral wavelength from the rollers and 

why they move downstream at the same speed. The centrifugal instability is more 

likely, since the braids are generated "away" from the core of the rollers and not 

"within." A similar time series for Q = 2 and the simulation with = 1.6 is shown 

in figure 5.30. The results are qualitatively the same, except that, due to the narrower 

domain, fewer lateral wavelengths are involved and, hence, the above process is more 

clearly visible. 

In conclusion, the formation of braids can be confirmed for the present setup. 

They are most visible in regions of local high curvature in the vicinity of the deformed 
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Figure 5.30 Time series of instantaneous iso-surfaces of Q = 2 for = 1.6 upstream 
of reattachment in perspective views from top and the side; lower wall added in black 
for reference; flow is from left to right; 0 < a: < 2.5; 0 < y < 1.5; —1.6 < 2; < 1.6. 

spanwise rollers. The creation of the braids depends on the existence of the spanwise 

rollers. The observed lateral wavelength of the braids is identical to the wavelength of 

the deformation indicating a correlation between deformation and braids. However, 

it is not clear if the lateral deformation of the rollers is necessary for the braids to 

exist. The braids are thus the consequence of either a secondary or tertiary instability 

of the shear layer depending on whether they arise due to an instability of the rollers 

(secondary instability) or the deformed rollers (tertiary instability). Without proof, 

we will assume the latter for devising a scenario for the generation of these structures. 

5.3.4 Scenario for the Generation of Coherent Structures 

Based on the results of the previous sections and the experience gained in chapter 4, 

the following simplified scenario is proposed for the creation of large coherent struc

tures in transitional step flows: 
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A Kelvin-Helmholtz instability leads to the growth of 2D downstream travelling 

waves. At nonlinear saturation, these waves will be visible as large "rollers." The 

rollers are unstable with respect to an elliptical instability of their vortex core and, as 

a consequence, are deformed in the lateral direction. This process can be described 

as a secondary instability of the 2D Kelvin-Helmholtz wave due to a fundamental 

resonance with 3D disturbance waves of the same frequency. A (possibly centrifugal) 

instability of the instantaneous streamlines in the outer vortex region causes the 

formation of pairs of counter-rotating longitudinal vortices called "braids." They are 

wrapped around the three-dimensionally deformed rollers and inherit their lateral 

wavelength from the fundamental resonance. Several consecutive, predominantly 2D, 

subharmonic resonances generate very low frequency waves and may cause rollers to 

merge. Mean reattachment occurs once the structures are strong enough to entrain the 

momentum required to close the separation bubble. The mean separation bubble is in 

turn (elliptically and/or centrifugally) unstable causing steady longitudinal structures 

to emerge. These structures imprint their lateral wavelength as a 3D disturbance 

on the shear layer and, therefore, select the lateral wavelength for the fundamental 

resonance. 

Note that the flow has fully transitioned to turbulence well before (mean) reat

tachment occurs. Therefore, the above generated structures represent "large coherent 

structures" in the sense that small-scale motion is superimposed on them and that 

they are only observed clearly using specific diagnostic tools, for instance, time and 

phase averaging, Fourier analysis, or plotting selected contours of Q. 

5.4 Summary 

Good agreement was achieved for DNS results with = 6.4 and the experiments 

with the exception of the skin friction coefficient far downstream of reattachment and 

near its minimum. The deviations were likely caused by the upper domain bound
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ary. The good agreement of the present simulation with the experimental turbulence 

statistics, mean reverse flow magnitude and reattachment length stresses the impor

tance of the mean pressure gradient for the flow instabilities which govern the global 

flow behavior and for the decay of turbulent coherent structures far downstream. 

Small variations in inflow conditions, forcing amplitude, domain sizes and resolution 

did not alter the results. The impact of larger variations in forcing amplitude and do

main width was presented in great detail. Increasing the forcing amplitude from 1% 

up to 10% of the free-stream velocity, but maintaining the forcing frequency, merely 

shifted the different stages in the development of the flow field closer to the step. For 

domain widths smaller than the reattachment length, a sensitivity of the turbulence 

statistics and the corner vortex to the domain width was observed. The numerical 

data showed that it is possible to obtain estimates for the maximum values of R^z 

and the maximum turbulent kinetic energy from measurements of Rxx and Ryy for 

0 < a; < 2 L. The same flow regions as for the step flow discussed in chapter 4 were 

identified. 

Several instability mechanisms were investigated and related to the development of 

coherent structures. Within the mean recirculation zone, flow structures consistent 

with the global mode of the instability investigated by Barkley et al. (2002) were 

observed. These had not been reported previously for unsteady step flows. Fourier 

modes of time-averaged lo-velocity contours were suited best for their identiflcation, 

a quantity difficult to obtain from experiments. 

Fourier analyses of the fiow field corroborated the possibility of a subharmonic res

onance of Kelvin-Helmholtz waves. For most cases, the largest growth was observed 

for 2D disturbance waves as has been predicted by Pierrehumbert & Widnall (1982) 

for the Stuart vortex. However, for = 3.2, a three-dimensional subharmonic wave 

dominated before the two-dimensional one. For all cases, the subharmonic resonance 

coincided with and was considered responsible for the "merging" of the 2D rollers. 

Moreover, in most cases several consecutive subharmonic resonances were observed, 
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causing the streamwise wavelength in the reattached flow to increase continuously 

and generating low frequency oscillations in the flow. Details of this "subharmonic 

cascade" depended on the domain width, i.e., influences what subharmonic fre

quencies will become dominant at what x-locations. 

The possibility of a fundamental resonance of the Kelvin-Helmholtz wave with 

respect to three-dimensional disturbance waves of the same frequency had been pre

dicted by Pierrehumbert & Widnall (1982) as well. This resonance was dominant close 

to the step within one to two step heights where the three-dimensional wave had the 

same wavelength as the steady structures within the recirculation zone. Fundamental 

resonance appeared to occur concurrent with any of the dominant two-dimensional 

waves farther downstream. The resonance could also be explained as an "elliptical 

instability" of the 2D rollers. Coinciding with the fundamental resonance was the for

mation of pairs of "braids" with the same lateral wavelength. The strong curvature of 

instantaneous streamlines and the location of the origin of the braids suggested that 

a centrifugal instability of the flow around the spanwise rollers might have been the 

cause of their formation. However, other physical mechanisms for their generation can 

not be excluded, e.g., vortex stretching of existing longitudinal vorticity-structures in 

the presence of the spanwise rollers or an elliptical instability of a local cross-section 

of a bent roller. 

Based on the above results and the experience gained in chapter 4, a simplified 

scenario was proposed for the creation of large coherent structures in transitional 

step flows. The scenario suggests that the Kelvin-Helmholtz, elliptical and centrifu

gal instabilities may be the relevant physical mechanisms for the observed primary, 

secondary and tertiary instabilities of the shear layer, respectively. The onset of the 

elliptical instability can also be described as a fundamental resonance of two waves. A 

"cascade" of subharmonic resonances is regarded to be responsible for vortex mergings 

and the generation of low frequency waves in the flow fleld. Furthermore, indications 

were found concerning the existence of a three-dimensional global instability of the 
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mean separation bubble. As a consequence, the possibility arises that the preferred 

lateral wavelength of the shear-layer structures is not selected as the most unstable 

three-dimensional wave, but by this global instability. A confirmation of the scenario 

by further investigations is recommended using selective three-dimensional forcing, 

additional forcing of subharmonic frequencies, and stability analyses of appropriate 

baseflows taken from the present simulation, for example. 
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6. Turbulent Flow 

6.1 Simulation Setup and Reference Investigations 

The turbulent flow over a backward-facing step is investigated at a Reynolds num

ber oi Rch = 000 based on step height and free-stream velocity, a boundary layer 

thickness at separation of 5h ~ 1-2 and an expansion ratio of ER — 1.2. This setup 

matches the experiments of Jovic & Driver (1994) ("JD"). In addition, databases 

exist for incompressible DNS and LES for similar flow conditions (see table 6.1). 

The computational parameters of the reference simulations are summarized in ap

pendix G.8, table G.20. 

Investigation JD DNS LESi LES2 LES3 

RCH 5,000 5,100 5,100 5,100 5,100 
Xj-^f -3.05 0.0 -0.3 -2.5 ? 

6\Xref 1.17 1.2 (1.0*) 1.2 ? V 

Rcg* 885 ? ? 1,085 ? 

R^ol^ref 610 670 670 ? 650 
Lateral boundaries walls periodic periodic periodic periodic 
Upper boundary (symmetry) no-stress no-stress no-stress non-

wall wall wall reflective 
L 6.0 ±0.15 6.28 6.35 6.2 5.8, 5.29 
St ? 0.06 ? (0.2)t ? 

Table 6.1 Reference experiment and simulations; JD, DNS of Le & Moin (1994) and 
Le et al. (1997), LESi of Akselvoll & Moin (1995), LES2 of Kang & Choi (2002); 
LES^ of Lesieur et al. (2003) at Ma = 0.3; ? = unknown; * = according to JD] f = 
optimal forcing frequency; ER =1.2. 

The LES of Lesieur et al. (2003) demonstrates the sensitivity of the reattachment 

length to the inflow noise level. They obtained L = 5.29, for a simulation with 

instantaneous turbulent boundary layer data at the inflow, whereas, for the same 

mean flow proflle, but using "white noise" disturbances instead, the reattachment 

length increased to L = 5.8. However, the formation of the same kind of structures in 
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the shear layer was observed and their development was merely shifted downstream. 

Given the recent proliferation of large eddy simulations for this particular step 

flow, a few remarks concerning the impact of the turbulence models on the flow may 

be required. Note that the "no-model" simulation of Akselvoll & Moin (1995) on 

the same grid as the LES yielded very similar results compared to the experiments 

and obtained a much better agreement than the LES with realistic inflow of Lesieur 

et al. (2003) with about the same number of grid points. In addition, the DNS of Le 

et al. (1997) is essentially also a "no-model" simulation since the lateral and base-wall 

resolutions are inadequate and the large number of grid points stems predominantly 

from the use of an equidistant grid in the downstream direction and a very large in

flow section upstream of the step. However, its wall-normal resolution is substantially 

better than for any LES documented in table G.20. 

The present investigation is carried out by solving compressible equations at a 

low Mach number of Ma = 0.25, hence enabling quantitative comparisons with the 

experiments and incompressible simulations. In the experiments, the step is located 

in a very wide channel (L^ = 31) with sidewalls adjusted for boundary layer growth, 

this facilitates the use of periodic boundary conditions in the lateral direction. Since 

the experimental setup is symmetric, only one half of the channel height is simulated, 

with a no-stress wall (see appendix A.5) at the upper boundary approximating the 

plane of symmetry. Separate computations were carried out in order to obtain instan

taneous and/or time-averaged inflow data for the turbulent approach boundary layer. 

These simulations employed an extension of the "inflow recycling technique" of Lund 

et al. (1998) to subsonic compressible flow. For this method data from within the 

computational domain is rescaled and prescribed at the inflow. Extensive parameter 

studies were carried out to match the inflow profile of the experiments reasonably well. 

For simulations solving turbulent transport equations, Dirichlet boundary conditions 

were enforced for K and e at the inflow boundary. All physical and computational 
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parameters of the cases investigated are tabulated in appendix G.8. 

To get an idea about the mean flow field, several RANS were carried out and their 

results are briefly compared to the references and RANS results in the literature (see 

section 6.2). Estimates of the Kolmogorov length-scale from the turbulent dissipation 

rate of these RANS calculations served as a guideline for the resolution requirement 

of the DNS. Note that the turbulent step flow is regarded as a difficult validation case 

for turbulence models (e.g., Rumsey & Gatski, 2003, p. 13 and references therein). 

Two DNS were carried out. The flrst simulation ("case A") uses a domain twice 

as wide as Le et al. (1997) to avoid "side-wall" issues of the symmetry plane (see 

section 5.2.2). The grid employs a smaller Ax at the base wall and identical wall-

normal resolution than the reference, but Az is coarser. Note, however, that the 

present code has spectral accuracy in the lateral direction and employs fourth-order 

accurate split finite-differences in the downstream and wall-normal directions whereas 

the reference uses a second-order accurate finite-volume method for all directions. 

At the inffow, instantaneous turbulent boundary layer data are prescribed. Due to 

stability constraints of the numerical method, only transient data were obtained. The 

data are used to motivate the second simulation and to demonstrate the impact of 

realistic inflow conditions on the coherent structures in the shear layer. 

The second DNS ("case B") was carried out on a domain with one tenth the 

and less than one tenth the Az of the reference in order to achieve sufficient lateral 

resolution. At the inflow only a time-averaged mean flow profile was prescribed be

cause deviations from the reattachment length and the size of the corner vortex of 

the references are already expected due to the very small domain width. The down

stream shift of the development of large coherent structures observed by Lesieur et al. 

(2003) is not only considered acceptable, but also desirable to avoid contamination 

of the structures developing behind the step. Their development will thus be more 

clearly visible. Unfortunately, for the small domain width, longer sampling periods 

than anticipated were required for obtaining time-averaged statistics and thus, at the 
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end of the simulation, averages had not converged sufficiently to merit a discussion. 

Only instantaneous data is presented in section 6.3. This is sufficient to demon

strate the development of the large coherent structures and to compare them with 

the transitional cases of chapters 4 and 5. 

6.2 Averaged Flow and Turbulence Statistics 

Several RANS calculations of the JD experiments and the corresponding DNS of Le 

& Moin (1994) and Le et al. (1997) have appeared in the literature. Unfortunately, 

model parameters are frequently tuned to match a reported reattachment length bet

ter than another reference RANS calculation and therefore the favored method is 

purported to have higher accuracy. Concluding a higher accuracy of the simulation 

based on the value of the reattachment length alone, however, is not justified con

sidering the sensitivity of L to inflow disturbances and the spread in reattachment 

lengths of the LES (see table 6.1). Nevertheless, ranges of L for different types of 

turbulence models published in the literature are compiled in table 6.2 together with 

results of the present RANS (EASMa) computations and the reference experiment 

and DNS. 

Model/ 
Method 

Experiment DNS RSM EASMa K - e  K - u j  

L 6.0 6.28 6.26-6.38 6.52-6.66 4.5-7.95 6.3-7.8 
LiLjn 1.0 1.05 1.04-1.06 1.09-1.11 0.75-1.33 1.05-1.30 
-^/LDNS 0.96 1.0 1.00-1.02 1.04-1.06 0.72-1.27 1.00-1.24 

Table 6.2 Mean reattachment lengths for different RANS models; RSM - Reynolds 
stress models (Hanjalic & Jakirlic, 1998); EASMa of present investigation; K - e 
models from Speziale & So (1999), Bredberg et al. (2002), Merci et al. (2001) and 

present investigation; K - u models from Bredberg et al. (2002) and Merci et al. 
(2001); experiment of .JD and DNS of Le et al. (1997) included for reference. 

In the literature, apart from presenting L, sometimes the skin friction coefficient 

is given as well. This quantity is, however, more governed by the wall damping 
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functions rather than the model contribution itself and barely qualifies as a test case. 

Considering the results from section 5.2.1, better choices would be the wall-pressure 

coefficient, shape factors or momentum thicknesses. For the present RANS results, 

these quantities will be compared to the references and, where available, to RANS 

results from the literature. In addition, the development of minimum values in the 

downstream direction for a Kolmogorov length-scale estimate is presented. 

(d) 

'O-O 0.5 1-0 1.5 2.0 2.5 3.0 3.5 4.0 4,5 5.0 5-5 6.0 6.5 7-0 

(e) 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4,0 4.5 5.0 5,5 6,0 6.5 7.0 

(f) 

'o.o 0.5 1.0 1.5 2.0 2.5 3.0 3.5 40 4.5 5.0 5.5 6.0 0-0 05 1.0 1.5 2.0 2.5 3,0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 

Figure 6.1 Streamlines for RANS employing different turbulence models and near-
wall treatments: (a) full Reynolds stress closure of Hanjalic & Jakirlic (1998); (b) 
reference DNS (reproduced from Hanjalic & Jakirlic, 1998); (c) 2D "DNS" (using 
the grid of "case A"); (d) EASMa with wall-distance independent fe2'-i (e) EASMa 
with fg2', (f) K - e model with fs2', plotted for (c)-(f) are equidistant contours of 
IndlO-^V'l + l)-

In figure 6.1, streamlines of the time and spanwise averaged flow field are shown 

for different RANS results, a 2D "DNS" and reference simulations. The 2D "DNS" 

(plot (c)) shows, as expected, a shorter reattachment length than the reference DNS 

(plot (b)) due to stronger spanwise rollers (see the discussion in section 5.2.2), but a 
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"correct" corner eddy is visible, since it is essentially two-dimensional. On the other 

hand, the present RANS results (cases (d) to (f)) obtain streamlines very similar to 

the reference DNS (case (b)) with a slightly longer reattachment length, but within 

its range of sensitivity to background noise. Only the corner vortex is too small. 

