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ABSTRACT 

This dissertation presents a new class of irregular low-density parity-check (LDPC) 

codes of moderate length (10^ < n < 10'^) and high rate {R > 3/4). The codes in 

this class admit low-complexity encoding and have lower error rate floors than other 

irregular LDPC code design approaches. It is also shown that this class of LDPC 

codes is equivalent to a class of systematic serial turbo codes and is an extension 

of irregular repeat-accumulate codes. A code design algorithm based on the combi

nation of density evolution and differential evolution optimization with a modified 

cost function is presented. Moderate-length, high-rate codes with no error-rate floors 

down to a bit error-rate of 10~® are presented. Although our focus is on moderate-

length, high-rate codes, the proposed coding scheme is applicable to irregular LDPC 

codes with other lengths and rates. 

Applications of these codes to magnetic data storage and wireless transmission 

channels are then studied. In the case of data storage, we assume an EPR4 partial 

response model with noise bursts which models media defects and thermal asperi

ties. We show the utility of sending burst noise channel state information to both 

the partial response detector and the decoder. Doing so eliminates the error rate 

curve flattening seen by other researchers. The simulation results presented have 

demonstrated that LDPC codes are very effective against noise bursts and, in fact, 
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are superior to Reed-Solomon codes in the regime simulated. We also have presented 

an algorithm for finding the maximum resolvable erasure-burst length, Lmax, for a 

given LDPC code. The simulation results make the possibihty of an error control 

system based solely on a LDPC code very promising. 

For the wireless communication channel, we assume two types of Gilbert-Elliott 

channels and design LDPC codes for such channels. Under certain assumptions, 

these models lead us to what we call the burst-erasure channel with AWGN (BuEC-

G), in which bits are received in Gaussian noise or as part of an erasure burst. To 

design codes for this channel, we take a "shortcut" and instead design codes for the 

burst-erasure channel (BuEC) in which a bit is received correctly or it is received 

as an erasure, with erasures occurring in bursts. We show that optimal BuEC code 

ensembles are equal to optimal binary erasure channel (BEC) code ensembles and 

we design optimal codes for these channels. The burst-erasure efficacy can also be 

measured by the maximum resolvable erasure-burst length Lmax- Finally, we present 

error-rate results which demonstrate the superiority of the designed codes on the 

BuEC-G over other codes that appear in the literature. 
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CHAPTER 1 

INTRODUCTION 

1.1 Codes on Graphs and Iterative Decoding 

A few breakthroughs have been made in coding theory in last several years. In 

a giant step, these breakthroughs brought us to within tenths of a dB of theoretical 

limits for reliable information transmission on a wide variety of channels. These 

breakthroughs can be in general terms referred to as codes on graphs and iterative 

decoding [10], and many such codes have "near-capacity" performance. 

The revolution first came with the introduction of turbo codes by Berrou et al. [16] 

in the mid 90's, which was the first demonstration of a code operating less than 1 dB 

from the capacity limit. A turbo code is simply a concatenation scheme that involves 

two or more convolutional codes (or block codes) separated by an interleaver, and 

decoded with iterative decoding algorithm. One significant characteristic of turbo 

codes is the interleaver gain, which is substantially different from the traditional cod

ing approach of improving distance properties. This makes turbo codes applicable to 

a broad class of communication channels with different signal and noise/interference 

characteristics. However, there still exist some serious obstacles, such as high com

plexity and large memory requirements for the decoding operation. 
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More recently, the research literature in coding has seen an explosion of papers 

surrounding low-density parity-check (LDPC) codes [10]. As has been well reported, 

this class of codes is also capable of near-capacity operation given sufficiently long 

codeword lengths, surpassing even turbo codes in many cases [11], [13]. LDPC codes, 

first invented by Gallager in 1962 [17], are error-control codes based on very sparse 

parity check matrices, ft was only after the discovery of turbo codes in 1993 that 

interest in LDPC codes was rekindled and LDPC codes were rediscovered indepen

dently by MacKay [50] and Wiberg [18]. The LDPC decoder uses the message-passing 

algorithm, which is also know as the sum-product algorithm or behef propagation al

gorithm. Such decoding algorithms can be performed using a massively or partially 

parallel architecture, while the high computational complexity associated with the 

BCJR algorithm is a major drawback for turbo codes. 

The extension of Gallager's technique of "density evolution" [17] has provided 

the basis for the analysis of the iterative message-passing decoders. Recent research 

showed [11] that there exists an "optimal" degree distribution in the underlying 

graph whose corresponding (long) codes essentially achieve the Shannon limit. This 

technique translates a threshold value into a minimum signal-to-noise-ratio (SNR), 

above which the message-passing decoder will yield asymptotically good performance 

for most codes in the associated LDPC code family. Simulation with large block 

lengths has shown a bit error rate only 0.0045 dB away from the capacity limit [13]. 

Richardson et al. [11] generalized this result to a large class of channels. 
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In this dissertation, we present the results on the design of practical LDPC codes 

and their application to data storage and transmission. By "practical", we mean 

codes of moderate lengths and high rates. The class of LDPC codes proposed is to 

be appreciated not only because of their theoretical beauty, but also because of their 

practical significance. 

1.2 An Introduction to LDPC Codes 

1.2.1 Structure of LDPC Codes 

Low-Density Parity-Check (LDPC) codes are linear block codes defined by parity 

check matrices. The term low-density means that the number of non-zero entries is a 

small proportion of the entire parity check matrix. The original LDPC codes are also 

known as Gallager codes, in tribute to their inventor [17]. Gallager introduced regular 

codes, whose parity check matrices have a uniform number of non-zero entries in each 

column or row. It turns out that irregular codes [52], with parity check matrices that 

have varying numbers of non-zero entries in each column or row, can yield better 

performance than the regular constructions. LDPC codes can be defined over various 

symbol alphabets [53], but the focus here is placed on binary LDPC codes. 

A parity check matrix H with n columns and m rows (with m — n — k, k is 

the number of information bits) corresponds to an (n, k) linear block code, and any 

codeword c=[u p] (where u is the information vector of size 1 x A; and p is parity 
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vector of size 1 x m) satisfies the parity check constraints 

cll^ = 0. (1.1) 

1.2.2 Encoder 

For encoding, it is useful to put H into systematic form H^ys = [ P j /„ ], where 

Im is the m X m identity matrix, and P is m x k. This can be accomphshed using 

Gauss-Jordan ehmination. The systematic generator matrix is then Ggys = [h\ P'^], 

and encoding can be accomphshed as 

uGsys = C .  (1.2) 

As shown in Chapter 2, encoding may be performed via the matrix H in some 

instances [17]. Also, for cyclic and quasi-cychc LDPC codes, encoding may be per

formed using shift-register circuits. 

1.2.3 Decoder 

1.2.3.1 Graphical Representation 

The iterative message-passing decoding algorithm is best viewed on the bipartite 

graph defined by the parity check matrix H, which is also known as a Tanner graph 

[32] or factor graph [41]. A bipartite graph for LDPC codes contains two types of 

nodes - the variable nodes, which correspond the bits in the codewords {i.e., the 

columns in the H), and the check nodes, which represent the parity check equations 
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{i.e., the rows in the H). Hence, the bipartite graph for an m x n parity check 

matrix H contains m check nodes and n variable nodes. An edge between a check 

node and a variable node exists if and only if the variable node participates in the 

particular parity check equation. The resulting graph is bipartite in which the nodes 

can be separated into two groups, and connections are allowed only between nodes in 

different groups. Fig 1.1 shows a simple example of the bipartite graph for the (7,4) 

Hamming code. 

The number of edges for a node is called the degree of the node. The fractions 

of all edges connecting variable nodes of degree i is denoted by Aj, and similarly for 

Pi for check nodes. Thus, LDPC code ensembles can simply be expressed in degree 

d i s t r i b u t i o n s ,  i . e . ,  C { X , p ) .  

A cycle of length 2d is a set of d variable nodes and d check nodes connected by 

edges such that a path exists that travels through every node in the set and connects 

each node to itself without traversing an edge twice. The girth of a parity check matrix 

is defined to be the minimum cycle length in the Tanner graph representation. The 

information independence of message-passing decoding on graphs with cycles largely 

depends on the girth of the graph. 

1.2.3.2 Message-Passing Decoding Algorithm 

The message-passing decoding algorithm is also known as the sum-product algo

rithm [50] or belief propagation algorithm [42]. This algorithm iteratively estimates 



1 0 0 1 0 1 1 
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Figure 1.1: Graphical Representation of (7,4) Hamming Code. 
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the posterior probabihty of the value of the noise symbols, given the received signal 

and the channel properties. The process is best viewed on the bipartite graph. 

For every iteration, each variable node vj sends messages Qij to each child check 

node Ci which approximate w/s behef, given messages received from all its other 

children. Also, each check node q sends messages rij to each parent variable node Vj 

approximating the probability of check q being satisfied, given messages received from 

all its other parents. After each iteration, we examine the messages and produce a 

tentative decoding. The decoder consists of iteratively updating these messages until 

the tentative decoding satisfies the observed syndrome vector, i.e., cH^ = 0. 

For binary codes on AWGN channels, the message passing decoding algorithm 

can be performed more efficiently in the log domain, where the probabilities are 

equivalently characterized by the log-likelihood ratios (LLR's). Then the algorithm 

consists of the following steps: (a detailed presentation can be found in [48]) 

1. Initialization. 

Suppose the binary code bit q is mapped into the signal point X i  —  ( 1  —  2 c i ) ,  

the sampled matched filter output Ui has the conditional probability density 

function (pdf) 

where is the variance of the noise, and R is the code rate. Assuming 

Pr{ci = 0) = Prici = 1) = the message observed from the channel can be 

channel (1,3) 
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expressed as 

^ channel ( I -I \ o„ 

LLR "-"'(Xi) = (l-'i) 

Iteration. 

(a) Message from variable nodes to check nodes 

LLR{qij) = LLRinj,) + LLR (1.5) 
j'e coi[i]\0} 

(b) Message from check nodes to variable nodes 

LLRijij) = $ sgn{LLR{q . i ' j ) ) .  

(1.6) 
ro'!t![j]\{i} j i'6 row 

where 

$(a;) = - log (^anh 

(c) Update the posterior probabilities 

p o s t e r i o r ^  ^ lLR{rij,) + LLR 

j'e colli] 

(1.8) 

Decision. 

Ci = 1 - sgn{LLR (xi)), for z = 1,2, ...,n (1.9) 

• Repeat iterative process until the stop criterion is met, i.e., cH^ = 0. 

• A failure is declared if the maximum number of iterations occurs without 

a valid decoding. 



21 

1.2.4 Software Implementation of LDPC Codes 

Although it is in principle possible for the decoder to converge to the wrong code 

vector, this was not observed in practice. That is, all decoding errors we have seen 

are detectable errors. 

It is also clear, if the underlying graph has a tree structure, the algorithm will 

converge to the true posterior distribution after a number of iterations equal to the 

diameter of the tree. 

In the software implementation, we build a look-up table for the function $(•) . 

The input argument range is 0 to 10, with steps of size 0.001, so total size of the 

look-up table is 10000. 

1.3 Motivation 

Due to their excellent error control capability, LDPC codes have received much 

attention from both academic and industry. Many applications, such as wireless 

communications, satellite communications, magnetic and optical storage, benefit from 

better noise immunity, higher data rate, more flexibility, less complexity than other 

error-correction schemes. For example, ITU 802.11 panel has been interested in 

LDPC codes for the next-generation WLANs since 1999. The large coding gain will 

shift the complexity to the transmitter (where the majority of the power requirement 

exists), simplify the receiver, increase transmission distance and improve spectral 
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efficiency. However, despite progress in the area of reduced-complexity detection and 

decoding algorithms, the design of high-rate, short-length LDPC codes remains an 

area of active research. In magnetic recording system, the standard sector length 

is 512 user bytes. Thus, to be of practical relevance, the error control code should 

support 4096 user bits. Further, the code rate is typically as high as 0.9, i.e., only a 

(4550,4096) code is appropriate. 

As for many wireless communication scenarios, the main technical challenges come 

from two major problems. First, the communication channels is characterized by both 

deep fades due to multi-path propagation and severe interference from extra-network 

sources, which lead to distortion of the received signal. Second, regulatory restrictions 

on bandwidth and transmit power fundamentally limit the system capacity, and 

hence the general requirements for error-control codes include moderate code length 

(n < 5000) and high code rate (i? > 3/4). 

However, the pioneering work of Richardson et al. [11] [13], presented very long 

rate 1/2 codes (codeword lengths n > 10®) which are not appropriate for many 

applications (e.g., low-latency, bandwidth-efficient applications). Further, such codes 

generally require high-complexity encoders since they lack sufficient structure to allow 

simple encoding (with cyclic codes representing the limit of simplicity). When LDPC 

codewords are obtained by multiplying the information block with the generator 

matrix, encoding generally requires O(n^) operations, where n is the code length, 

although Richardson et al. [12] have proposed a clever encoding algorithm whose 
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complexity is approximately linear in the code length n (more detail can be found 

in Section 2.2.3). MacKay, on the other hand, has designed high rate LDPC codes 

of moderate lengths (10^ < n < 10^) [49], but again these codes generally require 

complex encoders. Important alternatives to these codes are the cyclic and quasi-

cyclic LDPC codes of Kou et al. [25] based on finite geometries. This class of codes 

admits low-complexity shift-register encoders, but the decoders for these codes are 

generally of higher complexity as a result of their higher-density parity-check matrices 

or, in some cases, square (n x n) parity-check matrices. These codes are also regular 

or near regular which limits their performance in the low SNR region. Finally, there 

exist only a limited selection of lengths and rates for finite geometry codes. 

