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ABSTRACT 

The accelerated approximate procedure developed and used herein for analysis, 

design and parametric optimization in electronic packaging is based on the disturbed state 

concept (DSC) and the hierarchical single surface (HISS) constitutive models. Over the 

past many years the benefits of the DSC/HISS model, compared to those of available 

plasticity models, have been demonstrated and validated for a wide range of materials 

and solder connections. 

When the DSC/HISS model is implemented in a two-dimensioml finite element 

code, it is well suited for failure analyses of lead/tin solder connections under cyclic 

thermal and mechanical loading that are typically occur in electronic packages. 

Unfortunately, an analysis of a single solder connection, for approximately 4000 or more 

cycles, can require much effort and computer time, which may be too long to be of 

practical use. The accelerated approximate procedure significantly reduces the effort and 

the analysis time to approximately 10 to 15 minutes on a Pentium 4, 3.2 GHz personal 

computer. 

The main emphasis of this dissertation is the use of the unified DSC model with 

the finite element procedure to predict the behavior of chip-substrate solder connections. 

The DSC code is used to validate the performance of a number of packages (144 BPGA, 

313 PBGA) tested in the laboratory under thermomechanical loading. 
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Using the accelerated approximate procedure, the effect of the variable thickness 

solder connection in a plane stress idealization is compared with that of the constant 

thickness assumption, and a three-dimensional analysis. It shows that the analysis with 

variable thickness (in plane stress idealization) yields improved results. 

The accelerated approximate procedure is then used to perform parametric design 

analyses of a solder connection by varying a number of important factors such as 

connection size, shape and misalignment. The effects of varying the DSC/HISS 

parameters on cycle life are also analyzed. 

The results of this research can be used for design, analysis and failure li fe 

prediction of solder connections in electronic packages. The accelerated approximate 

procedure is considered to yield improved results compared to other available modeling 

methods. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

The work presented herein is based on the Hierarchical Single Surface (HISS) and 

Disturbed State Concept (DSC) constitutive models so a brief history is in order. Details 

of the HISS and DSC models are presented in Chapters 5 and 6, respectively. 

Desai first proposed a model for softening behavior (Desai, 1974) which has been 

generalized as the Disturbed State Concept (Desai, 2001a). In later years it was theorized 

that the DSC model could also be used for non-geologic materials such as solder alloys. 

At present, the model has been used to model the behavior of a wide range of materials 

including metals, alloys, soil, sand, and rock. 

Preliminary work in applying the DSC model to solder alloys was done by CMa 

(1994). Using test data from Riemer (1990), Skipor et al. (1992) and others. Chia derived 

the necessary DSC/HISS material parameters for solder. He then used these parameters to 

back predict both the test data he used to obtain the parameters, and also other test not 

used in the parameter determination. His results showed that the DSC/HISS model 

provides satisfactory' results for modeling the behavior of solders. 

Using the DSC/HISS model with Chia's parameters, Basaran (1994) completed 

several analyses of real life packaging problems. Basaran's work included an analysis 

where the behavior of a simple electronic package (one solder ball and the surrounding 

components) subjected to a thermal cycle was modeled. From this analysis Basaran was 
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able to extract the resulting displacements at the solder ball. These displacements were 

then used in a subsequent analysis of only a single solder connection. This was done to 

reduce the analysis time and memory/storage requirements: a primary concern at the 

time. In fact, because of these limitations, Basaran used only 4 to 12 elements to model 

the solder ball. The advantages and accuracy of the DSC/HISS model were again 

demonstrated. 

Continuing work was performed by Zwick (1998). Zwick completed a linear 

elastic 3D thermal analysis for a 313-Pin PBGA package to determine the solder ball with 

the most severe displacements. This solder ball was classified as the critical solder ball. 

He then used the displacements of the critical solder ball in a DSC/HISS 2D cyclic 

analysis. The analysis was run for 4000 cycles on a main Jframe computer and required 

about five days to complete. By comparing the results with experimental data he was able 

to established a connection between the failure cycle and the volume of the solder ball 

having a certain critical disturbance, Dc- Thus, one could predict the failure cycle, Nf, by 

observing at which cycle some percentage of the solder ball volume had a disturbance of 

Dc. However, the analysis was too slow to be of practical use. 
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1.2 Research Objective 

The primary objective of this research is to extend the previous works through the 

development of an accelerated approximate procedure for predicting cycle life. Ideally, 

the accelerated approximate procedure should: 

1) Reduce the analysis times to about 10 or 15 minutes. 

2) Yield accurate results compared to those of a both nonaccelerated analyses 

and test/experimental data. 

The secondary objective is to use the accelerated approximate procedure in 

parametric studies to determine: 

1) The effects a solder connection's size and shape might have on the cycle life 

of the connection. 

2) The infl uence of the DSC/HISS parameters on the number of cycles to failure. 

Completion of these objectives will provide useful tools for the design and 

analysis of electronic packages towards improved reliability. 



1.3 Contributions 

This research has provided the following contributions: 
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1) Developed an accelerated analysis procedure where by the disturbance at any 

cycle N can be predicted approximately from the results at N, reference 

cycles. 

2) Refined the accelerated analysis procedure to accurately predict the failure 

cycle, Nf. 

3) Developed a procedure for determining the prediction parameter, b, which is 

required for items 1 and 2 above. 

4) Implementation of items 1 and 2 above in an existing finite element code with 

the DSC/HISS model. 

5) Verification of the accuracy of the accelerated procedure (item 1 above) by 

comparing results obtained from a full cycle analysis with those of an 

accelerated analysis. 

6) Verification of the accuracy of the failure cycle prediction procedure (item 2 

above) with available test data. 

7) Determination the optimal number of reference cycles. Nr. 

8) Use of the accelerated procedure to establish general guidelines for selecting 

the solder connection size and shape in order to obtain the optimal/maximum 

cycle life. 
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9) Use of the accelerated procedure in a parametric study to determine the 

influence of varying various DSC/HISS material parameters on the failure 

cycle, Nf. Due to the variance in experimental data, material parameter 

determination is by no means an exact process. Hence, this analysis provides 

insight as to which parameters are most critical and therefore deserving of 

extra attention in the determination process. 

1.4 Summary of Chapters 

A brief review of some of the basic types solder connections used in electronic 

packaging is given in Chapter 2. This review is followed by a review of the Pb/Sn solder 

phase diagram and Pb/Sn alloy strengthening techniques. 

Since much of this work is centered around the use of the DSC/HISS model to 

simulate various material responses (elastic, plastic etc.) Chapter 3 provides a quick 

review of material response classifications. 

Classical constitutive models such as Tresca and von Mises are covered in 

Chapter 4. 
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The HISS and DSC models are presented in Chapters 5 and 6, respectively. Both 

chapters include methods for determining the material parameters from test data. 

Chapter 7 demonstrates how the number of cycles to failure of a solder 

connection can be determined from the results of a DSC/HISS finite element analysis 

using actual test data for two markedly different analysis procedures. This chapter also 

includes a technique form calibrating the DSC/HISS model with experimental data. 

The accelerated approximate procedure is developed in Chapter 8. Once the 

procedure is developed, it is validated by comparing the accelerated results with those 

obtained from the nonaccelerated analyses of Chapter 7. 

Finally, in Chapter 9 the accelerated approximate procedure is used in a 

parametric study to determine the effects that a solder connection's size, shape and 

misalignment may have on the life of the connection. In this research all solder 

connections are modeled as two-dimensional using the plane stress idealization. A study 

of different schemes for defining the connection thickness under the plane stress 

idealization is also provided in this chapter. In a final study, the DSC/HISS parameters 

are varied to determine the possible effects on cycle life. 
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CHAPTER 2 

GENERAL ELECTRONIC PACKAGING INTERCONNECTS AND Pb/Sn SOLDER 

2.1 General Electronic Packaging Interconnecte 

Electronic packages are common in everything ranging from airplanes to 

household appliances and personal electronics. As advances are made in electronics 

technology, the range of applications in which electronic packages are used will surely 

increase. 

The components within an electronic device must be connected together in order 

for the device to function properly. The primary function of these interconnections is to 

provide a conduit for the transfer of power and electrical signals. However, in some cases 

the interconnection may also provide mechanical support for a component (chip) and/or 

assist in the dissipation of heat. 

In general there are three types of chip-level interconnections: Wirebonding 

(WB), Tape Automated Bonding (TAB) and Flip-chip solder (bump) connections. Brief 

details of each of these interconnection types are provided below; 

2.1.1 Wire Bonding (WB) 

In wirebonding, the connections are created in an automated (computer 

controlled) process one at a time by attaching a fine wire between the device I/O and the 

package pin. Since the connections must be made one at time, wirebonding is usually 

slower than the TAB and solder bump process where all the connections are made at the 
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same time. However, the one at time aspect of the process makes it flexible and design 

changes can be accommodated quickly (Tummala, 1997). In WB the chip is usually 

attached to the substrate with an adhesive with the chip's interconnecting pads facing 

away from the substrate, the wires then run from the chip pads (located around the chip 

perimeter) to the substrate (Hwang, 1996). Wire bonding can typically accommodate a 

centerline spacing of 100 to 150 jJim (Hwang, 1996). Figure 2.1 shows a typical wire 

bond. 

2.1.2 Tape Automated Bonding (TAB) 

The TAB process involves a tape with holes on the edges similar to a movie film; 

the holes allow the tape to be fed via a sprocket. The tape may have one (copper), two 

(copper and polyimide), or three (copper, adhesive and polyimid) layers, the copper layer 

Figure 2.1 Wire Bonding on Chip (Lau, 1995) 
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is cut/etched to look similar to a lead frame. In the assembly process, the tape is fed to the 

assembly location where a die (with solder bumps) is properly positioned on the inner 

leads of the tape. A pressure of about 50 to 60 psi is applied at a temperature of 

approximately 400 to 500 °C for 0.8 to 1.6 seconds to form the inner lead bonds (ILB) 

(Hwang, 1996). Usually the chips are tested/inspected while they are still on the tape, 

then, only the good dies are selected for outer lead bonding (OLB). During OLB the chip 

is cut from the tape and bonded to a printed circuit board (PCB). 

The TAB process is well suited for mass production however, design changes are 

difficult since a new tape must be designed and produced for each new layout. The 

centerline spacing for a TAB processes is 50 to 100 jam (Hwang, 1996). Figure 2.2 shows 

a typical TAB and chip assembly. 

Figure 2.2 Tape Automated Bond (Lau, 1995) 
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2.1.3 Flip-Chip Solder (Bump) 

In a flip-chip connection the solder bumps are first processed onto the chip. The 

chip is then flipped over (solder bumps down) and bonded directly on the substrate. 

Figure 2.3 shows a typical solder bump assembly. 

Figure 2.3 Solder bump on chip (Lau, 1995) 

2.1.4 Ball Grid Array (BGA) 

Ball grid array connections are similar to flip chip connections in that the solder 

bump is replaced with a solder ball. BOA connections may also be used for secondary 

connections between the chip/substrate assembly and a printed circuit board. When a 

solder ball is used the bond pads are usually dimpled to help locate the solder ball. When 

several solder layers are involved it is necessary to select solders with proper reflow 

temperatures so that connections made in a previous step are not destroyed (melted) in 
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any subsequent reflow processes. That is, lower and lower reflow temperatures are 

required for each subsequent reflow step. 

2.2 Primary Interest 

Of the interconnections listed above, the ball grid array (and in particular lead-tin 

solder balls) is the focus of this research. However, the procedures described herein for 

design and failure analysis can be applied to any of the interconnections described above. 

2.3 Pb/Sn Solder 

Since lead/tin (Pb/Sn) solder balls are the primary interest of this research, it 

makes sense to review some basic information about Pb/Sn solder. 

2.3.1 Pb/Sn Solder Phase Diagram 

The phase diagram for Pb/Sn (Lead/Tin) solder is shown in Fig 2.4. From the 

phase diagram it is apparent that Pb/Sn mixture with 61.9 percent Sn and 38.1 percent Pb 

will transform from the liquid phase directly to a solid phase, without a solid-liquid 

mixture phase, at a temperature of 183 °C. The point where the material transforms 

directly from a liquid to a solid is called the eutectic point. Hypoeutectic lead-tin alloys 

have between 19.2 and 61.9 percent tin by mass. Hypereutectic lead-tin alloys have 

between 61.9 and 97.5 percent tin by mass. The lines labeled liquidus, solidus, and solvus 

denote where the material transforms from a liquid to a liquid-solid mixture, from a 

liquid-solid mixture to a solid, and a solid to a solid-solid mixture, respectively. 
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Figure 2.4. Phase Diagram for Lead Tin Solder. 

The liquid region of Fig 2.4 contains a mixture of liquid tin and lead. The solid a 

region is predominantly lead with a small fraction (at most 19.2 percent) of tin. Likewise, 

the solid P region is predominantly tin with a small fraction (at most 2.5 percent) of lead. 

The region labeled a + L contains a mixture of solid a and liquid, and the P + L region 

contains a mixture of solid P and liquid. The region labeled a + P is a solid mixture of 

the solid a and P components. 
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2.3.2 Pb/Sn Solder Microstructure 

The microstructure of Pb/Sn solder is primarily dependent on the percent mass 

composition, however, the rate of cooling also influences the microstructure. Figures 

2.5(a) and 2.5(b) show the microstructures for 99/1 Pb/Sn and 90/10 Pb/Sn as a function 

of temperature, respectively. 

350 

300 

a + L 250 

200 

150 

a + P 100 

% Mass Sn 

(a) 99/1 Pb/Sn Partial Pb/Sn Phase Diagram (b) 90/10 Pb/Sn 

Figure 2.5. Microstructures for 1/99 Pb/Sn and 10/90 Pb/Sn Solder 
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For 99/1 Pb/Sn, a begins to form at the start of solidification. As the material 

continues to cool the a phase particles grow together. The initial microstructure for 

9 0 / 1 0  P b / S n  i s  s i m i l a r  t o  t h e  99 /1  P b / S n  m i c r o s t r u c t u r e .  H o w e v e r ,  t h e  a+ L  

microstructure covers a larger temperature range during which the a particles increase in 

size. When the temperature is reduced further, and the solvus line is crossed, a solid state 

reaction results in, the precipitation of p phase particles. The formation of the P phase is 

necessary because the solubility of tin in lead (or a) is limited as defined by the solvus 

line. 

Figures 2.6(a) and 2.6(b) show the microstructures for 70/30 Pb/Sn and 62/38 

(eutectic) Pb/Sn Solder as a function of temperature, respectively. 

In the a + L region the microstructure for 70/30 Pb/Sn is similar to that of 90/10 

Pb/Sn (Fig. 2.5(a); the a phase begins to form once the liquidus line is crossed and 

increases with decreasing temperature. At approximately 183 °C the eutectic line is 

crossed and a lamellar plate like structure, which consists of alternating layers of solid a 

and solid P phases, begins to develop. As the temperature is reduced the remaining liquid 

is transformed into the lamellar structure. 

At the eutectic point, Fig. 2.6(b), both the a + L and P+L regions are avoided; 

the lamellar layers of solid a and solid P phases develop directly from the liquid without 

an intermediate solid-liquid phase. 
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(a) 70/30 Pb/Sn Partial Pb/Sn Phase Diagram (b) 62/38 Pb/Sn 

Figure 2.6. Microstnictures for 70/30 Pb/Sn and 62/38 Pb/Sn Solder 

Figure 2.7 shows the lamellar microstructure of euctectic Pb/Sn solder. Figures 

2.8(a) and 2.8(b) show the microstructure for hypoeutectic and hypereutectic Pb/Sn 

solder. In the figures the a regions are darker and the p regions are lighter. From the 

figure it is evident that the structures are similar, both have the characteristic eutectic 

lamellar a - p phase. However, in the hypoeutectic alloy the lead rich a phase is 

predominant, while in the hypereutectic the tin rich P phase is predominant. 



Figure 2.7 Photomicrograph of eutectic solder (Askeland,1989) 

(a) Hypoeutectic Pb/Sn (b) Hypereutectic Pb/Sn 

Figure 2.8. Microstructures for Hypoeutectic and Hypereutectic Pb/Sn 
(Askeland,1989) 



40 

As mentioned above, the microstructure is also dependent on the rate of cooling. 

An electron micrograph for slowly cooled eutectic Pb/Sn is shown in Figs. 2.9(a) and 

2.9(b) shows an electron micrograph for a eutectic Pb/Sn that has been cooled rapidly. In 

general, the slower the cooling rate, the wider the lamellar spacing (Frear et al., 1991). 

The lamellar spacing, X, can be expressed as a function of the growth rate, R, of the 

eutectic, as 

where c is a proportionality constant. From Fig. 2.6(b) it is evident that the lamellar 

character is lost when the Pb/Sn solder is rapidly cooled. 

Figure 2.9. Variation of Pb/Sn microstructure with cooling rate (Frear et al., 1991) 

Regions where the lamellar run parallel to one another are called a grains or 

colonies. The grain size is dependent on the cooling rate; slow cooling results in a large 

grain size while rapid cooling results in a small grain size. The number of grains (in a 

give region) is dependent on the grain size: the smaller the grain size the greater the 

X = cR''^' (2.1) 

7^^ 

(a) Slow Cooled (b) Rapid Cooled 
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number of grains. Hence, the number of grains is reduced when the cooling rate is 

slowed. 

2.4 Pb/Sn Solder Alloy Strength 

When modeling Pb/Sn solder alloys it is necessary to determine the material 

properties. Several different kinds of laboratory tests (uniaxial tension, shear, etc.) are 

often required to determine all the material properties for a sophisticated constitutive 

model. If the availability of suitable test data is limited, it may be necessary to use test 

data from different alloy compositions to approximately determine all the parameters. For 

example, some parameters may be found form tests ofhypoeutectic 40/60 Pb/Sn solders 

while other parameters may be found from test data for hypereutectic 37/63 Pb/Sn solder. 

Hence, it is beneficial to investigate the effect that different solder alloy compositions 

have on the material strength. That is, is it reasonable to determine the parameters from 

mixed data? 

Usually the strength of an alloy is greater than that of the individual constituents 

in the alloy. For Pb/Sn alloys there are three primary modes of strengthening; 

1) Solid solution strengthening 

2) Dispersion strengthening 

3) Increasing eutectic amount 

A plot of the percentage of a, p, and eutectic vs. percent mass of tin is given in Fig. 

2.10 and a plot of the tensile strength of the Pb/Sn alloy vs. percent mass of tin is given in 

Fig. 2.11. 
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Figure 2.10. Percent a, p, and Eutectic vs. Percent Mass Tin 
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Figure 2.11. Tensile Strength vs. Percent Mass Tin 
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2.4.1 Solid Solution Strengthening 

In solid solution strengthening point defects (i.e. a and p precipitates) are 

introduced into the structure. The point defects obstruct the propagation of cracks and 

may also modify the alloys lattice structure if there is enough difference between the size 

of the precipitate and the initial crystal structure. Within the solubility limit, the greater 

the amount of precipitate, the greater the strength of the alloy. Other strengthening 

mechanisms may take place beyond the solubility limit. Both pure lead and pure tin have 

a face centered cubic crystal structure as shown in Fig. 2.12. 

c 

Figure. 2.12 Unit cell for face centered cubic (FCC) crystal 
structure. The bottom, left and back atom halves 
are not shown in the figure. 
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In Fig. 2.12 the dimensions a, b, and c are called the lattice parameters, for a face 

centered cubic crystal structure a = b = c. The lattice parameters for tin and lead are 

6.4912 A and 4.9489 A, respectively, which gives a difference of 1.5423 A. Since the 

lattice parameter difference between lead and tin is significant (about 25%) it is 

reasonable to expect lead tin alloys will exhibit solid solution strengthening. Askeland 

(1989) lists the following effects of solid solution strengthening: 

1) Increases the yield strength, tensile strength, and hardness. 

2) Usually (not always) reduces the ductility. 

3) Reduces the electrical conductivity. 

4) Resistance to creep is improved. 

5) Strength loss at elevated temperatures is improved but the improvement is only 

minor. 

In Fig. 2.2(a), the lead rich a phase at about 240 °C is an example of a Pb/Sn 

alloy with solid solution strengthening. 

2.4.2 Dispersion Strengthening 

Dispersion strengthening can occur when a second phase of an alloy is introduced 

into the system. In Fig. 2.2(b), the smaller tin rich p phase particles distributed among 

the lead rich a phase matrix, at about 40 °C, is an example of a Pb/Sn alloy with 

dispersion strengthening. Askeland (1989) lists the following ideal conditions for 

effective dispersion strengthening: 
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1) The matrix (i.e. the lead rich a phase) should be soft and ductile and the 

precipitate (i.e. tin rich P phase) should be hard and brittle. With this combination 

the matrix still provides some ductility while the precipitate acts as a strong 

obstacle to slip. 

