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ABSTRACT 

Models of inner-shell vacancy production which include transla

tion factors are developed for the charge transfer process in ion-atom 

collisions. Translation factors are included in the basis set in which 

the electronic wavefunction is expanded in order to correctly describe 

the motion of the electron during the collision. Though several 

numerical studies have been done which employ this concept, the present 

models for charge exchange are based on stationary state expansions. 

We first formulate the problem in the adiabatic framework. Having 

chosen a case in which the form of the translation factors is simple 

and in which additional approximations may be made, i.e., the case of 

long-range coupling, all terms in the equations of motion can be evalu

ated in closed form. An analytic solution is derived with the adiabatic 

theory which shows explicitly the effect of translation factors on the 

sharing ratio (defined as the ratio of vacancy production cross-sections 

of the high Z to low Z partners). The result reduces to that of the 

Devukov model in the low velocity limit. As the velocity increases, we 

predict a sharing ratio which drops below the Demkov curve and reaches 

a maximum at finite velocity. Numerical calculations using translation 

factors in a molecular orbital basis exhibit such a fall-off. We show 

that this effect is due solely to the inclusion of the momentum transfer 

of the electron. The assumptions of the adiabatic approach, however, 

limit its application to the low velocity region. We develop a new 

viii 
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formulation of the problem which is not limited by the adiabatic 

assumptions. We obtain solutions of the equations of motion in closed 

form. This new treatment gives not only the correct adiabatic limit 

but also the exact Born result directly from the analytic solution of 

the coupled equations. Thus, translation factors are shown to provide 

a unification between an adiabatic Demkov-type approach and first-order 

perturbation theory at high velocity with a formalism which retains 

unitarity. In addition, it offers new insights into the competing 

effects taking place in the collision process as a function of velocity 

and, within the approximations made, describes the intermediate velocity 

region which cannot be treated by either the adiabatic or high velocity, 

perturbation theories. 



CHAPTER 1 

INTRODUCTION 

The problem of excitation of inner-shell electrons in ion-atom 

collisions dates back to the 1930's. Specifically, in the low velocity 

region, an adiabatic approach was developed. The basis for the approach 

is the following. If the orbital velocity of the electron of interest 

is much greater than the relative velocity of the two nuclei during the 

collision, then the electron, initially bound to a single nucleus, is 

able to adjust to the potential of the other nucleus. Put another way, 

the electron is orbiting in its atomic state so rapidly that the slowly 

moving external potential of the other nucleus causes an infinitesimal 

change in each orbit and thereby allows the electron to "adiabatically" 

adjust to a molecular orbital around both centers. Since the collision 

is at non-zero velocity, however, there is a small, but finite, proba

bility that the electron is unable to adjust and makes a transition. 

The probability increases with increasing velocity. That is, the 

electron may be coupled to other levels via the radial and rotational 

motion of the nuclei. Other channels exist for electron excitation and 

ionization, but are not relevant to the present discussion. Here, we 

will be concerned with the coupling that takes place between inner-

shells due to a change in character from atomic to molecular orbitals 

and is simply the process of the electron adjusting to the potential of 

the approaching nucleus discussed above. During the collision, then, 

1 
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the electron begins in an atomic orbital, adjusts to a molecular orbital 

as the nuclei approach, and finally adjusts back to an atomic state as 

the nuclei recede. The most probable channel is for the electron to be 

left, after the collision, in its initial state, i.e., its state before 

the collision. Thus, the problem is to calculate the probability of 

transition with an interaction matrix element representing the coupling 

due to the Coulomb potential of an approaching nucleus. This inter

action usually takes place at large intemuclear separation. Though we 

consider a specific type of coupling process, the formulations of the 

inner-shell excitation problem which are developed in this work are 

quite general. The exponential form of the interaction term, which is 

used here, is applicable to many types of interactions. In addition, 

the physical insights offered by these formulations are not dependent 

on the specific functional form of the interaction. 

In direct excitation processes, the electron makes a transition 

between levels of the same atom. Therefore, whether the atom is station

ary or moving, the net kinetic energy and momentum of the electron will 

be the same before and after the transition. In the charge transfer 

process, the electron makes a transition from a state on one atom to 

a state on the other atom. There will be a net change in energy and 

momentum of the electron in this charge transfer, or charge exchange 

collision. 

