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ABSTRACT 

This work investigates complete Mueller matrix polarization signatures in 

scattered light. A number of samples are studied using Mueller matrix imaging 

polarimetry, where samples are actively illuminated Vkdth a sequence of known 

polarization states. The capabilities of the Mueller matrix imaging polarimeter for scatter 

measurements are explored. 

Measuring polarization properties in scattered light from targets is important in 

remote sensing because polarization offers additional information unavailable from 

intensity measurements alone. Polarization helps discriminate surface features or 

material properties. The Mueller matrix contains detailed polarization and depolarization 

information for scattering objects, and every Mueller element conveys polarization 

coupling information. 

Polarization signatures are obtained at a number of different illumination and 

scatter angles, and a Mueller matrix bidirectional reflectance distribution function in one 

dimension is used to compare various targets. Polarization metrics including 

diattenuation, retardance, and depolarization obtained from Mueller matrix data images 

provide methods for comparison, classification, and discrimination of targets. This work 

examines these reduced polarization parameters and how they vary as a function of 

scattering geometry, in order to determine which polarization signatures are the best 

discriminants for remote sensing or metrology. The Mueller matrix bidirectional 
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reflectance distribution ftinction, diattenuation, retardance, and depolarization properties 

are studied for a diverse group of manmade samples. A group of leaf samples is also 

studied, to examine how natural samples behave and to compare natural and manmade 

samples. 

The most prevalent and useful discriminants for scattering samples appear in the 

depolarization data. Although this is not unexpected, these depolarization properties 

have not been studied in detail before and are not well described in the literature. Most 

depolarizing samples investigated showed an inverted Gaussian profile of depolarization 

magnitude versus scatter angle, vwth minimum depolarization for specular reflection 

which increases asymptotically as the scatter angle increases. Other patterns are found in 

the more noisy diattenuation and retardance data. 
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CHAPTER 1 

INTRODUCTION 

1.1. impetus and Scope 

Scatter poiarimetry is a unique combination of three fields in optics. Poiarimetry 

exploits the oscillation of the electric field of light to gain information about objects that 

the light interacts with. Scatterometry studies the properties of light scattered from 

objects. Remote sensing is the gathering of useful information about an object without 

mechanical interaction with it (i.e. studying targets from a distance). 

Each field is widely developed, but only recently has the intersection of the three 

become studied. The union of these fields into scatter poiarimetry yields a measurement 

method providing valuable data for the identification and discrimination of object 

properties (e.g. material, roughness, or geometry). Increased interest in the role of scatter 

polarization in remote sensing has partially stemmed from exploration of new techniques 

for solving very difficult remote sensing problems, such as detecting a missile 

camouflaged in the desert. Difficult discriminatory tasks may be made easier with the 

additional information that polarization provides. The observed polarization 

characteristics help discern differences in light originating from various scattering 
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sources within a scene of interest, and offer more information than intensity signatures 

alone. 

Polarization scattering has been studied in increasing degrees of complexity over 

the last 50 years. Some have studied polarization scattering through multiply-scattering 

or turbid media.Other studies have examined polarization scattering from a 

surface.Theory and modeling of scatter polarization has been discussed,and new 

1 - 5  ' y f \  
polarization measurement schemes mcluding null eilipsometry have been described. ' 

Most studies, however, have been restricted to a single aspect of sample measurement or 

scatter theory. Currently, the published scatter polarization data for various samples is 

scarce. Such data proves useful in a multitude of remote sensing applications, including 

target identification and the metrology of various surfaces and materials. 

Scattered light is important to understand for two primary reasons. First, it 

dominates the light we observe from our environment. From a remote sensing 

standpoint, light illuminating a surface (either passively or actively) does not generally 

strike at angles of incidence causing specular reflection into the line of sight of the 

detector used, and hence one relies on observation of scattered light. Secondly, scattered 

light offers a sensitive detection scheme for examining various attributes of an object 

under test, such as surface roughness. 

Tools to combine polarization, scattering, and remote sensing are complex. Given 

recent advances in imaging polarimetry, * scattered light metrology, ' and calibration 

techniques,^^'^^ the combination of these applications yields a powerful characterization 

methodology warranting ongoing investigation and use. 
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This work studies Mueller matrix images in scattered light from samples, 

providing a full polarization-sensitive characterization. The Mueller matrix images 

describe polarization coupling efficiencies between arbitrary incident polarization states 

and exiting polarization states. Scattered light Mueller matrices are measured for a 

variety of test samples, including fabric, concrete, and leaves. For each sample, Mueller 

matrix measurements have been acquired over a range of incidence and scatter angles in 

one plane, sampling part of a Mueller matrix bidirectional reflectance distribution 

function. A similar characterization in two scattering dimensions has been made by 

Chipman and Pezzaniti for a diamond-turned mirror." 

Additional data reduced from these Mueller matrix measurements, including 

retardance, diattenuation, and depolarization properties of test samples, are analyzed as 

potential discriminants for classification. Individual polarization properties are 

investigated to understand the way various test objects interact with and alter polarized 

light, and how each of these effects vary with angle of scatter from the object. A variety 

of polarization signatures are studied for their discriminating features. 

The scatter polarization measurement method presented here closely resembles 

ellipsometry in that both techniques employ active illumination of a sample by known 

states of polarization, and detection of the light returned from the sample. In this case 

however, the light examined is not limited to specularly reflected light, but rather 

includes the scattered and diffusely reflected light from objects under test. The main goal 

of this work is to determine the extent to which ellipsometry-like Mueller matrix 

polarization measurements made at a distance with light scattered from an object can be 
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used to classify that object. This study includes development and analysis of polarization 

metrics, determination of patterns in Mueller matrix images, examination of reduced data 

(i.e. diattenuation, retardance, and depolarization), and comparison of trends in each as a 

function of scatter geometry, searching for the most prevalent and beneficial discrimants. 

1.1.1. Structure of this document and summary of contributions 

The remainder of this introductory chapter provides the necessary background 

information about the Stokes vector polarization representation, Mueller matrices and 

Mueller matrix images, scatter geometry, and scatter polarization measurement to lay a 

foundation for later discussion in the text. 

Chapter 2 describes the Mueller matrix scattering measurement apparatus and 

measurement geometry. Optical modeling and construction of custom lens and 

illumination systems made from off-the-shelf components and interfaced to a pre-existing 

polarimeter are discussed. The software interface controlling the measurement device is 

described. 

Chapter 3 begins by describing the manmade samples used for these experiments. 

This chapter develops mathematical tools for describing polarimeter performance and the 

data reduction methods. What is naturally the last section of Chapter 3 has become a 

peer-reviewed paper submitted to Optics Express, and appears in Appendix A. This 

paper contains a new and valuable metric for more complete description of Mueller 

matrix depolarization as a function of incident polarization state. 
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Chapter 4 provides analysis and discussion of the polarization signatures 

measured for a variety of manmade samples (including both Mueller matrix images and 

reduced data). The section regarding depolarization and its variation as a function of 

scattering geometry has also been developed into a peer-reviewed journal paper 

(appearing in Appendix B). An elegant and usefiil relationship for the depolarization 

index of scattering surfaces versus scattering geometry is presented and discussed. 

The penultimate chapter describes the measurement of Mueller matrix images and 

reduced data for a group of leaf samples. The properties of these natural samples are 

discussed and comparisons with manmade samples are drawn, facilitating discrimination. 

Conclusions are offered in Chapter 6, with suggestions for future work. 

The most significant contributions of this work to the fields of polarization and 

remote sensing are threefold. First, the examination of a wide variety of samples for their 

polarization signatures (in both Mueller matrices and reduced data) allows for 

comparisons and examination of discriminant features. Wide ranging comparisons of this 

kind have not been found elsewhere in the literature. Previous polarization scatter 

measurements have typically been made with ellipsometric devices rather than imaging 

polarimeters. Furthermore, this examination lead to the discovery of a general pattern 

present in most depolarization signatures as a function of scatter angle. The inverted 

Gaussian profile exhibited by these depolarization curves varies in amplitude, width, and 

asymptote, offering a metric containing three degrees of freedom which may in future 

work be empirically linked to surface properties like roughness and reflectivity. 

Preliminary work in comparing natural to manmade samples shows additional promise 
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for application to remote sensing discrimination. Finally, a detailed mathematical 

investigation of degree of polarization surfaces, a new and information-rich method for 

describing how Mueller matrices depolarize all incident polarized states, is presented in a 

piece-wise fashion relating to Mueller components. 

1.2. Jntroduction to the Mueller calculus 

Background information describing the Stokes representation for polarized light 

and the basic properties of Mueller matrices is presented here. 

1.2.1. Polarization Representation 

Experimentally, polarized light is usually characterized using Stokes vectors. The 

Stokes vector is a four-element vector: 

*^0 +0,.' 

®45 1 e
 

J 

The Stokes vector components describe the power of the polarized state, So, its 

preference for horizontally polarized light compared to vertically polarized light. Si, its 

preference for linearly polarized light at 45° compared to 135°, S2, and its preference for 

light polarized in a right-handed circular fashion over circular polarization with Icft-

handedness, S3. The Stokes vector is defined by six power or flux measurements in these 

six polarization basis states: linearly polarized light in a horizontal direction, OH. linearly 

polarized light that is vertical, Oy, linearly polarization at 45°, <1>45, linear polarization at 
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135°, €>135, circularly polarized light with right-handedness. Or, and circularly polarized 

light with left-handedness, Oi,. The So component of the Stokes vector (i.e. the total 

power) may be measured as the sum of the light power in any of the orthogonal 

component pairs whose differences appear in Si, S2, and S3. Typically Stokes vectors 

will be normalized by dividing all components by So, yielding So= 1, and the remaining 

components range between -1 and +1 depending on the polarization states. 

For a completely polarized light beam, the total flux is related to the light in each 

Stokes vector element: 

One of the beauties of the Stokes vector representation is its ability to describe partially 

polarized states of light. The degree of polarization (DoF) of a given Stokes vector is 

defined as 

the fraction of flux which is polarized. The DoP can take values from 0 for completely 

unpolarized light to 1 for totally polarized light. 

1.2.2. Mueller matrices 

In Stokes polarimetry, flux measurements of light exiting a test sample arc made 

with a series of analyzers to obtain a Stokes vector. Stokes polarimetry is passive; 

nothing is specified about any illumination light. In active polarimetry, making a full 

polarization-sensitive characterization of scattering samples requires understanding the 

(1.2) 

(1.3) 
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transformation from arbitrary incident polarization states to the corresponding exiting 

polarization states. This transformation is described for all incident Stokes vectors by the 

Mueller matrix for the sample, named for Hans Mueller, an MIT professor who 

introduced these matrices. The Mueller matrix gives the transformation between any 

incident polarization state (i.e. Stokes vector) and its corresponding output state for linear 

interactions between the light and the sample. Such a Mueller matrix measurement 

requires active illumination of the test object and calibration of a set of illuminating 

polarization states. 

A given polarization state described by Stokes vector S will in general have a new 

output Stokes vector S' after a linear optical interaction with a material or device of 

interest. This interaction may include transmission, reflection, scattering, absorption, 

diffraction, and combinations of these processes. The effects imparted to an input Stokes 

state S arc described by the matrix transformation 

(1.4) 

^ O Oq m,3 *^0 

«21 ™22 ^23 W24 

^2* ^35 ^32 OT33 OT34 -^2 

V'53'J ^42 OT43 ̂ 44 y v'^3y 

or simply S'=M®S. Completing this matrix multiplication, it is readily seen that 

*^0 OTjjiSQ 

OTJJSQ 

52- TO3,SO 

^"53'J 

O T j iSQ  +/«,25'J  +mj3S2 +m^^S. \ 

'32 "1 »33"2 

3 

44 ^3 J 

(1.5) 

The form of Equation 1.5 proves very useful for interpreting the various physical 

processes represented by the Mueller matrix transformation. First, note that the mn 
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element of the matrix describes how much of the incident power. So, is transferred 

directly into the exiting power component, So'. Hence, this Mueller element shows 

power transfer of the object it describes (e.g. the transmission or reflection). 

Experimentally measured Mueller matrices and Stokes vectors are not necessarily limited 

in the parameter values they may take. A normalized Mueller matrix, however, is 

divided by the mn element. 

Each of the Mueller elements represents a physical conversion between a pair of 

Stokes vector elements. Consider Figure 1.2.1 (in conjunction with Equation 1.5), which 

offers a pictorial representation of the polarization interaction described by a Mueller 

matrix. 

{So >51 S, 

i 

'^11 m,2 OT,3 
/ 0 

O q  

M l ,  OT22 «23 «24 -> 

^31 TO32 M33 OT34 

m,2 OT43 W) 
Figure 1.2.1. Pictorial representation of Mueller matrix ioteraction. 

If the incident Stokes state, S, is thought of as entering through the corresponding 

columns at the top of the matrix, each component interacts with the object matrix and is 

converted to components of the output state, S', considered to exit from the right in the 

figure. (This column and row "pathway" mnemonic merely represents the action of 

matrix multiplication). For example, ma:, describes coupling from the incident S2 

component into the S|' component and ni4i describes how much of the incident So 

component exits in the S3' component. Respectively, these Mueller elements describe 
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how much incident 457135° linearly polarized light exits as horizontal/vertical linearly 

polarized light or how much incident power exits as circularly polarized light (right- or 

left-handed). Note the ambiguity in this convention. Since the Stokes components 

themselves are differences of power in orthogonal basis state pairs, a positive value for an 

off diagonal element such as m23 describes both how much 45° linearly polarized light is 

converted to horizontally polarized light and likewise how much 135° linearly polarized 

light is converted to vertically polarized light. 

Mueller matrices contain sixteen elements and hence sixteen degrees of freedom. 

One degree of freedom identifies the power transfer of the test object for unpolarized 

light. Three more degrees of freedom define the diattenuation of the object, and another 

three describe its retardance (these properties are discussed in detail in Chapter 3). This 

leaves nine of the sixteen degrees of freedom to describe how polarized light is 

depolarized (into partially polarized or unpolarized output states). 

Scattering samples are often good depolarizers, so depolarization plays a 

significant role in this work, including analysis of how scattering samples depolarize 

different incident states. Use of the Mueller calculus is essential for measuring and 

examining depolarization properties. The depolarization induced by various objects has 

gone largely unexamined in previous work, particularly as a source of information useful 

in identifying these objects and their surface properties. Depolarization properties may 

offer a new way of understanding polarization scattering measurements. This research 

examines different methods for describing depolarization mathematically. 
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1.2.3. Mueller Matrix Imaging Polarimeter 

A Mueller matrix polarimeter contains a polarization state generator that creates a 

set of polarization states illuminating the sample, and a polarization state analyzer that 

analyzes the state leaving the sample (both described in greater detail in Chapter 2). The 

polarimeter measures radiant flux of the analyzed polarization state, and the known 

generated and analyzed Stokes states at the time of each data readout are used in 

calculating the Mueller matrix. 

The Mueller matrix could be determined explicitly by measuring the amount of 

light exiting the object in each of the six Stokes basis states as a function of light incident 

from each of these six basis states, requiring 36 measurements of polarization conversion 

efficicncy. Early Mueller matrix polarimeters operated on a similar theory by taking 

large numbers of measurements, thus calculating Mueller matrix elements by 

differencing appropriate output readings. Early polarimeters suffered from errors due to 

defects in polarization elements or alignment. Only with increased ability to calibrate 

polarization elements and better understanding of the errors that they produce did Mueller 

matrix polarimeters reach accuracy levels of tenths of a percent. 

Given that the Mueller matrix has only 16 degrees of freedom, it is possible to 

determine the matrix with only 16 properly chosen measurements of incident and output 

polarization states. In practice however, power measurements at far more than sixteen 

combinations of the generated and analyzed polarization states are usually taken to 

increase redundancy and reduce measurement noise. 
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In this work, the Mueller matrix is not calculated for a single detector only, but 

rather as images of entire objects (or typically 2 inch regions of an object, based on the 

available field of view), by imaging the object onto a CCD camera through the 

polarization analyzer. Each pixel of the CCD camera corresponds to a small area on the 

object. The power levels obtained at each pixel while the generated and analyzed states 

of polarization are modulated determine a Mueller matrix on a per-pixel basis—a Mueller 

matrix image. It is customary to display Mueller matrix image data by placing the 

sixteen different Mueller matrix components for each pixel into sixteen different 

corresponding images, arranged in a 4x4 array. The device that measures Mueller 

matrices across each pixel of an image is aptly called a Mueller matrix imaging 

polarimeter (MMIP). 

1.2.3.1. Data normalization 

All Mueller matrix data presented here, except when otherwise noted, is 

normalized by the mn element (upper left component) except for the mn element itself, 

O T i ,  W l 2  / O T , I  O T I 3  / o t , I  ^ 1 4  

^22 / W l ,  ^23 ^ 2 4  

m 3 i  /  m,2 O T 3 3  / w „  O T 3 4  / m i l  

v ' « 4 i  ^ 4 2  T O 4 3  / W l ,  ^ 4 4  / W l l ^  

The mil element of the matrix shows the unpolarized power throughput, while the 

remaining elements show polarization conversion efficiencies relative to this throughput. 

Normalization limits all element values to the range -l<mij<l, facilitating comparison of 

Mueller matrix data with the ideal Mueller matrices of various polarization elements (e.g. 
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polarizers, retarders, etc.) found in tables in the literature. Figure 1.2.2 is an example 

Mueller matrix image (for a glass diffuser) normalized in the sense of Eq. 1.6. Most of 

the off-diagonal image elements in this example show small values, indicating small 

polarization conversion efficiencies between the corresponding states for the sample 

shown. 

JDJD 

Figure 1.2.2. Example of a Mueller matrix image acquired with the MMIP device, for a glass 
difTuser at near normal incidence. 
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1.3. Introduction to scatter polarimetry 

A typical geometry of scattered light measurement is presented in Figure 1.3.1, 

where the figure shows output light in the backscattered directions (in keeping with the 

measurements of this work). 

Figure 1.3.1. Scattered light geometry. Subscript "i" refers to incident light parameters, while "s" 
refers to scattered light parameters. 

The surface normal of the test object at the point of incidence is defined to be the 

coordinate system z-axis, while the surface itself, if flat, lies in the xy-plane. The 

incident and exiting light concs are each centered on a vector (shown as a colored dashed 

line in the figure) that when coupled with the sirface normal spans the half-planes of 

i y 
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incidence and scatter, respectively. These half-planes are outlined with black dotted lines 

in the diagram. Incidence and scatter directions are each defined by two angles with 

respect to the sample normal. As in a standard spherical coordinate system, the 

(subscripted) angle (|) defines the angle between the x-axis and the half-planes of 

incidence or scatter, while the angle 0 represents the declination angle from the surface 

normal in the corresponding plane. Incident and scattered light is defined in a half-plane 

terminated at the z-axis rather than a Ml plane in order to avoid ambiguity in the azimuth 

angle, (j). Solid angles of the incident and scattered light cones are given by Oj and Qs, 

respectively. 

Scattering properties of a surface are usually characterized by its bi-directional 

reflectance distribution fimction (BRDF) or bi-directional transmission distribution 

fimction (BTDF), though transmission is not considered here. The BRDF describes 

differential scattered intensity (power per solid angle) normalized by the power incident 

on a surface. BRDF may also be described as the differential exiting radiance from a 

surface normalized by differential incident irradiance as a function of the incident and 

scatter angles (i.e. of Figure 1.3.1), 

BRDF(<p„e,,'P.A,) = ^~f^- (1-7) 
dEX(p,,0^) 

The BRDF is quantified in units of inverse solid angle (sr"^). The BRDF typically varies 

with wavelength and polarization. 

Implementation of scatter polarimetry in remote sensing and metrology relies on 

combining BRDF scattering measurements with the Mueller matrix formalism of 
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polarization measurement. A Mueller matrix, describing polarization interactions 

completely, is measured for a range of incidence and scattering angles, as in the flux 

measurements during BRDF calculation. Thus, a Mueller matrix BRDF (MBRDF) 

generalizes the BRDF to arbitrary polarization states of incidence. The mn Mueller 

matrix element, for example, defines the throughput in response to unpolarized light, 

yielding (to within a multiplicative factor relating to measurement geometry) the BRDF 

for unpolarized light. Neglecting this multiplicative factor, the MBRDF is defined here 

to represent change in each Mueller element as a function of scatter geometry. 

The sum of all possible incidence and scatter angles defines a hemisphere, and a 

complete MBRDF would describe the Mueller matrix for any such combination of angles 

on that hemisphere. Measurement of Mueller matrices over an entire hemisphere, 

however, is taxing of time and data storage space, so Mueller matrix measurements over 

a certain subset of incident and scatter angles in the hemisphere is more typical. 

Measuring a subset of angles gives a reasonable picture of the polarization-dependent 

BRDF behavior for portions of the scattering hemisphere of interest. 

The angle between the illumination (generator) and detection (analyzer) arms of 

the MMIP device with respect to the test sample, called the bistatic angle, often remains 

fixed. This constraint reduces the angular degrees of freedom describing the 

measurement geometry firom four to two. Fixed bistatic angles yield MBRDF 

measurements of the form MBRDF((pj,0i, (pi+constant, 0i+constant). In this way, a subset 

{(p,,e,,(p^,0^) • • •  {(p,A^<Ps^^sT\ 

mbrdf{<p,a,<p.A ) =  (1.8) 

{<PiA^<PsA) •••  
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of a MBRDF may be plotted versus two angles of rotation of the test object with respect 

to the fixed plane containing the illumination and detection mechanisms, though such 

plots remain complicated. Further simplification is desirable, while maintaining 

significant information. 

The simplest MBRDF characterization involves a fixed bistatic angle and only a 

single angle of sample rotation. This geometry, detailed in Chapter 2, changes incident 

and scatter angles in a single plane. For samples that are largely rotationally 

homogeneous, this planar constraint offers no less information than measurement with 

two rotation angles in orthogonal planes. An example in-plane MBRDF measurement, 

plotted as a function of sample rotation angle, appears in Figure 1.3.2. Each Mueller 

clement plot shows the corresponding Mueller matrix element value (ordinate of plot) at 

each given angle (abscissa of plot). In this fashion, the Mueller matrix behavior as a 

function of object rotation (i.e. angle of incidence or scatter angle at a fixed bistatic 

angle) can be seen. 
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Figure 1.3.2. Example MBRDF plot sampled in one dimension 

Early endeavors into polarization scattering measurement often focused only on 

the s- and p-components of polarized light with respect to the test surface, omitting 

twelve or fourteen of the sixteen Mueller matrix elements. Though these s- and 

p-polarization components are certainly the most important, extra information is 

contained in the complete Mueller matrix images of scattered light. The Mueller matrix 

may be decomposed and described as the combination of a pure diattenuator, a pure 

retarder, and a pure depolarizer (three polarization properties discussed in more detail in 

Chapter 3). The most significant information in a majority of samples measured lies 

along the diagonal in the MBRDF plots, where depolarization information is encoded. 

Depolarization is a primary focus of this work since this property serves to give useful 

information about sample characteristics for strong scatterers. 
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CHAPTER2 

POLARIZATION SCATTER 
MEASUREMENT DEVICE AND 

METHODOLOGY 

This chapter describes the Mueller matrix imaging polarimeter (MMIP) used for 

this scatter polarization study, a custom lens designed and fabricated to interface with the 

MMIP hardware, and the illumination system used with the MMIP polarization 

generator. 

