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ABSTRACT 

Reliability quantification is one of the most important tasks in Reliability 

Engineering. During the design, development, and operational phase, this information can 

be very valuable to the product's designers, and users. The designers can use it to guide 

their design, find the design's weak points. Users can use it to setup maintenance plans 

and schedule. 

PCBs, as the major building block of electronic equipment, have been widely 

used in modem complex systems, such as aircraft, automotives, laptop computers, etc. Its 

reliability plays a vital role in the whole system's reliability. Thus, effective and accurate 

quantification of PCB's reliability becomes very essential to the whole electronic 

system's reliability quantification. Random vibration and thermal cycling are two 

common environments experienced by PCB's. As a result, quantifying the reliability of a 

PCB under these two environments becomes necessary. Currently, in industry, the 

commonly used methods to quantify the reliability of a PCB are the MIL-HDBK-217 and 

Bellcore type methods. However, the lack of accuracy and slow pace of updating the 

databases have limited the usage of these methods. 

In this dissertation, a Modified Stress-Strength Interference (MSSI) method is 

proposed to quantify the reliability of a PCB. In this method, not only the stress and the 

strength are assumed to be distributed, but also is the mean value of the strength, so that 

both the initial designed-in reliability and the reliability at any time can be quantified. 

Based on this method, a reliability quantification model for the PCB is developed. In this 

model, a PCB is divided into three parts; i.e., board, interconnects, and parts and modules 
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mounted on the board. Seven (7) failure modes related to the board and the interconnects, 

and one (1) failure mode related to the module have been investigated. The dependence 

between these failure modes is studied and incorporated into the reliability quantification 

model. A three-step popcorn effect reliability quantification model is also proposed by 

means of considering the failure mechanism of the popcorn effect. Finally, a 

comprehensive example is given to demonstrate the usage of the methodology proposed 

in this dissertation. 
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CHAPTER 1 

INTRODUCTION 

1.1 Importance of Reliability Quantification 

Reliability Quantification is one of the most important tasks in Reliability 

Engineering. During the concept feasibility study phase, reliability quantification can 

provide a baseline for feasibility evaluation, and be used for comparing and evaluating 

different design concepts; during the design phase, it can help the designers to determine 

the potential reliability problems and verify if the design concept is acceptable in terms of 

the reliability requirements so that the expensive late design changes can be avoided; 

during the usage phase, it can help users to determine the maintenance strategy and 

logistic support planning, such as determining the number of spares, establishing the 

correct timing for maintenemce if the reliability-centered maintenance concept is adopted. 

Reliability quantification can also be used as inputs to other reliability tasks, such as 

Failure Mode, Effect, and Criticality Analysis (FAMECA), and cost analysis. 

The most effective way to conduct reliability quantification, in my opinion, is 

through reliability testing and/or collecting field data. But unfortunately, many factors 

restrict the usage and effectiveness of this method. First of all, reliability testing is 

expensive and time-consuming for the majority of current products, especially electronic 

equipment, including Printed Circuit Boards (PCB), which encounter extremely strong 

global competition and have a very short time to market. Thus, there is not enough time 

available to conduct reliability testing. For example. Parry [1, pp. 862-868] reported that 

the time-to-market for today's electronic systems is only a few months; secondly, as we 



all know, the accuracy of the test results, and in turn the accuracy of the reliability 

quantification rely, to a large extent, on the test sample size. Study results [2, p. 725] 

show that for an exponential distribution case, 270 units are required if the required 

precision is ±10% at 90% confidence level. Thirdly, there are many cases, especially in 

the early development phase, where no prototype or product is available for reliability 

testing. Therefore, using the analytical method to quantify product reliability becomes a 

very attractive and desired tool, particularly for product designers. 

1.2. Statement of the Problem 

Printed Circuit Boards are the most important parts in electronic systems. 

Their reliability will directly affect the reliability of the electronic system. In past 

years, much research has been conducted and aimed at improving PCB reliability. 

For example, much research focused on solder joint reliability and its fatigue life 

quantification [3, pp. 347-353; 4, pp. 266-270; etc.]; some focused on the plastic 

package popcorn problems [5, pp. 56-65; 6, pp. 301-308; 7, pp. 362-367; etc]. 

However, to my knowledge, there is no research on reliability quantification of 

PCBs other than using the MIL-HDBK-217 [8, 250 pp.] types of methods, which we 

will show have some big shortcomings. One of the closest works was done by 

Zhang [9, 187 pp.]. He studied the reliability quantification of plates under random 

vibration, such as ideal white noise excitation, band limited white noise excitation, 

and temperature loads. However, PCBs are different from plates in many aspects: 

Firstly, a PCB is a multi-layer laminate board and one of its major failure modes is 

delamination; secondly, it includes many active parts which will generate heat; 



thirdly, there are many solder joints between parts/modules and the board. Therefore, 

reliability quantification of PCBs is much more complicated than that of a plate. 

Figures 1 and 2 illustrate a PCB and a part mounted on the board using solder balls 

(leadless joints). 

Before we proceed further, some terminologies used in this dissertation needs 

to be clarified. 

Part: 1. A certain portion of anything; 2. General term for components, and 

modules mounted on the board. 

Component: Discrete part mounted on the board, such as a resistor, or a capacitor. 

Module: Part mounted on the board in the form of a package. It is also called a 

package. 

Packaging part: Anything other than the chips in the Module. 

Board: The base of the PCB on which parts are mounted. 

Figure 1.1 illustrates a PCB, and Figure 1.2 illustrates a part on the board 

with ball grid array interconnect. We can see from these two figures that a PCB can 

be roughly divided into three sections: board, interconnects between the board and 

the parts on the board, and the parts. Therefore, the reliability of the PCB can be 

found by studying the failure modes of each section. 
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Fig. 1.2 

Section I 

Fig. 1.1 - Illustration of a PCB. 

ai Section III 

Fig. 1.2 - i"^ active part illustration. 

1.3 Thermal Load and Vibration Profiles 

In this dissertation, we will only consider two environment conditions; namely thermal 

and vibration. This is because almost all the electromechanical failures of electronics is 

due to these two conditions, about 80% thermal and 20% vibration [10, p. 39; 11, 12 pp.]. 

Considering that most of the PCBs, especially in the consumer products, will keep 

working for a long period of time after they are turned on. We will ignore the transient 



temperature effect and only consider the steady state case in this dissertation, which 

means we assume that the temperature is constant. Figure 1,3 illustrates an example of 

this thermal profile. 

For vibration environments, we assume that the electronic box is experiencing a 

random vibration. Figure 1.4 illustrates one of these profiles. 

t»tr 

0 time 
>• 

t 
tr 

Fig. 1.3 - Illustration of the thermal profile. 

Time, t 

Fig. 1.4 - Illustration of vibration profile. 
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1.4 Cvirrent Commonly Used Analytical Reliability Quantification Methods of PCBs and 

Their Status 

In electronic industries, the reliability quantification of PCBs was mainly done by 

using the MIL-HDBK-217 type of method, such as Bellcore Reliability Prediction 

Procedures for Electronic Equipment (Bellcore RPP, now called Telcordia) [12, 138 pp.]; 

Nippon Telegraph and Telephone Corporation Standard Reliability Table for 

Semiconductor Devices (NTT Procedure); British Telecom Handbook of Reliability Data 

for Components Used in Telecommunications Systems (British Telecom HRD-4); French 

National Center for Telecommunications Studies Recueil De Donnees De Fiabilite Du 

CNET (CNET Procedures); and Siemens Reliability and Quality Specification Failure 

Rates of Components (Siemens Procedure). John, B. B [13, pp. 2-12] analyzed and 

compared these six widely used reliability prediction procedures. These types of methods 

are all based on the following assumptions: 

• The product failures are only due to the failures of parts in the product. Normally 

it is assumed the mechanical and electrical connections between parts or between 

parts and the board are perfect. Mechanical parts reliability is normally assumed 

to be 1. 

• The base failure rates of parts are known and are constant. 

• The time-to-failure of products follows the Exponential Distribution. 

• Environmental, product quality, and other effects can be incorporated by using 

environment, quality, and other factors. 
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We take the MIL-HDBK-217 as an example to demonstrate how these methods 

work. 

In MIL-HDBK-217, two methods are provided. One is called the Part Stress 

Analysis (PSA) method, mainly used at the later design and development phase when 

more information about the product is available. The other is called the Parts Count 

Method, which is mainly used in the early design, or concept phase where there is not 

enough information available. 

1.4.1- Failure Rate Models for the Part Stress Method 

Based on the product type, there are two models available. For microcircuits, 

including bipolar, MOS, and microprocessors, the failure rate model is given as [8, 5-3]: 

1 T 2 ̂  F ^ ̂ Q ̂  // ' ( ̂  ~ ̂  ) 

where 

= part failure rate, 

Ci = die complexity failure rate, depending on the number of gates for 

bipolar, MOS parts, and number of bits for microprocessors, etc, 

C2 = package failure rate, depending on number of function pins, 

Tlx = temperature factor, 

tie = environment factor, including ground, naval, airborne, space, missile 

environment, there are also several subcategories within 

each category, 

tiq = quality factor, 

and 
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tcl = learning factor. This factor considers the effect of production maturity 

on the part failure rate. A new part might have higher factor than a 

mature part. 

For the rest of the types of parts, such as discrete semiconductors, tubes, 

lasers, resistors, capacitors, inductive devices, rotating devices, relays, switches, 

connectors, interconnection assemblies, connections, meters, quartz crystals, lamps, 

electronic filters, fuses, etc., the following type of a model is used [8, 3-6]: 

^T ̂  A ̂ R S ̂ C ̂ Q ̂ E ^ (1 

where 

Xp, ;iT, tiq, and tie are as defined previously, 

Xb = base failure rate, 

tta = application factor, 

tir = resistor factor, 

Tis = stress factor, 

and 

Tic = capacitance factor. 

1.4.2- Parts Count Method 

The Parts Count Method is used when there is insufficient information 

available. The basic model for this method is given as [8, Appendix A]: 

'I, (1-3) 
(=1 

where 



A,p = total product failure rate, 

Xg = failure rate for the i'^ part, 

TtQ = quality factor for the i"^ part, 

Ni = quantity of the i"^ part in this product, 

and 

n = number of different parts in the product. 

It should be noted that Eq. (1-3) is only applied if the entire product is being 

used in one environment. If not, this equation should be used for each environment 

and then, sum the failure rates in each environment together to obtain the product's 

failure rate. 

The advantage of this method is that it is simple and easy to use. However, it 

has a big drawback; its accuracy is very poor. Therefore, using its result to guide the 

design may mislead the designers. Pecht, M. [14, pp. 1-7] even suggested 

abandoning the usage of the MIL-HDBK-217 type of method after reviewing the 

development history of reliability quantification methods, technology advances, and 

the drawbacks of these methods. His conclusion may be overstated but he really 

pointed out some problems embedded in these methods. For example, he found out 

that through his study: a) the base failure rates of the parts were not updated quickly 

to reflect the technology advances; b) the exponential distribution can not represent 

the failure mechanism of some products; c) Arrhenius type formulations of the 

failure rate in terms of temperature can not represent the failure mechanism related 

to thermal loading, etc. Regarding the point "c" that Pecht, M. made above. Parr [15, 



pp. 533-538] also found that using the Arrhenius law to express diffusion-dominated 

or chemical-related failure mechanism is not proper. He thinks that the reasons for 

the Arrhenius law being unfavorable are that some failure mechanisms only occur 

above a certain temperature and some may be suppressed at high temperature. Data 

had shown that in the temperature range of -55°C to 150 °C, failure mechanisms are 

mainly not due to high steady-state temperatures, but thermal gradients. I also found 

in my personal experience that reliability quantification results obtained from the 

MIL-HDBK-217 or similar methods can be different from the field results by an 

order of several magnitudes. Leonard [16, pp. 895-902] reported that the MTBF 

predicted (10,889 hr) using MIL-HDBK-217D for a full authority electronic control 

was about three times different than its field observed MTBF (30,000 hr). The 

reasons for the disagreement, in my opinion, are mainly due to the following: 

a. The base failure rates of the parts given in the standard did not correctly 

represent the parts in the product, or not updated as technology advanced. 

b. Employing factors to reflect the environment, stress, quality effects may 

cause a big accuracy problem since several factors cannot cover all kinds of 

environments, stress condition and quality level. 

c. Missing consideration of the effect of mechanical and electrical 

interconnects and other failure mechanisms on the product failure rate, such 

as solder joint failures, and board delamination. Not considering these effects 

was alright in the past because parts used to be very unreliable and parts' 

failures dominated the failure rate of the product. Now the reliabilities of 



parts have improved, and they are much higher than that of solder joints and 

other mechanical parts, consequently not considering their failure rates is 

definitely unacceptable. For example, Pecht [17, pp. 1160-1164] reported 

that for avionics system, 50% of total failures are due to part failures in the 

70's, but in the 90's the part failures is almost negligible, the major failures 

are due to handling, electrical overloading, process related failures, etc. The 

five-year study issued in 1992 by the Semiconductor Industry Association 

(SIA) also indicated that the electronic parts reliability had been improved 

from 200 ppm. defects to 40 ppm. defects. If considering the fact that Pecht's 

report and the SIA's research were conducted in the early 90's and much 

improvement on parts reliability has been achieved since then, we can 

conclude that the parts' failures are no longer dominating the failure rates of 

the electronic devices, therefore interconnect and other failure mechanisms 

must be considered. 

1.4.3 - The RAC PRISM Method 

In response to the shortcomings of the MIL-HDBK-217 type of methods, the 

Reliability Analysis Center (RAC) developed a new method, PRISM [11, 12 pp.], 

intended to improve the accuracy of reliability quantification. In this method, two 

models are introduced: one is the system level reliability quantification model, and 

the other is the part level reliability quantification model. In both models, more 

factors are incorporated. For example, in the system level model, besides the 

environment factor, parts process multiplier, infant mortality factor, design process 
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multiplier, system management process multiplier, reliability growth factor, 

manufacturing process multiplier, etc. are also included. 

In the part level model, a solder joint factor is introduced with other factors. 

Equations (1-4) and (1-5) depict these two models. Unfortunately, this method still 

doesn't completely solve the shortcomings which the MIL-HDBK-217 type of 

methods possesses. For example, the levels of the factors are still unable to cover all 

of the situations, and many failure modes, such as the popcorn effect of plastic 

packages, are still not considered. Regarding the data update problem, the frequency 

of RAC updating its data bank is not clear yet, thus whether the data used in the 

quantification reflects the current technology or not is still uncertain. 

The system level model is given as [11, p. 4]: 

•^s ~ ̂ 1 IM^E ^U^G ^lE^a + ^/ + ^ N  + ' (^"4) 

where 

X,s = system failure rate, 

Xi = initial failure rate of the system, 

7Cp - parts process multiplier, 

tiim = infant mortality factor, 

tte = enviroimiental factor, 

tid = design process multiplier, 

%G = reliability grovv1:h factor, 

TtM = manufacturing process multiplier, 

7is = system management process multiplier. 
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7ti = induced process multiplier, 

tin = no-defect process multiplier, 

Tiw = wearout process multiplier, 

and 

A,sw = software failure rate. 

The part level reliability model is given as [11, p. 7]: 

Q ~l~ ^^j7t~1~ , (1-5) 

where 

A,p = part failure rate, 

Xo = failure rate from operational stresses, 

TTo = failure rate multiplier for operational stresses, 

= failure rate from environmental stresses, 

k e  = failure rate multipliers for environmental stresses, 

Ac = failure rate from power or temperature cycling stresses. 

Tic = failure rate multipliers for cycling stresses, 

A,i = failure rate from induced stresses, 

X-sj = failure rate from solder joint, 

and 

Tisj = failure rate multipliers for solder joint stresses. 

To my knowledge, there is only one application [18, 14 pp.] for this method so 

far, and its accuracy is not yet confirmed since it was used in a newly developed 

product and there are no data available. 



In this dissertation, a new reliability quantification method for the PCBs will 

be developed by considering different kinds of failure modes of PCBs and using the 

modified stress-strength interference theory. 



CHAPTER 2 

MODIFIED STRESS-STRENGTH INTERFERENCE THEORY 

2.1 Introduction 

The stress-strength interference method originates from the mechanical reliability 

field. It is based on the assumption that both stress and strength are distributed variables 

and failure will occur when strength is less than stress. This assumption is true since 

uncertainties exist everywhere in our real life. For example, in engineering, the 

uncertainties may be due to physical phenomena that are random or the variability of the 

physical process, such as manufacturing process, or due to the measurement error, or 

prediction error. The existences of these uncertainties require us to consider all the design 

variables as randomly distributed instead of a single deterministic value. 

One thing needs to be clarified is that even though this method is called the stress-

strength interference method; it can be applied to a broader class of problems. The term 

"stress" should be considered in a broader sense as any load or load-induced response 

quantity that has the potential to cause failure. The term strength should also be 

considered in a broader sense as the capacity of the part to withstand the "stress". For 

example, if the reliability of a PCB is defined as the probability of the deflection of the 

PCB being less than an allowable value. Then, the "stress" in this case will be the PCB's 

real deflection, and the strength will be the allowable value of the deflection. In this 

dissertation, stress and strength terms will still be utilized, but it should be kept in mind 

that it is in a broader sense. Kececioglu, D.B. [19, 688 pp.] applied this theory to 

mechanical components and structures and obtained very good results. Kim. J. [20, pp. 



286-295] applied this theory to quantify the reliability of high voltage ceramic capacitors, 

and Suhir, E. [21, pp. 215-223] utilized the coefficient of thermal expansion as stress and 

strength parameters to quantify the reliability of seal glass. 

One shortcoming of the method used by all three authors above is that they only 

consider that the stress and strength are constant-parameter distributions, meaning that 

the distribution parameters for stress and strength do not change. This may be true for the 

stress distribution as long as the product is used at one specified condition, but it is 

obviously not true for strength distribution. Without considering strength degradation, 

one can only determine one reliability value; i.e., the designed-in reliability of the product. 

But the time dependent reliability, which is just what the users, even designers want 

cannot be determined. The reliability definition also shows the importance of the time 

dependent reliability, which is stated as "Reliability is the probability that parts, 

components, products, or systems will perform their designed-for functions without 

failure in specified environments for desired periods at a given confidence level" [22, p. 

2]. MIL-STD-721 [23, P.8] gives a similar definition. This definition tells us that 

whenever talking about reliability, it must be related to the environment the product is 

operated in and the length of the operation. Kececioglu, D. B. [19, 688 pp.] considered 

the fatigue failure case but assumed that the strengths are known. 

The modified stress-strength interference (MSSI) method will consider strength 

change with time so that the time-dependent reliability can be determined. 
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2.2 Modified Stress-Strength Interference (MSSI) ReUability Quantification 

The modified stress-strength interference method is very simple mathematically. 

If we assume that the stress, s,^ and the strength, of a product follow a distribution 

with pdf (s, S), then the failure probability (unreliability) of this product is defined as 

CO s  
F = P(s>S)= i  I f^^{s ' ,S ' )ds 'dS ' ,  (2-1) 

— 00 — 00 

where 

f = joint pdf of stress and strength distribution. 

The shaded area shown in Fig. 2.1 represents the failure probability or unreliability. 

Strength/stress s, S 0 

Fig.2.1 Illustration of the stress-strength interference theory. 

t 
tt 

We will use lower case s denoting stress hereafter. 
We will use capital letter S representing strength hereafter. 
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S(t=0) 

t3 

X )  

Strength/stress s, S 0 

Fig. 2.2 - Unreliability using the stress-strength interference method. 

Figure 2.2 illustrates the unreliability change with time at given stress and 

strength distribution. From this figure, we see that the unreliability (shaded area) is 

getting larger and larger with time due to the degradation of the strength. 

It should be noted that s' and S' in Eq. (2-1) represent two variables not the 

derivatives. The purpose of doing this is to differentiate them with s and S. In 

mathematics, these are called dummy variables. Other symbols such as x, y could be used 

9 9 9 instead, the results are the same. For example, xdx = ydy = '' • = = 3 / 2 . 

2.2.1 Reliability Quantification for a Single Failure Mode 

If a product in question has only one failure mode, its reliability can be quantified 

using the following several methods based on the dependence between the stress and the 

strength distributions, the distribution types of the stress and the strength, and other 

factors which will be clear as we are moving on. 
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2.2.1.1 Stress and Strength Distributions Are Known and Independent 

In this case, the failure probability is given as: 

00 00 
p(i>s)= j ( 

-COS' ^ 

00 

= !  ga(S ' , t )  
• 00 

00 

00 
I  f  (s ' )ds '  

S '  
dS ' ,  

= 1 g^(S ' , t )R^{S')dS' ,  
- 00 

where 

00 

and 

( S )  = 1 /  (s ' )ds '  is the reliability function, 

/,. and g ̂ = pdf of the stress and the strength, respectively. 

The reliability is given as 

00 00 

= I j  f ^ (s ' )g^iS ' , t )ds 'dS ' ,  

00 

= f 
— 00 

00 

• 00 s  

00 

j  gAS' , t )dS'  
\ s  

ds ' .  

= J f^{s ' )R^{s ' , t )ds ' ,  
- 00 

(2-2) 

(2-3) 

or 
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00 S '  
R  =  P ^ S > s ) =  I  \  f ^ i s ' ) g ^ i S ' , t ) d s ' d S ' ,  

—  0 0 — 0 0  

00 ^ ^ 
= j g A S ' j )  

' S '  
— 00 

00 

S'  
1 fAs ' )ds '  s  

V-oo 

dS' ,  (2-4) 

= j g^{S' , t )F^{S')dS' .  
- 00 

Then, the reliability can be found by finding the value of this integral. 

Example 2-1 

Assume both the stress and the strength follow the exponential distribution with 

mean of 100 and 1,000 kpsi at age zero. Find the product's reliability at the age zero. 

Solution to Example 2-1 

From Eq. (2-3), the reliability of the component at age zero is given by 

00 

-^(0= J f^{s)R^{s)ds, 
- 00 

00 1 - — - — 00 1 - (, + )x 
S d x = \  - ^ e  ' ' 0 " °  d x ,  

0 ^ 0 100 

or 

i?(0 = 90.91%. 

Example 2-2 

Assume that the stress follows the exponential distribution with mean of 100 kpsi, 

and the strength follows the two-parameter Weibull distribution with the shape 

parameter, P, of 2 and the scale parameter, r|, of 1,000 kpsi at age zero. Find the 

product's reliability when the product is first put into operation. 



Solution to Example 2-2 

From Eq. (2-3), the reliability of the product at age zero is given by 

CO 

^(0= i f ^ ( s ) R g ( s ) d s ,  

- 00 

\ — e  d x  =  {  e  ' s  '  m  
— -f—1 'OOg dx. 

Using Mathcad yields 

i?(0 = 98.1%. 

It is easy to show that if both stress and strength follow the normal 

distribution, using Eq. (2-3) or (2-4) will be very difficulty to quantify. In that case, 

the following method should be utilized. 

2.2.1.2 Both Stress and Strength Are Normally Distributed and Independent 

In this case, one of the important properties of the normal distribution will be 

used. As we know if two independent normal variables 's' and 'S' have mean 

— ^ 2 2 s  and 5", and variance cr,. andcr^. , respectively, then, S-s is also a normal random 

— 2 2 variable with mean of 5 - and variance of <j^ + . 

If we define a performance function or a limit state as Z = S-s, then, Z 

• —~ _ 2 2 2 follows a normal distribution with mean //, = S - s and variance cr^ = + cr^ . 

Then, Z > 0 means no failure occurs, and Z < 0 means failure occurs. 

If now's' is stress, and 'S' is strength, then the reliability at any time t is 

computed from 
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RiO = P{z > 0) = \ f{z)dz  =1-0 

= 1-0 S -  s 
2 , 2 

+ c? j y 

= 0 
f  _ \  

S - s  
2 , 2 + ctc. 

V 

(2-5) 

where 

1 i ̂  
dt , it is the cdf of the standard normal distribution 

v2;r 

as illustrated in Figure 2-3. 

If we denote 

w = >"z S - s  
2 I ^2 s + <^.v 

(2-6) 

m = reliability index. 

Then, Eq.(2-5) becomes 

R { t )  =  1 - 0(-m) = € > ( m ) . 

This is due to 0(-m) = 1 - 0(/w) 

(2-7) 

The derivation of Eq. (2-5) is given in Appendix A. 
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(D(z) 

Fig. 2.3 - Illustration of the definition of 0(z) and 0(-z). 

2.2.1.3 Geometric Explanation of the Reliability Index 

The reliability index defined in Eq. (2-6) has been widely used in the stress-

strength interference method. Its geometric explanation has been a topic of interest 

to many researchers, such as Hasofer [24, pp. 111-121], Grigori, [25, pp. 155-165], 

Lind [26, pp. 447-452], and Dolinski [27, pp. 211-231]. In this section, a brief 

introduction of the reliability index geometric explanation will be discussed to 

provide a foundation for later section discussions. 

For a performance function 

Z ( S , s ) ^ S - s ,  

if we make the changes of variables u  =  ( S  -  S ) /  and v  =  ( s - s ) /  , then 

S = S + (TgU , and s  = s  + cr,v, 

thus, the performance function can be written as 
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Z(u , v )  = S -  s + (TgU - (T^v. (2-8) 

Plotting z(u,v) in the coordinates of'u', and 'v' yields the Fig. 2.4. After 

some basic algebraic operations, we can see the "shortest distance" from the 

origin to the Z(u,v) = 0 line (or curve when the Z function is non-linear, which 

will be discussed in detail later) is the reliability index m given by Eq. (2-6). 

Appendix B provides the proof The coordinates of the intersection point 'C of 

the shortest line OC and Z = 0 line are 

shown in Fig. 2.4, 

- m • 
2, ^ 2  

s + <^.v 
r, m -

cr. 
, as 

/ 

Z(u,v) <0 region, or 
the failure region 

Z(u,v)=0 

Z(u,v) >0 region, or 
the reliable region 

o u 

Fig. 2.4 - Illustration of the geometric expression of the reliability index. 

In general, if both the stress and the strength are linear functions of many 

independent normal variables, such as 

S ( X ^ , X 2 , . . . , X ^ )  -  Q q  + a , x ,  + ^ 2 x 2  + — '  (2-9) 
/ = i  
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and 

m 

*^(^15^2 = ^0 +^1^ +^2^2 + - • (2-10) 
/=1 

Then, the reliability of the product can be computed using Eqs. (2-6) and (2-7), with 

n n 

S = a ,  +  '  
(=1 /=i 

and 

m n 

- s = b , + % b , Y „  c r ] = ± b j a l .  

/=1 /=1 

2.2.1.4 Both the Stress and the Strength Distributions Are Unknown 

In reality, we always find we are in the situation where the stress, the 

strength, and in turn the performance function are nonlinear functions of many 

independent normal variables. In this case, to find the reliability, an integration of 

the joint probability density function over the nonlinear region should be performed, 

that is 

s = jj- • • J/x„x. , , (X„X, , . . . ,X„)dX,--dX„.  (2-11) 

In practice, however, it is almost impossible to know the joint pdf of the 

performance fimction due to many reasons, such as insufficient data. Furthermore, 

even when the pdf is known, the exact evaluation of the multiple integral generally 

requires numerical integration which may be impractical in engineering. In addition, 

since the stress and the strength are always a nonlinear function of many variables, it 

is hard to find the explicit stress and strength distributions. Thus, using Eqs. (2-6), 
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(2-7), or (2-11) to quantify the reliability, is either not possible or not applicable. In 

this case, the following methods can be used. 

2.2.1.4.1 The Taylor Series Expansion Method (TSEM) 

In the case of nonlinear functions of the stress and the strength, the 

performance function can be expressed as 

where Xi and Yj are normal variables, i = l,...,n and j = l,...,m.. Using the Taylor 

series expansion, we have 

o(*) = second or higher order terms. 

If we believe that the second order and higher order terms can be dropped 

without causing too much error, then the performance function can be expressed 

Z^S{X„X„. . . ,X„)-s{Y,J„. . . ,Y„,) ,  (2-12) 

n 

Z = S(X„X„. . . ,X,)  + Y.l^ Y (X~X,) + o(X-X,f 
/=1 i  

(2-13) 

where 

as: 

— — — " 

Z ^ S ( X „ X „ . . . , X , )  +  2 l ^  y  ( X - X , ) -

— — — - (r-r,). 
/=1 

(2-14) 

Since £(X-X,.) = X-X = 0,and £(7-}^.) = 7 - 7 = 0; 

then, 



(2-15) 

and 

[sy,  K,, , )  
(2-16) 

Then, the reliability can be computed using Eqs. (2-6) and (2-7). 

2.2.1.4.2 Minimum Distance Method (MDM) 

The problem with the Taylor Series Expansion Method used in the nonlinear 

performance function case is that expanding the series about the mean value of each 

variable may cause a big error, which can be seen from Eq. (2-13). To solve this 

problem, a Minimum Distance Method can be used. From the geometric explanation 

given in Section 2.2.1.3, we see that the shortest distance from the origin to the limit 

state line (or the so called failure surface) may be more proper to represent the 

reliability index'm' in this case. The point on the failure surface with minimum 

distance to the origin is called the most probable failure point [28, pp. 109] or the 

design point. The actual meaning of the MDM method is that we use the tangent 

plane at the most possible failure point to represent the actual failure surface. 

Therefore, in some sense, this method is the same as the TSEM; the only difference 

is that the Taylor Series Expansion Method is expanded about the mean values of 

each variable, while this method is expanded about a set of optimum values. This 

method has been used by many researchers, such as [24, pp. 111-121], [25, pp. 155-

165], [26, pp. 447-452], and [27, pp. 211-231]. Figure 2.5 illustrates a simple 

nonlinear performance case, and compares the TSEM and the MDM methods. In 
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this figure, the dashed line represents the case when the Taylor Series Expansion 

Method is used; the short-dashed line is the case when the Minimum Distance 

Method is used, while the solid curve is the plot of the real limit state curve. We see 

that the Taylor series Expansion Method might overestimate or underestimate the 

reliability depending on whether the failure surface is convex or concave. For this 

example, since it is concave, the Taylor Series Expansion Method underestimates 

the reliability since the smaller m value. 

Original limi' 

Fig. 2.5 - Comparison of Taylor Series Expansion Method with Minimum 

Distance Method. 

In general, let's denote the performance function as 

surface 

Limit-s 
expand 
design point mean 

Safe region 

-state 
ided a 
-state surface when 
ided about the 

Failure region 

Z{X„X„. . . ,X„)  = f{X„X„. . . ,X„) .  (2-17) 



It should be noted that now the performance function 'f is a nonlinear 

function of normally distributed variables X, (i = 1,..n). To use the MDM method, 

we need to change the original normally distributed variables, into what we call, the 

standard variables (some researchers call them reduced variables) using the 

following equation: 

Then, the performance function given by Eq. (2-17) becomes 

Z(xi,x2,...,x„) = /(X1 +c7,x,,X2 +0-2X2,...,X„ +cr„x„). 

Thus, the MDM method becomes an optimization problem, that is to find a 

X on the failure surface/(X, +cr,x,,X2 +(J2X2,...,X„ +cr„x„) = 0 such that 

is minimized, where x = [x,, Xjx„ .In other words, we need to find a point 

(X]', X2,..., x^) on the failure surface such that if we expand the performance function 

about this point, we can obtain a linear performance function and then, the shortest 

distance of this line from the origin is the reliability index. Figure 2.5 illustrates this 

idea. 

From the above, we see that the major problem for this method is how to find 

the design point. Many methods can be used to find this point. One of the widely 

used methods is the one proposed by Rackwitz, R. etc. [29, pp. 484-494]. 
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If we assume that the design point on the failure surface is located at 

X' = [X*, X*2 ,...,XlY! then the following procedures can be followed to find the 

product's reliability: 

1. Set the mean value of each variable as the initial value of iteration. 

2. Compute the following two quantities: 

d x ,  

=  a  
5/ 

ax,. 
,, and a* = 

^ 5/ ^ 

1=1 

(2-19a) 

3. Compute new X* using the following equation: 

Xj = Xf - Qj (7^ m . (2-1%) 

4. Plug this new X* into the constraint equation and solve for m. 

5. Using this m compute 

X, = -a,m. (2-19c) 

6. Repeat Step 2 to 5 until the desired accuracy is met. 

It should be noted here that the capital letter represents the original variables, the 

small letter represents the standard variable. This method works well as long as the 

limit-state surface has only one minimal distance point and when it is nearly flat in 

the neighborhood of the design point. If the failure surface is not flat, a higher order 

approximation should be used. Breitung [30, pp. 357-366], Kiureghian [31, pp. 

1208-1225] and other researchers discussed second order approximation method. 
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Grigoriu [32, pp. 155-165] introduced a control variable method and a linearization 

method to improve the accuracy of the quantified reliability. 

In this dissertation, however, the Matlab software will be used to solve this 

optimization problem. Appendix C gives a sample Matlab code used for the 

optimization. 

2.2.1.4.3 The Monte Carlo Simulation Method 

The Monte Carlo Simulation (MCS) method is a powerful method for 

solving the nonlinear case problem. In this method, based on the distribution and its 

parameters of each variable, a random number, which follows that distribution, can 

be generated. For example, for any normal distribution with the mean )x and the 

standard deviation a, the following equation can be used to obtain a random number 

which is normally distributed with the mean |x and the standard deviation a. 

ju + a-U, (2-20) 

where 

U = standard normally distributed value. 

For other distributions, it is also easy to obtain the random number using 

different software, such as Matlab, Minitab etc. After obtaining the random number 

for each variable, substitute them into the performance function, and compute the Z 

value. Repeat this process N times (we suggest N > 10,000), record the number of 

times at which the Z value is greater than zero, then this number divided by N gives 

the reliability. Repeat this process M times (we suggest M> 10). Then, the reliability 
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for the system can be obtained by averaging the M reliabilities. Figure 2.6 illustrates 

this process. 

Performance function 
Z = , p = 0, m = 0, q = 1. 

Generate the values for Xi's 
; (i=1,... n) based on their 
distributions. 

* 
Substitute Xi's values into 
performance function and 
compute its value Z. 

ifz >0 
^•m = m +1 

I f p < N  p  =  p + l .  

I f p  =  N  
Compute the reliability 

R(q) = m/N. 

I f q < M  q  =  q + l  

I f q  =  M  

Compute the reliability of system 
R = R(q)/M. 

Fig.2.6 - Procedures for Monte Carlo simulation. 

Example 2-3 

Assume the performance function is given as follows: Z =  a - b - c  where 

a ~ b ~ A'^(10,l), and c = 20. Find the reliability of this product using the 

following methods. 

a. Taylor Series Expansion. 

b. Minimum Distance Method. 
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c. Monte Carlo Simulation. 

Solution to Example 2-3 

a. Taylor Series Expansion Method 

Using Eqs. (2-15) and (2-16) yields, 

Z  - a - b  -  c  =  5 x 1 0 - 2 0  =  3 0 ,  

and 

_  — 2  2  ,  T 2  2  
( 7 2  —  C I  ( J g  +  b  ( 7 ^ ,  

= 5' xl^ +10^ xl^, 

or 

al =125. 

Then, the reliability index is computed from Eq. (2-6) 

m,,=^ = 2M3. 
Vl25 

Then, using Eq. (2-7) yields, 

R = 0(2.683) = 0.996352. 

b. Minimum Distance Method 

First let's rewrite the performance function as 

^ w) (//a + o-a v) - c = - c + M //, + V cr, //^ + o-„ cr, M V. 

Then, the partial derivatives are 

dZ ,  dZ 
— = o-a 6 ^ = o-fc « • 
ou ov 

Here u and v are standard variables of a and b.  



For the first iteration, assume a* = 5, and b* = 10. Then, 

— - cr„ b' = 1 x 1 0  =  1 0 ,  
du "  

and 

5Z = cr^ a = 1 x 5  =  5 .  
dv 

Then, from Eq. (2-19a), 

a; = = 0.894, 
vlo' +5' 

and 

K = I , , = 0.447. 
vlo' +5' 

Therefore, the new components of design point are computed using Eq. (2-19b), 

a = a - 0.894/w = 5 - 0.894w, 

and 

b* = b-  0.447W = 10- 0.447m. 

Substituting these two values into the performance function equation Z = a b -c 

yields 

0.4w' -11.175m + 30 = 0. 

Solving this equation yields 

m = 3.0086. 