This is likely due to the fact that, for DNS and experiments, the flow in the cor

ner is actually laminar. The kink at reattachment in the streamlines of Hanjalic & 

Jakirlic (1998) was attributed by the authors to model deficiencies and they added 

a compensating term to the e-equation (case (a) in figure 6.1 shows their improved 

results). However, the present RANS results without the compensation do not show 

any kink, even for the standard K-e model without any damping functions (cases (d) 

to (f)). This corroborates that these kind of kinks are rather artifacts of the numerical 

method (c.f. Speziale & So, 1999, p. 82). 

» ii ii -£ 

Figure 6.2 Coefficients of wall pressure with p^e/ = p\x=2o + 0-22 (left) and skin 
friction (right) behind the step for RANS with different turbulence models and near-
wall  treatments:  (•  • •)  EASMa with wall-distance independent f£2' ,  ( -  -)  EASMa 
with fg2', {• — •) K - e model with fg2', {°) JD] (•) reference DNS; (•) full Reynolds 
s t r e s s  c l o s u r e  o f  H a n j a l i c  &  J a k i r l i c  ( 1 9 9 8 ) ;  ( A ,  Q ,  7 )  K  -  e  m o d e l ,  c u b i c  K - e  
model and K - u based model (Menter's SST) published in Merci et al. (2001). 

Wall-pressure and skin-friction coefficients are shown in figure 6.2. It has been 

pointed out above that the pressure gradient is one of the most important parameters 
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of the step flow. The present RANS results for Cp lie sufficiently close to the refer

ence DNS, experiments and the full Reynolds stress closure of Hanjalic &: Jakirlic 

(1998), thus this feature of the flow is captured well. The skin friction coefficient, 

however, matches the C/ of the experiments and the reference DNS rather poorly. 

Nevertheless, the present results lie well within the published data. The overshoot of 

Cf downstream of reattachment is typical for models based on the K - e equations 

whereas K - oj based models commonly attain a too low value of C/ in this region 

of the flow (see Merci et al, 2001; Bredberg et al, 2002; Rumsey & Gatski, 2003, for 

example). 

The development of Ree and the shape factor are plotted in figure 6.3 for 

the present RANS, the reference experiment and the reference DNS. The definition 

of these integral parameters in the reverse flow region is unclear and, in particular, 

depending on the choice of the reference velocity and integration interval, vastly 

different results can be obtained. However, for the reattached flow {x > 6.5), where 

this ambiguity does not exist, fairly good agreement between the RANS and the 

references was obtained. 

2000 

1500 

Qi 

1000 

500 
10 15 20 10 15 20 

Figure 6.3 Ree (left) and shape factor H12 for RANS with different turbulence models 
and near-wall treatments: (• • •) EASM^ with wall-distance independent fe2\ (- -) 
EASMa with f^2' ,  (• — •) K -  e model with fg2] (o) JD; (•) reference DNS. 
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Using the turbulent dissipation rate obtained from the RANS computations, an 

estimate of the Kolmogorov length-scale was obtained. The minimum value in wall-

normal direction for each downstream location has been plotted in figure 6.4. The 

minimum of ix corresponds to the maximum value of e which first resides in the shear 

layer. Once the flow is reattached, this maximum is supposed to occur at the wall. The 

switch from shear layer to the wall explains the kink in the curves of figure 6.4. Note 

that, for the wall-distance independent EASM^, £max of the reattached turbulent 

boundary layer is indeed located at the wall. For the other models, it is fairly close. 

The estimate for is used to determine an appropriate resolution for the DNS 

0.007 I 1 1 1 1 ] 1 [ 1 1 [ 1 1 1 1 1 1 1 1 r 

X 

Figure 6.4 Estimate of minimum Kolmogorov length scale £k from RANS data: (• • •) 
EASMoc with wall-distance independent fs2' ' ,  (- -)  EASM^ with fe2\ {• — •) K -  e 
model with /gg; (—) Ay = of DNS with = 0.4 ("case B"). 

presented in the following section. For "case B," the equidistant y and 2 grids behind 

the step do indeed resolve the smallest flow scales according to the RANS results. 

Only Ax is a factor of 7 too large, but still sufficient considering that we expect to 

resolve structures elongated in the downstream direction. 
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6.3 Coherent Structures 

Instantaneous data from the two DNS are used to look for coherent structures sim

ilar to those found in the transitional cases of chapters 4 and 5. Again, contours 

of the second invariant of the velocity gradient tensor, Q, are used to identify the 

structures. We expect to see coherent structures similar to those of the transitional 

cases, since the instabilities previously considered for their generation are inviscid. 

Thus the higher Reynolds number, i.e., lower viscous damping, should only shift the 

most amplified waves to smaller wavelengths and it should allow for the presence of 

smaller scales in general. 

First, the DNS of "case A" was performed, using a resolution similar to the 

reference DNS with instantaneous inflow profiles from a turbulent boundary layer 

simulation. The TBL simulation had the same computational grid as the inlet section 

of the step simulation. Unfortunately, for the BFS simulation, the lateral resolution 

turned out to be insufficient. The Fourier spectrum filled up quickly and, at a spike 

fluctuation in the recirculation zone close to reattachment, the numerical method 

became unstable. 

We note, therefore, that the reference DNS did not resolve the flow fully since 

the simulation carried out for the present investigation on a very similar grid with 

higher order numerical approximations showed a flat lateral spectrum. For the better 

resolved simulation of "case B", a new lateral resolution was picked to be equal to the 

new wall-normal resolution. To accommodate this very fine grid, a lateral domain size 

of only Lz = 0.4 was selected, since the transitional results of the previous chapter 

suggest it to be close to the minimum requirement for three-dimensional resonances 

to occur. This way, apart from reducing computational costs, we also reduce the 

complexity of the flow by eliminating a wide range of (possibly) unstable wavelengths. 

In figure 6.5, we show instantaneous iso-surfaces of Q a few inertial time-scales 
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prior to the simulation failure of "case A". This plot is shown to motivate the inflow 

condition for "case B." The figure illustrates the formation of "spanwise rollers" in 

the shear layer. Also, elongated structures similar to the "braids" of the previous 

chapters are present. However, the "poor visibility" of flow details stems from the 

contamination of the newly generated structures from those convected downstream 

from the turbulent boundary layer at the inflow. Since we have noted that the struc

tures generated in the upstream boundary layer increase only the initial amplitude 

of the shear-layer structures, we deliberately "turn them off" and prescribe only the 

turbulent mean flow profile at the inflow. We expect a delayed development of the 

large structures and a longer mean reattachment, but the same kind of structures 

should still develop. In addition, to avoid relaminarization, the inflow location is 

chosen very close to the step. 

Figure 6.5 Instantaneous iso-surface of Q = 1.0 for the DNS with = 8.0 ("case 
A") in the range of 0 < x < 7.2 at i = 21; flow is from left to right. 

Instantaneous iso-surfaces of Q for the resulting flow of "case B" are shown in 

flgures 6.6 and 6.7. As expected, we see the same kind of roll-up of the Kelvin-

Helmholtz instability wave to "spanwise rollers" and the formation of "braids." In 

figure 6.6, the formation of the spanwise rollers with a downstream wavelength of 

Aj; Ri 1 can be seen very clearly (see the view from the side, for example). Also 

the sinusoidal variation with = 0.4 of these rollers in the lateral direction can be 

discerned easily, for the second roller in the view from top, in particular. According 

to the results from section 5.3.2, this indicates a fundamental resonance. On top of 
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•• * 9u -W. 

Figure 6.6 Instantaneous iso-surface of Q = 1.0 for the DNS with = 0.4 ("case B") 
prior to mean reattachment in perspective views: downstream from step (top left), 
from top (top right), diagonal (bottom left), and from the side with flow from left to 
right (bottom right); lower wall added in black for reference; t — 179; 0 < x < 4.0; 
0<y< 2.0; -0.4 < z < 0.4. 

the second roller we can see how the braids are developing. 

The braids associated with the third roller have been elongated and are sucked 

below the second roller. Below the third roller one can see the elongated braids of the 

fourth roller (which is already outside the domain shown). Note that we can see these 

mechanisms so clearly only because we have removed the boundary layer structures 

upstream (we show the same iso-surface as in figure 6.5) and we limited the number of 

lateral unstable wavelengths to a few by choosing a very narrow domain. Of course, 

for a wider domain, we expect more and larger lateral wavelengths to appear, but the 
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same instability mechanisms should be at work. 

Further downstream and close to reattachment (figure 6.7, left), we see the rollers 

number four and five. We increased the contour level to remove small-scale motion for 

clarity. We observe a state close to "vortex merging," i.e., a subharmonic resonance. 

Associated with it is the rapid production of very small scales. Also, the vorticity 

magnitude has increased strongly. The same location at a different time is shown in 

the right plot. 

Figure 6.7 Instantaneous iso-surface of Q = 10.0 for the DNS with = 0.4 ("case 
B") in the vicinity of mean reattachment in perspective view at t = 179 (left) and 
t = 175 (right); lower wall added in black for reference; flow is from left to right; 
4.0 < a; < 8.0; Q<y < 2.0; -0.4 < ^ < 0.4. 

Similar to the case with thicker inflow boundary layer, the structures persist far 

downstream. The same observation has been made by the references from section 6.1. 

In addition, for the small domain width with steady inflow investigated here, the 

braids are only broken up during "vortex merging" and therefore can be stretched 

considerably longer (see figure 6.7). 

6.4 Summary 

In the present chapter, we have investigated a fully turbulent step flow. First, RANS 

simulations have been performed to obtain an estimate for the required resolution 
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of a DNS. The RANS results are similar to those in the literature for equivalent 

turbulence models and sufficiently accurate for the intended purpose. We noted that 

the reattachment length is sensitive to upstream perturbation levels and, hence, not 

suited as a reference parameter for how accurate a simulation technique performs. 

Rather the wall-pressure coefficient (and possibly absolute maxima of the Reynolds 

stresses) should be used. 

For investigating the turbulent coherent structures, we confirmed statements in 

the literature that the same kind of flow structures develop downstream of the step 

irrespective of the inflow perturbation levels. We picked a very thin computational 

domain, purposely limiting the range of unstable lateral wavelengths. The result

ing flow structures are then emphasized and more distinct. The same (inviscid) 

instability mechanisms as for the transitional cases were observed. Spanwise rollers 

formed due to the initial roll-up of the shear layer. The rollers were unstable with 

respect to a fundamental resonance and braids developed. Further downstream a 

(two-dimensional) subharmonic resonance caused vortex merging, hence increasing 

the downstream spacing of the structures. We conclude that DNS at lower Reynolds 

numbers with steady inflow are an appropriate setup for studying these instability 

mechanisms and their interactions. 
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7. Conclusions 

Transitional and turbulent flows over a backward-facing step were investigated using 

DNS, LES and state-of-the-art RANS computations. Details of the mean and statis

tical flow fields behind the backward-facing steps were given and a simplified scenario 

was proposed describing the development and dependencies of coherent structures 

with respect to hydrodynamic instabilities. The underlying assumption was thereby 

that hydrodynamic instabilities of the mean and instantaneous flow are responsible 

for and govern the development of typical coherent structures observed in separated 

flows and the phenomena associated with them. In addition, accuracy and efficiency 

of the turbulence modeling strategies were evaluated. In the following a summary of 

the most important results of each chapter is given followed by some general remarks 

and the proposed scenario for the generation of turbulent coherent structures for both 

transitional and turbulent backward-facing step fiows. 

Preliminary simulations were carried out in chapter 3 for validation purposes and 

to gain the experience required for the present investigation. Several additional results 

of interest were obtained as well. As a validation case we computed the backward-

facing step at low Reynolds number with a parabolic inflow profile (reference exper

iment by Armaly et al, 1983). For this flow and RSH > 750, we corroborated the 

existence of a three-dimensional global instability within the recirculation zone using 

DNS. The instability was originally predicted by a linear stability analysis of the 

steady flow by Barkley et al. (2002). A von Karman vortex street in the wake of a two-

dimensional bluff body was computed in order to evaluate identification techniques 

for coherent structures. Using a POD analysis, we noted that even weak structures 

may play an important role for the resulting flow field, i.e., structures with a fraction 

of the kinetic energy of the large coherent structures must be resolved in order to 



188 

attain the typical vortex street. Wall-distance independent versions of the EASM 

and EASMa were devised, tested successfully for a turbulent boundary layer and 

calibrated to reproduce the logarithmic law of the wall. In addition, it was confirmed 

that compressibility effects on the turbulence models are negligible even at a Mach 

number of Ma = 0.5. 

In chapter 4, a transitional flow over a BFS was investigated using DNS, LES 

and RANS. For this flow, the boundary layer was laminar at separation, reattach

ment was turbulent, Ren = 3,000 and 6h = 0.56. At the step, with Reg ^ 233 and 

Hi2 ~ 2.4, the boundary layer was just about critical with respect to a Tollmien-

Schlichting type instability. Mean flow and turbulence quantities were discussed 

in great detail and different flow regions were discerned. With respect to coher

ent structures and flow instabilities, several observations were made. The primary 

instability of the shear layer led to the growth of spanwise vorticity waves form

ing two-dimensional rollers. These "vortices" merged close to reattachment as a 

consequence of a subharmonic resonance. The two-dimensional rollers in turn were 

unstable to three-dimensional disturbances, leading to the formation of longitudinal 

structures ("braids"). The rollers and braids persisted far downstream of separation. 

Furthermore, steady three-dimensional structures within and adjacent to the region 

of separated flow were observed. The shape of the w-velocity distribution of these 

longitudinal rollers agreed well with the eigenfunction of the dominant global insta

bility mode discovered by the linear stability investigation of Barkley et al. (2002). 

The structures were very weak (with a magnitude on the order of one percent of 

the free-stream velocity), but there were indications that they might have imprinted 

their lateral wavelength on the two-dimensional rollers formed in the shear layer and, 

hence, on the braids. 

Large eddy simulations with the Smagorinsky model provided no savings in com

putational costs or led to any gain in physical accuracy over "coarse DNS" with the 
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same computational grid. For RANS calculations, artificial ramping through a tran

sitional flow region with a cosine-ramp caused large perturbations in the mean flow 

which decayed only slowly in the downstream direction. Even the fully turbulent flow 

far downstream of the step was predicted poorly by the RANS models tested for this 

transitional flow. The wall-distance independent forms of the EASM and EASMo, 

performed equally well or better than the original versions using a wall-distance based 

/j2-function. Thus the wall-distance independent forms are viable alternatives, espe

cially for (geometrically) complex flows. 

In chapter 5, we employed DNS for the forced transitional flow over a backward-

facing step at RCH = 3,000, 5H = 0.2, ER = 1.09 and Res ~ 80 at the step. The setup 

matched an experimental investigation of Huppertz (2001). Good agreement was 

achieved for DNS results with = 6.4 and the experiments with the exception of the 

skin friction coefficient far downstream of reattachment and near its minimum. The 

deviations were likely caused by the upper domain boundary. The good agreement of 

the present simulation with the experimental turbulence statistics, mean reverse flow 

magnitude and reattachment length stresses the importance of the mean pressure 

gradient for the flow instabilities which govern the global flow behavior and for the 

decay of turbulent coherent structures far downstream. Small variations in inflow 

conditions, forcing amplitude, domain sizes and resolution did not alter the results. 

The impact of larger variations in forcing amplitude and domain width was presented 

in great detail. Increasing the forcing amplitude from 1% up to 10% of the free-

stream velocity, but maintaining the forcing frequency, merely shifted the different 

stages in the development of the flow field closer to the step. For domain widths 

smaller than the reattachment length, a sensitivity of the turbulence statistics and 

the corner vortex to the domain width was observed. The numerical data showed that 

it is possible to obtain estimates for the maximum values of R^z and the maximum 

turbulent kinetic energy from measurements of Rxx and Ryy for 0 < a; < 2 L. The 
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same flow regions as for the step flow discussed in chapter 4 were identified. 

Several instability mechanisms were investigated and related to the development 

of coherent structures. Within the mean recirculation zone, flow structures consis

tent with the global mode of the instability investigated by Barkley et al. (2002) 

were observed. These had not been reported previously for unsteady step flows. 