2,1. Mueller matrix imaging polarimeter device operation 

Methods for measuring a Mueller matrix are well described elsewhere in the 

literature.MMIP devices^^"^̂  and even Mueller matrix scatterometers^®'^^ have also 

been discussed. A MMIP typically consists of an illumination system, a polarization 

generator and analyzer that are virtually identical in construction, and a detector with 

collection and focusing optics. These four MMIP subsystems, when properly interfaced, 

allow an accurate Mueller matrix image of a test object to be obtained, either in reflection 

or transmission. This work consists of backscatler measurements from test samples, so 

although transmission measurements are possible (and necessary during calibration). 
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references to the MMIP hardware during measurement are understood to refer to a 

reflective configuration. A dual-rotating retarder type MMIP in the configuration of 

Figure 2.1.1 is used to make MBRDF measurements. For simplification, there is a single 

angular degree of freedom in the measurement. The sample may be rotated by various 

angles, 0, with respect to the polarization generator and analyzer, which are separated by 

a fixed bistatic angle p. Sample rotation by different 6 allows examination of 

polarization effects at various scattering angles in one dimension. 

Sample 

Polarization 

Generator/ 
Polarization 
\ Analyzer 

rotating, 
retarder' retarder 

•^iarizer polarizer 

Source 
CCD Camera 

Figure 2.1.1. MMIP device configuration, with polarization generator and analyzer arms separated 
by a bistatic angle p. The sample is oriented at angle 0 with respect to this configuration, and may be 

rotated to examine polarization effects at a variety of scatter angles. 

The polarization generator and analyzer are the most critical components of the 

MMIP because they determine the illumination Stokes vector and scattered Stokes vector. 

Each of these devices consists of a rotating retarder assembly coupled vdth a fixed 

polarizer of nominally known transmission axis, as illustrated (for a transmission 

measurement configuration) in Figure 2.1.2. 
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polarization state 
generator 

sample 
M 

polarization state 
analyzer 

a--> 

optical 
source 

fixed rotating 
li.near linear 

polarizer retarder 

detector 

rotating fixed 
linear linear 

retarder polarizer 

Figure 2.1.2. Schematic diagram of MMIP device (in transmission measurement configuration), 
illustrating components necessary for the polarization generator and analyzer. [Courtesy: Matthew 

Smith^'l 

Rotalion of each retarder is accomplished by affixing it to one end face of a brushless DC 

motor with a hollow shaft that allows light transmission (see Figure 2.1.3). Each motor 

shaft has an inner (clear) diameter of 12mm and a length of 55 ram. The motor rotation 

speeds of each retarder (corresponding to 01 and 02 of Figure 2.1.2) are often run in an 

optimal 5:1 or 2.5:1 ratio, which minimizes the error in the calculated Mueller matrix.^® 
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Polarization Analper 

Figure 2.1.3. Analyzer schematic showing motor shaft size. 

Light from the laser illumination system (described in Section 2.3 below) passes 

through the first fixed polarizer, transmits down the DC motor shaft, and through the 

quartz retarder attached to its face. This combination of a fixed polarizer and a rotating 

linear retarder can be used to induce a wide variety of known polarization states in 

transmitted light, and is hence referred to as the polarization generator. The polarization 

of the light transmitted is determined, provided the transmission axis of the polarizer, the 

retardance of the retarder, and the angle of its fast axis of transmission are known. The 

angle of the fast axis of the retarder with respect to the motor assembly is originally 

determined during a calibration procedure (see Section 2.1.1). At any time thereafter, the 

retarder angle is determined by knowing the rotation speed of the motor and how much 

time has lapsed since the last speed gauge event. Gauge events occur once per revolution 
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when light from a fixed LED is detected through a thin slot at a single angular position on 

the rotating retarder housing. 

The light of each generated polarization is directed at the test sample, which 

scatters the incident light (via diffuse or specular reflection). The analyzer is located at a 

certain angle from the line of sight of the generator with respect to the test sample (see 

Figure 2.1.1). The analyzer is often located very near the polarization generator, so as to 

operate near a minimal bistatic angle (i.e. true backscattering). In principal the bistatic 

angle cannot be made zero due to the physical widths of the generator and analyzer 

mounting hardware. A bistatic angle of 14° was fixed for the majority of measurements 

in this work. 

The polarization analyzer measures the flux of light scattered from the test sample 

through a polarizer. The polarization analyzer is configured as a mirror image to the 

generator (i.e. light first passes through a retarder affixed to a rotating motor shaft, then a 

fixed polarizer). The amount of each given polarization slate returned from the test 

object is then measured as the intensity of light at a detector plane corresponding to each 

given state of the analyzer. The detector used in the MMIP configuration for this work is 

a Dalsa high-speed CCD camera (model Dalstar CA-D1) with 2-mm square 128x128-

pixel detector array (binned into 64x64 pixels for higher speed) operating at a 950 Hz 

frame rate. 

The data recorded during a measurement is the table of intensity values from the 

detector for every pair of polarization states defined by the polarization generator and 

analyzer. Manipulations of this data yield the Mueller matrix pixel-by-pixel for the 
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Mueller matrix image of the test object^® (as in Figure 1.2.2). The mathematical process 

for converting raw input data of this form into the desired Mueller matrix is described in 

Appendix C. 

2.1.1. Calibration 

Determining the retardance of each retarder and the orientation of each 

corresponding fast axis relative to its respective mechanical housing requires calibration. 

The calibration routine also determines the transmission axes of the fixed polarizers. 

Calibration requires making a MMIP measurement of air in a collinear transmission 

geometry (i.e. the analyzer receives input directly from the generator). Effectively, this 

measurement records the polarization properties of the air in between the generator and 

analyzer (which should be described by the identity matrix). 

The Mueller matrix measured during calibration is fit as closely as possible to the 

identity matrix using a least squares algorithm, where the fit parameters are the unknown 

calibration parameters. These parameters are the two retardances, S), §2, the two retarder 

orientations, A0i, A02, and the analyzing polarizer orientation, A0p (where all orientations 

are with respect to the first fixed polarizer). The root-mean-square (RMS) error in the 

theoretical fit to the acquired calibration data is also calculated to evaluate the quality of 

the calibration. For the best calibration data sets, the RMS fit error in determining system 

parameters is typically less than 1%. The fitted retardance of each retarder, fast axis of 

each retarder, and transmission axis of each polarizer are recorded and then used for the 

data reduction of each subsequent MMIP measurement made under the same set of 
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system conditions (i.e. same wavelength, nominal temperature, and polaiization element 

configuration). 

2.2. MMIP lens system 

A MMIP device requires a lens system to collect light from the object under test 

and image it onto the CCD focal plane. A custom lens was designed from scratch to be 

one that interfaced with the existing MMIP hardware described above. Several design 

constraints were imposed by the existing mechanical hardware, in addition to some self-

imposed constraints considering easy lens assembly and other desirable features (e.g. 

telecentricity). Figure 2.2.1 gives a very general schematic of the components considered 

in the design. Polarization optics are omitted. 

_ 

u 
Collection 

Optics 
Analyzer 

Tube 
Focusing CCD 

Optics Detector 

Figure 2.2.1. General schematic layout of components considered during analyzer arm optical design. 

The first concern in the design is field of view (FOV). It was originally assumed 

that samples under test would be placed at a distance of one meter from the polarization 

generator and analyzer, and additionally that the system should be able to image objects 

up to 100mm in diametrical extent. (Smaller samples can be placed closer to the 

generator and analyzer to better fill the detector, with focus compensation occurring by 
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moving the collection optics in the final design). This FOV is actually quite large in 

comparison to the required FOV for any full-scale field-viable systems that may be 

developed in the future. In such systems, it will be more likely to image scenes that are 

tens of meters in size at distances of 1km or more. Hence, illumination requirements are 

more than adequately modeled by this miniaturized laboratory system. 

Light scattered from test samples must be collected and focused through the 

analyzer motor shaft by a lens or lens group placed in front of the polarization analyzer 

(see specifications in Section 2.1 above). A second lens group is placed behind the 

polarization analyzer to focus the collected light onto the CCD plane. While there is 

some freedom in the placement and selection of the lenses, the back focal distance of the 

assembled rear lens group must be appropriately matched with the flange-to-detector 

distance of the CCD camera. The lens will be affixed to the camera, and the detector is 

immobile, so this is the most firm design constraint. The MMIP camera adheres to the C-

mount standard, yielding a flange back focal distance of 17.5mm. 

Systems designed entirely from off-the-shelf lens components and mounting 

hardware available from vendors are highly desirable so that cost is minimized and 

assembly is easy. Naturally, an optical constraint is that the geometrical spot sizes at the 

image plane are on the order of the pixel size of the detector, such that maximum object 

resolution is achieved. Finally, it is desirable, though not essential, to create a lens 

system that is telecentric in image space, such that any defocus merely adds blur to the 

image, while not changing its magnification (or shifting the image). This constraint 
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breaks down, however, when object distances are altered and lenses are moved to 

compensate for defocus. 

Locating the system aperture stop appropriately is the first design concern. A 

natural first placement is near the front-most elements, which in this case are the 

collection optics. This configuration is unfeasible, however, for two reasons. The stop 

defines where chief rays cross the optical axis, and light from the full FOV passing 

through an aperture stop located here would require large focusing optics after traversing 

the length of the analyzer motor shaft. More importantly, light would likely suffer from 

reflections inside the motor shaft (recalling that it has only a 12mm diameter). 

Reflections in the motor shaft arc problematic bccause they alter the polarization state. 

Each of these cases is diagrammed in Figure 2.2.2(a). and either case is poor. 

Figure 2.2.2(a). Schematic showing poor stop placement, which presents the possibility for motor 
tube reflections, or the need for large focusing optics, (b) Schematic for better stop placement. 

(a) 
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Therefore, the stop should be placed within the rear lens group, behind the polarization 

analyzer (closest to the camera). This condition also helps facilitate a telecentric design. 

Figure 2.2.2(b) shows the schematic for this stop placement. 

The preliminary lens configuration considered had a single lens for collection and 

a single lens for focusing. Each lens was optimized while both the radius of curvature and 

conic constant of all surfaces were allowed to vary. Subsequently, these aspheric degrees 

of freedom, which are difficult to fabricate, were systematically removed from lens 

surfaces one at a time while adding new lens elements to compensate. At each successive 

step in this process, as many lenses as possible were forced to be stock lenses from 

vendors. Each of the aforementioned design constraints was eventually realized using a 

three-lens assembly for the focusing optics attached to the front of the CCD camera and a 

single meniscus lens as the collection optic. The aperture stop was placed behind the 

front-most of the focusing elements. The collection lens required is a meniscus-shaped 

singlet with slightly negative power to diverge the collected light through the motor shaft 

in a manner offering the most throughput. 

Unfortunately, meniscus lenses bent to a variety of shapes are not commonly 

available from vendors. To avoid this problem, the desired meniscus shape was split into 

a doublet by a planar surface in the middle of the singlet. This split results in a plano

convex and plano-concave lens pair, which has the desired meniscus shape when the two 

elements are abutted at the common planar surface. Changing the collection optic to 

these more conventional lens forms yielded a variety of potential lens choices, which 

were then constrained only by focal length and not shape. The desired focal length of the 
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doublet pair was not immediately available, and was therefore adjusted slightly to 

account for available lenses from vendors. This slight alteration necessitated changing a 

single spacing in the rear lens group, and the substitution of the middle element of the 

focusing optics for a different vendor lens. In the end, however, all the constraints (both 

system- and self-imposed) were met with a five-lens system consisting entirely of vendor 

off-the-shelf lenses and corresponding mechanical mounts. 

The final system lens design is displayed in Fig. Figure 2.2.3 below, where the 

object field has been removed to view only on the lens elements in the diagram. 

MOTOR SHRFT 

L I  L2 IMRGE 
PLRNE 

L3 LH 

Figure 2.2.3: Final layout of optical system for analyzer arm. This lens system collects light from the 
object under test and focuses it to the image plane. Note that the polarization analyzer motor shaft 
(55mm long) lies between the first and second lens groups, and that the stop lies immediately behind 
the third leas element (L3), which helps realize telecentricity in image space. The object field is not 

shown in this diagram, and lies to the left of element LI by a distance of lOOOmm. 

Each of these five vendor-available lenses had corresponding off-the-shelf lens 

cells to hold them. The two elements acting as collection optics sit in a single cell 

pressed together, located in front of the polarization analyzer. The focusing optics behind 

the analyzer motor shaft are held in a collection of individual cclls that can be threaded 

together with appropriate spacers to yield the desired lens element spacings. The total 

focusing optics assembly threads into the front of the CCD camera, where the design 
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already accounted for the correct flange back focal distance to place the image on the 

detector. Figure 2.2.4 and Figure 2.2.5 illustrate the lens cell mounting structures and 

relative assembly. 

Thick Lens C-mount 
Misilrafnts 

Lsflfth 

Riat 

SIC»! 
• '••• lemmrnf, 

»eteEafril 0.13.1 
psiewl 

yp'ieflt 

4,5§»« 
Femik&ftesd 

j } UskC-l'msi 

Figure 2.2.4. Lens cell for collection optics in front of the polarization analyzer. 
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Figure 2.2.5. Lens cell assembly for focusing optics behind polarization analyzer. This assembly is 
fixed to the front of the CCD camera, and focuses collected light on the detector. 
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The piupose of the adjustment spacers illustrated in Figure 2.2.5 is to provide 

adjustment in the back focal distance of the system (compensated by unthreading the lens 

slightly from the camera, or putting a slim spacer between the camera and lens assembly). 

The stop aperture element illustrated in the diagram of the focusing optics 

assembly is a spacer with a hole located in the front-most cell of the assembly. This 

spacer holds the lens away from the natural seat of its lens cell, and has the properly-

sized aperture hole bored in the center. The aperture piece was custom made from brass, 

and is the only custom element required in the total lens configuration. 

The modeled performance of the lens at the design wavelength of 808nm is 

shown in the spot diagram of Figure 2.2.6. 
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Figure 2.2.6. Geometrical spot diagram illustrating modeled performance of MMIP lens system. 

Although this lens was not designed to work at infinite conjugates, the performance in 

such a configuration was nonetheless modeled at a wavelength of 63 Sum for optical 
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testing. The expected wavcfront error (from the model) at 633nm is on the order of 0.25 

waves. The assembled lens system was then measured in a retro-reflection test with a 

Wyico6000 phase-shifting Fizeau interferometer in order to compare as-built performance 

to that expected from the model. Figure 2.2.7 shows the interferometer output, and yields 

a system measurement with 0.277 waves peak-to-valley wavefront error, indicating that 

the constructed lens performs as expected. 
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Figure 2.2.7. Wavefront error measurement of lens system with Wyko 6000 phase-shifting Fizeau. 

2.3. Illumination 

Given that much of the light incident on scattering samples does not scatter in the 

direction of the detector (particularly at angles far from the specular condition), high-

powered illumination is required to ensure that the detector receives adequate light for 

measurement. The illumination portion of the MMIP used here consists of an infrared 

CW diode laser with output power ranging from 0.3-1.2W at a center wavelength 808 

nm. The specific laser diode used is Hamamatsu model L8446-04, and its characteristics 
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are displayed in Figure 2.3.1. This source is used for all measurements, though the laser 

output may differ within the operating range of the diode depending on the relative power 

returned from each sample to the detector. 
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Figure 2.3.1. Specifications for output from Hamamatsu L8446-04 diode used as source for MMIP 
[From HamamatsH]. 

Given the typically polarized output of laser diodes, it is advantageous to enable 

laser rotations about the emission axis (i.e. the optical axis of the system) with the 

moimting hardware. The polarization axis of emitted light is then rotated for best 

alignment to the transmission axis of the lirst fixed polarizer (in the polarization 

generator), yielding the greatest power throughput. The diode laser rests in a custom 

made copper block with temperature-controlled chilled water flowing through it, 

preventing overheating and allowing operation in thermal equilibrium at a variety of 

different temperatures. 

Light emitted from the laser source has two different divergence angles in 

orthogonal directions (given the 100p.m-by-l|a,m slit output aperture of the diode). The 
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divergence angles of the Hamamatsu laser (to full width at half maximum in power) are 

32° in the fast axis direction and 8" in the slow axis direction. The beam should be 

partially circularized before propagating through the polarization generator. One scheme 

to attempt circularization and reasonable beam uniformity involves two diode collimation 

lenses and a ground glass plate, followed by a projection lens. 

First, a pair of aspheric diode collimation lenses is placed directly in front of the 

diode output aperture to help collect all the quickly diverging light, and refocus it. The 

optical layout of this configuration in the plane of the fast laser divergence appears in 

Figure 2.3.2. The thin glass plate appearing before the first lens in the figure represents 

the cover glass of the laser diode. 

Figure 2.3.2. Diode collimation and refocusing optics. The elements appearing from left to right are: 
(1) diode laser cover glass, (2) aspheric collimating lens, (3) identical aspheric refocusing lens, and (4) 

ground glass diffuser. 
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An image of the diode exit slit appears at the focus beyond the second collimating lens, 

which is long and narrow along the slow divergence axis (orthogonal to the plane shown 

in Figure 2.3.2). Some distance beyond the focus spot, the light beam profile is elongated 

vertically due to the faster divergence in the vertical plane. This astigmatic beam profile 

metamorphosis near focus implies that a location exists just beyond focus where the 

beam is mostly circular (much like the medial focus between sagittal and tangential 

astigmatic foci). The beam profile at and beyond focus is diagrammed in Figure 2.3.3, 

modeled by using the non-sequential raytrace option in Zemax lens design software and 

examining the beam profile on a detector placed at various locations along the optical 

axis. 

m 

Figure 2.3.3. Spot evolution beyond focus of aspheric collimator-focuser pair. 

With the selected diode collimating lenses (which have an effective focal length of 

approximately 8mm), the beam appears nearly circular at approximately 400}i,m beyond 

focus. If a ground glass diffuser is placed here (see, e.g., the dummy plane at this 

location in Figure 2.3.2), the light will tend to diverge in a nearly Lambertian fashion (in 

practicc with a slightly more Gaussian spread) from this circular source point. The light 

spreading from the diffuser emulates a small circular source before the projection lens, 

and provides much more uniform illumination at the sample than otherwise realizable 

mam 
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without the diffuser and second aspheric lens. Though some light is lost by spreading it 

more ditlusely, much will still be collected by a fast projection lens, and a significant 

gain in illumination uniformity and beam circularization is typically well worth the 

tradeoff An f/1 projection lens one inch in diameter is placed beyond the diffuser, and 

used to send the light through focus once more (as is traverses the 12mm-diameter motor 

tube of the polarization generator), and continues to diverge to illuminate the test sample. 

This divergence angle is small (typically between 4° and T) and can be made even 

smaller if utilizing a larger motor shaft. Figure 2.3.4 shows a layout of the entire 

illumination system, again traced in the non-sequential option of Zemax. Light in this 

modeling mode is allowed to scatter and totally internally reflect (which explains the rays 

in the diagram appearing to propagate in unexpected directions near the source). The 

source, aspheric lenses, diffuser, and projection lens appear at the left in the figure, while 

600mm from the source along the optical axis is the detector used to examine the beam 

profile. This is a typical distance for sample placement in this work. 
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Figure 2.3.4. Illumination system, with detector shown at approximate location of test samples. The 
polarization generator is not shown. 

Figure 2.3.5 illustrates the beam profile at the location of the detector of Figure 2.3.4. 

Note the relatively uniform illumination across the full area of the detector. 
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Figure 2.3.5. Modeled beam profile at a typical location of the test samples beyond the illumination 
system and polarization generator. 

The power loss in the illumination system is on the order of 50%, which is acceptable 

given the 1W power source, and amount of power that still reach the test sample. In a 

more light-starved environment, such as future field-viable MMIP systems, much more 

complicated beam shaping optics such as anamorphic prism pairs and cylindrical lenses 

will be required to shape the beam without incurring any power loss. Such complicated 

illumination schemes are unnecessary here. 

It should be noted that the illumination system as described was implemented 

later in the course of experimentation and measurement, and was not in use until after 

measurements of the manmade samples described in Chapters 3 and 4. All natural 

samples described in Chapter 5 were illuminated using this scheme, and future 

polarimeters will utilize this illumination layout. The illumination system used during 
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measurement of the manmade test samples was quite similar but not nearly as well 

optimized, it contained a single (smaller) aspheric diode-collimating lens placed in front 

of the laser, with the ground glass diffiiser placed in the collimated beam, and again a 

projection singlet beyond the diiTuser. The preliminary illumination system was not quite 

as efficient in its power deliver} as the system detailed above, but still delivered 

sufficient light to make measurements. 

2.4. Description of Software 

Data acquisition with the MMIP is controlled by a Lab View program written to 

interface the multiple hardware elements and a frame grabber retrieving CCD data. Part 

of this Lab View interface is responsible for motor control, which includes spinning the 

generator and analyzer motors at appropriate speeds and maintaining the desired speed 

ratio between the two. Speed ratios such as 2.5:1 and 5:1 (or higher) work well, while 

integer ratios like 2:1, 3:1, or 4:1 do not.^^ The software also acquires data from the LED 

that determines motor position as the LED passes by a slit with a photodetector once 

during every motor revolution. The timing mark given by the LED determines the 

position of the retarder fast axes and determines the polarization states at any given time 

during data acquisition, after calibration (see Section 2.1.1) is performed. Furthermore, 

the software acquires frames from the CCD camera, calculates the appropriate data 

reduction matrices (for each pixel across the image), and calculates the Mueller matrix 

and corresponding reduced data on a per pixel basis. A visual output of the real time 
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camera frame readouts is displayed, and signal modulation from the retarders as they 

rotate can be seen. Additionally, the Mueller matrix calculations for any given pixel may 

be displayed in real time. Figure 2.4.1 gives a picture of the basic graphical user 

interface used to run this software, where the tabs across the top scroll through various 

data reduction pages giving pictures of various forms of reduced data (like that described 

in Chapter 3). 
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Figure 2.4.1. LabView software interface to view real-time Mueller matrices and calculate reduced data. 
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CHAPTER 3 

POLARIZATION SCATTER 
MATHEMATICS 

3.1. Introduction 

This chapter describes several mathematical computations for manipulating, 

reducing, and representing MMIP data in order to extract useful and visually 

representative information about the scattering process. A diverse set of samples has 

been studied, including seven manmade samples quite different in nature. Each 

formulation discussed here will use one or more of the data sets from these manmade 

samples as a demonstrative example. The manmade samples include highly reflective, 

highly depolarizing, periodic, and inhomogeneous test objects. 

Examination of the mathematical formulations used in scatter polarization 

measurements is motivated by the fact that such data is inherently less accurate (more 

noisy) than simple transmissive or reflective measurements of similar samples. Specific 

causes of non-uniformities are discussed in Section 3.2. Moreover, there is typically less 

light to be measured when scattering processes are the dominating factor in delivering 

light from the sample to the detector. Several ofT-diagonal Mueller matrix elements are 
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typically very small in value, excepting measurements of exotic samples. This raises the 

question of how accurate and precise the acquired Mueller matrix data is (particularly in 

these off-diagonal elements), and how various measurements should be calculated or 

averaged to maximize their accuracy without sacrificing any information useful for 

identification or discrimination. The idea of data cloud averaging is addressed in this 

chapter. 

A set of seven different manmade test objects used in the first portion of this 

scatter polarization study is described in Table 3-1. 

Sample Description 

1 Metal box part smooth metal painted dark green 

2 Nylon plastic material dart: green color, light weight material 

3 Canvas with paint splotches varies in color and material, underlying cloth is gneenlsh-khaki 

4 Sidewalk concrete Flat, rough surface 

5 Glass diffuser frosted only on one side 

6 Gold-coated glass diffuser similar to glass diffuser, roughened surface has thin coating of gold 

7 Screen mesh finely-meshed material, as used for a screen door 

Table 3-1. Group of manmade test samples. Each may be used as a demonstrative example for the 
mathematical formulations discussed in this chapter. 

