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ABSTRACT

Reliability quantification is one of the most important tasks in Reliability
Engineering. During the design, development, and operational phase, this information can
be very valuable to the product’s designers, and users. The designers can use it to guide
their design, find the design’s weak points. Users can use it to setup maintenance plans
and schedule.

PCBs, as the major building block of electronic equipment, have been widely
used in modern complex systems, such as aircraft, automotives, laptop computers, etc. Its
reliability plays a vital role in the whole system’s reliability. Thus, effective and accurate
quantification of PCB’s reliability becomes very essential to the whole electronic
system’s reliability quantification. Random vibration and thermal cycling are two
common environments experienced by PCB’s. As a result, quantifying the reliability of a
PCB under these two environments becomes necessary. Currently, in industry, the
commonly used methods to quantify the reliability of a PCB are the MIL-HDBK-217 and
Bellcore type methods. However, the lack of accuracy and slow pace of updating the
databases have limited the usage of these methods.

In this dissertation, a Modified Stress-Strength Interference (MSSI) method is
proposed to quantify the reliability of a PCB. In this method, not only the stress and the
strength are assumed to be distributed, but also is the mean value of the strength, so that
both the initial designed-in reliability and the reliability at any time can be quantified.
Based on this method, a reliability quantification model for the PCB is developed. In this

model, a PCB is divided into three parts: i.e., board, interconnects, and parts and modules
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mounted on the board. Seven (7) failure modes related to the board and the interconnects,
and one (1) failure mode related to the module have been investigated. The dependence
between these failure modes is studied and incorporated into the reliability quantification
model. A three-step popcorn effect reliability quantification model is also proposed by
means of considering the failure mechanism of the popcorn effect. Finally, a
comprehensive example is given to demonstrate the usage of the methodology proposed

in this dissertation.
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CHAPTER 1
INTRODUCTION

1.1 Importance of Reliability Quantification

Reliability Quantification is one of the most important tasks in Reliability
Engineering. During the concept feasibility study phase, reliability quantification can
provide a baseline for feasibility evaluation, and be used for comparing and evaluating
different design concepts; during the design phase, it can help the designers to determine
the potential reliability problems and verify if the design concept is acceptable in terms of
the reliability requirements so that the expensive late design changes can be avoided;
during the usage phase, it can help users to determine the maintenance strategy and
logistic support planning, such as determining the number of spares, establishing the
correct timing for maintenance if the reliability-centered maintenance concept is adopted.
Reliability quantification can also be used as inputs to other reliability tasks, such as
Failure Mode, Effect, and Criticality Analysis (FAMECA), and cost analysis.

The most effective way to conduct reliability quantification, in my opinion, is
through reliability testing and/or collecting field data. But unfortunately, many factors
restrict the usage and effectiveness of this method. First of all, reliability testing is
expensive and time-consuming for the majority of current products, especially electronic
equipment, including Printed Circuit Boards (PCB), which encounter extremely strong
global competition and have a very short time to market. Thus, there is not enough time
available to conduct reliability testing. For example, Parry [1, pp. 862-868] reported that

the time-to-market for today’s electronic systems is only a few months; secondly, as we
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all know, the accuracy of the test results, and in turn the accuracy of the reliability
quantification rely, to a large extent, on the test sample size. Study results [2, p. 725]
show that for an exponential distribution case, 270 units are required if the required
precision is £10% at 90% confidence level. Thirdly, there are many cases, especially in
the early development phase, where no prototype or product is available for reliability
testing. Therefore, using the analytical method to quantify product reliability becomes a
very attractive and desired tool, particularly for product designers.

1.2. Statement of the Problem

Printed Circuit Boards are the most important parts in electronic systems.
Their reliability will directly affect the reliability of the electronic system. In past
years, much research has been conducted and aimed at improving PCB reliability.
For example, much research focused on solder joint reliability and its fatigue life
quantification [3, pp. 347-353; 4, pp. 266-270; etc.]; some focused on the plastic
package popcorn problems [5, pp. 56-65; 6, pp. 301-308; 7, pp. 362-367; etc].
However, to my knowledge, there is no research on reliability quantification of
PCBs other than using the MIL-HDBK-217 [8, 250 pp.] types of methods, which we
will show have some big shortcomings. One of the closest works was done by
Zhang [9, 187 pp.]. He studied the reliability quantification of plates under random
vibration, such as ideal white noise excitation, band limited white noise excitation,
and temperature loads. However, PCBs are different from plates in many aspects:
Firstly, a PCB is a multi-layer laminate board and one of its major failure modes is

delamination; secondly, it includes many active parts which will generate heat;



thirdly, there are many solder joints between parts/modules and the board. Therefore,

reliability quantification of PCBs is much more complicated than that of a plate.

Figures 1 and 2 illustrate a PCB and a part mounted on the board using solder balls

(leadless joints).

Before we proceed further, some terminologies used in this dissertation needs

to be clarified.

Part: 1. A certain portion of anything; 2. General term for components, and
modules mounted on the board.

Component: Discrete part mounted on the board, such as a resistor, or a capacitor.

Module: Part mounted on the board in the form of a package. It is also called a
package.

Packaging part: Anything other than the chips in the Module.

Board: The base of the PCB on which parts are mounted.

Figure 1.1 illustrates a PCB, and Figure 1.2 illustrates a part on the board
with ball grid array interconnect. We can see from these two figures that a PCB can
be roughly divided into three sections: board, interconnects between the board and
the parts on the board, and the parts. Therefore, the reliability of the PCB can be

found by studying the failure modes of each section.

18
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Fig. 1.2

Section I

a

Fig. 1.1 — Illustration of a PCB.

KN
N y Section II
b;

a o i Section III

Fig. 1.2 — i active part illustration.

1.3 Thermal Load and Vibration Profiles
In this dissertation, we will only consider two environment conditions; namely thermal
and vibration. This is because almost all the electromechanical failures of electronics is
due to these two conditions, about 80% thermal and 20% vibration [10, p. 39; 11, 12 pp.].
Considering that most of the PCBs, especially in the consumer products, will keep

working for a long period of time after they are turned on. We will ignore the transient



temperature effect and only consider the steady state case in this dissertation, which
means we assume that the temperature is constant. Figure 1.3 illustrates an example of
this thermal profile.

For vibration environments, we assume that the electronic box is experiencing a

random vibration. Figure 1.4 illustrates one of these profiles.

A
=
>t
(] 1 '
EER '
= .
B
Q
=
(']
=~
0 - >
—> time t
Fig. 1.3 — Illustration of the thermal profile.
A
o
8
9 A [ >
gp V
2 Time, t

Fig. 1.4 — Illustration of vibration profile.

20
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1.4 Current Commonly Used Analytical Reliability Quantification Methods of PCBs and
Their Status
In electronic industries, the reliability quantification of PCBs was mainly done by
using the MIL-HDBK-217 type of method, such as Bellcore Reliability Prediction
Procedures for Electronic Equipment (Bellcore RPP, now called Telcordia) [12, 138 pp.];
Nippon Telegraph and Telephone Corporation Standard Reliability Table for
Semiconductor Devices (NTT Procedure); British Telecom Handbook of Reliability Data
for Components Used in Telecommunications Systems (British Telecom HRD-4); French
National Center for Telecommunications Studies Recueil De Donnees De Fiabilite Du
CNET (CNET Procedures); and Siemens Reliability and Quality Specification Failure
Rates of Components (Siemens Procedure). John, B. B [13, pp. 2-12] analyzed and
compared these six widely used reliability prediction procedures. These types of methods
are all based on the following assumptions:
* The product failures are only due to the failures of parts in the product. Normally
it is assumed the mechanical and electrical connections between parts or between
parts and the board are perfect. Mechanical parts reliability is normally assumed
to be 1.
= The base failure rates of parts are known and are constant.
* The time-to-failure of products follows the Exponential Distribution.
* Environmental, product quality, and other effects can be incorporated by using

environment, quality, and other factors.
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We take the MIL-HDBK-217 as an example to demonstrate how these methods
work.

In MIL-HDBK-217, two methods are provided. One is called the Part Stress
Analysis (PSA) method, mainly used at the later design and development phase when
more information about the product is available. The other is called the Parts Count
Method, which is mainly used in the early design, or concept phase where there is not
enough information available.

1.4.1- Failure Rate Models for the Part Stress Method

Based on the product type, there are two models available. For microcircuits,

including bipolar, MOS, and microprocessors, the failure rate model is given as [8, 5-3]:
Ap =(Cimrp +Comp)mpmy, (1-1)
where

Ap = part failure rate,

C\ = die complexity failure rate, depending on the number of gates for

bipolar, MOS parts, and number of bits for microprocessors, etc,

C, = package failure rate, depending on number of function pins,

7y = temperature factor,

7g = environment factor, including ground, naval, airborne, space, missile

environment, there are also several subcategories within
each category,

7o = quality factor,

and
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np = learning factor. This factor considers the effect of production maturity
on the part failure rate. A new part might have higher factor than a
mature part.
For the rest of the types of parts, such as discrete semiconductors, tubes,
lasers, resistors, capacitors, inductive devices, rotating devices, relays, switches,
connectors, interconnection assemblies, connections, meters, quartz crystals, lamps,
electronic filters, fuses, etc., the following type of a model is used [8, 3-6]:
Ap = AT U TR AT TG T (1-2)
where
Ap, 1, Mg, and 7 are as defined previously,
= base failure rate,
7a = application factor,
7tr = resistor factor,
7s = stress factor,
and
7c = capacitance factor.
1.4.2- Parts Count Method
The Parts Count Method is used when there is insufficient information

available. The basic model for this method is given as [8, Appendix A]:
Ap =D N (A7), » (1-3)
i=1

where
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Ap = total product failure rate,

Ag = failure rate for the i part,

7o = quality factor for the i" part,

N; = quantity of the i part in this product,
and

n = number of different parts in the product.

It should be noted that Eq. (1-3) is only applied if the entire product is being
used in one environment. If not, this equation should be used for each environment
and then, sum the failure rates in each environment together to obtain the product’s
failure rate.

The advantage of this method is that it is simple and easy to use. However, it
has a big drawback; its accuracy is very poor. Therefore, using its result to guide the
design may mislead the designers. Pecht, M. [14, pp. 1-7] even suggested
abandoning the usage of the MIL-HDBK-217 type of method after reviewing the
development history of reliability quantification methods, technology advances, and
the drawbacks of these methods. His conclusion may be overstated but he really
pointed out some problems embedded in these methods. For example, he found out
that through his study: a) the base failure rates of the parts were not updated quickly
to reflect the technology advances; b) the exponential distribution can not represent
the failure mechanism of some products; ¢) Arrhenius type formulations of the
failure rate in terms of temperature can not represent the failure mechanism related

to thermal loading, etc. Regarding the point “c” that Pecht, M. made above, Parr [15,



pp. 533-538] also found that using the Arrhenius law to express diffusion-dominated
or chemical-related failure mechanism is not proper. He thinks that the reasons for
the Arrhenius law being unfavorable are that some failure mechanisms only occur
above a certain temperature and some may be suppressed at high temperature. Data
had shown that in the temperature range of -55°C to 150 °C, failure mechanisms are
mainly not due to high steady-state temperatures, but thermal gradients. I also found
in my personal experience that reliability quantification results obtained from the
MIL-HDBK-217 or similar methods can be different from the field results by an
order of several magnitudes. Leonard {16, pp. 895-902] reported that the MTBF
predicted (10,889 hr) using MIL-HDBK-217D for a full authority electronic control
was about three times different than its field observed MTBF (30,000 hr). The
reasons for the disagreement, in my opinion, are mainly due to the following:

a. The base failure rates of the parts given in the standard did not correctly
represent the parts in the product, or not updated as technology advanced.

b. Employing factors to reflect the environment, stress, quality effects may
cause a big accuracy problem since several factors cannot cover all kinds of
environments, stress condition and quality level.

c. Missing consideration of the effect of mechanical and electrical
interconnects and other failure mechanisms on the product failure rate, such
as solder joint failures, and board delamination. Not considering these effects
was alright in the past because parts used to be very unreliable and parts’

failures dominated the failure rate of the product. Now the reliabilities of

25
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parts have improved, and they are much higher than that of solder joints and
other mechanical parts, consequently not considering their failure rates is
definitely unacceptable. For example, Pecht [17, pp. 1160-1164] reported
that for avionics system, 50% of total failures are due to part failures in the
70’s, but in the 90’s the part failures is almost negligible, the major failures
are due to handling, electrical overloading, process related failures, etc. The
five-year study issued in 1992 by the Semiconductor Industry Association
(SIA) also indicated that the electronic parts reliability had been improved
from 200 ppm. defects to 40 ppm. defects. If considering the fact that Pecht’s
report and the SIA’s research were conducted in the early 90’s and much
improvement on parts reliability has been achieved since then, we can
conclude that the parts’ failures are no longer dominating the failure rates of
the electronic devices, therefore interconnect and other failure mechanisms
must be considered.
1.4.3 — The RAC PRISM Method

In response to the shortcomings of the MIL-HDBK-217 type of methods, the
Reliability Analysis Center (RAC) developed a new method, PRISM [11, 12 pp.],
intended to improve the accuracy of reliability quantification. In this method, two
models are introduced: one is the system level reliability quantification model, and
the other is the part level reliability quantification model. In both models, more
factors are incorporated. For example, in the system level model, besides the

environment factor, parts process multiplier, infant mortality factor, design process
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multiplier, system management process multiplier, reliability growth factor,
manufacturing process multiplier, etc. are also included.

In the part level model, a solder joint factor is introduced with other factors.
Equations (1-4) and (1-5) depict these two models. Unfortunately, this method still
doesn’t completely solve the shortcomings which the MIL-HDBK-217 type of
methods possesses. For example, the levels of the factors are still unable to cover all
of the situations, and many failure modes, such as the popcorn effect of plastic
packages, are still not considered. Regarding the data update problem, the frequency
of RAC updating its data bank is not clear yet, thus whether the data used in the
quantification reflects the current technology or not is still uncertain.

The system level model is given as [11, p. 4]:

Ag =4, (ﬂpﬂ,MﬁE A TG ¥ Ry Ry AT + T g + 7, + 7Ty + 7Ty )+ A, (1-4)

where
As = system failure rate,
A = initial failure rate of the system,
Tp = parts process multiplier,
7m = infant mortality factor,
7ig = environmental factor,
7p = design process multiplier,
7 = reliability growth factor,

v = manufacturing process multiplier,

Tg = system management process multiplier,
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m; = induced process multiplier,
7in = no-defect process multiplier,
7w = wearout process multiplier,
and
Asw = software failure rate.

The part level reliability model is given as [11, p. 7]:

Ap = ATy + Aty + ATto + A7, + 2y, (1-5)

where

Ap = part failure rate,

Ao = failure rate from operational stresses,

mo = failure rate multiplier for operational stresses,

Ag = failure rate from environmental stresses,

ng = failure rate multipliers for environmental stresses,

Ac = failure rate from power or temperature cycling stresses,

nc = failure rate multipliers for cycling stresses,

\; = failure rate from induced stresses,

A; = failure rate from solder joint,
and

g = failure rate multipliers for solder joint stresses.

To my knowledge, there is only one application [18, 14 pp.] for this method so
far, and its accuracy is not yet confirmed since it was used in a newly developed

product and there are no data available.



In this dissertation, a new reliability quantification method for the PCBs will
be developed by considering different kinds of failure modes of PCBs and using the

modified stress-strength interference theory.

29
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CHAPTER 2
MODIFIED STRESS-STRENGTH INTERFERENCE THEORY
2.1 Introduction

The stress-strength interference method originates from the mechanical reliability
field. It is based on the assumption that both stress and strength are distributed variables
and failure will occur when strength is less than stress. This assumption is true since
uncertainties exist everywhere in our real life. For example, in engineering, the
uncertainties may be due to physical phenomena that are random or the variability of the
physical process, such as manufacturing process, or due to the measurement error, or
prediction error. The existences of these uncertainties require us to consider all the design
variables as randomly distributed instead of a single deterministic value.

One thing needs to be clarified is that even though this method is called the stress-
strength interference method; it can be applied to a broader class of problems. The term
“stress” should be considered in a broader sense as any load or load-induced response
quantity that has the potential to cause failure. The term strength should also be
considered in a broader sense as the capacity of the part to withstand the “stress”. For
example, if the reliability of a PCB is defined as the probability of the deflection of the
PCB being less than an allowable value. Then, the “stress” in this case will be the PCB’s
real deflection, and the strength will be the allowable value of the deflection. In this
dissertation, stress and strength terms will still be utilized, but it should be kept in mind
that it is in a broader sense. Kececioglu, D.B. [19, 688 pp.] applied this theory to

mechanical components and structures and obtained very good results. Kim. J. [20, pp.
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286-295] applied this theory to quantify the reliability of high voltage ceramic capacitors,
and Suhir, E. [21, pp. 215-223] utilized the coefficient of thermal expansion as stress and
strength parameters to quantify the reliability of seal glass.

One shortcoming of the method used by all three authors above is that they only
consider that the stress and strength are constant-parameter distributions, meaning that
the distribution parameters for stress and strength do not change. This may be true for the
stress distribution as long as the product is used at one specified condition, but it is
obviously not true for strength distribution. Without considering strength degradation,
one can only determine one reliability value; i.e., the designed-in reliability of the product.
But the time dependent reliability, which is just what the users, even designers want
cannot be determined. The reliability definition also shows the importance of the time
dependent reliability, which is stated as “Reliability is the probability that parts,
components, products, or systems will perform their designed-for functions without
failure in specified environments for desired periods at a given confidence level” [22, p.
2]. MIL-STD-721 [23, P.8] gives a similar definition. This definition tells us that
whenever talking about reliability, it must be related to the environment the product is
operated in and the length of the operation. Kececioglu, D. B. [19, 688 pp.] considered
the fatigue failure case but assumed that the strengths are known.

The modified stress-strength interference (MSSI) method will consider strength

change with time so that the time-dependent reliability can be determined.
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2.2 Modified Stress-Strength Interference (MSSI) Reliability Quantification
The modified stress-strength interference method is very simple mathematically.
If we assume that the stress, s, and the strength, S,TJr of a product follow a distribution

with pdf £ (s,S), then the failure probability (unreliability) of this product is defined as

0 S
F=P(s>S8)= | [ f (s.8)ds'ds’, (2-1
—00—00

where

f.s =joint pdf of stress and strength distribution.

The shaded area shown in Fig. 2.1 represents the failure probability or unreliability.

[
P

Probability density function

o= .

)

0 Strength/stress s, S

Fig.2.1 Illustration of the stress-strength interference theory.

T We will use lower case s denoting stress hereafter.
T We will use capital letter S representing strength hereafter.

v
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Probability density function

v

0 Strength/stress s, S

Fig. 2.2 - Unreliability using the stress-strength interference method.
Figure 2.2 illustrates the unreliability change with time at given stress and
strength distribution. From this figure, we see that the unreliability (shaded area) is
getting larger and larger with time due to the degradation of the strength.
It should be noted that s’ and §' in Eq. (2-1) represent two variables not the
derivatives. The purpose of doing this is to differentiate them with s and S. In

mathematics, these are called dummy variables. Other symbols such as x, y could be used
instead, the results are the same. For example, flz xdx = jlz ydy=---= jlz zdz =3/2.

2.2.1 Reliability Quantification for a Single Failure Mode

If a product in question has only one failure mode, its reliability can be quantified
using the following several methods based on the dependence between the stress and the
strength distributions, the distribution types of the stress and the strength, and other

factors which will be clear as we are moving on.



2.2.1.1 Stress and Strength Distributions Are Known and Independent

In this case, the failure probability is given as:

P(s>S)= | jfs(s')gS(S',t)ds'dS',

—o0S'

= [ g4(s'0) [j fs(s')ds'JdS',

— o N
o0
= [ gg(S.HR (5)dS',
-0
where
(e 0]
Rs S)=| fs (s")ds’ is the reliability function,
S
and

f, and g, = pdf of the stress and the strength, respectively.

The reliability is given as

R=P(S§>s)= oj? Offs(s')gS(S',t)ds’dS’,

— o0 S'

RCS {I g5 (S0 dS'] s’
S!

— 0

T £ R0 s,

or
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(2-2)

(2-3)
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o S
R=PS>s5)= [ | fs(s')gS(S',t)dS'dS',
© S’
= | g4(S%0 [ [ (sHds' s, (2-4)

o0
] gg(S.OF (S)ds"

~ 00

Then, the reliability can be found by finding the value of this integral.
Example 2-1
Assume both the stress and the strength follow the exponential distribution with
mean of 100 and 1,000 kpsi at age zero. Find the product’s reliability at the age zero.
Solution to Example 2-1

From Eq. (2-3), the reliability of the component at age zero is given by

RO = [ f,(s)Rg(s)ds,

1 - (L + X
L 100 ooo” g
100

e

t) | %
Uy | =

e “dx=

G| | —

5
0

o — 8

or
R(t)=90.91%.

Example 2-2

Assume that the stress follows the exponential distribution with mean of 100 kpsi,

and the strength follows the two-parameter Weibull distribution with the shape

parameter, 3, of 2 and the scale parameter, 1), of 1,000 kpsi at age zero. Find the

product’s reliability when the product is first put into operation.
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Solution to Example 2-2

From Eq. (2-3), the reliability of the product at age zero is given by

R)= | fs(s)RS(s)ds,
-0

—e
S 0 100

X X ﬂ 2
- Ojol e_;e_(;) dx = OF 1 _ﬁe_[l,;ooj dx.
0
Using Mathcad yields

R(t)=98.1%.

It is easy to show that if both stress and strength follow the normal
distribution, using Eq. (2-3) or (2-4) will be very difficulty to quantify. In that case,
the following method should be utilized.
2.2.1.2 Both Stress and Strength Are Normally Distributed and Independent

In this case, one of the important properties of the normal distribution will be

used. As we know if two independent normal variables ‘s’ and ‘S’ have mean

— = . 2 2 . .
sand S, and variance o,” andoy", respectively, then, S-s is also a normal random

5
. . S = . 2 2
variable with mean of S —5 and variance of 0" +0,".
If we define a performance function or a limit state as Z = S-s, then, Z
. . . . r —_ . 2
follows a normal distribution with mean g, =S -5 and variances.” =0’ +0,”.

Then, Z > 0 means no failure occurs, and Z < 0 means failure occurs.
If now ‘s’ is stress, and S’ is strength, then the reliability at any time t is

computed from
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R(t)=P(z>0) = wj f(2)dz =1 - cb[- “—)
0 O.z

=1_¢(-~*—S = ] 2-5)
2 2
o, +oy

where

2
D(z) —17 2 , it is the cdf of the standard normal distribution

— I z 1 o
—®2x
as illustrated in Figure 2-3.

If we denote

M, S-5

"o Yool -
m = reliability index.

Then, Eq.(2-5) becomes
R()=1-®(—m)=D(m). 2-7

This is due to ®(-m) =1-D(m)

The derivation of Eq. (2-5) is given in Appendix A.
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Fig. 2.3 - Illustration of the definition of ®(z) and ®(-z).

2.2.1.3 Geometric Explanation of the Reliability Index

The reliability index defined in Eq. (2-6) has been widely used in the stress-
strength interference method. Its geometric explanation has been a topic of interest
to many researchers, such as Hasofer [24, pp. 111-121], Grigori, [25, pp. 155-165],
Lind [26, pp. 447-452], and Dolinski [27, pp. 211-231]. In this section, a brief
introduction of the reliability index geometric explanation will be discussed to
provide a foundation for later section discussions.

For a performance function

Z(S,s)=S-s,
if we make the changes of variables u = (S - S)/o andv = (s—5)/c, then

S=S+osu,and s=5+0v,

thus, the performance function can be written as
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Zwv)=S-5+ou—0cyv. (2-8)
Plotting z(u,v) in the coordinates of ‘u’, and ‘v’ yields the Fig. 2.4. After
some basic algebraic operations, we can see the “shortest distance” from the
origin to the Z(u,v) = 0 line (or curve when the Z function is non-linear, which
will be discussed in detail later) is the reliability index m given by Eq. (2-6).

Appendix B provides the proof. The coordinates of the intersection point ‘C’ of

. . o o,
the shortest line OC and Z =0 line are | —m - 5 ,m- = ,as
\/0'3 +o! \/0'3 +o!

shown in Fig. 2.4,

A

\% Z(u,v)=0
Z(u,v) <0 region, or Al /
the failure region C
Z(u,v) >0 region, or
m the reliable region
0 | >
B D O u

Fig. 2.4 - Illustration of the geometric expression of the reliability index.

In general, if both the stress and the strength are linear functions of many

independent normal variables, such as

SX, Xy X)) =0y +a Xy +a, X, +-+a,X, =a,+ Y a,X,, (2-9)

i=1
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and

m

s(YlaYZa"'aYm) =b0 +blYI +b2Y2 +”'+mem =bO +ZbY ’

=1

(2-10)

i=1
Then, the reliability of the product can be computed using Egs. (2-6) and (2-7), with
S=a,+>.aX, oi=)Yado},
i=1 i=]
and

H
- v 2 2
5=b,+» bY, cl=)b'c}.
i=1 i=1

=

2.2.1.4 Both the Stress and the Strength Distributions Are Unknown

In reality, we always find we are in the situation where the stress, the
strength, and in turn the performance function are nonlinear functions of many
independent normal variables. In this case, to find the reliability, an integration of
the joint probability density function over the nonlinear region should be performed,

that is
R= ([ [fasp (Xps X X, )X, X, @-11)

In practice, however, it is almost impossible to know the joint pdf of the
performance function due to many reasons, such as insufficient data. Furthermore,
even when the pdf is known, the exact evaluation of the multiple integral generally
requires numerical integration which may be impractical in engineering. In addition,
since the stress and the strength are always a nonlinear function of many variables, it

is hard to find the explicit stress and strength distributions. Thus, using Egs. (2-6),
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(2-7), or (2-11) to quantify the reliability, is either not possible or not applicable. In
this case, the following methods can be used.
2.2.1.4.1 The Taylor Series Expansion Method (TSEM)

In the case of nonlinear functions of the stress and the strength, the
performance function can be expressed as

Z=8SX,X,,..X,)-s(1.1,,....Y,), (2-12)
where X; and Yj are normal variables, 1= 1,...,nand j = 1,...,m.. Using the Taylor

series expansion, we have

Z=SXp Xy XN+ Y (X - X)+o(X - X,)
i=1 aX, Xl,Z,..,n
(2-13)
-s(Y],E,...,Y)—ia—S_ (Y-Y)-o -Y).
" i=1 aK )/1,2,“,” l ’

where
o(e) =second or higher order terms.
If we believe that the second order and higher order terms can be dropped
without causing too much error, then the performance function can be expressed

as:

H

5 = = oS
ZaS(X, Xy X))+ | (X =-X)-
( ] ? ) lzﬂ:aX, XIZ.JI( )
(2-14)
= = = 2 0S
S(),I’Y2’ ’)]m)_z— \d (Y_le)
i=1 a i ),1,2,..,11

Since E(X-X,)=X-X=0,and E¥-Y,)=Y -Y =0;

then,
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Z=S8(X, X, X,)-5(Y,Y,,...Y ), (2-15)

and

2 2
ji] aS n aS
2 | _ 2 4 i 2 , 2-16
O-Z ;[aX’ X],Z,...n] O-Xi ;[GY, I/],Z,...IHJ O-Yi ( )

Then, the reliability can be computed using Eqgs. (2-6) and (2-7).
2.2.1.4.2 Minimum Distance Method (MDM)

The problem with the Taylor Series Expansion Method used in the nonlinear
performance function case is that expanding the series about the mean value of each
variable may cause a big error, which can be seen from Eq. (2-13). To solve this
problem, a Minimum Distance Method can be used. From the geometric explanation
given in Section 2.2.1.3, we see that the shortest distance from the origin to the limit
state line (or the so called failure surface) may be more proper to represent the
reliability index ‘m’ in this case. The point on the failure surface with minimum
distance to the origin is called the most probable failure point [28, pp. 109] or the
design point. The actual meaning of the MDM method is that we use the tangent
plane at the most possible failure point to represent the actual failure surface.
Therefore, in some sense, this method is the same as the TSEM; the only difference
is that the Taylor Series Expansion Method is expanded about the mean values of
each variable, while this method is expanded about a set of optimum values. This
method has been used by many researchers, such as [24, pp. 111-121], [25, pp. 155-
165], [26, pp. 447-452], and [27, pp. 211-231]. Figure 2.5 illustrates a simple

nonlinear performance case, and compares the TSEM and the MDM methods. In
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this figure, the dashed line represents the case when the Taylor Series Expansion
Method is used; the short-dashed line is the case when the Minimum Distance
Method is used, while the solid curve is the plot of the real limit state curve. We see
that the Taylor series Expansion Method might overestimate or underestimate the
reliability depending on whether the failure surface is convex or concave. For this
example, since it is concave, the Taylor Series Expansion Method underestimates

the reliability since the smaller m value.

Original limit-state

surface 4
v
p Safe region
O »
u
My
~
Limit-state surface when ol N Limit-state surface when
expanded about the .. N4—expanded about the
design point s mean
Failure region

Fig. 2.5 - Comparison of Taylor Series Expansion Method with Minimum

Distance Method.
In general, let’s denote the performance function as

Z(X, Xy X)) = (X Xy X,). (2-17)
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It should be noted that now the performance function ‘f” is a nonlinear
function of normally distributed variables X; (i = 1,..., n). To use the MDM method,
we need to change the original normally distributed variables, into what we call, the
standard variables (some researchers call them reduced variables) using the
following equation:

X, X=X (2-18)
Oy,

Then, the performance function given by Eq. (2-17) becomes

Z(X)3 Xy 5 X,) = f(X, + 0%, X, + 0%y, X, +0,X,).

Thus, the MDM method becomes an optimization problem, that is to find a
X on the failure surface f(X, +0,x,,X, +0,%,,... X, +0,x,) = 0 such that Ji'F
i1s minimized, where X = [x] 3 Xy e X, ]T . In other words, we need to find a point

(x, ,x,,...,x, yon the failure surface such that if we expand the performance function

about this point, we can obtain a linear performance function and then, the shortest
distance of this line from the origin is the reliability index. Figure 2.5 illustrates this
idea.

From the above, we see that the major problem for this method is how to find
the design point. Many methods can be used to find this point. One of the widely

used methods is the one proposed by Rackwitz, R. etc. [29, pp. 484-494].
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If we assume that the design point on the failure surface is located at
X' =[X],X,,.,X.]", then the following procedures can be followed to find the
product’s reliability:
1. Set the mean value of each variable as the initial value of iteration.

2. Compute the following two quantities:

. ox, )X,

Y e P anda = ! (2-19a)

ox, " oX, | X,
3. Compute new X, using the following equation:

X;=)?,.—a:axim. (2-19b)
4, Plug this new X, into the constraint equation and solve for m.
5. Using this m compute

X, =—am. (2-19¢)

6. Repeat Step 2 to 5 until the desired accuracy is met.

It should be noted here that the capital letter represents the original variables, the
small letter represents the standard variable. This method works well as long as the
limit-state surface has only one minimal distance point and when it is nearly flat in
the neighborhood of the design point. If the failure surface is not flat, a higher order
approximation should be used. Breitung [30, pp. 357-366], Kiureghian [31, pp.

1208-1225] and other researchers discussed second order approximation method.
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Grigoriu [32, pp. 155-165] introduced a control variable method and a linearization
method to improve the accuracy of the quantified reliability.

In this dissertation, however, the Matlab software will be used to solve this
optimization problem. Appendix C gives a sample Matlab code used for the
optimization.
2.2.1.4.3 The Monte Carlo Simulation Method

The Monte Carlo Simulation (MCS) method is a powerful method for
solving the nonlinear case problem. In this method, based on the distribution and its
parameters of each variable, a random number, which follows that distribution, can
be generated. For example, for any normal distribution with the mean p and the
standard deviation o, the following equation can be used to obtain a random number
which is normally distributed with the mean p and the standard deviation o.

u+o-U, (2-20)
where

U = standard normally distributed value.

For other distributions, it is also easy to obtain the random number using
different software, such as Matlab, Minitab etc. After obtaining the random number
for each variable, substitute them into the performance function, and compute the Z
value. Repeat this process N times (we suggest N> 10,000), record the number of
times at which the Z value is greater than zero, then this number divided by N gives

the reliability. Repeat this process M times (we suggest M > 10). Then, the reliability



for the system can be obtained by averaging the M reliabilities. Figure 2.6 illustrates

this process.

Performance function
Z=f(X,X,,..,X,),p=0,m=0,q=1.

A
Generate the values for X’
(i=1,...n) based on their
distributions.

4

Substitute X;’s values into IfZ >0

performance function and 4*@'

compute its value Z.

Ifp<N

p=ptl.

v Ifp=N
Compute the reliability|
R(q) = m/N.

4

A

q=q-+l

il Ifg=M

Compute the reliability of system
R =R(q)/M.

Ifq<M

Fig.2.6 - Procedures for Monte Carlo simulation.
Example 2-3
Assume the performance function is given as follows: Z = a-b — ¢ where
a~ N(5,1), b~ N(10,1),and ¢ = 20. Find the reliability of this product using the
following methods.
a. Taylor Series Expansion.

b. Minimum Distance Method.
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c. Monte Carlo Simulation.

Solution to Example 2-3

a. Taylor Series Expansion Method

Using Egs. (2-15) and (2-16) yields,
Z=ab-c=5x10-20=30,

and

2 =2 2 722
oc,=aoc,+b"0,,

=52x1* +10% x12,
or
o, =125.
Then, the reliability index is computed from Eq. (2-6)

=—§g—= 2.683.

Then, using Eq. (2-7) yields,
R = ®(2.683) = 0.996352.
b. Minimum Distance Method
First let’s rewrite the performance function as
Z=(u,+o, u)(u, +o, VY—C=p, ly, —CHUT, [, VO, [, +O, 0, UV,
Then, the partial derivatives are

oz oZ
—=0,b,—=0,a
Oou ov

Here u and v are standard variables of ¢ and 5.
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For the first iteration, assumea’ =5, and 5" =10. Then,

a—Z=aab*=1x10=1o,
ou

and

Q~Z~=0',, a =1x5=5.
ov

Then, from Eq. (2-19a),

a, = _ 19 4894,
10% + 52
and
b = O 0447,
10% +5°

Therefore, the new components of design point are computed using Eq. (2-19b), or
a =a-0.89%m=5-0.894m,
and
b" =b ~0.447Tm=10-0.44Tm.
Substituting these two values into the performance function equation Z=ab —¢
yields
0.4m*> -11.175m +30=0.
Solving this equation yields
m = 3.0086.
Then, the new failure point becomes

a =a-0.894m=5-0.894m=12.310,



and
b' =b —0.447 m=10-0.447 m = 8.655.
Repeating this process and the results are given in Table 2.1.
Then, from Eq. (2-7), the reliability is obtained as
R =®(2.933)=0.9983.
Next, we use Matlab to compute the reliability index. Using Eq. (2-20) and
changing variables yield the following performance function:
Z=@+o,u)b+o,v)—c=ab-c+aoc,v+b o, U+o, o, Uuv,
or

Z=30+5v+10u+uwv.

Now we need to find u and v such that m is minimum, and u and v
satisfy

Z=30+5v+10u+uv=0.

Using Matlab we find that at u = -0.6549, and v =-2.8598, Vu? +v* is
minimum and equals to 2.9339. Then, the reliability index is

m,,; =2.9339
Then, using Eq. (2-7) yields

R =0.9983.