Fourier modes of time-averaged w;-velocity contours were suited best for their identi

fication, a quantity difficult to obtain from experiments. Fourier analyses of the fiow 

field corroborated the possibility of a subharmonic resonance of Kelvin-Helmholtz 

waves. For most cases, the largest growth was observed for 2D disturbance waves 

as has been predicted by Pierrehumbert & Widnall (1982) for the Stuart vortex. 

However, for = 3.2, a three-dimensional subharmonic wave dominated before the 

two-dimensional one. For all cases, the subharmonic resonance coincided with and 

was considered responsible for the "merging" of the 2D rollers. Moreover, in most 

cases several consecutive subharmonic resonances were observed, causing the stream-

wise wavelength in the reattached flow to increase continuously and generating low 

frequency oscillations in the flow. Details of this "subharmonic cascade" depended 

on the domain width, i.e.,the width influences what subharmonic frequencies will be

come dominant at what x-locations. The possibility of a fundamental resonance of the 

Kelvin-Helmholtz wave with respect to three-dimensional disturbance waves of the 

same frequency had been predicted by Pierrehumbert & Widnall (1982) as well. This 

resonance was dominant close to the step within one to two step heights where the 

three-dimensional wave had the same wavelength as the steady structures within the 

recirculation zone. Fundamental resonance appeared to occur concurrent with any 

of the dominant two-dimensional waves farther downstream. The resonance could 

also be explained as an "elliptical instability" of the 2D rollers. Coinciding with the 

fundamental resonance was the formation of pairs of "braids" with the same lateral 

wavelength. The strong curvature of instantaneous streamlines and the location of 

the origin of the braids suggested that a centrifugal instability of the flow around 
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the spanwise rollers might have been the cause of their formation. However, other 

physical mechanisms for their generation can not be excluded, e.g., vortex stretching 

of existing longitudinal vorticity-structures in the presence of the spanwise rollers or 

an elliptical instability of a local cross-section of a bent roller. 

In chapter 6, we investigated the fully turbulent step flow of Jovic & Driver (1994) 

and Le et al. (1997) at RCH = 5,000 and 3H = 1-2. First, RANS simulations 

were performed to obtain an estimate for the required resolution of a DNS. The 

RANS results were similar to those in the literature for equivalent turbulence models 

and sufficiently accurate for the intended purpose. We noted that the reattachment 

length is not suited as a reference parameter on how accurate a simulation technique 

performs due to its sensitivity to upstream perturbation levels. Rather the wall-

pressure coefficient (and possibly absolute maxima of the Reynolds stresses) should 

be used. 

For investigating the turbulent coherent structures, we confirmed statements in 

the literature that the same kind of flow structures develop downstream of the step 

irrespective of the inflow perturbation levels. In addition, we picked a very narrow 

domain, purposely limiting the range of unstable lateral wavelengths. The result

ing flow structures are then emphasized and more distinct. The same (inviscid) 

instability mechanisms as for the transitional cases were observed. Spanwise rollers 

formed due to the initial roll-up of the shear layer. The rollers were unstable with 

respect to a fundamental resonance and braids developed. Further downstream a 

(two-dimensional) subharmonic resonance caused vortex merging, hence increasing 

the downstream spacing of the structures. We concluded that DNS at lower Reynolds 

numbers with steady inflow are an appropriate setup for studying these instability 

mechanisms and their interactions. 

In the numerical simulation, domain size variations with symmetric transforms 
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(lateral no-stress walls) can be used as "spacers" to enforce the selection of the lateral 

wavelength and to emphasize the coherent structures. In addition, if harmonic forcing 

in time is employed, a very controlled environment can be established for exploring 

the nature of large coherent structures and their relationship with flow instabilities, 

e.g., subharmonic and fundamental resonances. 

From the controlled environment of the present simulations, the following sce

nario was proposed for the creation of large coherent structures in transitional and 

fully turbulent step flows. A Kelvin-Helmholtz instabili ty leads to the growth of 2D 

downstream travelling waves. At nonlinear saturation, these waves will be visible as 

large "rollers." The rollers are unstable with respect to an elliptical instability of 

their vortex core and, as a consequence, are deformed in the lateral direction. This 

process can be described as a secondary instability of the 2D Kelvin-Helmholtz wave 

due to a fundamental resonance with 3D disturbance waves of the same frequency. A 

(possibly centrifugal) instability of the instantaneous streamlines in the outer vortex 

region causes the formation of pairs of counter-rotating longitudinal vortices called 

"braids." They are wrapped around the three-dimensionally deformed rollers and in

herit their lateral wavelength from the fundamental resonance. Several consecutive, 

predominantly 2D, subharmonic resonances generate very low frequency waves and 

may cause rollers to merge. Mean reattachment occurs once the structures are strong 

enough to entrain the momentum required to close the separation bubble. The mean 

separation bubble is in turn (elliptically and/or centrifugally) unstable causing steady 

longitudinal structures to emerge. These structures imprint their lateral wavelength 

as a 2)D disturbance on the shear layer and, therefore, select the lateral wavelength 

for the fundamental resonance. 

The range of unstable lateral wavelengths has a short-wave cutoff depending on 

Reynolds number and an observed upper bound on the order of the reattachment 

length. The temporal spectrum is dominated by the unstable (high) frequencies of 

the shear layer and the (low) frequencies generated by the cascade of subharmonic 



193 

resonances. Note that the scenario is simplified. In general, the separation bubble 

will be susceptible to a range of frequencies and lateral wavelengths. Consequently, 

a superposition of and the (nonlinear) interaction between the above processes for 

several of these frequencies and wavelengths will determine a much more complex 

composite picture of the step flow. A confirmation of the suggested scenario by further 

investigations is recommended using selective three-dimensional forcing, additional 

forcing of subharmonic frequencies, and stability analyses of appropriate basefiows 

taken from the present simulation, for example. 
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Appendix A: Initial and Boundary Conditions 

A.l Initial Condition 

For simple fiat-plate boundary-layer flows, a compressible similarity solution is used 

as an initial condition. If a no-stress wall is applied at the upper boundary, the 

w-velocity is set to zero. Alternatively, polynomial functions of arbitrary order can 

be prescribed. The polynomials are used for channel flow simulations, for example, 

where a parabolic profile in the wall-normal direction is prescribed for u. 

For backward-facing step or wake simulations, a crude initial condition is con

structed by extending any of the initial conditions described above downstream of 

the step. In the area behind the step all variables are set equal to values at the inside 

edge of the boundary layer. The only exception is the u-velocity, which is slowly 

ramped up in the region away from the wall (see figure A.l). 

V777777777777/ 
Figure A.l Initial condition of u-velocity for a step simulation. 

This initial condition deviates strongly from any expected solution of the BFS 

flow (c.f. figure 1.2), missing, for example, a recirculation zone. At startup, strong 

adjustments towards a physical Navier-Stokes solution appear, generating large dis

turbances which are convected downstream. Commonly, the most critical time in a 

simulation is reached when the startup vortex^ crosses the outflow boundary where 

^This startup vortex shares some resemblance with the startup vortex generated in experiments, 
e.g., if a water tunnel is turned on suddenly (c.f. Huang & Fiedler, 1997). 
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it can induce sufficiently large negative u-velocities to cause failure of the simula

tion. This frequently necessitates the use of an additional outflow treatment (c.f. 

section A.4 below). 

Once the startup vortex is convected out of the computational domain, i.e., after 

roughly one flow-through time, the resulting flow field can be used as the initial condi

tion for the desired backward-facing step investigation. For turbulent flows, however, 

several more flow-through times might be necessary to ensure converged statistics. 

Upper boundary 

Disturbance slot Outflow 

Inflow 

Walls 

Figure A.2 Locations of computational boundaries for a step simulation. 

A.2 Walls 

In a simulation, computational boundary conditions need to be imposed for the prob

lem to be well-posed (see figure A.2 for an example of computational domain bound

aries for a backward-facing step flow). These boundaries are usually artiflcial and the 

conditions enforced represent some sort of approximation to the local flow solution 

at these virtual boundaries. The only exception is a wall - a natural flow boundary 

where "physical" boundary conditions are available. At physical walls the no-slip 

no-penetration condition is enforced for the velocities. At disturbance slots, a time-

dependent wall-normal velocity can be prescribed, the other velocity components are 
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set to zero. The wall pressure p is calculated from the wall-normal momentum equa

tion. These equations, in the y- and a;-directions for horizontal and vertical walls, 

respectively, are 

and 

Note that the time derivative terms in the momentum equations are zero at the 

walls, except at disturbance slots, where these terms are neglected. For the present 

investigation, adiabatic walls are assumed, hence 

? = 0 (A.3) 
dy 

for horizontal walls and 
dT 

for the vertical wall. At corner points, the above equations are averaged. Wall density 

is computed using the equation of state for a perfect gas.^ 

A.3 Inflow Boundary 

At the inflow, Dirichlet boundary conditions are employed with the exception of 

pressure, which is given by 

i- '*•« 
Because T and p are fixed, the equation of state is violated. However, upstream-

travelling sound waves are allowed to pass through the boundary with much weaker 

reflections. 

^It seems simpler to compute the density at the wall from the continuity equation and then use 
the equation of state to obtain pressure. Unfortunately, this method turns out to be less stable than 
the approach described here thus incurring a larger computational cost due to a smaller timestep. 



197 

For laminar inflow conditions, the Dirichlet values are usually maintained from 

the initial condition, but can be described in a time-dependent fashion^. Whereas 

for a turbulent inflow, t ime-averaged proflles can be prescribed as used for RANS 

simulations, but, for unsteady simulations, the generation and prescription of instan

taneous turbulent inflow data might be required. To this end, the code is able to 

read in blocks of inflow data containing an arbitrary number of time steps and, if 

desired, assume periodicity of the inflow data. Alternatively, a generation method of 

inflow data frequently called "inflow recycling" can be used. For this method data 

from within the computational domain is rescaled and prescribed at the inflow. The 

procedure is an extension of the method proposed by Lund et al (1998) to subsonic 

compressible flow. 

A.4 Outflow Boundary 

The outflow boundary is treated by applying 

dx'^ 
= 0 (A.6) 

to all conservative variables. This condition fails where u < 0, or if |u| is near zero. 

This may occur when large-ampUtude structures travel through the boundary, as in 

the typical startup problem described in section A.l, for example. 

The pressure is held constant in time at the outflow, thus preventing the pressure 

field from drifting from its specified value. In unsteady flows, this boundary condition 

causes weak reflections of pressure waves, although the effect is minimal far upstream. 

However, for step and wake flows, the outflow boundary also has to be placed far 

enough downstream to allow for a full pressure recovery before the outflow. For these 

kind of flows, fixing the pressure too close to reattachment significantly infiuences the 

length of the recirculation zone. An outflow boundary placed even further upstream, 

^In this case, pressure can alternatively be computed from the equation of state for a perfect gas 
instead of using equation A.5. 
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inside the recirculation zone, causes negative M-velocities and the calculation will most 

likely diverge. 

The value of the outflow pressure is obtained by invoking the usual boundary-layer 

assumptions for the wall-normal momentum equation [Re oo, v U, ^  ̂  

hence 

p{y)  P \ f ree—stream • 

A ramification of this arises for turbulence modeling where the boundary-layer ap

proximation to the (averaged) momentum equation in y-direction yields 

(a.8) 
oy ay 

With pv'v'  — Ryy and integrating in y, we obtain 

P ^yy  Pw P \ f ree~stream • 

It turns out that keeping p+Ryy constant allows the pressure to fluctuate thus deteri

orating the quality of the simulation. In order to have a consistent outflow condition, 

Ryy can be ramped to zero at the outflow using a cosine-ramp (similar to equa

tion 2.10). Then equation A.7 holds again for the averaged pressure. Nevertheless, 

since simulations with and without ramping Ryy yielded identical results in the flow 

regions of interest, in most simulations the ramp was omitted. 

Code failure due to negative ^-velocities can be avoided by accelerating the it-

velocity before it reaches the outflow. To this end, Harris (1997) added a body 

forcing term to the x-momentum equation (2.2) 

^ + + (A.IO) 

Here the term introduced has the form 

G = f gpdx (A-11) 
j  x 
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where g is defined as 

9 = 9o 
X — x_ 

"max (A.12) 

with Umax — 1- The definition of g is such that the body forcing is larger where u is 

smaller. It is also ramped in from zero at a user-specified location Xa to full at the 

outflow (xe). Thus we obtain a resulting G as 

The constant go adjusts the strength of the forcing. If used, the values of Xg (as a 

distance in grid points from the outflow) and go are given in appendix G. 

As an alternative, filtering was employed to weaken the disruptive structures at 

the outflow, or the flow was ramped down to a prescribed state using a tailored 

ramping function which avoids strong reflections (c.f. Meitz, 1996). For the test cases 

considered, it turned out that the acceleration technique of Harris (1997) was not only 

the cheapest but also the most successful. As a consequence, for the computationally 

inexpensive preliminary simulations, this method was usually employed if an outflow 

treatment was required. On the other hand, the simulations for the major investi

gations required large computational costs and thus massively parallel simulations 

were carried out. For these cases, domain widths became smaller than the region of 

outflow treatment. However, an outflow acceleration using body forces breaks the 

parallelism due to integrating in the x-direction — hence the flltering technique was 

used instead. 

A.5 Upper Boundary 

For the present investigation, three different upper boundary conditions have been 

considered: a physical wall (see section A.2), a no-stress wall and a free-stream bound

ary. 

(A.13) 
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At the free-stream boundary, all first derivatives are set to zero, 

1 = 0. (A.14) 

with (f)  = u,v,  w, p, T,p.  The free-stream boundary must be sufficiently far away from 

the step (and the Mach number small enough) to ensure that this is a valid boundary 

condition. 

In combination with the free-stream boundary condition, an exponential decay 

condition for disturbances is available. This condition has been used in chapter 3.1 

for the Tollmien-Schlichting wave simulations enabling the use of lower domain heights 

than for the standard free-stream condition. Hereby equation (A.14) is rewritten in 

Fourier space as 

= —a. ( j)  — j = —a , (A.15) 

a = ^Q^ + -fl, (A.16) 

with (f)^ being the basefiow (i.e., the initial condition); 7fc is the wavenumber of the 

spanwise Fourier mode k; a is the the wavenumber of the Tollmien-Schlichting wave 

and can be obtained from linear stability theory. The basefiow was computed using 

equation (A.14) as boundary condition, making equation (A.15) equivalent to 

^ = (A.17) 

The solution of an ordinary differential equation of the form of equation (A.17) has 

the solution 

e -ay  (A,18) 

i.e., the disturbance 0' decays exponentially with a decay rate of d - thus the name. 

For no-stress walls, the physical wall boundary conditions of section A.2 are 

enforced, except for the u- and lo-velocities and pressure. For u, w and p, equa-
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tion (A.14) is used. No disturbance slots are possible for no-stress walls.'^ Note that 

a no-stress wall is a first order approximation to a symmetry condition. 

A.6 Lateral Boundaries 

Three-dimensional flows are simulated by treating the flow pseudo-spectrally in the 

lateral direction z, thus automatically enforcing periodic boundary conditions in the 

z-direction. For the present investigation, only symmetric transforms are employed, 

thus, at 2 = 0, a symmetry condition is enforced, and the periodicity condition holds 

then at 2; = would be the width of the full computational domain if no 

symmetry were assumed. At the symmetry planes it; = 0 and ^ = 0 are 

enforced, thus turning 2: = 0 and z = into no-stress walls. 

A.7 K -  £ Equations 

Initial conditions for the turbulence kinetic energy, K, and the turbulence dissipation 

rate, e, are obtained in several ways: 

(1) An algebraic turbulence model can be used for the velocity fleld at hand (a 

Baldwin-Lomax model has been implemented in the code). 

(2) Polynomials of arbitrary order can be described in the y-direction for K and 

e, either from experimental curve fits, some theoretical considerations, or just 

constant values setting a kind of turbulence level for the flow. 

(3) A separate calculation can be carried out, e.g., the boundary layer equations can 

be solved to provide a distribution for K and e. 

^For non-zero v-velocity, the boundary condition needs to be adjusted to zero vorticity in order 
to obtain a stress-free wall. 



202 

(4) Finally, one can solve the K -  e equations in a "stand-alone" mode with a 

"frozen" flow field. For this approach, the K - e equations are converged until 

changes in K and e are small, i.e., they fit to the flow field given. 

For the present investigation, methods (3) and (4) are most frequently employed. 

Method (2) is used to start the stand-alone simulation, usually constant values of 

K and e are prescribed. For this case, it is important that the constant values are 

neither too low (it will take far too long to reach the desired distribution of K and 

e) nor too high (the code might fail) .  Also, usually, e should be smaller than K hy a. 

factor of order one to avoid an immediate vanishing of the turbulence kinetic energy, 

i.e., a relaminarization of the flow-field. 