2) The matrix should be continuous and the precipitate should be discontinuous. The 

precipitate/matrix interfaces tend to halt crack propagation. 

3) The precipitate particles should be small and numerous. This increases the 

likelihood that a precipitate particle will be in the path of a propagating crack. 

4) The precipitate particles should be round without any sharp edges. Conversely, 

precipitate particles with sharp edges may initiate cracks. 

5) Greater amounts of precipitate increase the alloy strength. 

2.4.3 Increasing Eutectic Amount 

In Pb/Sn alloys the eutectic microconstituent is stronger than the individual a and 

P phases. Hence, as the amount of eutectic is increased, the strength of the alloy 

increases. The eutectic microstructure of Fig. 2.3(b) at about 150 °C is an example of the 

eutectic microstructure as is the photomicrograph of Fig. 2.4. 

2.4.4 Strengthening Summary 

From Fig. 2.7 the tensile strength of pure lead is about 1800 psi and pure tin is 

about 200 psi. Solid solution strengthening (formation of the a phase) increases the 

tensile strength to about 3400 psi. Dispersion strengthening by p increases the tensile 
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strength to about 5750 psi and dispersion strengthening by a increases the tensile 

strength to about 4600 psi. Increasing the eutectic to 100% gives a tensile strength of 

about 7600 psi. 

Figure 2.10 shows that the tensile strengths for 40/60 Pb/Sn and 37/63 Pb/Sn 

solders are approximately equal. Therefore, test data from these two alloys can be used to 

approximate a complete set of material parameters. 
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CHAPTER 3 

MATERIAL RESPONSE CLASSIFICATIONS 

3.1 Material Response Classifications 

When a material is subjected to an external influence (i.e. an applied load, 

displacement and/or temperature change) the material will respond in some way to reach 

a new equilibrium state. In most eases the material's response can be measured as some 

form of strain. As shown in Fig. 3.1, there are two primary strain responses; elastic and 

plastic. 

Hardening 

Plastic Elastic 

Linear 
Elastic 

Elastic 
Plastic 

Nonlinear 
Elastic 

Linear Elastic 
Perfectly 

Linear Elastic 
Plastic 

Elastic Plastic 
With Hardening 

Linear Elastic 
Plastic 

With Hardening 

Figure 3.1. Material Response Classifications 



Few material responses are completely elastic or plastic. Usually a material will 

exhibit some combination of elastic and plastic strain. Figure 3-1 also shows how these 

two primary responses can be subdivided and/or combined to more accurately classify a 

material's response. As shown in Fig. 3.2, it is the final (unloaded) state that allows one to 

classify a material as elastic, plastic or a combination of elastic and plastic. 
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Figure 3.2. Elastic, Plastic and Combined ElasticPlastic Responses 
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Figure 3-2(a) demonstrates that for a material response to be completely elastic the 

material must return to the initial state after the load is removed. Figure 3.2(b) shows the 

response for a completely plastic material; all strains (or deformations) that result when 

the load is applied are retained when the load is removed. A combined elastic plastic 

response is shown in Fig. 3-2(c). Application of the load produces both elastic and plastic 

strains. When the load is applied removed the elastic strain is recovered but the plastic 

strains are retained. 

3.2 Elastic vs. Plastic 

Table 3.1 lists several characteristics commonly used to distinguishing between 

elastic and plastic responses. 

Table 3.1 Characteristics of ilastic and Plastic Responses 
Elastic Plastic 

Conservative (*) Not conservative 
Reversible or recoverable Irreversible or nonrecoverable 
Same loading and unloading paths Different loading and unloading paths 
No atomic and/or molecular bonds 
are broken or formed 

No atomic and/or molecular Bonds 
are broken or formed 

(*) In a conservative system all of the energy input into the system during loading is 
recovered when the load is removed. 

Figure 3.3 helps to clarify the differences listed in Table 3.1. Figure 3.3(a) shows 

the loading and unloading stress-strain responses for an elastic material. It is evident that 

the same path is followed during loading and unloading. The area under the stress-strain 

curve provides a measure of the change in energy of the material. For an elastic material 

energy is conserved; AE^'® = AE^^. After unlaoding the material returns to its 

original state (point O) and no permanent deformation has occurred. 
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Figure 3.3(b) shows the loading and unloading stress-strain responses for a plastic 

material. The loading and unloading paths are different and energy is not conserved: 

AEC* > . Furthermore, upon unloading the material does not return to the 

original state (i.e. permanent deformation has occurred). This permanent deformation 

results from the microcracking and rearrangement of the materials microstructure. During 

microcracking atomic and/or molecular bonds are broken and new bonds are formed 

during rearrangement. 

For a material to be classified as elastic all the conditions in the clastic column of 

Table 3.1 must be satisfied. However, if the conservative condition is met the other 

conditions are usually satisfied. 

elastic 
'load 

elastic 
unload 

O e O e 

(a) Elastic Loading and Unloading = AE^^ 

AEPlastic 
plastic I 

"^unload S 

O s O £ 

(b) Plastic Loading and Unloading: AEJ^" > AEf^^ 

Figure 3.3. Elastic and Plastic Loading and Unloading 
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3.3 Linear Elastic and Nonlinear Elastic 

Figure 3.1 indicates that the elastic response may be divided into two sub 

categories: linear elastic and nonlinear elastic as shown in Fig. 3.4. Both the linear and 

nonlinear elastic responses will follow the same path during loading and unloading. 

<T 

8 

a 

£ 

(a) Linear Elastic (b) Nonlinear Elastic 

Figure 3.4. Linear and Nonlinear Elastic Responses 

As shown in Fig. 3.4(a), the stress-strain response of a linear elastic material plots as a 

straight line in the a vs. e space, the slope of this line is Young's modulus (also called 

the elastic modulus). Conversely, Fig. 3.4(b) indicates that the stress-strain response of a 

nonlinear elastic material plots as a curved line in the a vs. s space. For a nonlinear 

elastic material Young's modulus may be found as the initial slope of the line. 
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3.4 Linear Elastic Perfectly Plastic Response 

Figure 3.5 shows the stress-strain response for a material idealized as linear 

elastic perfectly plastic. 

or. y 

8 .e S 

Figure 3.5. Linear Elastic Perfectly Plastic 

Loading begins at the origin (point O) and behaves linear elastically until the yield stress, 

<jy, is reached at point A. Beyond point A the material acts as a perfectly plastic material. 

That is, all additional strains are plastic; there is no elastic component. The maximum 

stress the material can withstand is cr^. Additional loading beyond point A produces only 

plastic strain. When the load is removed at point B the initial elastic strain, s®, produced 

in going from point O to point A is recovered. The final state of the material is point C. In 

the final state the material retains all the plastic strain, , produced in moving from point 

A to point B. Both the linear elastic and perfectly plastic components of this response are 

idealizations. Few materials are completely linear elastic even in the initial stages. And, 

plastic strain is almost always accompanied by some elastic strain. However, because of 

its simplicity the idealization is useful for some materials. 
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3.5 Linear Elastic Plastic Response 

Figure 3.6 shows the stress-strain curve for a material idealized as linear elastic 

plastic. 

cr. y 

O s .e s 

Figure 3.6. Linear Elastic Plastic 

During the initial stages of loading the material state moves linearly elasticaJly from point 

O to point A, which corresponds to the yield stress, . Any additional loading beyond 

point A produces plastic stain and stress states values greater than . In moving from 

point A to point B both elastic and plastic strains are produced. When the load is removed 

all of the elastic strain produced in moving from points O to A and then points A to B is 

recovered and point C is the final state. At point C the permanent plastic strain is less 

than what would have been retained in the linear elastic perfectly plastic idealization. The 

linear elastic plastic idealization more closely approximates the material behavior 

observed in the lab or in the field than the linear elastic perfectly plastic idealization. 

However, modeling the response between points A and B is more complex, usually an 

incremental/iterative procedure is required. 
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3.6 Elastic Plastic Response 

Figure 3.7 shows the stress-strain curve for a material idealized as elastic plastic. 

Figure 3.7. Elastic Plastic Response 

With the elastic plastic response there is usually no distinguishable yield stress, , since 

plasticity begins in the early stages of loading. Young's modulus may be found as the 

slope of the initial slope of the curve. During unloading, point A to point B, the slope of 

the curve is usually assumed to be equal to Young's modulus. The elastic plastic 

idealization more closely matches observed responses measured in the laboratory or out 

in the field but, like the linear elastic plastic idealization, is more complex to model. 

3.7 Final Stress State 

In Figs. 3.6 and 3.7 the final state is drawn to correspond to a zero state of stress 

for simplicity. That is, it is assumed that all stresses vanish when the load is removed. 

However, in a real material this is usually not the case, some stresses usually remain. 
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3.8 Elastic and Plastic Microstructural Responses 

WheB an elastic material (linear or nonlinear) is loaded the microstrocture of the 

material is stretched and/or compressed but no microcracking, cracking or rearrangement 

occurs. Upon removal of the load the microstructure returns to its initial state and releases 

all its stored energy. 

When an elastic plastic material is loaded the microstructure of the material is 

stretched and compressed (elasticity) and also experiences microcracking, cracking and 

rearrangement (plasticity). After the load is removed the elastic strain due to the 

stretching and compressing is recovered but the plastic strain is retained: the material 

experiences permanent deformation. Although it may be possible to return the material to 

its original shape through reverse loading the plastic strains will not be recovered. In fact, 

the reverse loading will actually increase the amount of plastic strain. No amount of 

loading and reverse loading can return the microstructure of the final state in Fig. 3-7 to 

the initial state. 

3.9 Hardening or Continuous Yielding 

The microstructure of a plastic material continuously changes during loading, as 

the microstructure changes the yield point moves. For example, in Fig. 3.6 point A is the 

initial yield point. If the material is loaded to point B, unloaded, and then reloaded the 

yield point will move to point B. When the material is reloaded from point C to point B 

no additional plastic strain is produced until point B is reached. This process is called 

hardening or continuous yielding. 
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3.10 Path Dependence 

Figure 3.8 shows three different possible loading paths for moving the material 

state from point A to point B. If the material is elastic the material state at point B will be 

the same regardless of which loading path is taken. However, if the material is plastic (or 

elastic plastic) the material state will be different for each loading path: plastic materials 

are path dependent. This is because different amounts of plastic (unrecoverable) strains 

are produced along different loading paths. 

Figure 3.8. Three Different Paths from Point A to Point B 
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CHAPTER 4 

CLASSICAL CONSTITUTIVE MODELS 

4.1 Constitutive ModeLs 

A constitutive model is a mathematical description of a material's response under 

a given set of loading conditions and/or other influences. These conditions may include 

point loads, distributed loads, and applied displacements. Other influences include, but 

are not limited to, thermal effects and imitu stresses. No constitutive model available 

today is perfect. It is unlikely that a perfect constitutive model will ever be developed 

since material responses are complex. 

This chapter provides a brief description of several classical constitutive models. 

Classical models are often a favorite among practicing engineers bccause they are simple 

and readily available in commercial programs. On the other hand, most classical models 

are unable to properly model complex material responses. Identification of these 

limitations will demonstrate the need for more advanced models. 

4.2 Linear and Nonlinear Elastic 

For the one dimensional linear elastic model the one-to-one relationship between 

stress, CT, and strain, E, is given by 

cy = Es (4.1) 

where E is Young's Modulus. In three dimensions Eq. 4.1 can be expressed in tensor 

notation as 
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«^ii=C.Tde!d (4-2) 

where Cj  ̂ is the fourth order elastic constitutive tensor and and are the second 

order stress and strain tensors, respectively. In matrix notation Eq. 4.2 can be expressed 

as 

H=[cM c-s) 

where [C] is the elastic constitutive matrix and {a} and {e} are the stress and strain 

vectors, respectively. For elastic cases, [C] and {e} of Eq. 4.3 can be written as [c°j and 

{e®} where the e superscript denotes elastic. Details of the elastic constitutive matrix and 

stress and strain vectors are readily available in numerous books, and in the interest of 

brevity, will not be presented here. 

The are also nonlinear elastic models available which in most cases are more 

accurate than their linear elastic counterparts. 

Because of their simplicity the elastic models (linear and nonlinear) can often be 

suitable for hand calculations and preliminary investigations. However, with simplicity 

comes limitations, the most obvious limitation of the elastic models is their inability to 

model plastic responses. 

4.3 Elastic Limit 

For plastic models it is necessary to define the state of stress (or strain) at which 

plasticity begins. This state is called the elastic limit. Plasticity begins when the elastic 

limit is reached. 
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4.4 Yield Criterion 

The yield criterion is a rule (or set of rules) which defines the elastic limit. That is, 

when the material behavior changes from a recoverable (elastic) response to a plastic 

(unrecoverable) response. The yield criterion defines the limit when the material's 

response moves from the elastic region to the plastic region. 

The one-dimensional stress-strain curve for a linear elastic-plastic material is 

shown in Fig. 4.1. Point A in the figure denotes the yield point which corresponds to the 

material's yield stress, Oy. stress states up to point A are in the clastic region; stress states 

beyond point A are in the plastic region. All strains in the elastic region are elastic. 

However, strains in the plastic region include both elastic and plastic strains. 

Yield Point 

Elastic 
Region 

Plastic 
Region 

Figure 4.1. Yield Point, Elastic and Plastic Regions 
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4.5 Yield Function 

A mathematical function, called the yield function, is often used to define the 

boundary between the elastic and plastic regions; the yield function is typically denoted 

by the symbol F. For the one-dimensional example of Fig. 4.1 the material reaches the 

boundary when <y = a^. So, the yield function for Fig. 4.1 is 

F = a-cyy=0 (4.1) 

where a denotes the current state of stress. The yield function is usually expressed as 

being equal to zero since it defines the boundary between the elastic and plastic regions. 

Hence, when F = 0 the state of stress is on the boundary. When F <0 the state of stress 

is in the elastic region. On the other hand, if F > 0 the state of stress is in the plastic 

region. 

4.6 Yield Surface 

When expanded to three dimensions, there will be an infinite number of points at 

the boundary between the elastic and plastic regions. When considered together, the 

infinite number of points define a surface called the yield surface. In three dimensions the 

yield function, F, can be expressed as fxmction of the state of stress. Since the assignment 

of a x-y-z coordinate system is arbitrary, it is convenient to describe the yield function in 

an invariant stress space. In so doing, any variations in selecting the x-y-z coordinate 

system are removed. 



4.7 Invariant Stress Spaces 

Figure 4.2 shows the a,(invariant) principal stress space which is also 

called the Haigh-Westergaurd stress space (Weslergaurd, 1920). In the figure solid lines 

denote positive directions and dashed lines denote negative directions. The line of points 

where a, = Oj = (i.e. hydrostatic or spherical stress) is called the hydrostatic line. 

Hydrostatic line 
, a, =a, =cr. 

Figure 4.2 CTj-Cj-a, stress apace and hydrostatic line 

Figure 4.3 shows another invariant stress space called then plane. The equation 

of the 71 plane is cr, + cjj + 03 = 0 which indicates that the hydrostatic stress on the n 

plane is zero. The hydrostatic line is perpendicular to the n plane. In Fig. 4.3 the 

hydrostatic line is directed out of the plane of the paper and passes through the origin. 

Another stress space commonly used in this research is the two-dimensional 

vs. J, stress pace where J, is the first invariant of the stress tensor and is the 

second invariant of the deviatoric stress tensor. 
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a, + CT, + a, = 0 

Figure 4.3 n Plane 

4.8 Tresca 

The Tresca yield criteria assumes that yielding begins when the maximum shear 

stress reaches the maximum .shear stress that occurs in a simple tension test. In a simple 

tension test the load direction corresponds to the principal stress and the other two 

principal stresses are assumed to be zero = 0 ). For any stress state the 

maximum shear stresses, T, , Xj and Xj, are given by 

The maximum shear stress, in a uniaxial test with a, = and cTj = cjj = 0 is then 

(4.2) 

(4.3) 
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The conditions for yielding are obtained by substituting the expression for z^. (Eq. 4.3) 

for T,, T, and x, in Eq. 4.2; this gives 

0, -02 =±0y 

02-03 =±0, (4.4) 

03-0, =±0y 

The six conditions of Eq. 4.4 define the onset of yielding for the Tresca criteria. Figures 

4.4(a and b) show the Tresca yield surface in the Haigh-Westergaurd stress space and n 

plane, respectively. 

Hydrostatic Line 
/ 0, = 0, = 03 

(a) Tresca yield surlace in the Haigh-Westergaurd stress space 

Figure 4.4 Tresca yield surface in different stress spaces 
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i 

(b) Tresca yield surface in the n plane 

Figure 4.4 Continued 

As shown in Fig. 4.4(a), the Tresca yield surface is a regular hexagonal cylinder 

whose axis coincides with the hydrostatic line. 

The Tresca criterion provides results that are in fair agreement with experimental 

data for many materials (Mendelson 1983). 

The Tresca model has several limitations: 

a) The Tresca yield surface is defined in terras of the principal stresses. 

Determination of the principal stresses requires finding the roots of a cubic 

equation, which can be tedious (see Appendix II). 



b) The Tresca yield surface is defined via six equations (Eq. 4.4). The intersections 

of these six equations give the vertices of the hexagon in Fig. 4.4(b). Such 

intersections can cause numerical difficulties. 

c) The regular hexagonal cylinder of the Tresca yield surface allows for infinite 

strength along the hydrostatic line. This is desirable for hydrostatic compression 

may be unrealistic for hydrostatic tension. 

d) The Tresca model assumes the strength of the material is the same in compression 

and tension. For metals this assumption is fairly reasonable but it is unreasonable 

for granular materials like soils and powders. 

4.9 Von Mises 

The von Mises yield criteria is perhaps the most commonly used more for metals. 

The results are in good agreement with experimental data and the model is fairly simple 

compared to more advanced models. 

The von Mises model assumes that yielding will occur when the yield stress in 

pure shear is lj^i3 times the yield stress in simple tension (Mendelson 1983). The yield 

function for the von Mises model is given by Desai (2001) as 

F = Jjj, -k^ = 0 where k = -^ (4.5) 

Figures 4.5(a and b) show the von Mises yield surface in the Haigh-Westergaurd 

stress space and n plane, respectively. 



(a) von Mises yield surface in the Haigh-Westergaurd stress space 

Von Mises 

Tresca 

i 
! 
I 

(b) von Mises yield surface in the n plane 

Figure 4.5 von Mises yield surface in different stress spaces 



The Tresca hexagon is also shown In Fig. 4.5(b), from the figure the yield stress 

in pure shear predicted by the von Mises model is about 15 percent greater than that of 

the Tresca model (Mendelson 1983). 

Equation 4.5 shows that the yield function for the von Mises model is expressed in 

terms of the stress invariant and requires only a single fiinction. This removes the 

first two limitations presented above for the Tresca model. However, the von Mises 

model still has the following limitations: 

a) Like the Tresca model, the von Mises yield surface allows for infinite strength 

along the hydrostatic line; this is desirable for hydrostatic compression but not for 

hydrostatic tension. 

b) Also like the Tresca model, the von M ises model assumes the strength of the 

material is the same in compression and tension. 

4.10 Drucker-Prager 

The Drucker-Prager model is similar to the von Mises model in that the yield 

surface plots as a circle in the n plane. Desai (2001) gives the yield function for the 

Drucker-Prager model as 

where a and k are material properties. Desai (2001) gives additional details regarding 

the Drucker-Prager model and provides procedures for determining the material 

parameters. 

(4.6) 



68 

As shown in Fig. 4.6, the yield surface for the Drucker-Prager model plots as a 

right cone in the Haigh-Westergaurd stress space. This shape allows the model to 

simulate different material responses for hydrostatic compressive and tensile loading 

states with hydrostatic compression being the stronger of the two. 

Figure 4.6 Drucker-Prager yield surface in the Haigh-Westergaurd stress space 

The location of the cone vertex (point A, Fig. 4.6) is related to the cohesive 

strength of the material. If the material has no cohesive strength the cone vertex will 

coincide with the origin (piont O, Fig. 4.6). 

The Drucker-Prager model removes the first three limitations discussed above for 

the Tresca model. The remaining limitation, assumed equal strengths in compression and 

tension, is still present. 
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4.11 Mohr-Coulomb 

Figures 4.7(a and b) show the Mohr-Coulomb yield surface in the Haigh-

Westergaurd stress space and n plane, respectively. 