Appendix C lists the code used for the optimization.
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Table 2.1 - Iteration results of Example 2-3.

oz
Iteration | Variable | Values g] aa: New x" m
no. dp

1 a 5 10 0.894 2.310

b 10 5 0.447 8.665 3.009
2 a 2.310 8.665 0.966 2.164

b 8.665 2.310 0.258 9.243 2.936
3 a 2.164 9.243 0.974 2.142

b 9.243 2.164 0.228 9.331 2.933
4 a 2.142 9.331 0.975

b 9.331 2.142 0.224 2.933
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c. Monte Carlo Simulation
The performance function can be written as follow using Eq. (2-20), or

Z=(a+o, u)(5+0',, v)—c,
or

Z=05+u)(10+v)-3,
where

u and v are standard normal variates. We can use Matlab to solve this problem.
Table 2.2 lists the ten times (each run 10,000 times) reliability results and their
average value. Appendix C gives the Matlab code used for this computation.

From the above, we see that the reliability obtained using the Taylor Series
Expansion Method 1s 0.996352, the reliability from Minimum Distance Method is
0.9983, and the reliability from the Monte Carlo Simulation is 0.99834. We can
conclude that the Taylor Series Expansion Method underestimates the reliability,
and the Minimum Distance Method is more accurate than the Taylor Series

Expansion Method.
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Table 2.2 - Results of the Monte Carlo simulation for Example 2-3.

Number of run Reliability

1 0.9989

2 0.9983

3 0.9983

4 0.9979

5 0.9984

6 0.9982

7 0.9982

8 0.9993

9 0.9980

10 0.9979
Average reliability 0.99834

It should be noted that one of the implicit assumptions associated with the
Taylor Series Expansion Method and the Minimum Distance Method introduced
previously is that each variable in the stress and strength equations is uncorrelated
and normally distributed. If, in reality, that is not the case, some additional work
should be done before using these two methods. In both cases, a transformation
should be performed. Rackwitz [29, pp. 484-494] suggested a two-parameter
transformation method to transforming the non-normal variables into equivalent
normal variables. Chen and Lind [33, pp. 269-276] extended the Rackwitz method
and proposed a three-parameter transformation algorithm. Wu and Wirsching [34,
pp. 1,339 -1,336] further increased the accuracy of the equivalent normal
transformation within the context of the three-parameter normal. Ang and Tang [35,
532 pp.], and Tang and Melchers [36, pp. 81-93] introduced a method to transform

the correlated variates into uncorrelated variates through a covariance matrix.
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2.2.2 Reliability Quantification for Multiple Failure Modes
In practice, there are many products which have more than one failure mode,
and each failure mode might not be independent. In this case, there will be many
limit-states or performance functions as shown in Fig. 2.5.
Consider a system with k potential failure modes, with performance
functions given as

Z =f(X,X,X,), i=12,...,k.

Then, the system’s reliability is computed using

k
R=P(ONZ,20)= [ [+ [fy 1., (s, by, -, (2-21)

,,,,,

This equation is very useful when the joint pdf is known or each performance
function is independent. In the latter case, the system’s reliability is computed from
R = ®(m))D(m,)---d(m,) , (2-22)
where
m; = reliability index for i"™ failure mode.
However, in reality, rarely has the case arisen where the joint pdf of the
performance function is known or each failure mode is independent. Therefore,
Eq. (2-21) cannot be used directly.
To solve this problem, much research has been conducted aiming to simplify
the computation of Eq. (2-21), such as Tang, L. K. et al [36, pp. 81-93],

Hohenbichler, M., [37, pp. 177-188], Dolinski, K., [38, pp. 211-231], and
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Ditlevsen,[39, pp. 453-472; 40, 412 pp.]. But so far, no method was developed to
compute the exact value of the multiple integral. Meanwhile, finding the
approximate value of Eq. (2-21) has obtained some progress. For example, Ditlevsen
[39, pp. 453-472] proposed a narrow bound of reliability computation, and has been
used to quantify the reliability of composite laminates [41, pp. 523-536]. Johnson
[42, 333 pp.] summarizes the methods of calculating the multivariate distribution
probability.

The two bounds of the system’s reliability for a system with k failure modes

are given by [39, pp. 453-472; 40, 412 pp.]

R, =P(Z,20)- i max{P(Z,. <0)- Z:P[(Z, <0)N(Z, <0, o} : (2-23)
and

R, =1- 210(2,. <0)+ Zkz:n}gx Plz, <0yn(z, <0)). (2-24)
Then,

R= %(RU +R,). (2-25)

In Egs. (2-23) and (2-24), we see that the only term unknown is P(F,. NF, ) Here

we use F; and F; to represent the two events of Z, <0 and Z, < 0, respectively.

From previous discussion, we know we always can transform a non-normal

distribution to a normal distribution, so here we can assume that the two



performance functions are normally distributed. Therefore, P(F, NF, ) becomes a

bi-normal failure probability.

The bivariate normal probability density function is given by [43, p. 79]

1
1(2,,2,)= 2 -exp{— Lz],
2ro, 0, V1-p 2(-p7)

where
—\2 = \2 — —
(z,-z) (z,-Z) 2p@-Z)z,-Z)
Q = P + 2 - s
o oz, 0,0
and

p = correlation coefficient of Z; and Z;.

Making the change of variables u =(Z, - Z,)/ 0, and v=(Z, - Z,-)/O'Zj .

then, dZ, = o, duanddZ; = o, dv. Thus, P(F,. N FJ) can be computed as,

pEoR)= [[r.2 e,

—o0—o0

or
P(F,AF,)= 'T—T I{—”z“zr”2+#J¢uw.
m_wzﬂJﬁf_ 2(1- p?)
It can be proved that [44, p. 102] [45, pp. 1,075-1,090] the above integral is
equal to
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p 2 2
Pumﬁﬂ)=£—j ! em(—% 2r“”%+quwum—%)®emgxz%)

”0\/1—1"2

2(1-r%)

or
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P(F,NF)= pjw(—ml -y, 1) dr + ®(—m, ) D(-m,), (2-27)

where

2 2
U =2puv+y j (2-28)

1
w(u,v, p) = ——exp[
271 \1-p° 2(-p?)

Appendix D gives the proof of this equation.

For a bivariate normal distribution, the reliability and the cdf have the
following relation [44, p. 102]:

O =R+ D(m)+D(m,)—1.

Then, considering ®(—m) =1— ®(m), the reliability for the bivariate normal case is
p
R= [w(-my,-my,r)dr +@(m,)- ®(m,). (2-29)
0

This equation will be used to compute the product’s reliability when there are two
dependent failure modes in the products.
If p is small (< 0.6) or 0.1% error is acceptable, the following approximate

equation [44, p. 102] can be used to calculate the reliability:

R =%-(5-w(—ml,-mz,(l—«/3/5)p/2)+8-w(—ml,-mz,p/.’l) 30
+5.wlm,, -my, (144375 )p12)) + D(m,)- D(m, )
where function w is as defined previously.

In this equation, the m values can be found through the MDM method. The

correlation coefficient can be found as follows [35, 562 pp.]:
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T\ ox; J\Ox, ),

Py = > >
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REINGE)

where * represent using the values of the design point.

(2-31)

Considering A = 9 ox = 0'1 , Where X represents the basic variable and x
ox 00X Ox oX

represents the standard variable, Eq. (2-31) becomes

SRS
S )]

p” B n af 2 n af 2 .
Y\ 2 g5
BEEASEE

2.3 Residual Strength Determination

(2-32)

Residual strength is the remaining strength of a material, or a structure, after a
time of usage. In the MSSI method, we assume that the strength distribution type
and its standard deviation do not change with time, but its mean strength value does
decrease with time as shown in Fig. 2.7. It should be pointed out that in this figure,
the mean strength decreases linearly, but in reality it can change following any
distribution. The method proposed in this dissertation can apply to any distribution.

The following model is proposed in this dissertation to compute the mean

residual strength:

S=S,(1-D), (2-33)
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where

S = mean residual strength,

Si = initial mean strength,
and

D = total strength damage caused by all stresses after a certain period of

usage. It is in decimals and can be calculated using Eq. (2-35).
From Eq. (2-33), we can see that finding the total damage becomes the key to obtain
the residual strength.
The current commonly used method for determining the damage is due to

Miner’s work [46, p. A160], which is expressed as

D=, (2-34)

mean strength

Operation time, t

Fig. 2.7 — Mean strength changes with time.
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where
D = damage in decimals,
n; = number of cycles experienced at stress level “i”
N;i = number of cycles to failure at stress level “i”
and

m = total number of stress levels.

Following Miner’s work, several damage models have been proposed to predict the
residual strength of a fatigued structure. Wahl [47, p. 2] proposed a residual strength
equation for fiberglass laminate based on Miner’s rule. Cesare and Sues [48, p. 8]
introduced a probabilistic material degradation model that considers thermal fatigue,
creep, and high cycle mechanical fatigue effects. Xin and his co-workers [49, p. 836]
established a damage model by using a tensile bar and considering its normal strain, and
elastic limit strain. Rodin [50, p.1] compares Kachanov’s continuum damage mechanics
model for different cases. Schaff and his co-worker [51, pp.128-157; 52, pp. 158-181]
developed a strength-based wear-out model to predict the residual strength of composite
laminate by assuming that the residual strength distribution follows a two-parameter
Weibull distribution. These models have been used in different cases. Curtis and Davies
[53, p. 8] reviewed the past major works on fatigue life prediction, including damage
models.

However, there are two major issues that Miner’s rule, or its derivative models

mentioned above, missed to consider. Firstly, none of the models considers the
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interaction between the different kinds of stresses, and most of the models even only
considered one kind of stress with different levels. Secondly, no model considers the
effect of the loading sequence. In reality, a structure or a product may experience many
kinds of stresses acting simultaneously, such as thermal and vibration, and the
contribution to strength loss due to these stresses interacts with each other. On top of that,
different loading sequences will cause different damage. We can prove that the damage
caused by the same load, but applied at different time will be different. The only
exception is when the time to failure distribution follows the exponential distribution.

In this dissertation, a new model is proposed which considers multiple
stresses, their interactions, and the loading sequence effects.
The proposed damage model has the similar format as Miner’s rule but

with different implications. The model is

v(i)
m .
D=3 C; deg | (2-35)
i=1 Ty
where
D = damage,

m = number of different stresses,

Ci = interaction coefficient between stresses, to be obtained by testing,

tileq = equivalent time at the 1* stress level for the i" kind of stress if the total
operation time under a different stress level for the i™ stress is t (see
Fig. 2-8), the 1% stress level is the level to be used as the basis to

convert all the other stress levels,



Ti1 = mean time between failures of the product when it is under stress level

1 for the i™ kind of stress, or reliable life for a given reliability level,
and

v(i) = nonlinear degradation exponent for the i"™ kind of stress, v(i) < 1 means
a great loss of strength in the early stage of fatigue, v(i) = 1
means linear loss of strength, and v(i) > 1 means little loss of strength
in the early stage and great loss at the later stage. It needs to be
determined from tests.

Figure 2.8 illustrates an example of a stress profile for the i™ kind of stress.

tiz

ti3 tin

the i™ kind of stress

v

A

.Y

test or operating time, t

Fig. 2.8 - An example of a stress profile for the i™ kind of stress.

From Fig. 2.8, wesee 1 =1, +1,, +---+¢, +---+1, . It should be noted that ti

(k=1, ..., n(i)) can be at the same stress level with t;; j = 1, ...,n(1)), for k #j. Also,
it should be noted that n(i) may be different for different kinds of stresses. We
cannot directly use “t” to find the damage since it involves different stress levels.
Therefore, we need to find out the equivalent time for “t” if the product is operated

only at Stress Level 1 instead of at different stress levels. Which stress level is

61
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chosen to be the basis for the conversion is arbitrary. The reason of choosing Stress
Level 1 in this dissertation is for the sake of convenience and simplicity.

The basic idea of finding the equivalent time is based on the belief that the
failure probability (or reliability) should be the same for the two times of operation
at different stress levels to be equivalent.

There are two cases involved in the determination of the equivalent time.
Case 1 is when the time to failure distribution for the product is known; Case 2 is
when only the mean strength distribution is known.
2.3.1 When the Time to Failure Distribution for the Product is Known

We assume that at each stress level, the time-to- failure follows a certain

distribution with probability density function of fi(t), j = 1, ..., n(i). If we denote 7"

as the equivalent time for t;; at stress level k, then the problem becomes to find out

_ (QVRNPLO) BASIPL ) B (), .
tileq_ti1+ti2 +tl.3 + +tl.j + +tin . (2-36)

From Fig. 2.8 and using the equivalent time idea, we have

(2)
‘i ‘i
[fi0dt = [ f,@®)adt, (2-37)
0 0
1 (2)
' ”i(z) Lty
[fiWdt = [f, @, (2-38)
0 0

Solving Eq. (2-37) yieldss{? . Substituting it into Eq. (2-38) yields ¢%. Then,

Fig. 2.8 can be equivalent to Fig. 2.9.
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= ti3 t
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=
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=

h 4
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testing or operating time, t

Fig. 2.9 — Equivalent diagram of Fig. 2.8 after t;, has been converted to ¢ .
Repeating this process, we can have the following general equations:

1 1 j
’i1+’,(2)+"'+ ’1((3‘-1) ’§1j+)i2+~-~+f( Jj=1)

[fwa= " [foa, (2-39)

(¢}
and

4D M )
Gy i) T

j £ dr = j f,®adt. (2-40)

Solving this system of equations, we can find tjjeq.

Tii can be found using mean value equation as

T, = (f)t f®dr, (2-41)

if the mean time between failures is used, or T;; can be found from the generalized

reliability equation [22, p. 198]
Ty
InR =- [y, (2-42)
0

if the reliable life is used, where R is the given reliability, and A(t) is the failure rate.



Then, using Eq. (2-35), we can find the damage caused by the i kind of stress.

If the mean strength follows the exponential distribution, we can prove that
the contribution of different stress levels to the damage of the strength is
independent of the time when the stress is applied. For other distributions, the time
when stress is applied will affect its contribution to the damage of the strength.
2.3.2 When the Mean Strength Distribution is Known

As we pointed out previously, the equivalent time calculation requires that the

reliability be the same. Then, using Eq. (2-6) yields

S,-5, _ §,-5,

= 2 7 2 2
\/O'S +o; \/O'S +o,

>

or

T _ 2 2, =
S, =m; /o +0, +5,,

If we assume that the initial strength is Sy, then

and

— !
5, =8 [1-——|,

fe- £t
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(2-43)

(2-44)

(2-45)

(2-46)



where

f; = pdf of the mean strength distribution, i =1, 2.

Then, substituting Eqgs. (2-45) and (2-46) into Eq. (2-43) yields

or

2 2 (< ©
O PO G R VS fi- rod,
SI 1/0'§+O'_3| 0

t, =[1—S1—1(,/o§ +o, m +5, )}j‘t-fz ()dt.

For more than two stress levels, repeating the above steps, the equivalent

time can be found. Then, using Eq. (2-35), we can find the damage.
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(2-46)



CHAPTER 3
DEFLECTION AND STRESS RESPONSE OF LAMINATE
BOARDS SUBJECTED TO VIBRATION AND THERMAL LOADS

3.1 Modeling of PCB Subjected to Vibration

In reality, the vibration is not directly exerted on the PCB, but on the chassis
on which the PCB is installed. Also to reduce the effect of vibration on PCBs, a
cushion is used between the PCB and the chassis. Therefore, when modeling a plate
which is subjected to vibration, these conditions should be taken into account.
Figure 3.1 illustrates a two-step model of a PCB subjected to vibration using a two

degrees of freedom spring damper system.

--{--- PCB,m --- w
1 A
W W
k l—— ’ : |
PCB, m
P
Chassis
(a) (b)

Fig. 3.1 - Two-step model of PCB subjected to vibration

The model illustrated in Fig. 3.1(a) is a standard one-degree of freedom system with

a moving support [54, 521 pp.]. Its equation of motion is given by
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mw, +k(w, —w,)+c(W, —w,) =0, (3-1)
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where

wo = absolute displacement of the chassis,

w; = absolute displacement of the board,

w, and W, = second derivative of w; and wy with respect to time,

respectively,

w, and w, = first derivative of w; and wy with respect to time, respectively,

k = spring constant,

¢ = coefficient of viscous damping,
and

m = mass of the board.
If we change the variable asw" = w, — w,, then, Eq.(3-1) becomes,
m(w + W) +cw +kw =0,
or
mw +cw +kw =-mip,.

Dividing both side by m yields

PRI (3-2)
m m

Using the notations

p’= i, and 277 = < , where p is the circular natural frequency of vibration,
m m

we obtain the following standard form of the vibration equation:

W2 W+ piw' =, (3-3)
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The solution of Eq.(3-3) includes two parts, one is homogeneous solution; the other
is a particular solution.

The homogeneous solution of the Eq. (3-3) can be found from any vibration book, or

wy =e™"(C, cos(p,1)+C, sin(p,1)) , (3-4)

where

p, =+/p° —n’ , angular frequency of damped vibration.
The particular solution of the Eq. (3-3) can be found using Duhamel’s integral

method [54, p.98 ] [55, p. 67]

-nt !

W = j e’ (—y (¢"))sin(p, (t 1)) dt’,
d -o
or
e ey
w, = - je”' W, () sin(p, (¢ ")) dt', (3-5)
d -

For the homogeneous solution given in Eq. (3-4), we see that when t becomes large,
this term is died out. Therefore, the dominating term for vibration is the particular
solution given by Eq. (3-5). Thus, we will just take the particular solution as the
solution of Eq. (3-3) for this dissertation. Then,

-t

W (1) =—S— [e"" ¥y (sin(p, (1)) di'. (3-6)
d -»
Denote
b =~ sin(p, ). (3-7)

Py
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It is easy to prove that Eq. (3-7) is actually the solution of Eq. (3-3) when —w(¢)is a

delta function.

Then, Eq. (3-6) becomes
w(t)=— jwo Y h(t—t)dt' . (3-8)
Changing variables —¢' = 7, and considering that dt' = —d7 , Eq. (3-8) becomes
w () = —ijo (t-7)h(r)dr . (3-9)
0

Next, let’s find the moments of w'(t), since they will be used for the reliability
computation.

The mean value of w'(t) is
E(w' (6))= —ij(wo (t-1)) h(r)dr. (3-10)
0
In practice, vibration in many cases is a stationary process. For example, when a
PCB is installed in a vehicle which drives on the road, the excitation can be
considered as a stationary process [56, 166 pp.]. Thus, we can assume that — w(¢) is
a stationary process. Therefore,
p+r)y=pult), K, @, +r,t, +r)=K,, (1,,t,),
where
4(*) = mean value function,

and

K . (#) = auto-covariance function of the stochastic process.



Using this relation in Eq. (3-10) yields

E(w" )=~ [EGi (¢ - 7)) i(z) dr,

0

— B, ) [(e) .

or

B )= - 2 ®)

p

From the stochastic derivative [55, p. 38], we know

E(w')= W) _ 0

dt

>

since — ¥(¢) is a stationary process.

The auto-correlation of w'(¢) is [55, p. 71]

o0

R, ()= E[w‘ (t+)w (t)] = 0]'

Similarly, the auto-correlation of W’ (¢) is

R, ()= E[W (¢ +0)w ()]= TjR%

J&,,
0

i (T + 1 —n) h(r) h(r,) dr, dr, ,

o (T +1, =1 h(r) h(r,) dr, dr, ,

and the cross-correlation of w'(¢) and w'(¢) is

R, .()=Ew @+)w ()= Tijw (r+7, — 1) h(r) h(r,) dr, dr, ,

and
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(3-11)

(3-12)

(3-13)

(3-14)
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R..(2)=E[w @+0)w (1)]= mjij (z+7, —r)h(r) h(ry) dr, dr, . (3-15)

It can be proved thatR . .(7) =-R . .(7).
Next let us find the moment of w,(¢).
We know that
W () =W @)+ W, () =-CnWw +p’w).
Then,
EGi (1)) = =27 E(W' )= p2E(w") = E(iiy (£)) . (3-16)
Therefore, we see that #, (¢) is also a stationary process. The auto-covariance of

w, (1) 1s

Gy () = El[i (1 4+ 7) = gy (¢ 4 2)) 0, (1) = g2, )]

= E[(, (t + ) %, ()] - [EGi)T

=E@* W +n)w (O +2n p*(W t+0) W @)+ Wt +7) W (1))
+p*w t+ )W (@) -[EG)T,

= 4 B[ (t +7)w O]+ 277 p2[Ew (¢ +0) W (O} + EP (¢ + 1) w' 0]
PEW 1+ w 0)-[EG)T.

or

G @ =47° R, (D) + p* R .. ()= [EGH,)]', (3-17)
where R . .(7) and R_...(7)are given by Egs. (3-12) and (3-13), respectively.
In Eq. (3-17), the auto-covariance gives the variance when 7 is zero. Then,

or =G, (0)=4n" R, (0)+p* R . .(0)-[EGi,)]. (3-18)
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In this dissertation, we consider the vibration is an ideal white noise excitation and a

stationary process. Then,
R, (@)=27S§, (), (3-19)
and
E(w,) =0. (3-20)
Substituting Eq. (3-19) into Egs. (3-12), (3-13), (3-14), and (3-15) yields

R, .(7)= :[:[R%% (t+r, —nr) h(r) h(r,) dr, dr,,

=2z, Q]'Q]‘é(r +r, —n) h(r,) h(r,) dr, dr,,
00

=278, :[h(r1 ) ﬁh(rz) 8r, —(r, —7)]dr, |dr,,

=2rS, °].h(rl) h(r, =) dr,,
0

or
R..(t)=27S, Q]h(r) h(r —1)dr, (3-21)
0

where h(r) is defined in Eq. (3-7).
To reach this result, we used the property of the delta function,

f(x,), a<x,<b

0, otherwise,

[ s(e—x,)= {

and change the dummy variable.

Similarly, we can get
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Ry (@) = [ [Ry, (x + 7y = 1) () B(ry) i, dry,
00

or
R..(0)=27S5, o]fz(r) h(r —17) dr, (3-22)
:
R,..(1)= ijij (t+ry, —1) h(r) h(r,) dr, dr,,
36
or
R, .(r)=278, o]h(r) h(r — 1) dr, (3-23)
5
and
R, .(1)= Tij (t+r, =) h(r) h(r,) dr, dr,,
00
or

R..(r)=27S, wjh(r) h(r —7) dr. (3-24)

The integrals involved in Eqgs. (3-21), (3-22), (3-23), and (3-24) can be found easily

[55, 509 pp.]. Then, Egs. (3-21) — (3-24) become

R..(1)= ﬂ—Soze_"'T| [cos(pdz')+ ;’Lsin(pd Ir

> 3-25
2 : )} (3-25)

R..(t)= %e‘nlrl t:cos(pdr)— g—sin(pd |T
d

)} (3-26)



So o
R..(0)= 27;—1708 M sin(p,7),
d

and

S
RVM@)=—RWM@)=—51JL

Pa

¢ sin(p, 7).

Substituting Egs. (3-20), (3-25) and (3-26) into Eq. (3-18) yields
Gw,wl (n)= Rwlv"v. (r)=4n* R.... () + p4 R . .(7),

or

4772+p2

G,, (®)=2nx8,e" [———2——cos(pdr)+ Lsin(pd‘r‘)}.
! 477 477

Then, the variance of W, (f) is obtained by letting T = 0, which gives

2 2
2 =wﬂs
(Rid1 277

0

Since 27 =</ and p*> =%/ | Eq. (3-30) becomes
m m

BEE
5 m m ¢ +km
c =

=—"—nS, S,

Wy

< cm
m

3.2 The Deflection and the Stress Determination of the PCB Subjected to

Vibration and Thermal Loads

3.2.1 Deflection Determination

For a thin laminate composite board, shown in Fig. 3.2, the equation of motion

governing deflection of an orthotropic laminate is given by
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(3-27)

(3-28)

(3-29)

(3-30)

(3-31)
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o'w d'w o'w . y y
Dll g+2(Dl2 +2D22)W+ D66 ay—4+(,'1W+IOW= —IOW1 s (3-32)

where
) ) 1 3 3
Dj;; = bending stiffness, D, = EZQ” (Zk+l —Z )’
k=1

Qjj = lamina stiffness, they are given by

E E
—VI‘Z—2, On =2 and Qg =Gy, ,

1=v, vy

0 =——
n= )
1=v, vy

O, =

C1- Vi V)
L
Ip = mass moments of inertia, I, = > p*(z,,, —z,), p* is mass density of
k=1
the k" layer, L is the total number of layers,
¢; = damping coefficient of the PCB,
w = deflection of the midplane of the board,
and
Wi — absolute displacement of the board support due to vibration as
investigated in Section 3.2.1.
Eq. (3-32) is a forced composite laminate vibration equation. A similar equation has
been widely used in describing the motion of a plate under free and forced vibration
or static bending. Many methods have been developed to solve this kind of equation.
The most commonly used methods of solving Eq. (3-32) type of an equation are the
Navier method, the Levy method and the Rayleigh-Rize method based on the
boundary condition of the board. The Navier method is used when all edges of the

board are simply supported. The Levy method is used when two opposite edges are
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<_
N
N

Fig. 3.2 - Coordinate system and layer numbering for
laminate composite board.

simply supported, while the remaining two edges are not. The Rayleigh-Ritz method
can be used to determine the approximate solution for more general boundary
conditions. These three methods are widely used in plate, shell, and laminated plate
applications, such as [57, 560 pp.], [58, 492 pp.]1, [59, 782 pp], [60, 153 pp.], and [61,
210 pp.]. In this dissertation, we are assuming that the four edges of the PCB are
simply supported. Therefore, the Navier method will be used to solve Eq. (3-32).

For a simply supported laminated plate, the boundary conditions are given by

2 2
x=0,and x=a, w=0and M =-D ¥ _p W _y (3-33a)
x 1 2 12 A 2
Ox oy
o*w o*w
y=0, and y=b,W=O and Myz—DIZECT_Dﬂy:O' (3-33b)

Using the Navier method and assuming the solution of Eq. (3-32) is
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w(x,y,t) = iisin(a’ x)sin(ﬁ y) o(1), (3-34)
m=1 n=1
where
mn
a=—-,
a
and
nw
p="r.

Substituting Eq. (3-34) into Eq. (3-32) yields

ii {D,a* +2(Dy, +2Dy)a’ B + Dy B* |9(0) + ¢, (1) + 1§ (1) fsin(ox)sin(By) = 1,

m=1 n=l|

Denote
S = Dna4 +2(Dy, +2D66)a2ﬂ2 + D22ﬂ4-

Using orthogonal relations yield

I, () +c, ¢5(t)+§¢(t)=—iba” W, sin(er x)sin(8 y)dx dy.
a 00

a

f b
Since Jsm(a x —[1 " ], and [sin(B y)dy = — [1 —(-1) ], then
0

0
w m Hn
60+ 60+ £ 60 == L= 1y Ji- iy ]
Dividing this equation by Iy on both sides yields

[1 ) -l (3-35)

¢(t)+ ¢(f)+ ¢(f)—
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This is the standard forced vibration equation. Comparing it with Eq. (3-3) yields the

frequency of vibration, or

é: Dna +2(Dl2+2D66)a ﬂ +D22,B
I, I,

p mn

or

4

4 2
Pl = I”b4 [DH m (Z] +2(Dy, +2D,,) m’ nz(%j +D,, n4:|. (3-36)

This equation is the same as the derivation given in [59, p. 315]. In a PCB design,
the designers should avoid the forced vibration frequency close to these frequencies,
or resonance will occur, which in turn will cause serious reliability problems. In this
dissertation, we are assuming that no resonance will occur.

Equation (3-35) can be solved the same way as Eq. (3-3) but with

p2 =p3m’ 277:;—1,andw0= 4W1 [1_ m][l ]
Then, the solution of Eq. (3-35) is obtained using the Duhamel integral
() == [h,, @4, -] dr, (3-37)
0

where

=T

€ .
hmn (T) - Sln(pdhnmr) ’

p dbmn

2 .2 2
pdbmn - pmn - 77[; s

_G
Ny = 21,°
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and

Ay =—— -1y [h- ]

mnﬂ

Considering that 4,,, =0 for m or n is even, then

16
A4, =i for mand n odd, (3-38)
0 for mor n even.

Substituting Eqgs. (3-37) and (3-38) into Eq. (3-34) yields

wryh=-—n 3 Y sin(a x)sin(f y) jh,,,,,(r) Wh(t—7)dr. (3-39)

m=1,3,5,...n=1,3,5,... mn
We know that the maximum deflection occurs at the center of the PCB, then
Wowe (5 150) = w(a/2,b/2,¢),

or

min-2
W )= 3 S ) [h @) 0= 7) d. (3-40)
T 3s. mno
Next, let’s find the mean and the variance of w. From the previous equation, we see
that the deflection of the PCB is a random process not a deterministic one. We need
to use the same method when we try to find the mean and variance of w, .

As previously, we also assume that the response of the PCB is a stationary process

based on the reason discussed previously. Then,

E[W(x, yit)] - E[wl i i sin a - S:ln ﬁ y .[hmn (T) dr ’ (3'41)

m=135..n=1,35,
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Elw,, (x,y.0)] = —;—fE[w, B i(in):;— Oj h,, (7) dr. (3-42)

From Eqgs.(3-16) and (3-20), we know

E(w (£)) = E(W, (1)) = 0.
Then,

E[w(x, ,)] =0,
and

E[Wyey (. 3,1)] = 0.
Therefore, the variance of w(x,y,t) can be found through the auto-correlation relation,

G,.(7) = R, () = E[w(x, y,t + ©)w(x, y,1)],

. (mrx). (nmy
6 = . sm( . jsm( b )
= 2 2

[P (r) Vi ¢+ 7 = 1) dr
0

T m=1,3,5,...n=1,35,... mn
(inx). (Jn«&
. ( ](%j
a .
- 2 2 — LA EAGEST AN
T is135,.. j=13,5,.. ) 0

or

.(mrx). (nxy\. (izx). (j7my
256 = . . . sm( ., )sm( P )sm( ; jsm( P j
Gn@="5 3 2, 2 X

m=1,3,5,...n=1,3,5,...i=1,3,5,... j=1.3,5,.. mnij

. E|:T]h,,m ) w@E+7-n) hi/’ (r,) W, (t —r,) dr, dr, }
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Note that

E[in (t +7 =)Wt —r)]= Ry (t 47, —17).

Then,
256 . . . sin(mzx]sin(n:yjsin(izxjsin(jzy]
(D)= —4m=§5,...n=§5,...i=1,§;....j=;,5,... mnij
T]h'"" (n) by, (ry) Ry (t+r, —r)dr dr,,
00
o, =G,,(0),
or

256 = w . . sin(m”x)sin(nzy)sin(iﬂxjsin(jzy)
2 a a
: DIEDINDINDY

m=13.5,..n=13.5,.i=1,3,5,.. j=1,3,5,.. mnij (3-43)

and
2
(o2 = wa( ) s
m x=al2,y=b/2
or
6 ( m+n+i+ j—4
25 © ) ) ) _ 2
2
O-wm.'l = 4 z z ) Z ) z mnlj
m=1,3,5,..n=1,3,5,...i=1,3,5,... j=1,3,5,... (3_44)

| [P (1) 1y (1) Ry, (ry =7, b diry.
00

For an ideal white noise process, we have found R ; (r, —r;) and is given in
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Eq. (3-29). Then, the variance given in Eqgs. (3-43) and (3-44) can be computed.
Appendix E gives the closed form of the double integral involved in Egs. (3-43) and
(3-44). We will not give the equation here since it is too complex, readers, who are
interested in it, can read Appendix E for the detailed derivation.
3.2.2 Stress Determination
The classical laminated plate theory (CLPT) and Suhir’s type method (see Appendix
G) will be used in this dissertation to determine the stress in the PCB subjected to
vibration and thermal loads. The classical laminated plate theory is an extension of
the classical plate theory, which is most useful when the ratio of the plate dimension
to the thickness of the plate is greater than 20. That is the case for PCBs. For other
cases, a higher order laminated plate theory should be used, such as the First-Order
Shear Deformation Laminated Plate Theory (FSDT). The basic assumptions in the
classical laminated plate theory are:

1. Straight lines perpendicular to the midplane before deformation remain

straight after deformation.
2. The transverse normals do not experience elongation (i.e., inextensible).
3. The transverse normals rotate such that they remain perpendicular to the
mid-surface after deformation.

Reddy [59, 782 pp.] determined the stress of an orthotropic composite plate utilizing

this theory. For the k™ layer, the in-plane stresses are given by
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62
(k) w| = - a, AT
S xx Oy O, O 62
S, =0, O, 0 -z e -a AT
Sy 0 0 Ok 2w
229 _on AT
Ox0y T
o ( Og? + 0P B* )sm(a x) sin(f y)
=2). > W,,{ (090’ + 0% B )sin(a x)sin(B y) - (3-45)
met et -20% & Bcos(a x)cos(B y)
(k) a, _I_Qk’)
- Q(k) a, + 05 a, ¢ AT,
20

and the interlaminar stresses due to vibration are given by

k |z 7?2
«(\ff)\lb (x Vs Zk+]) = ZZ(Z ( k+‘2 )Cl(rf:’))x jVan COS(a’ )C) Sin(ﬂ y), (3-46)
m=1 n=1\ p=I1
G0 . (Zk+1 ) (p)
yz vib (x s Zk+l) - Z Z z 2 C2mn I/an Sln(a x) COS(ﬂ y)’ (3'47)
m=1 n=1\ p=l

) 2

8 1 Zkn " Z ( *) *) ) k .

zz vib (Zk+1) Z Z[[ = +2 J @ Clmn ﬂ C2mn + C_"fm)n Wmn Sln(a x) Sln(IB y) ’
m=1 n=]

(3-48)

where
k k k k
](ml)l « Q( ) +ta ﬁ (2 Q( ) +Q](2))’

Cék) ﬂ Q(k)-i-a’ ,B(zQ(k) Q(k)),
and

(k)

mn *

C® are the coefficients of Wy, in the term of ¢

3mn
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£® can be found as follows:

mn

3
g,EB = h ( Cl(lln)n - ﬂ Céln)m) mn s (3-49)
24
and
zi oz,
o= ot va oot gt
(3-50)
3
3 ( C](nkIZI +IB Cg;)n) mn’
mrz
oa=—),
a
nrx
=5
a, b =length and width of the board, respectively,
Qjj = as defined previously,
and
WIII" == 16 J‘h”"l (T) w] (t - T) dT
mnn*

Since the interfacial failure is the major failure mode of the PCB, only the interfacial
stresses will be considered in this dissertation. The maximum interfacial stresses due

to vibration are then obtained as

e & (e -2 =
)(tlz‘)mawa(x y>zk+l)—_z Z Z+—2_—C](rf;))1\] mn(_l) 2 > (3_51)

m-1 1

§) o af &l -2) v R
yzmawa(x y?Zk+1)__ z z z——— 2mn mn( 1) (3_52)
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and

m=1 n=l 2

o © 3 2 m+n~2
z z +Z
(k) _ k+1 k+1 k (k) (k) (k) VI} 2
Szz,max,vih (xa YsZin ) - Z ; z :{( 6 - )(_ 22 C'lmn - ﬂ C2mn )+ C3mn mn (_1) .