A set of boundary conditions for the K -  e equations is required as well. Due to a 

simpler implementation, boundary conditions are imposed for pK and pe rather than 

K and e. 

For pK, devising boundary conditions is relatively straight forward. At walls and 

no-stress walls JiK = 0. First and second derivatives are set to zero for the free-stream 

and outflow boundaries, respectively. At the inflow boundary, it is not uncommon 

that one has a fairly good idea about possible values for the turbulence kinetic energy, 

consequently, we can prescribe pK directly. The values of K can be deduced from 

root-mean-square values of the disturbance w-velocity obtained from experiments or 

a direct numerical simulation, for example. In some instances, however, where the 

flow field near the inflow is frozen, a von Neumann condition on pK is enforced, e.g., 

when obtaining an initial condition in stand-alone-mode or when using a transition 

ramp. 

Conversely, finding appropriate boundary conditions for pe is not a trivial task, 

see the review of Patel et al.  (1984) for different wall-boundary conditions on e, 

for instance. For the present study, simple boundary conditions are implemented 
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assuming that the error introduced by the simplified boundary conditions is of the 

same or lower order than the error committed by the turbulence modeling itself at 

these boundaries. Thus at walls and no-stress walls ^ = 0. Note, however, that the 

wall boundary condition for pe is consistent with the exact near-wall behavior under 

certain assumptions (c.f. Patel et al, 1984) and is at least not inconsistent with the 

wall maximum of e observed in DNS of turbulent channel flow. As for pK, first and 

second derivatives of pe are set to zero for the free-stream and outflow boundaries, 

respectively. The inflow conditions for pe might differ, depending on how well the 

initial condition at the inflow represents the final solution. If a detailed knowledge 

of inflow conditions exists, pe will be fixed, otherwise ^ = 0. The choice of inflow 

boundary condition for pK and pe for the diflPerent simulation cases is given together 

with the computational parameters in appendix G. 
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Appendix B: Discretization Schemes 

B.l The MacCormack Method 

For disrcetization of transport equations using the method of MacCormack (c.f. Tan-

nehill et ai, 1997), we rewrite the governing equations as 

^ = /(0). (Bl) 

Then the time-advancement of the MacCormack method can be expressed as 

(j)l  = (l)n +At f{(j)n) ,  (B.2) 

0n+l = + ̂ l) + ^ /('/'l) • 

Adding the two equations yields 

A/2 
<Pn+l  =  (f )n  +  A t  f { ( t )n )  +  ̂ / ( / (0n ) )  • 

By comparison with a Taylor series expansion, it can be seen that the leading trunca

tion error term is of order hence the accuracy of the MacCormack method is of 

second order in At. In the code, equations (B.2) are implemented the following way; 

01 At f : 

<^2 = </>! +At/(0i), (B.3) 

0n+l = 2^^" *^2) • 

For the numerical approximation of spatial derivatives, the MacCormack method 

applies "second-order split" differences, so called because when averaged the usual 

second-order central difference stencil is recovered. For brevity, only ^/-derivatives at 

point i and timestep n are given. The stencils for the a;-direction are obtained by 
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simply interchanging y with x. 

^V+ 
d y J n  

d y J n  

6' - 6'' Yn Y'l 

,z+l 
n 

A?/ 

Ay 
n 

n 

(B.4) 

At boundaries, second and third order one-sided differences are employed. Note 

that constitutive relations in the governing equations containing derivatives, such as 

heat flux or stress terms, need approximation as well. The same differences from 

equation (B.4) can be applied for these "inner" derivatives, but in the opposite split

ting direction of the corresponding "outer" derivative of the divergence operator in 

the transport equation. In case of viscous terms, so-called cross derivatives appear, 

where the "inner" derivative is taken in a direction perpendicular to the "outer" one. 

Formal second order accuracy of the spatial discretization is then only maintained if 

second order central differences are used for the "inner" derivative of the cross term 

(c.f. Tannehill et ai, 1997). Alternatively, all "inner" derivatives can be approximated 

using central differences. 

Harris (1997) solved the compressible Navier-Stokes equations for investigating su

personic wake flows. He suggests a fourth-order Runge-Kutta scheme for time-

integration. To this end, we rewrite the governing equations in the form 

Then the four substeps in a Runge-Kutta time-integration from t  = n to t  = n 1 

are given by Tannehill et al. (1997, p. 125):^ 

4>1 = + 

^The equations are implemented such that only three arrays are needed for reduction of data 
storage requirements. 

B.2 The Method of Harris 

dt '  
(B.5) 
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02 = 0n + ~^/(0l) 

03 = + At f{(j)2) 

<Pn+\ = 0n + ^[/(0n) + 2/(</'l) + 2/(02) + /(^s)] • 

(B.6) 

In the 2:-direction, Harris (1997) follows Thumm (1991). A pseudo-spectral ap

proach is applied, where the non-linear terms are computed in physical space while 

differentiation, integration, and imposition of most boundary conditions take place 

in spectral space (adiabatic walls and any free-stream boundary condition are pre

scribed in physical space). Furthermore, symmetry of the flow to the z = Q plane 

is assumed, thus symmetric variables are cosine-transformed whereas antisymmetric 

variables are sine-transformed. Hence computational time is reduced considerably 

compared to full (complex) transforms. With this setup, all variables are symmetric 

over half a wavelength, except for w, which is antisymmetric over this distance. The 

z-derivatives of the Fourier mode k for the cosine- and sine-transformed variables are 

then defined by 

respectively, where jk is the spanwise wavenumber of the Fourier mode k. 

Spatial derivatives in the x— and y—direction are approximated using split for

ward/backward differences, similar to the method proposed by Gottlieb & Turkel 

(1976) and applied to the compressible Navier-Stokes equations by Thumm (1991). 

This introduces artificial viscosity and increases the stability of the method by damp

ing oscillations the size of the grid mesh. The direction is altered at each Runge-Kutta 

(B.7) 

and 

(B,8) 
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substep, with the starting direction switched at each step in a four step progression. 

Again, for brevity, only stencils for the ^-direction are discussed in the following. 

For the "outer" derivatives, i.e., those in equations (2.1) to (2.3), the forward (+) 

and backward (—) difference approximations at y-position i and timestep n are 

These differences are generally referred to as "fourth-order split," since averaging the 

two difference stencils results in the usual fourth-order central difference. 

The "inner" derivatives, i.e., those in the stress tensor and heat flux terms, are 

calculated using either fourth-order central differences (like Thumm, 1991; Eissler, 

1995), or the same split differences as above, but in the opposite splitting direction 

than the outer derivatives. 

A study by Harris (1997), employing the modified equation for the combined tem

poral and spatial discretization scheme, demonstrates that when using the central 

"inner" differences, a third order method is recovered. This reduction in order of 

error convergence is caused by combining the "standard" Runge-Kutta method for 

time advancement with split differences. In this case a perfect addition of the split 

differences is not guaranteed. When using split "inner" differences, even second order 

terms are retained, caused by the cross-derivatives, i.e., terms with "outer" deriva

tives in the x- and "inner" derivatives in the y-direction and vice versa. However, the 

stability of the scheme is greatly improved, especially for the use of split differences 

for both, "inner" and "outer", derivatives. This increased stability is crucial for flows 

with corners such as the wake of Harris (1997) and the backward-facing step of the 

present investigation. The second-order terms seem to provide just suflicient damping 

for the calculations at the body corners where the highest velocity gradients occur, 

whereas the effect on overall accuracy of the simulations appears to be low. In the 

-0^+2 + 80^^^-70^ 

6Ay 

70i. - 80i.-' + 
6Ay 

(B.IO) 

(B.9) 
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incompressible limit, the cross terms vanish and high-order accuracy is retained. This 

can be seen for the Tollmien-Schlichting wave simulations in chapter 3.1. The low 

truncation error similar to fourth-order methods indicates a maintaining of higher 

order error convergence. However a fourth-order behavior of the method was also 

obtained by simulations of supersonic transition in a flat-plate boundary layer. For 

the same grid, computing with the method of Thumm (1991)^ and the method of 

Harris (1997) yielded identical results. Assuming this not to be a coincidence, a high-

order accuracy could be caused by the switching of the splitting directions over four 

timesteps. If we consider the method as a multistep method with timestep 4 At, the 

addition of the split differences over the four times four substeps might then actually 

work. To verify this, further investigations would be needed, in particular an error 

convergence study, which is not part of the present work. 

Boundary Outer Derivatives at Inner Derivatives at 
point adjacent to boundary boundary adjacent point 

Inflow cd/C{A^) h/0(A^) cd/0{A^) 
Outflow cd/0{/^')  h/0{A'^) h/0{A^) 
Free-stream Is/OiA") ls/0(A^) h/0{A^) 
No-stress wall sp/0{A'^) ls/0(A4) sp/0{A'^) 
Wall sp/0(A^) ls/0(A4) sp/0{A'^) 

Table B.l Boundary stencils for the spatial discretization in the x-y plane: Is - one
sided difference; cd ~ central difference; sp - split difference; 0(A") - truncation error 
of order n (for split differences only if added properly). 

At the boundaries Harris (1997) again follows largely Thumm (1991) employing 

consistent boundary stencils which maintain high-order accuracy and stability. The 

reader is referred to these references for the stencils. Table B.l summarizes the differ

ence approximations at the boundaries for use with outer and inner split-differences. 

For derivatives in the boundary conditions in appendix A, difference stencils are 

^The method of Thumm (1991) is second-order in time and formally fourth-order in space using 
a MacCormack-type time integration instead of the Runge-Kutta used here. 
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required as well. For pressure and temperature boundary conditions, fifth-order one

sided differences are employed, e.g., for solving the wall-normal momentum equations 

to obtain wall-pressure, i.e., equations (A.l) and (A.2).^ For boundary conditions 

involving the integration variables, second-order one-sided differences are used at 

free-stream boundaries. At the outflow boundary, Harris (1997), uses an one-sided 

difference for the zero second derivatives (see appendix A.4). Solving for the func

tion value leads then to a third-order truncation error. For the present investigation, 

various different outflow stencils have been tried for the point adjacent to the out

flow boundary, but the combination proposed by Harris (c.f. table B.l) seems to work 

best with regard to stability in conjunction with the numerical scheme for the interior 

points. 

B.3 Stability Limit 

All discretization schemes considered for the present investigation employ an explicit 

time integration and, consequently, are subjected to a timestep restriction due to 

stability constraints. As an estimate for the largest admissible timestep, the sta

bility criterion reported by Eissler (1995) is corrected and extended to simulations 

containing turbulence models; 

SF 
Atmax = / ) (B-11) 

VCFL2 + jr,2 ^ ^ 

1 ^ 1 + ^  \ v \ + ^  \ w \ + ^  
+ + (B,12) 

D  =  ( ' - ! : + ( B . 1 3 )  

(B.14) dm.ax TTldX 

Re min [Prx, ( J k ,  c^E] J  A.x'^ -f- '  
T 

1, 
(7 — 1) Ma Pr 

®Note that once the derivatives are discretized, we solve actually for the function values at the 
boundary, thus increasing the order of accuracy convergence by one. 
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with a safety factor SF 1.0 for the method of Harris (1997) with "inner" and 

"outer" split differences; SF 0.85 for the case of "inner" central differences. The 

criterion is local, thus it is computed for every point in the flow field and the lowest 

^tmax is then the estimated largest time step. 

Experience shows that equation (B.ll) works very well for simulations without 

turbulence models. With turbulence models, a lower safety factor might be necessary 

because the effect of the source terms on numerical stability is not included in the 

time step estimate. 

It is interesting to note that a low Mach numbers adversely affects Atmax through 

both diffusion limit D and CFL limit, whereas the direct impact of the turbulence 

modeling (/iy) enters through the diffusion only. Furthermore, for subsonic flows, the 

diffusion limit is dominated by the terms of the energy equation in dmax-
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Appendix C: Parallelization and Program Performance 

C.l Domain Decomposition Technique 

CPU 3 CPU 4 CPU 1 

Figure C.l Domain decomposition for an open BFS flow simulation with four pro
cessors (eight subdomains). 

A straight forward parallehzation of the code using a domain decomposition tech

nique is possible because time integration is explicit and no compact differences are 

used. This is carried out in the following way:^ The number of processors is speci

fied at runtime and the computational domain is then automatically divided into an 

identical number of "threads", i.e., areas of roughly equal size (in terms of memory 

requirements, i.e., number of nodes). One thread can contain several subdomains 

depending on the geometry. For a backward-facing step, two subdomains form one 

thread. Each subdomain is assigned a top, right, bottom and left boundary. These 

are declared as internal, wall, inflow, outflow, free-stream, or symmetry according to 

the location of the subdomain. For example, for the simulation of an open BFS flow 

with four processors as depicted in figure C.l, the subdomain in the top right corner 

will have the right boundary declared as outflow, the top boundary as free-stream, 

and the left and bottom boundaries as internal. Only internal boundaries need in

formation from neighboring domains. Since the method is explicit, the required data 

^The code parallelization was developed by Harris (1997) for his Navier-Stokes solver, but is not 
described in his thesis. For the present investigation, the algorithm and data structure is maintained 
for all extensions, e.g., the k-e solver and turbulence models. 
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is from the last timestep and readily available. Consequently, each processor can 

compute its subdomain independently. Synchronization has then to be taken care 

of at each substep of the time integration.^ Further data localization is obtained 

by combining all data required for computing a subdomain in a local data struc

ture. The assignment of domains to processors is done by using OpenMP. This limits 

simulations in parallel mode to shared memory machines. The maximum number 

of processors possible for a computation is limited by a minimum domain length in 

downstream direction, i.e., the number of points used by the widest finite difference 

stencil in use (up to six points for some one-sided differences). This is necessary, 

because the logistics do not support differentiation across more than two domains. 

Note that the "overhead" of the present parallelization lies only in communication 

and idle time of processors waiting for synchronization — the increase in memory 

usage and operations is insignificant. 

An additional benefit of the domain decomposition is that different boundary 

conditions can be readily assigned by fairly simple changes in the code. This has 

been exploited for the present investigation, where at the lower boundary of the 

symmetric wake computed by Harris (1997) the symmetry condition was replaced 

by a wall, and consequently a backward-facing step was obtained. Additionally, the 

upper free-stream boundary was in some cases changed to a no-slip or a no-stress 

wall, thus placing the backward-facing step into a two-dimensional channel, resulting 

in a one-sided or a double-sided sudden expansion, respectively. For this geometry 

existing experimental and DNS data could then be used to validate against. 

^Synchronization is also required after computing "inner" derivatives, e.g., stresses and heat 
fluxes. 
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C.2 Performance Study 

For the present investigation, most simulations have been carried out on machines of 

the SGI Origin 3k series with MIPS 400-700 MHz R12k or R16k processors, IP35 

or IP27 architecture and 8 MB cache and HP Alpha machines. The efficiency of the 

parallelization algorithm for these shared memory machines has been tested and it 

turned out to be high enough to justify the use of up to 200 processors — the max

imum number of CPUs possible for the largest problem size investigated. For some 

calculations even a superlinear speedup could be obtained, i.e., running a simulation 

with n-times the processors is more than just n-times faster. The reason for this 

lies in the fact that for smaller computations the memory requirements can exceed 

the cache of one processor but do not exceed the combined cache available to the n 

processors. Thus, if feasible, the number of processors was chosen to be sufficiently 

large for exploiting cache effects. 

In order to evaluate the performance of the parallel algorithm, we define the 

speedup 

and the parallel ejficiency 

Ep=^, (C.2) 
n 

where t{n) is the elapsed time of the computation using n processors. Amdahl's law 

states that the speedup is limited by the parallel fraction fp of the program; 

Sp=-^ (C.3) 
f + 1 - /P 1 - /P ^ 

for n —>• oo. A lower bound of the performance of any program can be estimated in 

millions of floating-point operations per second (MFLOPS).^ 

multiply-add carries two floating-point operations, but it is counted only as one instruction 
by the hardware counter used to obtain the M FLO PS-statistics. 
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Program performance on an SGI Origin 3800 with IP35 architecture is evaluated 

by computing 200 timesteps of a three-dimensional turbulent boundary layer simula

tion using 240 x 130 points and 16 Fourier modes (33 physical points). It represents a 

typical calculation which includes data input and output. The number of processors 

are varied and the problem size is kept constant, thus increasing the relative overhead 

of the parallelization with increasing number of CPUs} The memory requirements 

for this case are such that more than 33 processors are needed to fit the memory 

completely into cache, and 40 processors are the maximum possible due to domain 

length limitations. 