In this dissertation, we focus on the design of moderate-length (10^ < n < 10'^), 

high-rate {R> 3/4) irregular LDPC codes. (The other papers of which we are aware 

which focuses on this regime are [19] [52].) Our goal is the design of such codes 

superior in performance to alternative approaches and which allow low-complexity 

encoding and decoding. We start with the work of Richardson et al. [11], but we 

make some novel modifications to their design technique which constrains our codes 

to a specialized class of irregular LDPC codes. These modifications improve perfor

mance for the range of n and R under consideration and lead to vastly simplified 

encoders. We show that the complexity of these encoders is much smaller than might 

be achieved using the technique proposed in [12]. We also show the connection be

tween the proposed class of codes, serial Turbo codes, and irregular rep eat-accumulate 
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(IRA) codes [20]. In fact, we call these codes extended IRA (eIRA) codes. These 

codes were independently studied by Narayanaswami and Narayanan [21]. 

1.4 Outline of the Dissertation 

In this chapter, we presented some background on coding research which motivates 

the material covered in the subsequent chapters. The remainder of this dissertation 

will be organized as follows. 

In Chapter 2, we propose and successfully construct a new class of efficiently 

encodable, moderate-length, high-rate irregular low-density parity-check codes. Sim

ulations demonstrate a low error rate floor at least down to a bit error-rate of 10"® 

as well as a block error-rate of 10"'''. There is a close relationship between the new 

designed codes and the systematic serial Turbo codes, and the new coding class is also 

an extension of irregular repeat-accumulate codes (eIRA). A code design algorithm 

based on the combination of density evolution and differential evolution optimization 

with a modified cost function is presented. Although our focus is on moderate-length, 

high-rate codes, the proposed coding scheme is applicable to irregular LDPC codes 

with other lengths and rates. 

In Chapter 3, we examine the performance of an error-control coding system 

for magnetic data storage consisting only of a long LDPC code, with the outer RS 

code removed. Various LDPC coding schemes have been tested on the EPR4 channel 

combined with noise bursts due to magnetic media defects (and perhaps even thermal 
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asperities). The simulation results presented have demonstrated that LDPC codes 

are very effective against noise bursts and, in fact, are superior to RS codes in the 

regime simulated. 

In Chapter 4, we extend the application to general burst-erasure channel, and 

design codes particularly for such channel. We show that LDPC codes designed for 

the burst-erasure channel (BuEC) or burst-erasure channel with AWGN (BuEC-G) 

achieve essentially the same performance as codes designed for the binary erasure 

channel (EEC). Thus, instead of implementing the complex design procedures tar

geted specifically for burst channel, we propose the simple approach of designing 

codes over surrogate channel. 

Chapter 5 summarizes this monograph and proposes on future research topics. 

Finally in Appendix A, we compare the decoding complexity between the eIRA 

codes of Chapter 2 and the finite geometry codes of [25]. Example shows that the 

software simulation for eIRA codes is 7 times faster for a given operation point. 
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CHAPTER 2 

DESIGN OF EFFICIENTLY ENCODABLE MODERATE-LENGTH 

HIGH-RATE LOW ERROR.-RATE FLOOR IRREGULAR LDPC 

CODES 

This chapter presents a new class of irregular low-density parity-check (LDPC) 

codes of moderate length (10^ <ri< 10"^) and high rate {R >3/4). Codes in this class 

admit low-complexity encoding and have lower error rate floors than other irregular 

LDPC code design approaches. The remainder of the chapter is outhned as follows. 

Section 2.1 provides the necessary background and notation for the subsequent sec

tions. Section 2.2 develops an important Lemma which leads to the introduction of 

the new class of irregular LDPC codes {i.e., eIRA codes). Section 2.3 briefly dis

cusses how to lower the error-rate floor for eIRA codes. We will present selected 

design results which demonstrate the validity of the design algorithm. Finally some 

concluding remarks are presented in Section 2.4. 

2.1 Background 

Fohowing the literature (e.g., [11]), we let n and k represent the length and di

mension, respectively, of an irregular LDPC code. (In the sequel, unless specified 

otherwise, when we say LDPC code, we shall mean the general case of an irregular 
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LDPC code.) We also let R  =  k / n  represent its code rate and m  =  n  —  k  equal 

the number of parity bits. The generator and parity-check matrices are denoted by 

G and H, respectively, and encoding takes place according to the usual equation, 

c  =  u G ,  w h e r e  u { c )  i s  t h e  i n f o r m a t i o n  ( c o d e )  v e c t o r .  F o l l o w i n g  [ 1 1 ] ,  X { x )  =  ̂  

represents the variable node (v-node) distribution in the code's Tanner graph and 

p{x) — represents the check node (c-node) distribution. Here, Aj is the frac

tion of edges connected to variable nodes of degree i and similarly for pi and check 

nodes. For now we assume z > 2, but later we will allow a single v-node of degree 1. 

It can be shown [11] that the number of v-nodes of degree i is (the integer part of) 

= TTTTV A(i)di 

and the number of c-nodes of degree i is (the integer part of) 

NS) = „i , , , (2.2) 
Jo 

Thus, there are (i) columns in H of Hamming weight i and Nc {i) is the number 

of rows in H of weight i. For v-nodes, i ranges from 2 to dy and for c-nodes i ranges 

from 2 to dc-

With LDPC codes so parameterized, it is shown in [11] and [15] how optimum 

degree distributions A(a;) and p{x) may be obtained via algorithms centered on the 

evolution of the probability density functions (pdf's) of the messages passed between 

the two node types in the belief propagation decoder. These distributions are optimal 
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in the Umit as n oo and as the number of iterations / —> oo. For the practical case 

of finite n, the following additional design rules are proposed in [11]; 

1. forbid cycles involving only degree-two v-nodes, 

2. degree-two v-nodes are made to correspond to nonsystematic bits, and 

3. there exist no length-four cycles in the code's graph. 

2.2 The New Class of Irregular LDPC Codes 

2.2.1 On Degree-Two Variable Nodes 

We assume the (log-)sum-product decoding algorithm throughout (also called be

lief propagation) [50], [10]. The sum of the messages received at the v-node after 

a sufficient number of decoding iterations is known to be an approximation of the 

log a posteriori ratio (LAPR) (or log-likelihood ratio, LLR) of the code bit given 

the received word. Degree-two v-nodes represent the weakest link in the code in the 

following sense. First, the bit LLR's for these v-nodes converge slower than do larger-

degree v-nodes. This is discussed in [15] and [22] in the context of density evolution 

where it is noted that the slope of the SNRo^t vs. SNRj„ curve for v-nodes is equal to 

the node degree minus one. Second, the LLR's for the degree-two v-nodes converge 

(on average) to a smaller magnitude than do larger-degree v-nodes. 

We demonstrate these characteristics in Fig 2.1 for code 4 of Example 2 in Sub

section 2.2.5 below (the details of which are not important at this point). The figure 
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Evolution of Expected LLR Magnitudes 
22 

Degree-8 node Degree-7 node 
20 

"§ 16 

"c Q) 
Degree-2 node 

D) 

8 -

Iteration 

Figure 2.1: Evolution of expected LLR magnitudes for code 4 of example 2. 

depicts the evolution of the expected LLR magnitudes for each of the possible v-

node degrees for this code at E},/No = 3.2 dB (corresponding to = 4 x 10"®). 

As expected, the LLR magnitudes for the larger degrees converge quickly (in about 

8 iterations) and to large values whereas the degree-two node is the worst in this 

regard (it converges in about 14 iterations). Code 4 of Example 2 also has a single 

degree-one v-node whose impact is negligible as demonstrated later. 
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The vulnerabihty of the degree-2 bits was made evident in the foregoing discussion. 

Still, as shown in [11], the presence of degree-two v-nodes is necessary to ensure op

timal irregularity. Intuitively, low-degree v-nodes, which are "bad," must be present 

to balance out the presence of the low-degree c-nodes which are "good." Low-degree 

c-nodes are advantageous because there is less opportunity for a check to fail when 

fewer bits are involved in the check equation. 

Because degree-2 v-nodes represent the weakest link in a code, we introduce in 

this subsection some results concerning the degree-two v-nodes in a code's Tanner 

graph (equivalently, the weight-two columns in its H matrix). Most crucial to the 

development is the following Lemma and its implications. 

Lemma. In a given Tanner graph (equivalently, H  matrix), the maximum number 

of degree-two v-nodes possible before a cycle is created involving only these degree-

two nodes is A^v,maa:(2) = n — k — \ — m—l. Furthermore, for codes free of "degree-

two cycles" and possessing this maximum, the submatrix of H composed of only its 

weight-two columns is simply a permutation of the following m x (m — 1) parent 

matrix 
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/ \ 
1 

1 1 

1 1 
T  =  (2.3) 

1 1 

V 1 
/ 

Proof. Because a Tanner graph is a bipartite graph, a length-2s cycle in the graph 

corresponds to an s x s submatrix of H in which each row and each column of that 

submatrix contains at least two I's (corresponding to the intersection of s rows and 

s columns in H, which need not be contiguous). The columns in H corresponding 

to the Ny{2) degree-two v-nodes already contain two I's, so consider now the rows 

in H in which these I's are located, and suppose there are r such rows. It may be 

s h o w n  i n d u c t i v e l y  t h a t  t h e  r  x  i V y ( 2 )  s u b m a t r i x  S  c o n t a i n i n g  t h e s e  r  r o w s  a n d  N v { 2 )  

columns (of weight two) must contain a cycle if r < Ny{2). (Consider for example 

such a submatrix with Nv{2) = 2 columns, A''^(2) = 3 columns, and so on. Consider 

also the form of T which contains no cycles and has one more row than it does 

columns, as it must.) Thus, in order for S to correspond to a cycle-free part of the 

graph, we must have r > Ny{2) -|- 1. But since r < m, we must have N^{2) < m — 1. 

The second statement in the Lemma is evident at this point. • 
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We are interested in the maximum number of cycle-free weight-two columns be

cause the optimal v-node degree distribution (large n and large I) usually imphes 

Nv,opt{^) > m — 1 as we will see in the case studies below. We know now from the 

Lemma that degree-two cycles in the Tanner graph will be present when Ny{2) > 

m — 1. Thus, we focus on codes for which Ny(2) is not at its optimum, but is instead 

at the smaller value prescribed by the Lemma, Ny{2) = m — 1. Doing so will ensure 

that cycles among the degree-two v-nodes are avoided. Some of these points were 

also noted by Chiani and Ventura [19] in the design of moderate-length, high-rate 

irregular LDPC codes. 

2.2.2 Code Structure and Encoder 

Motivated by the above Lemma and surrounding discussion, we first consider the 

parity-check matrix of an (n — 1, A; — 1) = (n', k') LDPC code of the form 

where H i  is a sparse { n  —  k )  x  k  matrix (to be randomly generated by computer) 

containing no weight-two columns and T is the (n — k) x {n — k —I) matrix given in 

(2.3). Note also that Ny{2) ~n —k —l = n' —k' — lso that it equals the maximum 

prescribed by the Lemma. However, we have not yet attained the form of H matrix 

which permits efficient encoding. To proceed, we require the following Claim which 

will be verified by simulation below. 

(2.4) 



33 

Claim. Given a randomly generated parity-check matrix for an { n  —  l , k —  1) code, 

appending a single weight-one column on the right to produce an (n, k) code changes 

the error rate only negligibly. 

Remarks. The veracity of this claim should be clear because the addition of a 

single weight-one column affects only one check equation. In view of Fig 2.1, we 

can expect the error rate of this bit to be quite large since it corresponds to a 

degree-one v-node. However, since it corresponds to a parity bit, its error rate is of 

no concern. As our simulation results confirm, its affect on the k information bits is 

negligible. 

Armed with above claim, we modify the H  in (2.4) as 

where Hi is unchanged from above and H2 is a full-rank mxm matrix created from 

T by appending to it (on the right) a weight-one column vector with a '1' at the 

bottom 

(2.5) 

/ \ 
1 

1 1 

1 1 
H 2  =  (2.6) 

1 1 

\ 
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The [ n  —  k )  X  n  matrix H  in (2.5) achieves N y { 2 )  = m — 1 and corresponds to an 

(n, k) irregular LDPC code which allows very efficient encoding as we now show. 

Observe from the forni of H ,  in particular, the submatrix that encoding may 

be performed directly from H by solving for the parity bits recursively: (1) the first 

check equation (first row) involves only the first parity bit; (2) the second check 

equation involves only the first two parity bits; (3) the third check equation involves 

only the next two parity bits; and so on. Thus, the form that we are forcing 1/ to 

take not only avoids degree-two cycles, but it also achieves the ultimate situation 

in [12] in which a full m x m submatrix possesses the diagonal form which permits 

recursive solution of the parity bits. 

An alternative way to look at encoding for this class of codes is as follows. First, 

we have the following result. 

Result. The systematic generator matrix G  for the parity-check matrix of (2.5) is 

given by 

(2.7) 

Proof. It is trivial to check that GH^ = 0. • 
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Now, it is easy to verify that 

/ 
1 1 1  1 1  

1 1 

1 1 (2.8) 

1 1 

\ 
1 
/ 

which is precisely the transformation matrix corresponding to a differential encoder 

whose transfer function is Thus, the encoder for this class of LDPC codes enjoys 

the low-complexity configuration depicted in Fig 2.2(a). Observe that this encoder is 

indeed low complexity for the computation of the parity bits involves multiplication of 

the message word u by the low-density matrix Hj followed the differential encoding. 

Observe that the encoder of Fig 2.2(a) is the encoder for a type of systematic serial 

turbo code. The inter leaver that generally accompanies a serial turbo code may be 

made more explicit by writing Hf as the product AIL where IT is a permutation matrix 

and A is simply the low-density matrix This version of the encoder is shown 

in Fig 2.2(b), Note that while this class of LDPC codes possesses the advantage of a 

low-complexity encoder that a serial turbo code enjoys, it requires no interleaver and 

has all the advantages of an LDPC code: a low error-rate floor and a parallelizable 

decoder. 

We remark that this class of efficiently encodable codes was independently dis

covered by Narayanaswami and Narayanan [21]. We mention also that these codes 
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(a) 

u 1 

1 ® D  

> u 

> p 

c = [u p] 

(b) 

11 
1 © J) 

II 

C = [ l  p i  

Figure 2.2: Two efficient encoders for the proposed class of eIRA codes, (a) original 
direct form and (b) exphcit serial turbo code form. 

resemble the systematic version of the irregular repeat-accumulate (IRA) codes 

except for systematic IRA codes, the matrix Hj in Fig 2.2(a) which has dimension 

k X {n — k) \s replaced by a A: x n low-density generator matrix (n > k). For this 

reason, we call these codes extended IRA (eIRA) codes. 