(b) Mohr-Coulomb yield surface in the Haigh-Westergaurd stress space 

(a) Mohr-Coulomb yield surface in the n plane 

Figure 4.7 Mohr-Coulomb yield surface in different stress spaces 

The Mohr-Coulomb model removes all four of the limitations discussed above for 

the Tresca model. Desai (2001) gives the yield function for the Mohr-Coulomb model as 

F = J, sin({t>) + yJhjj cos(0)- sin(<j))sin(0)-ccos(<|>) = 0 (4.7) 



70 

where c is the cohesion, <j) is the friction angle, and 6 (the Lode angle) is in the range 

Tt TC 
—  < 0  <— and is computed as 
6 6 

1 
0 = —arcsin 

3 

3^/3 J 3D 

2 J' -
(4.8) 

As shown in Fig. 4.7, The shape of the Mohr-Coulomb yield surface is similar to 

that of the Tresca model but the material's strength is stronger in compression than in 

tension. However, as indicated by Eq. 4.7, only one equation is used to describe the yield 

surface compared to the six equations of the Tresca model. 

4.12 Subsequent Yield Surfaces 

All of the models discussed thus far (Tresca, von Moses, Drucker-Prager and 

Mohr-Coulomb) have considered only the initial yield surface. In so doing they essential 

assume a perfectly plastic response once the yield surface has been reached. However, as 

shown in Fig. 4.8, for many materials the yield point will move continuously. 

<7 

S 

Figure 4.8 Movement of the yield point 
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In Fig. 4.8 a material is loaded beyond the initial yield point (point A) to point B. 

When the load is then removed the elastic strain is recovered and the material state moves 

to point C. When the material is reloaded the material state can move back to point B 

elastically: no additional plastic strain is produced until point B is reached. Hence, the 

yield point has moved from point A to point B. The unloading and reloading sequences 

were used here to better demonstrate the effects of strain hardening. However, these 

unloading and reloading sequences are not required for the yield point to move. In fact, a 

new yield point accompanies each additional load increment. To accurately model a 

material's response a strain hardening (or continuous yielding) model is usually required. 

As shown in figure 4.9, continuous yielding models may be classified as either 

isotropic or kinematic. 

(a) Isotropic Hardening. 

Figure 4.9 Isotropic and Kinematic Hardening 
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With isotropic hardening the yield surface expands uniformly about a common origin. 

With kinematic hardening the size of the yield surface stays constant but the yield surface 

moves about the a, stress space. From Fig. 4.9 it is evident that the kinematic 

hardening model is more mathematically complex than the isotropic mode. Hence, 

isotropic hardening is most often assumed to reduce modeling complexity. 

With modifications the models described above can be modified to simulate 

continuous yielding. For example, the von Mises model can be modified as 

¥ = J,^-e=Q (4.9) 

o' 
where k = -y- and the yield stress, 0y, becomes a function of the plastic strain. 

Alternatively the yield stress could be treated as a function of strain energy or work. 

4.13 Advanced Models 

Many publications provide reviews and details of various constitutive models and 

applications. The hierarchical single surface (HISS) model, which will be discussed in 

Chapter 5, is one of the best constitutive models available today. The HISS model is a 

continuous yielding model, which surpasses the capabilities of the models described 

above. 
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CHAPTER 5 

THE HIERARCHICAL SINGLE SURFACE CONSTITUTIVE MODEL 

5.1 Hierarchical Single Surface Constitutive Model 

The hierarchical single surface (HISS) constitutive model provides an elastic-

plastic solution for a wide range of materials. As the name implies, the HISS model has 

two primary features. First, the HISS model has a hierarchical framework. Classical 

models such as the von Misses and Mohr-Coulomb models can be obtained from the 

HISS model by properly selecting appropriate material parameters. Second, a single 

continuous surface is used to describe the yield surface. 

The yield function, F, for the HISS model is given by Desai (2001) as 

wherpB, y and p are dimensionless material parameters, J, and are dimensionless 

forms of the stress invariants, S^ is the stress ratio and a is the dimensionless hardening 

function. Additional details for all of these parameters are provided below. 

The dimensionless term J, is obtained from the first invariant, J,, of the stress 

tensor, 0-j, as 

(5.1) 

(5.2) 

where p^ = 0.101325 MPa = 14.7 psi is the atmospheric pressure. 
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For materials such as metals where the bonding stress, R, is significant Eq. 5.2 is 

modified as 

The constant 3 in Eq. 5.3 is required since there are three stress components, cr^, and 

(or <T,, o, and a,) in the first invariant, J,. 

The dimensioiiless tenn is obtained from the second invariant, Jjjy , of tih-C 

deviatoric stress tensor, S-, as 

Expressions for the stress.invariants J,, J,, J,, and Jjj, are given in Appendix C. 

The stress ratio, , is defined as 

where is the third invariant of the deviatoric stress tensor. The terms i ju -fjo 

have units of stress sqiaared and cubed, respectively, since is raised to 3/2 the units of 

Jjjj / JjD caacel out. Henee, is-a dimeasionless-quantity. 

Hie hardening fiinction, a, can be expressed as a fiinction of some internal 

variable such as the plastic strain trajectory, total accumulated plastic strain, plastic work, 

or dissipated energy. For solid materials the plastic strain trajectory has been found to be 

(5.4) 

^ •'2D 

(5.5) 
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the most suitable option. It provides a more consistent formulation than plastic work and 

can be easily computed for test data. (Desai, 2001). In tMs research the hardening 

fimctiott is treated as a fiinction of the plastic strain as 

(5-6) 

where a, and TJ, are material parameters and ^ is the total plastic strain trajectory given 

by 

(5-7) 

where ds| is the total incremental plastic strain tensor.  ̂ can also be competed as the 

sum of the deviatoric^ and volumetric, ^, strain trajectories as 

5 = 5^ + 5,= J(dE!dE,^)'%^ldef 
1/2 1 ,. „ (5.8) 

where-dE,J i-s-tbe incremental deviatoric plastic strain tensor and ds? = dv^ is the 

incremental volumetric plastic strain. 

The HISS yield function is often expressed in a shortened form as 

F = j2D-F..F.=0 (5.9) 

I • • 'y y V • Q ^ 

where 1\ = -a J," + yJ, and = (1 - pS^) ' are related to the shape of the yield surface 

in J, vs. space and the octahedral plane, respectively. 
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5.2 HISS Yield Function Dimensions 

The yield functions for most classical elastic-plastic constitutive models have 

units of stress (Pa, psi, etc.). As described above, all of the parameters and terms on the 

right had side of Eq. 5.1 (n, y, (3, J,, J,,,, and a) are dimensionless. Hence, the yield 

function for the HISS model is dimensionless. 

5.3 HISS Material Parameter Determination 

AH of the material parameters in the HISS model can be found from conventional 

laboratory tests and most are related to a physical state of the deforming material. That is, 

the material parameters arc not just constants obtained only from curve fitting. 

Brief procedures for determining the material parameters for metals and alloys 

will be described below. Procedures for geologic (pressure dependent) materials are 

provided elsewhere (Desai et al., 1986; Desai and Zhang, 1987; Desai, 1990; Desai 

2001). 

5.3.1 Ultimate Parameters, p and y 

The material parameters p and y are related to yield surface shape. The influence 

of p on the yield surface shape in the octahedral plane is shown in Fig. 5.1. For p = 0 the 

yield surface is circular like the von Mises and Drucker-Prager models, which assume 

that material strengths in compression and tension are equal. Since the yield surface must 

be convex a limiting value of p < 0.756 is required. For p in the range 0 < p < 0.756 the 

material is considered to be stronger in compression than in tension. Values of P < 0 
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would imply a material that is stronger in tension than compression and is therefore 

considered unrealistic. For metals, and alloys like the solder, the compressive and tensile 

strengths are assumed to be approximately equal. Hence, in this research P is assigned a 

val ue of P = 0. 

P = 0.9 (Not Convex) 

P = 0.77 (Not Conviex) 

P = 0.3 

p = 0.0 

Figure 5.1 Effect of P on the shape of the yield surface in the octahedral plane. 



The ultimate parameter y is related to slope of the ultimate envelope in 

J, space as shown in Fig. 5.2. 
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vs. 

Ultimate 
Envelope 

Figure 5.2 yjy defines the slope of ultimate envelope in vs J, space 

When a material approaches its ultimate state the hardening function approaches 

zero, a -> 0. ITiercfore, the value of y can be found from Eq. 5.1 by setting J3 = 0, 

a = 0, JjD = (X,) and J, = (j, ; solving for y, yields 

(j.) 
(5.10) 

ult 

For materials, which exhibit softening behavior, the ultimate stress can be approximated 

as 5 t» 10 percent more than the peak stress, see Fig 5-3. For metals and alloys y is 

usually a small number on the order of 10 ^ or 10 
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peak •HISS 

Test -Data 

Figure 5.3 Approximation of for softening materials 

5.3.2 State Change Parameter, n 

The state change parameter n (also called the phase change parameter) is related 

to state of stress at which the material, under compressive loading, experiences a zero 

volume change, AV = 0. For metals and alloys it is difficult to identify a zero volume 

change from test data. However^ the zero volume change can be related to the zero plastic 

dF dp 
volume change,=0, which occurs when --=^ = 0. From Eq. 5.1, with P = 0, is 

5J, ^.T| 

found to be 

— — 

^ = naJ,""'-2yJ, =0 (5.11) 
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Equation 5.11 can then be solved for J, as 

(5.12) ^ 2y V-2 

Van; 

Substituting Eq. 5.12 into 5.1 and solving for n yields 

(5.13) n = ̂ 2YJ^ ^ 

y\ ^20 ydnf-o 

For incompressible materials such as saturated soils n is found to be in the range 

2 < n <3 (Desai and Wathugala, 1993). Sincc solders can be approximated as 

incompressible, in this research n is considered to be 2.1, which gives a response that is 

approximately similar to the von Mises criterion. 

5.3.3 Bonding Stress, R 

For metals the bonding stress can be determined from a uniaxial tension test 

where J, -f + a, =a, +0 + 0 = a, and = -^. At the ultimate stress (i.e. 
V3 

failure)! J, and ) J = ^ • Figure 5.4 shows the relation between the 

ultimate point | J,, -JJJD ) j' slope of the ultimate-yield surface, , and the. bonding 

stress,'R," in vs. J,' space. 3R is shown in the JBgure siBce-there are three stress 

components in J,. 
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Figure 5.4. Relation between 3R, y, and ultimate yield point  ̂Jj, | 

From Fig. 5.4 the slope of the ultimate yield surface, -Jy, cane be expressed as 

(5.14) 

Solving 5.14 for R yields 

R = 
3Vy 

(5.15) 

where expressions for and , as found from a uniaxial tension test, were 

given above. 
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5.3.4 HariEtening Parameters a, and iij 

The hardening parameters a, and % descaibe the growth of Ihe yield surface as a 

material-is loaded. During testing the load can - be applied incrementally and the stresses 

and strains can be recorded. From this test data the dimensionless stress invariants, Jj and 

JjD, and the strain trajectory, ^, can be computed for each increment. From Eq. 5.1, with 

P = 0, the hardeipng fimction for each load increment can then be found as 

jn J, 
(5.16) 

Taking the natural log of Eq. 5.6 gives 

ln(a) = ln(a,)-ri,ln(^) (5.17) 

which is the equation of a straight line with slope and intercept In (a, ) in In (a) vs. 

In (^) space. Hence, a, and ir|j can be found from a linear regression analysis of the 

incremental test data. 
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CHAPTER 6 

THE DISTURBED STATE CONCEPT 

6.1 Observed Response and Reference States 

Figure 6.1 shows the idealized stress-strain response of an arbitrary material 

subjected to arbitrary loading. The actual response, what one measures in the laboratory 

or in the field, is labeled as the Observed Response. The disturbed state concept (DSC) 

states that the observed response is a mixture of the responses of two material reference 

states labeled Relative Intact (RI) and Fully Adjusted (FA) in Fig. 6.1. 

i b. a 
Relative 

Intact 

Observed 
Response 

Fully 
Adjusted 

s 

Figure 6.1. Relative Intact, Observed and Fully Adjusted Responses 
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6.1.1 Relative Intact Reference Slate 

Material parts in the relative intact state may exhibit classical responses such as 

elasticity, plasticity, viscoplasticity, etc. but the material remains a continuum. There is 

no microcracking, fracturing or softening in the RI state. Any classical model can be used 

to characterize the RI response. In this study the HISS model {Chapter 5) is used to 

model the RI state. 

6.1.2 Fully Adjusted Reference State 

The material parts in the FA state are modeled as having experienced 

microstructure changes, microcracking and/or fracturing. Three of the options available 

for modeling the strength of the material in the FA state are: 

1) The FA material has the strength to carry hydrostatic stress but not shear stress 

(i.e. essentially acting like a constrained liquid). 

2) The FA malerial can carry the shear stress reached up to a given (initial) mean 

pressure and then deform in shear without any change in volume as in the critical 

state model, Desai (2001a). 

3) The third option is similar to that of the damage approach, (Kachanov, 1986): the 

material is assumed to act like a void and can carry no stress at all. 

Option 3, modeling the FA state as a void, is not considered to be realistic since it does 

not provide for any interaction between the RI and FA states. Hence, only first two 

options are commonly used, (Desai, et al., 1997, Desai, 2001a). In this research the FA 

state is assumed to act like a constrained liquid (option 1). 
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6.1.3 Observed Response 

The observed response of a deforming material element is treated as a mixture of 

the responses of the material parts in the Rl and FA reference states. As a material is 

loaded, the material parts in the RI state continuously transform to the FA state at 

randomly distributed locations. Fig. 6.2. 

cS' ^ \ 
Transition Cluster 

9  

% 

Initial Intermediate "Failure" 

I I Relative Intact Zones 

^ Fully Adjusted Zones 

Figure 6.2. Transition of material parts in RI state to FA state. 

The observed behavior of the material is expressed in terms of the coupled 

behavior of the materials in the RI and FA states by using the disturbance function, D. 

Desai (2001a) provides several different expressions for the disturbance function, for 

metals the disturbance is commonly expressed as 

D = D,(l-e (6.1) 
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where (called the ultimate disturbance), A and Z (related to the growth of disturbance) 

are material parameters and is the deviatoric plastic strain trajectory given by 

= J(dE?dEP)'" (6.2) 

where dE| denotes the incremental deviatoric plastic strain tensor. Figure 6.3 shows the 

variation of D with . For a cyclic/repetitive analysis can be treated as a function of 

the cycle number, N, and/or time, t. 

0.9 

0.8 

0.7 —-
ml 

0.6 

D 0.5 
ml 

0.4 

0.3 

0.2 

0.0 I 

Figure 6.3 Variation of disturbance, D, with deviatoric 
plastic strain trajectory, 4,,, and asa 

function of cycle number, N, and/or time, t. 
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In Fig. 6.3 D^, denotes the disturbance at which microcracking may first initiate, 

Djnz denotes intermediate microcracking leading to initiation of failure, denotes 

disturbance at the initiation of failure, and D„ is the ultimate disturbance, which is 

material parameter. Specific values for •> Dc D„ are dependent on the 

material being studied, Fig. 6.3 shows the approximate values for an arbitrary material 

with D„ = 0.95. 

The disturbance function acts as an interpolation/coupling mechanism between 

the RI and FA states. After calibrating the disturbance with test data, the disturbance can 

provide a measure of many material responses of interest to engineers (Desai, 2001a). In 

this research D represents the effect of microcracking and fracture which leads to 

degradation, softening and ultimate failure. It can also represent the enhanced particle 

(chemical) bonding which leads to stiffening, (Desai, et al., 1997). 

In incremental form, the observed response of a material is derived from the RI 

and FA reference states using the DSC equation given by Desai (2001a) as 

where the a, i and c superscripts denote the observed, relative intact, and fully adjusted 

states, respectively. and C'jy denote the constitutive tensors for the RI and FA states, 

respectively. dD denotes the incremental disturbance and de^ and de^ denote the 

incremental strain tensors for the RI and FA states, respectively. To reduce the numerical 

(63) 



complexity, and improve efficiency, the RI and FA strain increments are usually assumed 

to be equal (dsy = de^,), in most cases, including this research, the assumption is valid. 

6.2 Numerical Procedure 

Since the DSC/HISS model is nonlinear, an incremental iterative procedure is 

required. Each incremental load step involves three basic subs steps. First, the HISS yield 

function (Eq. 5.1) is used to determine the RI state corresponding to the current load. An 

iterative drift correction procedure is usually used to satisfy equation 5.1. Second, the FA 

state corresponding to the current load is determined based on the option selected in 

Section 6.1.2. In most cases the FA state can be derived/approximated from the RI state. 

For example, for the constrained liquid idealization (option 1) the FA shear stresses are 

zero and the normal FA stresses can be taken as the minimum of the three normal RI 

stresses. Finally, the observed response is found from Eq. 6.3 using a special iterative 

procedure (Desai, 2001a). The incremental procedure is then repeated until all 

incremental load steps have been completed. Desai (2001a) gives a complete description 

of the numerical procedure. This procedure has a distinct advantage. Since the solution is 

marched through RI response, rather than the observed response, the negative-definite 

nature that may occur in the constitutive matrix for the observed response beyond the 

peak stress (point A, Fig. 6.1), is avoided (Desai, et al., 1997). 



89 

6.3 Disturbance Parameter Determination 

Results from laboratory test typically yield stress-strain curves similar to the 

observed response curve in Fig. 6.1. The RI curve in Fig. 6.1 can be obtained from the 

procedures described in Chapter 5 and the FA response can be derived from the RI 

response as described above in the numerical procedure. 

6.3.1 Ultimate Disturbance, D,, 

Once the RI, FA and observed (test) stress strain responses are known the 

disturbance at any strain can be calculated from (Desai, 2001a) 

D = (6.4) 
_c ^ ^ CT — a  

The ultimate disturbance, D„ can be found from Eq. 6.4 as 

(6.5) 
or —(J u u 

where the u subscript indicates that the stresses should be taken at the ultimate strain (i.e. 

far right in Fig. 6.1). 

6.3.2 Disturbance Parameters A and Z 

Taking natural log of Eq. 6.1 twice and rearranging yields: 

In In 
D.. 

, D -D , V u y 
= Zlnfe)+ln(A) (6.6) 



Equation 6.6 is now in the form y = mx + b and is plotted in Fig. 6.4 

90 

vD„-D, 

Figure 6.4. Plot of In In 
v'^u-D, 

ln(4o) 

vs. In(^o) for finding A and Z. 

From Fig. 6.4, Z can be found directly as the slope, however, A must be found from 

b = ln(A) =>A = e^ (6.7) 

The description above has only touched on the disturbed state concept. Desai 

(2001a) provides a detailed description. 
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CHAPTER 7 

CYCLIC ANALYSIS AND PREDICTION OF FAILURE 

7.1 Need for Cyclic Analysis 

When an electronic device is turned on its temperature will increase. The 

temperature distribution within the device will normally be non-uniform and will vary 

with time. Since the chip consumes power, it is usually the first component to experience 

a temperature increase. In turn, as the chip heats up, it transfers heat to other nearby 

components (substrate, printed wire board (PWB), etc.) and the surrounding air. In some 

cases, a heat sink and possibly a fan may be used to increase the amount heat transferred 

to the air. However, since solder is a good conductor of heat, some heat is transferred to 

the substrate through the solder connections. When the device is turned off, heat 

generation is terminated and the device will eventually cool to the ambient temperature, 

T„. During the life of an electronic device the heating and cooling process may be 

repeated several thousand times. Hence, a cyclic analysis is usually required to accurately 

model the behavior of a solder connection. 

7.2 Thermal Expansion 

Most materials expand when they are heated and contract when they are cooled. 

The magnitude of expansion or contraction, 6^, for a given temperature change (increase 

or decrease), AT, is given by 
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St = a,LAT (7.1) 

where L is the initial length and a,, is the coefficient of thermal expansion. 

Figure 7.1 shows bimetal strip consisting of two metals with different coefficients 

of thermal expansion that have been bonded together. At room temperature both metals 

have the same length, L. From Eq. 7.1 it is evident that when the temperature is increased 

by AT both metals will expand. However, since the for metal 1 is greater than the 

for metal 2, metal 1 will expand more, (i.e. 5.j., >6.,. ^). As shown in the figure, this 

thermal expansion mismatch (TEM) will cause the bimetal strip to bend. This principal is 

often used in thermostats where the bending of a bimetal strip makes or breaks an 

electrical circuit that turns on and off the fiimace and/or air conditioner. (Halliday and 

Resnick, 1988). 

Metal 1. a.p, 

Metal 2, •, 

L + 8, 

L + 8j 

Heat. AT 

a? I > a^. 2 

8,. 1 = a 1 jLAT 

2 ~ OC-j- 2^/AT 

8j J > 8 T,2 

Figure 7.1. Schematic of t wo pieces of metal with different coefficients 
of thermal expansion bonded together and then heated. 