Number of MFLOPS Total CPU Ep 
CPUs per process MFLOPS time [s] 

1 101 101 2,500 1.0 100% 
2 106 212 1,197 2.1 104% 
4 94 376 691 3.6 91% 
8 90 720 348 7.2 90% 

12 89 1068 239 10.5 87% 
16 80 1280 198 12.6 79% 
20 72 1440 177 14.1 71% 
24 77 1848 142 17.6 73% 
30 84 2520 106 23.6 79% 
36 87 3132 86 29.1 81% 
40 85 3400 79 31.7 79% 

Table C.l Program performance on an SGI Origin 3800 for different numbers of 
processors and a fixed problem size. 

Table C.l and figure C.2 clearly show that increasing the number of processors 

incurs a performance penalty because of the additional communication associated 

with the parallelization. The penalty is visible in the decrease of M FLO PS per pro

cessor and parallel efficiency. Nevertheless, overall program performance (speedup 

and total MFLOPS) is still increasing and computation time is decreasing. Starting 

''The number of total communications between threads is a multiple of the domain height times 
the number of threads. Hence the relative overhead could be defined as the total number of com
munications divided by the total number of grid points. 
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with the use of 20 CPUs, the communication penalty is more than compensated by 

the appearance of cache effects. With increasing number of processors and hence 

increasing total cache size, more and more of the data can be accessed faster and 

parallel efficiency increases considerably. At 36 processors all data fit in cache. A 

further increase in CPUs does not enhance any cache effects and, consequently, can 

not compensate any concomitant increase in communication penalty. Thus the effi

ciency decreases again. However, the theoretical lines in figure C.2 show that fitting 

the data in cache is still equivalent to computing with an algorithm of higher parallel 

fraction — shifting the maximum speedup to higher values. 

it 0.6 

Figure C.2 Speedup (left) and efficiency (right) of parallization on an SGI Origin 
3800; circles (•) and squares (•) from computation with and without optimized 
multiprocessing environmental variables, respectively; theoretical lines from Amdahl's 
law with parallel fractions 100%, 99.3%, — 99%, and - • - 90%. 

In addition to exploiting cache effects, program performance can be enhanced 

by optimizing the scheduling environment of the multi-processor computer. In fig

ure C.2, results using the system default environment (squares) are compared with 

a user defined environment (solid circles). For more than four CPUs, the effect 

of an optimized scheduler is again equivalent to increasing the parallel fraction of 

the algorithm and hence highly effective in the case of a larger number of processors. 



216 

Clearly, any time invested in optimizing the scheduler environment is time well spent. 

For post-processing and running of small jobs, the code has also been ported 

to Dell PCs with Intel Pentium 4 processor and Linux operating system. Memory-

efficient I/O and easier data portability has been achieved by implementation of 

"eas3" from the Institute of Aerodynamics and Gasdynamics at Stuttgart University, 

Germany (http://www.iag.uni-stuttgart.de/people/daniel.meyer/eas3docu.html). 

http://www.iag.uni-stuttgart.de/people/daniel.meyer/eas3docu.html
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Appendix D: Grid Stretching 

Most of the flow activity is occurring in a region close to the step, therefore a high 

spatial resolution is needed close to the walls and in the shear layer. In addition, 

sufficiently large domain sizes in x- and y-direction have to be chosen to reduce the 

influence of artificial boundary conditions. The use of a uniform grid under these 

constraints would require an extremely large number of grid points. This is clearly 

inefficient in areas with small gradients that require only a low resolution. Therefore, 

in this study, a nonuniform grid is used. This drastically reduces the number of 

required grid points and, consequently, lowers the computational costs. The physical 

space (x, y, z) is mapped to a computational space {x, y, 2), where the grid is uniform. 

The grid stretching is rectangular, with x = x{x) and y = y{y) only. The equations 

are altered in that derivatives are taken in computational space and then converted 

to physical space by multiplication with the Jacobians of the mapping functions; 

D.l Polynomial Stretching 

A very good choice as a mapping function is a combination of first, third and fifth-

order polynomials (c.f. figure D.l). This allows for a fine grid near walls, with a coarse 

grid elsewhere. In addition, mapping functions x{x) and y{y) can be constructed that 

are continuous up to the second derivative and minimize additional errors due to the 

mapping. A typical grid used for backward-facing step computations is shown in figure 

D.2. Grid parameters, for the various simulations, are tabulated in appendix G. 

(D.l) 

(D.2) 
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Figure D.l Grid stretching for a backward-facing step: order of polynomials used in 
the mapping functions and definition of locations. 

-2.0 0.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0 22.0 24.0 

Figure D.2 Computational grid with polynomial stretching in the x- and y-directions 
(every fifth grid point plotted for clarity). 
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D.2 Hyperbolic Tangent Stretching 

For their backward-facing step simulation, Le & Moin (1994) used a combination of 

hyperbohc tangent (tank) functions for the mapping in the y-direction. For a better 

comparison with their case, the identical grid in the y-direction has been used. Details 

on the stretching function are presented in appendix A of Le & Moin (1994). Note 

that the mapping function is continuous up to the first derivative only. However, 

according to Akselvoll & Moin (1995), there would be no significant difference in the 

error if a combination with continuous derivatives were used instead. 

A typical stretching is illustrated in figure D.3. The grid used for the backward-

facing step computations in chapter 6 is shown in figure D.4. Grid parameters, for 

the various simulations, are tabulated in appendix G. 
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Figure D.3 Grid stretching using a hyperbolic tangent mapping function in the y-
direction. 
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Figure D.4 Computational grid with polynomial and hyperbolic tangent stretching 
in the x- and ?/-directions, respectively (only part of the domain shown and every 
second grid point plotted for clarity). 
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Appendix E: Turbulence Statistics 

E.l Exact Transport Equations 

We introduce the notation for an ensemble average of an arbitrary variable 4> and then 

define mean values and fluctuations for our basic variables in the following manner 

ensemble average oi  (f)  =  (p 

velocity Ui = Ui + u[ 

mean velocity Ui = Wi 

velocity fluctuation u[ = Ui — Wi 

pressure p = P + 'p' 

mean pressure P = p 

pressure fluctuation p' = p — p. 

We note that following identities are assumed to hold: + 02 = 0i + 02, c0 = c0 

with c = constant, ^ ^ ^ = 0, = 0. 

We recall the Navier-Stokes Equations for an incompressible^ fluid, i.e., the con

tinuity equation, 

and the momentum equation, 

\  D (  (1 DUI\  ^  
i V W  =  ̂  +  % g ; -  +  ̂ - ^ ( ^ ^ j = 0 ,  ( E . 2 )  

where A^(0j) defines the Navier-Stokes operator apphed to the vector (pi. 

^For simplicity, we constrain ourselves to incompressible flow, hence in the present dimensionless 
tation 0=^ = 1 and u. = ^ -

^  P o  ^ 1 ^ 0  
compressible equations in chapter 2. 

notation p =  ^  = I and u = ^  = 1.  p  and n are carried on for easier comparison with the 
Po ^0  
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An ensemble average of equations (E.l) and (E.2) and using above definitions and 

identities yields the well-known (incompressible) Reynolds-Averaged Navier-Stokes 

(RANS) equations 

m 
DXI 

=  0 ,  

N{UI)  = 
dpUi dpUi dP d f n dUi 

dt 
^U,  + 

dxi  dxn \  Re dxi  
+ 

DRJJ 

dXn 
-0,  

(E.3) 

(E.4) 

where RIJ PU\U'J is a new unknown (symmetric) tensor, called the Reynolds stress 

tensor, i.e., the correlation tensor for the velocity fluctuations. Finding the values 

for the components of Rij is the fundamental problem of (incompressible) turbulence 

modeling. In section 2.2.2, models for Rij are introduced, but here, we derive an exact 

transport equation for the Reynolds stress tensor by forming the following moment 

of equation (E.2); 

u'jN{ui) + u'iN{u,) = 0 . (E.5) 

By applying again above definitions and identities the resulting Reynolds Stress 

transport equations take the following form 

DRIJ DRIJ 
+  UK-

dt 

-\-Rik-^-^ + Rjk 
OXk 

DXK 
m 
DXK 

^ ^ DXI)  

d 11 DU'IU'J 

dxk \  Re dxk 

+ dxi  {jju'^u'iu'j + p' {Sjku' i  +  Siku' j )^ 

2-ALM ^  
Re dx] f  dx is  

=  0 .  

convection oiRij (E.6) 

production oiRij 

pressure-strain rate correlation (—Iljj) 

viscous diffusion of Rij / p 

turbulent diffusion {—Dij) 

turbulent dissipation rate (p^y) 
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Although we obtained six additional equations for the six components of Rij we 

have now even more unknowns in the three boxed terms above, i.e., the pressure-

strain rate correlation, the turbulent diffusion, and the turbulent dissipation rate, 

thus illustrating the closure problem of turbulence. Nevertheless, instead of modeling 

Rij directly we could choose to model these terms and solve the transport equations 

for Rij. 

It is more insightful to discuss equation (E.6) for one component with i = j. Prior 

multiplication of the equation with a factor of | then yields 

PDU l2 I2 

2 dt 
.  P J J  

2 dxk 

+RKI 
DXK 

T ( 

d DU'I 
dxk \  2Re dxk 

+&(< +P'))  

^  Re ) \DXK) 

convection of^^ 

production ofit^^ 

pressure-strain rate correlation 

viscous diffusion 

turbulent diffusion ofitf 

turbulent dissipation rate 

(E.7) 

=  0 .  

The term can be interpreted as the kinetic energy contained in the fluctua

tions of the velocity component Ui. The kinetic energy of these fluctuations is therefore 

convected with the mean flow, it is produced by work of the Reynolds stresses. It 

is destroyed by turbulent dissipation and redistributed in space by viscous and tur

bulent diffusion. The pressure-strain rate correlation, or better pressure-dilatation 

correlation, represents an exchange of energy between fluctuations of different veloc

ity components. Summing equation (E.7) over all indices i and defining 

and 

K = \u'iu\ 

£ = DU': DU; 
pRe dxj  dx j  

results in the familiar transport equation for the turbulent kinetic 

energy K: 
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convection o f K  (E.8) 

production of K 

viscous diffusion oiK 

turbulent diffusion [—Dk = 

(isotropic) turbulent dissipation rate 

The pressure-dilatation term no longer appears in this equation, since it only redis

tributes kinetic energy between components and does not alter their sum. The term 

cancels out due to the (incompressible) continuity equation for velocity fluctuations 

which can be obtained by subtracting equation (E.3) from equation (E.l). Conse

quently, for the i^^-equation, only two terms need modeling: turbulent diffusion and 

dissipation rate. 

Note that above equations can be found in the fundamental paper of Rotta (1951), 

even though in different notation and sometimes with minor differences in their deriva

tion. In addition, Rotta (1951) presents a derivation for the Poisson equations for 

total, mean, and fluctuating pressure. These equations are helpful for understanding 

pressure-strain rate correlation models, but are not included here. 

It is possible to derive an exact transport equation for the (isotropic) turbulent 

dissipation rate e by forming the following moment of equation (E.2): 

2 // du'^ dN{u'^ _ 

Alternatively, we could derive a transport equation for the dissipation rate tensor Sij 

+ 

dpK dpK 

dt  ^ dxj  

DUI 
-\-Ri 

^  DXJ 

d f  OK 

DXJ Re dxj 

DXI (U'J 

+pe 

= 0 
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using the moment 

2 F I  F D U [ D N { U ' J ) ^ D U ' ^ D N { U ' ^ '  
=  0 .  

pRe \dxk dxk dxk dxk / 

A contraction of this transport equation {e = ^) yields as well the s-equation: 

d f p de 

(E.IO) 

dps dpe 

dt ^dxi 
P.  + D, + 

dxi V Re dxn 
(E.ll) 

The boxed terms Pg, Eg, and Dg contain unknown correlations representing produc

tion, dissipation rate, and turbulent diffusion of the (isotropic) dissipation rate, re

spectively. For details on these terms see Hanjalic (1994), for example. 

Exact transport equations for other characteristic scales of turbulence (j) can be 

written in the same form as equation (E.ll): 

dp4> , t t^P^ _ -D 1 n I ^ 

Even though equations of this form are frequently postulated, it is possible to derive 

them by using the relationship of the quantity 0 with K and e and their corresponding 

transport equations (E.8) and (E.ll). An equation for the turbulent time-scale tt = 

y, for example, is then given by 

DpTT ^ 1 DpK K Dpe 

Dt e Dt Dt ' ^ ^ 

where ^ -t- UJ^ is the substantial derivative of P4) .  Similarly, an equation 

for w = :^ = -1: can be derived by using 

Dpuj 1 Dpe e DpK 

Dt K Dt K^ Dt 
(E.14) 

Another equation, frequently considered for the development of turbulence models, 

R'  • 6 '  • is based on the Reynolds stress anisotropy tensor bij = —f-. Using the method 

from above, we can construct the (exact) transport equation in the following manner 

^ f P^Pjj  _ DpK\ , , 

Dt ~ 2pK \ Dt pK Dt J ' ^ ^ 
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where the substantial derivatives of Rij and pK are replaced using equations (E.6) and 

(E.8). The resulting equation is rearranged using the definitions of bij, the dissipation 

anisotropy tensor dij = ^ — ^6ij and the mean strain rate and rotation rate tensors 

= I (i| + St) = I (i| - Sf)- For convenience, we combine the 

viscous and turbulent diffusion terms in and and write the production of 
j 'h 'f y ^t 

turbulent kinetic energy as pP^ = —Rij Finally, noting that and 

simplifying the expressions by invoking (incompressible) continuity and symmetry 

properties of Sij and Wij yields 

DBIJ _ DBIJ 
Dt dt dx k 

2'S'jj ^b-UfShj -\- Si^bkj ^b/^iSkiS-i^ -1- {bip^W)~j ikbuj^ 

f ^  +  A .  - U,. 
\K K J 2pK 2 pK \ pK 2 ) K 

It is important to realize that the Reynolds stress anisotropy equation will inherit 

any modeling of the pressure-strain rate correlation Tlij, turbulent diffusion correla

tion Dij, and turbulent dissipation rate of the Reynolds stress equation. Solving 

equation (E.16) together with the turbulent kinetic energy equation (E.8) is equiv

alent to solving the original Reynolds stress equation (E.6). Equation (E.16) is the 

starting point for the development of algebraic Reynolds stress models (c.f. Gatski & 

Jongen, 2000, for example). Assumptions in deriving these models and their depen

dencies on other transport equations will be discussed in section E.3. 

Note that in deriving the above transport equations for turbulence statistics no 

modeling assumptions have been made and only exact equations have been derived. 

Hence, these equations are also valid in unsteady laminar and transitional flows. 

Properties of turbulence and, thus, restrictions to turbulent flows enter only through 

model terms. For this reason, equation (E.16) could also serve as a starting point for 

the development of models for laminar-turbulent transition. 
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E.2 Modelled Transport Equations 

Once we choose an appropriate model for the Reynolds stress Rij, further models are 

necessary in order to close the transport equations for the characteristic turbulence 

scales used in the Reynolds stress model - in our case, the K and e equations, i.e., 

equations (E.8) and (E.ll), respectively. By inspecting these equations, we note that 

following terms require modeling: turbulent diffusion of K and e, i.e., and Dg, 

and production and dissipation of the turbulent dissipation rate, i.e., Pg and eg. 

Transport due to turbulent dijfusion. This term, existing in both the K and 

£ equations, is commonly approximated by invoking a model of similarity between 

gradient transport of momentum and the turbulent quantity in question, thus 

The coefficient cr^ is an effective Prandtl number for turbulent diffusion. This kind 

of model has already been used by Kolmogorov (1942) and remains even today state-

of-the-art. The eddy viscosity is usually taken as 

Ht = C^PKT, (E.18) 

with t = tt = — £ to  ' 

Production and dissipation of the isotropic turbulent dissipation rate. These terms 

are commonly modelled by assuming a similarity between the production and dissi

pation of the turbulent kinetic energy K and its dissipation rate e. On dimensional 

grounds it follows 

pPg = pPk̂  = Sij  ̂ (E.19) 
T T 

and 

pes = pe — , (E.20) 
T 
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where and Ce2 are constants and r = tt = y- The turbulent time-scale tt is 

chosen as the characteristic time-scale to be consistent with the argument of param

eterizing the evolution of the (small scale) dissipation in terms of quantities of the 

large-scale fields. In general, however, the appropriate time-scale is more likely a 

combination of tt and the Kolmogorov time-scale tk = y Speziale & 

Gatski (1997) derive an equation for the scalar dissipation rate from the exact dissipa

tion rate equation for the case of homogeneous turbulence. Thereby production and 

dissipation terms in form of equation (E.20) appear which depend on tk- However, 

Speziale & Gatski (1997) remove this dependency on the Kolmogorov time-scale by 

invoking an equilibrium hypothesis. 

