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ABSTRACT 

This dissertation takes a quahtative look at the understanding of mathematical state

ments and proofs held by college students enrolled in a transitional course, a course 

designed to teach students how to write proofs in mathematics. I address the follow

ing three research questions: 1. What are students' understandings of the structure 

of mathematical statements? 2. What are students' understandings of the structure 

of mathematical proofs? 3. What concerns with the nature of proof do students 

express when writing proofs? Three individual interviews were held with each of the 

six participants of the study during the final month of the semester. The first in

terview was used to gain information about the students' mathematical backgrounds 

and their thoughts and beliefs about mathematics and proofs. The second and third 

interviews were task-based, in which the students were asked to write and evaluate 

proofs. In this dissertation, I document the students' attempts and verbal thoughts 

while proving mathematical statements and evaluating proofs. 

The results of this study show that the students often had difficulties interpreting 

conditional statements and quantified statements of the form, "There exists ... for 

all . . These students also struggled with understanding the structure of proofs 

by contradiction and induction proofs. Symbolic logic, however, appeared to be a 

useful tool for interpreting statements and proof structures for those students who 

chose to use it. When writing proofs, the students tended to emphasize the need 
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for symbolic manipulation. Furthermore, these students expressed concerns with 

what needs to be justified within a proof, what amount of justification is needed, 

and the role personal conviction plays within formal mathematical proof. I conclude 

with a discussion connecting these students' difficulties and concerns with the social 

nature of mathematical proof by extending the theoretical framework of the Emergent 

Perspective (Cobb & Yackel, 1996) to also include social norms, sociomathematical 

norms, and the mathematical practices of the mathematics community. 
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1. INTRODUCTION 

Proving mathematical theorems is an essential part of advanced mathematics today. 

When most people think of mathematics, however, theorems and proofs are not what 

come to mind. Commonly, "doing mathematics" is thought of as solving equations 

and performing computations. In recent years, there has been a push to expose school-

aged children to a wider view of mathematics. The National Council of Teachers of 

Mathematics (NCTM) (2000) encourages teachers of all grades to intertwine critical 

thinking, reasoning, and justification throughout their mathematics lessons. NCTM 

states that in the earlier grades, students' arguments will be informal, in their own 

language, and often expressed with manipulatives or pictures, however, "high school 

students should be able to present mathematical arguments in written forms that 

would be acceptable to professional mathematicians" (p. 58). 

This recommendation by NCTM naturally warrants the question; What forms 

of proof are considered acceptable to professional mathematicians? What do math

ematicians mean when they refer to proofs? Unfortunately, these questions are not 

as easy to answer as they are to ask. Though most mathematicians would agree that 

a proof must demonstrate the validity of a statement beyond any possible doubt, as 

a definition, this is not very clear. Contrary to the common belief that mathematics 

is built on absolute truths, whether or not a mathematics proof is valid is a social 
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decision (Dreyfus, 1999; Hersh, 1993; Kleiner, 1991; Segal, 2000). As Segal (2000) 

writes: 

Mathematical proofs are different from proofs in logic. In the latter case, 

one starts off with explicit axioms and definitions, and by using explicit 

rules of inference, new conclusions are deduced. . . . The situation 

with mathematics is different. Hanna (1991) notes that the acceptance 

of an argument as a mathematical proof by the mathematical community 

depends in no small part on criteria which may be regarded as being 

social rather than logical. For example, an argument may be judged by 

the reputation of its author, or by how the statement of the theorem that 

is to be proved fits in with current mathematical knowledge, rather than 

by measuring the argument against any standard of rigor, (p. 194) 

Hersh (1993) relays a story of a student of philosophy who questioned an ideal 

mathematician,^ "What is a mathematical proof?" The mathematician began by 

giving examples of proofs of famous theorems. When the student asked for a more 

clear definition, the mathematician responded by telling the student about proof "as 

it's portrayed in formal logic: permutation of logical symbols according to certain 

rules" (p. 389). When the student rejected this definition arguing that the proofs she 

has been exposed to in her advanced mathematics courses do not fit this description, 

^Defined by Hersh (1993) to be "the most mathematician-like mathematician" (p. 389). 
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the mathematician caved in by admitting that in reahty "a proof is just a convincing 

argument, as judged by competent judges" (p. 389). 

1.1. Proof and Mathematics: Historically and Today 

We must not forget that what constitutes "proof varies from culture to 

culture, as well as from age to age (Wilder quoted in Siu, 1993, p. 346). 

Due to the social aspect of mathematical proof, what constitutes a valid form 

of proof has changed and evolved within cultures and with time. The axiomatic 

method - proof as deductive reasoning from a given set of axioms - was conceived 

by the Greeks around the fourth century B.C.E. and is frequently seen as the initial 

development of proof. Using a wider definition of proof, however, one can see that 

mathematical justification used to convince and enlighten is found in many other 

ancient civilizations as well. 

Prior to the Greeks, the Egyptians and the Mesopotamians accepted intuitive and 

empirical evidence as justification in mathematics. The proofs of the Egyptians and 

the Babylonians were not written in generalized form; they were demonstrated using 

typical values for the variables. Generalization was considered to follow immediately 

from the sample or samples demonstrated (Joseph, 1997). The Eastern cultures, 

who remained uninfluenced by Greek mathematics until the sixteenth century, also 

demonstrated justification in mathematics. In addition to empirical evidence, Chinese 



mathematicians are known for descriptive arguments and the use of diagrams to 

argue mathematical statements. For a more thorough discussion on the history of 

non-Western mathematics see (Joseph, 1991; Siu, 1993). 

This current discussion will continue by following the influence of the Greek's 

axiomatic method on the meaning of proof today. This method of justification added 

rigor and abstraction to mathematics. The Greek's insistence on strict, rigorous 

reasoning brought about great mathematical advancements, however, it also brought 

with it mathematical difficulties. The need for strict, logical deduction prevented the 

Greeks from using concepts such as irrational numbers and infinity, which they found 

to be critical to their mathematical development. This dilemma resulted in a long 

period of time with little attention to rigor in mathematics (Kleiner, 1991). 

During the sixteenth and seventeenth centuries, symbolic notation was introduced 

to mathematics. This method of communicating mathematics proved to be a powerful 

form for exploration and discovery. Mathematicians of this time were able to use this 

method to prove many important mathematical results with minimal error. Their 

proofs were much more explanatory in nature, however, they did not demonstrate as 

much rigor as the Greeks. Patterns and analogies played a large role in validating 

results. As a response to a number of events during the nineteenth century, however, 

such as the industrial revolution, growth of research at Universities, and the develop

ment of many new fields within mathematics, the concern for structure and methods 

in mathematics reemerged (Hanna, 1983; Kleiner, 1991). 



More attention was given to definitions and rigor, especially within calculus. 

Mathematicians realized that the concepts of limit and continuity were not defined 

with enough precision and needed to be formalized. This recognized need for rigor 

within calculus, combined with the newly developed area of mathematics referred 

to as mathematical logic, fully revived the axiomatic method of proof by the early 

twentieth century (Kleiner, 1991). 

During the late nineteenth century and early twentieth century, much attention 

was being placed on studying and building the foundations of mathematics. Math

ematicians encountered a number of paradoxes within the real number system and 

the theory of sets. As a result, three views, or philosophies, of mathematics emerged: 

Logicism, Formalism, and Constructivism (Davis & Hersh, 1980; Dossey, 1992). Logi-

cists, also known as Flatonists, believe that mathematical objects do exist and are 

real; they view mathematics as a method of explaining the world. Logicists see them

selves not as inventors, but as discoverers of mathematics. Formalists, on the other 

hand, believe the axioms are assertions about relations of undefined terms and not 

mathematical objects. Hence, Formahsts believe that mathematical theorems can 

not be used to describe the natural world. Though Logicists and Formalists dis

agree on the reality of mathematics, they agree on the methodology and principles 

of reasoning used to construct mathematical proofs. Constructivists, however, being 

concerned with the paradoxes arising in set theory, only accept mathematics which 

can be developed from the set of real numbers using nothing but finite constructions. 



17 

As a result, they are unable to accept "the law of the excluded middle" which essen

tially claims that a mathematical statement is always either true or false. It is this 

law which permits proofs by contradiction and other indirect proofs to be possible. 

Constructivism currently is not a very popular philosophy held amongst mathe

maticians, however, some mathematicians continue to abide by this philosophy. For-

maUsm tends to be the philosophical attitude of most mathematics textbooks and 

is often claimed to be the belief of many mathematicians. Davis and Hersh (1980), 

however, maintain that nearly all mathematicians truly are Logicists, "but, like an 

underground religion, it is observed in private and rarely mentioned in public" (p. 

339). 

As I have attempted to show, though deductive reasoning is the prominent form of 

proof used by modern mathematicians, there is still disagreement amongst the math

ematics community as to which axioms can and can not be assumed. Constructivists 

do not believe indirect proofs to be valid, yet it is estimated that as many as 75% 

of theorems in higher mathematics are proved by some form of indirect argument 

(Markel, 1994). Constructivists also do not believe in the axiom of choice^ and hence 

consider any proof which uses this axiom, or uses a theorem which was proved with 

this axiom, not to be a valid proof. 

More recently, the mathematics community has faced yet another area of dis

agreement. With the age of technology, mathematicians have the capability of using 

^One version of the Axiom of Choice is stated as follows; Let X be a collection of non-empty 
sets. Then we can choose a member from each set in that collection. 



18 

computers to aid them in their work. In 1976, Haken and Appel claimed to have 

proven the famous four-color problem^ which had been unsolved for more than a cen

tury. They broke the problem into 1482 cases which needed to be proved and then 

programmed a computer to check these cases. It took 1200 hours of computer-time 

to check all the cases, demonstrating that even a team of mathematicians would have 

been unable to complete this proof in a lifetime (Markel, 1994). 

So the question lingers: Did Haken and Appel prove the four-color problem? Many 

mathematicians consider their proof to be valid, however, there is a large number of 

critics as well. Those who disapprove of this method of proof argue that "the proof 

contained thousands of pages of computer programs that were not published and 

were thus not open to the traditional procedures of verification by the mathematical 

community" [italics in the original] (Kleiner, 1991, p. 309). Moreover, computer 

hardware and software are not infallible and hence not as reliable as the standard 

method of proof. Hersh (1993) reminds us that we, as mathematicians, do not know 

the details of the calculations or of the physical processes of the computer. Hersh 

claims that "believing a computer is an act of faith, like believing a fortune teller -

albeit a successful, well-reputed fortune teller" (p 393). 

^The four-color problem states that any planar map needs at most foiir colors to ensure that no 
two neighboring countries (countries which share a border) need to be colored the same color. 
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1.2. The Purpose of this Study 

Despite the recommendations from NCTM (2000) and otlier such groups, students in 

the United States are rarely exposed to formal mathematical proof during their K-12 

education. When proof-writing is taught in high school, it tends to be limited to a one-

year course in geometry (Hanna, 1998; Senk, 1985). Traditionally, students in such a 

course are asked to construct what are known as two-column proofs (Herbst, 2002). In 

the first column the student writes down a mathematical statement, and then in the 

second column, next to this statement, the student records what axiom, definition, or 

theorem he or she used to determine the validity of the statement. This continues until 

the student has justified the statement he or she is attempting to prove. These proofs 

are generally taught as direct proofs and often require very little creativity on the part 

of the students.^ I would also argue that very few professional mathematicians would 

consider the two-column proof format an elegant way to communicate mathematically. 

Therefore, college freshmen have limited exposure to mathematical proof prior to 

entering college (Dreyfus, 1999; Segal, 2000; Almeida, 2000). Generally, mathemat

ics students are first exposed to formal mathematical proof when they begin taking 

upper-division mathematics classes at the university level.® At this point, the content 

^Though some textbooks do address indirect proofs throughout the book, it is not uncommon to 
find geometry textbooks such as HofFer, et al. (1998) and Coxford, Usiskin, and Hirschhorn (1991) 
which introduce the notion of proof in chapters 4 and 3 respectively, but do not mention indirect 
arguments until chapters 11 and 13 respectively. It is also important to note that during an academic 
school year, generally a class does not get as far as chapters 11 or 13 in a textbook. 

^Students who do not choose to study mathematics beyond calculus are never exposed to formal 
mathematical proof. 



of their mathematics classes shifts dramatically from being primarily computational 

to being theoretical and abstract. This adjustment is generally difficult for students. 

As a result, many universities have created what is known as a transitional course, 

or bridge course, to assist these mathematics students in making the transition. The 

main focus of these transitional courses is to teach students the skills needed to write 

formal mathematical proofs, as seen by the mathematics community. Often, the 

actual mathematical content of the course is considered to be secondary. 

Regardless of the existence of such a course, students still struggle greatly with this 

transition. Since writing mathematical proofs is a critical component to a student's 

career as a mathematics major, it is important to structure transitional courses in 

a way so that students, in general, will be successful. This study set out to better 

understand the difficulties college students have when first learning how to write 

proofs. 

In order to better understand beginning proof-writing students' difficulties with 

proofs, one must know how these students reason mathematically. When teaching a 

course, many instructors have very little opportunity to experience students' thinking 

and their interpretations as the students read mathematical statements and attempt 

to write proofs. Generally, instructors are exposed to what students would consider 

to be their "final product," whether it be on a homework assignment or on a test. 

When working with students directly, such as during office hours, instructors may 

experience some of the students' thinking processes, yet because the instructor's goal 
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is to help the student understand the material and to guide the student to solve the 

problem correctly, the intent is not necessarily to understand the students' ways of 

thinking but rather to help the students think in such a way that will allow them to 

make mathematical progress. 

Though it would be useful to know what students are thinking when they read 

mathematical statements and attempt to write proofs, it is never possible to access 

students' actual thought processes. The best we can do is access those thought pro

cesses which they verbalize and consider the attempts that they make. One of the 

goals of this study is to record students' interpretations and attempts when they read 

and prove mathematical statements. I realize that the students' ways of thinking dur

ing the interviews are not necessarily comparable to their thinking when they work 

alone on mathematics. Having another person to converse with may alter their think

ing processes. Moreover, the fact that I often asked these students to explain their 

thinking also may have caused them to think more critically. I would like to suggest, 

however, that their thinking processes during the interviews may be comparable to 

their thinking processes when working with their peers. Often when studying with 

peers, students are challenged to explain what they are thinking and how they are 

interpreting the mathematics. 

In this dissertation I intend to accomplish two things. I will document the stu

dents' verbal thoughts and attempts while proving mathematical statements and eval

uating proofs. I will also address the following three research questions. 
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1.3. Research Questions 

1. What are students' understandings of the structure of mathematical statements? 

2. What are students' understandings of the structure of mathematical proofs? 

3. What concerns with the nature of proof do students express when writing proofs? 
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2. REVIEW OF THE LITERATURE 

Since mathematical proof is fundamental to mathematics and is often found to be 

quite difficult for students, many researchers have studied students' understandings 

of proof. Though research has been done on high school students' understanding 

of geometry proofs (Senk, 1985; Hanna, 1998; Vinner & Kopelman, 1998) and on 

teachers' conceptions of proof (Knuth, 2002a, 2002b), I have chosen to focus this 

literature review on college students' understanding of proof. I will begin this chapter 

by summarizing selected literature on college students' difficulties with proof. I will 

then discuss literature on students' conceptions of proof. 

2.1. College Students' Difficulties with Proof 

I have separated the literature on college students' difficulties with proof into two 

categories: social causes for students' difficulty with proof and mathematical causes 

for students' difficulty with proof. I will begin by discussing the literature on the 

social causes. 

2.1.1. Social Causes for Students' Difficulties with Proof 

In primary and secondary school, in general, empirical evidence and argumentation 

with either diagrams or drawings suffice as mathematical justification. A student will 



convince himself or herself that a formula works by plugging in two or three numbers 

and receiving the expected outcome. This method generally satisfies the student, 

classmates, and often even the teacher. Yet a mathematician would not be satisfied 

with this form of justification. The mathematician would not be convinced beyond 

any possible doubt, and hence does not consider this method of justification to be 

mathematical proof. 

I intend to argue that one of the major social difficulties that college students 

have with proof is that, due to their lack of prior knowledge of mathematical proof, 

they are unaware of what methods of argumentation are acceptable as valid proof, as 

agreed upon by the mathematics community. 

College students prefer empirical evidence and visual justification over formal 

mathematical proofs and tend to find these methods more convincing than deductive 

reasoning (Selden and Selden, 1995; Almeida, 2000; Segal, 2000). Some students, even 

once they have produced a formal proof of a statement, tend to plug in numbers to 

verify for themselves that the statement is true (Harel & Sowder, 1998). This makes 

me wonder, are students truly unaware that the significance of having a valid proof of 

a statement means that it is true for all cases and does not need to be further tested 

or are they simply not comfortable enough with proofs that these types of abstract 

proofs are not personally convincing to them? Segal (2000) touches on the difference 

between arguments which students find convincing and arguments which students 

view as valid mathematical proof. 
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Segal (2000) conducted a study in the UK in which she presented to mathemat

ics students four arguments to justify that the product of two diagonal matrices is 

again a diagonal matrix. The first three arguments were empirical in nature. The 

first argument was a specific example of two 3x3, diagonal matrices multiplied to

gether resulting in a 3x3 matrix. The second argument provided two generalized 3x3, 

diagonal matrices in which the diagonal entries were letters as opposed to concrete 

numbers. The third argument demonstrated two nxn, diagonal matrices whose diago

nal entries were labeled ai, 02, ...a„ and bi, 62, •••bn, respectively. The fourth argument 

was a deductive one. Half of the participants received a correct deductive argument 

while half received an incorrect one. She presented these arguments to the students 

on three different occasions: when they first entered the university, half way through 

their first year, and at the beginning of their second year at the university. Each 

time she asked them to determine two separate things about each argument: whether 

they found it to be a convincing argument and whether it was a mathematically valid 

proof. Segal determined that when first entering the university, one-third of the stu

dents considered the most specific empirical case to be a valid proof, however, by the 

middle of their first year, more than 80% of the students insisted that it was not. It 

appears as if once students are exposed to proofs and learn what the mathematics 

community considers to be a valid form of proof, they are able to more accurately 

determine that specific empirical examples are not considered valid proofs. 

It is interesting to note, however, that even at the beginning of their second year, 
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the majority of students still claimed to find all three of the empirical arguments to 

be personally convincing arguments. Segal (2000) makes the point that determining 

the validity of an argument is "dependent on the shared values of a community" (p. 

207), while determining whether an argument is convincing is a personal, internal 

decision. Therefore, one may decide that an empirical argument is convincing by 

using personal judgment to conclude that the argument can easily be extended to a 

general case. 

Another result from Segal's study (2000) is that with time, more students chose 

the deductive argument to be valid, regardless of whether or not they were presented 

with a valid argument. Segal hypothesizes that as the students were given more 

examples of proofs, they determined that the deductive arguments had the "look and 

feel" of a proof and hence determined these arguments to be valid. 

In another study, Segal (1998) looked at induction proofs written by second year 

students who had completed a discrete mathematics course and who were currently 

enrolled in a course titled "Formal Methods of Computer Science." She conducted 

the study three times, over three different semesters, amending the directions for the 

new set of students each time. During the first semester she conducted the study, 

many students wrote informal proofs in which they stated "and so on. . ." within 

the proof. As a result of this, during the second and third semesters of the study, 

the instructor of the course emphasized that informal proofs such as these are not 

acceptable and that induction proofs must be written with more rigor. Segal then 
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noticed fewer informal proofs in the results of her study during these semesters. 

The results of these two studies conducted by Segal (1998,2000) demonstrate that 

once students become aware that empirical evidence is not considered a valid argu

ment to the mathematics community, the students vouch that these types of argu

ments are not valid proofs. This is the case even when they find these arguments 

personally convincing. In the latter study, once it was clear to students that writing 

"and so on. . ." is not appropriate in a mathematical proof, and that the "and so 

on. . ." must be proven, fewer students wrote informal proofs. In both cases, once 

the students learned that certain methods are not considered to be valid in mathe

matical proof, they were able to adjust their thinking and conform to the standard 

mathematical conventions. 

Dreyfus (1999), however, points out that determining which methods are consid

ered to be acceptable and which are not is not always as straightforward as this. 

Inconsistencies between classes and styles of teaching lead to great confusion. While 

some instructors expect rigorous proof, others find explanatory proofs to be accept

able. Dreyfus gives the example by quoting Hanna (1995), "[Proof's] main function 

in mathematics education is surely that of explanation" (p. 101), but then goes on 

to discuss Moore's account of a student who gave a very intuitive explanation as a 

proof in set theory and received little credit for it. Moore (1994) clearly states, "[The 

student's] intuitive notions and the overall strategy of her proof were correct, but she 

did not use the language and rules of inference that had been agreed upon in class" 
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(p. 259). I find most interesting the phrasing that Moore uses when he states, "the 

language and rules of inference agreed upon in class [italics added]." The language 

the instructor was expecting the student to use in this proof is a socially agreed upon 

language, and for some reason, this student did not partake in this agreement. When 

the student was later asked why she thought she did not receive full credit for her 

proof, she responded by saying, "I don't know. Maybe. . . I didn't explain it well 

enough" (p. 259). 

Another social difficulty that students have with mathematical proof is that they 

struggle with knowing what details need to be included in a proof and what can (or 

should) be left out. As Segal (2000) explains: 

Mathematical proofs, of necessity, must contain gaps and assumptions: 

who wants to refer to the axioms of the real numbers when proving a 

theorem, in (say) geometry? . . . The learner is left wondering: what 

knowledge may be safely assumed and left out? and, on the other hand, 

what knowledge is critical and must be explicitly addressed? Again, as 

with judging mathematical validity, this requires a social judgment, a 

knowledge of the community to which the proof is addressed, (p. 195) 

The mathematics community is aware of the gaps which exist in mathematical 

proofs and accepts that these gaps are unavoidable. It is standard practice in proof-

writing to leave out details of the mathematics which are considered to be obvious 
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to the reader. Students, however, are rarely told who their audience is expected to 

be for the proofs that they write (Dreyfus, 1999). Are they intending to convince 

a mathematician, a teacher, or a fellow student? This may vary depending on the 

course the students are enrolled in. Moreover, it is difficult for a student who is 

not a member of the mathematics community (or, at best, is a new member of the 

community) to determine what the conventional agreements are with respect to what 

leaps are able to be made and what information is necessary when writing a proof. 

Students struggle with determining the amount of rigor and level of detail that 

is expected of them in the proofs they write. Dreyfus (1999) points out that even 

when students attempt to mimic their instructors or textbooks, they often produce 

work that their instructors find unacceptable. Many textbooks give intuitive expla

nations as justification, but intuitive explanations are not considered acceptable by 

all instructors. It is also quite common for textbooks to write "it is easy to see" or 

"clearly" within the proofs of theorems, however, when students use these phrases 

within their written proofs, their proofs are considered to have a gap or be incomplete. 

Also, in teaching, instructors tend to be redundant or use circular reasoning, how

ever, student-produced proofs with redundancy or circular reasoning rarely receive 

full credit. Hence, students are left unsure of what is expected of them, and in which 

class. Dreyfus does stress that instructors and textbooks of transitional courses tend 

to be more careful and that the above inconsistencies do not as often apply, yet I have 

to wonder, would not the students' experiences in their other courses affect their way 
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of thinking? It is difficult for students to make the distinctions between why certain 

methods sufficed in previous classes and are not acceptable anymore. Without these 

points being brought to the attention of the students, they may not understand what 

is incorrect with their seemingly correct proofs. 

Moreover, students are often not taught the problem-solving process of writing a 

proof. Almeida (2000) describes the mathematicians' process of proving as "intuition, 

trial, error, speculation, conjecture, proof but the mathematicians' method of teach

ing to be "definition, theorem, proof (p. 869). Similarly, Selden and Selden (1999) 

point out, "No one publishes in a proof that he or she originally thought, say, that 

commutativity would play a key role, but subsequently discovered it led nowhere" 

(p. 3). When students are only exposed to ideal proofs, they do not become aware 

of the full process of writing proofs. A common complaint by beginning mathematics 

students, with respect to the problem-solving process of writing a proof, is that they 

"do not know where to start." What they do not realize is that often, neither does the 

mathematician. It is expected that one must experience some trial and error before 

completing the ideal proof. 

As I have noted, there are numerous social causes for students' struggles with 

mathematical proof. Students, when they are first being exposed to mathemati

cal proof-writing, often are unaware of the agreements historically made as to what 

constitutes a mathematical proof and what methods of justification are not valid. 

Students experience inconsistency as to the level of rigor textbooks and instructors 
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will provide in their proofs and as to what is expected from them. Students encounter 

inconsistency in teaching, and rarely observe the thought process of a mathematician 

as he or she attempts to produce a nontrivial proof. As a result, students are left 

unclear and unsure of what is expected of them. 

2.1.2. Mathematical Causes for Students' Difficulties with Proof 

One may argue that some of what I classify as mathematical causes for students' 

difficulty with proof could also be categorized as social causes. Much of what follows 

has to do with symbolic notation and interpretation of English language sentences, 

both of which deal with conventions agreed upon by mathematicians through the 

years. Nevertheless, I choose to group the following under a separate heading because 

it is content specific to the notation and the structure of the language of mathematics. 

Moore (1994) discusses results from his dissertation study in which he examines 

the cognitive difficulties of proof-writing as experienced by college students in a tran

sitional course. He lists the seven primary difficulties he found in his study: 

Dl. The students did not know the definitions, that is, they were unable 

to state the definitions. 

D2. The students had little intuitive understanding of the concepts. 

D3. The students' concept images were inadequate for doing the proofs. 



D4. The students were unable, or unwilling, to generate and use their 

own examples. 

Do. The students did not know how to use definitions to obtain the overall 

structure of proofs. 

D6. The students were unable to understand and use mathematical lan

guage and notation. 

D7. The students did not know how to begin proofs, (p. 251-252) 

In his work, Moore (1994) refers to the notion of a concept image, originally 

introduced by Vinner and colleagues (Vinner & Dreyfus, 1989; Tall & Vinner, 1981) 

with respect to functions. A concept image is defined as "the total cognitive structure 

that is associated with the concept, which includes all mental pictures and associated 

properties and processes" (Tall and Vinner, 1981, p. 152). Though one's concept 

image can contain the formal definition of the concept, in general, it tends to be 

one's intuitive understanding of a concept. Moore determined that one reason the 

students in his study had difficulties with definitions was because they found the 

concepts to be very abstract and had not developed solid concept images. Moreover, 

once the students had well-developed intuitive concept images, they felt that they 

"understood" the definition and hence did not see the need to memorize the formal 

definition. "Some students did not sense the important distinction between precise 

definitions and informal explanations based on concept images" (p. 256). Moore 
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concluded that students with only an intuitive concept image were unable to construct 

proofs with acceptable levels of rigor. Additionally, students who only knew formal 

definitions without having a solid concept image were unable to write proofs simply by 

manipulating the symbols. Furthermore, some students with solid concept images and 

definitions were still unsuccessful at writing a proof if they lacked the understanding of 

how to use their knowledge to generate examples, apply definitions, or use definitions 

to structure their proofs. 

Weber (2001) compared undergraduate mathematics and computer science stu

dents' strategies and abilities to construct proofs in abstract algebra to those of math

ematics graduate students who were writing dissertations on algebraic topics. What 

Weber found was that the undergraduate students were just as likely as the graduate 

students to succeed at proving propositions when the proofs mostly involved symbolic 

manipulation, however, for the more advanced problems, the undergraduate students 

demonstrated much less success. 

After asking the students to prove the seven propositions, Weber (2001) gave them 

a list of group theory statements and asked them to decide if each statement was true 

or false. He then suggested to the students to try once again to prove any of the 

propositions they previously were unable to prove by using as support any of the 

statements from this list which they deemed were true. What Weber discovered was 

that for approximately half of these cases, the undergraduate students were successful 

at constructing the proofs once they were reminded of mathematical statements in 
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group theory which would be useful when writing the proofs. 

Weber (2001) concluded that even when a student has an understanding of math

ematical proof and has a syntactic knowledge of the facts of a domain, this is not 

always sufficient for the student to write a valid proof. Weber determined that these 

students lacked what he refers to as strategic knowledge for constructing proofs in 

abstract algebra. The graduate students seemed to be more aware of the typical proof 

techniques used in this particular domain and were more aware of which theorems 

were important and when these theorems will be useful. The graduate students were 

also more likely to determine when syntactic strategies would be beneficial (as in the 

first two items) whereas some of the undergraduate students appeared to rely solely 

on these procedural strategies when constructing proofs. 

One misconception that some of these undergraduate students had can be demon

strated by the following. When being asked to prove a statement B, they would recall 

a theorem of the form A B and attempt to prove A, with no regard as to how 

plausible A was. To me, it appears that these students were viewing the statement A 

B as A B. Therefore, they did not question the validity of A since they believed 

it to be equivalent to proving B. 

Selden and Selden (1987) have also studied students' difficulties with proofs in 

abstract algebra. The authors attempted to classify all the errors that students make 

when writing abstract algebra proofs. Though the paper specifically is referring to 

errors in abstract algebra proofs, all the errors could have been found in proofs on 
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any topic. In an attempt to summarize their hst, I grouped the errors that they found 

into four categories: 1) misunderstanding the structure of mathematical statements 

or proofs, 2) inappropriate generalizations, 3) notational misconceptions, and 4) mis

interpreting the meaning of mathematical statements. One example the authors give 

that I classify as students' misunderstanding of structure is starting with the con

sequent and using it to prove the antecedent. It is not clear to me whether this is 

an example of the student not understanding the structure of the statement they are 

being asked to prove or the student misunderstanding the structure a proof must have 

to make logical sense; regardless, there is some form of misconception or neglect to 

acknowledge structure in mathematics. Making generalizations, the second category, 

is another common problem. For example, some students believe that laws for real 

numbers are universal, such as commutativity and cancellation. Selden and Selden 

provide many examples for my third category of notational misconceptions. They 

note that students often believe that if two mathematical objects are given different 

names, then they are inherently different. Another example is that students believe 

that names confer existence. What is meant by this is that students may attempt 

to solve equations without considering whether or not a solution even exists. The 

final category I suggested is misinterpreting the meaning of statements. Examples 

from this category are misusing theorems in a proof or weakening the meaning of a 

statement (i.e. assuming a stronger hypothesis or not proving the entire conclusion). 

More recently, Selden and Selden (1995, 2003) have shifted their focus to students' 
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ability to validate mathematics proofs. When they refer to proof validation, the 

authors are referring to the act of reading a "proof and determining whether or not 

it is valid. Though practicing mathematicians often validate proofs written by others, 

the process of validation is rarely, if ever, taught in university mathematics classes. 

Selden and Selden (2003) conducted a study with eight mathematics students in a 

transitional course. They provided four student-generated "proofs" for these students 

to read and evaluate. Three of the four proofs the authors consider to be incorrect. 

They issued each proof a name to describe the error (if any) they believe the proof to 

contain: Errors Galore, The Real Thing, The Gap, and The Converse. (The students 

in the study were not aware of the names that Selden and Selden issued to each 

proof.) Selden and Selden found that upon the first reading of the proofs, only 46% 

of the judgments made by these students were correct. (By the end of the interviews, 

81% of the students made correct judgments.) What the authors discovered was that 

most of the errors that concerned the students were of a local nature as opposed to 

the structural nature of the proof. For example, students more commonly noticed 

the incorrect use of notation in the proofs rather than the fact that the method being 

used to prove the statement was incorrect. The students also tended to claim the 

entire proof was incorrect when detecting a notational problem, rather than seeing 

that as a minor error. 

In previous work, Selden and Selden (1995) began to relate validation of math

ematical statements to a process which they call "unpacking" statements. To make 



this connection, I must first define a few terms. Selden and Selden describe what 

they call an "informal [mathematics] statement" as a statement "which departs from 

a natural language version of predicate calculus, i.e., departs from the use of 'for all', 

'there exists', 'and', 'or', 'not', 'if-then', 'if-and-only-if in a significant way" (p. 127). 

They provide the example, "differentiable functions are continuous" as an informal 

statement because of the conventionally implicit universal quantifier, and "a func

tion is continuous whenever it is differentiable" as informal because it in not in the 

standard "if-then" format. They then define the process of "unpacking (the logical 

structure of) an informal statement" to mean translating an informally written math

ematical statement into an equivalent formal version, written in standard predicate 

calculus notation. 

Selden and Selden (1995) believe that if students are unable to unpack an infor

mally written mathematical statement into a formal one, then they will be unable 

to understand the meaning of the statement, and hence will be unable to validate a 

proof of the statement. In their study, they asked students in a transitional course to 

unpack informal statements on exams. Because they felt that actual statements taken 

directly from mathematics textbooks would be too difficult, they wrote four simpler, 

informal statements. To give an example, one of their statements reads, "For a < b, 

there is a c so that /(c) = y whenever /(a) < y and y < f{b)" (p. 137). Their 61 

participants were from six different transition classes, taught by two separate instruc

tors, over a span of five years. Not every class was given all the statements. From the 
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8 of the 94 attempts were completely successful, and that these 8 correct responses 

came from 8 separate students. Towards the end of their study, Selden and Selden 

gave 24 of the students informal statements directly taken from calculus textbooks, 

to unpack into formal statements as a homework assignment. Even with open books, 

notes, and time, less than 5% of the responses were correct. 

Selden and Selden (1995) conclude that none of the students could consistently 

unpack informal mathematical statements, and hence they believe these students 

would not be able to validate sample proofs. I would like to add that if these students 

are unable to unpack these statements, then they also would be unable to construct 

proofs of their own for the statements. If the students can not decipher the informal 

version of the statements to truly understand what is meant mathematically, then it 

is unlikely they will be able to construct a valid mathematical proof. 

Dubinsky and Yiparaki (2000) also studied students' understanding of the struc

ture of statements. Though they did not relate their work directly to mathematical 

proof, I find it to be relevant here since the sort of statements that they looked at are 

very similar to the types of statements that students are asked to prove in a transi

tional course. Dubinsky and Yiparaki asked mathematics, science, and engineering 

students to interpret statements which involved both universal (V) and existential 

(3) quantifiers. Statements with which the universal quantifier came before the ex

istential one they refer to as AE statements. Statements with which the existential 



quantifier came before the universal quantifier were called EA statements. Nine of the 

statements that they gave students were natural language statements (such as "Every 

pot has a cover" and "There is a fertilizer for all plants") while two of the statements 

were mathematics statements (such as "For every positive number a there exists a 

positive number h such that h < a"). Their results demonstrated that students do 

not take into account the order of the quantifiers when determining the meaning of 

the statements. In some cases, students did not even acknowledge the existence of 

the quantifiers at all. This was the case both in the natural language statements and 

in the mathematical statements. These results may not be surprising since in every

day language, we often interchange the order of quantifiers, and expect the sentences 

to mean the same thing. For example, most people would say that the statements 

"There is a mother for all children" and "All children have a mother" mean the same 

thing, yet when following the rules of logic and mathematics the order of the quanti

fiers are purposeful, and these two statements have very different meanings. The first 

statement says that all children have the same mother while the second one says that 

every child has a mother (not necessarily the same). 

Dubinsky and Yiparaki argue that; 

The [little] understandings that students do appear to have of quantified 

statements in everyday situations may not transfer very easily to mathe

matical situations. . . . The language used in mathematics obeys certain 

rigid rules that our students do not necessarily pick up on their own, and 



hence we need to help our students learn how the language of mathematics 

works in order to communicate with them. 

In other words, Dubinsky and Yiparaki argue that the language of mathematics is 

like a foreign language. It is essential that those who do not speak the language learn 

and abide by the proper grammar and sentence structure in order to interpret the 

meanings of mathematical statements correctly. Yet this is difficult for students since 

it seems intuitive (though incorrect) that mathematical statements would follow the 

same rules as English sentences. With students unable to interpret the meaning of 

mathematical statements correctly, they surely will be unable to write valid mathe

matical proofs for the statements. 

The literature shows that beginning university students (and specifically math

ematics students) have difficulty understanding the meaning behind mathematics 

statements. Students find it difficult to interpret informally written statements in 

mathematics and rewrite them into the formal language of predicate calculus. Stu

dents also are often unable to understand the meanings behind statements (mathe

matics or not) which involve both the universal and existential quantifiers. If students 

are unable to interpret the meaning behind the statements, they certainly will not be 

able to construct valid proofs. Moore (1994), Weber (2001), and Selden and Selden 

(1987) point out that the difficulties do not end there. Even when students under

stand the structure of the statements, they often have difficulties building concept 

images for the abstract concepts and knowing when to use which pieces of knowledge. 



Students make notational errors and generalize qualities that some mathematical 

structures have to other mathematical structures which may not have such qualitites. 

2.2. Students' Conceptions of Proof 

In this section, I will discuss two papers on students' conceptions of proof. I will begin 

by describing Harel and Sowder's (1998) work on creating a framework for classifying 

students' proof schemes. Then I will discuss the work by Jones (2000) which relates 

students' conceptions of proof to their college success as mathematics students. 

Harel and Sowder (1998) used a psychological constructivist approach for devel

oping a framework for classifying college students' cognitive schemes of mathematical 

proof. As a result of their work with six teaching experiments, Harel and Sowder de

veloped three categories of proof schemes: the External Conviction Proof Scheme, the 

Empirical Proof Scheme, and the Analytical Proof Scheme. Each category consists 

of a number of subcategories. See Figure 2.1. 

A student using an External Proof Scheme, just as the name implies, is not consid

ering his or her personal belief of the justification, but rather is using external means 

to determine the validity of a proof. Harel and Sowder (1998) divide this proof scheme 

into three subcategories: the Ritual Proof Scheme, the Authoritarian Proof Scheme, 

and the Symbolic Proof Scheme. Students using a Ritual Proof Scheme believe that 

a proof is valid because it "looks like a proof." Generally, this means that the proof 
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FIGURE 2.1. Classification of proof schemes by Harel and Sowder (1998). 
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uses deductive reasoning and proper notation. Segal (2000) noted students in her 

study using this proof scheme. Students using an Authoritarian Proof Scheme de

termine that a proof is valid simply if a mathematical authority figure claims that 

it is. This may mean that the proof is published in their textbook, given to them 

by their instructor, or is given full credit by the person grading the proof for a class. 

The final subcategory, the Symbolic Proof Scheme, is used to describe students who 

rely on symbolic manipulation without first comprehending the meaning of the sym

bols. An example of this may be a student who is dividing one group element by 

another group element without first considering whether the elements of the group 

have multiplicative inverses. 

Students using an External Proof Scheme appear not to have any true understand

ing or confidence of what qualifies as justification or proof in mathematics. They 

prefer to follow formulas and depend on memorization in mathematics as opposed to 

understanding why the mathematics works. Harel and Sowder (1998) suggest that 

this proof scheme is most often adopted by students who have been prematurely 

exposed to the formality of mathematical proof. 