The effects of TEM become more complex when an electronic package is 

considered. In most cases all three components (chip, solder and substrate) will have 

different coefficients of thermal expansion and will therefore expand (or contract) at 

different rates. Figure 7.2 provides a simplified example of how TEM can cause the 

solder balls in an electronic package to be subjected to shear, tensile, and compressive 

loads. Selecting materials with matched coefficients of thermal expansion (if available) 

can reduce some of the detrimental effects of TEM. However, since the temperature 

changes within the package are rate dependent and non-uniform, there will always be 

temperature gradients in the package. Hence, the distortion of the solder balls due to 

TEM cannot be totally avoided. 

1 ^ 2 ̂  CC-p ^ 

Chip, a, I 
Solder Balls, a., 2 

Substrate, , 

Heat, AT 

V Tension and 
Shear Compression 

Figure 7.2 Schematic of solder ball distortion caused by TEM 
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The (exaggerated) distortion (chip concave up, substrate concave down) shown in 

Fig. 7.2 is arbitrary and will vary depending on the specific values of , the temperature 

gradient, the physical dimensions of the components, and other properties of the materials 

used. 

The deformations shown in Fig. 7.2 may be cyclically repeated several thousand 

times throughout the like of an electronic package. With each cycle, the ability of the 

solder connection to properly transmit a (valid) electrical signal is degraded. The signal 

degradation is a consequence of physical (or mechanical) changes that occur in the solder 

during the thermally induced deformations (i.e. microcracking, cracking and fracture). 

Hence, the electrical failure of a solder connection can be related (or calibrated) to the 

mechanical damage (or disturbance) that occurs during the thermally induced cyclic 

deformations. 

7.3 Prediction of Failure 

The disturbance, D, provides a measure of the damage in a material. When 

combined with a finite element (FE) analysis, the thermomechanical cyclic response of a 

system can be modeled. Table 7.1 lists the (approximate) disturbance values commonly 

associated with material responses that are of significant design interest. Approximate 

locations of the disturbance values listed in 7.1 are shown in Fig. 7.3. In the vs. 

stress-strain space of Fig. 7.3 J^d ^nd are the second invariants of the 

deviatoric stress and strain tensors, respectively. 
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Table 7.1 Disturbance Values 
Symbol Definition Equation Example Values 

Du Asymptotic (Ultimate) Disturbance From Test Data 1.00 0.90 

®ml Initiation of Microcracking D^,=0.50D„ 0.50 0.45 

^m2 Intermediate Microcracking D„2=0.65D„ 0.65 0.59 

Dc Initiation of Failure D,=0.85D„ 0.85 0.77 

ml 

Figure 7.3. Approximate locations of disturbances D^,, D^2» 

D, and D„ in vs. stress-strain space 

The results obtained from a FE analysis are typically provided at distinct locations 

in the mesh; displacements are usually given at the node points while quantities such as 

stress, strain, and disturbance are reported at the Gauss points. Using the results of a FE 

analysis, and the values in Table 7.1, it is possible to approximately define the initiation 

of microcracking, intermediate microcracking and initiation of failure, at a Gauss point. 



However, failure at a Gauss point does not necessarily constitute failure of an entire 

element or the entire system. To define failure of the system the entire system must be 

considered rather than just a point. For example, a system may be considered to have 

failed if a small jfraction of the system has a disturbance at or above . On the other 

hand, it is also possible that the system may fail if a larger fraction of the system has a 

disturbance at or above or a much greater fraction of the system has a disturbance at 

or above D„,. That is, lower disturbances require a larger fraction to constitute failure. 

7.3.1 System Fraction 

At least two options are available for evaluating the fraction of a system: mass 

and volume. The logical choice is volume for two reasons; 

1) The volumes are already available since most FE algorithms involve 

integration over volume 

2) In most cases the mass wold be computed as the product of the volume and 

density. Since the density would most likely be considered a constant within a 

solder connection, the mass would be directly proportional to the volume. So, 

calculating the mass unnecessarily complicates the analysis without any gain 

in accuracy, and hence, is a waste of computer time. 

Therefore, in this research system fractions are based on the volume, (i.e. volume 

fraction, Vf). Specific values for disturbance ( D^,, , and ) and the corresponding 
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volume fractions, , can be obtained from calibration with either test data or a full cycle 

FE analysis. 

7.3.2 Calculation of the Volume Fraction 

Three methods for computing the volume fraction, , were investigated in this 

study. Figure 7.4 shows an arbitrary finite element mesh at system failure. The mesh has 

25 elements (solid lines) and each element has 4 Gauss points. All elements have the 

same volume. The volume (or area) associated with each Gauss point is colored 

according its disturbance at failure. 

Gauss Points 

Disturbance Range 

• D>D, 

H 

n 
• D<D., 

Figure 7.4 Arbitrary finite element mesh, coloring indicates 
the Gauss point disturbance levels at failure. 

The mesh shown in Fig. 7.4 will be used to clarify-by-example the three methods 

investigated for computing the volume fraction of the mesh. 
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7.3.2.1 Method 1: Maximum Gauss Point Disturbance 

With this method each element volume is assumed to have a disturbance equal to 

the maximum disturbance of any Gauss point in the element. Figure 7.5(a) shows how the 

disturbance within an element is approximated with this method; the table to the right of 

Fig 7.5(a) indicates the percentage of the mesh volume in the specified disturbance 

ranges. 

L.. 
• km J 

1 m L 1 
1 

1 
z, z 

Actual Method 1 

Disturbance Range Percentage 

• D>D, 8% 

n D„.2^D<D, 20% 

• D™,<D<D„,, 28% 

• 44% 

Figure 7.5(a). Example of Method 1: Maximum Gauss Point Disturbance 

7.3.2.2 Method 2: Average Gauss Point Disturbance 

With this method each element volume is assumed to have a disturbance equal to 

the average disturbance of all the Gauss points in the element. Figure 7.5(b) shows how 

the disturbance within an element is approximated with this method. 
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m i • 1 
u mw. • lj bJ 
-J 

d 1 n • j J at 

Actual Method 2 

Disturbance Range Percentage 

• D>D, 4% 

• D^2^D<DC 20 % 

• — D < D^2 20% 

• 56 % 

Figure 7.5(b). Example of Method 2: Average Gauss Point Disturbance 

7.3.2.3 Method 3: Individual Gauss Point Disturbance 

This method eliminates the need to approximate the disturbance for each element 

volume by considering the individual volumes associated with each individual Gauss 

point. Figure 7.5(c) shows the results obtained from this method. Since the actual results 

provide the individual Gauss point disturbances directly, the Actual mesh and Method 3 

mesh in Fig. 7.5(c) are identical. 

... 
mmmt n .1 <— L~,j r ! 

J t 
C" 

!" 

d S "1 
L n ass M ̂  

J "Ttj u • U J Z BB 

Actual 

B amrr 
n 0IT1 

c: • n 
• • 

» rah r r L 
•1. 
L1.JJ 
LJ™ i ! nn 1 

1 d: r I I I _ 
Method 3 

(no change) 

Disturbance Range Percentage 

• D>D, 5% 

• D^2<D<D, 15 % 

• 26% 

• D<D,, 54% 

Figure 7.5(c). Example of Method 3: Individual Gauss Point Disturbance 
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The volume fraction for a given disturbance can be found by summing the 

appropriate percentages in a given disturbance range and dividing by 100%. Table 7.2 

lists the volume fraction computations for the three methods described above. 

Table 12. Volume Fraction Computations 

Method Vr>Dn Vf>Dc Vf>Df 

Method 1 
8%+ 20%+ 28% 

100% 
= 0.56 8%+ 20% 

100% 
= 0.28 

8% 

100% 
0.08 

Method 2 
4%+ 20%+ 20% 

100% 
0.44 

4%+ 20% 

100% 
= 0.24 4% 

100% 
0.04 

Method 3 
5%+ 15%+ 26% 

100% 
: 0.46 

5%+ 15% 

100% 
= 0.20 

5% 

100% 
0.05 

7.3.2.4 Method Comparison 

Comparison of the volume fractions in Table 7.2 shows that the numerical 

differences between the three methods is (somewhat) significant. However, from this 

example it is difficult to establish which method is the best one to use. The solder ball 

analysis for a 313-pin PBGA electronic package presented in the following section will 

will demonstrate that Method 3 (Individual Gauss Point Disturbance) is the best method 

to use. 
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7.4 313-Pin PBGA Analysis 

7.4.1 Testing Procedure: 313-pin PBGA 

A photomicrograph of the 313-pin PBGA package, tested by Boeing, and 

analyzed in this study is shown in Fig. 7.6. Ghaffarian (1997) gives additional details of 

the testing procedure. The test vehicle used in the laboratory testing, which housed 

several different packages, is shown in Fig. 7.7. All the solder balls were connected in 

series and failure was assumed to occur when an open circuit was measured at least 70 

times in a cycle. During testing the external temperature was cycled from -55 °C to 125 

°C. However, no internal heating or dynamic loads were applied. The solder ball 

dimensions are given in Fig. 7.8. 

Epoxy Mold 
Compound 

Substrate 

— Solder Ball 

Printed Wire 
Board (PWB) 

Figure 7.6. Photomicrograph of 313-pin PBGA cross section (Zwick, 1998) 

1.73 mm 

0.60 mm 

1.57 mm 



Figure 7.7. Test Vehicle for 313-pin PBGA package. 

0.60 mm 

0.38 mm 

0.58 mm 

Figure 7.8. Mesh Dimensions. 313-pin PBGA 



7.4.2 Test Results: 313-pin PBGA 

Four 313-pin BPGA packages were tested. The first package failed after about 

1850 cycles and the last package failed after about 3600 cycles. The mean (or average) 

number of cycles to failure is about 2700 cycles. The large spread in test results is most 

likely due to variations in the solder ball dimensions, shape and alignment on the bond 

pads during manufacturing. Fig. 7.6. The test results are given in Fig. 7.9. 

Failure Fraction 
Cycle Failed 
1852 0.25 
2023 0.50 
3474 0.75 
3624 1.00 

1.00 

o Ji 0.75 
"S 

^ ti-i 
c S 0.50 
o g) 
O A5 
2 a 0.25 
P-< o-

0.00 

Mean 
; 2700 Cycles 

1000 2000 3000 

Cycle Number, N 

4000 

Figure 7.9. Test results for four 313-pin PBG A packages 

6.4.3 3D Linear Elastic Analysis: 313-pin PBGA 

Unfortunately, it is not possible to measure the displacements/distortions of the 

solder balls during testing. To determine the temperature induced displacements a linear 

elastic 3D analysis was conducted by Zwick (1998) using NASTRAN (MacNeal-

Schwendler Corporation, 1997). The pin layout for the 313-pin PBGA is shown in Fig. 
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7.10. Because of package symmetry only one-quarter of the package, shown as the 

shaded region in Fig. 7.10, was modeled in the 3D analysis. The symmetry assumption is 

an approximation since the test vehicle. Fig 7.7, is not symmetric. 

31 mm 

35 mm 

N/ 
\ /  

•ii 
a 

PXo;:oro;ra 

¥M 
iia 

31 mm 

35 mm 

Figure 7.10 Pin layout for 313-pin PBGA (Zwick and Desai. 1999) 

The mesh for the analysis is shown in Fig. 7.11. The solder balls were modeled 

with line/bar elements; the printed wire board and substrate were modeled with plate 

elements. Zwick (1998) provides additional details of the analysis. In the analysis 183 °C 

(i.e. the approximate melting point for 63/37 Pb/Sn solder) was assumed to correspond to 

a zero state of stress. As expected, the solder joint furthest from the neutral point had the 

maximum displacement (Fig. 7. II). The computed nodal displacements at -55,25 and 

155 °C for this solder joint are given in Table 7.3. 
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Substrate 

Neutral 
Point 

Solder joint with the 
Maximum Displacement 

1i 

Node 169 
Node 338 

Pnnted Wire 
Board 

Solder Joint 

Figure 7.11. Mesh for 3D NASTRAN linear elastic analysis (Zwick and Desai, 1999) 

Tab e 7.3 Nodal Displacements from 3D NASTRAN Analysis (Zwick, 1998) 
Displacements in mm 

for -55 °C 
Displacements in mm 

for 25 °C 
Displacements in mm 

For 125 °C 
Node 169 338 169 338 169 338 

Ax -0.08874 -0.07440 -0.05891 -0.04939 -0.01813 -0.02163 
Ay -0.08871 -0.07438 -0.05889 -0.04938 -0.01813 -0.02162 
Az 0.24680 0.25000 0.16380 0.16610 0.06100 0.58940 
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For a given temperature, the relative displacements in the x, y and z directions for 

the solder joint are computed as 

~ ̂169 ^338 

5y = Ayjgg — Ajjjg (7.2) 

5^ = AZjgg — Azjjg 

7.4.4 2D DSC Analysis: 313-pin PBGA 

A 2D DSC analysis was performed using the FEM code DSC-SST2D (Desai, C. 

8.5 2001b). For the 2D analysis the z-direction in Fig. 7.11 corresponds to the solder ball's 

axial direction. The relative axial displacement, 8^, is therefore The relative 

lateral displacement in 2D, , is found as the vector equivalent the x and y 

displacements in 3D as = yj^+^l • 

Figure 7.12 shows the applied temperature with cycle number. Two loading 

sequences are indicated in the figure. In the first sequence (cycle 0 to cycle 1) the 

temperature is reduced from 183 °C to -55 °C. During this process the temperature 

passes through the room temperature ( « 25 °C ) which can simulate any residual stresses 

that may develop when the solder ball is formed. In the second sequence the temperature 

increased from -55 °C to 125 °C and then reduced back down to -55 °C. The -55 °C -> 

125 °C -> -55 °C cycle is then repeated until the desired number of cycles have been 
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completed. For simplicity, only the first 5 cycles are shown in Fig. 7.12 (cycle = 1 to 

cycle - 6). 

Sequence 1 Sequence 2 (only 5 cycles shown) 

473 200 1 

423 150 

373 ,-7 100 

323 

Q. 
273 ® 

223 -50 

173 
6 

-100 

2 3 5 0 1 4 

Cycle Number, N 

Figure 7.12. Temperature vs. Cycle Number 

The corresponding axial and lateral displacements vs. cycle number (for the same 

sequences as in Fig. 7.12) are shown in Fig. 7.13. The figure shows that the lateral (shear) 

displacements are more severe than the axial (normal) displacements, which indicates 

that they are more strongly influenced by the thermal expansion mismatch between the 

printed wire board and substrate (Figs. 7.6 and 7.11). 
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0.021 

0.016 

0.011 

m 0.006 

Lateral (shear) Displacements 

Axial (normal) Displacements 0) 0.001 

<— -50 

-0.004 
2 3 4 

Cycle Number, N 

125 °C 

125 °C 
-50 °C 

Figure 7.13. Lateral and Axial Displacements vs. Time 

7.4.5 Mesh Optimization: 313-pin PBGA 

When designing the mesh for a finite element analysis, it is important to optimize 

the mesh. Using too few elements may produce erroneous results. On the other hand, 

using too many elements makes the analysis overly complex and requires more computer 

time. For a monotonic (non-cyclic) analysis, where computer times are typically short, 

the amount of computer time required to complete the analysis is usually not a major 

concern. However, for a cyclic analysis, where simulating several thousand cycles may 

require many hours or even days, the computer time becomes a significant concern. For a 

cyclic analysis, analysts should design the mesh so that the results are both accurate and 

completed in a reasonable amount of time. The analysis was run for 4000 cycles to 

completely capture all the failures recorded in the laboratory tests (Fig. 7.9). 
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7.4.6 Preliminary Analysis: 313-pin PBGA 

To determine the optimal mesh configuration, a series of preliminary analyses 

were run using a mesh with n by n elements starting with n = 4 (or 4x4 = 16 elements). 

With each subsequent analysis n was increased by 1 and the process was repeated until 

the results from one analysis to the next were reasonably close. For each mesh the 

preliminary analysis was carried out for 100 cycles. 

7.4.7 Material Properties; 313-pin PBGA 

The solder was modeled as nonlinear elastioplastic with disturbance. The material 

parameters used in this analysis, and by Zwick (1998), are listed in Table 7.4. 

Table 7.4 Material Parameters, 313-pin PBGA 
Parameter Value Parameter Value 

Elastic Disturbance 
E, Young's Modulus 15700 MPa Dy, Ultimate Disturbance 0.9 

V, Poisson's Ratio 0.4 A, Disturbance parameter 0.102 
Z, Disturbance parameter 0.676 

Plastic 
R, Bonding Stress 208 MPa Thermal 
y, Ultimate Parameter 0.00081 a,.. Coefficient of 

Thermal Expansion 
0.0000245 

n. Ultimate Parameter 2.1 
a,.. Coefficient of 

Thermal Expansion 
0.0000245 

Hardening Miscellaneous 
a, 0.0000078 

p^, Atmospheric Pressure 0.1013 MPa 
ni 0.46 

p^, Atmospheric Pressure 0.1013 MPa 
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7.4.8 Applied Loading: 313-pin PBGA 

During each analysis the temperature was uniformly varied according to Fig. 7.12. 

The axial and lateral displacements of Fig. 7.13 were uniformly applied at each node on 

the top surface of the mesh. AM nodes on the bottom surface were fixed in the x and y 

directions. Each cycle in the analysis was divided into 100 steps. Most of the steps 

required 4 iterations; about 10 percent of the steps required 5 or 6 iterations. 

7.4.9 Mesh Selection Criterion and Results: 313-pin PBGA 

In this research the primary quantity of interest is the disturbance. Hence, it makes 

sense to use disturbance as a criterion for identifying the optimal mesh. 

Figure 7.14 shows contour plots of disturbance at N = 100 cycles for each mesh 

considered. The disturbance contours are different for the meshes with 16. 25, 36, 49, 64 

and 81 elements and very similar for the meshes with 81, 100 and 121 elements. 

Table 7.5 lists the volume fractions for the six disturbance ranges shown in legend 

of Fig. 7.14 for all meshes considered. Here the volume fraction is computed using 

method 3 (Individual Gauss) described above. The data in Table 7.5 is plotted in Fig 

7.16. 

Table 7.6 lists the change in volume fraction with the change in number of 

elements for all the meshes considered. The last two columns of Table 7.5 provide the 

maximum change in volume fraction and average change in volume fraction, 

respectively. The data in Table 7.6 is plotted in Fig. 7.17. 



I l l  

J 

(a) 16 Elements (b) 25 Elements (c) 36 Elements 

8 

(d) 49 Elements (e) 64 Elements 

t 

(f) 81 Elements (g) 100 Elements (h) 121 Elements 

Figure 7.14. Contours of disturbance at N = 100 for different meshes, 313-pin PBGA 
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Table 7.5 Volume fractions at selected disturbance 
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121 0.5167 0.2183 0.1392 0.0491 0.0300 0.0467 

16 25 36 49 64 81 

Number of Eiemente 

100 121 

Disturbance Range 

• 0.00 < D < 0.05 

• 0.05 <D <0.10 

•  0.10<D<0 .15  

• 0.15 <D <0.20 

• 0.20<D<0.25 

" 0.25 <D< 1.00 

Figure 7.15. Bar graph of volume fraction vs. number of 
elements for selected disturbance ranges. 
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Table 7.6 Change in volume fraction with change in number of 
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Figure 7.16. Change in volume fraction vs. change in number 
of elements for selected disturbance ranges. 
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The contour plots of disturbance in Fig. 7.14 indicate that the optimal mesh 

should have at least 81 elements. However, it is difficult to identify the optimal mesh 

from just a contour plot. Table 7.5 and Fig. 7.15 demonstrate that the general trends 

(increase or decrease) in volume fraction begin to stabilize after 81 elements. Table 7.6 

and Fig. 7.16 indicate that the maximum changes in volume fraction tend to occur at the 

lower disturbance levels regardless of the number of elements in the mesh. This is 

significant since failure predictions are usually based on higher disturbance values. The 

maximum change in volume fraction is less than 0.03 (or 3%) and the average change in 

volume fraction is less than 0.02 (or 2%) when the number of elements in the mesh is 

increased from 64 to 81, 81 to 100 or 100 to 121 elements. These percentages are small, 

especially when compared the large spread in then number of cycles to failure found from 

experiment. Fig. 7.9. Hence, any of the last three meshes considered (81, 100 and 121 

elements) in the preliminary analysis can be considered suitable for an analysis involving 

several thousand cycles. In the end, the mesh with 81 elements was eliminated in the 

interest of assured accurate results and the mesh with 121 elements was eliminated 

because it would require approximately 20 to 25 percent more computer time than that of 

the mesh with 100 elements. Therefore, the mesh with 100 elements was used as the 

optimal mesh. 

7.4.10 Full Cycle Analysis: 313-pin PBGA 

The optimal mesh was used for an analysis of4000 cycles. This analysis is termed 

a full cycle analysis since the number of cycles is more than the number of cycles to 
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failure shown in Fig. 7.9. The results of this analysis were then used to identify the best 

method for calculating the volume ftaction, and to calibrate the model with the 

experimental data. The details of the Ml cycle analysis (temperature variation, nodal 

displacements and fixity, number of steps per cycle, etc.) were the same as that of the 

preliminary (100 cycle) analysis except that the analysis was run for 4000 cycles. 