Modelled transport equations. Substituting equations (E.17), {E.19) and (E.20) in 

the exact (incompressible) transport equations for K and e, i.e., equations (E.8) and 

(E.ll), results in 

with T = Tt = y pPk = —Rij Sij. Frequently a damping function is added to 

the dissipation term in equation (E.22). The compressible transport equations which 

are actually solved for the present investigation have been introduced in section 2.2.4 

and are taken from Speziale (1998a). The main differences lie in the use of Favre av

erages and the addition of dilatation terms, most prominently the pressure-dilatation 

model of Sarkar (1992). The reader is referred to Speziale & So (1999) for a review 

on modeling compressible flows. 

Next we will devise a modelled equation for the turbulent time-scale. This is 

easily achieved by using equations (E.21) and (E.22) to eliminate the substantial 

derivatives of K and e in equation (E.13). For our purpose, it suffices to restrict 
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ourselves to homogeneous turbulence where the viscous and turbulent diffusion terms 

vanish; hence 

^ = ^ = (E.23) 

Assuming equilibrium turbulence, where the turbulent time-scale does not change 

in time, yields the equilibrium value of the production-to-dissipation-rate ratio in 

homogeneous turbulence: 

Closure coefficients. Values for all closure coefficients are tabulated in appendix 

G.l. The various constants in the models are calibrated using theory, experiments, 

or DNS data for special cases. is obtained for the case of decaying isotropic 
1 

turbulence, for example, where K ̂  t  is the solution to equations (E.21) and 

(E.22). Once C^, and are calibrated, (Xg can be computed by enforcing the 

slope Ci of the "logarithmic law of the wall" (see equation (2.51)): 

C l  ( C , , - C , J c r , y ^ = l .  ( E . 2 5 )  

In addition, Cazalbou et  a l .  (1994) recommend 2 ax  — I  <  cr^ and ^ < 2 to 

ensure a realistic behavior of the turbulent diffusion terms at free-stream boundaries. 

E.3 Explicit Algebraic Reynolds Stress Models 

The idea of reducing the full Reynolds stress equation (E.6) to an explicit algebraic 

model of the Reynolds stress tensor Rij is equivalent to assuming the existence of 

a constitutive relation for the Reynolds stresses in the turbulent flow. Rij is then 

locally and solely related to the mean velocity field and characteristic scalar quantities 

of the turbulence. Lumley (1970) shows that Rij can be determined from the mean 

velocity field and boundary and initial conditions of the velocity fluctuations. He 
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then assumes that sufficiently far from boundaries of the turbulent region or after 

initiation, boundary and initial conditions of the fluctuations may at most set the 

levels of the turbulent time and length scales. If this assumption holds, we can write 

R i j = f i U k , l , T ) ,  ( E . 2 6 )  

where Uk, I and r need to be known everywhere and at all earlier times. Pope (1975) 

relates I and r to K and e and assumes further that all macro-scales of turbulence 

are proportional to these two scales. With this assumption and for turbulent flows 

with homogeneous rates of strain, i.e., homogeneous turbulent statistics, he simplifies 

above relation to 

= / ( 5 w , W w , | ) ,  ( E . 2 7 )  

i.e., 

= (E.28) 

where S'y, Wij, K and e are now local quantities. For two-dimensional mean flows. 

Pope (1975) then derives an explicit algebraic (Reynolds) stress model (EASM) from 

the full Reynolds stress closure of Launder et al. (1975). We follow Gatski & Jongen 

(2000) in deriving the EASM of Rumsey et al. (2000), which includes the model of 

Pope (1975) and Gatski & Speziale (1993) as special cases. 

E.3.1 Derivation, Assumptions and Dependencies 

Figure E.l illustrates how to derive an EASM from turbulent transport equations 

and, therefore, highlights its dependency on these equations. In previous sections we 

have already arrived at an exact equation for the Reynolds stress anisotropy bij (E.16) 

and modelled equations for K (E.21), e (E.22) and, for homogeneous turbulence, the 

turbulent time-scale tt (E.23). Starting from the exact &y-equation, an EASM can 

then be constructed in three major steps: 
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Reynolds Stress 
Equations 

EASM 

Exact 8-Equation Exact K-Equation 

Modelled e-Equation Modelled K-Equation 
Equations / A!SM  

Modelled Tj-Equation 

Navier-Stokes Equations 

Figure E.l Dependencies of EASM on turbulent transport equations. 

1) Specifying a model for the pressure-strain rate correlation Iljj. Thus a modelled 

6jj-equation is obtained. 

2) Using assumptions on the advection, turbulent transport and viscous diffusion 

terms yields an implicit algebraic (Reynolds) stress model (ASM). 

3) Expanding bij in a finite tensor polynomial in terms of invariants of bij, Sij and 

Wij allows for the construction of an explici t  ASM. The selection of the basis 

terms and the determination of the scalar coefficients in the expansion, however, 

frequently incur further assumptions. 

A detailed, but general, description of these steps can be found in Gatski & Jongen 

(2000). Here, we will focus on deriving the EASM of Gatski & Speziale (1993) and 
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the improved version of Rumsey et al (2000) with an emphasis on the assumptions 

necessary. 

First, we introduce the model of Speziale et al (1991) for the pressure-strain rate 

correlation 11^. It can be written in the form 

We restrict ourselves to turbulent flows with two-dimensional mean and homogeneous 

statistics. This allows us to neglect the term quadratic in bij (c.f. Speziale & Xu, 1996) 

and we obtain^ 

with constants C° = 3.4, Cl = 1.8, C2 = 0.36, C3 = 1.25 and C4 = 0.4. Note that, 

strictly speaking, C2 is only a constant if equilibrium of bij is assumed; otherwise there 

remains a dependency on the second invariant of bij. The linear model of Launder 

et al. (1975), which Pope (1975) used, can be obtained by setting = 3.0, C} = 0, 

C2 = 0.8, C3 = 1.75 and C4 = 1.31. 

Independent from specifying a pressure-strain rate correlation model and the as

sumptions included therein, we assume: 

1) Weak equilibrium of the turbulent stress anisotropy, i.e.. 

Iljj f ipij, Sij, , -K", £^) • (E.29) 

~t" pK I bil^SjP; bjhSiP; rfbklSkl '̂l 

(E.30) 

CI PK {PIKWLIJ 

(E.31) 

^The terms are reordered and the constants Ci are renumbered to be consistent with Gatski 
& Speziale (1993) and Gatski & Jongen (2000) rather than Speziale et al. (1991). The density is 
included to be consistent with our definition of the Reynolds stresses. 
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2) An anisotropy behavior of the turbulent and viscous diffusion in the form of 

tot T-\tot _ 9 f)tot I 
2pK 

(E.32) 

f l D K ^ ^  P k . ,  

with 72 = 0 for the EASM of Gatski & Speziale (1993) and Pope (1975), and 

72 = 1 for the model of Rumsey et al. (2000). Note that equation (E.32) is 

always fulfilled for homogeneous turbulent flows, where = 0. 

3) The hypothesis of local isotropy for the turbulent dissipation rate (Kolmogorov, 

1941), i.e., 

dy = 0 . (E.33) 

With above assumptions and the linearized Iljj-model, equation (E.16) reduces to 

an implicit equation for bif 

bij — a^CKiSij -|- 0,4^0,2 ipik^^kj ^^ik^kj^ 

<^4^3 ( ^IK^KJ ~l" ^KL^KL^IJ  J > (E.34) 

where the coefficients ai are directly related to the closure coefficients Cj of the 

pressure-strain rate model; in addition, 0:4 depends on the turbulent time-scale and 

the production-to-dissipation-rate ratio: 

"2=^(2-C4),  a,  = i  (2 -  C3) ,  

0:4 
K 

e 

Tt 

C? ,  C |  \  P k  f  I D K  

2 

-1 

.Pk 1 DK 
7i + (70 - 72) h 72 1 + —— 

6 \  E Ut 

-1 

(E.35) 

f^O 
with 7o = -^ -h 1 and 71 = - 1. 
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If we used the definition of BIJ,  we could write an implicit ASM for RIJ.  Instead, 

we will represent the Reynolds stress anisotropy as a tensor polynomial 

N 

n=l 

(E.36) 

We restrict ourselves to a three-terms tensors basis, which is exact for the two-

dimensional mean flow we assumed earlier (see Gatski & Jongen, 2000): 

rp{ l )  
i j  

m{2) 
i j  

rp{ 3 )  
i j  

s. I]  1 

— Sik  kj  ik  S  kj  1 

~ SIKSKJ .  

(E.37) 

(E.38) 

(E.39) 

The key element in deriving an explicit ASM is then to project the algebraic equa

tion (E.34) onto the tensor basis itself by forming the scalar product of equation (E.34) 

with each term (see Gatski &: Jongen, 2000; Rumsey et al, 2000, for details). Solving 

the resulting system of equations for the polynomial coefficients results in: 

-1 

A (1) 0^4 OL\ 2 <3^4 SijSij 2 al aj WijWij 

.(2) CK' ' = 

A (3) 

— C^4 Q - i  

(Y,^ OI2 

—2 Q!4 AS A^^^ 

1 -

(1) 

2 2 c2 A^A^ D A^ AL 
-1 

(E.40) 

(E.41) 

(E.42) 

(E.43) 

By substitution in equation (E.36) we obtain 

BIJ — A^ ^ ^ S-IJ  A4 A2 ^ SIKWI^J IK^KJ^ 

2 Q;4 Q!3 { SiifSkj ^SkiSf-l̂ ij (E.44) 

For the model of Pope (1975) equation (E.44) already constitutes an explicit 

ASM. However, for the other models, the formula still is implicit in bij due to the 
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dependency of ol^ on the the production-to-dissipation-rate ratio, and, hence, on the 

Reynolds stress tensor. 

Gatski & Speziale (1993) assume a constant production-to-dissipation-rate ratio 

Then, together with 72 = 0, 0^4 is proportional only to tt and equation (E.44) results 

again in an explicit expression for bij. Performing a regularization on ai, combining 

and renaming the constants, and using the definition of bij allows us to rewrite the 

tensor polynomial of equation (E.44) as the explicit Reynolds stress model of Gatski 

& Speziale (1993) (see section 2.2.2). 

Rumsey et al. (2000) note that, for incompressible, two-dimensional mean flows,^ 

However, since for their model 72 ^ 0, the substantial derivative of K in the for

mula for needs replacement. This is done by use of the modelled /^-equation for 

homogeneous turbulence and equilibrium of the turbulent time-scale, thus 

and, by invoking the equilibrium condition on the turbulent time-scale = 0, set 

(E.45) 

^ = -2 bij Sij TT = S'^ tt . (E.46) 

(E.47) 

and we rewrite the coefficient q;4 as 

04 = TT 7i - 5^ TT (70 - 72) + 72 
-1 

= [T I* - To Tt] ^ , (E.48) 

^T^pSij = 0 due to symmetry and, in incompressible 2£)-flows, T^pSij = 0 due to symmetry 

and continuity, hence 2BIJ SIJ — 2 SIJ = S'^. 
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where 72 = 1 and, consequently, 

7; = 70 -  72 = f- ,  (E.49) 

7.-71+72 (^—j^ -  Y + -^73r'  

Substituting equation (E.48) in equation (E.40) yields a cubic equation for the poly

nomial coefficient which can be solved analytically for the "correct" root (see the 

section below). Then again, equation (E.44) forms an explicit expression for bij. By 

using the definition of the Reynolds stress anisotropy tensor, the EASM^ of Rumsey 

et al. (2000) (see section 2.2.2) is obtained: 

2 

3 

=  ' ^ p K 5 i j - 2  p K T t  +  a 4 a 2  ( ^ S i k W k j  -  W i k S k j ^  

- 2014eta (SikSkj - ̂ SkiSkAj] I . (E.51) 

Rij  — pK 5i j  2 pK bi j  

Note that, for both the model of Gatski & Speziale (1993) and Rumsey et al. 

(2000), a dependency on the equilibrium production-to-dissipation-rate ratio is main

tained. This requires that the coefficients C^i and Cg2 in equation (E.24) must be 

identical to those used in the modelled e-equation (E.22). 

In terms of standard two-equation turbulence models, in equation (E.51) 

represents a variable coefficient depending on the invariants of the mean strain and 

rotation rate tensors, the turbulent time-scale and the production-to-dissipation-rate 

ratio. We recall that the term based on does not produce any turbulent kinetic 

energy, it merely redistributes energy between components of the Reynolds stress ten

sor. The same is true for the term based on for incompressible, two-dimensional 

mean flows. Therefore, in comparison to the EASM, linear eddy-viscosity models, 

like the K-e model introduced in section 2.2.2, incur similar computational costs, but 
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commit at least two additional errors: They assume a constant value for ^ and 

they neglect mechanisms for redistribution of kinetic energy between Reynolds stress 

components. 

With respect to full Reynolds stress closures or their corresponding implicit ASM, 

the above models of Gatski &: Speziale (1993) and Rumsey et al (2000) will predict 

identical results in case of turbulent flows with two-dimensional mean, homogeneous 

strain and turbulence in equilibrium. This will be achieved at a considerably lower 

computational cost, since only two instead of six transport equations for turbulent 

statistics need to be solved. Deviations from equilibrium and homogeneity, however, 

can only be accounted for indirectly - through the transport equations of the charac

teristic turbulent scales, i.e., the modelled K and e equations. As long as the mean 

flow stays two-dimensional, the dominant error will be committed by the assump

tion of constant coefficients which, in general, should depend on scalar invariants of 

the basis tensors. For three-dimensional mean flows, additional terms in the tensor 

polynomial need to be included. 

E.3.2 Solution Algorithm for Cubic Equation of EASM^ 

For the EASMa of Rumsey et al. (2000), the following cubic equation for the coeffi

cient ar = needs to be solved: TT 

al + pal + qar + r = 0 , (E.52) 

with 

2 7! 

CKi a\ Q? a^ 

" 3 70=^ 4 ~ ' 

7! 
IYOS'4F'  

p = 

Q = 

r = 
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Jongen & Gatski (1999) showed that the root with the lowest real part of equa

tion (2.32) is the correct solution. An explicit formulation for calculating this root is 

given by Rumsey & Gatski (2001): 

If 52 4 < 2 • 10"® then 

A -r = 
AI 7î  

jf - 0.5 al 52 ' 

otherwise, 

o = 

b = 

d 

1 _ (2.\ 
3  V 3 /  '  
/Py _ P G  
V 3 /  3  2  

r 

2 ' 

= 6 + o , 

-H - \ -VD 

then, if d > 0, 

= \ 

T2 =  ^—B + VD 

a-r = min 

whereas if d < 0 then 

0 = COS~'^ 

H 

H 

p . . p ti h 

\/^ 
P ^ f' 

— - + 2\/—acos I -

P 271-

H 

A-r 

3+2v/=5a,s(^-+ J 

P r, /— 47r 
- -5 + 2v^oos + -

= min[ti,t2,h] . 

The resulting C* = — i s  l i m i t e d  b y  C *  =  max [ C *  , 5 - 1 0  
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E.4 Statistical Parameters 

Ristorcelli (1995) compiled parameters for application as diagnostic statistical tools 

for complex turbulent flows. The use of these statistical tools allows for assessing 

the quality of the turbulence models employed in representing the turbulence. In ad

dition, the adequacy of assumptions made in deriving the turbulence models can be 

verified. The parameters have been derived from the (incompressible) Reynolds stress 

equation (see equation (E.6)) or from dimensional analysis. In the following, a list of 

parameters considered useful for the present investigation is given. Most definitions 

have already been introduced above or in the chapter on turbulence closures (see 

section 2.2) and are repeated here for completeness. In order to reflect the possibility 

of a variable density, Favre averages and fluctuations are used where appropriate. 

The reader is referred to Ristorcelli (1995) for a more detailed description and further 

parameters. 

Parameters characterizing the mean deformation: 

Mean-flow enstrophy 

= COICOI = 2 WIJ WIJ (E.53) 

Strain rate magnitude. 

(E.54) 

Invariant of mean deformation. 

1 < 
S J J  S I ,  -  W J ,  W J J  { S ^  - Q^) -4 g 

- SIJ SIJ + WI, WIJ (S^ + 02) (52 + ^72) -
(E.55) 

Parameters derived from transport equations; 

The Reynolds stress tensor. 

Rij  =  pu'y j  p  u"u" (E.56) 
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Turbulent intensity. 

Turbulent kinetic energy. 