While our focus has been on codes for which iVy(2) = m — 1 so that degree-two 

cycles are avoided, certain of the results are extendable to ^"^(2) > m — 1, as we now 

discuss. First, it is easy to show that the H matrix for any irregular LDPC code with 

Ny{2) > m — 1 may be put in the form of equation (2.5), except the submatrix Hi in 

this case will contain weight-two columns when Ny{2) > rri — 1. From this, it is clear 

that the encoding may be performed from the H matrix as described above (or via 

t h e  e n c o d e r  o f  F i g  2 . 2 ( a ) )  w h e n  A ^ ^ ( 2 )  >  m  —  1 .  
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2.2.3 Encoder Efficiency 

Consider first the number of binary additions required to encode one eIRA code

word assuming encoding is performed via the H matrix. We assume the density of 

ones in Hi to be S. Then the number of binary additions required to compute the 

n — k parity bits is approximately uHf is approximately 

N i  =  6 k { n  ~  k )  (2.9) 

For our first complexity comparison, consider encoding via a generator matrix 

G = [I P] which has been obtained from H by Gauss-Jordan elimination. In 

general, the k x {n — k) matrix P has a density of 0.5 and so the number of binary 

additions required to perform the multiplication uP is approximately 

N2 =  0 . 5 k { n - k )  (2.10) 

Thus, the proposed class of codes provides a factor of N^lNi = [0.5fc/5(fc -t-1)] ci; 

0.5/(5 reduction in the number of computations required to encode a codeword. For 

example, for a (fairly high) density of 5 = 0.01, this complexity reduction factor is 

50. 

As a second, more involved, comparison, we consider the encoding technique pro

posed in [12] assuming an arbitrary irregular LDPC code parity check matrix. Their 

technique involves the computation of the parity vector p in two parts (see their 

Tables I and II). The first part requires, among other operations, multiphcation by 
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three sparse matrices whose sizes are { n  —  k  —  g )  x  k ,  g  x  [ n  —  k  —  g ) ,  and g  x  k .  

(Here, g is the gap parameter defined in [12] where it was shown g < 0(i/n) with 

probabihty near one when n is large.) The second part requires, among other op

erations, multiplication by two sparse matrices whose sizes are (n — k — g) x k and 

{n — k — g) X g. Thus, assuming a common density of S for each of these matrices 

(we remark on this below), the number of binary additions required to perform the 

various sparse matrix multiplications is (after some simplification) 

Ns = Sk(n — k) + 5 { k  +  2 g ) { n  —  k  —  g ) .  (2.11) 

The first term in this expression is approximately the complexity Ni of the proposed 

class of codes and so the second term represents the additional number of binary ad

ditions required by the technique in [12] just for sparse matrix multiplication. Beyond 

these additional addition operations, the technique in [12] requires multiplication by 

a dense g x g matrix (complexity 0(n)), two vector additions (each 0(n)), and two 

multiplications by a triangular matrix (each 0(n)). 

In the foregoing, we assumed that the density for the full parity-check matrix 

Hirreg of ^n irregular LDPC code was approximately equal to that of the submatrix 

Hi of the parity-check matrix HeiRA for an eIRA code. We support this as follows. 

Note that, for high-rate codes for which H2 is a small fraction of Hsira, the difference 

between the densities of Hi and Hsira arc small (e.g., within 20%). Thus, since the 

row and column weight distributions for Hirreg and H^ira are similar as seen in the 
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examples below, we may conclude that the difference between the densities of Hirreg 

and Hi are small. 

2.2.4 Code Design Algorithm 

Based on the discussion of the previous subsection, our design algorithm involves 

(once the optimal degree distributions have been determined) appending length-m 

columns to the H2 matrix in accordance with the degree distributions and some 

additional design rules. Note that a cycle will be created with the addition to H2 of 

a column, and the addition of large-weight columns tends to create shorter cycles. 

Thus, in the design algorithm we only append a column if it creates no length-

four cycles. Note also that, by starting with the matrix H2, we are abiding by the 

other two design criteria of [11], namely, associating the weight-two columns with the 

nonsystematic bits and eliminating all cycles associated with the degree-two nodes 

(see Subsection 2.2.1). 

The goal is to design a n  { n  —  k )  x  n  parity-check matrix H  containing E  ones. 

The design algorithm is as follows. (A similar computer random search algorithm for 

regular codes was presented in [23].) 

® Step 0. Use differential evolution [11], [24] to generate the global optimal degree 

distributions X{x) and p{x) for the desired code rate. The cost function is 

m o d i f i e d  t o  f o r c e  N v { 2 )  ~ n  —  k — l  =  m  —  1 .  
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• Step 1. Initialize the matrix H with Since H-z contains 2m — 1 ones, 

E  —  2 m  +  1  o n e s  r e m a i n  t o  b e  p l a c e d  i n  H .  

® Step 2. For both nodes types and for all appropriate values of d ,  give each 

degree-(i node d sockets [11]. Number the sockets for the v-nodes and then 

for the c-nodes (there are at this point E — 2m + 1 sockets of each type to be 

assigned edges). 

® Step 3. Generate an initial permutation of {1,2, ,  E  —  2 m  +1} and use this 

permutation to connect the v-node sockets to the c-node sockets. 

• Step 4. Modify the permutation to satisfy the optimal degree distributions. 

® Step 5. Modify the permutation to eliminate the length-four cycles, and after 

each modification, go back to Step 4 to ensure the degree distributions are still 

satisfied. 

® Step 6. Convert the permutation into the remaining k  columns of H .  

We note that this construction algorithm is not guaranteed to converge for an 

arbitrary pair of code rate and code length. Generally speaking, only a low code rate 

can be achieved for short code lengths, while higher code rates are feasible for long 

code lengths. 

We also note that the codes presented in the next subsection were obtained from 

the above algorithm without additional "manual modification" for girth control; our 
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design prevents all length-four cycles, but ignores larger cycles. We emphasize that 

none of the codes presented in this chapter contain length-4 cycles, including the 

irregular LDPC codes that are not eIRA codes presented in the next subsection. 

2.2.5 Code Design Results 

In this subsection we present performance results for eIRA codes designed using 

the algorithm of the previous subsection. Comparisons are made to codes found in 

the literature. We note that computation of the bit error-rate Pb and the codeword 

error-rate Pew involve only the k information bits. 

Example 1. In this first example, we consider the design of two moderate-length 

rate-1/2 codes: one with {n,k) parameters (4000, 2000) and one with parameters 

(1000,500). The optimal degree distributions for rate-1/2 codes with dy = dc = 1 

(using the Gaussian approximation [15]) are 

A(x) = 0.30780a; -h 0.27287x2 -^ 0.41933rc® 

p { x )  = O A x ^  -i- 0.6x® 

Based on these distributions, we find for the (4000, 2000) code, the number of 

v-nodes of degree two is from (2.1) 

N (21 = (4000)(Q.30780/2) ^ 
" ' 0.30780/2 + 0.27287/3 + 0.41933/7 

Using (2.1) and (2.2) in similar computations, we find also Ny(3) ~ 1194, N-u{7) ~ 

786, A^c(6) = 876, and Nc{7) = 1124. In particular, Ny{2) > m — l = 1999, so that the 
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condition required by the Lemma for cycle-free degree-two v-nodes is not satisfied. 

For the (1000, 500) code, we find A^„(2) = 503 > m — 1 = 499 so that the condition 

is again not satisfied. However, Nv{2) does not exceed the prescribed value of m — 1 

by very much in either case, so that we would not expect there to be very many 

cycles among the degree-two v-nodes. Thus, we would not expect there to be much 

degradation due to such cycles for these particular codes. 

To verify this, we first designed a (4000, 2000) eIRA code with A^a,(2) —  m  —  

1 — 1999 per the algorithm of the previous subsection. We then designed a (4000, 

2000) code with Ny{2) = 2020 using an algorithm much like the one in the previous 

subsection, but without the Ny{2) = m — 1 constraint (essentially the algorithm 

in [11]). The two codes were simulated and had essentially identical performance 

curves. We repeated this for the (1000, 500) case and obtained the same result, thus 

confirming our expectations. The (1000, 500) curve(s) also showed close agreement 

with the one in [11], thus establishing the quality of our design algorithm. The bit 

error rate Pb curves for the four codes are shown in Fig 2.3. The two codes designed 

using the technique in [11] are labelled "R&U" in the figure and two codes designed 

as elRA codes per the algorithm above are labelled "eIRA." • 

Example 2. In this second example, we consider the following four rate-0.82 codes: 

1. A (4161, 3431) (nearly) regular LDPC code due to MacKay [49] having degree 

distributions 

^ M a c k a y ( _ ^ }  ~  ̂  
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Performance of Irregular LDPC Codes (Rate=0.5) on AWGN Channel 
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Figure 2.3: Performance of n = 4000 and n  =  1000 rate 1/2 irregular LDPC codes. 
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pMackay{ x )  =  0.2234a;2i + 0.7766x22 

Note N y { 2 )  = 0. 

2. A (4161, 3430) regular finite geometry-based LDPC due to Kou et al. [25] 

having degree distributions 

P f g i ^ )  —  

Note K { 2 )  =  0. 

3. A (4161, 3430) irregular LDPC code without the constraint N y { 2 )  = m—1 = 730 

and with = 8 and dc = 20. The optimal degree distributions were found to 

be 

A^o(a:) = 0.2343a: + 0.3406a;2 + 0.2967x6 -i- 0.1284a;^ 

Pwo{x) = O.Sx^® -t- 0.7x^® 

From the v-node distribution, we compute N-u{2) = 1636, which is far greater 

than m — 1 = 730 and so we can expect there to be many cycles associated 

with the degree-two nodes in light of the Lemma. 

4. A (4161, 3430) eIRA code (i.e., with the constraint N y { 2 )  =  m  —  1  —  730) and 

with dy = 8 and dc = 20. The optimal degree distributions were found to be 

X^{x) = 0.00007a;° + O.lOMx + 0.5895x2 -f 0.1829x® -(- 0.1262x^ 

py,{x) = 0.3037x^® -h 0.6963x1® 
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Performance of LDPC Codes (Rate=0.82) on AWGN Channel 
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Figure 2.4: Performance comparison of various n  = 4161 rate 0.82 regular and irreg
ular LDPC codes. 

Prom this we compute N y { l )  —  1 and N y { 2 )  =  730 so that N y { 2 )  equals the 

maximum prescribed by the Lemma. 

Fig 2.4 presents the performance of these four codes where we first note that 

the unconstrained irregular code (code 3) suffers from a high error-rate floor due 

t o  i t s  l a r g e  n u m b e r  o f  d e g r e e - t w o  v - n o d e s  a n d  t h e i r  a s s o c i a t e d  c y c l e s .  T h e  { N t , { 2 ) -

constrained) eIRA code (code 4) has the best performance in the region simulated 

since such cycles are avoided in the code design. The finite geometry code and the 
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MacKay code possess no such cycles, but they are inferior to code 4 in the region 

simulated since they possess far from optimal degree distributions (one is regular and 

the other is nearly regular). We remark that the finite geometry code likely has the 

lowest error rate floor due to its large minimum distance, lower bounded as dmin > 66 

in [25]. Lastly, we point out that a code which has a value of N^(2) between those 

of codes 3 and 4 (i.e., 730 < N-o{2) < 1636) will have a floor which lies between the 

floors of these two codes. • 

2.3 Design of Codes with Low Error-Rate Floors 

Whereas code 4 has a vastly improved error-rate floor relative to code 3 in the pre

vious example, it starts to hit a floor in the vicinity of Pb = (as will be shown 

shortly). This is attributable to a somewhat small dmin- We conjecture that low-

weight columns in H (specifically, the submatrix Hi) lead to a small dmin- MacKay 

and Davey [51] have also made this conjecture. Further, as demonstrated in Subsec

tion 2.2.1, the LLR values for bits corresponding to low columns weights have smaller 

magnitudes than those with high column weights. In this section, we will study this 

conjecture. 

2.3.1 Analysis of the Error-Rate Floor 

There exist two opposite coding classes, low threshold codes vs. low error-rate 

floor codes. The low threshold codes have already been well defined by their optimal 
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degree distribution [11]. We will demonstrate here that eIRA codes can be designed 

to lower the error-rate floor with only a minor performance loss in the threshold 

region (<0.2 dB). 

Based on graphical representations of codes, there are several construction meth

ods that have been proposed to lower the error-rate floor. Again, most of the work 

focused on low code rates {R < 0.5) . 

Campello e t  a/., [43] employed "girth control" to construct the parity-check matri

ces. They pushed the girth to 12 for code rates below 0.5. Wesel et al, [44] employed 

the concept of "stopping set" [45] and tried to balance the small cycles with an ex

purgated ensemble that has large stopping sets. It seems that these methods work 

well at least for low-rate codes as shown in their papers, however, "girth control" is 

not effective for high-rate codes. 

Claim 1: For a high rate code at moderate length (e.g., n  4000), the minimum 

girth is always 6, and it is not possible to increase this number. 

For example, assuming a rate-0.9 (4550,4095) regular code with variable degree 

3 and check degree 30, the dimension of the parity check matrix is 455 x 4550. Fig 

2.5 depicts the girth search tree from one of its variable nodes. In this tree, girth is 

defined as the shortest path between two identical variable nodes. A girth 8 path is 

illustrated in Fig 2.5. Table 2.1 records the number of nodes from the first five layers 

of the girth search tree. We note the 5*'' layer includes all of the variable nodes with 

repetitions since 4680 > 4550 and there are only 4550 distinct variable nodes. This 
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29 v-nodes 29 v-nodes r 29v-i 

Figure 2.5; "Girth" search tree. 