When running an analysis of this size, it is desirable to limit the output frequency 

so that the output files (nodal displacements, stress, strains, disturbance, etc.) do not 

become to large and cumbersome to work with. Therefore, the results were only 

recorded/stored after every 100 cycles. The analysis was run on a 3.2 GHz Pentium 4 

Windows XP computer with 512 MB of RAM. It required approximately 19 hours to 

complete. No other operations were run on the computer during the analysis. 

Figure 7.17 shows a plot of the volume fraction vs. cycle number for disturbances 

of D^i (initiation of microcracking), (intermediate microcracking), and 

(initiation of failure) as found by the three methods described above. The experimental 

results (Fig. 7.8) are also shown in the figure; the gray shaded portion of the plot 

corresponds to the failure region, the four vertical bold black lines correspond to the 

individual package failures, and vertical dashed bold black line corresponds to the mean 

number of cycles to failure. The rough and jagged nature data lines in the plot are due to 

the finite number of elements in the mesh. That is, since the mesh has 100 elements, each 

element accounts for approximately 1% of the volume and each Gauss point accounts for 

approximately 0.25% of the volume. If a larger number of elements were used the curves 

would be smooth. 
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Figure 7.17. Volume fraction vs. cycle number 
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7.4.11 Volume Fraction Method Selection 

From Fig. 7.17 it is evident that both the maximum Gauss point disturbance 

(Method 1) and average Gauss point disturbance (Method 2) methods for calculating the 

volume fraction produce more discontinuous curves than the individual Gauss point 

disturbance (Method 3) method. This result is expected since Methods 1 and 2 lump all 

the Gauss points within an element together compared to Method 3 which treats each 

Gauss point individually. Therefore, the individual Gauss point disturbance method is 

considered to be the optimal method to use for calculating the volume fraction. 

Since Method 1 requires computation of the average disturbance within an 

element, and Method 2 requires identification of the maximum disturbance within an 

element, the individual Gauss point method has the added advantage of being fastest of 

the three methods. 

7.4.12 Model Calibration: 313-pin PBGA 

The model is calibrated by relating the volume fraction of the mesh at a given 

disturbance found from the DSC finite element analysis, to the number of cycles to 

failure found from experiment. The model can be calibrated to any desired value of 

disturbance. However, it is better to use disturbance values that have a physical meaning 

such as , D^2 , or D^,. Figure 7.17 shows a plot of volume fraction vs. cycle number 

obtained from the individual Gauss point disturbance method. The smooth curves passing 

through the data points were found by fitting a fourth degree polynomial to the discrete 
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data, The solid bold vertical lines denote the first and last package tailures. The dashed 

bold vertical line denotes the mean failure. 

0 500 1000 1500 2000 2500 3000 3500 4000 

Cycle Number, N 

Figure 7.18. Calibration plot: volume fraction vs. cycle number with failure region 
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The calibration points, denoted with bold crosses in Fig. 7.18, identify the volume 

fractions at failure for a given disturbance. Table 7.7 lists the volume fractions for the 

first, mean, and last failures for disturbances of D^,, as found from the 

calibration points in Fig. 7.18. 

Tal >le 7.7 Volume fractions at failure from Fig. 7.18 
Disturbance Vf-at First Failure Vf at Mean Failure Vf at Last Failure 

D > D,„i = 0.45 0.390 0.485 0.495 
D > D„,2 = 0.59 0.195 0.305 0.400 
D > Dc = 0.77 0.070 0.110 0.140 

The volume fractions for the mean number of cycles to failure listed in column 3 

of Table 7.7 show that the mean failure is (approximately) expected to occur when any of 

the following conditions occur: 

a) 48.5 percent of the mesh volume (Vj = 0.485) has experienced microcracking 

and has a disturbance of D > D^, = 0.45 

b) 30.5 percent of the mesh volume (V,- = 0.305) has experienced fracture and 

has a disturbance of D > = 0.59 

c) 11.0 percent of the mesh volume (V,. = 0.110) has failed and has a 

disturbance of D > = 0.77. 

If a more conservative estimate is desired the failure criteria can be based on the 

volume fractions corresponding to the first package failure, column 2 of Table 7.7. 
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7.4.13 Calibration Conditions: 313-pin PBGA 

The calibration data in Table 7.7 can be used for other problems provided the 

analysis procedures (3D analysis, material parameters, etc.) described above are 

followed; deviations may adversely atTect the calibration. 

On the plus side, there are no restrictions on the loading conditions. The model 

can accommodate an increase or decrease in the magnitude of the applied displacements 

provided they are determined from a 3D analysis like the one described above. In 

addition, the temperature ranges may also be adjusted. 

In this analysis the solder ball formation (i.e. cooling from the melting point to 

room temperature) was included in the analysis. The plastic strain produced during the 

solder ball formulation is less than that of a singles cycle. Therefore, this step can usually 

be neglected without adversely affecting the results. 

7.4.14 DSC Analysis Results: 313-pin PBGA 

Contour plots of disturbance for N = 1000,2000, 3000 and 4000 cycles are shown 

in Fig. 7.18. Disturbance contours at the mean failure, N « 2700 cycles, are also shown 

on the figure. The disturbance contours N » 2700 cycles in Fig. 7.18(c) show that the 

majority of the top and bottom surfaces of the solder ball are in the failure disturbance 

range, D > D^. Hence, failure (i.e. cracking) is expected to occur at the top and bottom 

surfaces. 
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7.5 144 I/O PBGA Analysis 

In this example a 144 I/O PBGA device is analyzed using analysis procedures that 

are significantly different than the analysis procedures used for the 313-pin PBGA 

analysis presented earlier. Hence, this example will demonstrate the versatility of the 

DSC/HISS model for failure analysis. 

In this research the terms pin and I/O are considered interchangeable. To improve 

readability the term pin is used with the 313 PBGA and the term I/O is used with the 144 

PBGA. 

7.5.1 Testing Procedure: 144 1/0 PBGA 

Thermocyclic laboratory tests were conducted at Boeing for three groups of 144, 

324 and 352 I/O PBGA devices; an analysis of the 144 I/O PBGA is presented here. 

Figure 7.20 shows a photomicrograph of a solder ball in the 144 I/O device (Boeing, 

2001). 

During testing the device temperature was first decreased to -40 °C. The 

temperature was then cycled from -40 °C to 125°C and then back down to -40 °C until 

failure occurred. 

The solder ball dimensions are shown in Fig. 7.21. To simplify mesh construction, 

the small portion of the solder ball that wraps around the bottom bond pad (Fig. 7.20) is 

neglected. Since cracking in this small region is not expected to cause failure this 

simplification should not adversely affect the results of the analysis. 
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Figure 7.20. Photomicrograph of solder ball in 144 FO PBGA package (Boeing, 2001) 

0.01778 mm 

0.4064 
mm 

0.4572 mm 

0.6259 mm 

Figure 7.21. 144 I/O PBGA solder ball dimensions 
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7.5.2 Results: 144 I/O PBGA 

Twenty 1441/0 BPGA devices were tested. The first device failed after about 

1250 cycles and the last device failed after about 1800 cycles. The mean number of 

cycles to failure is about 1500 cycles. The specific test results are given in Fig. 7.22. The 

550 cycle difference between the first and last failures can probably be attributed to 

manufacturing variations. For example, the solder ball in Fig. 7.20 is not exactly centered 

on the bond pads and is slightly distorted. 

Failure Fraction 
Cycle Failed 
1248 0.05 
1255 0.10 
1322 0.15 
1366 0.20 
1407 0.25 
1422 0.30 
1450 0.35 
1462 0.40 
1464 0.45 
1468 0.50 
1481 0.55 
1494 0.60 
1495 0.65 
1495 0.70 
1556 0.75 
1584 0.80 
1639 0.85 
1648 0.90 
1654 0.95 
1801 1.00 
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Figure 7.22. Test results for twenty 144 I/O PBGA devices 



125 

7.5.3 Nonlinear Elastic-Plastic and Multi Domain Method Analyses; 144 I/O PBGA 

As with the 313-pjn PBGA tests, distortions and displacements of the solder balls 

were not measured during testing. The temperature-induced displacements during testing 

were estimated by Boeing with their in-house-designed durability analysis program, and 

were then provided for this analysis. The developers, Rassaian et al. (1998a), give details 

of the durability analysis program. The durability analysis program first runs a global, 

nonlinear, large-scale 3 D finite element analysis of the test board and any PBGA 

packages on the board. 

The results of the global analysis are then passed to a local stress model based on 

the multi domain method (MDM). In a plane-strain MDM analysis the materials are 

modeled as elastoplastic and the material parameters are temperature dependent. The 

MDM analysis determines the solder ball with the most sever differential displacement 

and identifies it as the critical solder ball. Additional details on the MDM are given by 

Rassaian et al. (1998b). A 2D finite element mesh for the critical solder ball is then 

constructed using a mesh generator. MDM then computes the temperature dependent 

displacements for the nodes corresponding to the top and bottom surfaces of the solder 

ball. Two sets of displacements are computed: the first set corresponds to a temperature 

change from 20 °C (room temperature) to minimum temperature in the thermal cycle, and 

the second set corresponds to a temperature change from 20 °C to the maximum 

temperature. 
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To complete the durability analysis the mesh file and the nodal displacements 

from the MDM are then passed to a special version of DSC-SST2D (Desai, 2001b) that 

has been specifically modified (by the author of this dissertation) for Boeing to use in 

their durability analysis program. DSC-SST2D then performs a 2D nonlinear 

elastoplastic DSC finite element analysis using the accelerated approximate procedure to 

estimate the number of cycles to failure for the critical solder ball. Complete details of the 

accelerated approximate procedure, developed in this research, are given in Chapter 8. 

The mesh file from LSMAZE and the nodal displacements from the MDM were 

provided by Boeing and then used to determine the applied displacements in this 

example. The displacements computed by MDM were given with respect to an arHtrary 

fixed datura located off the solder ball; none of the nodes on the solder ball were fixed for 

the MDM analysis. For a finite element analysis it is usually necessary to have at least 

one degree of freedom fixed in each direction. Therefore, one of the nodes with an 

applied displacement was fixed in both the x and y directions. Then, new displacements 

were computed relative to this fixed node. For this analysis the left most node on the 

bottom surface was selected as the fixed node. Figure 7.23 shows the relative 

displacements for the solder ball's top and bottom surfaces. As shown in the figure, the 

mesh constructed by mesh generator had 9 nodes on the top and bottom surfaces. 
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Figure 7.23. Relative nodal displacements with temperature. 144 I/O PBGA 

7.5.4 2D DSC Analysis; 144 I/O PBGA 

Figure 7.24 shows the temperature profile for this analysis. Two loading 

sequences are indicated in the figure. In the first sequence (cycle = 0 to cycle = 1) the 

temperature is reduced from room temperature (taken as 20 °C) to -40 °C. Any residual 

stresses that may have developed when the solder ball is first formed are assumed to have 

dissipated. That is, at room temperature the solder connection is assumed to have no 

insitu stresses. In the second sequence the temperature is increased from -40 °C to 125 °C 

and then reduced back down to 125 °C. The -40 °C -> 125 °C -> -40 °C cycle is then 

repeated until the desired number of cycles is completed. For simplicity, only the first 5 

cycles are shown in the figure (cycle = 1 to cycle = 6). 
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Sequence 1 Sequence 2 (only 5 cycle shown) 

273 ^ 

0 1 

Cycle Number. N 

Figure 7.24. Temperature vs. Cycle Number. 144 T/O PBGA Analysis 

7.5.5 Mesh Optimization: 144 I/O PBGA 

To determine the optimal mesh configuration a series of preliminary analyses 

were nin using a mesh with m (columns) by n (rows) of elements starting with m = 6. 

The number of rows of elements, n, was set so that the elements had an aspect ratio (ratio 

of height to width) of approximately 1.0. With each subsequent analysis m was increased 

by 1 and a suitable value for n was determined. The process was repeated until the 

results from one analysis to the next were reasonably close. For each mesh the analysis 

was carried out for 100 cycles. 



7.5.6 Material Properties: 144 I/O PBGA 

The material parameters used in this analysis are listed in Table 7.8. Many of the 

parameters are different than those used in the 313-pin PBGA analysis above. 

Table 7.8 Material Parameters, 1441/0 PBGA Analysis 
Parameter Value Parameter Value 

Elastic Disturbance 
E, Young's Modulus 23495 MPa D^, Ultimate Disturbance 1.0 

V, Poisson's Ratio 0.4 A, Disturbance parameter 0.125 
Z, Disturbance parameter 0.831 

Plastic 
R, Bonding Stress 217 MPa Thermal 
y, Ultimate Parameter 0.00082 a,., Coefficient of 

Thermal Expansion 
2.995x10 ' 

n, Ultimate Parameter 2.1 
a,., Coefficient of 

Thermal Expansion 
2.995x10 ' 

Hardening Miscellaneous 
0.0000024 

p^, Atmospheric Pressure 0.1013 MPa 
T|l 0.568 

p^, Atmospheric Pressure 0.1013 MPa 

7.5.7 Applied Loading: 144 I/O PBGA 

During each preliminary analysis the temperature was uniformly varied according 

to Fig. 7.24. The relative displacements shown in Fig. 7.23 correspond to a mesh with 9 

nodes on the top and bottom surfaces of the mesh. However, the number of nodes on the 

top and bottom surfaces changed with each analysis. To determine the nonuniform nodal 

displacements 4*^ degree polynomials were fit to the discrete (9 node) data shown in Fig. 

9.23. Four polynomials were required since there are two temperatures (-40 °C and 125 

°C) and two displacement directions (x and y). The polynomials were then used to 
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approximate the nonuniform displacements for each mesh. All displacements were 

relative to the left most node on the bottom surface which was fixed in the x and y 

directions. Each cycle in the analysis was divided into 100 steps. Most of the steps 

required 4 iterations, about 20 percent of the steps required more than 4 iterations. 

7.5.8 Mesh Selection: 144 I/O PBGA 

Figure 7.25 shows contour plots of disturbance at N = 100 cycles for each mesh 

considered. The disturbance contours are significantly different for the meshes with 30, 

42, 56,63, 80 and 99 elements and very similar for the meshes with 99,120 and 130 

elements. Table 7.9 lists the volume fractions for the five disturbance ranges shown in 

legend of Fig. 7.25 for all meshes considered. The data in Table 7.9 is plotted in Fig 7.26. 

Table 7.10 lists the change in volume fraction with the change in number of elements for 

all the meshes considered. The last two columns of Table 7.10 provide the maximum 

change in volume fraction and average change in volume fraction, respectively. The data 

in Table 7.10 is plotted in Fig. 7.27. 
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Figure 7.25 Disturbance Contours, 144 I/O PBGA 
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Table 7.9 Volume fractions at selected disturbance 
ranges for different number of elements 
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Figure 7.26. Bar graph of volume fraction vs. number of 
elements for selected disturbance ranges. 
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Table 7.10 Change in volume fraction with change in number 
of elements for selected disturbance ranges 
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Figure 7.27. Change in volume fraction vs. change in number 
of elements for different disturbance ranges. 
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The contour plots of disturbance in Fig. 7.25 indicate that the optimal mesh 

should have at least 99 elements. Table 7.9 and Fig. 7.14 demonstrate that the general 

trends (increase or decrease) in volume fraction begin to stabilize after about 80 or 99 

elements. 

Table 7.10 and Fig. 7.27 indicate that the maximum changes in volume fraction 

tend to occur at the lower disturbance levels regardless of the number of elements in the 

mesh. This is significant since failure predictions are usually based on higher disturbance 

values. The maximum change in volume fraction is less than 0.03 (or 3%) and the 

average change in volume fraction is less than 0.01 (or 1%) when the number of elements 

in the mesh is increased from 80 to 99,99 to J 20 or 120 to 130 elements. These 

percentages are small, especially when compared the large number of cycles to failure 

found from experiment (Fig. 7.22), Hence, any of the last three meshes considered (99, 

120 and 130 elements) in the preliminary analysis is suitable for the full cycle analysis of 

4000 cycles. 

Finally, the mesh with 99 elements was eliminated in the interest of assured 

accurate results and the mesh with 130 elements was eliminated because it would require 

more computer time than the 120 element mesh. Therefore, the mesh with 120 elements 

was designated as the optimal mesh. 

7.5.9 Full Cycle Analysis: 144 1/0 PBGA 

The optimal mesh with 120 elements was used for a fiill cycle analysis. Since the 

maximum number of cycles to failure was found to be 1801 cycles from experiment (Fig. 



135 

7.22) only about 2000 cycles are required for the full cycle analysis. However, the 

analysis was run for 4000 cycles so that the results could be also used to validate the 

accelerated approximate procedure, which will be developed in Chapter 9. The results 

were reported/stored after every 100 cycles, which resulted in 9.1-MB output file. 

The analysis was run on the same 3.2 GHz Pentium 4 computer as the 313-pin 

PBGA analysis. Approximately 32 hours elapsed before the analysis was complete. No 

other operations were run on the computer during the analysis. 

7.5.10 Model Calibration: 144 I/O PBGA 

The analysis procedures for this example are different than that of the 313-pin 

PBGA previously analyzed. Therefore, the model calibration is expected to be different. 

Calibration is made by relating the volume fraction of the mesh at a given 

disturbance, found from the finite element analysis, to the number of cycles to failure 

found from experiment. Figure 7.28 shows a plot of volume fraction vs. cycle number 

obtained from the individual Gauss point disturbance method for disturbances D„,, , 

and . The smooth curves passing through the data points were drawn by hand since 

none of the trend line options in Excel provided suitable curves. The solid bold vertical 

lines denote the first and last package failures. The dashed bold vertical line denotes the 

mean failure. Since the last experimental failure occurred at 1801 cycles only the first 

2000 cycles are shown on Fig. 7.28. Table 7.11 lists the volume fractions for the first, 

mean, and last failures for disturbances of disturbances D„,,, , and as found from 

the calibration points in Fig. 7.28. 
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Table 7.11 Volume fractions at failure from Fig. 7.28 
Disturbance Vf at First Failure Vf at Mean Failure Vf at Last Failure 

D > Dmi = 0.50 0.500 0.550 0.595 
D > Dn,2 = 0.65 0.210 0.335 0.445 
D > Dc = 0.85 0.010 0.020 0.050 
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The volume fractions for the mean number of cycles to failure listed in column 3 

of Table 7.11 show that the solder connection is (approximately) expected to fail when 

any of the following conditions occur: 

a) 55.0 percent of the mesh volume (V^ = 0.550) has experienced microcracking 

and has a disturbance of D > = 0.50 

b) 33.5 percent of the mesh volume (Vf = 0.335) has experienced fracture and 

has a disturbance of D > = 0.65 

c) 2.0 percent of the mesh volume (V,- = 0.020) has failed and has a disturbance 

of D > Df = 0.85. 

As expected, the volume fractions corresponding to failure for this 144 I/O PBGA 

analysis shown in Table 7.11 are different than the volume fractions at failure for the 

previous, 313-pin PBGA, analysis given in Table 7.7. 

7.5.11 Calibration Conditions: 144 I/O PBGA 

The calibration data listed in Table 7.11 can be used for other problems 

provided the analysis procedures described above are similar. But, there are no 

restrictions on the loading conditions. The solder ball formation was not included in this 

analysis. 
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Figure 7.29 shows the contour plots of disturbance for N = 1000, 2000, 3000 and 

4000 cycles. Contours of disturbance at the mean failure, N «1500 cycles, are also 

shown on the figure. 

(a)N= 1000 

(c)N = 2000 

(b)N= 1500 

D = 1.0 

D =0.85 

D=0.65 
D = 0.50 

D = 0 . 0  

(d)N = 3000 (e) N - 4000 

Figure 7.29. Disturbance contours at selected cycles, 
full cycle analysis 144 I/O PBGA 
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CHAPTER 8 

ACCELERATED APPROXIMATE PROCDURE 

8.1 Need for aa Accelerated Method 

Chapter 7 demonstrated that the disturbed state concept is well suited for 

predicting cyclic failure. However, the major drawback is the analysis time. The 313-pin 

PBGA analysis required about 19 hours and the 144 I/O analysis required about 32 hours. 

These analysis times are far too long to be of practical use and need to be significantly 

reduced. The accelerated approximate procedure presented in this chapter provides a 

powerful engineering tool for the evaluation of fatigue life in a minimal amount of 

analysis time. The procedure eliminates the need to simulate thousands of cycles by 

approximating the number of cycles to failure, Nj-, from finite element DSC results of 

only a few reference cycles, . 