_ 2  — ~ 9  \ /  ~ 9  u y pw^ V 

2p 2 

Reynolds stress anisotropy tensor. 

Turbulent dissipation rate tensor. 

II ( du', du'. 
z- ' ' •' 
/ 

Isotropic Turbulent dissipation rate. 

' du'f" 

Dissipation rate anisotropy tensor. 

2e 3 

Production of turbulent kinetic energy. 

Production to dissipation rate ratio. 

PR Rij ^ij 
e pe 

Characteristic scales of the turbulence: 

Turbulent time-scale. 

(E.57) 

K = ^a iSx (E.58) 

bij = - i(Sy = - -(5jj (E.59) 
" 2pK 3 " 2pK 3 " ' ' 

(E.61) 

'h = (E-62) 

PPr = -pu'i^'j Sij = -Rij Sij (E.63) 

(E.64) 

K 1 
Tr = — = - (E.65) 

e CO 



Kolmogorov time-scale. 

Turbulent Reynolds number. 

lie II 

Spatial spectral bandwidth. 

Temporal spectral bandwidth. 
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Turbulent length-scale. 

= ^ (E.67) 
e u) 

Kolmogorov length-scale. 

Re^ = ^ i?e ̂  (E.69) 

j' = {ReT)' (E.70) 

— = {Rer)'' (E.71) 
TK 
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Appendix F: Identification of Coherent Structures 

For a definition of coherent and vortical structures, see chapter 2.4.6. Here, a general 

discussion of identification techniques found in the literature is presented. Methods 

deemed practical for the present investigation are described in greater detail and their 

performance is evaluated in section 3.3 for a von Karman vortex street in the wake 

of a two-dimensional bluff body. 

F.l Visualization Techniques 

Streamlines or velocity vectors in a coordinate system moving with the structures. 

This criterion is essentially the definition of a "vortex" by Robinson (1991) as quoted 

in chapter 2.4.6. Unfortunately, it requires a priori knowledge of the convection speed 

of the structures under investigation. This makes the method less attractive for educ

tion of vortical structures in turbulent flows. Nevertheless, for the simple test cases 

below, it is sufficient to subtract the time-averaged flow and look at instantaneous 

streamlines or, equivalently, velocity vectors of the disturbance velocity field. 

Local pressure minima. The idea of looking at local pressure minima is derived from 

a simple balance of centrifugal and pressure forces for an inviscid fiuid in rotation. 

Plotting instantaneous isosurfaces or contours of pressure will then reveal closed con

tours in the vicinity of the local minimum. A straight forward method, alas, it can 

be misleading as discussed in Jeong & Hussain (1995). 

Vorticity. It is understood that a vortical structure must possess vorticity. Therefore, 

it seems natural to look at instantaneous contours of vorticity magnitude or vorticity 

components. Unfortunately, highest levels of vorticity are usually found in shear-

layers and close to walls where velocity gradients of the mean fiow are high. Hence, 

instantaneous layers of high shear, mean flow gradients and vortical structures can 



243 

not be distinguished. 

Analysis of the velocity gradient tensor = Vu for vortex core identification. Meth

ods based on this analysis are closely related to finding the eigenvalues of Vu. These 

eigenvalues A can be found by solving the characteristic equation, 

+ PX^ + Q\ + R = 0. 

P, Q and R are the (principal) invariants of Vu, 

dui 

(F.l) 

P = -
dxi ' 

Q = _ (p2 ^ 

dui 
R = —det 

d x j j  

with the strain rate and vorticity tensors 

5'.. — i >Jij — ~ 
duj du. 
+ 

2 V dxj dxi 

w =-(?^ 
" 2 I dxi 

8% 

(F.2) 

(F.3) 

(F.4) 

(F.5) 

(F.6) 

being the symmetric and antisymmetric part of Vu, respectively. 

The /S.-criterion (c.f. Chong et al, 1990) is based on a critical point analysis of 

the velocity gradient tensor. Circular instantaneous streamlines around a point in a 

coordinate system moving with the velocity of this point can be expected for complex 

eigenvalues of Vu. This is the case if 

Ac = 27R'^ + (4P^ - 18PQ) R + (4Q^ - P'^Q^) > 0. (F.7) 

For incompressible flow, P = 0 due to continuity, then this criterion simplifies to 

A = ( f ) ' + ( f r > o  (F.8) 
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It should be noted that this method is GaUlean invariant and thus independent of 

the velocity of the reference frame. This property makes it a very good choice for 

identifying vortical structures in the sense of the definition of Robinson (1991). 

The Q-criterion (c.f. Hunt et ai, 1988; Dubief & Delcayre, 2000) is named after 

the second invariant of Vu. For incompressible flow, Q simplifies to 

Q = I {WijWi, - Si,Si,) = 52) . (F.9) 

This can be interpreted as a balance between the magnitudes of rotation and strain. 

For Q > 0^, rotation dominates straining, thus fulfilling the definition of vortical 

structures given in chapter 2.4.6, i.e., the definition of Chong et al. (1990). By 

inspecting equation (F.8), we see that for Q > 0 follows A > 0. Consequently, the 

criterion of positive Q is more strict than the A-criterion and, hence, the definition 

of Chong et al. (1990) is more strict than the one of Robinson (1991). Note, in two 

dimensions, Q reduces to 

Thus the determination of Q is computationally as cheap as computing vorticity in 

two dimensions. 

According to Jeong & Hussain (1995), a further improvement in predicting the 

presence of vortical structures can be achieved if one considers the eigenvalues for 

Aij = SikSkj + WikWkj instead of those of Vu. Note that all eigenvalues are real, 

because Ajj is a symmetric tensor. For at least two negative eigenvalues, domination 

of rotation over straining is ensured if effects due to viscous diffusion and irrotational 

straining are discarded. Thus the name X2-criterion, after negative contours of the 

second largest eigenvalue A2. 

It should be noted, that except for very special cases, the A, Q and A2-criteria 

will yield very similar results, see Jeong & Hussain (1995), Dubief & Delcayre (2000) 

^Hunt et  al .  (1988) defines the invariant as I I  = —Q, thus I I  < 0. In addition, they employ this 
criterion in conjunction with a local pressure minima condition. 
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and the test results in section 3.3, for example. 

Shear-layer visualization using the second invariant of the strain-rate-tensor. This 

method has been proposed by Meyer (2003). The second invariant of the strain-rate-

tensor, Sij, can be written as 

(F.ll) 

The use of the invariant ensures a measure of the magnitude of strain independent of 

the coordinate system. It can be seen as a balance between shearing and stretching. 

For lis < 0, shearing is stronger than stretching. Meyer (2003) demonstrated the 

usefulness of this method for a transitional boundary-layer. In his study, negative 

lis contours highlighted regions of high shear in the presence of so-called A-vortices. 

F.2 Statistical Methods 

Conditional sampling. These methods are frequently used for experimental investi

gations. A priori knowledge of some characteristics of the structure to be detected is 

required in order to obtain a condition to base the sampling upon. Only structures 

with this characteristic will then be identified, stronger structures might go along un

detected. This biases the outcome toward the "prejudices" of the observer. The vari

able interval time-averaging (VITA) method is arguably the most popular method in 

the literature. For this method, a coherent event is deduced if the local variance of the 

measured signal (to a running or a short-time average) attains a predetermined level. 

Other methods use local gradients, high-frequency intermittency, the sign (quadrant) 

of the product of two velocity components, etc. A review on conditional sampling 

techniques can be found in Antonia (1981). Yuan & Mokhtarzadeh-Dehghan (1994) 

compared various methods for a turbulent boundary layer with zero pressure gradi

ent, not surprisingly, they found that different conditions deduced the presence of 

lis = I {SnS_ jj Sij Sij) 
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different coherent structures. From inspecting the literature, these methods seem less 

promising for the present study and, consequently, are discarded. 

A strongly related method is linear stochastic estimation {LSE, c.f. Berkooz et ai, 

1993; Bonnet & Delville, 2001). In LSE, an estimate for a conditional probability 

density function (CPDF) is obtained by sampling with respect to a reference signal. 

Symbolically, we may write 

=  a j { x i )  ( f j {t), (F.12) 

where (j) and can be any flow variable, (j) is the linear estimate of the CPDF of (f>, 

and the (pj are the N known points of the reference signal. aj(xi) is the solution of 

the N equations 

((j){xi, t) (pk{t)) = aj{xi) {(pk{t)) , (F.13) 

with () denoting a time-average.^ This leads to a linear estimate of the contribution 

of the reference signal on the average. The method seems especially promising if the 

flow is forced and the forcing signal is known. 

Decomposition techniques. These methods are essentially "structure flltering" tech

niques. The flow field is triple decomposed, in an average, a part associated with the 

coherent structures, and random noise. Most methods are based on Fourier trans

forms, e.g., band-pass/band-reject filters (see the review of Bonnet & Delville, 2001, for 

examples) and decomposition of the flow field based upon a wavelet analysis (Farge 

et ai, 2001). 

The most popular method by far is the use of proper orthogonal decomposition 

{POD, c.f. Berkooz et ai, 1993). The POD extracts a basis for a modal decom

position of the flow field by finding eigenvalues and eigenfunctions of the two-point 

correlation tensor. The basis is optimal in the sense that this decomposition requires 

the least modes in order to capture the most energy contained in the flow. Assuming 

^To be more general, an ensemble average could be used. 
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that the most relevant structures in the flow contain the most energy, then POD 

seems to be an ideal tool to extract exactly these structures. The algorithm applied 

for the present study follows Rempfer (1991):^ The two-point auto-correlation tensor 

is given as 

The eigenvalues A and eigenfunctions o'j{xk) can then be found as solutions to the 

Fredholm integral equation of the second kind over the volume V 

The eigenfunctions are orthogonal and can be normalized. Furthermore, the kinetic 

energy contained in POD mode n is equal to thus the most energetic structures 

are easily identified. Note that for a travelling structure two independent modes are 

necessary to describe it completely, e.g., a travelling wave has a cosine and a sine 

component in order to describe all phase locations of the wave. In POD, the eigen

values of the two modes will have roughly equal values, since the energy content of 

the structure is largely unaffected from the relative phase location. 

Pattern recognition methods. The combination of spatial correlations, POD modes or 

any other "pattern" with conditional sampling leads to pattern recognition methods. 

These methods are popular with experimentalists, very likely because more promising 

methods often require the taking of derivatives of measured quantities, which in most 

experiments is difficult and leads to noisy signals. See Scarano et al. (1999) for a 

pattern recognition algorithm applied to a turbulent backward-facing step flow. 

Vk) ( ) • (F.14) 

(F.15) 

®The actual code used was written by Gross (1997). 
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Appendix G: Computational Parameters 

The computational parameters used in all simulations are given in the tables below. 

The parameters for the computational domains are illustrated in figure G.l for the 

example of a backward-facing step. I and J are the number of points in each direction. 

k is the number of Fourier modes used for three-dimensional calculations. Xin, Xouti 

Utop and ytjot are the locations of the inflow, outflow, top and bottom boundaries, 

respectively. Ly and are the domain sizes in the x-, y- and z-directions. Thus 

Lx = Xout ~ Xin and Ly = ytop — Vbot- The coordinates {xc,yc) mark the location of 

the upper (convex) corner at the step and {xo,yo) define the origin of the coordinate 

system, i.e., the coordinates (0.0,0.0). For step simulations, Xq = Xc and yo = ybot, 

i.e., yc = 1.0 (one step height). For wake flows, xq = Xc and yo is located at the 

centerline, i.e., yc = 0.5 (half the body height). Xsi, Xs2, Xs3, ysi and ys2 are locations 

related to the grid stretching (c.f. appendix D). 

I 
h 

h 

ytop 

ys2 Ji 

yc 

ysi 

ybot 

J 

_j 

Xc -Csl ^s2 -^sS ^out 

Figure G.l Domain dimensions and boundary locations for a backward-facing step. 
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G.l Constants for Turbulence Closures 

The turbulent Prandtl number for closing the turbulent heat flux model of equa

tion (2.11) is Prr = 0.9. Turbulent eddy viscosities are closed with Cg = 0.065 or 

Cs = 0.1 for the Smagorinsky-type model of equation (2.12) and — 0.09 for equa

tion (2.15) - used by all other models. The constants Ca2 and Caz for the pressure 

dilatation model in the source term of the resolved energy equation (2.33) must be 

identical to those used in the K - equation (2.34), see table G.l. All other constants 

are compiled in tables G.l, G.2 and G.3 below. The incompressible form of the trans

port equations and turbulence models are obtained by setting Ca2 = C'as = C'ea = 0 

and noting that Skk = 0 for p = constant. 

Transport 
Equation 

Constants in 
Production Term 

Constants in 
Dissipation Term 

Constants in 
Diffusion Term 

K - equation (2.34) C.2 = 0.15 Ca3 = 0.2 gk = 1.0 

e - equation (2.35) C,, = 1.44 C,„ = 1.83 
= 10-3 

Oe = 1-3 

Table G.l Closure constants in transport equations. 

Model CXi Oi2 as 7o CT 
K - e  2C^ = 0.18 0 0 - - - -

EASM 0.227 0.0423 0.0396 - - 12 -

EASMa 0.487 0.8 0.375 0.9 1.786 18 4.6 

Table G.2 EASM closure constants in equations (2.18) to (2.32) for representing 
various turbulence models; EASM of Gatski & Speziale (1993) obtained with ^ = 
1.886, EASMa of Rumsey et al. (2000). 

Function fix fe2 
Equation (2.17) (2.36) 
Calibration constant A+ = 25 A, = 10 

Table G.3 Calibration constants in damping functions. 
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G.2 Tollmien-Schlichting Wave 

The setup follows case lb of Fasel & Konzelmann (1990). Baseflow simulations were 

carried out with adiabatic wall boundary conditions. Forced flow simulations were car

ried out with isothermal conditions, thus maintaining the baseflow wall-temperature 

and assuming vanishing temperature disturbances at the wall. Note that for flat plate 

simulations Ay|y^2 — ^vlybot ^ Aj/| Vwal l '  

Parameter Value Parameter Value 

Re 10^ \xin « 400 
Ma 0.25 To* 300 K 
Pr 0.71 7 1.4 

Forcing period T 0.45 Forcing amplitude A 10-4 

Table G.4 Physical parameters for Tollmien-Schlichting wave simulations. 

Parameter Value Parameter Value 

Domain size: 
Xin 0.54 Xout 4.124 

Vbot 0.0 Utop 0.1 

Forcing slot location: 
Xa 0.82 Xe 0.89 

Parameters for exponential decay boundary condition: 
a 37.6 

Grid size: 
I 513 J 88 

"Equidistant" grid resolution: 
At 1•10-4 ys2 0.03 

Ax 

Ay 

7•10-3 

5•10-4 

'^y\vs2 
Ay 

^ylvtcp 
Av 

1. 

13. 

"Stretched" grid resolution; 3rd order polynomial 
At 5•10-5 ys2 0. 

Ax 7•10-3 ^y\y.<i2 
Ay 0.5 

Ay 5•10-4 ^y\vtofi  
Av 

7. 

Table G.5 Computational parameters for Tollmien-Schlichting wave simulations (un
less specified otherwise in text/figure). 
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G.3 Sudden Expansion 

The setup fits the two-dimensional simulations of Le &: Moin (1994), Barton (1997) 

and Barkley et al. (2002) with ER = 2.0 (reference experiment by Armaly et al, 1983, 

£R= 1.94). 