Then, the new failure point becomes 

a  = a - 0 . 8 9 4 m  =  5 - 0 . 8 9 4 O T  =  2 . 3 1 0 ,  



and 

b '  = 6 - 0 . 4 4 7 ^  =  1 0 - 0 . 4 4 7 ^  =  8 . 6 5 5 .  

Repeating this process and the results are given in Table 2.1. 

Then, from Eq. (2-7), the reliability is obtained as 

i? = 0(2.933) = 0.9983. 

Next, we use Matlab to compute the reliability index. Using Eq. (2-20) and 

changing variables yield the following performance function: 

Z = (a + (T^ u ) { b  +  < J i , v ) - c - a b - c  +  a ( T , ,  v  +  b ( j ^ ^ u  +  ( j ^ ,  ( X i ^ u v ,  

or 

Z = 30 + 5v + 10w + mv. 

Now we need to find u and v such that is minimum, and u and v 

satisfy 

Z = 30 + 5v + 10w + mv = 0. 

Using Matlab we find that at w = -0.6549, and v =-2.8598, ^Ju^ +v^ is 

minimum and equals to 2.9339. Then, the reliability index is 

=2.9339 

Then, using Eq. (2-7) yields 

R = 0.9983. 

Appendix C lists the code used for the optimization. 
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Table 2.1 - Iteration results of Example 2-3. 

5Z 
Iteration Variable Values 

d X j  aa New X* m 
no. 

d X j  

ab 
1 a 5 10 0.894 2.310 

3.009 b 10 5 0.447 8.665 3.009 
2 a 2.310 8.665 0.966 2.164 

2.936 b 8.665 2.310 0.258 9.243 2.936 
3 a 2.164 9.243 0.974 2.142 

2.933 b 9.243 2.164 0.228 9.331 2.933 
4 a 2.142 9.331 0.975 

2.933 b 9.331 2.142 0.224 2.933 

c. Monte Carlo Simulation 

The performance function can be written as follow using Eq. (2-20), or 

Z = (a  + u){b +(7^v)-  c .  

Z = (5 + w)(10 + v)-3, 

where 

u and V are standard normal variates. We can use Matlab to solve this problem. 

Table 2.2 lists the ten times (each run 10,000 times) reliability results and their 

average value. Appendix C gives the Matlab code used for this computation. 

From the above, we see that the reliability obtained using the Taylor Series 

Expansion Method is 0.996352, the reliability from Minimum Distance Method is 

0.9983, and the reliability from the Monte Carlo Simulation is 0.99834. We can 

conclude that the Taylor Series Expansion Method underestimates the reliability, 

and the Minimum Distance Method is more accurate than the Taylor Series 

Expansion Method. 



Table 2.2 - Results of the Monte Carlo simulation for Example 2-3. 

Number of run Reliability 
1 0.9989 
2 0.9983 
3 0.9983 
4 0.9979 
5 0.9984 
6 0.9982 
7 0.9982 
8 0.9993 
9 0.9980 

10 0.9979 
Average reliability 0.99834 

It should be noted that one of the implicit assumptions associated with the 

Taylor Series Expansion Method and the Minimum Distance Method introduced 

previously is that each variable in the stress and strength equations is uncorrected 

and normally distributed. If, in reality, that is not the case, some additional work 

should be done before using these two methods. In both cases, a transformation 

should be performed. Rackwitz [29, pp. 484-494] suggested a two-parameter 

transformation method to transforming the non-normal variables into equivalent 

normal variables. Chen and Lind [33, pp. 269-276] extended the Rackwitz method 

and proposed a three-parameter transformation algorithm. Wu and Wirsching [34, 

pp. 1,339 -1,336] further increased the accuracy of the equivalent normal 

transformation within the context of the three-parameter normal. Ang and Tang [35, 

532 pp.], and Tang and Melchers [36, pp. 81-93] introduced a method to transform 

the correlated variates into uncorrelated variates through a covariance matrix. 
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2.2.2 Reliability Quantification for Multiple Failure Modes 

In practice, there are many products which have more than one failure mode, 

and each failure mode might not be independent. In this case, there will be many 

limit-states or performance functions as shown in Fig. 2.5. 

Consider a system with k potential failure modes, with performance 

functions given as 

Z,=fXX„X„. . . ,X,X i  = \ ,2 , . . . ,k .  

Then, the system's reliability is computed using 

i? = p(n(z; >0)= jj- . (2-21) 

This equation is very useful when the joint pdf is known or each performance 

function is independent. In the latter case, the system's reliability is computed from 

R = 0(W] )0(ot2 ) • • • 0(w„) , (2-22) 

where 

mi = reliability index for i''' failure mode. 

However, in reality, rarely has the case arisen where the joint pdf of the 

performance function is known or each failure mode is independent. Therefore, 

Eq. (2-21) cannot be used directly. 

To solve this problem, much research has been conducted aiming to simplify 

the computation of Eq. (2-21), such as Tang, L. K. et al [36, pp. 81-93], 

Hohenbichler, M., [37, pp. 177-188], Dolinski, K., [38, pp. 211-231], and 
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Ditlevsen,[39, pp. 453-472; 40, 412 pp.]. But so far, no method was developed to 

compute the exact value of the multiple integral. Meanwhile, finding the 

approximate value of Eq. (2-21) has obtained some progress. For example, Ditlevsen 

[39, pp. 453-472] proposed a narrow bound of reliability computation, and has been 

used to quantify the reliability of composite laminates [41, pp. 523-536]. Johnson 

[42, 333 pp.] summarizes the methods of calculating the multivariate distribution 

probability. 

The two bounds of the system's reliability for a system with k failure modes 

are given by [39, pp. 453-472; 40, 412 pp.] 

/-i 
= P{Z,  ^ 0) - Z max|P(Z, < 0) - X < 0) ^ (^v < 0)], 0| , (2-23) 

and 

k  k  

i?/ = 1 - X P(Z,. < 0) + X max p[(Z,. < 0) n (Z^. < 0)]. (2-24) 
/ = 1  i = 2  

Then, 

(2-25) 

In Eqs. (2-23) and (2-24), we see that the only term unknown is p{Fj nF^). Here 

we use and to represent the two events of Z. < 0 and Z,. < 0, respectively. 

From previous discussion, we know we always can transform a non-normal 

distribution to a normal distribution, so here we can assume that the two 



performance functions are normally distributed. Therefore, n ) becomes a 

bi-normal failure probability. 

The bivariate normal probability density function is given by [43, p. 79] 

1 

7.71 a ̂ 

•exp 
Q 

2 ( 1 - p ' ) .  

where 

k:- 9 7 

and 

p = correlation coefficient of Zi and Zj. 

Making the change of variables u = (Z^ -  Z,) / cr^ and v = (Z^ -Z I c j^  

then, dZ^ = cr^. du and dZj =a^ dv. Thus, p[Fj n ) can be computed as. 

0 0 

P ( i ^ . n F . ) =  J j/(Z,,Z,.)JZ,.JZ., 

or 

-"'1 -"h 1 

P ( F , n F , ) ^  I  rexp 
-  2 r u v  +  v ^ ^  

P 2(1-po 
du dv. 

It can be proved that [44, p. 102] [45, pp. 1,075-1,090] the above integral is 

equal to 

1 ''f 1 

2n I  
rexp 

ml -2  rm^ m J + m 2 ^ 
dr + 0(- w,) • 0(- ), (2-

or 
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y  

P ( F .  n F j ) -  J w ( - w i , - m 2 , r ) d r  +  0(- w,)<I>(-^2), (2-27) 

where 

w ( u ,  V, p )  =  exp 
2 n  p  

^  - 2  p  u v  +  

. 2  _  
y 

(2-28) 
2(1-po 

Appendix D gives the proof of this equation. 

For a bivariate normal distribution, the reliability and the cdf have the 

following relation [44, p. 102]: 

o = + <l>(/n|) + 0(^2) -1. 

Then, considering 0(-m) = 1 - Q>{m), the reliability for the bivariate normal case is 

P  

R  =  |w(-m,, - Wj, r) c/r + 0(m| )-0(m2). (2-29) 
0 

This equation will be used to compute the product's reliability when there are two 

dependent failure modes in the products. 

If p is small (< 0.6) or 0.1% error is acceptable, the following approximate 

equation [44, p. 102] can be used to calculate the reliability: 

lo (2-3l)) 

+ 5 • w (- w,, - ̂ 2, (l + V^)p/2)) + 0( m^) • <I>(7W2 ), 

where function w is as defined previously. 

In this equation, the m  values can be found through the MDM method. The 

correlation coefficient can be found as follows [35, 562 pp.]: 



P a  

/=i 

E 
J- \ 

E /=i 

57 

(2-31) 

where * represent using the values of the design point. 

Considering — = = <t ^—, where X represents the basic variable and x 
dx dX dx dX 

represents the standard variable, Eq. (2-31) becomes 

P>i = 

Z /=i dX 
V  ' •  / •  V  '  J *  

d X :  

'  d f  . , ^  

(2-32) 

2.3 Residual Strength Determination 

Residual strength is the remaining strength of a material, or a structure, after a 

time of usage. In the MSSI method, we assume that the strength distribution type 

and its standard deviation do not change with time, but its mean strength value does 

decrease with time as shown in Fig. 2.7. It should be pointed out that in this figure, 

the mean strength decreases linearly, but in reality it can change following any 

distribution. The method proposed in this dissertation can apply to any distribution. 

The following model is proposed in this dissertation to compute the mean 

residual strength: 

S = S , { \ - D ) ,  (2-33) 



where 

S = mean residual strength, 

Si = initial mean strength. 

and 

D = total strength damage caused by all stresses after a certain period of 

usage. It is in decimals and can be calculated using Eq. (2-35). 

From Eq. (2-33), we can see that finding the total damage becomes the key to obtain 

the residual strength. 

The current commonly used method for determining the damage is due to 

Miner's work [46, p. A160], which is expressed as 

D = y ^  (2-34) 

Operation time, t 

Fig. 2.7 - Mean strength changes with time. 
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where 

D = damage in decimals, 

n, = number of cycles experienced at stress level "i", 

Ni = number of cycles to failure at stress level "i", 

and 

m = total number of stress levels. 

Following Miner's work, several damage models have been proposed to predict the 

residual strength of a fatigued structure. Wahl [47, p. 2] proposed a residual strength 

equation for fiberglass laminate based on Miner's rule. Cesare and Sues [48, p. 8] 

introduced a probabilistic material degradation model that considers thermal fatigue, 

creep, and high cycle mechanical fatigue effects. Xin and his co-workers [49, p. 836] 

established a damage model by using a tensile bar and considering its normal strain, and 

elastic limit strain. Rodin [50, p.l] compares Kachanov's continuum damage mechanics 

model for different cases. Schaff and his co-worker [51, pp.128-157; 52, pp. 158-181] 

developed a strength-based wear-out model to predict the residual strength of composite 

laminate by assuming that the residual strength distribution follows a two-parameter 

Weibull distribution. These models have been used in different cases. Curtis and Davies 

[53, p. 8] reviewed the past major works on fatigue life prediction, including damage 

models. 

However, there are two major issues that Miner's rule, or its derivative models 

mentioned above, missed to consider. Firstly, none of the models considers the 



interaction between the different kinds of stresses, and most of the models even only 

considered one kind of stress with different levels. Secondly, no model considers the 

effect of the loading sequence. In reality, a structure or a product may experience many 

kinds of stresses acting simultaneously, such as thermal and vibration, and the 

contribution to strength loss due to these stresses interacts with each other. On top of that, 

different loading sequences will cause different damage. We can prove that the damage 

caused by the same load, but applied at different time will be different. The only 

exception is when the time to failure distribution follows the exponential distribution. 

In this dissertation, a new model is proposed which considers multiple 

stresses, their interactions, and the loading sequence effects. 

The proposed damage model has the similar format as Miner's rule but 

with different implications. The model is 

where 

D = damage, 

m = number of different stresses, 

Ci = interaction coefficient between stresses, to be obtained by testing, 

tiieq = equivalent time at the 1®' stress level for the i"^ kind of stress if the total 

\ v ( i )  

(2-35) 

operation time under a different stress level for the i"^ stress is t (see 

Fig. 2-8), the 1^' stress level is the level to be used as the basis to 

convert all the other stress levels, 



Til = mean time between failures of the product when it is under stress level 

and 

1 for the i'*^ kind of stress, or reliable life for a given reliability level, 

v(i) = nonlinear degradation exponent for the i'*^ kind of stress, v(i) < 1 means 

a great loss of strength in the early stage of fatigue, v(i) = 1 

means linear loss of strength, and v(i) > 1 means little loss of strength 

in the early stage and great loss at the later stage. It needs to be 

determined from tests. 

Figure 2.8 illustrates an example of a stress profile for the i"' kind of stress. 

IT t  
i n  <u 
1/1 
o 
c 

(u 

ti2 

til 
ti3 

tii 

test or operating time, t 

Fig. 2.8 - An example of a stress profile for the i"^ kind of stress. 

From Fig. 2.8, we see t = ^should be noted that tii^ 

(k = 1, ..., n(i)) can be at the same stress level with tij (j = 1, ... ,n(i)), for k j. Also, 

it should be noted that n(i) may be different for different kinds of stresses. We 

cannot directly use "t" to find the damage since it involves different stress levels. 

Therefore, we need to find out the equivalent time for "f' if the product is operated 

only at Stress Level 1 instead of at different stress levels. Which stress level is 
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chosen to be the basis for the conversion is arbitrary. The reason of choosing Stress 

Level 1 in this dissertation is for the sake of convenience and simplicity. 

The basic idea of finding the equivalent time is based on the belief that the 

failure probability (or reliability) should be the same for the two times of operation 

at different stress levels to be equivalent. 

There are two cases involved in the determination of the equivalent time. 

Case 1 is when the time to failure distribution for the product is known; Case 2 is 

when only the mean strength distribution is known. 

2.3.1 When the Time to Failure Distribution for the Product is Known 

We assume that at each stress level, the time-to- failure follows a certain 

distribution with probability density function of fj(t), j = 1, ..., n(i). If we denote ^ 

as the equivalent time for ty at stress level k, then the problem becomes to find out 

t + + (2-36) 
i\eq i\ i2 i3 ij in 

From Fig. 2.8 and using the equivalent time idea, we have 

/ I  i \  
\ f  { t )d t=  \ f  { t )d t ,  (2-37) 
0 0 

z l  i 2  i2  i \  

I/  { t )d t  =  \  h i t )d t ,  (2-38) 
0 0 

Solving Eq. (2-37) yields 4^*. Substituting it into Eq. (2-38) yields • Then, 

Fig. 2.8 can be equivalent to Fig. 2.9. 
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C/2 V3 D 
C/3 
O 

-a 

<u 
43 

tn4^'\2 
ti3 

testing or operating time, t 

Fig. 2.9 - Equivalent diagram of Fig. 2.8 after ti2 has been converted to . 

Repeating this process, we can have the following general equations: 

' a+ i2+-+ i { j - \ )  

(2-39) 

and 

I I  i 2  y  i \+ i2+-+ i { j - \ )  i j  

(2-40) 

Solving this system of equations, we can find tjieq. 

Til can be found using mean value equation as 

00 

T.. = Uf(t)dt, (2-41) 
0 

if the mean time between failures is used, or Tji can be found from the generalized 

reliability equation [22, p. 198] 

'/I 

Ini? = - ̂ X{t)dt, (2-42) 

if the reliable life is used, where R is the given reliability, and ?t(t) is the failure rate. 
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Then, using Eq. (2-35), we can find the damage caused by the i"^ kind of stress. 

If the mean strength follows the exponential distribution, we can prove that 

the contribution of different stress levels to the damage of the strength is 

independent of the time when the stress is applied. For other distributions, the time 

when stress is applied will affect its contribution to the damage of the strength. 

2.3.2 When the Mean Strength Distribution is Known 

As we pointed out previously, the equivalent time calculation requires that the 

reliability be the same. Then, using Eq. (2-6) yields 

m (2-43) 

or 

(2-44) 

If we assume that the initial strength is Si, then 

s ,=s ,  — (2-45) 

V 0 / 

and 

S,=S.  1 
Z I  CO (2-46) 

V 0 / 



where 

fi = pdf of the mean strength distribution, i =1, 2. 

Then, substituting Eqs. (2-45) and (2-46) into Eq. (2-43) yields 

or 

t.. = 
2 , ^2  
S + <^,s, 

• + 5*0 

1 -^  O-S +•^2, )ll t - f ^ { t )d t .  

For more than two stress levels, repeating the above steps, the equivalent 

time can be found. Then, using Eq. (2-35), we can find the damage. 
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CHAPTER 3 

DEFLECTION AND STRESS RESPONSE OF LAMINATE 

BOARDS SUBJECTED TO VIBRATION AND THERMAL LOADS 

3.1 Modeling of PCB Subjected to Vibration 

In reality, the vibration is not directly exerted on the PCB, but on the chassis 

on which the PCB is installed. Also to reduce the effect of vibration on PCBs, a 

cushion is used between the PCB and the chassis. Therefore, when modeling a plate 

which is subjected to vibration, these conditions should be taken into account. 

Figure 3.1 illustrates a two-step model of a PCB subjected to vibration using a two 

degrees of freedom spring damper system. 

Fig. 3.1 - Two-step model of PCB subjected to vibration 

The model illustrated in Fig. 3.1(a) is a standard one-degree of freedom system with 

a moving support [54, 521 pp.]. Its equation of motion is given by 

Chassis 

(a) (b) 

m w ^ +  k { w ^  ~  -  W g )  =  0  ,  (3-1) 
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where 

Wo = absolute displacement of the chassis, 

wi = absolute displacement of the board. 

Wj and W q = second derivative of wi and wo with respect to time. 

respectively, 

w, and W q = first derivative of wi and wo with respect to time, respectively, 

k = spring constant, 

c = coefficient of viscous damping, 

and 

m = mass of the board. 

If we change the variable as w' = w, - Wq , then, Eq.(3-1) becomes, 

m{w*  +W q)  +  cw +kw*  =  0 ,  

or 

mw ^-cw -<rkw*  = -m Wq .  

Dividing both side by m yields 

W H 
m 

. * c  ,  *  k  *  
— w H W =-W q . 

m m 
(3-2) 

Using the notations 

k  c  
= —, and 2j] - —, where p is the circular natural frequency of vibration, 

m m 

we obtain the following standard form of the vibration equation: 

i v  +27 ]  w  +  p^w*  =  -Wq .  (3-3) 
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The solution of Eq.(3-3) includes two parts, one is homogeneous solution; the other 

is a particular solution. 

The homogeneous solution of the Eq. (3-3) can be found from any vibration book, or 

w*H = e"" (Q cos(;?/)+ sin(jr7/)), (3-4) 

where 

Pd - ' angular frequency of damped vibration. 

The particular solution of the Eq. (3-3) can be found using Duhamel's integral 

method [54, p.98 ] [55, p. 67] 

Wp =-— {e"'' 
Pd -i 

or 

wl= (3-5)  
Pd -i 

For the homogeneous solution given in Eq. (3-4), we see that when t becomes large, 

this term is died out. Therefore, the dominating term for vibration is the particular 

solution given by Eq. (3-5). Thus, we will just take the particular solution as the 

solution of Eq. (3-3) for this dissertation. Then, 

. (3-6) 
Pd i 

Denote 

= sin(;7^r). (3-7) 
Pd 
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It is easy to prove that Eq. (3-7) is actually the solution of Eq. (3-3) when - w{ t )  is a 

delta function. 

Then, Eq. (3-6) becomes 

t  

w'{ t )  =  -  ̂WQ{t ' )  h { t  - 1 ' )  d t ' .  (3-8) 
-00 

Changing variable r -1' - r, and considering that dt' = -dz, Eq. (3-8) becomes 

00 

w*{t) = -^WQ{t-'u)h{T)dT. (3-9) 
0 

Next, let's find the moments of w*(t), since they will be used for the reliability 

computation. 

The mean value of w*(t) is 

00 

£^(w*(o)= - j£'(vi'o(r-r)) h{T)dT . (3-10) 
0 

In practice, vibration in many cases is a stationary process. For example, when a 

PCB is installed in a vehicle which drives on the road, the excitation can be 

considered as a stationary process [56, 166 pp.]. Thus, we can assume that - w{t) is 

a stationary process. Therefore, 

fj-{t + r) — //(^), K^ (t^ + r, ̂2 + ̂ ) — K(t^, ̂2) ' 

where 

/<(•) = mean value function, 

and 

Kxx (•) = auto-covariance fiinction of the stochastic process. 
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Using this relation in Eq. (3-10) yields 

CO 

e [w'  )  =  -  \E{wa  { t  -  r)) h{T)  d r ,  

0 

00 

= -£(wo(0)  \h {T)  d r .  

or 

£(„•)= (3.11) 

From the stochastic derivative [55, p. 38], we know 

^  '  d t  

since - w{t) is a stationary process. 

The auto-correlation of w* ( t )  is [55, p. 71] 

00 00 

"  11^ -0 -0  ( ^  +  ' '2  -  n)  K r^ )  h { r^ )  d r ,  d r^  , (3-12) 
0 0 

Similarly, the auto-correlation of w { t )  is 

CO 00 

(^) = + '^) (o] = J (^ + ̂ 2 - n) kr^) kr j) dr ,  d r^  ,  (3-13) 
0 0 

and the cross-correlation of w'  ( t )  and w (/) is 

oo CO 

+ •^) (O] = J ( i ^  +  r j - r , )  h { r , )  h ( r^ )  d r ,  d r^  , (3-14) 

and 

0 0 
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oo OO 

= f J^-„-., (^ + ̂ *2 - ̂1) ) ^(^2) dr^ dr^ . (3-15) 
0 0 

It can be proved thati? ... (r) = -i?,. * (r). 

Next let us find the moment of w, (0. 

We know that 

v i ' i (0  =  w { t )  +  Wo(0  " (2  r j  w*  +  p^w*)  .  

Then, 

Eiw,  (0) = -2 7 )- p 'E iw ) = £(#0 (0). (3-16) 

Therefore, we see that #, (0 is also a stationary process. The auto-covariance of 

w, (0 is 

( ^ )  =  ̂ [(w, ( ^  +  r) -  ( t  +  r))(v{', (0 - Mi , ,  (0)1 

=  E [ { w ^  ( t  +  t )  w ,  ( O ) ]  -  [ E ( w a  ) f ,  

= E(4T]^  w ( t  +  t )  w  { t )  +  2r ]  {w* ( t  +  r )  w* ( t )  +  w { t  +  r )  w*( t ) )  

+  p^w*  ( t  +  t )  w* (0) - [£(Wo ) f  ' 

= 4n^E[w '  ( t  + t )  w'  (^)]+ 2 7]  p^  [^Iw* { t  +  z )  w  (o}+ e \w { t  +  r) w'  (o}] 
P^e \w { t  +  t )  w *  (o ] -  [E {Wq )f ,  

or 

G>, , , ( r ) 'W R.-A^y  + P' (3-17) 

where R^.^. (r) and R^.^. (r) are given by Eqs. (3-12) and (3-13), respectively. 

In Eq. (3-17), the auto-covariance gives the variance when T is zero. Then, 

' ^1 .  =G^ .^ {0 - )  =  4n '  R , ; . {0 )  +  p '  ^,...(0)-[£(»»)]'• (3-18) 
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In this dissertation, we consider the vibration is an ideal white noise excitation and a 

stationary process. Then, 

R,^^^{T) = 2nS,S{T), (3-19) 

and 

£(#„) = 0. (3-20) 

Substituting Eq. (3-19) into Eqs. (3-12), (3-13), (3-14), and (3-15) yields 

00 CO 

= j (^ + '"2 - ) Krx) h{r2) dr, dr^, 
0 0 

00 00 

= 2 71 Sq  j  |j(r H- ^2 - Tj) h( r^)  h{ r2)  dr^  d r2,  
0 0 

CO 00 

= 2 ;r 5(, |/2(r,) ^h{r^) - (^i - ̂•)] d) 
0 Lo 
00 

= 2n  Sq J /2 ( r j )  /2 ( r ,  -  r )  dr^  

d r^ .  

'1 '  

or 

= ^h{ r )h { r - T )d r ,  (3-21) 

where h(r) is defined in Eq. (3-7). 

To reach this result, we used the property of the delta function, 

u 

j / (x)(5(x-Xo) = 
f / (Xo) ,  a< X a <b 

[ 0, otherwise, 

and change the dummy variable. 

Similarly, we can get 



or 

aj oy 

(^) = j (^ + ̂ "2 - ''i) kr^) kr2) dr, dr^, 
0 0 
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W = 2 ?r 5o J/7(r) /i(r - z)  d r ,  (3-22) 

or 

(^) J (^ + ''2 - ) K^i) kr2) dr^ dr^, 
0 0 

W = 2 TT So jh ( r )  h { r  -  r )  d r .  (3-23) 

and 

= j (^ + ̂ 2 - ) krx) Kr^) c/r, dr^, 
0 0 

or 

(^) = 2 ;r j/i(r) /z(r - r) dr .  (3-24) 

The integrals involved in Eqs. (3-21), (3-22), (3-23), and (3-24) can be found easily 

[55, 509 pp.]. Then, Eqs. (3-21) - (3-24) become 

R .  . ( r )  =  
iv w  ̂ '' 

n 5,  0 -mA 
I r i p  

cos(/?^T)+^sin(;7jrl) 
Pd 

(3-25) 

2 T ]  
cos(;?^r)-^sin(;7jr|) 

Pel  

(3-26) 
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n S,  
sin(;7^r), 

I r j p ,  
(3-27) 

and 

R . ,  . (r) = -i?.. . (r) = —^  e  sin(/7 .r). 
w w ^  w w ^  O n r >  \ J r  a  /  

Pd  

(3-28) 

Substituting Eqs. (3-20), (3-25) and (3-26) into Eq. (3-18) yields 

( 7 )  =  (j )  =  4 7 '  C ^ - )  +  p '  R - -  ( r ) .  

or 

G^^( r )=2n^S„e- *^  ^^^ -^cos(p jT )+-^sm(p j \T \ )  

A t ]  47  
(3-29) 

Then, the variance of w, { t )  is obtained by letting x = 0, which gives 

^2  4;7'+y . c  

I r t  

(3-30) 

Since In = ^/ and=^/ , Eq. (3-30) becomes 
'  / m  ^  / m  ^  ̂  ^  

J, 

.2 CT;;, = 
c  

m 

m c  +  km 
7t  S^  — TT Oq.  

c  m 

(3-31) 

3.2 The Deflection and the Stress Determination of the PCB Subjected to 

Vibration and Thermal Loads 

3.2.1 Deflection Determination 

For a thin laminate composite board, shown in Fig. 3.2, the equation of motion 

governing deflection of an orthotropic laminate is given by 



d^w d^w 
^  + 2(A2  +  2D, , ) - ^  +  D , , ^  +  c ,w +  I ,w  =  - I ,w ,, (3-

dx  ox  oy  oy  

where 

Dij = bending stiffness, =-Yj 8o  -4 )^  

J k=\ 

Qij = lamina stiffness, they are given by 

Qu =7—^^ '  Qn = , ^ 822=7-^  ' and 06, = G,^, 
1 V]2 Vji 1 V,2 V2, 1 V,2 V2, 

L 

lo = mass moments of inertia, /q = X ~ density of 
A=i 

the layer, L is the total number of layers, 

Ci = damping coefficient of the PCB, 

w = deflection of the midplane of the board, 

and 

W] = absolute displacement of the board support due to vibration as 

investigated in Section 3.2.1. 

Eq. (3-32) is a forced composite laminate vibration equation. A similar equation has 

been widely used in describing the motion of a plate under free and forced vibration 

or static bending. Many methods have been developed to solve this kind of equation. 

The most commonly used methods of solving Eq. (3-32) type of an equation are the 

Navier method, the Levy method and the Rayleigh-Rize method based on the 

boundary condition of the board. The Navier method is used when all edges of the 

board are simply supported. The Levy method is used when two opposite edges are 
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Fig. 3.2 - Coordinate system and layer numbering for 
laminate composite board. 

simply supported, while the remaining two edges are not. The Rayleigh-Ritz method 

can be used to determine the approximate solution for more general boundary 

conditions. These three methods are widely used in plate, shell, and laminated plate 

applications, such as [57, 560 pp.], [58, 492 pp.], [59, 782 pp], [60, 153 pp.], and [61, 

210 pp.]. In this dissertation, we are assuming that the four edges of the PCB are 

simply supported. Therefore, the Navier method will be used to solve Eq. (3-32). 

For a simply supported laminated plate, the boundary conditions are given by 

X = 0, and x-  a ,  w = Q and M ̂  = -D,,  —-  -  Z),2 —= 0,  
dx  dy  

(3-33a) 

>> = 0, and y  =  b ,  w = 0 and M ^ = -Z),2 (3-33b) 

Using the Navier method and assuming the solution of Eq. (3-32) is 
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00 oo 

w{x,y , t )  = J] J]sin(« x)sin(/? y)  ^( t ) .  (3-34) 
m=\ n=\ 

where 

a =  
mn 

a 

and 

P =  
nn 

Substituting Eq. (3-34) into Eq. (3-32) yields 

rn=\ n=\ 

Denote 

^ + 2 ( D , ,  + l D , , ) a ' p '  

Using orthogonal relations yield 

4 " 
/q (Z)'(0 + C, ^{ t )  + ^ <^(0 = Wh' ^x  sin(a x)sin(/7 y)dxdy.  

ab  0 0 

Since fsin(a x)dx  = 1 - (-1)" 1' fsin(/? y ) dy = — [l - (-1)" ], then 
i  mn i  nn 

I ,  i f i t )+c,  m +^ m = - [i - (-1)"' ] [i - (-1)" ]. 
mnn 

Dividing this equation by lo on both sides yields 

f ̂ (/) + f ̂ (0 = - [l - (-1)"' ][i - (-1)" ]. 
/ q / q mnn 

(3-35) 
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This is the standard forced vibration equation. Comparing it with Eq. (3-3) yields the 

frequency of vibration, or 

2 ^  D, ,a '+2 (D„ + 2 D, , )a 'p '  + D, ,  J3 '  
P mn J J 

-*0 -'0 

or 

2 _ 

P mn 

7t  

h b '  

A, m'  
b 

\a j  
+ 2(D , 2  + 2 D 2 2 ) m ^  

& 
Vfly 

+ D22 n '  (3-36) 

This equation is the same as the derivation given in [59, p. 315]. In a PCB design, 

the designers should avoid the forced vibration frequency close to these frequencies, 

or resonance will occur, which in turn will cause serious reliability problems. In this 

dissertation, we are assuming that no resonance will occur. 

Equation (3-35) can be solved the same way as Eq. (3-3) but with 

p '^pL'  277 = and#0 = 
mnn 

Then, the solution of Eq. (3-35) is obtained using the Duhamel integral 

(Z>(0 = -\Kn(j)Umn W, (? " T)] dt,  (3-37) 

where 

-sm' 
P dbn 

2 — 2 _ 2 
P  d b m n  P  m n  - V b .  

Vb ' 2L  
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and 

4 A = 
mn 2 

mnn 

Considering that Amn =0 for w or « is even, then 

16 
A = 

m n n ^  

for m and n odd, 

w max '  

or 

. m+n-2 

W max 

(3-38) 
0 for m or n even. 

Substituting Eqs. (3-37) and (3-38) into Eq. (3-34) yields 

/ N 16 -A -A sin(ar x)sin(y0 >>) "f, / ^ / x , 
w(x,y , t )  = ^ Y i^ ^- \h„,„(T)w^( t -T)dT.  (3-39) 

^ m=1.3 .5 , . . .»=I .3 ,5 , . , .  mn J 

We know that the maximum deflection occurs at the center of the PCB, then 

. (x ,y , t )  = w{al2 ,bl2 , t ) ,  

(x ,y , t )  = -^ -  ^ ^ ^i^|/2„,„(r)w,(r-r) Jr. (3-40) 
 ̂ /h=I,3 ,5 , . . .n=l ,3 ,5 , . . .  f f l  U g  

Next, let's find the mean and the variance of w. From the previous equation, we see 

that the deflection of the PCB is a random process not a deterministic one. We need 

to use the same method when we try to find the mean and variance of w, . 

As previously, we also assume that the response of the PCB is a stationary process 

based on the reason discussed previously. Then, 

zrr (  A i  j r \ -  1 sin(ax)sin(y5"r 
E[w{x,y , t ) \  = yE[w , \  2^  2. —^\KniT^)  dr,  (3-41) 

 ̂ »i=I,3 ,5 , . . .H=1,3 ,5 , . . .  0 
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^ /n+n-2 

= X Z ^ ' ]K,n( ^ )dT .  

n »,=l ,3 .5 , . . .«=l ,3 ,5 , . . .  0  

(3-42) 

From Eqs.(3-16) and (3-20), we know 

£(w,(0) = £(wo(0) = 0. 

Then, 

and 

E[w{x,y , t ) \  = 0 ,  

Ebv^ ,Sx ,y , t ) \  =  0 .  

Therefore, the variance of w(x,y,t) can be found through the auto-correlation relation, 

G^^{r) = R„{t) = E[w(x,y,t + T)w(x,y , t ) ] ,  

= E 
00 CO 

z s -

sm 
m TT X  

V a y 
sm 

m n 

nn y  

^ ^ •|^,„«(^i) w,(/ + r-r,)Jr 
0 

1 /T 00 CO 

^ z z -

sm 
/ • \ / 

I  71  X  
sm 

V " / 

j j [A  

b J 

U 

l^ j ( r2 )w^( t - r ^ )d r  

or 

/, 

256 00 00 
sm 

s s s z <^w(^)= 4 _  _  _  _  

^ H/=1,3 ,5 , . . .  «=1,3 ,5 , . . . /=! ,3 ,5 , . . .7=1,3 ,5 , . . .  

mTT X 

\  a  J  

^  '  nTT y^  
sm sm 

iTT  x^  

\ ̂  / 

sm 
V a / v " / 

mm J 

•E J \Km (Tx ) w, (r + t - r,) h^ .  ( r j )  w,  (?  -  rj)  dr^  d r^  

0 0 
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Note that 

E[w^{t + T-r,)w,{t-r^)] = R^^^^{T + r^ -r,). 

Then, 

256 OO CO 
sin 

Z S I E 4 
^ m=l,3 ,5 , . . .n=l ,3 ,5 , . . . /= l ,3 ,5 , . . .7=l ,3 ,5 , . . .  

mn X 

a  
sin 

' 'nn  
sin 

i  n  

V  ̂ / 
sin 

V " / 

m m  J  

j \K „  (^1) K (^2) ^w,H, (7 + ^2 - ) dr ,  d r^, 
0 0 

or 

<T.., = 
256 CO 00 

sin 
' ^ T U K X ^  ^ 

Z I I S • 
/«=l ,3 ,5 , . . .n=l ,3 ,5 , . . . /= l ,3 ,5 , . . . . /= l ,3 ,5 , . . .  

Sin 
\  a j  

n n  y  

K~^ 

Sin 
i  TT X^  

/ 

Sin 
^  j T i y ^  

V a y 

mm J 

j \Km ( r , )  h , j  { r ^ )  { r ^  -  r , )  d r ,  d r^ ,  

0 0 

and 

(3-43) 

=G..(0) 
x  = al2 ,y  = bl2 '  

or 

E S Z S to 

W/+/I+/+/ -4  

""" »i=l,3,5,...n=l,3,5,.../=l,3,5,...,y=I,3,5,... mm J 

CO 00 

• j iKn (fi) h,j (fj) ('*2 - n ) dr^. 
0 0 

(3-44) 

For an ideal white noise process, we have found R^ {r^ - r,) and is given in 



Eq. (3-29). Then, the variance given in Eqs. (3-43) and (3-44) can be computed. 

Appendix E gives the closed form of the double integral involved in Eqs. (3-43) and 

(3-44). We will not give the equation here since it is too complex, readers, who are 

interested in it, can read Appendix E for the detailed derivation. 

3.2.2 Stress Determination 

The classical laminated plate theory (CLPT) and Suhir's type method (see Appendix 

G) will be used in this dissertation to determine the stress in the PCB subjected to 

vibration and thermal loads. The classical laminated plate theory is an extension of 

the classical plate theory, which is most useful when the ratio of the plate dimension 

to the thickness of the plate is greater than 20. That is the case for PCBs. For other 

cases, a higher order laminated plate theory should be used, such as the First-Order 

Shear Deformation Laminated Plate Theory (FSDT). The basic assumptions in the 

classical laminated plate theory are: 

1. Straight lines perpendicular to the midplane before deformation remain 

straight after deformation. 