8.2 Strain-Cycle Response 

Figure 8.1 shows a schematic of the relationship between the deviatoric plastic 

strain trajectory, , and cycle number, N, as derived from experimental results. From 

Fig. 8.1, can be expressed as a function of the cycle number as 

^„(N) = aN' (8.1) 

where a and b are parameters which define the intercept and slope of the best fit line, 

respectively. Figure 8.1 and Eq. 8.1 describe the bulk (or average) response of a material 
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in that all points in the material element are assumed to behave in the same manner. 

When a finite element procedure is used to approximate failure, a more refined approach 

is desirable. The following example illustrates why the bulk response may not be suitable 

for direct use in a finite element analysis. 

Test Data 

ln(a) Best Fit Line 

ln(N) 

Figure 8.1. Schematic of relationship between and N 

8.3 Simple Example 

Figure 8.2 shows small block of solder subjected to temperature dependent 

displacements. The solder block is modeled as a single element with 4 nodes and 4 Gauss 

points. 

The temperature variation and material properties for this analysis are the same as 

those used for the 144 I/O example and are given in Fig. 7.24 and Table 7.8, respectively. 

The finite element analysis was carried out for 4000 cycles. Figure 8.3(a) shows a plot of 

4]5 vs. N for the four Gauss points and the average Gauss point response. Figure 8.3(b) 

shows the details of the first 10 cycles. 
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0.1 mm 
-40 °C 125 °C 

• Node Point 

0.1mm O Gauss Point 

20 °C 

(a) Finite element mesh (b) Applied Displacements 

Figure 8.2. Simple solder block mesh and (temperature dependent) applied displacements 

0 1000 2000 

Cycle Number, N 

3000 

Average 
Detail for first 10 

cycles in Fig. 8.3(b) 
80 

4000 

(a) 4000 Cycles 

Figure 8.3 vs. N for simple Analysis 
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7.0 
GP3 

GP4 6.0 

5.0 
Average 

4.0 

3.0 GP 1 

GP2 
2.0 

0.0 

8 9 10 2 3 5 6 1 4 

Cycle Number, N 

(b) Detail of first 10 cycles 

Figure 8.3 (continued) 

From Fig. 8.3 it is apparent that the vs. N response is different for each Gauss 

point in the mesh. Figure 8.4(a) shows a plot of In (^,5) vs. ln(N) for the four Gauss 

points and the average Gauss point response. Figure 8.4(b) shows a detail of the first 10 

cycles. The dotted lines in Figs. 8.4(a) and 8.4(b) denote the best fit lines found from 

linear regression and are in strong agreement with the finite element results after only a 

few cycles. The slopes and intercepts of the best fit lines are given in Table 8.1. 
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(b) Detail of first 10 cycles 

Figure 8.4 In(^y) vs. ln(N) for simple Analysis 
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Table 8.1 Slo pes and interce pts of best fit lines in Fig. 8.4 
Gauss Point 1 Gauss Point 2 Gauss Point 3 Gauss Point 4 Average * 

Slope 0.9952 0.9951 0.9956 0.9959 0.9956 
Intercept -4.3506 -4.6946 -3.3321 -3.5021 -3.8179 

* The average slope and intercept are computed from the average line in Fig. 8.4 

As shown in Table 8.1, the slopes of the best fit lines in Fig. 8.4 are 

approximately equal (within 0.0008) for all Gauss points in the element, and, can 

therefore be considered to be related to the bulk (average) response of a material. 

However, the intercepts of the best fit lines are markedly different for all Gauss points 

and are therefore considered to be related to a local response. Therefore, Eq. 8.1 may not 

be suitable for direct use in a finite element analysis since a different intercept would 

have to be defined for each Gauss point, which, would be very difficult. 

8.4 Accelerated Approximate Procedure 

The accelerated approximate procedure eliminates the need to explicitly define a 

local intercept for each Gauss point by considering the information available after an 

analysis of a few reference cycles. 

8.4.1 Basic Steps 

The first step in the accelerated approximate procedure is to determine the 

disturbance, D', and corresponding volume fraction, V,., at failure. Approximate 

disturbance values corresponding to the initiation of microcracking, D„,, intermediate 

microcracking, , and fracture, , were previously defined in Chapter 7. Chapter 7 
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also demonstrated that a relationship between the volume fraction of the mesh, Vf, at a 

given disturbance (D^,, or D^), and the failure cycle, , can be obtained from 

calibration with experimental data or a full cycle analysis. 

The second step is to run a finite element analysis of reference cycles to 

determine the deviatoric plastic strain trajectory for each Gauss point at the reference 

In step 3 a relationship (derived below) between the given disturbance, D', and 

computed (^r) is used to calculate the cycle numbers, N', at which D' is reached for 

each Gauss point in the mesh. 

In the final step the failure cycle for the entire mesh, is determined Irom the 

Gauss point failure cycles, N', by relating Gauss point volumes to the given volume 

fraction, V,-, of the mesh at failure. 

8.4.2 Equation Derivations 

Comparing Figs. 8.1 and 8.4 it is evident that the intercept is approximately 

related to the deviatoric plastic strain trajectory after 1 cycle as 

cycle, ^(Nj. 

(8.2) 

As shown in Fig. 8.4, Eq. 8.2 is only an approximation since the results of the finite 

element analysis (solid) lines do not exactly coincide with the best fit (dashed) lines for a 

given Gauss point in Fig. 8.4. However, Fig. 8.4 also shows that the finite element results 
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and best fit lines are in strong agreement after a few cycles. Therefore, it makes sense to 

develop the accelerated approximate procedure equations in terms of the information 

available after > 1 reference cycles rather the just the first cycle. 

Figure 8.5 shows a schematic of the best fit line with slope b in In(^y) vs. ln(N) 

space. The slope of the best fit line, b, can be found from experiment (Fig. 8.1) or from a 

full cycle finite element analysis (Fig.8.4). As demonstrated above, the intercept of the 

best fit line is irrelevant. The reference cycle, , and corresponding deviatoric strain 

trajectory, (N J, shown on the figure can be found from a finite element analysis of 

(user defined) cycles. The (unknown) cycle, N', and corresponding deviatoric strain 

trajectory, (N'), is also shown on the figure. Since specific value for (N') can be 

found form any (user defined) value of D' the only unknown is N'. 

Best fit line from experiment 

Aln(N) 

ta(Nj h(N') ""(N) 

Figure 8.5. Relationship between Aln(N), A In (§,3 (N)] and b 
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The deviatoric plastic strain trajectory at the cycle N' can be expressed from Fig. 

8.5 as 

h {5„ (N')) = ta (N,))+A In (N)) (8.3) 

The slope of the best fit line, b, can be expressed from figure 8.5 as 

Aln(5D(N)) b = 
Aln(N) 

(8.4a) 

which can be rewritten as 

Aln(§„(N))=bAln(N) (8.4b) 

Substituting the expression for Aln^^n (N)) of Eq. 8.4b in Eq. 8.3 gives 

ln(5„(N')) = ln(5„(N,)) + bAln(N) (8.5) 

From Fig. 8.4 the term Aln(N) in Eq. 8.5 can be expressed as 

Aln(N) = ln(N')-ln(Nj 

Aln(N) = ln 

(8.6a) 

(8.6b) 

Substituting Eq. 8.6 into Eq. 8.5 yields 

ln(i;„(N')) = ta(i;„(N,))+bln 
^ N'^ 

(8.7a) 
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ta(5p(N')) = ln(5„(N,))+ln 

[ f , Nb A 
' N' ^ 

lii(^^(N')) = lii §d(N,) 
vN., 

(8.7b) 

(8.7c) 

^d(N') = ̂ D(NJ 
vN.y 

(8.7d) 

The disturbance at any cycle, D(N) is given by 

D(N) = D.(l-e (8.8) 

where A, Z and are the disturbance material parameters (see Chapter 6). 

In terms of the user defined disturbance, D' Eq. 8.8 becomes 

(8.9) 

Solving Eq. 8.9 for (N') gives 

4D(N') = -in 
^ D. ^ 

vD.-D' 

!/ 
/Z  

(8.10) 

Equating Eq. 8.6 and Eq. 8.10 gives 

-In 
^ P. 

vD«-D'y 
(8.11) 

Solving Eq 8.11 for N' gives 
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b 
1 

1 

a
 

-In 
D„ 

vD„-D' 

Yz 

N, 4D(N.) 
—In 
A 

^ D ' 
U 

,D„-D' 

X 

(8.12a) 

(8.12b) 

N' = N„ 
^d(NJ 

-In 
D,, 

vD«-D', 
(8.12c) 

The deviatoric plastic strain trajectory, (N^), found from a finite element 

analysis of reference cycles corresponds to a single Gauss point, Eq. 8.12c then 

provides N' for that Gauss point. Therefore, Eq. 8.12c must be used to find N' for each 

Gauss point in the mesh. 

The final step in the accelerated approximate procedure is to relate the individual 

Gauss point N' values to the failure cycle, , of the entire mesh. The following 

hypothetical example demonstrates how Nf can be determined from the individual 

N' values using the volume fraction, V,-. 

8.4.3 Hypothetical Example 

Figure 8.6 shows the simple mesh with 4 elements and 16 Gauss points used for 

this simple example. The total volume of the mesh is V; since the mesh is symmetric, 

each Gauss point has the same tributary volume of or 0.0625V. 
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N' = 1675 

N' = 1825 

N' = 1650 

4 

N'=1750 

N' = 1575 N' = 1500 

N' = 1625 N' = 1550 

N' = 1875 

N' = 1975 

N' = 1800 N' = 1725 

N' = I950 N' = 1850 

N' = 1700 

4 

N' = I775 

Figure 8.6 Simple mesh with 4 elements and 16 
Gauss points for hypothetical example. 

8.4.3.1 Step 1: Define and D' at failure 

For this hypothetical example assume that failure occurs when 50% of the mesh, 

or Vf = 0.50, has a disturbance of D' > 0.50. 

8.4.3.2 Step 2; Finite Element Analysis of Reference Cycles 

For this hypothetical example assume that a finite element analysis was run for 

Nj = 10 reference cycles to determine ^0 (N^) for each Gauss point in the mesh 
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8.4.3.3 Step 3; Compute N' for Each Gauss Point in the Mesh 

For this hypothetical example assume that the N' values next to each Gauss point 

in Fig. 8.6 were computed from Eq. 8.12c using the (N^) values for each Gauss point 

found from the previous step, D' = 0.50 and =10. 

Therefore, The N' value next to each Gauss point in the figure denotes the 

number of cycles required for that Gauss point to reach a disturbance of D' = 0.5. For 

example. Gauss point 4 in element number 4 reaches a disturbance of 0.50 after 1500 

cycles. But Gauss 1 in element 1 requires 1975 cycles to reach a disturbance of 0.50. 

8.4.3.4 Step 4: Determine Nj. for the Mesh 

In order to determine the failure cycle of the mesh, Nf, from the Gauss point N' 

values the Gauss points are first sorted in order of increasing N', Table 8.2 lists the 

sorted Gauss points. As shown in the row 1 of Table 8.2, Gauss point 4 of element.4 is 

the first to reach a disturbance of 0.50 at 1500 cycles. Gauss point 1 of element. 1 (row 16 

in Table 8.2) is the last to reach a disturbance of 0.50 after 1975 cycles. 

The rightmost column in Table 8.2 lists the cumulative volume Section, , for 

each row in the table. From this column it is evident that the target volume fraction, 

Vf = 0.50 (as defined in Step 1), is reached in row 8 of Table 8.2. This corresponds to 

Gauss point 3 of element 2, which reached a disturbance of 0.50 after N' = 1725 cycles. 

Hence, the failure cycle for the mesh is N,. =1725 cycles. All Gauss points above row 8 
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reached a disturbance of 0.50 before 1725 cycles. After 1725 cycles 50% of the mesh 

volume has a disturbance of at least0.50. 

If, on the other hand, the target volume fraction had been = 0.25 the failure 

cycle of the mesh would be = 1625 cycles (row 4 in Table 8.2). Or, if the target 

volume fraction had been = 0.75 the failure cycle of the mesh would be Nf = 1825 

cycles (row 12 in Table 8.2). 

Table 1.2 Sorted N' values from Fig. 8.6 for D = D' = 0.50 

Row 
Element 
Number 

Local Gauss 
Point Number 

N' when D = D' 
(Eq. 8.11) 

Gauss Point 
Volume * 

Cumulative 
Vf 

1 4 4 1500 0.0625V 0.0625 
2 4 2 1550 0.0625V 0.1250 
3 4 3 1575 0.0625V 0.1875 
4 4 1 1625 0.0625V 0.2500 
5 3 4 1650 0.0625V 0.3125 
6 3 3 1675 0.0625V 0.3750 
7 2 4 1700 0.0625V 0.4375 
8 2 3 1725 0.0625V 0.5000 
9 3 2 1750 0.0625V 0.5625 
10 2 2 1775 0.0625V 0.6250 
11 1 4 1800 0.0625V 0.6875 
12 3 1 1825 0.0625V 0.7500 
13 2 1 1850 0.0625V 0.8125 
14 1 3 1875 0.0625V 0.8750 
15 1 2 1950 0.0625V 0.9375 
16 1 1 1975 0.0625V 1.0000 

* V = Total volume of the mesh 



153 

8.4.4 Secondary Quantities 

Once the failure cycle for the mesh has been determined the corresponding 

deviatoric strain trajectory for each Gauss point in the mesh at can be found by 

rewriting Eq. 8.7(d) as 

5D(N,) = 5„(N,) 

f 
(8.13) 

The disturbance for each Gauss point at can be found from the results of Eq. 

8.12 by rewriting Eq. 8.8 as 

D(Nf) = D„|l-e-^^"(^'^] 'J (8.14) 

Equations 8.13 and 8.14 can be used to construct contour plots of the deviatoric 

strain trajectory and disturbance at the mesh failure cycle, respectively. The Equations 

can also be used to find the deviatoric strain trajectory and disturbance at any desired 

cycle N by substituting N for . 
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8.5 Determination of Parameter b 

Ideally, parameter b should be determined form experimental data. However, 

cyclic testing can be time consuming and expensive. For example, consider a cyclic test 

of4000 cycles where each cycle requires 30 minutes. The total time, t, for the test will be 

Hence, cyclic test data is difficult to come by. The test data that has been obtained 

provides the number of cycles to failure but does provide the stress and strain 

measurements needed to find parameter b. 

8.5.1 Range for Parameter b 

From Fig. 8.5 the prediction parameter b is then defined as 

FrOm Eq. 8.15 it can be shown that b has a limiting value of b = 1 when N approaches 

infinity. Moreover, since , or lii(Nj), increases at a faster rate than (N^ ), or 

4000 cycles 30 min 1 hr 1 day t = —-X X X i- = 83 days 
1 cycle 60 min 24 hr 

(8.15) 

In (^,5 (NJ )) it is reasonable to expect that b will always be in the range 

0<b<1.0 (8.16) 
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8.5.2 Procedure for Determination of Parameter b From FEM Analysis 

Alternatively, b can be determined by some other method, such as a finite element 

analysis. The process for finding b from a finite element analysis is as follows; 

1) Run the cyclic finite element analysis for more cycles than the expected 

number of cycles to failure. 

2) Compute as the average value for the entire mesh for each cycle. This 

approximates the bulk response that would be measured in the laboratory. 

3) Plot ln(§jj) vs. ln(N) as shown in Fig. 8.1 

4) Use linear regression to determine the best fit line of the data 

5) Determine b as the slope of the best fit line. 

The above process is demonstrated in the following examples for the 313-pin PBGA and 

144 I/O PBGA analyses of Chapter 7. 

8.5.3 Example: Parameter b Determination From 313-Pin PBGA Analysis 

Figure 8.7 shows a plot of ln(§p) vs. ln(N) as found from the 313-pin PBGA 

full cycle analysis presented in Chapter 7. As discussed above, 4D is taken as the average 

value of the entire mesh to simulate the bulk response that would be measured in the 

laboratory. As shown in the figure, the slope of the best fit line gives the prediction 

parameter as b = 0.966, or approximately, b «1.0, as expected. 
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Results from 
FEM Analysis 

b = 0.966 

Best fit line from linear 
regression analysis 

5 7 0 2 3 4 6 8 1 

ln(N) 

Figure 8.7 Determination of parameter b: 313-pin PBGA 

8.5.4 Example: Parameter b Determination from 144 I/O PBGA Analysis 

Figure 8.8 shows a plot of In(^n) vs. ln(N) as found from the 144 I/O PBGA 

full cycle analysis presented in Chapter 7. Again, is taken as the average value of the 

entire mesh to simulate the bulk response that would be measured in the laboratory. As 

shown in the figure, the slope of the best fit line gives the prediction parameter as 

b = 0.991, or approximately, b® 1.0, as expected. 
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Figure 8.8 Determination of parameter b: 144 I/O PBGA 

8.6 Accelerated Approximate Procedure Examples 

The accelerated approximate procedure describe above was used to analyze the 

313-pin PBGA and 144 I/O PBGA devices previously studied in Chapter 7. In both cases 

all analysis procedures (material parameters, thermal loading, applied displacements, 

etc.) were identical to those described in Chapter 7 and, in the interest of brevity, will not 

be repeated here. 

8.6.1 Example: Accelerated Approximate Procedure 313-Pin PBGA 

Figures 8.9(a) to 8.9(e) show comparisons of the results obtained from the full 

cycle analysis (Chapter 7) and the accelerated approximate procedure. For the accelerated 
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approximate procedure the reference cycle was set to =10 and parameter b was set to 

b = 0.966 as found from Fig. 8.7. 

Full Analysis Accelerated Analysis 

(a) N = 1000 Cycles 

Full Analysis Accelerated Analysis 

(b)N = 2000 Cycles 

Figure 8.9 Comparison of Ml and accelerated analyses 
at selected cycles: 313-Pin PBGA 

-.9 

-77 

-.59 

-45 

-.9 

-.77 

-.59 

-.45 



Full Analysis Accelerated Analysis 

(c) N = 2700 Cycles 

H 
A /\ A A AA7VA A 

H 
M 

Full Analysis Accelerated Analysis 

(d) N — 3000 Cycles 

Figure 8.9 (continued) 
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Full Analysis Accelerated Analysis 

(e) N = 4000 Cycles 

Figure 8.9 (continued) 

Figures 8.9(a) to 8.9(e) demonstrate that the results obtained from the accelerated 

analysis are in strong agreement with those of the full cycle analysis. The full cycle 

analysis required about 19 hours of computer time but the accelerated analysis required 

only about 10 minutes of computer time. 

8.6.2 Example: Accelerated Approximate Procedure 144 I/O PBGA 

Figures 8.10(a) to 8.10(e) show comparisons of the results obtained from the full 

cycle analysis (Chapter 7) and the accelerated approximate procedure. For the accelerated 

approximate procedure the reference cycle was set to =10 and parameter b was set to 

b = 1.0 which is approximately equal to the 0.991 slope found in Fig. 8.7. 
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Full Analysis Accelerated Analysis 

(a)N= 1000 Cycles 

-.85 

-.85 

-.5 

Full Analysis Accelerated Analysis 

(b) N = 1500 Cycles 

Figure 8.10 Comparison of full and accelerated analyses 
at selected cycles: 144-Pin PBGA 
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Full Analysis Accelerated Analysis 

(c) N = 2000 Cycles 

Full Analysis Accelerated Analysis 

(d) N = 3000 Cycles 

Figure 8.10 (continued) 
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L_l_o 

Full Analysis Accelerated Analysis 

(e)N = 4000 Cycles 

Figure 8.10 (continued) 

Figures 8.10(a) to 8.10(e) demonstrate that the results obtained from the 

accelerated analysis are in strong agreement with those of the Ml cycle analysis. The Ml 

cycle analysis required about 32 hours of computer time but the accelerated analysis 

required only about 10 minutes of computer time. 

8.7 Selection of Reference Cycle, 

Figure 11 shows the contours of disturbance as found from the accelerated 

approximate procedure for reference cycles = 1,5 and 10 for the 144 I/O PBGA 

example. From the figure it is evident that there is little difference in the contours after 

= 5 reference cycles. In the interest of accuracy, all approximations in this research 

are made using =10 reference cycles. 
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(b)N,=5  
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Figure 8.11. Predicted contours of disturbance for different reference cycles, N, 
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8.8 Accelerated Approximate Procedure; Conclusions 

The above examples demonstrate that the accelerated approximate procedure 

yields results that are in strong agreement with those of a full cycle analysis in only a 

small fraction of the computer time. 
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CHAPTER 9 

PARAMETRIC AND OPTIMAL DESIGN 

9.1 Parametric and Optimal Design 

There are many factors that influence the number of cycles to failure of a solder 

connection. These factors include material parameters, loading type (mechanical and 

thermal), the nature of the loading (magnitude, rate, period, dwell, etc.) and the size and 

shape of the solder connection. In this chapter the accelerated approximate procedure is 

used to perform a series of parametric studies. The first study investigates the influence a 

solder connection's size and shape has on the number of cyclcs to failure. The second 

study investigates the effects of misalignment on cycle life. Different schemes for setting 

the mesh thickness in two-dimensional plane stress analysis are covered in the third 

study. Finally, the influence of the DSC/HISS parameters on number of cycles to failure 

is investigated in the final study. 