Table 2.1: Components in the Girth Search Tree. 

layer 1 v-node 
2^^ layer 3 c-nodes 

layer (30 - 1) X 3 = 87 v-nodes 
4^'^ layer 87  X (3 -1)  =  174  c-nodes 
5^'' layer (30 - 1) X 156 = 4680 v-nodes 

means there must exist two identical variable nodes in the 5*'® layer of Fig 2.5, i.e., 

the girth is less than 8. Since girth 4 corresponds length-4 cycles, which are forbidden 

throughout the graph, the girth is exactly 6 for this regular (4550,4095) code. 
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Claim 2; The error-rate floor for high-rate codes depends heavily on the minimum 

distance, dmm-

In the union bound, 

Asymptotically, the first term dominates. This corresponds to the minimum dis

tance dmin and its multiplicity, and provides a precise estimate of the error-rate floor. 

Although finding the minimum distance is difficult, some bounds on the minimum 

distance of an arbitrary Tanner graph have been established in [33]. For certain 

specific Tanner graphs, a stronger bound is possible. For example, some algebraically 

constructed matrices, e.g., finite geometry codes [25], enjoy an exphcit minimum 

distance lower bound. Hu et al. [34] proposed the "progressive edge-growth Tanner 

graphs" for short block length rate-1/2 codes which relates dmin and girth. 

However, in most cases, finding the minimum distance from a parity-check matrix 

is a unsolved problem. Further, directly designing an LDPC code with a large rfmin 

is computationally prohibitive since ensuring that every set of c?niin — 1 columns of an 

{n—k) X n parity-check matrix is linearly independent has a computational complexity 

(." ). We also note that girth conditioning is only an indirect approach to improving 

dmin by removing short cycles. 

We found some support for Claim 2 from the literature. Lin, et al., [27] surprised 

the coding community by presenting good performance codes with many length-4 

^rnin 
(2,12) 
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cycles. He wrote, "It is a general belief that codes with short cycles, and in particular 

cycles of length 4, perform poorly with the SPA (sum-product algorithm). In the 

presentation of this paper, we demonstrate that finite geometry codes with millions 

of cycles of length 4 in their Tanner graphs perform surprisingly good with the SPA. 

The construction of these finite geometry codes is based on flats in finite geometries." 

It maybe argued that the matrices of the finite geometry codes are higher density 

than "normal" low-density parity-check matrices, however, according to [51], higher 

variable degree also means greater daim- This is a very important result. We will 

discuss details later. 

2.3.2 Design Principle for eIRA Codes 

Based on the discussion in the previous subsection and the parity-check matrix 

format (2.5), we have devised an algorithm to construct good high-rate eIRA codes 

with a certain minimum distance lower bound. 

The matrix (2.5) is divided into two parts, i.e., a structured submatrix (which 

corresponds a differential encoder) and a computer generated submatrix Hi. The 

number of independent columns for H2 achieves its maximum, {n — k). Therefore, 

the minimum distance for the matrix H comes either from Hi or from the combination 

of Hi and H2. 

1. Iterative construction with the joint consideration of Hi and H2. 
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(a) Single column in Hi. 

The column numbered from below in Fig 2.6 correspond to a weight-6 

codeword with the joint effect of a single column (variable degree is 4) in 

Hi and 5 columns (variable degrees are 2) in H2. Consider this also from 

the perspective of a weight-1 input in Fig 2.2(a). From this, it is clear 

that we only need to add the differences between the nearest-neighbor 

"l"s within the Hi column, i.e., (3 — 1) + (104 — 101) + 1 = 6. Note the 

computational complexity for all the Hi columns is (J). 

(b) Two columns in Hi. 

For any two columns in Hi, we only need to label the row positions, 

sequentially sort all the "l"s in these two columns, and finally add the 

differences between the nearest neighbors. Consider also weight-2 input in 

Fig 2.2(a).. For example. Fig 2.7 shows the distance between two degree 

3 variable nodes is (1 — 1) + (52 — 50) + (104 — 100) + 2 = 8. Note the 

computational complexity for these two columns are (2). 

(c) More columns in Hi. 

It is easily to extend the above steps by involving more columns in Hi. 

Note the computational complexity for s columns is (^). 

By picking a minimum distance lower bound, denoted by d*, the designed parity-

check matrix will be "good" in the sense of the joint consideration of Hi and 
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H  =  [ H i  H i  

1 ... 1 ... 1 
to

 

0 1 1 

C
O

 

1 1 1 

101 1 1 1 

102 0 1 1 

103 C
D

 

1 1 

104 1 1 ... 

• ... 1 

• 1 1 

1 2 3 4 5 6 

Figure 2.6; Single column in Hi 
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Figure 2.7: Two columns in 
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H2, and the computation complexity will be (t)) ^ In 

fact we do not really need to consider all the combination up to d *  columns in H i  

according to the following two observations. First, more columns in compose 

this lower bound; this can be justified by the computer performance simulation 

on the specific realization, where we witness many more parity bit errors than 

information bit errors at high SNR. Second, the probability of involving more 

columns in Hi to be linearly dependent decreases after we have "cleaned" all 

the small combinations of columns from Hi. 

Thus this completes our first step of iterative design for the matrix Hi with 

the joint consideration of Hi and H2. In practice, the designed parity-check 

matrices can always be improved upon the machine computation limitation 

with larger d* under consideration. 

2. Construction of Hi. 

As we pointed out in the previous subsection, construction of Hi is actually the 

problem how to efficiently bound the minimum distance of a (random) parity 

check matrix, which is computationally infeasible, i.e., complexity with 

dtain greater than or equal to the designed minimum distance lower bound d*. 

MacKay e t  a l ,  [51] have proven that there is a close connection between the 

degree of variable nodes and the minimum distance of specific parity-check 

matrices. 
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eIRA Codes (4161,3430) on AWGN Channel 

o 10 

4.5 2.5 3.5 

Figure 2.8: Performance comparison of various n  =  4161 rate 0.82 eIRA codes with 
Hi column weights are Wc = 3,4, and 5. 

Example 3. To study this problem, we designed two (4161, 3430) eIRA codes 

whose Hi column weights are Wc = 4 and 5 and compared their performance 

to code 4 in Example 2 whose Hi column weights are 3, 7, and 8. Degree 

distributions for these two additional codes are 

A4(a;) = 0.00006592:° + 0.0962x + 0.9037^3 

Pi{x) = 0.2240x^^ + 0.7760x20 
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A5(a:) = 0.0000537x° + 0.0784x + 0.9215a;^ 

^5(0:) = 0.5306x^^ + 0.4694x2^ 

The error-rate curves (bit error-rate Pb and codeword error-rate Pew) for these 

two codes are presented together with the performance of code 4 in Fig 2.8 

(where code 4 is labelled Wc = 3). We observe that the floor decreases with 

increasing Wc and that the code with Wc — 5 has no floor down to P^ = 10~®. 

Further, the Wc = 5 code is only about 0.2 dB inferior to the Wc = 3 code (code 

4) at Pb = 10-®. • 

Thus this completes our second step in the design of the matrix Hi. Again the 

designed codes can always be improved depending on machine computation 

Umits. Also there is a possible trade-off between the minimum distance lower 

bound d* and the code parameters (n, R), i.e., a high-rate short-length code 

only allows small value of d*. 

2.3.3 Improved Code Design Algorithm 

Based on the discussion of the previous subsection, we improve the construction 

algorithm from Subsection 2.2.4. The goal is to design an (n — /c) x n parity-check 

matrix H containing E ones, which is efficiently encodable and have a low error-rate 

floor. The design procedure is as follows. 
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® Step 0. Use differential evolution [11], [24] to generate the global optimal degree 

distributions A(a;) and p(x) for the desired code rate. The cost function is 

modified to force Ny{2) — n — k — l = m— 1. (it is also possible to pick a 

common column weight 5 for all Hi matrices, following Example 3.) 

® Step 1. Initiahze the matrix H with H2. Since H2 contains 2m — 1 ones, 

E  —  2 m  +  1  o n e s  r e m a i n  t o  b e  p l a c e d  i n  H .  

® Step 2. For both nodes types and for all appropriate values of rf, give each 

degree-d node d sockets [11]. Number the sockets for the v-nodes and then 

for the c-nodes (there are at this point E — 2m + 1 sockets of each type to be 

assigned edges). 

® Step 3. Generate an initial permutation of {1,2, , E  —  2 m  + 1} and use this 

permutation to connect the v-node sockets to the c-node sockets. 

• Step 4. Modify the permutation to satisfy the optimal degree distributions. 

• Step 5. Modify the permutation to eliminate the length-four cycles, and after 

each modification, go back to Step 4 to ensure the degree distributions are still 

satisfied. 

• Step 6. Modify the permutation on the joint consideration of Hi and H2 with 

combined Hi columns £ = 1,2,.... d* up to machine computation limits, and 
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after each modification, go back to Step 4 to ensure the degree distributions 

are still satisfied. 

• Step 7. Modify the permutation on the consideration of Hi only, and after 

each modification, go back to Step 4 to ensure the degree distributions are still 

satisfied. 

® Step 8. Convert the permutation into the remaining k  columns of H .  

2.3.4 Code Design Results 

Example 4. In this example which demonstrates the utility of our approach, we 

have designed rate-0.9 (4550, 4095) eIRA code with Wc ~ 5. The degree distributions 

for this code are 

X { x )  =  0.0000467rc° + 0.0425rE + 0.9574a;^ 

p { x )  =  o . o o o o 4 6 7 : c ' ^ ^  +  o . g g g g x " ^ ®  

Its performance is presented in Fig 2.9 where we observe the absence of an error 

rate floor down to Pi, ~ 
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eIRA Code (4550,4095) on AWGN Channel 

-B- P, 

cw 
Capacity 
50 iterations 

10"^ 

,-2 

H ' i l i n  

i n n  

\ Rate 0.9, 

,-7 

i i n  
3 2.5 3.5 4.5 5 5.5 6 6.5 2 4 

E,/N„(dB) 

Figure 2.9: Rate 0.9 eIRA code on the AWGN channel with low error-rate floor. 



60 

Example 5. As a final example we present three design results for short code 

lengths. Their performance curves are presented in Fig 2.10-2.12 where we still 

witness the absence of an error rate floor down to = 10~®. 

We remark that eIRA codes are not as good as the finite geometry (FG) codes 

for short codeword lengths. A (273,191) project geometry (PG) code [26] has better 

performance than our (532,382) code at almost the same code rate and even shorter 

code length: at Pb = 10~®, the PG code is 0.2 dB superior. We also note that it is 

quite difficult to design eIRA codes with extremely high code rates. For example, 

codes (936,736) and (532,382) have little room to increase their code rate. There ex

ists an alternative coding class - array codes [47] [28] - which have good performance 

at high code rates. We include selected array code results in Chapter 3. Of course, 

array codes and finite geometry codes have the disadvantage of inflexibility in the 

choice of lengths and rates. 

The degree distributions for Fig 2.7-2.9 are as follows, 

1. Code (936,736) 

Ai(a;) = 0.000245a;° -I- 0.0976a: + 0.9022x^ 

pi{x) = 0.5933a:2° -t- 0A067x^^ 
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eIRA Code (936,736) on AWGN Channel 

-e- P, 

ow 
Capacity 
50 iterations 

-4 

i:92dB 

3 4 
E./N„ in dB 

6 7 8 0 2 5 

Figure 2.10: Rate 0.786 eIRA code on the AWGN channel with low error-rate floor. 

2. Code (999,666) 

X^(x) = 0.00025x° + 0.1662X + 0.8335x^ 

P2{x) = 0.00025a;^^ + 0.99975x^2 

3. Code (532,382) 

Xslx) = 0.00045a:° -f- 0.13492; + 0.8646x^ 

P3{x) - 0.2598x^'^ + 0.7402x^5 
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eIRA (999,666) Code on AWGN Channel 

CW 

Capacity 
50 iterations 

10"^ 
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Figure 2.11: Rate 0.667 eIRA code on the AWGN channel with low error-rate floor. 
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eIRA Code (532,382) on AWGN Channel 
,0 10' 

Q" P. 

-1 10' Capacity 
50 iterations 

-2 10' 

,-3 
10' 

,-4 10' in 

,-5 10 

,-7 10" 

10'® 

0 
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Figure 2.12: Rate 0.718 eIRA code on the AWGN channel with low error-rate floor. 
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2.4 Concluding Remarks 

We have presented the class of extended irregular repeat-accumulate codes, making 

connections to irregular LDPC codes and serial turbo codes. We have presented an 

algorithm for the design of eIRA codes of moderate length and high rate which possess 

no error-rate floor down to P(, = 10~®. To our knowledge, no other codes with such 

characteristics can be found in the literature. This work represents a valuable step 

toward the design of codes for magnetic and optical data storage where a bit error rate 

of is often quoted, or optical communications where error rates below are 

often quoted. FYirther research in this area includes support for the conjecture that 

low-weight columns in H (specifically, the submatrix Hi) lead to a small dmin- Also, 

given that we have avoided only length-4 cycles, the experimental results presented 

imply that short cycles (e.g., length 6) and other graphical configurations do not have 

as much of an influence on the level of the floor as does dmin, at least for the high 

rate codes. This was first pointed out by the work of Lin et al. [27]. 
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CHAPTER 3 

PERFORMANCE OF LDPC CODES IN NOISE BURSTS ON THE 

EPR4CHANNEL 

3.1 Background 

A large number of papers have appeared in recent years which propose the pos

sibility of employing in magnetic storage systems the capacity-approaching codes of 

the recent coding literature, most prominently turbo codes and low-density parity-

check (LDPC) codes [7], [29], [30], [46]. Forgetting complexity issues, each of these 

approaches initially seemed very promising for their record-breaking performance, 

at least in the regions measurable by computer simulation and for idealized channel 

models. Further studies led to a more pessimistic viewpoint by investigators, owing 

not only to the complexity of the schemes, but also to their ability to achieve an error 

rate of say, at low SNRs. 