Students who follow an Empirical Proof Scheme tend to have a deeper understand

ing of the mathematics than a student using an External Proof Scheme. Within the 

Empirical Proof Scheme, students use the mathematics itself to justify their reason

ing, yet they use empirical evidence as justification. The two subcategories Harel and 

Sowder (1998) determined for the Empirical Proof Scheme are the Inductive Proof 
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Scheme and the Perceptual Proof Scheme. Within the Inductive Proof Scheme, stu

dents use one or more specific cases to justify the validity of an argument. Harel 

and Sowder argue that due to the probabilistic nature of everyday life, an inductive 

way of thinking is natural. They also state that inductive reasoning is quite powerful 

for mathematicians, so we should not be concerned that students think inductively, 

but rather we should be concerned if their proof schemes do not develop past being 

empirical in nature. 

Harel and Sowder (1998) discuss four "cognitive forces" which they believe influ

ence students to continue using proofs by example even when their instructor stresses 

this is not an acceptable form of proof. The first cognitive force is that students 

believe that the example was chosen randomly and hence shows that the statement 

is true in the general sense. The second cognitive force relates to the authoritarian 

proof scheme in that many of their previous mathematics teachers accepted examples 

as justification and therefore they believe this must be an acceptable form of justifi

cation. The third cognitive force is that students often do not understand proofs by 

contradiction. Since the instructor's attempt to argue that proof by example is not 

acceptable is based on proof by contradiction, the students do not find the instruc

tor's argument to be convincing. The fourth cognitive force that Harel and Sowder 

mention is that students have no alternative proof schemes and hence must fall back 

on empirical evidence. 

Students using the Perceptual Proof Scheme, the second subcategory of the Em
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pirical Proof Scheme, often "ignore transformations on objects or are incapable of 

anticipating results of transformations completely or accurately" (Harel & Sowder, 

1998, p. 255). This means that these students generally picture a specific case and 

construct a proof with this specific case in mind. Hence, often their proofs are not 

valid because they have used qualities of the specific case, which the general case may 

not have, in their proof. An example of this may be proving a theorem in analy

sis which is claimed to be true for all functions going from the real numbers to the 

real numbers, whereas the student only pictures continuous functions and therefore 

uses the quality of the function being continuous within the proof. Another example 

would be a student who is attempting to prove something for all parallelograms but 

draws a parallelogram with all sides being of equal length and therefore uses qualities 

of a rhombus within the proof. The student is unable to mentally transform the 

parallelogram to see that these qualities do not hold for parallelograms other than 

rhombi. 

Finally, the most advanced proof scheme is the Analytical Proof Scheme, in which 

students justify their reasoning using logical deductions. The two subcategories cre

ated by Harel and Sowder (1998) are the Transformational Proof Scheme and the 

Axiomatic Proof Scheme. Within the Transformational Proof Scheme, students are 

able to observe, perform, and anticipate the results of transformations on mathemat

ical objects. These transformations are goal oriented, observe the generality of the 

object, and are conducted by means of deduction. One example the authors give is 



of a student who uses a dynamic conception of a triangle in order to argue that the 

sum of the angles in a triangle is 180°. The authors consider the student to be using 

a Transformational Proof Scheme because she was able to transform the triangle and 

anticipate the results of the transformation. Her operations were goal oriented and 

considered the generality of the object. Furthermore, she used deductive reasoning 

to argue that all triangles have 180°. 

Harel and Sowder (1998) divide the Transformational Proof Scheme into two sub

categories of cognitive levels, internalized and interiorized, and discuss a restrictive 

level in which students "presume certain restrictions on either the context of the con

jecture, the generality of the justification, or the mode of the justification" (p. 267). 

They then divide this restrictive level into more subcategories. (See Figure 2.1.) I 

will not discuss the restrictive level in more detail here, however, I will give a brief 

description of the two cognitive levels. 

A student with an Internalized Proof Scheme is a student who has encapsulated 

the Transformational Proof Scheme into a proof heuristic. One example is a student 

who compares fractions by considering the distance their complement is from the 

whole. In this scheme, students do not necessarily form specific images for all of the 

algebraic expressions which they encounter, but only for those found at important 

stages of the process, as deemed by the student. The Interiorized Proof Scheme is 

simply an Internalized Proof Scheme that has been reflected upon by the person who 

possesses it. Therefore, a person must internalize the process before being able to 
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interiorize it. 

Students are said to have an Axiomatic Proof Scheme, the second of the Analyt

ical Proof Schemes, when they understand that "a mathematical justification must 

have started originally from undefined terms and axioms" (Harel & Sowder, 1998, p. 

273). Once again, this proof scheme is divided into three subcategories: the Intuitive-

Axiomatic Proof Scheme, the Structural Proof Scheme, and the Axiomatizing Proof 

Scheme. (See Figure 2.1.) People who are only able to accept axioms which intu-

itionally seem logical or self-evident are said to have an Intuitive-Axiomatic Proof 

Scheme. This is similar to the Greek's view of mathematics. Within the Structural 

Proof Scheme, one is able to accept axioms, even non-intuitive ones, as simply cre

ating different realizations. Finally, the Axiomatizing Proof Scheme is "a scheme 

by which a person is able to investigate the implications of varying a set of axioms, 

or to axiomatize a certain field" (Harel & Sowder, 1998, p. 274). The authors be

lieve that one must accept the Structural Proof Scheme before transitioning into the 

Axiomatizing Proof Scheme. 

Harel and Sowder (1998) believe it is essential to understand students' thinking 

about mathematical proof in order to strengthen their proof-writing skills. As such, 

they find their notion of proof scheme as a helpful tool for doing this. They agree 

that one student may follow different proof schemes, depending on the context of the 

mathematics. Harel and Sowder argue that college mathematics majors should even

tually demonstrate axiomatic proof schemes. They believe that external conviction 
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proof schemes are not necessary for constructing an axiomatic scheme, yet the au

thors hypothesize that the empirical proof schemes are necessary in the development 

of analytic proof schemes. 

In comparison to Harel and Sowder's (1998) work on classifying students' concep

tions of proof, Jones (2000) conducted a study relating students' conceptions of proof 

to their success as mathematics students in college. Jones administered this study to 

75 secondary mathematics teacher trainees at a university in the U.K. He evaluated 

the depth of these students' conceptions of mathematics by asking them to construct 

a concept map for the topic of mathematical proof. A concept map is a graphical 

representation of a topic which consists of nodes (ellipses or squares) to represent key 

concepts and links (lines) which connect the nodes. Often the links are specified with 

the relationship that connects the two key concepts written inside the nodes which 

they connect. 

Jones (2000) rated the students' concept maps by counting the number of key 

terms (nodes), the number of links, the number of links that were labeled with the 

relationship, and the number of crosslinks specified. The author found that, in gen

eral, the lowest achieving students in college had the least detailed concept maps. 

The highest achieving students in college, however, did not necessarily have the most 

detailed concept maps. Jones suggests that this shows that the highest achieving 

students did not necessarily have the richest knowledge of the subject matter which 

would be needed for being effective as a teacher. 
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I question, however, the validity of this research method. Jones' (2000) decision 

to only consider the number of nodes, links, and such, as opposed to the depth or 

intricacy of the concept maps, was " to keep the analysis at its most straightforward 

level and not read into the data more than could legitimately be read" (p. 55). Yet 

this results in crediting students for quantity rather than quality. As in the Van Hiele 

model, it may be the student who presents fewer terms and properties, but in a more 

purposeful manner, who has the more detailed conception of proof, as opposed to the 

student who simply puts forth every thought they have that relates to the topic. 

2.3. Summary 

The literature demonstrates that students have difficulty understanding what is ex

pected of them when writing proofs due to being unaware of what methods are con

sidered valid by the mathematics community, inconsistencies in the level of rigor 

demonstrated by textbooks and instructors, and by not being exposed to the process 

of proving. 

Furthermore, the literature discusses more cognitive difficulties that students have 

when writing proofs such as not understanding the structure of mathematical state

ments and proofs, and not being able to apply concept images, formal definitions, 

and theorems when attempting to write proofs. 

Finally, I conclude my discussion of the literature by examining two papers in 
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which the authors consider students' overall conceptions of proof. The first of these 

papers develops a framework for classifying students' proof schemes. The second 

considers the relationship between students' conceptions of proof and their academic 

success while studying mathematics in college. 
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3. THEORETICAL FRAMEWORK 

The language of mathematics is a language in and of itself. This language is a 

dynamic one which means, like with many other languages, it is constantly changing. 

New vocabulary is always being added, new theorems are proved, and new methods 

of proof become acceptable. Mathematicians, as a community, determine what is 

valid, acceptable, and true. The mathematics community decides what mathematical 

practices are considered acceptable, how mathematical statements should be written 

and interpreted, and what should be included within a proof. 

When considering the ever-changing practices and norms of the mathematics com

munity, I am reminded of Cobb and Yackel's (1996) concepts of Sociomathematical 

Norms and Classroom Mathematical Practices. Their definitions of these terms are 

based on classroom settings, yet I propose to extend these ideas to the community 

of mathematicians. In the next section, I will describe the framework by Cobb and 

Yackel, which they have termed the Emergent Perspective. 

3.1. The Emergent Perspective 

The emergent perspective, also known as the social constructivist perspective, as in

troduced by Cobb and Yackel (1996), is an approach to analyzing data which combines 

the psychological constructivist analysis of individual activity with the sociocultural 
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analysis of classroom interactions and discourse. Cobb and Yackel give an account of 

their work in a second grade classroom in which they initially viewed learning in a 

psychological constructivist manner. Their goal was: 

[To] account for the child's development of increasingly powerful mathe

matical ways of knowing by analyzing the cognitive restructurings he or 

she made while interacting with the researcher. In a similar manner, we 

intended to account for individual children's learning in the classroom 

by analyzing the conceptual reorganizations they made while interacting 

with the teacher and their peers, (p. 177) 

Within the first few days of the school year, the authors faced unanticipated issues 

which could not be explained using solely a constructivist approach. As a result, this 

new perspective emerged. 

Within their work, Cobb and Yackel (1996) determined three aspects of the class

room microculture which they found useful to distinguish: classroom social norms, 

sociomathematical norms, and classroom mathematical practices. They then devel

oped three individually held constructions to correspond to each of these respectively: 

1) beliefs about own role, other's role, and the general nature of mathematical activity 

in school, 2) mathematical beliefs and values, and 3) mathematical conceptions and 

activity. (See Figure 3.1) They argue that each social perspective category reflex-

ively relates with its corresponding psychological perspective category. For example. 
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classroom social norms are not said to change a student's beliefs about mathematical 

activity in school while students' beliefs do not directly change the classroom social 

norms. Rather, they are reflexively related; one does not exist independently of the 

other. Students' beliefs and classroom norms relate back and forth with each other, 

each concurrently influencing and being influenced by the other. 

Social Perspective Psychological Perspective 

Classroom social norms 
Beliefs about own role, others' roles, 

and the general nature of 
mathematical activity in school 

Sociomathematical norms Mathematical beliefs and values 
Classroom mathematical practices Mathematical conceptions and activity 

FIGURE 3.1. An interpretive framework for analyzing individual and collective ac
tivity at the classroom level (Cobb & Yackel, 1996). 

Now let me explain in more detail what is meant by each pair of categories. By 

classroom social norms, Cobb and Yackel (1996) are referring to what the class as 

a cultural group believes should be each person's role in the classroom and how the 

class should be conducted. Some examples given by Cobb and Yackel as seen in their 

teaching experiment are "explaining and justifying solutions, attempting to make 

sense of explanations given by others, indicating agreement and disagreement, and 

questioning alternatives in situations in which a conflict in interpretations or solutions 

had become apparent" (p. 178). Cobb and Yackel stress that these norms were not 

imposed by the teacher but rather were negotiated by the teacher and the students, 

as members of the classroom community. The corresponding psychological category 
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refers to each individual student's beliefs. 

Sociomathematical norms, on the other hand, are similar to classroom social 

norms but are specific to the discipline of mathematics. In a prior paper, Yackel 

and Cobb (1996) describe sociomathematical norms as "normative understandings 

of what counts as mathematically different, mathematically sophisticated, mathe

matically efficient, and mathematically elegant. . . . Similarly, what counts as an 

acceptable mathematical explanation and justification is a sociomathematical norm" 

(p. 461). Sociomathematical norms may be decided within a specific classroom, and 

may vary greatly from classroom to classroom. For example, what may be considered 

an acceptable explanation in one class may not be considered acceptable in another. 

Often in the classroom setting, these norms are not stated directly, but are inferred 

from the activities of the classroom. The psychological, individual, perspective of 

sociomathematical norms is a student's personal beliefs and values of what is math

ematically different, sophisticated, efficient, elegant, and acceptable. 

Thirdly, the expression "classroom mathematical practices" is used to represent 

what mathematical activities have become accepted without warrant (i.e. justifi

cation) within the classroom community (Stephan & Rasmussen, 2002). When a 

member of the class, teacher or student, makes a mathematical claim or performs a 

mathematical activity without justification and without class opposition, the math

ematical practice is said to be taken-as-shared (i.e. taken to be a valid method or 

argument as agreed upon by the class). Once a mathematical activity is taken-as-



55 

shared it is said to be a classroom mathematical practice. The psychological correlate 

is an individual's mathematical conceptions and activity. The conceptions at the in

dividual level may differ drastically from that at the classroom level. Though a class 

may have agreed on a particular mathematical method, individuals in the class may 

not conceptually agree with this method yet at the same time do not request justifi

cation. 

To summarize, the emergent perspective is a theoretical perspective which inter

twines the constructivist and sociocultural perspectives. One using this framework 

is concerned with the individualistic side of individuals' learning, as well as the so

ciocultural side of the classroom community. The individual and social beliefs and 

practices are seen as continually interacting with and influencing each other. 

3.2. Norms and Practices of the Mathematics Community 

Because of the social nature of mathematical proof, I find that it is necessary to 

also view social norms, sociomathematical norms, and mathematical practices at the 

level of the mathematics community. Just as a class consisting of a teacher and 

students forms a community and develops norms within the classroom setting, the 

community of mathematicians have also developed a set of norms with whicli the 

community as a whole abides by. Of course, unlike in the classroom setting in which 

the class stays intact generally for a school year and consists of 20 to 40 people, 
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the mathematics community has existed for thousands of years and has consisted of 

miUions of mathematicians. Through time, people enter and leave the community, yet 

the mathematics community continues to have an entity of its own. Not every member 

in the mathematics community plays an active role in the molding of the norms, 

yet this is also the case in the classroom setting as well. Those who remain quiet 

are passively affecting the norms of the community by not making any oppositions. 

Because of the complexity of the mathematics community, many sub-communities 

exist. I have already mentioned the three philosophical communities of mathematics, 

Logicists, Formalists, and Constructivists, in Chapter 1. Furthermore, a committee 

of journal editors for a particular journal is another example of a sub-community. 

I will now describe what I mean when I refer to social norms, sociomathematical 

norms, and mathematical practices of the mathematics community. In order to dis

tinguish the norms of the mathematics community from those expressed in the work 

of Cobb and Yackel (1996), I will call these community social norms, community 

sociomathematical norms, and community mathematical practices. 

Community social norms do not differ much from classroom social norms. Exam

ples of community social norms include justification of statements and solutions and 

attempting to understand statements and solutions proposed by others. 

Sociomathematical norms consist of normative understandings of what counts as 

"a different mathematical solution, a sophisticated mathematical solution, an effi

cient mathematical solution, and an acceptable mathematical explanation" (Cobb 
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and Yackel, 1996, p. 178). As mentioned in the first chapter, what constitutes an 

acceptable mathematical explanation for the mathematics community has evolved 

through times and cultures. Because this evolution process will continue, not all 

mathematicians are in perfect agreement as to what types of mathematical explana

tions are acceptable. In general, however, community sociomathematical norms are 

in place. The mathematics community would agree that empirical evidence does not 

constitute a valid proof, while deductive reasoning using the axiomatic method is a 

valid form of proof. The mathematics community accepts proofs using direct meth

ods, induction, contradiction, and contraposition. Though the mathematics commu

nity does not agree whether proofs using computer software should be considered 

valid, I would claim that the community would agree that even if considered a proof, 

computer generated arguments are not elegant. What constitutes an elegant proof 

is a sociomathematical norm which is important to the mathematics community as 

well. Elegant proofs generally are written using complete sentences, yet are very terse 

in nature. Proofs which verify, but which also give insight as to why something is 

true are considered more elegant than proofs that just verify. Therefore, in general, 

contradiction proofs are not considered to be very desirable. 

Classroom mathematical practices are simply mathematical activities used with

out justification in a mathematics classroom. Therefore, community mathematical 

practices are any mathematical activities or conventions agreed upon by the mathe

matical community at large. For example, the mathematics community has agreed 
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that multiplication in the real numbers is a closed operation and therefore can state 

these results without warrant. Similarly, with conventions of the language, no war

rant is needed. For example, in the mathematical language, conditional statements 

are not equivalent to their converse, however, in the natural language, this is not 

always the case. If someone tells you, "If I have the money, then I will go to the 

movies tonight" it is also implied that if they do not have the money then they will 

not go to the movies. Moreover, if they go to the movies one can assume that they 

had the money and if they do not go to the movies one can assume that they could 

not afford it. Hence, the original statement, the converse, the contrapositive and 

the inverse are all intended to be equivalent.^ This is not the case for mathematical 

statements. When a mathematician states a conditional statement in mathematics, 

it is understood, without warrant, that the converse is not necessarily true as well. 

Therefore this convention in mathematics is a community mathematical practice. 

Similarly, another community mathematical practice is with uses of specific words, 

such as the word "or." In the natural language, "or" can be used either inclusively 

or exclusively, however, in mathematics, "or" only is used inclusively. For example, 

when going out to dinner, the waiter or waitress may ask you, "Do you want soup 

or salad?" They are intending you to choose only one of the two choices. You can 

have soup or salad, but not both (without an extra charge). This version of the word 

"or" is exclusive. Yet in mathematical register, "or" is always used inclusively, so it 

^For a list of definitions of mathematical terms used throughout this paper, see Appendix A. 
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is implicit that "both" is always a possibility. Since the usage of the word differs in 

the mathematical language from the usage in the natural language, I consider this 

convention to be a community mathematical practice. 

Cobb and Yackel (1996) do discuss an interpretive framework which includes 

school and societal levels. This framework, however, considers individual activity 

encompassed by the classroom communal activity, which is embedded within the 

school's institutionalized norms and beliefs, which then resides inside of society's 

norms and beliefs about schooling. The societal extension that I am proposing is 

not to consider the mathematical community's beliefs on schooling, but rather the 

mathematical community's beliefs on mathematics as a discipline. Hence, I would like 

to extend the framework proposed by Cobb and Yackel to include the mathematics 

community, as seen in Figure 3.2. 

Social Perspective 
Mathematics Community 

Social Perspective 
Mathematics Classroom 

Psychological Perspective 

Community social norms Classroom social norms 
Beliefs about own role, others' roles, 

and the general nature of 
mathematical activity in school 

Community sociomathematical norms Sociomathematical norms Mathematical beliefs and values 
Community mathematical practices Classroom mathematical 

practices 
Mathematical conceptions and activity 

FIGURE 3.2. An extension of the interpretive framework proposed by Cobb & Yackel 
(1996). 

I continue to see all three of these perspectives as reflexively relating to each other. 

The perspective of the mathematics community influences the perspective of the 

mathematics classroom through textbooks and required courses. The perspective of 

the mathematics classroom and pedagogical motives, historically, have also influenced 
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the formal organization of mathematics during the time of the Greeks, Lagrange, 

Cauchy, Weierstrass, and Dedekind (Kleiner, 1991) and likely continues to do so 

today. Similarly, the mathematical community's perspective influences a student's 

psychological perspective directly and indirectly through the classroom perspective. I 

argue that a student's psychological perspective, in turn, influences the mathematical 

communities perspective in the long run since some of these students will become our 

future mathematicians. 

I admit that at the level of a second grade classroom in which Cobb and Yackel 

(1996) were conducting their study and began developing their framework, the social 

perspective of the mathematics community may not be relevant. At the level of 

undergraduate mathematics students studying mathematical proof, however, I believe 

that this perspective is fundamental in examining students' understanding of the 

mathematics. 

3.3. Summary 

Cobb and Yackel (1996) describe a social constructivist framework for which they 

analyze classroom norms and practices when viewing learning within a classroom 

community. I am proposing to extend this framework to include the norms and 

practices of the mathematics community for analyzing the learning of undergraduate 

students as they begin to become members of the mathematics community. In order 
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to distinguish the norms of the mathematics community from those of the classroom 

community, 1 will use the three following terms: coniniunity social norms, community 

sociomathematical norms, and community mathematical practices. In this paper, I 

will focus my attention on the final two of these three terms. 
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4. METHOD 

This study was designed to investigate and develop a better understanding of the 

conceptions and strategies of undergraduate students when initially learning how to 

write mathematical proofs. This chapter is divided into three sections: Context of 

the Study, Collection of Data, and Data Analysis. 

4.1. Context of the Study 

This study took place during the Spring semester, 2003, at a large public university 

in the Southwest. During the course of the semester I played the role of a teaching 

assistant for the University's transitional course in the Mathematics Department. The 

participants for the study were six undergraduate students enrolled in this course. 

Throughout the following three subsections I will go into more detail on the course, 

the instructor and the class, and the students who participated in the study. 

4.1.1. The Course 

This course is designed to be taken by mathematics students who have completed 

most, if not all, of their lower-division mathematics classes, yet the course is a pre

requisite to many upper-division classes in the department. The course is described 

in the University's course catalogue as follows: 
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Elementary real analysis as an introduction to abstract mathematics and 

the use of mathematical language. Elementary logic and quantifiers; ma

nipulations with sets, relations and functions, including images and pre-

images; properties of the real numbers; supremum and infimum; other 

topics selected from cardinality, the topology of the real line, sequence 

and limits of sequences and functions; the emphasis throughout is on 

proving theorems. This is a Writing Emphasis Course.^ 

As is mentioned in the course description, the intent of the course is to introduce 

students to abstract mathematics and the use of mathematical language. The em

phasis of the course is on proving theorems; the mathematical content of the course 

is intended to be secondary. 

This course generally meets for three 50-minute sessions each week and is taught in 

small sections of about 30 students per class. Two sections are taught each semester. 

The textbook used is Steven R. Lay's Analysis with an Introduction to Proof, Third 

Edition (2001). Though the first few sections of the textbook discuss logic, proof 

techniques, sets, and functions, the majority of the text is set in the context of real 

analysis. For a complete Ust of the content of this textbook, see Appendix B. 

^ Every undergraduate degree program includes at least one required writing emphasis course. 
Writing emphasis courses are regular junior- or senior-level courses in an academic discipline in 
which at least half the grade awarded is determined by written work appropriate to the academic 
discipline. 
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4.1.2. The Instructor and the Class 

The instructor of the class chosen for this study has been a professor in the department 

for more than twenty years and has taught this course on many occasions. Due to 

other departmental responsibilities, this professor did not have any required teaching 

duties during the Spring semester, 2003, however he specifically asked to teach this 

class during this semester because he enjoys teaching the course. 

On the first day of class, after the standard discussion of the syllabus and the text, 

the instructor began by telling the class that this course is known as being the hardest 

class in the mathematics major. He then went on to say that in reality the class is 

quite easy; it is simply about learning the "secret handshake" of mathematicians. He 

described the course to the students as both "interesting" and "useful" and reassured 

them that by taking this course they would have a much easier time with their future 

mathematics classes. Throughout the rest of the semester, the instructor continued 

to maintain this atmosphere in the class. He continually reminded the students that 

they are meant to struggle and meant to be frustrated in this class, and as soon as 

they begin building confidence, he will once again pull the rug out from underneath 

them a little bit more. What the instructor meant by this is that he would gradually 

be increasing his expectations for the quality of their work. He continually reminded 

the class that his purpose was to train them to become mathematicians. 

The instructor taught the class in lecture format. This means that during a typical 
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class, the professor lectured from the front of the classroom, presenting definitions, 

theorems, and proofs to the students. He often attempted to get students in the class 

to participate by asking the class questions, yet generally either the same student 

answered all of the questions or the instructor himself answered his own questions. 

Toward the beginning of the semester very few students would ask the professor 

questions during class time, yet as the semester continued, students began asking 

questions either before class or clarifying questions during the lectures themselves. 

A few lectures throughout the semester did deviate slightly from this standard 

format and I will describe these lectures now. On the third day of class, the professor 

used cookies as a prop during the lecture. To make the point that the fractions | 

and are not actually the same fraction but are simply equivalent fractions, the 

instructor took a cookie, divided it in half, and gave a half to two different students. 

He then took the other cookie, placed it in a ziplock bag, and smashed it to pieces. 

He then asked the students if it would be the same to receive half of the first cookie 

as it would to receive half of the smashed second cookie. He then reiterated that it 

would not be the same, but you would still have an equivalent amount of cookie. 

Another lecture which stood out took place on day 23 of class. The instructor 

was introducing the topic of the topology of the real line. After defining the interior 

of a set^, the instructor wanted to emphasize that it is only necessary to find one 

epsilon neighborhood which works. He described himself as being in the interior of 

definition of the interior of a set S, Int(S), is "Let S C M. Then Int(S)= {a; € M : 3e > 0 such 
that N{x,e) C S}. 
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the classroom. He stretched his arms out and attempted to turn around in a circle. 

One of his arms hit the wall of the room. He then insisted that this does not mean 

he is not in the interior of the room, but just that he picked too large of an epsilon. 

The instructor then pulled his arms closer to his body, yet still had them sticking out 

from the elbows. He then turned around in the classroom, without his arms hitting 

the wall. At this point he reassured the students that the new epsilon that he picked 

did work, demonstrating that he indeed was in the interior of the classroom. The 

instructor did similar demonstrations outside of the classroom to demonstrate the 

exterior of a set and in the door jam to demonstrate the boundary of a set. 

The final lecture which stood out took place on day 26 of class. This was the 

first lecture after Spring Break and a few lectures after the class had not done a 

satisfactory job, according to the instructor, on test 2.^ The professor began class 

by writing 24 mathematical statements on the board, all dealing with the topology 

of the real line. Some examples are "Int(A U B) C Int(A) U Int(B)" and "cl(A) 

n cl(B) = cl(AnB),"'^ He then told the class that they, as a class, must determine 

which of the statements are true, by either proving the statements true or finding 

counterexamples. Whatever was not decided on in class would be done as homework. 

The instructor then sat down in the back of the room and waited. Because this was 

such an unusual situation for the class, it took the students a while before they started 

®The instructor allowed students to do corrections on test 2 in order to earn back some of the 
points that they lost on the test. 

^cl(A) means the closure of the set A. 
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interacting with each other. The instructor had to encourage them more than once 

to work with each other and discuss the mathematics. After nearly 20 minutes, a 

student eventually came up to the board to present her work for the first problem. 

By the end of the class, a number of students had approached the board to present 

their work and a few lively class discussions were held. For the next few lectures, the 

instructor would allow students, at the beginning of class, to present their solutions 

to any of the problems not yet agreed upon by the class. 

Another unique teaching technique the professor used toward the end of the 

semester is he told the students that they each needed to memorize the proof of 

the Heine-Borel theorem^ and present it to him in his office. The grade he awarded 

them on their presentation of the proof constituted 10% of their grade on the final 

exam. The professor told me that he believes that by memorizing the proof, the stu

dents will be forced to gain a deeper level of understanding (field notes from meeting 

with professor, 1/13/03). 

Though the instructor used the given text written by Lay, he began his first lecture 

in the middle of the book. He covered the initial three sections of chapter three during 

the first six lectures of class. He then went back to the beginning of the book and 

"started over." When he got to chapter three again in the book, he covered these 

sections once more very quickly and then moved on. The reason the instructor gave 

for covering the book in this manner is that he believes that when discussing symbolic 

®The Heine-Borel theorem states that A subset S of K is compact if and only if S is closed and 
bounded. 
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logic and proof techniques, which is covered at the beginning of the text, he likes to 

talk about the mathematics covered in the course and not about "all elephants being 

grey" (field notes from meeting with professor, 1/13/03). Figure 4.1 is a list of topics 

covered throughout the semester in this course, in the order they were covered. 

Natural Numbers and Induction 
Lower and Upper Bounds of Sets 
Properties of the Rational Numbers 
Ordered Fields 
Infima and Suprima of Sets 
The Density of the Rational Numbers in the Real Numbers 
The Archimedean Principle 
Symbolic Logic and Truth Tables 
Basic Set Operations and Venn Diagrams 
Relations 
Functions 
Cardinality 
The Natural Numbers and Induction 
Properties of the Rational Numbers 
Ordered Fields 
The Completeness Axiom 
The Archimedean Principle 
Topology of the Reals 
Compact Sets 
Limits of Functions 
Continuous Functions 
Properties of Continuous Functions 
Review of Material Previously Covered During the Semester 

FIGURE 4.1. Contents of the transitional course 

In general, the instructor assigned and collected problems from the textbook on 

a weekly basis. Towards the end of the semester, however, homework was assigned 

and collected less frequently. The students had three tests (on days 10, 22, and 37 of 

class) and a final exam. Some sample problems from the tests are: 



(Test 1) Prove that for all n, | + | + + + = 2{k+i) 

(Test 2) Let f : B he & function with domain A. 

a) Prove 

If / is injective, then for all S  C  A ,  f ^ ^ { f { S ) )  =  S  

b) Prove 

If / is surjective, then for all T  C  B ,  f { f ~ ^ { T ) )  =  T  

(Test 3) Let A C R. Prove that if A C B, then A' C B'. 

(Test 3) Consider the trig function f { x )  —  sin(a;). Prove that there is a real number 

a so that for any e > 0, there is a natural number n G N with 0 < | sin(ri) — a\ < e. 

4.1.3. The Participants in the Study 

The participants of the study were enrolled in the transitional course with this in

structor during the Spring semester, 2003. All six participants volunteered to be a 

part of the study. The participants were either majoring or minoring in mathematics. 

Three of the students came to this university directly from high school while of the 

other three, two had attended a junior college prior to transferring to this university 

and one student had spent some time in the military, during which she attended night 

school classes. More details about the participants will be discussed in the following 

chapter. 

Though these students were all volunteers and were not chosen by the researcher, 

I would claim that they were all fairly average students in the class. None of them 



were at the very top of the class, yet none of them were at the bottom either. These 

students did frequent my office hours more often than the average student, so this 

may suggest that they were all serious and hardworking students in this class. 

4.2. Collection of Data 

In order to conduct a thorough investigation for my study, I volunteered to act as a 

teaching assistant for this course, though according to the record books, I was not 

officially a teaching assistant. I attended essentially every lecture during the semester 

and took field notes throughout the lectures. This gave me the opportunity to see 

the classroom in action, to learn how the material was presented to the students and 

to note student participation. All of these things are important in considering the 

social perspective of the class. 

Besides attending lectures, I also held office hours twice a week and ran a discussion 

session once a week. This gave me the opportunity to work one-on-one with many of 

the students in the class, providing me with more insight into their understanding of 

the material in the course. Moreover, at times I was able to get a glimpse of how the 

students in the class worked together and communicated mathematically with each 

other. 

The majority of the data collected for this study came from the individual inter

views I held with each of the six participants in the study. As previously mentioned, 
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the participants were all volunteers. As such, the students who more frequently 

attended my office hours and discussion sessions were those who offered to be partic

ipants in the study. I conducted three interviews with each student,® each interview 

lasting between 45 minutes and an hour and a half. The interviews took place be

tween April 4th and May 7th, within the last five weeks of the semester. During 

the first interview, the participants were asked questions regarding their mathemat

ical background and their beliefs about proofs, mathematics, and mathematicians. 

(See Appendix C for a copy of the questions used to guide interview 1.) During the 

second and third interviews, the students were asked to construct proofs for given 

mathematical statements and to evaluate possible proofs which I provided for them. 

(See Appendix D for the items used during interviews 2 and 3. The items labeled 

1 through 7 were asked during interview 2 and the ones labeled 8 through 12 were 

asked during interview 3.) The items for interview 2 were intended to span a wide 

range of topics covered throughout the semester in the course. The items for the third 

interview focussed more on the students' understanding of mathematical statements 

with multiple quantifiers. 

Each item for the task-based interviews was placed on a separate sheet of paper 

and the students were given the items in the order that they are numbered. The 

students worked on each item until they either determined that they had completed 

®One student met with me on two occasions to complete interview 2 because she invested a great 
amount of time for each problem. Another student finished the questions from interview 1 during 
the first 20 minutes or so of interview 2. 



72 

what was asked of them by the item or until they gave up on trying to answer the 

item. If at any point the students wanted to go back to a previous item from the 

same interview, I allowed them to do so. At times, I even encouraged it. 

Throughout the interviews, I did not assist the students with the mathematics; 

I simply attempted to gather information about what they were thinking and how 

they were interpreting the mathematics. When the students were quiet for long 

periods of time, I generally would get them speaking again by asking them, "What 

are you thinking about?" If I did not understand what the student was trying to 

express or if I wanted to get more information out of them, I generally responded 

by saying, "I'm sorry. I don't think I understand. Could you try that again?" or 

"Could you expand on that?" Whenever the students asked me questions with regards 

to the mathematics, I generally responded by saying, "Well, what do you think?" 

Though I never attempted to assist the students with the mathematics throughout 

the interviews, simply participating in such interactions could have encouraged the 

students to think more critically than they may have otherwise. 

A pilot study had been conducted during the previous academic year to test out 

the questions for the interviews. As a result of the pilot study, I decided that I did 

not learn enough about the students' background and beliefs of mathematics and 

therefore I expanded the original list of questions for this study. I also found that the 

list of mathematics statements I had piloted brought up some interesting questions 

for me and hence I altered some of the questions and added some new ones hoping 
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to attend to my new questions and concerns. I will now go into further detail about 

each of the items I used for interviews 2 and 3. 

4.2.1. Discussion of Items for Interview 2 

Item 1: Prove that an odd number added to an odd number always results in an 

even number. 

I chose this item to be a fairly easy item to give the participants confidence at the 

beginning of the interviews. Unfortunately, many of the participants were unfamiliar 

with how to notate odd and even numbers and had a much more difficult time with 

this item than I originally expected. (Once the students read Item 3, there were able 

to make more progress on items 1 and 2.) 

Item 2; Let m be an integer. Prove that if mn? is odd, then m is odd. 

This statement is most easily proven using contraposition or contradiction. I was 

interested if students would note this and consider proving it in such a way. This 

item was also a lead in for the following item. 

Item 3: Claim: If w? is odd, then m is odd. 

Determine if the following are valid proofs for the claim above. Justify your reasoning. 

"Proof 1": Assume m is odd. Then in — 2k + 1 for some integer k. Therefore, 

m? = {2k + 1)^ = 4A;^ + 4k + l — 2{2k'^ + 2k) + 1, which is odd. Therefore, is odd, 

so m is odd. 

"Proof 2": Assume that is not odd. Then is even and m? = 2k for some 
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integer k. Thus 2k is a perfect square; that is, is an integer. Let us consider 

the case that is odd. Then = 2n + 1 for some integer n, which means 

nr = 2k = (2n + 1)^ = An' + 4n + 1 = 2(2n^ + 2n) + 1. Thus m? is odd, contrary to 

our assumption. Therefore, = m must be even. Thus if is not odd, then m 

is not odd. Hence if is odd, then m is odd. 

These "proofs"^ were chosen for the students to evaluate because the error in both 

of them is a structural error. Selden and Selden (2003) found that the students in 

their study more often noticed problems with notation and other minor details within 

the proofs as opposed to structural details. I was interested to see if students who 

were not distracted with smaller detail errors would notice structural errors or if they 

would determine the "proofs" were valid. 

Item 4: Prove that for all natural numbers n, 1 + 4 + 7 + ... + {3n — 2) = |n(3n — 1). 

Many students and instructors believe that induction is easy for students to un

derstand. Students tend to like induction proofs because the proofs generally follow a 

given format. Little creativity is involved and the students can generally earn at least 

some partial credit. I was interested in finding out how well these students really 

do understand induction and to what extent they are connecting their conceptual 

understanding to their procedural understanding. 

Item 5: Let X, Y, Z be sets. Prove that if X C y then X U Z C Y U Z. 

The students had been asked to prove a number of set theory questions throughout 

'^The first "proof was taken from Smith, Eggen, and St. Andre (1990, p. 39). The second one 
was adapted from the same text (p. 39). 



the semester. Item 5 was chosen as being a fairly standard set theory question. 

Though the students had never been asked to prove this exact statement, they were 

asked to prove many similar statements in their transitional course. 

Item 6: Claim: Let X, Y, Z be sets. If X C F then X U Z C Y U Z. 

Determine if the following is a valid proof for the claim above. Justify your 

reasoning. 

"Proof": Let a  be an element of X .  Then a is in F since X  C Y .  Now, since a  is 

in X, a is in X U Z, but a is also in F, so a is in F U Z. So X U Z C F U Z. 

Item 7: Claim: Let X, F, Z be sets. If X C F then X U Z C Y U Z. 

Determine if the following is a valid proof for the claim above. Justify your 

reasoning. 

"Proof": Let a be an element of X U Z. Then a is either in X or a is in Z. Casel: 

If o is in X then a must also be in F since X C F. Since F C F U Z then a is an 

element of F U Z. Case 2: If a is not in X then a must be in Z. But since Z C F U Z 

then a is in F U Z. In either case, a is an element of F U Z. Hence, X U Z C F U Z. 

Items 6 and 7 were chosen as a result of the pilot study. The reasoning was twofold. 

Firstly, when struggling with how to start a proof for item 5, one of the participants 

of the pilot study asked me, "Is this one of them where you have something and I 

could say whether it's the right proof or not? Like the last one?" She was asking me 

if I had proofs for her to evaluate because she felt confident that she understood the 

statement well enough that she would be able to correctly evaluate a proof of the 
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statement but was unable to construct a proof herself. Secondly, in my pilot study, 

all five participants who attempted to prove item 5 using set elements started to do so 

by using the same incorrect method used in item 6. Two of the students caught their 

error but the other three did not. For this reason I thought it would be interesting to 

see how students would attempt to prove the statement (item 5) and then how they 

would react to a common incorrect proof (item 6) and a correct proof (item 7). Note, 

once again, the incorrect proof in item 6 has structural errors but does not have any 

notational or other errors. 

4.2.2. Discussion of Items for Interview 3 

The items from interview 3 were inspired by Dubinski and Yiparaki (2000) who found 

that students had great difficulties understanding statements with multiple quanti

fiers. In their study, the majority of the statements they gave students were natural 

language statements; only two were mathematics statements. Furthermore, the stu

dents in their study were not all specifically undergraduate mathematics students but 

were students of varied scientific backgrounds and varied levels of study. I chose to 

explore a similar realm, but specifically with undergraduate mathematics students 

and with mathematics statements. I asked the students to determine if each of the 

following statements was either true or false. If they believed the statement was true 

they were asked to prove it true. If they believed the statement was false, they were 

asked to prove it false. The statements were as follows: 
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Item 8: For every natural number n, there exists a natural number K such that 

2n < K. 