Such parametric studies can lead to improved methods for design and reliability. 

Whitenack and Desai (2003) provide a preliminary investigation into size and shape 

effects. Likewise, Whitenack and Desai (2004) investigated the effects of the DSC/HISS 

parameters on number of cycles to failure. 

9.2 Parametric Study: Size and Shape 

The size and shape of a solder connection has an influence on the life of the 

connection. The preliminary investigation (Whitenack and Desai, 2003) indicated that, in 
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general, the number of cycles to failure increases as the height, h, and/or mid-height 

diameter, d, is increased. This follow up study will reinforce this conclusion, and also 

provide additional insight into the effects of varying the solder connection size and shape 

on the cycle life of the connection. 

9.2.1 Mesh Dimensions 

Figure 9.1 shows the mesh for a typical solder connection investigated in this 

study. In the Fig. 9.1 h denotes the height of the connection, d denotes the diameter 

(width) of the connection at the mid-height and b denotes the diameter of the connection 

at the top and bottom surfaces, which is approximately equal to the size of the bond pads. 

From the dimensions h, d, and b the ratios h/b and d/b can be defined. The ratio h/b 

provides a characteristic size while the ratio d/b provides a characteristic shape. 

Figure 9.1. T>pical Mesh 
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Since dimension b is related to the size of the bond pads, and bond pad 

dimensions are usually based on other factors, b was held constant at 0.46 mm. 

The dimensions h and d were varied to produce different sizes and shapes. Figure 9.2 

shows the dimensions (h and d) and ratios (h/b and d/b) for the 81 different connection 

sizes and shapes analyzed in this study. 

h = 0.7475 
h/b = 1.625 

h = 0.6900 
h/b = 1.500 

h = 0.6325 
h/b = 1.375 

h = 0.5750 
h/b = 1.250 

h = 0.5175 
h/b =1.125 

h = 0.4600 
h/b = 1.000 

h-0.4025 
h/b = 0.875 
h = 0.3450 

h/b = 0.750 
h = 0.2875 

h/b = 0.625 
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Figure 9.2 Dimensions and ratios for 81 connection sizes and shapes, ail 
connections have a dimension of b = 0.46 mm at the top and 
bottom surfaces. Dimensions h and d are in nmnri; ratios h/b 
and d/b are dimensionless. 
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To accurately compare the connections it is desirable to use the same number of 

elements and nodes for each analysis. A fine mesh with 15 rows and 15 columns of 

elements, for a total of 225 elements and 256 nodes, was selected to reduce numerical 

difficulties that may result from using too coarse of a mesh for some sizes and shapes. As 

in the 144 I/O PBGA analyses of Chapters 7 and 8, a single node in the mesh is fixed in 

the X and y directions. Each connection was idealized as plane stress and the mesh 

thickness was set to the average connection thickness for each size and shape. 

9.2.2 Thermal Loading 

The thermal loading used for each of the 81 connections shown in Fig. 9.2 was 

identical to that of the 144 I/O PBGA foil cycle analysis of Chapter 7. See Section 7.5.4 

and Fig. 7.24 for additional details regarding the thermal loading. 

9.2.3 Applied Displacements 

The applied displacements applied to each of the 81 connections shown in Fig. 

9.2 was identical to that of the 144 I/O PBGA full cycle analysis of Chapter 7. See 

Section 7.5.7 and Fig. 7.23 for additional details regarding the applied displacements. 

9.2.4 Material Properties 

The same material properties used for the 144 I/O PBGA full cycle analysis 

(Table 7.8) were used in this study. 



170 

9.2.5 Analysis Procedure and Calibration 

An accelerated approximate analysis, as described in Chapter 8, was run for each 

of the 81 connections shown in Fig. 9.2. The prediction parameter, b, was set to b = 1.0 

and reference cycle, , as set to =10. 

The dimensions, b, h and d, for connection number 61 in Fig. 9.2 are close to that 

of the 144 I/O PBGA analyzed previously in Chapter 7. From Fig. 7.22, the 144 I/O 

PBGA had a mean failure of about 1500 cycles. A preliminary analysis of connection 

number 61, using the procedures described above, showed that approximately 10% of the 

mesh volume (i.e. = 0.10) had reached a disturbance of D > 0.85 after about 1500 

cycles. Therefore, failure for all connections in Fig. 9.2 was assumed to occur when 

Vf aO.lO for D > 0.85. A discussion regarding the validity of this assumption will be 

presented in Section 9.3. 

9.2.6 Analysis Results 

Figure 9.3 shows a plot of the predicted number of cycles to failure, Nf, verses 

the shape ratio, d/b for each size ratio, h/b. As expected, the number of cycles to failure 

increases as the connection height (or characteristic size, h/b) is increased. However, the 

relationship between the characteristic shape, d/b, and the number of cycles to failure is 

not consistent for ail characteristic sizes. For example, for h/b = 0.625 and 0.750 the 

number of cycles to failure increases as the ratio d/b is reduced below 1.0. This response 

is contrary to what is expected. Moreover, for h/b = 1.375,1.500 and 1.625 the number of 

cycles to failure decreases as the ratio d/b is increased above about 1.0. Again, this 
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response is contrary to what is expected. An explanation for these contrary responses will 

be provided in Section 9.3. 

6000 

S 3000 

h/'b = 1.125 

h/b = 0.625 

0.625 0.750 0.875 1.000 1.125 1.250 1.375 1.500 1.625 

Characteristic Shape, d/b 

Figure 9.3 Predicted number of cycles to failure, , vs. characteristic 

shape, d/b, for ditTerent characteristic sizes, h/b. 
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Contour plots of disturbance can be used to identify the location in a connection 

where the failure occurs. In order to prevent significant loss in detail, the contour plots of 

disturbance for the 81 connections analyzed will be split into 4 groups as shown in Fig. 

9.4. 
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Figure 9.4 Splitting of 81 connections into four groups 
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Figure 9.5(a) Disturbance contours at failure for Vf =0.1 and D^ = 0.85 



174 

I 

15: N = 4350 

JHV' 

^0^ 
24: N = 3443 

33: N = 2691 

D<0.50 

I I 

-

I 

16; N = 4215 17: N = 4173 

f • 

•1 

34: N - 2730 

0.50 < D < 0.65 

6: N = 5775 7: N - 5550 8: N = 5306 9: N = 5226 

18:N = 4118 

25: N = 3371 26: N = 3346 27: N = 3327 

36: N = 2782 

0.65 < D < 0.85 

36: N = 2847 

Hd > 0.85 

Figure 9.5(b). Disturbance contours at failure for = 0.1 and D^ = 0.85 



175 

t:.,-,., __ fei., -.irfBH fc-. 

37; N = 1480 38: N = 1665 39: N = 2063 40: N = 2164 41: N = 3131 

46: N = 1430 47: N = 1358 48: N= 1701 49: N= 1651 50: N= 1705 

55: N= 1370 56: N = 1237 57: N= 1341 58: N = 1329 59: N= 1346 

64: N= 1176 65: N= 1079 66: N= 1096 67: N- 1036 68: N= 1048 

73:N = 884 

D<0.50 

74: N = 863 75: N-914 76:N = 913 

{ 10.50<D<0.65 j 0.65 < D < 0.85 

77: N = 880 

H D > 0.85 

Figure 9.5(c). Disturbance Contours at Failure for = 0.1 and D^ = 0.85 



176 

t SSSSŜ '̂ 
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From Fig. 9.5 it is evident that the failure location is dependent on the size and 

shape of the connection. 

For hourglass shapes, d/b < 1, failure tends to approximately occur at mid height. 

For short (h/b < 1.0) hourglass shapes the failure region makes an angle of about 20° with 

the horizontal (see shape 73, Fig. 9.5(c)). As the connection height increases the angle of 

the failure region is reduced to about 5° (see shape 1, Fig. 9.5(a)). 

The bottom rows of Figs. 9.5(c) and 9.5(d), with h/b = 0.625. clearly demonstrate 

that as the d/b ratio is increased the angle of the failure region increases continuously. 

However, this response is less pronounced for tall connections (h/b = 1.625) as indicated 

by the top rows of Figs. 9.5(a) and 9.5(b). 

For ball shaped connections, d/b > 1.0, failure tends to occur at the top and 

bottom surfaces of the connection. For short (h/b < 1.0) ball shaped connections failure is 

predominate at the opposite comers, as h/b is increased the failure region becomes more 

evenly distributed along all four comers. The contour plots also indicate failure in the 

center of the ball shaped connection. However, this is a consequence of the two-

dimensional plane stress idealization in which a uniform/constant thickness is assumed. 

In reality, the center of a ball shaped connection is the thickest portion of the connection. 

Hence, failure is not expected to occur in these regions. An alternative scheme for 

defining the connection thickness is presented in Section 9.5. 
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9.2.7 Size and Shape: Conclusions 

The above analysis indicates that the size and shape of a solder connection has a 

significant influence on the number of cycles to failure. In general the cycle life is 

expected to increase as the connection height, and diameter at the mid-height is 

increased. 

As shown in Fig. 9.5, the disturbance contours can be used to identify the 

locations where failure is most likely to occur. As with cycle life, the failure locations are 

dependent on the connection size and shape. Hourglass shaped connections tend to fail at 

the mid height while ball shaped connections tend to fail at the bond pad interface. 

By understanding these relationships a designer can optimize the connection size 

and shape to improve the reliability of an electronic package. 
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9.3 Volume Fraction Options 

In the previous analysis it was assumed that all connections failed when 10% of 

the mesh volume reaches a disturbance of 0.85 or greater. However, this assumption may 

not be valid. In this section two options for defining the volume fraction at failure are 

investigated. 

9.3.1 Volume Fraction as a Function of the Characteristic Shape, d/b 

As shown in figure 9.6, as the diameter of the connection at the mid-height is 

reduced to zero, the d/b ratio approaches zero. This connection will fail before one cycle 

is complete. 

d = 0 
d/b = 0 

Figure 9.6 Connection with mid-height diameter of d = 0.0 

Therefore, it makes sense to treat the volume fraction as a linear function of the d/b ratio. 

For d/b = 0 V^ = 0.0, for connection number 61, with d/b = 1.375, in Fig. 9.2 the 

preliminary analysis indicated a volume fraction at failure of V^ = 0.10. These two points 
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allow the volume fraction at failure to be defined as \\ = 0.072 — . Figure 9.7 shows a 
b V uy 

plot of the predicted number of cycles to failure, Nj., verses the shape ratio, d/b based on 

this improved assumption. 
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Figure 9.7 Predicted number of cycles to failure for V,- = 0.072 
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Unfortunately, Fig. 9.7 does not show much improvement. However, it does 

indicate that the volume fraction must also be a function of the connection height, h, or 

size ratio, h/b. 
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9.3.2 Volume Fraction as a Function of the Connection Volume 

The easiest way to combine the ratios, d/b and h/b, is with the connection volume. 

Fig. 9.8 shows a plot of connection volume for the different d/b and h/b ratios of the 

connections analyzed. 
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Figure 9.8. Connection Volumes 

The volume fraction is then defined as 

^ V ^ 
V V *61 y 

Vf,, 
9.1 

,61 
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where the subscript i denotes the connection number, V is volume, V^, is the volume of 

connection 61 and gj is the volume fraction at failure for connection number 61 which 

is known to be Vj.^, =0.1. A plot of the predicted number of cycles to failure, Nf, verses 

f V. ^ 
the shape ratio, d/b based on ^ is shown in Fig. 9.9. 
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The results of Fig. 9.9 are much more consistent with what is expected (i.e. the 

number of cycles to failure for a solder connection is expected to increase as the height 

and/or mid-height diameter of the connection is increased). Hence, it can be concluded 

that the volume fraction at failure should be treated as a function of the connection 

volume. 

9.3.3 Volume Fraction Options: Conclusions 

Figure 9.6 clearly demonstrates that the volume fraction at failure should not be 

treated as a constant for all connection sizes and shapes. Treating the volume fraction as a 

function of the characteristic shape ration, d/b, improved the results but is not considered 

to be accurate enough for practical use. The second option considered, treating the 

volume fraction as a function of the connection volume, provided results that are similar 

to what is expected. 
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9.4 Parametric Study: Misalignment 

The failure data for the 313-pin PBGA and 144 I/O PBGA packages in Figs. 7.9 

and 7.22, respectively, show a considerable amount of scatter. Photomicrographs of the 

313-pin PBGA and 144 I/O PBGA packages in Figs. 7.6 and 7.20, respectively, indicate 

that there is some misalignment between the solder connections and the bond pads. This 

misalignment results in a distortion of the solder connection shape. Hence, it may be that 

the scatter of the results is related to the misalignment. 

Connection number 61 of Fig. 9.2 was selected for this study since its shape is 

close to that of the 144 I/O PBGA solder connection. All analysis procedures {i.e. applied 

loading, material properties, etc.) were identical to that of the analyses of Section 9.2 

above, except that the connection shape was distorted to correspond to a misalignment. 

ITie degree of misalignment is based on the diameter of the connection at the bond pad. 

For example, 10% misalignment to the left means that the top surface of the connection is 

shifted to the left 10% of the base diameter, the bottom surface remains in its original 

position. Misalignments of 5, 10,20 and 40 percent to the left and right were analyzed in 

this study for a total of eight analyses. 

Figure 9.10 shows the results of this analysis. The inset drawing in the figure 

shows the (exaggerated) thermally induced applied displacements. From the inset, it is 

evident that the displacement of the top surface is predominately to the left. 
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Figure 9.10 Number of cycles to failure for various misalignments 

Figure 9.10 indicates that when the misalignment is in the same direction as the 

predominate displacements the number of cycles to failure is reduced. On the other hand, 

when the misalignment is in the opposite direction as the predominate displacements the 

number of cycles to failure is increased. Hence, misalignment may account for the spread 

in the experimental results shown in Fig. 7.22 for the 144 I/O PBGA packages. Contour 

plots of disturbance at N = 1500 cycles arc shown in Figs. 9.11 and 9.12. For comparison, 

both figures also show contours of disturbance for the properly aligned connection. 
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9.5 Parametric Study: Thickness Options 

Ideally, a finite element analysis of a solder connection should be three-

dimensional. However, the analysis time, and problem complexity, associated with a 

three-dimensional analysis makes a two-dimensional analysis an attractive alternative. 

All analyses in this research were idealized as two-dimensional plane stress. In a plane 

stress analysis the finite element mesh is usually assumed to have a constant thickness. In 

this research the constant mesh thickness was computed as the average thickness of the 

solder joint connection. 

The contour plots of disturbance provided in this dissertation often show a high 

disturbance in the thickest regions of the connection, which indicates failure. In general, 

the thicker regions of the connection are not expected to fail. So, the two-dimensional, 

constant thickness, plane stress approximation may be an oversimplification. 

The accelerated approximate procedure was used to determine the distribution of 

disturbance for a series of plane stress analyses to determine if a variable thickness could 

improve the results. Connections 55 through 63 of Fig. 9.2 were analyzed in this study. 

The thickness of each individual element in the mesh was set to the actual thickness of 

the connection. All analysis procedures (i.e. applied displacement, material properties, 

etc.) were the same as that of the size and shape analyses of Section 9.2. 

Figure 9.13 compares the contour plots of disturbance for a constant thickness 

mesh with that of a variable thickness mesh. Connection 61 is similar in size and shape to 

the 144 1/0 PBGA analyzed in Chapters 7 and 8, which has a known life of 1500 cycle. 

So, all contours in Fig 9.13 are provided atN = 1500 cycles. 
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Figure 9.13 (Continued) 
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As shown in Figs. 9.13(a) through 9.13(c), the difference between the constant 

and variable mesh thickness methods is minimal for hourglass shaped connections. For 

the cylinder shaped connection of Fig. 9.13(d) the difference is almost indistinguishable. 

However, Figs. 9.13(e) through 9.13(i) show that there is a significant difference for the 

ball shaped connections. Ana, as the connection diameter at the mid-height is increased, 

the difference becomes more profound. 

Photographs of the 144 1/0 PBGA solder balls before and after failure are shown 

in Fig. 9.14. As shown in the figure, fracture occurs at top surface of the connection and 

the bottom surface of the connection is severely deformed. Comparing the failed solder 

ball of Fig. 9.14 and the contour plots of disturbance for connection 61 in Fig. 9.13(g) 

demonstrates that the variable thickness method provides a much more accurate 

identification of the failure region. 

Figure 9.14 144 1/0 PBGA solder balls before and after failure (Desai et al. 2001) 

(a) Before Failure (b) After Failure 
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Li (2003) used the accelerated approximate procedure, developed herein, to 

perform a series of 3D analysis of the 144 I/O PBGA solder ball. The results of his 

analyses at N = 1500 cycles are shown in Fig. 9.15. 

m/n rio.3 

<- Top View 

(a) 3D Approximate Plane Stress 

4- Top View 

(b) 3D Approximate Actual Shape 

Figure 9.15 Disturbance contours at N = 1500 cycles: 144 I/O PBGA (Li, 2003) 

The mesh in Fig. 9.15(a) provides a close approximation for a two-dimensional plane 

stress analysis. As expected, the contours of disturbance are in fairly good agreement 

vwth those of the two-dimensional plane stress analysis with constant thickness shown in 

Fig. 9.13(g). Figure 9.15(b) shows a three-dimensional approximation of a spherical 

mesh, as indicated by the top view in the figure, the approximation is not exact since the 

top view is square rather than round (this approximation was used to simplify the mesh 

generation). The contour plots of disturbance for the three-dimensional approximation of 

the spherical mesh of Fig. 9.15(b) are in good agreement with the two-dimensional. 
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variable thickness analysis of Fig. 9.13(g). Both indicate high disturbance levels at the 

top and bottom surfaces but not in the thicker regions of the mesh. 

Figure 9.16 shows the contours of disturbance at N = 1500 cycles for connection 

61 and the top view as idealized by the two-dimensional, variable thickness option. It is 

evident from the figure that the two-dimensional, variable thickness option is actually a 

closer approximation of the 144 I/O BPGA spherical/ball shape. 

-65 
2.74?: 

87.97  ̂

a; 

Top View 

Figure 9.16 Contours of disturbance at N = 1500 cycles for connection 61 with top 
view as idealized by the two-dimensional, variable thickness option 

The contour plots of disturbance obtained from this analysis in good agreement 

with those of the three-dimensional analyses. Moreover, the contours of disturbance 

correctly identified (only) the known failure region as found ifrom a photograph of a 

failed 144 I/O PBGA connection. Hence, a two-dimensional plane stress idealization with 

variable element thickness is considered to provide more accurate results than the two-

dimensional plane stress idealization with constant thickness. 
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9.6 Parametric Study: DSC/HISS Parameters 

With the DSC and the accelerated approximate procedure fatigue life models, it is 

possible to perform a parametric study regarding the influence that the DSC and HISS 

maitfirial parameters have on fatigue life. The benefits of this study are twofold. First, the 

study will identify which parameters are most critical with respect to fatigue life, and 

second, knowing the critical parameters will be helpful when selecting materials for 

optimal life. 

9.6.1 Mesh Dimensions 

Figure 9.17 shows the finite element mesh used for this study. The mesh 

dimensions are the same as that of the 144 I/O PBGA full cycle analysis of Chapter 7. 

However, the mesh is slightly different. 

0.01778 mm 

0.4064 
mm 

0.4572 mm 

Fig 9.17. Mesh Dimensions (Boeing, 2001) 
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9.6.2 rhermal Loading 

The thermal loading for this study was identical to that of the 144 I/O PBGA full 

cycle analysis of Chapter 7. See Section 7.5.4 and Fig. 7.24 for additional details 

regarding the thermal loading. 

9.6.3 Applied Displacements 

The applied displacements for this study were identical to that of the 144 I/O 

PBGA full cycle analysis of Chapter 7. See Section 7.5.7 and Fig. 7.23 for additional 

details regarding the applied displacements. 

9.6.4 Material Properties 

The material properties used in this study are given in Table 9.1. 

Table 9.1 Base Material Properties 
Elastic E (MPa) 23495 

V 0.4 
Plastic R (MPa) 217.473 

Y 0.00082 
Hardening ai 2.4E-06 

til 0.568 
Disturbance A 0.145 

Z 0.96 

The parameters in Table 9.1, along with n = 2.1 and Du = 1.0 give Nf = 1500 

when Vf = 0.1 and Dc 0.85. These same Vf and Dc values were used to define failure in 

the parametric analyses. Eight of the DSC/HISS parameters were selected for the 

parametric analysis. Five accelerated analyses were run for each selected parameter using 



values of 50, 75,100,125 and 150 percent of the base values shown in the table; all other 

parameters were held constant for a given run. 