Each object in this table exhibits interesting and unique features in its scatter polarization 

signatures. Specific discussion of the scatter polarization data is left for Chapter 4, 

whereas this chapter develops the mathematical formalism for the Mueller matrix 

measurements and data reduction, laying the necessary foundation for further discussion. 

3.2. Measurement Uniformity 

An important property of any measurement technique is its ability to make 

repeatable measurements with acceptable error. Non-uniformity may appear in 
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polarization scatter measurements from laser spccklc, source power fluctuations, beam 

wander (i.e. a circular path traced by the illumination profile as retarders with wedge 

rotate), detector noise, and variations inherent to the samples themselves (e.g. surface 

inhomogeneities or slope variations due to roughness). The uniformity, or repeatability, 

of successive measurements utilizing the same device gives a quantitative picture of 

measurement precision. 

Fortunately, laser speckle may be largely eliminated as a potential source of error 

or non-uniformity in the measurement scheme of this experiment. Laser speckle at any 

given location shows an intensity pattern varying in time with Poisson statistics, and the 

spatial probability law on intensity is a negative exponential (giving rise to the grainy 

appearance of speckled beams)."^® Illumination exhibiting speckle should, in successive 

frames of data acquired from the CCD camera, show spots varying from a given nonzero 

intensity to zero. In measurements here, this effect is not observed. Figure 3.2.1 shows 

successive frames of data acquired during measurement of a ping-pong bail. Though the 

intensity suffers from frame-to-frame noise variations, the intensity statistics expected 

from speckle do not appear. 
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Figure 3.2.1. Multiple successive frames of MMIP data exhibiting frame-to-frame noise, but no 
symptoms of laser speckle. 

Repeatability studies of several samples were performed in the specxilar 

measurement configuration (see Section 2.1). The bistatic angle during these 

measurements was approximately 14°, with the illuminating light cone subtending a solid 

angle of approximately 0.035sr and the collected light 0.009sr. Measurements were 

taken in quick succession without making any changes to the sample orientation. In 
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order to obtain a mathematical and visual quantization of uniformity, an array of standard 

deviation images is compiled, w^here each component image in a 4x4 array shows the 

standard deviation of its corresponding Mueller elements across all repeated 

measurements. Note that the standard deviation images and data discussed in the 

remainder of Section 3.2 is either completely un-normalized (where noted) or entirely 

normalized by the mn Mueller element (including the mil element itself, unlike the 

normalization of Eq. 1.6). 

3.2.1. Gold-coated Diffuser 

Figure 3.2.2 is the standard deviation image array for the gold-coated diffuser, 

calculated from nine successive measurements. Here the Mueller elements used for the 

standard deviation calculation remained un-normalized. 
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Figure 3.2.2. Array of standard deviation images taken across nine sequential measurements of gold-
coated diffuser with un-normalized Mueller matrices. Each image represents the standard deviation 

of its corresponding Mueller elements. 

As the illumination level falls away to zero (around the edges of the object under 

test) so does the standard deviation. More highly illuminated portions of an object (or 

more highly scattering portions) exhibit more volatile data from one measurement to the 

next, and therefore have greater standard deviation values. The standard deviation (and 

hence the measurement repeatability level with 68% statistical confidence) lies below a 

value of 0.02 for this sample. Since the absolute value of the un-normalized Mueller 

elements may, in general, be greater than one, this image array indicates that the 

measurement repeatability is better than 2% compared to the range of potential Mueller 

values. 
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Caution is required in determining what the mathematical values of such images 

imply about the measurements made. For example. Figure 3.2.3 shows the standard 

deviation image array for normalized Mueller matrices of gold-coated diffuser 

measurements. The standard deviation is larger where the image intensity is close to 

zero, whereas the un-normalized case above exhibits the opposite effect. The 

mathematical consequence of normalizing the Mueller elements before calculating the 

standard deviation is to magnify any image-to-image differences between measurements 

where the intensity values were small (because a division by small numbers occurs 

during normalization). This magnified change in values between successive images 

results in a larger standard deviation, though nothing has changed about the values 

measured during data acquisition. Rather, this change is a result of the computations 

performed. Regardless, the repeatability in normalized Mueller images for the gold-

coated diffuser remains near the 0.02 value of un-normalized Mueller elements (but it 

shall be observed for other samples that this agreement is not necessarily common). 
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Figure 3.2.3. Array of standard deviation images taken across nine sequential measurements of gold-
coated dilTuser with normalized Mueller matrices. 

The standard deviation images, if expressed as a percentage of the corresponding 

mean value images (i.e. the average Mueller matrix across the multiple measurements 

acquired), gives a quantitative representation of the precision level achieved for each 

Mueller matrix component during a given measurement. The inverse of this ratio gives 

the signal-to-noise ratio (SNR) for each element. Figure 3.2.4 illustrates the ratio of the 

standard deviation array to the mean value array for un-normalized Mueller matrix data 

of the gold-coated difftiser. Notice that the majority of off-diagonal component images 

exhibit a standard deviation value equal to or greater than the mean value of the 

corresponding Mueller elements themselves (indicating a precision level in these 

elements for this particular measurement of ±100%). This is not to say that the MMIP is 
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performing poorly, but rather that the polarization characteristics exhibited by these off-

diagonal components of the measured Mueller matrices exhibited values on the same 

level as the repeatability (precision) available from the system. Hence, statistical 

confidence in information provided by off-diagonal elements is very low for this sample, 

and other similar scatterers. The diagonal elements of the image array on the other hand, 

as well as the m2i, mia, maa, and m34 elements in this case, exhibit much lower standard 

deviation values in proportion to the mean values. This translates to greater accuracy in 

these elements at the 0.02 repeatability level of measurement values. 

Figure 3.2.4. Standard dev iation divided by mean of nine un-normalizcd Mueller matrix 
measurements for gold-coated diffuser. 
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Variations in the data may also be displayed in scatter plots of standard deviation versus 

mean value on a pixel-by-pixel basis within each component of a Mueller matrix image. 

Figure 3.2.5 shows, for each Mueller matrix element image of the gold-coated diffuser 

measurements, a plot of the standard deviation value (on the y-axis) versus the mean 

intensity value averaged across the nine measurements. In general, the standard deviation 

values may be seen to increase with increasing mean matrix values. 
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Figure 3.2.5. Plots of average value vs. standard deviation value for all pixels in the compiled standard deviation and mean image arrays, for 
the gold-coated diffuser. 
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Several noteworthy observations are made from Figure 3.2.5. First, the spread in 

points within these scatter plots should not necessarily be narrow, given that the angles of 

incidence and scatter vary across the image for a given measurement. Still, a best-fit 

curve (typically linear) may be applied to each scatter plot. The slope of this line yields 

the ratio of standard deviation increase to mean value increase, in essence providing a 

weighted average of the ratio calculations presented in Figure 3.2.4. The best-fit slope of 

standard deviation values per pixel versus the corresponding mean values could be 

considered as a general measure of precision for a given Mueller element. Any zero-

offset to this best-fit trend line shows that there is still some deviation in measurements at 

a light level (or average measurement) of zero. Such an offset is affected by various 

mechanisms including detector noise. Scatter plots having trend lines with large slopes 

indicate standard deviations greater than or equal to the corresponding Mueller 

component values themselves, and hence a lack of precision for those components. 

Statistically relevant polarization information, on the other hand, is found in those 

Mueller elements whose scatter plots exhibit the trends with the shallowest slope. Any 

such trends in the plots are readily observed, offering a simple test criterion for the 

presence of valuable polarization information (particularly when such trends are 

exhibited in off-diagonal Mueller elements). 

Realizing that the standard deviation values seem to grow slightly as a function of 

the mean Mueller matrix values within these images, it is worth emphasizing that the 

overall level of measurement precision that may be attained can actually vary depending 

on the sample being measured, and at what intensity level. Samples measured at lower 
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light levels, or samples that arc less reflective or less scattering, may very well exhibit 

better measurement repeatability. This is not, however, an impetus for intentionally 

working at lower light levels. The gain in polarization information from off-diagonal 

Mueller elements when working with greater illumination is likely to outweigh any small 

decrease in measurement precision that occurs from having more light returned to the 

detector. 

3.2.2. Canvas 

A multi-colored piece of canvas material (with multiple splotches of paint or dye) 

is examined next because this sample varies spatially in its polarization characteristics 

and scattered intensity distribution, and will be interesting to compare to other samples. 

Figure 3.2.6 is a standard deviation image array of un-normalized Mueller elements for 

the canvas sample. Portions of this test object exhibit bare cloth of a greenish-khaki 

color, while other portions contain paint splotches of various colors layered atop the 

cloth, including black. The illumination and collection light cones, in addition to the 

bistatic angle, are the same for the gold-coated diffuser measurement of Section 3.2.1. 
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Figure 3.2.6. Array of standard deviation images across ten un-normalized Mueller matrix 
measurements of the multi-colored canvas sample. 

The repeatability with the canvas is better than that of the gold-coated diffiiser. Recall 

that different levels of precision or repeatability are expected for each sample, especially 

since the standard deviation of multiple measurements changes with the amount of light 

collected. 
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Figure 3.2.7 gives the canvas material standard deviation array for normalized 

Mueller values. 
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Figure 3.2.7. Standard deviation image array for tlie canvas material using normalized Mueller 
elements. 

Note in Figure 3.2.7 that in areas of low intensity the standard deviations of normalized 

Mueller values are usually higher than in Figure 3.2.6. Switching from un-normalized to 
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normalized Mueller elements is quite significant for this sample. Here, the standard 

deviation increase is much greater than that exhibited by the gold-coated diffuser. This 

illustrates once more the dramatic effect that dividing by smaller intensity values has in 

magnifying the apparent standard deviation. 

Figure 3.2.8 shows the array of scatter plots of the standard deviation values 

versus mean values for each pixel in Mueller matrix images of the canvas material. 
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Figure 3.2.8. Plots of average value vs. standard deviation value for all pixels in the compiled standard deviation and mean image arrays, for 
the canvas cloth. 
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The scatter plots for this sample tend to exhibit fewer trend-lines with shallow 

slope, and more clouding of points around the y-axis. This is an indication of less 

precision in the measurement of the corresponding Mueller elements, which is not 

unexpected given that this sample is spatially inhomogeneous and scatters more light. 

The light level returned to the detector is lower than that for the gold-coated diffuser, 

which in general causes the standard deviation values to be lower as well, though in many 

elements the standard deviation is greater in proportion to the mean. 

For the other five test samples of Table 3-1, all of the standard deviation image 

arrays have values on the order of 0.01 or less across the un-normalized Mueller elements 

(and were therefore repeatable to better than 1%). The gold-coated diffuser, in fact, 

exhibited the worst level of repeatability, probably due to its high reflectivity, and the 

high light level returned to the detector (and therefore vulnerability to deviations). 

(jiven the variability of the standard deviation in dark regions or areas of quickly-

varying intensity (e.g. near physical edges of a test object) it seems reasonable to suggest 

that the most appropriate method for determining MMIP measurement repeatability 

(devicc uniformity) is to concentrate on well-illuminated portions of an object that are far 

from edges, using un-normalized Mueller matrices. In these regions, data should suffer 

from the fewest computational noise contributions, leaving only the inherent noise 

sources of the MMIP illumination and light collection. 

Plots and output similar to that shown above is given for all seven samples of 

Table 3-1 in Appendix D. 
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3.3. Mueller matrix bidirectional reflectance distribution function 

To measure a MBRDF function versus sample rotation angle at a fixed bistatic 

angle, as presented in the example plot of Figure 1.3.2, the object under test is rotated 

from -70° to +70°, with 0° referring to the spccular reflection condition (see Section 2.1). 

The bistatic angle was approximately 14° during all measurements of the manmade test 

samples in Table 3-1. Given that the generator and analyzer do not physically overlap 

(i.e. the measurement geometry is not monostatic), the scattering properties measured 

will not be strictly symmetric about the specular configuration. For negative angles of 

rotation, the sample normal is pointed more toward the generator arm than the analyzer 

arm, and the converse is true for positive-valued rotation angles. However, given the 

small bistatic angle used, the geometry is quasi-monostatic, and most Mueller component 

variations with sample rotation are indeed nearly symmetric about the specular sample 

orientation. The image-averaged in-plane MBRDF for the glass diffuser appears in 

Figure 3.3.1. 
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Figure 3.3.1. Image-averaged MBRDF of glass diffuser. 

These polarization-sensitive BRDF matrices make readily apparent how the (image-

averaged) Mueller matrix changes as a function of angle. It is clear, for example, that the 

greatest values and most consistent patterns appear in the diagonal elements, as expected 

for depolarizing samples. Furthermore, these elements typically peak significantly near 

the specular condition and drop off quickly as the test sample is rotated in either direction 

(vv^here much less light is diffusely reflected into the line of sight of the detector). Any 

larger off-diagonal effects observed as a function of rotation angle will indicate abnormal 

samples and will be valuable information to take note of. 
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3.4. Mueller Matrix Decomposition 

A general Mueller matrix, M, may be decomposed into the product of three 

distinct matrices representing a pure diattenuator (partial polarizer), a pure retarder, and a 

pure depolarizer, 

(3.1) 

where A, R, and D denote the depolarization, retardance, and diattenuation components, 

respectively. This Lu-Chipman decomposition, named for those that first derived the 

method in its full generality, amounts to a polar decomposition of matrix M. The 

mathematical rigor involved in this matrix decomposition is well documented in the 

literature,and is not given explicitly here. 

3.4.1. Diattenuation 

Diattenuation, or partial polarization, is the property of an object describing how 

transmitted optical power varies with incident polarization state. The diattenuation 

magnitude is defined relative to the maximum and minimum transmission, and is defined 

by the equation 

T -T . jy max mm 
"  r  + T  max rmn 

The axis, or orientation, of diattenuation is that axis that gives the maximum 

transmission, Tmax- A diattenuation vector, D, may be defined as 
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D = 
D 

D 
H,V 

45,135 

^R,L 

(3.3) 

y 

Due to the nature of the Stokes vector representation for light, with total intensity 

occurring in the first element, information about the power throughput (transmission) of 

various polarization states occurs entirely in the first row of the Mueller matrix, so all 

information needed to describe diattenuation is found in tliere. In fact, the final three 

normalized components of the first row give the diattenuation vector and diattenuation 

magnitude as 

D 
1 

m. 

m 12 

m,3 (3.4) 

and 

/) + ?Wi3 + ^14 (3.5) 

The diattenuation magnitude, D, the diattenuation orientation (also given by the 

diattenuation vector), and even the linear diattenuation magnitude, 

7)4, ,3," , are all diattenuation properties which may be calculated and 

examined for various samples given their Mueller matrices. 

3.4.2. Retardance 

In much the same fashion as diattenuation, retardance may be described by a retardance 

vector (giving phase differences between each pair of orthogonal Stokes basis states), a 
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total retardance magnitude, and a linear retardance magnitude given, respectively, by the 

followir^ equations: 

R 

R H,V 

R 45,135 

^R,L / 

= i' R — tlRff^v + ̂ 45,135 + ̂ RJ. ' 

R, p 2 Q 2 
^H,V "•'-^45,135 

(3.6) 

(3.7) 

(3.8) 

Unlike diattenuation, extraction of the retardance vector values from the Mueller matrix 

is far more complex, and involves relations between multiple matrix elements. This 

formalism is again omitted, but is easily found in the literature.''^ The retardance 

magnitude, linear retardance magnitude, retardance orientation, and retardance eliipticity 

are retardance metrics that may be computed. 

3.4.3. Depolarization 

After extracting matrices representing a pure diattenuator and a pure retarder from a 

Mueller matrix via the decomposition of Eq. 3.1, the remaining matrix component 

describes its depolarization (and any residual measurement noise). Depolarization is 

understood as the coupling of polarized light into unpolarized light. The Mueller matrix 

for a diagonal non-uniform depolarizer is given by 

M = 

^1 0 0 0^ 

0 p 0 0 

0 0 q 0 

^0 0 0 r 

(3.9) 
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A diagonal non-uniform depolarizer depolarizes horizontal and vertical states equally, 45° 

and 135° states equally but by a different amount, and finally right- and left-circular 

polarization in equal amounts but with a magnitude again different from that of the linear 

states. This is the type of depolarization evident in most scattering samples examined in 

the this work, as will be seen from the data of Chapters 4 and 5. 

Depolarization may be quantified as the difference between incident and exiting 

degrees of polarization for given input states (though other metrics certainly exist). For 

fiilly polarized incident states, S, with DoP = 1 (e.g. from the polarization generator of 

the MMIP), the amount of depolarized light is 1-I>£?P(S'=M-S). There are multiple ways 

to quantify or describe the depolarization properties of a Mueller matrix, including 

depolarization power,"^' depolarization index,average degree of polarization, degree of 

polarization maps, or polarization entropy.'*'^''^^ These methods are discussed in Section 

3.4.4.3. 

3.4.4. Diattenuation, Rctardance, and Depolarization in Polarization 
Scattering Measurements 

Given the tendency of scattering objects to depolarize well, one expects 

depolarization to be large in contrast to smaller retardance and diattenuation values. The 

best method for calculating and displaying each of these quantities is not well known. 

Example plots for many of the properties extracted from the Mueller matrix (as described 

in Section 3.4.3) are given here, including discussion of their merits and faults. 
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3.4.4.1. Representing Diattenuation and Retardance 

A plot of the pixel-by-pixel diattenuation magnitude for the glass diffuser oriented 

in the specular condition is shown in Figure 3.4.1. 

-

Figure 3.4.1. Diattenuation magnitude across glass diffuser in specular orientation. 

As expected, the image of this diattenuation property across the sample is quite noisy. 

Regardless, it is easy to see that the majority of values fall in a specific range (0 to 0.1 in 

this case), and averages across the image may be taken. A method for averaging across 

these noisy images is described shortly. 

In similar fashion, other properties like retardance orientation are plotted on a per-

pixel basis across the sample image. Figure 3.4.2 gives an example of the retardance 

orientation, again for the glass diffuser sample, but this time at a ditTerent sample rotation 

angle. 
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Eet Oftjent 20° 

Figure 3.4.2. Retardancc orientation across glass diffuser in +20° orientation (with respect to 
specular condition). 

Notice again how noisy this image is. In particular, the values seem localized into 

two different groups at very separate values, and this is due in part to the 90° ambiguity in 

orientation when reducing retardancc data. Namely, without absolute phase data, there is 

an ambiguity between the fast and slow axes of the retarder portion of the decomposed 

Mueller matrix (i.e. one cannot determine which component lags which). Removing this 

ambiguity during the averaging described in Section 3.4.4.2 is essential to finding a 

mathematically reasonable average value. 

The diattenuation orientation, retardancc magnitude, and retardancc ellipticity 

may all be plotted on a pixel-by-pixel basis in the same fashion as the previous plots, 

though they are not shown explicitly here. 
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3.4.4.2. Diattenuation and Retardance cloud averaging 

The averaging described here is useful for diattenuation properties, and essential 

for retarder properties in order to avoid introducing extraneous results. The ambiguity in 

the retardance axes (mentioned in Section 3.4.4.1) yields retardance vectors across an 

image that may exhibit 90° differences in orientation, but represent the same values in 

reality. As an example, consider the plot of all retarder vectors (on a per-pixel basis) 

across the image of the green painted metal, plotted in Poincare space in Figure 3.4.3. 

Note that the totality of retardance vectors seems to fall into two distinct "clouds" of 

points located 180° apart on the Poincare sphere (i.e. 90" apart in physical orientation), as 

in Figure 3.4.3. To correct for this ambiguity, the two data clouds are brought together 

by inverting vectors in one cloud about the origin with a change in sign of its components 

(e.g. Figure 3.4.4). A center-of-mass type average across the combined data cloud is then 

taken (where each point has equal weighting), in order to determine the average retarder 

vector within the cloud. Failure to remove this ambiguity before averaging likely gives 

extraneous results that do not correctly represent the information. A pure average of the 

values in Figure 3.4.3, for example, would yield an average vector near zero. 

- Z  

si 

-0.5 

Figure 3.4.3. Scatter plot of all retarder vectors of the painted metal sample in Poincare space. Only 
the vector tips are plotted. 
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Figure 3.4.4. Combined rctardance data cloud for painted metal sample oriented in the specular 
condition. 

Dialtenuation does not suffer from the same phase ambiguity that retardance does, 

and hence the cloud of diattenuation vectors for all pixels in an image tend to lie in a 

single cloud without manipulation. Still, the center of mass averaging scheme is useM 

for such data, and determines a single diattenuation vector that best represents the cloud. 

I lowever, inverting any points about the origin of the Poincare will give extraneous 

results, particularly if the data is not very symmetric about the origin. Thus, care must be 

taken to differentiate between the cloud averaging schemes of diattenuation and 

retardance. The average diattenuation vector will, in theory, be slightly different than the 

vector determined by taking the individual averages of diattenuation magnitude and 
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orientation, though for all practical purposes the difference is negligible for a majority of 

samples. The green painted metal diattenuation vector cloud is displayed in Figure 3.4.5. 

0 . 0 2  

O . O S  

-O.OS 
- o . o s  

=1 

o . o s  
-0.1 

Figure 3.4.5. Diattenuation vector cloud for the green painted metal oriented in the specular 
condition. 

The center of mass averaging scheme assumes a distribution of the retardance or 

diattenuation vector clouds that results from a relatively homogeneous sample. It is 

possible, however, that a very inhomogeneous sample or scene may exhibit distinct 

diattenuation and retardance clouds for a single image due to a real variation in surface 

properties within the image (and not due to a retardance phase ambiguity as mentioned 

above). In such instances, this type of averaging loses most of its value, but the majority 

of samples under study in this work will not exhibit inhomogeneitics to such a degree. 
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3.4.4.3. Representing Depolarization 

Multiple methods for describing or quantifying depolarization have been 

mentioned; the embodiment of each of these representations is described here. Equation 

3.9 showed that p, q, and r (the elements of the diagonal non-uniform depolarization 

matrix) give the percentages of light in each Stokes component that stay in that 

component after interaction with the sample Mueller matrix. Hence, l-|p|, l-|q|, and l-|r| 

give the percentage of light in each Stokes component that is depolarized. The average of 

these three principal depolarization components gives the depolarization power of the 

depolarizer. A: 

\ p \  +  \q \  +  Iri 
A = l-'^' 0 < A < 1. (3.10). 

Another more useful characterization of depolarization is the so-called 

depolarization index (or depolarization magnitude) given 

Dep(M)  =  1  -  ^  ^  ^ ( 3 . 1 1 )  
V3W,, 

This second term of Equation 3.11 defines the Euclidean distance of the given normalized 

Mueller matrix M from the ideal depolarizer (i.e. p=q=r=0 in Equation 3.9), normalized 

to V3 , the Euclidean distance for non-depolarizing Mueller matrices. The difference of 

this quantity from 1 describes depolarization as the Euclidean distance of the Mueller 

matrix from the surface containing all non-depolarizing Mueller matrices (in a sixteen-

dimensional Mueller hyperspace). 
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The average DoP is computed as the mean of all DoP values for exiting Stokes 

vectors in response to all input Stokes vectors with DoP=\ for a given Mueller matrix. 

This calculation amounts to an integration of the DoP response of a Mueller matrix over 

the surface of the Poincare sphere, and implementation of this representation is often 

time-consuming in comparison to others due to its computational intensiveness. 

Each of these depolarization metrics is single-valued, and may be displayed for 

the Mueller matrix of each pixel in an image, yielding a corresponding image for the 

depolarization metric allowing examination across all points of a sample. Figure 3.4.6 

shows an example depolarization index plot (made with the concrete sample). 