Item 9: There is a natural number M such that for all positive real numbers k, 

Item 10: For all postitive real numbers there is a natural number M such that 

1 < M .  

Item 11; Let x and y be real numbers. There exists an x such that for every y, 

x + y = 0. 

Item 12: Let x, y, and 2: be real numbers. For every x there exists a y such that for 

every z, we have x + y — z. 

Item 8 was chosen to be a somewhat familiar statement to the students in order to 

build confidence and comfort level at the beginning of the interview. Items 9 and 10 

were chosen to determine if the students acknowledged that the order of the quantifiers 

was important to the meaning of the statements. Items 11 and 12 were intended to 

gather more data on the students' thinking after they had had the opportunity to 

struggle with the order of the quantifiers. Moreover, item 12, having three quantifiers, 

was intended to see if the students could extend their thinking past two quantifiers. 



4.3. Analysis of the Data 

All the interviews were audio recorded and transcribed. Interviews two and three were 

also video recorded. These videos were used on occasion for clarification purposes. 

Each student was given a pseudonym. Once the interviews were transcribed, I printed 

copies of the interviews and read through them on paper, marking points of the 

interviews which I found relating to my research questions: 1. What are students' 

understandings of the structure of mathematical statements? 2. What are students' 

understandings of the structure of mathematical proofs? 3. What concerns with 

the nature of proof do students express when writing proofs? I then began to note 

themes which I saw emerging from the data. Once these themes were extracted, I 

read through the interviews again, coding for these themes. I then created a profile of 

each participant. I also joined the data of all six participants and grouped them with 

respect to the themes (as suggested by Rossman and Rallis, 1998; Seidman, 1998). 

In order to present my findings, I have divided the task-based interview items into 

four sets. The first set consists of items 1 through 3. The second set consists of only 

item 4. Items 5 through 7 make up the third set and items 8 through 12 are contained 

in the fourth set. 



79 

5. RESULTS 

This chapter contains five main sections. The first section gives information about 

each students' mathematical background and behefs. The following four sections 

consist of the results found from the students' attempts at the four sets of task-based 

interview items. (See Appendix E for the written work of each of the students.) I 

conclude each of these four sections with an analysis of the students' understanding 

of the mathematical statements and of proofs as seen from each set of items. 

5.1. Participants' Backgrounds and Beliefs 

I have found that in a qualitative research study such as my own, it is helpful to know 

about the mathematical background of the participants. This information provides 

deeper insight as to what beliefs and mathematical content knowledge these students 

bring forth into their mathematical learning. Throughout this section I will give a 

brief account of the mathematical background of each participant in the study. I then 

will discuss the participants' study habits, their beliefs about mathematics, and their 

beliefs about proofs. 
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5.1.1. Megan 

Megan is in her second year at the university and is majoring in mathematics, with 

an emphasis in computer science. She is also earning a minor in Japanese. Megan 

was a successful student in her high school and excelled in a number of areas. With 

her interest in writing and having been involved in creating the high school yearbook, 

Megan claims that her family expected her to study English or journalism in college. 

She states, "I surprised my entire family when I picked math." Megan credits a 

mathematics teacher that she had for three years in high school for her interest in 

the subject. 

Megan began taking advanced mathematics courses in sixth grade. She recalls 

that her sixth grade mathematics class went faster than the other sixth grade classes 

at her school. She remembers doing mathematics projects in this class, such as one 

project that involved the stock market. Other than this experience, Megan feels 

that her elementary mathematics education was fairly traditional. "I just remember 

the teacher up at the board doing stuff." For the last three years of high school, 

Megan had the same teacher for mathematics. She found that this teacher made 

mathematics enjoyable. Her high school mathematics teacher involved the class in a 

number of computer and calculator based activities. Megan recalls doing an activity 

using a Calculator Based Ranger (CBR) in which they had to walk in front of a 

motion sensor to create specific graphs. 



Megan considers herself to be academically competitive, describing stories of aim

ing for the highest grade in her high school mathematics classes. Megan has found 

that in college her mathematics grades are not at the top of the class anymore, but she 

still earns mostly A's in her mathematics classes. In addition to the transitional class, 

other math classes Megan has taken at the college level are an accelerated calculus 

sequence, vector calculus, and linear algebra. After graduation, Megan is considering 

a career with the CIA or NSA, but has not ruled out the possibility of attending 

graduate school in mathematics. Megan earned a very high B in the transitional 

class. 

5.1.2. Laurie 

Laurie also came to the university straight after finishing high school. Laurie is in 

her third year of college, majoring in mathematics education, and intends to be a 

high school teacher. She is also minoring in Spanish, which will permit her to teach 

Spanish at the high school level as well. When she graduates, Laurie is considering 

teaching in a Latin American country. 

Laurie began her college career as an elementary education major, but after spend

ing some time volunteering in an elementary school classroom she realized that she 

could not see herself teaching elementary school as a career. It was her father who 

suggested to her that she become a high school mathematics teacher, reminding her 

how good she was at tutoring mathematics while she was in high school. Laurie ad
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mits that her experience with tutoring in high school is what caused her to become 

interested in teaching to begin with. 

Laurie remembers her pre-college mathematics education to be traditional, mostly 

taught by direct instruction. She believes that she had good teachers and learned well 

this way, though mathematics was not very fun. Laurie began taking gifted classes in 

elementary school and continued to do so through high school. Despite her academic 

scholarship, Laurie credits her academic accomplishments to hard work. "I mean I'm 

not the most bright person around but I work for what I want to accomplish." Besides 

being successful in school, Laurie is a pianist and has been involved in sports such 

as soccer and badminton. Prior to this semester, Laurie had taken all of her lower-

division mathematics courses as well as 300-level courses^ in geometry and probability. 

During this semester, she was concurrently enrolled in a 300-level number theory 

course. Laurie earned a B in the transitional course. 

5.1.3. Cathy 

Cathy, also majoring in mathematics education, is a non-traditional student. Though 

she was accepted to a well respected university directly out of high school, Cathy felt 

that she was not ready for college. Instead, she decided to join the military. During 

her four years in the military, Cathy began taking night school classes and earned an 

^Lower-division courses are intended for freshman and sophomore level students and are labeled 
as 100- or 200-level courses. 300- and 400-level courses are referred to as upper-division courses and 
are intended mostly for junior or senior level students. 



Associate's Degree in Liberal Arts. When Cathy completes her Bachelor's Degree in 

mathematics education with a minor in history, she intends to teach mathematics at 

the high school level. 

Cathy remembers not enjoying mathematics very much when she was in elemen

tary school. All she remembers from that experience is doing worksheets and mem

orizing times tables. Her first real interest in mathematics began in middle school. 

Cathy was inspired by a teacher who demonstrated a passion for mathematics and 

claims that he sparked the passion within her. "He was so enthusiastic. Not overly 

enthusiastic. But enthusiastic, and very knowledgeable and, and he instilled a lot 

of discipline, mat hematics-wise, with me." She also refers to how the teacher was 

approachable and created a good classroom environment, allowing students to be 

comfortable enough to ask questions in class. 

Although Cathy has enjoyed mathematics since middle school, she now is finding it 

to be quite difficult. She claims that she was good at mathematics in high school, but 

also admits that she was on the "low track" and therefore was never really challenged. 

She has taken all of her lower-division mathematics classes as well as a 300-level 

probability class, but has earned a C or D in most of these classes. The semester 

of the study, she retook the probability class and also took a 400-level mathematics 

education class, in addition to the transitional course. Cathy finished the semester 

with a C in the transitional course. 
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5.1.4. Helen 

Helen, coming to the university directly from high school, is the first person in her 

family to ever attend college. Though she has lived in the United States her entire 

life, I do not believe that English is her first language. She began her college career 

as a pre-Pharmacy major but after two years she switched her major to mathematics 

and is minoring in chemistry. Though Helen is currently declared as a mathematics 

education major, she is not really sure she wants to become a teacher. Helen says 

that she is interested in doing research in mathematics and is considering entering 

a Master's Degree program after she earns her Bachelor's Degree. Helen expresses 

concern though that she will not be successful in such a program. 

Helen is very adamant about having a love-hate relationship with mathematics. 

In elementary school, Helen saw mathematics as being very repetitious and felt like 

she did not learn much from year to year. By high school, Helen really enjoyed 

mathematics and believed that she was good at it. She began college taking calculus 

for the first time and found the course to be much harder than she ever imagined. 

Even though Helen claims that she loathed mathematics at this point, she continued 

to take mathematics courses even when the courses were not required for her major 

at the time. Though Helen does not say it directly, it appears that her interest in 

continuing with mathematics courses may be due to an inspirational instructor she 

had during her freshman year of college. She describes this instructor as motivating. 



encouraging, caring, helpful, and smart. She also feels like he helped her look at 

mathematics in a different way than she ever previously had: 

He taught rue how to think the way that I should be thinking. . . . He 

really opened up my eyes to, like, understand what it means to read the 

math book. ... He just showed me the type of methods of going about 

that, kinda how to think better and how to approach, like, math courses 

and math materials better. 

In the end, Helen claims that she chose to study mathematics because she found it 

to be difficult for her and she hkes being challenged. 

By the time of the study, Helen had completed all of her lower-division mathemat

ics courses and had taken 300-level classes in geometry and differential equations. She 

was currently enrolled in a 300-level number theory course as well as the transitional 

course. Helen struggled with the transitional course and ended up earning a C in the 

class. 

5.1.5. Dana 

Due to purely financial reasons, Dana chose to spend her first two years of college at 

a community college before transferring to a university. Dana is double majoring in 

biochemistry and molecular and chemical biology. She had been planning on having 

mathematics as a third major, but recently became overwhelmed and decided to minor 
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in mathematics instead. Though Dana claims that she is tired of being a student, she 

has decided to participate in a Master's program in biochemistry which will only take 

one year past her Bachelor's degree. As she explains, this way she and her soon-to-be 

husband will finish school at the same time and she will not have to find a temporary 

job for a year. Dana claims that after graduation she may look for a job in forensics, 

or may teach mathematics an a community college, though she admits that in the 

long-run she would like to stay home and homeschool her future children. 

Dana claims that she has always enjoyed mathematics, ever since she was young. 

She recalls that as a child she would ask her mother to make up mathematics tests for 

her to take. At the age of about eight years old, Dana remembers creating factor trees 

before she learned in school what factor trees were. Dana began an accelerated math

ematics program in school as young as first grade and continued to be in advanced 

mathematics classes throughout high school. During her senior year of high school, 

Dana had planned to take Advanced Placement (AP) Calculus, but the course offer

ing conflicted with one of her other AP classes. Determined to take both AP classes, 

Dana was allowed to take AP Calculus as an independent study, one-on-one with 

her own teacher. She remembers this being the greatest mathematics class she ever 

took. Dana decided to continue studying mathematics after spending one semester 

at the community college without taking a mathematics class. She claimed that not 

studying mathematics that semester "felt really weird." 

While at the community college, Dana had completed most of her lower-division 



mathematics courses and had also taken an introductory course in logic. Once at the 

university, Dana completed a 200-level linear algebra course last semester and was 

enrolled in the transitional course this semester. Though Dana had a high grade in 

the course most of the semester, she ended up earning a C in the transitional course. 

5.1.6. Ron 

Ron, also in his first year at this university, has spent the last five years out of 

high school working odd jobs and taking classes at community colleges. He began 

college as a natural resource conservation major, but ironically wanted to switch his 

major because he claims that he was bad at mathematics and did not want to take 

as much mathematics as that major demanded. He considered majoring in history, 

political science, and meteorology. At some point, Ron figured that he would have to 

eventually take calculus, so he began taking mathematics classes at the community 

college level, starting with college algebra. Once in these classes, Ron decided that 

he really enjoyed mathematics and made his final switch of major. Currently, Ron is 

majoring in mathematics and is minoring in German. 

Ron was born in Europe and lived there until he was eight years old. He then 

moved with his family to the United States, not being able to speak a word of English. 

Ron recalls being very strong scholastically when he moved to the U.S., especially 

in mathematics, but claims that he lost the advantage within a couple of years. 

Ron remembers having poor mathematics teachers in middle school, which he claims 
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continued through high school. Ron's high school had two different tracks for students 

to chose from. Attempting to make a wise decision, Ron chose the "lower" track so 

that he would not struggle as much in his classes. He now knows that was not as 

good of a decision as he thought it was at the time. Referring to the "lower" track, 

Ron recalls, "It turns out the teachers were of lower caliber more than the students 

were." Ron was never challenged in his high school courses and feels that his education 

suffered greatly because of it. 

Ron took most of his lower-division mathematics courses at community colleges, 

before transferring to the university. The semester prior to the study, at the university 

level, Ron took a 200-level linear algebra course. He was taking a 300-level differential 

equations course the semester of the study in addition to the transitional course. Ron 

tends to take mathematics classes for a few weeks and then drop the class. He 

started in a number theory class and a discrete mathematics class also this semester, 

but dropped both of them fairly early on. Ron did not complete the transitional 

course this semester either. With less than a month left in the semester, Ron stopped 

attending lectures, and chose not to take the third test or the final exam. He was 

earning a C in the class when he stopped attending, but claims that he generally 

earns Cs in his mathematics classes. "Like I've only gotten one grade other than a C 

in a math, college level math course." When I asked him, Ron seemed uninterested 

in discussing the reason he chose to drop this class, so I chose not to pry further. 
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5.1.7. Participants' Study Habits 

The students who participated in this study varied with respect to their study habits. 

Megan, Laurie, Cathy, and Helen frequently studied together. They generally would 

begin by attempting the homework problems on their own. They then would consult 

each other for help. If still unable to solve the homework problems, they would solicit 

help from either me or the instructor of the course. Megan and Laurie each attended 

my office hours about once a week. Cathy attended my office hours between once 

and twice a week. The student to attend my office hours most frequently throughout 

the semester was Helen, who came by two to three times each week to talk about the 

material in the course. 

The other two participants attended office hours less frequently and were more 

likely to study alone. Dana did not mention any peers that she studied with. Ron, 

toward the beginning of the semester, often studied with a friend who was taking the 

same course from another instructor. By the end of the semester, however, he often 

worked alone. They each frequented my office hours only about once every two or 

three weeks. 

When asked during the first interview how much time they spent each week on 

this class outside of lecture, the responses varied from as little as one to three hours 

each week (Dana) to as much as eight to twelve hours each week (Helen). 

The students enjoyed the professor's lectures and primarily used their lecture notes 
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to study from. Many of the students admitted that they rarely read the textbook for 

the class. If they did read the book, it was generally right before the test. Otherwise 

they depended on their notes from class and what they learned from completing the 

homework assignments. 

Despite their preference of studying from class notes, the pace of the lectures was 

a common complaint amongst these students. I frequently heard the students talk 

about being in "survival mode" during lecture time, just trying to write things down 

as fast as possible without thinking. Ron expresses his thoughts on the pace of the 

lectures as follows: 

Lectures. They're frustrating sometimes because he moves so fast that 

like all I'm doing is writing and I'm not even thinking about what is going 

on. And there have been times where I've consciously been like I'm going 

to stop writing so I can think about what's going on here. And it's weird 

because on the one hand, that's really good, on the other hand, taking 

the notes is really good because you have something to reference, so it's 

like, (pause) In one way. In some ways, not writing it down you're not 

really losing much, because you're gaining something else, but it's kind of 

scary to like stop writing. 



5.1.8. Participants' Beliefs about Mathematics 

Even though most of the students claim that they believe the discipline of mathe

matics to be difficult, and even sometimes intimidating, they also express that this 

is partly what encourages them to continue studying mathematics. Both Megan and 

Laurie use the expressions "stretch my mind" or "extended my mind" to express their 

experiences with mathematics. Helen believes that studying mathematics has taught 

her how to think more analytically, and as she puts it, mathematics makes her "think 

more," in general. Cathy indicates that for many of her non-mathematics classes she 

just needs to "memorize terms" and "identify things", but in mathematics she not 

only has to memorize, but also needs to understand. Laurie uses a rollercoaster ride 

as an analogy to describe working on a mathematics problem: 

I know this sounds really freaky but when you accomplish a great hard 

problem it's like, exciting. It's like "whoohoo." But, it's a really good 

feeling. It's like getting off a really cool rollercoaster ride. . . . Like you 

don't want to go on it, but as soon you do it, you want to do it again! 

... I think that's what keeps you, keeps you hooked. 

When I asked the students whether they believe that mathematics is created or 

discovered, I received a variety of answers. A number of the students had never 

thought about this before, and bounced back and forth between the two theories 

within their response. For example, Laurie initially claims that she believes mathe
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matics is discovered, but then she begins to think about the role mathematics played 

at "the beginning of time." Laurie decides that "as society evolves, I think mathe

matics was created and evolved. ... So I just changed my thinking. ... I think 

it's created. Firmly I'd say it's created." 

Two of the students had firm, yet opposing, responses from the start. Megan 

answers right away that she believes that mathematics is discovered: 

I would definitely say discovering then. Um, which is kind of one of the 

things that is neat about math. Because once you discover this truth, it's 

not like people can refute it because it's not like you just came up with it 

out of the blue. It's there and you just need to figure out how to explain 

it to other people. ... I mean if a mathematician says they are creating 

math, then. I think that defeats the purpose. Like. Math is this thing 

that we use to explain certain, certain truths and if they are saying "I 

created this" then it would be their viewpoint on what is true and what 

is not. As opposed to if they are discovering it, then it certainly is true, 

no matter how you look at it, it has to be true. 

Megan appears to have a Logicist view of mathematics, by referring to mathematics 

as explaining "certain truths." She does not appear to acknowledge any social aspect 

to the discipline. Ron, on the other hand, is adamant that mathematics is created by 

mathematicians: 



93 

Because when it comes down to the definitions, they are just human cre

ated definitions. ... I mean you can define, build a definition however 

you want it, you know. And so really your own, like. Mathematics is 

just a, it facilitates, like interpreting the world essentially. But it doesn't 

actually think about, about reality. 

5,1.9. Participant's Beliefs about Proofs 

Many of the students' beliefs about proofs are described by comparing their expe

rience in this transitional course with their other mathematics classes. All six of 

the students feel that proof-writing is completely different from their experiences in 

previous mathematics courses and claim that they need to approach the material 

differently than they do for their other mathematics classes. One of the differences 

that the students comment on is that they do not do calculations in this course. As 

Megan puts it, "I was realizing, probably a couple of weeks ago, I haven't pulled out 

my calculator once this semester. I was like 'wow.' . . . There is no calculating 

anything. It's all the logical stuff." 

Besides not having to do calculations, the students frequently talk about not 

having any formulas to use or specific methods to follow when writing proofs. They 

talk about this in contrast to their other mathematics classes: 

[In] other classes you memorize the formula and you plug in the numbers. 



. . . [when writing proofs] you have to come up with the next step. 

(Megan) 

[When writing proofs] there aren't any formulas. . . . You need to know 

the theorems; you need to know the definitions. And then you need to 

know how to apply those. . . . With a proof there's just so many ways 

you can go about it, and you know, when you're given a calculus equation, 

there's, you know. There's not much room to negotiate there. (Cathy) 

[In] calculus you're given a problem and you have a method to solve it. I 

mean, a specific method. I mean, usually there's not more than one way 

to solve an algebra problem with other methods. But with proofs, there 

are several different way you can approach it. And you also have to learn 

those approaches. (Laurie) 

These students find themselves having to be much more creative when writing proofs. 

They talk about having to come up with the next step on their own, having several 

different ways to approach the same problem, and not having as much guidance as 

they do in their other mathematics classes. Though the students claim that this is 

part of the reason they find this class to be more difficult than most of their other 

mathematics classes, most of them enjoy learning to think critically and analytically. 

Helen says, "It's not something that I will forget right away. It's just something, like 

a skill, I acquired. It's still there." 



When asked about what they beheve the purpose of proof is, Megan, Cathy, 

Dana and Ron all say the purpose of proof is to for justification. Dana and Megan's 

responses are below: 

It just seems that like without a proof of something, there is a lot of 

ambiguity around whether something is true or not, even if, uh, it may 

be. It may work for the specific example given. Which is why you can't 

just give an example of something working. You have to, you know, cause 

there's sometimes one that just as equally that works that doesn't. (Dana) 

You can't just claim something and, and state that it's true without any 

evidence, um, so I guess the proof would just be the evidence for, the, the 

claim. (Megan) 

Laurie also begins by saying that justification is the main purpose for mathemat

ical proof, but then changes her mind: 

The purpose would be to justify clearly a theorem or definition, but really 

to understand, I mean. Going through proofs, that really makes you 

understand the concept. ... So I really think proofs really go in detail 

of what maybe a concept is about, so you thoroughly understand. Cause 

you really examine it. 

Helen also believes that the purpose of proofs is for understanding. She sees proofs 

as a way to better understand the logic behind why the mathematics works. At an 
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earlier point during the first interview, Cathy, too, comments that proofs give us a 

deeper understanding of mathematics. 

When asked about the purpose of proofs, none of the students talked about proofs 

as a means of communicating mathematics, however, at a different point during the 

interviews, Dana brings up this belief: 

To me, when you're writing a proof you're almost conversing with your 

paper. . . . You know, you're just talking to another person, whoever is 

going to read it. So you have to be able to form a logical sentence. . . . 

You can't just throw it down where you don't expect anyone to ever read 

it again. 

5.2. First Set of Items 

The first set contains items labeled 1 through 3. I choose to group these three items 

together since they all are statements about odd and even numbers. 

Item 1: Prove that an odd number added to an odd number always results in an 

even number. 

Item 2: Let m be an integer. Prove that if rm? is odd, then m is odd. 

Item 3: Suppose m G Z. 

Claim: If rrî  is odd, then m is odd. 

Determine if the following are valid proofs for the claim above. Justify your reasoning. 
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"Proof 1": Assume m is odd. Then m = 2A; + 1 for some integer k. Therefore, 

777,2 _ + 1)^ = + 4fc + 1 = 2(2fc^ + 2k) + 1, which is odd. Therefore, rn? is odd, 

so m is odd. 

"Proof 2": Assume that is not odd. Then is even and m? — 2k for some 

integer k. Thus 2k is a perfect square; that is, is an integer. Let us consider 

the case that is odd. Then = 2n + 1 for some integer n, which means 

ni^ = 2k~ (2n + 1)^ = 4n^ + 4n + 1 = 2(2n^ + 2n) + 1. Thus vn? is odd, contrary to 

our assumption. Therefore, \/^ = m must be even. Thus if m? is not odd, then m 

is not odd. Hence if m? is odd, then m is odd. 

5.2.1. Megan 

When attempting to prove item 1, Megan decides to prove the statement directly. 

Though initially the only definition she can think of for an odd number is that it 

is not divisible by 2, she thinks about the mathematics in a conceptual manner and 

verbally describes why the statement must be true. Megan says: 

Like I totally have it visually in my head. If you divide something, an odd 

number by 2, you get a whole number, and a little half. And another one, 

a whole number and a little half. And when you add those together you 

get whole numbers and those two little halves add together to be a whole 

number. 



In the quote above, Megan gives a very conceptual explanation for why the state

ment is true, but she does not view this explanation as getting her closer to a proof. 

She then begins thinking about modular arithmetic which she learned in her computer 

science class. This leads her to another definition of an odd number: 

We have, like, the mod function that says when, if it's divided by 2 and 

the answer the remainder. It gives the remainder. ... So like, if it is 

divisible by 2, the remainder is 0, because x divided by 2, an even number 

divided by 2 doesn't have a remainder. And if it's an odd number, then 

it will return 1, because an odd number will always have a remainder of 

1. (pause) So an odd number is an even number plus 1! 

Megan then writes, "y is an odd number li 1 + x = y with x an even number." 

She then proceeds to construct a proof that two odd numbers added together create 

an even number, but she uses the fact that two even numbers added together form 

an even number. At one point she questions whether this is "legitimate" saying, "I 

don't know if I used enough detail to explain it," but she decides that this is the best 

she can do and moves on to the next item. 

After reading item 2, Megan initially begins to write a direct proof but then 

decides that using this method would involve taking the square root of m? and hence 

chooses to prove the statement using the the contrapositive instead. Megan is able 

to construct a correct proof of the statement in item 2 by proving the contrapositive 



of the original statement. 

I then ask Megan to consider the proofs in item 3. She immediately notices that 

the first proof is assuming the consequent and therefore correctly claims that the 

proof is not valid. When asked if it proves any statement, Megan accurately tells me 

that it is proving the converse of the original statement. 

Upon considering the second proof in item 3, Megan originally does not comment 

on the structure of the proof. She focusses on the specific wording and becomes con

cerned with the statement referring to 2k being a perfect square. Once she resolves 

this part of the proof, she claims that the proof is a valid proof using the contrapos-

itive. When I ask her to explain the proof, Megan nearly immediately realizes that 

the structure of the proof is not that of the contrapositive but rather it is proving 

"not-the-antecedent implies not-the-consequent." She says: 

So the contrapositive is "not the consequent implies not the antecedent" 

so they are saying. Oh wait! Shoot. They're not saying that. Oh man! 

They are not saying that. They are saying. They are proving, whatever 

that, what is it, the converse. They are proving "not the antecedent, not 

the consequent." 

At this point, Megan remembers a discussion in class in which the professor used 

symbolic logic to break apart conditional statements and discuss which statements are 

equivalent to which. Following this thought process, Megan realizes that this proof 
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is proving the converse of the contrapositive of the original statement. She logically 

deduces that this is not equivalent to the original statement and correctly concludes 

that the proof is not valid for the statement in item 3. 

It is interesting that even though Megan correctly proves item 2 using the contra-

positive, after reading the second proof in item 3, she sees this proof as also proving 

the contrapositive of the statement. This is most intriguing since she chooses to use 

the contrapositive to prove item 2 in order to avoid taking the square root of yet 

the proof in item 3 takes the square root of rn? within the proof. 

5.2.2. Laurie 

Laurie's initial consideration for proving item 1 is to do so by induction. "I would 

almost lend this to a proof of induction. Because an obvious example would be 1 

plus 1, which would be the base case." She then lets n + n represent the general case 

until she realizes that she is assuming both her odd numbers are the same number. 

Laurie makes one more attempt at using induction by letting her odd numbers be 

n and 3n before she realizes that this would not be a successful means either. At 

this point Laurie remembers using modular arithmetic in a number theory course 

she was concurrently enrolled in and decides to use modular arithmetic to prove the 

statement. Laurie constructs a direct proof using modular arithmetic to show that 

if n and m are congruent to 1 modulo 2, then n + to is congruent to 0 modulo 2. 

After completing her proof using modular arithmetic, Laurie reasserts that she still 



believes one could prove this statement using induction. 

When asked to prove item 2, Laurie first confirms to herself that the statement is 

true by thinking about numerical examples. She then begins to prove the statement 

directly. After writing two sentences, Laurie finds herself unable to proceed. After 

a long pause, she thinks of proving the statement using either the contrapositive or 

contradiction. In doing so, Laurie denotes m as an even number incorrectly. The rea

son for her misnotating m is relevant to this discussion because she literally translates 

her memorized definition of m being an even number from "m is an integer divisible 

by 2" to "m is equal to an integer, n, divisible by 2," i.e. m = |. After struggling 

through writing a proof with incorrect notation for m, Laurie decides to rewrite her 

proof. While doing so, she thinks about what she has written and realizes her error. 

She then creates a correct proof using the contrapositive, however she claims that she 

is writing a proof by contradiction. 

Laurie then reads the first proof in item 3 and claims it to be valid. As she 

begins explaining the proof, she realizes the structural difficulty of the proof. "I know 

[the statement is] true but I don't think the method proves it's true." She goes on 

to explain that the proof proves the converse of the statement. Laurie believes the 

reason she initially thought the proof was correct is because it does not make any 

algebraic errors, but as soon as she read through it a second time she realized that 

there are structural errors. 

When Laurie begins to read the second proof in item 3, she stops after the first 



102 

sentence and decides that the approach is a proof by contradiction. She says the 

method is the same as what she did in item 2 and continues to consider the rest of 

the proof. Laurie is initially troubled by the fact that the proof says, "Let us consider 

the case that is odd." She feels that the thinking within the proof is jumping 

around. After some more consideration, Laurie determines that this proof is okay in 

saying this because it is simply taking two cases: if is odd and if is even. 

Laurie eventually claims that this proof is valid by means of contradiction. 

Throughout these last two items, Laurie seems to demonstrate a difficulty under

standing the structure of proofs. Laurie is unclear with the structure of a proof by 

contradiction and seems to confuse the methods of proof by contradiction and proof 

by contraposition. Most surprising is that Laurie sees the second proof in items 3 as 

using the same method as her proof for item 2, even though she started by assuming 

that m was even and this proof assumes that is even. 

5.2.3. Cathy 

Cathy really struggles with these first three items, partly because she has difficulties 

denoting odd and even numbers. Cathy is not willing to give up easily though and 

puts a lot of time and thought into each of the items. As a result, she only works 

on this set of items during the scheduled interview time for interview 2. We schedule 

an extra interview in which she works on items 4 through 7. We then hold a fourth 

interview for items 8 through 12. 
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Cathy begins working on item 1 by considering numerical examples in her mind 

in order to convince herself that the statement is true. Once she has determined that 

the statement is true, Cathy tries to make connections to material she learned in 

class. She begins thinking about ordered fields, since this is where she learned about 

axioms dealing with addition. Finally Cathy attempts to come up with definitions for 

odd and even numbers. She defines x to be an even number if | G Z and she defines 

y to be an odd number if | ^ Z. She continues by considering the addition of two 

odd numbers as | + |. Cathy writes that she needs to show that | +1 G Z. She then 

begins algebraically manipulating this statement and gets that y G Z. At this point 

Cathy realizes that by using y to represent both odd numbers, she has not proven the 

statement true for all odd numbers. Even though she uses her desired result to prove 

what she is trying to show, Cathy believes that her work thus far proves that the 

addition of the same odd number to itself is even. Cathy claims that this is sufficient 

justification for herself, but says that she knows that a proof needs to be written in 

the general form and hence she attempts a new proof in which she denotes her odd 

numbers as m and n. After a great deal of algebraic manipulation, Cathy assumes 

the consequent in the form ofY + | = |GZ and manipulates the equation to look 

like m + n = x. Cathy feels that this proves the statement because she has shown 

that m + n = X and she defined x to be an even integer. Though Cathy claims that 

this is her proof for item 1, she says she is only about 60% confident with it. 

Cathy begins item 2 in the same way she began item 1, by testing its validity 
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using numerical examples. She initially attempts a direct proof, but realizes that her 

definition of odd gives her that ^ ̂  Z, which is difficult to work with. Cathy then 

suggests trying to prove the statement by contradiction and says that to do that she 

would assume that ^ G Z, i.e. that m? is even. When I ask her what her goal would 

be, she answers by saying she would want to show m is even. Cathy then questions 

if her reasoning is correct. After a long pause and some thinking out loud, Cathy 

decides to give up on proving the statement using contradiction and plans to prove 

it using the contrapositive, if m is even then rn? is even, using the definition of even 

2 
to be Y G Z. Cathy gets to a point in her proof where she has ^ G Z but does 

not know where to continue from there. Using numerical examples, Cathy realizes 

that any even number squared is divisible by 4, but she does not understand why this 

would be true. Cathy gives up on her proof of item 2 at this point. 

As soon as Cathy reads the first line of the first proof in item 3, she immediately 

sees the poor structure of the proof and insists that it is not valid. Cathy exclaims: 

Assume m is odd. No! This one's not even right! . . . Because if m 

squared is odd, then m is odd. So that turns into assume m squared is 

odd. You can't assume that the latter part is true. That's what you're 

trying to prove. So you can't do that. . . . You can't start with, 

with your conclusion unless you do a negation. Not a negation, I keep 

saying that. Unless you do hke a contradiction, or more specifically, um, 

contrapositive. 



105 

Cathy then writes that the proof is not vaUd because one can not assume the 

"direct conclusion" of the statement. What Cathy means by this is that one can 

assume the negation of the conclusion when trying to prove a statement using the 

contrapositive, but it is never valid to assume the conclusion exactly as it is stated in 

the original statement. I ask Cathy to finish reading the proof and to determine if it 

is a valid proof for any statement. Though she initially gets troubled by the algebra, 

Cathy eventually correctly concludes that the proof is a valid proof of the statement 

"If m is odd, then m? is odd." 

Upon reading the second proof in item 3, Cathy refers to the structure of the proof 

as the negation of the original statement and says she simply does not know if this is 

a valid means for proving a statement. She insists that she would need to look it up 

in her textbook or notes. Cathy decides to continue reading through the proof. She is 

initially concerned by the statement that 2k is a perfect square, but reasons out why 

this is true. Cathy then wonders why this proof takes the case where is odd, 

but does not take the case where \/^ is even. She determines that the proof needs 

the second case. Her final conclusions are that if the overall structure of the proof 

is correct, then the proof needs to add the case where is even to make it valid, 

otherwise if "If A then B" and "If ~A then ~ B" are not equivalent statements, then 

this proof is not a valid proof of the original statement. 

After coming across the definition of an odd number being written as 2A; + 1 as 

in the proofs in item 3, Cathy decides to make another attempt at proving item 1. 
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When doing so she writes {2k+ 1) + {2k-\-l) = 2k to represent two odd numbers being 

added together to equal an even number. She symbohcally manipulates this equation 

for a while, decides she is not making progress, and gives up on this problem. 

As mentioned previously, Cathy does not complete all of the items for this inter

view during the originally scheduled interview time. We set up another interview to 

finish the items. After working on items 4 through 7, Cathy wants to look at these 

first three items again. Cathy's attempt now with item 1 is nearly the same as her 

attempt at the end of the previous interview and she makes no new progress. When 

she goes back to the second proof in item 3, says that she looked in her textbook and 

has determined that the structure of the proof is incorrect and determines that it is 

not valid. She uses symbolic logic to explain her reasoning. For Cathy's last attempt 

with item 2, she starts out assuming that is odd in order to construct a direct 

proof, yet she translates m? odd to mean = {2k + 1)^. She ends up taking the 

square root of this equation to claim that then m is odd. In defining this way, 

Cathy is really starting out assuming that m is odd, i.e. m = 2k + l, and is squaring 

that equation. Since she does not write down these initial steps, she does not realize 

that this is what she is doing. Though Cathy claims to be about 90% confident with 

this proof, her proof is using circular reasoning. She is assuming the consequent to 

be true to show that the antecedent is true. She then uses that to show that the 

consequent is true. 

While working on these three items, Cathy demonstrates great difficulty with the 



structure of proofs. She displays confusion with how to write a proof by contradiction 

and admits that she does not know if a proof of the inverse of a statement (as in the 

second proof of item 3) is a valid method of proof. She needs to look in her textbook 

to determine whether or not it is correct. 

Cathy also often assumes what she is trying to show when constructing her proofs. 

She does this in all three of her attempts for item 1 and her final attempt at item 

2. Though it is clear that she knows she is not supposed to do this, as seen in her 

objection to the first proof in item 3, she does so without realizing it. 

Finall}^, Cathy displays a reliance on symbolic manipulation when writing proofs. 

It appears that Cathy believes that once she has come up with an algebraic rep

resentation of the antecedent of a statement, she simply must manipulate it order 

to show the consequent. An example of this is when she is originally working on 

2 
item 2 and determines that ^ E Z. She is unable to make any more progress af

ter this and eventually gives up on her proof. At this point she just needs to argue 

2 
that then ~ is also in Z since 2 times an integer is an integer and her proof will be 

2 

complete, but because ^ G Z does not result from her symbolic manipulation, she 

is unable to make this step. 

5.2.4. Helen 

Upon being asked to prove the statement in item 1, Helen wants to clarify whether 

or not the statement is always true: 
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Can I ask you what your question means hke if, for clarification, just in 

case? . . . This is like all even numbers though? You know how like odd 

number added to like odd numbers results in like an even number. Is that 

always, like, is this a statement that's always true? Like an even number? 

Just like a curiosity. 

I suggest that she determine for herself if the statement is always true. Helen then 

tries adding a few pairs of odd numbers and then declares, "It seems kinda true." 

Helen decides to prove the statement using induction. For the base case, she adds 

together 1 + 1 to get 2, which is even. She then says, "Then it should be true for the 

rest of the odd numbers when you add them together too, give you even numbers." 

Though not confident with what she writes, Helen jots down, "Therefore, every odd 

number added to another number in M results in an even number." So far Helen has 

simply provided an example. She later questions whether she should call her proof a 

proof by induction, but she questions it not because her proof lacks the structure of 

an induction proof, but because she wants to show the statement is true for all odd 

numbers and not every natural number. "Usually when we use induction we prove 

the very first number and then the consecutive number should be true as well, but 

in this case, it's not like that exactly." Her concern stems from the fact that she is 

trying to prove the statement for odd numbers, which is every other natural number, 

not the entire set of natural numbers. 
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Helen leaves her proof as she has written it thus far, but claims that she does not 

feel it is a very strong proof. When I ask her what she means by that she says that 

she understands it, but does not know if someone else reading it will understand her 

proof. She goes on to say that whether or not it is a good proof depends on who 

reads it: 

It seems hke only myself reading it understands what it's about, but 

someone else reading it probably won't understand it, because um. I 

don't think that it has a sufficient information to like convince the reader. 

. . . But to me like, it depends on, whoever reads this may understand 

it. For me, I understand when I read it. Because I did it. (laughs) But I 

don't think. It's not convincing for me to say that another person could 

read this proof and understand it. I don't think it's a convincing proof. . 

. . Like I know this can be a proof or can not be a proof because, see it 

depends how the professor can grade this. How tedious or how hard he is. 

Helen continues by saying that her proof would be stronger if it had more convinc

ing information. When asked what she means, Helen points out that her proof does 

not even define what an odd number is. Though Helen is able to provide a number 

of examples of odd numbers, she is unable to give any sort of definition of either an 

odd or an even number. 
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Because of Helen's lack of a definition for odd numbers, she does not get very 

far in her proof of item 2. Helen believes that a direct proof is the best way to 

prove this statement. She writes, "Assume rn? is odd" but does not get any farther 

than this. When Helen argues that the statement must be true, she thinks of the 

statement backwards. She argues that for any odd m that she picks, if she squares 

it, she always gets another odd number. Therefore, Helen is confusing the statement 

with its converse, "If m is odd, then m? is odd." 

Helen then reads the first proof in item 3 and immediately determines that the 

proof is not correct. She repeatedly talks about the fact that all the information in 

the proof is correct, but that the technique is not correct because "you can not start 

out assuming what you want to show." When asked if the proof proves anything, 

Helen correctly answers that it proves "If m is odd, then is odd." 