2. The transverse normals do not experience elongation (i.e., inextensible). 

3. The transverse normals rotate such that they remain perpendicular to the 

mid-surface after deformation. 

Reddy [59, 782 pp.] determined the stress of an orthotropic composite plate utilizing 

this theory. For the layer, the in-plane stresses are given by 
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^xx  

( k )  

"0n 012 0 

' yy  
= 

012 Q22 0 

^xy  0 0 066 

(k )  
- z — - - a ^ M  

dx^  

d 'w  

•2z  — -2a„AT 
dxdy 

= 4l'Z>*'. 
m~]  «=1 

+  QnP'^  )s in (Qr  x)  sin(/7 ;;) 

(QuOC^ + )sin(Qr x) sin(/? ;;) 

- 2 a p  cos(a x)  cos{p  y )  

2 066 

Ar,  

and the interlaminar stresses due to vibration are given by 

-p  In (p )  
1 mn r,„„cos(a x)sin(^ >'), 

l i h i x ,y ,Z i ^^ , )  =  -Y ,Y j  Z 
w=l «=1 

pJ_q(P)  
2mn 

p=\  

^,H«sin(« x)cos(^ 

•^^.,•6(24+1)=EE 
w=l rt=l 

f ^ 2 
^A+l ^it+l • l ( -aC<i ' , -^C«)+CW 

(3-45) 

(3-46) 

(3-47) 

W„, „  sin(a x)sin(/? y) ,  

(3-48) 

where 

c ;™=«'e , ' f '+a/ ' l2e» '+e,»>) ,  

cs2,=/ ' 'e ; f '+a ' / ' (2es '+es ' ) .  

and 

the coefficients of Wmn in the term ofe,^*'. 
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can be found as follows: 

pC) =  rC) )w 
""  24 ^^2«m 

and 

^  mn ^  mn ^  ̂  

. 2  _ 2  

6 2 
(aC»-;" + /!CS;;;>)^F. 

+y(acw+/'cj::>.,„ 

or 
a  

(3-49) 

(3-50) 

P =  
n n  

a ,  b  =  length and width of the board, respectively, 

Qij = as defined previously, 

and 

W =  — 
mn 

16 
. 2  m m t  

Since the interfacial failure is the major failure mode of the PCB, only the interfacial 

stresses will be considered in this dissertation. The maximvim interfacial stresses due 

to vibration are then obtained as 

oo oo ( r -  -z ' )  
= I Z " ' C'"' 

t7=\ ^ m=\ /»=1,3 ,5 , . . .  

oo CO 

1 f im  
yp= 

\ «-i 
W ( -1 )^  mn V 

J  

c ip)  
2mn 

ot=1,3 ,5 , . . .  n=\ ps] 

m-\  

(3-51) 

(3-52) 



and 

in=\ n=\ 

^  ̂ k+ \  ^k+ \ ' ' ^k  
2 \ 

V " '-l/HH H^2mn)^^imn 
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w+/»-2 
W (-1) 2 

nm V 

(3-53) 

The interfacial stresses induced by temperature change can be obtained as follows; 

The maximum shear stress in the interface between the and the (k+1)"^ layer is given 

by 

= -k' tanh(A:' /), (3-54) 

and the maximum peeling stress between the and the (k+1)'^ layer is given by 

1 m 

P,=-^k '^T,Y^hj ,  (3-55)  
^ j=k+\ 

where 

Ti = maximum shear stress in the interface between the k"^ and the (k+1)"^ 

layer, it gives the shear stress in the x or y direction, depending on what 

value of / is used, 

k"  =  
i=\ 

i=\ 

m = total number of layers, 

n = ' Z F j .  
J=k 



c  =  

' s j  

m 

7=1 

m 

d  =  M 

a 

m 

E i / ^ /  
7=1 

• L  h ] +  h j  

(=1 

b j  =  a  J AT j  -  a ,  AT^ ,  

gXE, ,h^ ,v , )  =  
1-v,  

E,h .  

and 

E 
UE, ,h , ,v , )=  • •  

12(l-v,)  

Appendix F gives the derivation of these equations. 

Combining the vibration stress and the thermal stress yields the interfacial stresses 

between layers, or 

00 CO 

m=\ n=l ,3 ,5 , .  

fe,--;) p '  
^ \nm 

\P  •=1 

H-1 
^ -A:'r,tanh(A:7), (3-56) 
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00 CO 

E E S  
m=l,3 ,5 , . . .  n=l  

( z ^  - z ^ )  
V ^+J P / /̂ {p) 

^ ^2nm 
p=\ 

m-\  

'  -k 'T . tanHk' l ) ,  

(3-57) 

and 

m=\ «=1 

f  ̂ 2 
' k+X ^k+ \  •  

. 1  ̂  

(-ac;;,!,-/!cs;;,)+c<*;, w..(-i) 
m+n~2 

2 

j*" n t",-
^  . i=k+ \  

(3-58) 

Since for a > b, the shear stress in the y direction is more sever, without losing 

generality, we can use this stress with the normal stress in the z direction to quantify 

the reliability of a PCB. 

Then, the means of each interfacial stress are given by 

£(^SL.) = -4'r.tanh(t7), 

and 

^  J=k+\  

due to 

(3-59) 

(3-60) 

E{W„J = - 16 

m n n  

= E{w^ (0} 

\Kmij )  E{iv^{ t - T ) } d T  

16 

m n n  
\Kmi j )d r  = 0, 

(3-61) 

since w, is a stationary process. 
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The variance of each stress is given by 

m+i-2 

= 
yz,max 

256 oO 00 00 CO 

Z Z E E 
(-1) f  k  r . 2  

^ m=l,3 ,5 , . . .  n=l  /=1 ,3 ,5 , . . ,  . /=1  mUlJ  

k 

I 
V' '= 'v  

^k+ \  
2 AA 

T »»• '  2mn 

y j  

^2 i i  

V' '= 'V 
• \Km (^1) (^2) ('*2 - n dr^ ' 

0 

(3-62) 

and 

(7  
(k f  _  256 00 00 00 OO 

«/+«+/'+ /'-4 

y y y y zr,max 4 / ^ / i / ^ ^ . . 
^ w/=l ,3 ,5 , . . . / i=I ,3 ,5 , . . . /= l ,3 ,5 , . . .7=1,3 ,5 , . . .  m U I  J  

/ 
Z - Z l  

. 2  

V 

^ 3 

A 

f - j k )  1 . r'*' 
Imn ,  ^2imi 3 ran 0 j 

Z 

6 2 

2 • • \ 
l ^ ( ^ (k )  J  ̂  f -^ (k )  

"-ly , 
yv J  

(3-63) 

OJ 

(^1) K (^2) (^"2 - n) dr ,  d r^ .  
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CHAPTER 4 

DETERMINATION OF THE TEMPERATURE 

DISTRIBUTION OF THE PCB 

To evaluate the reliability of a PCB, we first need to find out the temperature 

distribution on the board, because all the stress calculations of the package are related to 

it. Figure 4.1 depicts a laminated PCB with the heat sources located on the top of the 

board. 

Active parts 

0 

/ 
* d is number of layers. 

X 
-• 

z i-l 

i 

Zd+|—h 

Fig. 4.1 - Laminated PCB with heat source on the top. 

The temperature distribution of the laminated PCB can be found by solving a Partial 

Differential Equations (PDB) for each heat source, and then use the superposition theory 

to obtain the temperature distribution of the board due to all of the heat sources. 
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For any heat source (active part) "j" on the PCB, (j = 1, ..N), where N is the total 

number of active parts on the PCB, the following systems of PDEs need to be solved to 

find the temperature distribution in the board. 

^ (x, y, z,J^ ̂  d ^ 0 l ^ \ x , y , z , t )  ( x ,  y ,  z , t )  

d x '  d z '  

d O ] ' \ x , y , z , t )  
U ) ,  

+ 
k ,  d t  

z,. < z < z ^ ^ ^ , i  =  l , 2 , 3 , . . . , d .  

with boundary conditions (BC): 

d x  

y ^ O . b .  

z  =  0 ,  k, • 

5 y  

d 0 l ' \ x , y , z , t )  

d z  

=  k 0 ^ ' \  

_  d e ^ ' \ x , y , z , t )  _  y  

~ 3  ~ "rf ^£/I 
o z  

J )  
d  ^ d \  ' 

and initial condition 

where 

(4-la) 

(4-lb) 

e \ ^ \ x ,  y , z , 0 )  =  0 ,  

ki = isotropic thermal conductivity for layer i, 

Ki = thermal diffusivity for the i"^ layer, 

d - ^ \ x , y , z )  =  temperature change in the i"^ layer due to heat source "j". We 

will use instead of 0- '\x,y,z) hereafter. 

(4-lc) 

Qj-'^ - heat energy per unit volume generated per unit time by heat source j. 

For the electronic parts on the PCB, since it works all the time after it 
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is turned on and its position does not change with time, it can be 

expressed by 

p U )  ̂  \ a'" • ) • ^(3^ - - 0) for i  =  l  

\ 0 fori = 2...d, 

5 is Dirac delta function, 

hi, hd = convection coefficient of the top surface of the 1 layer and bottom 

surface of the d"^ layer. 

In addition to the above boundary conditions and initial condition, between 

two layers, the following conditions should be satisfied: 

and 

k .  
dz 

/'+1 ^ 
Z :  o z  z, 

i = 2,...,d-l. (4-2) 

By solving Eqs. (4-1), and (4-2), we can obtain the temperature distribution 

of the board due to the active parts. The temperature distribution of the whole 

board can be found through superposition. It should be noted that there are two 

assumptions made to reach the above equations: 1. Each layer is isotropic. 2. 

Considering the thickness of each layer is too thin relative to the width and length of 

the board, the insulated condition is assumed at x and y direction as shown in Fig. 

4.1. 
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Solving the above system of PDEs is achievable but very complicated and 

time-consuming. Therefore, in this dissertation, a simplified method will be 

employed to obtain the temperature distribution of the board. However, to be 

complete. Appendix G gives the solution of the system of PDEs given in Eqs. (4-1) 

and (4-2). 

In this simplified method, instead of solving a system of PDEs, only one 

PDE needs to be solved. It is given by 

kx ^ + k ^ + A: ^ = cp . (4-3a) 
' dx" ' dy^ ' dz" dt ^ ^ 

Boundary conditions: 

n n X = 0, , = 0, 
dx 

y  =  0 , b ,  ^  =  0 ,  

z =  o ,  K - ^  =  h , g < J > .  
OZ 

z - h ,  k  =  - h 2 0 ^ ' \  
' dz ' 

Initial condition: 

0^'^ = 0, (4-3c) 

where 

6*^^ = temperatvire change of the board due to heat source "j", 

ki = thermal conductivity in the i direction, i = x, y, z, 

= as defined above for l'^' layer, 

c = specific heat (the heat energy that must be supplied to a unit mass of a 
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substance to raise its temperature one unit), 

and 

p = mass density (mass per unit volume). 

This PDE can be solved using eigenfunction expansion method. Then, the 

resulting temperature due to source 'j' at any point of the board is given by 

b„ oo oo  00  

= nml 

n,=o„=oi=oC pia„, +r i  )  

00 00 00 U 

EZZ-
m=0 

2 \ ' i . x ) ( p , X y )  

„=o 1=0 c p (or,,, + + /, ) 
( p S y )  W i i A  

where 

(4-4) 

<^«,W = cos 

^3„(.y) = cos 

or,. 
= cos 

W®. y 
r  \  

' - y  

m n  

y  a  

w  y  y  

= cos 

y^/(2) = -^4^cos Y i  

y 

n  7 t  

T 

+ sin 

X  

/ 

II 

/ 

/ \ 

1  Z  
1 — ' 

V  
V®. j 

m nJco 

a 

n  n j o )  

,  w  =  l , . . . ,oo .  

,n = l,...,oo, 

/ = l,...,oo. 

yi = eigenvalues for the z variable, is computed using the following equation; 

k] yf - /7, hj CO, 
tan 

r '  v>- ^ r/ (^1 +^2) 

(7)  

•COS 
T T  

COS 
«;r 

mnl 

k,  r ,  

•sf^h 1 y 

and 



A T  N . „  = -

Sin 

k, y, h + k,h^a),+hh^ (o, 

2 h] (o^ 
+ 'klrlzK^ 

4 h i  ̂ / i  

/ \ r \"1 
l y ^ h  k. l y ^ h  l y ^ h  

=-cos 
l y ^ h  

2 k Jco^ V V 'J V  V  Z  / J  

As we discussed in the temperature profile, we are more concerned about 

temperature at steady state. Then, Eq. (4-4) becomes 

N \  

k^ r ,  
Q^-'^ cos 

= 
CO 00 CO 

m n 
cos 

n n 
- y . ,  

m=\ n=\ /=1 

Then, at any location, the temperature change will be 

e{x,y,z) = Y^6^^\ 

7=1 

-(4-5) 

or 

00 CO CO 

e { x , y , z ) ^ Y ^ m L  
i=\ m=\ n=\ t=\ 

k ,  7 ,  

4̂ zhx 

X x ) < P n i y )  ¥ i i z )  

c p { o c „ ,  + P „  + y , ) N ^  

cos 
nml 

m n 

a 
cos 

n n 
-y. ,  • (4-6) 

Appendix G details the process of solving this PDE. 



95 

CHAPTER 5 

RELIABILITY QUANTIFICATION METHODOLOGY 

5.1 Introduction 

To evaluate a PCB's reliability, finding out each section's failure modes and 

reliability is a must. In this dissertation, two failure modes of the board, five failure 

modes of interconnects, and one failure mode (popcorn) of the module plus the failures of 

the parts will be considered to quantify the PCB's reliability. For the summary and the 

categories of all the possible failure modes and failure mechanisms of electronic 

packaging, see Tummala [62, ;63, 967 pp.], Lau [64, 409 pp.], and Dasgupta [65, pp. 

531-536; 66, pp. 149-154; 67, pp. 168-174; 68, pp. 328-335; 69, pp. 489-495; 70, pp. 9-

16; and 71, pp. 548-555]. 

5.2 Failure modes of the Board 

Theoretically, a laminated board can fail in many ways, such as delamination, 

bending, buckling, and others. However, only delamination and excessive deflection 

failure modes will be covered in this dissertation since other failure modes have not been 

encountered in normal PCB use conditions to my knowledge. 

Delamination failure occurs when inter-layer stress caused by thermal load and 

vibration exceeds its strength. Therefore the performance function is given by 

Z , = S { t ) - s ,  (5-1) 

where 

Zi = performance function of the delamination failure mode, 

S(t) = time dependent strength, 
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and 

s = stress caused by temperature variation and vibration. 

As we already know a PCB is a multilayered composite body. Therefore, it 

experiences not only normal stresses but also interfacial shearing and peeling (transverse 

normal) stresses. While normal stresses in each layer are responsible for the ultimate and 

fatigue strength of each layer, it is the shearing and peeling stresses which are mostly 

responsible for the failure of the board. 

The strength is assumed to follow a normal distribution with a constant standard 

deviation and time dependent mean. The stresses, as stated above, are the shear and 

peeling stresses. In this case, we will use the maximum one to compute the reliability of 

the board. 

The mean of the performance function is 

Z,  =5(0-^,  (5-2)  

and the variance of the performance function is 

^z, ~ • (5-3) 

Then, the reliability of this failure mode is computed using Eqs. (2-6) and (2-7), or 

i?, = 0(w) = O (5-4) 
V J 

An excessive deflection failure mode occurs when the board's deflection at any 

point plus the height of the part, plus the height of lead or solder joint exceed a specified 

value. This value normally is the clearance between the top/bottom board and the 

top/bottom surface of the electronic box. Figure 5.1 illustrates one of these situations. To 



simplify the problem, we assume that all parts are located only on the top side of the 

board and that lead height or solder joint height does not change during board deflection. 

In reality, there are some boards with parts mounted on both sides, and a little change of 

lead or solder joint height may occur. 

i 
CO) 

f 

n - [  

7 

^ 
7 

H • 

J  

H 

Fig. 5.1 - Illustration of a PCB in the electronic box. 

If we denote the coordinates of parton the board as (x„ y i _  z , )  and its height as 

hi as shown in Fig. 1.2, the thickness of the board as h, and the clearance between the 

board and the top side of the box (without loss of generality, we only consider the top 

side of the box, the bottom side can be treated in the same way) as H as shown in Fig. 5.1, 

the relative movement between the board and the box as w*, and the deflection of the 

board at point (x„ z,) as ^(i), then the performance function for the deflection failure 

mode is given by 

Z j  =  H  -  y ^ h -  max(^(z) + /z,) - w'. (5-5) 

If Zj < 0, then failure will occur. On the other hand, if Zi > 0, the board will 

not fail. In the design of the electronic box, we can use max (^(i)) + max(hj) instead 
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of max(i^(i)+hi) in Eq. (5-5) because this is more conservative. Then, Eq. (5-5) 

becomes 

Z2=H-y^h-  -  w' ,  (5-6)  

where 

Wmax = maximum deflection of the board, 

and 

himax = maximum height of the parts on the board. 

The mean of Z2 is given by 

(5-7) 

or 

Zj =  H  -  ̂h  +  since Wmax and w* are both stationary Gaussian 

processes with a mean of zero as discussed before. 

The variance of Z2 can be found using its definition, or 

a l  =4z! -Z2)1=£[k. +«'7]. (5-8) 

= -fife.!)+ £("•')+ 2 ), 

Since the mean of Wmax and w *  are both zero, then from Eq. (3-44), 

or 
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^ ^  W+/I+/+ / -4  

256 ^ V V V (~0 
/ \ 7 ^ f~\ 'jj 'jj 

fife.. I I I I 
n „,=I .3 ,5 . . . .«=1.3 .5 . . . . ,=1 ,3 ,5 , . . . . ,=1 .3 .5 , . . .  mUlJ  

CO CO 

• j\Km (n ) hy (^2) (^2 - r,) d r ,  d r ^ ,  

0 0 

and from Eq. (3-21) 

00 00 

) = R „ ' „ '  (0) = j (^2 - r,) /z(r,) h { r ^ )  d r ,  d r ^ . (5-10) 
0 0 

m + n - 2  

•TT -  -  .  .  -  .  yyivi • '  
^  m=l,3 ,5 , . . .n=l ,3 ,5 . . .  o  

or 

m + n - 2  

Z Z + (5-11) 
TT „ ,=i ,3 ,5 . . .«=i ,3 ,5 , . . .  mn J 

where  w,  (0  = w (t) + (/) = -(2 ri w + w') has been used in reaching the above 

equation. 

It can be shovm that 

ou 

^ ^ l K ,n( r ) R . . ^ . i r ) d r  =  
^ S o ( 7 7 / ,  + r j )  

^ P d h  m n  P d  

1 

1 

in, +7) +(Ata„ -Pd) 
y p ' i A )  

(7a  + ^ )  + { P d t , „ m ^ P d y  

and 
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Pd 

{ V h + i P d h , « „  - P d f  

(5-13) 

+ 
i V h  + v f  + { P d h m „ ^  P d f  

Substituting Eqs.(5-9), (5-10) and (5-11) into Eq. (5.8) yields the variance of the 

performance function Z2. 

Then, the reliability of the board related to deflection failure mode can be 

computed using Eqs. (2-6) and (2-7). 

It can be seen, from the two performance functions, that these two failure 

modes are not independent since they both involve the same distributed variable, 

namely, the deflection of the board. Therefore, we need to compute their coefficient 

of correlation before we can calculate the reliability of the whole board. The 

coefficient of correlation can be found as follows. From the definition of the 

coefficient of correlation, we have 

Regardless of whether the shear stress or the peeling stress is used for the delamination 

failure mode, we can generally denote its performance function as 

(5-14) 

Z j  =  S - s  =  S - { s ^ , . ^ + s J ,  (5-15) 

where 

Svir = Stress caused by vibration, 
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and 

Sih = stress caused by thermal load. 

From previous work, we know?,,,^ = 0 , then 

Z, - Z, = 5 - ( s , . ,  + s J - ( S - s „ )  =  ( S - S ) - . (5-16) 

Similarly, 

(5-17) 

Substituting Eqs. (5-16) and (5-17) into Eq. (5-14) yields 

P  =  

_ ^- .y,,, ] [- - w' ]} 

( T  7  O "  7  

or 

(5-18) 

^ z ,  

If Svir is the shear stress given by Eq. (3-57), then 

W + / + / - 1  

256 ^ ^ ^ (-1) 
E 2 E Z 

2 

TT w=l ,3 ,5 . . .»=l ,3 ,5 , . . . /= l ,3 ,5 , . . .7=1,3 ,5 . . .  1^1 n I J 

-z' "l"! % 
S • \Km ir^) Kj (^2) ('-2 " ̂  d r ^ .  

V - ' V  ^  J  J  

(5-19) 

In deriving this relation, we used E(Wmn)=0. 

Similarly, 



£k-'l=4 Z E E 
00 CO 

^ »i=l ,3 ,5 . . .n=l ,3 ,5„  

m-\ 

Z  - z  r ^ V )  
^  I m n  

V '=1 V 

(-1) 

/y m  n  

00 

\Km(n)  E[^\ it)]dr^, 

1 /: 00 CO 

I I I  
f  k  f  . 2  _ 2  

^ m=l,3 ,5 . . .n=l ,3 ,5 , . . .  

Z  -  Z :  
\\ 

m - \  

r(') 
^ 2 i i m  

V '=1 V 

(-1) 

y j  m  n  

Similarly, if the peeling stress is the dominant stress, then 

n C/f  oo 00  00  00  

1=1^ Z E S S 

/»+«+/•+  / -4  

(-1) ^ 

^ »<=1,3 ,5 . . .h=1,3 ,5 , . . . /=I ,3 ,5 , . . . . /=1 ,3 ,5 , . .  m m  J  

( - c c \ » - p c < > i ) + c Z  

'3  2 A Z Z-Zt  

ou 

\Km ('"i) K (fi) (fi - )dr, dr^, 
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(5-20) 

(5-21) 

and 

4-y]=4z i 
^ m=t 3 ^ H=l 3 S 

00 00 

m + n - 2  

z  z ' z .  
. 2  A  

m n  Q  

Then, using Eq. (5-18) yields the correlation coefficient. 

The reliability of the board is obtained using Eq. (2-29), or 

p 

R  =  j w ( - O T ,  , - m 2 , r ) d r  +  0 ( o t j  ) o ( » 2 2 ) .  

(5-22) 

(5-23) 



5.3 Failure Modes of Interconnects 

5.3.1 Introduction 

There are mainly two kinds of intercormection techniques between the parts and 

the board, namely the insertion-mount and the surface-mount technology (SMT). Within 

the insertion-mount, the plate/pin through hole and the pin grid array interconnects are 

included. Within the surface mount technology, leaded or leadless technologies are used. 

Most of the leaded intercormects have the forms "J" bend or gull-wing, and are 

commonly used in Small Outline Transistors (SOT), Small Outline Integrated Circuits 

(SOIC), and Plastic Leaded Chip Carriers (PLCC); the leadless interconnect is typically 

used on the PCB with a stand-off and attached to the board by a solder fillet [72, pp. 147-

153]. Recently, the trends of employing interconnect techniques have changed from 

through hole to leaded surface mount and on to the leadless solder ball arrays [73, pp. 

231-244] due to economic factors, which require denser packages with a larger number of 

cormections. In this dissertation, all three kinds of the interconnect technologies will be 

discussed. 

Solder joint, as the major part of all three interconnect technologies, serves two 

important purposes in the surface mount interconnect technology; i.e., electrical 

connections and mechanical supports. In the plate-through-hole technology, the pins 

serve as the mechanical support and the solder joints serve as the electronic connection. 

Therefore, solder joint reliability is very important to the reliable performance of a PCB. 

In the past years, extensive research has been conducted to study the solder joint 

reliability issues, and among them, a large portion of the studies are focused on the solder 
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joint's fatigue life prediction, from which many empirical models are proposed [3, pp. 

347-353; 74, pp.317-322; 75, pp. 423-432; 76, 123-128; 77, pp. 51-54; 78, pp. 279-285; 

79, pp. 48-54; 80, pp. 1-10; 81, pp. 18-23; 82, pp. 398-405; 83, pp. 85-90; 84, pp. 212-

220; 85, pp. 103-112; 86, pp. 559-570, 87, pp. 553-558; 88, pp. 179-182; 89, pp. 200-206; 

90, pp. 120-125; 91, pp. 351-355]. Some of these models are fatigue-based models, 

which are based on the Coffin-Mason equation with some modifications; some of them 

are energy-based models, while others are damage-based models. Clattebraugh and 

Charles [92, 39 pp.], Yeo, Lee, and Pang [93, pp. 107-114], Desai and Whitenack [94, pp. 

19-33], and Lee, et al [73, pp. 231-244] reviewed and compared these models. Lee, et al 

[73, pp. 231-244] even discussed two application scenarios of these models and gave a 

general procedure for choosing appropriate models. Some of these models have been 

applied in some products and achieved encouraging results [95, 28 pp.;96, pp. 499-506; 

97, pp. 847-855; 98, pp. 257-266; 99, pp. 104-109; 100, pp. 903-908; 101, pp. 6-12; 102, 

pp. 438-443; 103, pp. 3-14; 104, pp. 961-971; 105, pp. 147-154; 106, pp. 184-189, etc.]. 

Other solder joint related research include studies on creep deformation, creep-fatigue 

damage/interaction of solder joints [107, pp. 727-735; 108, pp. 229-234; 109, pp. 794-

798, etc.], solder joint mechanical properties [110, pp. 64-67; 111, pp. 129-134, etc.], the 

effect of the solder joints' shape, size, and geometry on the solder joint's reliability [112, 

pp. S19-2-1-S19-2-8; 113, pp. 57-62, etc.]. Liu, C. [114, pp. 44-50], and Borgesen, P., et 

al, [115, pp. 272-283] discussed the solder joints' shape design. Stoyanov, S. et al [116, 

pp. 178-186] discussed the solder joints' reliability optimization based on underfill 

materials (E and CTE) and the joint's geometry parameters. 
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With the pressure of "green" products and approaching the effective date of banning 

the lead-containing products, including solder joints, lead-free solder joint research has 

become a new, hot topic in electronic industries. So far, the effect of using lead-free 

solder joints on solder joint reliability is unclear. Syed, A. [117, pp. 143-147] and Lee, S. 

R. and Lui, B. H. W. [118, pp. 82-89] reported that reliability is improved using lead-free 

solder joint, while Schubert, A. et al, [119, pp. 90-96] found that the degree of the 

improvement is package-related. For a more compliant package board, such as PBGA, 

the reliability might be improved, but for package types with high CTE mismatch with 

the board, such as LCCC assembled on FR-4, the reliability might be decreased. One 

thing we are sure of now is that there are many challenges ahead, such as the tin whisker 

problem, new infrastructure to be built, higher solder joint reflow temperature effect, etc. 

Solberg [120, pp. 10-14] studied different alloy compositions of lead-free solder joints, 

their melting temperature and the resulting effects. Xiao, L., et al [121, pp. 145-151] 

researched on the characterization of mechanical properties of lead-free solders and 

found that lead-free solder joints have better tensile strength in general. Mutoh Y. et al 

[122, pp. 37-45] studied the fatigue crack growth behavior of lead-bearing and lead-free 

solders and found that the lead-free solder joints have a better fatigue crack growth 

resistance than lead-bearing solder joints. In terms of predicting fatigue life, there are no 

signs indicating that the past methods are not acceptable. Lau, J., et al [123, pp. S42-2-1-

S42-2-13; 124, pp. 403-410], and Lau, J. H. and Lee. S. R. [125, pp. 55-63] studied a 

lead-free solder joint, 95.5 Sn-3.9 Ag-0.6 Cu using the old methods, and obtained sound 

results. 
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The primary disadvantage for using empirical models to quantify fatigue life of 

solder joints is that it requires strain, or energy release rate data from the testing or Finite 

Element Methods. This is sometimes difficult to obtain, especially in the early design 

stages. Another disadvantage of using the above models is that different models are likely 

to give different answers, and thus it is hard for the designers to determine which model 

to choose. Third disadvantages of using the above model is that only one solder joint 

fatigue life can be obtained, the whole board interconnect fatigue life, especially the 

reliability, and the failure rate, cannot be found. For these three reasons, in this 

dissertation, the MSSI method will be used to quantify the three interconnects' reliability. 

5.3.2 Surface Mount Interconnect 

5.3.2.1 Leadless Solder Joints 

A leadless solder joint is the most commonly used interconnect method in the current 

electronic industry. The common leadless surface mount packages include Leadless 

Ceramic Chip Carriers (LCCC), Leadless Chip Capacitor (LCC), and Leadless Chip 

Resistors (LCR). The two common forms of the joint are given in Fig. 5.2. Ball Grid 

Array (BGA) packages belong to this type. 

crack 

Solder ball 
Leadless 

Crack starts 

Fig. 5.2 - Examples of leadless solder joints. 
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The major failure mode of this type of interconnect is cracking due to thermal and 

mechanical stresses caused by mismatched CTE between modules and the board during 

thermal cycling and vibration. The crack pattern, path, and location depend on the fatigue 

resistance of the solders, the strength of the interface, and the location of the stress 

concentration, etc. Lau, J. H. and Pao, Y-H. [64] found that there are five potential 

locations where cracks can start for this kind of an interconnect (see Fig. 5.2). Most of the 

time, the crack starts from Location 3 (primary crack start location) and Location 1 

(secondary crack start location) and moves through the solder [99, pp. 104-109]. For the 

Ball Grid Array (BGA) interconnects, the crack initiates and grows in the solder ball near 

the attached board/substrate. Also, cracks have been found starting from the outer edge 

and growing towards the inside solder ball. Shear force appears to be the driven force for 

leadless intercormect failures. 

The shear stress experienced by the solder ball in this interconnect can be treated as 

the shear stress generated in the interface of two layers since the solder ball is very stiff 

[126, 291 pp.]. Using this idea, we can model this interconnect as a three layer sandwich. 

The top layer is module, second layer is solder joint and the third layer is the board. 

Enger [126] treats the component and board plus solder ball together as a bi-metal 

thermostat, and obtains an equation for thermal load. For our three-layer model, the stress 

generated in the solder ball is computed using Eq. (3-57): 

X 00 (  2  _  _ 2 \  

= - ^ -rT,t£inh{f./), (5-24) 
m=l,3 ,5 , . . .  n=\  ^  

where 
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cs i=/< 'a?+«' / ' (2-f iS '+f i , ' ; ' ) .  

and 

16 

m - n - n  ^  

It should be noted the stress computed using Eq. (5-24) is for the case when 

the solder joint is a "solder layer". Thus, for the solder joint without underfill, we 

need to use a factor to adjust what we get from Eq. (5-24). This factor can be found 

as follows: 

^ 4 5„, 

' N d ^ T r '  

where 

N = total number of solder joints in the module, 

Sm = area of the module, 

and 

ds = diameter of each solder joint (consider the solder joint is a cylinder). 

Using this factor yields the stress experienced by solder joints as 

Since any solder joint failing will cause the interconnect to fail, the average stress 

experienced by each solder joint needs to be determined, which is 

(solder) 
yz,m?ix,vih C,kX tanh(A:7). (5-26) 
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Ar 00 00 (y ,2_^2 ' \  »M 
( o n e - j o i n t )  f  • .  _  m  ' y  V '  V'l ^1 /^(l) / in 2 

''^'z.max »r2 72 Zj Z_( t ^lmn"^nm\ V 
TV a ̂  ,„=i,3,5,,„ „=i ^ 

-^;^r^*''r,tanh(k'.l). 
N  d ^ T t  

Since the maximiam solder joint stress will occur on the comer solder joints of the 

module, another adjustment factor should be also utilized, which is 

C = V2 for a square module, for other shapers this is an approximation. 

Then, the maximum stress in a solder joint is given by 

4V2 • { z l  zf 
m-l  

m=l ,3 ,5 , . . .  n=l  

4V^5.. 

yz .max -x t I  i i  /  i  •  .< ^  
N'dn „,=rf5 r f  2  

"I J.f 

N ^ d l n  

The mean and the variance of this stress are 

A:'-T,tanh(k'-1). 

^ k' T,tanh(k' 1), (5-29) 
N d: n 

and 

;«+/-2 

2 2 8,192 {z\ zf) "  "  "  Vr^ '*  r* ' '  

N ' d ' ^ n '  4 """ m n i j  
00 

• \Kr, ir^) /2,y (^2) ('"2 - '"i) dr, dr^. 

(5-28) 

(5-30) 

Then, the performance function for this failure mode is 

7 _ C _ (comer-jam) 1 ^ 
•^3 solder ^yz,m?ix ' K-''-'^ J 

The reliability of the corner joint can be found using Eqs. (2-6) and (2-7) as 
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/ \ 

R 
I corner 
solder 

Z  

The reliability of this interconnect is 

(n (corner) 
^solder ) ' 

where N is the number of solder joints in the leadless package. 

5.3.2.2 Leaded Solder Joints 

The second surface mount interconnect is the leaded solder joint, which have been 

used for over 35 years. There are two major shapes for leaded solder joints, namely J-lead 

and the Gull Wing formation. The common packages using leaded solder joints include 

Plastic Leaded Chip Carrier (PLCC), Small Outline J-leaded (SOJ) packages. Small 

Outline Gull-Wing Packages (SOP), and Thin Small Outline Packages (TSOP). Figure 

5.3 illustrates these two forms of solder joints. Figure 5.4 depicts two packages using J-

lead and Gull-Wing interconnections. 

J-lead Gull-wing 

Fig. 5.3 - illustration of leaded solder joint. 
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J-lead package Gull-wing package 

Fig. 5.4 - illustration of leaded package. 

The failure mode for this type of intercormect is crack starting at the outside of the 

solder joint and tending to separate it from the lead [126]. The crack for the Gull-Wing 

leads, for example, normally starts from the heel where the lead bends to form the foot 

(see Fig. 5.3). Unlike leadless interconnects, the failures are due to shear loading, for 

leaded interconnects, the normal (peeling) forces appear to be the driving force for the 

crack formation and growth. 

As in the leadless case, the stress that the solder joint and the lead wire experience 

also includes two parts, one is due to vibration, and the other is due to thermal load. But 

unlike in the leadless case, we cannot assume that module, lead wire and the board are 

treated as a three-layer structure since the lead wire is easier to bend. For this 

interconnect, the stress generated due to vibration can be found by [127] 

= — , (5-32) 

where 

Ew = wire modulus of elasticity. 



and 

Em = module modulus of elasticity, 

Lw = length of the lead wire, 

Lm = half length of the module, 

Im = moment of inertia of the module, 

N = total number of lead wires. 

Aw = area of lead wire. 

^ 2 '2 

1 /C 00 00 

^ z E 
^ m=l,3 ,5 , . . .n=l ,3 ,5 , .  

(-1) 

/  .  f  m n  a - l  
m+n-2 1 j 2 Sm 

V a 2 

mn mn 

- T ) d T .  
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(5-33) 

Figure 5.5 illustrates the strain generated in the lead wire. 

The peeling stress for each lead wire due to the thermal stress can be found by 

treating the lead as a plane frame beam on an elastic foundation. It is given by [126, p. 

206] 

A».  
3 2 1 .  

(5-34) 

where 

Aw = AT^ a + ^T^eam b-a^ AT^ (a + b + l cos , this equation is a 

little different with that given in [126], 

Iw = moment of inertia of the lead wire. 
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and 

P = angle between the lead wire and the solder pad. 

Figure 5.6 illustrates the schematic of this plane frame. 

Fig.5.5 - Strain generated in the lead wire when 
the PCB is subjected to vibration. 

Since the comer lead wire will experience the highest stress, the "a" value in the 

expression of Au should be half of the diagonal length of the module. Combining Eqs. (5-

32) and (5-34) and considering the maximum stress occurs when these two stresses in the 

same direction, yield 

(5-35) „  ̂„("*) , ( i h )  
•^lead •^lead ^ lead ' 
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a 

Chip 

Lead foot 

Solder 

Fig. 5.6 - Schematic of SMT lead force, and moment subjected to thermal stress. 