'ii 
Itepol. Migu r;. s, 

Figure 3.4.6. Depolarization magnitude of concrete sample. 

In contrast to the depolarization magnitude or average degree of polarization, DoP 

surfaces and maps are depolarization metrics providing visualization of how a single 

Mueller matrix (i.e. one pixel in a Mueller matrix image) depolarizes all incident states. 
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These mathematical constractions offer much more detailed depolarization information 

than the single-valued metrics defined above, and are detailed in Section 3.5. 

3.4.4.4. Angular Properties 

With the exception of DoP maps, each and every parameter described in Section 

3.4 may be calculated for a single pixel and in turn plotted over all pixels in an image. 

For mostly homogeneous samples, it is useful to take the average of such parameters 

across all pixels in an image, yielding single-valued metrics characterizing the entire test 

sample. This average value may then be plotted against the angle of rotation of the 

sample during MBRDF measurement, yielding in-plane plots similar to the MBRDF 

curves of Sections 1.3 and 3.2 for reduced data as a function of scattering angle. The 

behavior of a particular property as the scattering angle changes offers additional 

information about the test object beyond the parameter (e.g. depolarization) measurement 

itself. 

3.5. Degree of Polarization Maps and Surfaces 

The information of this section was compiled into a paper for publication in 

Optics Express, a peer-reviewed journal of the Optical Society of America. The text in 

its entirety appears in Appendix A. 
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3.6. Conclusions 

The MMIP system appears free from measurement variations due to laser speckle, 

and observed noise is due to the detector or other portions of the device (e.g. wedged 

retarders causing a wandering illumination beam). More reflective objects or materials 

like gold will see a poorer level of measurement repeatability than objects like the canvas 

when examined in a specular reflection orientation. Objects that are more highly 

scattering also experience poorer levels of repeatability at higher angles than their less-

scattering counterparts, as they will scatter more light into the analyzer arm at these 

angles (and produce greater errors). The observed standard deviation of values in any 

given component of a measured Mueller matrix image depends highly on the size of the 

values (amount of optical power) going into that element. Off-diagonal components, 

particularly for less reflecting samples, are very noisy, and will benefit irom averaging. 

Image-averaged MBRDF plots as a fiinction of one angle of sample rotation offer 

insight into surface polarization scatter behavior. MBRDF plots are very useful in 

determining which Mueller components offer valuable (or unique) scattering signatures 

of a sample. 

The reduced data from a Mueller matrix measurement (including diattenuation, 

retardance, and depolarization) gives Ml characterization of how a sample polarizes and 

depolarizes incident light. The reduced data holds promise for sample classification. 

Depolarization characteristics offer the most information for scattering samples; 

diattenuation and retardance plots for strong scatterers tend to be noisier. 



89 

The DoP surface and map are invaluable tools for observing and investigating 

how particular samples depolarize. Degree of polarization surface shapes (and degree of 

polarization map features like maxima and minima) offer insight usefiil for classification 

of samples according to their depolarization characteristics. 
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CHAPTER 4 

ANALYSIS OF A DIVERSE GROUP OF 
MANMADE SCATTERING SAMPLES 

4.1. Introduction 

This chapter presents and analyzes scatter polarization data taken with the MM IP 

for the diverse group of samples listed in Table 3-1. These measurements are made with 

the device and methodology detailed in Chapter 2, and are based on the mathematical 

formalism developed in Chapter 3. For each sample, an image-averaged MBRDF is 

measured in one plane with a constant bistatic angle. Reduced data including 

depolarization, retardance, and diattenuation is compiled as a function of scatter angle. 

All of the samples are strong depolarizers, as expected. The values of diattenuation and 

retardance magnitude were relatively small and somewhat noisy over the sample surfaces 

observed. Nonetheless, reasonable value ranges (and appropriate averages) are obtained 

for diattenuation and retardance. The degree of circular retardance observed was 

negligible, making the total retardance magnitude and linear retardance magnitude 

essentially equivalent.. This has the additional consequence of yielding miniscule values 

(noisy about zero) for the retardance ellipticity. For these samples, specific reference to 
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total retardance magnitude and observations about retardance ellipticity are therefore 

neglected. 

The image-averaged depolarization index (see Equation 3.11) exhibited by a 

surface with homogeneous properties typically varies as an inverted Gaussian (i.e. a 

constant offset minus a Gaussian profile) with changes in scatter angle, centered on the 

specular reflection condition described in Chapter 2 (i.e. a sample rotation angle of 0° in 

Figure 2.1.2). The width, height, and value of these Gaussian curves varies with the 

surface roughness and reflectivity of the sample. 

A small horizontal diattenuation profile that increases with scatter angle was 

observed for two different samples, the gold-coated diffuser and painted metal box part. 

The linear retardance magnitude showed a slight decreasing trend with increasing sample 

rotation angle for several samples. 

The screen mesh sample exhibited asymmetric MBRDF and reduced data plots 

with scatter angle (i.e. rotation angle of the sample), with trend maxima and minima 

occurring at approximately the same angle for all properties observed. The sample 

periodicity must play a vital role in these patterns. The surface of the multi-colored 

canvas is inhomogeneous; it consists of colored splotches from different dies or paints. 

This sample provides excellent illustration for how well polarization discriminates 

between various materials when intensity cannot. Finally, reduced data for the nylon 

plastic material exhibited almost no angular dependence. Its image-averaged 

depolarization, retardance. and diattenuation properties were flat as a function of sample 

rotation (i.e. scatter angle). 



92 

All reduced data averaged across the sample Mueller matrix images and plotted 

with respect to sample rotation angle in one dimension may be found in Appendix D. 

Some specific plots are discussed here. 

4.2. Scatter polarimeter Mueller matrix images 

First, each of the Mueller matrices for the manmade samples of Table 3-1 is 

displayed below for the specular sample orientation (0° rotation). All Mueller elements 

are normalized by the nin element, while the mn element itself remains un-normalized 

and shows relative flux returned by a sample (see Rq. 1.6). As mentioned in Chapter 3, 

the bistatic angle between analyzer and generator for each of these measurements was 

approximately 14°. The illuminating light cone had a full divergence angle of 6°. Up to 

1W of optical power (varied based on sample return and CCD saturation) was incident on 

the sample. 
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Figure 4.2.1. Mueller matrix image at 0" for the green painted metal. 
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Figure 4.2.2. Mueller matrix image at 0° for nylon plastic material. 
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Figure 4.2.3. Mueller matrix image at 0" for multi-colored canvas cloth. 
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Figure 4.2,4. Mueller matrix image at 0° for concrete. 
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Figure 4.2.5. Mueller matrix image at 0° for glass diffuser. 

H° Matils J 
Figure 4.2.6. Mueller matrix image at 0° for gold-coated glass diffuser. 
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Figure 4.2,7. Mueller matrix Image at 0" for screen mesh material. 

4.2.1. Nylon plastic material 

The nylon plastic material in Figure 4.2.2 is almost an ideal depolarizer because 

all the Mueller components, and the diagonal elements in particular, are very close to 

zero. This is probably due to the nylon itself, and not necessarily the roughness or color. 

Incident light enters the thin nylon-based plastic material and multiply scatters within the 

semi-translucent nylon. Such materials, like projector screens, display minimal 

diattenuation or retardance. These properties show little change with scatter angle. The 

nylon plastic docs not exhibit the Gaussian profile of depolarization versus scatter angle 

that most of the other samples do. 
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4.2.2. Concrete 

The concrete Mueller matrix image in Figure 4.2.4 is highly depolarizing like the 

nylon plastic material. The off-diagonal elements are larger. The concrete shows a 

Gaussian depolarization versus scatter angle curve as the amount of light diffusely 

reflected from the sample in the direction of the detector decreases with higher angles of 

incidence and scatter. 

4.2.3. Canvas fabric 

The multi-colored canvas cloth is shown in Figure 4.2.3. The un-normalized mn 

element shows the intensity image. Here, the different colored regions scatter nearly 

equally at 808nm so the contrast between regions is lost. However, different colored 

splotches are immediately apparent in looking at the other diagonal elements of the 

matrix. The polarization coupling picture of a Mueller matrix (see Figure 1.2.1) suggests 

that a larger value of a diagonal element indicates that incident light in the Stokes 

component corresponding to its matrix column lends to stay in that state. Smaller values 

on the diagonal indicate coupling out of the corresponding Stokes vector element. If light 

coupled out of a given Stokes vector element is coupled into a different Stokes 

component, it will show in the corresponding column of the new component and the 

same matrix row as the old component. Hence, light coupled out of a given Stokes 

component that does not appear in other Stokes components of the same row must have 

been depolarized. 
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Note in the upper portion of the Mueller component images for the canvas in 

Figure 4.2.3 that a certain splotch (in this case of black coloration) is bright in the 

diagonal elements, indicating less depolarization. The bottom splotch depolarizes the 

most. Note the effect of this bottom splotch on incident circularly polarized light (i.e. the 

m44 element image), where this portion of the sample takes on a nearly zero Mueller 

value. Results like this one give credence to the use of circular polarization components 

in polarization remote sensing schemes, the use of which has sometimes been questioned. 

4.2.4. Gold-coated diffuser 

The gold-coated diffuser very clearly returns the most light of any sample in the 

diverse group of Table 3-1 (observed via the bright intensity return exhibited in the mn 

element image). The gold coating is very reflective, and the surface is sufficiently rough 

that light specularly reflects from micro surface facets of the appropriate orientation for 

any given sample rotation angle (i.e. there is much diffuse reflection). Both single and 

multiple surface scattering processes are likely. 

4.2.5. Screen mesh material 

The screen mesh material (i.e. screen door weave material) shows light in 

multiple off-axis Mueller elements due to the periodic nature of the sample. 

Diattenuation (and polarizance) effects exhibited are due to the interaction of incident 

states with the linear grating nature of the sample. Diattenuation and depolarization 

effects are amplified at certain sample rotation angles when the illuminating light sees 

certain spatial frequencies of the mesh. 
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4.3. Measurements of MBRDF and Depolarization versus scatter angle 

The information of this section was compiled into a paper for submission to 

Applied Optics, a peer-reviewed joiimal of the Optical Society of America. The text in 

its entirety appears in Appendix B, and it details the variation of depolarization as a 

ftmction of scattering angle for many of the manmade test samples, offering an important 

and informative classification metric for scattering samples. 

4.4. Retardance and Diattenuation versus scatter angle 

These scattering objects show weaker patterns in the diattenuation and retardance 

as a function of scatter angle than exhibited by the depolarization. Nevertheless, some 

patterns do emerge. 

4.4.1. Diattenuation 

The painted metal, gold-coated diffuser, and to a lesser extent the glass diffiiser 

(the three most reflective samples tested) show horizontal diattenuation that increases 

with increasing angles of scatter. Figures Figure 4.4.1, Figure 4.4.2, and Figure 4.4.3, 

respectively, contain diattenuation magnitude plots for these samples as a function of 

sample rotation angle (0 in Figure 2.1.1). The painted metal and glass diffuser curv es are 

noisier due to their lower reflectivity. The edge value (at highest scatter angles), is 

highest for the green painted metal. 
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painted aetal: Average diattenuat-ion magnitude vs. angle 
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Figure 4.4.1. Diattenuation magnitude vs. angle for the painted metal sample. 
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Figure 4.4.2. Diattenuation magnitude vs. angle for the goM-coated diffuser. 
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Figure 4.4.3. Diattenuation magnitude vs. angle for the glass diffuser. 

The greater diattenuation at larger angles is observable for the glass diffuser, but 

less distinctly than its other reflective counterparts. The green painted metal and gold-
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coated di ft user differ from the glass dirtuser is that each is reflective with a coating (i.e. 

paint or gold metal). 

The diattenuation orientation is noisier than the diattenuation magnitude. The 

painted metal and gold-coated diffuser diattenuation orientation profiles vary rapidly near 

the specular condition (by tens of degrees). The glass diffuser shows similar variation, 

though not as drastic. Figure 4.4.4 shows the strongly peaked and asymmetric data 

displayed by the screen mesh sample, due to its periodic surface. The remaining samples 

exhibit very slight patterns if any; their data appears in Section 5 of Appendix D. 

Figure 4.4.4. Diattenuation orientation vs. scatter angle for the screen mesh material. 

4.4.2. Retardance 

Retardance magnitude for most samples shows some form of a down turned curve 

as a function of scatter angle, including the highly depolarizing canvas and concrete. The 

(expected) exception is the nylon plastic material, which has a very nearly flat retardance 

magnitude curve versus angle. All the remaining curvcs are centered at the specular 

condition with the exception of the screen material, again showing asymmetry in the 

location of its peak. Figures Figure 4.4.5 and Figure 4.4.6 show the canvas and glass 

scEeen; Average diattenuation orientation vs. angle 

diattenuation orientation 

60 r 

angle 

- 2 0  
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diffuser curves for illustration, while the remaining data is displayed in Section 5 of 

Appendix D. 

canvas: Average retardance Magnitude vs. angle 
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Figure 4.4.5. Retardancc magnitude (in degrees) of canvas material. 

glass: Average retardance magnitude vs. angle 
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Figure 4.4.6. Retardance magnitude (in degrees) of glass diffuser. 

With the screen mesh as a lone exception, the retardance orientation was largely 

flat as a function of scatter angle for the manmade test samples. Some samples exhibited 

very shallow upward or downward linear trends, like the nylon material plotted in Figure 

4.4.7. but the slopes of such trend lines appear to lie within the noise of the reduced data. 

No patterns emerge that appear significant. 
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nYlon: Average Eetardance OEientation vs. angle 
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Figure 4.4.7. Retardance orientation (in degrees) of nylon plastic material. 

4.5. Conclusions 

Tests on the diverse group of manmade samples in Table 3-1 show that Mueller 

matrix images and MBRDF curves offer a valuable data to characterize a surface or 

material. Variation in certain Mueller elements readily informs of the nature of the 

sample, by giving insight into its diatlenuation, retardance, and depolarization properties. 

Variation across inhomogeneous samples may be detected in the scatter polarization 

measurements where intensity alone may fail to yield feature contrast. Image-averaged 

MBRDF curvcs in one plane of sample rotation give insight into scattering behavior of 

each Mueller component, and allows comparison of quite different samples. 

Depolarization characteristics are relatively unexplored and undocumented in the 

literature, yet appear to offer the greatest quantity of information about scattering objects. 

Here, the depolarization magnitude as a function of scatter angle showed a distinct 

inverted Gaussian profile for many homogeneous scattering samples. The width. 
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amplitude, and depolarization value at high scatter angles (Gaussian asymptote) give 

information about sample roughness and reflectivity. As a function of scatter angle, 

smoother samples exhibit steep Gaussian profiles (with larger amplitude to width ratios), 

while reflective samples exhibit lower overall magnitudes of depolarization and to some 

extent may experience curve-broadening depending on the roughness. 

Circular states are depolarized more than linear states for every sample tested. 

For the most reflective samples, the difference between linear and circular depolarization 

decreases (often to zero) near the specular reflection condition (0° sample rotation in the 

geometry of Figure 2.1.1), while less reflective samples exhibit a nearly constant 

difference in DoP response to linear and circular input states. Horizontal and vertical 

states remain very slightly more polarized than 457135° basis states in some cases, like 

the glass diffuser. One notable sample, the gold-coated diffuser, exhibited a sizable 

depolarization difiference between horizontal and vertical incident states for larger scatter 

angles, with horizontal light remaining more polarized. 

Diattenuation and retardance exhibit weaker patterns than depolarization as a 

function of scatter angle. A small horizontal diattenuation that increases with larger 

scatter angles was observed for relatively reflective samples, and was particularly evident 

with the gold-coated difftiser and green painted metal (each having a thin topcoat on a 

substrate). Retardance magnitude decreases slightly with increasing scatter angle for 

most samples. 

Image-averaged MB RDF plots and reduced data are beneficial for characterizing 

and classifying various surfaces or materials, particularly when varied features in a single 
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image do not exhibit intensity contrast. Depolarization characteristics as a function of 

scatter angle show much promise for use in remote sensing. 
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CHAPTER 5 

NATURALLY OCCURRING SAMPLES: 
LEAVES 

5.1, Introduction 

Each sample described in Chapter 4 was manmade. Equally as important are 

naturally occurring samples, particularly in an attempt to differentiate manufactured 

materials from natural ones. Examination of natural samples for the purposes of this 

study is limited to various leaves acquired from broad-leaved trees or bushes. Beyond 

comparison with manmade samples an attempt is made to find patterns among leaves, 

differences between them (if any), and also differences between the top and bottom sides 

of any given leaf (i.e. differences between its sun-facing and ground-facing sides). 

Typically, leaves do not have the structural homogeneity that the majority of 

manmade surfaces examined in Chapter 4 did. Generally, the leaf has a vein structure 

that may itself be visible in Mueller matrix elements, or more likely may define surface 

patterns and protrusions that sometimes give distinctive polarization signatures. 

The properties of the leaf surface are also very diverse. The tops of leaves may 

have a waxy reflective sheen, a fuzzy texlure, or dull smooth surface. Some leaves have 
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nearly identical tops and bottoms, with no preferential direction toward the sun, while 

others have a definite difference between the sun-facing side and the underside. 

Table 5-1 gives a description of the five leaf samples studied with the MMIP. 

The first was only examined on its top side, while the remaining four were examined on 

both their top and bottom sides. Complete sets of reduced data (including and beyond 

that displayed in this chapter) are given for the latter four leaf samples in Appendix E, 

where pictures of the examined plant species and their leaves may also be found. 

Leaf Sam Dies 

Common name Scientific name Brief descriotion 

Loquat eriobotya japonica 

Small tree. The leaves are 6-10 in long and 
about 2 in wide. The underside of the 
leaves is covered with rust-colored dense 
woolly hairs. The leaves have very 
noticeable veins (12-15 pairs per leaf) and 
toothed margins. 

Ivy ? 
Vine with broad triangular, soft (water-
saturated) leaves. Dark green on top and 
lighter green on bottom. 

Giant milkweed calotropis procera 

Large shrub. The leaves reach 12 inch long 
and 7 inches across. The leaves are 
covered by a coating of dense, wool-like 
hairs that peal off in small sheets (this type 
of surfaced is termed lanate). 

Golden shower casta fistula 
Medium to large size tropical tree. Leaves 
are compound, with 4-8 pairs of opposite 
leaflets of dull green color. 

Southern Magnolia magnolia grandi flora 

Medium to large tree. Thick, leathery 
leaves are alternate and simple. They are 
dark, glossy green above and slightly 
reddish green below. The leaves range in 
size from about 5 to 10 inches long and 4 to 
5 inches wide 

Table 5-1. Description of leaf samples measured with MMIP. First sample listed (loquat) bad only-
top measured, while remaining four leaves were examined top and bottom. 
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Inspection of the polarization properties of these leaf samples reveals a number of 

interesting patterns. Some are parallel to patterns observed in the group of manmade 

samples of the previous chapter, while others are unique and to some extent curious. 

5.2. Selected MMIP images and MBRDF plots 

Some of the Mueller matrix images of leaf samples, particularly at sample 

rotation angles near the specular condition, are striking. The loquat leal; for example, 

shows depolarization variations across it that follow the wavy surface structure induced 

by its vein pattern. The fact that these patterns are not recognizable in the intensity image 

of the mil clement gives credence once more to the benefit of measuring polarization 

scattering signatures. Figure 5.2.1 illustrates how the Mueller matrix elements yield 

valuable discriminatory data by revealing the loquat leaf structure not seen in the mn 

element. 
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Figure 5.2.1. Loquat leaf top Mueller matrix image showing its surface and vein structure. 

The image of the milkweed leaf top, shown in Figure 5.2.2, differs from the 

loquat leaf of Figure 5.2.1 in that the main stem running the length of its center is less 

depolarizing than the remainder of a leaf. This is probably due to the small wooly hairs 

on the leaf surface (called a lanate surface) acting as efficient depolarizers that do not 

appear near the central stem. This presents a case where the innate leaf properties or 

materials themselves affect the polarization return, rather than any structure or profile in 

the leaf surface. 
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Figure 5.2.2. Milkweed leaf top Mueller matrix image. The central vein of the leaf is clearly visible, 

since it does not depolarize as efficiently as the remainder of the leaf. 

Generally, the MB RDF plots for the leaves exhibit reasonably similar patterning 

to the manmade samples tested previously. The diagonal elements exhibit the greatest 

amount of variation with changes in sample rotation angle (i.e. scatter angle). In a 

number of the leaf data sets, many of the MBRDF component curves do not appear 

symmetric about 0°, as one might expect for samples with bilateral symmetry. Offsets in 

the MBRDF axis of symmetry from 0° are on the order of 10" of sample rotation or less. 



I l l  

and this likely indicates that the leaves were not properly mounted at the "most specular" 

surface angle in the supposed specular condition. This is not surprising given shape 

variations across the leaf which make difficult the task of determining its "surface plane" 

(and cause difficulty in determining a true 0° of sample rotation). This asymmetry is 

displayed in the diagonal elements of Figure 5.2.3, which gives the image-averaged 

MBRDF for the top of the loquat leaf. 

Figure 5.2.3 is generally illustrative of much of the leaf data. Many of the 

diagonal elements for various leaves show the expected Gaussian profile with rotation 

angle, indicating that the depolarization is stronger away from the specular reflection 

condition. Some of the leaves show the mn and mn elements that increase for increasing 

sample rotation angles, as mentioned in Chapter 4, which indicate slight horizontal 

diattenuation. 



112 

Figure 5.2.3. Loquat leaf top MBRDF, with nii, element un-norniaiized. 

Mueller matrix signatures displayed by the bottoms of leaves tend to be slightly 

different, and in most cases less pronounced, than signatures from the leaf tops. Figure 

5.2.4 shows the MBRDF curve for the bottom of the southern magnolia leaf. Though the 

amplitudes of multiple Mueller elements are higher here than for the loquat leaf top, the 

variation with angle is noticeably flatter. 
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Figure 5.2.4. MBRDF for Southern magnolia leaf bottom, mn element is un-normalized. 

The leaf MBRDF plots in general do not exhibit the same type of ofT-diagonal 

patterning often seen in the manmade samples of Chapter 4. Most noticeable is the lack 

of signal in the mas and m32 elements that was frequently present for manmade samples. 

Additionally, nearly all other off-diagonal Mueller components, with the exception of the 

mn and mai elements, are negligible for both leaf tops and leaf bottoms. 

5.3. Diattenuation, Retardance, and Depolarization of leaves 

Leaves, like the manmade samples tested, are relatively strong scatterers and 

depolarizers. Diattenuation and retardance measurements are again very noisy and offer 

little information with exception of a few subtle patterns. 
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5.3.1. Diattenuation 

The diattenuation magnitude often increases as a function of increasing scatter angle (as 

seen predominantly in two of the nianmade samples). This trend is most visible on shiny 

leaf surfaces like the top of the southern magnolia leaf or ivy leaf in Figure 5.3.1 and 

Figure 5.3.2, respectively. 

*p_top: Average diattenuation magnitude vs. angle 
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Figure 5.3.1. Diattenuation magnitude vs. scatter angle of ivy leaf top. 

sx_top: Average diattenuation magnitude vs. angle 
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Figure 5.3.2. Diattenuation magnitude vs. scatter angle of southern magnolia leaf top. 
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These diattenualion trends that mimic the more reflective manmade samples may 

indicate a waxy sheen or some other organic surface coat to the leaves, in line with the 

hypothesis for manmade materials that it was the coated or painted reflective surfaces 

exhibiting this upturned pattern. Figure 5.3.3 shows that this diattenuation effect is much 

less significant for the top of the milkweed leaf, probably due to its lanate surface 

(described in Table 5-1), which differentiates it from other leaf tops. 

mw_top: Average diattenuation magnitude vs. angle 
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Figure 5.3.3. Diattenuation magnitude vs. scatter angle of milkweed leaf (op. 