9.6.5 Elastic Parameters E and v 

Table 2 shows the elastic parameters, E and v, used in the analysis. 

Table 9.2 E and v Values for Parametric Analysis 
Percent E (MPa) V 

50 11747.50 0.2 
75 17621.25 0.3 

100 (Base) 23495.00 0.4 
125 29368.75 0.5 
150 35242.50 0.6* 

* V = 0.6 is excluded from the ana 
not realistic 

ysis since it is 

The results for both E and v are combined in Fig. 9.18. The results show that the 

value of E has a strong influence on the predicted number of cycles to failure; the 

influence of v is negligible. 

As shown in Fig. 9.18, lower values of E lead to a longer life. Figure 9.19 shows 

the plastic strain, , associated with an arbitrary point on a stress-strain curve for two 

different E values. From this plot it is evident that lower values of E result in lower 

amounts of plastic strain, hence, a longer life. 

In Fig. 9.18 the results for 150% v have been excluded since this gives an 

unrealistic value of v = 0.6. The negligible effect of v on indicates that other 

parameters are more dominant. 
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Figure 9.18. Variation of Nf with E and v 

or 

Figure 9.19 Plastic strains for different E values 
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9.6.6 Plastic Parameters R and y 

The plastic parameters, R and y, used in the analysis are given in Table 9.3. The 

results for and are given in Figs. 9.20 and 9.21, respectively. 

Table 9.3 R and y Values for Parametric Analysis 
Percent R (MPa) y 

50 108.73650 0.000410 
75 163.10475 0.000615 

100 (Base) 217.47300 0.000820 
125 271.84125 0.001025 
150 326.20950 0.001230 

1800 
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1500 

1400 

1300 

1200 

1100 

50% 75% 100% 125% 150% 

R and y 

Figure 9.20 Variation of with R and y 
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Figure 9.21 Variation of with R and y 

Figures 9.20 and 9.21 indicate that, higher values of R and y tend to yield a longer 

life and lower values of , respectively. From D = ^1 j it is evident that lower 

values lead to lower amounts of disturbance. Since lower values of disturbance 

correspond to longer life the results shown in Fig. 13 make sense. Figure 9.22 shows how 

R influences the position of the yield surface, F, in vs. J, space. As shown in Fig. 

9.22, changing the value of the bonding stress, R, shifts the yield surface, F, along the J, 

axis. For small R values, the peak point may be in the positive J, space, as R is 

increased the peak may move into negative J, space. This transition from positive J, 

space to negative J, space may account for the slight inflection shown for R in Figs. 9.20 

and 9.21. 
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J, 

Figure 9.22 Influence of R on the yield surface, F 

9.6.7 Hardening Parameters aj and ir]j 

The hardening parameters, a, andi|j for computing the hardening, a, from 

a - used in the analysis are given in Table 9.4. The results for Nf are given m Fig. 

9.23. It can be seen from Fig. 9.23 that Nf decreases with increasing ai and Tji. This is 

because the plastic strains are higher for higher values of a, and r],, 

Table 9.4 a, and t]. Values for Parametric Analysis 

Percent ai 111 

50 0.0000012 0.284 
75 0.0000018 0.426 

100 (Base) 0.0000024 0.568 
125 0.0000030 0.710 
150 0.0000036 0.852 
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Figure 9.23 Variation of N,- with a, and T|, 

9.6.8 Disturbance Parameters A and Z 

The disturbance parameters, A and Z in Eq. 3, used in the analysis are given in 

Table 9.5. The results for Nf are given in Fig. 9.24. 

Table 9.5 A and Z Values for Parametric Analysis 
Percent A Z 

50 0.07250 0.48 
75 0.10875 0.72 

100 (Base) 0.14500 0.96 
125 0.18125 1.20 
150 0.21750 1.44 
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Figure 9.24 Variation of with A and Z 

From Fig. 9.24 it is seen that smaller values of A or Z lead give a longer life and 

vise-versa. From D = |l - e~^° j it is apparent that an increase in A or Z leads to a 

greater disturbance. Since a greater disturbance corresponds to a shorter life the results of 

Fig. 9.24 are consistent. However, the parameter Z is the more sensitive of the two. In 

D = D„ |l - e'^^" I, Z is the exponent for while A is a multiplier for . So, the 

greater sensitivity for Z is expected. 
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9.6.9 DSC/HISS Parameters; Conclusions 

Results for the elastic parameters E and v indicate that the most critical elastic 

parameter is E. Slight reductions in E can significantly increase cycle life while increases 

in E only decrease the life a little. When the true value of E is in question one should 

select the higher value to be conservative. Poisson's ratio, v, has very little effect on 

number of cycles to failure. 

For the plastic parameters, R and y, the results indicate that y is the more sensitive. 

Reducing either R or y will reduce the cycle life. 

The hardening parameters, a, and r|,, control the growth or hardening of the 

solder and therefore have a strong influence on the number of cycles to failure, ii, has the 

greater influence. When determining the material parameters special attention should be 

given to both of these parameters to guarantee accurate results. 

The predicted number of cycles to failure is directly related to the disturbance, D. 

Both disturbance parameters, A and Z, have a strong influence on the predicted . Of 

all the DSC/HISS parameters investigated the disturbance parameter Z is the most 

critical. A variance only of ±25% can lead to predicted values that are beyond the 

scatter shown in test data for the 144 I/O PBGA in Fig. 7.22. 

The results of this study can be used to produce improved methodologies for 

design and reliability. 
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CHAPTER 10 

SUMMARY AND CONLUSIONS 

10.1 Summary and Conclusions 

The accelerated approximate procedure developed and implemented in this 

research is a valuable tool for design, analysis, and optimization of solder connections in 

electronic packing. The procedure has been calibrated and validated with respect to 

available test data, and a Ml cycle analysis, for two electronic packages (313-pin PBGA 

and 144 I/O PBGA). 

The accelerated approximate procedure provides results that are in very good 

agreement with those of a full cycle analysis but are obtained in only a fraction of the 

analysis time (i.e. minutes instead of hours or days). Accurate predictions of the failure 

cycle, N,., provided by the accelerated approximate procedure are well within the scatter 

of the available test data. 

Procedures for determining the prediction parameter, b, in the accelerated 

approximate procedure from test data and/or a full cycle analysis have been described 

and demonstrated. For lead/tin solders, the prediction parameter is slightly less than 1.0. 

For conservative approximations a value of b = 1.0 is recommended. 
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Optimal parametric design studies using the accelerated approximate procedure 

have been conducted to investigate a number of important factors that may influence the 

design and life of a solder connection. 

Optimal parametric design studies regarding the connection size and shape 

indicate that the volume fraction at failure, V,., is best treated as a function of the 

connection's size and shape. This work has demonstrated that treating the volume fraction 

as a function of the connection volume yields satisfactory results. In general, the life of a 

solder connection is expected to increase as the connection height is increased and/or the 

diameter at the connection mid-height is increased. 

Test data for the 313-pin PBGA and 144 I/O PBGA packages show a 

considerable scatter in the number of cycles to failure. This scatter is considered to be a 

result of the package variations that are produced during manufacturing. From the 

photom icrographs of the 313-pin PBGA and 144 I/O PBGA packages, an obvious 

package variation is the misalignment between the solder connections and bond pads. 

Indeed, an optimal parametric design study of the effects of misalignment on cycle life 

showed that misalignment might have a significant influence on cycle life. In general, a 

misalignment in the same direction as the (thermally induced) applied displacement 

direction tends to reduce cycle life, misalignments in the opposite direction tends to 

increase cycle life. 
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Ideally, a finite element analysis of a solder connection should be three-

dimensional. However, the analysis time, and problem complexity, associated with the 

three-dimensional analysis often makes a two-dimensional analysis an attractive 

alternative. All analyses in this research were idealized as two-dimensional plane stress. 

In a plane stress analysis the mesh thickness is usually treated as a (average) constant and 

all elements in the mesh are assumed to have the same thickness. The two-dimensional, 

constant thickness, plane stress approximation may be an oversimplification. In fact, the 

contour plots of disturbance (provided throughout this dissertation) demonstrate that it is 

an oversimplification, since they sometimes indicate failure in the thickest region of the 

connection. 

A scries of plane stress analyses, in which the thickness of each individual 

element was treated as a variable and set to the true thickness of the connection, were run. 

The contour plots of disturbance obtained from this analysis were compared with that of a 

three-dimensional analysis, and were in good agreement. Moreover, the contours of 

disturbance correctly identified (only) the known failure region as found from a 

photograph of a failed 144 I/O PBGA connection. Hence, a two-dimensional plane stress 

idealization with variable element thickness is considered to be a more accurate 

approximation. 

Finally, an optimal parametric design study was conducted to investigate the 

effect of varying each of the DSC/HISS parameters on cycle life. The disturbance 



208 

parameter Z, which influences the growth of disturbance, was found to be the most 

critical parameter. The effects of varying Poisson's ratio, v, were determined to be 

negligible. Results for Young's modulus, E. were mixed, increasing E had only a minimal 

effect on cycle life but decreasing E produced a significant increase in cycle life. 

Variations in all other DSC/HISS parameters had an effect on the cycle life (increase or 

decrease) but their influence was not as pronounced as that of Z and E. 

It was found that the effect of an increase in E using the DSC/HISS plasticity 

model is different than that of an elastic model. As E is increased the amount of plastic 

strain increases, which decreases the number of cycles to failure. 

The research results herein can be used for improved design, analysis and 

reliability evaluation of problems in electronic packaging. It has been shown that the 

proposed accelerated approximate procedure, based on the DSC/HISS model, has a very 

good potential for parametric design and optimized design. 
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10.2 Future Work 

As previously demonstrated, the volume fraction at failure, Vj., should be treated 

as a tlmction of the solder connection size and shape. Treating Vj. as a function of the 

connection volume provided reasonable results but improvements may be possible if 

additional test data is available. 

A two-dimensional plane stress idealization with variable element thickness has 

been shown to yield a more accurate approximation of the failure location. Comparisons 

of a two-dimensional plane stress analysis using the individual element thickness scheme 

with that of a three-dimensional analysis using a true spherical mesh is suggested. 

In this research the accelerated approximate procedure has been developed and 

verified for solder connections in electronic packages. It is believed that the accelerated 

approximate may be suitable for a much wide range of materials in electronic packaging 

and other engineering materials. 
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APPENDIX A 

STRESS AND STRAIN TENSORS, MATRICES AND VECTORS 

Stress Tensors, Matrices and Vectors 

The Stress tensor, , is expressed as 

^11 ®12 ^13 
<^ij = (Jjl CJ22 ^23 (A-1) 

.^31 ^32 ®33. 

where the ij indices correspond to a three dimensional mutually orthogonal coordinate 

system. The i = j terms denote the normal components while the i 9^ j terms denote the 

shear components. From symmetry we have CT,, = cjji» <^23 ^32 ^31 = ^13 Eq. 

A-1 becomes 

cJu CTjj ®'l3 ''ll ^12 '̂ 13 

^12 ^22 ^23 
= 0>22 ^23 (A-2) 

.^13 ^23 ^33 _ sym. ®33_ 

In matrix notation x, y and z traditionally replace 1, 2 and 3, respectively in the Eqs. A-1 

and A-2, as shown in Eq. A-3. 

^xy 
= 

^ y x  ^ y y  ^yz 
= 

^ y y  ®yz (A-3) 
<J zy sym. 

A further simplification is given in Eq. A-4 
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a T, T. 
XZ 

a y T (A-4) 

sym. z 

here t replaces ct for the shear components and only one subscript is necessary for the 

normal components (i.e. x instead of xx). 

Since there are only six unique components in the stress tensor (or stress matrix) 

computer memory can be conserved by expressing the stress matrix or tensor as a vector 

(or array) as shown in Eq. A-5 

where the T indicates the transpose. 

The order of the terms in Eq. A-5 is arbitrary. However, once an order is defined the 

same order must be used for all stress and strain vectors or arrays. That is, the stress 

vector may also be expressed as 

(A-5) 

(A-6) 

As demonstrated by Eqs. A-5 and A-6, it is the programmer's responsibility to insure that 

a consistent order is maintained throughout a computer code. 
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Strain Tensors, Matrices and Vectors 

As shown in Eq. A-7, the strain tensor, e^-, is similar in form to the stress tensor. 

Sij = 
S[J 8,2 6I3 

"21 ^22 ^23 
S j j  S32  £33  

Sll 

Sj2 
-*12 £i3 

'22 ^23 

'13 ^23 *^33. 

n "12 ®13 

sym. 
'22 *^23 

'33 

(A-7) 

The strain matrix is given by 

W= 
®xy Sjty 

yy y2 
sym. 

e.. 8, xy xy 

S,. 8 yz 

sym. 

(A-8) 

du dv dw f 
I „E , .A-8s ,= - ,S ,= - ,S ,= - .S ,= - dn dy 

dy dx 

^ dw 
j 

& dy 
and 

^xz xz 2 

5u 5w 

& 9x 
where u, v and w denote the displacements in the x, y and z 

directions, respectively. 

From Eq. A-4, where x replaces a for the shear components, one may be tempted to 

replace s with y for the shear components in Eq. A-8. However, this would be incorrect 

since y-j = +8^^ (or y^ = 28^^ since s-j = 8jj) for i # j. Hence, in terms of y Eq. A-8 

becomes. 
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[e] = 

sym. 

1 1 
iTxy  

1 

2^"  
(A-9) 

The vector for of Eqs. A-8 and A-9 consistent with the stress vector of Eq. A-5 is given 

by 

{e}=[s^ Sy e. £«]' 

K s„ s 
y "z 2 2 ^ 2.'^™ 

(A-10) 

To be consistent with Eq. A-6 the order of Eq. A-10 would be changed to 

8 S S S £ ^xy y yz z xz 

s —Y s —y 8 X 2 ' y 9 ' z 

(A-ll) 

Spherical and Deviator Stresses 

The stress matrix of Eq. A-4 can be split into a spherical stress matrix, [p] and a stress 

deviator matrix, [S]. The spherical stress matrix has the mean stress, , on the diagonal 

elements and the non-diagonal elements are zero. The mean stress (also called 

hydrostatic stress) is independent of the coordinate axis, hence, the name: spherical 

stress. 
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0 0 " 

0 0 where 

0 0 
(A-12) 

In tensor notation the spherical stress tensor is given by 

(A-13) 

It can be shown that the mean stress (or hydrostatic stress) has a negligible effect on 

yielding and plastic flow. That is, the spherical stress matrix, [p], can often times be 

neglected in yielding/plastic flow calculations. 

If the spherical stress matrix, [p], is subtracted from the stress matrix, [o], the deviator 

stress matrix, [S] or [S] = [a]-[p], is obtained. 

[S] = 

[s] = 

a T T X xy xz 

t a x  xy y yz 

X t a xz yz 

xy 

y n 

0 0 

0 0 

0 0 a„. 

XZ 

a, z m 

(A-14) 

In tensor notation the deviator stress tensor, s,,, is given by 

S =o -a 5 ij ij m ij (A-14) 

Spherical and Deviator Strains 
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The strain matrix of Eq. A-8 can be split into a spherical strain matrix, [q] and a strain 

deviator matrix, [E] . The spherical strain matrix has the mean strain, E„, , on the diagonal 

elements and the non-diagonal elements are zero. Like the mean stress, the mean strain is 

independent of the coordinate axis, hence, the name: spherical strain. 

w= 

0 0 

0 0 

0 0 

S +S +8 X y z where E„ = (A-15) 

In tensor notation the spherical strain tensor is given by 

lij ~ ^ra^ij (A-16) 

If the spherical strain matrix, [q], is subtracted from the strain matrix, [s], the deviator 

strain matrix, [E] or [E] = [e]-[q], is obtained. 

8 S X xy 

I 

B O
 

0 '  

[E] = ^xy ^y — 0 £ in 0 

_^xz ^yz 1 
o

 

o
 

SXY SXZ 
[E] = EXY ^Y EYZ 

SXZ SYZ SZ-SM. 

(A-17) 

In tensor notation the deviator strain tensor, E-, is given by 

E.j=e.j-s^5y (A-18) 
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APPENDIX B 

PRINCIPAL STRESSES 

The stress matrix, [cj], was given in Appendix I as 

H= 
^xy \z X xy X xz 

"^yz 
= 

X xy S-z (B-1) 

sym. 

The principal stresses the eigenvalues of the stress matrix, and arc found by solving the 

following expression 

(B-2) 

where the vertical bars denote the determinant and 6,: is the kronecker delta defined as 

5,,=f 
h  i f i= j  

(B-3) 

In matrix form Eq. B-2 is expressed as 

t xy 

X T xz 

xy 

c r ,  -  X  

yz CT, -X 

= 0 (B-4) 

Expansion of Eq. B-4 will yield a cubic equation in terms of lambda, X ,  (details of the 

expansion are provided in Appendix 111). Hence, there are three solutions for lambda 
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(which may, or may not, be unique). The principal stresses, a,, and c, are the 

resulting lambda values. It is customary to sort the values such that 

To determine the principal directions one must find the eigenvectors of the following 

matrices 

xy 

yz 

and 

X xy X xz 

\y CJ2 ' ^ y z  

^xy 

Txy V 

(B~5) 

The eigenvectors of Eq. B-5 will form a three dimensional mutually orthogonal 

coordinate system. 

Once the principal stresses are known, the stress state described by Eq. B-1 in the 

principal coordinate system can be described as (note that the shear stresses have 

vanished in the principal coordinate system). 

a, 0 0 

0 a, 0 

0 0 a, 

(B-6) 

Equations B-1 and B-6 describe the same state of stress, only the coordinate systems are 

different. 
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A rotation of the x-y-z coordinate system of Eq. B-1 to say x'-y'-z' will change the 

components of the stress matrix in Eq. B-1. However, the principal stresses of Eq. B-6 

will remain the same. That is, the principal stresses are independent of the x-y-z (or x'-y'-

z') coordinate system. 

As discussed in Appendix I, it is often convenient to neglect the mean stress, a„,. In 

terms of principal stresses, the deviator stress matrix, [S] is 

[S] = 
a i - a„  

0 

0 

0 

0 

0 

0 where = 
_ a, + Oj + CT, 

(B-7) 

Although the use of the principal stresses is common the same can not be said for 

principal strains. Therefore, details for determining the principal strains will not be 

covered here. However, the procedures outlined above for principal stresses will be the 

same for the principal strains. 



219 

APPENDIX C 

Stress and Strain Invariants 

The stress matrix, [ct], was given in Appendix I as 

'^xy "^xz X xy X xz 
= 

'^xy «^y ^yz (C-1) 

sym. '^xz X yz 

In Appendix II, Eq. B-2, the following expression was given for determination of the 

principal stresses, a,, CTj and Oj. 

cr^ A, x„_ 

xy ( J y - X  

JL 

yz 
G,- X  

= 0 (C-2) 

Expansion and rearrangement of Eq. C-2 leads to 

-I' + (o, + CTy + ) X' + [x^ +1 J, + - (d.cjy + + a^cy,) 

(J^CJy0, + 2T„,Ty^X^ -(o^ T ^  + <JyX,, + a,x^) = 0 
(C-3) 

The coefficients for X ' .  X  and the constant (i.e. the coefficient for X " )  in Eq. C-3 are the 

stress Invariants J,, Jj and J3, respectively. 

J i=c r ,+ay+az  

J2 = ) 

J3 +2T^Ty,T^ +<^z<.) 

(C.4) 
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If the principal stresses, a,, and a, are known (see Appendix 11) the expressions for 

J,, J, and J3 reduce to 

J ]  — Oj  +02  +  ̂ 2 

J2 =-(0,02 +02^3 +0,01) 

J3 = o'jO'jO'a 

(C~5) 

In Eqs. C-4 and C-5 it can be seen that J, will have units of stress (i.e. MPa, psi, etc.), Jj 

will have units of stress squared (i.e. MPa^, psi^, etc.) and J3 will have units of stress 

cubed (i.e. MPa\ psi\ etc.). 

In Eq. A-14 of Appendix A the deviator stress matrix, [S] is give as 

[S] = 

o . - c .  m xy 

yz 

• yZ 

a —a z m 

a  +a  +a  
where a„ = — ^ (C-6) 

or 

[S] = 

0. -

-xy ^y-

-xy 

-yz 0 -

(C-7) 

The deviatoric stress invariants, J,p, and for the deviator stress matrix [S] can 

be found using the same procedure described above for the stress m.atrix, [a]. 
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