Helen demonstrates confusion with the second proof in item 3 when she reads that 

is an integer. Though she can not determine whether or not this is correct, she 

decides to move on in the proof. When she reads the line of the proof which says 

"contrary to our assumption," Helen decides that this is a proof by contradiction. 

She justifies this by saying that the proof "assumed that it's not, in the beginning." 

In other words, she is claiming that the proof is a contradiction proof because it is 

assuming not-the-antecedent at the beginning of the proof, which is not the proper 

reason to call this proof a proof by contradiction. 
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When I ask Helen if she has determined the validity of the proof, she says that 

the proof is confusing. She continues by expressing that she does not think a proof 

can be valid if it is confusing; a proof must be understandable to be valid. She claims 

that because the proof is not clear, it is unable to convince her, and therefore it is 

not valid. Furthermore, Helen says the proof is not correct because she can not see 

the connections or understand "why it did what it did." 

Helen demonstrates difficulties with the structure of both of the mathematical 

statements involved thus far. In item 1, she questions if the statement means that it 

is true for all odd numbers. In other words, Helen does not see the quantifiers which 

are implicit within the statement. For item 2, though Helen knows that a direct 

proof of this statement must begin with "Assume mP is odd" when she interprets 

the statement with numerical examples, she reads the statement backwards, i.e. she 

interprets it as the converse of the statement. 

With respect to the structure of proofs, Helen does not understand the structure 

of induction proofs and sees them to be proofs by example. She claims that if a 

statement is true for the base case, then it must be true for all cases. (More on 

Helen's understanding of induction will be discussed in the next section.) Helen is also 

confused with the structure of contradiction proofs. She reads the words "contrary to 

our assumption" which makes her believe that the second proof in item 3 is a proof by 

contradiction. At this point she goes back to the beginning of the proof and reaffirms 

that this must be a contradiction proof because it assumes not-the-antecedent at the 
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beginning of the proof. 

Furthermore, Helen provides a number of comments during this portion of the 

interview in which she describes her beliefs about what make a proof valid. She 

argues that the validity of a proof is dependent on the reader of the proof. If a proof 

is confusing to the reader, then it is not valid for that reader. Helen does note that 

certain proofs can be considered better than others if they have more information, 

because then the proof will be convincing to more people. 

5.2,5. Dana 

Dana reads item 1 and states, "I don't remember how we defined odd and even." 

Nearly immediately, she claims that she is stumped. I try to get her to think more by 

asking her what characteristics odd and even numbers have. She replies that when 

you divide an odd number by 2, you do not get a natural number and with even 

numbers you do. She pauses for a long time to think and then breaks the silence by 

saying she is going to give up on the problem and come back to it later. 

At the end of the interview, after she has worked on items 2 through 7, I ask her 

if she would like to go back to any of the previous items. She attempts item 1 again 

at this point. She says she is going to use the "trick" in item 3 to denote an odd 

number as 2A: +1. She then considers m + m = {2k + 1) + (2A: +1) and shows that this 

is an even number. Though her proof is not general in that it assumes the addition 

of the same odd number to itself, Dana does not realize this and feels confident with 



her proof. 

During Dana's attempt of item 2, she still does not have a good definition of an odd 

number. She begins by proving to herself that the statement is true by considering 

numerical examples. I encourage her to consider the definition of an odd number. 

Dana then revisits her original definition; m is odd if y ^ N. (She later changes her 

definition to be an odd number divided by 2 is not in Z.) Dana attempts to write a 

direct proof. She assumes m? to be odd and writes ^ ̂  Z. Though she questions if 

she can do this because there is no equal sign, Dana takes the square root and says 

that ^ Z, since ^/2 ^ Z. This concludes Dana's proof. When asked how confident 

she is with her proof, Dana says that she thinks her thought process is correct and 

guesses that she would get about 2 out of 6 points for her proof. 

Dana reads the first proof in item 3 and decides that it is not valid. She argues, 

however, that it is incorrect because of the algebra. She says that the whole proof 

lies on the fact that the multiplication of two even numbers is even, specifically that 

2(2A;^ + 2k) is even. Dana does not recognize at this point that when 2(2A;^ + 2k) is 

divided by 2 the result is a whole number, which is her definition of an even number. 

Next, Dana reads the second proof in item 3. After a very long pause, Dana 

claims, "I believe this one and I don't know why." With prompting, she says that 

she likes the proof because it uses perfect squares and because even though she does 

not know why the proof assigns the value 2ri + 1 to V^, the algebra seems to work 

out. After another pause, Dana appears for the first time to consider the structure 
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of the proof. Using symbohc logic, she tries to determine if not odd implies 

m not odd" is equivalent to the original statement. Dana remarks that she can not 

remember whether or not the two statements are equivalent and claims that if they 

are then the proof is valid, otherwise it is not. 

Dana now suggests that since she agrees that the algebra in the second proof is 

okay, she must be willing to accept the first proof in item 3. She rereads the first 

proof and exclaims, "You can't do that!" At this point Dana realizes that the first 

proof is assuming what it is trying to show and insists that it is not a valid proof for 

the statement. She correctly says the proof is showing "If m is odd, then w? is odd" 

instead. 

Dana does not pay much attention to different proof structures when working 

on these three items. She only attempts direct proofs with items 1 and 2. When 

reading both proofs in item 3, she initially only focusses her attention on the specific 

details of the proofs rather than on their structure. After she has already decided that 

she agrees with the second proof, she begins to consider the structure of the proof. 

Though Dana has taken a logic course at the community college, she still is not sure 

of which statements are equivalent and which are not. Dana gives the impression that 

she believes that this is something that can easily be looked up and therefore is not 

troubled that she does not know which statements are equivalent. 

It is also interesting that Dana refers to the definition of an odd number as a 

"trick." Her definition of an odd number is an integer which is not divisible by 2. 
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Writing the definition of an odd number as n = 2fc + 1 is just another representation 

of the same definition that she provides. Dana gives the impression that she sees 

rewriting a definition in a different way as a "trick" often used by mathematicians 

and feels frustrated because it is much easier for her to construct a proof using this 

other form of the definition, n = 2k + 1, which she did not initially consider. 

5.2.6. Ron 

Ron immediately denotes an odd number as 2n+ 1 for item 1. He constructs a quick, 

generalized proof showing that (2n + 1) + {2k + 1) = 2(n + A;) + 2 and claims that 

this is clearly an even number. Since Ron is the only participant who denotes an odd 

number as 2n + 1 from the start, I ask him where he had learned this definition and 

he says he recalls using it in a computer science class he took the previous semester. 

Upon reading item 2, Ron says that he wants to consider multiplication as repeated 

addition and utilize the statement he proved in item 1. He lets m = 2n +1 and argues 

that if he adds m to itself m — 1 times he will get an even number, by repeated use of 

item 1. He then claims that when he adds the final m to this even number, which he 

calls he will get an odd number. Ron spends a long time working on the wording and 

notation for this proof, trying to make sure he gives a clean and concise explanation. 

Though Ron's idea is quite original, he is actually trying to prove the converse of the 

given statement. Ron does not recognize this mistake, and after completing his proof, 

he feels reasonably confident with what he wrote. 
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Ron reads the first proof in item 3 and immediately states that the proof is not 

valid. I ask him to explain his reasoning and he says, "You can't assume m is odd." 

He goes on to say that the proof started with the wrong piece of the statement. When 

asked if the proof proves any statement, Ron accurately claims that it  proves "If m 

is odd, then m? is odd." 

While reading the second proof in item 3, Ron comments that the proof is very 

confusing. He remarks that because the proof begins with assuming that m? is not 

odd, he thinks the proof is going to show a contradiction, however, he does not refer 

to the structure of the proof again. Ron has two main complaints with this proof. 

First of all, he claims that the proof is "shifting gears" by considering the case that 

is odd. He feels like the proof is moving along in a logical sequence up until that 

point and then the proof says, "Okay, let's leave that, and we're going to consider 

something else here." Ron does not like the fact that the proof does not continue in 

the same hnear fashion as it began. 

Ron's second concern with the proof is that he is confused why the proof considers 

the case where is odd. He argues that the proof defines to be 2k because 

it assumes that m? is even, yet if 2k = {2n + 1)^ then the proof is setting an even 

number equal to a number than Ron claims is clearly odd. He believes that this error 

"should have been caught" and the author of the proof should have realized that 

he or she did something incorrectly. In other words, Ron loses track that this proof 

contains a contradiction and insists that the contradicting information is a mistake 
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in the proof. 

Ron is pretty confident with his decision that this proof is not correct for the 

reasons that he states, yet he also mentions that he found the wording to be really 

confusing. Ron admits that though he believes that the proof is not valid, "if some

body was to explain it to me, I wouldn't be like just drop-your-jaw-shocked that this 

is actually a valid proof." 

While working on these items, Ron demonstrates a difficulty with the structure 

of proofs. Even though he immediately notices that the first proof in item 3 is not 

valid because "you can't assume m is odd," he feels confident with his proof of item 

2 in which he makes the same mistake. This may be because the first proof of item 

3 begins by clearly stating what it is assuming, while his proof does not. The second 

proof in item 3 also clearly states what it is assuming, and Ron feels it is going to be a 

proof by contradiction. When Ron encounters contradicting information though, he 

is troubled by this and feels that the proof is incorrect. It is unclear whether Ron has 

forgotten his expectation for the proof to be one by contradiction or whether when 

he said contradiction he was actually thinking contrapositive (which would also have 

been incorrect). 

5.2.7. Analysis of the Responses to the First Set of Items 

While the participants of the study clearly demonstrate a preference to use direct 

proofs to prove items 1 and 2, other proof methods are also attempted. For example. 
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both Laurie and Helen try to use induction to prove item 1. They each choose to 

consider 1 +1 = 2 as their base case. Laurie states that the reason she tries induction 

is because 1 + 1 is an "obvious example." It appears that Laurie sees induction as 

a useful proof method when there is an obvious example available and when one 

is trying to show a statement is true for an infinite number of incremental values. 

Helen's idea of induction builds off of the "proof by example" method. Once again, 

the fact that a base case seems natural also motivates her to use this proof method. 

1 would also like to suggest that since induction was the first topic that the students 

covered in the transitional course and this is the first task-based item that I ask the 

students to prove, they may have been inclined to use induction for this reason as 

well. 

For item 2, Ron unintentionally proves the converse of the statement thinking he 

is proving the statement itself. All five of the other participants begin proving item 

2 using a direct proof method. Though Dana and Helen only attempt to prove the 

statement directly, Megan, Laurie, and Cathy also attempt to prove the statement 

by proving the contrapositive. Megan and Laurie do so successfully. Cathy is not 

successful with her proof. 

The two proofs given to the participants in item 3 are not valid proofs of the 

original statement. The first proof correctly proves the converse of the statement. 

The second proof nearly proves the inverse of the statement but neglects the issue 

that should arise involving negative signs. Within the proof of the inverse is a proof 
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by contradiction. 

All six of the participants note the structural error in the first proof. Four of the 

students notice this immediately. Laurie and Dana initially focus on the details of the 

proof rather than the structure. Laurie realizes the structural error once she reads 

the proof a second time with the intention of explaining why the proof is valid. Dana 

does not notice the structural error until after she has considered the second proof in 

item 3 and has noticed possible structural errors occurring within that proof. 

The students find the second proof much more difficult to evaluate. Laurie, Cathy, 

and Ron all refer to the structure of the proof right away. Though Megan does 

not comment on the structure of the proof immediately, her discussion leads me to 

believe that she did consider the structure of the proof from the start and initially 

misinterpreted it as a proof using the contrapositive. Helen and Dana appear not to 

consider the structure of the proof until after they have focussed on the details of the 

proof. By the end of discussing this item, however, all six participants have made 

some reference to the structure of the proof. 

Three of the six students incorrectly claim that assuming m P  is even at the begin

ning of the proof is a correct way to prove the statement by contradiction. This proof 

does contain a contradiction within it, yet this is not what persuades Laurie or Ron 

to believe this. They both determine that the proof is a proof by contradiction after 

only reading the first sentence or two of the proof. It is clear that Helen is persuaded 

by the contradiction within the proof. It is only when she reads the line "contrary 
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to our assumption" when she determines the proof is a contradiction proof. At this 

point, however, she reads the first sentence of the proof again and agrees that this is 

a correct assumption to make in order to prove the statement by contradiction. 

Starting from the first day of class, these students have been exposed to many 

proofs by contradiction in their transitional course, however, there is never any dis

cussion within the course as to proper structures for such a proof. While their pro

fessor has done a number of contradiction proofs on the board, he does not ever talk 

about why he makes the assumptions that he does in such a proof. In the two sec

tions labeled Techniques of Proof: I & II in the textbook, the author does include a 

paragraph describing the two basic forms of a proof by contradiction and gives one 

example of a proof by contradiction in which he describes the assumptions he made 

within the proof. It was already noted, however, that all of these students admit

ted to rarely, if ever, reading the textbook. What we see from Laurie, Helen, and 

Ron is that it is not inherently clear to them how to structure contradiction proofs. 

They understand that they must assume something that is not true in order to get a 

contradiction, but they are not always clear as to what they can and can not assume. 

The other three students, Megan, Cathy, and Dana, determine that the second 

proof in item 3 proves the inverse of the original statement. Initially, none of them 

know whether or not the inverse of a statement is logically equivalent to the original 

statement itself. Cathy and Dana both believe that this is something that they simply 

do not know and is not something that they can figure out on their own. They believe 
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that they need to look it up in a book. Megan, on the other hand, uses symbolic logic 

and her current knowledge to logically determine that this is not a valid method of 

proof and correctly labels the proof as being not valid. 

Another theme found amongst at least three of the students deals with their 

linear thinking within proofs. When Cathy is constructing her proof for item 2 and 

2 
comes upon the result of ^ e Z, she does not know what to do next. She wants to 

2 
symbolically manipulate this statement to look like ^ G Z but does not know how 

to do this since she is viewing the statement as an equation. She decides that she 

2 
is unable to proceed because she can not manipulate the statement ^ G Z into the 

statement she is trying to show. Similarly, both Ron and Laurie are uncomfortable 

with the second proof in item 3 at the point where it considers the case that \/^ is 

odd. They feel that the proof is "jumping around" or "shifting gears" since the proof 

is not continuing to manipulate already given information, but rather is making an 

assumption, intending to come upon a contradiction. These students are much more 

comfortable with proofs which assume the antecedent and continue to manipulate 

this information until they reach the desired conclusion. Most likely the cause for 

this is that many proofs can be written this way and using this method involves less 

conceptual knowledge. It is much easier to simply manipulate information which you 

are given than it is to remove yourself from the linear thought process and take a 

look at the larger picture. 

Up to this point I have been discussing the students' attempts on these items with 



respect to the structure of proofs. I now will discuss the students' struggles dealing 

with the structure of the mathematical statements in items 1 through 3. 

The students seem to have very little difficulty with the structure of these math

ematical statements, though a few troubles did arise. Helen questions whether the 

statement in item 1 is always true. This appears to be a difficulty that Helen is having 

with the way the statement is written. This statement is written using the natural 

language as opposed to using mathematical language. Using mathematical language 

one may say, "If x and y are odd integers, then a; + y is an even integer" or "For all 

odd integers x and y, x + y is an even integer." Helen's difficulty seems to arise from 

the fact that she is not seeing this implicit if-then structure or implicit quantifiers 

which exist in this statement. Similar difficulties occur with mathematical statements 

such as "differentiable functions are continuous" (Selden and Selden, 1995). 

When Helen first reads the statement in item 2, she appears to read it correctly 

since she remarks that to prove the statement directly, she must assume that rn? is 

odd. When she creates numerical examples, however, Helen interprets the statement 

backwards. Due to the nature of the statement, to find numerical examples one must 

come up with squared values which are odd and determine if their square roots are 

odd. This can be difficult to do since it is more natural to think of a number first 

and then square it. During the interview, however, Helen makes it clear that she was 

interpreting the statement backwards, while other participants would use the method 

of coming up with an m initially, but when arguing that it is true, would say that 
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since is odd, then m  is odd. 

Ron also interprets item 2 as the contrapositive of the statement and proves that 

if m is odd then m? is odd. Though it is clear that he knows that this is not a correct 

interpretation, since he immediately argues against the structure of the first proof in 

item 3, this is how he is interpreting the statement when he is creating his proof for 

item 2. 

Another issue that arises during this set of items is that of personal conviction. 

Both Cathy and Helen talk about personally being convinced by their proofs for item 

1. While Cathy knows that her proof is not a valid, generalized proof, even though 

it is convincing to her, Helen claims that the validity of her proof depends on who is 

reading the proof. If the reader finds it convincing, then it is valid for that reader. 

Helen appears to have a much more individualistic view of proofs, seeing that a proof 

only needs to convince an individual as opposed to an entire community. 

5.3. Second Set of Items 

The second set of items contains only item 4. I expected the students to prove 

this statement using induction and all six of them attempted to prove it this way. 

After each of them got as far as they could in their proofs, I asked them to explain 

the method of induction and to justify why it proves the given statement. This 

question revealed a number of misconceptions the students have with induction and 
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demonstrated that many of the students are using procedural knowledge in order to 

construct their induction proofs. 

Item 4: Prove that for all natural numbers n ,  1 + 4 + 7 + ... + (3n — 2) = |n(3n — 1). 

5.3.1. Megan 

When I ask Megan to prove item 4, she produces a correct proof by induction. She 

accurately explains that she wants to use n = 1 for the base case since she wants to 

prove the statement is true for all natural numbers and the natural numbers begin at 

1. She does not explain, however, the induction step very clearly. Megan talks about 

needing to prove the statement is true for the n +1 case, yet she never mentions that 

in doing so she is assuming the statement is true for n. Megan describes induction 

working the following way: 

I've proved it for 1 and now I've proven it for n + 1, so then that's true 

for 1 and the next one, 1+1. But then I've just proved it's true for 2, 

so then n + 1 is 2, plus one more, which is the next one. And so rather 

than actually going through and proving it for each individual number, 

you prove it for just 1, make sure it's true for the base case, and then if 

you can prove it for n + 1 then it works for all of them. Because it's, it 

continues to move on to the next one. 

Megan continues her explanation by saying: 
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If I can prove it for 72 then I can prove it for 73 cause I, if I proved it 

for 72, I add 1 to that, n + 1, then I just proved it for 73 and then I just 

proved it for 74, and then moving on forever. 

Megan appears to have a conceptual understanding of induction, and even relates 

the idea to computer science. It seems, however, that the connection between her 

intuitive concept image (Tall & Vinner, 1981) of induction and the formal structure 

of the proof is not complete. Though conceptually Megan appears to know that she 

is assuming that the statement holds for n, as seen in her numerical example with 

the numbers 72 through 74, she does not see that she is using that assumption in her 

proof and hence does not refer to this step when describing the process of induction. 

5.3.2. Laurie 

Through item 4 we gain an understanding that Laurie's conception of induction is 

mostly procedural. At first glance it appears that Laurie has a firm grasp on induction. 

She states that she must initially show it works for the base case, where n = 1, and 

then assume it works for the general case, A:, and show it works for k+1. When Laurie 

is attempting to prove the inductive step, however, she strives to make the right-hand 

side of the equation look like 3{k+l) — 2, which is the A; -I-1 term of the left-hand side 

of the equation. She does this by first trying to literally add k + 1 to the right-hand 

side of the equation. After struggling with the algebra and not getting her work to 



126 

look the way she wants it to look, she tries actually adding 3(fc + l) — 2to the right-

hand side of the fcth term, in an attempt to make the entire thing become 3(fc +1) — 2. 

At this point Laurie admits that she does not know "what the exact rule is" so she 

is just trying to figure out what she needs to do "by the process of elimination." She 

then  ques t ions  i f  the  r ight -hand s ide  i s  supposed  to  look l ike  3{k + 1)  — 2  + {k + 1) .  

When this does not work algebraically, Laurie gives up on the proof. 

When I ask Laurie to explain to me how and why induction works, we discover that 

her foundational knowledge of induction is quite shaky. Laurie claims, "The reason 

for induction is to start with something specific and then to make the general case 

true. Instead of going from general to specific you're going from specific to general." 

She then explains her belief that for the base case, one can choose any natural number, 

not just n — 1] the only purpose of the base case is to demonstrate that the statement 

is true for some number. Laurie continues by saying that we assume the statement 

holds for the general case, k, and then we want to show it works beyond the general 

case. "I mean k + 1 like pretty much says it will work for anything." 

Laurie's conception of induction consists mainly of procedures for a proof. She 

has attempted to make meaning of these procedures, that have been given to her, 

but has not done so in a complete manner. Laurie has created reasons to justify to 

herself why these procedures are necessary, but it is not until the interview when she 

realizes that the reasoning she has been using does not completely make sense. "Why 

do we do fc -f-1? I thought I knew; apparently not." 
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5.3.3. Cathy 

Cathy demonstrates many of the same procedural errors that Laurie makes during her 

interview. Like Laurie, Cathy also tries to turn the right-hand side of the equation 

into the n + 1 term of the left-hand side of the equation. In other words, she is trying 

to make the right-hand side look like 3{n -|-1) — 2. She does this by literally adding 

n -f-1 to both sides of the nth form of the equation, so that her right-hand side looks 

like ~n{Sn — 1) -f (n -I- 1). She algebraically manipulates this for a while trying to get 

it to resemble 3(n-l-1) — 2 which simplifies to 3n4- L When the algebra does not work 

out the way she is expecting, Cathy says, "I assume that this is possible," meaning 

that she had assumed the statement I am asking her to prove is true. She then does 

the base case with n = 1 to make sure that it works for the first case. When it does 

work, she goes back to her symbolic manipulation. After struggling with this for a 

while, Cathy gives up on the algebra, but says she is very confident with what she 

has done so far. She believes that she just needs to use some algebra trick to get her 

proof to work out correctly. 

While Cathy is trying to prove the statement in item 4, she explains that she 

should first show that the equation holds for the base case and then she needs to 

show that it holds for n 4- 1. Cathy neglects to comment that in doing so she needs 

to assume the statement is true for n. After her proof attempts, when I ask Cathy to 

explain how and why induction works, she provides a metaphor that she has heard 
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from a previous instructor: 

It's like a ladder. That's how it was described to me. Where if you can do 

the base case which is where it works for 1, because we're working with 

natural numbers. If it works for 1, then that means that you got onto the 

ladder. And then you need to prove that you can go up one more, and if 

you can go up one more, then by the natural numbers you can continue 

to go up. ... So if you could prove 1 works, then you could prove 2. 

Like n  equals 1, then you could prove n  equals 2 and then n  equals 3. But 

instead of using 2 and 3 and everything like that, you use, um, n+1. And 

that's the general formula. And it keeps going from there. 

Using the metaphor described above, Cathy develops a conceptual understanding 

of induction. Yet even in her metaphor, she does not directly discuss the step of 

assuming she is on the nth rung of the ladder to show she can move to the n + 1st 

rung. Furthermore, her metaphor does not provide insight as to what it means to 

show the statement is true for the n + 1 case. 

5.3.4. Helen 

Helen also decides to use induction to prove item 4. She begins by showing that 

the equation is true for n = 1. At the beginning of this item, Helen makes the 

following comment, "If it's true for the first number it should be true for the rest." 
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This remark is similar to statements that she makes when attempting to prove item 1 

using induction. With item 1, however, she concludes her proof after doing the base 

case; for item 4, she believes that she still has more work to do. After copying the 

equation for the n case, Helen says; 

I have to do something to it. I forgot [what]. . . I remember like it has to 

do with the n, I think. You know, suppose it's like nth way, but you have 

to really like do it the nth way or something. I can't remember correctly 

but. . . . it's something like you have to do to both sides, you have to 

manipulate both sides or something. 

Helen decides that she needs to add the n + 3 term of the sum to both sides of 

the equation because the sum on the left-hand side of the equation is increasing by 

3 each time. Helen claims that then her goal is to show that the right-hand side is 

the same as in the original statement, but with n + 3 replacing all of the values for 

n. Though this is what Helen says she is supposed to do, she is not confident enough 

to continue. Helen chooses not to work on this item any more because she feels that 

she might be wrong. 

Though it never shows up in her proof attempt, when I ask Helen to explain 

induction to me, she brings up the n + 1 term. She talks about needing to show 

that the statement is true for the first number in the set of natural numbers. She 

then says, "then I know it should work for the consecutive, like n 4-1." Helen claims 
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that the n + 1 represents the "general case" and the "next number" but she does not 

appear to have a clear understanding of the mathematical meaning of n +1 since she, 

too ,  does  not  ment ion  the  need  to  assume the  s ta tement  i s  t rue  for  n.  

In both items 1 and 4, Helen is able to do the base case of her induction proofs 

but is unable to continue any farther than this step. She demonstrates the knowledge 

that the next step involves a general term and deals with consecutive numbers, but 

Helen  does  not  seem to  rea l ize  tha t  she  needs  to  assume the  equat ion  i s  t rue  for  n 

nor does she understand what it means to extend that case to the n + 1 case. 

5.3.5. Dana 

Dana demonstrates a firm grasp on the structure of induction. When asked to prove 

item 4, Dana begins by showing the base case is true for the equation. She then 

writes the words "Induction Step" and says that she needs to assume the equation 

holds for n. She properly adds 3(n + 1) — 2 to both sides of the equation and then 

attempts to manipulate the right-hand side to make it look like |(n + l)[3(n +1) — 1]. 

Dana has difficulties with her algebra so she gives up claiming that she does not feel 

like finding out where her algebra mistake is. She is confident that she knows what 

she is doing and insinuates that the algebra is not the important part of the proof. 

Though Dana is very confident with her induction proof, when I ask her why 

induction works, she appears to have no conceptual knowledge with respect to induc

tion. Her response is, "Because we did the induction theorem? Which says if you do 
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this it works. I don't know exactly." When I try to get more information from her 

as to why induction works, she responds with, "It just does. It's one of those magic 

mathematical things." 

It is difficult to tell if Dana really has no conceptual understanding of induction or 

if she does not completely understand my question. The fact that she uses the phrase 

"magic mathematical things" makes me believe that she is not entirely convinced by 

the proof of the Induction Theorem done in-class by the professor, using contradiction 

and the Well-Ordering Principle. She seems to believe that induction is something 

somewhat mysterious. Because Dana makes comments about being able to get full 

credit on induction proofs on tests, I get the impression that she is not concerned 

with her lack of understanding of induction at least partly for this reason. 

Dana also demonstrates a belief that the algebraic work which shows the n + 1 

case is true is not very important, yet this is a critical step in the proof. If it is not 

possible to show that "if the statement is true for n, then the statement is true for 

n +1" then the original equation is not true for all natural numbers. In Dana's proof, 

she basically claims that she is confident that it will be true, so she will not bother 

ensuring that the algebra does work out. In reality, her proof is simply assuming the 

inductive step is true. My guess is that her lack of concern for the algebra stems from 

both the fact that in academia students are rarely, if ever, asked to prove something 

that is not true and from the fact that on a test in this class, the instructor gave 

students full credit for the format of an induction proof, even if they did not do the 
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algebra in the inductive step correctly. 

5.3.6. Ron 

When Ron first looks at item 4 he immediately says that the statement can be proven 

by induction and then comments that he does not like induction. When asked why 

he does not like induction, Ron responds: 

I haven't been able to put my finger on it, but it has to do with the fact 

that, alright, if they say it's true for 1, then um, then if it's. Then if it's 

true for n it's going to be true for n + 1. . . . Like I feel like, when you're 

doing induction, it could hold for 1, but it could not hold for n, but you're 

assuming it's so. You're just going to assume that it holds for n, for some 

number n. And so. (pause) So. Um. You could prove a wrong thing like. 

I don't know; I guess you're showing that if it holds for n it's going to hold 

for n+ 1, even though if you actually plugged in some arbitrary number 

it might not work for n, but you're assuming that. 

During Ron's explanation, he demonstrates a clear understanding of the steps 

for an induction proof but says he is not convinced by induction arguments. Ron 

appears not to understand the structure of the Principle of Mathematical Induc

tion. Using symbolic logic, the Principle of Mathematical Induction is of the form 

[P A {Q R)] S, where P stands for "The statement is true for n = 1", the 
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statement Q R means "if the statement is true for n,  then it is true for n + 1", 

and S represents "the statement is true for all natural numbers." Therefore, "if the 

statement is true for n, then it is true for n + 1" is in the antecedent of the Principle. 

When proving something by induction, one does not really assume that the statement 

holds for n but rather shows that if it does hold for n, then it will hold for n + 1 as 

well. Ron does not seem to understand the complexity of this structure. 

Ron does say that he believes induction must be valid in its own right since 

mathematicians have been using it for years, but to a certain extent he still believes 

it is flawed. Ron admits that the reason he even began questioning induction in the 

first place is because he had heard someone else making a critical comment against 

induction and he remembers thinking that they had a good point. 

When Ron attempts to prove item 4, he begins by writing the n + 1 version of the 

equation. At this point he confesses that he does not know where to go from here. 

He simplifies the right-hand side of the equation and at a later point he shows that 

the equation holds for n — 1, but mostly he just thinks silently to himself and does 

not write. Ron quickly gives up on his proof saying that he does not remember what 

to do next. 

Though Ron could describe the steps of an induction proof, he is unable to im

plement them in a proof. He is not making connections between his description of 

induction and the actual format of the proof. 
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5.3.7. Analysis of the Responses to the Second Set of Items 

The students in this study all have very different understandings of induction. Some 

of the students can present an intuitive description of induction, while other students 

are only able to present a procedural description. Laurie and Ron both can give a 

procedural description of induction, yet are unable to carry out the procedures to 

write a valid proof. 

Megan demonstrates what seems to be an inconsistency for this item. One might 

assume that being able to provide a procedural description of induction would be 

an essential precondition to writing an induction proof, yet Megan demonstrates 

otherwise. She is able to write an accurate induction proof, however, when presenting 

a procedural description of induction, she does not mention needing to assume that 

the n case holds. It appears that she is making such an assumption within her 

induction proofs and does not reaUze that she is doing so. 

Dana, the other student who produces the correct structure for an induction proof, 

appears to have only a procedural understanding of induction. She can correctly carry 

out the procedural steps for an induction proof, but when asked, is not able to give 

any sort of mathematical justification for these procedures. Dana does not seem 

to have any intuition with respect to induction and does not entertain the need to 

construct any intuition, at least not during the interview. 

The other four students are not able to set up their induction proofs correctly. 
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Ron starts with the n + 1 case and does not know where to go from there. The three 

others start with the n case but do not know what they need to add to both sides to 

show the n + I case. Both Laurie and Cathy do not know what the right-hand side 

of the n+1 case should look like. Helen knows that she has to show it works for 

the  next  number  a f te r  n,  yet  she  i s  a t tempt ing  to  turn  the  equat ion  in to  the  n + 3 

case. We can see from the quotes below that in all four situations, these students 

are attempting to remember a procedure they learned in class rather than figure out 

an appropriate procedure given the conceptual knowledge they have with respect to 

induction: 

I forgot the strict structure of this, so I would have to look it up to do it 

absolutely correctly so I'm going to do it to the best of my knowledge. . 

. . So, by not knowing what the exact rule is, I'm going to do it by the 

process of elimination. ... I can't remember. I have an idea of what I'm 

supposed to do but it's just a few things I'm kind of lacking on. (Laurie) 

Oh gosh. Do I remember this?. . . I actually studied this recently. . . 

That's why I could get this far. (laughs) Otherwise I probably would have 

gotten stuck. But now I'm stuck. ... I don't know what to do after this. 

(Cathy) 

Proof by induction. I can't remember it correctly but, proof by induction. 

... If you will excuse the fact that I haven't done this for a long time. . 
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. . I remember like it has to do with the n,  I think. ... I can't remember 

correctly but. ... I haven't done this in a long time. ... If I review it, 

I would have known to go about it easily. (Helen) 

I think where we did it in class, we just added. ... I wish I had practiced 

more often. . . . We used an algebra approach to this and we just did 

like, then. I can't remember. Like I know it goes something like this, but 

I can't remember what the pitfalls are. . . . Yeah, I think it just slipped 

my mind. (Ron) 

These students refer to the fact that it has been a while since they have written 

induction proofs so they can not remember all the exact steps. They also claim 

that if they were able to "look it up" in a textbook they would be able to finish off 

their proofs correctly. Again, this reaffirms that they are currently working off of 

procedural knowledge. 

5.4. Third Set of Items 

The third set of items consists of items 5 through 7. Item 5 is the set theory statement 

that I ask the students to prove and items 6 and 7 are the proofs that I ask them to 

evaluate. 

Item 5: Let X ,  Y ,  Z  be sets. Prove that if A' C Y  then X  U  Z  C  Y  U  Z .  

Item 6: Claim: Let X ,  Y ,  Z  be sets. If X  C Y  then X  U  Z  C  Y  U  Z .  



Determine if the following is a valid proof for the claim above. Justify your 

reasoning. 

"Proof": Let a  be an element of X .  Then a is in F since X  C Y .  Now, since a  is 

in X, a is in X U Z, but a is also in y, so o is in F U .Z'. So X U Z C F U Z. 

Item 7: Claim: Let X, Y, Z  be sets. If A' C Y  then X  U  Z  C Y  U  Z .  

Determine if the following is a valid proof for the claim above. Justify your 

reasoning. 

"Proof": Let a  be an element of X U Z. Then a  is either in X or a is in Z .  Casel: 

If a is in X then a must also be in Y since X CY. Since Y C Y U Z then a is an 

e l e m e n t  o i Y \ j Z .  C a s e  2 :  I f  a  i s  n o t  i n  X  t h e n  a  m u s t  b e  i n  . Z .  B u t  s i n c e  Z  C Y U Z  

t h e n  a  i s  i n  F  U  Z .  I n  e i t h e r  c a s e ,  a  i s  a n  e l e m e n t  o i Y U Z .  H e n c e ,  X  U  Z  C Y  U  Z .  

5.4.1. Megan 

When proving item 5, Megan assumes the antecedent of the statement (the fact that 

X C Y) and constructs a correct proof of the statement. She then reads item 6 

and says that though all the statements the proof makes are true, the proof is only 

proving it half-way because it is not taking into account the case that x could be 

a n  e l e m e n t  o f  Z .  M e g a n  e x p l a i n s  t h a t  i t e m  6  i s  a c t u a l l y  p r o v i n g  t h a t  X  C Y U Z .  

At this point in the interview Megan expresses concerns that she is not articulating 

her thoughts as well as she would like to be. I suggest that she use a drawing to 

better explain her thinking. Megan draws a Venn Diagram, however, this actually 
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confuses her more rather than helps her. Because the proof in item 6 is not making 

any incorrect statements, Megan is unable to come up with a counterexample as to 

why the proof is not valid. She places an element in her set X and follows the proof 

and sees that the same element is in F U Z. She expresses her concerns by saying, 

"That picture doesn't lie. . . .It doesn't go against the thought that this would be a 

subset of this." With further consideration, Megan decides that the proof most likely 

is not valid, because it does not take into account the case where the element is in the 

set Z, but she feels like she can not be completely confident in her decision because 

she can not find a counterexample within her picture. Upon reading the proof in item 

7, Megan immediately determines that it is exactly the same as her proof in item 5 

and insists that it is valid. 

During this portion of the interview, Megan confuses arguing that a structure of a 

proof is not valid for a given statement with trying to show that the proof is not valid 

in general. Though she does initially notice that the proof does not make any false 

statements, and in fact is proving X CY U Z, she still seeks to find a contradiction 

within the proof in order to argue that it is not a valid proof of the claim. 

5.4.2. Laurie 

Upon reading item 5, Laurie rewrites X  U  Z  C  Y  U  Z  as the if-then statement "If 

X & X U Z, then a: G F U Z." Towards the beginning of her proof she claims that 

if X e X U Z then x E X ov x E Z, and says she needs to take both cases. After 
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completing the first case, Laurie questions whether she needs to do the second case. 

She then spends the next few minutes trying to explain to me that li x E X then x is 

in YU(anything) and so it is in Y U Z. She argues that therefore she does not need 

to consider the second case where x E Z, since she already has x £Y \J Z. It seems 

that Laurie knows that her goal is to show that if x E XUZ then x gYUZ and once 

she shows that x E Y U Z through one case, she temporarily forgets that her proof 

thus far is conditional upon the fact that x E X. While she is arguing that she does 

not need the second case, Laurie changes her mind again practically mid-sentence. 

"See [the second case] doesn't really matter. But I do have to take [the second case] 

actually. I lied." When I ask her what changed her mind, she tells me she considered 

the situation that "x is not in big X, it's in Z. And their intersection is empty." She 

does not need the fact that the intersection of the two sets is empty for her argument 

to hold, and it is not clear if she believes that she needs this or if she is giving an 

extreme case for explanatory purposes. In the end, Laurie correctly decides that both 

cases are needed for the proof and feels confident about her decision. 

The question of the cases arises again when she reads the proof in item 6. Using 

the same argument as she did at the end of item 5, Laurie begins to argue that the 

proof in item 6 is not valid because the proof does not take into consideration that 

the element could be in Z and not in X, i.e. the proof does not do the second case. 

As she is explaining her thought process, Laurie questions if this is how this proof is 

"supposed" to be done. Laurie knows that to prove an if-then statement directly, one 
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must assume the antecedent and show the consequent. While comparing her proof 

t o  t h e  p r o o f  i n  i t e m  6 ,  L a u r i e  a c k n o w l e d g e s  t h a t  b o t h  p r o o f s  a s s u m e  t h a t  X  C Y  ̂ 

but Laurie begins to think that her proof also assumes part of the consequent of the 

statement as well. Because in Laurie's proof she lets x E X ij Z and Xl) Z is first 

mentioned in the consequent of the statement, she becomes concerned that her proof 

uses information from the consequent. This makes her wonder if her proof is valid 

"[bejcause usually you can't do both sides at once; that's not allowed." 

After great consideration, Laurie convinces herself that her original proof for item 

5 is valid. She becomes even more confident of this after reading the proof in item 7 

which is the same structure as her proof. "Great minds think alike. It's so valid." She 

is not as confident about the proof in item 6. Laurie determines that she is willing 

to say that it is valid. She reasons that even though she feels like something is not 

correct about it, she is unable to determine what that might be, and hence will say 

it is valid. 

Laurie is under the impression that her confusion with these items is due to the 

structure of the statement. She says: 

I'm wondering if how I'm interpreting the problem is afi^ecting how I. . . . 