For each leaf sample where this diattenuation magnitude pattern is observed, the 

diattenuation axis is oriented almost entirely horizontally. In the MBRDF plots of the 

previous section, this is evident by viewing the top row of the Mueller array, where only 

the mi2 component (representing horizontal/vertical diattenuation) exhibits positive 

nonzero amplitude. The horizontal preference for this pattern is probably a function of 

the rotation axis of the sample. Rotations about other axes would cause similar patterns 

to appear either with opposite sign, or in the 457135° linear Mueller component. 
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5.3.2. Retardance 

Leaf retardance magnitudes did not exhibit the slightly down-turned curves as a 

function of scatter angle that were common among manmade samples. The data was 

quite flat for both the leaf tops and bottoms (see, e.g., Figure 5.3.4 for the milkweed leaf 

top retardance magnitude). However, many of the graphs exhibited spurious retardance 

peaks at one or more angular positions, indicating noisy data (see Appendix E). 

mw_top; 
Average retardance magnitude vs. angle 
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Figure 5.3.4. Retardance magnitude for giant milkweed leaf top. 

Some of the linear retardance magnitude plots for the leaf samples show different 

patterns as a function of angle than the total retardance magnitude, indicating that some 

of the leaf samples exhibited circular retardance effects. Figure 5.3.5 shows the linear 

retardance magnitude for the golden shower leaf. At a scatter angle of 60°, the data 

exceeds the plot region due to a spurious (noisy) data point. However, the remainder of 

the plot exhibits a fairly clear pattern. At a ccrtain angle of sample rotation near ±40° 

from specular, there is a minimum in the linear retardance (and hence a corresponding 
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maxirtiiim in circular retardance). Similar data is exhibited by other samples. This 

retardance effect may relate to organic molecules in the leaf oriented in a certain fashion. 

gs_top: 

Average linear retardance magnitude vs. angle 
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Figure 5.3.5. Linear retardance magnitude for golden shower leaf top. 

5.3.3. Depolarization 

Leaf samples depolarized incident light with similar efficiency to the most 

depolarizing of manmade samples described in Chapter 4. In fact, every leaf top and 

nearly every leaf bottom proved a better depolarizer than all manmade samples tested. 

The Gaussian depolarization magnitude profile as a function of scatter angle was 

observed for the leaf tops tested. In the case of the ivy, shown in Figure 5.3.6, the pattern 

is readily observed, while for the other samples (like the milkweed shown in Figure 

5.3.7) the curve is much smaller in amplitude. 
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Figure 5.3.6. Depolarization magnitude for Ivy leaf top. A Gaussian fit to the data is shown in red, 
with fit parameters as displayed ("offset" refers to the high-angle asymptote, "shift" is the location of 

the peak of the curve, and "ampl." is its amplitude). 
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Figure 5.3.7. Depolarization magnitude for milkweed leaf top. A Gaussian fit to the data is shown in 
red, with fit parameters as displayed (and defined in the caption of Figure 5.3.6). 

The depolarization differences between the tops and bottoms of leaves, both in 

magnitude, and functional form versus scatter angle, are quite interesting and are 

discussed in Section 5.4. 
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5.4. Differences between leaf tops and bottoms 

Though a majority of the polarization properties exhibited by leaf samples as a 

function of scatter angle were subtle, there are several clear differences between the sun-

facing and ground-facing sides of most leaves. One exception is the giant milkweed leaf, 

which has lanate surfaces top and bottom, both of the same color. The only definitive 

feature differentiating top fi"om bottom for the milkweed leaf is the protrusion of the stem 

and central vein on the bottom side of the leaf. Its top and bottom polarization signatures 

and reduced data are very similar. The remaining three leaves exhibit differences 

between their top and bottom surfaces, and therefore show variation in the polarization 

signatures of their different sides. These differences may be useful not only in 

identifying a certain type of foliage, but perhaps in a general quantification of overall leaf 

orientation for entire trees or bushes. 

Of the three leaf samples that exhibit differences between their top and bottom 

sides, all three were of slightly different color and texture on the bottom than the top. 

The southern magnolia leaf in particular had a light brown, lanate underbelly that was in 

stark contrast with its dark green and shiny topside. Each of the three exhibited slight, 

but consistent, differences between top and bottom sides in the diattenuation, retardance, 

and depolarization magnitudes. One example of each trend will be shown here, while the 

remaining data is available in Appendix E. 
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Figure 5.4.1. Diattcnuation magnitude versus scatter angle for southern magnolia leaf top (a), and 
bottom (b). 

The difference in diattenuation magnitude patterns for the southern magnolia leaf 

top and bottom is particularly noticeable given its very distinctive difference between 

surfaces, though the ivy and golden shower both exhibit similar trends. The upturned 

diattcnuation magnitude plot is more strongly curved for the leaf top than the leaf bottom. 

This is in keeping, once more, with the idea of a thin coating or surface layer causing the 

diattenuation pattern observed. Such a layer did not exist on the bottom side of the 

leaves. Or, this may be governed by color differences indirectly, where different 

concentrations of chlorophyll and other molecules closer to one surface than another 

preferentially align the return polarization very slightly. 

The linear retardance magnitude was fairly different between top and bottom for 

all three complete leaf tests besides the milkweed. Figure 5.4.2 shows the linear 

retardance magnitude variation between leaf top and bottom for the ivy sample, with the 

other samples exhibiting similar trends. 
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Figure 5.4.2. Linear retardance magnitude versus scatter angle for the ivy leaf top (a), and 

bottom (b). The spike at 60° for the leaf top is a spurioas data point from noisy data. 

As noted previously, the total retardance magnitude remains fairly constant over 

the entire range of sample rotation angles, and hence the decrease in linear retardance 

magnitude at higher angles of scatter from the leaf top is indicative of increasing circular 

retardance in these regions. To the contrary, the linear retardance magnitude for the ivy 

leaf bottom still remains fairly constant across all scatter angles, and therefore the total 

retardance and linear retardance are comparable, indicating a lack of circular retardance 

properties for the bottom side of the leaf. 

The most interesting differences between leaf tops and bottoms are in their 

depolarization properties. Consistently, the depolarization of the bottom side of the leaf 

samples (including the milkweed in this case) had a slightly lower magnitude than the 

depolarization from the top of the leaf, which is surprising given that the leaf tops are 

typically more reflective. This may be due to depolarizing effects of the surfacc layer on 

the top of the leaf or to polarizing effects of the miniscule hairs that exist on some of the 

leaf bottoms. Additionally, the form of the depolarization curve as a function of angle 

differs from top to bottom. Leaf undersides do not confonn well to a Gaussian 
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depolarization profile as a function of angle, and in fact are much flatter (probably due in 

large part to their lower reflectivity). The curves for depolarization magnitude of leaf 

bottoms resemble in large part the curv e for the canvas sample of earlier chapters. Figure 

5.4.3 and Figure 5.4.4 show the top and bottom depolarization curves for the ivy leaf and 

milkweed leaf, respectively. Notice in each case that the depolarization magnitude for 

the top of the leaf is larger than that for the bottom, and observe how the curve profiles 

differ between top and bottom. 

iap_top: avera^ depolarization vs. angle 3np_}30tt0a: average depoiarizat-ion vs. angle 
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Figure 5.4.3. Depolarization magnitude versus scatter angle for ivy leaf top (a), and bottom (b). 
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Figure 5.4.4. Depolarization magnitude versus scatter angle for milkweed leaf top (a), 

and bottom (b). 

5.5. Conclusions 

Polarization data for leaf samples varies by type of leaf. Some exhibit shiny 

surfaces, others lanate (hairy) surfaces, and still others both on the same leaf (e.g. 

southern magnolia leaves). Leaf tops more closely mimic trends discovered in the 

manmade samples as reported in Chapter 4, including an inverted Gaussian 

depolarization profile with scatter angle, and a slight increase in horizontal diattenuation 

with scatter angle for some samples. Some leaves exhibited circular retardance 

characteristics, unlike most manmade samples. 

Differences between leaf tops and bottoms are intriguing, including the apparent 

differences between diattenuation and retardance magnitudes as a function of scatter 

angle (both flatter for leaf bottoms), the difference in depolarization magnitude (larger for 

leaf tops, surprisingly), and the differences in depolarization profile (leaf bottoms did not 

fit Gaussian profiles well). 
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CHAPTER 6 

CONCLUSIONS AND 
RECOMMENDATIONS FOR FUTURE 

WORK 

6.1» Siimmary and Conclusions 

The phenomenology of scatter polarization measurement with a Mueller matrix 

imaging polarimeter (MMIP) is studied, including the hardware and mathematics for 

measurement and data reduction. A Mueller matrix bi-directional reflectance distribution 

function (MBRDF) has been described and developed which offers complete polarization 

coupling information for a sample at a variety of incidence and scatter angles (in this case 

for a single plane of measurement and a fixed bistatic measurement angle). Scatter 

polarization signatures for many manmade and natural samples are measured within the 

backscattering hemisphere (i.e. in a reflective geometry). MBRDF curves for the 

samples are compared and contrasted. Discriminating features of the reduced data 

including diattenuation, retardance, and depolarization properties have been examined, 

with emphasis on depolarization, given the scattering nature of the samples studied. 

The MBRDF is a useful metric for concisely describing polarization-dependent 

scattering properties in a variety of scattering geometries. A majority of the useful data 
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from measurements in this work is found in the diagonal Mueller components, describing 

a diagonal depolarizer (which is uniform if the diagonal elements are equal and non

uniform otherwise). Larger magnitudes of off-diagonal Mueller components indicate 

samples with greater diattenuation and retardance effects. For homogeneous samples 

measured with a small fixed bistatic angle, most MBRDF components are symmetric 

about the specular reflection condition. Asymmetries in MBRDF elements about the 

specular reflection condition may indicate periodic structures in a measured sample, as in 

the case of the screen mesh sample measured here. 

Scattering samples typically depolarize well, and depolarization proved to be the 

most informative and valuable polarization attribute of the samples measured in this 

work. Noisy retardance data showed little useful information, and only subtle 

diattenuation patterns were observed for some samples. Several of the diverse group of 

manmade samples tested with the MMIP showed a pattern in the depolarization index 

(and similarly in the average degree of polarization) as a function of sample rotation 

angle. Five of six homogeneous manmade samples exhibited an inverted Gaussian 

profile of depolarization versus sample rotation angle, with minimal fitting error. The 

magnitude, amplitude, and width of the Gaussian curves relate to surface properties like 

roughness and reflectivity, and qualitative correlations between these surface properties 

and the Gaussian fitting parameters have been made. The steepness of the Gaussian fit 

appears to correlate with roughness, and the magnitude of the Gaussian asymptote (i.e. 

depolarization at higher incidence and scatter angles) correlates with reflectivity. 
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The depolarization response of each measured Mueller matrix to the different 

incident Stokes basis states (as a ftinction of sample rotation angle) is compared. 

Circularly polarized states are always depolarized more than linearly polarized states, 

though the difference in depolarization between circular and linear states varies by 

sample rotation angle. More depolarizing samples (e.g. the concrete sample measured 

here) showed a relatively constant difference between the depolarization of circular and 

linear states as a fimction of sample rotation. More reflective samples on the other hand 

(e.g. the green painted metal) showed little difference between circular and linear 

depolarization for the specular measurement configuration, with an increasing difference 

as angles of incidence and scatter increase. The changing depolarization response of 

samples to various incident states as scattering geometry changes may offer valuable 

information for sample classification and characterization. 

Several leaf samples were also measured with the MMIP to begin the task of 

characterizing natural samples, and to compare the properties of natural and manmadc 

objects. Five leaves were measured in total, and four were measured on both sides to 

compare differences between the sun- and ground-facing sides of the leaf. Interesting 

differences exist, both between the leaves and manmade samples and between the two 

sides of individual leaves. Leaf samples were ail slightly more depolarizing than the 

most depolarizing of manmade samples, on both sides of the leaves tested. The top sides 

of the leaves exhibited Gaussian depolarization profiles as a function of sample rotation, 

similar to profiles for the homogeneous manmade samples. To the contrary, leaf bottoms 

showed relatively flat depolarization signatures difficult to fit to a Gaussian shape. The 
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top sides of leaves were all slightly more depolarizing than their corresponding bottom 

sides, which was surprising considering their generally higher reflectivity. 

Beyond making and comparing MMIP measurements, the mathematical structure 

of depolarizing Mueller matrices was studied. A new and visually representative 

depolarization metric called the Degree of Polarization (DoP) surface was developed and 

discussed. DoP surfaces graphically illustrate how a Mueller matrix depolarizes all 

incident polarized states on the Poincare sphere. The specific contractions and distortions 

of the DoP surface from the sphere representing incident states suggest how 

depolarization varies by incident state. The two-dimensional projection of the DoP 

surface (as in a globe to a map), facilitates data quantification and renders any minima 

and maxima readily observable. The exploration of how various Mueller matrix 

properties (particularly depolarization) relate to various surface distortions (or map 

contours) offers a useful tool for sample characterization and classification. 

The MMIP measurements presented here have added to a scarce pool of 

polarization scatter data that exists in the literature. Particularly, this work allows 

comparison of multiple samples (both manmade and natural) and identification of 

valuable discriminants, where a majority of earlier work has focused on single aspects of 

samples or the Mueller calculus. Clearly, depolarization is the most useful metric and 

discriminant for examination and comparison of polarization scatter properties in the 

remote sensing of strong scatterers. This study has contributed new ways to examine and 

characterize depolarization, and has identified the value of depolarization signatures as a 

fiinction of scatter geometry for sample classification. 
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6.2. Future Work 

The work presented here suggests multiple future investigations of interest. A 

natural extension of this work includes MBRDF measurement in a wider variety of 

scattering geometries. This entails rotation of the target sample about two orthogonal 

axes rather than one. and perfonning such measurements at a number of different bistatic 

angles between the MMIP generator and analyzer (i.e. increasing the number of degrees 

of freedom in the measurement from one to as many as four). One potential problem 

with measurements of such magnitude is the storage and display of the large quantities of 

data that result. (The reduced data alone for all the sample measurements in this work, 

with a single bistatic angle and single sample rotation axis amounted to approximately 

2GB of data storage. The storage required before data was reduced was close to 5GB.) 

Sampling at discreet angle intervals of reasonable size (e.g. 10°) is highly recommended. 

Measurements of this magnitude and complexity are an excellent candidate for 

full computer-controlled automation. If sample rotations (in two axes) and MMIP 

generator and analyzer rotations with respect to the sample were all automated (e.g. 

controlled by a LabView interface), a much more complete MBRDF could be measured 

more quickly without requiring operator intervention. With such increases in 

measurement freedom, there is also an obvious extension to measuring BTDF plots, 

where the analyzer and generator are allowed to be on opposite sides of the sample under 

test and the transmitted scatter (rather than reflected scatter) is under examination. 

The degree of polarization maps and surfaces described in Section 3.5 are ripe for 

further detailed investigation. A new nomenclature should be studied, where output DoP 
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values on the surfaces and maps are plotted as a function of the output Stokes states from 

the Mueller matrix, rather than the input states. The manner in which specific surface 

shapes and map contours reveal information about samples also deserves further 

investigation. 

A very important extension to this work is a study of how depolarization profiles 

as a fimction of scatter angle (i.e. parameters of the Gaussian fitted profiles) specifically 

reveal surface and material properties like roughness and reflectivity. This would allow 

quantitative information about sample surfaces to be gained from polarization scatter 

remote sensing. To make an empirical connection between roughness and depolarization 

profiles, for example, experiments mimicking those undertaken here could be performed 

with the reflectivity variable readily eliminated. Namely, MBRDF and reduced 

depolarization data should be plotted for the same sample at multiple roughnesses (e.g. a 

glass mirror substrate as it is ground down in stages to an optical finish, or a single metal 

material sandblasted in stages with varying particle sizes). 

Finally, the polarization scatter properties of a broader range of samples should be 

investigated to strengthen the available database of MBRDF information, allowing 

comparison type remote sensing to occur. Though the data presented here covers a 

diverse group of test samples, extension is required into larger "sub-categories" of 

classification. This would include such manmade groups as "building supplies" (cement, 

asphalt, brick, wood, rubber, etc.), and also metals, paints, glass, etc. Further extension to 

more natural samples is also necessary, including dirt, grass, whole trees and bushes, etc. 
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Both the polarization and remote sensing communities serve to benefit greatly from 

proliferation of data like that measured in this work. 
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APPENDIX A 

DEGREE OF POLARIZATION 
SURFACES AND MAPS FOR 

ANALYSIS OF DEPOLARIZATION 

The following was submitted for publication to Optics Express, a refereed 
publication of the Optical Society of America, August 2004 

Degree of polarization surfaces and maps for analysis of depolarization 

B. DeBoo, J. Sasian, R. Chipman 
Optical Sciences Center, University of Arizona 

Abstract 
The concept of degree of polarization surfaces is introduced. Degree of 

polarization surfaces provide a visualization of the dcpendcnce of depolarization on 
incident polarization states. The surfaces result from a non-uniform contraction of the 
Poincare sphere corresponding to the diattenuation, retardance, polarizance, and 
depolarization properties cncoded in a Mueller matrix. For a given Mueller matrix, the 
degree of polarization surface is defined by moving each point on the unit Poincare 
sphere radially inward until its distance from the origin equals the output state degree of 
polarization for the corresponding input state. Of the sixteen elements in a Mueller 
matrix, twelve contribute to the shape of the degree of polarization surface, yielding an 
information-rich set of surfaces. The surface shapes associated with the numerator and 
denominator of the degree of polarization function are analyzed separately. Protrusion of 
the numerator surface through the denominator surface at any point indicates non-
physical Mueller matrices. Degree of polarization maps are plots of the degree of 
polarization on flat projections of the sphere. These maps reveal depolarization patterns 
in a manner well suited for quantifying the degree of polarization variations, making 
degree of polarization surfaces and maps valuable tools for categorizing and classifying 
the depolarization properties of Mueller matrices. 
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1. Introduction 

The txansformation from one polarization state into another state which occurs 

during a linear interaction between light and matter (e.g. transmission through a retarder 

or polarizer, or reflection from a thin film) is commonly described using one of two 

polarization calculi, the Jones calculus or the Mueller calculus. The Jones calculus, 

which contains absolute amplitude and phase information, is usefiil for describing fully 

polarized light and non-depolarizing optical devices.^^'^" The Jones calculus applies to 

coherent light. All Jones matrices are also expressible as Mueller matrices and these non-

S1 ^9 
depolarizing Mueller matrices are well understood. ' The Mueller calculus is a more 

general representation for polarization interactions, which applies to incoherent states and 

describes polarized, partially polarized, or unpolarized light and can quantify 

•50 CO 
depolarization, while the Jones calculus cannot. ' A Mueller matrix describes how 

incident polarized light is depolarized for any incident state and significant variations 

with polarization state can occur. 

Depolarization is the coupling of polarized into unpolarized light. Depolarization 

of some optical devices has been described (e.g. liquid crystals^"^), and commercial 

depolarizers are available. However, reports of depolarization measurements in the 

literature (see, e.g., Refs. 9, 10) have been limited. This shortage of measurements may in 

part be due to the only recent commercialization of Mueller matrix polarimeters, which 

offer the most obvious way to measure depolarization. Competitive optical elements 

exhibit small amounts of depolarization, less than a few tenths of a percent. In contrast, 

the depolarization of most ditTusely reflecting objects such as paints, metal and wood 
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surfaces, natural materials, etc, is significant, varying from a few percent to 100% (i.e. 

complete depolarization). 

A single-valued depolarization metric, the depolarization index, has been 

introduced to describe the degree to which a Mueller matrix depolarizes incident 

states.^^'"^^ However, such a single number metric cannot describe the Ml complexity of 

depolarization associated with a Mueller matrix. 

This capability of Mueller matrices to define depolarization for all incident states 

is useM, particularly when strong depolarization occurs. Depolarization is associated 

with a reduction in the degree of polarization (DoP) of incident states. Here, DoP 

surfaces and maps are introduced to quantify and visualize the complete depolarizing 

properties of a Mueller matrix for all incident states. 

Practically, DoP is a measure of the randomness of polarization in a light beam, 

and characterizes how much of this beam may be blocked by a polarizer. 

Mathematically, on the Poincare sphere, the DoP represents the distance of a normalized 

Stokes vector's last three components from the origin. The surface of the unit Poincare 

sphere has DoP =1 and represents all fully polarized states."^^ A depolarizing interaction 

causes fully polarized Stokes states on the surface of the Poincare sphere to emerge with 

DoP<\. The DoP surface plots these exiting DoP values along the same radial vectors 

from the origin that define the corresponding input states. A similar plot was discussed in 

a di fferent context by Williams. A DoP map is a two-dimensional contour plot of the 

DoP surface versus two coordinates defining input polarization states (i.e. polarization 

ellipse orientation and ellipticity). 
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This paper investigates the way that a general depolarizing Mueller matrix affects 

DoP surface and map shapes, thus providing new methods for classifying Mueller 

matrices and their behaviors. The DoP surfaces are explored by examining separately the 

changes imparted to the surface shape by the diattenuation, retardance, polarizance, and 

depolarization properties encoded in a Mueller matrix. DoP maps and surfaces are 

introduced in Section 2. The denominator of the DoP function, which contains 

diattenuation properties of the Mueller matrix, is treated in Section 3. The retardance and 

part of the depolarizing properties of the Mueller matrix are covered in Section 4, via a 

singular valued decomposition, while Section 5 addresses the additional depolarization 

effect of polarizance on the DoP surface. Section 6 presents an analysis of complete DoP 

surfaces and maps. Section 7 addresses the physical realizability of a Mueller matrix 

using a criterion related to the DoP numerator and denominator. Section 8 explores a 

family of Mueller matrices and the evolution of their DoP surfaces and maps to better 

understand how features of each plot relate to specific portions of the Mueller matrix. 

Describing depolarization using the DoP of polarized states offers significant 

advantages over single-valued methods. DoP surfaces and maps provide an insightful 

visualization of how a Mueller matrix depolarizes all incident polarized states. The 

information content of DoP surfaces and maps is greater than other depolarization 

metrics. For example, maxima and minima in the output DoP are readily observed with 

DoP surfaces, and the values of these extremes easily quantified with DoP maps. The 

portion of the depolarization properties contained in the diagonal matrix resulting from a 

singular value decomposition of part of the Mueller matrix is elegant and easy to 
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visualize. DoP surfaces and maps are thorough in describing the behaviors of 

depolarizing Mueller matrices and are examined in detail here. 

2. The degree of polarization 

The degree of polarization {DoP) characterizes the randomness of a polarization 

state, this randomness being measurable as the maximum fraction of a beam that can be 

blocked by a polarizer. The DoP of Stokes vector S=(So,S 1,82,83) is 

When DoP =0, the light is unpolarized and all ideal polarizers block half the beam. 

When DoP =1, the beam is completely polarized and some ideal polarizer, either linear, 

circular, or elliptical, will completely block the beam. Thus, (1+ DoP)/2 is the fraction of 

a beam that can be blocked by an ideal polarizer. 

Normalized Stokes vectors with DoP = 1 are fully polarized states which lie on 

the surface of the unit Poincare sphere. The Stokes vectors on the surface of the Poincare 

sphere can be parameterized as 

where 0 is the polarization orientation (one half the longitude on a globe), and (p is the 

latitude on the Poincare sphere. For example, {0, ̂ )=(0°, 0°) is horizontal linearly 

polarized light, (45°, 0°) is 45° polarized light, and (0, 90") represents right circularly 

DoP(S) 
0 

(1) 

Cos{20)Cos{^) 

Sin{20)Cos{(p) 

Sm{<p) , 

(2) 
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polarized light for all 6. The Degree of Circular Polarization {DoCP} of a Stokes vector 

is defined as DoCP = S3/S0 = Sin(^). A circular polarizer will block {\+\DoCP\)l2 of a 

beam; the polarizer's helicity is right or left depending on whether the state is in the 

upper or lower hemisphere of the Poincare sphere, respectively. 