Both parallel and serial turbo codes suffer from relatively high error-rate floors [8], 

and the ability (or inability) of an outer Reed-Solomon (RS) code system to lower the 

floor to the 10"^^ specification is not possible to demonstrate via computer simulation, 

nor is it simple to show via analysis. LDPC codes, on the other hand, possesses a 

typically lower or nonexistent error-rate floor. Pessimism toward these latter codes 
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derives from the fact that, first, their encoder is quite complex when the code is 

designed in a pseudo-random fashion [50]. Second, it has been argued that an outer 

RS code system will generally fail to correct the errors remaining at the output 

of an LDPC decoder since they typically occur in large numbers. Thus, an RS-

LDPC concatenated coding system can be expected to fall short of the 10"^^ mark 

(except perhaps on tape drives which permit very large frame lengths, hence, large 

interleavers). 

In the current chapter, we re-examine the LDPC code argument in light of the 

following. First, the complex encoder problem has been largely solved in by a number 

of researchers as discussed further in Section 3.4 below. Second, the reason that 

LDPC codes produce a large number of errors when it fails to decode (or, rarely, 

when it decodes to an incorrect codeword) is because the distance between codewords 

is so large; that is, because a good LDPC code has a large minimum distance. This 

should not be considered to be a drawback, although it does appear that way in view 

of the outer RS code's inability to correct LDPC-uncorrectable error patterns. Thus, 

we will examine the performance of an error-control coding system consisting only of 

a long LDPC code, with the outer RS code removed. 

Of course, the role of an outer RS code is not only to "clean up" residual errors 

left by the inner code, but to correct error bursts due to media defects or thermal 

asperities.^ Thus, the chapter will focus largely on the ability of each of the LDPC 

^Electronic countermeasures are available which vastly reduce the burst lengths due to thermal 
asperities [31]. In one view then, such bursts are not an issue. On the other hand, since LDPC 
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codes we consider to perform in the presence of noise bursts. Some work in this 

area has been considered in [46] and [9], but the results here improve upon those 

reported earher, owing to improved channel-state-information passing as described 

below. The efficacy of LDPC codes in noise bursts was recognized by Tanner 20 

year ago [32], although he gave no performance results and did not consider partial 

response signaling. Some work on the performance on LDPC codes in bursts in fading 

channels has been reported in [35], Finally, we mention that this idea of replacing 

the RS code by an LDPC code was also considered [36] [3] [2] [37]. However, [36] 

did not consider noise bursts and [37] did not pass channel state information to the 

LDPC decoder as we elaborate upon below. 

The remainder of the chapter is organized as follows. Section 3.2 presents the 

system model and the performance metrics against which the various codes are com

pared. Section 3.3 introduces Lmax, the maximum resolvable erasure-burst length for 

an LDPC code and presents an algorithm for computing it given the code's parity-

check matrix. Section 3.4 presents details of the two RS coding schemes and the three 

LDPC coding schemes which are compared in this chapter and Section 3.5 presents 

performance results for these codes. Concluding remarks are contained in Section 

3.6. 

codes are so effective against bursts as shown below, such electronic countermeasures may not be 
necessary when an LDPC code is employed. In any case, bursts due to media defects will always be 
an issue. 
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LDPC LDPC 
EPR4 • or RS ^ or RS ^ EPR4 

Encoder ^ SISO ^ Decoder 

Switch to groxjnd 
for 128 bits at a 
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AWGN 

random location in 
each code block Channel State Information 

Figure 3.1; Sj^stem model. 

3.2 System Model 

The effect of a media defect or an unmitigated thermal asperity is a sequence of 

channel samples received in poor SNR conditions. This "burst" of low SNR samples 

may be modelled by a period of strong noise on the channel which we call a "noise 

burst." We point out that we prefer the term "noise burst" to "error burst" (or "burst 

error") since, in the context of a soft-decision LDPC decoder, no hard decisions are 

made prior to decoding, and hence no errors exist for the decoder to correct. Of 

course, the term burst error makes sense in the context of a RS decoder which is a 

hard-decision decoder. 

We now give support for the noise burst channel model that we adopt. We will 

consider EPR4 signaling, modelled by the polynomial 1D — D'^ — in the pres

ence of AWGN with power spectral density No/2. Fig 3.1 presents a diagram of the 

full system under study (in the RS code case, the SISO (soft-in/soft-out) detector is 

replaced by a Viterbi detector receives no ISI). We recognize that modern magnetic 

storage systems employ more sophisticated targets than EPR4. However, the EPR4 
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channel combined with noise bursts due to defects (and perhaps even thermal asper

ities) provides a sufficiently accurate representation of a magnetic storage channel 

for our purposes. In particular, it is not necessary to employ a longer PR target 

and colored non-Gaussian noise to demonstrate the efficacy of LDPC codes in a PR 

environment with bursts and that this efficacy relies on proper erasure flagging as 

described in the next paragraph. 

Note that we will be comparing the performance of LDPC codes in burst noise with 

that of RS codes. We will not consider the performance of the concatenation of the 

two code types in accordance with the discussion in the Introduction. Note also that 

we assume the ability to detect the presence of a noise burst, a fairly simple matter 

in practice. In the LDPC code case, the noise burst detector sends this "channel 

state information" (CSI) to both the EPR4 soft-in/soft-out (SISO) detector and the 

outer code decoder. This is in contrast to previous works which sent CSI to only 

the EPR4 SISO detector, resulting in a dramatic flattening of the LDPC code error 

rate curves [46], [9]. CSI is used to set the log-likelihood ratio (LLR) information to 

zero whenever a channel sample (for the EPR4 SISO detector) or code bit (for the 

LDPC decoder) was received in the presence of a noise burst. As will be seen in the 

results section, Section 3.5, sending the CSI to both the detector and the decoder 

eliminates the error rate curve flattening. For the RS case, CSI is used to flag code 

symbol erasures for the presumed errors-and-erasures decoder. 
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3.3 A Measure of a Code's Burst Noise Efficacy 

In the sequel, burst-affected code bits (LDPC) or code symbols (RS) which have 

been assigned burst CSI flags will be called erasures. Thus, since we assume an ideal 

noise burst detector, noise bursts give rise to erasure bursts. We may quantify a given 

code's burst noise efficacy by a single parameter, the maximum resolvable erasure-

burst length, L^ax- This parameter is defined to be the longest string of erasures that 

the code's decoder is guaranteed to fill in with the correct bit values (or symbol values 

for RS codes), no matter where the burst starts in the codeword. The assumption in 

this definition is that, outside of the burst, the bits are noise free. For convenience 

(so that RS and LDPC codes may be compared), L^ax will always be specified in 

terms of bits. 

The case of RS codes is well known: Without interleaving, an (n, k) RS code 

employing 6-bit symbols is capable of filling in an erasure burst of length Lmax = 

b { n  —  k )  b i t s .  F o r  a  R S  c o d e  w i t h  a n  i n t e r l e a v i n g  d e p t h  o f  S ,  L ^ a x  =  < 5 6 ( n  —  k ) .  

As for LDPC codes, an obvious (brute-force) method to determine Lmax for a 

given code is as follows. Choose an arbitrary codeword and impose on it an erasure 

burst of length I in an arbitrary location. The largest such I for which the decoder 

successfully decodes for all possible burst locations is Lmax- (Each bit in the burst is 

erased, that is, the log-likelihood (LLR) value for each such bit is set to zero. The 

LLR value for each bit outside the burst is set to a large value.) 
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Clearly this algorithm is tedious and time consuming, particularly since at its core 

is the full LDPC decoder. An improved algorithm may be obtained via a closer look 

at the Tanner graph representation of the code and the associated message-passing 

decoding algorithm [17], [50], [46]. First note in top half of Fig 3.2 that an erased 

bit in a burst can be filled in after one iteration if all other bits in the same check 

equation are outside of the burst (and thus have large LLR values). Now note in the 

bottom half of Fig 3.2 that two erased bits in a burst in the same check equation 

can be resolved after two iterations if one of the bits is involved in a second check 

equation for which it is the only bit affected by the burst. 

Note that, for this case involving two erased bits in a check equation, after the 

first iteration the number of unknown bits is reduced by one. This idea generalizes: 

s erased bits in a burst, in the same check equation, is reduced to s — t unknown 

bits in the next iteration if t of the s bits were resolvable from other check equations. 

This leads us to the following efficient algorithm for finding Lmax-

Lmax Algorithm 

1. Choose initial erased burst length 1 = 2. 

2. For all starting positions p of the burst (column of H matrix), consider the 

subrnatrix H{p, I) depicted in Fig 3.3. 

• Find all rows in H { p ,  I )  of weight 1. Delete the columns in H { p ,  I )  corre

sponding to the I's in the weight-1 rows. 
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burst 
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1 
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Figure 3.2; Resolution of the erasure-burst bits via message-passing decoding. 
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H(p.l) 
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Figure 3.3: Fast search algorithm for L. 'max-

• repeatedly apply the previous step to the matrix obtained after column 

deletion until all columns have been deleted (burst is resolvable) or until 

there exist no rows of weight 1 in the reduced matrix (burst not resolvable). 

3. If Step 2 succeeds (i.e., all columns of H { p ,  I )  are deleted for all p, set I = I + 1 

and repeat Step 2; otherwise, set Lmax = 1 — 1 and stop. Note that Lmax is the 

m a x i m u m  I  f o r  w h i c h  t h e  m a t r i x  H { p ,  I )  c a n  b e  e v e n t u a l l y  d e l e t e d  f o r  a l l  p M  

We have applied this algorithm to each of the LDPC codes introduced in the next 

section to obtain the parameter Lmax in each case. Also, we have found that this 

algorithm is at least 10 times faster than the brute-force approach (and, of course, 

they give the same result). 
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3.4 Code Descriptions 

To add some context to the performance evaluation of the various LDPC codes 

we consider, we will include the performance of two separate Reed-Solomon code 

schemes. The RS codes and LDPC codes that we consider are described in this 

section. We consider codes of rate 0.82 and 0.9. The code rate 0.9 is more appropriate 

for data storage, but we consider some rate-0.82 LDPC codes because some of these 

codes have been commonly compared in the literature, albeit for the AWGN channel. 

1. RS Codes. 

We consider two RS codes configurations. In both cases, we assume that the 

decoder is capable of correcting errors and erasures, and that each code symbol 

in a burst is assigned an erasure flag. In the first configuration, which we 

denote by RS-I, we consider a symbol-interleaved (190,171) code over GF(2®) 

with an interleave depth of 5 = 3. This particular configuration can correct an 

erased burst of length Lmax — 456 bits (57 bytes or 19 interleaver rows). In 

the second configuration, denoted by RS-II, we consider a (505,455) code over 

GF(2®) with no interleaving (5 = 1). This code can correct an erased burst of 

length Lmax = 9(50) = 450 bits. The code rate for both RS-I and RS-II is 0.9. 

2. MacKay LDPC Code. 

MacKay [49] has constructed a (4095,3358) LDPC code whose code rate is 

R ~ 0.82. The parity-check matrix H has row weights Wr — 22 and 23 (a mildly 
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irregular code), column weight Wc = 4, and minimum distance dmin > 10 [51]. 

We have found from the L^ax algorithm that Lmax = 515 bits. This code 

has the disadvantage that encoding is fairly complex as it must be done via 

either H or the generator matrix G, which are very large matrices. (A fairly 

low complexity encoding technique which employs the H matrix is presented 

in |12].) 

3. Euclidean Geometry LDPC Code. 

In [25], [26], LDPC codes are designed using old-fashioned textbook techniques 

based on finite geometries. The resulting LDPC codes fall into the cyclic and 

quasi-cyclic classes of block codes and lend themselves to simple encoder im

plementation via shift-register circuits. Kou et al. [25]. [26] have designed a 

(4095,3367) cyclic code based on a 2-dimensional Euchdean geometry (EG) 

over GF(2®). The parameters for this code are R = 0.82, Wr = 64, Wc = 64, 

dmin > 65, and Lmax — 376 bits. Because the code is cyclic, encoding is simply 

implemented with shift-register circuits. We note also that the minimum dis

tance is quite large so that this code's error rate curve is likely to possess no 

error-rate floor. This code does have the drawback that the parity-check matrix 

used in decoding is nxn instead of {n — k) x n. (The matrix is circulant, with 

its first row equal to a certain incidence vector [25].)^ Further, the values of 

^It is be possible to choose a n  ( n  —  k )  x  n  submatrix of the n  x  n  circulant to decode, but there 
is a loss in performance on the order of 0.5 dB. 
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Wr and Wc are quite large, and the complexity of the message-passing decoder 

is proportional to these values. 

4. Extended Irregular Repeat-Accumulate (eIRA) Code 

In Chapter 2 we have have proposed a class of efficiently encodable irregu

lar LDPC codes which are related to the irregular repeat-accumulate codes of 

McEliece et al. [20]. The eIRA codes [3] can be designed to have bit error-rate 

floors below Pj, = 10"^ and codeword error-rate floors below Pcu, — 10"^ [4] [5]. 

Please consult the Section 2.2.2 for detailed coding structure. 

We have constructed two eIRA codes for this work: a rate-0.82 (4095,3367) code 

and a rate-0.9 (4550,4096) code, for which Lmax — 507 and 300, respectively. 

For both codes, the submatrix Hi has column weight Wc = 5. 

5. Array Codes 

Fan has shown that array codes can be viewed as LDPC codes and thus can be 

decoded with a message passing algorithm [47]. The parity-check matrix defin

ing the family of LDPC array codes used in this chapter is a slight modification 

of the one used in [47]. In particular, following [28], we employed the following 

H matrix format 
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/ \ 
I  I  I  • • •  I  I I 

0 1 a • • • ^ a' 

H =  0  0  1 . . .  a ^ o - s )  ^ 2 ( j - 2 )  . . .  ^ 2 ( k - 3 )  

(3.1) 

\ 
0 0 0 I 

/ 

where k  and j  are two integers such that k , j  <  p  where p  denotes a prime 

number. I is the p ><• p identity matrix, O the p x p null matrix, and a a 

p X p permutation matrix representing a single left- or right-cyclic shift. The 

upper triangular nature of H guarantees encoding linear in the codeword length 

(encoding is essentially the same as for eIRA codes). 

A ( p ,  k , j )  array code (let k  —  p )  equals a linear (n, k )  =  { p ^ , p { p  —  j ) )  block 

code with code rate R = By removing the appropriate number of rows 

and columns, the following codes were designed for this study. 