(3-53)
The interfacial stresses induced by temperature change can be obtained as follows:

The maximum shear stress in the interface between the k™ and the (k+1)™ layer is given

by

7, =—k'T, tanh(k' D), (3-54)
and the maximum peeling stress between the k™ and the (k+1)™ layer is given by
Py =-1k'2Tk > h, (3-55)
2 J=k+1
where
7; = maximum shear stress in the interface between the k™ and the (k+1)®
layer, it gives the shear stress in the x or y direction, depending on what
value of / is used,
3 Zg i
kr2 — ==l

4&#&
i=t

m = total number of layers,

m

T, =) F,
J=k
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b, =a; AT, —a, AT\,

1—v.
i E-,h»,V’- = Ia
g:(E h.v) Eh
and
E K
F(Eyhv)=—2
12(1-v,)

Appendix F gives the derivation of these equations.
Combining the vibration stress and the thermal stress yields the interfacial stresses

between layers, or

o 0 k Z2 _ ZZ !i
SO Yz ) == (Z(k”T”)CI‘,;’,{]W,,,,,(—l) 2 _k'T, tanh(k' ), (3-56)
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\ ® © i (Zlfq.} ) m-1
S V) == DY) TC;,':,L W, (-1) 2 —k'T, tanh(k' ),
14

(3-57)

and

m+n-2
§® Zpa Zra1 g ) () (k)
zz max (x y’ Zk+l) z Zli( - +2 J( 104 Clmn - ﬂ C2mn )+ C3mn I/an ( 1) 2

m=1 n=1

n

——k'2 T, Dk,

J=k+1
(3-58)
Since for a > b, the shear stress in the y direction is more sever, without losing
generality, we can use this stress with the normal stress in the z direction to quantify
the reliability of a PCB.

Then, the means of each interfacial stress are given by

E(s\5) ) = =K' T, tanh(k']), (3-59)
and
E(s¥)= Lpn T, > h,, (3-60)
2 J=k+l
due to

B} =-— " j o (1) EG (1~ )} dr

(3-61)
16

= E{wl (t)} ) |: Ihmn (T) dT:| =

since W, is a stationary process.
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The variance of each stress is given by

R S R Y o VI B ks
AL 3D s [z[ ]J

T m= n=1i= = -
1,3,5,... n=1 i=1,3,5,... j=I p= e
k 22+ 22 o
[Z( k 12 P Cérll))}] jhmn(rl) h,/ (rz) wa ( 2 —r]) dr] drz,
p=l 0
and
mn+i+ j—4
L2566 & B & & (<)
(k)
O-zz max e
4 m=§5 n=l,§,5,,,,,=1,32,5,_“_1=;5 mni ]
. i_z_zi _Mc(k) C(k) j C(k) )
L 6 2 a 1mn b 2mn I
(3-63)

(2} 2.2 .
: [?__2L -= Cl(:) . ng) Wil

I P () 1 (1) Ry (7 =1, dlr, .



89
CHAPTER 4
DETERMINATION OF THE TEMPERATURE
DISTRIBUTION OF THE PCB
To evaluate the reliability of a PCB, we first need to find out the temperature
distribution on the board, because all the stress calculations of the package are related to
it. Figure 4.1 depicts a laminated PCB with the heat sources located on the top of the

board.

Active parts

0 zg X
| 4 v N
! L / ”
; / 23
: , , Zi
y i T /
% [l ] / Zd+l:h
! * d is number of layers.
vZ

Fig. 4.1 — Laminated PCB with heat source on the top.

The temperature distribution of the laminated PCB can be found by solving a Partial
Differential Equations (PDE) for each heat source, and then use the superposition theory

to obtain the temperature distribution of the board due to all of the heat sources.
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For any heat source (active part) “j” on the PCB, (j =1, ..., N), where N is the total
number of active parts on the PCB, the following systems of PDEs need to be solved to

find the temperature distribution in the board.

29W) 82eW 2900 P
K,[a 6 (x3.2.) | 0’6 (x.3.2.0)  0*6" (x..2, )j

' o’ oy’ oz’ (4-1a)
-la
x, O 00 (x,y,2,1)
+ ’k’ =— 61‘ , z;<z<z,,i=123,..,d,
with boundary conditions (BC):
)
x=0.a, 00,7 (x,y,z,1) —0,
ox
@)
~0.b, 007 (x,y,z,t) _0,
(Q)y (4-1b)
Z:O’ kl-aelj (x,y,Z,f):h] 0}(./‘)’
oz
o6V L V,2,t 4
z=2z,, kd.___i__()aczy—z)z_hd gc(hl)’
and initial condition
gi(j)(xay) Z,O):O, (4'10)

where
ki = isotropic thermal conductivity for layer i,

«; = thermal diffusivity for the i layer,

09 (x,y,z) = temperature change in the i layer due to heat source “j”. We
will use 8 instead of 8 (x, y,z) hereafter.

Q" = heat energy per unit volume generated per unit time by heat source j.

For the electronic parts on the PCB, since it works all the time after it
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is turned on and its position does not change with time, it can be

expressed by

00 - {fo) 5(x~x,)-8(y-y,) 8(z~0) for z =1,
0 fori=2..d,
0 is Dirac delta function,
and
hi, hg = convection coefficient of the top surface of the 1% layer and bottom
surface of the d™ layer.

In addition to the above boundary conditions and initial condition, between

two layers, the following conditions should be satisfied:

Hi(j) (Zi) =64 (Zi)5

i+1

and

)
— aefﬂ

i+1
z, T 0Oz

()]
, 90!

i=2,...,d-1. 4-2
T (4-2)

.
By solving Egs. (4-1), and (4-2), we can obtain the temperature distribution
of the board due to the j™ active parts. The temperature distribution of the whole
board can be found through superposition. It should be noted that there are two
assumptions made to reach the above equations: 1. Each layer is isotropic. 2.
Considering the thickness of each layer is too thin relative to the width and length of

the board, the insulated condition is assumed at x and y direction as shown in Fig.

4.1.
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Solving the above system of PDEs is achievable but very complicated and
time-consuming. Therefore, in this dissertation, a simplified method will be
employed to obtain the temperature distribution of the board. However, to be
complete, Appendix G gives the solution of the system of PDEs given in Egs. (4-1)
and (4-2).
In this simplified method, instead of solving a system of PDEs, only one

PDE needs to be solved. It is given by

oot a2t o) . o6
k, ot k, " +k, PR oY =cp P (4-3a)
Boundary conditions:
0
x=0,a, 00 =0,
ox
)
y=0b, 2o
» . (4-3b)
06Y )
z=0, k,- =hoY,
0z
)
z=h, kz-ae = ~h,0"
oz
Initial condition:
0v =0, (4-3c)

where
00 = temperature change of the board due to heat source “j”,
k; = thermal conductivity in the i direction, i =X, y, z,
QY = as defined above for 1* layer,

c = specific heat (the heat energy that must be supplied to a unit mass of a



substance to raise its temperature one unit),

and

p = mass density (mass per unit volume).

This PDE can be solved using eigenfunction expansion method. Then, the

resulting temperature due to source ‘j° at any point of the board is given by

) — SARAY mnl _
0 —;;;&pw“ﬁn 5 4@ 2,0y (@)

~

~ag+ B+

S~ -b
3y 3L m_ g (x) g, (9) ¥, (2),

m=0n=0 i=0 C p (am + ﬂn + l )

~

where

o T m ﬂﬂ/a)
@, (x) = cos| —= xJ = cos(— xj, a, =————

¢n(y):COS ‘\/ﬂa)LyJ:COS(‘b—y), ﬂ" = b > ,I’Z=1,...,00,
y

k. v Vi e
w,(z)=—£ cos z |+sin| ——=z |, [=1,.. 0,
I lo_ h, {110)2 Jo.
i = eigenvalues for the z variable, is computed using the following equation:

tan[ Vi h]= kz2712_h1hzwz

Jo, ) k oy o, h+h)

()
b, )= Q" cos (m z j cos (n 7 j L/
Nmnl a \/7}1

and
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N @[kf yi h+k.ho, +hhl o, +[k22 yi~h a’z]_

mnl — 4 9 h]2 0)2 4 hlz \/w—z }/1

sin 27,0\ k. cos 27 h i
o)

As we discussed in the temperature profile, we are more concerned about

temperature at steady state. Then, Eq. (4-4) becomes

D ood M7 nzx \_ k.
o cos( . xjjcos( b y_,j[ \/a)—zhl]

2 2 2
m=1 n=1 [=1 c p (am + ﬂn + 7/ ) Nmnl

: ¢m (x) ' ¢n (y) ' l/jl (Z) (4_5)
Then, at any location, the temperature change will be
N .
0(x,y,2) =09,
J=
or

kz}/l

N o o o [\/(l)—h J¢m(x)¢n(y)l//1(2)
O(x,y,z)= ZZ ZZ =1 oV cos(ﬂ X, JCOS(E; ¥y, j (4-6)

2 2 2
J=1 m=1 n=1 I=1 cp (am + ﬂn + Vi )Nmnl a

Appendix G details the process of solving this PDE.
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CHAPTER 5
RELIABILITY QUANTIFICATION METHODOLOGY

5.1 Introduction

To evaluate a PCB’s reliability, finding out each section’s failure modes and
reliability is a must. In this dissertation, two failure modes of the board, five failure
modes of interconnects, and one failure mode (popcorn) of the module plus the failures of
the parts will be considered to quantify the PCB’s reliability. For the summary and the
categories of all the possible failure modes and failure mechanisms of electronic
packaging, see Turﬁmala [62, ;63, 967 pp.], Lau [64, 409 pp.], and Dasgupta [65, pp.
531-536; 66, pp. 149-154; 67, pp. 168-174; 68, pp. 328-335; 69, pp. 489-495; 70, pp. 9-
16; and 71, pp. 548-555].
5.2 Failure modes of the Board

Theoretically, a laminated board can fail in many ways, such as delamination,
bending, buckling, and others. However, only delamination and excessive deflection
failure modes will be covered in this dissertation since other failure modes have not been
encountered in normal PCB use conditions to my knowledge.

Delamination failure occurs when inter-layer stress caused by thermal load and
vibration exceeds its strength. Therefore the performance function is given by

Z, =8@)-s, (5-1)
where

7, = performance function of the delamination failure mode,

S(t) = time dependent strength,
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and

s = stress caused by temperature variation and vibration.

As we already know a PCB is a multilayered composite body. Therefore, it
experiences not only normal stresses but also interfacial shearing and peeling (transverse
normal) stresses. While normal stresses in each layer are responsible for the ultimate and
fatigue strength of each layer, it is the shearing and peeling stresses which are mostly
responsible for the failure of the board.

The strength is assumed to follow a normal distribution with a constant standard
deviation and time dependent mean. The stresses, as stated above, are the shear and
peeling stresses. In this case, we will use the maximum one to compute the reliability of
the board.

The mean of the performance function is

Z, =S@t)-5, (5-2)
and the variance of the performance function is
0'2 = aé(,) + o"f. (5-3)
Then, the reliability of this failure mode is computed using Egs. (2-6) and (2-7), or
R, =®(m) = @Li} (5-4)
o,

An excessive deflection failure mode occurs when the board’s deflection at any
point plus the height of the part, plus the height of lead or solder joint exceed a specified
value. This value normally is the clearance between the top/bottom board and the

top/bottom surface of the electronic box. Figure 5.1 illustrates one of these situations. To
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simplify the problem, we assume that all parts are located only on the top side of the
board and that lead height or solder joint height does not change during board deflection.
In reality, there are some boards with parts mounted on both sides, and a little change of

lead or solder joint height may occur.

v

| p—

€0) "\:"ﬁ:::::-‘"—‘-"i" fn | 42

i Fmm e 3B
N 1 -

Fig. 5.1 — llustration of a PCB in the electronic box.

€699
l

If we denote the coordinates of part “i”” on the board as (x; y; z;) and its height as
h; as shown in Fig. 1.2, the thickness of the board as 4, and the clearance between the
board and the top side of the box (without loss of generality, we only consider the top

side of the box, the bottom side can be treated in the same way) as H as shown in Fig. 5.1,
the relative movement between the board and the box as w’, and the deflection of the

board at point (x; y; z;) as {(i), then the performance function for the deflection failure

mode is given by
Z, = H—%h—max(g(i)m,.)-w‘. (5-5)

If Z, <0, then failure will occur. On the other hand, if Z, > 0, the board will

not fail. In the design of the electronic box, we can use max ({(i)) + max(h;) instead
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of max({(i)+h;) in Eq. (5-5) because this is more conservative. Then, Eq. (5-5)

becomes

*

_— (5-6)

ZZ = H - %h - wmax + himax
where

Wmax = maximum deflection of the board,
and

himax = maximum height of the parts on the board.

The mean of Z; is given by
Z,=H-—h-w_, +h,_ —W (5-7)

or

= 1 . x . .
Z,=H- Eh + A since Wmax and w are both stationary Gaussian

1 max

processes with a mean of zero as discussed before.

The variance of Z; can be found using its definition, or

ol = E[(Z2 -Z,) ]= E[(wmax +w' ¥ ] (5-8)
= E(w2, )+ E(w )+ 2 E(w ),

max max

Since the mean of w,,,, and w" are both zero, then from Eq. (3-44),

E(w2,.)=02 =G,, (0)|x

max

=al2,y=b/2"

or
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m+n+i+j—4

m=1,3,5,...n=1,3,5,..i=1,3,5.. j=1,3,5,.. mni ] (5_9)

| [ ) By () Ry, (ry =11y diry,
00

and from Eq. (3-21)

EW") =R, .(0)= [[Ryy (r, =n) h(r) h(r,) dr, db,. (5-10)
00
N1 & & () ) *
E(wmaxw )=——2 Z z —Ih”m(r) E[w,(t—r)w (t)]dr,
" 135,135, MR g
or
* 16 2 2 (_ 1)%‘” 2
Epw )=—2 Y Y T2 [n, 27 Ry )+ p* R, ()]dr, (5-11)
m=1,3,5...n=1,3,5,... mn 0

where ¥, (£) = W' (£) +,(t) =—(2n W' + p* w") has been used in reaching the above

equation.

It can be shown that

1
(7711 +77)2 +(pdhmn _pd)2

2 n jhmn (r) Rw‘w. (I") dr = 7 SO (77[, + 77) |:
0

2Dt P
dh d (5-12)

1
(77[7 +77)2 +(pdbmn +pd)2jl

and
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(7, +1)
pdbmn —pd + ?7 ﬂb
7S, DPa

4pdbmn ' pd (nb + 77)2 + (pdlmm - pd)2

P’ (A (IR, () dr =
0

(5-13)
(g, +1)

Dy

+ 3 7 I
1y +1)° +(Papym + Pa)

p dbmn + p d

Substituting Eqs.(5-9), (5-10) and (5-11) into Eq. (5.8) yields the variance of the
performance function Z,.

Then, the reliability of the board related to deflection failure mode can be
computed using Egs. (2-6) and (2-7).

It can be seen, from the two performance functions, that these two failure
modes are not independent since they both involve the same distributed variable,
namely, the deflection of the board. Therefore, we need to compute their coefficient
of correlation before we can calculate the reliability of the whole board. The
coefficient of correlation can be found as follows. From the definition of the

coefficient of correlation, we have

Py = E[(Zl _O-ZZI )0222 _ZZ)] ) (5-14)

Regardless of whether the shear stress or the peeling stress is used for the delamination
failure mode, we can generally denote its performance function as

Z,=S-5s=S-(s,, +5,) (5-15)
where

Syir = stress caused by vibration,



and

S = stress caused by thermal load.

From previous work, we knows,, =0, then

Z _Z =S—(s +slh)—(§'—srh)=(S—§)—Svir'

vir

Similarly,

*

Zy=Z,==w_, —W.

Substituting Eqs. (5-16) and (5-17) into Eq. (5-14) yields

E[(Zl _ ZI)(ZZ _ Zz )]’

E{(5=5)-5,, - ¥ = ']}

b
070,

1

or

]+ E[s‘,,,w*]

E
p= I

vir wmax

020,

If syi; is the shear stress given by Eq. (3-57), then

m+i+ j—1

256 & & & & (D) ?
E[svir Wmax]=—r Z Z Z Z L

3.5,..i=1,3,5,... j=1,3,5.. MAL]

p=1 0

In deriving this relation, we used E(Wp,)=0.

Similarly,

3
k Z2 _22 ©
: (Z[—zﬁcéfzy} ' jhmn (rl) h[/ (rZ) RW,WI (r2
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(5-16)

(5-17)

(5-18)

(5-19)

—r) dr, dr,.
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0
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(5-20)

Similarly, if the peeling stress is the dominant stress, then

m+n+i+ j—4

3
3 2
(3-8 frac-percn] 21

and

) © 3 L2
ol 5 5 (228 eacn-pet)ec |

(5-22)

‘___o]'h 2R, +p> R, |dn.
0

Then, using Eq. (5-18) yields the correlation coefficient.

The reliability of the board is obtained using Eq. (2-29), or

R= l]-w(-m] ,-my,r)dr +®(m,) D(m,). (5-23)
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5.3 Failure Modes of Interconnects
5.3.1 Introduction

There are mainly two kinds of interconnection techniques between the parts and
the board, namely the insertion-mount and the surface-mount technology (SMT). Within
the insertion-mount, the plate/pin through hole and the pin grid array interconnects are
included. Within the surface mount technology, leaded or leadless technologies are used.
Most of the leaded interconnects have the forms “J” bend or gull-wing, and are
commonly used in Small Outline Transistors (SOT), Small Outline Integrated Circuits
(SOIC), and Plastic Leaded Chip Carriers (PLCC); the leadless interconnect is typically
used on the PCB with a stand-off and attached to the board by a solder fillet [72, pp.147-
153]. Recently, the trends of employing interconnect techniques have changed from
through hole to leaded surface mount and on to the leadless solder ball arrays [73, pp.
231-244] due to economic factors, which require denser packages with a larger number of
connections. In this dissertation, all three kinds of the interconnect technologies will be
discussed.

Solder joint, as the major part of all three interconnect technologies, serves two
important purposes in the surface mount interconnect technologys; i.e., electrical
connections and mechanical supports. In the plate-through-hole technology, the pins
serve as the mechanical support and the solder joints serve as the electronic connection.
Therefore, solder joint reliability is very important to the reliable performance ofia PCB.
In the past years, extensive research has been conducted to study the solder joint

reliability issues, and among them, a large portion of the studies are focused on the solder
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joint’s fatigue life prediction, from which many empirical models are proposed |3, pp.
347-353; 74, pp.317-322; 75, pp. 423-432; 76, 123-128; 77, pp. 51-54; 78, pp. 279-285;
79, pp. 48-54; 80, pp. 1-10; 81, pp. 18-23; 82, pp. 398-405; 83, pp. 85-90; 84, pp. 212-
220; 85, pp. 103-112; 86, pp. 559-570, 87, pp. 553-558; 88, pp. 179-182; 89, pp. 200-206;
90, pp. 120-125; 91, pp. 351-355]. Some of these models are fatigue-based models,
which are based on the Coffin-Mason equation with some modifications; some of them
are energy-based models, while others are damage-based models. Clattebraugh and
Charles [92, 39 pp.], Yeo, Lee, and Pang [93, pp. 107-114], Desai and Whitenack [94, pp.
19-33], and Lee, et al [73, pp. 231-244] reviewed and compared these models. Lee, et al
[73, pp. 231-244] even discussed two application scenarios of these models and gave a
general procedure for choosing appropriate models. Some of these models have been
applied in some products and achieved encouraging results [95, 28 pp.;96, pp. 499-506;
97, pp. 847-855; 98, pp. 257-266; 99, pp. 104-109; 100, pp. 903-908; 101, pp. 6-12; 102,
pp- 438-443; 103, pp. 3-14; 104, pp. 961-971; 105, pp. 147-154; 106, pp. 184-189, etc.].
Other solder joint related research include studies on creep deformation, creep-fatigue
damage/interaction of solder joints [107, pp. 727-735; 108, pp. 229-234; 109, pp. 794-
798, etc.], solder joint mechanical properties [110, pp. 64-67; 111, pp. 129-134, etc.], the
effect of the solder joints’ shape, size, and geometry on the solder joint’s reliability [112,
pp. S19-2-1-S19-2-8; 113, pp. 57-62, etc.]. Liu, C. {114, pp. 44-50], and Borgesen, P., et
al, [115, pp. 272-283] discussed the solder joints’ shape design. Stoyanov, S. et al [116,
pp. 178-186] discussed the solder joints’ reliability optimization based on underfill

materials (E and CTE) and the joint’s geometry parameters.
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With the pressure of “green” products and approaching the effective date of banning
the lead-containing products, including solder joints, lead-free solder joint research has
become a new, hot topic in electronic industries. So far, the effect of using lead-free
solder joints on solder joint reliability is unclear. Syed, A. [117, pp. 143-147] and Lee, S.
R. and Lui, B. H. W. [118, pp. 82-89] reported that reliability is improved using lead-free
solder joint, while Schubert, A. et al, [119, pp. 90-96] found that the degree ofithe
improvement is package-related. For a more compliant package board, such as PBGA,
the reliability might be improved, but for package types with high CTE mismatch with
the board, such as LCCC assembled on FR-4, the reliability might be decreased. One
thing we are sure of now is that there are many challenges ahead, such as the tin whisker
problem, new infrastructure to be built, higher solder joint reflow temperature effect, etc.
Solberg [120, pp. 10-14] studied different alloy compositions of lead-free solder joints,
their melting temperature and the resulting effects. Xiao, L., et al [121, pp. 145-151]
researched on the characterization of mechanical properties of lead-free solders and
found that lead-free solder joints have better tensile strength in general. Mutoh Y. et al
[122, pp. 37-45] studied the fatigue crack growth behavior of lead-bearing and lead-free
solders and found that the lead-free solder joints have a better fatigue crack growth
resistance than lead-bearing solder joints. In terms of predicting fatigue life, there are no
signs indicating that the past methods are not acceptable. Lau, J., et al [123, pp. S42-2-1-
S42-2-13; 124, pp. 403-410], and Lau, J. H. and Lee. S. R. [125, pp. 55-63] studied a
lead-free solder joint, 95.5 Sn-3.9 Ag-0.6 Cu using the old methods, and obtained sound

results.
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The primary disadvantage for using empirical models to quantify fatigue life of
solder joints is that it requires strain, or energy release rate data from the testing or Finite
Element Methods. This is sometimes difficult to obtain, especially in the early design
stages. Another disadvantage of using the above models is that different models are likely
to give different answers, and thus it is hard for the designers to determine which model
to choose. Third disadvantages of using the above model is that only one solder joint
fatigue life can be obtained, the whole board interconnect fatigue life, especially the
reliability, and the failure rate, cannot be found. For these three reasons, in this
dissertation, the MSSI method will be used to quantify the three interconnects’ reliability.
5.3.2 Surface Mount Interconnect
5.3.2.1 Leadless Solder Joints
A leadless solder joint is the most commonly used interconnect method in the current
electronic industry. The common leadless surface mount packages include Leadless
Ceramic Chip Carriers (LCCC), Leadless Chip Capacitor (LCC), and Leadless Chip
Resistors (LCR). The two common forms of the joint are given in Fig. 5.2. Ball Grid

Array (BGA) packages belong to this type.

5 3 Solder ball
Crack starts

Leadless

Fig. 5.2 — Examples of leadless solder joints.
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The major failure mode of this type of interconnect is cracking due to thermal and
mechanical stresses caused by mismatched CTE between modules and the board during
thermal cycling and vibration. The crack pattern, path, and location depend on the fatigue
resistance of the solders, the strength of the interface, and the location of the stress
concentration, etc. Lau, J. H. and Pao, Y-H. [64] found that there are five potential
locations where cracks can start for this kind of an interconnect (see Fig. 5.2). Most of the
time, the crack starts from Location 3 (primary crack start location) and Location 1
(secondary crack start location) and moves through the solder [99, pp. 104-109]. For the
Ball Grid Array (BGA) interconnects, the crack initiates and grows in the solder ball near
the attached board/substrate. Also, cracks have been found starting from the outer edge
and growing towards the inside solder ball. Shear force appears to be the driven force for
leadless interconnect failures.

The shear stress experienced by the solder ball in this interconnect can be treated as
the shear stress generated in the interface of two layers since the solder ball is very stiff
[126, 291 pp.]. Using this idea, we can model this interconnect as a three layer sandwich.
The top layer is module, second layer is solder joint and the third layer is the board.
Enger [126] treats the component and board plus solder ball together as a bi-metal
thermostat, and obtains an equation for thermal load. For our three-layer model, the stress

generated in the solder ball is computed using Eq. (3-57):

0 @ m-1
;jorlr?:):)wb (x Ys ZZ) - Z z (22 Zl >C§1n)m mn( l) 2 k’ ) Tl tanh(k’ : l)’ (5_24)

m=1,3,5,... n=1

where
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1 1 1 1
CcO =00 +a?p2-00 +0P),

and

Wmn = _—6 Ihnm (T)wl (t T)dT
m-n-

It should be noted the stress computed using Eq. (5-24) is for the case when
the solder joint is a “solder layer”. Thus, for the solder joint without underfill, we
need to use a factor to adjust what we get from Eq. (5-24). This factor can be found
as follows:

45
C = -, 5-25
1 Ndf T ( )

where
N = total number of solder joints in the module,
Sm = area of the module,
and
ds = diameter of each solder joint (consider the solder joint is a cylinder).

Using this factor yields the stress experienced by solder joints as

m-1

S i (5 ,2,) ==Cy Y- Z( )C“)W (-1) 2 —C,k'T, tanh(k'l). (5-26)

2mn’" mn
m=1,3,5,... n=1

Since any solder joint failing will cause the interconnect to fail, the average stress

experienced by each solder joint needs to be determined, which is
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m-1
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s(one—joint) (x,y5zz) - — 4Sm Z ZMC(]) W ( 1)T

yz,max 2 42 2mn’" mn
N d 74 m=1,3,5,... n=1 2

(5-27)

- 2k’ T ,tanh(k'-1).
Nd’n

Since the maximum solder joint stress will occur on the corner solder joints of the

module, another adjustment factor should be also utilized, which is

C=+2 fora square module, for other shapers this is an approximation.

Then, the maximum stress in a solder joint is given by

m-1

e . @ (Z ) w
S D D I M
m=13

)5, n=
4\/—_SIII

N2d2

(5-28)

k'-T,tanh(k’ - 1).

The mean and the variance of this stress are

—(cormer- joint) 4'\/5 A

syz,max (x,y,Z2)=— 2 d2m k' Tt h(k 1), (5_29)

and

m+i-2

2 2\2 ® ® ® ®
o, =319 [-2)) >3y Sen cpth

4 ;4
Nd n 4 m=13,5,.. n=1 i=1,3,5,... j=1 mnij (5-30)

Then, the performance function for this failure mode is

Z =S (mer Joint) ) (5_3 1)

solder yz max

The reliability of the corner joint can be found using Egs. (2-6) and (2-7) as



110

Z.

corner __ 3
Rsolder =0 '

o,

The reliability of this interconnect is

_ (corner) N
Rleadless - (R ) s

solder
where N is the number of solder joints in the leadless package.
5.3.2.2 Leaded Solder Joints

The second surface mount interconnect is the leaded solder joint, which have been
used for over 35 years. There are two major shapes for leaded solder joints, namely J-lead
and the Gull Wing formation. The common packages using leaded solder joints include
Plastic Leaded Chip Carrier (PLCC), Small Outline J-leaded (SOJ) packages, Small
Outline Gull-Wing Packages (SOP), and Thin Small Outline Packages (TSOP). Figure
5.3 illustrates these two forms of solder joints. Figure 5.4 depicts two packages using J-

lead and Gull-Wing interconnections.

J-lead Gull-wing

Fig. 5.3 — illustration of leaded solder joint.
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J-lead package Gull-wing package

Fig. 5.4 — illustration of leaded package.

The failure mode for this type of interconnect is crack starting at the outside of the
solder joint and tending to separate it from the lead [126]. The crack for the Gull-Wing
leads, for example, normally starts from the heel where the lead bends to form the foot
(see Fig. 5.3). Unlike leadless interconnects, the failures are due to shear loading, for
leaded interconnects, the normal (peeling) forces appear to be the driving force for the
crack formation and growth.

As in the leadless case, the stress that the solder joint and the lead wire experience
also includes two parts, one is due to vibration, and the other is due to thermal load. But
unlike in the leadless case, we cannot assume that module, lead wire and the board are
treated as a three-layer structure since the lead wire is easier to bend. For this

interconnect, the stress generated due to vibration can be found by [127]

(vib) — Ew 5
kel TN L, L} NAE,’
1+
38,1, L

m m w

(5-32)

where

Ew = wire modulus of elasticity,
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Em = module modulus of elasticity,
Ly = length of the lead wire,
Lm = half length of the module,
I, = moment of inertia of the module,
N = total number of lead wires,
Ay, = area of lead wire,

and

6 & & ()T Cofs Sin(ﬂ%l)
- ) a
=== 2. 2 - :

m=13,5,..n=13,5,.. mn mn

(5-33)

' wfhm,, ()i, (t - 7)d.

Figure 5.5 illustrates the strain generated in the lead wire.
The peeling stress for each lead wire due to the thermal stress can be found by

treating the lead as a plane frame beam on an elastic foundation. It is given by [126, p.

206]

E, I sin(2 A L’
R w SN ﬂ)(6— w L

A4,L) 21,

) Au, (5-34)

where
Au=a, AT, a+a,,,, AT, b—oa, AT, (a+b+1cos f), this equation is a

little different with that given in [126],

Iw = moment of inertia of the lead wire,
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and

B = angle between the lead wire and the solder pad.

Figure 5.6 illustrates the schematic of this plane frame.

ZA JI/L—TL\‘\I\

ok

A
o

\ 4

Fig.5.5 - Strain generated in the lead wire when
the PCB is subjected to vibration.
Since the corner lead wire will experience the highest stress, the “a” value in the
expression of Au should be half of the diagonal length of the module. Combining Eqgs. (5-
32) and (5-34) and considering the maximum stress occurs when these two stresses in the

same direction, yield

by,
Siead = Siead T Siead > (5-35)
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Lead foot

'

Fig. 5.6 - Schematic of SMT lead force, and moment subjected to thermal stress.

Then, the mean of the stress is

E I sin(2 4,L
Bl ) == L(3 B - 21, )M
1, sin(2 2
=Ew wSIn(3 ﬂ)(6_Aw Lw )[am ATma_’_abeamA
4, L, 21,
—a, AT,(a+b+Icos f)]
EwIw AWLWZ
- 3(6— 27 )(am_ab)ATa'

AW LW

Tbeam b’
(5-36)

The last term is obtained by assuming § = 90 degrees, the temperature change for module

and board are the same, and b =0.

The variance of the stress is
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3E, I L
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ij ij
[ (R) By () Ry (ry = 11 diry.
0
Then, the performance function for this interconnect is
Z4 = Ssolder - sc—solder * (5'3 8)
Thus, the reliability for the corner lead can be computed using Egs. (2-6) and (2-7).
The interconnect reliability of the whole leaded module can be found as follows:
N
leder = (Rc—.volder) ° (5'39)
where
R, .. = reliability of corner lead in the leaded package,
and

N = number of leads in the leaded package.
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5.3.3 Insertion-Mount Interconnect

The common insertion-mount packages include the Dual In-line packages (DIP), the
Pin Grid Array packages (PGA), Plate Through Hole (PTH) packages, Can packages, and
the axial discrete capacitors and resistors. This type of interconnect is used less and less
recently due to the high density package requirement, but since via is still one of the most
important interconnect methods for the transmission line on different layers, study of this
interconnect reliability is still needed. Figure 5.7 illustrates a plate/pin through hole and a

pin grid array interconnects.

Pin
standoff, 1

Card Y
thickness, h ]

Plate/pin through hole Pin grid array

Fig. 5.7 — illustration of plate/pin-through hole and pin grid array.
5.3.3.1 Plate/Pin Through Hole Interconnect

The failure modes for the plate/pin through hole are mainly cracks in the solder joints,
and cracking of the copper plating or barrel. [128, pp.506-511] [129, pp. 865-872], and
[130, pp.30-37] discuss other failure modes and give the effects of many factors on the

reliability of the PTH interconnect. There are some other failure modes occurring in
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Plate/pin through holes, such as delamination between the board and the barrel, pad
corner crack, and pad delamination. However, in this dissertation, only the first two
failure modes are considered.
First let’s analyze the crack failure mode of the solder joint. The stresses causing
this failure include two parts, one is due to thermal load, and the other is due to vibration.
The stress caused in one lead wire by thermal load is given by [126, p. 94]

(th) = Aw Ew
solder 60 Te h sz

[8G—u,Y -30L,(u-u)+26° L], (5-40)
where

Ay = area of the lead wire,

E.w = modulus of the lead wire,

¢ = radius of the lead wire,

Ly = length of the lead wire outside of the board,

u :(am _ab)ATr’

r = diagonal length of the module,

3u(;/+1)
U =,
(y+1)° +2
1/4
y:lhz(Esc(b—c)] n,
E I

b = radius of the hole,
E; = modulus of the solder joint,
I, = moment inertia of the lead wire,

and
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0= :
L,(y+1)Y +2L,

The stress caused by vibration can be found using the same equation given in
Eq.(5-32). We know the maximum stress occurs when vibration induced stress and
thermal induced stress are in the same direction; therefore, the maximum stress

experienced by the corner solder joint is

S(plh/pin) — s(vib) +S(Ih) (5_41)

solder solder solder *

The mean and variance of this stress are given as follows

E(siirm )= 50 (5-42)
and
2
» 256 & 1 i i
St N2 g L, 1 L?,, N A, E, | wi35s. ni3s
3Enl ]”I LW

_ a 2 (5-43)
) Ihmn(’i)hy(’”z)Rw,w, (r, —nr) dr, dr.
0

Then, the performance function for this failure mode is

25 — S _S(plh/pin) , (5_44)

solder solder



119

5:S

N

_E(plh/pin) (5_45)

solder solder >

and

2 2 2
Oz = O-Smlder +o;

s Ssolder (5 '46)
Then, the reliability of the corner solder joint is computed using Eqgs. (2-6) and (2-7),
or

R, = @[3j . (5-47)

oy,
The reliability of the pin connection is then computed by

Ry =R, )' (5-48)

where

R = reliability of the corner pin in the PTH package,

= pin
and

N = number of the pins in the PTH package.
The reliability index for the pin connection is computed using the inverse normal
distribution; i.e,

(5-49)

m5 = CD—] (R;{rz—can ) .
Next let’s analyze the copper barrel cracking failure mode. The stress in the barrel due to
vibration can be found by equaling it to the peeling stress given in Eq. (3-53).

The stress in the barrel due to the thermal load is given by [128, pp. 506-511]

(thy _ (ah —aba)AT Eba tr (5-50)

S =
barrel >
E ba tba

1
+Eb (’"1 —FO)F(Q')
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where
t = tba
t[zm(l N 0.75log(r, /7, )J
1+¢)
—(r —r )y
C—(rl r0)4 Epadt;adh )
F(&)=¢ 1+ cos?(¢)/ cosh?(¢)

tanh(cf)+ sin(é’)cos(é’)/cosh2 (;’) ’

ap, 0pa = CTE of the board and the barrel, respectively,
Epad = modulus of the pad,

E, = modulus of the board,

Epa = modulus of the barrel,

tva = average thickness of the barrel,

tom = minimum thickness of the barrel,

tpad = thickness of the pad,

. . . T Epad t;ad h
r; = pad radius or rypte, whichever is greater, e = 5 T s
b

ro = hole radius,
and

h = thickness of the board.
Other stress equations are due to Oien’s work [131, pp. 121-128] and Marks’s work [10,
p. 421]. Refer to related literature for further information.