3. Degree of polarization surfaces and maps 

The DoP surface for a Mueller matrix, M, is formed by moving normalized 

Stokes vectors, S, on the surface of the Poincare sphere radially inward to a distance 

D0P(S —M-S) from the origin, plotted for all incident S on the surface of the Poincare 

sphere (Eq. 2). The DoP surface results from the product of a scalar, the DoP, and a 

vector, (Si, S2, S3), formed from the last three elements of the normalized Stokes vector, 

J.SV(M,S)' + .S' '(M,S)' + .SV(M.S)' 
DoPSurface{m,S) = /'(MS) (3) 

for all (Si^+Ss'+S:,^)' --!. 

The DoP map for a Mueller matrix is a contour plot of the DoP of exiting light as 

a function of the incident polarized state and represents a "flattened" DoP surface. In this 

paper, the DoP map is plotted with axes 0 (polarization ellipse major axis orientation) 

and DoCP, but there is some flexibility in the choice of parameterization of the polarized 

Stokes vectors. In general the DoP map provides easier visualization of maxima, 

minima, saddles, and other features of the depolarization variation than the DoP surface. 

Figure 1 shows an example DoP surface and its corresponding DoP map for the 

depolarizing Mueller matrix 
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M, 

1.0 - 0.226 0.069 0.196 ' 

-0.030 0.052 0.357 -0.336 

0.069 -0.454 -0.266 -0.194 

0.196 -0.336 0.194 0.584 

(4) 

SS 0 
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Figure 5. Degree of polarization surface (a) and degree of polarization map (b) of a typical 
depolarizing Mueller matrix showing two local maxima, two local minima, and two saddles. 

The distance from the origin to the DoP surface is the output DoP for the corresponding 

incident state on the Poincare sphere. Remember that the output polarization state is in 

general different from the input polarization state. Where the sxirface is pinched toward 

the origin, those incident Stokes states are more depolarized by the Mueller matrix. In 

this example, (160°, 0.1) is depolarized the most and (175°, -0.7) is depolarized the least. 

The DoP surface is analyzed here by decomposing the surface into terms relating 

to specific polarization properties of the Mueller matrix. The output Stokes vectors for 

M as a function of the input Stokes vector, S, are 
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OQ ^01 ^02 W03' 'So' WQQIS'O + mo,5'i + 171^2^2 + ^ 

*5/ Wio m,, W,2 m,. s, + O T j j i S j  + /WJ2«^2 + 
o t 

2 »?20 OT21 IW22 Sz + + ̂22^2 + m2j,S^ 

S ' ^"^3 J v'^30 /W32 + FWjjtS'j + 711.^2^2 + nty ̂ S ̂  ^ 

(5) 

Substituting Eq. 5 into Eq. 3, the scalar part of the DoP surface takes the rather 

cumbersome form 

DoP Surface{M, S): 
DoP Numerator 

DoP Denominator 

J ( to ,o5O +OT,-iS', 
i=i 

^00^0 ^Ol^l '^^02^2 +^^03*^3 
(6) 

4. The denominator of the DoP surface 

Comparing Eqs. 3 and 6 shows that the denominator of the DoP surface function 

is 

mQ^S^ + + Wo2iS\ + OTovS",, (7) 

the output flux for input S. Note that Sq depends only on the first row of M. The moo 

element is the intensity throughput of the Mueller matrix for unpolarized light and 

describes any losses associated with absorption, reflection or scattering. The elements 

moi, mo2, and mo3 characterize the diattenuation, the tendency of M to act as a partial 

polarizer."*' 

The shape of 5'o'(M,S), the denominator surface, is a limagon of revolution/^ 

DoPDenominator{M, S) = + mQ^Cos{20)Cos{<p}+ Wg, Sm{l0) Cos{(p)+ mQ^Sm{tp). (8) 

The simplest polar form of a limafon is 
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r - l + dCos{a), {0<a < Itt), (9) 

plotted in Figure 6 as d varies. Lima§ons belong to a more general family of curves, the 

botanic curves, with polar form 

r = l + dCos{ca\ (O < cr < Itt), (10) 

where "c" describes the number of "petals" of the botanic curve. Lima^ons are botanic 

curves of order c=l with only a single petal. 

Figure 6. Family of lima^ons. DoP denominator surfaces are lima^ons rotated about their axis of 
symmetry. 

Consider the depolarizing Mueller matrix Mo constructed from the sum of 

horizontal linear polarizer and 45° linear polarizer Mueller matrices. 

fl 1 0 0^ fl 0 1 0' r 1 0.5 0.5 0 

1 1 1 0 0 1 0 0 0 0 0.5 0.5 0 0 
— _{ 

=: 

2 0 0 0 0 2 1 0 1 0 0.5 0 0.5 0 

.0 0 0 0. .0 0 0 0. V O  0 0 0. 

which physically corresponds to covering an aperture with equal fractions of the two 

polarizers. The denominator of the DoP surface for Mo is 
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DoP Denominatori^Q,S)= 1 + 0.5Cos{20)Cos{(p)+0.5Sm{l9)Cos{ f ) , (12) 

which represents the intensity transmittance for any input Stokes vector, and is plotted in 

Figure 7. Note the dimple in the limagon shape corresponding to minimum 

transmittance, which occurs along the axis of rotational symmetry of the denominator 

surface. This axis of symmetry defines the diattenuation axis through the Poincare 

sphere. 

Figure 7. DoP denominator surface for Mueller matrix Mo of Eq. 11. The red line denotes the 

diattenuation axis, the axis of rotational symmetry of the surface. 

The Mueller matrix elements moi , mo2, and mo3 define three degrees of freedom, 

two of which determine the diattenuation axis orientation and latitude as 

0 

\ 

ArcCos 

V 

ArcSin (13) 



141 

The diattenuation axis passes through the maximum and the minimum (dimple) of the 

DoP denominator surface, as well as the Poincare sphere points yielding these 

transmittance extrema, Tmax=((20)axis, <|)axis) and Tinm= (^+(20)axis, -<i>axis)? respectively. 

The third degree of freedom defined by Mueller elements moi, mo?, and mo3 describes the 

diattenuation (also "diattenuation magnitude"), 5), as 

^00 

which describes the degree to which M is a partial polarizer, given by the maximum and 

minimnim transmittance.'^' For ideal polarizers (0=1), the dimple in the DoP 

denominator surface becomes a cusp with its point at the origin. 

5. The degree of polarization numerator 

The DoP numerator surface, described in Eq. 6, is much more complex than the 

denominator surface because it depends on Si',82', and S3' and includes a square root of 

the sum of three terms. The DoP numerator depends on the twelve elements in the 

bottom three rows of the Mueller matrix, which encode the polarizance, retardance, and 

depolarization properties of the matrix. ''^ "" 

Consider the last three Mueller matrix rows separated into the sum of two 

matrices: 

f ^ 
X  X  

\ 
X  r X X  X  fx X  X  X  >  

OTii Mu W,3 "lO 0 0 0 0 W,2 mi3 

^20 OT21 «22 W23 ^20 0 0 0 0 W2, «22 Ml, 

OT3, OT32 % 3 y  ,«30 0 0 0. .0 TO3J OT32 OT33 J 
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The first column of M is the polaxizance vector, 9*, the output Stokes vector when 

unpoiarized light is incident. 

^(M)=M-

a 0 0 

0 Wo, 
0 OT02 

vO. 

(16) 

The lower right 3x3 submatrix of M, 

Q ^22 m23 

VW31 ^32 m33 y 

(17) 

is an orthogonal matrix (real, unitary^^) for retarders. Diattenuators, as well as 

depolarizers (uniform and non-uniform), generate Hermitian^^ Q. 

Submatrix Q can be decomposed into the product of a unitary matrix and a 

Hermitian matrix in two ways,'*^''^^ 

Q = HIJ = IJ'H'. (18) 

Unitary matrices represent rotations and preserve magnitude (i.e. impart no contraction or 

expansion to a surface). Retarders rotate the Poincare sphere about the fast and slow axis 

of the retarder, so Mueller matrices and Q matrices for retarders are unitary. 

The Hermitian component, H or H', of submatrix Q (see Eq. 18) is diagonalizable 

into the form of a similarity transformation^^ 

H = IJjDlJ, ' or H'=U2 'DUj , (19) 

where Ui and L'l are unitary and D is a diagonal matrix of H's eigenvalues. The three 

diagonal elements of D operate on a sphere to contract the sphere along three orthogonal 
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coordinate axes. The amount of contraction, l-DoP{S'), is related to the amount of 

depolarization. Consider the three cases Di, with all diagonal elements equal, D2, with 

two diagonal elements equal, and D3, with ail three diagonal elements different, 

(20) 

Di shrinks the Poincare sphere uniformly into a smaller sphere, so the corresponding 

uniform depolarizer Mueller matrix, UD, given by 

^1 0 0 0' 
0 a 0 0 

fa 0 0' fa 0 0' ^a 0 0" 

0 a 0 II a
 0 a 0 c

 
II 0 b 0 

.0 0 .0 0 vO 0 

UD = 
0 0 a 0 

0 0 0 a 

(21) 

depolarizes all incident states equally. Di and D3 indicate non-uniform contractions 

along orthogonal axes associated with non-uniform depolarization. Figures 4-6 show the 

depolarization-contracted surlaces and cross-sections associated with D|. D2, and D3, 

respectively. The cross sections all belong to the family of botanic curves of order c=2 

(see Eq. 10), having two petals, where the circle in Figure 8 is the special case of d=0. 



144 

Figure 8. Surface shape a0d associated cross section after contraction of unit Poincare sphere by 
uniform depolarization matrix of type D| with {a,a^}={0.7,0.7,0.7}. 

Figure 9. Surface shape (a) and associated cross sections (b), (c), (d), after contraction of unit 
Poincare sphere by non-uniform depolarization matrix of type Da with {a,b,a}={0.6,0.2,0.6}. 
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Figure 10. Surface shape (a) and associated cross sections (b), (c), (d), after contraction of unit 
Poincare sphere by non-uniform depolarization matrix of type D3 with {a,b,c}={0.4,0.2,0.8}. 

The singular value decomposition (SVD) of Q is obtained by substituting Eq. 19 into Eq. 

18, 

Q = (iJ, DU, )ll 3 = U0 (iJ JDU 2) = U, DIJ 2. (22) 

The product of two unitary matrices (UT' U3 or UoLU"') is unitary just as successive 

rotations can be replaced by a single rotation. Note that the retardance components IJ| 
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and U2 of the decomposition are the same regardless of the decomposition order chosen 

in Eq. 18. The form U1DU2 relates the retardance and depolarization to the shape of the 

DoP numerator surface. Matrix IJ2 rotates the Poincare sphere prior to D contracting it 

along three axes. This is followed by a final rotation Uj that rotates polarization states 

into their final output states. Since U| (being unitary) preserves vector magnitude, and 

the DoP surface is plotted in terms of incident Stokes states, Ui bears no effect (rotation 

or otherwise) on the DoP numerator surface. Ui does however affect a related DoP 

surface representation plotted in terms of output Stokes states. 

In the SVD of Mi of Eq. 4, 

0.4224 0.2741 0.8640 

Q, = -0.0474 -0.9452 0.3230 

-0.9052 0.1774 0.3863 

= U,DUj, 

0.7477 0 0 ^ r 0.4652 -0.0166 -0.8850^ 

0 0.5769 0 

0 0 0.3981 

0.6665 0.6645 0.3379 

-0.5825 0.7471 -0.3202 
(23) 

neither Ui nor IJ2 affects the DoP numerator shape, and only U2 affects the orientation. 

All three matrices affect the output polarization states. The contracting effect of Di 

(along axes first rotated by U2) is shown in Fig. 7. The Poincare sphere is contracted 

along three orthogonal axes to radii of 0.7477, 0.5769 and 0.3981. The first contraction 

occurs along an axis specified by the top row of U2, and so forth. The resulting surface is 

not always convex. 
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Figure 11. Final shape of surface from interaction of Qj with incident fully polarized Stokes vectors. 

The SVD handles singular matrices, such as ideal polarizers, without complication (e.g. 

Qo of matrix Mo in Eq. 11). 

6. Effect of polarizance on DoP numerator 

The DoP numerator surface depends on the sum of Q and the polarizance as 

shown in Eqs. 6 and 15. This combination drags and distorts the Q-surface in the 

direction of the polarizance vector (Eq. 16), moving the origin a distance equal to the 

magnitude of the polarizance vector. Before the effect of polarizance, the DoP numerator 

surface coincides with the Q-surface. and the square root in the DoP numerator 

represents the magnitudes of the radial vectors to this surface. Because the summation of 

if with Q occurs inside the DoP numerator square root, the induced effect on the DoP 

numerator surface is not merely a pure translation, but rather a translation and distortion. 

This transformation is represented in the expanded animation of Fig. 8 for Mo (Eq. 11), 
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and in Fig. 9 for Mi (Eq. 4), where the final shapes in Figs. 8 and 9 are the DoP 

numerator surfaces for Mo and Mi, respectively. 

Figure 12. Expanded animation showing the effect of polarizance on the numerator surface for 
Mueller matrix Mo-
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Figure 13. Expanded animation showing the effect of polarlzance on the numerator surface for 
Mueller matrix M,. 

Formation of the DoP numerator surface is visualized in three steps, a rotation by 

U2, the subsequent contraction of the Poincare sphere in three orthogonal Stokes 



150 

dimensions by D, and the shift and distortion (associated with the DoP numerator square 

root) in the direction of the three-component polarizance vector. 

7. DoP Surface and DoP Map 

The DoP surface is the quotient of the DoP numerator and DoP denominator 

surfaces. For example, Fig. 1(a) is the DoP surface for Mi (Eq. 4), and Fig. 10 is the 

DoP surface for Mo (Eq. 11). 

SI 

Figure 14. DoP surface for Mueller matrix Mo. 

Figure 11 contains the DoP map for Mueller matrix Mo (the DoP map for M| is Fig. 

1(b)). 
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Degree of Polarization Map 

Orientation 

Figure 15. DoP map for Mueller matrix MQ. 

DoP maps and surfaces may exhibit one or two maxima and one or two minima. 

These maxima or minima may be degenerate for entire circles of incident states around 

the Poincare sphere, as in the minimum of Fig. 11 for Mo- Two local maxima also 

appear in the DoP map for Mo. Mi has two minima and two maxima. After an extensive 

search, cases where the DoP maps contain three or more maxima or minima have not 

been found. 

8. Physical realizability of a Mueller matrix 

When the output DoP for any incident state is less than zero or greater than one, 

that matrix is not a physically realizable Mueller matrix. Many relationships among 

M u e l l e r  m a t r i x  e l e m e n t s  t o  e n s u r e  p h y s i c a l  r e a l i z a b i l i t y  h a v e  b e e n  p u b l i s h e d . S u c h  

relationships can be understood geometrically in terms of the numerator and denominator 
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surfaces. The numerator surface must not protrude from the denominator surface at any 

point or the DoP at that point is greater than one. The two surfaces may be tangent and 

the DoP is one at points of tangency. For non-depolarizing Mueller matrices the 

numerator and denominator surfaces are identical (yielding DoP of unity for all states). 

Similarly, the origin of the Poincare sphere must lie within or on both surfaces or the 

DoP will be negative. When the numerator surface passes through the origin, the 

corresponding state is completely depolarized. 

Plotting the DoP numerator and denominator surfaces together for a given 

Mueller matrix aids the visualization of these geometrical relationships and is useful for 

establishing physical realizability. For example, the numerator and denominator surfaces 

for Ml (Eq. 4) are plotted in Fig. 12. The denominator surface surrounds the numerator 

surface, so M| is physical. 
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Figure 16. DoP numerator surface (colored) plotted within DoP denominator surface (wireframe). 
The numerator surface must lie entirely within the denominator surface for physically realizable 

Mueller matrices, to maintain a DoP less than or equal to one. 

Consider a family of matrices connecting the ideal depolarizer with Mo 

parameterized by coefficient i, 

1 i i  0 ^  

i i  0 0 
M' = 

i  0 i  0 

0 0 0 0 

(24) 

As I increases the numerator surface uniformly grows starting as a single point at the 

origin. Fig. 13 illustrates the growth of the numerator surface within the denominator 

surface for i ranging from 0.0 to 0.7. When i = 0.5 the numerator surface is tangent to the 

denominator surface at the two maxima of Fig. 11. When i exceeds 0.5, the numerator 
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surface protrades from the denominator surface and the Mueller matrices are non-

physical. 

/ i j  
if IJ 

""•i- —, 
-0.5 0 C-5 

31 

-4 

0 0,5 

Figure 17. DoP numerator surface plotted within DoP denominator surface, as Mueller matrix 
parameter "i" of Eq. 24 is increased in increments of 0.1 from zero to 0.7. 
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9. A family of DoP maps 

A family of Mueller matrices will be analyzed to demonstrate how certain matrix 

properties relate to some of the properties of DoP surfaces and maps. Observing the 

metamorphosis of DoP surfaces and maps clarifies the depolarizing effects of the matrix 

family. Consider the family of Mueller matrices 

M. =LP(0) + LP(. / :^ | ) ,  . /e  {0.1. . . .  11} (25) 

whose members are formed by summation of a horizontal linear polarizer and another 

linear polarizer, LP(a), with its polarization axis at an angle a to horizontal. Figure 14 

shows the DoP surfaces for each member of this family plotted within the Poincare 

sphere, and Fig. 15 the corresponding DoP maps. 

This family always has two maxima with DoP = 1 which occur for Stokes vectors 

orthogonal to the two polarizer axes. An uicident state orthogonal to one of the 

polarizers is completely blocked by that polarizer and light only transmits through the 

other polarizer, thus emerging vrith DoP = 1. States aligned with either polarizer also 

partially transmit through the second polarizer (unless the two polarizers are orthogonal) 

and the contribution of these two beams reduces the DoP. Since one of the polarizers 

forming every member of Eq. 25 is a horizontal linear polarizer, every DoP surface and 

map in this family shows a maximum DoP = 1 for vertically polarized light. The other 

DoP maximum rotates around the Poincare sphere as the second polarizer rotates. Half 

way between these maxima is a valley of increasing width and depth (see Fig. 14). This 

output DoP minimum occurs for slates on a great circle around the incident sphere 
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(observed by tracing the minimum values in Fig. 15). When the second polarizer axis is 

at 90° to the first, the output DoP maxima occur for input vertically and horizontally 

polarized light and the valley reaches a DoP = 0. The DoP surface in this case separates 

into two tangent spheres. The DoP = 0 output states occur for input states on the great 

circle of the Poincare sphere through 45°, right circular. 135°, and left circular states. 

nSXZ 

W12 

Figure 18. Family of DoP surfaces for LP(§)+LP(jit/12). The DoP surfaces are plotted within the 
normalized Poincare sphere (unit radius) to ensure that the DoP remains physical (radius less than 

one) throughout the family. 
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Figure 19. DoP maps for Mueller matrix family of Eq. 25. Note that the map always has two 
maxima and one minimum (except for the degenerate case of a sphere). Also note that the scale 

changes between plots to better convey information using the same number of contours. 

10. Conclusion 

DoP maps and surfaces rcprcsenl the variation of depolarization of a Mueller 

matrix as the incident state varies. For non-dcpolarizing Mueller matrices, the DoP 

surface is the unit sphere and the DoP map is unity everywhere. For depolarizing 

Mueller matrices the DoP surface contracts toward the origin by an amount equal to the 

depolarization for that incident state. Thus, the maps and surfaces indicate the variation 

of depolarization with incident state. 

Twelve of sixteen Mueller matrix degrees of freedom affect the shape of DoP 

surfaces, with three related to the DoP denominator arising from the diattenuation 

properties encoded in the first row of the Mueller matrix. Two of three denominator 
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degrees of freedom define a diattenuation axis and the third the diattenuation magnitude 

which relates to the size of the dimple in the lima^on cross-section of the denominator 

surface. 

The DoP numerator surface function has nine degrees of freedom relating to 

depolarization, retardance, and polarizance. The unitary matrix Ui in the singular value 

decomposition of Mueller submatrix Q is a rotation of the output polarization state due to 

retardance which does not change the D&P surface. Three depolarization degrees of 

freedom in matrix D contract the Poincare sphere along three axes rotated from the 

Stokes basis states by the retardance effects of unitary matrix U2. The polarizance vector 

acts via an additive term that drags and distorts the surface in the direction of the 

polarizance vector. DoP surfaces may also be plotted in terms of the output Stokes 

states rather than input Stokes states (making visible the rotation effects of Ui) but this 

representation is not explored here. 

For a physically realizable Mueller matrix, the DoP numerator surface must lie 

entirely within the denominator surface and must incorporate the Poincare sphere origin 

(either on or within the surface). This condition offers a test criterion for physical 

realizability of a Mueller matrix. Physically realizable DaP maps have only been 

observed with one or two maxima and one or two minima. It is postulated that the DoP 

maps cannot have more than two maxima or minima, but such a conjecture is not proven 

here. 

DoP surfaces and DoP maps yield a detailed picture of depolarization and are of 

useful for understanding and classifying depolarizing Mueller matrices. 
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APPENDIX B 

DEPOLARIZATION 
MEASUREMENTS OF SCATTERING 

The following was submitted for publication to Applied Optics, a referecd 
publication of the Optical Society of America, August 2004 

Depolarization measurements of several diffusely reflecting manmade objects 

B. DeBoo, J. Sasian, and R. Chipman 
Optical Sciences Center, University of Arizona 

Abstract 
The polarization properties of light scattered or diffusely reflected from seven 

different manmade samples are studied. For each diffusely reflecting sample an in-plane 
Mueller matrix bidirectional reflectance distribution function is measured at a fixed 
bistatic angle using a Mueller matrix imaging polarimeter. Most samples exhibit an 
inverted Gaussian profile of depolarization index with changing scattering geometry. 
Depolarization is minimum for specular reflection and increases asymptotically in a 
Gaussian fashion as the angles of incidence and scatter increase. Parameters of the 
Gaussian profiles fit to depolarization data are used to compare samples. The 
dependence of depolarization on incident polarization state is compared for each Stokes 
basis vector: horizontal, vertical, 45°, 135°, right- and left-circular polarized light. Linear 
states exhibit very similar depolarization profiles which typically differ in value by less 
than 0.06 (where 1.0 indicates complete depolarization). Circular polarization states are 
depolarized more than linear states for all samples tested, with the output degree of 
polarization reduced from that of linear states by as much as 0.15. The depolarization 
difference between linear and circular states varies significantly between samples. 
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1. Introduction 

Polarimetry of scattered light, or scatter polarimetry, measures the relationship 

between incident polarized light and the polarization of diffiisely and specularly reflected 

light from a scattering object or surface. Scatter polarimetry characterizes the light 

scattering phenomenology of actively illuminated objects. Compared to intensity images, 

the measured polarization properties provide additional information for characterizing 

actively illuminated surfaces. A polarimetry technique which measures all polarization 

coupling properties, usually in the form of Mueller matrices, can characterize the light 

scattering process in terms of the standard polarization element properties: diattenuation, 

retardance, and depolarization. Whereas typical optical elements (e.g. lenses or prisms) 

have little depolarization, most natural and manmade objects exhibit significant 

depolarization. Depolarization dominates the polarization properties for all the samples 

examined in this study, which exhibit negligible retardance and only small amoimts of 

diattenuation. 