• Rate-0.82 (4095,3367) array code: 

this code was shortened from { n , k )  = (22201,21456) using the design 

parameters {p,k,j) = (149,149,5). This was done by deleting the last 17 

rows and the last 18106 columns of the code's nominal H matrix (the 

simplified encoding procedure is not affected). Lmax was found to be 500 

for this code. 
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Table 3.1: L' 3PC Codes under Consideration 
Codes Rate Wc Lmax Number of Iterations 

MacKay (4095,3358) 0.82 4 515 10, 26 
EG (4095,3367) 0.82 64 376 11 

eIRA (4095,3367) 0.82 2, 5 507 9, 33 
Array (4095,3367) 0.82 4 , 5  500 9, 29 

eIRA (4550,4096) 0.90 2, 5 300 8, 21 
Array (4550,4096) 0.90 4, 5 299 8, 23 

® Rate-0.9 (4550,4096) array code: 

this code was shortened from (n, k) = (9409,8924) using the design pa

rameters (p, k,i) — (97,97,5). This was done by deleting the last 31 rows 

and the last 4859 columns of the code's nominal H matrix (the simplified 

encoding procedure is not affected). Lmax was found to be 299 for this 

code. 

The LDPC codes under consideration are summarized in Table 3.1 together with 

various parameters describing the codes. In the last column lists the minimum and 

maximum number of iterations required in the Lmax algorithm to resolve an erasure 

burst of length Lmax- We remark that the number of iterations is constant for the 

EG code since its H matrix is circulant. 

3.5 Performance Results 

The probability of error for a given coding scheme may be written as 

^max 
P, = ̂  FiP{e\ I) (3.2) 

1=0 
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where P{e | I) is the probabihty of decoder error given that the codeword contains a 

noise burst of duration I bits, Pi is the probabihty that a codeword contains such a 

burst, and Imax is the maximum burst length. Here, the event "e" could either be bit 

error or codeword error, but we favor the latter in this chapter. The problems with 

(3.2) are that the distribution {Pi} is generally unknown and it is messy to work 

with even if the distribution was known. We can simphfy the situation by employing 

obvious bounds on Pg, 

P(e I 0) < Pe < P { e  I Ima.) (3.3) 

where P(e | 0) represents the "AWGN-only" situation and P(e | Imax) represents the 

situation in which each codeword is received with a noise burst of duration Imax bits.^ 

Thus, we will present results for both the lower bound P(e | 0) and the upper bound 

P{& \ ^max)- As we will see, with Imax set to 128 bits, the two bounds are typically 

less than 0.8 dB apart, so the use of (3.2) is in fact unnecessary. 

We now present simulation results for the LDPC and RS codes under the assump

tions of Fig 3.1. That is, in the computation of P{F | 128), a 128-bit erasure burst 

is imposed on each codeword and CSI is provided to both the EPR4-SIS0 detector 

and the LDPC decoder. The results we present are frame error rate conditioned on 

a length-? burst, for I = 0 and 128, denoted by P{F | 0) and P(F | 128), respectively 

(V = "F"). 

^We emphasize that the parameter I refers only to bursts due to media defects or thermal 
asperities. If I refers only to bursts at the output of the EPR4 Viterbi detector, then the first 
inequality in (3.3) will not hold. 
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Performance of LDPC Codes on EPR4 Channel {Rate=0.82) 

-B- MacKay P(F | 0) 
a MacKay P(F1128) 

eIRA P(F 1 0) 
^ eIRA P(F|128) 

Arrays P(F 1 0) 
Arrays P(F|128) 
EG P{F I 0) 

A EG P(F1128) 
50 iterations 

5.5 6 
Eb/No in dB 

Figure 3.4: Performance of the rate-0.82 LDPC codes of Table 3.1, with and without 
erasure bursts. 
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Fig 3.4 presents the results for the four rate-0.82 LDPC codes in Table 3.1. We first 

note that the separation between P{F | 0) and P{F | 128) curves is approximately 

0.6 dB in each case in the 10"^ region. We note also that the EG code is inferior 

to the other three codes in the simulated region, although the EG code probably 

possesses the lowest error-rate floor owing to its largest minimum distance. Lastly, 

we note that, for all four codes, the P{F | 128) curves possess no flooring or flaring, 

unlike the curves in [46] for which no CSI was provided to the LDPC decoder. 

Fig 3.5 presents the frame error-rate curves for the two rate-0.9 LDPC codes in 

Table 3.1 and the two RS code schemes described above. For RS-I, for which an 

interleaver frame comprises three codewords, a frame error is the event in which one 

or more codewords possesses and uncorrectable error. To keep the plot uncluttered, 

we have not plotted the P{F \ 0) curves for the RS-I and RS-II codes. We note 

that the separation between the P{F ( 0) and P(F j 128) LDPC code curves is 

approximately 0.9 dB for these higher-rate codes. More significantly, the P{F \ 128) 

LDPC code curves are more than 1.2 dB superior to the P{F | 128) RS code curves 

in the 10"^ region. 

3.6 Concluding Remarks 

We have shown in this chapter the utihty of sending burst noise channel state in

formation to both the partial response detector and the decoder. Doing so eliminates 
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Performance of LDPC and RS Codes on EPR4 Channel (Rate = 0.90) 

-e- IRA P(F|0) 
e IRA 

ArraVg P(F 
if- ArraygP(F|128) 

RS-IP(F|128) 
Q- RS-II P(F|128) 

50 iterations 
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Figure 3.5; Performance of the rate-0.90 LDPC codes of Table 3.1 and the two RS 
code schemes in erasure bursts. 
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the error rate curve flattening due to bursts, as seen by other authors. The simula

tion results presented have demonstrated that LDPC codes are very effective against 

noise bursts and, in fact, are superior to RS codes in the regime simulated. We also 

have presented an algorithm for finding the maximum resolvable erasure-burst length 

Lmax for a given LDPC code. 

The results in this chapter make the possibility of an error control system based 

solely on LDPC code very promising. The results also open up new problems. One 

problem is the design of higher rate LDPC codes which possess verifiable low error-

rate floor. Another important research problem is the design of codes which are 

optimal in some sense on burst-noise channels. 

To determine the level (or existence) of an error rate floor for such codes (although, 

for codes whose minimum distance is on the order of 65, a floor will not be a problem). 

Lastly, the codes in this chapter might be called "off-the-shelf" codes. An important 

research problem (on which we have already started to work) is the design of codes 

which are optimal in some sense on burst-noise channels [6]. 
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CHAPTER 4 

DESIGN OF LDPC CODES FOR TWO-STATE CHANNEL 

MODELS 

4.1 Background 

4.1.1 Channel Models 

Two-state channel models are applicable to both fading wireless communication 

channels and data storage channels, both optical and magnetic. The two-state model, 

sometimes called a Gilbert-Elliott model, possesses a low-SNR ("bad") state and a 

high-SNR ("good") state. For the wireless channel, the bad channel state represents 

fading and the good channel state represents the absence of fading. For the mag

netic storage channel, the low-SNR state arises from thermal asperities and media 

defects. For the optical storage channel, the low-SNR state is caused by scratches 

and fingerprints. 

In this paper, we study the design of low-density parity-check (LDPC) codes 

for such a two-state channel model. We will assume that the bad channel state is 

detectable, so that bits received from the bad state may be flagged for use at the 

decoder. Specifically, the decoder erases fade-affected bits, assigning a log-likelihood 

value of zero to each of them. Thus, in this two-state channel model, bits are either 
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erased or they are received in AWGN with a relatively high SNR. Moreover, the 

erased bits are contiguous as a result of the signal fade (or analogous impairment 

for the storage channels), and hence the erasures come in bursts. While it is an 

approximation (less so for the storage channels), this model leads to simplified code 

and decoder designs. Such a channel may be termed a burst-erasure channel with 

AWGN, denoted BuEC-G, where the "G" represents Gaussian noise. 

Other approaches to LDPC code design for fading channels may be found in 

[38]. LDPC code design techniques for binary erasure channels (EEC's) in which the 

erasures do not occur in bursts may be found in [39] and [11]. As indicated above, we 

shall be concerned with a BuEC-G channel in which a bit is received in AWGN or it 

is received as an erasure, where the erasures occur in bursts. Rather than target the 

BuEC-G channel in our code designs, we shall be first less ambitious and focus on 

the burst-erasure channel (BuEC) in which a bit is received correctly or it is received 

as an erasure, with erasures occurring in bursts. We will see that this approach is 

quite effective and leads to interesting and useful results. Finally we will focus on 

design codes directly for a BuEC-G channel. Simulation results show the almost 

identical performance for moderate-length, high-rate codes with design criteria based 

on both BuEC and BuEC-G, while the BuEC approach is much simpler and more 

straight-forward. 
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4.1.2 Parity Insertion for eIRA Codes 

The designed codes will be in the eIRA format, whose matrix is divided into two 

parts: the computer random generated Hi which corresponds the information bits 

(the degree of all the variable nodes within is greater than 2), and the structured 

which corresponds the parity check bits (composed of m — 1 degree-2 variable nodes 

and an extra degree-1 variable nodes). From Fig 2.1 (evolution of expected LLR 

magnitudes),we know H2 is the weakest part in the designed matrix. On the deep 

fading or burst erasure channel, these parts will degrade the whole system perfor

mance. The traditional method assumes interleaving/deinterleaving with sufficient 

depth to enable independent treatment of the received signals, although the inter

leaving and deinterleaving are quite inefficient in hardware implementation and may 

cause a long time delay. Beyond these considerations, we always want to keep the 

"good" characteristic of efficiently encoding for our proposed coding class. 

To solve these problems, here we propose a technique called "parity insertion"; 

namely, we will keep the information bits in their original sequence, and then "insert" 

the parity bits which results a "inserted" format H matrix for the encoder and the 

decoder. Clearly, the transmitted and received codeword is still systematic because 

we know exact positions of the information bits. It is even possible to import a 

random interleaver (size of m = n — fc) for the parity bits before the "insertion". 
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For example, a rate-4/5 (50,40) code with 40 randomly generated columns in Hi 

(named "information columns") and 10 structured columns in H2, we first interleave 

the columns in H2 among the Hi columns and name the interleaved columns "parity 

columns". Then after each = [fgj = 4 "information columns", we insert 

1 "parity column" ([a;J is the smallest integer < x ) .  Decoding is based on the 

inserted matrix. In such a way, interleaving and deinterleaving is not necessary 

because information bits can be recovered simply by discarding inserted parity bits. 

Without further denote we will treat all the designed codes with "parity insertion" 

on the non-AWGN channels. 

The rest of this paper is organized as follows. Section 4.2 focuses on designing 

codes for the BuEC channel. We first introduce necessary notation and present our 

design approach for the BuEC. This approach relies on the proposition that codes 

which are optimum for the BuEC are also optimum for the BEC. Then we quantify 

the burst-erasure performance of our codes so that they may be readily compared. 

Specifically, we characterize an LDPC code by L^ax, the maximum resolvable erasure-

burst (in the absence of AWGN), using the fast algorithm from Chapter 3. Finally we 

present simulation results for some of these codes on the BuEC-G channel. Section 

4.3 will target the BuEC-G channel. In that section we first prove a proposition 

which states that codes which are optimum on the BuEC-G are optimum as well on 

the BEC-G (random erasure channel with AWGN) so that we need only design codes 

for the latter model. Then we present the code design results and demonstrates their 
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superiority over other codes in the literature on the BuEC-G. Section 4.4 concludes 

the chapter. 

4.2 Code Design for the BuEC Channel 

4.2.1 Equivalence between BuEC and BEC Channels 

Richardson and Urbanke [11] have presented a unified technique for the design 

of LDPC codes for a number of different channel models which are capable of near-

capacity operation for each of the models. The technique involves classifying en

sembles of codes by their Tanner graph variable-node and check-node degree distri

butions, A(a:) and p{x), respectively. Here, X{x) = where the coefficient 

Aj equals the fraction of variable nodes of degree i and p(x) — where the 

coefficient pi equals the fraction of check nodes of degree i. Using a process called 

density evolution [11], the decoding threshold for a given ensemble may be deter

mined. (The decoding threshold may be expressed in terms of a channel parameter 

and may be thought of as the practical capacity limit for the ensemble: it is shown 

in [11] that almost all codes in the ensemble are capable of reliable communication for 

channel parameters better than the worst-case parameter specified by the threshold.) 

Combining density evolution with an optimization algorithm such as differential evo

lution, the decoding threshold may be optimized so that the threshold-to-capacity 

gap is minimized [11]. 
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While the BuEC was not considered in [11], the BEC was considered. As shown in 

Fig 4.1, ensembles for BuEC's and BEC's are identical; in particular, optimal (in the 

decoding threshold sense) degree distributions for the BEC are also optimal for the 

BuEC. Heuristically, this is because permuting the columns (and rows, although this 

is not relevant here) of an LDPC code's parity-check matrix H does not change the 

degree distributions, but it amounts to scattering the erasures in an erasure burst so 

that the BuEC may as well have been a BEC. Thus, to design (near-)optimal codes 

for the BuEC, we need only design (near-)optimal codes for the BEC. 

A BEC is characterized by a single parameter, the erasure parameter e: a bit is 

either received correctly or it is erased with probability e. It was shown in [11] that 

the expected fraction x; of bit erasures remaining after I decoding iterations for a 

code with degree distributions A(3:;) and p{x) is given by 

X i  =  X q  •  \ { 1  -  p { l  -  Xi^l)) (4.1) 

where the initial fraction of erasures xq is equal to the erasure probability of the 

BEC, i.e., Xq = e. Thus, the decoding threshold x^ = 3:o(A, p) for an LDPC code with 

degree distributions \ { x )  and p { x )  is just the largest X q  G (0,1) for which Um x i  = 0. 
/—>00 

Our goal is to use the techniques in [11] to design codes (of various rates) which are 

optimal on the BEC (i.e., allow the largest a:^) since these codes will be optimal as 

well on the BuEC. We do not review the optimization technique employed to find 



90 

same ensemble same ensemble 

BEC 
BEC 

BuEC 

BuEC 

BuEC 

BEC 

LDPC dec 
(ensemble) 

LDPC dec 
(ensemble) 

LDPC enc 
(ensemble) 

LDPC enc 
(ensemble) 

LDPC dec 
(ensemble) 

LDPC enc 
(ensemble) 

LDPC dec 
(ensemble) 

LDPC enc 
(ensemble) 

Figure 4.1: Outline of the proof that the BuEC ensembles equal the BEC ensembles. 
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the optimal degree distributions here (see [11]). Rather, we simply present selected 

design results below. 