Then, the stress experienced by a barrel in a plate/pin through hole is given by
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Sterra”" = Samt + Spamie- (5-51)
The mean and variance of this stress are given by
h/ pin —(th
E (S I(nlzjr’relp ) ) =5 If:erel H
and
m+n+i+j-4
O-barrel = S
! m=l,23,:5 n=§3;5,.‘.i=]?z,:5,...,/=§5 mni J
[/ .3 2
. (Z__Z-Zk j(_ﬂcl(k) _ﬂcék) j+c3(k) j|
6 2 a mn b mn mn
L , (5-52)
3 2 . ,
) [_Z__ _ ii](_ L’icl(@ _ ﬂcg{o +C®
6 2 a u b i My
B () By (1) Ry, (7 = 1yl diry.
0
The performance function for the barrel failure mode is given by
(5-53)

_ _ (pih! pin)
Z6 - Sbarrel barrel

Thus, the reliability of one of the barrel in the plate/pin through hole interconnect can be

computed using Egs. (2-6) and (2-7), or

‘ Z,
Rl = (D[—LJ (5-54)
Oy,
where
R = reliability of the i™ barrel in the PTH package.

harrel

If there are a total of N pins in the plate/pin-through hole module, then the

reliability of the interconnect for each plate/pin through hole module due to barrel failure

can be found by
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Ry = (R )" (5-55)
Then, the reliability index for this failure mode is found through the inverse normal
distribution; i.e.,
mg =@ (R, ). (5-56)
It should be noted that the two failure modes of Pin/Plate Through Hole are not
independent, we need to compute their correlation coefficient before we can find the
reliability of this interconnect.
To simplify the derivation, let’s denote the two performance functions as
Z, =8, -5 —s,
and
Zy=8,-s" s,

with the means of

_Q th
Zs=8;-s5,

and

T h
Zg=S8s-5¢,

and the variances of

2 2 2
o, =05 +05,

and
2

_ 2 2
O, =05 +0, .

Then, the correlation coefficient is
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_E[Z,-Z,)(Z, - Z,)]_ El[S, -5, s )(S, 5~ 7). (5-57)
§ Oz Og, Oz, Og,
Since
E[SS _§5 _S;WXSG Sé Se )]_ E[(Ss _§5X56 "'§6) _E[(Ss —§5)y6 ]
E[Ss _§6)5;ir]+E(S:rs: )
or

el -5, s o5, - ) £l

because S, and S, are independent, and £ (Si -5, ) = 0. Then, Eq. (5-57) becomes

E[srsi*]. (5-58)

O'Z5 O'Zﬁ

Pss =

This equation can be generalized as

E[Sivihs }’ib ]

Oz 07,

(5-59)

i

It can be used for our computation of the whole PCB’s reliability.

For the Plate Through Hole case,
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vir _ vir 256 Ew 1
Blsi"si")= 2 NL I NAE,
w l m w W
+ 3E”l ]"l LW
-t mmxa-—1
. . . . ( 1)Mﬁ (— 1) 2 sin(— T]
-1y a
m=§s,..n=1,§,5,...i=1,3§,...j=§,5,m mn mn (5-60)

22 z-z] 1
2 —(,ZC(k) _ C(k) +C(k) o
[[ 6 2 ( 1mn ﬂ 2mn> 3mn l_]
o [P ) By (13) Ry, (ry =7,y diy,
0
Then, using Eq. (2-29), we can quantify the reliability of the PTH interconnect from

R

pth/ pin

= pTw(-ms ,-mg,r) dr + ®(ms) ®(my), (5-61)

where

ms and mg = reliability index for pin connection and barrel, respectively.
They are given by Eqgs. (5-49) and (5-56)
5.3.3.2 Pin Grid Array (PGA)

The failure mode of the Pin Grid Array interconnect is solder joint crack. It is the
same as the PTH case except it does not have barrel failure. Therefore, the reliability of
this interconnect can be found using the same method as in the PTH case, using Eqs. (5-
41) - (5-48) to compute the reliability of the PGA interconnect.

5.4 Failure Modes of the Parts on the PCB
There are many kinds of parts mounted on the PCB. Some of them are active parts,

and some are passive parts; some of them are in the package form, some are discrete parts;
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some of them are in plastic packages, some are not. In the plastic package, some are in
ball grid array, some are in pin grid array, some are chip scale package; etc. Beelen-
Hendrikx and Verguld [132, pp. 24-32] discussed the application trends of different
package types in electronic packaging and assembly for portable consumer products. The
variety of parts on the board makes quantification of the parts-on-board’s reliability very
difficult since different kinds of packages, or parts, have different failure modes. For
example, for plastic package, delamination/crack caused by the popcorn effect is one of
the major failure mode [133, pp. 269-273; 5, 56-65; 6, pp. 301-308; 134, pp. 392-399,
etc.], while for TAB-bonded chips, the major failure modes are the fracture of the lead
[135, pp. 856-864], and other failure modes such as corrosion [136, pp. 1105-1116; 137,
pp. 86-92]. The failure modes of other kinds of packages or parts have also been studied
by many researchers [138, pp. 97-103; 139, pp. 286-290; 140, pp. 84-87, 141, pp. 457-
463; 142, pp. 399-404; 143, pp. 83-87; 144, pp. 93-97, 145, pp. 341-346; and 146, pp.
122-127]. Engel [147, pp. 262-267] introduced wear-out modes and mechanisms. Li [148,
pp. 339-353; 149, pp. 2-10] introduced creep and aging failure mechanisms, respectively.
Therefore, it is hard and not reasonable to quantify the reliability of the parts-on-board by
considering all of the failure modes.

In this dissertation, a modified MIL-HDBK-217 type method will be employed to
quantify the parts-on-board reliability. The basic idea of this method is as follows: for
discrete parts, their reliability is computed directly using the MIL-HDBK-217 type of
method, and for parts in package form, their reliability will be computed by considering

both chip failures and packaging part failures. For example, for the package shown in
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Fig.5.8, the chip reliability will be computed using the MIL-HDBK-217 type method
while packaging part reliability will be computed using the MSSI method. To simplify
the reliability quantification, the following assumptions are made for the modified MIL-
HDBK-217 type method:

1. The MIL-HDBK-217 type method is applicable for discrete parts and chips inside
the package.

2. Chips and packaging part failures are independent.

3. All packages on the PCB are plastic packages. This is a reasonable assumption
since plastic packages are the most promising technology in terms of cost and
performance for future microelectronics [150, pp. 401-404]. Only
delamination/crack failure modes caused by the popcorn effect will be considered
for packaging parts. It should be noted that even though we assume all packages
are plastic for the sake of simplicity, the method introduced in this section is

applicable to any other kind of packages.

Chip
Wirebonds /

Pad

Leadframe Molding compound

Fig. 5.8 — Schematic of a plastic package.
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5.4.1 Discrete Parts and Chip Failure Modes
The failure modes of discrete parts and chips have been discussed previously. Its

reliability will be computed using the MIL-HDBK-217 type method, denoted as

RL(Z,, ,i=1, ..., P, where P is the number of parts in the package form, and

R§) o> =1, ..., M-P, and M is the total number of parts on the board.

5.4.2 Failure Modes Caused by the Popcorn Effect

The popcorn phenomenon is a very severe problem for plastic-encapsulated
packages. Its main effect is that it causes the packages to crack either right away during
the reflow process or after it is delivered to customers. The latter case is in general more
severe and important, and it is our research interest because if the package failed during
the reflow, the manufacturers can discard the package. However, if the packages do not
fail during the reflow, but are damaged, then the damaged packages will be delivered to
the customers. If these packages are used in safety-related applications, their failures may
cause great losses; if these packages fail in the early stage, then the manufacturers will
have to pay much due to the warranty. Therefore, both the manufacturers and the
customers want to know when this package will fail, and at a certain time what the
reliability is. In fact, some failure modes caused by delamination have been found in the
consumer’s electronic products in the market [132, pp. 269-273].

The basic process of a popcorn is as follows [5, pp. 56-65; 6, pp. 301-308]:

During the reflow process, the package is subjected to a very high temperature, normally
between 220-240 °C for the lead-tin solder (it might increase a little for a lead-free solder

joint, to around 260 °C), at this high temperature, delamination between the die pad and
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the molding compound (MC) interface or other interfaces may occur due to the thermal
stress caused by mismatch of the coefficients of thermal expansion (CTE) between
different materials; then the moisture inside the molding compound (absorbed during
regular storage condition or operation) is diffused into the delaminated gap, vaporized,
and expanded abruptly. When the stress caused by the vapor pressure is higher than the
critical interfacial adhesion strength of the molding compound, the plastic package will
be cracked or damaged. Figure 5.9 illustrates a schematic of a plastic encapsulated
package where popcorn may cause the cracks. This agrees with Ho’s survey [132, 269-
273] on delamination failures on some consumers’ electronic products, such as cell
phones, VCRs, discmans, etc.

Based on the locations where the cracks occur, some researchers categorized the
popcorn into different modes [5, pp. 56-65; 6, pp. 301-308; and 7, pp. 362-367]. For

reliability quantification purposes, it is not necessary to differentiate these modes.

Chi Cracks
Wirebonds / P
Pad
Leadframe 7
Delamination or 4
void

Cracks

Fig. 5.9 — Illustration of popcorn caused failure modes.
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The reliability in terms of this failure mode can be quantified based on the failure
process of popcorn-caused failure modes discussed previously. There are three
contributors to this type of failure. The first is the thermal stresses due to Coefficient of
Thermal Expansion (CTE) mismatch; the second is vapor stress generated during the
reflow; the third is the vapor stress generated during normal usage. The initial reliability
of the package can be found by considering the first two processes. It is one minus the
product of the probability of delamination and the unreliability after reflow. The
reliability at any time after reflow will be a little complicated to compute since the reflow
condition and the operating conditions are different, the conditional reliability or
equivalent reliability concept should be used to compute the reliability of the package at

any time. The initial reliability of the chip due to the popcorn effect is computed by

R, =1-P, F (). (5-62)

The reliability of the chip due to popcorn effect at any time after reflow is given

by
F,,( +1€0))
Rp =1_Pth Fre(tre)Fop(t tre) =1_Pth Fre(tre) F @ )
re re
or
-1— (eq) .

R, =1-F, F (+1,50), (5-63)

where

P, = probability that delamination will occur,

F.(t,,) = unreliability of the package after ¢, hours of reflow,
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F,@

t,,)= conditional unreliability of the package at t hours after reflow,

4P = equivalent time for t, at normal usage condition,
and

F,, (¢ +1%”)= unreliability for a mission time 7 +£{" when considering a

mission starting from the beginning of the reflow.

P, Fre(tre), and (¢ + tff"’ ) can be found using the MSSI method as follows:

op

Prh = P(Srh >Sad)9 (5'64)

Fo(t,) = P(s, > Suea(t)) s (5-65)
and

F,(t+15") = P(s,, > Spoq (1 +1;1)), (5-66)
where

st = thermal stress,

Sad= adhesion strength,

S_ .4 (¢Y)=molding compound strength at the end of reflow,

Sre = vapor induced stress during the reflow process,
S_ (@ +1%?) = molding compound strength at time ¢ + %7,
and
Sop = vapor induced stress at normal use condition.
The thermal stress inducing the delamination failure mode can be found

through bi-metal thermostat stress analysis. Suhir [151, pp. 657-660; 152, pp. 595-
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600] and many others, such as [153, pp. 349-353] and [154, pp. 393-399], have
investigated these stresses, Glaser, J. C. [155, pp. 24-29] compared Suhir’s method
with other methods and concluded that Suhir’s method provides fairly good results.
The thermal stress from Suhir’s research includes two stresses, one is shear stress,

and the other one is peeling stress, and they are given by [151, pp. 657-660]

Aa AT
T = tanh(k a), (5-67)
JAxk
and
p. = AxAT, (5-68)
K
where

12

D, D, D, +D,
E n . s .
D, = 12(1—2)— ,1=1, 2, flexural rigidities of the pad and the molding compound,
— vi
respectively,

a = half length of the pad,

h; = thickness of the pad and the molding compound, respectively,i=1, 2,

K=20+“)m+20+“)
3E, 3E,

k=2
K

h,,

and
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Considering that both stresses will contribute to the delamination failure, we use the

following equation to compute the thermal stress:

2 2
S0 =\ T + P = \/—ta“‘; ED Lopaar. (5-69)

The performance function for the delamination failure mode is then obtained from

Zy =S, =Sy (5-70)
Then, the minimum distance method can be used to find out the probability of the
delamination.

Next, we need to find the reliability expressed by Eq. (5-62) or (5-63). It should
be noted that the mean strength distribution parameters for the reflow and the operation
will be different in most cases. Therefore, to find the reliability at any time after reflow,
Eqgs. (2-37)-(2-40) or (2-46) should be employed to find the equivalent time.

The vapor pressure stress generated inside the package can be found using Eq. (5-
71) [156, 10 pp.].Other equations can be found from the following related papers: [6, p.

302], [157, p. 38], [158, pp. 31-38], [159, pp. 204-210], and [160, pp. 129-132]. Thus,

2
a
sm = 6 K PHZO,(,'avin (T) (le (5_71)

where
Sm = stress generated inside the package,

K = shape parameter, = 0.5 for a square pad,
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Py o caviy (T)= pressure inside the cavity,
a;= length of the pad,
and
t = thickness of the molding compound.

Py o carviry (T) can be found using following equation:

Q['_‘_]
PH2(),Cavin (T) = RH() P'aI,HzO (TO) e K\Ty 1

s s (5-72)
where

RHj = relative humidity at temperature T,

Py 1,0 (Ty) = saturation pressure at temperature To, which can be found using

Figure 5-10,
Qs=0.1eV,
and
K = Boltzmann’s Constant, 8.617385x107 eV/K.
Then, the performance function related to the moisture failure is
o = =S,
where
S = strength of the molding compound at any time of interest. As we stated
before it has to be computed using the corresponding equations given in
Chapter 2.

The reliability related to the moisture failure mode can be found using the

Minimum Distance Method.
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Fig. 5.10 - Saturated vapor pressure for water
(http://hyperphysics.phyastr.gsu.edwhbase/kinetic/watvap.html)

Finally, the reliability related to the popcorn effect can be found using Egs.
(5-62) or (5-63), depending on what reliability is of interest.

The reliability of parts mounted on the board is equal to the reliability of the chips
in the package times the reliability of the popcorn effect failure mode, and times the

reliability of the discrete parts on the board, which is given by

P ANM-P
- @ RO (/)
R part = -I'[lR R T1 R (5-73)

chip ' p i=1 dis — parts

where
Rpart = reliability of all parts mounted on the board,
i = index number of packages on the board,

j = index number of discrete parts on the board,


http://hyperphysics.phyastr.gsu.edu/hbase/kinetic/watvap.html
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R® = reliability of the chip in the i package,

chip
) _ . e1e . . .th
R,’ = reliability of the packaging part due to popcorn effect in the i
package,
and

R(.I)

dis— parts

= reliability of the j™ discrete part.

Table 5.1 illustrates an example of parts reliability quantification using Bellcore

method.
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Table 5.1 Example of reliability prediction using the Bellcore method.

Example ofReliability Prediction

NO. MAIN MODULE

M TBF cakulated,BelCore TechnicalReference TR -332, Issue 6,Decem ber1997
"Reliability Prediction Procedure for Electronic Equipment"

PART NUMBER ain Module DATE: 2/18/2004
MTBF = 5.0 Years
FIT = 23007.22 Distribution and
Ambient Temperature = Head-end Customer Premises
Environmental Factor = 2 1=G nd Fixed -Controled; 2 = 6 nd Fixed un-conttolied,
Operating Temperature = 40 Tc
Motorola PN QTY Failure Temp Elec. Elec. Quality Oper. FIT

Rate (FIT) Curve Curve Stress Level Temp

506444-001-00 10 3 10 0.5 2 40 60.0
106115-002-00 2 150 0.5 2 40 600.0
110090-220-00 1 1 1 H 0.5 2 40 2.0
119010-015-00 1 2 7 0.5 2 40 4.0
119010-021-00 1 2 7 0.5 2 40 4.0
119020-048-00 2 4 7 0.5 2 40 16.0
123647-700-00 99 1 1H 0.5 2 40 198.0
123672-117-00 3 1 1 H 0.5 2 40 6.0
123673-697-00 1 1 1 H 0.5 2 40 2.0
125101-303-00 1 0.5 3 C 0.5 2 40 1.0
125102-212-00 2 0.5 3 C 0.5 2 40 2.0
125144-991-00 1 0.5 3 C 0.5 2 40 1.0
127020-103-00 8 0.5 3 0.5 2 40 8.0
138194-000-00 1 9 3 E 0.5 2 40 18.0
157996-071-00 4 0.5 3 0.5 2 40 4.0
185223-000-00 6 0.6 7 0.5 2 40 7.2
404023-001-00 2 4 6 0.5 2 40 16.0
404589-001-00 2 0.5 3 0.5 2 40 2.0
407710-001-00 1 3.2 7 Q.5 2 40 6.4
412599-001-00 9 1 3G 0.5 2 40 18.0
41365656-001-00 1 50 3 C 0.5 2 40 100.0
413992-001-00 3 1.036 0.5 2 40 6.2
414237-001-00 1 2.8 7 0.5 2 40 5.6
414705-001-00 1 5 0.5 2 40 10.0
414706-001-00 3 5 0.5 2 40 30.0
463027-001-00 27 4 1H 0.5 2 40 216.0
463027-003-00 40 4 1H 0.5 2 40 320.0
463027-005-00 4 4 1H 0.5 2 40 32.0
464882-038-00 4 0.5 3 cC 0.5 2 40 4.0
465119-001-00 34 0.5 3 cC 0.5 2 40 34.0
465119-026-00 5 0.5 3 C 0.5 2 40 5.0
465119-038-00 20 0.5 3 C 0.5 2 40 20.0
465119-048-00 10 0.5 3 C 0.5 2 40 10.0
465119-050-00 1 0.5 3 c 0.5 2 40 1.0
465119-0563-00 12 0.5 3 cC 0.5 2 40 i2.0
467066-311-00 1 0.5 ic 0.5 2 40 1.0
467066-331-00 1 0.5 3cC 0.5 2 40 1.0
467066-335-00 5 0.5 3 C 0.5 2 40 5.0
467066-385-00 3 0.5 3 C 0.5 2 40 3.0
467639-001-00 32 1 1H 0.5 2 40 64.0
467727-001-00 5 3.94 0.5 2 40 39.4
467983-001-00 43 i 1 H 0.5 2 40 86.0
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CHAPTER 6
APPLICATION OF THE RELIABILITY
QUANTIFICATION METHOD TO A 4-SIGNAL-LAYERED PCB
In this Chapter, a comprehensive example will be solved to demonstrate the
application of the reliability quantification method proposed in this dissertation.
Example 6-1
An electronic component manufacturer wants to design a new PCB, which
will be used in a vibration and thermal environment. The management wants to
know the reliability of the product before its design is fixed for production. The PCB
has 4 signal layers with 3 active IC packages and one passive package with the same
dimensions of 0.013x0.013%0.00051 m® mounted on the PCB of
0.15x0.0635%0.001354 m>. The details of each IC and passive package are as
follows:
= IC No. 1 is a plastic package, located at x = 0.02 m, y = 0.03 m and generates a
power of 0.2 w/m’. The coordinate system is shown in Fig. 4-1. It uses leadless
Surface Mount Technology (SMT) with a total of 52 solder joints. Each solder joint is
0.00028 m high and the diameter is 0.002 m. The molding compound is made of
epoxy with a Young’s modulus of 15.5 GPa, the Poisson’s ratio of 0.25, and CTE of
15.0 ppm/°C. The pad material is ceramic with a Young’s modulus of 275.8 GPa,
Poisson’s ratio of 0.22, and CTE of 1.6 ppm/°C. The thickness of the molding
compound is 0.0008+0.00006 m, the thickness of the pad is 0.0004+0.00003 m, the

half length of the pad is 0.015+0.0003 m, and the width is 0.03+0.0003 m. The
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strength of the adhesion is normally distributed with the initial mean 40 MPa and the
standard deviation of 1 MPa, and the strength of the molding compound follows the
normal distribution with the initial mean of 60 MPa and the standard deviation of 8

MPa. The mean strength of the molding compound is degraded with time and follows

the equation of ™"’ for reflow condition, and ¢ ***"’ for normal use condition. The
standard deviations for both strengths are constant. The reflow time is 200 s at the
temperature of 230°C. The storage temperature for the package before it is reflowed is
150°C with a standard deviation of 20°C. The ambient temperature is assumed to be
25°C. The relative humidity is 85%, and the saturated vapor pressure at 25°C is
3167.73 Pa. The normal use condition is 50°C with a standard deviation of 5°C.

» ]C No.2 is a ceramic package, locates at x = 0.075 m, y = 0.03 m, and generates a
power of 0.2 w/m’. It uses leaded SMT with 52 Kovar lead wire. The height of
lead wire is 0.00218 m and the diameter is 0.000203 m.

» IC No. 3 is also a ceramic package, locates at x = 0.13 m, y = 0.03 m, and
generates a power 0.4 w/m’. It uses the PGA technology with Kovar pins. The
stand-off of the pin is 0.00157 m, the diameter is 0.000203 m and the hole’s
diameter is 0.000382 m.

= The passive module is mounted on the PCB using a Plate-Through Hole (PTH)
technology.

The laminated PCB is shown in Fig. 6.1, and the material property and other needed

data for this application are given in Table 6.1. Assuming that the vibration is an



ideal white noise vibration with a power spectral density of 20.6 m%/S>. Find the

following:

1.

The temperature distribution of the board. It is known that the density of the
board is 2850 kg/m’, the thermal conductivity is 17 w/m°C in the x-y
direction, and 0.2 w/m°C in the z direction, the convective heat transfer
coefficient for top and bottom of the surface is 5, and the specific heat is
1,300.

The Reliability of the laminated board at time t =0, 1,000 hr, and 5,000 hr.
Assuming that the interfacial shear strength between each layer of the
laminated board is normally distributed with the initial strength of 48.75
MPa, the standard deviation of 3.895 MPa, and its mean value follows an
exponential distribution with parameter of y = 100 hr, n = 10,000 hr, and that
the interfacial peeling strength is also normally distributed with the initial
mean strength of 70 MPa, and the standard deviation of 3 MPa., and its mean
follows the Weibull distribution with parameters of § =2, n = 1,000 hr, and y
= (0. Assuming that the highest module on the board is 0.005 m, and the
clearance requirement is 0.01m.

The Reliability of the interconnect between the IC No.1 and the board. The
strength of the solder joint is normally distributed with the mean of 36.85

MPa and the standard deviation of 5 MPa.

4. The Reliability of the interconnect between the IC No. 2 and the board.

5. The Reliability of the interconnect between the IC No.3 and the board.

139
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6. The Reliability of the interconnect between the passive package and board. It is
given that 0,=28.98 ppm/°C, a,=17 ppm/°C, AT=20 °C, Ep, = 124 GPa, ty, =
0.00004 m, ty, =0.000015 m, tpag = 0.00005 m, r; = 0.0006 m, ro=0.0003 m, Ep, =
4.0 GPa, Epaq = 90 GPa, and the mean yield strength of the barrel is 100 MPa and
the standard deviation is 10 MPa.

7. The Reliability Quantification of the Plastic Package No.1 due to the popcorn
effect at time 0, 1,000 hr, and 5,000 hr.

8. The Reliability of the whole PCB considering all of the failure modes.

Table 6.1 - Material data used in Example 6-1.

material Cu Epoxy-Glass | Cu-clad | Kovar Board Solder Module
Invar joint
Modulus 124 2.7 200 138 13.8 300
(GPa)
Poisson 0.328 | 0.35 0.3 0.39 0.35 0.3
ratio
CTE 17 39.6 3 25 3.5
Density 8,900 | 1,450 4,260 2,85
kg/m’ 0
Damping , 1.53E4 for
NS/m board
200 for
cushion
Spring 400,000
constant, for
N/m support
cushion
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Fig. 6.1 - [llustration of a laminated PCB.

Copper (signal layers).

Epoxy glass.

Copper clad invar.

Solution to Example 6-1

1. Temperature distribution of the board
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First let’s find out the material property data for the board. The in-plane modulus and the

CTE are computed from

and

=E

y

3
h E,
,Z:]: "' 4x36x124+906%2.7 +304x 200
- =
Zhi 1,354
i=1

=59.90 GPa,
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Zh,. o, E,
= _ 144 x17x124 +906x39.6x 2.7 +304 x3x 200
! Y ih E 144%x124 + 906 x 2.7 + 304 x 200
i=1

k-

or

a,=a,=7.19 ppm/C.

X

The z direction modulus and CTE can be found using a constant stress model of

h
E. = =4.00GPa,
T kN )

1 E2 3
and
3

Zhi o,

a, =-=——=28.98 ppm/°C.

The temperature distribution of the board can be found using Eq. (4-6). Figure 6.2
is a slice plotting of the temperature distribution of the board, the slice positions are at x =
0.01 m, 0.05m, 0.08 m, 0.13 m, y=0.03 m, and z= 0 m, and -0.001 m. Figure 6.3
illustrates the contour plotting of the temperature distribution on the top surface of the
board. Appendix H gives the Matlab codes for this example.

For reliability purpose, the maximum temperature difference is the main concern.
From the computation result, we see that the maximum temperature difference is about
20 °C and is on the top of the board. This result will be used to compute the following

reliability.
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Fig .6.2 - Slice plotting of the temperature distribution of the board.

2. Reliability quantification of the board

As we discussed in Section 5.2, two failure modes will be considered for the

reliability quantification of the board. The first failure mode is the lamination failure

mode, and the second failure mode is excessive deflection failure mode. First we need to

compute the plane stress-reduced stiffnesses for each layer.

b

For the copper layers

138.95 GPa,

24
0.3282

1

1

2

E
-V

— Ol
= 05" =~

(cu)
11

Q

2

45.58 GPa

(ev) _
11

0% =vQ

and
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Fig. 6.3 - Contour plotting of the temperature distribution on the top of the board.

For the Epoxy -glass layer,

E 2.7
(eg) _ )leg) — = =3.08 GPa,
n 2 1=y? 120352

8 =v0® =1.08 GPa,

and
= 2(13 W2 3.5.35) =10GPa.
For Copper clad invar layer,
e — g - _E 200 11978 GPa,

noTER T T 032

144



145

“ = v QU = 65.93GPa,

and

@ _ E 200
% T o(+v) 2(1+023)

=76.92 GPa.

Next we need to find the bending stiffnesses of the board. Using Eq. (3-32) yields

D, =D, = ZQ(")(Z,‘+1 ) ; 22 —z) vz —z3 + 20 — 20 + 23, — 2;))
300G s 2~z 45— 45— 4 - )
+10U0( — 245 - ),

=%><138.95><1.52482608x10_l +%x 3.08x4.51629306x10™"

+§x 219.78x0.16465552x107",

or
D, =D,, =8.732 Pa—m’,
;iQ(k)( Zpg — ) :1), ("‘)(22 —z1 +z4 z§ +sz —23 +z,32 —zf,)
IO 2z 2+ — 2l 45— 4 - )
)
= %x45.58x1.52482608x10" +%x1.08x4.51629306><10"
+§x65.93x0.16465552x10",
or

D,, =2.841 Pa—m’,



and
Dy =3 2,0063 —51) =0 G~ + 5l =+ -2l
B G P B NP B P B
#3080 (2} 5+ 5 =),
= %x 46.69x1.52482608x10™" + é—x 10x4.51629306x10™"
+%x 76.92x0.16465552x 107",
or

Dy =4.301 Pa—m’.
The mass moment of inertia is
L
Iy =Y p¥ (2. —2,)=8900x4x36x107° +1,450x 906 x 10"
k=1
+4,260x152x2x10°,

or
I, =3.89kg/m>.
The mass of the board is

m=p-V =22850-0.000012896 = 0.0368 kg .

Then,

= \/E = [200.009 _ 55969,
m V00368

¢ 200
7= 2m " 2%0.0368

=2,7174,
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p,=+/p*-n* =1866.9,

and

e 15,300
Ny =—7—7=
I, 2x3.89

=1,966.6.

Now we are ready to compute the reliability of the board.
Using Egs. (3-59) and (3-60), the maximum mean shear stress and peeling stress can be

computed as

54U =20.8 MPa,

yz,max
and

50" =41.5 MPa.
Table 6.2 lists the calculation results using Egs. (3-59) and (3-60).

Using Eq. (3-62) yields the variance of the shear stress as

m+i-2

256 & < -) 2 [&[2 -z,
o, 238 55 S >[2[ : cD

p=1

hmn (rl ) ) h_i/' (r2 ) : Rwlw, (7"2 —h ) ’ dr] dr2

VY
.?_"M:e
N
N
oS
(SN !
N
-S|
9
BN~
Q:E
N
N’
St 8

Using Matlab yields,

oY =091 MPq.

yz,max
Then, the reliability of the board due to the shear stress is computed as follows:
At t = 0, the strength follows the normal distribution with the mean 48.75 MPa and

standard deviation of 3.895 MPa. Then, the reliability is



148

48.75-20.8

\/3.8952 +0.91>

To compute the reliability of the board at t =1,000 hr. First we need to find the damage of

R(t=0)= CD[ ] = ®(6.99)=0.9,,8625..

the mean strength due to the usage. From the given data, we know that the mean value of
the mean strength distribution is 10,000+100 = 10,100. The damage to the mean strength
after 1,000 hr usage is

1,000

= = 0.0990099.
10,100

Then, the residual mean strength is computed as
S =48.75(1- D) = 43.92 MPa,
and the reliability of the board at 1,000 hr is computed as

43.92-20.8

\3.895% +0.91°

Similarly, at t = 5,000 hr, the damage is computed as

R(t =1,000) = (D( J = @(5.780) = 0.9,62649687 .

_ 5,000

= =0.495.
10,100

Then, the residual mean strength is
S =48.75(1—- D) =24.62 MPa,
and the reliability of the board is

24.62-20.8

\3.895% +0.912

R(z = 5,000) = CD( ] = ®(0.955) = 0.8302.



Table 6.2 - Computations of the shear and peeling stress.

No. of

layer hi E; fl CTE a; bi £ ai/ gi 1/ i b,/ gi
1 3.60E-05 | 1.24E+11 | 0.000717 { 1.70E-05 | 0.00E+00 | 0.00E+00 | 1.51E-07 | 0.00E+00 | 6.64E+06 | 0.00E+00
2 1.02E-04 | 2.70E+09 | 0.000367 | 3.96E-05 | 6.90E-05 | 0.000452 | 2.36E-06 | 2.92E+01 | 4.24E+05 | 1.92E+02
3 3.60E-05 | 1.24E+11 | 0.000717 | 1.70E-05 | 1.38E-04 0 1.51E-07 | 9.17E+02 | 6.64E+06 | 0.00E+00
4 3.00E-04 | 2.70E+09 | 0.009346 | 3.96E-05 | 3.06E-04 | 0.000452 | 8.02E-07 | 3.81E+02 { 1.25E+06 | 5.63E+02
5 1.52E-04 | 2.00E+11 | 0.083614 | 3.00E-06 | 5.32E-04 | -0.00028 | 2.30E-08 | 2.31E+04 | 4.34E+07 | -1.22E+04
6 1.02E-04 | 2.70E+09 | 0.000367 | 3.96E-05 | 6.59E-04 | 0.000452 | 2.36E-06 | 2.79E+02 | 4.24E+05 | 1.92E+02
7 1.52E-04 | 2.00E+11 [ 0.083614 | 3.00E-06 | 7.86E-04 | -0.00028 | 2.30E-08 | 3.41E+04 | 4.34E+07 | -1.22E+04
8 3.00E-04 | 2.70E+09 [ 0.009346 | 3.96E-05 [ 1.01E-03 | 0.000452 | 8.02E-07 [ 1.26E+03 | 1.25E+06 | 5.63E+02
9 3.60E-05 | 1.24E+11 | 0.000717 | 1.70E-05 | 1.18E-03 0 1.51E-07 | 7.84E+03 | 6.64E+06 | 0.00E+00
10 1.02E-04 | 2.70E+09 | 0.000367 | 3.96E-05 | 1.25E-03 | 0.000452 | 2.36E-06 | 5.29E+02 | 4.24E+05 | 1.92E+02
11 3.60E-05 | 1.24E+11 [ 0.000717 | 1.70E-05 | 1.32E-03 0 1.51E-07 | 8.76E+03 | 6.64E+06 | 0.00E+00

sum 0.189893 9.33E-6

4



Table 6.2 - Computations of the shear and peeling stress — continued.

No. of Sum of (h1- Shear Shear Peeling
layer | (d-b)/g; (c-a))/g; h; )-hj/2 F; (hi"2)*g; | Sum of by T; (x=0.15) [(y=0.0635)| (x=0.15)
1 | -1.28E+03 | 4.38E+03 | 1.80E-05 | -1.28E+03 | 1.95E-16 | 1.32E-03 | -5.32E+01 | 3.00E+05 | 3.00E+05 | 1.12E+06
2 | -2.73E+02 | 2.50E+02 | 8.70E-05 { -2.73E+02 | 2.46E-14 | 1.22E-03 123E403 | -6.93E406 | -6.93E-06 | -2.38E+07
3 | -128E+03 | 3.46E+03 | 1.56E-04 | -1.28E+03 | 1.95E-16 | 1.18E-03 1.50E+03 | -8.47E+06 | -8.47E+06 | -2.82E+07
4 | -8.04E+02 | 4.40E+02 | 3.24E-04 | -8.03E+02 | 7.22E-14 | 8.80E-04 2 78E403 | -1.57E+07 | -1.57E+07 | -3.89E+07
5 3.78E+03 | 5.52E+03 | 5.50E-04 | 3.79E+03 | 5.32E-16 | 7.28E-04 3 58E403 | 2.02E4+07 | 2.09E+07 | -4.15E+07
6 | -2.73E+02 | -4.59E-14 | 6.77E-04 | -2.73E+02 | 2.46E-14 | 6.26E-04 2.08E+02 | 1.18E+06 | 1.18E+06 | 2.08E+06
7 3.78E+03 | -5.52E+03 | 8.04E-04 | 3.76E+03 | 5.32E-16 | 4.74E-04 6.48F+01 | -3.66E+05 | -3.66E-+05 | -4.89E-+05
8 | -8.04E+02 | -4.40E+02 | 1.03E-03 | -8.06E+02 | 7.22E-14 | 1.74E-04 3.69E+03 | 2.08E+07 | 2.08E+07 | 1.02E+07
9 | -128E+03 | -3.46E+03 | 1.20E-03 | -1.30E+03 | 1.95E-16 | 1.38E-04 2 89E403 | 1.63E+07 | 1.63E+107 | 6.34E406
10 2.73E+02 | -2.50E+02 | 1.27E-03 | -2.75E+02 | 2.46E-14 | 3.60E-05
-1.58E+03 | 8.94E+06 | 8.94E+06 | 9.08E+05
11 | -1.28E+03 | -4.38E+03 | 1.34E-03 | -1.31E+03 | 1.95E-16 | 3.60E-05
sum | 9.03E-01 0.0 2.2E-13

¢ = 6.59E-04, d=-1.93E-04, k = 5,641.458.

0S1



The variance of the peeling stress is obtained using Eq. (3-63), or

m+n+i+ j-4

—23 z-z; i J7

| [?—2—" e -ren e
'Ihmn("l)h,-,-(rz)Rw,w,(rz"‘7'1)d71drzs

0

Using Matlab yields,

o' =0.0091 MPa.

zz,max

Then, the reliability due to this stress is computed as follows:

At t = 0, the strength follows the normal distribution with the mean of 70 MPa and the

standard deviation of 3 MPa. Then, the reliability is

70-41.5

R(t=0)= CD[———
V3% +0.00912

J = @(9.49996) ~ 1.

3,5
7.3 2
zZ Z‘Zk mimw (k) nmr (k) (k)
: — - Clmn - C2mn + C3mn '
6 2 a b
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Similarly as in the case of the shear stress, to compute the reliability at t =1,000 hr, first

we need to find the damage to the mean strength due to usage. From the given data, the

mean value of the mean strength distribution is computed as
m=0+n-IQ+ %) =10,000I(1.5) = 8,862.3.

Then, the damage to the mean strength is

1,000

Dm -
8,862.3

=0.1128.
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Then, the residual mean strength is computed as
S, =70(1-D)=62.104 MPa,
and the reliability is computed as

62.104 -41.5

V3% +0.0091°

Similarly at t = 5,000 hr, the damage is

R(1 =1,000) = cp( J = ©(6.868) = 0.9,,67446.