I'm having [different] interpretations of the problem. ... I think what's 

holding me back is just how to do the problem because of the. I'm not 

quite sure how to approach it because of how it is worded. 
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I believe that her difficulty really lies with her conceptions of proof. She views both 

proofs as attempting to prove the statement directly and sees both proofs as assuming 

the antecedent of the statement. She is just unsure of how one is "supposed" to go 

about proving the consequent. For many proofs in her mathematical experience, 

it was possible to manipulate the given information in the antecedent to prove the 

consequent. In set theory proofs such as this one, the information in the antecedent 

is used as supporting evidence to prove that the consequent is true. It seems that the 

deviation from the structure of manipulating the antecedent to show the consequent 

is what is troubling Laurie. She knows that this is the way she has proven most 

if-then statements in the past, yet at the same time, she recalls that to prove one set 

is a subset of another, she must assume an element is in the first set and show that 

it is in the second set. For this mathematical statement, these two methods of proof 

conflict with each other and Laurie is unable to decide if both of these methods of 

proof are valid. 

5.4,3. Cathy 

Cathy is surprised to be asked to prove the statement in item 5 because she feels that 

it is an axiomatic property of unions. She begins working on item 5 by writing at the 

top of the page that she needs to show that X U Z C Y U Z. Cathy then verbally 

explains why she believes this statement is true. She argues that if x E X, then x eY 

since X C Y. Cathy continues that if you then "add" Z to both sides, nothing is 
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changing; x is still in X U Z and x is in Y U Z. She then constructs this argument 

as best she can in writing. When Cathy finishes her proof she admits that she is not 

very confident with it. She comments that she believes her proof, but admits that 

she is not sure if it is valid. 

When Cathy reads the proof in item 6, she decides that this proof is exactly what 

she was trying to say in her proof for item 5, yet she still questions its validity. Cathy 

says, "I don't know. I believe it. Let me put it this way, I believe it and I like it. But." 

Cathy continues by saying that even though she is convinced by the proof herself, she 

does not believe that other people would think it is valid. She adds that she knows a 

proof is either right or wrong; it can not be correct for some people and not correct 

for others. The point she is making is that just because she is convinced by a proof 

does not mean it is necessarily valid. 

Cathy then spends some time trying to determine what is troubling her about the 

proof. In doing so, she comes up with a wonderful explanation as to why the proof is 

not valid the way it is written: 

You have X  union Z  and then you go "but a  is also in F, so a is in y 

union Z" but then how can you conclude that X union Z is a subset of 

Y union Z. That doesn't make sense to me. Cause you could conclude. 

Because you could say that a is also in Y, so a is in y union M. M being 

a set. You could throw in another set. And then so all of a sudden now 

you're concluding that X union Z in contained in Y union M. So, and I 



know that's not right. 

With this new insight, Cathy claims that the proof is not valid. She does not see this 

as a large error in the proof, however, she just feels that the proof needs a little more 

clarification. She claims that if she were grading it, she would give the proof an 8 out 

of 10. 

After reading the proof in item 7, Cathy immediately decides that this proof is 

written correctly and that her proof and the proof in item 6 are not written using a 

correct proof structure. Therefore, she decides that these other proofs are not just 

simply lacking clarification, but are structurally incorrect altogether. Cathy realizes 

that in her proof she is trying to manipulate the antecedent of the statement by 

letting "an element be in what I was given instead of what I was trying to prove." 

She argues that her proof "is definitely not even close to a proof because I didn't even 

start out right." She recognizes that rather than starting off with X CY, "it should 

have come in as support" later in the proof. 

Throughout these three items, Cathy struggles with the structure of the proofs. 

Even though she is personally convinced by her proof and the proof in item 6, Cathy's 

intuition suggests that something is not correct with these two proofs. Once she reads 

a correct proof in item 7, she is able to mentally construct a full picture of what each 

proof is saying and correctly argues the structural flaw in her proof and the proof in 

item 6. 
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5.4.4. Helen 

When Helen reads item 5, she says that the statement is very straight forward and 

thinks that it is best proven using a direct proof. She begins by thinking about Venn 

Diagrams, but is unable to illustrate one on her paper. Helen decides that a drawing 

is not necessary since she intuitively knows what she wants to do. She constructs a 

proof nearly identical to the proof in item 6. While writing the proof, Helen comments 

that she is often concerned with the flow of her proofs and she remarks that her proof 

may not be presented well enough for a reader to understand it. She does affirm 

though that she feels the proof is sufficient for her to understand and says she is 

about 80% confident with her proof. 

Helen reads the proof in item 6 and decides that it is the same as her proof. She 

says that she likes the proof and thinks it is correct. Helen does not like the proof in 

item 7 though. She claims this proof is confusing and hard to follow. She also argues 

that it is structurally incorrect: 

This is what you want to show. So you always have to start with the part 

that's an if and manipulate it until you get to here. I don't know why the 

person is backward kinda. . . . What we learned from class, that's not 

how you start it out. 

Helen is having the same structural difficulties as some of the other participants 

were having, but Helen puts her thoughts so clearly into words and even claims that 
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this is what she was taught in class. Helen's belief is that if you are assuming the 

antecedent, this means you must manipulate it to show the consequent. She holds 

this view so strongly that it overshadows her knowledge about how to prove a set is 

a subset of another. 

Helen's belief is not very surprising when one considers the fact that the majority 

of direct proofs of conditional statements that these students have seen do involve 

manipulating the antecedent. Though these students have never been taught in class 

that they must manipulate the antecedent of the statement, they also have never been 

directly taught otherwise. Helen is simply making conclusions from mathematical 

practices she has seen in the classroom. 

5.4.5. Dana 

When Dana first reads item 5, she says that she does not know how to prove the 

statement because it seems so obvious to her. Dana does not think about using 

elements of sets for her proof. Instead, she verbally explains her thinking in which 

she is making a comparison to arithmetic. Dana is claiming that we are simply 

unioning the same thing to both sides of the equation and so it seems trivial. I 

suggest that she draws a picture and she creates a Venn Diagram to represent the 

statement. Dana feels that the diagram does not help her any since she believes that 

it is only confirming what she already knows is true. A little frustrated, Dana gives 

up on her proof for item 5. 
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Upon reading the first Une of the proof in item 6, Dana comments, "I always forget 

about the whole 'let this be an element of something.' I just want to prove it." Dana 

continues to read the proof and decides that it is correct. She justifies her reasoning 

by going line by line of the proof and explaining why each step is true. 

Dana next reads the proof in item 7. She initially determines that the proof is 

incorrect. In the statement "Then a is either in X or a is in Z," she is reading 

t h e  " o r "  a s  i f  i t  i s  e x c l u s i v e .  S h e  a r g u e s  t h a t  t h e  e l e m e n t  a  c o u l d  b e  i n  b o t h  X  

and Z and claims the proof does not take this case into account. Dana continues 

analyzing the proof and tries to determine whether or not this case really is needed. 

She rationalizes that since she has never seen someone do the "both" case before, 

maybe it is so obvious that it does not need to be written. Dana concludes that this 

proof is also a valid proof of the statement. 

Dana decides that both the proof in item 6 and the one in item 7 are valid, but 

says she is more confident with the proof in item 6. She thinks that it is "weird" that 

the proof in item 7 begins with letting ahem XU Z. She determines that it is not 

wrong to start the proof this way, because the proof is not assuming the entire result, 

although she does question why someone would want to start the proof using this 

method. Dana, having more confidence in the proof in item 6, seems to be tending 

toward the method of manipulating the antecedent of the statement as well, though 

she does not see the other method as being incorrect. 

Dana demonstrates a strong intuitive concept image of sets when attempting to 
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prove item 5, however, from the comment Dana makes at the beginning of item 6, 

it appears that she does not connect her concept image with the definitions. She 

wants to use her intuitive concept image within the proof and does not consider the 

definitions as important. This is also seen when Dana works on items 1 through 3 in 

which she regards the definition of an odd number to be a mathematical "trick." 

Finally, Dana struggles with the usage of the word "or" in the mathematical 

language. She reads it as exclusive as opposed to the convention of reading "or" to be 

inclusive within mathematical statements and proofs. Similarly, when paraphrasing 

the proof in item 7, Dana repeats the statement, "If a is not in X then a must be 

in Z" as "If a is in Z then a is not in X." Again, Dana is considering the "or" as 

if it is exclusive and hence is equating the converse of the statement to mean the 

same things as the original statement itself. Even though at the end of the interview 

Dana decides that this proof is valid, she does so for an incorrect reason. Rather than 

understanding that the proof does take into account the case where a is an element of 

both sets, she just assumes that that case is so obvious, it does not need to be said. 

5.4.6. Ron 

Unlike some of the other participants, Ron does not initially think the statement in 

item 5 is obvious. Before starting his proof, Ron spends a few minutes to convince 

himself that the statement is true. He draws a numberline and uses subsets of the 

line as his sets A', Y, and Z. Ron says that he prefers using numberhnes over Venn 
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Diagrams since he feels Venn Diagrams are too ambiguous. After considering his 

drawing, Ron decides that the statement really is obvious since he is given that 

X C Y and trivially Z ^ Z. Ron connects his intuitive concept of sets with the 

definition of sets. "All the elements of X and all the elements of Z will be elements 

of Y and elements of Z. Okay. Yeah, now I feel pretty confident that this is, that 

this is actually true." Ron then constructs a correct proof for item 5. 

While writing his proof, Ron makes comments referring to whether or not certain 

things need to be said within the proof. He says that if he was writing the proof 

for a homework assignment he would probably look up the official definition of union 

and include it in his proof, for fear of losing points otherwise. On a test, however, 

he would feel comfortable not writing down the definition. Ron also comments that 

initially he was planning to use Z C Z as justification in his proof, but he has decided 

that only a "nit-picky" grader would expect that to be in the proof and that "by most 

people's standards" it does not need to be shown. 

Upon reading the proofs in items 6 and 7, Ron decides that they are both valid. 

He claims that he likes the proof in item 7 better than his proof, but he likes the proof 

in item 6 much better than both of the other two proofs. Ron says he wishes he could 

write a proofs as nice as the one in item 6. He states that though this proof does not 

take into consideration the case that a is an element of Z, he does not believe that 

it needs to. Ron feels that since Z is clearly a subset of X U Z, he believes that it is 

sufficient to just consider the case where a is an element of X. Ron does acknowledge, 



however, that not everyone would necessarily agree with him: 

i think it's right. But i think it may get points taken off because it doesn't 

deal with Z, but for me it's so trivial that I'd be like, "You know what, 

i'm fine with that." Cause I still feel. He took points off, but I don't think 

it was, it needed to be mentioned. 

Ron continues by explaining his argument in a more general nature: 

There's some things (pause) that we do in our proofs that are obvious 

and we don't write them. i mean we're supposed to, you know. You're 

not supposed to skip any steps . . . but there are some things that are 

just so trivial. i'm trying to think of an example. Um. Maybe something 

will come to me in a minute, but there's some things that are so trivial 

that we don't mention them. Like for instance, uh, when we were adding 

numbers we, we didn't bother to mention the properties of the ints. A 

property of the ints is that an int plus an int gives you another int. Stuff 

like that, so there's some things that aren't mentioned and I think this. 

Even though there isn't a clear line between what you need to mention 

and what you don't need to mention, I think (pause) this here, for me 

personally, that did not need to be mentioned, and I think that is up to 

the individual who's grading it. Where they draw that line. 
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In the quote above, Ron clearly explains his view on the social nature of proofs. 

He discusses the fact that proofs necessarily must have gaps and argues that it is 

up to each individual as to where one draws the line. In his argument, Ron reasons 

that the proof in item 6 is valid, not because the proof manipulates the antecedent 

to prove the consequent, but rather, because he believes that the case where a is an 

element of Z is so trivial that it does not need to be mentioned. It is interesting, 

however, that earlier in the interview when he is arguing why he believes this case is 

not needed, Ron says; 

With X a subset of Y means that Z union X is a subset of Z union Y.  

It's pretty interesting that I'm writing this now because uh, this is what 

I'm trying to prove and . . . I'm using what I was trying to prove as 

justification for why it's valid, and that's not really a smart thing to do. 

Despite this realization, Ron continues to believe that the proof in item 6 is valid. 

5.4.7. Analysis of the Responses to the Third Set of Items 

Three of the six participants write correct proofs for item 5. One participant does 

not write a proof, and two participants write incorrect proofs with a similar structure 

to the proof in item 6. Similarly, three of the six participants feel confident that the 

proof in item 6 was valid. One participant says it is valid, but feels unsure of this, 

and two claim it is not valid, one being more sure of this assertion than the other. 
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Despite these similarities, when considering which participants give which responses, 

whether or not their confidence level is taken into account, no patterns are detected 

with respect to the correctness of their answers for items 5 and 6. 

Though the correctness of their responses does not reveal any patterns, there 

are many similarities within the thought processes and the opinions of the students. 

One common difficulty is that the students demonstrate the desire to manipulate the 

antecedent of the statement to produce the consequent. This is seen in four of the 

six participants. Cathy and Helen both use this method in constructing their proofs 

for item 5. Dana displays a preference for this format even though she also agrees 

with the proof in item 7. Laurie struggles between which belief holds priority, her 

belief of how to prove subsets or her belief of manipulating the antecedent. Helen 

clearly feels most strongly about this, arguing that this is the way they were taught 

in class. Helen is the only student who says that the proof in item 7 is incorrect and 

the reason she feels it is incorrect is due to the structure of the statement. 

Another theme that arose is that of personal conviction. Both Helen and Cathy 

argue that even though they do not know if their proofs would be considered valid by 

other people, they are convinced by their proofs and therefore feel they are correct. 

Somewhat relating to the last point is the concern of what does and does not need 

to be said in a proof. Ron and Dana both bring up the issue that mathematical proofs 

are not complete. Details that are considered to be obvious are often left out of proofs. 

Ron gives the two following examples. For item 5, he says that he does not need to 
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write Z  Q  Z  t o  argue that Z  Q Y i J Z  since this is obvious. His other example is that 

when mathematicians write proofs using the addition of integers, they do not prove 

that addition is closed under the integers within their proofs, but they take this point 

for granted. The point these two students bring up is a correct one, however, I would 

argue that they use this convention inappropriately. They both use this argument 

to justify that certain cases are not needed in a proof done by cases. Dana claims 

that the reason proofs never contain the case where an element is in "both" sets is 

because the case is obvious. In reality, this case is not written separately because it 

is just a special case of one of the previous cases. Similarly, Ron decides that the case 

where a is an element of Z is not needed because the case is trivial. I would argue 

that even if the case is considered trivial, mathematicians agree that, if nothing else, 

the proof needs to include a sentence claiming that the case is trivial and will not be 

addressed, informing the reader that the case is purposely neglected and not done so 

accidently. 

5.5. Fourth Set of Items 

The fourth and final set of items consists of items 8 through 12. All five of these 

items involve mathematical statements with multiple quantifiers. The statements in 

items 8 through 11 each have two quantifiers while the statement in item 12 has three 

quantifiers. The students are first asked to determine if each statement is true or 
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false. Depending on their response, then each student is asked either to prove the 

statement or disprove the statement. 

For each of the following items the students were asked, "Is the following statement 

true of false? If it is true, prove it. If it is false, prove that it is false." 

Item 8: For every natural number n ,  there exists a natural number K such that 

2n  <  K.  

Item 9: There is a natural number M such that for all positive real numbers k ,  

\ < M .  

Item 10: For all positive real numbers k ,  there is a natural number M such that 

1 < M .  

Item 11: Let x  and y  be real numbers. There exists an x  such that for every j/, 

a; + y = 0. 

Item 12: Let x ,  y ,  and 2; be real numbers. For every x  there exists a y  such that for 

every  z ,  we  have  x  -{ -y  =  z .  

Note that items 8 and 10 are true statements while items 9, 11, and 12 are false. 

5.5.1. Megan 

When Megan reads item 8, she determines that the statement is true "because the 

natural numbers do not have an upper bound." Megan writes an existential proof for 

this statement by claiming that since the natural numbers are not bounded above, 

she  knows  tha t  Vn,  3m G N such  tha t  n  < m.  She  then  def ines  K = 2m.  
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Megan faces difficulties when she attempts to use this same reasoning for items 9 

and 10. When she first reads item 9, she interprets it incorrectly as an AE statement 

rather than an EA statement. She attempts to prove it using the fact that there exists 

a natural number larger than k and then tries to manipulate that to get a natural 

number larger than Megan is unsuccessful in doing this and temporarily gives up 

on this item, asking if she can come back to it later. 

She then reads item 10 and is convinced that items 9 and 10 mean the same thing, 

and that the order of the wording in these statement is unimportant. Megan says: 

I know that you can't just switch around if-then statements and have 

them mean the same thing. But, these are not if-then statements, and if I 

were to rewrite them as if-then statements, I would rewrite both of them, 

"If you have a positive real number k, then there exists an M with 1 over 

k less than M." And I would word them both that way. So I think they 

are the same thing. 

Megan then asks to move on to item 11, saying she will come back to these 

statements later. As soon as Megan reads item 11, she changes her mind with respect 

to the importance of the order of the quantified statements; 

Okay, now this one. The wording makes me think that. Like, at a glance 

you would say, "Oh yeah, that's true." But it says, "there exists an x," 

like one x, such that for every  y, x  plus y  is zero. Which sounds to me 
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like, okay, pick an x .  I'll pick 2. Well, 2 plus, let's pick a y ,  3, is not 0. 

2 plus, let's pick a y, negative 2, is 0, but that's not for every y. So, if 

tha t ' s  the  way  tha t ' s  supposed  to  be  read .  L ike  i f  i t  sa id ,  " fo r  every  y  

there exists an x, such that x + y equals 0," then I would say that is true. 

But since it says, "there exists an x, such that for every y, x + y equals 

0," then I would have to say that that would be false. 

After reading item 11, Megan is convinced that the order of the wording within the 

statement does matter and she realizes that she was incorrect earlier when referring 

to items 9 and 10. At this point, I ask Megan if she could provide any insight as to 

what it is about item 11 that made her determine that the order of the wording is 

important. She is unsure but hypothesizes that it is because the statement is shorter 

and more concise. When attempting to show that item 11 is in fact false, Megan 

initially gives her counterexample of x = 2 and y = 3, but after rereading items 9 

and 10 she second guesses her example: 

Cause I'm treating this like a "for all" statement and not a "there exists" 

statement. For all. And so I just picked one and said, oh wait, that 

doesn't work so. But what if that one wasn't the one that exists. 

Megan begins to ponder how she can prove that no such x  exists. In doing so, she 

determines that she should prove the negation of the statement. She says that she 

needs to prove the following statement: "Vx eM3j/GKstx + y7^0." After using 
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this strategy to prove that the statement in item 11 is false, Megan uses the same 

method of proving the negation to show that the statement in item 9 is false. 

In Megan's attempt to prove item 10, she tries to use an existential proof similar to 

the one she constructed in item 8. Rather than just stating that such an M must exist 

by Archimedean's Principle, she attempts to algebraically manipulate other claims 

she makes in order for the M to naturally arise from the proof. In the process, she 

makes an algebra error, hence producing an invalid proof. 

After finishing her work on items 9 through 11 and determining that the order of 

the quantifiers is important, I ask Megan to consider item 12, which contains three 

quantifiers. She reads the statement and determines that the wording does not make 

sense to her. She decides, "I'm going to start out saying that's true and we'll see if I 

can prove it. Or if I change my mind in the middle of it." Megan begins her proof and 

incorrectly decides that she can define y toho. z — x and tries to prove the statement 

true. By allowing y to be dependent on x and z, she unknowingly proves a different 

statement; Megan proves, "For every x and for every z, there exists a y such that 

X + y = z." 

Megan initially has difficulties with the structure of these mathematical state

ments. Having not analyzed the wording of mathematical statements with both uni

versal and existential quantifiers in class, Megan had not thought about this prior to 

the interviews. After considering items 9 and 10, Megan decides that the order of the 

quantifiers is unimportant. She interprets both statements to mean the same thing 
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during her initial reading of each of them and appears unaware that either of them 

can be interpreted in a different manner. Therefore, she sees no reason for the order 

of the wording to be important. Because of the concise and concrete nature of item 

11, however, Megan is able to view both possible interpretations of this statement. It 

is this insight that a statement can be interpreted in more than one way which causes 

Megan to conclude that the only way to distinguish between the two interpretations 

has to be with respect to the wording of the statements. 

Despite her prior observations, Megan does not interpret item 12 correctly. She 

appears to focus primarily on the fact that she can pick a y dependent on the x because 

of the ordering of the quantifiers related to those two variables. Once she determines 

that her y can be dependent on her x value, Megan seems to take for granted that it 

can also be dependent on the 2; value. Having rarely seen mathematical statements 

involving three alternating quantifiers, Megan is unable to recognize the new level of 

complexity which occurs within this type of statement. 

It is also interesting to note the structure of Megan's proofs for these items. When 

proving items 8 and 10, Megan chooses to prove them using an existential proof rather 

than attempting to find an actual K and M, respectively, to satisfy the given criteria. 

Existential proofs are considered to be valid proofs by the mathematics community 

and each of these statements can easily be proven using the Archimedean Principle 

directly as justification. Megan, however, uses the Archimedean Principle to claim 

a  na tura l  number  ex i s t s  which  i s  l a rger  than  the  or ig ina l  g iven  number  (n  and  k ,  
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respectively) and then symbolically manipulates this new number to provide the final 

result she desires. Her proofs are perfectly valid, but may not be considered as elegant 

as a proof which asserts the Archimedean Principle directly. It is unclear whether 

she simply feels it is not a sufficient proof to assert that the statement is true by the 

Archimedean Principle or whether she is only comfortable using the Principle in its 

most primitive form. Because of Megan's apparent comfort with the ideas behind the 

Archimedean Principle, I would guess that it is the former. 

5.5.2. Laurie 

Upon her first reading of item 8, Laurie questions whether n  and K can be equal to 

each other. It is as if she is reading the statement as, "For all natural numbers n, 

for all natural numbers K, 2n < K." During her second reading of the statement, 

Laurie takes note of the quantifiers. "Alright, there exists, so. You just have to find 

one. It's not like 'for every,' so." Now reading the statement correctly, Laurie writes 

an existential proof. Using the fact that the natural numbers are not bounded above, 

Laur ie  c la ims  the re  ex i s t s  a  K  eN such  tha t  K > 2n .  

Laurie makes the same error when first reading item 9 as she did when reading 

i t em 8 .  Her  in i t i a l  ins t inc t  i s  to  be  concerned  wi th  the  case  where  M = 1 and  k  — 1 .  

She even questions me, "Is this for all natural numbers M or is it just 'there is' ?" 

While thinking about the statement she determines that the case where M — 1 is the 

only case for which the equation is false, and since she only needs to find one M which 
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works, the statement in its entirety must be true. (At this point, Laurie is incorrectly 

thinking of k as being in the natural numbers rather than the real numbers. If the 

statement read that k was in the natural numbers, her reasoning would be correct.) 

Though she is convinced that the statement is true, the fact that M = 1 does not 

work still troubles her. She knows that if the statement was worded as "for all M," 

the case where M = 1 would be an easy counterexample. Because this was her initial 

instinct, she wants to give the counterexample rather than construct a proof. Despite 

her preference, she knows that this counterexample is not valid and gives up on using 

it in order to try to compose a proof. 

Laurie, as seen in items 5 through 7, prefers to rewrite mathematical statements 

into if-then statements whenever possible. She continues by rewriting item 9 as, 

"There  i s  a  na tura l  number  M such  tha t  i f  fo r  a l l  pos i t ive  rea l  numbers  k ,  then  

I < M." Laurie claims that she feels much more comfortable with the statement now 

that she has rewritten it as an if-then statement. 

At this point, Laurie is still reading the statement incorrectly in that she is con

sidering k to be an element of the natural numbers rather than the real numbers, 

however, she is reading the statement correctly with respect to the structure of the 

statement. Laurie is interpreting the statement as an EA statement; she sees that 

she must find one M which will work for every k at the same time. Laurie writes 

another existential proof. She says that any natural number larger than 1 will work, 

yet instead of simply choosing a natural number such as letting M = 2, she leaves 
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her proof general with M G [2,oo). Once she completes her proof, I ask her if she 

needed to leave the M general or if she could have picked M = 15. In her response, 

Laurie says that the she believes that it could be done either way. She claims that 

she probably chose to leave it general because when the class was doing proofs with 

functions and pre-images, they always left the proofs in a general form. She says 

that more recently though the instructor has been proving statements showing that 

certain functions are continuous and has been choosing specific deltas to make the 

proofs work, and so she believes that she would be fine writing the proof either way. 

Laurie appears not to be able to recognize when something in a proof needs to be left 

in a general form and when it can be chosen specifically. She has seen her professor 

do both types of proofs and has not yet distinguished when each type is appropriate. 

Upon reading item 10, Laurie laughs. She finds it funny that I have switched 

the order of the two quantifiers for this statement since she believes the statement 

in item 9 is so difficult because it begins with an existential quantifier. She rereads 

item 10 and tries to determine if the statement is saying the same thing as item 9 

or not. She struggles back and forth. Laurie claims that the two statements must 

be set up differently on purpose, but is not seeing how they differ. She eventually 

decides she is just going to attempt to prove it and see what happens. Laurie also 

rewr i tes  i t em 10  as  an  i f - then  s ta tement ;  " / /  fo r  a l l  pos i t ive  rea l  numbers  k ,  then  

there is a natural number M such that | < M." She believes that in the proof for 

this statement she must work with the k first, rather than the M, since k is what 



161 

is introduced in the "if portion of the statement. While constructing the proof for 

item 10, Laurie realizes that k is given as an element of the real numbers, not the 

natural numbers, and therefore | can be larger than 1. She makes this amendment 

to her proof of item 10 and determines that she must go back and redo her proof for 

item 9. She correctly completes her proof for the statement in item 10 by using the 

Archimedean Principle to claim that for any k, there exists an M such that | < M. 

When Laurie reads item 9 again she decides that it is saying the same thing as 

the statement in item 10, but she is concerned that it requires a different proof. Her 

reasoning is that in item 9 she wrote the "if and "then" in different places than in 

item 10. In item 9, M and k are both already mentioned before the consequent of 

the statement, while in item 10 only k is mentioned prior to the consequent. Laurie 

decides that because of the ordering of the statement, she must introduce M into the 

proof first and then k. When Laurie gets to the point in her proof where she wants 

to  c la im tha t  M i s  l a rger  than  she  becomes  s tuck  s ince  she  has  a l ready  f ixed  M. 

Rather than questioning the validity of the statement, Laurie tries to force her proof 

to work. She says that there exists some Mj such that Mi > ^. Though M and Mi 

are not related to each other in her proof, Laurie tries to force a connection between 

them simply by her choice of notation. She does not seem satisfied with this proof 

though. 

In the end, Laurie is reading both items 9 and 10 to be AE statements. She claims 

they are both true statements and are saying the same thing. She is fairly confident 
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in her proof for item 10 but is not confident in her proof for item 9. She beheves 

tha t  the  s ta tements  can  no t  u t i l i ze  the  same proof  because  of  the  order  of  k  and  M 

with respect to each other and the placement of the words "if and "then" which she 

introduced into the statements. Despite the progress she feels she has made, Laurie 

gives up on item 9 and claims that it is "messing with [her] mind." 

Laurie then attempts item 11. She reads the statement as if it were an AE 

statement and creates a proof defining x = —y. Once she finishes her proof, she 

claims that she feels pretty good about the proof, assuming she is "allowed to do" 

what she did. When I ask her what allows her to do something in a proof, she responds 

by saying, "the wording." She expresses some uncomfortable feelings with statements 

beginning with "there exists." Laurie argues that in order for the statement in item 

11 to be true, either x must be dependent on y or y must be dependent on x. She 

says that since the "there exists" is connected with the x value, then x must be the 

dependent variable. She also uses the following statements to justify why y can be 

chosen  f i r s t ,  and  then  x \  

But it just seems natural to choose y  first because it's "for all." 

Because if you were to put this into an if-then statement, there exists an 

x such that if for every y, x plus y equals 0. So you consider y in the 

if-then statement. 

In this last quote, Laurie is claiming that the y  is in the antecedent of the statement. 
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allowing it to be chosen first. It appears that Laurie never really even considers that 

the statement may not be true. 

Laurie decides that the statement in item 12 is also true, though she comments 

that she does not like the wording of that one either. She determines that y can be 

dependent on x, but when she defines y she sets it equal to z -- x. Laurie expresses 

concern whether she can define y in terms of 2; as well, but justifies it to herself by 

saying, "It's the only way that you could do that though to make the equation true." 

After she completes her proof, I ask Laurie how confident she is with what she has 

written. She says she feels good about it, as long as she is interpreting the wording 

correctly. She then downplays this concern as a personal flaw; 

I overanalyze it, and that's exactly what I'm doing here. ... I like to 

make it so much harder than it really is. These are not hard, I mean, I 

mean to logically think about them. I, I like to make it so much harder 

than it really is. . . . So I, I feel pretty good about [my proof]. The 

algebra works out. 

Laurie demonstrates difficulties with these quantified statements. She initially 

interprets both items 8 and 9 as A A statements and thinks of simple counterexamples. 

This interpretation does not last long though. As soon as she reads the statements 

for a second time, she takes note of the quantifiers. For item 9, Laurie goes through 

three different interpretations of the statement, AA, EA, and AE. Though Laurie 
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appears to see her first interpretation as different than the other two interpretations, 

she does not distinguish between the final two interpretations. Most likely the reason 

she sees her first interpretation as different from the other two, but the other two 

interpretations as the same, is because in her first interpretation, Laurie assigns the 

quantifier V, rather than 3, to M. In the other two interpretations, she assigns the 

variables to the correct quantifiers, 3 with M and V with k] she just reorders the 

structure of the statement. 

Throughout the interview, Laurie spends a long time analyzing the structure of 

the statements. She eventually determines that the order of the quantified phrases 

does not change the meaning of the statements, yet she remains uncomfortable with 

the wording for many of the items. Though Laurie does not come upon all the 

correct conclusions during her analysis, she considers many important things, such as 

the order of the wording, where the unknowns fall within the statements, and which 

variable can depend on which other variables. 

5.5.3. Cathy 

Just as Laurie did, after reading the statement in item 8, Cathy asks, "Can n  

equal K7" Cathy also initially reads the statement as an AA statement and sees 

n 1, K - 1 a.s a counterexample. She maintains this belief until she tries explain

ing the statement and paraphrases it as, "So any number that I choose, n, there is 

going to be some other number greater than [2n]." Cathy now pays closer attention to 
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the wording. She says that originally she was thinking "n and K could be anything, 

and it would always have to work" but now she sees that she only needs to show 

that there exists a K that works. Cathy remarks that she is disappointed that the 

statement is true because she would rather find a counterexample than construct a 

proof. 

Cathy begins by trying to algebraically manipulate the equation 2n  <  K but 

makes no progress. She is about to give up on writing the proof when she announces 

that the statement is true "because of the Archimedean Principle. That has to have 

something to do with it." She writes, "Vn G N, 3K G N s.t. n < iC" but then claims 

that this is as far as she can get in her proof since she does not know how to get it 

to  read  2n  <  K.  

Cathy and I continue talking about how her current interpretation of the state

ment relates to her original interpretation. She acknowledges that she misread the 

statement originally. When I ask her if she could alter the wording of the statement 

in order to make it mean her first interpretation, Cathy writes, "Vn E N, 3K E N 

w[ith] n — K s.t. 2n < K." This statement is a very narrow view of her first inter

pretation where she says that n and K can be any value. We see that Cathy is able 

to recognize that her original interpretation of the statement is different from her 

current interpretation, yet she is not able to assign new quantifiers to the variables 

in order to change the meaning of the statement. 

When Cathy first reads the statement in item 9, she claims that it is true. She then 
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rereads the statement and determines that it is false. In what appears to be Cathy 

reading this as an AA statement, she provides M — 1 and A; = | as a counterexample. 

A moment later Cathy changes her mind once again. She says: 

I'm thinking that if you, if you go off of the Archimedean Principle again 

and  you  read  i t  in  such  a  way  tha t  you  a re  no t  choos ing  a  spec i f i c  M 

necessarily. You are just saying that, that you will always be able to find 

an  M tha t  wi l l  be  grea te r  than  any  1  over  k .  

Cathy is now interpreting the statement as an AE statement and believes that 

her M can be dependent on her k. She claims that the statement is true by the 

Archimedean Principle. Cathy believes that the reason she keeps changing her mind 

with this statement is because of the wording "there is" as opposed to "there exists." 

Though she says that she is sure that they mean the same thing, Cathy remarks that 

intuitively she feels that the words "there is" allows you to choose a value while the 

phrase "there exists" prevents you from choosing a value for M. It seems that Cathy 

is under the belief that when the statement says "there exists," she must provide an 

existential proof. 

For her proof of item 9, Cathy states the Archimedean Principle as, "Vk  6 K, BM G 

N s.t. k < M." She then writes that since k > 0, then | > 0. She becomes stuck 

at this point and does not know what to do next. In the end, she rewrites the 

Archimedean Principle substituting | for fc. Cathy decides that her proof is complete 



at this point and says that she is confident and impressed with her proof. 

Though all Cathy needs for her previous proof is her rewritten version of the 

Archimedean Principle, it is clear from her later work on item 10 that she believes 

the beginning of her proof is critical as well. When Cathy reads item 10, she rewords 

it into an if-then statement: If /c is a real number, then there exists M such that 

i < M. At this point she determines that the statements in items 9 and 10 must 

have different meanings. Cathy uses symbolic logic to explain her reasoning: 

I'm trying to think, so if you have "if A, then B", then that. And you 

can't say, "if B, then A". Those are not equivalent. . . . Because, these 

are complete opposites of each other. So like one is saying, "If A, then 

B." The other is saying, "If B, then A." And those can not be equivalent. 

So if one of them is right, the other one is wrong. 

In this excerpt, Cathy argues that the statements in items 9 and 10 are not 

equivalent statements since she can rewrite them as if-then statements. Cathy knows 

that the inverse of a statement is not equivalent to the statement itself, and hence 

these must have different meanings. Though she uses this reasoning to make a correct 

conclusion, Cathy also reveals a misconception in her reasoning. She claims that if 

a statement is true, its inverse must be false. Later during this interview, Cathy 

reasserts this belief. This is not true for any statement which can be written as an 

if-and-only-if statement, such as the statement in item 2, but Cathy does not make 
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this connection. 

Cathy decides that the statement in item 10 is clearer to her and she understands 

what it is saying better than item 9. She believes that this statement is true and has 

the meaning she originally assigned to item 9. In writing her proof for item 10, Cathy 

reproduces nearly the same proof that she originally wrote for item 9. 

Cathy believes that since item 10 is true, then necessarily item 9 has to be false. 

She determines that her previous counterexample of letting M = I and fc = | works. 

Cathy argues that since the statement begins with "there exists" she can pick a specific 

value for M and work with it. She uses this same reasoning for the counterexample 

she creates for item 11. 

When she first reads item 11, Cathy says that it is true. She then reads it again 

and determines the statement is false. Cathy explains: 

This is what I think it should be. Let x  and y  be contained in the reals. 

Then for every y ,  there exists x  such that x  +  y  equals 0. That's what I 

think it should be. In order for it to be true. 

Cathy is not only able to recognize the fact that the statement in item 11 is false, 

but she is able to rewrite the statement to make it true. She still struggles with 

the meaning of the actual statement though. Cathy provides x — 6 and y = 2 as a 

counterexample, which shows that the specific value of 6 does not work for x rather 

than showing that no such x exists. 
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Upon reading item 12, Cathy decides that the statement is really hard to under

stand. She begins by questioning if the statement should read "32;" rather than "Vz" 

in order to be true. Then Cathy says: 

To me it's almost like the way I'm thinking about it in my mind, for every 

X  a n d  f o r  e v e r y  2 ; ,  s o  y o u  p r e t t y  m u c h  p l u g  i n  a n y t h i n g  y o u  w a n t  f o r  x  

and anything you wanted for 2:, and it's saying that there exists a y such 

that that statement is true. So I'm going to say it's true. 

Cathy spends some time thinking about whether or not this rewording of the 

statement is equivalent to the original wording. She says that she realizes that one 

has to be careful with the order of the wording of mathematical statements, but also 

says that in this case, she thinks that the wording can be switched. Because Cathy 

can not conceptualize any other interpretation of the statement, she sees no other 

possible meaning, and therefore falls back on believing that the two statements mean 

the same thing. 

Though she is convinced that the statement in item 12 is true, Cathy chooses 

not to attempt a proof. She declares that she needs to prove that x + y = z but 

claims that she does not know where to begin or what she can assume. Cathy has 

determined that whatever attempt she makes will not turn out well and therefore 

decides not to attempt it. 

Throughout this set of items, Cathy appears to initially read a number of the 
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statements as A A statements. Though it is clear that this is what she is originally 

thinking for item 8, later when working on item 9 she brings up a belief that may 

suggest that she does not reahze she is thinking this way. Cathy claims that if the 

statement begins with 3, then she is able to pick a specific value and work with it. 

It is likely that this belief arises as a result of the numerous problems that these 

students did in class to prove limits and continuity. The statements generally began 

with "Ve, 36 s.t. . . ." To prove such a statement one generally fixes an arbitrary e 

and then defines S in terms of the e. For example, one may define ^ = §• In other 

words, S is given a specific value. It may be that since Cathy is used to seeing proofs 

of this form where S, the variable modified by the quantifier 3, is given a specific 

value, she has developed the belief that when variables are modified by the quantifier 

3, they can be given a specific value. 

Another interesting topic that came up during these items with Cathy is when 

and how mathematical statements can be reworded. For item 8, Cathy claims that 

she can not reword the Archimedean Principle to make it say that there exists a. K so 

that 2n < K. For item 10, however, she believes that she has done something in her 

proof so that she can rewrite the Principle to say that there exists an M such that 

I < M. It is unclear why in one situation she believes she can write it differently and 

in another situation she can not. 

Cathy brings to the interview the knowledge that if-then statements can not have 

the antecedent and consequent switch order and still have an equivalent meaning. She 
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rewrites item 10 as an if-then statement and argues that it therefore means something 

different than the statement in item 9. When working on item 12, however, Cathy 

does not think of rewriting the statement as an if-then statement. As a result, she 

concludes that it is okay to reorder the wording in the statement. Cathy is able to 

reorder the statement in item 12 to give it the truth value that she wants for it. 

She also is able to reword the statement in item 11 to show what it should say for 

the statement to be true. When asked to reword item 8 though, to make it mean 

her original false interpretation, Cathy is unable to do so. It seems that when the 

rewording of quantified statements only involves reordering the quantifiers, Cathy is 

able to do this, but when rewording the statement would actually mean changing one 

of the quantifiers from 3 to V, Cathy finds this to be too difficult. 

5.5.4. Helen 

Helen struggles with proving the statement in item 8. Though she correctly interprets 

the statement from the start and gives an intuitive explanation as to why it is true, 

she initially is unable to construct a proof. Her first instinct is to prove this state

ment by induction, but she decides that since the statement is so straight forward 

to understand, it is probably best to prove it using a direct proof. Helen does not 

like the fact that the statement is "straight forward." She claims that she is used to 

using definitions and theorems in her proofs, which she can manipulate to get to the 

desired conclusion. Because she can not think of any definitions or theorems relevant 
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for proving this statement, she does not know where to begin. 