Then, the mean of the stress is 

p i .  \  K  sin(2 P )  L J  
EySlead ) = —-1 (6 — ) Am , 

K  K  21 „  

_ K sin(2 /3) A„ LJ ̂  r 

3 ( ^ J ) L m m beam beam ' 
2 ( 5 - 3 6 ]  

- ATf^ (a + b + l cos P)\ 

( 6 - ^ "  ){a^ -a,) AT a. 3 V 2/ ^ 

The last term is obtained by assuming p = 90 degrees, the temperature change for module 

and board are the same, and b =0. 

The variance of the stress is 
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(5-37) 

• \Km (n ) htj (^2) (r, - r,) dr^ dr^. 
0 

Then, the performance function for this interconnect is 

^4 ^solder ^c-soMer ' 

Thus, the reliability for the comer lead can be computed using Eqs. (2-6) and (2-7). 

The interconnect reliability of the whole leaded module can be found as follows: 

/ ? = ( / ?  f  
solder \ c-solder) ' 

where 

(5-38) 

(5-39) 

^c-iead ^ reliability of corner lead in the leaded package. 

and 

N = number of leads in the leaded package. 
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5.3.3 Insertion-Mount Interconnect 

The common insertion-mount packages include the Dual In-line packages (DIP), the 

Pin Grid Array packages (PGA), Plate Through Hole (PTH) packages. Can packages, and 

the axial discrete capacitors and resistors. This type of interconnect is used less and less 

recently due to the high density package requirement, but since via is still one of the most 

important interconnect methods for the transmission line on different layers, study of this 

interconnect reliability is still needed. Figure 5.7 illustrates a plate/pin through hole and a 

pin grid array interconnects. 

Pin 
standoff, 1 

Card 
thickness, h 

I 1 I I I I 

Plate/pin through hole Pin grid array 

Fig. 5.7 - illustration of plate/pin-through hole and pin grid array. 

5.3.3.1 Plate/Pin Through Hole Interconnect 

The failure modes for the plate/pin through hole are mainly cracks in the solder joints, 

and cracking of the copper plating or barrel. [128, pp.506-511] [129, pp. 865-872], and 

[130, pp.30-37] discuss other failure modes and give the effects of many factors on the 

reliability of the PTH interconnect. There are some other failure modes occurring in 
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Plate/pin through holes, such as delamination between the board and the barrel, pad 

comer crack, and pad delamination. However, in this dissertation, only the first two 

failure modes are considered. 

First let's analyze the crack failure mode of the solder joint. The stresses causing 

this failure include two parts, one is due to thermal load, and the other is due to vibration. 

The stress caused in one lead wire by thermal load is given by [126, p. 94] 

J i h )  _  (5-40) 
o O t t  c  n  

' = 
solder , _ , 2 

where 

Aw = area of the lead wire, 

Ew = modulus of the lead wire, 

c = radius of the lead wire, 

Lw = length of the lead wire outside of the board, 

" = («,„ r, 

r = diagonal length of the module, 

3 w (;k +1) w, = 

/  =  A h  =  
c { b - c )  

N 1 /4  

h .  
E , 1  

b = radius of the hole, 

Es = modulus of the solder joint, 

Iw = moment inertia of the lead wire, 

and 
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0 = 
6 u /  

i .0-  + l ) '+2L.  • 

The stress caused by vibration can be found using the same equation given in 

Eq.(5-32). We know the maximum stress occurs when vibration induced stress and 

thermal induced stress are in the same direction; therefore, the maximum stress 

experienced by the corner solder joint is 

^(plh/pin) p(v//') I (fh) 
solder solder ^  ̂  solder ' (5-41) 

The mean and variance of this stress are given as follows 

e [ s  
(plhlpin)\_ -((A) 
solder J solder ' (5-42) 

and 
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(5-43) 

jKm (n ) hij (r2 (rj - r,) Jr, dr^. 

Then, the performance function for this failure mode is 

{pth! pin) 
solder solder '• "Zi e — S S  (5-44) 
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7 -  C pin) rS-dS"! 
•^5 ~ "^solder solder ' 

and 

< • (5-46) 
5̂ '-'solder •'solder 

Then, the reliability of the corner solder joint is computed using Eqs. (2-6) and (2-7), 

or 

R  = < D  
c-pm 

/ — A 
z. 

cr? V •'5 y 
(5-47) 

The reliability of the pin connection is then computed by 

(5-48) 

where 

^c-pin ^ reliability of the corner pin in the PTH package, 

and 

N = number of the pins in the PTH package. 

The reliability index for the pin connection is computed using the inverse normal 

distribution; i.e, 

(5-49) 

Next let's analyze the copper barrel cracking failure mode. The stress in the barrel due to 

vibration can be found by equaling it to the peeling stress given in Eq. (3-53). 

The stress in the barrel due to the thermal load is given by [128, pp. 506-511] 

(th) _ {(^h ~(^ha)^T 

^barrel ~ Ft ' 

Y _(_ ^ha ha 

E , { r , - r , ) F ( 0  
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where 

t 
^ ^ 0.751og(ri/ro)y 

(1 + C) J V  

C = -^0)4 

tanh(4') + sin((^) cos(^)/ cosh ̂  (4")' 

1 + cos^ (1^)/cosh^ (i^) 

otb, ttba = CTE of the board and the barrel, respectively, 

Epad = modulus of the pad, 

Eb = modulus of the board, 

Eba = modulus of the barrel, 

tba = average thickness of the barrel, 

tbm = minimum thickness of the barrel, 

tpad = thickness of the pad. 

ro = hole radius, 

and 

h = thickness of the board. 

Other stress equations are due to Oien's work [131, pp. 121-128] and Marks's work [10, 

p. 421]. Refer to related literature for further information. 

Then, the stress experienced by a barrel in a plate/pin through hole is given by 

ri = pad radius or ro+e, whichever is greater, e  =  •  
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(plhlpin) _ (vih) <(h) 
barrel barrel barrle ' (5-51) 

The mean and variance of this stress are given by 

f(Apif</pi") 
barrel J ~ barrel ' 

and 

256 
barrel 

VAJ z z z z (-1) 

/ / /+W+/-I -7-4  

2 

^ m=l,3 ,5 , . . .n=I ,3 ,5 , . . . /=! ,3 ,5 , . . .7=1,3 ,5 , . . .  m H I  J  

z - z .  
. 2  \  \ 

^  ̂  ^  ̂  f^ (k )  
^hmi  ,  ^2nm 

a  b  

+ C ( k )  
3mn 

Z ' Z .  
. 2  \  

(5-52) 

/ 

_UL(^ (k )  J  ̂  f ^ (k )  
' ^V j  ,  " - l i j  

\  a  0  

+ <-3,/ 
/ {6 2 

)0  

• \Km (n) k j  (^2) Rw,*, ( ^2  -  f \) dr ,  d r ^ .  

0 

The performance function for the barrel failure mode is given by 

7 _ C _ Ap lh lp in )  
6 ^ barrel barrel (5-53) 

Thus, the reliability of one of the barrel in the plate/pin through hole interconnect can be 

computed using Eqs. (2-6) and (2-7), or 

RlL, = «> 
z. 

(5-54) 
V ^6 /  

where 

^barrel reliability of the i' barrel in the PTH package. 

If there are a total of N pins in the plate/pin-through hole module, then the 

reliability of the interconnect for each plate/pin through hole module due to barrel failure 

can be found by 
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= t e , r -  ( 5 - 5 5 )  

Then, the reliability index for this failure mode is found through the inverse normal 

distribution; i.e., 

(5-56) 

It should be noted that the two failure modes of Pin/Plate Through Hole are not 

independent, we need to compute their correlation coefficient before we can find the 

reliability of this interconnect. 

To simplify the derivation, let's denote the two performance functions as 

and 

Z 3  = S , - s f - s f ,  

Z , = S , - s f - s f ,  

with the means of 

and 

Z , = S , - s ' \  

Z,=S , -s ' , \  

and the variances of 

and 

2 2 2 

2 2 2 
7 — O" o H" . 

Then, the correlation coefficient is 
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. £[(Z,-Z;)(Z,-Z,)] (5-57) 
Psb  ~  

<^Z, ^Zr .  

Since 

E[{S, - s, - s i "  I s ,  - s , -  sr)] = £[(s, - s, )(s, - s J]- E[(S ,  -  s ,  ]  

-4s, -s,K"i+4rc). 

or 

£[(s, - s , - , r i s , - s ,  -c)]= 

because and are independent, and £'(5, -5*, ) = 0. Then, Eq. (5-57) becomes 

_£[55"''5f]. (5-58) 
P56  ~ 

O" y C7 y 

This equation can be generalized as 

P,= ^ ^ • (5-59) 
o- cr 

It can be used for our computation of the whole PCB's reliability. 

For the Plate Through Hole case, 
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/ 

m=l,3 ,5 , . .«=l ,3 ,5 , . . . /= l ,3 ,5 , . . .7=l ,3 ,5 , . . .  

0 0  O O  0 0  0 0  ( I I T  

z z z z tiLA_ 
=TT<; „=rr!i i = fT i  ,=rTl mn m  n  (5-60) 

V / 

•  \K ,n  (^1) h i i  (^2) (r^ - r,) t/r, dr^, 
0 

Then, using Eq. (2-29), we can quantify the reliabihty of the PTH interconnect from 

ms and me = rehabiUty index for pin connection and barrel, respectively. 

They are given by Eqs. (5-49) and (5-56) 

5.3.3.2 Pin Grid Array (PGA) 

The failure mode of the Pin Grid Array interconnect is solder joint crack. It is the 

same as the PTH case except it does not have barrel failure. Therefore, the reliability of 

this interconnect can be found using the same method as in the PTH case, using Eqs. (5-

41) - (5-48) to compute the reliability of the PGA interconnect. 

5.4 Failure Modes of the Parts on the PCB 

There are many kinds of parts mounted on the PCB. Some of them are active parts, 

and some are passive parts; some of them are in the package form, some are discrete parts; 

(5-61) 
0 

where 
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some of them are in plastic packages, some are not. In the plastic package, some are in 

ball grid array, some are in pin grid array, some are chip scale package; etc. Beelen-

Hendrikx and Verguld [132, pp. 24-32] discussed the application trends of different 

package types in electronic packaging and assembly for portable consumer products. The 

variety of parts on the board makes quantification of the parts-on-board's reliability very 

difficult since different kinds of packages, or parts, have different failure modes. For 

example, for plastic package, delamination/crack caused by the popcorn effect is one of 

the major failure mode [133, pp. 269-273; 5, 56-65; 6, pp. 301-308; 134, pp. 392-399, 

etc.], while for TAB-bonded chips, the major failure modes are the fracture of the lead 

[135, pp. 856-864], and other failure modes such as corrosion [136, pp. 1105-1116; 137, 

pp. 86-92]. The failure modes of other kinds of packages or parts have also been studied 

by many researchers [138, pp. 97-103; 139, pp. 286-290; 140, pp. 84-87, 141, pp. 457-

463; 142, pp. 399-404; 143, pp. 83-87; 144, pp. 93-97, 145, pp. 341-346; and 146, pp. 

122-127]. Engel [147, pp. 262-267] introduced wear-out modes and mechanisms. Li [148, 

pp. 339-353; 149, pp. 2-10] introduced creep and aging failure mechanisms, respectively. 

Therefore, it is hard and not reasonable to quantify the reliability of the parts-on-board by 

considering all of the failure modes. 

In this dissertation, a modified MIL-HDBK-217 type method will be employed to 

quantify the parts-on-board reliability. The basic idea of this method is as follows: for 

discrete parts, their reliability is computed directly using the MIL-HDBK-217 type of 

method, and for parts in package form, their reliability will be computed by considering 

both chip failures and packaging part failures. For example, for the package shown in 
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Fig.5.8, the chip reliability will be computed using the MIL-HDBK-217 type method 

while packaging part reliability will be computed using the MSSI method. To simplify 

the reliability quantification, the following assumptions are made for the modified MIL-

HDBK-217 type method: 

1. The MIL-HDBK-217 type method is applicable for discrete parts and chips inside 

the package. 

2. Chips and packaging part failures are independent. 

3. All packages on the PCB are plastic packages. This is a reasonable assumption 

since plastic packages are the most promising technology in terms of cost and 

performance for future microelectronics [150, pp. 401-404]. Only 

delamination/crack failure modes caused by the popcorn effect will be considered 

for packaging parts. It should be noted that even though we assume all packages 

are plastic for the sake of simplicity, the method introduced in this section is 

applicable to any other kind of packages. 

Leadframe 

Wirebonds 

Molding compound 

Pad 

Fig. 5.8 - Schematic of a plastic package. 
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5.4.1 Discrete Parts and Chip Failure Modes 

The failure modes of discrete parts and chips have been discussed previously. Its 

reliability will be computed using the MIL-HDBK-217 type method, denoted as 

' i ~ 1where P is the number of parts in the package form, and 

^dis-pari J • • •, M-P, and M is the total number of parts on the board. 

5.4.2 Failure Modes Caused by the Popcorn Effect 

The popcorn phenomenon is a very severe problem for plastic-encapsulated 

packages. Its main effect is that it causes the packages to crack either right away during 

the reflow process or after it is delivered to customers. The latter case is in general more 

severe and important, and it is our research interest because if the package failed during 

the reflow, the manufacturers can discard the package. However, if the packages do not 

fail during the reflow, but are damaged, then the damaged packages will be delivered to 

the customers. If these packages are used in safety-related applications, their failures may 

cause great losses; if these packages fail in the early stage, then the manufacturers will 

have to pay much due to the warranty. Therefore, both the manufacturers and the 

customers want to know when this package will fail, and at a certain time what the 

reliability is. In fact, some failure modes caused by delamination have been found in the 

consumer's electronic products in the market [132, pp. 269-273]. 

The basic process of a popcorn is as follows [5, pp. 56-65; 6, pp. 301-308]: 

During the reflow process, the package is subjected to a very high temperature, normally 

between 220-240 °C for the lead-tin solder (it might increase a little for a lead-free solder 

joint, to around 260 °C), at this high temperature, delamination between the die pad and 



128 

the molding compound (MC) interface or other interfaces may occur due to the thermal 

stress caused by mismatch of the coefficients of thermal expansion (CTE) between 

different materials; then the moisture inside the molding compound (absorbed during 

regular storage condition or operation) is diffused into the delaminated gap, vaporized, 

and expanded abruptly. When the stress caused by the vapor pressure is higher than the 

critical interfacial adhesion strength of the molding compound, the plastic package will 

be cracked or damaged. Figure 5.9 illustrates a schematic of a plastic encapsulated 

package where popcorn may cause the cracks. This agrees with Ho's survey [132, 269-

273] on delamination failures on some consumers' electronic products, such as cell 

phones, VCRs, discmans, etc. 

Based on the locations where the cracks occur, some researchers categorized the 

popcorn into different modes [5, pp. 56-65; 6, pp. 301-308; and 7, pp. 362-367]. For 

reliability quantification purposes, it is not necessary to differentiate these modes. 

Leadframe 

Delaminati 

Wirebon 

Molding compound f 

Cracks 

Cracks 

Pad 

Fig. 5.9 - Illustration of popcorn caused failure modes. 
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The reliability in terms of this failure mode can be quantified based on the failure 

process of popcorn-caused failure modes discussed previously. There are three 

contributors to this type of failure. The first is the thermal stresses due to Coefficient of 

Thermal Expansion (CTE) mismatch; the second is vapor stress generated during the 

reflow; the third is the vapor stress generated during normal usage. The initial reliability 

of the package can be found by considering the first two processes. It is one minus the 

product of the probability of delamination and the unreliability after reflow. The 

reliability at any time after reflow will be a little complicated to compute since the reflow 

condition and the operating conditions are different, the conditional reliability or 

equivalent reliability concept should be used to compute the reliability of the package at 

any time. The initial reliability of the chip due to the popcorn effect is computed by 

The reliability of the chip due to popcorn effect at any time after reflow is given 

p  t n  r e  r e  t h  r e  r e  
(5-62) 

by 

o p  r e  

or 

(5-63) 

where 

Pth = probability that delamination will occur, 

Fre(tre) = Unreliability of the package after tre hours of reflow. 
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conditional unreliability of the package at t hours after reflow, 

= equivalent time for tre at normal usage condition, 

and 

Kp (f + unreliability for a mission time t  + when considering a 

mission starting from the beginning of the reflow. 

Pth , Fre(tre), and { t  + ^6 found using the MS SI method as follows: 

P,,=Pis„>S„,), (5-64) 

FJIJ = P(s^>S,,^{0). (5-65) 

and 

( I  +  ^fc, >S^( t  +  C» .  (5-66) 

where 

Sth = thermal stress, 

Sad = adhesion strength, 

iS^od ^ rnolding compound strength at the end of reflow, 

Sre = vapor induced stress during the reflow process, 

i'mod (t + ) = molding compound strength at time t + , 

and 

Sop = vapor induced stress at normal use condition. 

The thermal stress inducing the delamination failure mode can be found 

through bi-metal thermostat stress analysis. Suhir [151, pp. 657-660; 152, pp. 595-
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600] and many others, such as [153, pp. 349-353] and [154, pp. 393-399], have 

investigated these stresses, Glaser, J. C. [155, pp. 24-29] compared Suhir's method 

with other methods and concluded that Suhir's method provides fairly good results. 

The thermal stress from Suhir's research includes two stresses, one is shear stress, 

and the other one is peeling stress, and they are given by [151, pp. 657-660] 

A a  A T  ^  .  
^max = n— tanh(^ a), (5-67) 

V A >C 

and 

p^=i^AaAT. (5-68) 
K 

where 

A =  — 

12 V A ^2 + Dj J 

E h ^ .  
D .  = , i = 1, 2, flexural rigidities of the pad and the molding compound, 

respectively, 

a = half length of the pad, 

hi = thickness of the pad and the molding compound, respectively, i = 1,2, 

3£, ' 3^2 

and 
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h-y  D ,  - k  D  
ju = ——' ^ 

2 (A+^2) 

Considering that both stresses will contribute to the delamination failure, we use the 

following equation to compute the thermal stress: 

The performance function for the delamination failure mode is then obtained from 

Then, the minimum distance method can be used to find out the probability of the 

delamination. 

Next, we need to find the reliability expressed by Eq. (5-62) or (5-63). It should 

be noted that the mean strength distribution parameters for the refiow and the operation 

will be different in most cases. Therefore, to find the reliability at any time after refiow, 

Eqs. (2-37)-(2-40) or (2-46) should be employed to find the equivalent time. 

The vapor pressure stress generated inside the package can be found using Eq. (5-

71) [156, 10 pp.].Other equations can be found from the following related papers: [6, p. 

302], [157, p. 38], [158, pp. 31-38], [159, pp. 204-210], and [160, pp. 129-132]. Thus, 

^max + P max (5-69) 

(5-70) 

s , „ = 6 K P  (5-71) 

where 

Sm = stress generated inside the package. 

K = shape parameter, = 0.5 for a square pad. 
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PH,o.cavi,y (^) = prcssure inside the cavity, 

ai= length of the pad, 

and 

t = thickness of the molding compound. 

Ph^o caviiy (^) ^an be found using following equation; 

PH,o^ca.,,y(T) = RH,P,,^,^^{T,)e (5-72) 

where 

RHo = relative humidity at temperature To, 

Pxai Hfi (^o) ̂  saturation pressure at temperature To, which can be found using 

Figure 5-10, 

Qs = 0.1 eV, 

and 

K = Boltzmann's Constant, 8.617385x10"^ eV/K. 

Then, the performance function related to the moisture failure is 

^mo — S  ~  S ,ii 5 

where 

S = strength of the molding compound at any time of interest. As we stated 

before it has to be computed using the corresponding equations given in 

Chapter 2. 

The reliability related to the moisture failure mode can be found using the 

Minimum Distance Method. 
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1 2 0  

Fig. 5.10 - Saturated vapor pressure for water 
(http://hyperphysics.phyastr.gsu.edu/hbase/kinetic/watvap.html) 

Finally, the reliability related to the popcorn effect can be found using Eqs. 

(5-62) or (5-63), depending on what reliability is of interest. 

The reliability of parts mounted on the board is equal to the reliability of the chips 

in the package times the reliability of the popcorn effect failure mode, and times the 

reliability of the discrete parts on the board, which is given by 

P ( i )  ( i )  M  -P  / -N 

where 

Rpart = reliability of all parts mounted on the board, 

i = index number of packages on the board, 

j = index number of discrete parts on the board. 

800 760 mmHg at lOO'^C 

& 200 

0 

0 20 40 60 80 

Temperature, "C 

100 

http://hyperphysics.phyastr.gsu.edu/hbase/kinetic/watvap.html
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^Mp ^ reliability of the chip in the i"^ package, 

= reliability of the packaging part due to popcorn effect in the i"^ 

package, 

and 

R\j2-parts ^ reliability of the discrete part. 

Table 5.1 illustrates an example of parts reliability quantification using Bellcore 

method. 
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Table 5.1 Example of reliability prediction using the Bellcore method. 

E x a m  p i l e  o f R e l i a b  i l i t y  P  r e  d  d c  t i o  n  

m g d e h  N O . ;  M A I N  M O D U I . ,  S  

M  T B F  c a i f c u l a t e c i . B e l l C o r e  T e c h n i c a l R e f e r e n c e  T R - 3  3 2 , I s s u e  6 , D e c e m  b e r l 9 9 7  

" R e l i a b i l i t y  P r e d i c t i o n  P r o c e d u r e  f o r  E l e c t r o n i c  E q u i p m e n t "  

P A R T N U M B E R  | M a i n  M o d u l e  

M T B F  =  5 . 0  Y e a r s  

2 / 1 8 / 2 0 0 4  

F I T  =  2 3 0 0 7 . 2 2  
A m b i e n t  T e m p e r a t u r e  H e a d - e n d  

D i s t r i b u t i o n  a n d  
C u s t o m e r  P r e m i s e s  

E n v i r o n m e n t a l  F a c t o r  = 2  1  =  G  n d  F  i c e d  - C o n  t c o  H e  d  ;  2  =  G  n  d  F  i x e d  u n  - c o n t r o l l e d ,  

O p e r a t i n g  T e m p e r a t u r e  = 4 0 '  C  

M o t o r o l a  PN Q T Y  F a i l u r e  T e m p  E  1  e  c  .  E  1  e  c  .  Q u a l i t y  O p  e  r  .  F I T  
R a t e  ( F I T )  C u r v e  C u r v e  S t r e s s  L e v e l  T e m p  

5 0 6 4 4 4 - 0 0 1 -- 0 0  1 0  3  1  0 0 .5 2  4 0 6  0 . 0  

1 0 6 1  1  5 - 0 0 2 -• 0 0  2  1 5  0 0 .5 2  4 0 6  0  0 . 0  

1  1  0 0 9 0 - 2 2 0 -• 0 0  1  1  1  H 0 .5 2  4 0 2  .  0 

1  1  9 0 1 0 - 0 1  5 -• 0 0  1  2  7  0 .5 2  4 0  4  .  0  

1  1 9 0 1  0 - 0 2 1 -• 0 0  1  2  7  0 .5 2  4 0 4  .  0  

1  1 9 0 2 0 - 0 4 8 -- 0 0  2  4  7  0 .5 2  4  0 1 6 . 0  

1 2 3 6 4 7 - 7 0 0 -• 0 0  9 9  1  1  H 0 .5 2  4  0 1 9  8 . 0  

1 2 3 6 7 2 - 1  1  7 -• 0 0  3  1  1  H 0 .5 2  4 0 6  .  0  

1 2 3 6 7 3 - 6 9 7 -• 0 0  1  1  1  H 0 .5 2  4 0 2  .  0  

1 2 5 1 0 1 - 3 0 3 -• 0 0  1  0  .  5  3  C  0 .5 2  4 0 1  .  0  

1 2 5 1 0 2 - 2 1 2 -• 0 0  2  0  .  5  3  C  0 .5 2  4  0 2  .  0  

1 2 5 1 4 4 - 9 9 1 -. 0 0  1  0  . 5 3  C  0 .5 2  4 0 1  .  0  

1 2 7 0 2 0 - 1 0 3 -. 0 0  8  0  . 5 3  0 .5 2  4 0 8  .  0  

1 3 8 1 9 4 - 0 0 0 -• 0 0  1  9  3  E  0 .5 2  4 0 1 8 . 0  

1  5 7 9 9 6 - 0 7 1 -- 0 0  4  0 . 5 3  0 .5 2  4 0 4  .  0 

1 8 5 2 2 3 - 0 0 0 -- 0 0  6  0 .  6  7  0 .5 2 4 0 7  .  2  

4 0 4 0 2 3 - 0 0 1 -. 0 0  2  4 6 0 .5 2  4 0 1 6 . 0  

4 0 4 5 8 9 - 0 0 1 -• 0 0  2  0 . 5 3 0 .5 2 4 0 2  .  0  

4 0 7 7 1 0 - 0 0 1 -• 0 0  1  3 .  2  7  0 .5 2 4 0 6 . 4 

4 1 2 5 9 9 - 0 0 1  - 0 0  9  1 3 G  0 .5 2 4 0 1 8 . 0  

4 1 3 6 5 6 - 0 0 1  • 0 0  1  5 0 3 C  0 .5 2 4 0 1 0  0 . 0  

4 1  3 9 9 2 - 0 0 1 .  • 0 0  3  1 . 0 3 6  0 .5 2 4 0 6  .  2  

4 1 4 2 3 7 - 0 0 1  - 0 0  1  2  . 8 7  0 .5 2 4 0 5  .  6  

4 1 4 7 0 5 - 0 0 1 .  - 0 0  1  5 0 .5 2 4 0 1 0 . 0  

4 1 4 7 0 6 - 0 0 1  - 0 0  3  5 0 .5 2 4 0 3  0 . 0  

4 6 3 0 2 7 - 0 0 1  - 0 0  2 7  4 1 H 0 .5 2  4 0 2  1 6 . 0  

4 6 3 0 2 7 - 0 0 3  - 0 0  4 0  4  1 H 0 .5 2 4 0 3  2  0  . 0  

4 6 3 0 2 7 - 0 0 5  - 0 0  4  4 1 H 0 .5 2 4 0 3  2 . 0  

4 6 4 8 6 2 - 0 3 8  - 0 0  4  0 .  5  3 C  0 .5 2 4 0 4  .  0 

4 6 5 1  1 9 - 0 0 1  - 0 0  3 4  0 . 5 3 C  0 .5 2 4 0 3  4 . 0  

4 6 5 1  1 9 - 0 2 6  - 0 0  5  0 . 5 3  C  0 .5 2 4 0 5  .  0  

4 6 5 1  1 9 - 0 3 8  - 0 0  2 0  0 . 5 3  C  0 .5 2 4 0 2  0 . 0  

4 6 5 1  1  9 - 0 4 8  - 0 0  1 0  0 . 5 3 C  0 .5 2 4 0 1 0 . 0  

4 6 5 1  1  9 - 0 5 0  - 0 0  1  0 . 5 3 c 0 .5 2 4 0 1 . 0 

4 6 5 1  1 9 - 0 5 3  - 0 0  1 2  0 . 5 3 c 0 .5 2 4 0 1 2 . 0  

4 6 7 0 6 6 - 3 1  1  - 0 0  1  0 . 5 3 c 0 .5 2 4 0 1 . 0 

4 6 7 0 6 6 - 3 3 1  - 0 0  1  0 . 5 3 c 0 .5 2 4 0 1 . 0 

4 6 7 0 6 6 - 3 3 5  - 0 0  5  0 . 5 3 c 0 .5 2 4 0 5 . 0 

4 6 7 0 6 6 - 3 8 5  - 0 0  3  0 . 5 3 c 0 .5 2 4 0 3 . 0 

4 6 7 6 3 9 - 0 0 1  - 0 0  3 2  1 1 H 0 .5 2 4 0 6  4 . 0  

4 6 7 7 2 7 - 0 0 1  - 0 0  5  3 . 94 0 .5 2 4 0 3  9 . 4  

4 6 7 9 8 3 - 0 0 1  - 0 0  4 3  1 1 H 0 .5 2 4 0 8  6 . 0  
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CHAPTER 6 

APPLICATION OF THE RELIABILITY 

QUANTIFICATION METHOD TO A 4-SIGNAL-LAYERED PCB 

In this Chapter, a comprehensive example will be solved to demonstrate the 

application of the reliability quantification method proposed in this dissertation. 

Example 6-1 

An electronic component manufacturer wants to design a new PCB, which 

will be used in a vibration and thermal environment. The management wants to 

know the reliability of the product before its design is fixed for production. The PCB 

has 4 signal layers with 3 active IC packages and one passive package with the same 

dimensions of 0.013x0.013x0.00051 m^ mounted on the PCB of 

0.15x0.0635x0.001354 m^. The details of each IC and passive package are as 

follows: 

• IC No. 1 is a plastic package, located at x = 0.02 m, y = 0.03 m and generates a 

power of 0.2 w/m^. The coordinate system is shown in Fig. 4-1. It uses leadless 

Surface Mount Technology (SMT) with a total of 52 solder joints. Each solder joint is 

0.00028 m high and the diameter is 0.002 m. The molding compound is made of 

epoxy with a Young's modulus of 15.5 GPa, the Poisson's ratio of 0.25, and CTE of 

15.0 ppm/°C. The pad material is ceramic with a Young's modulus of 275.8 GPa, 

Poisson's ratio of 0.22, and CTE of 1.6 ppm/°C. The thickness of the molding 

compound is 0.0008±0.00006 m, the thickness of the pad is 0.0004±0.00003 m, the 

half length of the pad is 0.015±0.0003 m, and the width is 0.03±0.0003 m. The 
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strength of the adhesion is normally distributed with the initial mean 40 MPa and the 

standard deviation of 1 MPa, and the strength of the molding compound follows the 

normal distribution with the initial mean of 60 MPa and the standard deviation of 8 

MPa. The mean strength of the molding compound is degraded with time and follows 

the equation of for reflow condition, and for normal use condition. The 

standard deviations for both strengths are constant. The reflow time is 200 s at the 

temperature of 230°C. The storage temperature for the package before it is reflowed is 

150°C with a standard deviation of 20°C. The ambient temperature is assumed to be 

25°C. The relative humidity is 85%, and the saturated vapor pressure at 25°C is 

3167.73 Pa. The normal use condition is 50°C with a standard deviation of 5°C. 

• IC No.2 is a ceramic package, locates at x = 0.075 m, y = 0.03 m, and generates a 

-3  
power of 0.2 w/m . It uses leaded SMT with 52 Kovar lead wire. The height of 

lead wire is 0.00218 m and the diameter is 0.000203 m. 

• IC No. 3 is also a ceramic package, locates at x = 0.13 m, y = 0.03 m, and 

generates a power 0.4 w/m . It uses the PGA technology with Kovar pins. The 

stand-off of the pin is 0.00157 m, the diameter is 0.000203 m and the hole's 

diameter is 0.000382 m. 

• The passive module is mounted on the PCB using a Plate-Through Hole (PTH) 

technology. 

The laminated PCB is shown in Fig. 6.1, and the material property and other needed 

data for this application are given in Table 6.1. Assuming that the vibration is an 
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ideal white noise vibration with a power spectral density of 20.6 m /S . Find the 

following: 

1. The temperature distribution of the board. It is known that the density of the 

board is 2850 kg/m , the thermal conductivity is 17 w/m°C in the x-y 

direction, and 0.2 w/m°C in the z direction, the convective heat transfer 

coefficient for top and bottom of the surface is 5, and the specific heat is 

1,300. 

2. The Reliability of the laminated board at time t =0, 1,000 hr, and 5,000 hr. 

Assuming that the interfacial shear strength between each layer of the 

laminated board is normally distributed with the initial strength of 48.75 

MPa, the standard deviation of 3.895 MPa, and its mean value follows an 

exponential distribution with parameter of y = 100 hr, t) = 10,000 hr, and that 

the interfacial peeling strength is also normally distributed with the initial 

mean strength of 70 MPa, and the standard deviation of 3 MPa., and its mean 

follows the Weibull distribution with parameters of P = 2, r) = 1,000 hr, and y 

= 0. Assuming that the highest module on the board is 0.005 m, and the 

clearance requirement is 0.01m. 

3. The Reliability of the intercormect between the IC No.l and the board. The 

strength of the solder joint is normally distributed with the mean of 36.85 

MPa and the standard deviation of 5 MPa. 

4. The Reliability of the interconnect between the IC No. 2 and the board. 

5. The Reliability of the intercormect between the IC No.3 and the board. 
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6. The Reliability of the interconnect between the passive package and board. It is 

given that ab=28.98 ppm/°C, aba==17 ppni/°C, AT=20 °C, Eba = 124 GPa, tba = 

0.00004 m, tbm =0.000015 m, tpad = 0.00005 m, ri = 0.0006 m, ro= 0.0003 m, Eb = 

4.0 GPa, Epad = 90 GPa, and the mean yield strength of the barrel is 100 MPa and 

the standard deviation is 10 MPa. 

7. The Reliability Quantification of the Plastic Package No. 1 due to the popcorn 

effect at time 0, 1,000 hr, and 5,000 hr. 

8. The Reliability of the whole PCB considering all of the failure modes. 

Table 6.1 - Material data used in Example 6-1. 

material Cu Epoxy-Glass Cu-clad 
Invar 

Kovar Board Solder 
joint 

Module 

Modulus 
(GPa) 

124 2.7 200 138 13.8 300 

Poisson 
ratio 

0.328 0.35 0.3 0.39 0.35 0.3 

CTE 17 39.6 3 25 3.5 
Density 
kg/m^ 

8,900 1,450 4,260 2,85 
0 

Damping, 
NS/m 

1.53E4for 
board 
200 for 
cushion 

Spring 
constant, 
N/m 

400,000 
for 
support 
cushion 
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Fig. 6.1 - Illustration of a laminated PCB. 

Copper (signal layers). 

Copper clad invar. 

Unit: xlQ-^m. 

Solution to Example 6-1 

1. Temperature distribution of the board 

First let's find out the material property data for the board. The in-plane modulus and the 

CTE are computed from 

3 

TK Ei  
4x36x124 + 906x2.7 + 304x200 

1,354 
= 59.90 GPa, 

;=1 

and 
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a, El  

a = a . . =  '  '  

3 

h  c x  E  
^ 144x17x124 + 906x39.6x2.7 + 304x3x200 

^ ^ 144x124 + 906x2.7 + 304x200 

i=\ 

or 

=ay =7.19ppm/C. 

The z direction modulus and CTE can be found using a constant stress model of 

h  '-'•MOP"-
f l-t ' •T 

— +  — +  —  

Ex  ^2 E,  

and 

a, = ^=^3 = 28.98 ppm/°C. 

The temperature distribution of the board can be found using Eq. (4-6). Figure 6.2 

is a slice plotting of the temperature distribution of the board, the slice positions are at x = 

0.01 m, 0.05 m, 0.08 m, 0.13 m, y = 0.03 m, and z = 0 m, and -0.001 m. Figure 6.3 

illustrates the contour plotting of the temperature distribution on the top surface of the 

board. Appendix H gives the Matlab codes for this example. 

For reliability purpose, the maximum temperature difference is the main concern. 

From the computation result, we see that the maximum temperature difference is about 

20 °C and is on the top of the board. This result will be used to compute the following 

reliability. 
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Fig .6.2 - Slice plotting of the temperature distribution of the board. 

2. Reliability quantification of the board 

As we discussed in Section 5.2, two failure modes will be considered for the 

reliability quantification of the board. The first failure mode is the lamination failure 

mode, and the second failure mode is excessive deflection failure mode. First we need to 

compute the plane stress-reduced stiffnesses for each layer. 

For the copper layers, 

= 138.95 GPa, 
\ - v '  1-0.328' 

Qif = 45.58 GPfl. 

and 



144 

Qt '  -

124 
J66 

2(1+ v) 2(1 + 0.328) 
= 46.69 GPa. 

0.06 
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0.04 
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Fig. 6.3 - Contour plotting of the temperature distribution on the top of the board. 

For the Epoxy -glass layer, 

E  2.7 
Q\ f  = 01?̂  = , = 3.08 GPa, 

1-v' 1-0.35' 

Q \ f  = v Q [ f  = \ m G P a ,  

and 

r ) { ^s )  _ 
^6 

2.7 
266 

2(1+ v) 2(1 + 0.35) 

For Copper clad invar layer, 

E  

= \QGPa. 