5,000

= =0.5642.
8,862.3

Then, the residual mean strength is computed as
S, =70(1—- D) =30.506 MPa,
and the reliability is

30.506-41.5

V3% +0.0091°

From the above, it can be seen that the failure of the delamination is due to shear stress at

R(t = 5,000) = cp( J = ®(-3.664)=0.00012.

the beginning of the use, but the peeling stress becomes important later. We will use the
shear stress to compute the reliability of the board at the beginning of the usage.

Next we compute the reliability of the board due to the excessive deflection. From
Eq. (5-7), the mean of the performance function for this failure mode is

Z, =H—%h—h =0.05—%>< 0.001354-0.01=0.039323 m.

max

The variance of Z; is computed using Eq. (5-8), or

o2 = E(w?, )+ Elw” )+ 2E(w,,w').

max



Using Egs. (5-9), (5-10) and (5-11) yields

m+n+i+ j~4

CUMEEUD YD WD YDy S

or
E(w?, )=4.3029x10",
E(w")= T]wa (r, —n) h(r) h(r,) dr, dr, =2.3429x10,
00
and
16 & ()5
EWpw' )= 3 3> 22 [h,, (27 R, () + p* R, ()] ar,
T =1 n=l mn 0
or

E(w,,w )=1.4414x10".

Then, the standard deviation of Z, is given by

o, =V4.3029x10 +2.3429x10™ +1.4414x10” =0.00656,

and the reliability of the board in the deflection failure mode is

Z :
R, = cp( 2 ] = cp(o 039323 ) = ®(5.994)=0.9,8976.

o, 0.00656

To find the reliability of the board, we need to consider both failure modes together.
Since these two failure modes are dependent, the correlation coefficient should be

determined before the reliability can be quantified. Using Eq. (5-18) yields
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vir wmax

Oy
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where the vibration stress is the shear stress.
From Egs. (5-19) and (5-20),

m+i+j-1
2

256 & > > = (-1
E[Svirwmax]z_T z z Z z —(—)—

m=13,5..n=135,.i=1,3,5,.. j=1,3,5. MAL]
k 2 2 ®
IS 222 e Ve (7Y, (5 R (ry —1,) dr, dF
2 2mn mn \"1 if 7'2) v\ 2 ! 1 23
p= 0

m-1

-wjhm,, wWRnR,.. +p* R ] dn.
)
Using Matlab yields
Els,,w,,. |=23.3442,
and
Els,,w'|=0.0457.
We also know that
o, =V3.895" +0.91° = 4MPa

Then, the correlation coefficient is

| 23.3442+0.0457

p= < =0.0008913.
4x10° x 0.00656

At t =0 hr, using Eq. (2-29) yields

154
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P

R= j w(-6.99,-5.994, r) dr + ©(6.99)- ©(5.994),
0

or

R =0.9,897492 .

At t= 1,000 hr, using Eq. (2-29) yields
P
R = [w(-6.25,-5.994,r) dr + ©(6.25) ®(5.994),
0

or

R=0.9,77107

It should be noted that at t = 5,000 hr, we have to use the peeling stress to compute the
correlation coefficient and then use Eq. (2-29) to compute the reliability.
3. Reliability quantification of the leadless interconnects

As we discussed in Section 5.3, this kind of interconnects can be treated as a
three-layer board, the stress in the interface between the first layer and the second layer
can be treated as the shear stress experienced by the solder joints.

From Eq. (5-29), the mean shear stress is

—(corner— join 4\/5S m ! '
S}(/z,max Join) (xs Y, Zz) = N2d27z- k T,tanh(k 1)

Ry

The area of the module is computed as
s, =0.000169 m>.
Then, the mean of the stress for the corner joint is computed as

E(cumer—joint) (x, ¥, 22) =0.111 MPa.

yz,max



Table 6.3 Results of shear stress computation for leadless solder joint interconnect.

No. of hi Ei f, CTE aj bi i ai/ i bi/ gi
layer
1 0.001354 | 5.99E10 | 20.31289 | 7.19E-6 0 0 7.52E-9 0 0
2 0.00028 | 1.38E10 | 0.038838 { 2.5E-5 | 0.000817 | 0.0003562 | 1.68E-7 | 4.86E3 | 2.12E3
3 0.00051 | 3.00E11 | 4.737536 | 3.5E-6 | 0.001212 | -0.0000738 | 4.58E-9 | 2.65E5 | -1.61E4
Sum 25.08926 1.80E-7 | 2.70E5 | -1.40E4

Table 6.3 Results of shear stress computation for leadless solder joint interconnect- Continued

No. of 1/g; (c-a; )/g; (d-bi)/g; J F; T; Shear stress
layer th—hj/2
k=1
1 1.33E8 1.004E5 | -5212.77 0.000677 -3971.97
-1797.46 3.939 MPa
2 5.94E6 -369.05 -1886.90 0.001494 -1897.05
2174.51 -4.765 MPa
3 2.19E8 | -99781.7 7554.59 0.001889 4071.56
Sum 3.57E8 249.25 454.92

c=7.55E-4,d=-3.92E-5, k =2,191.1736.

9¢1
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Table 6.3 gives the results of the shear stress computations.

The variance of the stress is computed using Eq. (5-30), or

m+i-2

2 2 Y w @
2 _ 8,192 (Zz — 2 ) i Z ic(l) cO =D 2
solder — 4 74 6 2mn " 2if ..
N'd n 4 m=1,3,5,... n=1 i=1,3,5,... j=1 mni j

[P (7) By (1) Ry (ry = 1) iy .
0

Using Matlab yields,

o) =0.48 MPa .

solder

Then, the reliability of each solder joint is

R= @(MJ = d(7.670)=0.9,,15.

V5% +0.48°

Then, this interconnects reliability is computed as
R..., =(0.9,,15)* =0.9,,555, which has an equivalent reliability index of 7.145.

4. Reliability quantification of the leaded solder joint
For a ceramic module, we know a,,=3.5ppm/°C from Table 6.1, and E,,=300 GPa,
Ly =0.00218 m and dy, = 0.000203 m from the given data. The moment of inertia for the

lead wire is computed as

rdl

I =8.336x107".
4

w

The area of the wire is
2
A, = n(%w] =3.2x107%,

Then, the mean stress on the lead wire is
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E,I, A, L} _
E(slead): - Aw Lw3 (6 - 2 Iw ) (am —ab )AT a,
or
E,I A, L} -
E(Slead ) == AWWL:3 (6 - ; Iw ) : (am - ab ) AT a,
=9.169 MPa,
and
2
' 256 & 1 X z .
O-.‘llml - 7[4 N2 Lw 1 Lfn N Aw Ew m=§5,...n=§:5,...
3 E”I ]”l LW
o o ( 1)m+n—2 (—1 ”;l Sin(m a_—lj
_ 5 a
I=HZ;,...j=l,§,5,... mn mn
(_ 1)1+;—2 . (— 1)17_l sin 17——11
1] 1j
: Ihnxn(rl)hy(rZ) Rw,w, (r, =) drn, dr,.
0
Using Matlab yields

O engeg = 3:4131x10° Pa.

Therefore, the stress experienced by the corner solder joint is also 9.169 MPa with a

standard deviation of 3.4131x10” Pa. Since the strength of the solder joint is 40 MPa



with a standard deviation of 5 MPa, then the reliability of the corner solder joint is

computed using Egs. (2-6) and (2-7) as,

40-9.169
V52 +3.41312 x107°

R = CI{ ] = @(6.1666) = 0.9,6498046,

then, the reliability of this interconnect is
R, s = 0.9,6498046°% =0.9999999817898378,

which is the equivalent of m = 5.5074.

5. Reliability quantification of PGA package No.3 interconnect
2
From the given data, we have 4, = ”(%j _ ”(0.000203

2
j =32x107%,
2

_md, mx0.000203*

[W
64

=8.336x107"7, E,=300 GPa, L,, = 0.00218 m, 0;,=3.5

159

ppm/°C, 0p=7.19 ppm/°C, dy = 0.000203 m, c=d»/2 =0.0001015, b=0.000382 m, E; =

13.8 GPa, and » = V2 x0.0013 =0.00184 m. Then,

u=(e, —a,)ATr=135792x10"m,
1/4
y= [M] h=0.0852,

uy =220 o 05107,
(y+1) +2

and

6uy
Lw(;/+l)3 +2L,

6= =9714x107°.

Then, using Eq. (5-40) yields
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) —ﬁ?[w(u—ul)z ~30L,(u-u)+26" L],
B 3.2x107 -300x 10’

60 -7 -0.0001015-0.001354 -0.00218°
18135792107 ~2.08-107 ] ~3.9.714x10°
(1.35792:107 —2.08-107 )+2-9.7142 x10™ x 0.002182,

9600
T 1.2311155-107

solder —

[0.3852%107" +2.1043x10™ +8.9689x10™ ],

or

s =870.78 Pa.

solder

Then,
E(sn ™ )=5), =870.78 Pa.

Since the vibration stress is the same as in the case for leaded case, we can use the result

from Case 4; 1.e,
O leaded =3.4131x10” Pa.

Therefore, the reliability of the corner solder joint for the PGA package is

Remn _ g 40—-870.78x107°
rea a 2 2 -10
52 £3.41312 x10

J = d(7.999)=0.9,,3.
For this package, there are 52 pins; then,

R, =0.9,3" =0.9,,654. which is equivalent to m = 7.4892.
6. Reliability quantification of Plate Through Hole interconnect

There are two failure modes involved in this reliability quantification; one is

related to the failure of the solder joint; the other is related to the barrel failure. Since we
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assume all the dimensions are the same as the package No.3, the reliability of the solder

joint will be the same for this package. Therefore, we have
RGN = 0.9,,654,

and

0, =V5 +34131*x10™° ~ 5 MPa.
Next, let’s find the reliability of the PTH due to the barrel failure mode. From the given
data, we know 0,=28.98 ppm/°C, ap,=17 ppm/°C, AT=20, Ey, = 124 GPa, t,, = 0.00004
m, tpm =0.000015 m, tpag = 0.00005 m, 1; = 0.0006 m, ;= 0.0003 m, E;, = 4.0 GPa, and

Epad = 90 GPa; then,

E t2 h 9, 3,
Lz M:y_\ﬁomo 0.00005 90.001354 _2798x10° <r, 1.
2\ 6E, 2 6x4.0x10

so we use r; in the calculation of

E : ?
g:(rl—r0)46—;=(0.0006—0.ooo3)4\f _0:4x19 =1.358,
E o o 90 x10°0.00005°0.001354
i - ) 0 (7)3()10003 000670.0003)) _ =120
| 14 272108l /1) log(r /r,) 0.000015(14, .75 10g(0. : ))
A+) 1+1.358
and
2 2 2 2

Fle)=¢ 1+cqs (¢)/cosh?(¢) 1358 1+0.211%/2.073 1485,

tanh(¢)+ sin(¢)cos(¢)/ cosh? (¢) 0.876 +0.2064/2.073

Then, using Eq. (5-50) yields the mean stress on the barrel, or
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o, —a, )JATE, t, (28.98-17)10°-20-124x10° - 2.43365

e Epty, 124000004 :
E,(n—r)F({) 4x0.0003 -1.485

or
s =19.11MPa.,
The standard deviation of the stress is the same as in Case 2; i.e.,

o =0.0091 MPa.

2z, max

Then, the reliability of this interconnect due to the barrel failure mode is

Rypr = cp( 1001911 ] = ®(8.089)=0.9,,7,

V102 +0.00912

with
oy, =+/10% +0.0091* ~ 10 MPa.

Next, we need to find the reliability of this interconnect considering both failure modes.
First we need to find the correlation coefficient between the two failure modes.
Using Eq. (5-60) and Matlab yields

Elsi"si" )= 6,745.34.

Then, using Eq. (5-58) yields

Elsy'si"] 674534

= 5 =1.34x107""
02,07, 5x10x10

Ps¢ =
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We see the correlation coefficient is very small, we conclude these two failure modes
have not interacted very strongly, by using Eq. (5-61) yields the reliability of this

interconnect, or
P

Ry = j w(-7.999, - 8.089, r) dr + ©(7.999) ®(8.089),
0

or
Ry =09,0.

7. Reliability quantification of the Popcorn Effect

As we know the delamination failure mode is due to the storage condition. So,
from the given data, we can compute the delamination probability using Egs. (5-67) and
(5-68), or

Aa =15-1.6 =13.4 ppm/°C,

AT =150°C with a standard deviation of 20°C ,

E R 155x10°H

= = 1 _1.38x10° K,
12(1-v?)  12(1-0.25%)

1

E,h,  2758x10°h;

= — = 2 =2.42x10"h;,
12(1-v;)  12(1-0.22%)

2

h; = 0.0008+0.00006 m, which means that the mean value of h; is 0.0008 m and
the standard deviation is 0.00002 m,
h; = 0.0004+0.00003 m, which means that the mean value of h; is 0.0004 m and

standard deviation is 0.00001 m,
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ao LR 30 Rt
12{D, D, D+D, |

1 hy 3tk ]

=— +
121 1.38x10° 2.42x10" 2.558x10"

or
A=6.04x10""1} +3.44x107" K} +1.30x107" (B, + h,)?,
‘= 2(1+v1)h1 N 2(1+v2)h2,
3E, 3E,
2(1+0.25) 2(1+0.22)
= 9 hl + g "2
3x15.5%10 3x275.8x10
or
kK =538x10"h +2.95%x107" h,,
k—\ﬁ— 6.04x10" 2 +3.44x1072 12 +1.30x 107" (i, + h,)’
K 5.38x10"" B, +2.95x10™% A, ’
or
i = 60.4h +3.44h; +13.0(h, +h,)’
53.8h, +2.95h, ’
_hy-Dy—h -D, 138x10°h’h, —2.42x10"h)h,
2(D, + D) 2(1.38x10° A +2.42x10"°h))
or
_1.38Kh, —24.21h,
2.76h° +48.41
and

a =0.015+0.0003 m, which means the mean is 0.015 m and the standard deviation
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is 0.0001 m.

Using Eq. (5-69) yields the stress for the delamination failure mode, or

2 2
5, = [f20h (k) KB oar,
i Ak K’

tanh? 60.4h} +3.44h; +13.0(h, +h2)2a
53.8h, +2.95h,

+
(6.04x10™" A2 +3.44x1072 12 +1.30x10™" (b, +h,)*)(5.38x 10" h, +2.95x10"2 1, )

1/2

3 3 2
— .38 b _?24'2]“2’71 . . AT -13.4x107°,
(5.38x10" i, +2.95x10™2 1, )(2.761 + 48.44] )

Then, using Eq. (5-70) yields the performance function for the delamination failure

mode
Zg =Sa =5, =S +03x, = f(5,),
where f(sy) is the equation of si, when each distributed variable written in the form of
M1+ 0-u,where, pu is the mean value of the variable and o is the standard deviation of
the variable, u is the standard normal variable.

Then, using the Minimum Distance Method and Matlab, we find that the design point is

x; = 0.2048,

X2 =0.1978,

x3 = 0.006849,

x4 =-0.1649,
and

Xs=-6.1637,

where
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x| = normal variable of the strength,
X, = normal variable of h;,
X3 = normal variable of h,,
X4 = normal variable of a,
and
Xs= normal variable of AT.

Then, the reliability index is

m=x? +x2+x2+x2+x2 =6.1725,
and the probability of the delamination not occurring is

R, = d(m)=10.9,6639074.

Next we will compute the reliability after reflow. The initial reliability is equal to
one minus the probability of delamination times the probability of compound fail. From
the given data, we have

T =230°C with standard deviation of 10°C,

a; = 0.01 m with standard deviation of 0.0002 m,

h; = 0.0008 m with standard deviation of 0.00002 m,

Qs=0.1eV,
and

K =8.617385%107 eV/K.

Then,



o(11)
P caviy(T) = RH o Py 1,0 (Ty) € AL

0.1 11
— 0.85x3167.73¢5617385x10°( 298 273+1'J

>

1 160.44[]——;]
=2692.57e¢ 28 231

Using Eq. (5-71) yields

2
a
Sm = 6 K PHZ(),Cavily (T) (_1] H
hl

1160.44(L— 1,,) a 2
=6x0.5%2,692.57 ¢ S Ny

hl
or
5, =8077.71 e”w'“(ﬁ_”;”‘)[ﬂy
m )’
where
sm = bending stress generated inside the package,
k = shape parameter, 0.5 for a square pad,
Py o caviy (T)= pressure inside the cavity at the temperature T,
a; = length of the pad,
h; = thickness of the molding compound,
and

RHj = relative humidity at temperature Tj.

The mean strength of the molding compound at the end of reflow is computed as
S _ S e—0.5-200/3,600
res — >0 >

or

167
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S,.. =58.36 MPa.
Then, the performance function for the molding compound failure is
Z, =5836+8xx(1)— f(s),
where f(s) is the equation of s,, when each distributed variable is written in the form
M+ o u,where, i is the mean of the variable and o is the standard deviation of the

variable, u is the standard normal variable.

Using the Minimum Distance Method and Matlab yields the design point as

x) =-7.2332,
x2 = 0.0205,
x3 =0.0089,
and
x4 =-0.0112,
where
x| = normal variable of strength,
X2 = normal variable of T,
x3 = normal variable of a,
and

X4 = normal variable of h;.

Then, the reliability index is

m=\/x12 +x2 +xl+x; =7.2332,

and reliability of the molding compound at the end of the reflow is
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R, = (7.2332)=0.9,,7641.

Therefore, the plastic package reliability related to the popcorn effect at t =0
(meaning when it is first delivered to the customers) is computed as

R=1-(1-R,)(1-R,)=0.9,,6636715.

To find the reliability of the package at 1,000 hr, we need to find the cumulative
damage of the molding compound at 1,000 hr. Since the stress at the reflow and normal
use condition is different, we need to use the equivalent theory to find the cumulative
damage. First let’s flnd the equivalent time of 200 sec. of the reflow condition to the

normal use condition. The mean of the stress under the normal use conditions is

snormal

1160.44[L- 1”] a 2
=8,077.71e 298 2134 h—‘ ,
1

where T is normal use condition temperature. Using the Taylor Series Expansion Method,

1 1

_ _ 8,077_71e]’mo'u(ﬁ_ﬂhsoj(

N normal

or

S, =1.706 MPa,

s normal

and the variance of the stress is
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==

2
116044
=[8,077.71e (5 mu]( ] (__(;71360 ‘;‘; ]] o7 +
—+

ks

+8077.71¢ S ( E? ]J o2,
6

+7,276,955,009,

+ 8077 71e 04 298 273+1 (

=57,618,898.98 + 4,657,251,20
=1.1991825x10",

or the standard deviation is

o, =0.1095 MPa.
Then, using Eq. (2-43) yields

6029 _1.706

V8% +0.1095°

and solving this equation yields

6.1725 =

te = 1,607.44 hr.
Then, the reliability of the package for 1,000 hr can be computed as follows: The residual

strength of the molding compound at 1,000 hr will be

M

_ -0.0001(1,000+1,607.44)
S, =S,€
or

S, =46.23MPa,

and the performance function for the molding compound failure is

Z, =46.23+8xx(1)— f(s),
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where f{s) is the equation of s, when each distributed variable is written in the form of
M+ o u, where, i is the mean of the variable and o is the standard deviation of the
variable, u is the standard normal variable. It should be noted that since the use condition
is changed, the stress also will be changed. Then, using the Minimum Distance Method

yields the design point as

x| =-5.7617,
x; = 0.5555,
x3 = 0.0020,
and
x4 = -0.0025,
where
X1 = normal variable of strength,
X, = normal variable of T,
X3 = normal variable of a,
and

X4 = normal variable of h;.

Then, the reliability index is computed as

m=\/x12 +x; +x +x; =5.7617,

and reliability of the molding compound at the end of 1,000 hr is computed as

R, = ®(5.7617) = 0.9,58364544 .

Therefore, the plastic package reliability related to the popcorn effect at 1,000 hr is
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R=1-(1-R,)1-R,),
=1-(1-0.9,6639074) (1-0.9,58364544),
=0.9,,55003618.

At the 5,000 hr, the residual strength is computed as

S . S -0.0001-(5,000+1,607.44)
res T Oe

=30.99 MPa,

M

then, the reliability of the molding compound at 5,000 hr is computed similarly as for the
1,000-hr case, the design points are

x) =-3.8567,

Xy = 0.5555,

x3=0.0013,

x4 =-0.0017,

and

m =\/x]2 +x7 +x2 +x; =3.8567,
and the reliability of the molding compound at 5,000 hr is computed as

R, = ®(3.8567)=0.9999425359652917.

Then, the reliability of the plastic package at 5,000 hr. is computed from

R=1-(1-R,)1-R,),
=1-(1-0.9,6639074) (1-0.9999425359652917), .
=0.9,,807.

8. Reliability quantification of the whole PCB considering all failure modes
To find the reliability of the whole PCB, we need to consider the dependence

among 7 failure modes. To be clear, let’s restate the 7 failure modes as follows:



Failure mode 1:

Failure mode 2:

Failure mode 3:

Failure mode 4:

Failure mode 5:

Failure mode 6:

Failure mode 7:

Failure mode 8:

Failure due to the board delamination, and
performance function Z, = S, —5," —s/" and o, =4 MPa.
Failure due to the excessive board deflection, and

performance function: Z, = H — %h -w,. +h,_ —w and

o,, =0.00656,

Failure of the leadless interconnect, and
performance function: Z, = S, — )" —s, and oz, =5.02 MPa,
Failure of leaded interconnect, and

performance function: Z, =S, —s," s, and o, =5 MPa,
Failure of PGA interconnect, and

performance function:  Z; = S; ~s;" —s{,and o, =5 MPa.
Failure due to the PTH solder joint, and

performance function: Z; = S, —s;" —s¢', 0, =5 MPa,

Failure due to the PTH barrel failing, and

performance function: Z, =S, —s." —s" and o, =10MPa,
7 7 7 7 z,
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Failure mode due to the popcorn effect. This mode is independent of

the other failure modes.

From previous calculations or using Eq. (5-59), we find that

p12=0.0008913, py3=0.3740, pj4= 3.8915x107*, p;5=3.8915x107*, p;s=3.8915x10°,

p17=5.0421x107", p23=0.0128, prsa= 4.795x107°, pp5=4.795x107° , pre= 4.795x107°,
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p27=2.942x107°, p3s= 4.5696x10™, p3s= 4.5696x 107, p3s=4.5696x 107, p37
=5.9401x107" , pgs=1.3652x107" | pys=1.3652x107"%, ps7=1.34x107"", pse=

1.3652x107"* ps7=1.34x107", and pg7;= 1.34x107"°.
Then, using Eq. (2-27) yields
0.0008913

P(F,NF,)= j w(=6.99,-5.994,7) dr + ®(- 6.99) D(- 5.994) =1.463 x 1072,
0
0.3740
P(F,NF)= jw(—6.99,-7.145,r) dr + ®(-6.99) d(-7.145) = 4.797x 10",
0
p
P(F,NF,)= j w(=6.99,-5.5074,7) dr + ®(~ 6.99) ®(- 5.5074) = 2.5027 x 10,
0
p
P(F NF,)= j w(=6.99,-7.4892,r) dr + ®(— 6.99) D(- 7.4892) = 4.762 x 10,
0
P
P(F NF,)= j Ww(—6.99,-7.4892,r) dr + ®(- 6.99) (- 7.4892) = 4.762x 107,
0
p
P(F,NF,)= jw(—6.99,-8.089,r) dr + (- 6.99) (- 8.089) = 4.258 x 10,
0

p
P(F,NF)= j w(=5.994,-7.145,7) dr + ©(- 5.994) (- 7.145) = 8.098 x 10"
0

P
P(F,NF,)= j w(=5.994,-5.5074,7) dr + ®(— 5.994) D(- 5.5074) = 1.846 x 10"
0

P
P(F,NF,)= j W(=5.994,-7.4892,7) dr + ®(~ 5.994) D(~ 7.4892) = 3.548 x 102,
0
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p
P(F,NF,)= j w(=5.994,-7.4892,r) dr + ®(— 5.994) D(- 7.4892) = 3.548x 1072,
0

P
P(F,NF,)= j Ww(=5.994,-8.089,r) dr + ®(—5.994) D(—8.089) = 3.080x 107,
0

P

P(F,NF,)= jw(—7.145,-5.5074,r) dr + ®(-7.145)d(- 5.5074) = 8.194x 10,
0
Yol

P(F,NF,)= j w(=7.145,-7.4892,r) dr + O(—7.145) D(- 7.4892) = 1.559x 10",
0
ol

P(F,NF,)= jw(—7.145,-7.4892,r) dr + ®(~7.145) d(- 7.4892) =1.559x 10,
0

P
P(F,nF)= j w(~7.145,-8.089,7) dr + (- 7.145) (- 8.089) = 1.402 x 10,
0

P(F,NF,)= pjw(—s.5074,-7.4892,r) dr + ®(~5.5074) D(- 7.4892) = 6.309x 1072,
0

P(F,NF)= pjw(—s.5074,-7.4892, r)dr + ®(-5.5074) D(- 7.4892) = 6.309x 1072,
0

P(F,NF,))= pjw(—s.5074,-8.089,r) dr + ®(=5.5074) (- 8.089) =1.150x 107,
0

P(F,NF,)= pjw(—7.4892,-7.4892, 7) dr + ®(—7.4892) D(-7.4892) = 1.200x 107,
0

P(F,NF)= pjw(—7.4892,-8.089, r)dr + ®(-7.4892) D(-8.089) =1.042x 107,
0

and

P
P(F,NF,)= j w(—7.4892,-8.089,7) dr + ®(—7.4892) D(-8.089) =1.042x 10>,
0

Using Egs. (2-23) and (2-24) yields

J=1

R, = P(Z, 20)- i max{P(Z,. <0)— ip[(z, <0)N(Z, <0)], 0},
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or

R, =0.9,807671659,

and

k k

R, =1-YP(Z,<0)+Y max Pz, <0)n(Z, <0)],

i=1 i=2 1< ‘
=1-1.9234x107 +1.8942x107",

or

R, =0.9,807657917.

Then,
1 1
R= E(RU +R,)= 5(0.97807671659 +0.9,807657917),

or

R =0.9,807664788.

Then, the reliability of the whole PCB at time zero is

R, =R-R, =0.9,807664788-0.9,6636715 = 0.9,804301503 .

It is worth to point out that all of the correlation coefficients computed previously are
very small except pi3 = 0.3740; therefore, the reliability when considering the first 7
failure modes can be computed by assuming all of the failure modes are independent
except the Failure Modes 1 and 3. Then, the reliability is computed by

R=R ; R,RR;R,R, =0.9,807657914,
where

R, 3 = reliability by considering Failure Modes 1 and 3 dependent.
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We see it is very close to what we get when considering all of the failure modes are

dependent, which gives R = 0.9.807664788 . Therefore, in engineering, it might be good

enough to use the latter method since it is much simple for the calculation of the

reliability.
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CHAPTER 7
CONTRIBUTIONS AND FUTURE RESEARCH

Reliability Quantification is one of the most important tasks in Reliability
Engineering. During design, development, and operational phases, this information can
be very valuable. In the past, MIL-HDBK-217, Bellcore, and other methods have been
used for reliability quantification, but the lack of accuracy, slow pace of updating the data
base, etc., make these methods less attractive, and researchers are starting to seek new
and sound methods.

In this dissertation, the reliability of the PCB under vibration and thermal load is
investigated. An effective method to quantify the reliability of PCB is proposed. Using
this method, the designers can check if their design meets the reliability goal at the early
product development stage thus avoiding the costly later stage design changes.

7.1 Contributions
1. A modified Stress-Strength Interference (MSSI) method has been proposed.
In the conventional Stress-Strength Interference (SSM) method, the

stress and the strength are both treated as distributed variables with constant
parameters. It means that the stress and the strength are both distributed, but
their parameters are constant. This assumption, in reality, is rarely true since
the strength will be degraded with time in almost all products even though the
stress can be considered to be a distributed variable with constant parameters
in most of the cases as long as the operational condition stays unchanged. To

reflect this situation, a Modified Stress-Strength Interference (MSSI) method
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has been proposed. In this method, besides assuming that both the stress and
the strength are distributed, the mean of the strength is also assumed to be
distributed. The damage of the strength can be reflected on the reduction
(damage) of the mean strength. To quantify the damage of the mean strength,
a damage model is proposed by considering the interaction between the
different kinds of the stresses. For each stress type, the damage can be found
by computing the ratio of the operation time and the mean value of the mean
strength distribution. For the case where more than one stress level is involved
in one type of stress, an equivalent time calculation method is proposed so that
the single stress method can be used after time conversion. Using the MSSI,
the designers not only can find the initial reliability of their design, like SSIM
does, but also can find the reliability of the product at any operation time. This
is especially important for those users whose products are safety related, or
the maintenance cost is a big concern.

. A multiple failure modes method being proposed to quantify the reliability of
a PCB.

A PCB is a fairly complex product and includes many parts and failure
modes. In this dissertation, to easily quantify its reliability, a PCB is divided
into three parts: the laminated board, the interconnect between the board and
the modules, and the modules and parts mounted on the board.

(a) In quantifying the reliability of the board, two failure modes are

considered. One is the delamination failure mode; the other is the
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excessive deflection failure mode. Delamination failure mode has not
been studied by any researcher to my knowledge, since so far all
research on PCBs assumes it is an isotropic solid plate, and ignores the
fact that it is actually a composite laminate board. The excessive
deflection failure mode occurs when the PCB is installed in an
electronic box in which excessive deflection of the PCBs can cause
contact between the PCB and the enclosure of the box thus causing a
short circuit or other damage to the PCB or the product. For these two
failure modes, the stresses induced by vibration and thermal loads are
computed first, and then the MSSI is used to compute the reliability
related to each failure mode. Since these two failure modes are not
independent, the final reliability of the board is computed by
considering them as bivariate normal variables.

(b) In quantifying the reliability of the interconnects, three kinds of
interconnects are investigated. The first is the surface mount leadless
interconnect. For this interconnect, the failure mode of the solder joint
due to shear stress is studied. The solder balls are first treated as a
solder layer such that a layered stress equation can be used to find the
stress experienced by the solder ball. Then, two adjustment factors are
proposed to adjust the error caused by treating the solder ball as a
solder layer. Its reliability is then computed using the MSSI method.

The second kind of interconnect is the surface mounted leaded
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interconnect. For this interconnect, the peeling failure of the solder
joint was investigated and its reliability was calculated using the MSSI
method. The third type of interconnect includes two forms of
interconnects, Pin Grid Array (PGA) and Plate Through Hole. For the
PGA interconnect, the same failure mode as SM leaded interconnect
was studied and its reliability was computed using the MSSI method.
For the Plate/Pin Through Hole (PTH) interconnect, two failure modes
are considered. One is the failure due to the peeling failure of the
solder joint; the other is the failure due to the barrel cracking. These
two failure modes are not independent, so a dependent reliability
quantification method is utilized to find the reliability of this
interconnect.

(¢) In quantifying the reliability of the modules and parts, a focus is put on
the reliability quantification of the Popcorn effect, one of the most
challenging problems in plastic package. In this dissertation, a
reliability model based on the Popcorn mechanism is proposed. A
three-step method is used to compute the reliability of the plastic
package related to the Popcorn effect. The first step is to compute the
probability that a package will delaminate due to thermal load during
storage or other situations; the second step is to compute the
probability that this package will fail due to high stress during reflow.

One minus the product of these two probabilities gives the initial
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reliability of the plastic package related to the Popcorn effect. The
third step is used when computing the reliability of the product after it
is delivered to the customer. To compute this reliability, an equivalent
time calculation method is proposed. Using this method, one can
convert the time between reflow stress and the operation stress, so that
the single stress reliability quantification method can be used. Then,
the reliability of the package at any time after it is delivered to the
customer can be found.

3. Temperature distribution on the PCB was computed by solving a Partial
Differential Equation (PDE).

The temperature distribution of the board determines the stress in the
board and elsewhere. A PDE equation is solved to find the temperature
distribution of the board. Considering the operation profile of most of the
electronic equipment, only the steady state temperature distribution is found.
The maximum temperature is then used as the basis to compute the stress on
the board since that is the most sever case which the board will experience.
Also using this temperature to compute the reliability gives us a conservative
result.

4. Failure modes dependence has been considered in the computation of the
reliability.

In this dissertation, 8 failure modes are considered. Except the failure

mode due to the popcorn effect, all failure modes are not independent. A
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dependent reliability quantification method is used to compute the reliability
of the PCB.

The reliability quantification method was applied to a PCB under “ideal white
noise” conditions.

In this example, all different interconnects are considered, the
reliability of the board at times 0, 1,000 hr, and 5,000 hr are computed. The
reliabilities of SM leadless, leaded, PGA and PTH interconnects are computed
using the proposed method. The plastic package reliability related to the
Popcorn effect is computed at times 0, 1,000 hr, and 5,000 hr. The equivalent
time method is used to convert the reflow time to the equivalent time at
normal use conditions. The reliability of the whole PCB is then computed

using the dependent reliability quantification method.

7.2 Recommendations for Future Research

As we stated previously, a PCB is a fairly complex electronic component; it

includes many failure modes and can experience many different environmental

conditions. To further improve the method proposed in this dissertation, following works

may need to be conducted:

1.

More environmental conditions need to be considered.

Space environment is one of the choices. As we know, in the current
space aircraft and vehicles, there are many PCBs in their electronic equipment.
The PCB’s failure may cause the whole system to malfunction, fail, even

cause the mission to abort. Therefore, improving the PCB’s reliability in a
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space environment becomes very important. Another environmental condition
that needs to be considered might be humidity, since this environment may
cause failure due to corrosion.

More failure modes need to be considered.

In this dissertation, 8 major failure modes of PCBs are considered to
compute the reliability of the PCB. In reality, many other failure modes can
occur in the PCB. For example, a lead wire in the package can be broken,
corrode, etc.

Optimization of the PCB’s design should be combined with this work.

One of the most important tasks for a designer is to come up with the
optimal design. If the method proposed in this dissertation can be combined
with an optimization tool, the designers can reach an optimized design at the
early stage. For example, by considering the performance requirement,
reliability requirement and cost availability, the designer can easily determine
the optimized design concept without any difficulty.

Development of related software to simplify the calculations.

From the application example, it can be seen that calculating the
reliability, especially when many dependent failure modes are involved, is
very time consuming. If software can be developed, or current software can
add some functions proposed in this dissertation, the application of this

method will be much easier and more attractive.
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APPENDIX A
DERIVATION OF EQ. (2-5)
We know for any normal distribution with mean p and variance o°, its CDF

is given by

F(z) = ff(r)dt— f L ex (—1(’_”1]2}# (A-1)
_—-OO _—oomo- P 2 o, .