4.2.2 Lmax Performance of Selected Codes 

The performance of the codes are characterized in a number of ways. First, given 

that the BuEC-G is a channel that either relays bits or erases them in contiguous 

groups (bursts), it is natural to characterize the performance of a given LDPC code 

by the largest erasure-burst length that is guaranteed to be resolvable by the code's 

message-passing decoder in the absence of noise, no matter where the burst occurs 

in the codeword. This largest length, denoted by Lmax in the Table 4.1, may be 

computed by a simple algorithm which is described in Chapter 3. 

The codes we consider are codes which appear in the literature as well as codes 

we have designed. The codes from the literature are the LDPC codes of MacKay [49] 

and the Euclidean and projective geometry (EG and PG) codes of Kou et al. [25]. 

The codes we have designed use the techniques in [11] involving density evolution and 

differential evolution (DE/DE). Per the discussion in the Subsection 4.2.1, to achieve 

optimum performance for the BuEC channel, one need only apply the DE/DE design 

technique to the EEC channel. We have done this in our designs, but we have also 

applied DE/DE to the AWGN channel so that we may make comparisons among the 

codes. In particular, we will compare their simulated performance on the BuEC-G 

channel in the next subsection. 
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Table 4.1; Lmax Performance of Selected Codes. 
Code Details 

dv dc Lmax n X*Q Parameters Type Criterion dv dc Lmax n X*Q 

0.50(4000,2000) Irregular BEC 2,3,7,8 6,7 1793 0.4482 0.4767 
0.50(4000,2000) Irregular AWGN 2,3,7,8 6,7 1744 0.4360 0.4692 
0.50(4000,2000) Regular MacKay 3 6 1687 0.4218 0.4280 

0.82(4161,3430) Irregular BEC 2,3,7,8 19,20 597 0.1435 0.1555 
0.82(4161,3430) Irregular AWGN 2,3,7,8 19,20 593 0.1425 0.1552 
0.82(4161,3430) Regular MacKay 3 17,18 563 0.1353 0.1461 
0.82(4161,3431) Regular MacKay 4 22,23 515 0.1238 0.1355 
0.82(4161,3431) Regular PG 65 65 303 0.0728 0.1040 
0.82(4095,3367) Regular EG 64 64 376 0.0918 0.1053 

Table 4.1 lists the various codes and their parameters. Due to space constraints, 

we do not provide the full degree distributions for each code. We instead indicate in 

the table which variable node degrees (dij) and check node degrees (dg) are present 

in a code's graph. 

Starting with the rate-1/2 MacKay code in the table, we note that it has an 

impressively large value for L^ax, but that this value is smaller than that for the 

irregular LDPC code we designed for the BEC (which is considered to be essentially 

optimal for the code rate and codeword length considered) and that for the irregular 

LDPC code we designed for the AWGN channel. As for the rate-0.82 MacKay codes, 

again their Lmax values are quite large, but they are smaller than those for the BEC-

designed and the AWGN-design codes. The PG and EG codes have somewhat large 

Lmax values, but they are significantly smaller than those of the other codes. We 

attribute this to the great degree of regularity possessed by the parity-check matrices 

for these finite-geometry codes. 
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We remark that, whereas the fraction of erasures occurring in a (long) codeword 

is e for a BEG, for a BuEC, this fraction of erasures is L/n, where n is the codeword 

length and L is the erasure-burst length. Thus, while reliable communication is 

possible on a BEG provided e < Xq, rehable communication is possible on a BuEC 

provided L/n < Xq. We note in Table 4.1 that in all cases Lmax/f^ < Xq and in fact 

Lmax/i^ — Xq so that uxq may be used to estimate L^ax provided n is sufficiently 

large and the parity-check matrix is not too structured. 

4.2.3 Simulated Performance on the BuEC-G Ghannel 

We have simulated three of the rate-0.82 codes in Table 4.1 on the BuEG-G chan

nel, namely, the = A MacKay code, the EG code code, and the irregular LDPG 

code we designed using the BEG criterion. (It turns out that, for the BuEG-G channel 

models we have adopted, the BEG-designed and the AWGN-designed LDPG codes in 

Table 4.1 perform essentially identically. This might be expected given they possess 

similar Lmax values and degree distributions.) We have adopted two BuEG-G channel 

models for use in our simulations. In the models, the binary (bipolar) codeword is first 

sent through an AWGN channel which adds to each code bit a zero-mean Gaussian 

noise random variable with variance No/2. Then a randomly located erasure burst 

of length L is imposed on each codeword, one case with L ~ 128 erased bits and the 

other with L = 256 erased bits. By fixing the length of the erasure bursts within a 

codeword rather than allowing them to possess some probability distribution, we are 
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Performance of EG LDPC Code on the BuEC-G 
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Figure 4.2: Performance of EG LDPC code on the BuEC-G for erasure burst lengths 
L = 0, 128, and 256. 

able to simplify the model as well as the comparisons. {L = 128 or L = 256 may be 

treated as worst-case burst lengths for two BuEC-G models with two different length 

distributions.) As a baseline, we have also simulated the case for L = 0, that is, the 

pure AWGN channel. 

Fig 4.2 presents the performance of the EG code on the BuEC-G channel, where 

the performance metrics are bit error probability Ph and codeword error probability 

Pew We observe that, independent of the performance metric, the performance loss 

for L = 128 erasure bursts relative to no erasure bursts (L = 0) is only about 0.8 dB. 
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Performance of MacKay LDPC Code on the BuEC-G 
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Figure 4.3: Performance of MacKay LDPC code on the BuEC-G for erasure burst 
lengths L = 0, 128, and 256. 
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Performance of Irregular LDPC Code on the BuEC-G 
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Figure 4.4: Performance of Irregular LDPC code on the BuEC-G for erasure burst 
lengths L = 0, 128, and 256. 
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When L — 256, this performance loss is about 2.1 dB. Fig 4.3 presents the analogous 

performance curves for the MacKay code where the performance losses in this case 

are seen to be 0.5 dB and 1.4 dB. We note also that the MacKay code curves occur 

at lower SNR (Eb/No) values than do the EG curves. (Although, we point out that 

the EG code possesses a large minimum distance and either has no error-rate floor 

or a very low error-rate floor.) Finally, Fig 4.4 presents the analogous performance 

curve for the irregular LDPC code we have designed where the performance losses 

are seen to be 0.4 dB and 1.1 dB. The performance curves for this code reside in the 

lowest SNR region of the three codes. The power efficiency comparison among the 

three codes for L = 0,128, and 256 and for Pb = 10"^ is contained in Table 4.2 where 

it is seen that the code we have designed is the best for all three burst lengths. 

Table 4.2: Necessary Eb/No to Achieve Pb = 10"®. 
Burst Length Irregular Code MacKay Code EG Code 

0 3.28 dB 3.58 dB 3.85 dB 
128 3.78 dB 4.08 dB 4.65 dB 
256 4.35 dB 4.75 dB 6.00 dB 
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4.3 Code Design for the BuEC-G Channel 

4.3.1 Equivalence between BuEC-G and BEC-G Channels 

We extend our work to the BuEC-G channel. With a similar process, Fig 4.5 

outlines that optimal ensembles for the BEC-G and the BuEC-G are identical.^ 

Heuristically, this is because permuting the columns (and rows, although this is not 

relevant here) of an LDPC code's parity-check matrix H does not change the degree 

distributions, but it amounts to scattering the erasures in an erasure burst so that the 

BuEC-G may as well have been a BEC-G. (Also, permuted AWGN is still AWGN.) 

The precise statement and argument are as follows. 

Proposition. Suppose we are given an LDPC code ensemble specified only by 

degree distributions, A(a;) and p{x), which are known to be optimal for the BEC-

G. Then these degree distributions are optimal as well for the BuEC-G given equal 

probability of bit erasure e. (We assume a large codeword length n and message-

passing decoding as is necessary in this context.) 

Proof: Select an arbitrary code C from the optimal BEC-G ensemble, £bec-g-

Now select a "typical" random permutation 11 on the ordered set (1,2, ••• ,n) and 

apply it to C to obtain a new code Cn- The code Cn is also in the ensemble Sbec-g 

since permuting the bit positions in C amounts to permuting the columns in its 

^We remark also that these two channels have the same capacity, which is easily shown to be 
C — (1 — £)C(,, where Cb is the capacity of the binary-input AWGN channel and e is the probability 
that a bit is erased. 
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Figure 4.5: Outline of the proof that the BuEC-G ensembles equal the BEC-G en
sembles. 
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parity-check matrix and does not change the degree distributions. Because the bits 

in an arbitrary codeword c,r in C'n may be put in a 1 : 1 correspondence with the bits 

in the codeword c = n~^(c7r) in C, the variable nodes of the Tanner graph Qu for the 

code Cn may be put in a 1:1 correspondence with the variable nodes of the Tanner 

graph Q for the code C. (The check nodes in the two graphs are identical since the 

parity-check matrix rows are not permuted.) 

Consider now transmitting c^r ^ Cu on the BuEC-G and receiving the word 

which contains m erasures (generally an erasure burst) and n — m bits affected by 

AWGN. Since an m—bit erasure pattern on the BuEC-G has a counterpart on the 

BEC-G (generally scattered randomly), there is an equivalent situation for the BEC-

G in which c = n~^(c7r) G C is transmitted and r = n~^(r7r) is received. Clearly, 

the probability of decoding error for the two cases will be identical because a bit in 

Ttt will be erased whenever its counterpart in r is erased, and similarly for the bits 

affected by AWGN. Averaging over all codewords and all erasure patterns in each 

case, because of the 1:1 correspondence between the burst and random cases, the 

performance of Cn on the BuEC-G will be equal to the performance C on the BEC-

G. In particular, if C is optimal on the BEC-G, Cn will be optimal on the BuEC-G. 

Finally, since C and Cn are both arbitrary and are both in 6bec-g, we may conclude 

that £buec-g=£BEC-G- ® 

As indicated by the above proposition, to design optimal codes for the BuEC-

G, we need only design optimal codes for the BEC-G. As mentioned above, code 
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design for the BEC-G was considered in [40]. We will not reproduce the complex 

equations that are involved here. We remark, however, that it is shown in [40] that 

the probability density function (pdf) for BEC-G satisfies the symmetry condition 

p{u) = p{—u)e^ [11] which implies that the Gaussian approximation (GA) [14] can 

be applied to this channel model. In the GA, message pdf's are approximated as 

Gaussian or Gaussian mixtures, and the complicated process of evolving densities 

to determine a decoding threshold for a given pair A(a;) and p{x) becomes vastly 

simplified [14]. In fact, because of the symmetry condition, only message means need 

to be considered to determine the (approximate) decoding threshold. This is the 

approach taken in [40]. 

Although the proposition states that an optimum code (or optimum degree distri

bution pair) for the BEC-G will also be optimum for the BuEC-G, the proof actually 

proves a more general result which we summarize in the following corollary. 

COROLLARY. A arbitrary code, optimum or not, will have identical performance 

on the BEC-G and the BuEC-G, that is, its performance is independent of whether or 

not the erasures come in bursts, provided the average erasure probability is identical. 

4.3.2 Code Design Results 

Employing the GA technique in [40], we have designed LDPC codes with rate 

R equal to 0.5 and 0.82 for the BuEC-G. The GA technique was employed as a 

part of an overall optimization algorithm in the following manner to obtain optimal 
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degree distributions for a given code rate. The overall optimization algorithm steps 

through a small range of initial channel erasure probabilities xq and, for each of these 

probabilities, an optimal degree distribution is determined, where optimahty is in the 

sense of maximizing the SNR {Eb/No) threshold. The optimal degree distribution 

pair is obtained by using the GA algorithm for the BEC-G in combination with a 

differential evolution global optimization algorithm [11]. Since a degree distribution 

pair is generated for each value of Xq, some criterion must be used to choose the pair 

that is somehow jointly optimum. We simply chose the pair that we deemed had 

the best compromise between its BEC decoding threshold and its AWGN channel 

decoding threshold. 

For R = 0.5, Xq was stepped through the range 0.47 to 0.49 and for R = 0.82, 

Xq was stepped through the range 0.14 to 0.15. These ranges were selected since 

the decoding thresholds for these code rates on the BEC lie within them. We also 

constrained the number of degree-two nodes to be equal to n — A; in our search 

algorithm, where n is the code length and k is the code dimension. The motivation 

for this is that for moderate-length, high-rate codes, the error rate floor is lowered 

by doing so [1] [19] . 

The codes we have designed under the BEC-G (= BuEC-G) criterion are listed in 

Table 4.3 along with few codes from the literature, i.e., MacKay codes [49] and the 

Euclidean and projective geometry (EG and PG) codes [25]. The table also contains 
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Table 4.3: L^ax Performance of Selected Codes. 
Code Details 

Lmax Lmax 
n xl Lmox. 

n—k { f r ®  Parameters Type Criterion Lmax Lmax 
n xl Lmox. 

n—k { f r ®  
0.50(4000,2000) Irregular BEC 1793 0.4482 0.4767 0.8965 0.715 
0.50(4000,2000) Irregular AWGN 1744 0.4360 0.4692 0.875 0.563 
0.50(4000,2000) Irregular BEC-G 1762 0.4405 0.4712 0.8810 0.563 
0.50(4000,2000) Regular MacKay 1687 0.4218 0.4280 0.8435 1.163 

0.50(10000,5000) Irregular BEC 4533 0.4533 0.4896 0.9066 0.724 
0.50(10000,5000) Irregular AWGN 4417 0.4417 0.4695 0.8834 0.543 
0.50(10000,5000) Irregular BEC-G 4501 0.4501 0.4844 0.9002 0.623 

0.82(4161,3430) Irregular BEC 597 0.1435 0.1555 0.8167 2.646 
0.82(4161,3430) Irregular AWGN 593 0.1425 0.1552 0.8112 2.631 
0.82(4161,3430) Irregular BuEC-G 594 0.1428 0.1555 0.8125 2.634 
0.82(4161,3430) Regular MacKay 563 0.1353 0.1461 0.7701 2.821 
0.82(4161,3431) Regular MacKay 515 0.1238 0.1355 0.7055 2.892 
0.82(4161,3431) Regular PG 303 0.0728 0.1040 0.4151 3.150 
0.82(4095,3367) Regular EG 376 0.0918 0.1053 0.5165 3.150 

codes we have design under the BEC (= BuEC) and AWGN design criteria [14]. 