200 

1-v' 1-0.3^ 
= 219.78 GPa, 



Q [ f  = v Q \ f  = 6 5 . 9 2 ,  G P a ,  

and 

200 
0^"'^ = = —— = 76.92 GPa. 

2(l + v) 2(1 + 0.3) 

Next we need to find the bending stiffnesses of the board. Using Eq. (3-32) yields 

I = A2 = IZ Qn fc'., z,' + -4' 
3 /r=l  3  yt=l 

+ ̂  01 (^3 - ̂2 + ^5 - ̂4 + ^7 - 4  + ^9 - ̂8 + ) 

+ ^-Qlf {zl - z] + zl - z',), 

= - X 138.95 X1.52482608 x 10"' + -x 3.08 x 4.51629306 x 10"' 
3 3 

+ -x 219.78x0.16465552x10"', 
3 

or 

Ai -^12 = 8.732 Pa-/w^, 

3 t=i J 

+ (^3 - ̂2 + ^5 - 24 + ^7 - ̂6 + ^9 - ̂8 + " Ao ) 

+ ^0.^2'^ (^6 -^5+^8-^7), 

= - X 45.58 X1.52482608 x 10"' + - x 1.08 x 4.51629306 x 10"' 
3 3 

+ -x65.93x0.16465552xl0-', 
3 

or 

£),2 = 2.841 P a - m ^ ,  
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and 

or 

-z ;  +zi -z ' ,+z ; ,  -z=+4 -4)  
J  k= \  J  

+ "066^^ (^3 ~^2  + ^ 5  - 2 4 + 2 7 - ^ 6 + ^ 9  + ^ n  ~^w)  

+  ̂Q l f ( z l - z l + z l - z ' , ) ,  

=  - x  46.69 X1.52482608 xl0"'+-xl0x4.51629306 x 10"' 
3 3 

+  - X  76.92x0.16465552x10"', 
3 

£>66 = 4.301 P a - m  .  

The mass moment of inertia is 

/o = -zj = 8,900x4x36x10"' +1,450x906x10" 
*=1 

+ 4,260x152x2x10"', 

or 

I q  = 3.89 kg/m^. 

The mass of the board is 

m  =  p - V  =  2,850 • 0.000012896 = 0.0368 kg 

Then, 

(400.000 =3,296.9, 

C  200 
r j  =  -• 2,717.4. 

2 m  2x0.0368 

m  V 0.0368 
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Pd = = 1,866.9, 

and 

v ,=  — = c, _ 15,300 

/„ ~ 2x3.89 
= 1,966.6. 

Now we are ready to compute the reliability of the board. 

Using Eqs. (3-59) and (3-60), the maximum mean shear stress and peeling stress can be 

computed as 

20.8 MPa, y(ii) _ 
^z,max 

and 

7( H )  41.5 MPa. 

Table 6.2 lists the calculation results using Eqs. (3-59) and (3-60). 

Using Eq. (3-62) yields the variance of the shear stress as 

;h+;-2 

-W _  
256 00 00 co 00 (-1) 

.yz.max 4 S 2 Z! S" • • 
^ m=l,3,5,... n=l ;=1,3,5,... 7=1 m • H  •  I  •  J  

(  L  f  

E 
VP=1 V 

p_r(p^  
^ Imn  

J  J  

r  f _2 z -z 
P_r ^ ( p )  

^2 i J  

v^-'v 

Using Matlab yields, 

< 'L=  0.91  MPa .  

jK,, (''i (''2 - • d''! dr, 
J  J  

Then, the reliability of the board due to the shear stress is computed as follows: 

At t = 0, the strength follows the normal distribution with the mean 48.75 MPa and 

standard deviation of 3.895 MPa. Then, the reliability is 
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R(t = 0) - O 
^ 48.75-20.8 ^ 

V3.895' +0.91' 
= 0(6.99) =0.9„8625. 

To compute the reliability of the board at t =1,000 hr. First we need to find the damage of 

the mean strength due to the usage. From the given data, we know that the mean value of 

the mean strength distribution is 10,000+100 = 10,100. The damage to the mean strength 

after 1,000 hr usage is 

^^^000_^ 0 0990099. 
10,100 

Then, the residual mean strength is computed as 

= 48.75(1 - D )  =  43.92 MPa, 

and the reliability of the board at 1,000 hr is computed as 

43.92-20.8 
R(t = 1,000) = O 

V3.895' +0.91' 
= o(5.780) = 0.9g62649687, 

Similarly, at t = 5,000 hr, the damage is computed as 

^ ^ 0.495 . 
10,100 

Then, the residual mean strength is 

5, = 48.75(1 - D )  =  24.62 MPa, 

and the reliability of the board is 

R(t = 5,000) = O 
^ 24.62-20.8 ^ 

Vs.895' +0.91' 
= 0(0.955) = 0.8302 , 



No. ( 
laye 

1_ 
2 
3 
4_  

^ 
^ 
7_ 
8_ 

^ 
10 

11 

Table 6.2 - Computations of the shear and peeling stress. 

hi 
3.60E-05 

Ej 
1.24E+11 

fi 
0.000717 

CTE 

1.70E-05 
aj 

O.OOE+00 
bj 

O.OOE+00 1.51E-07 
ai/gi 

O.OOE+00 
l/gj 

6.64E+06 
bi/gj 

O.OOE+00 
1.02E-04 2.70E+09 0.000367 3.96E-05 6.90E-05 0.000452 2.36E-06 2.92E+01 4.24E+05 1.92E+02 

3.60E-05 1.24E+11 0.000717 1.70E-05 1.38E-04 0 1.51E-07 9.17E+02 6.64E+06 O.OOE+00 
3.00E-04 2.70E+09 0.009346 3.96E-05 3.06E-04 0.000452 8.02E-07 3.81E+02 1.25E+06 5.63E+02 

1.52E-04 2.00E+11 0.083614 3.00E-06 5.32E-04 -0.00028 2.30E-08 2.31E+04 4.34E+07 -1.22E+04 

1.02E-04 2.70E+09 0.000367 3.96E-05 6.59E-04 0.000452 2.36E-06 2.79E+02 4.24E+05 1.92E+02 

1.52E-04 2.00E+11 0.083614 3.00E-06 7.86E-04 -0.00028 2.30E-08 3.41E+04 4.34E+07 -1.22E+04 

3.00E-04 2.70E+09 0.009346 3.96E-05 l.OlE-03 0.000452 8.02E-07 1.26E+03 1.25E+06 5.63E+02 

3.60E-05 1.24E+11 0.000717 1.70E-05 1.18E-03 0 1.51E-07 7.84E+03 6.64E+06 O.OOE+00 
1.02E-04 2.70E+09 0.000367 3.96E-05 1.25E-03 0.000452 2.36E-06 5.29E+02 4.24E+05 1.92E+02 

3.60E-05 1.24E+11 0.000717 1.70E-05 1.32E-03 0 1.51E-07 8.76E+03 6.64E+06 O.OOE+00 
0.189893 9.33E-6 

4^ 



Table 6.2 - Computations of the shear and peeling stress - continued. 

No. of 
layer (d-bi)/ft (c-ai)/gi 

Sum of (hl-
hj )-hj/2 Fi (hi^2)*gi Sum of hj Ti 

Shear 
(x=0.15) 

Shear 
(y=0.0635) 

Peeling 
(x=0.15) 

1 -1.28E+03 4.38E+03 1.80E-05 -1.28E+03 1.95E-16 1.32E-03 -5.32E+01 3.00E+05 3.00E+05 1.12E+06 

2 -2.73E+02 2.50E+02 8.70E-05 -2.73E+02 2.46E-14 1.22E-03 

-5.32E+01 3.00E+05 3.00E+05 1.12E+06 

2 -2.73E+02 2.50E+02 8.70E-05 -2.73E+02 2.46E-14 1.22E-03 
1.23E+03 -6.93E+06 -6.93E+06 -2.38E+07 

3 -1.28E+03 3.46E+03 1.56E-04 -1.28E+03 1.95E-16 1.18E-03 

1.23E+03 -6.93E+06 -6.93E+06 -2.38E+07 

3 -1.28E+03 3.46E+03 1.56E-04 -1.28E+03 1.95E-16 1.18E-03 
1.50E+03 -8.47E+06 -8.47E+06 -2.82E+07 

4 -8.04E+02 4.40E+02 3.24E-04 -8.03E+02 7.22E-14 8.80E-04 

1.50E+03 -8.47E+06 -8.47E+06 -2.82E+07 

4 -8.04E+02 4.40E+02 3.24E-04 -8.03E+02 7.22E-14 8.80E-04 
2.78E+03 -1.57E+07 -1.57E+07 -3.89E+07 

5 3.78E+03 5.52E+03 5.50E-04 3.79E+03 5.32E-16 7.28E-04 

2.78E+03 -1.57E+07 -1.57E+07 -3.89E+07 

5 3.78E+03 5.52E+03 5.50E-04 3.79E+03 5.32E-16 7.28E-04 
3.58E+03 -2.02E+07 -2.02E+07 -4.15E+07 

6 -2.73E+02 -4.59E-14 6.77E-04 -2.73E+02 2.46E-14 6.26E-04 

3.58E+03 -2.02E+07 -2.02E+07 -4.15E+07 

6 -2.73E+02 -4.59E-14 6.77E-04 -2.73E+02 2.46E-14 6.26E-04 
-2.08E+02 1.18E+06 1.18E+06 2.08E+06 

7 3.78E+03 -5.52E+03 8.04E-04 3.76E+03 5.32E-16 4.74E-04 

-2.08E+02 1.18E+06 1.18E+06 2.08E+06 

7 3.78E+03 -5.52E+03 8.04E-04 3.76E+03 5.32E-16 4.74E-04 
6.48E+01 -3.66E+05 -3.66E+05 -4.89E+05 

8 -8.04E+02 -4.40E+02 1.03E-03 -8.06E+02 7.22E-14 1.74E-04 

6.48E+01 -3.66E+05 -3.66E+05 -4.89E+05 

8 -8.04E+02 -4.40E+02 1.03E-03 -8.06E+02 7.22E-14 1.74E-04 
-3.69E+03 2.08E+07 2.08E+07 1.02E+07 

9 -1.28E+03 -3.46E+03 1.20E-03 -1.30E+03 1.95E-16 1.38E-04 

-3.69E+03 2.08E+07 2.08E+07 1.02E+07 

9 -1.28E+03 -3.46E+03 1.20E-03 -1.30E+03 1.95E-16 1.38E-04 
1.63E+07 1.63E+07 6.34E+06 

10 •2.73E+02 -2.50E+02 1.27E-03 -2.75E+02 2.46E-14 3.60E-05 

1.63E+07 1.63E+07 6.34E+06 

10 •2.73E+02 -2.50E+02 1.27E-03 -2.75E+02 2.46E-14 3.60E-05 
-1.58E+03 8.94E+06 8.94E+06 9.08E+05 

11 -1.28E+03 -4.38E+03 1.34E-03 -1.31E+03 1.95E-16 3.60E-05 
-1.58E+03 8.94E+06 8.94E+06 9.08E+05 

sum 9.03E-01 0.0 2.2E-13 

c = 6.59E-04, d=-l .93E-04, k = 5,641.458. 

L / \  
O 



The variance of the peeUng stress is obtained using Eq. (3-63), or 

m + n + i + j - A  

M  -
256 00 00 co co 

I S I E 
(-1) 

^ m=l,3,5,...n=l,3,5,.../=l,3,5,...,/=l,3,5„., fH HI  J  

/^_3 
Z - Z .  

. 2  \  
^  ̂  n i k )  ^  ̂  p ( k )  

^ \ m n  ,  ^ 2 n m  
y a O y 

^ ̂3 m n  

Z - Z ,  
. 2  \  

a ' M i  2iJ '3// 

\Kn (^1) h y  ( f i ) ( f ' l  -  r , ) d r ,  d r ^ , 
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Using Matlab yields, 

cr£,lx = 0.0091 MPa. 

Then, the reliability due to this stress is computed as follows: 

At t = 0, the strength follows the normal distribution with the mean of 70 MPa and the 

standard deviation of 3 MPa. Then, the reliability is 

R { t  = 0) = O 
^ 70-41.5 ^ 

V3' +0.0091' 
= o(9.49996)«l. 

Similarly as in the case of the shear stress, to compute the reliability at t =1,000 hr, first 

we need to find the damage to the mean strength due to usage. From the given data, the 

mean value of the mean strength distribution is computed as 

w = 0 + 7 • r(l + ̂ ) = 10,000r(l .5) = 8,862.3 . 

Then, the damage to the mean strength is 

^ l.OQQ =0.1128. 
8,862.3 
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Then, the residual mean strength is computed as 

=70(1-£>) = 62.104 MPa, 

and the reliability is computed as 

R(t  = 1,000) = O 
^ 62.104-41.5 ^ 

2 
/ _V3^7O^oo^ 

Similarly at t = 5,000 hr, the damage is 

^ 5,000 

8,862.3 

Then, the residual mean strength is computed as 

= 70(1 -D) = 30.506 MPa, 

and the reliability is 

= 0(6.868)=0.9„67446. 

R(t  = 5,000) = O 
^ 30.506-41.5 ^ 

|2 y 
= 0(-3.664) =0.00012, 

^V3' +0.0091' 

From the above, it can be seen that the failure of the delamination is due to shear stress at 

the beginning of the use, but the peeling stress becomes important later. We will use the 

shear stress to compute the reliability of the board at the beginning of the usage. 

Next we compute the reliability of the board due to the excessive deflection. From 

Eq. (5-7), the mean of the performance function for this failure mode is 

Z, =0.05--x0.001354-0.01 = 0.039323 m. 2 ' T laX  2  

The variance of Z2 is computed using Eq. (5-8), or 

o-z ,  =  )+ )+ 2 E ( w ^ ^ ^ y ) .  
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Using Eqs. (5-9), (5-10) and (5-11) yields 

^ ^ /;;+«+/+ /-4 

256 ^ V V V (-1) 2 

or 

/  \  ) ^ Ax w  w  

E(<,h^ Z Z Z E 
^  ^  n  I  J  

CO 00 

• jl K , n  ( f i ) ( f i ) (^2 - n ) d r ^  d r ^ , 
0 0 

£k„ )=  4 .3029  K 10-', 

CO 00 

E { w ' ) =  \ \ R , ^ , S ' , - r , ) h { r , ) h { r , ) d r ,  d r ,  =2.3429xlO"^', 
0 0 

and 

m+n-2 

)= ' \K..(r)\l rt R,.^. (r) + R ^ . ^ .  { r ) ] d r ,  

7 1  , „= i  „= i  y n n  g 

or 

£K.."'')=1-4414x10-'. 

Then, the standard deviation of Z2 is given by 

=74.3029x10"' +2.3429x10"" +1.4414x10"' =0.00656, 

and the reliability of the board in the deflection failure mode is 

i?2 =0 = 0 

V '•I J 

0.039323^ ^ 0(5.994) = 0.9g8976. 
0.00656 I ^ ^ « 

To find the reliability of the board, we need to consider both failure modes together. 

Since these two failure modes are dependent, the correlation coefficient should be 

determined before the reliability can be quantified. Using Eq. (5-18) yields 
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where the vibration stress is the shear stress. 

From Eqs. (5-19) and (5-20), 

m+i+j-\ 

256 CO OO 00 C30 

E I Z I 
(-1) 

^ «i=l,3,5,.,n=l,3,5,...(=1,3,5,...7=1,3,5.., m  h i  j  

z  -  z  

^ 2 i i m  

V 

\ K m  ( n )  h ; j  ( X j )  ( ^ 2  -  )  d r ,  d r ,  

J )  

4. ,y]=^E S  E 
oc ( k (^2 _ ^2 

m-\ 

^ m=l,3,5...n=l,3,5,... 

f ( i )  
^ 2 m n  

V'= '  V  

(-1) 

m  n  

00 

+ p '  K ' . ' ]  

Using Matlab yields 

and 

1=23.3442, 

£[j,„m.*J= 0.0457 

We also know that 

= ^3.895' +0.91^ =4MPa 

Then, the correlation coefficient is 

23.3442 + 0.0457 
P = 

4x10® X 0.00656 

At t = 0 hr, using Eq. (2-29) yields 

= 0.0008913. 
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p 

R = |w(-6.99, - 5.994, r)(/r + o(6.99)-0(5.994), 
0 

or 

R = 0.93897492.  

At t = 1,000 hr, using Eq. (2-29) yields 

p  

R = Jw(-6.25,-5.994, r)c/r +0(6.25)0(5.994), 
0 

or 

i? = 0.9877107 

It should be noted that at t = 5,000 hr, we have to use the peeling stress to compute the 

correlation coefficient and then use Eq. (2-29) to compute the reliability. 

3. Reliability quantification of the leadless interconnects 

As we discussed in Section 5.3, this kind of interconnects can be treated as a 

three-layer board, the stress in the interface between the first layer and the second layer 

can be treated as the shear stress experienced by the solder joints. 

From Eq. (5-29), the mean shear stress is 

— {corner-Joint) 
_v2,max 

The area of the module is computed as 

s„, =0.000169 ml 

Then, the mean of the stress for the comer joint is computed as 

;{corfier-Joint) 
yz,ma\ ( x ,  Z 2 )  =  0 - 1 1 1  M P a .  



Table 6.3 Results of shear stress computation for leadless solder joint intercormect. 

No. of 
layer 

hi Ei fi CTE ai bi gi a/gi bi/gi 

1 0.001354 5.99E10 20.31289 7.19E-6 0 0 7.52E-9 0 0 
2 0.00028 1.38E10 0.038838 2.5E-5 0.000817 0.0003562 1.68E-7 4.86E3 2.12E3 
3 0.00051 3.00E11 4.737536 3.5E-6 0.001212 -0.0000738 4.58E-9 2.65E5 -1.61E4 

Sum 25.08926 1.80E-7 2.70E5 -1.40E4 

Table 6.3 Results of shear stress computation for leadless solder joint intercormect- Continued 

No. of 
layer 

l/gi (c-ai )/gi (d-bi)/gi 

k=\ 

Fj Ti Shear stress 

1 1.33E8 1.004E5 -5212.77 0.000677 -3971.97 1 1.33E8 1.004E5 -5212.77 0.000677 -3971.97 
-1797.46 3.939 MPa 

2 5.94E6 -369.05 -1886.90 0.001494 -1897.05 
-1797.46 3.939 MPa 

2 5.94E6 -369.05 -1886.90 0.001494 -1897.05 
2174.51 -4.765 MPa 

3 2.19E8 -99781.7 7554.59 0.001889 4071.56 
2174.51 -4.765 MPa 

3 2.19E8 -99781.7 7554.59 0.001889 4071.56 

Sum 3.57E8 249.25 454.92 

= 7.55 E-4, d = -3.92E-5, k = 2,191.1736. 
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Table 6.3 gives the results of the shear stress computations. 

The variance of the stress is computed using Eq. (5-30), or 

2 ^ 8,192 (z; zf) Y Y Y 
solder Ar4 t4^6 a  A u  L a  L a  L a ^ l n m ^ l i }  

/M+/-2 

2 

•xr4 j4 6 A  / ^ / i / i / j  i m n H f  .  .  
K !  d^ n  4 „,=i.3.5,...n=i/=i,3,5,....,=i m n i ]  

\Km (n) ̂ // (^2) (fj - n) dr, dr^. 

Using Matlab yields. 

=0-48MPa. 

Then, the reliability of each solder joint is 

= 0(7.670) = 0.9,415. i? = o 
^38.64-0.111^ 

)2 ^ V5' +0.48' 

Then, this interconnects reliability is computed as 

^inter = (0-9i4l5)" = 0.9,2555 , wWch has an equivalent reliability index of 7.145. 

4. Reliability quantification of the leaded solder joint 

For a ceramic module, we know ani=3.5ppm/°C from Table 6.1, and Ew=300 GPa, 

Lw = 0.00218 m and dw = 0.000203 m from the given data. The moment of inertia for the 

lead wire is computed as 

/ =^^ = 8.336 xlO"". 
64 

The area of the wire is 

A,., = n 
V 

V 2  Y 

= 3.2x10^'. 

Then, the mean stress on the lead wire is 
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A 2/ . ,  * *  » j i  '  i j '  « •  

or 

£(^w)=- (« - 44^) •(«,„-«.) Ar o. 
2/ . ,  

= 9.169 MPa, 

and 

c. = 256 
• ^ ' / cn t /  ^4  A r  2  ;r' TV' 1^. 4, 

3 /.„ Z m m w 

00 00 

z z-
w=l,3,5,... 11=1,3,5,. 

00 00 

Z I 
;=1,3,5,...7=1,3,5,... 

(-1) 
(-1) W+RT-2  - 1  2  SIN 

^ m n  a - l ^ ^  

y  a  1  J  

m n  m  n  

(-1) 
(-1) 

7-1 
'+V-2 (-1)2 Sin 

' ' i  n  a - l ^ ^  

V a 2 y 

t j  I J  

\Km (n ) K (^2) (r^ - r,) i/r, dr^. 

Using Matlab yields 

=3.4131x10-^ Pa, 

Therefore, the stress experienced by the comer solder joint is also 9.169 MPa with a 

standard deviation of 3.4131x10"^ Pa. Since the strength of the solder joint is 40 MPa 
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with a standard deviation of 5 MPa, then the reliability of the corner solder joint is 

computed using Eqs. (2-6) and (2-7) as, 

40-9.169 n {comer) _ 
^^leaded ~ ̂  

Vs' +3.4131' xlO' •10 
-0 (6 .1666)  =  0 .996498046,  

then, the reliability of this interconnect is 

= 0-996498046'' =0.9999999817898378, 

which is the equivalent of m = 5.5074. 

5. Reliability quantification of PGA package No.3 interconnect 

0.000203' ' 
From the given data, we have = t t  =  7 T  

V ^  y  

= 3.2x10"% 

0-000203 ^ 10"'', Ew=300 GPa, Lw = 0.00218 m, am=3.5 
64 64 

ppm/°C, ab=7.19 ppm/°C, dw = 0.000203 m, c= d2/2 = 0.0001015, b=0.000382 m, Es 

13.8 GPa, and r = V2x 0.0013 = 0.00184m. Then, 

u  =  (a,„ - a f , ) l S . T  r  = 1.35792x 10"^ w , 

r 
E^cib - c) 

F I V  W W  y  

1/4 

/7 = 0.0852, 

and 

= iiifctll = 2.08xl0-', 
(r + i) +2 

0 = —, = 9.714x10"'. 
Z„(r + 1)'+2I„ 

Then, using Eq. (5-40) yields 
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•'SL - i O L . { « - " , ) + 2 e '  L . ' \ ,  

O V T T  c  h  

3.2x10-^-300x10' 

~ 60-Tt- 0.0001015 • 0.001354 • 0.00218' 

[l8-(1.35792-10"' -2.08-10-')' -3-9.714x10-® 

(1.35792 -10-' - 2.08 • 10-')+ 2 - 9.714' x 10-" x 0.00218', 

= nr [9.3 852x10"" +2.1043x10-" +8.9689x10-"], 
1.2311155-10""'^ ^ 

or 

'SL =870.78 Pa. 

Then, 

£te'r')= fix =870.78 Pa. 

Since the vibration stress is the same as in the case for leaded case, we can use the result 

from Case 4; i.e, 

^leaded-3.4131x10-' Pa. 

Therefore, the reliability of the corner solder joint for the PGA package is 

j^(co^er) ^ J 40-870.78x10 ^ ^ 0(7.999) = 0.9,53 .  

Us'+3.4131'xio-'" J 

For this package, there are 52 pins; then, 

^pga - 0.9,53" = 0.9,3654. which is equivalent to m = 7.4892. 

6. Reliability quantification of Plate Through Hole interconnect 

There are two failure modes involved in this reliability quantification; one is 

related to the failure of the solder joint; the other is related to the barrel failure. Since we 
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assume all the dimensions are the same as the package No.3, the reliability of the solder 

joint will be the same for this package. Therefore, we have 

=0.9,3654, 

and 

0-, = Vs' +3.4131' X10"'° « 5 MPa. ^5 

Next, let's find the reliability of the PTH due to the barrel failure mode. From the given 

data, we know ab=28.98 ppm/°C, aba=17 ppm/°C, AT=20, Eba = 124 GPa, tba = 0.00004 

m, tbm =0.000015 m, tpad = 0.00005 m, ri = 0.0006 m, ro= 0.0003 m, Eb = 4.0 GPa, and 

Epad = 90 GPa; then. 

e = TT I Epad ^lad h n 90x10' -0.00005^ -0.001354 

6£. 2 V 
= 2.798x10"'° 

6x4.0x10' 

so we use rj in the calculation of 

4' = (^i -^o)^ 
6£. 

E pad ^ pad ^ 

= (0.0006-0.0003) i 
6-4x10' 

90xl0'0.00005'0.001354 
= 1.358, 

t ,  = ba 0.00004 

0.751og(ri/ro) 

( 1  +  C )  
0.000015 1 + 

0.75 log(0.0006/0.0003) 

1 + 1.358 

= 2.43365, 

and 

, l+cos'(c)/cosh'(c) l + 0.211'/2.073' 

tanh(4') + sin(c)cos(^)/cosh'(^) ' 0.876 + 0.2064/2.073' 

Then, using Eq. (5-50) yields the mean stress on the barrel, or 
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A'h) _ 
barrel 

{a, Ar _ (28.98 -17)10"' • 20 • 124x 10' • 2.43365 

^ t,, ^^ 124-0.00004 

E ,  (r, - ro) F { Q  4  x 0.0003 • 1.485 

or 

<1, =19.11MPa. 

The standard deviation of the stress is the same as in Case 2; i.e., 

<'L = 0.0091 MPa. 

Then, the reliability of this interconnect due to the barrel failure mode is 

(D(8.089)= 0.9,5?, 
^ 100-19.11 ^ 

Vio^ +0.0091 2 
/ 

with 

cr, = VlO' +0.0091' « 10 MPa. 

Next, we need to find the reliability of this interconnect considering both failure modes. 

First we need to find the correlation coefficient between the two failure modes. 

Using Eq. (5-60) and Matlab yields 

£(5f5r)= 6,745.34. 

Then, using Eq. (5-58) yields 

= 34.10-'-
cr, (Ty 5x10x10 •^5 ^6 
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We see the correlation coefficient is very small, we conclude these two failure modes 

have not interacted very strongly, by using Eq. (5-61) yields the reliability of this 

interconnect, or 

F  

Rprn = Jw(-7.999,-8.089, r)£/r +0(7.999)0(8.089), 

or 

R p m  ~  0.9j50 . 

7. Reliability quantification of the Popcorn Effect 

As we know the delamination failure mode is due to the storage condition. So, 

from the given data, we can compute the delamination probability using Eqs. (5-67) and 

(5-68), or 

Aa = 15 -1.6 = 13.4ppm/°C, 

Ar = 150° C with a standard deviation of 20°C , 

/ z f  1 5 . 5 x 1 0 ^  

12(1-vf) ~ 12(1-0.25') 
A 1.38x10"/zf. 

12(1-V2') 12(1-0.22') 

h] = 0.0008±0.00006 m, which means that the mean value of hi is 0.0008 m and 

the standard deviation is 0.00002 m, 

hi = 0.0004±0.00003 m, which means that the mean value of hi is 0.0004 m and 

standard deviation is 0.00001 m. 
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12 

_ J_ 
~ 12 

V A ^2 

2 A 

D ^ + D j  J 

2 ^ 
• + • 

1.38x10' 2.42x10'" 2.558x10 
+ 

3(/2, 4-/22) 

A = 6.04xl0-"/Zi' +3.44X10-"/Z2' +1.30x 10-"(/2, +h^f. !2 7.2 

/C = 
3i?, 3£, 

2(1 + 0.25) , 2(1 + 0.22) 
1 -1 r^^r- r. ,^92' 3x15.5x10' 3x275.8x10' 

/i: = 5.38x10-"/Zi +2.95x10""/zj, 12 ; 

U_ (6.04x10""/z,^+3.44x10"'^/z2^+1.30xl0""(/z,+/Z2)^ 
K  — -1 — — 

5.38x10-"/7, +2.95xl0""/z -12 

^ _  le^Ah^+2,AAhl +13.0(/?, +/?2)' 

'"y 53.8/2, +2.95/72 ' 

_ h ^ - D , - h ^ - D ^  _  1 . 3 8  X 1 0 ' / Z i ' / ; 2  - 2 . 4 2 x 1 0 ' ° / ; 2 ' / ; ,  

""" 2(D,+£>2) ~ 2(1.38x10"/?,' +2.42x10'°/22) ' 

_ 1.38/;,^/z2 - 2 A . 2 h l h ^  

2.76/z,'+48.4/22' ' 

a =0.015+0.0003 m, which means the mean is 0.015 m and the standard deviation 
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is 0.0001 m. 

Using Eq. (5-69) yields the stress for the delamination failure mode, or 

+^AaAr, +^AaAr, 

2 ^ 
(6.04 X10-"/z '  +3.44X10-"/Z2' +1.30X10""( /7 ,  + /Z2) ' ) (5 .38X10""/2, +2.95x\Q- '^  h^)  

1 / 2  

1 - 24.2/2>, 
Ar-13.4xl0"' 

^(5.38 X10""/2, +2.95X10-''^2)(2.76/Z/ +A^Ahl)) 

Then, using Eq. (5-70) yields the performance function for the delamination failure 

'̂ del ~ âd ~ ̂ Ih — S + (T  ̂ X, — f  ( s i f ,  )  ,  

where f(sth) is the equation of Sth when each distributed variable written in the form of 

ju + a-u, where, [i is the mean value of the variable and a is the standard deviation of 

the variable, u is the standard normal variable. 

Then, using the Minimum Distance Method and Matlab, we find that the design point is 

xi = 0.2048, 

X2 = 0.1978, 

X3 = 0.006849, 

X4 =-0.1649, 

and 

X5= -6.1637, 

mode 

where 
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xi = normal variable of the strength, 

X2 = normal variable of hi, 

X3 = normal variable of ha, 

X4 = normal variable of a, 

and 

X5= normal variable of AT. 

Then, the reliability index is 

T n  —  • \ J +  X j  +  X j  +  +  X j  =  6 . 1 7 2 5  ,  

and the probability of the delamination not occurring is 

R, = 0(m) = 0.996639074. 

Next we will compute the reliability after reflow. The initial reliability is equal to 

one minus the probability of delamination times the probability of compound fail. From 

the given data, we have 

T = 230°C with standard deviation of 10°C, 

ai = 0.01 m with standard deviation of 0.0002 m, 

hi = 0.0008 m with standard deviation of 0.00002 m, 

Qs = 0.1 eV, 

and 

K = 8.617385x10'^ eV/K. 

Then, 
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HiO^Cavity 

a(l_i 

0.1 1 1 

= 0.85x3167.73e'®'™''''° 

1160.441 -! '—1 
= 2692.51 Q 

Using Eq. (5-71) yields 

— 6 /C Pn^o.Cavily (^) 
r  V  a,  

= 6x 0.5 X 2,692.57 e 
160.441 !—1 U98 273+7'j 

r  a, 

v ^ y  

or 

5... = 8077.71 e 
1160.44 298 273+7' 

1 1 V \ 
fl, 

\ h j  

where 

Sm = bending stress generated inside the package, 

K = shape parameter, 0.5 for a square pad, 

caviiy (^) ~ pressurc inside the cavity at the temperature T, 

ai = length of the pad, 

hi = thickness of the molding compound. 

and 

RHo = relative humidity at temperature Tq . 

The mean strength of the molding compound at the end of reflow is computed as 

>5.. = -0.5-200/3,600 

or 
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5,,, =58.36MPa. 

Then, the performance function for the molding compound failure is 

Z,„ =58.36 + 8xx(l)-/(^), 

where f(s) is the equation of Sm when each distributed variable is written in the form 

H + cru , where, |j, is the mean of the variable and a is the standard deviation of the 

variable, u is the standard normal variable. 

Using the Minimum Distance Method and Matlab yields the design point as 

xi = -7.2332, 

X2 = 0.0205, 

X3 = 0.0089, 

and 

X4 = -0.0112, 

where 

xi = normal variable of strength, 

X2 = normal variable of T, 

X3 = normal variable of a, 

and 

X4 = normal variable of hi. 

Then, the reliability index is 

m  = - y j x l  + x l  +X3 +X4 =  7.2332,  

and reliability of the molding compound at the end of the reflow is 
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R„, =0(7.2332) =0.9,27641.  

Therefore, the plastic package reliability related to the popcorn effect at t = 0 

(meaning when it is first delivered to the customers) is computed as 

R = l - ( \ -RJ(\-) = 0.9,^6636715 . 

To find the reliability of the package at 1,000 hr, we need to find the cumulative 

damage of the molding compound at 1,000 hr. Since the stress at the refiow and normal 

use condition is different, we need to use the equivalent theory to find the cumulative 

damage. First let's find the equivalent time of 200 sec. of the refiow condition to the 

normal use condition. The mean of the stress under the normal use conditions is 

where T is normal use condition temperature. Using the Taylor Series Expansion Method, 

298 273+7' 

normal 
j  

298 273+50 
normal 

V \  J  

or 

c  
normal = 1.706 MPa, 

and the variance of the stress is 



170 

ct !  =  8,077.71e 
1,160.441 

I 
1,298 273+r 

A— A 
a .  

v^iy 

2 /  

1,160.44 

(273 + r)' 

, \ 2  

ctI + 

+ 

+ 

8,077.7k 
1,160.44 

1 1 

^ 273+7' 

J  

(tI + 

8,077.7k 
U60.44( ' ' V 

I 298 273+r • 2 a 

J  

2 

V y 

= 57,618,898.98 + 4,657,251,206 + 7,276,955,009, 

= 1.1991825x10'°, 

or the standard deviation is 

cr,. = 0.1095 MPa. 

Then, using Eq. (2-43) yields 

60 -1.706 
6.1725 = 

V8' +0.1095' 

and solving this equation yields 

te= 1,607.44 hr. 

Then, the reliability of the package for 1,000 hr can be computed as follows: The residual 

strength of the molding compound at 1,000 hr will be 

^res ^0^ 
-0.0001(1,000+1,607.44) 

or 

= 46.23 MPa, 

and the performance function for the molding compound failure is 

Z,„=46.23 + 8xx(l)-/(A 
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whereas) is the equation of Sm when each distributed variable is written in the form of 

f^ + cru, where, [x is the mean of the variable and a is the standard deviation of the 

variable, u is the standard normal variable. It should be noted that since the use condition 

is changed, the stress also will be changed. Then, using the Minimum Distance Method 

yields the design point as 

xi = -5.7617, 

X2 = 0.5555, 

X3 = 0.0020, 

and 

X4 = -0.0025, 

where 

xi = normal variable of strength, 

X2 = normal variable of T, 

X3 = normal variable of a, 

and 

X4 = normal variable of h|. 

Then, the reliability index is computed as 

m  = +^2 +X3 +X4 = 5.7617, 

and reliability of the molding compound at the end of 1,000 hr is computed as 

R,„ = 0(5.7617) = 0.9858364544 . 

Therefore, the plastic package reliability related to the popcorn effect at 1,000 hr is 
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i? = l-(l-i?,)(l-/?J, 

= 1 - (1 - 0.996639074) (1 - 0.9858364544), 

= 0.9,555003618. 

At the 5,000 hr, the residual strength is computed as 

^ -0.0001 (5,000+1,607.44) 

= 30.99 MPa, 

then, the reliability of the molding compound at 5,000 hr is computed similarly as for the 

1,000-hr case, the design points are 

xi = -3.8567, 

X2 = 0.5555, 

X3 = 0.0013, 

X4 = -0.0017, 

and 

m  = -v/xf + X2 + X3 + x l  = 3.8567, 

and the reliability of the molding compound at 5,000 hr is computed as 

R„, = o(3.8567)= 0.9999425359652917. 

Then, the reliability of the plastic package at 5,000 hr. is computed from 

R = \ - i \ -R,){\-RJ,  

= 1 - (1 - 0.9,6639074) (1 - 0.9999425359652917),. 

= 0.9,3807. 

8. Reliability quantification of the whole PCB considering all failure modes 

To find the reliability of the whole PCB, we need to consider the dependence 

among 7 failure modes. To be clear, let's restate the 7 failure modes as follows: 



Failure mode 1: Failure due to the board delamination, and 

performance function Z, = 5, -s^''' -s['' and = 4 MPa. 