Helen's initial effort at the proof consists of simply restating the statement. She 

writes, "Let n G N. Then 2n also G N. So 3K G N s.t. 2n < iC." In an attempt to 

uncover Helen's reasoning when writing this last sentence, I ask her why she knows 

that such a K exists. Helen does not seem to understand my concern. She claims 

that her goal is "to show that 2n is less than iT," not to show that such a K exists. 

Therefore, Helen believes it is given to her by the statement that a K exists and she 

just needs to show that it will be greater than 2n. Eventually, Helen sees that she 

has just restated the original statement, but she is unsure of how to change her proof 

since she still believes that her goal is to show that 2n < K. Helen crosses off the last 

sentence in her proof and replaces it with a claim that there is a K E N such that 

n < K. She struggles with this, knowing it will not directly get her what she needs. 

Ultimately, Helen lets Ki be a natural number which is greater than n and defines 

K = 2Ki. She concludes that 2n < K. Though Helen virtually has all the pieces for 

her proof to be a correct existential proof of the statement, she does not write the 

statements in any logical order. Helen realizes that her proof is not very organized: 

Even though the idea is somewhere getting there, I don't think it's coher

ent enough to like. It's not very effective. . . . You know how like when 

you write an essay it seems like (laughs) not a very strong. It's kind of 

like there are parts in it that don't seem to go together or so. Like it's 

kind of broken. Or there's just like, urn, run on, or random sentences that 
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just like pop in the middle and I don't know where it comes from. 

Though Helen knows her proof for item 8 does not read well, she believes this is 

the best she can do and decides to move on. Next Helen reads item 9 and determines 

that it is true. When asked what the statement is trying to say, she rewords it as 

"For all positive numbers k, there exists, um, a natural number M so that 1 over 

whatever the positive number is, it's going to be less than M." Helen has reordered 

the statement to read the way item 10 reads. Besides reordering the parts of the 

statement, Helen also has the same difficulty that she had with item 8; she claims, 

"1 over k is less than M is what we want to show." In her proof, she lets k < M and 

claims that because k is positive, \ < k < M, and concludes that | < M. When 

questioned, Helen says that | < A: for all real numbers k. It is possible that Helen is 

thinking of natural numbers even though she is saying real numbers or she may simply 

be forgetting that the numbers between 0 and 1 are a special case. Moreover, when 

Helen is asked why she can let k < M at the beginning of her proof, she answers: 

So I could go about proving it. Well that's not what I want to show but 

that's what I need. The conditions that I kind of need in order for me 

to conclude later on that 1 over k is less than M. . . . Because of the 

statement it says that there must be like a natural number M so that all 

positive real numbers k. ... I don't really know how to explain it, but 

like, I don't see how to go about it without having that part right there. 



174 

That condition right there. 

Helen argues that she needs to lei k < M in order to prove the statement true. 

She then justifies being able to do this because she sees the statement as telling her 

that an M exists. Once again, she is seeing this as being given information by the 

statement. 

When Helen reads the statement in item 10, she determines that it is saying the 

same thing as the statement in item 9. She comments that because the statement 

in item 10 begins referring to k before it mentions M that it seems to be putting 

more of an emphasis on fc, but then she decides this is not really important. Helen is 

firm that the two statements mean the same thing, but at one point questions that 

because they are written differently if their proofs must be different. For her proof of 

item 10, she reorders the first two statements of her proof in item 9 and then claims 

that the rest of the proof would follow exactly the same as the rest of her proof for 

item 9. With some more thought, Helen decides that she really does not need to 

reorder the first two statements either. She says the order of defining k and M in the 

proof is unimportant since she just needs to define what she knows at the beginning 

of the proof and then use that to show what the statement is asking her to show, 

that I < M. Helen concludes that items 9 and 10 mean the same thing and the same 

proof works for both statements. 

Helen becomes troubled when she reads the statement in item 11. After reading 

the statement, she says: 



I have a question. When you claim something to be true, does that mean 

that there is no counterexample? . . . Because when I think something is 

true, I'm thinking like, tliere must be no counterexample to make it false. 

So I'm thinking it has to be true completely. Like no counterexample. 

When I read a statement like this, like, it seems like I have so many 

thoughts within me. It's true and not true at the same time. 

Helen goes on to explain that she can make the statement be true by letting x  

and y be additive inverses of each other, however, in all other cases the statement is 

false. Helen appears not to be noticing the quantifiers in the statement at all at this 

point. She knows that a mathematical statement should not be both true and false, 

so she rereads the statement and studies it. She then appears to notice the quantifiers 

and reads the statement as an AE statement. She says that now she sees that for 

any y she can pick x = —y and the statement will be true. Helen justifies being able 

to choose a specific x because x is being modified with the quantifier "there exists." 

Now only paying attention to quantifiers and not to the order of the statement, Helen 

believes that it is true and creates a proof for the AE version of the statement. 

The statement in item 12 gives Helen the most trouble. Though she describes the 

statement as being "straight forward" and "direct" she is never able to make sense of 

its meaning. She bounces back and forth between whether she thinks the statement 

is true or not. Helen claims that she understands the last part of the statement (that 

x+y = z) but does not understand the part leading up to it. Helen seems to think the 
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statement should be worded, "For every x  and y ,  there exists a z so that x - h  y  —  z "  

and claims that she does not understand why it is not worded this way. She feels 

the current wording of the statement is confusing and this new wording makes more 

sense to her. Helen says that she does not understand the significance of the wording 

used and feels that it is "different" than what she is used to. 

I question Helen if she believes that this new statement means the same thing 

as the original statement. She thinks that it does because in either statement she 

is trying to prove the same thing, that x + y = z. She says that this new wording 

just makes more sense to her and will allow her to better go about proving that 

X + y ~ z. Helen appears to believe the statement in item 12 has something to do 

with the closure of addition in the real numbers because she frequently mentions that 

the statement is true because the result of the addition of two real numbers is again 

a real number. Helen justifies that the order of the wording in the statements does 

not matter because "everyone has a different style of writing problems." She sees the 

two wordings as simply being different writing styles. Toward the end when I ask her 

to make a final decision if the statement in item 12 is true or false, she responds by 

saying, "I don't know if it's that much about true or false. It's much about 'I like'." 

Again, Helen seems to be referring to which writing style she prefers. 

Helen begins trying to write a proof but finds herself just restating the statement. 

She gives up on the proof at this point claiming that she thinks it should be a direct 

proof, but does not know how to go about writing it. 
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Helen's biggest difficulty with the items in this set is she believes that the quan

tified part of a statement is the given preliminary information of the statement and 

that her goal is to prove the equality (or inequality) mentioned at the end of the 

statement. As a result of this belief, Helen argues that she can rearrange the order 

of the quantified part of the statements, and can even reword this part of the state

ments, to have the statements make more sense to her. She determines that all five 

statements are true because she is always able to restructure the beginning part of 

the statements in order to make them true. 

Another result of this belief is that her proofs tend to be restatements of the 

original statement. Because she saw the statements as telling her that such a K 

exists, for example, there was nothing left for her to prove. She would take the 

fact that the K exists as a given and then say that it must make the equality (or 

inequality) hold. 

Helen's belief of the structure of these statements also causes her to view item 

11 as true and false at the same time. Because she is focussing on the end of the 

statement, she can find values which make this equation true, but she can also find 

values which make it false. It is not until she pays closer attention to the quantifiers 

that she determines the truth value of the statement. 

Helen first considers the order of the quantified phrases when she reads item 10 

and compares it to item 9. She determines that they mean the same thing, but tries 

to come up with justification as to why they are worded difi^erently. Helen claims 
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that it must be because their proofs are different. When she determines that she 

would prove the two statements the same way, she realizes this theory does not work. 

During item 12 she announces her new theory. Helen claims that they must be written 

differently simply because different people have different styles of writing. Because 

Helen believes that the critical part of the statements is the equality (or inequality) 

at the end, she does not consider that the order of the quantifiers makes a difference 

in the meaning of the statements. 

Helen also demonstrates a belief that if a statement is "straightforward" and easy 

for her to understand, then it should be proved using a direct proof. She talks about 

this when she is working both on items 8 and 12. Helen also made this same comment 

during the previous interview when she was attempting to prove the statement in item 

5. By using the clarity of the statement to determine her proof method, Helen may be 

narrowing her chances of success at writing valid proofs (even though in these three 

cases a direct proof is a reasonable choice of proof method). 

5.5.5. Dana 

When Dana reads the statement in item 8, she immediately determines that it is 

true. She writes a short proof in which she defines K — which gives her that 

2n < K, as desired. 

Upon reading item 9, Dana claims that the statement is true. She is seeing the 

statement as being an AE statement, like the one in item 10. Dana decides to write 
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her proof using cases. She defines her first case to be for all fc > 1 and claims that 

any M should work, since M must be a natural number. In her second case, she lets 

k < 1 and claims that since the natural numbers are infinite, such an M must exist. 

Next, Dana reads the statement in item 10 and is silent for a long period of 

time. When she begins speaking again, she says that she has been thinking about 

the ordering of the statements and claims that item 10 is "backwards" of item 9. 

Dana confidently states that the order of the wording changes the meaning of the 

statements. She says that the proof she wrote for item 9 is really a proof of the 

statement in item 10. She then remarks that the statement in item 9 is false since it 

is saying that there must be one possible M which will work for all real numbers. 

Though Dana does not originally interpret the statement in item 9 correctly, after 

comparing items 9 and 10 she is able to construct the proper meanings for each 

statement. At this point she attempts to prove that item 9 is false. She initially 

claims that she does not know how to prove it false "cause you can't really pick a 

counterexample because. Well I'm sure someone could, but I can't. Because that 

seems a little too abstract for that." Dana begins to explain that if one picks an M, 

then it is easy to find a A; so that | is not less than M. But picking another larger 

M does not help since there will always be another k to counter it. When trying to 

argue this, Dana chooses the example M — 100. She then claims if k = .0001 then 

> 100 so M can not be 100. At this point, Dana appears to have lost her train 

of thought and says that M = 100 does work as a counterexample after all. Dana 
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admits, however, that she is only "somewhat" confident with her counterexample. 

When reading item 11, Dana immediately pays attention to the order of the 

wording and claims that it is similar to the statement in item 9. She correctly reads 

item 11 as saying that there is some x such that whenever any real number is added 

to it ,  the result  will  be 0. Dana initially gives an example of x = 2 and y = 3 to 

justify her reasoning, but then her written argument is that for any x which is chosen, 

only y = —X will work, hence arguing that the statement is false. 

Though throughout the interview Dana has become more attentive to the wording 

of the statements, she does not correctly interpret the statement in item 12. Dana 

decides that the statement in item 12 is true. She argues that since it says, "For 

every x, there exists a y" her y is dependent on the x, but then she defines y to be 

dependent on both x and 2 by letting y = z — x. She later claims that it is okay to 

define y in terms of both x and ^ since both of these are modified with the quantifier 

"for all." Therefore, she is giving the statement the meaning, "For all x and for all z, 

there exists a y such that x + y = z.'" 

While working on these items, Dana does not initially unpack item 9 correctly. 

Though not her natural interpretation, as soon as she faces the conflict of comparing 

items 9 and 10, Dana is able to recognize the difference between the two statements 

and assign to each statement its proper mathematical meaning. She then extends this 

new knowledge to item 11 and attempts to use it in item 12 as well. When interpreting 

item 12, however, she only extends this knowledge to the first two quantifiers in the 
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statement. When faced with the concern of the third quantified variable, 2:, Dana 

shps back into her original thought process of allowing the variables quantified by 

"for all" be chosen first and then have the unknowns quantified by "there exists" be 

dependent. 

5.5.6. Ron 

When Ron reads item 8, he claims that the statement is pretty straightforward and 

says that it is true "because the natural numbers aren't bounded." Ron creates a 

concrete proof for item 8 in which he defines K = 2n + 1. When writing his proof, 

Ron becomes concerned that he needs to justify that 2n is a natural number. He tries 

putting his reasoning on paper but does not like the way he is wording it. "There's 

a definite way to say things mathematically and this just doesn't seem to be it." 

Eventually Ron decides that he does not need to justify this within the proof after 

all. He says that he remembers writing proofs for this class in which he made such 

claims without justification. He then wonders, "I guess maybe if it was formal to be 

turned in for research purposes or whatever, you might need to put it, but." When 

Ron finishes his proof, he says that he feels pretty confident about it, but knows that 

it could be written up better. 

Ron appears to have mixed feelings when he first reads the statement in item 

9. Though he claims that the statement is true, he says that he can prove it false. 

It seems that Ron is considering both interpretations of the statement at the same 
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time and does not fully realize that they are distinct interpretations. He argues that 

he can prove the statement false since limx^o^ = oo, and "you can't get a number 

greater than infinity." In this interpretation, Ron sees that there must be one single 

M which will work simultaneously for all possible k values. Ron then questions if 

the statement would be true if it were reworded as ^ < M rather than | < M. He 

decides that M would have to be oo in this case and claims this would be "tricky." 

Building off of this thought, Ron decides that if he simply makes M dependent on 

k, then he could prove the statement is true without having to worry about infinity. 

Ron justifies this new technique using an example from class: 

It's actually like what we do [in class], a lot of times we read things with, 

like the delta, when we do limits, and we set delta dependent on epsilon, 

in terms of epsilon. And if you do that with this, then you will uh. You 

can guarantee that, I think. 

Ron is making a connection to proofs they wrote in class to show limits and conti

nuity of functions. He does not notice, however, that the structure of this statement 

is different from the statements from class. Item 9 is an EA statement while the 

ones from class that he is referring to are AE statements. When Ron is asked why 

he changed his mind and now believes that M can be dependent on k, he argues, "I 

don't think I changed my mind. I think it was just like, that was the first thought 

and then the thought evolved." 
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With a great amount of effort, Ron creates a value for M in which he utihzes 

the ceihng function^ which he learned in one of his previous classes. He defines 

M =\ 1+1. Using this definition of M, Ron creates a proof showing that for any 

k  e  R \ { 0 } ,  i < M .  

Ron reads the statement in item 10 and believes that it says the same thing as 

item 9, which he was reading as an AE statement. He claims that the same proof 

he wrote for item 9 should also work for item 10. Though Ron does believe that the 

two statements are equivalent, he remarks that his knowledge about mathematical 

statement may be insufficient to determine for sure. Ron continues by saying: 

I'm pretty confident. I'm at the point where I would probably, I mean, 

I probably would reference my book or whatever at home. But for the 

most part, if I didn't, especially if I didn't have the book I would say, to 

me these are the same thing. I would feel comfortable turning it in as a 

grade because there's really nothing else I could fret over it. Like I don't 

think there are any like tidbits in this sentence that I could like pick at 

and analyze it and come to a different conclusion, so. 

Ron thinks that if these two statements do mean different things, he would be 

unable to determine so himself by analyzing the structure of the statements. He does 

not believe the different meanings would be something to "figure out" but rather 

^The ceiling function takes a real number and rounds it to the next larger integer, unless the 
number is already an integer; then the ceiling function does not change the number. The ceiling of 
X is generally denoted as fx]. For example, [3.26] = 4 and [7] = 7. 
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would be a mathematical convention which could only be determined by looking it 

up in a reference, such as his textbook for the class. 

Upon reading item 11, Ron is reminded of the axioms given for the real numbers. 

He determines that this statement is one of the axioms. He paraphrases the statement 

in item 11 to say, "For every x, you can have another number so that when you add 

these two numbers, you get zero." For this item, Ron does not only mentally switch 

the order of the quantified statements, but also he switches which quantifier modifies 

which variable. So rather than reading the statement to say 3x Vy, he reads it as 

saying Va; 3y. Ron writes the following as his proof for item 11, "Let a; G M. Then 

a y = —X, X H—X = 0." He is not very confident about his proof though and feels 

that this statement is almost too basic to prove. Ron is concerned that there may be 

a different type of approach commonly used to prove such fundamental statements. 

After reading the final item, Ron decides that the statement in item 12 is true. 

Ron, like many of the other participants, is interpreting the statement as, "For all 

X  a n d  t h e r e  e x i s t s  a  y  s u c h  t h a t  x  +  y  =  z "  a n d  i n  h i s  p r o o f  h e  l e t s  y  =  z  —  x .  

He admits that he may be misreading the statement since "it's saying more than one 

thing at a time," but he says that the way he is reading it, it is true. When asked if 

he could see another way to interpret the statement, Ron responds by saying: 

I don't know if there is [another way]. IT was just kind of confusing for 

me so I don't know if like. Like this is the only way I could come up with 

to interpret it, but that doesn't mean that I'm right. 
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Therefore, Ron's repeated concern of alternate interpretations stems from a curiosity 

of a possible convention that he is unaware of, not from viewing multiple interpreta

tions of the statements himself. 

Ron begins this set of interview questions by reading items 8 and 9 correctly, but 

when he begins trying to disprove item 9, he changes his view on the statement. By 

the end of the interview, Ron decides that the order of the quantified statements does 

not matter. This is seen in his responses to items 9 and 10. He argues this behef by 

saying that he does not see a way to determine from semantics alone if the meanings 

of the two statements in items 9 and 10 are the same or different. 

It is also interesting to note that Ron provided concrete proofs for items 8 through 

10 rather than existential proofs. Even for his proof of item 9, in which he struggles 

for a long time to define a value for M, it does not even appear to cross his mind that 

he could write an existential proof, simply arguing that such an M exists, without 

actually defining one. 

5.5.7. Analysis of the Responses to the Fourth Set of Items 

This set of items challenges these students to interpret mathematical statement con

taining multiple quantifiers. In Table 5.1 I have summarized the students' interpre

tations of the statements for each of the five items in this set. If a student has more 

than one interpretation of a statement, each interpretation is listed in chronological 

order. If the student has switched which quantifier modifies which variable, I added 
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the variables into the table entry in order to distinguish this interpretation from the 

others. For Helen, under item 11, where it reads "none," this means that she is 

ignoring the existence of the quantifiers altogether. I am not claiming that each stu

dent realizes that they are interpreting the statements each of these ways, instead I 

am listing what I see as the students' interpretations. All correct interpretations are 

denoted in bold. 

item Megan Laurie Cathy Helen Dana Ron 

8 AE AA,AE AA,AE AE AE AE 
9 AE,EA AA,EA,AE AE,AA,AE,AA AE AE,EA,AA EA.AE 

10 AE AE AE AE AE AE 
11 AA,EA AE AE,AA none,AE EA,AA,EA AxEj/ 

12 AAE AAE AAE kxky'Ez AAE AAE 

TABLE 5.1. Students' Responses to Items in Set 4 

When glancing at the table, the first thing to notice is that for items 8 and 10, 

the two AE statements, all six participants come up with the correct interpretation 

of the statements. For item 10, this is the only interpretation the students have. For 

item 8, Laurie and Cathy both initially view the statement as an A A statement, but 

soon change their minds to see it correctly as an AE statement. As demonstrated by 

these results, the students in this study are successful at interpreting AE statements. 

The two EA statements, items 9 and 11, receive a much larger variety of inter

pretations. For item 9, though four of the six students at some point during the 

interview read the statement correctly as an EA statement, only Megan concludes 

with this interpretation. Though Dana also has an EA understanding when she be
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gins constructing her argument, the counterexample which she eventually provides 

demonstrates an AA interpretation. For item 11, only Megan and Dana read the 

statement as an EA statement at some point during the interview and both of them 

are successful at providing a generalized argument as to why the statement is false. 

Despite the fact that three of the six participants determine that the order of the 

quantified phrases is important, not a single student in this study correctly interprets 

item 12. These students had not discussed in their transitional course a statement 

with more than two quantifiers though such a statement did show up on test 3. While 

some of the students do focus on the order of the phrases containing x and p, none 

of them are able to incorporate the phrase with the z correctly. It appears that 

statements with more than two quantifiers are much more difficult than statements 

with two or fewer quantifiers. 

I think that it is important to note that when the students read item 9, the first EA 

statement, only Ron initially interprets it correctly, and he later changes his opinion 

about the statement. Therefore, for these students, the mathematical meaning of an 

EA statement does not come naturally to them. Actually, both Laurie and Cathy 

express great frustration when initially trying to interpret the statement in item 9. 

They are confused by the wording and find it troubling that the statement begins 

with "there exists." Laurie explains by saying; 

Cause usually it's "for all this, then there exists." And so that's why it's 

confusing, because you know, you see it a certain way and you almost then 
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don't see it that way and you want to force it to see it the way you've 

seen it all your life. 

Laurie is correct in saying that "usually" one sees statements in the form of AE 

rather than EA. Besides the fact that AE statements occur more often than EA state

ments in everyday conversation (Dubinsky & Yiparaki, 2000), throughout the entire 

semester, the instructor only provided two examples of mathematical EA statements 

to the class. These statements were "30 G Z such that Vn € Z, 0 + n = n" and "3i 

such that Va, ai = a" both of which were mentioned when talking about ordered 

fields. The students had only two homework problems dealing with EA statements, 

both of the problems being given in the last assignment of the semester and were not 

collected or assessed by the instructor. The students in this class were also not often 

exposed to statements using three quantifiers. As a result, these students have less 

experience working with statements of these types. 

The students had not spent much time thinking about EA statements prior to 

the interviews and had not considered the difference between AE and EA statements. 

The partnership of items 9 and 10 causes the students to face the question of whether 

the order of the quantified phrases matters to the meaning of the statements. Three 

of the six students determine that it does; the other three decide that it does not. I 

will now summarize what considerations the students use to make their decisions and 

what reasoning they use in constructing their proofs. 

Dana, Cathy, and Megan are the three students who decide that the order of 
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the quantifiers matters. All three of these students initially read item 9 as an AE 

statement. Both Dana and Cathy change their minds after reading the statement in 

item 10. Dana does not give any specific reason as to why she knows that the two 

statements have different meanings, but she adamantly says that they do. The fact 

that the statements have different meanings makes sense to Dana since she is able to 

conceptualize both interpretations. 

Cathy, on the other hand, determines that the two statements have different 

meanings because she turns the statement in item 10 into a conditional statement. 

She says that she knows that if-then statements can not have their order switched 

and therefore these two statements must mean different things. Furthermore, she 

claims that if one of them is true, then the other must be false. Cathy is using some 

misinformation in her reasoning, but ends up coming upon the correct conclusion. 

Though the item is not really an if-then statement, the fact that the structure of 

mathematical statements is critical to their meaning is more universal than just for 

conditional statements. Cathy clearly does not realize this though because when 

working on item 12 she claims that the order can be rearranged, presumably because 

it is not an if-then statement. 

Megan, after reading items 9 and 10, actually argues that the statements do mean 

the same thing, since if she were to write them as if-then statements, she would write 

them the same way. At this point Megan is unable to conceptualize any meaning for 

these statements other than the AE meaning. When Megan reads the statement in 
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item 11, she is able to conceptualize both possible interpretations of this statement 

which causes her to determine that the order of the statement matters. 

It appears that recognizing that there are two possible interpretations and knowing 

that these interpretations are distinct is a sufficient condition for understanding that 

the order of the quantifiers is important. It is not a sufficient condition, however, 

for writing a correct proof. Both Dana and Cathy give "counterexamples" for their 

responses to item 9, and Cathy to item 11 as well. This may stem from a belief 

that to prove something is true, one needs to write a proof, but to show something 

is false, one simply needs a counterexample. Though this may be true for many 

mathematical statements, it is not true for EA statements. Cathy justifies that she 

can pick a counterexample because she says that when something is modified with 3 

it means you can "pick one." She uses delta-epsilon proofs from class to justify this. 

The other three students, Laurie, Helen, and Ron all determine that the state

ments in items 9 and 10 do mean the same thing. Ron clearly states that he believes 

that this is true because he can not see any other possible interpretation. He justifies 

his decision by saying that he would use the same method of proof for both statements 

and this is the method of proof generally used in class for delta-epsilon proofs. Ron 

does acknowledge though that just because he can not view any other interpretation 

does not mean another interpretation does not exist. 

Both Laurie and Helen also can not conceptualize an interpretation other than the 
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AE interpretation^. They both beheve that the statements must be written differently 

for a reason though and therefore suggest that maybe the proofs need to be different 

for each of the statements. After attempting to prove both statements, Laurie and 

Helen determine that the proofs turn out to be the same. Throughout the rest of the 

interview, Laurie continues to be concerned by the wording in the statements. Helen 

does too, to a certain extent, but rationalizes to herself that the statements must be 

worded differently simply because different people have different writing styles. 

As may be expected, all three of these students have AE interpretations of the 

statement in item 11. Laurie, though uncomfortable with the wording of the state

ment, determines that the statement must be interpreted this way because it seems 

natural for the y to be chosen first since it is modified with a "for all." She also 

comments that this is the only way to prove the statement true. It most likely feels 

natural to her to interpret the statement this way because this is the true version of 

the statement, and students are usually given true mathematical statements. Laurie 

also uses this validity argument to justify why item 12 should be read as an AAE 

statement. 

Helen also interprets items 11 and 12 as AE and AAE statements, respectively. 

Remember, Helen sees the quantifiers as being the hypothesis of the statement, and 

therefore believes they can be rearranged. Consequently, she interprets them as AE 

statements, once again, because this seems more natural to her. 

^Laurie does first have an EA interpretation of item 9, but does not conceptually see this inter
pretation as different from an AE interpretation. 
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Ron is reminded of a different mathematical statement when he reads item 11. 

Though the other statement is different, since Ron has decided that the order does 

not matter, he interprets this statement to be that one and proves that statement 

instead. 

Lastly, I would like to comment on the types of proofs written by these students 

for items 8 through 12. For each statement, regardless if it is an AE or EA statement, 

the student needs to prove (or disprove) that something exists. This can be done one 

of two ways. The student can write a concrete proof, in which they find a specific 

value which works. For example, let K = 2n + 1. The student can also write an 

existential proof, where they claim that such a K exists, but does not actually find 

one. 

What I found is that whenever the students wanted to show that two things are 

equal or are not equal, as in items 11 and 12, the students always use concrete proofs. 

This would be expected since it is much more difficult to write an existential proof for 

this type of statement. For the statements with inequalities, however, some students 

write concrete proofs while other students write existential proofs. Furthermore, the 

types of existential proofs which they write vary amongst the students. 

For items 8 through 10, when the students attempt to prove these statements true, 

most of them write existential proofs. Ron and Dana are the only two exceptions to 

this. Ron does not write any existential proofs at all. For item 8, he simply lets 

K = 2n + 1 to show that the statement is true. For his proof of items 9 and 10, 
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however, he defines M =| [|] | +1. This takes him a long time to construct, and 

throughout that process, he never seems to consider that he could create an existential 

argument. Dana, on the other hand, writes the same concrete proof for item 8, but 

then for items 9 and 10 constructs an existential proof. 

More interesting are the four other students who only write existential proofs for 

these statements. In order to do so, each of these students uses the Archimedean 

Principle, whether or not they are consciously using it. For Laurie's proofs, she uses 

the Principle to argue her proofs directly. In item 8, for example, Laurie claims that a 

K exists such that 2n < K. The other three students do not make this claim directly 

for item 8. Megan and Helen come up with an intermediate variable which is larger 

than n and then defines K to be twice this  new variable.  Cathy claims that  a  K 

exists which is larger than n and then tries to manipulate this. 

Megan, Cathy, and Helen all demonstrate a desire to use the Archimedean Prin

ciple to come up with something different than what they are trying to show. They 

then somehow symbolically manipulate this in order to show their desired result. It 

appears that they believe that it is not appropriate to simply use the Archimedean 

Principle to argue their result directly. They demonstrate the need to manipulate the 

variables so that they personally come up with the desired result in their work rather 

than using the Archimedean Principle at its fullest extent to do the work for them. 
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6. DISCUSSION 

6.1. Main Findings 

The research questions for this study are the following: 1. What are students' un

derstandings of the structure of mathematical statements? 2. What are students' 

understandings of the structure of mathematical proofs? 3. What concerns with the 

nature of proof do students express when writing proofs? In this section, I will discuss 

the results with respect to these three questions. 

6.1.1. Students' Understandings of the Structure of Mathematical State

ments 

The students demonstrated difficulties with the structure of a number of the mathe

matical statements that they explored during these interviews. One of these difficul

ties was reading the word "or" as exclusive, rather than inclusive. In mathematics, 

the word "or" is always meant to be read inclusively, however this is not the case in 

everyday language. 

The students also often used direct translation when converting mathematical 

statements into symbols. This means they would try to directly convert each word or 

phrase into a symbol. Though sometimes this method is useful, it does often fail, as in 

the example when Laurie attempted to define m as an even number. She incorrectly 
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converted her memorized definition of m being odd from "m is an integer divisible 

by 2" into the symbols "m = where the equal sign stood for the word "is," the 

n represented the words "an integer," and the word "divisible" was converted into a 

division symbol. 

Some of the students also had difficulties interpreting conditional statements. At 

times, a couple of the students interpreted the converse of the statement to be equiv

alent to the original statement itself. 

The t3^pes of statements they struggled with the most, however, were quantified 

statements, specifically EA statements. Initially, four of the six students read the 

first EA statement as an AE statement. The two who did not, eventually assigned 

an AE meaning to the statement as well. After considering both items 9 and 10, 

three of the six students decided that the two statements mean the same thing, the 

AE interpretation. These results are similar to the results of Dubinsky and Yiparaki 

(2000) who found that 42% of students in their study (44% of the undergraduate 

students) claimed that two statements were the same when given two mathematical 

statements which were similar to each other in the same way that items 9 and 10 are 

similar. 

In general, the students in this study found EA statements to be much more 

confusing than AE statements. When trying to interpret EA statements, the students 

often complained that the statements were unclear, the students were unsure if they 

were interpreting the statements correctly, and they did not know what they could 
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and could not assume. There were common strategies, however, that these students 

used to try to unpack these statements. 

One strategy that three of the students used was to rewrite the statements as 

conditional statements. Their instructor had used this technique on occasion in class 

when working with AE statements. Cathy used this strategy successfully to conclude 

that the statements in items 9 and 10 are different. Laurie, by realizing she added the 

words "if and "then" at different parts of the statements, felt that the statements 

should have different meanings, but was unable to construct what an alternative 

meaning would be. In the end she concluded the statements mean the same thing. 

Megan did not find this technique to be useful because she rearranged the quantified 

portions of the statement when she rewrote them as conditional statements. There

fore, it appears that this strategy was useful for one of the students who used it, but 

not for the others. 

Helen also appeared to be carrying over her knowledge of conditional statements 

when analyzing the quantified statements. Helen knew that when trying to prove a 

conditional statement, she was allowed to assume the antecedent and use this infor

mation to prove the consequent. When working with quantified statements, Helen 

assumed that all of the quantified phrases at the beginning of the statement were true 

and tried to show the final equality or inequality at the end. It appears that Helen 

did not differentiate between the two types of statements. I see this as her mentally 

placing an "if at the beginning of these statements and a "then" right before the final 
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phrase of the statement. As we saw, this led her to interpreting all of the statements 

as AE statements. 

The other strategy the students used to interpret EA statements was to read them 

as AE statements. Even when the students wanted to say that items 9 and 10 have 

different meanings, if they were unable to mentally construct more than one meaning, 

they found no choice but to assume that the statements mean the same thing, which 

always was the AE interpretation of the statement. The students questioned why 

some of the statements were written with the "there exists" phrase first and claimed 

that they could not see the significance in writing it this way. The students most 

likely interpreted these statements as AE statements since this was what they were 

used to seeing in class, as mentioned in the previous chapter. 

From the data, I conclude that the students who were unable to conceptualize 

more than one meaning of the statements are unable to recognize that the order 

of the quantifiers matters, even in Laurie's case when she initially believed that it 

should. This conclusion seems reasonable since if students can not find a good reason 

for the order of the quantifiers to matter, then they decide that it must not matter. 

6.1.2. Students' Understandings of the Structure of Mathematical Proofs 

Even the students who were able to interpret the EA statements correctly had dif

ficulty proving that these statements are false. All three of these students initially 

wanted to find a counterexample to show that the statements are not true. Megan 
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realized fairly quickly that a counterexample would not suffice for these types of 

statements. Dana also noted a problem with giving a counterexample for item 9, but 

claimed that though she would not be able to create one "because that seems a little 

too abstract for that," maybe someone else could. In the end, she provided what she 

believed was a correct counterexample for this statement. Cathy did not experience 

this internal conflict of not being able to produce a counterexample. Cathy's experi

ence with AE statements caused her to believe that whenever a variable is modified 

by a 3, then that meant she could choose a specific value for that variable. This 

led her into an AA interpretation within her proofs. Therefore, though both Dana 

and Cathy decided on EA interpretations for item 9, their means of justification, by 

giving a counterexample, actually demonstrated an AA interpretation. 

Megan, the student who was most successful with these items, used symbolic logic 

to determine what she needed to do to show that statements 9 and 11 are false. By 

finding the converse of the EA statements, she constructed AE statements, since 

~ 3xyyP(x,y) = \/x3y ^ P{x,y). Knowing how to prove that AE statements are 

true, Megan correctly proved that items 9 and 11 are false. 

Another difficulty these students faced was understanding and writing proofs by 

contradiction. The mathematical statement in items 2 and 3 was the only one which 

encouraged discussion of non-direct proofs such as contradiction and contraposition. 

The students who used contraposition seemed to understand it well, but many demon

strated a lack of understanding proofs by contradiction. Four of the six students at 
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one point considered a proof of the inverse of a statement to be a proof by contra

diction. These students appeared to know that in proofs by contradiction, one must 

assume something that is false and result in contradicting information, but many of 

the students were not selective as to what they could assume false. As already men

tioned, since the students had never thoroughly discussed what it means to write a 

proof by contradiction, they were simply attempting to piece together their apparently 

fragmented knowledge. 

Selden and Selden (2003) found that when students evaluate proofs, they tend to 

focus on minor errors rather than structural ones. The students in this study were 

given proofs which contain only structural errors, and they all noted the structure of 

the proofs, many of them from the start. Though they acknowledged the structure 

of the proofs, three of the students misjudged the second proof in item 3 as having 

a correct structure for a proof by contradiction. The other three students all recog

nized this structure not to be a valid structure for a proof by contradiction. These 

three students all thought symbolically when doing so. Cathy and Dana both wrote 

their thoughts using symbolic logic. They argued that the proof is of the structure 

~ A B. Though neither of them knew if this is an equivalence of A=^ B, they 

were able to claim the validity of the proof hangs on this piece of information. 

Megan, on the other hand, did not specifically use symbolic logic when evaluating 

this proof, but appeared to be thinking along these lines. She divided the statement 

using the terms "antecedent" and "consequent" and argued that the second proof 
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in item 3 is proving "not-the-antecedent implies not-the-consequent." In trying to 

determine if that is an equivalent statement to the original, Megan refered to an 

episode from class in which they discussed four statements: 

I can even picture it in my notes. You have the statement and the contra-

positive; and these two are logically equivalent. And then you have the 

converse and the fourth one, and those two are logically equivalent. And, 

but those two are not logically equivalent to the original statement. 

The discussion in class which Megan remembered was when the instructor wrote 

the following on the board: 

if A, then B 

A=^ B base implication 

B A converse 

B inverse 

^ B => A contrapositive 

He then wrote that A = > B = ' ^ B = > ^ A  a s  well as "There is no logical 

connection between the base and the converse" (fieldnotes, 2/3/03, day 8 of class). 

Therefore, though Megan did not speak or write symbolic logic while considering item 

3, she appeared to be recalling knowledge learned via symbolic logic. 

I would like to point out that the three students who determined that the order 

of the quantifiers is important for items 8 through 12 are the same three students 
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who correctly interpreted the structure of the second proof in item 3. These are 

also the same three students who used symbolic logic during the interviews to reason 

mathematically. (Other than these three students, Laurie was the only other student 

to use symbolic logic during the interview, and she did not use it as a reasoning 

tool. Laurie used symbolic logic for explanatory purposes, in order to justify her 

proof using the contrapositive for item 2.) Of course it is not appropriate to argue 

a cause and effect relationship, but these results do suggest that those students who 

used symbolic logic to reason mathematically did use it successfully. I would also 

like to suggest that symbolic logic provided these students with a frame of mind for 

breaking down the meaning of mathematical statements and terminology with which 

to explain their thinking. 

These students also struggled with writing and understanding induction proofs. 

Only two students produced the correct structure for an induction proof; the other 

four students were unable to properly set up such a proof. The students all had 

varying levels of understanding of induction, but a common theme was that they 

were unable to tie their conceptual understandings to the procedures of the proof. 

Moore (1994) found similar results. Even when his students had both knowledge of 

formal definitions and well-developed concept images, they were unable to synthesize 

the two in order to write formal proofs. The students in my study could provide 

some level of formal structure and generally could describe induction in a conceptual 

nature, but appeared not to be able to connect the two. Rather, they separated 
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their conceptual knowledge from their procedural knowledge. They claimed that 

they could write a correct induction proof if they were able to use their textbook as 

a reference. Though they had been asked to write induction proofs many times in 

the past, the students admitted to following their textbook closely when working on 

such homework problems. 

Another difficulty I found amongst these students was their tendency to think 

linearly when writing proofs. It seemed that the students preferred to come up with 

an algebraic expression from what they were given in the statement, and manipulate 

this expression until it provided them with what they wanted as a result. If their 

manipulations did not give them the result they desired, they often gave up on writing 

the proof. Also, quite similar to this was the students' tendency to manipulate the 

antecedent. For example, for the statement in item 5, "Prove that if X C y then 

X U Z CY U Z," half of the students wanted to assume X C Y and manipulate this 

information in order to show that X U Z C Y U Z. Even though Laurie did not think 

this way originally, when she was faced with this strategy in item 6, she began to 

question if this was the correct method for this proof. Helen felt so strongly about 

this that she argued that the proof in item 7 is not correct for the reason that it does 

not manipulate the antecedent. 

This tendency was not only seen in items 5 through 7. Another example is when 

Cathy attempted to prove item 2. Though she did decide to prove the converse of 

the statement, she began by manipulating the antecedent of the converse. This is 
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fine in and of itself, the difficulty is that she was unable to divorce herself from this 

2 
technique. Cathy saw ^ e Z as an equation, rather than as a statement telling her 

2 2 
that ~ is an integer. She was hoping to get that ^ G Z but rather she had that 

^ G Z and did not know how to symbolically manipulate it to look the way she 

wanted. Though she could make the conclusion she desired from either statement, 

Cathy was unable to notice this because she could not use symbolic manipulation to 

get her expected result. 