Making the changes of the variable u = (¢ — u.)/ 0, , and dt = o, du , then

o= 7T L e
zZ)= e o du,
-0 2r o
or
1
F(2) (z_#f)/az 1 —;uzd (A-2)
Z)= e Uu. -
—w V27

Comparing Eq. (A-2) with the definition of the cdf of the standard normal

distribution given above, and realizing R(t) =1— F(t), we get

0 z—U
R(z)= [ f(t)dt=1- (D[ Z } . (A-3)
(o2

z 4
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APPENDIX B
PROOF OF THE RELIABILITY INDEX GEOMETRIC EXPRESSION

From Eq. (2-8), we know the performance function is given by

Zw,v)=8S-5+0,u-0, V. (B-1)
A
\% Z(u,v)=0
Z(u,v) <0 region, or A
the failure region C
Z(u,v) >0 region, or

m the reliable region
0 _ -
B v D O uV

Fig. B-1 Illustration of the geometric expression of the reliability index.
Then, in Fig. B-1

AO:S_E,mMBO=—S_§,
o, o
and
tan @ =1A—Ol=ﬁ. (B-2)
|BO] o

5
From trigonometry, we know

sing =209 (B-3)

V1+tan’ @

Substituting (B-2) into (B-3) yields
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Oy

o, oy

s

> 2 2’
. oy \/O'S+O's
O-‘\'

from Fig. B-1. Therefore,

sin@ =

S-5 Oy S—-5

m=CO =|BO|sin6 = = :
Oy \/O'§+O'3 \/0'§+0'f

Next let’s find out the coordinates of point C. From trigonometry,

1 §-5 1
BC}=|BO|cos@ =|BO = ,
e s ™ o T a)
{G_J
or
Bc|=T S5 _ %,

2, 2
Os Jog+0o. Os

Therefore, the x-coordinate of C is

Oy

>
2 2
\Os + 0O,

X, = —|C0| sinf=-m-

and the y-coordinate of C is

Y, =|CO]~cost9=m- %

2 2
Nog+0;



APPENDEX C
CODE FOR EXAMPLE 2-3

C.1 Code for optimization

OBJECTIVE FUNCTION
function f = objfun(x)
f=(x(1)."2+x(2)."2)"0.5,

CONSTRAIN FUNCTION
function [c, ceq] = confuneq(x)

% Nonlinear inequality constraints
c=[I

% Nonlinear equality constraints

ceq = 30+5%x(1)+10*x(2)+x(1)*x(2);

MAIN CODE

clear all

close all

%objective = @(x) x(1)"2+x(2)"2;

x0 =10,0]; % Make a starting guess at the solution

options = optimset('LargeScale','off");

[x,fval] = fmincon(@objfun,x0,[1,[1,[1.[].[1.[]s-.-
@confuneq,options)

[c,ceq] = confuneq(x) % Check the constraint values at x
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C.2 CODE FOR MONTE CARLO SIMULATION

clear all
close all
fori=1:10
m=0;
for j=1:10000
a(j)=5+1*randn;
b(j)=10+1*randn;
c=20;
g()=a()*b()-c;
if gG)>0
m=m-+1;
end
end
R(1)=m/10000

end
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APPENDIX D
PROOF OF BIVARIATE NORMAL INTEGRAL EQUATION

From Section 2.2, we know the CDF of a bivariate normal distribution is

e 1 u2—2puv+vzj
d= —exp[— du dv.
o o 271 = p? 2(1-p%)

Let’s denote w(u, v, p) =

1 exp(_u2—2puv+v2] then
27241- p? 20-p% )
ow 1 -p ( u2—2puv+v2J
—=— exp| — +
op 2”(1/1—p2(1—p2)J 2(1-p%)

N 1 exp(_ ' =2puv+v’ ](lj
2741 - p? 2(1-p*) 2
_(_ —2uv(l-p*)— > —-2puv+v2)(—2p)J

1-p*)?

_ 1 -p exp(_u2—2puv+v2J+
27\ J1- p*(1- p?) 2(1-p?)

+ 1 exp_uz—2puv+v2 uv+p2uv—pu2—pv2J
27m\1- p? 2(1-p%) (1-p*)° ,
ow 1

B exp _uz—2puv+v2 (_—2pu+2vj
v 27y1-p? 2(1-p%) 20-p%)

B 1 exp _u2—2puv+v2 (v—pu}
2741- p? 2(1-p%) (1-p*/
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(D-1)
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Ty _2 (o0
oudv ou

j_ 1 exp(_u2—2puv+v2j[ —-p J
) 271 p° 20-p%) AN(1-p?
1 w' =2puv+v’ (v- u-
e St e e v
2741-p 2(1-p%) I-p" \1-p
_ 2 2
=L 2p exp[—u 2puv2+v }+
27 \/1—p2(1—p2) 2(1-p%)

1 exp{— u® —2puv+v? )(uv+p2uv—pu2—pv2j
271 - p? 2(1-p?) (1-p%)’

“+

We see that

iw__ *w
dp dudv’

Then,

o0 TPT'¢ ow
R R
B

= j jau du dv,

—0 —o

= w(—-ml »—m,, p):

P acD P
——-dp = J‘W(—ml ’—m2ap) dp
op ;

0

o
Consider j— dp = O —-D(p =0). Then,
op

0
P
® = [w(=m,,~m,, p)dp +®(0).
0

From Eq. (D-1),



(0) =

e 1 [ u' =2puv+v?

I j mfiopt L 20-pY)

-m; -in,

= I I%exp[— u2;~v2 dudv,

| 1 2] | ( 1 zj
exp| ——u” |du exp| ——v° |dv,
;!: 27 p( 2 ;[ N2 P 2

= ®(-m, )DO(-m,),

jdudv,

Then,

@ = [w(-my,~m,, p)dp + O(-m)D(-m,).

192
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APPENDIX E

THE CLOSED FORM OF INTEGRAL j j P (7)) By (1) Ry (7, = 1y) dir, dr,

DenOte [ IIhIIIn (r] ) hu (rZ) Rw W ( r] ) dr] er

From Eq. (3-37) we know

i

e .
hmn (rl ) = Sln(pdbmnr] )’

dbmn

/%0

hij (r,) = e_Sin(pdbijr2 )’

dbij
and Eq. (3-29)

2

il 0% + 1 .
Rw,w,(”z—f‘l)=277”So€ Ty 1||:%—Cos(pd(r2—rl))+—51n(pd‘r2—rl‘)'
n 4n

2 2
S
LetA=”S°(4'7 *p ),B=” © then
2n 2

R (r—r)= Ae ™ cos(p,(r, =1 )+ Be ™ Vsin(p, (r, = 1)) r, >r,
e Ae™"n) cos(pd(rl =5 ))+ Be ") Sin(pd(rl - )) r, < rl.
Then, the integral / can be divided into two parts, part 1 (denoted as I;) represents

the case when r; > r; while part 2 (denoted as I,) represents the case when r; <rs.
Denote p,,, =C,and p,, = D, then,

)

I = IICD oMl g~ g=n(nn) sin(Cr1 )sin(Drz)cos(pd (r2 -r )) dr, dr,
00 E1)
T B mh it s —h) o3 . .
+ JJCD mh o=ty =R 1) sm(Cr])sm(Drz)Sln(pd (r2 -7 ))dr] dr,.

I, can be found by switching r, with r;.

Denote

I (a)= I]C%e""""e”’”’ze"’(’z"') sin(Cr, )sin(Dr, ) cos(p,, (r, —r,))dr, dr,,  (E-2)
00
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and

I,(b)= I ]-% e e o) sin(Cr ) sin(Dr, ) sin(p, (r, - 7,)) dr, dr,. (E-3)
00

Then,
I, =1, (a)+1,(b).

Consider cos(p, (r, —7,)) = cos(p,r,)cos(p,r ) +sin(p,r, )sin(p,7, ). Then,

N s)

I,(a)= -“‘CAD e e~ o) sin(Cr ) sin(Dr, ) cos(p,r, )cos(p,r, ) dr, dr,

00

* J;‘-%e_""" e e Sin(Crl )Sin(Drz ) Sin(pdrz )Sin(pdrl )drl dr,,

= '[CAD e 7% sin(Dr, ) cos(p, 7, { Ie(”_””)" sin(Cr, )cos(p,r, ) dr, |dr,
0

0

+ %e_(””"’)’z sin(Drz)sin(pdrz{J‘e("""")’I sin(Cr, )sin(p,r, ) dr, |dr,,

0 0

= [ (al)+ I,(a2).

To simplify I;(A), let’s first find out the following integrals. From a mathematics

handbook, we have

e” sin(a x)sin( g x :e“[(a—ﬁ)si_n(a—,B)x+agos(a—ﬂ)x]
Je sin(@ x)sin(8 x) ]

2 [l + ﬂ)SiP(a + B)x + ac_os(a + B)x] (E-4a)
2[(12 +(a+ﬂ)21 ,
and
e”* sin(a x)cos(f x) = e [asin(a = B)x = (o = B)cos(a — B)x]
fler* sin(e x)eos(5 x) bt p7] »

N e [acos(a +_,8)x —(a+ ,B)_sin(a' + ,B)x].
2a® +(a+ B

Fora <0,
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E(a,a,p) = Ie sm sm(ﬂx)— l ﬂ)ZJ 2[a " a+,8) J (E-5a)
and
F(a,a,p) = D]‘e‘“ sin(a:x)cos(ﬂx) = 2[a2 f( B ] 2la f‘;i ﬂ)z} (E-5b)

J-e“" sin(ooc)sin(ﬂx)cos(;x)dx - J’eax Sin(ax{ Sin ﬂ + ;/ X ;- sm(ﬁ _ }/)x :l,

= % .[ea" sin(ax)sin(B + y Jxdx +% Ie“" sin(aex)sin(B — y )xdx,
_1 {e‘“[(a —B-y)sin(a—f-y)x+acos(a - B—y)]
2 2[a2+(a—,8—y)zl
e” [(a + 0+ y)sip(a + [+ 7)x + agos(a + [+ y)x]}
Z[a2 +(a+ﬂ+y)2l
+l{e“"[(a -p+ 7)si_n(a -p+ ;/)x + a_cos(a -p+ 7)]
2 2la2+(a—,8+}/)2j
e” [(a + - ;/)sir_l(a + - 7)x + ac_os(a + - y)x]}
2[a2+(a+ﬂ—}/)2J ’

(E-6a)

je“" sin(oor) cos(fx ) cos(jx Jix = Ie sin ax{ cos(fi + 1) ; coslf = y)x ],

=5 Ie‘”‘ sin(ox)cos(B +  )xdx +% Iea" sin(ax )cos(B - y xdx
_ l{e‘“ [asin(a - B— y)x—(a - B - y)cos(e - B—y)x]

z e 7]
N e™[asin(a + 8 +_7)x —(a+p+ }/)qos(a +p+ 7)x]}
2[012 +(a’+,8+7)2J

_l_{e’“[a sin(a -p +_}/)x - (a - [+ }/)qos(a -p+ 7)x]
2la +( -p+ 7) ]

2

Le [a sm(a + - }/) (a + p - }/)cos(a +p - y)x]}
2[a +(a+,8 }/)2]

(E-6b)
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Fora<o0,
G(a,a,p.7) = o]e‘“ sin(azx)sin(Ax)cos(yx )dx
a . a £
4_az+(a—ﬁ—;/)2_+4la2+(a+ﬂ+}/)2_ (5-72)

] a . a
4_az+(a—,3+}/)2_ 4[a2+(a+,3—}/)2_’

and

@K

H(a,a,B,y) = Ie”" sin(ax )cos(fx )cos(yx dx,

0

_ a-p-y N a+f+y
= 1+ - (E-7b)
4la2+(a—ﬂ—}/)J 4[a +(a+ﬂ+7)J
a-p+y  a+B-y

+4[a2 +(a—,B+y)2J+4[a2 +(a+ﬂ—y)2j'

'[e“” sin{azx )sin(gx )sin(jx Kx = Ie“" sin(ax{ cos(f ~7)x ; cos(f + ;/)x],

Ieax sin(ax)cos(B — y Jxdx —% e™ sin(aox)cos(B + y )xdx,

N | — DO =

{e‘“ [asin(a -p +.y)x - (a -p+ }/)qos(a -p+ y)x]
2la2 +(a—,8+;/)2J

N e“[asin(a + B —_}/)x —(a+p- }/)qos(a + 5 - }/)x]}
2[a2 +(a+,6—7)2J

! {e“"[asin(a ~B-yhx—(a=p-y)cosla - f—y)]

2 2[a2+(a—ﬂ—7)2j

N e” [a sin(a + 8 +_}/)x —(a+p+ }/)gos(a +0+ y)x]}
2|_a2 +(a+,8+y)2]

Fora <0,
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J(@a,a,B,y)= | e sin{ax )sin(Br)sin(jx )x,

0

__la=pry) . la+B-y) _
_4la2+(06—ﬂ+7)2] 4[a2+(a+,3—7)2J (E-8)
@-p-y) ___ la+p+y)

_4[a2 +(a—,8—y)2J-4la2 +(a+,B+y)2j.

Using Eq. (F-4b) yields

O)

r (1-m) 1 _ : _ _ _ _
Ie(”_””)r‘ Sin(Crl )COS(pdrl )drl =2 [(77 ﬂb)S}n(C pzd )”1 (C IZ‘L)COS(C P4 )rI] "
0 2[(”“’71:) +(C_pd) J 0
+ el [(77 - 77/;)S_in(c + pd)rl - (C + pd_)COS(C + Py )rl ] n
2|7-n,)* +(C+p, )|

_ N [(77 —Uh)sin(c_pd )r2 —(C —pd_)COS(C— P )rz]
2| -n,)* +(C-p,) ]
e C-p, i
2Am -y +(C-p. V]
e (1IN [(77 "77b)s_in(c +py, )r2 —(C + pdl)COS(C + Py )"2]
2[(77—77;,)2 +(C+pd)2J
- C+p, ,
2lt-n)? +(C+p,) ]

+

Denote
p,=C-p, and p, =C+ p,. Then,

r

J'e(rz—m.)r. sin(Crl )cos(pdrl )drl _ el [(77 —~1,) Sin(plrz )— Dy cos(pl " )]
; 2\ -n,)* + pi

+ pl 2 2
2|7 -m,)" + pi] (E-9a)
o1 [(,7 —-1n,)sin(p,r,) — p, cos(p,r, )]
2l -1, + p1]

+

+ 1% .
27 -n,)* + p2|




198

Similarly,
" (1=my) 1y _ :
J'e(n—m. " sin(Cr, )sin(p,r, )dr, = ¢ [0 -7,) Cos(p; s )"'2171 sin(p,r; )]
; 2l -n,)" + pi |
_ (1 —1)
2[(77 — )2 + p]2 J (E-9b)

"% (5 =1, ) cos(p,r,) + p, sin(p,r,)]
2{n-n,)* + p3 ]
(n—-n,)
2l -n,)" +p3|

Then,
A4 , e (17 -7, )sin(p,r, ) - p, cos(p,r, )]
[ (al)= |——e (n+15)1 sin(Dr. )cos pF b 172 1 2 g,
1 JCD 2 ( d 2) 2[(77_7“)2_*_])12] 2

o~ m)n J4
»" sin(Dr. )cos(p r dr
S e +pi]

RCEAL [(,7 n,)sin(p,r,) — p, COS(pz”z)]
|_(77 77/,) +p2J

2

_(77+7]b)72 Sln(Dl‘z ) Cos(pdrz l( —_ T]pz) + p ]drz ’
b 2

=1,(all) + I, (al2) + I,(al3) + I, (al4).

(5
0
T e "% sin(Dr, ) cos(p drz)
0
s

T A
I (all)= e % gin( Dr. Ycos(p ,r
( j ¢ (Dry)cos(p,r,)
e

(11113 [(77 _Ub)Sin(per)— P, COS(plrz )] dr
2|(n-n,)* + pi| )

A(77 77;,) =21,
= » sin( Dr, ) cos{ p,r, )sin{ p,r, )dr.
2CD[(77 77;,) +p, J'[ 2 (Pd 2) ( 1 jan

“2cD|y f?b)z " prJe‘z"”" sin(Dr, ) cos(p,r; )eos(pyr, Jrs
_ A(n—-n,)
20D\ -n,)’ + p
_ Ap,
2CDl(77 - 77h)2 + p12

(E-10a)

JG(—zﬂbaDaplsPd)

]H(—zm,D,PuPd)-



i . P
I (al2) = |=—e ™) sin(Dr, )cos(p 7 1
,(al2) JCD (Dr, (pd 2)2l(77—77b)2 +p|2J

Ap,
" 20D -n,)" + p?]

Ap,
_ F(~(7-1,),D, p,).
20D\ -1,)* + p?| lo-m)Dor)

I AR sm(Drz)cos(pdr2 )dr2

A .
1,(a13) = [ Z5e™ "™ sin(Dry)cos(p,r,)

0
e 'Ib)’z[(ﬂ n,)sin(p,r,) — p, COS(Pz"z)] dr
2l -m,)" + pi) ;

) An-n,) 7
2CD|(n-1,)* + p?

o J -[ o Sln(Drz)cos(pdrz)cos(pzrz )dr2>

20D\ -1,)* + P

A(m-n,)

G(-2n,,D,p,,p
" 20D —-n,) + P 200D.1- )
) Ap,
20D\ -1,)* + p?

JH(_znbaDapz’pd)’

and

@

I,(al4) = j'FAD_e—wmh)rz sin(Drz)cos(pdr2 )—[( ~

0

D,
dr
n): +p2|

Ap, () i
»" sin(Dr, ) cos|p,+, )dr.
ZCZS!.(U nb) +p2J‘[ 2 ( d 2) 2

Apz
= Fi-n+n,)D,p,).
20D -1,)* + p?] Ch+m)or,)

Next let’s find I;(A2).

dr,

J J‘e—mrz sin(Dr, )cos(pdr2 )sin(pzrz )d’”z

199

(E-10b)

(E-10c)

(F-10d)
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A .
1. (a2) = |=—e """ gin(Dr,)sin(p 7
1(a2) (;[CD (Dry) (Pd 2)

. ]e(”""”)" sin(Cr, )sin(p,r, )dr, |dr,. (E-11)
0

Substituting Eq. (E-4a) into Eq. (E-11) yields

<«

4 - - - "™ p, sin(pyr, )+ (1 —m,) cos(pyr, )]
I,(a2) = |——e """ sin(Dr, )sin(p,r ‘ L2 d 23 ar
1( ) (;[CD 2 ( d 2) 2[(77_771,)2'*'17‘2] 2
4 =1

—(1+m)1 )
sin(Dr, )sin(p, )5
cp* T | -n)t 4 bl

0

* -n)n 3 _

J A o (1IN sm(Drz)sm(pdrz le [pz sin(p,r,) + (77 N )Cos(p2r2 )]
0

0

J dr,

d
cp* 2|7 -n,)* + p?| k

n-—n,
[} -1,)’ +p;
= [,(a21)+1,(a22) + 1,(a23) + I,(a24).

+

e~ sin(Dr, )sin(p,r, )T Jdr2 ,

I,(a21) = T Azl) el j 2% sin(Dr, )sin(p,r, )sin(p,r, )dr,
2CD157(U 77,,77; )+ P Jj s sin{per Joostpir, o (E-12a)
~ 20|y filb)z +p; JJ( Do)
o )
1,(a22) =—:[%e"”+"”)’z sin(Dr,)sin(p,7,) T nnh;?bwl jarr2
) e sy, 12
Aln-mn,)

E(~(7+7,).D.p,)
2Dl - 7] (~(7+m,).D.p,)



<«

I,(a23) = e_?'””’2 sin(Dr, )sin(pd v, )sin(p2 v, )dr
2

2CDkn nu +p?|

77 77b
2cD|n-n,)* + p2]
_ Ap,
20D\ -n,)* + p?
_ Aw-n,)
2CD|n-1,)* + p?)

<«

A . . -
I (a24) = J‘E e sin(Dr, )sin(p,r, ) 717, Jalr2

o

0
J‘e 251, sin(Dr,)) sin(pdi’2 )COS(Pzrz )dr2 >
0

]J(—Zm,D,pd,pz)

G(—277b=D,Pd=Pz)-

; 2{n-n,)* + p;
A(’] 77b) ~(n+1,)r.
" sin(Dr, ) sin(p,r, Jdr.
" 2c0[-n,)’ +p2J sin(pyrs )
A(77 77b)

= E\-\n+n,),D,p,).

Now we find I;(a). Let’s find [;(b).

wh

I,(b)= j j e Mg g ")sm(Crl Ysin(Dr, )sin(p,, (r, —r, ))dr,dr,.

Consider sin(p,(r, — 7)) = sin(p,r, )cos(p,n ) - cos(p,r, )sin(p,r, ), then

0 h

I,(b)= -”CD e Mg g sm(Crl)51n(Dr2)s1n(pdr2)cos(pdrI )dr, dr,

6]

201

(E-12¢)

(E-12d)

I I ¢ e e ¢ ) sin(Cr, )sin(Dr, Ycos(p, r, )sin(p,r, )drdr,,

ICi) ~ren, ) sm(Drz)sm(pdrz{J @11 sin(Cr, Yeos(p,r Jar, }drz (E-13)
0

J Ci) em)s sin(Dr, )y cos(p, 7 ){J‘ 7% sin(Cr, )sin(p,n, Y, jldrzj

=1,(b1) -1,(b2).
First let’s compute [;(b1). Using Eq. (9a) yields
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0

B - -
1) = [ ™ sinDr,)sinp, )
e

| AL [(,7 - 77,,)sin(p1r2 )— p COS(Pl"z )] dr
2
27 -n,)* +pi]

+

B —(n+1,) 7, ]
"% sin(Dr, ) sin{ p .7 dr
CD (Dry) (pd 2) l(77—77b)2+P12j i

~(i7+7,) 1y Sln(Dr2 ) sm(Pd”z )

Ieo

0
N

0

e

E-14
D (E-14)
=) [(77 17,)8in(p,r,) — p, Cos(pzrz)]dr
2
21 -1,)" + pi|
+ J—e_(”“’")’z sin(Dr, )sin(p,7,) P1 ——14r,,
3CD 27 -n,)* + p3 |
= [,(b11)+ 1,(b12) + I, (b13) + I, (b14).
1,(b11) = j ¢ e~ sin(Dr,)sin(p,r, )
[4]
e [(77 Ub)sm(Plrz) P COS(pli‘z)]dr
25
2|7 -n,)* + pi
B(’? 77[;) =27
" sin(Dr. )sm(p r )sm(p r )dr
ZCDl(n ﬂb) +pl J.[ 2 d'2 172 2 (E_lsa)
Bpl 21,7
[15] D s
2CD[(17 )’ +leIe sin(Dr, ) sin(p,r, )cos(p,r, )dr,
B(n—-n,)
= J _2 aDa >
2CD[(77—77;,)2+P12J ( 7, Py Pl)
Bp,
- G\-2n,,.D,p,, .
2CD[(77—77h)2+p12] ( 7 Py pl)
B _ . . b
I,(b12) = [——e ™" sin(Dr,)sin(p,r, ) ! dr,,
I( ) (;[CD 2 ( d'2) k —77,,)2+p121 2
bp, A sin(D d F-15b
2CD[(77 77;,) +P1 I sin( rz)sm(pdrz) T, ( )
Bp,

— E— - [,:D> al:
T Y] (7-1,).D:p.)
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B
I,(b13) = [ sin(Dr,)sin(p,r,)
[
' e(’]_'lh)rz [(,7 =/ ) Sin(pzrz) - P, cos(p2r2 )] d
2{r—n,)* + p?]

2

B(T]—T]h) b 25,0 o1 . .
= e ™% sin(Dr, ) sind p,r, )sin( p,r, )dr
2CDl(77—f7b)2+ft9§JoI Dstalpar,Jin(ear)dy (E-150)
sz b =21 .
- e "7 sin(Dr, )sin(p,r, Jcos(p,r,)dr,,
2CDl(n—n,,)2+p§JoI sin(pur, eos(eyr )
B(ﬂ"h)
= J\-2n,,D,p,,p
2CDl(n—n,,)2+p§J( Dopeps)
Bp,

- G\-2n,,D,p,,p, )
2CD[(77—77h)2+p22] ( yn Dy pz)

@®

B _ . . P
I,(b14) = |—=—e "™ sin(Dr,)sin(p,r,) 2 dr,,
1 (;fCD ) d 212[(77_77b)2+g] 2
Bp, T —(1+m)n o :
= e T sin(Dr )sm(p r )dr , (E-154d)
et nr 7l Ve
Bp,

E(-(+n,).D,p,)-

~20D|(n-n,)’ + p]
Next let’s find I,(B2).
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t B
1,(62) e ) sin(Dr. Yeos(p ,r
(b 6“ ( 2 ) (pd 2 )

Ig

2

(=)
J'e )M sin CrI sm(pdrl)di‘l dry,
0

_ J‘%e'('ﬂ'ﬂh)rz Sin(Drz)COS(pdr2)
0

. e(']"]h)rl [pl Sin(p1r2 )+ (77 - ﬂb)COS(plrz )] dr
2
2{(n-n,)* +pi]

pr, n-1,
d'2
2 -n,)* +p;

B _
e (+71,)1, Sln(Drz ) COS(

B d
fep ™

B —(n+m,)n 8
- f@e (% Sin(Dry ) cos(pyr,)

elrm)n [pz sin(p,r,) + (77 My )cos(p2r2 )]
-+ p2]

2

T B (M) o ) 11
+ |——e """ sin(Dr, ) cos|p,r-

= 1,(b21) - I,(b22) - I,(b23) + I,(b24).

Jdr2 ,

1,(b21) = IZ’BBe—(M")rZ sin(Dr, ) cos(p,r,)

0
- e1min [pl sin(pﬂ‘z )+ (n- ﬂb)COS(Plrz )] dr
2l -n,)" + pi | 2

Bp, b -2m, i
- e ™ sin(Dr )cos(p r )Sln(P F )dr
2CD\(n-n,)’ +p3]oI 2 o S (E-16a)

B +m,) 7o
e™*™ sin(Dr, )cos(p,r, )cos(p,r, )dr,,
2CD{(77_m)2+p12]0j ) eos(p,r; Jeos(pyr, )dr,

Bp,
_ G(-21,,D,p,,p, )
2CD[(n—m)2+pr( v
B(n +n,)
2CD|7-1,)* + p?

JH(—277},aDap|’pd )
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a0

1,(b22) = jie*"*"b)'z sin(Dr, ) cos(p, 7, Jm—L—Tb—dr,,

Jep 2n-n,)* + pi |
B(n-n,) ¥ ()7 o
= e\ sin( Dr. )cos(p r )dr , (E-16b)
2CD[<n—m)2+proj B
B(n-n,)

_ F(-(n+mn,).D,p,).
20D|(n-n,)* + pi | ( A
- o} B .
1,(p23) = = e rtmn sin(Dr )cos(p v )
! JCD i "
. e('l-'h)’z [p2 Sin(pzrz) + (77 - 771_, )COS(p2r2)] dr
2l -m,)* + p3 | 2

= Bp C— Ie “m)n sin(Dr, ) cos(p,r, )sin(p,r, )dr,
2[(77_7717) +p2J0 (E-16C)

2{(173_(:77;)?’;_ )p22 Jé[e_("“’”)” sin(Dr, ) cos(p,r, )cos( p,r, )dr,,
_ Bp,
20D\t -n,)’ + P}
B(ﬂ — )
2¢D|n-n,)* + p3

JG(—(n+ﬂb),D,p2,pd)

JH(—(77+77,,),D,stPd)-

— B —(p+m)1y n—1,
1,(b24) = (;[CD e sm(Drz)cos(pdr2 ) 2{(77 ~ )2 N p22

- B(n—-1,)
2CD|n-m,) + p3

_ B(n-n,)
2CD|(n-n,)* + p3

Jdr2 ,

J Je'("“’h)’z sin(Dr, ) cos(p,r, )dr,, (E-16d)
0

JF(_(77+77b)aD>pd)-

Denote

(77 -, )2 +p]2 = p, and (77 /) )2 + pf = p,; then, using Eq. (E-10) and Eq. (E-12)

yields
A(n—-n,) Ap,
I(al)="1) G on D, p.p,)— H(=2n,.D.,p..p,), (E-17a
1 (all) 2CDp, (-2n,,D,p,,p,) 2Chp, (-2n,,D,p,sp,) ( )
L(@2) =P F({g-1,)D, p,), (E-17b)
2CDp,
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= A0 —m) 6 A pCon,.p E-17¢
]‘(al:;)_Tl)p;-G( znb’Dspzspd) 2CDp4 ( 7y ’pzrpd)9 ( )
Apz
14) = F-(n+n,).D,p,) (E-17d)
I,(al4) 2Com, (~m+n,.D,p,)
I (a21) =2 J(=21,,D, p p)+MG(—ZUb,D,pd,pl), (E-17¢)
: 2CDp, e aeDp,
A —
1,(a22) = —%ﬁ’i)ﬂ— (7+n,).D,p,), (E-17f)
3
_ Ap, g _A(77_77b)G_2 D E-17
11(023)-— 2CDp4 J( 2nb9D’pd9p2) 2CDp4 ( 77[;! ,Pd,Pz), ( g)
1 (a2ay=20=) g (7+7,).D,p,). (E-17h)
2CDp,

Using Eq. (E-15) and (E-16) yields

B(@1~-n,) Bp, -
bl)=——"2J(-2n,,D,p,, - G\-2n,,D,p,,p, ), (E-171)
1, (b11) 2CDp, ( 75 Dy p() 2CDp, ( 7, Py pl)
Bp .
[,(612y=—"_E(—(7~-n, ), D, A (E-17))
1(612) 2CDp, ( (77 77h) pd)

Bin - B
11(b13)=%%J(Q%D,pwpz)-ZCj;; G("zﬂhaDapdapz), (E-17k)
4 4

Bp
I,(b14)= 2CD;

E(~-(+n,)D,p,) (E-171)

4

B Bln +
11<b21)=2~c—§176(—2m,0,p1,pd)+~2%DT?”)H(—2m,D,pppd), (E-17m)
3 3

] <b22)=%(’7037””)ﬁ‘(— (747, D, p,), (E-17n)

3

B Blr -
1629 =222 G- (g 1,0, s )+ 22 (g0, D)

CDp, 2CDp,
(E-170)



129 =2 B (y45,)D,p,).

4

2n
e
2
Czpdbnm’
D:pdhi/"
ﬂ—i
2m’
_ S
?717 2103
pa=~P -1,
p=X,
m
p=C-p,,
p,=C+p,,

Ps :(77_77/;)2 +(C—pd)2

pi=-n,)+(C+p,).
Then,
I, =I,(a)+,(b),
= [(al1)+1,(al2) + I,(al3) + I, (al4)
+1,(a21) + 1,(a22) + I,(a23) + 1, (a24)
+1,(BL1) + 1,(b12) + 1, (b13) + I, (b14)
+1,(b21) = 1,(b22) — I,(b23) + I, (b24).

Next let’s find the integral I, when r; > r,.
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(E-17p)

(E-18)
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e ™M™ ¢ 117) sin(Cr, )sin(Dr, )sin(p, (r, — 1, ))drdr,, (E-19)

Consider cos(p, (r, —r,)) = cos(p,r,)cos(p,r )+ sin(p,r, )sin(p,, ), then

L(a)= ”% e ¢~ o 77n) sin(Cr, )sin(Dr, Y cos(p v, )cos(p,r, )dr,dr,
00

+ JJCAD e Mg ¢ 1) sin(Cr, )sin( Dr, ) sin(p, 7, )sinp,r, )drdr,,

= .[% o~ n sin(Crl)COS(p drl{_[e(""’“’z Sin(Drz)cos(pdr2 )drz}dr] (E-20)
0 0

" J%e—(nmh)ﬁ sin(Cr,) Sin(pdrl {;"e(n—m ” sin(Dr2 )Sin(pdrz )drl :ldrz ,

=1,(dC « D),

where
I (alC <> D) means I;(a) has the same equation with [;(a) but with C and D

exchanging position.
Similarly, we have

1,(b) = I1,(b]C &> D)



APPENDIX F
DERIVATION OF INTERFACIAL STRESS DUE TO THERMAL LOAD

Figure F.1 illustrates a multilayer board.

[ ] Ple— X —>

|
| l

l [
—>le— ¢— — «— «— Lisl

Fitt

Fig F.1 Illustration of a multilayer board.

Considering each layer is thin and rigid, the radius of curvature is much larger
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than the thickness of the layer, we can assume that the radius of curvature of each layer is

the same. The radius of curvature of the board is given by [162, p. 31]
D, En

I

P AvoyM,  120-o)M,

where
p = radius of curvature,
D; = flexural rigidity, D, = —E’}l?—z,
12(1-v;)
v;= Possion’s ratio,
M; = bending moment of jth layer,

and

h; = thickness of i"" layer,
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or
En h.,v
. — lhl f(EI’ i I) (F_l)
120-v)p p
where
E.R’
SilEshv)=————.
12(1-v,)
The equilibrium of total forces and moments yield [162, p. 31]
Z F =0, (F-2)
i=1
and
m m ]
M, ZF](th—?' =0. (F-3)

i=l1 j=1 k=

—_—

The last equation is obtained based on the strain compatibility condition; i.e., the
strain in each layer should be the same. This equation consists of three parts, the thermal
expansion part, the part due to the elongation from the fore applied and the bending part.

F-v, h 1— h
a,AT, + __'_(.___‘./_’_)_ - a,, AT, F . ( V,+1)
Eihi 2'0 E h/+] 2:0

i+1

. I-v, . D
Denoting g,(E,,h;,v;) = z Vi and rearranging above equation yields

h +h
8.F, — guFr — "t =, AT

i+l 2 i+l i+1

—o,AT,.
Summarizing this equation from 1 to j-1 yields,

J
2Zh,—(hl+hj)
g —g,F; - = 2p =a;AT, -, AT,

or

J
| 2> b —(h +h))
F= g 8 -, laT, ). (F-4)




h +h,

J
Denote a; = leh, -

m m a m h
gIFZ———Z -2

=1 & Pi-1&; /lg/

Solving this equation yields
DIEADIARS
e

m

Zl/g, dl/g,
J=1

m

za /gl zb./’/g./

Denote ¢ =2 ,d=

m m

lg, Zl/g,
Jj=1

a,; c—a,) d-b,
Fj:._l_(i.i.d_._/_._biJ:_l_ J + ,/.
g.i P P - Yy g_,' gj

Substituting equations (F-4) and (F-5) into (F-3) yields

gl e

Y
* T

Substitute this value into (F-5), and find the force

g =—

or

bt
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~, b, = a,AT, — AT, and considering ZF, =0, we have

and plug the above equation into (F-4) yields

(F-5)
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The corresponding stresses in the jth layer is given by

Then the shearing force acting in the i" interface; i.e., in the interface between the
g g

i and (i+1)™ layers, is [163, p.146]

m

T, = ZFI :
J=i

Then, the distributed stresses in the i™ interface can be computed as follows:

The shear stress

— sinh(kx) , (F-6)
cosh(kl)
and the peeling stress
1 cosh kx) &
pi=—= ( )Z,, (F-7)

2 cosh(kl) !

where k is computed from

m

3 ;gi

m

Z hlg,
The maximum values of these interfacial stresses occur at the edge of the board;

therefore [163, p. 146]

k2

7, =—kT tanh(k]), (F-8)
and
Pimax :__k T zh (F'g)
2 J=i+l

If there are only two layers, then it can be shown that the shear stress and the
peeling stress are given by

AaAT

max m

T

tanh(ka), (F-10)

and
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po. =L AaAT, (F-11)
K

where

12\ D, D, D +D,
En . s :
.= m ,1=1, 2, the flexural rigidities of layer 1 and 2, respectively,

a = half length of plate,
h; = thickness of layer 1 and 2, respectively,i=1, 2,

o 2(1+v‘)hl N 2(1+v2)h2’
3E, 3E,
and
_ D -hD,

70+ Dy
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APPENDIX G
SOLUTION OF SYSTEM OF PDE GIVEN IN EQS. (4-1), (4-2) AND (4-3)
G.1 Solution to PDE given in Eq. (4-3)

First we rewrite Eq. (4-3) as follows and denote ﬁ =w,;,1=X,Y, z. Then,

cp
290) 290) 290 _ )
wxa@2 +wy592 +w,602 s Low 997 (G-1)
ox oy oz cp ot
Use the eigenfunction expansion and let
6 =3 > 4 4,(x) 0,0 v, (2), (G-2)
m=0 n=0 I=0
and
Q(j) = z zzbmnl (t) : ¢m (x) @, (y) 4 (Z) > (G_3)
m=0 n=0 /=0
where
amnl, bmn = time dependent coefficients,
and

$.. (%), ¢, (¥), w,(z)= eigenfunctions of variables x, y and z, respectively.