Failure mode 2: Failure due to the excessive board deflection, and 

performance function; Zj =  H  -  j / ^ h -  -  w '  and 

(J 22 = 0.00656, 

Failure mode 3; Failure of the leadless interconnect, and 

performance function: Z3 = S-^ -s'^, and = 5.02 MPa, 

Failure mode 4: Failure of leaded interconnect, and 

performance function: Z ^ =  S ^ - -  s f ,  and = 5 MPa, 

Failure mode 5: Failure of PGA interconnect, and 

performance function: Z ^ =  S ^ -  i'"* - s f , and = 5 MPa. 

Failure mode 6: Failure due to the PTH solder joint, and 

performance function: Z^ = -5"* -s'^, = 5 MPa, 

Failure mode 7: Failure due to the PTH barrel failing, and 

performance function: Z^ = S.^ -S j ' '  - s f , and - 10MPa, 

Failure mode 8: Failure mode due to the popcorn effect. This mode is independent of 

the other failure modes. 

From previous calculations or using Eq. (5-59), we find that 

p i2  =0.0008913, PI3=0.3740 , pi4= 3.8915x10*', pi5=3.8915x10"', p,6 = 3.8915x10"', 

pi7= 5.0421x10"', P23 =0.0128, p24= 4.795 x 10"', P25 =4.795 x 10"', p26= 4.795x10"', 



P27= 2.942x10"', P34= 4.5696x10"', P35= 4.5696x10"', p36 = 4.5696x 10"', P37 

= 5.9401x10"' ,p45=1.3652x10"" ,p46= 1.3652x 10"", p47= 1.34x 10"'°, p56 = 

1.3652x10"", p57= 1.34x10"'°, and p67= 1.34x10"'°. 

Then, using Eq. (2-27) yields 

0.0008913 

P(F, r^F^)= jw(-6.99,-5.994,r)(/r + (D(-6.99)o(-5.994) = 1.463xl0"^', 
0 

0.3740 

P(F, r̂ F )̂= Jw(-6.99,-7.145,r)t/r + cD(-6.99)o(-7.145)=4.797xl0-", 

0 

p 

P(Fi r ^ F , ) =  jw(-6.99,-5.5074,r)+ 0(-6.99)0(-5.5074) = 2.5027xlO" '"  

0 

P 

P { F ,  n Fj) = jw(-6.99,-7.4892, r )  d r  + cD(- 6.99)(D(- 7.4892) = 4.762 x 10"'', 
0 

P 

P(F, n Fg) = Jw(-6.99,-7.4892, r )  d r  + 0(- 6.99) 0(- 7.4892) = 4.762 x 10"'', 
0 

p 

P{F^r^F^) = Jw(-6.99,-8.089,r)(/r + o(-6.99)o(-8.089)= 4.258x10 '', 
0 

p 

P(F^ n F3) = |w(-5.994,-7.145,r) dr + cd(- 5.994)(D(- 7.145) - 8.098 x lO"'' 
0 

p 

P{F^ nF,)= jw(-5.994,-5.5074,r )  d r  + 0(- 5.994)(D(- 5.5074) - 1.846 x 10"' 
0 

P 

P{F^r^F,) = jw(-5.994,-7.4892,r)6?r + O(-5.994)o(-7.4892) = 3.548xl0" 
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and 

P { F , n F ,  

P ( F , n F ,  

P ( F ,  n  F ,  

P { F ,  n F ,  

P i F , n F ,  

PiF, n F, 

P i F . n F ,  

P i F . n F ,  

P ( F , n F ,  

P { F ,  n F ,  

P ( F ,  n  F ,  

y  

= jM;(-5.994,-7.4892,r )  d r  + 0(- 5.994)cD(- 7.4892) = 3.548 x 10"'', 
0 

P 

= jw(-5.994,-8.089,r) d r  + 0(- 5.994)a)(- 8.089) = 3.080 x 10"'^, 
0 

p 

= |w(-7.145,-5.5074, r)c/r + o(-7.145) o(-5.5074) =8.194x10"", 
0 

P 

= j>v(-7.145,-7.4892, r) d r  + 0(- 7.145)cD(- 7.4892) = 1.559 x lO"'', 
0 

P 

= jw(-7.145,-7.4892, r) d r  + 0(- 7.145)o(- 7.4892) = 1.559 x 10"^', 
0 

p 

= jw(-7.145,-8.089,r) d r  + 0(- 7.145)(D(- 8.089) = 1.402 x 10"'', 
0 

p 

= jw(-5.5074,-7.4892,r )  d r  + cD(- 5.5074)(D(- 7.4892) = 6.309 x 10"'', 
0 

p 

= Jw(-5.5074,-7.4892,r )  d r  + (D(- 5.5074)0(- 7.4892) = 6.309 x 10"'', 
0 

p 

= Jw(-5.5074,-8.089, r) d r  + 0(- 5.5074) 0(- 8.089) = 1.150x10'^, 
0 

p 

= jw(-7.4892,-7.4892, r) d r  + o(- 7.4892)o(- 7.4892) = 1.200 x 10"", 
0 

P 

= |w(-7.4892,-8.089,r) d r  + (D(- 7.4892)o(- 8.089) = 1.042 x 10"", 

h'  

P(F, nF,)= |w(-7.4892,-8.089,r)fifr + (D(-7.4892)(D(-8.089)= 1.042x10 
0 

Using Eqs. (2-23) and (2-24) yields 

i - \  

R „  = P { Z ,  >0)-Xmax|P(Z, < Q ) - ^ P { { Z ,  <0)], 0 
i=2 
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or 

R ,j =0.97807671659, 

and 

k k 

R, =1-|]P(Z, <0) + Xmax p[(Z, < 0) n (Z,. < 0)] , 
(=1 /=2 

= 1-1.9234x10"' +1.8942x10"'', 

or 

R, =0.9^807657917. 

Then, 

i? =  ̂ { R ^  + R J  =  |(0.9,807671659 + 0.9^807657917), 

or 

R  =  0 . 9 7 8 0 7 6 6 4 7 8 8 .  

Then, the reliability of the whole PCB at time zero is 

^ • ^8 = 0-97807664788 • 0.9g6636715 = 0.97804301503 . 

It is worth to point out that all of the correlation coefficients computed previously are 

very small except pn = 0.3740; therefore, the reliability when considering the first 7 

failure modes can be computed by assuming all of the failure modes are independent 

except the Failure Modes 1 and 3. Then, the reliability is computed by 

R = i?, 3 R^R^R^R^R^ = 0.9,807657914 , 

where 

Rjj = reliability by considering Failure Modes 1 and 3 dependent. 
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We see it is very close to what we get when considering all of the failure modes are 

dependent, which gives R = 0.97807664788 . Therefore, in engineering, it might be good 

enough to use the latter method since it is much simple for the calculation of the 

reliability. 



CHAPTER 7 

CONTRIBUTIONS AND FUTURE RESEARCH 

Reliability Quantification is one of the most important tasks in Reliability 

Engineering. During design, development, and operational phases, this information can 

be very valuable. In the past, MIL-HDBK-217, Bellcore, and other methods have been 

used for reliability quantification, but the lack of accuracy, slow pace of updating the data 

base, etc., make these methods less attractive, and researchers are starting to seek new 

and sound methods. 

In this dissertation, the reliability of the PCB under vibration and thermal load is 

investigated. An effective method to quantify the reliability of PCB is proposed. Using 

this method, the designers can check if their design meets the reliability goal at the early 

product development stage thus avoiding the costly later stage design changes. 

7.1 Contributions 

1. A modified Stress-Strength Interference (MSSI) method has been proposed. 

In the conventional Stress-Strength Interference (SSM) method, the 

stress and the strength are both treated as distributed variables with constant 

parameters. It means that the stress and the strength are both distributed, but 

their parameters are constant. This assumption, in reality, is rarely true since 

the strength will be degraded with time in almost all products even though the 

stress can be considered to be a distributed variable with constant parameters 

in most of the cases as long as the operational condition stays unchanged. To 

reflect this situation, a Modified Stress-Strength Interference (MSSI) method 
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has been proposed. In this method, besides assuming that both the stress and 

the strength are distributed, the mean of the strength is also assumed to be 

distributed. The damage of the strength can be reflected on the reduction 

(damage) of the mean strength. To quantify the damage of the mean strength, 

a damage model is proposed by considering the interaction between the 

different kinds of the stresses. For each stress type, the damage can be found 

by computing the ratio of the operation time and the mean value of the mean 

strength distribution. For the case where more than one stress level is involved 

in one type of stress, an equivalent time calculation method is proposed so that 

the single stress method can be used after time conversion. Using the MSSI, 

the designers not only can find the initial reliability of their design, like SSIM 

does, but also can find the reliability of the product at any operation time. This 

is especially important for those users whose products are safety related, or 

the maintenance cost is a big concern. 

2. A multiple failure modes method being proposed to quantify the reliability of 

aPCB. 

A PCB is a fairly complex product and includes many parts and failure 

modes. In this dissertation, to easily quantify its reliability, a PCB is divided 

into three parts: the laminated board, the interconnect between the board and 

the modules, and the modules and parts mounted on the board. 

(a) In quantifying the reliability of the board, two failure modes are 

considered. One is the delamination failure mode; the other is the 
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excessive deflection failure mode. Delamination failure mode has not 

been studied by any researcher to my knowledge, since so far all 

research on PCBs assumes it is an isotropic solid plate, and ignores the 

fact that it is actually a composite laminate board. The excessive 

deflection failure mode occurs when the PCB is installed in an 

electronic box in which excessive deflection of the PCBs can cause 

contact between the PCB and the enclosure of the box thus causing a 

short circuit or other damage to the PCB or the product. For these two 

failure modes, the stresses induced by vibration and thermal loads are 

computed first, and then the MSSI is used to compute the reliability 

related to each failure mode. Since these two failure modes are not 

independent, the final reliability of the board is computed by 

considering them as bivariate normal variables. 

(b) In quantifying the reliability of the interconnects, three kinds of 

interconnects are investigated. The first is the surface mount leadless 

interconnect. For this interconnect, the failure mode of the solder joint 

due to shear stress is studied. The solder balls are first treated as a 

solder layer such that a layered stress equation can be used to find the 

stress experienced by the solder ball. Then, two adjustment factors are 

proposed to adjust the error caused by treating the solder ball as a 

solder layer. Its reliability is then computed using the MSSI method. 

The second kind of interconnect is the surface mounted leaded 
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interconnect. For this interconnect, the peeling failure of the solder 

joint was investigated and its reliability was calculated using the MSSI 

method. The third type of interconnect includes two forms of 

interconnects, Pin Grid Array (PGA) and Plate Through Hole. For the 

PGA interconnect, the same failure mode as SM leaded interconnect 

was studied and its reliability was computed using the MSSI method. 

For the Plate/Pin Through Hole (PTH) interconnect, two failure modes 

are considered. One is the failure due to the peeling failure of the 

solder joint; the other is the failure due to the barrel cracking. These 

two failure modes are not independent, so a dependent reliability 

quantification method is utilized to find the reliability of this 

interconnect. 

(c) In quantifying the reliability of the modules and parts, a focus is put on 

the reliability quantification of the Popcorn effect, one of the most 

challenging problems in plastic package. In this dissertation, a 

reliability model based on the Popcorn mechanism is proposed. A 

three-step method is used to compute the reliability of the plastic 

package related to the Popcorn effect. The first step is to compute the 

probability that a package will delaminate due to thermal load during 

storage or other situations; the second step is to compute the 

probability that this package will fail due to high stress during reflow. 

One minus the product of these two probabilities gives the initial 
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reliability of the plastic package related to the Popcorn effect. The 

third step is used when computing the reliability of the product after it 

is delivered to the customer. To compute this reliability, an equivalent 

time calculation method is proposed. Using this method, one can 

convert the time between reflow stress and the operation stress, so that 

the single stress reliability quantification method can be used. Then, 

the reliability of the package at any time after it is delivered to the 

customer can be found. 

3. Temperature distribution on the PCB was computed by solving a Partial 

Differential Equation (PDE). 

The temperature distribution of the board determines the stress in the 

board and elsewhere. A PDE equation is solved to find the temperature 

distribution of the board. Considering the operation profile of most of the 

electronic equipment, only the steady state temperature distribution is found. 

The maximum temperature is then used as the basis to compute the stress on 

the board since that is the most sever case which the board will experience. 

Also using this temperature to compute the reliability gives us a conservative 

result. 

4. Failure modes dependence has been considered in the computation of the 

reliability. 

In this dissertation, 8 failure modes are considered. Except the failure 

mode due to the popcorn effect, all failure modes are not independent. A 
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dependent reliability quantification method is used to compute the reliability 

of the PCB. 

5. The reliability quantification method was applied to a PCB under "ideal white 

noise" conditions. 

In this example, all different interconnects are considered, the 

reliability of the board at times 0, 1,000 hr, and 5,000 hr are computed. The 

reliabilities of SM leadless, leaded, PGA and PTH intercormects are computed 

using the proposed method. The plastic package reliability related to the 

Popcorn effect is computed at times 0, 1,000 hr, and 5,000 hr. The equivalent 

time method is used to convert the reflow time to the equivalent time at 

normal use conditions. The reliability of the whole PCB is then computed 

using the dependent reliability quantification method. 

7.2 Recommendations for Future Research 

As we stated previously, a PCB is a fairly complex electronic component; it 

includes many failure modes and can experience many different environmental 

conditions. To further improve the method proposed in this dissertation, following works 

may need to be conducted: 

1. More environmental conditions need to be considered. 

Space environment is one of the choices. As we know, in the current 

space aircraft and vehicles, there are many PCBs in their electronic equipment. 

The PCB's failure may cause the whole system to malfunction, fail, even 

cause the mission to abort. Therefore, improving the PCB's reliability in a 



184 

space environment becomes very important. Another environmental condition 

that needs to be considered might be humidity, since this environment may 

cause failure due to corrosion. 

2. More failure modes need to be considered. 

In this dissertation, 8 major failure modes of PCBs are considered to 

compute the reliability of the PCB. In reality, many other failure modes can 

occur in the PCB. For example, a lead wire in the package can be broken, 

corrode, etc. 

3. Optimization of the PCB's design should be combined with this work. 

One of the most important tasks for a designer is to come up with the 

optimal design. If the method proposed in this dissertation can be combined 

with an optimization tool, the designers can reach an optimized design at the 

early stage. For example, by considering the performance requirement, 

reliability requirement and cost availability, the designer can easily determine 

the optimized design concept without any difficulty. 

4. Development of related software to simplify the calculations. 

From the application example, it can be seen that calculating the 

reliability, especially when many dependent failure modes are involved, is 

very time consuming. If software can be developed, or current software can 

add some functions proposed in this dissertation, the application of this 

method will be much easier and more attractive. 
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APPENDIX A 

DERIVATION OF EQ. (2-5) 
• y  

We know for any normal distribution with mean |j, and variance a , its CDF 

is given by 

F(z)= \ f { t )d t=  j J -  exp 
- 71 <T 

f r, t - ju. 

v y 
d t .  

— 00 — 00 

Making the changes of the variable u  =  { t  -  /u , ) l  < j , , and d t  -  a ,  du  , then 

1 2 

F(z)= J 
— 00 

• s j ln  ( 
( J  du .  

or 

( z - u  ) l  a  

F(z )  =  1  
^ 1 

1 2 

• 00 

du. 

Comparing Eq. (A-2) with the definition of the cdf of the standard normal 

distribution given above, and realizing /?(/) = !- F(t), we get 

00 

Riz )=  l f ( t )d t= \ -0  

z  

f \ 

a 
V z J 

(A-1) 

(A-2) 

(A-3) 
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APPENDIX B 

PROOF OF THE RELIABILITY INDEX GEOMETRIC EXPRESSION 

From Eq. (2-8), we know the performance function is given by 

Z(u ,v )  =  S - s  + agU-(7^ \ .  (B-1) 

Z(u,v)=0 

Z(u,v) <0 region, or 
the failure region 

Z(u,v) >0 region, or 
the reliable region m 

Fig. B-1 Illustration of the geometric expression of the reliability index. 

Then, in Fig. B-1 

AO = ̂ ^, and50 = -^^ , 
0-5 

and 

\A0\ cr.. 
tan^ = ^ ^ = —• (B-2) 

|2!0| cr. 

From trigonometry, we know 

sin6> = -p^^"^ (B-3) 
Vl + tan^ 9 

Substituting (B-2) into (B-3) yields 
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sin ̂  = 

1 + 
f 

v^.vy 

from Fig. B-1. Therefore, 

m = CO^\BO\  sin^ = 
S - s  (^s S - s  

cr<. v^".' +0-,v v^.v+^.v 

Next let's find out the coordinates of point C. From trigonometry, 

1  S - s  1  
\BC\ = \B0\ cos^ = |50| 

a/l + tan'0 1^ ^ 

v^.vy 

or 

m = 
S - s  

Therefore, the x-coordinate of C is 

m. 

= -\CO\ • sin 0 = -m 
+ cr? 

and the y-coordinate of C is 
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APPENDEX C 

CODE FOR EXAMPLE 2-3 

C. 1 Code for optimization 

OBJECTIVE FUNCTION 

function f = objfun(x) 

f=(x(l).^2+x(2).^2)^0.5; 

CONSTRAIN FUNCTION 

function [c, ceq] = confuneq(x) 

% Nonlinear inequality constraints 

c = []; 

% Nonlinear equality constraints 

ceq = 30+5*x(l)+10*x(2)+x(l)*x(2); 

MAIN CODE 

clear all 

close all 

%objective = @(x) x(l)^2+x(2)^2; 

xO = [0,0]; % Make a starting guess at the solution 

options = optimset('LargeScaleVoff); 

[x,fval] = fmincon(@obj fun,xO, 

@confuneq,options) 

[c,ceq] = confuneq(x) % Check the constraint values at x 
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C.2 CODE FOR MONTE CARLO SIMULATION 

clear all 

close all 

for i=l:10 

m=0; 

forj=l:10000 

a(j)=5+l*randn; 

b(j)=10+l*randn; 

c=20; 

gG)=a(j)*bG)-c; 

if g(j)>0 

m=m+l; 

end 

end 

R(i)=m/IOOOO 

end 
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APPENDIX D 

PROOF OF BIVARIATE NORMAL INTEGRAL EQUATION 

From Section 2.2, we know the CDF of a bivariate normal distribution is 

o= j i 
1 

—00 27r"yl^ 

Let's denote wiu,v,p) -

rexp 
• P  

- 2  p u v  +  v ^  

rcxp 
P  

dw _ I 

dp 

- P  

+ 
1 

exp 

2(\-p') 

U -2/9mv + v 

1{\-P^) 

-2/7M V + V^ 

2(1-p') 

du dv. 

, then 

+ 

27ry[l-

rexp -
P  

u  - 2 p u v + v  

2{l-p') 

2 \ a 

yv2/ 

-2uv(\-p^)-{u^ -2puv -\-v^){-2p) 

2 x 2  
(\-p') 

27T 

-p 

+ 

^J\-p^(\-p^) 

exp 
- 2 p u v  +  v ^  

2(1-p') 

+ 

27r-sl\-

rexp 
P  

dw _ 1 

^ 271-^1-p' 

1 

271^1-p^ 

rexp 

u  - 2 p u v  +  v  

2{\-p') 

u  - 2 p u v  +  v  

2 \r 
u v  +  p  u v - p u  -  p v  

2t2 
/ V  (1-/^0 

^ -2 /7m + 2v^ 

rexp 

2(1-p') 

-  2 p u v  +  v ^  

2{\-p') 

2i\-p') 

/ V  

V- pu 

(1-p') 

(D-1) 
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d^w _ d f dw 

d u d v  d u y d v  
rcxp 

- 2 p u v  +  v ^  

2{l-p') yv 

-P 
(\-p' 

+ 
1 

:exp 

Itt 

P 

- 2 p  

-  2 p u v  +  v  

2(1-p') 

2 \r 

/ V  

V -  pu 

/ V  

u- pv 

exp 
^ - 2puv + v^^ 

2i\-p') 

+ 

+ -
1 

We see that 

dw d^w 

rexp 
u  - 2 p u v  +  v  

2{\-p') 

2 \r 
U V  +  p  u v -  p u  -  p v  

2t2 

2 a 

/ V  

Then, 

dp dudv 

so f f ow , , 
= — du av, 

dp ^ ^ dp 
/ —00 —CO I 

dw 

— 00 —CO 

= f [ ^ ^ du dv, 1 i 5w5v 

= w(-m^-mj,p), 

dp = |w(-/w, -Wj,p)dp. 

0 P 0 

"fso 
Consider —dp = O - 0(p = 0). Then, 

o^P 

P 

O = |w(-wi -rrij, p)dp + 0(0) . 

(l-z'o 

From Eq. (D-1), 
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-/»! -1112 1 f 

J L I, 2 ""P —co —co />7c •\j l fy \ 

Then, 

-m, -itij ^ 

= J J 
2 2 m + v 

-2pwv + 

2(1-p') 
dudv. 

-co -00 

-m, 

f 1 ^ 

= 0(-w,)0(-ot2), 

4^ 
exp —v 

2 
t/v, 

H 

O = |w(-OT, ,-7W2 , p)(ip + <1)(-W| )Cl)(-W2 ) • 
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APPENDIX E 

00 OO 

THE CLOSED FORM OF INTEGRAL j\h„,„ (r,) h,. (r^) (r^ - r,) dr^ dr^ 

0 0 

Denote / = J (r,) (r^) (r^ - r,) dr, dr^ 

0 0 

From Eq. (3-37) we know 

K,M = sin(;7^^„„/,), 
P dbmn 

hiM) = sin(/7^, rj, 

Pdhii 

and Eq. (3-29) 

, 2  ,  „ 2  

cos(;?^(r, -r,)) + ̂ sin(/?^|r2 -
47 Arj 

27 2 

_  1 c o s ( ; ? ^  ( ^ 2  -  r , ) )  +  s i n ( ; 7 ^ ( r ^  -  r ) )  r j  >  r ,  

^ '  1^4^"''''''"''^'cos(/>^(r,-r2))+5e~''''''~''^'sin(/?^(r,-^2)) ^2 < r. 

Then, the integral / can be divided into two parts, part 1 (denoted as Ii) represents 

the case when r2 > ri; while part 2 (denoted as I2) represents the case when r2 < r2. 

Denote = C, and = D, then, 

«"2 A 

/j = II sm{Cr^)sm{Dr2)cos{pj{rj -r,))i/r, dr.^ 

" ° (E-1) 

+ II e ''''''e sin(Cr,)sin(Z)r2)sin(j(7^(r2 -r^))dr^ dr^. 

0 0 

I2 can be found by switching r2 with ri. 

Denote 

00/2 , 

/, (a) = 11 e e e ^ sin(Cr,) sin(Drj) cos(/»^ {r̂  - r,)) drj, (E-2) 
0 0 
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and 

I\ (^) = J e"''''''"'"'' sin(Cr,) sm(Dr2) sin(/?^ (rj - r,))dr^ dr^. (E-3) 
0 0 

Then, 

/,=/,(«) +7,(6). 

Consider cos(j!7^(r2 -r|)) = cos(/»^r2)cos(/?^r, )+sin(/7^r2)sin(jf7^r,). Then, 

/,(«) = j|-^^e"'''''''e~''''''^e"''*''^"''''sin(cr,)sin(dr2)cos(/?^r2)cos(/>^r|)<ir| dr^ 

0 0 

00 r, 

J ^ e e ' sin(Cr,) sin(Dr2) sin(/>^r2) sin(/>^r|) dr^ dr^, 
^ itCD 

00  ̂

= J g-(''+%)''2 sin(Dr2) cos(/?^r2) Jg*''"'''''''' sin(Cr, )cos(jf?^r, )c/r, 
0 

+ sin(Dr2) sin(/7^r2 )j sin(Cr, )sin(pjr, )i/r, 

dr2 

dr.. 

- /, (al) + 7, (a2). 

To simplify Ii(A), let's first find out the following integrals. From a mathematics 

handbook, we have 

je« sin(a x)sin(/!;.) = ^" [(« - t a cos(« - /?)x] 

£'"'[(0; + yg)sin(Q; + f3)x + acos(Q; + P)x\ 

2 +{a + py\ 

(E-4a) 

and 

je" sin(a x)cos(/? x) = 

e'"'\a cos(a + p)x -{a + p)s\n{a + /?)x] 

2[a^ +(q: + /?y] 

(E-4b) 

For a < 0, 
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E(a,a,B)= sin(ax)sin(iax:)=:^-f—— ^ + -T-;—r ^ 

I ^ ' 2[a^+{a-p)\ 2[a^+{a + p) 

(E-5a) 

and 

F{a,a,P)= fe" sin(ax)cos(/?x) =-p—^—;^+ r " 
I 2a'+{a-pY\ 2\a'+ {a+ /3Y\ 

fe" sin(a:.)sm(A)cosOx>fc = Je" si„( J- r h '  

a-v p 
(E-5b) 

~ ^ Je"" sin(ca:)sin(y0 + Y)xdx + ̂  je'"' sin(«x)sin(y^ - y)xdx, 

_ 1 I e"" [(of - /? - /)sin(Q; - yg - 7)x + a cos(a - P- /)x] 

21 2[a^ +{a-p-ry] 

e'" [(q: + yg + 7)sin(a + P + y)x + QCOs(Qr + P + ;>^)x]| 

2[a^ +{a + p + ry] j 

1 J e*" [(or - /? + ;^)sm(Qf - y? + /)x + a cos(a - P +/)] 

2[a^ +(a-y^ + /)^ 
+ • 

e'" [(cif + yg - ;k)sin(qf + - ;k)x + a cos(qf + P - y)x] \ 

2[fl +{a  +  P  -^y' 

(E-6a) 

sin(ca:)cos(yS*:)cos(;)a)56[: = je'" sin(ca)j^ 
J cos(p + ;k)x + cos(p - /)x 

+ 

- ̂  Je"" sin(ax)cos(y5 + y)xdx + ̂  Je"" sin(ax)cos(y0 - y)xdx, 

_ 1 J e"* [« sin(or - P - /)x -{a - P - /)cos(a - P — y)x] 

2 i 2[a^ +{a-p-ry] 

g'" [gsin(Qr + p +/)x p + ;K)cos(Qr + /? + y)x]\ 

2[a^ +{a + p + ry] j 

1 J e" [a sin(a - P + /)x - {a - p + /)cos{a - P + y)x] 

2 i 2[a^ +{a-p + ry] 

e'"[a sin(or + P - /)x - {a + p - /)cos{a + P - y)x\ 1 

2[a^ +{a + p-yy\ J 

(E-6b) 

+ 
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For a < 0, 

CO 

G{a,a,p,y) = je"" sin(ca:)sin(/S)c)cos(;>«:)<ix: 

a a 

+  { a  -  p  -  y Y  ]  4 a ^ + { a  +  p  +  y y  

(E-7a) 

a 

+{a- p + yY 

+ • 
a 

a' + {a + p-yY 

and 

H{a,a,P,y) = Je"" sin(ax)cos(/?x)cos(;w)(ix:, 

a - p - y  ^  a  +  P  +  y  

4[a' +{a-p-yY +{a + p + yY 

a  +  p - y  

(E-7b) 

^  a - P + y  

4[a^ +{a - p + yY\ 4[a  ̂ +  { c c  +  P  - y Y \  

Je"" sin(ca)sin(yflx:)sin(;;«:)t& = je" sin(ca) 
cos(/5 - y)x - cos(y0 + 

= ̂  Je'"' sin(ax)cos(y0 - y)xdx - ̂  Je"" sin(ca)cos(y9 + y)xdx, 

_ 1 jg'"[asin(Qf-p + y)x-{a-p + y)cos{a -P + y)x] 

21 2[a' + (a - ̂  + x)' ] 

+ 
e'" [a sin(a + - 7)x -(« + /?- /)cos(a + - y)x\ 

1 j e" [g sin(Qf - p -y)x -{a- p - y)cos{a - P - y)x] 

2 1  2 [ a ^  + { a - p - y Y ]  

e"* [a sin(a + P + y)x -{a + p + 7)cos(a + P + ;k)x]1 

2(0' + { a  +  p  +  y Y \  j 

For a < 0, 
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J{a,a,p,y) = je'" sin(ca)sin(/?x)sin(;Kv)ix:, 
0 

{ a - p  +  y )  { a  +  p - y )  

4\a  ̂+ {a - P + yY\ 4[a  ̂+{a + p-yY 

i a - p - y )  i a  +  p  +  y )  

4[a^ + {cc - p - yf^ 4[a^ + (a + +/)^ ] 

(E-8) 

Using Eq. (F-4b) yields 

'fc"-"!" sm(& )cos(p r )dr = h ' -P>. -(C - j'JtiosjC - p,)r,] 

^  g '  ' • •  [ ( ; ;  -  T ] , )  s i n ( C  +  p ,  > ,  -  ( C  +  J c o s ( C  +  > ,  ]  

zb-vj'+lc+p,,)'] 

_ [(7 - 7,)sin(c - p,^ - (C - p Jcos(C - p^,)r^] 

in-ihf +{C-PdY\ 

+ • 

2^ 

iV-Vhf +{C-PdY\ 

I  g ^ [ ( 7 - r t ^ ) s i n ( C  +  p j ) r ^  - ( C  +  P j ) c o s { C  +  p , , ]  

2[(';-'?.)'+(c+pj'] 

+ • 
c + 

Denote 
Wi-ri.y +{C + PjY 

jO, - C - pj and Pj = C + p^. Then, 

Jg('? ih)n sin(Cr, )cos(/>^r, )c/r, = [in - Vb) sin(;?, ̂ 2) " cos(p, )] 

Ain-Vhf+p^\\ 

g(';-%)'-2 ) sin(;72^2) - Pi cosip^r^)] 

(E-9a) 

2[(?7-7a)^ + 

+ Pi 

Av-'nkf +pI\ 
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Similarly, 

V'-"'" sin(Cr,)sinO,,r,K, -
0 2[ (77- ;7 , )  + /7 ,  J 

iV-Vh) 

2[('7 ~ 7*) +/*! ] (E-9b) 

^ )cos(/>2r2) + sin(p2^2)] 

^Y ^-Vhf ^PI\ 

Then, 

, (JI-Vh) 

Av-vh? + p]\ 

/,ial) = si„(fl.,)cos(p,., 
oCD Wl-T],) +P,\ 

ocz) 2[(77-;7j +;?2j 

+ sin(dr2)cos(/»^r2)-t 

= /, (al 1) + /, {all) + /, (al3) + /, (fll4). 

00 J 

sin(z)r2)cos(/7^r2) 
0 

^(1-1,)r^ ^s\n{p,r^)-p, cos{p,r^)] 

A ^V-rihf +a'] 

/io % 
" tl sin(dr2) cos(p^r2 )cos{p,r^ )dr^, 
ICD^n-ri^) +;?, jj 

A{V-Vh) ^ 

icdpi-ri,) +p, j 

~ ^rAr T\^i-^r/h,D,p„Pj). 
2CD[i?j-7],y +p;\ 

(E-lOa) 
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/,(al2) = sin(£)r2)cos(p^rj-r 
tcd ^ri-ri,) +/?, j 

= r sin(£)r2)cos(;7^r2Vr2 (E-lOb) 
2cz)[(;7-7,)' +pl\i 

"  — n ) '  
2cz)[(/7-7j' +/7n 

CO ^ 

/i(al3) = sin(Z)r2)cos(p^r2) 

g(-;-%)'•2 ) sin(;72^- j^2 cosc/^^r^)] 

and 

(E-lOc) 

2[('7-'7j' + p I \  

sin(£)r2 )cos(/7^r2 )sin(p2r2 
2CD[{ri-Vj,f +pl\i 

A 

-lCDYn-^*pl\k'"" >="'• 

2CD[{r]-7i,y +p\\ 

orA( 2cd[(77-;7j ^ p^] 

^(«14)= j—sin(dr2)cos(p^r2)-r ^-idr^ 

oCD 2[(/7-/7,) +;?2j 

= -^^r, ^^',2 n sin(i)r2)cos(;?^r2)^;?r2 (F-lOd) 
2c£>[(?7-/7,)' +;^2jo 

" 9rnlr ^ ^ ^• 2c£)[(;7-;7j +;72j 

Next let's find Ii(A2). 
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a(a2) = sin(i)r2)sin(/>^r2) 

|g('; %)'•. sin(Cr, )sin(/7^r, )i/r, dr^. (E-11) 

Substituting Eq. (E-4a) into Eq. (E-11) yields 

o^cd 2[(7-7,) +p, j 

o^CZ) 2[(7-77,) +P2J 

) r ^ ri ' 
o^cz) 2[(7-/7j +p^\ 

= /, (a21) + 7, (a22) + 7, (a23) + 7, (a24). 

= sin(7)r2)sin07^r2)sin(p|r2Vr2 
2cd[(7-7j' 

+ ^̂ 2 Tl sinCDr^)sin(;7^r2 )cos(/7,r2 )dr^, 

ICDpi-Vb) +P\\o (E-12a) 

" n ) 
2cd[(77-7,)'+p,'j 

+ r|<^(-27a>a;7rf,a). 
2cd[(7-7j' + kj 

7,(a22) = sin(Dr,)sin(/7^rJ I ^ 
qct) 2[(7-7j +/7, j 

= sin(Or,)sin(p,r,)rfr„ (E-12b) 
2c£)[(77-7j' +pfj j 

2c7)[(7-7,) +;?, j 
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/i(a23) = - r TI sin(Dr2)sin(p^r2)sin(/72r2)c/r2 
2c£>[(;7-77,) +pjj 

~  n ) s i n c p . r j ) c o s ( p 2 r , )dr^,  
2c£)[(;7-7j'+it72'jj 

— g ( - 2 ^ ,  d ,  p , ,  p , )  
2CD[i7]-j],) +p^\ 

(E-12c) 

/i(a24)= sin(Dr,)sin(p^r,) r ^ , 

ocr) 2[(/7-;7,) +p^\ 

= r-t fe"'''""''''''^ sin(Z)r2)sin(p^r2)t/r2 (E-12d) 
2CD[{ri-rj,f+pl\l 

2CD[(/7-77,) + p ^ \  

Now we find Ii(a). Let's find Ii(b). 

/i(6) = j j-^e"'''''''e"''''''^g-'?('-2-'-i) sin(Cr,)sin(Dr2)sin(p^(r2 - r,))dr^dr2. 
0 0 

Consider sm{pj{r2 -r^)) = sm{pjr2)cos{pjr^)-cos{p^r2)sm{pjr^), then 

CO fj jy 

/i (b) = j j q-nhf-xq-nih-'-i) )sin(dr2)sin(/?jr2 )cos(p^r| )dr^dr2 
0 0 

00 ri 

CD 

B 
- jj e  ''"''e ''"''"e ''''sin(Cr,)sin(Dr2)cos(j:?^r2)sin(/?^/r,)jr,c/r2, 

o'cd 

CD 

r ''̂  
' dr^ (E-13) 

0 0 

=  | - ^ e s i n ( d r 2 ) s i n ( / > ^ r 2 ) |  s i n ( c r , ) c o s ( p j r ,  ) t / r ,  

_5 

I CD 

= /,(m)-/,(w). 