Early studies of polarization in scattered light were performed by Mie,^^ 

Beckmann, and Spizzichino,^^ and are summarized by Stover.^^ Large numbers of 

theoretical and experimental scatter polarization studies have been conducted, including 

the work presented in Refs. 11-19, 21-24, and 64. A few studies have modeled 

depolarization during the light scattering interaction.''"^'^ Scatter polarization 

measurements (often including depolarization) have been published for several surfaces. 

1 a 
including a one-dimensionally rough steel surface by Nee and Nee, roughened 

aluminum by Lewis, et al., satellite materials including tedlar and aluminum coated 
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1 9 
with Teflon by Somsin and Chipman, and rough gold and glass surfaces by Hoover, et 

al. Depolarization has been measured using ellipsometry. Chipman and Pezzaniti 

measured a Mueller matrix bidirectional reflectance distribution function (MBRDF) for a 

diamond-turned mirror using a similar Mueller matrix imaging polarimeter teclmique to 

the method used in this wwk." 

A primary motivation for research in scatter polarimetry is to gain understanding 

of the interaction of polarized beams with natural scenes and to search for useful 

discriminants for classifying objects at a distance. 

This work surveys the scatter polarization properties of seven different manmade 

samples (e.g. fabric, concrete, metal) by comparing polarization signatures measured with 

a Mueller matrix imaging polarimeter (MMIP). This study differs from previous research 

in its evaluation of the depolarization index of samples and the evaluation of how 

depolarization varies with different incident polarization states. 

Mueller matrix imaging polarimetry and light scattering measurement techniques 

are combined by measuring Mueller matrix images for scattered and diffiisely reflected 

light across a range of incident and scattering angles. This combination of Mueller 

matrices and scattering is formulated in terms of the Mueller matrix Bidirectional 

Reflectance Distribution Function (MBRDF) reviewed in Appendix B. The MBRDF is 

measured for each sample in a single plane of incidence and scatter. In this way, the 

Mueller matrix data as well as the reduced polarimetric data (e.g. depolarization and 

diattenuation) is studied as a function of scattering geometry. 
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Background material describing Mueller matrices and their decomposition, the 

difference between transmission coordinate systems and the reflection coordinate system 

used here, and depolarization metrics appear in Appendix A. The measurement geometry 

and nomenclature of the MBRDF is presented in Appendix B. Section 2 presents the 

experimental configuration and measurement geometry. The light scattering MBRDF 

measurements for seven manmade samples are presented in Section 3 and the 

depolarization metrics of these samples are discussed in Section 4. Since scatterers are 

often good depolarizers, depolarization is a valuable metric (with a large range) for 

characterizing scattering materials. The variation of depolarization with scattering 

geometry for a majority of the manmade samples measured exhibits a distinctive 

fimctional form, an inverted Gaussian profile. The shape of the Gaussian depolarization 

profile depends on surface roughness and reflectivity. The mathematical parameters 

defining the Gaussian shapes fitted to depolarization data are under investigation for 

classifying surfaces and estimating surface roughness. 

By analyzing the MBRDF, depolarization as a function of scatter geometry is 

calculable for arbitrary incident polarizations since Mueller matrices offer complete 

polarization coupling and decoupling information. Differences in these depolarization 

profiles with changing incident polarization states are examined in Section 5, where the 

degree of polarization of scattered light is plotted for each input Stokes basis vector. 

Depolarization of circular polarization states is found to be consistently greater than 

depolarization for linear input polarizations, but the difference in depolarization between 
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circular and linear states as a function of scatter angle varies substantially from sample to 

sample. 

2. Mueller matrix imaging polarimeter experimental configuration 

A dual-rotating-retarder Mueller matrix imaging polarimeter (MMIP)^® 

constructed at the Optical Sciences Center was used in the configuration of Figure 20 to 

measure the Mueller matrices of seven man-made samples in multiple geometries. The 

polarimeter consists of a polarization generator which illuminates the sample with a 

series of calibrated polarization states and a polarization analyzer which collects the 

scattered light and analyzes the polarization state. The polarization generator contains an 

808nm laser diode (Hamamatsu L-8446) operating at up to IW output power, followed 

by beam shaping optics, a fixed linear polarizer, and a rotating linear retarder. The beam 

illuminating the sample is nearly collimated. The polarization analyzer consists of a 

rotating retarder and fixed polarizer followed by imaging optics and a CCD camera. The 

sample is imaged onto the camera. A series of images are acquired as the two retarders 

are rotated through a series of angles, and the Mueller matrix is calculated on a pixel-by-

pixel basis yielding a Mueller matrix image such as Fig. A.l in Appendix A. 

The polarization generator and analyzer subtend a fixed bistatic angle, P = 0, + 0s, 

of 14" with respect to the sample. Both the generator and analyzer axes and the sample 

normal are in the same plane (i.e. (j)} = 0 = {j)s in the geometrical nomenclature of Fig. B.l 

in Appendix B). Smaller bistatic angles are useful for supporting remote sensing studies 

given that many systems measure at long ranges with adjacent generators and analyzers. 
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The physical widths of the generator and analyzer used here prevented bistatic angles 

smaller than 14°. 

Sample 

Polarization 
Generator/ 

Polarization 
^ Analyzer 

rotating, 
retarder' 

jrotatittg 
retarder 

polarizer polarizer 

Source 
CCD Camera 

Figure 20. Mueller matrix imaging polarimeter used for in-plane MBRDF measurements, with 
bistatic angle p=14° between the polarization generator arm and analyzer arm. The sample rotation 

angle 0 is measured with respect to the specular reflection condition. 

Mueller matrix measurements at multiple angles used to construct the MBRDF 

are collected by rotating the sample with respect to the fixed polarization generator and 

analyzer. Each sample is held in a rotary mount and rotated about the axis orthogonal to 

the plane of incidence (i.e. the y-axis of Fig. B.l) in 10° steps from -70° to 70°, where 0° 

denotes the specular reflection orientation. At each angle, in-plane scattered light is 

collected and a Mueller matrix is calculated, yielding MBRDF(0°, 0i, 0°, 6i+(3) with a 

single degree of freedom. For this study, the MBRDF is only measured in a single plane. 

Given the 14° bistatic angle, data measured in the 0° sample orientation (i.e. for specular 

reflection, where the sample normal bisects the MM IP bistatic angle) represents 

MBRDF(0'',-7°,0°,7°). Measurements for sample rotation angles of +10" and +20" 
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represent MBRDF(0°.-17"',0",-3°) and MBRDF(0°,-27°,0°,-13°), respectively, and so 

forth. 

These Mueller matrix images with nearly collimated illumination show significant 

pixel-to-pixel noise variation due to the roughness of the samples and some spatial non-

uniformities. To reduce the effects of measurement noise, the data within each of the 

sixteen component images (e.g., of Fig. A.l) is averaged across all pixels, yielding an 

image-averaged Mueller matrix. Pixels below an intensity threshold are masked off 

during analysis. 

3. Scatter poJarimetry measurements 

Table 1 lists the seven manmade samples measured in this study. Figures 2 

through 8 contain the in-plane MBRDF plots constructed from the normalized, image-

averaged Mueller matrix measurements at each of the fifteen sample rotation angles. 

Note that the scale on the diagonal elements is greater than on the remaining Mueller 

components. 

First, the patterns shared by most of the data sets are discussed along with the 

interpretation of particular matrix elements. Then the retardance properties are shown to 

be very small for all the samples. Finally, the MBRDF is discussed in detail for several 

samples. The depolarization is treated in Sections 4 and 5. 
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Sample Description 

1 Metal box part smooth metal painted dark green 

2 Nylon plastic matenal dark green color, light weight material 

3 Canvas with paint splotches Varies in color and material, underlying cloth is greenish-khaki 

4 Sidewalk concrete Flat, rough surface 

5 Glass diffuser frosted only on one side 

6 Gold-coated glass diffuser similar to glass diffuser, roughened surface has thin coating of gold 

7 Screen mesh finely-meshed material, as used for a screen door 

Table 1. Manroade samples characterized by scatter polarimetry measurements with a MMIP. 

3n'14 

Figure 21. Normalized in-plane M BRDF plot for a green painted metal sample. Each of the 4x4 
array of graphs contains a different Mueller matrix element for the light scattering process as the 

sample rotates from -70° to 70° with respect to the specular condition (0°). 
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Figure 22. Normalized in-plane MBRDF plot for gold-coated diffuser as a function of sample 
rotation angle, 0. 
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Figure 23. Normalized in-plane MBRDF plot for screen mesh fabric as a function of sample rotation 
angle, 0. 
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Figure 24. Normalized in-plane MBRDF plot for glass-diffuser as a function of sample rotation 
angle, 0. The spike at 0 = 0 in the mn element indicates the increase in specular reflection relative to 

the diffusely scattering background. 
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Figure 25. Normalized in-plane MBRDF plot for canvas material as a function of sample rotation 
angle, 0. 
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Figure 26. Normalized in-plane MBRDF plot for concrete as a function of sample rotation angle, 0. 

Figure 27. Normalized in-plane MBRDF plot for green nylon (plastic) material as a function of 
sample rotation angle, 0. 
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3.1. Non-zero elements 

The mil element curves contain the variations in scattering of unpolarized light as 

a function of sample rotation. Samples with large mn peaks at the origin have large 

specular components, such as the green painted metal and the gold-coated diffuser. 

Diffusely scattering samples with small specular components have nearly flat mj i curves, 

such as the nylon plastic, screen mesh fabric, and concrete. The glass diffuser is 

intermediate in this regard, having a small specular peak. 

Polarization properties are readily observed directly from the MBRDF plots, 

because each of the components of diattenuation and retardance relate to specific Mueller 

matrix elements. These measured values may be compared against the knovra and 

tabulated Mueller matrix forms for different properties, remembering to account for the 

sign convention of reflection measurements and the effect of depolarization on the matrix 

forms. 

The majority of the nonzero values are found in elements mn, m^, ni2i, m22, m23, 

m32, m33, and m^- The m^ element indicates diattenuation in the s- or p-plane (for 

mi2>0 or mi2<0, respectively). The m2i element is closely related in fiinction to mi2; 

nonzero values indicate that s- or p-poiarized light is preferentially transmitted, the 

property of polarizance. 

The m23 and msi elements are nonzero due to a slight misalignment of the 

generator and analyzer coordinate axes during measurement, as described in Eq. A.6. 

The effect of the approximate 6° coordinate rotation between the generator and analyzer 

axes does not alfect the diattenuation magnitudes and is easily corrected in diattenuation 
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and retardance orientations. The rotation does not affect depolarization index 

calculations. 

The other nonzero elements are found along the matrix diagonal. The mji 

element can be reduced from one and mss and 0144 can be increased from -1 by 

diattenuation or retardance. This change is a second order effect arising from a cosine 

dependence. Here the diattenuation and retardance are too small to significantly 

contribute through a second order term to the measured deviations from I and -1. Thus, 

the deviations of mrz from one and of mss and ni^ from -1 are predominantly due to 

depolarization. 

3.2. Near-zero elements 

Most of the data for elements mo, mi4, m24, msi, m34, ni4i, nxta, and 0143 are very 

small, within 0.03 of zero. The mi 3 elements indicate little 45° or 135" diattenuation from 

these samples while m^ indicates little circular diattenuation, as expected. Likewise, 

small values for m3i and 0141 indicate little polarizance for these 457135° and circular 

components. 

The uniformly small m34 and m43 values indicate that these scatterers exhibit very 

little retardance between the s- and p-planes. The rough surfaces and scattering process 

effectively remove whatever retardance that smooth surfaces of these materials display. 

The small m24 and m42 values indicate little retardance at 45° to the s- and p-planes. 

In summary, these samples have negligible retardance and a small diattenuation 

and polarizance oriented with the s- or p-planes, but all exhibit significant depolarization. 
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This generaMzes some of the ways in which many of the Mueller matrix elements can be 

interpreted. The following sections discuss the polarization characteristics of specific 

samples. 

3.3. Green Painted Metal 

For the green painted metal, mn peaks at 0° (the specular reflection condition) 

then rapidly drops for higher angles, a characteristic typical of BRDF curves. The 

elements mji, maa, and m44, all have an absolute value of approximately 0.84 making the 

painted metal sample a nearly uniform depolarizer at 0°. A map of the output degree of 

polarization shows less than 1% variation in output DoP over all incident polarization 

states in this measurement geometry. At larger sample angles (see, e.g., Mueller 

components for a 50° sample rotation angle), the painted metal behaves as a non-uniform 

depolarizer. At this and other sample rotation angles away from specular, circular states 

experience greater depolarization than linear states, readily observed by the divergence of 

the m44 component's magnitude from the m22 and mas magnitudes as the sample rotation 

angle increases. As the incident beam moves away from the specular condition, the DoP 

of scattered light decreases for all polarization states; the painted metal becomes more 

depolarizing. 

The green metal m^ and m2i curves increase from near zero at the specular 

condition for sample rotations in both directions. The positive m^ element indicates 

horizontal diattenuation (i.e. p-oriented light diffusely reflects more than s-oriented light) 

while m2i indicates horizontal polarizance of approximately the same magnitude. The 
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green painted metal thus behaves as a conventional partial polarizer in diffuse reflection, 

a condition indicated by equality of diattenuation and polarizance. 

3.4. Gold-coated diffuser 

Figure 22 is the in-plane MBRDF for a gold-coated diffuser, a piece of ground-

glass with vacuum deposited gold. The patterns in the Mueller matrix elements resemble 

those for the painted green metal. However, the MBRDF element curves are broader, as 

expected from a more reflective sample where more light returns to the detector further 

from specular reflection. Each of the diagonal elements in the MBRDF of the gold-

coated diffuser shows close agreement with data for a rough gold surface produced by the 

same processes and measured by Hoover, et al.^ The diattenuation pattern in the mn and 

mil elements agrees in magnitude with Hoover, et al., but differs in sign. 

The gold-coated diffuser and green painted metal have the largest diattenuation. 

3.5. Screen mesh fabric 

The screen fabric has a typical mesh weave with parallel threads woven in two 

orthogonal directions. During this measurement the threads were rotated 25° from 

horizontal and vertical. The MBRDF plot for the screen fabric in Figure 4 exhibits 

asymmetric element curves, unlike all the other samples, with most of these Mueller 

matrix element curves peaking near -30° of sample rotation. Additionally, the m^ and 

mi3 elements indicate diattenuation that is rotated from horizontal by approximately 25°, 

the rotation angle of the thread axes about the sample normal. The mo and msi elements 
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are antisymmetric due to the sign change that happens on reflection for 457135° light (see 

Eq. A.5). 

3.6. Concrete and Canvas 

The concrete is a relatively Lambertian sample; the mu element is nearly flat with 

a very small specular peak at the origin. The element indicates very slight horizontal 

diattenuation and the m.21 element indicates only half as much polarizance. At these low 

levels the concrete is twice as strong of a polarization analyzer as it is a polarizer in 

output. Horizontal polarized light scatters slightly more efficiently than vertical polarized 

light but the output is nearly unpolarized in either case. 

The canvas is very similar to concrete in the magnitude of its diattenuation and 

depolarization. The canvas has a larger specular reflection component. 

4. Depolarization profiles 

These manmade samples all exhibit significant depolarization in their specular 

reflected light and more depolarization in the diffusely scattered light. The variation of 

the depolarization index with sample rotation angle is plotted for five samples in Figure 

28. 
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Figure 28. Depolarization index versus sample rotation angle, 0, for five manmade scattering 
samples tends to follow an Inverted Gaussian functional form. The depolarization index indicates 
the degree of polarization of the exiting light averaged over all possible polarized incident states. A 

value of zero indicates no depolarization, while a value of one indicates the scattered light is 
completely unpolarlzed for polarized illumination. 

The depolarization profiles with changing sample rotation angle resemble 

inverted Gaussian curves. The minimum depolarization occurs near the specular 

condition (i.e. sample rotation 0 = 0°). Each depolarization profile of Fig. 9 is well fit to 

a Gaussian curve of the form 

where K is the Gaussian asymptote, A is the Gaussian amplitude, and a is the 1/e half-

width of the curve. This inverted Gaussian function was fit to each of the depolarization 

index curves of Figure 28 across the entire range of sample rotation angles (-70° to 70"). 

For example, Figure 29 shows average depolarization index versus sample rotation angle 

for the glass diffuser and the corresponding Gaussian fit. 

(1) 
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Figure 29. Average depolarization index versus sample rotation angle for the glass diffuser, with 
inverted Gaussian fit. 

Table 2 shows the parameters of the Gaussian curves fit to the depolarization data 

of Fig. 9. Accurate fits were obtained with less than 8.2% RMS fitting error in ail cases, 

and less than 3.5% error in three cases. The asymptote parameter K indicates the average 

degree of polarization of light scattered at large sample rotation angles. The difference 

between K and A (the Gaussian amplitude) is the average degree of polarization for the 

specularly reflected beam with a T angle of incidence (i.e. half the bi static angle). 

Gaussian depolarization fit parameters 

asymptote amplitude 1/e half width Maximum 

sample (K) (A) (o) N<5 RMS fit error 

green painted metal 0.6048 0.5018 15.46 0.0325 6.91% 
canvas 0.7029 0.0943 19.99 0.0047 2.76% 

concrete 0.8607 0.0330 26.61 0.0012 1.10% 
glass diffuser 0.7335 0.5223 28.07 0.0186 8.13% 

gold-coated diffuser 0.5623 0.4057 36.28 0.0112 3.47% 

Table 2. Parameters defining shape and quality of fit for Gaussian profiles fit to average 
depolarization data. 
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The most reflective sample, the gold-coated diffiiser exhibits the widest Gaussian 

depolarization profile. The depolarization asymptote, K, for the gold-coated diffiiser 

indicates the lowest depolarization level for higher sample rotation angles. Less 

reflective samples such as the concrete have higher asymptotes. 

The green painted metal has the narrowest Gaussian depolarization profile. The 

higher reflectivity at the specular condition is related to the lower depolarization since 

single reflections tend to maintain polarization. The canvas and concrete samples have 

wide and shallow Gaussian depolarization signatures with greater asymptote values for 

large sample rotation angles, indicative of greater roughness and multiple scattering. The 

concrete sample, having the shallowest profile (smallest A) and the largest asymptote, K, 

is the best depolarizer of the five samples in Fig. 9. 

The relative values of the depolarization index at large angles, the Gaussian 

asymptote, K, show similar ordering to reflectivity. Roughness does not seem to 

correlate well to K, nor amplitude or width. However, the Gaussian slope, or steepness, 

defined as the ratio of the curve's amplitude to half-width, does correlate to roughness. 

The rougher samples like the canvas and concrete exhibit shallow and wide Gaussian 

depolarization profiles with small A/a. Slightly less rough samples like the diffusers 

show intermediate values of the Gaussian steepness. The painted metal, the smoothest of 

the five samples, has the steepest Gaussian depolarization profile. 

The two samples which did not exhibit inverted Gaussian depolarization profiles, 

the screen mesh and nylon plastic material, are displayed in Fig. 11. The nylon plastic 

material has a very flat depolarization profile as a function of sample rotation angle, 
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while the screen mesh exhibits an asymmetric profile. Both of these depolarization 

profiles are expected from the diagonal components of their MBRDF plots (see Section 

3). Volume (bulk) scattering and the multiple scattering associated with the diffusion of 

light in the nylon material likely account for its flat profile and near zero Gaussian 

amplitude. Much of the light's interaction occurs inside the material rather than at the 

surface, and this bulk scattering tends to randomize the polarization of the scattered light. 
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Figure 30. Depolarization profiles as a function of sample rotation angle for the nylon plastic and 
screen mesh samples. 

5. Degree of polarization variations with incident state 

The DoP of light scattered or diffusely reflected from samples usually varies with 

the incident Stokes vector. Equations A.9 and A. 10 discuss the Mueller matrices for 

several non-uniform depolarizer types. Figure 31 plots the scattered DoP as a function of 

sample rotation for the six Stokes basis states: Horizontal, Vertical, 45°, 135°, Right 

circular, and Left circular polarization. 
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Figure 31. Degree of polarization in response to the six Stokes basis states for six samples. 
Circularly polarized light is consistently depolarized more than linearly polarized light. Plot line 
sty les: H is solid, V is dotted with triangles, 45° is dot-dashed, 135" is dashed with circles, R is dot-

dot-dashed, and L is solid with squares. 

For most samples the depolarization of cach linear state is nearly equal. Similarly 

the depolarization of both circular states is nearly equal, within 0.01. The depolarization 

difference between linear and circular states is significant; circular states are depolarized 

more than linear states. This increased depolarization of circular states is consistent with 
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results from Lewis, et al., who measured a rough aluminum surface, and with the 

91 
scattering theory from Mishchenko and llovenier. Three of the more reflective 

samples, the green painted metal and the two diffuser samples, exhibit less difference 

between the depolarization of circular and linear states. The linear-circular 

depolarization difference for these samples is smallest for the specular reflection 

condition and increases for higher sample rotation angles. Strong depolarizers like the 

canvas, nylon plastic material, and concrete exhibit a nearly constant linear-circular 

depolarization difference with changing sample rotation angle. The DoP of circular 

states is typically 0.1 to 0.2 less than the DoP of linear states for greater sample rotation 

angles. 

Depolarization of the four linear Stokes basis states is similar. For the glass 

diffuser a slight separation between the response to horizontal/vertical input states and the 

457135° input states appears at higher sample rotation angles (bottom left in Figure 31). 

Other samples have small, possibly random variation between the output degrees of 

polarization of incident H and V basis states and incident 45° and 135° basis states. The 

degrees of polarization of these basis state pairs remain mostly within 6% of each other. 

The glass diffuser and the canvas show a very slight preference for depolarizing 

horizontal (p-) polarization more than vertical (s-) polarization. For the gold-coated 

diffuser horizontally polarized light depolarizes less than the vertical (s-polarized) light. 



183 

6. Discussion and Conclusion 

Mueller matrix BRDF data and depolarization measurements aid characterization 

of surfaces and materials. Combinations of Mueller elements yield the diattenuation. 

retardance, and depolarization properties, which might serve to discriminate between 

surface types. 

Depolarization characteristics offer a metric for scattering surface properties such 

as roughness or reflectivity with large dynamic range. The depolarization index as a 

function of scatter angle showed an inverted Gaussian profile for all the spatially 

homogeneous scattering samples except the nylon plastic material. The Gaussian width, 

amplitude, depolarization value at large sample rotation angles (i.e. Gaussian asymptote), 

and steepness factor (amplitude-to-width ratio) were calculated as potential sample 

discriminants, and some qualitative correlations with surface roughness and reflectivity 

were observed. As a function of sample rotation angle, smoother samples exhibit steep 

Gaussian profiles with larger amplitude-to-width ratios. The most reflective samples 

exhibited less depolarization. 

Among the six Stokes vector basis states, circular states are depolarized more than 

linear states for every sample. For more reflective samples, the difference between linear 

and circular depolarization decreases near the specular reflection condition, while less 

reflective samples have a nearly constant difference between linear and circular 

depolarization. Circular depolarization clearly behaves differently from linear 

depolarization, and the difference as a function of sample rotation angle provides 

additional information regarding the sample. 
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This work has surveyed seven different manmade samples. Additional 

investigations are being prepared with a series of bistatic angles in addition to in-plane 

and out-of-plane MBRDF measurements. 