Based on the boundary conditions given in Eq. (4-3b), we can get

a, mi mﬁﬁa)x
¢, (x) =cos \/__x =cos| —x |, a, = , m=0,...,00,
w a a
X

k e V4! . Vi
(z) = —*=Lcos z |+sin| =z |, [=0,...,,
Vi 1'wzhl ’\/a)z sz

where vy is computed using the following equation:

tan( Vi hJ_ kz2712_h1hza)z

Jo. | kyJo,(h+h)

Substituting Egs. (G-2) and (G-3) into Eq. (G-1), and realizing that
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2

d2 J d2 n d 1
, Eﬁi =04, ©, ?ﬁ =~B,¢,,and o, dzl/;’ ==y, , yields

da,, (t) !

—dll— + (anzl + ﬂ: + }/IZ kuml (t) = c_p—bmnl (t) . (G_S)

Solving Eq. (G-5) yields

amnl (t) = c’e _(a’3’+ﬁ3+7/2)’ + :1’5‘ .[dz. ’ e_(a’3’+ﬁ:+ylz )('_T) : b”l'l’ (T) ‘ (G-6)

0
Substituting Eq. (G-6) into Eq. (G-2) yields the temperature change due to
source j, or

0 =3 3 3¢ 4,() 0, (3) ()€ A 4

m=0 (G-7)

i
[
Me I

1 ! 2 2 2
— [dz e @D (1) 4,()0,() v, (2).
m Cp 0
The coefficients of ¢’ are zero since the initial condition given in Eq. (4-3¢) is zero.

[Ms
M

li

il
[=]
i
[~

0n

The coefficient of b, can be found through Eq. (G-3) by

1 e ] ! ’ ] ’ ] ’
MORS j j OJQ“’ B ()0, (V) -, (2dx'dy'dz,

mnl

=N1 I.I.Q(j)d(x—xn).g(y_yn)'é‘(z—())-

mnl O

¢m (x’) : ¢n (y’) ' l//l (Z’)dx,dy’dzr9

or

oW [mﬂ j (nﬂ k,y,
b, ()= cos| —ux, |cos| —y,; || ==—|,
MR N a J b J \/Ehl

mnl

where N, is given by

abh
N = [[[826)- 020 0] (2ax'dy'dz,
00

0

or
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N a_b[kzz'}/f'h+kzhlwz+h'hlza)z +[kz2712_h12w2].

mnl 4 2h120)z 4h]2 [a)z 7,

sin 2y.h —Qcos 27,k i
Jo) o

Then, the temperature change distribution of the board due to the j™ source is

given by (realizing byp(t) is time independent)

[Ms

SV 1 ’ —a O+ T
oV =3 > > — [dr-e I b (04,00, (2),
=0 0

0 n=0 1=0 CP

o

I

i i Z.O: mnl (1 _ e-(a3,+ﬂ3+}',2 )I) '¢,,, (X) ‘@, (y) W, (Z),

m=0 n=0 /=0 C,D(am + ﬂn + }/I )

1

or

- bmnl . . —
ZO:CP(OJ", + B+ 1)¢'"(x) P (G-8)

0 ~(an+BE+7i

< > e b
2 T 20

As we discussed in the temperature profile, we are more concerned about

temperature at steady state. Then, Eq. (G-8) becomes

ool oo | 2 |

m=1 n=1 I=1 cp(am + :Bn + yl )Nmnl

m(x) q)n(y) l///(Z) (G 9)

Then, at any location, the temperature change will be

O(x,y,z) = Z oY,

j=l

or

\/2—7;1 ]¢,,,(x) 2, () v,(2)

m=l n=1 /=1 C',O(a,,, + ,B,f + }/]2 )Nmnl (G'lO)

N
) mm ni
COSf ——X. |COS| — V. |
;Q (a j (by-'j
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If we use the Green function to express the temperature change, Eq. (G-7)

becomes

!

abh
Q(Ai)zi dr G(x,y,z,
op 110 0

x,y,z,0)- 0V (x,y', 2, 1)dx'dy'dz’,

where the Green function is given by

G(x,y,2,1x",y',2',7) = ZZZ — 6., ()8,, (x)0, (Mo, (¥

m=] n=1 I=1 mnl

v (2w ()e sl
G.2 Solution to PDE given in Equations (4-1) and (4-2)
We use the eigenfunction expansion method. The solution is
ei(j) = zz Zamnl (t) : ¢i§){) (X) ¢Inl> (y) ‘//11,) (Z) ln Z szs ZI+1 b4 = 1""’d . (G'l 1)
. m=1 n=1 I=1

The heat source can be expanded as

0 W

w’ZZmemewame (G-12)

m=1 n=1 I=1

where amqi(t) and bya(t) are functions which are to be determined. ¢ (x), o'/ (y),

m

and "’ (z) can be found through the following eigenvalue problems:

) )
i Z’;’C'z(x) +algP(x)=0,withBC: x=0,a ¢,le(x) 0, (G-13a)

dro" ' )]
K, —Z;z(y) + B2 o (y) =0, with BC: y=0,b (”';'ly(y ) -0, (G-13b)

d (/)
K, - dl//él + 7, W,/l) (Z) =0 , (G-13C)
with the following BCs
dy(z=0) _

k, hyw P (z = 0), for the top surface of the top layer

dz



218

Wi(j) (Zi+1 ) = l//r(+ll) (Zi+l )9
)
k- dl//,

' dz

i+l dZ

fori=1,.,d-1 (G-13d)

>
Zin Zin

and

dl//(j) (z=2z2,)
k, __d_dz_d =-h

Solving Equations (G-13a), (G-13b), and (G-13c¢) yields

W (z = z,), for the bottom surface of the d" layer.

; a mrn N
B (%) =00{—~\/1 xJ =COS(—a x), oy == —sm=1L..,0.
K.
I

Similarly,

; nryK;

I
—\/% .2)+BY sin(:/lliwT .2). (G-14)

It should be noted that there are “d” solutions in the form of Eq. (G-14), which

w (2) = A cos(

means that there are “2d” unknown coefficients, 4", B’ fori=1, ..., d. We need

to find them through the boundary conditions given in Eq. (G-13d).

Applying the boundary conditions given in Eq. (G-13d) into Eq. (G-14) yields
“2d” linear homogenous equations. One is at the top surface of first layer, one is at
the bottom surface of d™ layer, and 2d-2 are at the interface between layers.

At the outer boundary z

BY = hl\/K_l AP (G-15a)
Ikl

At the interface, the following relations for the coefficients A}, B}” with

) ()]
A(i+l)l s B(i+l)1

Ai(lj) _ a, (@) a,@ A((ii)l)l G-15b
W |~ ; N W (G-15b)
B a, (@) ay @) [ Biy



and

. . . Y4 k, K, V4 V4
a,, (i) =sin Lz,+1 sin| 2=z, |+ ];” L cos| ~==z,,, |cos| ==z, |
vKi Kin iV Kin VK Kin

At the bottom surface of the d™ layer

Vil Vi Vi
k, sin sz—hd cos(—#_zd]
BY = V Ky [ VEq Ka
da =
Vi Vi Y
k, ——cos| =z, |+ h,sin| ==z

When “2d” linear homogenous equations given in (G-15) are solved,

AP (G-15¢)

the 2d unknown coefficients will be found in terms of one of them, say 4\,

since they are homogenous equations. Then, the resulting eigenfunctions
w$ (z) will all include the unknown coefficient 4\, it will cancel out in the
final solution.
In Eq. (G-15), there are unknown eigenvalues 7, . Thus, an additional relation

is needed to determine these eigenvalues. Ozisik, M. N. [166, pp.278-279] proposed
the following method. The relationship to be used to calculate the eigenvalues is
obtained from the condition that if the homogenous equations given in Eq. (G-15)
should have nontrivial solution the determinant of the coefficients should be zero. If

now we rewrite the above homogenous equations in the matrix form, we have
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h J/(
INL 0 0 0 0 0
71k
10 a () ap() 0 0 0 0
0 =1 ay () ay) 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 O 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
where
k, N sin| L z, |—h, cos w}/’—zd
_ VKq VEKy LY
.=
k, 71 cos de +h, sin 7 z,

Jes

[~ - =

o D e

[ - =]

o © o ©

0
0

all(d—l) a12(d—l)

aq

OO O O

=T

0
0

-1

Then, the following transcendental equation should be solved, and its

positive roots give the enginvalues, y, <y, <<y, <--
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ns
-1 o 0 - 0 0 0 0 -« 0 0 o 0
"
-1 0 a M a,® - 0 0 0 0 0 0 0 0
0 -1 a®M a,® - 0 0 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
.. ; o 0 =0
0 0 0 0 1o a @ a0 0 0 0
0 0 0 0 0 -1 a, @) a,() = 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 o0 0 0 0 0 0 0 0 0 0
0o 0 o0 0 0o 0 0 0 “1 0 a@d-1 a,@d-1
o 0 0 0 0 0 0 0 0 -1 a,(@-1) ay@-D
0 0 0 0 0o 0 0 0 0 0 a, ~1

For each of these eigenvalues there is the corresponding values of 47, B\ and

il
w') (z). After we find these eigenvalues, coefficients and eigenfuctions, we can use

eigenfunction expansion to solve Eq. (4-1).

Substituting equations (G-11) and (G-12) into Eq. (4-1), and realizing that

o ()
K, - d ¢1m ( )+am¢(1)(x)=0’ X, "—l—(y)‘*‘ﬂ q’,(,,')(y)=0,and
dx’ dy’

m

)]
K, - i GV riw(2) =0, yields

i d -, 2
c - - damn (t)
Z ZZ[ ; (aﬁzl + ﬁif + }/12 },mnl (t) bmnl (t)}¢lslf)¢l(n/) I(IJ) O . (G-l 6)
m=1 n=1 I=1
From this equation, we obtain the following ODE for the function a(?):

damnl (t )
dt

Solving Eq. (G-17) yields

+ (ari + ﬂnz + }/12 }’mnl (t) = bmnl (t) . (G-l 7)

'
2 2 2 2 2 2
a,, (t) — cre—(a,.,+ﬂ,. +ri + de . e—(arrl+ﬂn =T bmnl (T) . (G-18)

Substituting Eq. (G-18) into (G-11) yields the temperature distribution of the i™

‘( b3

layer of the board subjected to heat source “j”, which is
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oY = zzzcuﬁ'{)( )0 () /)(Z),e—(aﬁ,wfﬂf)l +
= (G-19)

[Ms
[Ms
o

PP I I IV :
dr-e (@ + By i Wu-7) bmnl (t) ¢i§}{) (x) . (Di(nj)(y) l//(’) (Z)

In this equation, there are two unknowns; i.e., ¢ and bmni(?). Since the initial
condition in each layer is zero, ¢’ will be zero. To find the coefficient of bmni(t), we

consider the following orthogonality property [166, p. 292]:

d abz O f B ,,
S5 [ Jo coad o) el Oy Gl () dy e = ornEn
i=1 1 00 z N,,ml fOI‘ n=n.

Applying this orthogonality property to Eq. (G-12) by multiplying both sides by

ki ¢(/) w,, ()

@ w ! and integrating with respect to x (from 0 to a), y (from 0 to b), and z

from z; to z;+1, and summing up the equalities over all values of i, yields

“it]

d ab
Y [ [0 )0l 0w (2)dxdyex
00

i=1

b (t)= ,
mnl( ) Nmnl
abz . .
[[]es8(=x)0(y=y,)5(z =008 ()pl (W) (2)dxdydx
00z
= ! , (G-20
Nmn[ ( )
N . (mm . (nm
i ) sm(—;; X, j sm(j ¥ J
Nmnl ’
where the norm N, is given as
d k abz
mnI Z—’;" _[I J.¢nn (x ) (Dm (y ) Vi (Z )dx,dy’dz
mRes s (G-21)

4 d k Ziyy 20)
220 (s
b 2, Vi
Then, the temperature distribution of the i™ layer due to the j™ heat source is given

as



223

I N YT . ; .
R O ORI ORI O

b3
1l
—_
X
Il
—_—
~
it
—

EY
"
Ms
M
M
S~

b —o(al+pl+y} j j j
- mnzl - (1 —e (an+B;+yi M ) ¢if’{) (x) . (oi(;’l) (y) . Wi(lj) (Z),
(a, + B, +v)
m n ! (G_22)

bmnl (@) ) )
: X) @, Y. zZ)—
(a,f, +,83 +712)¢"" -’ ) v (2)

b o2 p2, 2 : . .
-0 ) @)
m n i

where b,.,(?) is given in Eq. (G-20).

1]
B
[Ms
M

3
o
=
o
i

[Ms
M

e 1D
M 1
M =

g
I
LR
=
It
LR
o
LR

Then, the temperature distribution of the i" layer due to all of the heat sources is given

by

N o o ® b ) ) )
0,(x,y,2,0) = o b ()0 () v (2) -
;;nﬂ 1=1 (a31+ﬂ3+712) I

b i iptian . ‘ )
e "N g0 (x) 0, ()i (2).
Amana o (a, + B +y)
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APPENDIX H
MATLABA CODES FOR EXAMPLE 6-1
H.1 Matlab code for solving the PDE.

clear all
close all
a=0.15;
b=0.06350;
h=0.001354;
x=0:0.011:a;
y=0:0.005:b;
z=0:-0.0001:-h;
T=zeros (13,13,13);
kz=0.2; h1=5; h2=5; wz=8.32e-8; wx=7.07e-6; wy=7.07e-6; ch=1300; rou=2850;
gamm=[0.76 0.391883 1.20136801100198 2.00563038000417 2.80917207999
3.6124745219 4.415668375099999 5.218803790999 6.021904155999 6.82498184865];
gamm(11:501) = 6.82498184865;
q=[0.2 0.2 0.4];
x1=[0.02 0.075 0.1 ];
y1=1{0.03 0.03 0.03];
foriy=1:13
for ix=1:13
for iz=1:13
Ts=0;
fori=1:3
for m=0:20
for n=0:20
for 1=0:20
Ai=q(1,i)*cos((m*pi/a)*x1(1,i))*cos((n*pi/b)*y1(1,1));
F=kz*gamm(1,l+1)/(sqrt(wz)*h1);
phixy=cos((m*pi/a).*x(ix))*cos((n*pi/b).*y(iy));
Yophiy=cos((n*pi/b).*y(iy));
phiz=(kz*gamm(1,I+1)/(sqrt(wz)*h1))*cos(gamm(1,l+1).*z(iz)/sqrt(wz))+
sin(gamm(1,1+1).*z(iz)/sqrt(wz));
Nmnl=(a*b/4)*((kz"2*gamm(1,1+1)"2*h+kz*h1*wz+h*h1"2*wz)/(2*h1"
2*wz)+(kz"2*gamm(1,1+1)"2-
h172*wz)*sin(2*gamm(1,1+1).*h/sqrt(wz))/(4*h1"2*sqrt(wz)*gamm(1,1+
1))-kz*cos(2*gamm(1,1+1).*h/sqrt(wz))/(2*h1));
denor=ch*rou*((m*pi*sqrt(wx)/a)"2+(n*pi*sqrt(wy)/b) 2+
gamm(1,1+1)"2);
Ts=Ts+phixy*phiz* Ai*F/(Nmnl*denor);
end
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end
end
end
T(iy,ix,iz)=Ts;
end
end

end
[x,y,z]=meshgrid(0:0.011:0.132,0:0.005:0.06,0:-0.0001:-0.0012);
xslice = [0.01, 0.05, 0.08, 0.13]; yslice = 0.030; zslice = [0, -0.0010];
slice(x,y,z,T,xslice,yslice,zslice);
colormap hsv

H.2 Subroutine for computation of the integral

I= J'J-hnm(rl)h(/(rZ)Rwlﬁ'] (}"2 _rl)drl er
00

I = A*(eta-etab)*[computeG(-2*etab,D,p1,pd)+computeG(-
2*etab,C,pl,pd)}/(2*C*D*p3)-A*pl1*[computeH(-2*etab,D,p1,pd)+computeH(-
2*etab,C,pl,pd)]/(2*C*D*p3)+...
A*pl*[computeF(-(etatetab),D,pd)+computeF(-(etatetab),C,pd)[/(2*C*D*p3)+...
A*(eta-etab)*[computeG(-2*etab,D,p2,pd)+computeG(-
2*etab,C,p2,pd)]/(2*C*D*p4)-A*p2*[computeH(-2*etab,D,p2,pd)+computeH(-
2*etab,C,p2,pd)[/(2*C*D*pd)+...
A*p2*[computeF(-(etatetab),D,pd)+computeF(-(etat+etab),C,pd)[/(2*C*D*p4)+...
A*pl*[compute](-2*etab,D,pd,p1)+computel(-
2*etab,C,pd,p1))/(2*C*D*p3)+A*(eta-etab)*[computeG(-
2*etab,D,pd,p1)+computeG(-2*etab,C,pd,p1)}/(2*C*D*p3)-...
A*(eta-etab)*[computeE(-(eta+etab),D,pd)+computeE(-
(etatetab),C,pd)]/(2*C*D*p3)-...
A*p2*[computel(-2*etab,D,pd,p2)+computel(-2*etab,C,pd,p2)]/(2*C*D*p4)-
A*(eta-etab)*[computeG(-2*etab,D,pd,p2)+computeG(-
2*etab,C,pd,p2))/(2*C*D*p4)+...
A*(eta-etab)*[computeE(-(etat+etab),D,pd)+computeE(-
(etatetab),C,pd)]/(2*C*D*p4)+...
B*(eta-etab)*[compute]J(-2*etab,D,pd,p1)+compute](-
2*etab,C,pd,p1)]/(2*C*D*p3)-B*p1*[computeG(-2*etab,D,pd,p1)+computeG(-
2*etab,C,pd,p1)]/(2*C*D*p3)+...
B*p1*[computeE(-(etatetab),D,pd)+computeE(-(eta+etab),C,pd)[/(2*C*D*p3)+...
B*(eta-etab)*[computeJ(-2*etab,D,pd,p2)+compute](-
2*etab,C,pd,p2))/(2*C*D*p4)-B*p2* [computeG(-2*etab,D,pd,p2 ) +computeG(-
2*etab,C,pd,p2))/(2*C*D*pd)+...
B*p2*[computeE(-(eta+etab),D,pd)+computeE(-(eta+etab),C,pd)|/(2*C*D*p4)+...
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B*p1*[computeG(-2*etab,D,p1,pd)+computeG(-
2*etab,C,pl,pd)])/(2*C*D*p3)+B*(eta-etab)*[computeH(-
2*etab,D,p1,pd)+computeH(-2*etab,C,p1,pd)}/(2*C*D*p3)-...
B*(eta-etab)*[computeF(-(etatetab),D,pd)-+computeF(-
(etatetab),C,pd)]/(2*C*D*p3)-...
B*p2*[computeG(-(eta+etab),D,p2,pd)+compute G(-
(etatetab),C,p2,pd)])/(2*C*D*p4)-B*(eta-etab)*[computeH(-
(etatetab),D,p2,pd)+computeH(-(etatetab),C,p2,pd))/(2*C*D*pd)+...
B*(eta-etab)* [computeF(-(eta+etab),D,pd)+computeF(-
(etatetab),C,pd)])/(2*¥*C*D*p4);

H.3 Matlab code for computation of the standard deviation of the shear stress of the
board.

%compute standard deviation of stress-syz-board

clear all

z=[-677¢-6 -641e-6 -539¢-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95¢9 3.08¢9 138.95¢9 3.08e9 219.78e9 3.08¢9 219.78¢9 3.08¢9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08e9 45.58e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08¢9 45.58¢e9 1.08¢9
45.58¢e9];

Q66=[46.69¢9 10e9 46.69¢9 10e9 76.92e9 10e9 76.92e9 10e9 46.69¢9 10e9 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m
etab=1966.6; %c/10
p=3296.9; %k/m
pd=sqrt(p"2-eta2); %equal to sqrt(p"2-eta™2)
A=pi*S0*(4*eta"2+p"2)/(2*eta),
B=pi*S0/2;
D11=8.732;
D12=2.841;
D22=8.732;
D66=4.301;
10=3.89;
a=0.15; %length of board
b=0.0635; %width of the board
sigma2syz=0;,
for m=1:2:41
for n=1:21
for i=1:2:41
for j=1:21

sigmn=1.249093918e10*m"3+2.444744431e9*m"2*n;
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sigij=1.249093918e10*i"3+2.444744431e9*i"2%*j;
C = (pi™2/(sqrt(10)*b"2))*sqrt(D11*m"4*(b/a) 4+2*(D12+2*D66)*
m”2*n"2*(b/a)"2+D22*n"4);
D= (pi"2/(sqrt(10)*b"2))*sqrt(D11*i4*(b/a)y 4+2*(D12+2*D66)*
iN2%)72*(b/a)"2+D22%j"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2syz=sigma2syz+sigmn*sigij*(1/(m*n*i*j))*(256/pi™4)*((-
DN((m+i-2)/2))*1,
end
end
end
end
sigmasyz=sqrt(sigma2syz)

H.4 Matlab code for computation of the standard deviation of the peeling stress of
the board.

%compute standard deviation of stress-szz-board

clear all

z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 S51e-6 203e-6 503e-6 539e-6 641e-6];
Q11=[138.95¢9 3.08e9 138.95¢9 3.08e9 219.78e9 3.08e9 219.78¢9 3.08e9 138.95¢9
3.08e9 138.95e9];

Q12=[45.58e9 1.08e9 45.58e9 1.08e9 65.93¢9 1.08¢9 65.93e9 1.08e9 45.58¢9 1.08e9

45.58e9];

Q66=[46.69¢9 109 46.69e9 10e9 76.92¢9 10e9 76.92¢9 10e9 46.69¢9 10e9 46.69¢9];
S0=20.6; %power spectral density
eta=2717 4, %c/m

etab=1966.6; %c/10

p=3296.9; %k/m
pd=sqrt(p”2-eta"2); %equal to sqrt(p”2-eta”2)
A=pi*S0*(4*eta"2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841,

D22=8.732;

D66=4.301;

10=3.89;

a=0.15; %length of board
b=0.0635; %width of the board
sigma2szz=0;

for m=1:2:41
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forn=1:2:41
for i=1:2:41
for j=1:2:41
sigmn=1358570.847*m"4+42301174.52*n"4+28415140.64*m"2*n*2;
sigij=1358570.847*i"4+42301174.52*j"4+28415140.64*1"2*j*2;
C = (pi™2/(sqrt(10)*b"2))*sqrt(D11*m"4*(b/a) 4+
2*¥(D12+2*D66)*m"2*n2*(b/a)*2+D22*n"4);
D= (pi*2/(sqrt(10)*b"2))*sqrt(D11*i4*(b/a) 4+
2*(D12+2*D66)*172* 7 2*(b/a)"2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2szz=sigma2szz+sigmn*sigij*(1/(m*n*i*j))*
(256/pi*)* ((-)N(m+n+i+j-4)/2))*1;
end
end

end

end

sigmaszz=sqrt(abs(sigma2szz))

H.5 Matlab code for computation of the correlation coefficient of two failure modes
of the board.

H.5.1 Mean value of the product of the shear stress and max. deflection.

%compute mean value of stress-syz with w_max

clear all

z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6 641e-6];
Q11=[138.95¢9 3.08e9 138.95€9 3.08e9 219.78¢9 3.08e9 219.78e9 3.08¢9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08e9 45.58¢9 1.08e9 65.93¢9 1.08e9 65.93e9 1.08e9 45.58¢9 1.08e9
45.58¢9];

Q66=[46.69¢9 109 46.69¢9 10e9 76.92e9 10e9 76.92¢9 10e9 46.69¢9 10e9 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %c/10

p=3296.9; %k/m
pd=sqrt(p”2-eta™2); %equal to sqrt(p”2-eta™2)
A=pi*S0*(4*eta2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841;

D22=8.732;



D66=4.301;
10=3.89;
a=0.15; %length of board
b=0.0635; %width of the board
sigma2=0;
form=1:2:41
for n=1:2:41
for i=1:2:41
for j=1:2:41
sigmn=((z(1,11)"2-z(1,1)*2)/2)*((n*pi/b)"3*Q11(1,1)+
(m™2*n*pi*3/(a”2*b))*(2*Q66(1,1)+Q12(1,1)))...
+((z(1,11)"2-2(1,2)"2)/2)*((n*pi/b)*3*Q11(1,2)+
(m"2*n*pi*3/(a”2*b))*(2*Q66(1,2)+Q12(1,2)))...
+((z(1,11)"2-2(1,3)"2)/2y*((n*pi/b)"3*Q11(1,3)+
(m*2*n*pi”3/(a”2*b))*(2*Q66(1,3)+Q12(1,3)))...
+((z(1,11)"2-2(1,4)"2)/2)*((n*pi/b)*3*Q11(1,4)+
(m"2*n*pi”3/(a"2*b))*(2*Q66(1,4)+Q12(1,4)))...
+((z(1,11)"2-2(1,5)"2)2)*(n*pi/b)*3*Q11(1,5)+
(M 2*n*pi3/(a™2*b))*(2*Q66(1,5)+Q12(1,5)))...
+((z(1,11)"2-2(1,6)"2)/2)*((n*pi/b)*3*Q11(1,6)+
(m”"2*n*pi”3/(a”2*b))*(2*Q66(1,6)+Q12(1,6)))...
+((z(1,11)"2-z(1,7)"2)/2)*((n*pi/b)"3*Q11(1,7)+
(m"2*n*pit3/(a™2*b))*(2*Q66(1,7)+Q12(1,7)))...
+((z(1,11)"2-2(1,8)"2)/2)*((n*pi/b)*3*Q11(1,8)+
(M 2*n*pit3/(a”2*b))* (2*Q66(1,8)+Q12(1,8)))...
+((z(1,11)"2-z(1,9)"2)/2)*((n*pi/b)*3*Q11(1,9)+
(M"2*n*pi"3/(a”2*b))*(2*Q66(1,9)+Q12(1,9)))...
+((z(1,11)"2-2(1,10)"2)/2)*((n*pi/b)*3*Q11(1,10)+
(m™2*n*pi”3/(a™2*b))*(2*Q66(1,10)+Q12(1,10)))...
+((z(1,11)"2-z(1,1 1)"2)/2)*((n*pi/b)*3*Q11(1,11)+
(m"3*n*pi”3/(a”2*b))*(2*Q66(1,11)+Q12(1,11)));
C = (pi*2/(sqrt(10)*b"2))*sqrt(D11*m”4*(b/a)*4+2*(D12+2*D66)*
m”A2*n"2*(b/a)*2+D22*n"4),
D= (pi"2/(sqrt(10)*b"2))*sqrt(D11*i"4*(b/a) 4+2*(D12+2*D66)*
i"2*j72*(b/a)*2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2-sigmn*(1/(m*n*i*;))*(256/pi*4)*((-1)((m+n+i+j-4)/2))*I,
end
end
end
end
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mean=sigma?
H.5.2 Mean value of the product of the shear stress and w .

%compute E(s_vir*w*)

clear all

z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539¢-6 641e-6];
Q11=[138.95e6 3.08¢6 138.95¢6 3.08e6 219.78e6 3.08e6 219.78¢e6 3.08¢6 138.95¢6
3.08e6 138.95¢6];

Q12=[45.58¢6 1.08e6 45.58e6 1.08e6 65.93¢6 1.08¢6 65.93e6 1.08e6 45.58¢6 1.08¢6
45.58e6];

Q66=[46.69¢6 10e6 46.69¢6 10e6 76.92¢6 10e6 76.92e6 10e6 46.69¢6 10e9 46.69¢6];

a=0.15; %length of board
b=0.0635; %width of the board
S0=20.6; %power spectral density
eta=2717.4; %c/m
etab=1966.6; %c/10
p=3296.9; %k/m
pd=sqrt(p”"2-eta’2); %equal to sqrt(p”2-eta”2)
D11=8.732,
D12=2.841;
D22=8.732,
D66=4.301,
10=3.89; %
a=0.15; %length of board
b=0.0635; %width of the board
A=0;
for m=1:2:551

for n=1:2:551

C = (pi™2/(sqrt(10)*b"2))*sqrt(D11*m"4*(b/a) 4+
2¥(D12+2*D66)*m” 2*n"2*(b/a)"2+D22*n"4);

p1=C-pd;

p2=C+pd;

p3=pl1”"2+(etatetab)"2;

p4=p2"2+(etatetab)"2;

Al=(pi*S0*(etab+eta)/(2*C*pd))*(1/p3-1/p4);

A2=(pi*S0/(4*C*pd))*((p1+eta*(etab+eta)/pd)/p3+(p2-cta*(etab+eta)/pd)/p4);

sigmn=((z(1,11)"2-z(1,1)"2)/2)*((n*pi/b)*3*Q11(1,1)+
(M™2*n*pi*3/(a”2*b))*(2*Q66(1,1)+Q12(1,1)))...
+((z(1,11)"2-2(1,2)"2)/2)*((n*pi/b)*3*Q11(1,2)+
(m"2*n*pi*3/(a"2*b))*(2*Q66(1,2)+Q12(1,2)))...
+((z(1,11)"2-2(1,3)"2)/2)*((n*pi/b)*3*Q11(1,3)+
(m"2*n*pit3/(a™2*b))*(2*Q66(1,3)+Q12(1,3)))...
+((z(1,11)"2-2(1,4)Y"2)/2)*((n*pi/b)*3*Q11(1,4)+



A=A+(1/(m*n))*(16/pi"2)*((-) (m-1)/2))*sigmn*(A 1 +A2);

end
end

H.6 Matlab code for computation of the stress standard deviation of the leadless

(MA2*n*pin3/(a”2*b))*(2*Q66(1,4)+Q12(1,4)))...
+H(z(1,11)72-2(1,5)"2)/2)*((n*pi/b)"3*Q11(1,5)+
(M 2*n*pin3/(a”2*b))*(2*Q66(1,5)+Q12(1,5)))...
+H(Z(1,11)2-2(1,6)"2)/2)*((n*pi/b)"3*Q11(1,6)+
(M 2*n*pi”3/(a”2*b))*(2*Q66(1,6)+Q12(1,6)))...
H(z(1,11)°2-2(1,7)2)/2)*((n*pi/bY 3*Q11(1,7)+
(MA2*n*pi”3/(a”2*b))*(2*Q66(1,7)+Q12(1,7)))...
+H(z(1,11)72-2(1,8)"2)/2)*((n*pi/by 3*Q11(1,8)+
(M2*n*pit3/(a”2*b))*(2*Q66(1,8)+Q12(1,8)))...
H(z(1,11)2-2(1,9)"2)/2)*((n*pi/by"3*Q11(1,9)+
(M2*n*pit3/(a”2*b))*(2*Q66(1,9)+Q12(1,9)))...
+H(z(1,11)°2-2(1,10)°2)/2)*((n*pi/b) 3*Q11(1,10)+
(M 2*n*pit3/(a”2*b))*(2*Q66(1,10)+Q12(1,10)))...
H(z(1,11)72-2(1, 1 1)°2)/2)*((n*pi/by 3*Q11(1,1 1)+
(M 3*n*pit3/(a”2*b))*(2*Q66(1,11)+Q12(1,11)));

solder joint interconnect.

%compute standard deviation of leadless solder joint

clear all

z=[-0.001494 -0.00014];
Q11=[138.95¢6];

Q12=[45.

58e6];

Q66=[46.69¢6];

S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %c/10

p=3296.9; %k/m
pd=sqrt(p”2-eta™2); %equal to sqrt(p”2-eta”2)
A=pi*S0*(4*eta"2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841,

D22=8.732;

D66=4.301;

10=3.89;

a=0.15; %length of board
b=0.0635; %width of the board

sigma2solder=0;
for m=1:2:17
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for n=1:15
for i=1:2:17
for j=1:15
sigmn=(n*pi1/b)*3*Q11(1,1)+H(m*pi/a)*2*(n*pi/b)*(2*Q66(1,1)+Q12(1,1));
sigij=(*pi/b)*3*Q11(1,1)+(i*pi/a) 2*(j*pi/b)*(2*Q66(1,1)+Q12(1,1));
C = (pi"2/(sqrt(10)*b*2))*sqrt(D1 1 *m”4*(b/a) 4+
2*¥(D12+2*D66)*m"2*n"2*(b/a)*2+D22*n"4);
D= (pi*2/(sqrt(10)*b*2))*sqrt(D11*i"4*(b/a) 4+
2¥(D12+2*D66)*172%)72*(b/a)*2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=pl1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2solder=sigma2solder+(8192/(5274*0.002"4*pi~6*4))*
(2(1,2)"2-z(1,1)"2)y"2*sigmn*sigij*(1/(m*n*i*j))*
(CD™M(mH-2)/2)*1;
end
end

end

end

sigmasolder=sqrt(sigma2solder)

H.7 Matlab code for computation of the standard deviation of the stress in the
leaded solder joint.

%compute standard deviation of leaded solder vib stress

clear all

z=[-677e-6 -641¢-6 -539¢-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539¢-6 641e-6];
Q11=[138.95¢9 3.08¢9 138.95¢9 3.08e9 219.78¢9 3.08¢9 219.78e9 3.08e9 138.95¢9
3.08¢9 138.95¢€9];

Q12=[45.58¢9 1.08¢9 45.58¢9 1.08e9 65.93e¢9 1.08e9 65.93¢9 1.08¢9 45.58¢9 1.08e9
45.58¢9];

Q66=[46.69¢9 10e9 46.69¢9 10e9 76.92e9 10e9 76.92¢9 10e9 46.69¢9 10e9 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %¢c/10

p=3296.9; %k/m
pd=sqrt(p”2-eta"2); %equal to sqrt(p”2-eta”2)
A=pi*S0*(4*eta”"2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841;

D22=8.732;

D66=4.301;



233

10=3.89; %

a=0.15; %Ilength of board

b=0.0635; %width of the board

L _m=0.0013; %length of the module

Aw=3.2¢e-8; Y%lead wire area

Ew=138e9; %modulus of lead wire

Em=300e9; % modulus of the module

Lw=0.000208; % length of lead wire

Im=8.336e-17; Yomoment inertia of lead wire

sigma2leaded=0;

for m=1:2:31

for n=1:2:31
for i=1:2:31
for j=1:2:31
ss=((L_m)"3*52* AW*Ew)/(3*Em*Im*Lw);
sigmn=(1/(m*n))*((-1)"(m+n-2)/2)-(-1)((n-1)/2)*sin(m*pi*(a-L_m)/(2*a)));
siglj=(1/(i*))*((-1)((i+j-2)/2)-(-1)((-1)/2) *sin(i*pi*(a-L_m)/(2*a)));
C = (pi*2/(sqrt(10)*b"2))*sqrt(D11*m"4*(b/a) 4+
2*(D12+2*¥D66)*m”"2*n"2*(b/a)"2+D22*n"4);
D= (pi*2/(sqrt(10)*b2))*sqrt(D11*i4*(b/a) 4+
2*(D12+2*D66)*172*j72*(b/a) 2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2leaded=sigma?leaded+sigmn*sigij*
(256/(pi™4*52°2))*((-)M(m+i-2)/2))*I* (Ew/Lw)*(1/(1+ss));
end
end

end

end

sigmalead=sqrt(sigma2leaded)

H.8. Matlab code for computation of the correlation coefficient of the two failure
modes in PTH interconnect

%compute mean of product of vib stress in leadwire and szz force

clear all

7z=[-677¢-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539¢-6 641e-6];

Q11=[138.95¢9 3.08¢9 138.95¢9 3.08e9 219.78¢9 3.08¢9 219.78¢9 3.08e¢9 138.95¢9
3.08e9 138.95¢9];

Q12=[45.58¢9 1.08¢e9 45.58¢9 1.08¢9 65.93¢9 1.08¢9 65.93e9 1.08e9 45.58¢9 1.08e9
45.58¢e9];

Q66=[46.69¢9 10e9 46.69¢9 10e9 76.92¢9 10e9 76.92¢9 109 46.69¢9 10e9 46.69¢9];
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S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %c/10

p=3296.9; %k/m
pd=sqrt(p”2-eta"2); %equal to sqrt(p”2-eta”2)
A=pi*SO0*(4*eta"2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841,

D22=8.732,;

D66=4.301;

10=3.89;

a=0.15; ' %length of board

b=0.0635; %width of the board
L _m=0.0013; %length of the module
Aw=3.2e-8; %lead wire area
Ew=138e9; %emodulus of lead wire
Em=300€e9; % modulus of the module
Lw=0.00218; % length of lead wire
Im=8.336e-17; Y%amoment inertia of lead wire
sigma2=0;
for m=1:2:21
for n=1:2:21
for i=1:2:21
for j=1:2:21
ss=((L_m)"3*52* Aw*Ew)/(3*Em*Im*Lw);
sigmn=(1/(m*n))* (- ((m+n-2)/2)-(-D((n-1)/2)*sin(m*pi*(a-L._m)/(2*a)));
sigij=1358570.847*1"4+42301174.52*j74+28415140.64*i"2*)*2;
C = (pi™2/(sqrt(10)*b"2))*sqrt(D11*m”"4*(b/a) 4+
2*(D12+2*D66)*m"2*n2*(b/a)"2+D22*n"4);
D= (pi*2/(sqrt(10)*b2))*sqrt(D11*i"4*(b/a) 4+
2*(D12+2*D66)*i72*j72*(b/a)"2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=p1°2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2-+sigmn*sigij*(1/(1*}))*(256/(pi"4*52"2))
(CDM((M+i-2)/2)*T*(Ew/Lw)*(1/(1+ss));
end
end
end
end
rou=sigma2/(5*10e12)
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H.9 Matlab code for computation of the bivarite normal reliability.

clear all

close all

u=7.4892; % ml value

v = 8.089; % m2 value

rou = 5.4527e-10; % correlation coef. value

%uu = inline('(1/sqrt(1-r*2))*exp(-((0)"2-2*r*u*v+v"2)/(2*(1-12)))";
format long e

R=((1/(2*pi))*quad(@uu,0,rou) + normcdf(u)*normcdf(v))

Function

function x = uu(r)

u=7.4892;

v=8.089;
x=(1./sqrt(1.-r.72)*exp(-(u"2-2*r.*u*v+v"2)/(2*(1.-1.72)));

H.10 Matlab code for computation of the correlation coefficient.
H.10.1 Correlation coefficient between the failure modes 1 and 3.