- |-—e (''+%)''2 sin(Dr2)cos(/7jr2) je*'' ''''''' sin(Cr, )sin(j9^r, ̂ r, 6/^2, 

First let's compute Ii(bl). Using Eq. (9a) yields 



202 

/,(m) = sin(dr2)sin(p^r2) 

[{rt - 77^) s\n{p,r^)- p, cos{p,r2)] 

+ e 
I CD 

B 

Av-ilhf + a^] 

^ ^-(ri+nk)ri sinfdr^^sinfp .r.)—r ^dr. sm{Dr^) sirip^r^ 

2K?7-7A) +P\\ 

+ [ e  sin( 1)^2) 5111(^^^2) (E-14) 
•' CD 0 

e('/-'/>)[{rj - n,) sin(/?2^2) - )] , 

2[(/7-?7a )  + P 2 I  

+ sin(£)r2)sin(;7^r2)-r , 
2[{ri-ri^) + / 7 2 J  

= /, (611) + /, (612) + /, (613) + /, (614). 

hib\ 1) = sin(dr2)sin(p^r2) 
0 

e [ ( 7  -  Tjh) sin(pi^2) - ;?! cosQ?, )] 

2 1 ( 7 + W ]  

= sin(dr2)sin(;7^r2)sin(p,r2)jr2 
2CZ)[(7-7j +p, Jo (E-15a) 

D„ 

" 2CD[in-n,f^p',\ > 

2cd[(77-/7,)' +pfj 

- ^^',2 n<^(-27a,a;?j,a)-
2cz)[(77-;7j' +;7fJ 

OO 

hib\2) = j — s i n ( £ ) r 2 ) s i n ( ; 7 ^ r 2 ) - r  
iCD 2[(7-7j +p, J 

= ^^',2 sin(Z)r2)sinip.r^)dr2, (F-15b) 

2CD[{ri-ri,y +pt\i 

^ orn\( 2]Ei-i'l-Vt\D,p,). 
2CD[(77-7j +p,\ 



I:(b\3)= sin(Dr2)sin(p^r2) 

e(n-n.)r2 YJJ _ ;; jsin(p2r2 ) - COS^p^Y^ )] ̂  

= -.^nff n J'' ®i"<-0''i) sinfe/rj )sin(/>,/'j )dr, 
2cd[(7-7,) +/?2jj 

= ^4-2%, a p j, p,) 
2CZ)[(;7-?7,) +P^\ 

' irn\( 2i<^(- 27a>.;^2 )• 
2cd[(;7-/7j + p^] 

' 2CD[in''-if .pli'^"'"' (e-15d) 

+ 
2CDlr]-r],) + p 2 j  

Next let's find Ii(B2). 
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sin(dr2)cos(/?^r2) 
o'cd 

L('7 %)'-i sin(Cr| )sin(/>^r, )(ir, 
0 

dr^. 

= sin(z)r2)cos(/'^r2) 
o'cd 

e(n"h)>-. ^J + Jcos(/7i)] 

2[('7-7j^ +a^J 
00 

-  f  g > ' ' 2  s i n ( £ ) r 2 ) c o s ( j t ? j r 2 ) - r — ^ ^  

- sin(£>r2)cos(;7^r2) 
0 

[p2 sin(p2^2) + (^ - 7ft )cos(;?2^2)] . 

ocd 2[(77-7j +;?2j 

= /, (621) - /, (622) - /, (623) + /, (624). 

7,(621) = sin(dr2)cos(p^r2) 

g l p i  s i n ( ; ? i  ̂ 2 )  +  ( 7  -  7  j  c o s ( p i  ^ 2 ) ]  

2[(/;-7j' +/''J 
/?d ^ 

" ri sin(Dr2)cos(;7^r2)sin(p,r2>/r2 
2cd[(77-77,) +p, jj 

^ sin(z)r2 )cos(/?^,r2 )cos(;?,r2 )dr^, 

2cd[(7-7,) +;?, jj 

+ ,1 H{-2n,.D,p„pA. 
2CD[(rj-7],) +p,\ 

(E-16a) 
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I,{b22) = sm(Dr^)cos{p,r,) r ^ ^dr^, 

iCD ^ri-Vt) +P^\ 

= ^̂ 2 nsm(Dr,)cos{p,r^)dr„ (E-16b) 
2CD[(jj-7j,f +p^\^ 

'̂2 r|^(- )' ̂ 'Pd)-

> l ( 7 - 7 j  + A  J  2CD\ 

l,(b23) = sin(Dr^)cos{p^r^) 

0 ^ 

|/>2 + (;; - y;^)cos(/>2r2)] 

2b-'7fc)' +/'2] 

= n sin(£)r2)cos(;7^r2)sin(/?2r2)^/r2 
% - ? ; * )  + ; ^ 2  J o  

+ 2l sin(£»r2)cos{p^r^ )cos(/?2'-2 )^^2' 
2[(/7-7a) +i^2jo 

" ^^',2 ri^i- (^ + Vh). D, p„pj) 
2CD[i?7-7],y +pI\ 

(E-16c) 

+ 

7,(624)= j—e"'"""""' sin(£)r2)cos(/7^r2) r ^ ^2' r|^^2' 
qcz) 2[(;7-;7j +p^\ 

2CD[i?j-?i,) +p^\ 

Denote 

(7 -Vbf + P\ = Pi and (7 - 77 = /?4; then, using Eq. (E-10) and Eq. (E-12) 

yields 

7, (al 1) = G(-27, ,D,p„p,)- H(-2m ,D,p„p,), (E-17a) 
2CDp^ 2CDp^ 

I,(M) = :^F(.-{t-1,\D,p,), (E-17b) 
2LDp^ 
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= (E-17d) 
ILUpn 

° • °' ''•' • 

'"i(''22) = -^^;^£(-(, + 7;,),A/',). {E-I7f) 

°  ^ ' ' ' • ' ° ' ' ' " •  ^ 2 t , , . D . p „ p , ) ,  ( E -  17g) 

',^''^^) = ~~E(-(,] + t,,\D,p,). (E-17h) 

Using Eq. (E-15) and (E-16) yields 

(e-17i) 

'' ° (E-i 'J) 

(E-I7k) 

= (E-171) 

' i  ( ' ' 2 2 C ^  G ( -  2 ^ , ,  Z ) ,  Pi , 2ri^,D,p^,pj\ (E-17m) 

^,(''22) = ^|^f(-(v + %).fl.;,J (E-17n) 

(E-17o) 



!,(w4) = F(-(n + 7,^lD,p,), 

2CDp^ 

where 

27 

B='^" 

2 ' 

^ ~ prfamn ' 

D = PdMJ^ 

" ' h  

V h  =  
^1 

2/0 

i 2 2" 
P d  = ^ P  - V  ,  

2 ^ P  = — ,  
m 

P i  = C - P d ,  

P 2 = C  +  P J ,  

P 3  = { V - V h f  ̂ { C - p ^ Y  

Pa ^{l-'nhY +{C + PdY-

Then, 

/, =I,{a) + I,{b), 

= /, (al 1) + /, (al2) + /, (al3) + /, (al4) 

+ /, (a21) + /, (a22) + /, (a23) + /, (a24) 

+ /, (611) + /, (612) + /, (613) + /, (614) 

+ /, (621) - /, (622) - /, (623) + /, (624). 

Next let's find the integral I2 when ri > r2. 
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/j = '^"'sin(cr,)sin(dr2)cos(pj(r, -r-^^r^dr^ 

0 0 

7 \  B 
+ 

'CD 

J |-^ e "''''' e •'''''' e ^ sin(Crj) sin(Dr2) sin(p^ (r, - ))<ir, dr^, (E-19) 
0 0 

= I^{d) + I^{h). 

Consider cos(/?^ (r, - )) = cosip^Vj) cos(jt?^r,) + sin(/»^r2 )sin(/7^r,), then 

«n ^ 
I2  {a )  =  j J e"''*'"' ^-lirx-h) )sin(Z)r2 )cos(/>jr2 )cos(/7^r| )dr^drJ 

0 0 
'»'-| A 

+ j j e e s i n ( C r ,  ) s i n ( D r 2 ) s i n ( p ^ r 2  ) s i n ( j > ^ r ,  ̂ i r ^ d r - ^ ,  
0 0 

= f-^e sin(cr,)cos(p^ri j sin(dr2)cos(/'^r2)jr2 
Lo 

"A t'^' 
+ j sin(Cr,)sin(/»^rJ sin(Dr2)sin(/7^r2)Jr, 

0 0 

dr, (E-20) 

dr^. 

= 7, (a|C D) ,  

where 

/, (ajC •o D) means 12(a) has the same equation with Ii(a) but with C and D 

exchanging position. 

Similarly, we have 

/2(6) = /,(&|c<^£>) 
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APPENDIX F 

DERIVATION OF INTERFACIAL STRESS DUE TO THERMAL LOAD 

Figure F.l illustrates a multilayer board. 

1^ 1 — x w 

Fig F.l Illustration of a multilayer board. 

Considering each layer is thin and rigid, the radius of curvature is much larger 

than the thickness of the layer, we can assume that the radius of curvature of each layer is 

the same. The radius of curvature of the board is given by [162, p. 31] 

D, E£ 
P 

(1 + uJM, 12(l-u,)M, 

where 

p = radius of curvature, 

E h ^  
Dj = flexural rigidity, D, = ' ' 

Vi = Possion's ratio, 

Mi = bending moment of i'*^ layer, 

and 

hi = thickness of i"' layer, 
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or 

' m - y ^ p  

f,{E„h.,v.) 

p 

(F-1) 

where 

UE„h„v:)-
m - v , )  

The equilibrium of total forces and moments yield [162, p. 31] 

m 

e ^ ; = o .  (F-2) 
(=1 

and 

m m i U 

7=1 k=\  ̂

(F-3) 
;=1 

The last equation is obtained based on the strain compatibility condition; i.e., the 

strain in each layer should be the same. This equation consists of three parts, the thermal 

expansion part, the part due to the elongation from the fore applied and the bending part. 

a, at;. + at;.,, + ^ ̂  ii j 7"* 7 
E.h  ̂ 2p 2p 

1 — V 
Denoting g, , /z,, v.) = and rearranging above equation yields 

EA 

hj +^,>1 

2p 

Summarizing this equation from 1 to j-1 yields, 

2 ' t h , - ( h , + h , )  

giFi - gjFj : = a . ar, - a, ar, 
2p 

or 

Fi = 

Sj 

2 Y h , - { h , + h . )  

g,f, — (a .ar^. -a,Ar,) (F-4) 



211 

,/ HI 

Denote bj = ajATj - or,AT, and considering = 0, we have 
2 _y=,  /=1 

' " 1  a  b  

./=l g j P M S j ,/=i g j 

Solving this equation yields 

1 7=1 , 7=1 
//< 

s l / g ,  
7=1 7=1 

III III 

Denote c = — , d = — and plug the above equation into (F-4) yields 

e l ' s ,  
7=1 

s l / ^ 7  
7=1 

F, = 

S j  

c i 
- + d— 

P P P 

f \ 
C -a : 

V ^7 J 

d - b j  

gi 

(F-5) 

Substituting equations (F-4) and (F-5) into (F-3) yields 

1 m m 

P /=1 7=1 

r \ 
c - a ,  

V ^ i J 

d  - b .  

+ -
Sj 

T K - i  k=\ 

= 0, 

or 

C / 

]_ 

P 

V V 

d - b ^  

Sj 

\\ 

J J 

j  h - ^  

Y . K - i  

r / 

z/ - z /=1 V ' = ' v  Sj 

w 

J J 

Y.K-'i 
k=\ 

Substitute this value into (F-5), and find the force 
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The corresponding stresses in the j* layer is given by 

Then the shearing force acting in the i'^ interface; i.e., in the interface between the 

i^'' and (i+1)"^ layers, is [163, p.146] 

m 

Then, the distributed stresses in the i'*^ interface can be computed as follows: 

The shear stress 

sinl^ 

' cosh(it/) 

and the peeling stress 

^ cosk^ i 

2 cosh(A:/) 

where k is computed from 

m 

e = - - ^ — .  

i=\ 

The maximum values of these interfacial stresses occur at the edge of the board; 

therefore [163, p. 146] 

^/max = -kTt tanh(^/), (F-8) 

and 

1 m 

(F-9) 
^ j=M 

If there are only two layers, then it can be shown that the shear stress and the 

peeling stress are given by 

^max = tanh(^a), (F-10) 
-̂ lAK 

and 
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=^AaAT,  

where 

A = ~ 

12 

a = 

K 

(f-11) 

2 a 

v ^1 ^2 + dj j 

Eht 
, i = 1, 2, the flexural rigidities of layer 1 and 2, respectively. 

' m - v f )  

a = half length of plate, 

hi = thickness of layer 1 and 2, respectively, i = 1, 2, 

2(l + v,), 2(1 + V2) 
K = 

3E, 
-/z| + • 

3 E ,  
-h 2 ' 

and 

/" = - h^Dj 

2 p , + a )  
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APPENDIX G 

SOLUTION OF SYSTEM OF PDE GIVEN IN EQS. (4-1), (4-2) AND (4-3) 

G.l Solution to PDE given in Eq. (4-3) 

k 
First we rewrite Eq. (4-3) as follows and denote —^ , i = x, y, z. Then, 

cp 

CO, 

Q 2 g ( J )  q 2 Q U )  Q 2 Q U )  1  Q Q U )  

+ CO,,  ̂+ CO, . + — Q -̂'' 

dx  ̂  ̂ dy  ̂ ' dz  ̂ cp 

Use the eigenfunction expansion and let 

dt 

00 oo oo 

=  Z  E  E  ( • > ' )  •  '  

and 

m=0 n=0 /=0 

OO CO 00 

= Z S Z ' 
m=0 n=0 /=0 

where 

and 

amni, bmni = time dependent coefficients, 

Vn W\ (^) ~ eigenfunctions of variables x, y and z, respectively. 

Based on the boundary conditions given in Eq. (4-3b), we can get 

<2^mw = c0s 

^3„(j^) = cos 

/ \ 
a„, 

X = cos mn  ̂

y 

.v 
CO, 

\ a J 

= cos 
nrt  ̂

mnJco  ̂
, = , m = 0,...,oo, 

a 

riTtJco,, 

^ / ( ^ ) =  c o s  
ico^h  ̂

/ \ / 

+ sin z + sin z 1 Z, 

J J 

,n = 0,...,co, 

/ = 0,...,oo, 

where yi is computed using the following equation; 

k r̂f 
tan h 

v v « z  y  

Substituting Eqs. (G-2) and (G-3) into Eq. (G-1), and realizing that 

(G-1) 

(G-2) 

(G-3) 

(G-4) 
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(o,  ̂= -aj„,, co  ̂—  ̂= -p„ (p„, and o)̂  —^ = -y, y/, , yields 
^ J„2 

dx' dy' dz' 

+ («,; + Pi + rl k -  ( 0  =  — ( ' )  •  
a/̂  cp 

(G-5) 

Solving Eq. (G-5) yields 

c p t  

Substituting Eq. (G-6) into Eq. (G-2) yields the temperature change due to 

source j, or 

CO CO CO 
,-(«»,+a^+r/)' 

(G-6) 

+ =  E  E  Z  •  V'' ( • > ' )  

 ̂mnl 

m=0 n=0 1=0 

OD CO CO 

w=0 n=0 1=0 0 

1 ^ 
^ i" > -(al+Pl+yfXl-̂ ) 

(G-7) 

The coefficients of c are zero since the initial condition given in Eq. (4-3c) is zero. 

The coefficient of bmni can be found through Eq. (G-3) by 

a h h 

b,„„i (0 = j j J 0*'' • <!>„, (x') • (p„ (y') • y ,̂ (z')dx'dy'dz', 

mnl 0 0 0 

1 a b h 

' I J - i l  - x J - S ( y - y , ) - S ( z - ( S ) -
N '•' mni 0 0 0 

(l>m (̂ ') • (p„ iy') • ¥, (z')dx'dy'dz'. 

or 

q U )  

n„,„i v 

where Nmni is given by 

a b h 

/ \ 
' mn 

^7 
a 

cos 
nn  ̂

~T^> 
\0 y 

Yl 

J 

0 0 0 

or 
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AT 
N„„„ = — 

- y ,  • h  +  k ^ h ^ c o ,  +  h - h y O ) ^  

2ax 
+ 

ktrt -hjo}, 

4hf̂ r, 

sm 

/ \ 
2y,h 

w ^ z y  

k, 
^cos 

2k 
^2r,h  ̂

Then, the temperature change distribution of the board due to the source is 

given by (realizing bmni(t) is time independent) 

00 00 00 

1 'r 

m=0 n=0 /=0 0 
^mnl 

00 00 00 

= ESS mnl 

^0 n=0 /=0 cp{a„, + /?„ + /, ) 
(1 _ . (p^ (_y) . (2), 

or 

CO 00 oo 

mnl 
2 _ . 2 ^  

f 

00 00 CO U 
t' * t/,. 

m=0«=0 /=0 ) 

(G-8) 

EZZ-
mnl 

AX )̂-<p,Xy)-¥i{2)-

11=0 «=0 /=0 Pn ) 

As we discussed in the temperature profile, we are more concerned about 

temperature at steady state. Then, Eq. (G-8) becomes 

cos 
00 00 00 

m7t 
cos 

\ a J 

nn 

b 
• y j  

kj, 

cpial + Pi +7l)N„„„ 

Then, at any location, the temperature change will be 

•<l>„Xx)-(P,Xy)-¥i{z).{G-9) 

eix,y,z) = ̂ e^ \̂ 

7=1 

or 

kj, 

00 CO CO 

e{x,y,z) = Y,Y.lL 

<l>„Xx)-(p,Xy)-¥,{z) 

m=l n=l /=! CpiOCiî  + A; 7! iiml 

N 

(G-IO) 

7=1 V " 

\ / a 
HTT 

COS -•>^7 
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If we use the Green function to express the temperature change, Eq. (G-7) 

becomes 

•, a b h ! 

\ {dr G{x,y,z,t x',y',z',t)-Q '̂\x',y',z',t)dx'dy'dz', 

0 0 0 0 

where the Green function is given by 

G{x,y,z,t 

00 00 CO 

(x')<p„ (y)(p„ (y') 

m=l n=l 1=1  ̂mn! 

G.2 Solution to PDE given in Equations (4-1) and (4-2) 

We use the eigenfunction expansion method. The solution is 

oo CO 00 

in z, <z<z,^,,; = l,...,t/.(G-ll) 
m=| n=l /=1 

The heat source can be expanded as 

CO 00 00 

- ^ 6 , " ' ( g - 1 2 )  
m=\ rt=l /=1 

where anini(t) and bmni(t) are functions which are to be determined. (x), (_y), 

and (z) can be found through the following eigenvalue problems: 

(x) = 0, with BC: x = 0, a 
dx dx 

K, • " (x) = 0, with BC: x = 0, a = o, (G-13a) 

K-,^^^^^9^ + y9>l-')(>^) = 0,withBC: >; = 0,6 = 0, (G-13b) 

dz  ̂
Kr^^^-^ + rf>yl/\z) = 0, (G-lBc) 

with the following BCs 

dz 

du/^'^^ ^z — 0) 
^ ( z  =  0 ) ,  f o r  t h e  t o p  s u r f a c e  o f  t h e  t o p  l a y e r  
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d w )  
U) 

and 

dz 
- k 

dy/] 
U) 

;+l 
dz 

for i = l,..,d-l (G-13d) 

'(+1 

d w J  { z ^ Z g )  

dz 

= -h^y/j'̂  (z = Zj), for the bottom surface of the d'" layer. th i  

Solving Equations (G-13a), (G-13b), and (G-13c) yields 

<pl̂ (x) = cos 
oc.. 

J 

= cos mn  ̂
X 

\ a ) 

mTTjKi 
, = ,/w = l,...,co. 

a 

Similarly, 

(p\i\y) = <^os 

f \ 

^ ' y  

J 

= COS 
nn  ̂

V 

rtTTJ/C. 
, Pr. =—r—,« = l,.",°o,and 

b 

WiP (z) = A\p cos(-̂  • z) + B\p sin(-̂  • z). 

//f,- a//c,-
(G-14) 

It should be noted that there are "d" solutions in the form of Eq. (G-14), which 

means that there are "2d" unknown coefficients, A\pfor i = 1, ..., d. We need 

to find them through the boundary conditions given in Eq. (G-13d). 

Applying the boundary conditions given in Eq. (G-13d) into Eq. (G-14) yields 

"2d" linear homogenous equations. One is at the top surface of first layer, one is at 

the bottom surface of d"" layer, and 2d-2 are at the interface between layers. 

At the outer boundary zo 

dU) _ a U )  
•"]/ ~ , ^1/ • (G-15a) 

At the interface, the following relations for the coefficients A\j'^, 5//^ with 

AJ) T>U) 

«n(0 «i2(0 

«2l (0  «22(0  

^(/+i)/ 
d U )  

\̂ (MV J 

(G-15b) 
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where 

a,,(z) = cos 

0)2 (/) = cos 

a2i (0 = sin 

ri 

w 
cos 

r, 
i K,, 

-/+1 

Yi 

vv '+ '  /  
\ f \ 

yi -

/ 

I •̂ /+1 

vv'^'- y 

sin 

cos 

(+1 
vv"-/+i y 

\ 

// 

and 

0(22 (0 = sin ri sm r, 
/h y vv'^^^1 

th 

+ 

k, ] 

î+l 

k, i 

r, sm r, 

sm 

\ r 
vV -̂i J 

Yi 
1+1 

y 
cos r/ 

•^/+l 
j 

COS 
I— '••'' 

vv'^/ y 
sm Y, 

- z ,  i+\ 

COS 
x/ 

- /+ !  COS 
// 

' ( + 1  

At the bottom surface of the d layer 

YI  

5'-'' -"dl 

sm YI  

y 

- hj cos Yi 

k ,  ^ ' c o s  
YI  

vv '^ .  y  
+ hj sin 

a U )  
\ ^dl 

Yi 

y.""  y 

(G-15c) 

When "2d" linear homogenous equations given in (G-15) are solved, 

the 2d unknown coefficients will be found in terms of one of them, say A^p, 

since they are homogenous equations. Then, the resulting eigenfunctions 

(z) will all include the unknown coefficient A^p, it will cancel out in the 

final solution. 

In Eq. (G-15), there are unknown eigenvalues 7,. Thus, an additional relation 

is needed to determine these eigenvalues. Ozisik, M. N. [166, pp.278-279] proposed 

the following method. The relationship to be used to calculate the eigenvalues is 

obtained from the condition that if the homogenous equations given in Eq. (G-15) 

should have nontrivial solution the determinant of the coefficients should be zero. If 

now we rewrite the above homogenous equations in the matrix form, we have 



V  1  
- 1  0  0  •  0  0  0  0  •  0  0  0  0  

'ih 

- 1  0  < ' ] 2 ( ' )  •  •  0  0  0  0  •  0  0  0  0  

0  - 1  < ^ 2 1  < 3 2 2 ( 0  •  •  0  0  0  0  •  0  0  0  0  

0  0  0  0  •  0  0  0  0  •  0  0  0  0  

0  0  0  0  •  0  0  0  0  •  0  0  0  0  

0  0  0  0  •  - 1  0  " 1 1  ( 0  a ,  2 ( 0  •  •  0  0  0  0  

0  0  0  0  •  0  - 1  022(0 ' •  0  0  0  0  

0  0  0  0  •  0  0  0  0  •  0  0  0  0  

0  0  0  0  •  0  0  0  0  •  0  0  0  0  

0  0  0  0  •  0  0  0  0  •  - 1  0  a j j ( i ^ - l )  a-̂ 2(d 

0  0  0  0  •  0  0  0  0  •  0  - 1  ^ 2 1  ( " ^ " 0  "22 '̂̂  

0  0  0  0  •  0  0  0  0  •  0  0  - 1  

where 

y 
kj • ^ sin Yt 

y 
• cos Yi 

k. ll—cos 
YI 

y 
+ sin YI 

v v ' ^ .  y  

Then, the following transcendental equation should be solved, and its 

pos i t ive  roots  g ive  the  enginvalues ,  <  / j  <•••  <  / ,  <  •••  
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- 1  0  0  •  0  0  0  0  •  0  0  0  

'h 

- 1  0  0  •  0  0  0  0  •  0  0  0  

-1  0  «„(1) • 0 0 0 0 • 0 0 0 

0 -1 «2,(1) «22(1) • 0 0 0 0 • 0 0 0 

0 0 0 0 • 0 0 0 0 • 0 0 0 

0 0 0 0 • 0 0 0 0 • 0 0 0 

0 0 0 0 • -1 0 .„(0 a,2(0 • • 0 0 0 

0 0 0 0 • 0 -1 • 0 0 0 

0 0 0 0 • 0 0 0 0 • 0 0 0 

0 0 0 0 • 0 0 0 0 • 0 0 0 

0 0 0 0 • 0 0 0 0 • -1 0 

0 0 0 0 • 0 0 0 0 • 0 -1 

0 0 0 0 • 0 0 0 0 • 0 0 

= 0 

/ 12' 
1) 

- 1  

For each of these eigenvalues there is the corresponding values of and 

(z) .  Af ter  we  f ind  these  e igenvalues ,  coef f ic ien ts  and  e igenfuc t ions ,  we  can  use  

eigenfunction expansion to solve Eq. (4-1). 

Substituting equations (G-11) and (G-12) into Eq. (4-1), and realizing that 

d (̂p\n{y) 
K, 

dx  ̂ dy' 

+ /?« (p]̂ \y) = Q,and 

+ yfy/^P (z) = 0, yields 
dz  ̂

CO CO 00 

EEE +(«,;+ Pi + ri K- (') - (') = 0 • (G-16) 
m=\ n=t /=! 

From this equation, we obtain the following ODE for the function amni(0-

+ pi + r} (0 = 4„, (0. 
at 

(G-17) 

Solving Eq. (G-17) yields 

a,„„,{t) = c'e 
Pn*n)l + 

I 

jdr • iaf„+p'„+rf)V-r) (G-18) 

Substituting Eq. (G-18) into (G-11) yields the temperature distribution of the i"^ 

layer of the board subjected to heat source "j", which is 
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=  Z S •  <Pi» (^) • iy) • y \̂P(^) • " + 
m=\ n=\ l=\ 

/ \ 
00 00 00 ' 

ZZE • 6„ ,„ /  (0  (x)  •  (> ; )  •  y / \p  (z ) .  
«;=! ^=1 /=! Q 

In this equation, there are two unknowns; i.e., d and bmni(t). Since the initial 

condition in each layer is zero, c' will be zero. To find the coefficient of bnini(t), we 

consider the following orthogonality property [166, p. 292]: 

k  " f V ' f  / i  /  X  /  ^  f O  f o r  n ^ n ' ,  Z  —  j  f  Uin (x)<pL (y)<PL' iy)¥\/ dydz = \ 
[ K , n / f o r n  =  n .  

Applying this orthogonality property to Eq. (G-12) by multiplying both sides by 

k-
V,r ̂  and integrating with respect to x (from 0 to a), y (from 0 to b), and z 

from z\ to Zi+i, and summing up the equalities over all values of i, yields 

d a !> 'i+i 

"mnl (0 -

a b Zi 

Z  j  j  iy)¥]p {z)dxdydx 

N„.„, 

j  j  ]Q['̂ S{x - Xj )5{y - yj)S{z - {x)(p],̂  {y)y ]̂P {z)dxdydx 

0 0 Ti 

N„,„, 

(G-20) 

0,*^' sin 
/ \ / \ 

rrtTT 

-^7 
nn 

y.i 
y v " y 

sin 

N nml 

where the norm Nmni is given as 

= z ~ l j  ] ^ f , m ' ) - ( p l x y ' ) - v ^ f i i ^ ' ) d x ' ^ y ' d z '  

. (G-21) 
A '' k 

=  - r Z —  ] w f ' \ z ) d z .  

Then, the temperature distribution of the i"^ layer due to the heat source is given 

as 
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(» CO 00 

=  E E E  •  b „ , „ , ( t )  (x) • (pIP(;;) • (z), 
m=\ /j=l /=! 0 

" " " i„, ,. 
= e e s, 2 ~1—^7(1 - *"") &"(^) • f"'(y) • ri" (^). 

m=l n=l 1=1 î ni Pn YI ) (G-22) 

' t t t ( " )  • « ; / '  ( y ) - v V ' ( - ' i -
m=l n=l 1=1 V"m + Pn + / ; ) 

S  YLt -̂ i— W  •  w l " ( y )  •  r , ! "  ( ^ ) ,  
n,=l n=l 1=1 (^», + P n  + 7 l  )  

where bmnifO is given in Eq. (G-20). 

Then, the temperature distribution of the i"^ layer due to all of the heat sources is given 

by 

0,(x,0 = EEZE. 2 ^2— ~̂ 
j=\ m=l n=l 1=1 {(X„, + P„ +Yi) 

7=1 m=l n=l 1=1 Pn YI ) 
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APPENDIX H 

MATLAB CODES FOR EXAMPLE 6-1 

H.l Matlab code for solving the PDE. 

clear all 
close all 
a=0.15; 
b=0.06350; 
h=0.001354; 
x=0:0.01 l:a; 
y=0:0.005:b; 
z=0:-0.0001:-h; 
T=zeros (13,13,13); 
kz=0.2; hl=5; h2=5; wz=8.32e-8; wx=7.07e-6; wy=7.07e-6; ch=1300; rou=2850; 
gamm=[0.76 0.391883 1.20136801100198 2.00563038000417 2.80917207999 
3.6124745219 4.415668375099999 5.218803790999 6.021904155999 6.82498184865]; 
gamm(l 1:501) - 6.82498184865; 
q=[0.2 0.2 0.4]; 
x l=[0 .02  0 .075 0 .1  ] ;  
yl= [0.03 0.03 0.03]; 
for iy=l:13 

for ix=l:13 
for iz=l:13 

Ts = 0; 
for i - 1:3 

for m=0:20 
for n=0:20 

for 1=0:20 
Ai=q(l ,i)*cos((m*pi/a)*xl (1 ,i))*cos((n*pi/b)*y 1 (1 ,i)); 
F=kz* gamm( 1,1+1 )/(sqrt(wz) * h 1); 
phixy=cos((m*pi/a).*x(ix))*cos((n*pi/b).*y(iy)); 
%phiy=cos((n* pi/b). * y(iy)); 
phiz=(kz* gamm( 1,1+1 )/(sqrt(wz) * h 1)) * cos(gamm( 1,1+1). * z(iz)/sqrt(wz))+ 
sin(gamm( 1,1+1).* z(iz)/sqrt(wz)); 
Nmnl=(a* b/4) * ((kz^2 * gamm( 1,1+1 )^2 * h+kz* h 1 * wz+h* h 1 '^2 * wz)/(2 * h 1 ̂  
2 * wz)+(kz^2 * gamm( 1,1+1 )^2-
h 1 '^2 * wz) * sin(2 * gamm( 1,1+1). * h/ sqrt(wz))/(4*hl^2*sqrt(wz)* gamm( 1,1+ 
l))-kz*cos(2* gamm( 1,1+1). * h/ sqrt(wz))/(2 * h 1)); 
denor=ch*rou*((m*pi*sqrt(wx)/a)^2+(n*pi*sqrt(wy)/b)^2+ 
gamm( 1,1+1)^2); 
Ts=Ts+phixy * phiz* Ai * F/(Nmnl * denor); 
end 
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end 
end 

end 
T(iy,ix,iz)=Ts; 

end 
end 

end 
[x,y,z]=meshgrid(0:0.011:0.132,0:0.005:0.06,0:-0.0001 :-0.G012); 
xslice = [0.01, 0.05, 0.08, 0.13]; yslice = 0.030; zslice = [0, -0.0010]; 
slice(x,y,z,T,xslice,yslice,zslice); 
colormap hsv 

H.2 Subroutine for computation of the integral 
CO CO 

i = j \Km (n ) (^2) (^2 - ̂1) dr, dr. 

I = A*(eta-etab)*[computeG(-2*etab,D,pl,pd)+computeG(-
2*etab,C,pl,pd)]/(2*C*D*p3)-A*pl*[computeH(-2*etab,D,pl,pd)+computeH(-
2*etab,C,pl,pd)]/(2*C*D*p3)+... 
A*pl*[computeF(-(eta+etab),D,pd)+computeF(-(eta+etab),C,pd)]/(2*C*D*p3)+... 
A*(eta-etab)*[coniputeG(-2*etab,D,p2,pd)+computeG(-
2*etab,C,p2,pd)]/(2*C*D*p4)-A*p2*[coniputeH(-2*etab,D,p2,pd)+coniputeH(-
2*etab,C,p2,pd)]/(2*C*D*p4)+... 
A*p2*[computeF(-(eta+etab),D,pd)+computeF(-(eta+etab),C,pd)]/(2*C*D*p4)+... 
A*p 1 * [compute J(-2* etab,D,pd,p 1 )+compute J(-
2 * etab,C,pd,p 1 )]/(2 * C *D *p3 )+A* (eta-etab)* [computeG(-
2*etab,D,pd,pl)+computeG(-2*etab,C,pd,pl)]/(2*C*D*p3)-... 
A* (eta-etab)* [computeE(-(eta+etab),D,pd)+computeE(-
(eta+etab),C,pd)]/(2*C*D*p3)-... 
A*p2*[computeJ(-2*etab,D,pd,p2)+computeJ(-2*etab,C,pd,p2)]/(2*C*D*p4)-
A*(eta-etab)*[computeG(-2*etab,D,pd,p2)+computeG(-
2*etab,C,pd,p2)]/(2*C*D*p4)+... 
A* (eta-etab)* [computeE(-(eta+etab),D,pd)+computeE(-
(eta+etab),C,pd)]/(2*C*D*p4)+... 
B * (eta-etab)* [compute J(-2* etab,D,pd,p 1 )+compute J(-
2*etab,C,pd,pl)]/(2*C*D*p3)-B*pl*[computeG(-2*etab,D,pd,pl)+computeG(-
2*etab,C,pd,pl)]/(2*C*D*p3)+... 
B*pl*[computeE(-(eta+etab),D,pd)+computeE(-(eta+etab),C,pd)]/(2*C*D*p3)+... 
B * (eta-etab) * [compute J(-2 * etab,D,pd,p2)+compute J(-
2*etab,C,pd,p2)]/(2*C*D*p4)-B*p2*[computeG(-2*etab,D,pd,p2)+computeG(-
2*etab,C,pd,p2)]/(2*C*D*p4)+... 
B*p2*[computeE(-(eta+etab),D,pd)+computeE(-(eta+etab),C,pd)]/(2*C*D*p4)+... 
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B*p 1 * [computeG(-2*etab,D,pl ,pd)+computeG(-
2 * etab,C,p 1 ,pd)] /(2*C*D*p3)+B* (eta-etab) * [computeH(-
2 * etab,D,p 1 ,pd)+computeH(-2 * etab,C,p 1 ,pd)]/(2 *C*D*p3)-... 
B * (eta-etab) * [computeF(-(eta+etab),D ,pd)+computeF(-
(eta+etab),C,pd)]/(2*C*D*p3)-... 
B*p2*[computeG(-(eta+etab),D,p2,pd)+computeG(-
(eta+etab) ,C ,p2 ,pd)] /(2 * C * D * p4)-B * (eta-etab) * [computeH(-
(eta+etab),D,p2,pd)+computeH(-(eta+etab),C,p2,pd)]/(2*C*D*p4)+... 
B * (eta-etab)* [computeF(-(eta+etab),D,pd)+computeF(-
(eta+etab) ,C ,pd)]/(2 * C * D * p4); 

H.3 Matlab code for computation of the standard deviation of the shear stress of the 
board. 

%compute standard deviation of stress-syz-board 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 

Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p^2-eta'^2) 
A=pi * S 0 * (4 * eta'^2+p^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
sigma2syz=0; 
form=l:2;41 

for n=l;21 
for i=l:2:41 

for j=l:21 
sigmn=l.249093918el0*m'^3+2.444744431e9*m'^2*n; 

%length of board 
%width of the board 
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sigij=1.249093918el0*i^3+2.444744431e9*i^2*j; 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dll*mM*(b/a)M+2*(D12+2*D66)* 

m^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)M+2*(D12+2*D66)* 

ia2*ja2*(b/a)a2+d22*jm); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 '^2+(eta-etab)^2; 
p4=p2^2+(eta-etab)'^2; 

sigina2syz=sigma2syz+sigmn*sigij*(l/(m*n*i*j))*(256/piM)*((-
l)^((m+i-2)/2))*I; 

end 
end 

end 
end 
sigmasyz=sqrt(sigma2syz) 

H.4 Matlab code for computation of the standard deviation of the peeling stress of 
the board. 

%compute standard deviation of stress-szz-board 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta'^2); %equal to sqrt(p^2-eta^2) 
A=pi* S 0 * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
Dll-8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a= 0.15; %length of board 
b=0.0635; %width of the board 
sigma2szz=0; 
for m= 1:2:41 
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for n= 1:2:41 
for i= 1:2:41 

for j=l:2:41 
sigmn=1358570.847*mM+42301174.52*nM+28415140.64*m^2*n*2; 
sigij=1358570.847*iM+42301174.52*jM+28415140.64*i^2*j*2; 
C = (pi'^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b'^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3=p 1 ̂ 2+(eta-etab)^2; 
p4=p2'^2+(eta-etab)'^2; 

sigma2szz=sigma2szz+sigmn* sigij *(l/(rti*n*i*j))* 
(256/piM)*((-l)^((m+n+i+j-4)/2))*I; 

end 
end 

end 
end 
sigmaszz=sqrt(abs(sigma2szz)) 

H.5 Matlab code for computation of the correlation coefficient of two failure modes 
of the board. 