Ron and Laurie also used linear thinking when reading the second proof in item 

3. They wondered why the proof chose to say, "Let us consider the case that 

is odd." They each argued that the proof appeared to be "shifting gears" because 

it does not directly manipulate the previous statement. Though Laurie ended up 

determining that this is okay since she saw it as the proof taking two cases, Ron did 

not come to terms with this statement within the context of the proof. 

I also saw the students' desire for symbolic manipulation in their proofs for item 8. 

Megan, Cathy, and Helen all stated the Archimedean Principle in a way that required 

further symbolic manipulation to prove the result when they could have just used the 

Archimedean Principle directly. It appears that students, after doing computational 

mathematics most of their lives, may feel that computation is an important part of 

mathematics, including proof-writing. 
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6.1.3. Students' Concerns with the Nature of Proofs 

Other difficulties the students faced were more social in nature. The students were 

never confident with how they wrote up their proofs. They often commented that 

they felt they had the right idea but did not know if they were communicating it 

properly. 

One concern that the students had was that they did not know what needed to 

be said, or could be said, in their proofs. Though this sentiment was expressed by all 

of the students, I will use Laurie's proof of item 2 as an example. Laurie decided to 

prove item 2 using the contrapositive. She initially misnotated m as | but this does 

not affect the argument I intend to make. She squared this equation and got 

Laurie then wrote that m? G Z "because an integer times an integer is an integer." 

At this point Laurie questioned me, "Do I have to give you a sub-proof or no?" I told 

her that she should decide whether a sub-proof is needed. Laurie ended up writing 

"b/c integer x integer = integer" and considered this sufficient justification. 

Later when she rewrote her proof, she caught her earlier mistake, and denoted m 

as 2n. When she got to the point in her proof where she had w? = 4n^ she again 

decided that she must justify that w? is an integer. This time Laurie wrote, "because 

r,s e 7J then r • s e Z." It seems that Laurie had decided that it is better to use 

variables in her justification, rather than the word "integer." The fact that rn € Z 

led her to An? G Z. Now Laurie wondered if she needed to justify that 4n^ is even 
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or if she could just state it. "So, Aii? also is in integers. . . . Well it's a multiple of 

an even number so it has to be even. . . . Am I allowed to say that without just 

proving it? . . . That's kind of what we're trying to show." After thinking about 

this further, Laurie determined that she did not need to justify this statement. "I 

don't think it's a possible hole because we're concerned about m? and I'm defining 

m? to be Av?. And there's a multiple of an even number in there." Laurie decided 

that since 4n^ is a multiple of an even, it is clear that it must be even, so she did not 

write any further justification. 

Though I am using Laurie as an example, the other students had similar concerns. 

They wondered when they needed to write definitions in their proofs, what they 

could state without justification, and what amount of justification was sufficient. 

The questions and concerns that all of these students were raising are legitimate 

and are very important to acknowledge. Sometimes these students are expected to 

prove or justify statements that seem obvious to them while other times it would be 

acceptable to state things without justification. The students wondered then, where 

can they draw the line? What mathematical statements need justification and which 

ones can they simply claim are true? Which cases are needed and which are not? As 

Segal (2000) points out, by necessity, mathematical proofs must contain gaps. Yet 

how do these students determine which gaps are necessary, allowable, forbidden? Just 

because something may seem obvious to them does not mean that their instructor 

will accept it without proof. As we can see from the case of Laurie, by repeatedly 
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asking me what needs justification, she seemed to feel this is not something that she 

can judge on her own. 

The students often demonstrated uncertainty of what is necessary in proofs when 

considering proofs using cases. For example, when Cathy read the second proof in 

item 3, she determined that it needs to also consider the case where is even. 

Since the proof is arguing a contradiction, it shows can not be odd and therefore 

has to be even, but Cathy, having been told that all cases must be covered in a proof, 

believed that this other case must also be considered. Dana, when reading the proof 

in item 7, initially argued that the proof needs the case where a E X and a G Z. In 

the end, she reasoned that this case does not need to be considered simply because 

" we've never done the' both' case." She determined that since she had never done 

the "both case" before, it must not be necessary, but she did not know why. Using 

similar reasoning, Ron felt the proof in item 6 is valid. He claimed that the proof did 

not need the case where a & Z since that case is obvious. "I believe it is sufficient 

[the way it is]. . . For me, personally, that did not need to be mentioned." 

What Ron brought up here is the idea of personal conviction within a proof. 

Segal (2000) notes that for students, as well as for mathematicians, the criteria used 

to judge the validity of a proof is not always the same as the criteria used to judge 

if it is personally convincing. Hence, someone may be convinced by an argument but 

may not judge the argument as a valid proof. Conversely, someone may judge an 

argument to be a valid proof, yet not find the proof to be very convincing. Cathy 
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expressed these behefs frequently throughout the interviews. When proving item 1, 

she showed that y + y is even, assuming that y is odd. She then claimed, "Okay, well, 

for me it's enough. Because I just found an [specific case] that works. But if there's 

something to be turned in, like to [the professor], that wouldn't work. . . . This is a 

specific case, and he needs it in general." Cathy was claiming that though her proof 

convinced her, she knew it would not be considered a valid proof and so would not 

turn it in to her professor to be graded. 

Cathy reaffirmed this belief when working on items 5 and 6. After constructing 

a proof for item 5, Cathy said, "I believe in my proof, but I don't know if it's. If 

it's right. Or if I could do it that way." After reading the proof in item 6, Cathy 

claimed, "Let me put it this way, I believe it and I like it. But. . . . Would it be, 

do I think other people would think it's valid? No." When I asked Cathy if she was 

saying that she believes that the proof could be valid for some people and not valid 

for other people, she firmly answered, "No. Um, it's either right or wrong. But for 

what I believe, I think it's right. But that doesn't mean that it is right." 

Not all students made a clear distinction between conviction and validity. He

len, for example, talked about proofs needing to be convincing in order to be vaUd. 

Therefore, she believed that a proof could be valid for some people and not for others, 

depending who is convinced by it. After writing a proof for item 1, Helen said: 

It seems like only myself reading it understands what it's about, but 

someone else reading it probably won't understand it, because um. I 
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don't think that it has a sufficient information to hke convince the reader. 

. . . Like I know this can be a proof or can not be a proof because, see it 

depends how the professor can grade this. 

Here, Helen claimed that it depends on who is reading her proof whether or not they 

would consider it to be valid. When trying to determine if the second proof in item 

3 is valid, Helen again discussed conviction. She claimed that one reason the proof is 

not valid is "because to me I don't think that's convincing enough. ... It seems like 

it's not clear to me. ... I don't think it's a valid proof." Helen also claimed, "If it's 

valid, it's not confusing. . . . It's understandable if it's a valid proof." Whether or 

not a proof is confusing or understandable is a personal decision made by the reader. 

Therefore, once again, Helen was referring to personal conviction as being necessary 

for vahdity. 

We see that beginning proof-writing students have different views of the role con

viction plays in mathematical proofs. While some students viewed conviction to be 

sufficient, others realized that just because an argument convinced them does not 

mean that it is a valid proof. Similarly, students often used conviction to determine 

what needs justification within a proof. Ron believed that the case where a e Z is 

obvious for the statement in item 6, and hence determined the case is not needed. 

Conviction, however, is not always a useful tool for these students. Sometimes their 

instructors may expect them to justify steps which they consider to be obvious; some

times steps they may consider obvious may not even be true. 
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In this section I have summarized the main findings of my study with respect to 

my three research questions. In the following section, I will discuss these findings 

with respect to my theoretical framework. 

6.2. Connection to Theoretical Framework 

A transitional course is essentially a student's first exposure to abstract mathematics 

and proofs. Students are exposed to new notation and new structures of mathematical 

statements, and must learn what proof-styles are appropriate, acceptable, and pre

ferred by mathematicians. Through such a class, these students are being introduced 

to the culture and language of the mathematics community. 

In chapter 3,1 proposed extending the Emergent Perspective framework, originally 

set forth by Cobb and Yackel (1996), to include the mathematical community's norms 

and practices in addition to classroom norms and practices and individual students' 

beliefs and conceptions. (See Figure 6.1.) In this section, I will discuss some of the 

results of this study with respect to this framework. Since the first row of the figure, 

which includes social norms and students' beliefs about one's own role, others' roles 

and the general nature of mathematical activity in school, does not directly relate to 

mathematical content, I will not discuss those categories here. 
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Social Perspective 
Mathematics Community 

Social Perspective 
Mathematics Classroom 

Psychological Perspective 

Community social norms Classroom social norms 
Beliefs about own role, others' roles, 

and the general nature of 
mathematical activity in school 

Community sociomathematical norms Sociomathematical norms Mathematical beliefs and values 
Community mathematicaJ practices Classroom mathematical 

practices 
Mathematical conceptions and activity 

FIGURE 6.1. An extension of the interpretive framework proposed by Cobb & Yackel 
(1996). 

6,2.1. Mathematical Practices 

In this subsection, I will discuss some of my results with respect to the third row in 

Figure 6.1, which refers to mathematical practices and activities. 

It appears that many of the difficulties that the students in this study had with the 

structure of mathematical statements could be related to community mathematical 

practices, that is a mathematical activity or convention agreed upon by the mathe

matics community. For example, one of the greatest difficulties that these students 

demonstrated was understanding the structure of EA statements, yet these same stu

dents did not exhibit a difficulty with AE statements. When considering this further, 

one realizes that the specific interpretations of quantified statements in mathemat

ics differs from the practices of the natural language. In the natural language, EA 

statements are not commonly used. When these statements are used, they are often 

interpreted as ambiguous or as AE statements. It has been suggested that the reason 

for this is due to the fact that EA statements tend to be false statements (Dubinsky 

& Yiparaki, 2000). Despite the ambiguity of these statements in the natural Ian-
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guage, they are not ambiguous in the mathematical language. Students, however, 

without the knowledge of the interpretations specific to the mathematical language, 

often continue to interpret EA statements as either ambiguous or as AE statements. 

When students find these statements to be ambiguous, they are inclined to rewrite the 

statement in a way that is clearer to them, in turn, often changing the mathematical 

meaning of the statement. Because the specific interpretations of quantified state

ments are unique to the language of mathematics, I would consider the mathematical 

interpretation of these statements to be a community mathematical practice. 

Many of the students in this study were unaware of this community mathemat

ical practice and therefore found EA statements to be unclear. As a result, many 

of the students attempted to use classroom mathematical practices as a means for 

interpreting the statements.^ The instructor, on occasion during class, had rewritten 

mathematical statements not originally given as conditional statements into the form 

of conditional statements. Because no one from the class ever asked for justification 

in doing so, I would argue that this became a classroom mathematical practice. Fur

thermore, there is evidence in my data that students in this study had adopted such 

a practice into their own mathematical conceptions and activities. While rewriting 

mathematical statements as if-then statements became internalized as a mathematical 

activity for many students, the students did not always use this strategy successfully, 

^It is important to note that because this transitional course was generally taught in lecture 
format, classroom sociomathematical norms and classroom mathematical practices, while to a certain 
extent were negotiated by the class, were greatly influenced by the instructor. 
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causing many of them to arrive at incorrect conclusions. 

Another classroom mathematical practice that some of the students used, though 

incorrectly, for writing proofs of EA statements was that they claimed "there exists" 

means "you can pick one." Nearly all of the quantified statements that these students 

saw in class were of the AE form. Therefore, it became a classroom mathematical 

activity to leave the variable modified by the quantifier "for all" as arbitrary and to 

choose the variable modified by the quantifier "there exists" to be dependent on the 

"for all" variable. In other words, for a statement like "For all x there exists a y such 

that ..." the class agreed that one needs to leave x arbitrary but can choose y de

pendent on X. (I would also consider this to be a community mathematical practice.) 

While the students in this study had adopted this practice as an individual mathemat

ical activity as well, many did not distinguish that this is only an acceptable practice 

for AE statements and not for EA statements. Therefore, these students attempted 

to generalize this classroom mathematical practice to mathematical statements with 

which this activity is not valid. 

Another community mathematical practice, which was mentioned in chapter 3, is 

that conditional statements also follow different structural meanings in mathematics 

than they do in the natural language. This community mathematical practice may 

play a role in the students' struggles with proofs of such statements. As in the natural 

language statement, "If I have the money, then I will go to the movies tonight" it 

has been argued that the statement is intended to be interpreted as an if-and-only-if 
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statement, making the statement itself, the converse, the inverse, and the contraposi-

tive all equivalent statements. Therefore, proving one of these four statements would 

suffice as a proof of the original statement. As we know, however, using the rules 

of the mathematical language, only the contrapositive of the statement is necessarily 

equivalent to the original statement. Therefore, proofs of the inverse or the converse 

of a statement do not justify the original statement. Without prior knowledge of 

this community mathematical practice, however, a student may not recognize this 

variation from the natural language. 

I found in my data that three of the six students in my study believed that a proof 

of the inverse of a statement is a valid form of a contradiction proof. This may stem 

from the fact that conditional statements are interpreted differently in mathematics 

than they are in the natural language. This error, however, may also stem from an 

incorrectly adopted mathematical practice. It seemed from the data that many of 

these students were unclear as to the mathematical method of contradiction and, 

therefore, had developed as their individual mathematical activity, the practice of 

simply assuming something in the statement to be false. 

When constructing their proofs, the students in my study often worried about 

what could be said in a proof without justification. This concern definitely fits into 

the social aspect of writing proofs, yet initially I struggled with how it should be 

classified. Originally, I wanted to classify this as a sociomathematical norm since 

sociomathematical norms are normative understandings of what are considered ac
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ceptable, different, sophisticated, efficient, elegant, and acceptable mathematical ex

planations. As such, i felt that how much is justified in a proof would determine if it 

is an acceptable mathematical explanation. Upon further consideration, however, i 

determined that the students' concerns were really stemming from what can be said 

without warrant and what needs further justification. Therefore, this concern better 

fits in the category of mathematical practices. 

I then wanted to classify this as a community mathematical practice, until I con

sidered the fact that often mathematicians must consider their audience when writing 

or presenting a proof. For example, if a mathematician were to present a proof in 

algebraic number theory to a room of algebraic number theorists, i believe that much 

less detail would be given than if the same mathematician were presenting the proof 

to a room of mathematicians with varied specialties, which in turn would look differ

ent than if the mathematician were presenting the proof to a class of undergraduate 

students. Therefore, though there are many basic mathematical truths, such as the 

properties of the real numbers, which mathematicians agree do not need to be men

tioned in proofs, much of the time the amount of justification is dependent on the 

audience. Hence, i have decided that these concerns the students had with respect 

to what needs to be justified within a proof should be classified as classroom mathe

matical practices. 

For the students in this study, however, because of the rapid pace of the course 

and the lecture format generally used during class time, such classroom mathematical 
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practices were not always able to become established. Therefore, many of these 

students were left wondering which statements need warrants and which do not. 

They then had to base their decisions on their own personal beliefs and on what they 

remembered seeing in class. 

6.2.2. Sociomathematical Norms 

Thus far I have discussed my data with respect to the final row in Figure 6.1. I 

will now address my data with respect to sociomathematical norms and students' 

mathematical beliefs and values, the second row in Figure 6.1. 

While I have argued that it is a mathematical practice to determine which math

ematical statements within a proof need justification, whether or not a mathematical 

argument is considered to be an acceptable argument is a sociomathematical norm. 

Therefore, whether an argument is considered to be a valid proof is a community 

sociomathematical norm. Though I have pointed out that different sub-communities 

of the mathematics community (such as constructivists) may have different opinions, 

in general, a group of present-day mathematicians generally agree on the validity 

of a proof. The individual, psychological perspective of validity is that of personal 

conviction. Therefore, since proofs by induction, for example, are considered accept

able proofs by the mathematics community, induction proofs are valid proofs, even 

if students such as Ron are not personally convinced by this method of proof. In

versely, just because a student is convinced by an argument, it does not mean that 
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this argument would be accepted as a valid proof by the mathematics community. 

A classroom sociomathematical norm which developed in this transitional class 

regarding induction proofs is that as long as the structure of the induction proof was 

correct, the algebra did not need to be. This classroom sociomathematical norm was 

developed with time as the instructor made announcements in class and awarded 

full credit, on both homework and tests, to induction proofs which had a correct 

structure even when the algebra in the inductive step was not complete. While a 

research mathematician generally would not consider an incomplete induction proof as 

vahd, these students and the instructor accepted such proofs due to classroom social 

norms. In mathematics classrooms, students are rarely asked to prove statements 

which are not true, and therefore viewed the algebra in induction to be a minor detail. 

Furthermore, since the instructor was testing the students' knowledge of induction, 

and not of algebra, the algebra errors were overlooked. 

Another community sociomathematical norm mentioned in chapter 3 is that con

tradiction proofs are generally not considered to be elegant proofs by the mathematics 

community. The instructor of this course attempted to turn this into a classroom so

ciomathematical norm as well, encouraging students to only use contradiction proofs 

as a last resort (field notes from class, 2/3/03, day 8 of class). While the data i 

collected are not sufficient to determine whether or not this did become a classroom 

sociomathematical norm, during one of my office hours Cathy did approach me with 

this mathematical belief, as a result of the instructor's comment in class. 
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More importantly, the idea that some proofs are more elegant than others is a 

mathematical belief that some of these students addressed during the interviews. For 

example, Ron had decided that his proof to item 5 and both proofs in items 6 and 

7 were all valid proofs of the same statement, yet he ranked the proofs in the order 

for which he found them to be most elegant. Students also commented when their 

proofs were really short. They seemed to believe that proofs which are "too short" 

are not as good as slightly longer proofs. 

6.2.3. Further Thoughts on the Framework 

In this section I have discussed some of my findings with respect to the framework 

presented in Figure 6.1. As opposed to the second grade classroom that Cobb and 

Yackel (1996) had analyzed, considering the mathematical community's norms and 

practices is important when examining classes in advanced mathematics. For the 

most part, an instructor's goal for such a class is to base the classroom sociomathe

matical norms and classroom mathematical practices around the sociomathematical 

norms and practices of the mathematics community. As I have seen through my 

data, however, when these sociomathematical norms and practices are more imposed 

by the instructor rather than negotiated by the class itself, students often develop in

correct mathematical beliefs and conceptions surrounding these norms and practices, 

resulting in incorrect mathematical activities. 

I have also determined that there are certain things, such as the amount of justifi
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cation needed within a proof, which must remain at the level of classroom mathemati

cal practices. The amount of justification needed depends on the level of mathematical 

understanding of the student and the audience for which their proofs are intended. 

By being coded as a classroom mathematical practice, this means it is critical for 

such practices to develop in each classroom setting. As in the class discussed in this 

study, since such classroom mathematical practices did not become well-developed, 

students often demonstrated concerns as to what needs to be justified. 

Finally, it is important for students to make a distinction between their mathemat

ical beliefs of what arguments are personally convincing (a mathematical belief and 

value) and what has been determined, through community sociomathematical norms, 

as valid forms of proof. While both Ron and Cathy have made this distinction and 

discuss the difference between what convinces them and what arguments are valid, 

Helen has not yet made this distinction. I am not arguing that students must force 

these two ideas to coincide. Segal (2000) and others have found that many students 

find empirical arguments more convincing than deductive ones, yet are still able to 

distinguish between which are valid forms of proof and which are not. Rather, I argue 

that students need to recognize such differences and need to be able to distinguish 

between them when reading and writing proofs. 
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6.3. Implications for Teaching 

The results of this study suggest a number of possible implications for teaching. In 

the previous section, I discussed the role of community sociomathematical norms and 

mathematical practices in mathematics with respect to some of the difficulties be

ginning proof-writing students have when reading and writing proofs. Because most 

mathematicians teaching college level mathematics have spoken the mathematical 

language and have been acculturated into the mathematics community for a long 

time, they may forget that mathematicians have their own culture and language with 

which students are unfamiliar. I believe that it is important for mathematicians 

teaching beginning proof-writing students to be aware of these linguistic differences 

of mathematics from the natural language and to think about the norms of the math

ematics community. In doing so, the instructor will be better able to understand the 

students' struggles and attempts and can help students understand these phenomena. 

One suggestion I would like to make is to have the class as a whole evaluate proofs. 

Students rarely have the opportunity to evaluate proofs in their classes. They watch 

proofs presented by their instructors and read them from their textbooks, but the 

students generally do not read these proofs in a critical manner because they are 

assuming the proofs to be correct. The students simply try to justify to themselves 

why these proofs are correct. When students evaluate proofs, they think critically 

about the mathematics. Having students evaluate proofs may be an effective method 
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for helping students who use one of Harel and Sowder's (1998) External Conviction 

proof schemes (Ritual, Authoritarian, or Symbolic), as described in Chapter 2, to 

move on to more efficient methods of writing and evaluating proofs. Furthermore, 

students in this study also expressed to me that they found evaluating proofs to be 

fun. 

Besides encouraging students to think critically, the act of evaluating proofs is 

something that research mathematicians do as part of their profession. It has been 

argued that one of the purposes of a transitional course is to help students learn 

what it is like to be a mathematician. As such, this provides the students with 

an opportunity to experience this part of the profession. Moreover, a large popula

tion of students in these types of courses are those preparing to become high school 

mathematics teachers. As high school teachers, they will need to evaluate and grade 

their own students' mathematical arguments and proofs. Because many programs 

for preservice high school teachers do not include many proof-based courses beyond 

a transitional course, evaluating proofs in a transitional course would provide these 

students with a useful experience to prepare them for their future careers as educators. 

Furthermore, as I found from the results of my study, when the students evaluated 

proofs, they often questioned if certain statements could be said without justification. 

A whole class discussion on evaluating proofs appears to be a natural time to discuss 

the social nature of proofs with students. These discussions would provide the setting 

for classroom mathematical practices to be negotiated and for the instructor to inform 
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students of such practices agreed upon by the mathematics community as a whole. 

With respect to AE and EA statements, my work, as well as the literature, demon

strate that students greatly struggle with understanding these statements and often 

interpret EA statements as AE statements. Though none of the students were able 

to interpret item 9 correctly from the start, when faced with items 9 and 10 together, 

three of the students were able to construct the correct meaning of these statements 

and carry over what they learned to apply it to item 11. The other three students, 

though they did not come upon the correct interpretations, also experienced some 

form of internal conflict when attempting to differentiate between the statements in 

items 9 and 10. I suggest that such an exercise would be a useful tool for initiating 

discussion on the difference of two such statements. 

There are many different ways in which this can be done. One may give the 

students the two statements at the same time and ask them to determine if there is 

a difference between the two statements. Alternatively, one could give the students 

the EA version of the statement first and have them determine its meaning, maybe 

even have them attempt to prove the statement, before giving the students the AE 

version. Regardless what method is used, I strongly believe that a class discussion 

or small group discussion is necessary. The students who are unable to conceptualize 

the different meanings for the two statements on their own will likely determine the 

statements mean the same thing. When conversing with other students in their class, 

however, they will hear both interpretations and hopefully then see the need for the 



222 

different interpretations within the mathematical language. 

Furthermore, I suggest using statements which are less mathematically complex 

than the statements in items 9 and 10. Initially Laurie interpreted the statements 

with k being in the natural numbers rather than in the real numbers, which altered 

the truth value of one of the statements. The students in the study by Dubinsky 

and Yiparaki (2000) had the same difficulty with the mathematical statements they 

considered as well. If the intent is to have the students focus on the structure of the 

statements, we do not want them getting caught up with the mathematical details. 

Similarly, Megan found the statement in item 11 to be easier to analyze than the 

statement in item 9. Maybe statements such as the one in item 11, "Let x and y be real 

numbers. There exists an x such that for every y, x y = 0." and its corresponding 

AE statement are easier to analyze. If the student is thinking of integer numbers 

rather than real numbers, it does not alter the validity of the statement in item 11. 

Furthermore, the concept of infinity can be difficult, even for college students, and 

such a statement does not directly address ideas with infinity. 

Finally, I would like to suggest that symbolic logic appears to be a useful tool for 

beginning proof-writing students. The students who used symbolic logic were able 

to do so successfully. It provided them with a means for analyzing the structure 

of both the mathematical statements and the proofs. It also equipped them with a 

vocabulary for discussing their thoughts and interpretations. Moreover, the students 

who used symbolic logic to analyze some of the statements and proofs appeared to 
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be more aware of structure within the language of mathematics, even when they 

were not specifically using symbolic logic. Since the language of mathematics does 

follow different structural rules than the natural language, I believe that symbolic 

logic provides these students with a concrete method for analyzing the meaning of 

mathematical statements. 

6.4. Personal Reflections 

The purpose of this study was to investigate beginning proof-writing students' un

derstanding of the structure of mathematical statements and proofs and to explore 

what concerns these students have when constructing proofs. While I believe that 

the results of this study advance our knowledge in this area, there are also a number 

of things which I learned from conducting this study which do not directly relate to 

the research questions. 

To begin with, I learned how much we, as instructors, do not know about students' 

knowledge by simply looking at the final written product. For items 8 through 12, 

all of the students experienced multiple interpretations for most of the statements. 

By only considering the students' final draft of their proof or counterargument, we 

are unable to learn exactly what the students found to be difficult. We also do not 

find out what techniques the students have tried, what they find successful, and what 

misleads them. 
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Furthermore, their written work may mislead us to the real depth of their knowl

edge. For example, Dana decided that the proof in item 7 is a valid proof, yet she 

did so for the wrong reason. Dana believed that the proof truly is missing one of the 

possible cases, but decided that it must be okay to leave this case out of the proof. 

By receiving written work from Dana saying that she believes that the proof is valid, 

as instructors, we may be lead to assume that her reasoning is correct and give her 

full credit for this item, never realizing that in reality she had a misconception that 

the word "or" is exclusive in the mathematical language. 

Similarly, Ron decided that the proof in item 6 is valid, which it is not. Without 

knowing much more than this, I would assume that Ron was making the common error 

when evaluating this proof and had determined that manipulating the antecedent is 

a valid proof method for this statement. Ron, however, was not making this mistake. 

He did recognize the dual nature of this proof, but simply believed that one of the 

two cases is so obvious that it does not need to be stated. Therefore, rather than 

having a conceptual and structural difficulty with this proof, Ron's error was more 

social in nature, and depending on his audience, may not be considered an error at 

all. 

Another insight one does not gain simply from the students' written work is how 

confident they are on their work. While some students in this study wrote proofs and 

felt quite confident with their proofs, whether or not they were correct, other students 

came up with arguments and were convinced their work was not a valid proof. Hoyles 
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(2004) found in a longitudinal study that some students in her study appeared to be 

losing what she classified as conceptual knowledge, from one year to the next. After 

further investigation, Hoyles concluded that though these students initially came up 

with elegant solutions for the item, they were not confident with their work, had not 

internalized it, and therefore were unable to produce such a solution the following 

year. Hoyles' work demonstrates that students' confidence with their work and the 

depth of their understanding is important to know in addition to whether or not they 

get the correct solution or write a valid proof. 

There are also a few difficulties that the students had with the items which did 

not relate directly to the research questions, but which I would like to mention briefly. 

To begin with, some of the students had difficulties with algebra. For example, Helen 

stated that if A: is a positive real number, then ^ < k. Megan made a similar claim 

when working on item 8. This may be a result from students' frequent use of the 

set of integers, in which this would hold as a true statement. Cathy wondered if the 

algebraic statement + Ak + 1 = 2(2/c^ + 2k) + 1 in the proofs in item 3 is vafid 

algebraically since the right-hand side of the equation has the 2 factored out of only 

two of the terms. Though Cathy multiplied through on the right-hand side and got 

the left-hand side of the equation as her answer, she was still not confident with this 

algebraic move; 

I've never seen that. ... I don't remember being able to do something 

like that. Taking this whole thing with three terms and just factoring out 
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out of two of the terras. . . . But then again, it's vahd, cause if you 

actually distribute it then you get this. So that's kind of what I'm trying 

to deal with. I'm trying to figure out if that's valid. 

Besides having difficulties with algebra, I was surprised that the students also 

struggled with the definition of odd and even numbers. Though most of the students 

were not familiar with the mathematical definition of an odd number, I was impressed 

by the connection that Megan and Laurie made to modular arithmetic. Laurie defined 

an odd number to be equivalent to 1 modular 2 and wrote her proof using these terms. 

Megan, on the other hand, used modular arithmetic to determine that an odd number 

could be represented as an even number plus 1, since an even number is 0 modular 2 

while an odd number is 1 modular 2. 

Ron was the only student who had remembered seeing the formal definition of an 

odd number in a prior class. Though Ron knew the formal definitions of odd and even 

numbers, he initially was thinking that one could classify decimal numbers as odd and 

even as well, by considering the last digit in the decimal expansion. For example, he 

considered 5.306 as even, because the decimal ends with an even number. Using the 

formal definitions, however, Ron was able to reason that this is not the case. From 

the above example, Ron considered the parity of 2n+ 1 with 5.306 being his 2n. This 

gave him 6.036 which would still be even by his interpretation. Knowing that 2n + 1 

should be odd, Ron decided that decimal numbers could not be classified as odd or 

even. 
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Lastly, I was also interested in the students' use of algebraic notation, specifically 

their use of generalized notation in item 1. Dana and Helen did not appear to think 

about needing to consider two different odd numbers in their proof. Cathy and Laurie 

both began with considering the same odd number added to itself, but throughout 

their proofs realized that they needed to use more generalized notation. Megan used 

generalized notation from the start,  but made a comment when doing so. "Um, x 

equals 1+. I'm going to confuse myself if I don't use different things. 1 + z, with 2; 

an even number. And y equals 1 + w, with w an even number." After Megan finished 

her proof, the following conversation took place: 

Interviewer: Okay. So now, um, back here, when you were starting you 

wrote "a; = 1 + with 2: an even number" and you said something like "I 

better use a different letter or I'll get confused" or something. What did 

you mean by that? 

Megan: Oh, just a variable. Instead of saying. Like in my definition I 

said "y is an odd number if 1 + x equals y." If I use all x's and y's then 

I'm going to confuse myself. 

Interviewer: Okay. 

Megan: (laughs) Because, I don't want to say x = 1 + x, with x an even 

number because that's not the same. It can't be the same number. 

Interviewer: Okay. So is it that you're. You'd confuse yourself or is it 
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that you CAN'T do it that way? 

Megan: Umm. (pause) 

Interviewer: Like you're saying that. 

Megan: If I said that x equals 1 + x, that's not true. 

Interviewer: Okay. 

Megan: But I think in my mind I would be thinking x and. That x 

and that x would be different, but they're not unless I use something like 

subscripts or something. So I just, instead of using subscripts or whatever, 

just to pick a completely different variable. 

Megan seemed to realize that possibly different quantities need to be represented 

by different variables, even though she felt comfortable calling them by the same 

variable, believing that she could keep track of which is which in her own work. 

Conversely, previous research (Booth, 1988, Selden & Selden, 1987) has shown that 

both high school and college students have beliefs that if two values are represented 

by different variables then they must be representing different values. I would be 

interested in investigating further how students in a transitional class view variables 

as unknowns within proof-writing. 
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6.5. Limitations of the Study 

As with any study, this study contains possible limitations. For example, the findings 

of this study may be greatly influenced by the transitional course in which these 

students were enrolled. The textbook used, the teaching style of the instructor, the 

topics covered in the course, the classroom norms, and the participants themselves all 

may impact the way these students thought about the mathematics and approached 

proof-writing. 

Furthermore, the findings of this study may be limited by the interview items 

given. Had I chosen to give the students different interview items or give these same 

interview items in a different order, different results may have been found. 

The fact that I, the researcher, had built a rapport with the students prior to the 

interviews could have both positive and negative effects on the students' behaviors 

during the interviews. On the one hand, the students knew me and, by the fact that 

they volunteered to be part of the study, one could suggest that they probably felt 

comfortable with me. On the other hand, because I had been on the teaching team 

for the class, they may have wanted to please me during the interviews. As such, the 

students may have responded differently than they would have with an interviewer 

they did not know and who had not discussed the material of the class with them 

prior to the interviews. 

Similarly, because I had interacted with these students frequently throughout the 
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semester, the students may have learned to read my mannerisms. As a result, they 

may have tried to determine when they were saying something correctly or incorrectly 

by my reactions to their responses. Though I do not have any specific reasons to 

believe that this is true, I do know that at one point during the interviews, Helen 

attempted to "trick" me into revealing information to her. When first reading the 

statement in item 8, Helen asked me if it is simply a statement or if it is a theorem. 

When I asked her what she believes is the difference between a statement and a 

theorem, Helen admitted: 

Actually, I think I was trying to get the answer off of you. I. Cause of a 

theorem, I think it has to be true, that's why I asked you this question. . 

. . If it's a theorem then you know it has to be true so all you have to do 

is prove it if it's true. If it's a statement like this, I have to decide (begins 

laughing) on my own. So that's why I want to know. That's kind of not 

a good question. 

In this excerpt, Helen confesses that the intent of her question was to try to get me 

to reveal whether or not the statement was true. Therefore, she would just need to 

come up with a proof or counter-argument, without having to decide for herself the 

validity of the statement. 

These students may have also attempted to use social norms of schooling to reason 

some of their solutions. For example, after each item I would ask the students how 
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confident they were on their responses. When Megan determined that both proofs 

in item 3 were not valid proofs, she responded to this question by saying that she 

was confident with her decisions, "although it's always scary when you get the same 

answer for all questions on a paper." Megan's comment demonstrates that students 

are quite aware of the social norms within our educational system and use their 

knowledge of these norms throughout their careers as students as well as when they 

participate in educational research. 

6.6. Future Research Questions 

As is the case with many research studies, more questions are raised than answered. 

For example, I have suggested that instructors of transitional courses should have 

discussions with their classes about the social nature of mathematics, however, fur

ther research should be conducted as to whether such discussions positively affect 

students' achievement in constructing proofs or students' understanding of the field 

of mathematics as a whole. Similarly, do extensive discussions with regards to the 

structure of mathematical statements and proofs affect students' actions with respect 

to their proof construction and evaluation processes? If so, does this continue to af

fect their actions in future mathematics classes? I have also suggested that symbolic 

logic is a useful tool for beginning proof-writing students. One may also ask, does 

symbolic logic continue to be a useful for constructing and evaluating proofs in future 



232 

mathematics classes? Are students who are fluent in symbolic logic more efficient at 

providing examples of valid and invalid proofs? 

It would also be interesting to extend these questions beyond students' experiences 

in mathematics classes to examine if these students internalize the logic and argumen

tation skills they learn from mathematics. For example, do students' proof-writing 

experiences in their mathematics classes affect their everyday reasoning, composition, 

and reading comprehension skills? 

In my work I have closely linked students' understanding of advanced mathematics 

and proofs to the topic of language, yet I have argued that the mathematical language 

and the natural language differ greatly with respect to rules and structure. As a result, 

I have begun wondering, how do students' understanding of the English language 

affect their learning of the mathematical language? Do students who are strong 

writers have an easier time with learning how to write mathematical proofs? Is 

there a positive correlation between students' grades in their transitional course and 

students' grades in their college English composition courses? 

Though this study mainly focusses on the structure of mathematical statements 

and proofs, many other themes arose from my data that may be interesting to inves

tigate in further studies. For example, as mentioned in my personal reflections, one 

may investigate beginning proof-writing students' understanding of algebra, such as 

multiplicative inverses or factoring, and of basic number theory, such as the parity 

of numbers. The students also struggled with mathematical notation, especially with 
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keeping notation arbitrary. Undergraduate mathematics students' understanding of 

algebra, number theory, and mathematical notation, and how each of these affect 

their proof-writing skills, would all be interesting topics of future research projects. 
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A. DEFINITIONS 

The following is a list of standard definitions for mathematical terms used throughout 
this paper. Many of the definitions here have been refined using "A Handbook of 
Mathematical Discourse" written by Charles Wells (2003). 

Statement: A statement is a sentence that can be classified as either true or false. 

Symbolic logic (or mathematical logic): Symbolic logic is mathematical structures 
that model statements spoken or written in the mathematical language. The most 
common form of symbolic logic is called first order logic, in which statements are 
represented as strings of symbols. 

Ex: The statement "For every natural number n, there exists a natural number 
K such that 2n < if" would be represented as "Vn G N, 3K E N(2n. < K)". 

Ex: The statement "If m? is odd, then m is odd" can be represented as P Q, 
where P represents the statement is odd" and Q represents the statement "m is 
odd". 

Conditional statement: A conditional statement is an if-then statement. Any state
ment that can be written as P => Q, where P and Q are statements, is a conditional 
statement. 

Antecedent: The antecedent is the hypothesis of a conditional statement. P is the 
antecedent of P  ̂  Q. 

Consequent: The consequent is the conclusion of a conditional statement. Q is the 
consequent of P Q. 

Converse: The converse of a conditional statement P Q is Q P. 

Contrapositive: The contrapositive of a conditional statement P => Q is (not Q) =4> 
(not P). 

Inverse: The inverse of a conditional statement P Q is (not P) (not Q). 
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Negation: The negation of a statement is one that denies it. This generally has the 
affect of placing the phrase "It is not the case that" in front of the original statement. 
One way to notate the negation of an assertion P is ~ P. 

Ex: The negation of P =4> Q is PA Q. So the negation of "If m? is odd, then 
m is odd" is is odd and m is not odd" or is odd and m is even." 

Ex: The negation of (3a:)(Vy)P(a:,y) is ( y x ) { 3 y )  ~ P{ x , y ) .  So the negation of 
"There  e x i s t s  a n  x  s u c h  t h a t  f o r  e v e r y  y ,  x  +  y  =  0 "  i s  " F o r  e v e r y  x  t h e r e  e x i s t s  a  y  

such that X + y ^ 0." 

Proof by contradiction: In order to write a proof by contradiction for a statement P, 
assume ~ P and deduce another statement which is false. Conclude that, therefore, 
P must be true. In the form of a conditional statement P Q one would assume 
Pa ~ Q and then conclude a false statement. Often, this false statement is either 

P ox Q. 

Existential proof: An existential proof is a proof in which one shows that something 
exists, but does not actually give an example of such a thing. 

AE statement: An AE statement is a statement beginning with two quantifiers, V and 
3 respectively. 

Ex: For all postitive real numbers k, there is a natural number M such that 
\ < M .  

EA statement: An EA statement is a statement beginning with two quantifiers, 3 and 
V respectively. 

Ex: There is a natural number M such that for all positive real numbers k,  ̂  < M. 

AA statement: An A A statement is a statement beginning with two quantifiers, both 
being V. 

Ex: For all natural numbers M and all positive real numbers k. ^ < M. 
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C. QUESTIONS USED TO GUIDE INTERVIEW 1 

1. What is your major? Why did you choose this major? Do you have a minor? 

2. Has this been your major since the beginning of your college career? 

3. What year are you in school? When do you plan to graduate? 

4. What do you plan to do after you graduate? 

5. What do your family members do for a living? 

6. Are any external forces (such as parents, spouse, friends) affecting your decision 
about your major or the university you have chosen to attend? What about 
your post-graduation plans? 