Exploitation of polarization scatter data for remote sensing is promising. It is 

evident that scatter polarization properties depend on surface and material characteristics 

such as refractive index, roughness, and texture. Thus, the MBRDF curves and reduced 

depolarization profiles offer a powerM method for investigating, comparing, and 

classifying targets in remote sensing. 
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Appendix A. Mueller matrices, Mueller matrix images, and depolarization metrics 

The 4x4 element Mueller matrix describes the transformation of arbitrary incident 

Stokes vectors to output Stokes vectors, 

(A-1) 

A Mueller matrix contains a complete polarization coupling characterization of a surface 

for a specified wavelength, incident solid angle, and collected solid angle. All Mueller 

matrices presented here are normalized by the mn element (upper left component) except 

for the mi l element itself. 
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(A.2) 

Normalization limits all element values to the range -l<mij<l facilitating comparison of 

Mueller matrix data to Mueller matrices of polarizers and retarders tabulated in the 

literature or presented in functional form. The un-normalized mi i element for a diffusely 

reflecting sample corresponds to the bidirectional reflectance distribution function 

(BRDF, defined in Eq. A.12) for unpolarized illumination. 

Mueller matrix images characterize the polarization transformations for an array 

of small area elements across a scene as imaged onto the pixels of a CCD camera. A 

Mueller matrix image is displayed as a 4x4 array of images, where each component 

image represents the corresponding normalized Mueller matrix element array. An 



186 

example Mueller matrix image of diffusely reflected light is displayed in Figure A.l, 

where each Mueller component image contains 64x64 pixels of information. 
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Figure A.I. Mueller matrix image of scattered light from a glass diffuser illuminated with a 
collimated beam. Normalized Mueller matrix images range from -1 to 1. Here the positive Mueller 

matrix values are displayed in the left panel and the negative values displayed on the right panel with 
black indicating zero in both image arrays since grayscale printing does not lend itself well to 

displaying the positive and negative values in a single image. 

A sign change in the Mueller calculus coordinate system occurs upon reflection in 

our notation. After reflection, the S2 component of Stokes vectors (linearly polarized 

light at 457135°) and the S3 component (circularly polarized light,) change sign. The S2 

component changes sign during diffuse reflection because the z-componcnt of the light 

propagation vector (the component parallel to the sample surface normal) changes sign. 

To maintain a right-handed coordinate system, one of the transverse coordinates must 

change sign as well. In this work, coordinates (x,y,z) switch to (x,-y.-/.) after diffuse 

reflection from the sample. The change of coordinates dictates that a beam polarized at 

an angle of 45° which reflects polarized in the same global plane is described as having a 
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135° orientation in the coordinates following reflection. In addition, the helicity (i.e. 

handedness) of all circular and elliptical states changes sign upon reflection. Right 

circular polarization reflects as left circular polarization, and vice versa. These sign 

changes apply to all matrices presented here since this study only characterizes light that 

has been backscattered or diffusely reflected from the sample. With this convention for 

reflection, the equation for rotating the Mueller matrix, M, of a sample about the sample 

normal becomes 

P 0 0 OYot„ w,, »J„Y1 0 0 0^1 
0 Cos{0) -Sin{0) 0 Wj, m,, /k,^ 0 Cos{0) - 0 ' 

0 Sin{0) Cos{()) 0 OTj, OT32 ^33 /M34 0 Cos{0) 0 

^0 0 0 0 0 

compared to 

M{0) = E(- 6>) • M • R(0) (A.4) 

for Mueller matrices in transmission. For example, the Mueller matrix of a transmission 

polarizer with its transmission axis oriented at 20° and the Mueller matrix of a reflection 

polarizer oriented at 20° are different since polarized light exits the reflection polarizer 

oriented at -20° in the reflection coordinates (20° in the incident coordinates). In essence 

the reflection polarizer is analyzing at 20° but polarizing at -20°. For the special cases of 

linear polarizer matrices oriented at 0° or 90° and linear retarders oriented at 0° or 90° the 

Mueller matrices are the same for transmission and reflection. 

The normalized reflection Mueller matrices for weakly polarizing diffuse 

reflecting samples, those with diattenuation, retardance, and depolarization close to zero, 

are close to the Mueller matrix for an ideal reflector. 
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M...„ = 

^1 0 0 0^ 

0  1 0  0  

0  0 - 1 0  

yO 0 0 -ly 

(A.5) 

Mrell is the Mueller matrix for reflection or scatter in the absence of polarization effects. 

For the measurements in this study, mn and m22 are always positive while msa and 11144 

are always negative. 

When the axes of the generator and analyzer are misaligned the mjs and msi 

elements are affected to first order. Let the analyzer's coordinate system be rotated by an 

angle § with respect to the generator. The Mueller matrix measured for a non-polarizing 

reflector is 

M^(#)=R(f)-M 
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0 0 

1 0  0  0  

0  1 0  0  

0  0 - 1 0  

I j l o  0  0  - I )  ^ 0  0  

1 0 0 0^ 

0 Cos{4) Sm{£) 0 

0 Sin{^) - Cos{^) 0 

0 1 

(A.6) 

Such a misalignment between the generator and analyzer occurred during these 

measurements. In transmission (during device calibration) the generator and analyzer 

were aligned to better than a tenth of a degree but both were approximately -3° from 

vertical. Thus, when the analyzer was rotated into its position for reflective 

measurements (see Fig. 1), its axis was approximately +3° from vertical and +6° from the 

generator axis. From Eq. A.6, one expects this misalignment to produce mjsftRzi and 
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m32/m33 element ratios of approximately ±Sin(6'')/Cos(6'') ~ ±0.1, which are observed in 

the MBRDF plots of Section 3. 

The retardance and diattcnuation properties of the Mueller matrices presented 

here are calculated using the polar decomposition of Lu and Chipman,'*^''^^ 

M = (A.7) 

Depolarization properties are calculated directly from the Mueller matrix using 

the depolarization index (described in Eq. A. 11 below). The samples presented here 

show negligible retardance, a trait typical of rough scattering samples. A small amount 

of diattenuation is observed for some samples, and all samples exhibit significant 

depolarization. 

Scattering samples depolarize different incident polarized states by different 

amoimts. Several different equations to quantify depolarization effects of a Mueller 

matrix have been developed.^^'"^^''^^ Depolarization may be understood in terms of 

reduction of the Degree of Polarization (BoF) of Stokes vectors, 

D0P(S)='^ ' J (A.8) 
•^0 

A partially depolarizing Mueller matrix, M, changes a completely polarized state 

(D0P= 1) into an exiting state S' with DoF< 1. Hence, l-D(}P(S') = l-DoF(M-S) is a 

measure of the depolarization of incident polarized state S by M. 

The Mueller matrices for an ideal depolarizer (ID) and for a diffusely rellecting 

I mi form depolarizer (UD) or diagonal non-uniform depolarizer (DNUD), respectively, 

are 
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ID: 

^1 0 0 0^ 

0 0 0 0 

0 0 0 0 

0 0 0 0 
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V 
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(A.9) 

ID completely depolarizes all incident states; only unpolarized light exits. UD partially 

depolarizes all states equally upon reflection or scatter. DNUD partially depolarizes 

horizontal and vertical states equally to a BoF of a, 45° and 135° states equally to a BoF 

of b, and right- and left-circular states to a DoF of c. For the non-uniform depolarizer 

(NUD) Mueller matrix. 

NUD 

1 0 0 0 ' 

«21 0 0 

«31 0 ^33 0 

0 0 ^44; 

(A.10) 

horizontal and vertical states are depolarized differently, as arc 45° and 135° and right-

and left-circular. The first column contains depolarization differences between the 

orthogonal basis states such that horizontal light is depolarized to a DoF of m22+m2i 

while vertical is depolarized to m22-m2i, etc. This list of depolarizing forms in not 

comprehensive and other Mueller matrix depolarizing forms occur. 

Two single number metrics are defined in the literature to quantify Mueller matrix 

depolarization, the AverageDOF and the depolarization index. The AverageDOF is 

defined as the average exiting DoF calculated by integrating over all incident states S on 

the surface of the Poincare sphere. The AverageDOF is computed using numerical 

integration routines and is therefore a computationally intensive procedure. For example. 
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calculating the AverageDOP for our 64x64 pixel Mueller matrix images requires 

approximately one minute. 

The depolarization index, the depolarization metric used here, is one minus the 

depolarization index of Gil and Bemabeu/' '^^ 

f ^ 

1 3
 

\ u y' 
Dep{M)  = 1 - ' ^ ^ . (A. 11) 

V 3ff2|, 

Dep{M) is unity for II) (the ideal depolarizer), and equals 1-a for a IJD (see Eq. A.9). 

Z)e/)(M) equals zero for all non-depolarizing Mueller matrices. It has been argued that 

AverageDOP is more relevant and understandable than the depolarization index.®^ 

However, for all the Mueller matrices of homogeneous samples measured in this work, 

the RMS difference between these two depolarization metrics across all angles of 

incidence and scatter is less than 0.01. Since the two metrics are almost indistinguishable 

for these Mueller matrix data sets, the depolarization index of Eq. A. 11 was selected as 

the metric for presentation here due to its more rapid computation. 

Appendix B. Mueller matrix bidirectional reflectance distribution function 

geometry and measurement 

The conventional function for characterizing the diffuse reflection of light, the 

Bidirectional Reflectance Distribution function, or BRDF, is readily generalized to 

incorporate polarization effects by using the Mueller matrix Bidirectional Reflectance 

Distribution Function, the MBRDF. Light scattering from a surface or differential 
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surface area is described by four angles in a spherical coordinate system as displayed in 

Figure B.l. The directions of the incident light cone (of solid angle Oi) and the scattered 

light cone (solid angle Os) are described with respect to the surface normal, z, and an 

arbitrary in-plane axis, x. The azimuth angle <j)i defines rotation of the plane of incidence 

from the x-z plane, and ()| is the declination angle in the plane of incidence with respect 

to z. Likewise, (j)s and 0s define the direction of scattered light collcction with respect to 

the same coordinate system. 

scattered 
light 

sample surface 
element 

Figure B.I. Coordinate system for scattered light measurement. 0; is the angle of incidence of a 
beam of solid angle Qj on a surface element with surface normal z G, is the angle from the sample 

surface normal at which a solid angle Q, of diffusely reflected light is collected. The planes of 
incidence and scatter are rotated from the x-z plane of reference by angles and (|i„ respectively. 

Light scattering from surfaces due to their diffuse and specular reflectance is 

commonly characterized by the Bidirectional Reflectance Distribution Function (BRDF) 

which describes differential output radiance from a surface normalized by differential 

incident irradiance as a function of the angles of incidence and scatter, '"^ 



193 

(B.l) 

This standard definition makes no reference to the incident polarization state. In scatter 

polarization the BRDF function is generalized to arbitrary incident polarization states by 

replacing the scalar BRDF with Mueller matrices, yielding the MBRDF. The 

nomenclature of the MBRDF is slightly different and is understood to give the Mueller 

matrix values of a sample as a function of the four-angle scatter geometry of Fig. B.l, 

where a multiplicative factor relating to measurement geometry that would convert the 

Mueller values to BRDF values (i.e. exiting radiance per incident irradiance) is omitted, 

MBRDF{(p„9„(p^,e^) (B.2) 
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APPENDIX C 

COMPUTATION OF MUELLER 
MATRICES FROM RAW DATA 

Mueller matrices are calculated from a series of camera images (the raw data) 

measured with the Mueller matrix imaging polarimeter. This appendix outlines the 

mathematics used to calculate Mueller matrices from the intensity values recorded by the 

CCD camera in terms of the states of the polarization generator and analyzer at each 

CCD frame readout. The mathematical algorithms apply to a single CCD pixel, and are 

mapped over all pixels yielding Mueller matrix images. 

First, the states of both the polarization generator and analyzer must be known by 

calibration (including both the retardances and orientations of each retarder, and the 

orientations of each linear polarizer). A rotational encoder gives the angles of the 

rctarders at any given time. The generated polarization state is denoted by 

G=(G, G, G, G,) (C.I) 

and the analyzed state is 

A = (4 A, A, A,). (C.2) 

The Mueller matrix to be measure (for the object imaged onto the CCD) is 
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M = (C.3) 

The measured pixel intensity value, /, is 

/ = A M G. (C.4) 

Expanding and rearranging Eq. C.4 yields 

4 4 

(C.5) 
J=\ it=l 

or equivalent!y that i may be expressed as the dot product 

(C.6) 

where (A®G) represents the generalized outer product of A and G (the 16-element 

square matrix comprised of all ordered multiplicative pairings of elements of A and G). 

The subscript "flat" on each matrix of Eq. C.6 denotes the operation of flattening each 

4x4 matrix into a 16-element vector by concatenating rows. Thus, the flattened matrices 

of Eq. C.6 are 
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(C.7) 

The intensity, i, and the corresponding MMIP states G and A are recorded 

sequentially in time as the retarders in the polarization generator and analyzer rotate and 

the CCD camera reads successive frames of information. For each frame, the 

components of Eq. C.6 take new values, exceptMf,^^, assumed to be constant. For 

measurement /t. 

(C.8) 

These measured intensity values are gathered into a J-element vector. The generator and 

analyzer Stokes vector outer products are also combined into a r-by-16 element matrix 

(labeled W), yielding (by analogy to Eq. C.8): 

i = WMn,,, (C.9) 

where, again. 
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w = (C.IO) 

J  A, <S)G,)^,  ̂  

When only 16 measurements are taken (i.e. t=16), W is a square matrix with a unique 

matrix inverse, W'\ assuming it is not singular (det(W)5iO). For t>16, the inverse W" is 

not unique, but there exists an optimal inverse. The optimal matrix inverse is the pseudo-

inverse of W, W|."', given as 

which provides the least squares solution to fitting values of W"^ for a non-square matrix 

Equation C.12 is the data reduction equation yielding all Mueller matrix elements from 

measured intensities. Finally, Mg^, of Equation C.12 may be "unflattened" by parsing 

the 16-element vector into four rows to yield the conventional 4x4 Mueller matrix. This 

process is applied to each CCD pixel to produce an entire Mueller matrix image from the 

set of camera images acquired during measurement. 

(C.ll) 

w. 

The pseudo-inverse of matrix, Wp'^, multiplies each side of Eq. C.9 to give 

Wp i  = M„,.  (C.12) 
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APPENDIX D 

MEASUREMENT DATA OF 
MANMADE TEST SAMPLES 

D. l. Mueller Matrices with objects oriented in specular condition 

 ̂ •.. •,  ̂ J! 
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I -1 """ ^ In 
Figure D.I.I. Normalized Mueller matrix for green painted metal at 0" object rotation. 
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Figure D.1.2. Normalized Mueller matrix for nylon plastic material at 0" object rotation. 
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Figure D.1.3. Normalized Mueller matrix for multi-colored canvas material at 0° object 



200 

•LS I 
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Figure D.1.4. Normalized Mueller matrix for sidewalk concrete at 0° object rotation. 

ami Matox 

Figure D.1.5. Normalized Mueller matrix for glass diffuser at 0° object rotation. 
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Figure D.1.6. Normalized Mueller matrix for gold diffuser at 0° object rotation. 
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MaMic 1 
Figure D.1.7. Normalized Mueller matrix for mesh screen material at 0" object rotation. 
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D.2. Standard Deviation Image Arrays for Zero-Degree Mueller 
Matrices of Un-normalized Data 

Figure D.2.1. Standard deviation image array for green painted metal,using un-normalized Mueller 
elements for calculation. The obvious circular region in the upper-center portion of the image is 

from a hole in the sample. 
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Figure D.2.2. Standard deviation image array for nylon plastic material, using un-normalized 
Mueller elements in calculation. 



0 l)evB 

Figure D.2.3. Flat concrete standard deviation image array, with un-normalized Mueller elements 
used in calculation. The oblong spot in the middle-right of the Image Is from the mounting structure, 

and should be disregarded. 
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Figure D.2.4. Glass diffuser standard deviation image array, with un-normalized Mueller elements 
used in calculation. 
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Figure D.2.5. Screen (mesh) material standard deviation image array, with un-normalized Mueller 

elements used in calculation. 



D.3. Standard Deviation vs. Mean Value Plots for Zero-Degree Mueller Matrices of Un-normalized 
Data 
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Figure D.3.1. Green painted metal standard deviation vs. mean values across multiple Mueller matrix measurements. 
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Figure B.3.2. Nylon plastic material standard deviation vs. mean values across multiple Mueller matrix measurements. 
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Figure D.3.3. Flat concrete standard deviation vs. mean values across multiple Mueller matrix measurements. 
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Figure D.3.4. Glass diffuser standard deviation vs. mean values across multiple Mueller matrix measurements. 
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Figure D.3.5. Screen (mesh) material standard deviation vs. mean values across multiple Mueller matrix measurements. 



D.4. Mueller matrix bidirectional reflectance distribution functions in one plane 

Figure D.4.1. Average Mueller matrix values versus sample rotation angle (scatter angle) for painted metal sample. 
lo t—i 
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Figure D.4.3. Average Mueller matrix values versus sample rotation angle (scatter angle) for multi-colored canvas fabric. 
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Figure D.4.4. Average Mueller matrix values versus sample rotation angle (scatter angle) for sidewalk concrete. 
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Figure D.4.5. Average Mueller matrix values versus sample rotation angle (scatter angle) for glass diffuser. 
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Figure D.4.6. Average Mueller matrix values versus sample rotation angle (scatter angle) for gold diffuser. 
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Figure D.4.7. Average Mueller matrix values versus sample rotation angle (scatter angle) for mesh screen material 
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Figure D.5.3. Depolarization magnitude versus scatter (rotation) angle [page 2 of 2]. 
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Figure D.5.5. Diattenuation magnitude versus scatter (rotation) angle [page 2 of 2]. 
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Figure D.5.6. Diattenuation orientation versus scatter (rotation) angle [page 1 of 2]. 
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Figure D.5.9. Retardance magnitude versus scatter (rotation) angle [page 2 of 2]. 
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Figure D.S.IO, Linear retardance magnitude versus scatter (rotation) angle [page 1 of 2]. 
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Figure D.5.11. Linear retardance magnitude versus scatter (rotation) angle [page 2 of 2]. 
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Figure D.5.12. Retardance orientation versus scatter (rotation) angle [page 1 of 2]. 
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Figure D.5.13. Retardance orientation versus scatter (rotation) angle [page 2 of 21. 
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Figure D.5.14. Retardance ellipticity versus scatter (rotation) angle {page 1 of 2]. 
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Figure D.5.15. Retardance ellipticity versus scatter (rotation) angle [page 2 of 2]. 
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Figure E.1.1 Pictures of trees or bushes from which leaf samples were collected. Leaf pictures are inlaid. 
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E.2. Polarization BRDF with 1-D angular rotation 

Figure E.2.1. Loquat leaf top polarization BRDF 
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Figure E.2.3. Golden shower leaf bottom polarization BRDF 



Figure E,2.4.Ivy leaf top polarization BRDF 



Figure E.2.5. Ivy leaf bottom polarization BRDF 



Figure E.2.6. Giant milkweed leaf top polarization BRDF 



Figure E.2.7. Giant milkweed leaf bottom polarization BRDF 



Figure E.2.8. Southern Magnolia leaf top polarization BRDF 



Figure E.2.9. Southern magnolia leaf bottom polarization BRDF 



E.3. Properties versus angle of scatter (sample rotation) 
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Figure E.3.1. Depolarization versus scatter angle (black) with Gaussian fit (red). "Offset" refers to Gaussian fit asymptote, and "shift" 
describes the distance of the fit peak from 0°. Note that leaf bottoms do not fit well to Gaussian curves, while leaf tops fit as expected. 
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Figure E.3.3. Depolarization magnitude versus scatter (rotation) angle [page 1 of 2]. 

to 



tiw_toP! average aepolarieation va. angle 

depolEEisatlon magnitude 

-60 -40 -20 20 40 60 

0.97S 

0.95 

0.925 

0.9 

0.05 

0.825 

0.8 

sx_l;op; average depolarisation vs. angle 

depoiaEisation magnitude 

-60 -40 -20 20 40 60 

0.975 

0.95 

0.925 

0.875 

0.85 

0.825 

0.8 

average depolariaation vs. angle sx_bottom: average depolarization vs. angle 

depolarisatlon aagiilcude depoiatlBation magnitude 

angle 
- 6 0  -40 -20 60 

0.975 

0.95 

0.925 

0.85 

0.825 

- 6 0  -40 - 2 0  60 
0.975 

0.95 

0,925 

0.875 

0.625 

Figure E.3.4. Depolarization magnitude versus scatter (rotation) angle [page 2 of 2]. 
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Figure E.3.5. Diattenuation magnitude versus scatter (rotation) angle [page 1 of 2]. 
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Figure E.3.6. . Diattenuation magnitude versus scatter (rotation) angle [page 2 of 2]. 
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Figure E.3.7. Diattenuation orientation versus scatter (rotation) angle [page 1 of 2]. 
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Figure E.3.8. Diattenuation orientation versus scatter (rotation) angle [page 2 of 2]. 
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Figure E.3.9. Retardance magnitude versus scatter (rotation) angle [page 1 of 2]. 



mw_top: 

Average retardance magnitude vs. angle 

retardance magnitude 

3.75 

3.5 

3.25 

2.75 

2.5 

2.25 

-60 -40 -20 20 40 60 

sx_top: 

Average retardance magnitude vg, angle 

retardance magnitude 

25 

15 

mw_bottoa: 

Average retardance magnitude vs. angle 

retardance magnitude 

10 

sK_bottom: 

Average retardance magnitude vs. angle 

retardance magnitude 
4 

3.75 

3.25 

• • angle 
-60 -40 -20 20 40 60 -60 -40 -20 20 

Figure E.3.10. Retardance magnitude versus scatter (rotation) angle [page 2 of 2]. 

angle 

to 
U) 



gs_top; 

Average linear retardance magnitude vs. angle 

linear retardance magnitude 

-60 -40 -20 20 40 60 
angle 

mp_top: 

Average linear retardance magnitude vs. angle 

linear retardance magnitude 

-60 -40 -20 20 40 60 
angle 

gs_bottom: 

Average linear retardance magnitude vs. angle 

mp_bottom: 

Average linear retardance magnitude vs. angle 

linear retardance magnitude 

4 I 

-40 -20 
angle 

linear retardance magnitude 

4 I 

-60 -40 -20 
angle 

Figure E.3.11. Linear retardance magnitude versus scatter (rotation) angle [page 1 of 2[. 
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Figure E.3.12. Linear retardance magnitude versus scatter (rotation) angle [page 2 of 2]. 
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Figure E.3.13. Retardance orientation versus scatter (rotation) angle [page 1 of 2]. 
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Figure E.3.14. Retardance orientation versus scatter (rotation) angle [page 2 of 2]. 
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Figure E.3.15. Retardance elliptictty versus scatter (rotation) angle Ipage 1 of 2|. 

00 



iiKit_top: Average retardance ellipticity vs. angle 

retardance ellipticity 

0.1 

O.OS 

-60 -40 -20 

-O.OS 

-0.1 

20 40 60 
angle 

3x_tops Average retardance ellipticity vs. angle 

retardance ellipticity 

0.4 

A , A. -60 -40 \-20/ 

\ /-0.2 \ 
V -O-"! \ V 

-0.6 \ 
-0.8 v 

angle 

mt!!_bottom: Average retardance ellipticity vs. angle 

retardance ellipticity 

U. X 

0.05 

-60 -40 -20 "lo"""""^ 60 

-O.OS 

-O.i 

3X_bottom: Average retardance ellipticity vs. angle 

retardance ellipticity 

U. i. 

O.OS 

\ . r 
1 -60 / -40 -20 20 40 eo"^ 

\ / -O.OS 

V V 

-0.2 

angle 

Figure E.3.16. Retardance ellipticity versus scatter (rotation) angle [page 2 of 2|. 
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