H.5.1 Mean value of the product of the shear stress and max. deflection. 

%compute mean value of stress-syz with w max 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 641e-6]; 
Q1 l=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p'^2-eta^2); %equal to sqrt(p'^2-eta^2) 
A=pi * SO * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
Dll=8.732; 
D 12=2.841 
D22=8.732 
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D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
sigma2=0; 
for m= 1:2:41 

for n= 1:2:41 
for i= 1:2:41 

forj=l:2:41 
sigmn=((z( 1,11 )'^2-z( 1,1 )^2)/2)* ((n*pi/b)^3 * Q11 (1,1)+ 

(m^2*n*pi^3/(a^2*b))*(2*Q66(l,l)+Q12(l,l)))... 
+((z( 1,11 )'^2-z( 1,2)^2)/2)* ((n*pi/b)^3 * Q11 (1,2)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,2)+Q12(l,2)))... 

+((z( 1,11 )^2-z( 1,3)^2)/2)* ((n*pi/b)^3 * Q11 (1,3)+ 
(m^2*n*pi^3/(a'^2*b))*(2*Q66(l,3)+Q12(l,3)))... 
+((z( 1,11 )^2-z( 1,4)^2)/2) * ((n*pi/b)^3 * Q11 (1,4)+ 
(uia2*n*pia3/(aa2*b))*(2*q66(l,4)+q12(l,4)))... 
+((z(l,ll)^2-z(l,5)^2)/2)*((n*pi/br3*Ql 1(1,5)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,5)+Q12(l,5)))... 
+((z( 1,11 )^2-z( 1,6)^2)/2) * ((n*pi/b)^3 * Q11 (1,6)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,6)+Q12(l,6)))... 
+((z( 1,11 )^2-z( 1,1T2)I2) * ((n*pi/b)^3 * Q11 (1,7)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,7)+Q12(l,7)))... 
+((z( 1,11 )^2-z( 1,8)^2)/2)*((n*pi/b)^3 *Q 11(1,8)+ 

(m^2*n*pi^3/(a^2*b))*(2*Q66(l,8)+Q12(l,8)))... 
+((z(l,ll)^2-z(l,9)^2)/2)*((n*pi/b)^3*Ql 1(1,9)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,9)+Q12(l,9)))... 
+((z(l,l l)^2-z(l,10)^2)/2)*((n*pi/b)^3*Ql 1(1,10)+ 
(m^2 *n*pi^3/(a^2 *b)) * (2* Q66( 1,10)+Q 12(1,10)))... 
+((z(l,l l)^2-z(l,l l)^2)/2)*((n*pi/b)^3*Ql 1(1,11)+ 
(mA3*n*piA3/(aA2*b))*(2*Q66(l,l 1)+Q12(1,11))); 

C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+2*(D12+2*D66)* 
ma2*na2*(b/a)^2+d22*nm); 

D= (pi^2/(sqrt(I0) * b'^2)) * sqrt(D 11 * iM * (b/a)M+2 *(D12+2*D66)* 
ia2*ja2*(b/a)a2+d22*jm); 

pl=C-pd; 
p2=C+pd; 
p3=p 1 ̂ 2+(eta-etab)'^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2-sigmn*(l/(m*n*i*j))*(256/piM)*((-l)'^((m+n+i+j-4)/2))*I; 

end 
end 

end 
end 

%length of board 
%width of the board 
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mean=sigma2 

H.5.2 Mean value of the product of the shear stress and w* . 

%compute E(s_vir*w*) 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 641e-6]; 
Qll=[138.95e6 3.08e6 138.95e6 3.08e6 219.78e6 3.08e6 219.78e6 3.08e6 138.95e6 
3.08e6 138.95e6]; 
Q12=[45.58e6 1.08e6 45.58e6 1.08e6 65.93e6 1.08e6 65.93e6 1.08e6 45.58e6 1.08e6 
45.58e6]; 
Q66=[46.69e6 10e6 46.69e6 10e6 76.92e6 10e6 76.92e6 10e6 46.69e6 10e9 46.69e6]; 

%length of board 
%width of the board 
%power spectral density 
%c/m 
%c/IO 
%k/m 
%equal to sqrt(p^2-eta^2) 

% 
%length of board 
%width of the board 

a=0.15; 
b-0.0635; 
S0=20.6; 
eta=2717.4; 
etab=l 966.6; 
p=3296.9; 
pd=sqrt(p'^2-eta^2); 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
A=0; 
for m=l:2:551 

forn=l:2:551 
C = (pi'^2/(sqrt(I0)*b^2))*sqrt(Dll*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 '^2+(eta+etab)^2; 
p4=p2'^2+(eta+etab)^2; 
A1 =(pi * S 0 * (etab+eta)/(2 *C*pd))*(l/p3-l/p4); 
A2=(pi * S 0/(4 * C *pd)) * ((p 1 +eta* (etab+eta)/pd)/p3+(p2-eta* (etab+eta)/pd)/p4); 
sigmn=((z( 1,11 )^2-z( 1,1 )^2)/2)* ((n*pi/b)^3 * Q11 (1,1)+ 

(m^2*n*pi^3/(a^2*b))*(2*Q66(l,l)+Q12(l,l)))... 
+((z( 1,11 )^2-z( 1,2)^2)/2)* ((n*pi/b)^3 * Q11 (1,2)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,2)+Q12(l,2)))... 
+((z(l, 11 )^2-z( 1,3)^2)/2)* ((n*pi/b)^3 *Q 11(1,3)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,3)+Q12(l,3)))... 
+((z( 1,11 )^2-z( 1,4)^2)/2) * ((n*pi/b)^3 * Q11 (1,4)+ 
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(m^2*n*pi^3/(a^2*b))*(2*Q66(l,4)+Q12(l,4)))... 
+((z( 1,11 )^2-z(l ,5)^2)/2)* ((n*pi/b)^3 *Q 11(1,5)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,5)+Q12(l,5)))... 

+((z( 1,11 )^2-z( 1,6)^2)/2) * ((n*pi/b)^3 * Q11 (1,6)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,6)+Q12(l,6)))... 

+((z( 1,11 )^2-z( 1,7)^2)/2)* ((n*pi/b)^3 * Q11 (1,7)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,7)+Q12(l,7)))... 

+((z( 1,11 )^2-z( 1,8)^2)/2) * ((n*pi/b)^3 * Q11 (1,8)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,8)+Q12(l,8)))... 

+((z( 1,11 )^2-z( 1,9)^2)/2)* ((n*pi/b)^3 * Q11 (1,9)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,9)+Q12(l,9)))... 

+((z( 1,11 )^2-z( 1,10)^2)/2)* ((n*pi/b)^3 * Q11 (1,10)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,10)+Q12(l,10)))... 

+((z( 1,11 )^2-z( 1,11 )^2)/2)* ((n*pi/b)^3 * Q11 (1,11)+ 
(m^3*n*pi^3/(a^2*b))*(2*Q66(l,l 1)+Q12(1,11))); 

A=A+( 1 /(m* n)) * (16/pi^2) * ((-1 )^((m-1 )/2)) * sigmn* (A 1 + A2); 
end 

end 

H.6 Matlab code for computation of the stress standard deviation of the leadless 
solder joint interconnect. 

%compute standard deviation of leadless solder joint 
clear all 
z=[-0.001494 -0.00014]; 
Qll=[138.95e6]; 
Q12=[45.58e6]; 
Q66=[46.69e6]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab= 1966.6; %c/I0 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p^2-eta^2) 
A=pi *S0*(4*eta^2+p'^2)/(2*eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a= 0.15; %length of board 
b=0.0635; %width of the board 
sigma2solder=0; 
for m=l:2:17 
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for n=l:15 
for i=l:2:17 

for j=l:15 
sigmn=(n*pi/b)'^3*Ql 1(1, l)+(m*pi/a)^2*(n*pi/b)*(2*Q66(l,l)+Ql 2(1,1)); 
sigij=(j*pi/b)^3*Qll(l,l)+(i*pi/a)^2*(i*pi/b)*(2*Q66(l,l)+Q12(l,l)); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dll*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 ̂ 2+(eta-etab)'^2; 
p4=p2^2+(eta-etab)^2; 
sigma2solder=sigma2solder+(8192/(52M*0.002M*pi^6*4))* 

(z( 1,2)^2-z( 1,1 )^2)^2 * sigmn* sigij * (1 /(m* n* i *j ))* 
((-l)-((m+i-2)/2))*I; 

end 
end 

end 
end 
sigmasolder=sqrt(sigma2 solder) 

H.7 Matlab code for computation of the standard deviation of the stress in the 
leaded solder joint. 

%compute standard deviation of leaded solder vib stress 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=1966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p'^2-eta'^2); %equal to sqrt(p^2-eta^2) 
A=pi* SO * (4* eta^2+p'^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841 
D22=8.732 
D66=4.301 



10=3.89; % 
a= 0.15; %length of board 
b=0.0635; %width of the board 
L_m=0.0013; %length of the module 
Aw=3.2e-8; %lead wire area 
Ew=138e9; %modulus of lead wire 
Em=300e9; % modulus of the module 
Lw=0.000208; % length of lead wire 
Im=8.336e-17; %moment inertia of lead wire 
sigma21eaded=0; 
for m=l:2:31 

for n=l:2:31 
for i=l:2:31 

for j=l:2:31 
ss=((L_m)^3 * 5 2 * Aw* Ew)/(3 * Em* Im* L w); 
sigmn=( 1 /(m* n)) * ((-1 )^((m+n-2)/2)-(-1 )^((n-1 )/2)* sin(m*pi * (a-L_m)/(2 * a))); 
sigij=(l/(i*j))*((-ir((i+j-2)/2)-(-ir(a-iy2)*sin(i*pi*(a-L_m)/(2*a))); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dll*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3=p 1 ̂ 2+(eta-etab)^2; 
p4=p2^2+(eta-etab)^2; 
sigma21eaded=sigma21eaded+sigmn* sigij * 

(256/(piM*52^2))*((-l)^((m+i-2)/2))*I*(Ew/Lw)*(l/(l+ss)); 
end 

end 
end 
end 
sigmalead=sqrt(sigma21eaded) 

H.8. Matlab code for computation of the correlation coefficient of the two failure 
modes in PTH interconnect 

%compute mean of product of vib stress in leadwire and szz force 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 641e-
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 

3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 

45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
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S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p^2-eta^2) 
A=pi* SO * (4 * eta'^2+p^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; %length of board 
b=0.0635; %width of the board 
L_m=0.0013; %length of the module 
Aw=3.2e-8; %lead wire area 
Ew=138e9; %modulus of lead wire 
Em=300e9; % modulus of the module 
Lw=0.00218; % length of lead wire 
Im=8.336e-17; %moment inertia of lead wire 
sigma2=0; 

for m= 1:2:21 
for n=l:2:21 

for i=l:2:21 
forj=l:2:21 
ss=((L_m)'^3 * 5 2 * Aw* Ew)/(3 * Em* Im* L w); 
sigmn=( 1 /(m*n))*((-1 )^((m+n-2)/2)-(-1 )^((n-1 )/2)* sin(m*pi* (a-L_m)/(2*a))); 
sigij=1358570.847*iM+42301174.52*jM+28415140.64*i^2*j*2; 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dll*mM*(b/a)^4+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 ̂ 2+(eta-etab)'^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2+sigmn* sigij * (1 /(i * j)) * (256/(piM * 5 2^2)) 

((-1 )'^((m+i-2)/2))*I* (Ew/Lw)* (l/( 1 +ss)); 
end 

end 
end 
end 
rou=sigma2/(5*10el2) 
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H.9 Matlab code for computation of the bivarite normal reliability. 

clear all 
close all 
u = 7.4892; % ml value 
V = 8.089; % m2 value 
rou = 5.4527e-10; % correlation coef. value 
%uu = inline('( 1 /sqrt( 1 -r'^2)) * exp(-((u)'^2 -2 * r * u* v+v^2)/(2 * (1 -r^2)))'); 
format long e 
R=((l/(2*pi))*quad(@uu,0,rou) + normcdf(u)*normcdf(v)) 

Function 
function x = uu(r) 
u =7.4892; 
v=8.089; 
x=(l ./sqrt(l .-r.'^2))*exp(-(u^2-2*r.*u*v+v^2)/(2*(l .-r.^2))); 

H.IO Matlab code for computation of the correlation coefficient. 

H.10.1 Correlation coefficient between the failure modes 1 and 3. 

%compute correlation coefficient of rou(l,3) 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p^2-eta^2) 
A=pi * S 0 * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
Dll=8.732 
D 12=2.841 
D22=8.732 
D66=4.301 
10=3.89; 
a=0.15; 
b=0.0635; 

%length of board 
%width of the board 
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L_m=0.0013; %length of the module 
Aw=3.2e-8; %lead wire area 
Ew=138e9; %modulus of lead wire 
Em=300e9; % modulus of the module 
Lw=0.000208; % length of lead wire 
Im=8.336e-17; %moment inertia of lead wire 
zl=[-0.001494 -0.00014]; 
sigma2=0; 
form=l:2:41 

for n=l:21 
for i=l:2:41 

for j=l:21 
sigmn-((z( 1,11 )^2-z( 1,1 )'^2)/2)* ((n*pi/b)^3 * Q11 (1,1)+ 

(m^2*n*pi^3/(a^2*b))*(2*Q66(l,l)+Q12(l,l)))... 
+((z( 1,11 )^2-z( 1,2)^2)12)* ((n*pi/b)^3 * Q11 (1,2)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,2)+Q12(l,2)))... 
+((z(l,ll)^2-z(l,3)^2)/2)*((n*pi/br3*Ql 1(1,3)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,3)+Q12(l,3)))... 
+((z(l,l l)^2-z(l,4)^2)/2)*((n*pi/b)^3*Ql 1(1,4)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,4)+Q12(l,4)))... 
+((z( 1,11 )^2-z( 1,5)^2)/2)*((n*pi/b)^3 *Q 11(1,5)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,5)+Q12(l,5)))... 
+((z( 1,11 )^2-z( 1,6)^2)/2) * ((n*pi/b)^3 * Q11 (1,6)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,6)+Q12(l,6)))... 
+((z( 1,11 )^2-z(l ,7)^2)/2)*((n*pi/b)^3 *Q 11(1,7)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,7)+Q12(l,7)))... 
+((z(l, 11 )^2-z(l ,8)^2)/2)*((n*pi/b)^3 * Q11 (1,8)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,8)+Q12(l,8)))... 
+((z(l,l l)^2-z(l,9)^2)/2)*((n*pi/b)^3*Ql 1(1,9)+ 
(m'^2*n*pi^3/(a^2*b))*(2*Q66(l,9)+Q12(l,9)))... 
+((z(l,l l)^2-z(l,10)^2)/2)*((n*pi/b)^3*Ql 1(1,10)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,10)+Q12(l,10)))... 
+((z( 1,11 )^2-z( 1,11 )^2)/2)*((n*pi/b)^3 * Q11 (1,11)+ 
(m^3 *n*pi^3/(a^2*b))*(2*Q66(l, 11 )+Q 12( 1,11))); 

sigij=(j*pi/b)'^3*Qll(l,l)+(i*pi/a)^2*(j*pi/b)*(2*Q66(l,l)+Q12(l,l)); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)^4+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 ̂ 2+(eta-etab)'^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2+sigmn* sigij * (1 /(m* n* i*j ))* 
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(256/piM)*((-1 )^((m+i-2)/2))*I*((zl (1, ir2-zl (1,2)^2)/2); 
end 

end 
end 
end 
rou 1 _3=sigma2/(4 *5.02el2) 

H.10.2 Correlation coefficient between the failure modes 1 and 4. 

%compute correlation coefficient of rou(l,4) 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p'^2-eta^2); %equal to sqrt(p^2-eta^2) 
A=pi * SO * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
Dll=8.732; 
DI2=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
L_m=0.0013; 
Aw=3.2e-8; 
Ew=138e9; 
Em=300e9; 
Lw=0.000208; 
Im=8.336e-17; 
sigma2=0; 
for m=l:2:41 

for n=l:21 
for i=l:2:41 

forj=l:2:41 
ss=((L_m)^3 * 5 2 * Aw* Ew)/(3 * Em * Im* L w); 

%length of board 
%width of the board 
%length of the module 
%lead wire area 
%modulus of lead wire 
% modulus of the module 
% length of lead wire 
%moment inertia of lead wire 



sigmn=((z( 1,11 )^2-z( 1,1 )'^2)/2) * ((n* pi/b)'^3 * Q11 (1,1 )+ 
(ina2*n*pia3/(aa2*b))*(2*q66(l,l)+q12(l,l)))... 
+((z(l, 11 )^2-z(l ,2)^2)/2)*((n*pi/b)'^3 *Q 11 (1,2)+ 
(m^2*n*pi^3/(a^2*b))*(2* Q66( 1,2)+Q 12(1,2)))... 
+((z(l, 11 )^2-z(l ,3)^2)/2)*((n*pi/b)^3 *Q 11(1,3)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,3)+Q12(l,3)))... 
+((z( 1,11 )^2-z( 1,4)^2)/2)* ((n*pi/b)^3 * Q11 (1,4)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,4)+Q12(l,4)))... 
+((z( 1,11 )^2-z(l ,5)^2)/2)* ((n*pi/b)^3 *Q 11(1,5)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,5)+Q12(l,5)))... 
+((z( 1,11 )^2-z( 1,6)^2)/2)* ((n*pi/b)^3 * Q11 (1,6)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,6)+Q12(l,6)))... 
+((z(l, 1 l)^2-z(l ,7)^2)/2)*((n*pi/b)^3*Ql 1 (1,7)+ 

(m^2*n*pi^3/(a^2*b))*(2*Q66(l,7)+Q12(l,7)))... 
+((z( 1,11 )^2-z( 1,8)^2)/2)*((n*pi/b)^3 *Q 11(1,8)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,8)+Q12(l,8)))... 
+((z(l,ll)^2-z(l,9)^2)/2)*((n*pi/b)'^3*Ql 1(1,9)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,9)+Q12(l,9)))... 
+((z( 1,11 )^2-z( 1,10)^2)/2)* ((n*pi/b)^3 * Q11 (1,10)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,10)+Q12(l,10)))... 
+((z( 1,11 )^2-z( 1,11 )'^2)/2)* ((n*pi/b)'^3 * Q11 (1,11)+ 
(mA3 *n*pi^3/(a^2*b))* (2*Q66(1,11 )+Q 12( 1,11))); 

sigij=(l/(i*j))*((-l)"((i+j-2)/2)-(-l)^((i-l)/2)*sin(i*pi*(a-L_m)/(2*a))); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m'^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b'^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3=p 1 ̂ 2+(eta-etab)^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2+sigmn* sigij * (1 /(m*n))* 

(256/piM)*((-l)^((m-l)/2))*I*(l/(l+ss))*(Ew/(Lw*52)); 
end 

end 
end 
end 
rou 1 _4=sigma2/(4* 5 e 12) 

H.10.3 Correlation coefficient between the failure modes 1 and 7. 

%compute correlation coefficient of rou(l,7) 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
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641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p'^2-eta^2); %equal to sqrt(p^2-eta^2) 
A=pi * S 0 * (4 * eta^2+p'^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D 12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
L_m=0.0013; 
Aw=3.2e-8; 
Ew=138e9; 
Em=300e9; 
Lw=0.000208; 
Im=8.336e-17; 
sigma2=0; 
form=l:2:41 

for n=l:21 
for i= 1:2:41 

forj=l:2:41 
sigmn=((z( 1,11 )^2-z( 1,1 )'^2)/2)* ((n*pi/b)^3 *Q 11(1,1)+ 

(m^2*n*pi^3/(a^2*b))*(2*Q66( 1,1 )+Q 12( 1,1)))... 
+((z( 1,11 )^2-z( 1,2)^2)/2) * ((n*pi/b)^3 * Q11 (1,2)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,2)+Q12(l,2)))... 
+((z(l, 1 l)^2-z(l ,3)^2)/2)*((n*pi/b)^3 *Q 11 (1,3)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,3)+Q12(l,3)))... 
+((z(l,l l)'^2-z(l,4)^2)/2)*((n*pi/b)'^3*Ql 1(1,4)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,4)+Q12(l,4)))... 
+((z(l, 11 )^2-z(l ,5)^2)/2)*((n*pi/b)^3 * Q11 (1,5)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,5)+Q12(l,5)))... 
+((z(l,ll)^2-z(l,6)^2)/2)*((n*pi/b)^3*Q 11(1,6)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,6)+Q12(l,6)))... 
+((z(l, 11 )^2-z(l ,7)^2)/2)*((n*pi/b)^3*Ql 1 (1,7)+ 

% 
%length of board 
%width of the board 
%length of the module 
%lead wire area 
%modulus of lead wire 
% modulus of the module 
% length of lead wire 
%moment inertia of lead wire 
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(m^2*n*pi^3/(a^2*b))*(2*Q66(l,7)+Q12(l,7)))... 
+((z( 1,11 )^2-z( 1,8)^2)/2) * ((n*pi/b)^3 * Q11 (1,8)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,8)+Q12(l,8)))... 
+((z(l,l ir2-z(l,9)^2)/2)*((n*pi/b)^3*Ql 1(1,9)+ 
(m^2*n*pi^3/(a^2*b))*(2*Q66(l,9)+Q12(l,9)))... 
+((z( 1,11 r2-z( 1,10)^2)/2)* ((n*pi/b)^3 * Q11 (1,10)+ 
(ma2*n*pia3/(aa2*b))*(2*q66(l,10)+q12(l,10)))... 
+((z( 1,11 )^2-z( 1,11 )^2)/2)* ((n*pi/b)^3 * Q11 (1,11)+ 
(m^3*n*pi^3/(a^2*b))*(2*Q66(l,ll)+Q12(l,ll))); 

sigij=1358570.847*iM+42301174.52*jM+28415140.64*i^2*j*2; 
C = (pi^2/(sqrt(I0)*b'^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/ar2+D22*nM); 
D= (pi'^2/(sqrt(I0)*b'^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3=p 1 '^2+(eta-etab)^2; 
p4=p2'^2+(eta-etab)^2; 
sigma2=sigma2+sigmn*sigij*(l/(m*n*i*j))* 

(256/piM)*((-l)^((m+i+j-3)/2))*l; 
end 

end 
end 
end 
roul_7==sigma2/(4*10el2) 

H,10.4 Correlation coefficient between the failure modes 2 and 3. 

H. 10.4.1 Mean value of the product of the vibration stress and the max. deflection. 

%compute mean value of rou2_3 w max 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Q1 l=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta'^2); %equal to sqrt(p^2-eta'^2) 
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A=pi * S 0 * (4 * eta'^2+p'^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a= 0.15; %length of board 
b=0.0635; %width of the board 
zl=[-0.001494 -0.00014]; 
sigma2=0; 
for m=l:2:41 

for n=l:21 
for i=l:2:41 

for j=l:21 
sigij=G*pi/b)^3*Qll(l,l)+(i*pi/a)^2*(j*pi/b)*(2*Q66(l,l)+Q12(l,l)); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dll*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n'^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j'^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 '^2+(eta-etab)^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2-sigij * (1 /(m* n* i *j)) * 

(256/piM)*((-l)^((m+i-2)/2))*I*((zl(l,2)^2-zl(l,l)^2)/2); 
end 

end 
end 
end 
mean=sigma2 

H. 10.4.2 Mean value of the product of the vibration stress and w*. 

%compute E(s_vir*w*) 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e6 3.08e6 138.95e6 3.08e6 219.78e6 3.08e6 219.78e6 3.08e6 138.95e6 
3.08e6 138.95e6]; 
Q12=[45.58e6 1.08e6 45.58e6 1.08e6 65.93e6 1.08e6 65.93e6 1.08e6 45.58e6 1.08e6 
45.58e6]; 
Q66=[46.69e6 10e6 46.69e6 10e6 76.92e6 10e6 76.92e6 10e6 46.69e6 10e9 46.69e6]; 
a= 0.15; %length of board 
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b=0.0635; 
S0=20.6; 
eta=2717.4; 

%width of the board 
%power spectral density 

etab=l 966.6; 
p=3296.9; 
pd=sqrt(p^2-eta^2); 

%c/m 
%c/IO 
%k/m 
%equal to sqrt(p^2-eta^2) 

Dll=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a= 0.15; %length of board 
b=0.0635; %width of the board 
zl=[-0.001494 -0.00014]; 

for m=l:2:1551 
for n=l:551 

sigmn=(n*pi/b)^3 * Q11 (1,1 )+(m*pi/a)^2* (n*pi/b)* (2* Q66( 1,1 )+Q 12( 1,1)); 
C = (pi'^2/(sqrt(I0)*b'^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 ̂ 2+(eta+etab)^2; 
p4=p2^2+(eta+etab)^2; 
A1 =(pi * S 0 * (etab+eta)/(2 *C*pd))*(l/p3-l /p4); 
A2=(pi* S 0/(4 * C * pd)) * ((p 1 +eta* (etab+eta)/pd)/p3+(p2-eta* (etab+eta)/ pd)/p4); 
A=A+(l/(m*n))*(16/pi^2)*sigmn*((-l)^((m-l)/2))* 

(Al+A2)*((zl(l,2)^2-zl(l,l)^2)/2); 

H.10.5 Correlation coefficient between the failure modes 2 and 4. 

H. 10.5.1 Mean value of the product of the vibration stress and the max. deflection. 

%compute mean value of stress-leadwire with w_max 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 

A=0; 

end 
end 
A 
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%length of board 
%width of the board 
%length of the module 
%lead wire area 
%modulus of lead wire 
% modulus of the module 
% length of lead wire 
%moment inertia of lead wire 

Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p'^2-eta'^2) 
A=pi * SO * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
Dll=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
L_m=0.0013; 
Aw=3.2e-8; 
Ew=138e9; 
Em=300e9; 
Lw=0.000208; 
Im=8.336e-17; 
sigma2=0; 
for m= 1:2:41 

for n=l:2:41 
for i=l:2;41 

for j=l:2:41 
ss=((L_m)^3 * 5 2 * Aw* E w)/(3 * Em* Im* L w); 
sigmn=(l/(m*n))*((-l)^((m+n-2)/2)-(-l)^((n-l)/2)*sin(m*pi*(a-L_m)/(2*a))); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(d12+2*d66)*m^2*n^2*(b/a)^2+d22*nm); 
D= (pi'^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 '^2+(eta-etab)^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2+sigmn* (l/(i*j))* 

(256/piM)*((-l)^((m+n+i+j-4)/2))*I*(l/(l+ss))*(Ew/(52*Lw)); 
end 

end 
end 
end 
rou2_4sleadwire_w_max=sigma2 
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H. 10.5.2 Mean value of the product of the vibration stress and w . 

%compute mean value of stress-leadwire with w* 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/I0 
p=3296.9; %k/m 
pd=sqrt(p^2-eta'^2); %equal to sqrt(p^2-eta^2) 
A=pi * SO * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
L_m=0.0013; 
Aw=3.2e-8; 
Ew=138e9; 
Em=300e9; 
Lw=0.000208; 
lm=8.336e-17; 
sigma2=0; 
for m= 1:2:41 

for n=l:2:41 
ss=((L_m)'^3 * 5 2 * Aw* Ew)/(3 * Em* Im* L w); 
sigmn=( 1 /(m* n)) * ((-1 )^((m+n-2)/2)-(-1 )'^((n-1 )/2) * sin(m* pi * (a-L_m)/(2 * a))); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)^4+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl 1 *iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j'^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3=p 1 ̂ 2+(eta-etab)'^2; 
p4=p2^2+(eta-etab)^2; 

%length of board 
%width of the board 
%length of the module 
%lead wire area 
%modulus of lead wire 
% modulus of the module 
% length of lead wire 
%moment inertia of lead wire 



245 

Al=(pi*SO* (etab+eta)/(2 *C*pd))*(l/p3-l /p4); 
A2=(pi * S0/(4 * C *pd)) * ((p 1 +eta* (etab+eta)/pd)/p3+(p2-eta* (etab+eta)/pd)/p4); 
sigma2=sigma2+sigmn*(l 6/pi^2)* 

((-l)^((m+n-2)/2))*(Al+A2)*(l/(l+ss))*(Ew/(52*Lw)); 
end 

end 
end 
end 
rou2_4sleadwire_w_star=-sigma2 

H.10.6 Correlation coefficient between the failure modes 2 and 7. 

H. 10.6.1 Mean value of the product of the vibration stress and the max. deflection. 

%compute mean value of stress-szz with w_max 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2 717.4; %c/m 
etab= 1966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p^2-eta'^2) 
A=pi * SO * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
sigma2=0; 
for m=l:2:41 

forn=l;2:41 
for i=l:2:41 

forj=l:2:41 
sigmn=1358570.847*mM+42301174.52*nM+28415140.64*m^2*n*2; 

%length of board 
%width of the board 
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C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 
2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 

D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)M+ 
2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 

pl=C-pd; 
p2=C+pd; 
p3 =p 1 '^2+(eta-etab)^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2+sigmn* (1 /(m*n* i*j)) * (256/piM)* ((-1 )'^((m+n+i+j -4)/2))* I; 

end 
end 

end 
end 
rou2_7 szz_w_max=signia2 

H. 10.6.2 Mean value of the product of the vibration stress and w*. 

%compute E(s_vir*w*) for szz_w* 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Q1 l=[138.95e6 3.08e6 138.95e6 3.08e6 219.78e6 3.08e6 219.78e6 3.08e6 138.95e6 
3.08e6 138.95e6]; 
Q12=[45.58e6 1.08e6 45.58e6 1.08e6 65.93e6 1.08e6 65.93e6 1.08e6 45.58e6 1.08e6 
45.58e6]; 
Q66=[46.69e6 10e6 46.69e6 10e6 76.92e6 10e6 76.92e6 10e6 46.69e6 10e9 46.69e6]; 
a= 0.15; %length of board 
b=0.0635; %width of the board 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
p=3296.9; %k/m 
pd=sqrt(p^2-eta'^2); %equal to sqrt(p^2-eta^2) 
etab=l 966.6; %c/10 
10=3.89; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
A=0; 
for m=l:2:149 

for n=l:2:149 
C = (pi'^2/(sqrt(10)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*nM); 
pl=C-pd; 
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p2=C+pd; 
p3=p 1 ̂ 2+(eta+etab)^2; 
p4=p2^2+(eta+etab)^2; 
A1 =(pi * S 0 * (etab+eta)/(2*C*pd))*(l/p3-l/p4); 
A2=(pi * S 0/(4 * C * pd)) * ((p 1 +eta* (etab+eta)/pd)/p3+(p2-eta* (etab+eta)/pd)/p4); 
sigmn=1358570.847*mM+42301174.52*nM+28415140.64*m^2*n*2; 
A=A+( 1 /(m*n))* (16/pi^2)* ((-1 )^((m+n-2)/2))* sigmn* (A1+A2); 

end 
end 
rou2_7_szz_w_star=A 

H.10.7 Correlation coefficient between the failure modes 3 and 4. 

%compute correlation coefficient of rou(3,4) 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Qll=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab=l 966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p'^2-eta^2) 
A=pi * S 0 * (4 * eta^2+p^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 
D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
L_m=0.0013; 
Aw=3.2e-8; 
Ew=138e9; 
Em=300e9; 
Lw=0.000208; 
Im=8.336e-17; 
zl=[-0.001494 -0.00014]; 
sigma2=0; 

%length of board 
%width of the board 
%length of the module 
%lead wire area 
%modulus of lead wire 
% modulus of the module 
% length of lead wire 
%moment inertia of lead wire 
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for m=l:2:41 
for n=l:21 

for i=l:2:41 
for j=l:2:41 
ss=((L_m)'^3 * 52 * Aw* Ew)/(3 * Em* Im* Lw); 
sigmn=(n*pi/b)^3*Ql 1(1, l)+(m*pi/a)^2*(n*pi/b)*(2*Q66(l,l)+Ql 2(1,1)); 
sigij=(l/(i*j))*((-l)^((i+j-2)/2)-(-l)^((j-l)/2)*sin(i*pi*(a-L_m)/(2*a))); 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*n'^4); 
D= (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)M+ 

2*(D12+2*D66)*i^2*j^2*(b/a)'^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3=p 1 '^2+(eta-etab)^2; 
p4=p2'^2+(eta-etab)^2; 
sigma2=sigma2+sigmn* sigij *(l/(m*n))* 

(256/piM)*((-l)^((m-l)/2))*I*(l/(l+ss))*(Ew/(Lw*52))*((zl(l,l)^2-
zl(l,2)^2)/2); 

end 
end 

end 
end 
rou3_4=sigma2/(5.02 * 5e 12) 

H.10.8 Correlation coefficient between the failure modes 3 and 7. 

%compute correlation coefficient of rou(3,7) 
clear all 
z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 
641e-6]; 
Q1 l=[138.95e9 3.08e9 138.95e9 3.08e9 219.78e9 3.08e9 219.78e9 3.08e9 138.95e9 
3.08e9 138.95e9]; 
Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58e9 1.08e9 
45.58e9]; 
Q66=[46.69e9 10e9 46.69e9 10e9 76.92e9 10e9 76.92e9 10e9 46.69e9 10e9 46.69e9]; 
S0=20.6; %power spectral density 
eta=2717.4; %c/m 
etab= 1966.6; %c/IO 
p=3296.9; %k/m 
pd=sqrt(p^2-eta^2); %equal to sqrt(p^2-eta^2) 
A=pi * SO * (4 * eta^2+p'^2)/(2 * eta); 
B=pi*S0/2; 
D11=8.732; 
D12=2.841; 



249 

D22=8.732; 
D66=4.301; 
10=3.89; 
a=0.15; 
b=0.0635; 
L_m=0.0013; 
Aw=3.2e-8; 
Ew=138e9; 
Em=300e9; 
Lw=0.000208; 
Im=8.336e-17; 
zl=[-0.001494 -0.00014]; 
sigma2=0; 
forni=l:2:41 

for n=l:21 
for i=l:2:41 

for j=l:2:41 
sigmn=(n* pi/b)'^3 * Q11 (1,1 )+(m* pi/a)^2 * (n* pi/b) * (2 * Q66( 1,1 )+Q 12( 1,1)); 
sigij=1358570.847*iM+42301174.52*jM+28415140.64*i^2*j*2; 
C = (pi^2/(sqrt(I0)*b^2))*sqrt(Dl l*mM*(b/a)M+ 

2*(D12+2*D66)*m^2*n^2*(b/a)^2+D22*n^4); 
D= (pi'^2/(sqrt(I0)*b^2))*sqrt(Dl l*iM*(b/a)^4+ 

2*(D12+2*D66)*i^2*j^2*(b/a)^2+D22*jM); 
pl=C-pd; 
p2=C+pd; 
p3 =p 1 '^2+(eta-etab)^2; 
p4=p2^2+(eta-etab)^2; 
sigma2=sigma2+sigmn* sigij * (1 /(m* n* i *j)) * 

(256/piM)*((-ir((m+i+j-3)/2))*I*((zl(l,l)^2-zl(l,2)^2)/2); 
end 

end 
end 
end 
rou3_7=sigma2/(5.02* 10el2) 

H.10.9 Correlation coefficient between the failure modes 4 and 5 

This can be found using the standard deviation of leaded stress and the standard 
deviations of failure modes 4 and 5. 

H.l 1 Matlab code for computation of P{FJ n F-) 

%length of board 
%width of the board 
%length of the module 
%lead wire area 
%modulus of lead wire 
% modulus of the module 
% length of lead wire 
%moment inertia of lead wire 

clear all 



close all 
u = 7.4892; % ml value 
V 8.089; % ml value 
rou = 5.4527e-10; % correlation coef. value 
%uu = inline('( 1 /sqrt( 1 -r^2)) * exp(-((u)^2-2 * r * u* v+v^2)/(2 * (1 -r^2)))'); 
format long e 
R=((l/(2*pi))*quad(@uu,0,rou) + normcdf(-u)*normcdf(-v)) 

Function 

function x = uu(r) 
u =7.4892; 
v=8.089; 
x=( 1 ./sqrt( 1. -r. ̂ 2)) * exp(-(u^2-2 * r. * u* v+v^2)/(2 * (1. -r .^2))); 

Note: the rest of the correlation coefficient can be found using above codes. 
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