7. Where did you grow up? 

8. When did you first become interested in mathematics? How did this come 
about? 

9. Tell me a little about your mathematics experience in elementary school, middle 
school, and high school. 

10. Tell me about a good mathematics experience that you've had and why it sticks 
out in your memory. 

11. Is there another one you would like to share? 

12. Tell me about a not-so-good mathematics experience you had and why it sticks 
out in your memory. 

13. Is there another one you would like to share? 

14. What math classes (and other math-related classes) have you taken so far at 
the university level? Tell me a little about them. (Which was favorite? Least 
favorite?) (logic or discrete math?) 

15. Have you ever seen or been asked to construct proofs before this class? 

16. How do you feel about this class so far this semester? Has it changed since the 
beginning of the semester? 

17. What expectations did you have coming into the course? 



239 

18. Is the course easier or more difficult than you expected? How? 

19. How many hours a week do you spend on this class outside of class time? 

20. How does this class compare to your other math classes? (difficulty level and 
content) 

21. What do you feel is the purpose of this class? 

22. What do you feel the professor wants you to get out of it? 

23. What do you find most difficult about the class? 

24. Is there anything that you find easy about this class? If so, what? 

25. What do you feel is the purpose of proofs? 

26. Do you think of mathematics as being created or discovered? 

27. How do you think a mathematician would answer that question? 

28. Define what a mathematician is, in your opinion. 

29. Is there such a thing as a typical mathematician? If so, describe one. 

30. Do you consider yourself to be a mathematician-in-training? 

31. Are there any other thoughts you would like to share with me? 
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D. ITEMS FOR INTERVIEWS 2 AND 3 

1. Prove that an odd number added to an odd number always results in an even 
number. 

2. Let m be an integer. Prove that if m? is odd, then m is odd. 

3. Suppose m G Z. 

Claim: If m? is odd, then m is odd. 

Determine if the following are valid proofs for the claim above. Justify your 
reasoning. 

"Proof 1": Assume m is odd. Then m = 2A: + 1 for some integer k. Therefore, 
m? = {2k + 1)^ = 4fc^ + 4/i; + 1 = 2(2/c^ + 2k) + 1, which is odd. Therefore, m? 
is odd, so m is odd. 

"Proof 2": Assume that is not odd. Then vn? is even and w? = 2k for 
some integer k. Thus 2k is a perfect square; that is, is an integer. Let 
us consider the case that is odd. Then \/^ = 2n + 1 for some integer n, 
which means = 2k = (2n + 1)^ = 4n^ + 4n + 1 = 2(2n^ + 2n) + 1. Thus m? 
is odd, contrary to our assumption. Therefore, = rn must be even. Thus 
if is not odd, then m is not odd. Hence if is odd, then m is odd. 

4. Prove that for all natural numbers n, 1 + 4 + 7 + ... + (3n — 2) = |n(3n — 1). 

5. Let X, Y, Z be sets. Prove that if X C y then X U Z CY U Z. 

6. Claim: Let X, Y ,  Z  be sets. If X C F then X U Z  C Y u Z .  

Determine if the following is a valid proof for the claim above. Justify your 
reasoning. 

"Proof"; Let a  be an element of X .  Then a is in F since X  C Y .  Now, since 
a is in X, a is in X U Z, but a is also in y, so a is in F U Z. So X U 2" C F U Z. 

7. Claim: Let X, F, Z  be sets. If X C F then X  U  Z  C Y  \ J  Z .  

Determine if the following is a valid proof for the claim above. Justify your 
reasoning. 

"Proof": Let a be an element of X U Z. Then a is either in X or a is in Z. 
Casel: If a is in X then a must also be in F since X C F. Since Y C Y U Z 
then a is an element of F U Z. Case 2: If a is not in X then a must be in Z. 
B u t  s i n c e  Z  C  Y D Z  t h e n  a  i s  i n  F U Z .  I n  e i t h e r  c a s e ,  a  i s  a n  e l e m e n t  o i Y U Z .  
Hence, X U Z C Y U Z. 
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8. Is the following statement true of false? If it is true, prove it. If it is false, prove 
that it is false. 

For every natural number n ,  there exists a natural number K  such that 2 n  <  K .  

9. Is the following statement true or false? If it is true, prove it. If it is false, prove 
that it is false. 

There is a natural number M  such that for all positive real numbers k ,  ̂  <  M .  

10. Is the following statement true or false? If it is true, prove it. If it is false, prove 
that it is false. 

For all postitive real numbers k ,  there is a natural number M  such that ^  <  M .  

11. Is the following statement true of false? If it is true, prove it. If it is false, prove 
that it is false. 

Let X and y be real numbers. There exists an x  such that for every y ,  x - h y  =  0 .  

12. Is the following statement true of false? If it is true, prove it. If it is false, prove 
that it is false. 

Let X ,  y ,  and ^ be real numbers. For every x  there exists a y  such that for every 
z ,  w e  h a v e  x  +  y  =  z .  
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E. STUDENTS' WRITTEN WORK FOR INTERVIEWS 2 AND 3 

The following pages contain the written work of the students from interviews 2 and 
3. The students' work is presented in the order the students were introduced in 
Chapter 5: 

Megan 
Laurie 
Cathy 
Helen 
Dana 
Ron 
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Megan Item 1 

Prove that an odd number added to an odd number always results in an even 
number. 

Ice an add nufflloar 

% 

.. X- LI' 
u io an odd- numter rf 

y m even riumto: 

y: ' I -t-Z \ajW Z. an eve^ 
^=. I+-W tAjitn u; an nurnto€r 

6inc£ atz-t-uj 10 even. 



Megan 

Let m be an integer. Prove that if is odd, then m is odd, 

J\iajiTn€ rt> cxM. 

t h e n  ! + z  ^  e v e n .  

i-f i£) even 
m rt) even, 

^ r/i= 

- a 
S^ince Y &  T l ,  

^ rn* 1i» ev€0, 
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Megan Item 3 

Suppose OT e Z. 

Claim: If is odd, then m is odd. tl'VC rtl ro odd- f+Lfirj 

Determine if the following are valid proofs for the claim above. Justify your ij> tfTC^ 
reasoning. Oddi 

"Proof 1": Assume m  is odd. Then m  —  2 k  +  1  for some integer k .  
Therefore, = (2A: + 1)^ = 4A:^ + 4fc + 1 = 2{2k^ + 2k) + 1, which is odd. 
Therefore, is odd, so m is odd. 

valid. 

"Proof 2": Assume that is not odd. Then rn^ is even and = 2k for 
some integer k. Thus 2k is a perfect square; that is, \/2fc is an integer. Let 
us consider the case that \/2& is odd. Then = 2n + l for some integer 
n, which means = 2fc = (2n + l)^ = 4n^ + 4n + l = 2(2n^ + 2n) + 1. Thus 

is odd, contrary to our assumption. Therefore, \/^ = rn must be even. 
Thus if 4s not odd, then m is not odd; Hence if is odd, then m is odd. 
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Megan Item 4 

.-p, 

V#" 
,o> 

Prove that for aii naturai numbers n, 1 + 4 + 7+ ... + {3n — 2) = |n(3n- 1). 

Le\ r1 = l. [UO'R)- 1 -i(2>(0-0 

^ It-H = ;^n(5n •" 1 ^ Yj tnxL fcr n= 1 

AdUi 5rTt l ti> 

|-F T|S..7F...I-Y3N-5?') T (30 +•!'") - + 3/T-V- ) 

r)-+" I 

> i ^ 

^ it wjoftit) fcr 1 . 

i/lducitorl^ IT v^<srht), 



Let X, Y, Z be sets. Prove that M X CY then X KJ Z CY IS Z. 

x' ^ y 

fef CKG %K)Z. 

"FLWI 6 X OF £K€I'Z-, 
K X .  -FIW V .  AFC V u z .  

X f  ( k e 7 L , - W W \  0 . 6  Y u z . ,  

, £3^6 VUZ-, 

^ x u z ^ v u z .  
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Megan Item 6 

Claim: Let X ,  Y ,  Z  be sets. If X C K then X \ J  Z  C Y  I S  Z ,  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let o.be an element of X .  Then a is in y since X  C Y .  Now, 
s i nce a is in X, a is in X U Z, but a is also in Y, so a is in Y U Z. So 
X U Z C Y U Z .  

MM valid. 
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Megan Item 7 

Claim: Let , K, Z be sets. V  X  C Y  then X u Z C Y i J Z .  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element o i X \ J Z .  Then a  is either in X or o is in Z .  
C a s e l ;  I f  a  i s  i n  X  t h e n  a  m u s t  a l s o  b e  i n  Y  s i n c e  X  C Y .  S i n c e  Y  C Y  U Z  
t h e n  a  i s  a n  e l e m e n t  o f  K  U  C a s e  2 :  I f  o  i s  n o t  i n  X  t h e n  a  m u s t  b e  i n  Z .  
But since Z CY U Z then aisinYUZ. In either case, a is an element of 
Y U Z .  E e n c e , X u Z C Y u Z .  



Megan Item 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

For every natural number n, there exists a natural number K  such that 
2 n < K .  

Le\ n 
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Megan Item 9 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

There is a natural number M  such that for all positive real numbers k ,  

Lê  h'oe ek (iaX Kt-C. 

5 n 

o 

U € ^ ) K -

£» 

^ 3 K^nz- t-v ic^' \ 
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Megan Item 10 

0 ^ 9 .  

o l ^  a  

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

For all postitive real numbers k ,  there is a natural number M  such that 
i < M .  

i-e+ 

j f .  ^ n 

5o.:ri^^rE 

U-V 

A^tx? 

Do v-
5 o  3 f \ 6 M  t A -  1  
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Megan Item 11 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let X  and y  be real numbers. There exists an x  such that for every y ,  

x  +  y  =  0 .  3  X  +  ̂  =  

LeA X " 3, 

Uf 

X  +  Z - O .  L - E - ' T  

iVwi 
X'S)^ = -X ^O. 

L,eV o. 
Le+ ^ 
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Megan Item 12 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let X ,  y ,  and be real numbers. For every x  there exists a y  such that for 
e v e r y  z ,  w e  h a v e  x  +  y  =  z .  

V X t i K . , 3  ^  

Le^ y eIR. 

3 6 FR. 

t£.4- Z-/, 

/ = X+ Z - X  -  21.  

5o 3 
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Laurie Item 1 

Prove that an odd number added to an odd number always results in an even 
number. 

1 
Wse. I+1=02, 

Ki h -Zr\  

n ]• 

I "i 5" ^ ^ 

§3, n CwMxa*- 3-1 S- I 

D ^ M ^ V = I 

+ rvnYvvu^^t S O, 5^ 

(Wj» £^] (med^ 
"T^S , ^+11^) (tI , 

ri+tYi is 

J + '/ 
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Laurie Item 2 

a 
Let m be an integer. Prove that if is odd, then m  is odd. 

jM - r J 

t-i.'V kc cAj^L. 
 ̂ .•/  ̂\ 

oo^ rvi^. h n ^  ; s  -  V ' /  

LjSrf W Izt- £VC,.n. a.ru5i_ *>1 fe- -'• 
Lu.i: 

dx( ^ ^ 

Lca^iy f 

f'l S ^'Z r.,^^ 

S®, Vn 

I'VLj^ \u_ JLVIA  ̂ , 

i /-' I .'y—(Ui j I >vk£,^ e7 

. i~a uj.!T,5 , 
rL ^ 5^-

3d^ ixidCLU-Si- ''S VVAri^ ~tLun 

tS LV<iJn. • 

S«, /S iJ/<Ln - . '\^ 

(VA 

' Yv\ 2^ 

i=^in4-«j^X, 

t-

^ tS |p|Z- )ryT^,(s4 

JL<^<inl^ luHdj-tSc. /v'^6-^ 

s®^ rA I's ^ 
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Laurie Item 3 

Suppose m e Z. 

Claim: If is odd, then m is-odd. 

Determine if the following are valid proofs for the claim above. Justify your 
reasoning. 

"Proof 1": Assume m  is odd. Then m = 2fc + 1 for some integer k. 
Therefore, = {2k + 1)^ = + 4A: + 1 = 2{2k^ + 2k) + 1,^ which is odd. 
Therefore, w? is odd, so m is odd. 

"Proof 2": Assume that w ?  is not odd. Then w ?  is even and m ?  = 2 k  for 

n, which means rrf = 2k = (2n + l)'' = 4n"' + 4n + l = 2{2n^ + 2n) + l. Thus ' 
m"^ is odd, contrary to our assumption. Therefore, v'Sfc = m must be even. 
Thus if is not odd, then m is not odd. Hence if rn? is odd, then m is odd. 

us consider the case that ^2k is odd.^ Then ^/2k = 2n + l for some integer 

S \J(L.L^ ci. -AVvjf Ciiu5 U. /X C. c:f" 
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Laurie Item 4 part 1 

r L hr-L 

Prove that for all natural numbers n, 1+4 + 7+... + (3n — 7y=^(3n - 1). 

S a S ^., Ufn= l. S6)--^^aCiY'i'-l),~Tliiin, ] ' i - D v i J  

OitSe Kol-^S 

/\gSU.JVUt Cj.^ J ^ K -

1  +  4 ^ 1  i  • • • ^  k C B K ' )  ̂  

W<T-S, I"!" ' 

S c p AP 

^ f 
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Laurie Item 4 part 2 

\(>H) ^CMI) 

^ l ^ ( ^ ^ i )  ̂  ^  

^ 3 ^  ^ 3 - ' J  

it' "" ' 

+ SL^ 

4  \ ^ [ 3 ^ ^ 5 )  
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Let X ,  Y ,  Z  be sets. Prove that if(x C V then X O Z C Y u Z  

Laurie Item 5 

U f X ^ Y .  

\ J ' t ^  

X ctY- ;c e -2, , ^ ^ 

So , y-1 •?; , 

SO, U Y) IS'VFU-^^ 

^ "f X 6 Y -Hvi^rx X ^Cy U "^J s -W 

s . ,  ; f € ( f  

S, 

(lascs 1 ^ P. 
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Laurie Item 6 

Claim: Let X ,  V ,  Z  be sets. 

Determine if the following is a valid proSTor the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element of X .  Then o is in K since X  C  Y .  Now, 
s ince a is in X, a is in X U Z, but a is also in V, so a is in K U Z. So 
X U Z C V U Z .  •  •  .  •  

V a J j  J -

I 
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Laurie Item 7 

Claim: Let X, Y ,  Z  be sets. If A' C K then X u Z C Y u Z .  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element o f  X u Z .  Then a  is either in X or a is in Z .  
C a s e l :  I f  a  i s  i n  X  t h e n  a  m u s t  a l s o  b e  i n  K .  s i n c e  X  C Y .  S i n c e  Y  C  Y u Z  
t h e n  a  i s  a n  e l e m e n t  o f  Y  U  Z .  C a s e  2 :  I f  a  i s  n o t  i n  X  t h e n  a  m u s t  b e  i n  Z .  
But since Z CY D Z then a is in Y V Z. In either case, o is an element of 
Y  U  H e n c e ,  X u Z C Y u Z .  



Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

For every natural number n ,  there exists a natural number K  such that 
2 n < K .  

ii 11 — 

^ I r wx 

L«_.-V VI-tj 

IC & V • 
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Laurie Item 9 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false, 

•H There is a natural number M  such that tor all positive real numbers k ,  
i < M .  

-ITiAJL-

£-0 Uja_i -\o .jl 

M-6 

^ M e.jciS'Vs ^ ' 

$0 i > 0 .  

6<_ fvA ^ 

- I .  H ^ ^ ' 

f A ^  
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Laurie Item 10 

Is the foUowing statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

. 0  For all postitive real numbers k ,  there is a natural number M  such that 
i < M .  

1 

sO 

1/ ^ A-
3 V\> • 



Laurie Item 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

/ Let % and y  be real numbers. There exists an x  such that for every y ,  
^  / X  +  y ^ 0 .  

(jg>\STcLtf 

S o ,  

\^VUv.S, 
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Laurie Item 12 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let X ,  y ,  and z be real numbers. For every x  there exists a y  such that for 
e v e r y  z ,  w e  h a v e  x  +  y  =  z .  

^ if -

X • 

" J'^ .2 
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Cathy Item 1 part 1 

Prove that an odd number added to an odd number always results in an even 
number. 

X' COO-I 

^ I ' l  

^ ts dt^'.-itbUL 
Z. -hJ t>uo^ cv^hok-
/vuwbe/'. 

,vjrT5 '• 

A-

Y& Z , /n fe 2 

Oin A ^ rYl 
•s. ' 

mb: 

O-e^n (j^ Vo \xc_ 

OM 3 a. 

" Z 

= "I fe Z 

h:'T5 

^ I 

fn 
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QAsise&«=—e»«Tbr-i-ii— 

Oaoccjc- , n fc ^ S ."t-
<1_ 

4 X cx^<i d  ^ H -

m+ x y ^ T L -

Cathy Item 1 part 2 

^Um—4-3rr 

r\'̂ fv\i32  ̂

2 \ f ^ Z  

miD-, %• ,jwS 

5t-i-fc2. 
9 ^ 

^ ;5 

fr\-irri = 0C+^ 

rf\+A = -y-

TC O 

,^+n -oc 

o 

'O 

jrf)tn 

xr\ .tx. 
s. 

•%. 

jv* A % =0 

,Y\+n-X ^ 

)y\+0 =./'^ 
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ociii - rn = gv.,-v \ 
1 9- ^ T iM 

• l A - i  

^tP^jr\ •n<v=- ^Vs 
n 

2-'^ Cathy Item 1 part 3 

» >0 
5-^5 ' 5.^ 

_ HK+-2-
"•'"'SR^ 

= n ^ ̂  \AA 

^ J;-
= tO 

r/l 

HK + 9-

^-•a. 
2(0 

10 

, +  l  + i u > i -
G. = ^ 

2. Cv) 

2 (-3.) 

3 H -ii 
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j 
I Cathy Item 2 part 1 

Let m be an integer. Prove that if m' is odd, then m is odd. 

r\e. o -Vo 

pi t>S)Omc.\D^Q 
^ "s'b €A3cn 

-7 

1 i m • 

5 ..Caj-OO . 

^ £0~ 

"T" 

•TJ4^ A '£> 

jT.f r^'vjj -xv^«^ A 

3 7 - h s M - i  

on ^-TL 

4 I I 

/^iSoivxe 6tOC>C 

fco&A 
i4> J]|3— 6 ^ 

a 

a 

As.50Me m • 

-W 6 2^ 

SoiS—^ rfrrm—-
sl\ 

(Oli 
{Y\. fr\ & 

F 

-^e ^ 

" 30) 

lo'^fOO 
g"-1'^^ 
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, 5 ocid. 

KITS. rr\ \ 5> 0 <i,x 

vY^ -aw\ 

m"̂  = Cathy Item 2 part 2 

^ CO ~ '3-^^'^ 

TViAj4jC3^ rr\ o 

f f \  "  o & S  Cathy Item 1 part 4 

C, '-C.0CO -

otS ^ ̂  ^ = r^ 

(2Y.^\)^ C-aKvC") 

^1^,4 2 = 
L.\ It. V "2-

5 ^ ( 5 l K \ 0  

Q>.v\ -

- ' K  ' \  5' -i 5" ' 
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Cathy Item 3 

Suppose m 6 S. ^ <i 

Claim; If rr? h odd, then m is odd. 

Determine if tlie following are valid proofs for tlie claim above. Justify your 
reasoning. 

"Proof 1": Assume m is odd. Then m = 2A: + 1 for some integer k. 
Therefore, = {2k + 1)^ = 4fc^ + 4A: + 1 = 2{2fc^ + 2k) + 1, which is odd. 
Therefore, is odd, so m is odd. 

tOCA ooJli6 V)lc. N(OAi can't ^ c^y-ect 
CmdMSiOn, 

"Proof 2": Assume that is not odd. Then m? is even and = 2k for 
some integer k. Thus 2k is a perfect square; that is, V2k is an integer. Let 

»  _ _  1 _ _  x i .  i - U - x  / t TT - J J  nni /rHl r>„ , i i- • i. us consider the case that \/M is odd. Then \/2fc = 2n + 1 for some integer 
m" n, which means = 2fc = (2n+1)^ = 4n^+ 4n +1 = 2(2n^ + 2n) +1. Thus 

< (Ti^TL "'n' is odd, contrary to our assumption. Therefore, \/2fc = m must be even. 
^ Thus if is not odd, then m is not odd. Hence if is odd, then m is odd. 
vje CJ^ 
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0' Cathy Item 4 

3 0 2-

o«-  3n  V3  "2  

^ 3r\ ^ \ 

\ - ! 

Prove that for all natural numbers n, 1 + 4 + 7 + ... + (3n - 2) = |n(3n — 1). 

7^', 1+- "--W 1 V . .. I) ^ ^n6"3n-l) •+('^+0 

3 \ \ 
a n  V ^ n ^ \  

^ \ a. 

•; ""7 , , . 3n ' 

^ r -2 - ^ 
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Cathy Item 5 

Let X ,  Y ,  Z  be sets. Prove that if X C K then X l )  Z  C Y  0  Z .  

AISOME X " Y 

bic X^7J Y 

' ' ) ^ o 2  -  Y 

5^ X ^ 2^ 

a.i 

^ ^ 6 X 2 

or 

-OC (5- /K o ^ 
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Cathy Item 6 

Claim: Let X, Y ,  Z  be sets. l i X C Y  then X V Z C Y U Z .  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proor': Let a  be an element of X .  Then a  is in Y  since X  Q Y .  Now, 
since a  is in X ,  a  i s  h i  X  l i  Z ,  but a  is also in Y , so a  is in Y  U 
X U Z C Y U Z .  ^  r l  i s  = 1  

50 a . ^ ^ 
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Cathy Item 7 

Claim: Let X ,  Y ,  Z  be sets. E X  C Y  then X U Z C Y U Z .  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element o f  X O Z .  Then a  is either in X or a is in Z .  
C a s e l :  I f  a  i s  i n  X  t h e n  a  m u s t  a l s o  b e  i n  Y  s i n c e  X  C Y .  S i n c e  Y  C Y U  Z  
t h e n  a  i s  a n  e l e m e n t  o f Y u Z .  C a s e  2 :  I f  a  i s  n o t  i n  X  t h e n  a  m u s t  b e  i n  Z .  
But since Z C YD Z then a is in Y U Z. In either case, a is an element of 
Y U Z .  H e n c e ,  X u Z C Y u Z .  

6-



278 

Cathy Item 8 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

For every natural number n ,  there exists a natural number K  sucli that 
2 n  <  K .  \ifiAe, 

\ k ' \  M  n e A J ,  ^  

"ke-W. A fO oiAi fe AsP 

Coft>iA 

V neAi, 
IT-^. 

V ^ eAj ̂ ^  S X  
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Cathy Item 9 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

There is a natural number M  such that for all positive real numbers k ,  

1 < M .  

is ^ 
J j_ 

cWao-W- ^ " ^'2-

O -J, '' 

V ^ 5.t 

•SO . "K '9-. 

^  n k N .  

t. 
^ ro 2 ^ 

1 - -

L. . h-
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Cathy Item 10 

Is the following statennent true or false? If it is true, prove it. If it is false, 
prove that it is false. 

3 
For all postitive real numbers k ,  there is a natural number M such that 

I < TruJi-
-HuiA 3 

f TZ 4*-^ ^ 
ftssotne V« ^ ^ ' 

/Ar/cWrt'^cuioan 

V K 6 3 // 6 

K 

e>l<^ ^ 

So 

J- A h • 
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Cathy Item 11 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let X  and y  be real numbers. There exists an x  such that for every y ,  
x  +  y  =  0 .  

( _ U - x  ^  V  -J,, ^ ^ 

CM.oo^>€ ^ • 

C>QOVe- "0' ^ 
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Cathy Item 12 

Ls the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let X, y, and z be real numbers. For every a: there exists a such that for 
every z, we have x + y = z. 

vj 

V z e / K ,  



Helen Item 1 

Prove that an odd number added to an odd number always results in an even 
number. 

V'f 

R s s o t v c f d d - *  i . v v d  

TrveiA. r\,c-i , 

S'D ! •+ \ - Q-

•'• ^ :K4U 

d A d  4 c b  ^  

i tv w Lvis/\ 

5 L( 1 ^ H 1 0 
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Helen Item 2 

Let m be an integer. Prove that if m ?  is odd, then m  is <^d-_ 

>w.' 

Mw.e- '•'2 odd. 

' s. 



Suppose m £ E. 

Claim: If is odd, thea m  is odd. 

Determine if the following are valid proofs for the claim above. Justify your 
reasoning. 

"Proof 1": Assume m is odd. Then m = 2k + 1 for some integer k. 
Therefore, = {2k + 1)^ = + 4A: + 1 = 2(2k^ + 2k) + 1, which is odd, 
Therefore, is odd, so m is odd. 

"Proof 2": Assume that is not odd. Then is even and m ?  = 2 k  for 
some integer k. Thus 2k is a perfect square; that is, is an integers Let 
us consider the case that \/S is odd. Then = 2n + 1 for some integer 
n, which means m? = 2k = (2n +1]^ = 4n^ + 4n4-l = 2(2n^ + 2n) +1. Thus 

is odd, contrary to our assumption. Therefore, Vlfc = rn must be even. 
Thus if is not odd, then m is not odd. Hence if is odd, then m is odd. 

2- f' 

t - l C -  -
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Helen Item 4 

Prove that for all natural numbers n, 1 + 4 + 7+... + (3^.- 2) = |ri(3n - 1). 

1,0 J-fO 
\ . 

.4 
^ 1 i l -f • L|-' + •' " 4' ^ 

<1J 

'•Sn - i )  -- -1J 
' r.#' -

nA') -2.1 
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Helen Item 5 

f f 
\ 

Let X ,  y, Z  be sets. Prove that if JT C K then X  U  Z  C  

W s - s • 

as--^ "• ^ ^ -1 
1/^ 0, u-^ •, 

^ / u 5 fS-cl a, € • 

r ' R>i, <• 4" 
' 1 

i \ j ' ^  9 .  •  
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Helen Item 6 

Claim: Let X, Y ,  Z  be sets. U X C Y  then X l l Z C Y U Z .  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proor': Let a  be an element of X .  Then a is in y since X  C  Y .  Now, 
s ince a is in X, a is in X U Z, but a is also in Y, so a is in 7 U Z. So 
X U Z C Y U Z .  
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Helen Item 7 

Claim: Let X, Y, Z be sets, li X CY then X U Z CY U.Z^ 

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof"; Let a  be an element of X  U Z .  Then a  is either in X or a is in Z .  
Casel: If a is in X then a  must also be in Y  since X  C Y .  Since Y  C Y u Z  
t h e n  a  i s  a n  e l e m e n t  o f Y U Z .  C a s e  2 :  I f  a  i s  n o t  i n  X  t h e n  a  m u s t  b e  i n  Z -
But since Z CYU Z then a is in Y U Z. In either case, a is an element of 
Y \ J Z .  H e n c e ,  X U Z C Y V J Z .  

\ 4 '  S  i ^ d V  U f j i j  d  ̂ 
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Helen Item 8 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

For every natural number rt, there exists a natural number K  such that 

2'? < I T 1, & fcD 

1?Ue ' 

le> t\ e. 10 . 2 21-^ ̂ 

iip.. -2^-fr-£-(c--, . 

. vu^ K tZ 

^  I t .  .  
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Helen Item 9 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

There is a natural number M  such that for all positive real numbers 

i < 
i ^ LA-2—• 

i t A  k A .  s\wo- ki e^'H-d 

^ F AA . 
fC. 
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Helen Item 10 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

For all postitive real numbers k ,  there is a natural number M  such that 

1 < M .  

\r 

V- be,, ^ 
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Helen Item 11 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let % and y  be real numbers. There exists an x  such that for every y ,  
x  +  y  =  0 .  

LtJr ^ € C9- , 

6; t y -' Jd ' 

SVv^Gu J lcs\otAj 
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Helen Item 12 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false, 

Let X, y, and z be real numbers. For every a:<;there exists f^.y-such that fop 
ever)' z, we have x + yl=3 a.' '  ^ 

Le+ 3: y £ 
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Dana Item 1 

Prove that an odd number added to an odd number always results in an even 
number. 

s'W V<. o h b  si^.. ' I X  +• i fof" ''-'^1 t fc. 

,SQ pi\ Q \ -t V 

M ic "t 

cSo 



Dana Item 2 

c> 
/• 

m be an integer. Prove that if w? is odd, then m is odd. 

fV"\ t 

'V b< ^ yy\ 

toV\'>eVv. 

4-22- '','2 
4 a 

m , '^f|vi 

 ̂ •'2- 1^- iNJ 
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Dana Item 3 

/ ' 

Suppose m e Z, hj 

Claim: If is ctdd, (then m is odd?^ 

Determine if the following are valid proofs for the claim above. Justify your 
reasoning. 

"Proof 1": Assume m is odd,. Then m  = 2# + 1, for some integer k .  
Therefore, = {2k + 1)^ = + 4A; + 1 = + 2^ + 1, which is odd. 
Therefore, rrv' is odd, so m is odd. 

\ 

' V) ^ 

^40T GOOD . 
if 

"Proof 2": Assume that is not odd. Then is even and = 2 k  for 
some integer k. Tims 2k is a perfect square; that is, \/2fc is an integer. Let 
us consider the case that is odd. Then = 2n + 1 for some ixiteger 
n, which means rri^ = 2k = {2n + l)^ = 4n^+4n + l = 2^2n^ + 2rt) +1. Thus 
m' is odd, contrary to our assumption. Therefore, = m rfltist be even. 
Thus if rr? is not odd, then rn is not odd. Hence if tv? is odd, then m is odd. 

1  i-f -iw.r 
h  g^A 

I f 
/V. or) 
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Dana Item 4 

Prove that for all natural numbers n, 1 + 4 + 7 + ... + (3n — 2) = |n(3n — 1). 

, / ~5 A 
^-m-t 1T • • -

,̂  (_3 A-  ̂0__ t (^_2i 

'i, C i'^ 
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Dana Item 5 

Let X ,  Y ,  Z  be sets. Prove that \ i  X  C Y  then X V J Z  C Y U  2 } .  

Le-^ w 

K V 

X O 2  ̂ S y o  ̂
Y\ 

y £-



Claim: Let X ,  Y ,  Z  be sets. I f  X  e a X u Z C Y v Z .  
V. 

Determine if the followingTs^a'valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element of X -  Then a is in F since X  C Y .  Now, 
s ince a is in X, a is in X U Z, but a is also in Y, so a \s inY li Z. So 
X \ J Z C  Y u z .  
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Dana Item 7 

Claim: Let X ,  Y ,  Z  be sets. | If X  C Y  then'A' U  Z  C  Y  U  Z .  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element o (  X U Z  
Casel: If a is in X then o must also be in 
then a is an element ofYUZ. Case 2 
But 

4, 
'hen-g-jg-eitheiJn ^ or a is in Z^. 

since X  C Y .  Since Y  C Y  U - Z  
If a i s  n o t  i n  X  t h e n  o  m u s t  b e  i n  Z .  

since Z  C,F-ti^.^~rhg'n-Ta-4s^n Y  U^ZTTiTeTEher case, a is an element of 
Hence,yu2C FU2. 
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Dana Hem 8 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

For every natural number n ,  there exists a natural number K  such that 
2 n  <  K .  

A. fa -e<'' S-) 

fe Rp . 

-irHvs,\^+ IC 2a + t 

ho 

X{\ ^ 
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Dana Item 9 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

There is a natural number M  such that for all positive real numbers k ,  

I < 

CP fc"> \ 

50 L\ so Auw^Uer M 
K 

O V' lOCf'T' ^ 

fe Icf; ^ 

So 
fc — 

-/si-. 3 /A ^ i,>A 

fjt-

,V< 

li)0 
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\/ j:^yo Dana Item 10 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

For all postitive real numbers k ,  there is a natural number M  such that 
\ < M .  

\/ 0 "3 

Tcoo+ ^ "2, [referring to her proof in Item 9] 
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Dana Item 11 

Is the following statement true of felssj If it is true, prove it. If it is false, 
prove that it is false. 

Let X  and y  be real numbers. There exists an x  such that for every y ,  
x - \ - y  =  Q .  

if X ^ 
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Dana Item 12 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let X ,  y ,  and ^ be real numbers. For every x  there exists a y  such that for 
e v e r y  z ,  w e  h a v e  x  +  y  =  z .  

j^e^\prt A + ^ 

y + & 
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Ron Item 1 

Prove that an odd number added to an odd number always results in an even 
number. 

/ - < /< 6 ^ ̂  

<^7^ M ^ Ytl C 

' 2 ^  ' i -  /  

Z ^ ̂  

7r^ 

fll / 
f/> n7 
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Ron Item 2 part 1 

Let m be an integer. Prove that if is odd, then m  is odd. 

I 
/-S'lr-jy 

y ) ^  /  j  f - / t  y i  - j ~  j  J  j c  h  
Z 7 

J..,.) 
i  6  r \ f  -

i-

.  i ,  ^ ; Cj ^ 

/V? 

t5P4-

iV*-
4- , N |A^ 

'Iw' 
.-i 

O 

y\ 

'rf. thot^ •^ha£"' CidJ'-j 

i f ^  J M -  ^  

k f ?>-

t •"''x b 
tb .}Qt 

4 ^ ' 

Y 4 c ^ / /  f J l  e v f ^  ^ 

^0*' 
€.,M^'fH -^h-s tn/i'l J^roJnt^ 

yy-ocp V] 01- "0^ h\ 
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-(' iHf y\ 'h Ron Item 2 part 2 

^ fA jcci! 
-'y'nCS 5 €v/io 

^  - f - i  i "  • e ' V i f i n  /I 

?i AC . i 
at- ^ 
ti# 

i/ /v/v/'^r/z/o 

r-- " 

.C" Vz.-

he-iV ? -f 1lr\ 

—^"" 4 "-- uA^ck UhM 

' < ĵi'- ''l£' h-t 

J? £y^ 

Z f ^ ' 5 Q,J^ 

L^Ui-~t \/t "f' { 

n r '? 



pi ̂  ^ 

Supposff'me^J € AA .S 

Claim: If m? is_odd,^ben m is odd.. 

Determine if the following are valid proofs for the claim above. Justify your 
reasoning. 

• _ : 
)-l 'Vi ^ 

"Proof 1": As.sume r n  is odd. Then m  —  2fc + 1 for some integer k .  
Therefore, rri^ = {2k ^ 1)^ = 4P + ik + l — 2{2k;^ + 2k) + 1, which is odd. 
Therefore, is odd, so m is odd. 

"Proof 2": Assume that is not odd. Then m ?  is even and = 2 k  for 
some integer h. Thus -2A.is..a.perfect squarei.that iSj_y^ is an integer. Let 
us consider the case that v'Sfc is odd. Then v'Sfc = 2n + 1 for soixielnteger 
n, which means rn!^ = 2k = (2n +1)^ = 4n^ + 4n +1 = 2(2n^ + 2n) + 1. Thus 

is oddj contrary to our aiSsumpGon. Therefore, \/2k = m must be even. 
Thus if is not odd, then m is not odd. Hence if m? is odd, then m is odd. 
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Ron Item 4 

^ • ' ' ' 

Prove that for all natursil numbers n, 1 + 4 + 7 + ... + (3n - 2) = |n(3n - 1). 

/ / ,, .^('3^1 - )) . -L ] ef-

^ -i 

t 

) )$n  f -  3  - / )  

'M ' f fV  •^n  +  'Z )  
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Ron Item 5 

Let X ,  y ,  Z  be sets. Prove that i f  X  C  Y  then X  U  Z  C  Y  V  Z .  

f-i- ^ ^ i' 

-tr-

y ^ y 

cf 
^ t- J 

.pf xjf 6 ^ ? 

u ? 
uy^ -A- fr "f -̂

^ ^ U X 

•̂ 4-g~~r€  ̂ #̂--̂  

•'•')iye 

t: U^ ^ pi 

\ C <{) 
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Ron Item 6 

Claim: Let X ,  Y ,  Z  be sets. If X  C F then X u Z  C  Y  U Z .  

Determine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element of X .  Then a  is in since A' C Y .  Now, 
si n c e o is in A', a is in A' U Z. but a is also in Y, so a is in Y U Z. So 
X V Z C Y U Z .  
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Ron Item 7 

Claim: Let A', F, Z be sets. If A' C F then X U Z C V u  Z .  

Detemiine if the following is a valid proof for the claim above. Justify 
your reasoning. 

"Proof": Let a  be an element of A^UZ .  Then a  is either in X  or a  is in Z .  
C a s e l :  I f  a  i s  i n  A '  t h e n  a  m u s t  a l s o  b e  i n  Y  s i n c e  X  C Y .  S i n c e  Y  C Y U  Z  
t h e n  a  i s  a n  e l e m e n t  o f  Y  U  Z ,  C a s e  2 :  I f  a  i s  n o t  i n  A '  t h e n  a  m u s t  b e  i n  Z .  
But since Z C Y U Z then a is in Y U Z. In either case, a is an element of 
Y \ J Z .  H e n c e ,  X U Z C Y U Z .  
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Ron Item 8 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

For every natural number n ,  there exists a natural number K  such that 
2 n  <  K .  

A i€/ 

y >•) 

/OV/-

)./yl C - f ^  7 
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Ron Item 9 

Is the following statement true or false? If it is true, prove it. If it is false, 
prove that it is false. 

There is a natural number M  such thaXjoL all positive real numbers k, 

I < M. . LD 4. 1 

-•"r' /j 

<•: -0 

jf !/\ i  ̂ 4J 

/•lOlv 

•' *' '•' j 
> o 

/  " f - k ^ /z 

/ / ' 

.'"TTl i 
• yk / 

vn 

/<i t ft 

/k" 

>• ; i } 
/i< ^ 

f£ )  /  >  - / f ^  

/ /  

"-*} r 
I / !<, ! 

4^ I y 
I I / 

/y P /K 
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Ron Item 10 

Is the following statement true or false? If it is true, j^rovc it. li it is false, 
prove that it is false. 

For all postitive real numbers k ,  there is a natural number M  such that 

[referring to his proof in Item 9] 
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Ron Item 11 

Is the following statement true of false? If it is true, prove it. If it Is false, 
prove that it is false. 

Let X and y  be real numbers. There exists an x  such that for every y ,  
X  +  y  =  0 .  

i  A • CP -f Af 

-y t s f f ^ ^ ^ 
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Ron Item 12 

Is the following statement true of false? If it is true, prove it. If it is false, 
prove that it is false. 

Let a', y ,  and z be real numbers. For every x  there exists a y  such that for 
e v e r y  z ,  w e  h a v e  x  +  y  —  z .  

J i  ̂ 1,4 z, <4 5 

".A-

C/ , 
A-' 4 r- -f- 2' ' 'X w 5f' 
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