Thus, Table 4.1 is actually a subset of Table 4.3. 

As Usted in the table is the ratio Lmax/ n ,  which is the largest fraction of burst 

erasures in the code that is resolvable. In view of the proposition above (with SNR 

= co), the theoretical upper limit for this fraction is x^, the decoding threshold on 

the BEC for a "long" code with degree distributions equal to the distributions of 

the codes in the table [11]. Observe that the ratio Lmax/'n quite close to (but never 

greater than) XQ for each of the irregular codes we have designed, and that it is closest 

for the BEC-designed codes as it should be. 

The decoding thresholds (Eb/No)* for the AWGN channel and XQ for the BEC 

are also listed in the table for each code's degree distribution. Observe that among 
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codes with identical parameters the decoding threshold {Eb/No)* is the smallest for 

the AWGN-designed codes as should be the case, but the thresholds for the BEC-G-

designed codes are close or equal. Similarly, the decoding threshold for the BEC-

designed codes are the largest, but the thresholds for the BEC-G-designed codes are 

close or equal. 

The ratio — k) is also of interest and is at most unity for a general code 

(e.g., it is unity for Reed-Solomon codes). Although not contained in the table, we 

note that for the codes we have designed this ratio is greater than 0.87 for i? = 1/2 

and greater than 0.81 for R = 0.82. For larger n, this ratio would be even closer to 

one [39]. 

Computer simulation shows the identical performance (see Fig 4.4) for rate-0.82 

(4161,3430) codes designed for both BuEC (= BEG) and BuEC-G (= BEG-G) chan

nels. This can be justified that they share almost same values of AWGN threshold 

Eb/No and BEG threshold XQ from Table 4.3. Although for rate 1/2 codes, the 

AWGN thresholds are quite different. The conclusion is at least for moderate-length, 

high-rate codes, the BEG design is identical to BEG-G design while BEG design are 

much simple and straight-forward. 

Finally, we present simulation results which provide support of the proposition 

of the previous section. Fig 4.6 presents the performance of the BEC-G-designed 

(4000,2000) irregular LDFG code of Table 4.3 on the BuEG-G channel with fixed 

erasure-burst lengths L = 0, 800, and 1200. (Note that the maximum resolvable 
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Figure 4.6: Performance of Irregular (4000,2000) LDPC code on the BuEC-G for 
erasure burst lengths L = 0, 800, and 1200. 

erasure-burst length for this code is Lmax = 1762.) The performance metrics em

ployed in the figure are bit error probability Pj, and codeword error probabihty P^w-

Also in the figure are two error rate curves for the "fixed" BEC-G, with one curve 

corresponding to a random 800-erasure pattern in each codeword and the other cor

responding to 1200 randomly located erasures. We note that, in agreement with the 

proposition, the random-erasure and burst-erasure curves are essentially identical. 

In support of the corollary in the previous section, we present in Fig 4.7 the 

performance of the (4161,3431) MacKay code on the "fixed" BuEC-G and on the 

Performance of Irregular (4000,2000) LDPC code on the BuEC-G Channel 

L=128 L=256 

P|^ (no erasures) 

P^^(no erasures) 

Pj^ (800/burst) 
P (800/burst) 

P^ (800/random) 

P^^( 800/random) 

P. (1200/burst) 

P^^(1200/burst) 
P. (1200/random) 

P^(1200/random) 

20 iterations 
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Figure 4.7: Performance of MacKay (4161,3431) LDPC code on the BuEC-G for 
erasure burst lengths L = 0 and 256. 

"fixed" BEC-G. In the BuEC-G case, each codeword possesses a randomly located 

erasure burst of length L = 256 and in the BEC-G case, each codeword possesses 256 

randomly located erasures. As seen in the figure, the performance of the MacKay 

code in the two cases is identical. 

4.4 Concluding Remarks 

We have presented the approach to the design of LDPC codes which are effective 

on the BuEC-G, a two-state fading channel model. 

Performance of Mackay (4161,3431) LDPC Code on BuEC-G Channel 
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We have proven the proposition which states that the optimal code ensemble for 

the BEC-G is also the optimal code ensemble for the BuEC-G, and similarly BuEC is 

equivalent to BEG. Given this fact, we have employed the Gaussian Approximation 

to the density evolution algorithm in [40] [11] as the basis for the design of codes 

which are optimal for the BuEC and BuEC-G, respectively We characterized the 

performance of these codes by the maximum resolvable erasure-burst length, Lmax, 

on the BuEC with a simple algorithm introduced in Chapter 3 [2] for computing 

this parameter for a specific LDPC code. The designed codes are superior to other 

codes which appear in the literature in terms of Lmax and error rate on the BuEC-

G. For moderate-length, high-rate codes, they share an identical performance while 

BEC-design is much less computation complexity and straight-forward. We have also 

presented error rate results which support our proposition. 
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CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER 

RESEARCH 

5.1 Conclusions 

In this dissertation we proposed a new class efficiently encodable, moderate-

length, high-rate irregular LDPC codes, namely, extended irregular repeat accumu

late (eIRA) codes. For moderate lengths and high rates, these codes are superior 

in performance to alternative approaches and allow low-complexity encoding and 

decoding. 

Richardson et al. [11] pioneered techniques for obtaining optimal degree distri

butions for irregular LDPC codes. However, "optimal" holds only for codes with 

an infinite codeword length and an infinite number of decoding iterations. Simula

tion shows a high error-rate floor for one such realization of a code with parameters 

(4161,3430) and an "optimal" degree distribution. In Chapter 2, we constrain the 

number of degree-2 variable nodes to achieve a maximum cycle-free block, together 

with an extra degree-1 variable node, which correspond to the parity bits. This mod

ification improve performance for the moderate-length, high-rate LDPC codes and 
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lead to vastly simplified encoders. The complexity of these encoders is much smaller 

than might be achieved using the technique proposed in [12]. 

In Chapter 3, we demonstrate LDPC codes are superior to RS codes in the presence 

of bursts on the EPR4 channel in the error-rate region simulated. We propose the 

new decoding scheme to mitigate the deleterious effects by feeding the channel state 

information (CSI) to both EPR4 SISO decoder and LDPC decoder. Previous work 

in this area fed no CSI to the LDPC decoder, resulting in severe error-rate curve 

flattening. Because of this, LDPC codes are good candidates to the sole error control 

code in the storage systems. Further, we define a new measure to quantify a given 

code's burst noise efficacy by a single parameter, the maximum resolvable erasure-

burst length, L^ax- We also have presented a fast algorithm to find Lmax for any 

specific LDPC codes. 

In Chapter 4, we presented a simple yet effective code design approach which uses 

the BEC as a surrogate in the design for BuEC and BuEC-G. This allows simple 

low-effort design procedures and the designed codes are as good as those optimized 

with much more complicated design methods. 

There are still many open issues that must be resolved before a complete analysis 

and application of low-density parity-check codes. In the next section, we identify a 

few key areas that warrant further research and development. What follows is by no 

means a complete list. 
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5.2 Recommendations for Further Research 

Pseudo-random constructions of codes on graphs work well, particularly for long 

block lengths, but more structured algebraic constructions are desirable both in or

der to describe codes compactly and to control their distance and graph-theoretic 

parameters more precisely. Structured codes simplify both encoder and decoder im

plementation in hardware. The rediscovery of finite geometry codes [25] encourages 

us to explore the other algebraic coding classes, such as the BCH codes and the RS 

codes, etc. They are rich in the combination of code length and code rate, which 

generates great flexibility for various applications. 

Although the theoretical analysis of iterative algorithms in graphs with cycles 

has attracted much more attention, our results demonstrate that short cycles {e.g., 

length 6) and other graphical configurations do not have as much of an influence on 

the level of the floor as does dmin, at least for the high rate codes. This was first 

pointed out by the work of Lin et al. [27]. Further, the general knowledge tells us that 

codes with shorter block length enjoy lower latency and fewer physical constraints, 

but suffer from a smaller coding gain and higher error-rate floor. In Chapter 2 , 

we constructed codes with block length less than 1000, although the performance 

of the (532,382) code is still worse than the EG (273,191) code. How to design of 

capacity-approaching (actually, sphere-packing bound approaching) LDPC codes for 

short block lengths and lower error-rate floor is still an open problem. 
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A joint consideration of source-channel coding scheme will be important for the 

development of sophisticated future communications system. For example, to use 

available bandwidth efficiently, we must decide the portion the bandwidth for error 

protection, i.e., the rate allocation. Assuming a fixed overall channel rate, we need 

to determine how much of the bit-rate is dedicated to source bits, and how much to 

channel-error protection. If too much rate is given to source bits, the channel errors 

will destroy the signal. On the other hand, if too little rate is given to source bits, 

the reconstruction quality will be poor due to over-quantization of the source data. 

We also need to take into consideration of a broader class sources and channels. 
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Appendix A 

COMPARISON OF DECODING EFFICIENCY: EIRA VS. FG 

LDPC CODES 

A.l Decoder Efficiency 

The eIRA codes use the standard message passing decoder described in Sec

tion 1.2.3. Here we compare the computational complexities of the decoders for 

a (4161,3430) Euclidian Geometry (EG) code and a (4161,3430) eIRA code, both of 

which have very low error-rate floors (see Example 2, Section 2.2.5). 

The decoding complexity of LDPC codes is estimated by counting the number of 

operations involved in each decoding iteration. [48] 

To compute the complexity, it helps to consider the simple problem of calculating 

all JV sums of the subset of A'" — 1 numbers, for a list of N numbers zi,z2, • • • ,Z]s. 

First, sum up the first N —1 numbers which costs N — 2 additions. Then 

add the last number for the total sum T = Zi. Then for i = 1,2,... ,N~ 1, 

subtract each of the numbers from T to obtain the sums of the subsets, T — Zi. This 

requires a total of (A' — 2) + 1 + (A" — 1) = 2(N — 1) additions. 

For an irregular LDPC code, suppose the parity check matrix has t y [ i ]  variable 

nodes in the column and t(.[j] check nodes in the row. Also notice, for an m x n 
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parity check matrix, 

n m 

S = tc[j]  = total number of entries in the H matrix 
i=l j=l 

(A.l) 

A. 2 Comparison 

1. Variable to Check Complexity 

It is required to find the ty[i] sums of subsets ~ 1), which uses 2{ty[i] — 1) 

additions. Considering the channel information, which requires another addi

tion, for a total of 2ty[i] — 1. Since the parity check matrix has n columns, the 

total number of additions is — 1) = 2 — n = 2S — n. 

2. Check to Variable Complexity 

There are 2tc[ j ]  table look-up operations $(.) and 2{tc[ j ]  — 1) additions. Since 

the parity check matrix has m rows, the total number of table look-up opera

tions is Y^jLi 2^cb] = 25; and the total number of additions is 2(icb] — 

1) = 2{S — m). 

Hence, in one iteration, there are a total of 2S table look-ups, and (25' — n) -f 

2(5 — m) — AS — n — 2m additions. 
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A. 3 Example 

We compare the EG code { m = n = 4161, since H matrix is square) with the 

eIRA code (for which n — 4161, m = 731). 

1. EG code has a regular matrix with ty = 64 

n 

5 = ^ = 4161 X 64 = 266,304 
i=l 

The total number of addition operations is 

A S - n - 2 m  =  A x  266,304 - 4,161 x 3 = 1,052,733 

And the total table look-up is 

2S = 2 X 266,304 = 532,608 

2. eIRA code with ty = 1/2/5 

n 

S = = 3,430 X 5 + 730 X 2 + 1 - 18,611 
i=l 

The total number of addition operations is 

45 - n - 2m = 4 X 18,611 - 4,161 - 2 x 731 = 68,821 

And the total table look-up is 

25 = 2 X 18,611 = 37, 222 
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3. Ratios (per iteration) 

Additions: 

Table Look-ups: 

EG 1,052,733 

eIRA 68,821 

EG 532,608 _ ^ 
rtabie 2^ 222 ~ " 

Thus, for this example, a EG code implementation is 14-15 times more complex 

than an eIRA code implementation. However, those numbers don't tell the whole 

story. For example it is possible that the cyclic structure of the EG code may be 

exploited in a chip implementation to achieve a lower complexity. Also, from the 

viewpoint of the software implementation, the total complexity of an operation should 

be the complexity per iteration times the average number of iterations (for a given 

operating point). Table A.l lists the average number of operations for both codes on 

two operating points, Pi, = 10~® and Pb = 10"^ respectively. It is clear that the EG 

code requires about half the number of iterations on average. 

In Table A.2, we multiply the per-iteration complexity ratios and the average 

number of iterations ratios derived from Table A.l. The products give the ratio of 

the total number of operations needed to decode a codeword, on average. It is seen 

that, on average, eIRA code requires 1/7 fewer operations than does the EG code. 

Thus, the software simulation for eIRA code should run about 7 times faster for a 

given operating point. 



Table A.l: Iteration Comparison of Decoding Complexity. 

Pb EG Code eIRA Code 

10-^ 3.22 iterations at 3.8 clB 6.58 iterations at 3.5 dB 
10-9 2.27 iterations at 4.1 dB 4.53 iterations at 3.9 dB 

Table A.2: E ̂ atio Comparison of Decoding Complexity. 

Operation 10-^ 

1 o
 

r
—
1
 

Addition Tadd X lil 0:^ 7.487 Tadd X fi 2^ 7.667 
Table Look-Up rtable X ~ 7.003 rtaUe 7-171 
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