%compute correlation coefficient of rou(1,3)

clear all

7=[-677e-6 -641e-6 -539¢-6 -503e-6 -203e-6 -51e-6 S1e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95¢9 3.08¢9 138.95¢9 3.08¢9 219.78¢9 3.08¢9 219.78¢9 3.08¢9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08¢9 45.58¢9 1.08e9 65.93¢9 1.08¢9 65.93¢9 1.08¢9 45.58¢e9 1.08¢9
45.58¢e9];

Q66=[46.69¢9 10e9 46.69¢9 10¢9 76.92¢9 109 76.92¢9 109 46.69¢9 10e9 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %c/10

p=3296.9; %k/m
pd=sqrt(p”2-eta"2); %equal to sqrt(p”2-eta”2)
A=pi*S0*(4*eta"2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841;

D22=8.732;

D66=4.301;

10=3.89;

a=0.15; %Ilength of board

b=0.0635; %width of the board
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L _m=0.0013; %length of the module
Aw=3.2¢e-8; %lead wire area
Ew=138¢e9; %modulus of lead wire
Em=300e9; % modulus of the module
Lw=0.000208; % length of lead wire
Im=8.336¢-17; %moment inertia of lead wire
z1=[-0.001494 -0.00014];
sigma2=0;
for m=1:2:41
for n=1:21
for i=1:2:41
for j=1:21
sigmn=((z(1,11)"2-z(1,1)"2)/2)*((n*pi/b)*3*Q1 1(1,1)+
(M 2*n*pi3/(a”2*b))*(2*Q66(1,1)+Q12(1,1)))...
+((z(1,11)"2-2(1,2)*2)/2)*((n*pi/b)*3*Q11(1,2)+
(m"2*n*pi”3/(a"2*b))* (2*Q66(1,2)+Q12(1,2)))...
+((z(1,11)"2-2(1,3)"2)/2)*((n*pi/b)*3*Q11(1,3)+
(m"2*n*pi”3/(a”2*b))*(2*Q66(1,3)+Q12(1,3)))...
+((z(1,11)"2-2(1,4)*2)/2)*((n*pi/b)"3*Q11(1,4)+
(M 2*n*pi”3/(a”2*b))*(2*Q66(1,4)+Q12(1,4)))...
+((z(1,11)"2-2(1,5)"2)/2)*((n*pi/b)"3*Q11(1,5)+
(Mm"2*n*pi*3/(a™2*b))*(2*Q66(1,5)+Q12(1,5)))...
+((z(1,11)*2-2(1,6)"2)/2)*((n*pi/b)"3*Q11(1,6)+
(m”"2*n*pi*3/(a”2*b))*(2*Q66(1,6)+Q12(1,6)))...
+H(z(1,11)"2-2(1,7)"2)/2)*((n*pi/b)*3*Q11(1,7)+
(mA2*n*pit3/(a”2*b))* (2*Q66(1,7)+Q12(1,7)))...
+((z(1,11)"2-2(1,8)"2)/2)*((n*pi/b)*3*Q11(1,8)+
(Mm"™2*n*pi"3/(a*2*b))*(2*Q66(1,8)+Q12(1,8)))...
+((z(1,11)*2-2(1,9)"2)/2)*((n*pi/b)*3*Q11(1,9)+
(M"2*n*pin3/(a™2*b))* (2*Q66(1,9)+Q12(1,9)))...
+((z(1,11)"2-2(1,10)"2)/2)*((n*pi/b)"3*Q11(1,10)+
(M"2*n*pi”3/(a”2*b))*(2*Q66(1,10)+Q12(1,10)))...
+((z(1,11)"2-z(1,11)"2)/2)*((n*pi/b)*3*Q11(1,11)+
(m*3*n*pit3/(a”2*b))* (2*Q66(1,11)+Q12(1,11)));
sigij=(*pi/b)"3*Q11(1,1)+({*pi/a)"2*(G*pi/b)*(2*Q66(1,1)+Q12(1,1));
C = (pi™2/(sqrt(10)*b"2))*sqrt(D11*m”"4*(b/a) 4+
2*¥(D12+2*D66)*m"2*n"2*(b/a) 2+D22*n"4);
D= (pi*2/(sqrt(10)*b"2))*sqrt(D 1 1 *i4*(b/a)y 4+
2¥(D12+2*¥D66)*1"2*j"2*(b/a) 2+D22*j74);
p1=C-pd;
p2=C+pd,;
p3=pl"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2-+sigmn*sigij*(1/(m*n*i*j))*
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(256/pit4)* ((-DN(m+i-2)/2))*1*((z1(1,1)"2-21(1,2)"2)/2);
end
end
end
end
roul 3=sigma2/(4*5.02¢12)

H.10.2 Correlation coefficient between the failure modes 1 and 4.

%compute correlation coefficient of rou(1,4)

clear all

z=[-677e-6 -641e-6 -539¢e-6 -503e-6 -203e-6 -51e-6 S1e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95€9 3.08e9 138.95¢9 3.08e9 219.78e9 3.08e9 219.78e9 3.08¢9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08e9 45.58e9 1.08e9 65.93e9 1.08¢9 65.93¢9 1.08¢9 45.58¢9 1.08e9
45.58e9];

Q66=[46.69¢9 109 46.69¢9 10e9 76.92e9 10e9 76.92¢9 10e9 46.69¢9 10e9 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m
etab=1966.6; %c/10
p=3296.9; %k/m

pd=sqrt(p”2-eta’2); %equal to sqrt(p”"2-eta™2)
A=pi*SO0*(4*eta"2+p"2)/(2*eta),

B=pi*S0/2;
D11=8.732;
D12=2.841,
D22=8.732;
D66=4.301;
10=3.89;
a=0.15; %length of board
b=0.0635; %width of the board
L _m=0.0013; %length of the module
Aw=3.2¢-8; %]lead wire area
Ew=138¢9; %modulus of lead wire
Em=300¢9; % modulus of the module
Lw=0.000208; % length of lead wire
Im=8.336e-17; %moment inertia of lead wire
sigma2=0;
for m=1:2:41

for n=1:21

for i=1:2:41
for j=1:2:41

ss=((L_m)"3*52* AW*Ew)/(3*Em*Im*Lw);



sigmn=((z(1,11)"2-z(1,1)"2)/2)*((n*pi/b)*3*Q11(1,1)+
(m™2*n*pit3/(a"2*b))*(2*Q66(1,1)+Q12(1,1)))...
+((z(1,11)"2-2(1,2)"2)/2)*((n*pi/b)*3*Q11(1,2)+
(m"2*n*pi"3/(a"2¥b))*(2*Q66(1,2)+Q12(1,2)))...
+((z(1,11)"2-2(1,3)"2)/2)*((n*pi/b)*3*Q11(1,3)+
(m"2*n*pi”*3/(a”2*¥b))*(2*Q66(1,3)+Q12(1,3)))...
+((z(1,11)"2-2(1,4)"2)/2)*((n*pi/b)*3*Q11(1,4)+
(M 2*n*pi"3/(a"2*b))* (2*Q66(1,4)+Q12(1,4)))...
+((z(1,11)"2-2(1,5)"2)/2)*((n*pi/b)*3*Q11(1,5)+
(m"2*n*pi*3/(a”2*b))*(2*Q66(1,5)+Q12(1,5)))...
+((z(1,11)*2-2(1,6)"2)/2)*((n*pi/b)*3*Q11(1,6)+
(Mm"2*n*pi”3/(a”2*b))* (2*Q66(1,6)+Q12(1,6)))...
+((z(1,11)"2-2(1,7)"2)/2)*((n*pi/b)*3*Q11(1,7)+
(M 2*n*pi”3/(a”2*b))*(2*Q66(1,7)+Q12(1,7)))...
+((z(1,11)"2-z(1,8)"2)/2)*((n*pi/b)*3*Q11(1,8)+
(M"2*n*pin3/(a”2*b))*(2*Q66(1,8)+Q12(1,8)))...
+({(z(1,11)"2-2(1,9)"2)/2)*((n*pi/b)*3*Q11(1,9)+
(M 2*n*pi™3/(a™2*b))*(2*Q66(1,9)+Q12(1,9)))...
+((z(1,11)"2-2(1,10)"2)/2)*((n*pi/b)*3*Q11(1,10)+
(Mm™2*n*pit3/(a”2*b))*(2*Q66(1,10)+Q12(1,10)))...
+((z(1,11)"2-z(1,11)"2)/2)*((n*pi/b)*3*Q11(1,1 1)+
(m™3*n*pit3/(a”2*b))* (2*Q66(1,11)+Q12(1,11)));
sigij=(1/(*)* ((-1)*(1+j-2)/2)-(-1)((-1)/2)*sin(i*pi*(a-L_m)/(2*a)));
C = (pi™2/(sqrt(10)*b*2))*sqrt(D11*m"4*(b/a) 4+
2*(D12+2*D66)*m"2*n"2*(b/a)"2+D22*n"4),
D= (pi*2/(sqrt(10)*b"2))*sqrt(D11*i"4*(b/a) 4+
2*(D12+2*D66)*i72*j/2*(b/a) 2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=p1*2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2+sigmn*sigij*(1/(m*n))*
(256/pi™4)*((-DM((m-1)/2))*I*(1/(1+ss))*(Ew/(Lw*52));
end
end
end
end
roul 4=sigma2/(4*5e12)

H.10.3 Correlation coefficient between the failure modes 1 and 7.
%compute correlation coefficient of rou(1,7)

clear all
z=[-677e-6 -641e-6 -539¢-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539¢-6
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Q11=[138.95e9 3.08e9 138.95¢9 3.08e9 219.78¢9 3.08e9 219.78e9 3.08e9 138.95¢9
3.08e9 138.95¢9];

Q12=[45.58e9
45.58e9];
Q66=[46.69¢9
S0=20.6;
eta=2717.4;
etab=1966.6;
p=3296.9;

pd=sqrt(p”2-eta™2);

1.08¢9 45.58¢e9 1.08e9 65.93¢9 1.08¢9 65.93€9 1.08e9 45.58¢9 1.08¢9

109 46.69¢9 10e9 76.92¢9 10e9 76.92¢9 10e9 46.69¢9 10e9 46.69¢9];
%power spectral density

%c/m

%c/10

%k/m

%equal to sqrt(p”2-eta”2)

A=pi*S0*(4*eta"2+p"2)/(2*eta);

B=pi*S0/2;
D11=8.732;
D12=2.841;
D22=8.732;
D66=4.301,
10=3.89; %
a=0.15; %length of board
b=0.0635; %width of the board
L _m=0.0013; %Ilength of the module
Aw=3.2¢e-8; %lead wire area
Ew=138¢9; %modulus of lead wire
Em=300e9; % modulus of the module
Lw=0.000208; % length of lead wire
Im=8.336e-17; %moment inertia of lead wire
sigma2=0;
for m=1:2:41

for n=1:21

fori=1:2:41
for j=1:2:41

sigmn=((z(1,11)"2-z(1,1)"2)/2)*(n*pi/b)*3*Q11(1,1)+

(MA2*n*pir3/(a*2*b))*(2*Q66(1,1)+Q12(1,1)))...
+H((2(1,11)2-2(1,2)"2)/2)*((n*pi/b) 3*Q1 1(1,2)+
(M 2*n*pit3/(a*2*b))*(2*Q66(1,2)+Q12(1,2)))...
H(z(1,11)°2-2(1,3)"2)/2)*((n*pi/b) 3*Q11(1,3)+
(MA2*n*pit3/(a”2*b))*(2*Q66(1,3)+Q12(1,3)))...
H(z(1,11)°2-2(1,4)°2)/2)*((n*pi/b)3*Q1 1(1,4)+
(M 2*n*pit3/(a"2*b))* (2*Q66(1,4)+Q12(1,4)))...
+H(z(1,11°2-2(1,5)"2)/2)*((n*pi/b)*3*Q11(1,5)+
(M 2*n*pit3/(a*2*b))*(2*Q66(1,5)+Q12(1,5)))...
+H(2(1,11Y°2-(1,6)"2)/2)*((n*pi/b)*3*Q11(1,6)+
(M 2*n*pir3/(a*2*b))*(2*Q66(1,6)+Q12(1,6)))...
+H((2(1,11Y°2-2(1,7)"2)/2)*((n*pi/b)*3*Q11(1,7)+
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(m"2*n*pin3/(a”2*b))* (2*Q66(1,7)+Q12(1,7)))...
+((z(1,11)"2-2(1,8)"2)/2)*((n*pi/b)"3*Q11(1,8)+
(m™2*n*pi”3/(a”2*b))* (2*Q66(1,8)+Q12(1,8)))...
+((z(1,11)"2-2(1,9Y"2)/2)*((n*pi/b)*3*Q11(1,9)+
(m”"2*n*pi"3/(a”2*b))*(2*Q66(1,9)+Q12(1,9)))...
+((z(1,11)"2-2(1,10)"2)/2)*((n*pi/b)"3*Q11(1,10)+
(M 2*n*pit3/(a”™2*b))*(2*Q66(1,10)+Q12(1,10)))...
+((z(1,11)"2-2(1,11)"2)/2)*((n*pi/b)*3*Q11(1,11)+
(m"3*n*pit3/(a”™2*b))*(2*Q66(1,11)+Q12(1,11)));
sigij=1358570.847*i"4+42301174.52*)"4+28415140.64*1"2*)*2;
C = (pi™2/(sqrt(10)*b2))*sqrt(D11*m”"4*(b/a) 4+
2*¥(D12+2*D66)*m™2*n"2*(b/a)"2+D22*n"4);
D= (pi"2/(sqrt(10)*b2))*sqrt(D11*i"4*(b/a) 4+
2*¥(D12+2*D66)*1"2*j"2*(b/a)2+D22*j"4),
pl=C-pd;
p2=C+pd;
p3=p1°2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2-+sigmn*sigij*(1/(m*n*i*j))*
(256/pi™)*((-DN(m+i+5-3)/2))*1;
end
end
end
end
roul 7=sigma2/(4*10e12)

H.10.4 Correlation coefficient between the failure modes 2 and 3.
H.10.4.1 Mean value of the product of the vibration stress and the max. deflection.

%compute mean value of rou2_3 w_max

clear all

z=[-677e-6 -641e-6 -539¢-6 -503e-6 -203e-6 -51e-6 S1e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95¢9 3.08¢9 138.95¢9 3.08€9 219.78e9 3.08¢9 219.78e9 3.08¢9 138.95¢9
3.08¢e9 138.95¢9];

Q12=[45.58¢9 1.08¢9 45.58¢9 1.08¢9 65.93¢9 1.08¢9 65.93¢9 1.08¢9 45.58¢e9 1.08e9
45.58¢e9];

Q66=[46.69¢9 10e9 46.69¢9 10e9 76.92e9 10e9 76.92e9 109 46.69¢9 10e9 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %c/10

p=3296.9; %k/m

pd=sqrt(p”2-eta™2); %equal to sqrt(p”2-eta™2)
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A=pi*S0*(4*eta™2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841;

D22=8.732;

D66=4.301,

10=3.89;

a=0.15; %length of board

b=0.0635; %width of the board

z1=[-0.001494 -0.000147];

sigma?2=0;

for m=1:2:41

for n=1:21
fori=1:2:41
for j=1:21
sigij=(*pi/b)"3*Q11(1,1)+(i*pi/a) 2*(G*pi/b)*(2*Q66(1,1)+Q12(1,1));
C = (pi*2/(sqrt(10)*b"2))*sqrt(D11*m”4*(b/a) 4+
2*(D12+2*D66)*m"2*n"2*(b/a)"2+D22*n"4);
D= (pi"2/(sqrt(10)*b"2))*sqrt(D11*i"4*(b/a) 4+
2*¥(D12+2*¥D66)*i"2*j"2*(b/a) 2+D22*j™4),
p1=C-pd;
p2=C+pd;
p3=pl1"2+(eta-etab)"2;
p4=p2"2+(eta-ctab)"2;
sigma2=sigma2-sigij*(1/(m*n*i*j))*
(256/pi™)*((-DM(m+i-2)/2))*1*((z1(1,2)2-z1(1,1)"2)/2);
end
end

end

end

mean=sigma2

H.10.4.2 Mean value of the product of the vibration stress and w'.

%compute E(s_vir*w*)

clear all

z=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95¢e6 3.08e6 138.95¢6 3.08e6 219.78e6 3.08e6 219.78¢6 3.08e6 138.95¢6
3.08¢6 138.95¢6];

Q12=[45.58e6 1.08e6 45.58¢6 1.08e6 65.93¢6 1.08e6 65.93e6 1.08¢6 45.58¢e6 1.08¢6
45.58e6];

Q66=[46.69¢6 10e6 46.69¢6 10e6 76.92e6 10e6 76.92¢6 10e6 46.69¢6 10e9 46.69¢6];
a=0.15; %length of board
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b=0.0635; %width of the board
S0=20.6; %power spectral density
eta=2717.4; %c/m
etab=1966.6; %¢c/10
p=3296.9; %k/m
pd=sqrt(p”2-eta™2); %equal to sqrt(p~2-eta”2)
D11=8.732;
D12=2.841;
D22=8.732;
D66=4.301;
10=3.89;
a=0.15; %length of board
b=0.0635; %width of the board
z1=[-0.001494 -0.00014];
A=0;
for m=1:2:1551

for n=1:551

sigmn=(n*pi/b)*3*Q11(1,1)+(m*pi/a)"2*(n*pi/b)*(2*Q66(1,1)+Q12(1,1));
C = (pi"2/(sqrt(10)*b"2))*sqrt(D11*m"4*(b/a) 4+
2¥(D12+2*D66)*m” 2*n"2*(b/a)2+D22*n"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(etatetab)"2;
p4=p2"2+(etatetab)"2;
Al=(pi*S0*(etab+eta)/(2*C*pd))*(1/p3-1/p4);
A2=(pi*S0/(4*C*pd))*((pl+eta*(etab+teta)/pd)/p3+(p2-eta*(etab+eta)/pd)/p4);
A=A+(1/(m*n))*(16/pi"2)*sigmn*((-1)(m-1)/2))*
(A1+A2)*((z1(1,2)"2-z1(1,1)"2)/2);
end
end
A

H.10.5 Correlation coefficient between the failure modes 2 and 4.
H.10.5.1 Mean value of the product of the vibration stress and the max. deflection.

%compute mean value of stress-leadwire with w_max

clear all

7=[-677e-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 S1e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95¢9 3.08¢9 138.95¢9 3.08e9 219.78e9 3.08e9 219.78¢9 3.08e9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08e9 45.58¢e9 1.08e9 65.93e9 1.08e9 65.93e9 1.08e9 45.58¢9 1.08e9
45.58¢e9];
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Q66=[46.69¢9 10e9 46.69¢9 10e9 76.92e9 109 76.92e9 10e9 46.69¢9 109 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m
etab=1966.6; %c/10
p=3296.9; %k/m
pd=sqrt(p”2-eta™2); %equal to sqrt(p”2-eta”2)
A=pi*S0*(4*eta™2+p"2)/(2*eta),
B=pi*S0/2;
D11=8.732;
D12=2.841;
D22=8.732;
D66=4.301;
10=3.89;
a=0.15; %length of board
b=0.0635; %width of the board
L m=0.0013; %length of the module
Aw=3.2¢-8; %]lead wire area
Ew=138¢9; %modulus of lead wire
Em=300e9; % modulus of the module
Lw=0.000208,; % length of lead wire
Im=8.336e-17; %moment inertia of lead wire
sigma2=0;,
for m=1:2:41
for n=1:2:41
for i=1:2:41
for j=1:2:41

ss=((L_m)"3*52* AW*Ew)/(3*Em*Im*Lw);
sigmn=(1/(m*n))*((-1)(m+n-2)/2)-(-1)((n-1)/2)*sin(m*pi*(a-L_m)/(2*a)));
C = (pi"2/(sqrt(10)*b"2))*sqrt(D11*m"4*(b/a) 4+
2*¥(D12+2*D66)*m"2*n"2*(b/a)"2+D22*n"4);
D= (pi*2/(sqrt(10)*b"2))*sqrt(D11*i4*(b/a) 4+
2¥(D12+2*D66)*1"2*)72*(b/a)*2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2+sigmn*(1/(i*}j))*
(256/pi™4)*((-M(m+n+it+j-4)/2))*1*(1/(1+ss))*(Ew/(52*Lw));
end
end
end
end
rou2_4sleadwire_w_max=sigma?
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H.10.5.2 Mean value of the product of the vibration stress and W

%compute mean value of stress-leadwire with w*

clear all

7=[-677e-6 -641e-6 -539¢-6 -503e-6 -203e-6 -51e-6 S1e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95¢9 3.08¢9 138.95€9 3.08e9 219.78e9 3.08¢9 219.78e9 3.08¢9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08e9 45.58¢9 1.08e9 65.93e9 1.08e9 65.93e9 1.08¢9 45.58¢e9 1.08e9

45.58e9];
Q66=[46.69¢9 10e9 46.69¢9 10e9 76.92e9 10e9 76.92¢9 10e9 46.69¢9 10e9 46.69¢9];
S0=20.6; % power spectral density
eta=2717.4; %c/m
etab=1966.6; %c/10
p=3296.9; %k/m
pd=sqrt(p”2-eta’2); %equal to sqrt(p”~2-eta™2)
A=pi*S0*(4*eta"2+p"2)/(2*eta);
B=pi*S0/2;
D11=8.732;
D12=2.841;
D22=8.732;
D66=4.301;
10=3.89;
a=0.15; %Ilength of board
b=0.0635; %width of the board
L_m=0.0013; %length of the module
Aw=32e-8; %lead wire area
Ew=138e9; %modulus of lead wire
Em=300e9; % modulus of the module
Lw=0.000208,; % length of lead wire
Im=8.336e-17; %moment inertia of lead wire
sigma2=0;
for m=1:2:41

for n=1:2:41

ss=((L_m)"3*52* AW*Ew)/(3*Em*Im*Lw);

sigmn=(1/(m*n))*((-1)"((m+n-2)/2)-(-1)*((n-1)/2)*sin(m*pi*(a-L_m)/(2*a)));

C = (pi"2/(sqrt(10)*b"2)) *sqrt(D11*m"4*(b/a)y 4+
2*¥(D12+2*D66)*m"2*n"2*(b/a)"2+D22*n"4);

D= (pi*2/(sqrt(10)*b"2))*sqrt(D11*i4*(b/a) 4+
2*¥(D12+2*D66)*iN2*j/2*(b/a) 2+D22*j"4);

p1=C-pd;

p2=C+pd;

p3=p1"2+(eta-etab)"2;

p4=p2"2+(eta-etab)"2;
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Al=(pi*SO0*(etab+eta)/(2*C*pd))*(1/p3-1/p4);
A2=(pi*S0/(4*C*pd))*((p1+eta*(etab+eta)/pd)/p3+(p2-eta*(etab+eta)/pd)/p4);
sigma2=sigma2+sigmn*(16/pi"2)*
(-DN(m+n-2)/2))*(A1+A2)*(1/(1+ss))*(Ew/(52*Lw));
end
end

end

end

rou2_4sleadwire w_star=-sigma2

H.10.6 Correlation coefficient between the failure modes 2 and 7.
H.10.6.1 Mean value of the product of the vibration stress and the max. deflection.

%compute mean value of stress-szz with w_max

clear all

z=[-677¢-6 -641e-6 -539e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6
641e-6];

Q11=[138.95€9 3.08e9 138.95€9 3.08¢9 219.78¢9 3.08¢9 219.78¢9 3.08¢9 138.95¢9
3.08¢9 138.95e9];

Q12=[45.58¢9 1.08e9 45.58e9 1.08e9 65.93¢9 1.08e9 65.93¢9 1.08e9 45.58¢9 1.08¢9

45.58¢e9];
Q66=[46.69¢9 10€9 46.69¢9 109 76.92e9 10e9 76.92e9 10e9 46.69¢9 10e9 46.69¢9];
S0=20.6; %power spectral density
eta=2717.4; %c/m
etab=1966.6; %c/10
p=3296.9; %k/m
pd=sqrt(p”2-eta”2); %equal to sqrt(p”2-eta™2)
A=pi*S0*(4*eta2+p"2)/(2*eta),
B=pi*S0/2;
D11=8.732;
D12=2.841;
D22=8.732;
D66=4.301;
10=3.89;
a=0.15; %length of board
b=0.0635; %width of the board
sigma2=0;
for m=1:2:41
for n=1:2:41
for i=1:2:41
for j=1:2:41

sigmn=1358570.847*m"4+42301174.52*n"4+28415140.64*m"2*n*2;
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C = (pi"2/(sqrt(10)*b2))*sqrt(D11*m”"4*(b/a) 4+
2*¥(D12+2*¥D66)*m 2*n"2*(b/a) 2+D22*n"4);
D= (pi"2/(sqrt(10)*b"2))*sqrt(D11*i"4*(b/a) 4+
2*(D12+2*D66)*172*j/2*(b/a)"2+D22*"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2+sigmn*(1/(m*n*i*)))*(256/pi*4)*((-1)((m+n+i+j-4)/2))*I;
end
end
end
end
rou2_7szz_w_max=sigma2

H.10.6.2 Mean value of the product of the vibration stress and w.

%compute E(s_vir*w*) for szz_w*

clear all

7=[-677e-6 -641e-6 -539¢-6 -503e-6 -203e-6 -S1e-6 S1e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95¢e6 3.08e6 138.95¢6 3.08e6 219.78¢6 3.08e6 219.78e6 3.08e6 138.95¢6
3.08e6 138.95¢6];

Q12=[45.58¢6 1.08e6 45.58¢6 1.08e6 65.93e6 1.08e6 65.93e6 1.08e6 45.58¢6 1.08e6
45.58¢e6];

Q66=[46.69¢6 106 46.69e6 10e6 76.92e6 10e6 76.92¢6 10e6 46.69¢6 10e9 46.69¢6];

a=0.15; %length of board
b=0.0635; %width of the board
S0=20.6; %power spectral density
eta=2717.4; %c/m
p=3296.9; %k/m
pd=sqrt(p”2-cta’2); %equal to sqrt(p”2-eta”2)
etab=1966.6; %¢c/10
10=3.89;
D11=8.732;
D12=2.841;
D22=8.732;
D66=4.301;
A=0;
for m=1:2:149

for n=1:2:149

C = (pi™2/(sqrt(10)¥b2)) *sqrt(D11*m"4*(b/a) 4+
2*%(D12+2*D66)*m 2*n"2*(b/a)2+D22*n"4);
p1=C-pd;
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p2=C+pd;
p3=p1"2+(etatetab)"2;
p4=p2"2+(etatetab)"2;
Al=(pi*S0*(etab+eta)/(2*C*pd))*(1/p3-1/p4);
A2=(p1*S0/(4*C*pd))y*((pl+eta*(etab+eta)/pd)/p3+(p2-eta*(etab+eta)/pd)/p4);
sigmn=1358570.847*m"4+42301174.52*n"4+28415140.64*m"2*n*2;
A=A+(1/(m*n))*(16/pi"2)*((-1)((m+n-2)/2))*sigmn* (A1+A2);
end
end
rou2_7 szz_w_star=A

H.10.7 Correlation coefficient between the failure modes 3 and 4.

%compute correlation coefficient of rou(3,4)

clear all

z=[-677e-6 -641e-6 -539¢e-6 -503e-6 -203e-6 -51e-6 S1e-6 203e-6 503e-6 539¢-6
641e-6];

Q11=[138.95€9 3.08e9 138.95€9 3.08e9 219.78¢9 3.08¢9 219.78¢9 3.08e9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08¢9 45.58¢e9 1.08e9 65.93e9 1.08¢9 65.93¢9 1.08¢e9 45.58¢9 1.08¢9
45.58e9];

Q66=[46.69¢9 109 46.69¢9 10e9 76.92e9 10e9 76.92¢9 10e9 46.69¢9 10e9 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %¢c/10

p=3296.9; %k/m
pd=sqrt(p”2-eta’2); %equal to sqrt(p~2-eta”2)
A=pi*SO0*(4*eta™2+p"2)/(2*eta);

B=pi*S0/2;

D11=8.732;

D12=2.841,

D22=8.732;

D66=4.301;

10=3.89;

a=0.15; %length of board
b=0.0635; %width of the board

L _m=0.0013; %Ilength of the module
Aw=3.2e-8; %]lead wire area
Ew=138¢9; %modulus of lead wire
Em=300e9; % modulus of the module
Lw=0.000208,; % length of lead wire
Im=8.336¢-17; %moment inertia of lead wire

z1=[-0.001494 -0.00014];
sigma2=0;
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for m=1:2:41
for n=1:21
for i=1:2:41
for j=1:2:41
ss=((L_m)"3*52* AwW*Ew)/(3*Em*Im*Lw);
sigmn=(n*pi/b)*3*Q11(1,1)+(m*pi/a)"2*(n*pi/b)*(2*Q66(1,1)+Q12(1,1));
sigl=(1/(1*j))*((-1)"((1+j-2)/2)-(-1)N((-1)/2)*sin(i*pi*(a-L_m)/(2*a)));
C = (pi*2/(sqrt(10)*b"2))*sqrt(D11*m”4*(b/a) 4+
2¥(D12+2*D66)*m"2*n"2*(b/a)*2+D22*n"4);
D= (pi*2/(sqrt(10)*b"2))*sqrt(D11*i"4*(b/a) 4+
2*(D12+2*D66)*iM2*j/2*(b/a)2+D22*j"4),
p1=C-pd;
p2=C+pd;
p3=pl1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2+sigmn*sigij*(1/(m*n))*
(256/pi™4)*((-DN(m-1)/2))*T*(1/(1+ss))* (Ew/(Lw*52))*((z1(1,1)"2-
z1(1,2)"2)/2);
end
end

end

end

rou3_4=sigma2/(5.02*5e12)

H.10.8 Correlation coefficient between the failure modes 3 and 7.

%compute correlation coefficient of rou(3,7)

clear all

z=[-677¢e-6 -641e-6 -539¢e-6 -503e-6 -203e-6 -51e-6 51e-6 203e-6 503e-6 539e-6
641e-6];

Q11=[138.95¢9 3.08e9 138.95¢9 3.08e9 219.78e9 3.08e9 219.78¢9 3.08¢9 138.95¢9
3.08¢9 138.95¢9];

Q12=[45.58¢9 1.08e9 45.58¢9 1.08e9 65.93¢9 1.08€9 65.93¢9 1.08¢9 45.58e9 1.08¢9
45.58¢9];

Q66=[46.69¢9 10e9 46.69¢9 10e9 76.92e9 109 76.92¢9 10e9 46.69¢9 109 46.69¢9];

S0=20.6; %power spectral density
eta=2717.4; %c/m

etab=1966.6; %c/10

p=3296.9; %k/m
pd=sqrt(p"2-eta"2); %equal to sqrt(p”2-eta™2)
A=pi*S0*(4*eta"2+p"2)/(2*eta),

B=pi*S0/2;

D11=8.732;

D12=2.841;
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D22=8.732;
D66=4.301;
10=3.89;
a=0.15; %length of board
b=0.0635; %width of the board
L m=0.0013; %length of the module
Aw=3.2e-8; %lead wire area
Ew=138¢9; %modulus of lead wire
Em=300e9; % modulus of the module
Lw=0.000208,; % length of lead wire
Im=8.336e-17, %moment inertia of lead wire
z1=[-0.001494 -0.00014];
sigma2=0;
for m=1:2:41

for n=1:21

fori=1:2:41
for j=1:2:41

sigmn=(n*pi/b)*3*Q11(1,1)+(m*pi/a)*2*(n*pi/b)*(2*Q66(1,1)+Q12(1,1));
sigij=1358570.847*1"4+42301174.52*"4+28415140.64*i"2*j*2;
C = (pi*2/(sqrt(10)*b"2))*sqrt(D11*m"4*(b/a) 4+
2*¥(D12+2*D66)*m"2*n"2*(b/a)"2+D22*n"4);
D= (pi"2/(sqrt(10)*b"2))y*sqrt(D11*i"4*(b/a) 4+
2*(D12+2*D66)*172*j"2*(b/a)"2+D22*j"4);
p1=C-pd;
p2=C+pd;
p3=p1"2+(eta-etab)"2;
p4=p2"2+(eta-etab)"2;
sigma2=sigma2+sigmn*sigij*(1/(m*n*i*j))*
(256/pi™4)*((-1)M((m+i+j-3)/2)*I*((z1(1,1)"2-z1(1,2)"2)/2);
end
end
end
end
rou3_7=sigma2/(5.02*10e12)

H.10.9 Correlation coefficient between the failure modes 4 and 5

This can be found using the standard deviation of leaded stress and the standard
deviations of failure modes 4 and 5.

H.11 Matlab code for computation of P(F; N F))

clear all
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close all

u=7.4892; % ml value

v = 8.089; % m?2 value

rou = 5.4527e-10; % correlation coef. value

%uu = inline('(1/sqrt(1-r"2))*exp(-((W)"2-2*r*u*v+v~2)/(2*(1-1"2)))');
format long e

R=((1/(2*pi))*quad(@uu,0,rou) + normcdf(-u)*normedf(-v))

Function

function x = uu(r)

u=7.4892;

v=8.089;

x=(1./sqrt(1.-r.°2))*exp(-(u"2-2*r. *u*v+v~2)/(2*(1.-1.72)));

Note: the rest of the correlation coefficient can be found using above codes.
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