Ren Case Grid : lih) X J ^in ^out Ax At Extras L 

100 A 149(128) X 65 -6.6 20.0 0.157 0.002 isg 3.64 
B 128(128) X 65 0.0 20.0 0.157 0.002 - 3.91 
C 159(128) X 33 -9.7 20.0 0.157 0.002 isg 3.64 
D 159(128) X 129 -9.7 20.0 0.157 0.002 isg 3.64 
E 221(201) X 65 -4.0 20.0 0.1 0.002 isg 3.65 

150 A 149(128) X 65 -6.6 20.0 0.157 0.002 isg 4.96 
200 A 149(128) X 65 -6.6 20.0 0.157 0.002 isg 6.14 
300 A 149(128) X 65 -6.6 20.0 0.157 0.002 isg 8.15 
400 A 149(128) X 65 -6.6 20.0 0.157 0.002 isg 9.65 
500 A 221(201) X 97 -4.0 20.0 0.1 0.002 isg 10.79 
600 A 221(201) X 97 -4.0 20.0 0.1 0.002 isg < 11.7 > 

B 221(201) X 97 -4.0 20.0 0.1 0.002 bf,isg 11.7 
700 A 221(201) X 97 -4.0 20.0 0.1 0.002 bf,isg 12.6 

L 431(401) X 129 -9.0 40.0 0.05 0.001 sg 12.6 
750 A 221(201) X 97 -4.0 20.0 0.1 0.002 bf,isg < 12.95 > 

B 361(351) X 101 -1.0 35.0 0.1 0.002 bf 13.05 
C 391(351) X 101 -4.0 35.0 0.1 0.002 bf 12.9 
L 431(401) X 129 -9.0 40.0 0.05 0.001 bf,sg 12.9 

800 A 221(201) X 97 -4.0 20.0 0.1 0.002 bf,isg < 13.5 > 
L 431(401) X 129 -9.0 40.0 0.05 0.001 bf,sg < 13.5 > 

900 A 221(201) X 97 -4.0 20.0 0.1 0.002 bf,isg < 14.6 > 
L 431(401) X 129 -9.0 40.0 0.05 0.001 bf,sg < 14.6 > 

1000 A 421(401) X 129 -2.0 20.0 0.05 0.001 bf,isg < 14.3 > 
L 431(401) X 129 -9.0 40.0 0.05 0.001 bf,sg < 15.8 > 

1500 A 421(401) X 129 -2.0 20.0 0.05 0.001 bf,isg < 13.6 > 
L 431(401) X 129 -9.0 40.0 0.05 0.001 bf,sg < 13.8 > 

Table G.6 Investigated validation cases. Ay = -j^; Ma =• 0.25. Extras: bf - outflow 
acceleration (xg = 20 and = 1-0); sg - stretched grid in x; isg - stretched grid in 
inlet only; <> ~ time-averaged value. 
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G.4 von Karman Vortex Street 

The boundary condition for pressure at the base is ^ 0 order instead of 

solving the wall-normal momentum equation to fifth order. Derivatives at walls are 

only second order. Note that for wake flows = 0.5. 

Parameter Value Parameter Value Parameter Value 

Re = Reu 1,000 ^ Uo 0.2 Ma 0.25 
Pr 0.71 7 1.4 To* 300 K 

Table G.7 Physical parameters for the von Karman vortex street simulation. 

Parameter Value Parameter Value 

Domain size: 

^in -3.0 ^out 20.67 

Vbot -3.9 Vtop 3.9 

Body forcing factors for outflow treatment; 

Xs 20 points 90 1.0 

Grid size: 
/ 190 J 159 

h 50 Jl 59 

h 140 J2 50 

Grid resolution: 
At 2•10"^ 
Ax 3•10-2 Ay 1.67-10-2 

Grid stretching: polynomial 

Xsl 0.5 Vsl 0.0 
Xs2 4.0 ys2 0.5 

Ax 
Axjxr 

Ax 
Asjj;,, 

Ax 

Ax 

18.0 

5.0 

0.5 

2.5 

10.0 

Aj/ij/o 
Ay 

^y \yc 
Ay 

^ylvtop 
AH 

1.0 

1.0 

10.5 

Table G.8 Computational parameters for the von Karman vortex street simulation. 
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G.5 Turbulent Boundary Layer 

Inflow boundary conditions for the K e equations were Dirichlet conditions (fix

ing the initial values). The initial condition was obtained using an incompressible 

boundary layer solver with the standard K - e model. 

Parameter Value Parameter Value 

Re 10^ R^e \xin 1,440 
Ma 0.5 To* 300 K 
Pr 0.71 7 1.4 

Table G.9 Physical parameters for the turbulent boundary layer simulation. 

Parameter Value Parameter Value 

Domain size: 

^in 0.0 ^out 2.4 

Vbot 0.0 Vtop « 0.55 

Grid size: 
/ 81 J 160 

"Stretched" grid resolution; 3rd order polynomial 
At 5•10-5 ys2 0. 

<1 
<1 

3•10-2 

2•10-4 

^y\v.,2 
Ay 

'^ylvtop 
Ay 

1. 

50. 

Table G.IO Computational parameters for the turbulent boundary layer simulations. 
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G.6 Unforced Transitional Backward-Facing Step 

Laminar flow separates at an open backward-facing step, the flow transitions and reat

tachment is turbulent. All simulations were carried out using a free-stream boundary 

condition at the upper boundary (see appendix A.5). Inflow boundary conditions for 

the K - £ equations were ^ = 0 and = 0. 

General Parameters: 
Re = RBH 3,000 

Pr 0.71 
Ma 

7 

0.25 
1.4 To* 300 K 

Profile at step: 
Reg 233 SH 0.56 HI2 2.4 

Inflow profile (Blasius similarity solution): 
Reg 235 5 X-•^TN 0.59 Hl2\XIN 2.6 

Table G.ll Physical parameters for all unforced BFS simulations at Ren = 3,000 
and 6e = 0.56. 

Parameter Value Parameter Value 

Domain size: 
Xin 

Ubot 

L,  (if 3D) 

-2.33 
0. 

3.2 

^out 

Utop 

25.8 
6.0 

Outflow treatment: 4th order filter 

Xs 20.0 frequency once every time step 

Table G.12 Geometric parameters and outflow treatment for all unforced BFS sim
ulations at Ren = 3,000 and dn = 0.56. 
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Parameter Value Parameter Value 

Grid size: 
I 601 J 200 

h 50 Ji 50 

h 551 J2 150 
k (if 3D) 9 or 16 points per -^2/2 17 or 33 

Grid resolution: 
At 2•10"^ (if 3D) 0.1 or 0.05 
Ax 2•10-2 >

 

2•10-2 

Table G.13 Discretization parameters for unforced BFS simulations at RCH = 3, 000 
and 6e = 0.56 on the baseline, "fine" and "finest" grids. 

Parameter Value Parameter Value 

Grid size: 
/ 301 J 100 

h 25 Ji 25 

h 276 J2 75 
k (if 3D) 4 

Grid resolution: 
At 4 • 10~3 Az (if 3D) 0.2 
Ax 4 • 10-2 Ay 

1 0
 

T—
1 

Table G.14 Discretization parameters for unforced BFS simulations at Ren = 3,000 
and 6h = 0.56 on the "coarse" grid. 

Parameter Value Parameter Value Parameter Value 

all grids baseline, "fine" 
and "coarse" grids 

"finest" grid 

Xsl 

Xs2 

XsS 

Ax 

Ax 

Ax 

1.0 
20.0 
24.0 

5.0 

1.0 

2.0 

10.0 

ys i  

y s2  

^y \yhnt.  
A.y  

^y \yc.  
Ay 

^y \vtop 
Ail 

0.0 
3.0 

1.0 

1.0 

7.5 

ya l  

y s2  

^y i vbo t  
Ay  

'^ylvc 
Ay 

^y \vtop 
Ay 

0.0 
1.0 

0.345 

1.75 

4.0 

Table G.15 Parameters for polynomial grid stretching for all unforced BFS simula
tions at Ren = 3, 000 and 5h = 0.56. 



256 

G.7 Forced Transitional Backward-Facing Step 

The setup matches the experiments of Huppertz (2001), see also Wengle et al. (2001): 

Two-dimensional, harmonic disturbances are introduced to a laminar boundary layer 

which separates at a backward-facing step. A free shear layer develops and the flow 

transitions to turbulence prior to reattachment. All simulations were carried out us

ing a free-stream boundary condition at the upper boundary (see appendix A.5). 

^in ^out Lz ^total tave At At(iyg 

DNSi -5.0 17.92 6. 430 210 ? ? 

DNS2 -1.5 20.0 6. 500 300 1.8-10-2 1 5 - A t  

DNSs -1.5 20.0 6. ? 450 1.8 • 10-2 15-At 

Hh) J(Ji) K Ax"'' ^Vmin ^^ref grid 
at at Xj-gj at Xref stretching 

DNSi 513(?) 193(?) 129 6 2.2 7 x,y 

DNS2 561(?) 129(?) 129 « 7 1 7 
DNSs 561(?) 129(?) 129 Si 7 1 ^ 7 x,y 

Table G.16 Computational parameters of reference simulations; DNS\ of Wengle 
et al. (2001), DNS2 of Kaltenbach & Janke (2000); DNS3 of Jiirgens & Kaltenbach 
(2003); Ren ~ 3, 000; ER = 1.09; K = points in the lateral direction; ? = unknown; 
wall coordinates scaled with Ur at Xref ~ 15.0. 

General Parameters: 
Re = Ren 3,000 Ma 0.25 

Pr 0.71 7 1.4 To* 300 K 

Profile at step: 
Ree 80 5H 0.2 to

 2.4 

Inflow profile (Blasius similarity solution): 
R'(^e\xin 68 ^ 1 ^in 0.17 ^ulxin 2.6 

Forcing (—0.474 < x 

0
 

0
 

1 

V
I 

St 0.45 T 2.2 A 0.04 

Table G.17 Physical parameters for all forced BFS simulations at Ren = 3,000 and 
6H = 0.2. 
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Parameter Value Parameter Value 

Domain size: 

^in -2.05 ^out 21.08 

Vbot 0. Utop 11.9 
L, 0.2 to 6.4 ER 1.09 

Grid size: 
/ 581 J 201 

h 44 Ji 80 

h 537 J2 121 
k up to 33 points in z per Lzl2 up to 65 

Grid resolution: 
At 2•10-3 Az 5•10-2 
Ax 2•10-2 Ay 1.25 • 10-2 

in wall coordinates at Xref = 15.0: 
XLj- at Xj-fij 0.052 at Xref 6.25 + <1 

2.0 Az~^ at Xref 8.0 

Simulation time and averaging interval; Atave = 4 • At = 8•10-3 

t total {Lz > 6.4) 726. tave {Lz > 6.4) 308. 
Uotai (1-6 <Lz < 6.4) 1034. tave (1-6 < Lz < 6.4) 616. 

t total (Lz < 1-6) 1956. tave (Lz < 1-6) 1538. 

Outflow treatment: 4th order filter 
Xs 19.0 frequency once every substep 

Table G.18 Computational parameters for forced BFS simulations at Ren = 3,000 
and (J'ij = 0.2 on the baseline grid in x and y. 

Parameter Value Parameter Value Parameter Value Parameter Value 

baseline x -grid "long" X- grid baseline y-grid "fine" y-gnd 

Xsl 1.0 Xsl 1.0 Val 0.0 Vsl 0.0 
Xs2 - Xs2 8.0 ys2 1.5 YS2 1.0 

Ax 
AX\xq 

Ax 
Asia;,J 

Ai 

Ax 

5.0 

1.0 

2.0 

2.0 

Ax 
Ax\xc 

Ax 
AsU,, 

Ax 

Ax 

18.5 

5.0 

1.0 

2.0 

4.0 

Ay 
^Y\^yc 

Ay 

^YLVTOP 
Ay 

1.0 

1.0 

29.2 

^y \vhnt 
Ay 

^Y\vc 
Ay 

^y \vtop 
Av 

0.48 

1.6 

18.6 

Table G.19 Parameters for polynomial grid stretching for all forced BFS simulations 
at RCH = 3,000 and 5H = 0.2. 
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G.8 Turbulent Backward-Facing Step 

The setup matches the experiments of Jovic & Driver (1994): an incoming turbulent 

boundary layer at x = —3.05 with 5 = 1.17, Ree w 600 and Hi^ = 1.45 separates 

at a backward-facing step. The step is located in a two-dimensional channel with 

expansion ration ER =1.2. Due to symmetry only one half of the channel height is 

simulated, with a no-stress wall (see appendix A.5) at the upper boundary approxi

mating the plane of symmetry. For simulations solving the K - e equations, Dirichlet 

boundary conditions were enforced for K and £ at the inflow boundary. 

^in ^out L,  ttotal tave At Ataug 

DNS -10. 20.0 4. 381 109 1.8-10-^ 6 • At 
LESi -0.3 20.0 4. 520 390 2.0-10-2 1-At 
LES2 -2.5 20.0 4. 1,050 300 1.5-10-2 7 

LESa ? L< 18.0 4. ? ? ? ? 

m J(Ji) K ^^min ^ymin A2+ grid 
stretching 

DNS 769(513) 193(70) 65 10 0.3 15 y 
LESi ?(112) 48(?) 32 9 1.1 25 x,y 
LES2 151(113) 56(24) 65 ? ? ? X , y  
LESs ? ? ? ? 1.3 ? ? 

Table G.20 Computational parameters of reference simulations; DNS of Le & Moin 
(1994) and Le et al. (1997), LESi of Akselvoll & Moin (1995); LES2 of Kang & Choi 
(2002); LES3 of Lesieur et al. (2003); Reu ~ 5,000; ER = 1.2; K = points in lateral 
direction; ? = unknown; wall coordinates scaled with inlet grid stretching uses 
hyperbolic tangent function of appendix D. 

Parameter Value Parameter Value Parameter Value 
Re = Ren 5,000 Ma 0.25 

R^6 \xin 600 ^ U- 1.17 HI2 \xin Pi; 1.45 
Pr 0.71 7 1.4 To* 300 K 

Table G.21 Physical parameters for all BFS simulations at Ren = 5,000. 
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Parameter Value Parameter Value 

Domain size: 

Xin -0.32 ^out 20.0 

Vbot 0. Vtop 
ER 

6.0 
1.2 

Simulation time: 
t 180-240 (until convergence) 

Grid size: 
I 294 J 351 
h 286 Ji 250 

h 8 J2 101 

Grid resolution: 
At 1•10-4 
Ax 0.04 Ay 0.004 

in wall coordinates using Ur at Xm of DNS "case A" 
Uj- at x-i-^ Pi 0.05 
Ax~^ \ min 10. \max Si 50. 
Ay~^\min Ri 0.675 Ay~^\max 41.4 

Grid stretching: 
type in x polynomial type in y polynomial 

Xsl 7.52 Vsl 0.0 
Xs2 19.2 ys2 1.0 
Xs3 

Ax 
Ax\xc 

Ax 
Ax j iCqi 

Ax 

Ax 

^out 
1.0 

1.0 

1.0 

5.0 

Ay 
^y\yc 

Ay 

^y\ytop 
Ay 

0.5625 

1.5 

34.5 

Table G.22 Computational parameters for RANS calculations at Ren = 5,000. 
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Parameter Value Parameter Value 

Domain size: 

^in -3.06 Xout 20.0 

Vbot 

L, 
0. 
8.0 

Vtop 

ER 
6.0 
1.2 

Simulation time: 
t 21 

Grid size: 
I 601 J 193 
h 74 Ji 70 
h 527 J2 123 
k 16 points per L^l2 33 

Grid resolution: 
At 3 • lO"'' Az 0.125 
Ax 4•10-2 Ay 3.125-10-2 

in wall coordinates using Ur at Xin 
Uj- at x-iji 0.05 Az+ 30. 
Ax~^\ffiin 

Ay^ \min 

0.5 
0.3 

Ax~^\max 

Ay~^\max 

pa 30. 
31. 

Grid stretching: 
type in x polynomial type in y hyperbolic tangent 

Xsl 1.0 6 0.7963 
Xs2 Xout 6 6.0 
Xs3 

Ax 

Xout 

3.0 
71 

72 

2.2 

1.1 
Ax \ x c  

Ax 0.05 ^y\vhot.  
Ay 0.037 

Ax \ x,-f 
Ax 

Ax O
 

O
 

^y\yc 
Ay 

'^ylvtop 
Ay 

0.038 

4.0 

Outflow treatment: 2nd order filter 

Xs 19. frequency once every timestep 

Table G.23 Computational parameters for DNS of "case A" at RCH = 5, 000. 
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Parameter Value Parameter Value 

Domain size; 

^in -0.4 ^out 20.0 

Ubot 
L, 

0. 
0.4 

Utop 
ER 

6.0 
1.2 

Simulation time and averaging interval; a , e= A - A t  =  2 -  10-^ 

ttotal 179. ^ave 94. 

Grid size; 
I 511 J 301 

h 501 Jl 200 

h 10 h 101 
k 21 points per L2/2 41 

Grid resolution; 
At 5•10-4 0.005 
Ax 0.04 Ay 0.005 

in wall coordinates using u-r at Xin of DNS "case A" 
Uj- at X'l'^ fy 0.05 Az+ 1.5 

Ax~^ w 10 \min 1.5 

Grid stretching; 
type in x polynomial type in y polynomial 

Xsl 1.0 Vsl 0.0 
Xs2 ^out ys2 1.0 
Xs3 

Ax 
Ax \ x c  

Ax 

Ax 

Ax 

^out 
1.0 

1.0 

1.0 

1.0 

^ylvpot 
Ay 

^y\yc 
Ay 

^y\vtop 
Av 

1.0 

1.0 

28.0 

Outflow treatment; 4th order filter 
Xs 19.0 frequency once every substep 

Table G.24 Computational parameters for DNS of "case B" at Ren = 5,000. 
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