The charge exchange problem was first formulated in terms of 

the perturbed stationary state (pss) theory. The Born-Oppenheimer sepa

ration of electronic and nuclear wavefunctions is assumed and the nuclear 

motion considered classical. The wavefunction is expanded in a basis of 
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stationary atomic or molecular orbitals. The internuclear vector 

describes the trajectory of the nuclei during the collision. Thus the 

wavefunctions now have a time dependence by virtue of their location 

in terms of the internuclear vector R. A difficulty arises in that the 

translational and rotational motion of the electron-nucleus system is 

ignored in this theory. Consider an electronic eigenstate of atom A 

located at a position -sAR from the origin. The state is described by 

$ (r^) where rA is the vector from the nucleus to the electron (neglec

ting terms of order me/Mnuc). In the simple case of a straight line 

^ ^ 
trajectory at zero impact parameter, r^ = r + sAR where R = vt. This 

represents an electron which has an averaged, or net, motion relative 

to its nucleus. The correct description of the problem must represent 

the electron traveling along with its nucleus. At very low velocity, 

the correction is small. In this limit, the effect can be neglected and 

the pss theory is a good approximation. However, as velocity increases, 

the effect becomes significant and it becomes necessary to use basis 

states which represent the moving electron-nucleus system (in an atomic 

orbital expansion). One way in which to demonstrate this idea is to 

consider the Galilean transformation required to describe the simple 

case of a straight-line trajectory at constant velocity. Two operations 

are needed. The first displaces the nucleus from the origin to a posi

tion Ctime-dependent) -SÂ  from the origin. This is analogous to the 

above conversion of r = r + s^R. The nucleus is now moving accord

ing to the time-dependent internuclear vector R. In order to represent 

the electron as moving along with the nucleus, we make a Galilean trans

formation on the electron orbital from the inertial frame at zero 
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velocity to an inertial frame moving at constant velocity -s.v, i.e., 
A 

the velocity of the nucleus. After these operations are carried out, 

A 
we find that our new state is <j> CrA) multiplied by the so-called "plane-

wave" translation factors. These factors are, in this simple case, the 

phase factors representing a plane wave traveling at velocity -sAv with 

momentum -m s.v and kinetic energy Jjm s*v2. Thus, the translation 
Q A 6 A 

factors are those factors which, when multiplying the pss basis states, 

give the correct translating states appropriate to the trajectory. We 

show in Appendix A that for this translating electron-nucleus system, 

the stationary hydrogenic orbital does not satisfy Schroedinger's equa

tion. Instead, it gives a v* r̂ term which produces the spurious asymp

totic coupling referred to in the literature. In the atomic orbital 

expansion, the electron is considered as "belonging" to a single center. 

Therefore, the translation factors may be derived in the most general 

case by performing a Galilean transformation to an accelerating, 

rotating frame. On the other hand, a formulation of translation factors 

appropriate to molecular orbitals, in which the electron is shared by 

two nuclei, still remains a conceptual problem and is a subject of 

current interest. 

Though the need for using a translating basis set is well known 

and has been carried out in several numerical studies, the models for 

inner-shell excitation are founded on the pss theory. Their predictions 

have been used as a basis for comparison to experiment in the inter

mediate velocity region, though, in which the stationary basis is 

clearly inappropriate. In addition, the numerical investigations of 

multi-state charge transfer processes which employ translation factors 



are difficult to perform reliably at all velocity regions and, indeed, 

have produced some erroneous results. Also, the numerical approach 

offers no physical insight into the role of translation factors in the 

collision process. 

The purpose of this work is to develop models of inner-shell 

vacancy sharing (i.e., transitions of the "hole" states) which include 

translation factors in the charge transfer process. We first formulate 

the problem in the adiabatic framework. Having chosen a case in which 

the form of the translation factors is simple and in which additional 

simplifying approximations may be made, all terms in the equations of 

motion can be evaluated in closed form. An analytic solution is derived 

with the adiabatic theory which shows explicitly the effect of transla

tion factors on the sharing ratio (defined as the ratio of the vacancy 

production cross-sections of the high Z to low Z partners). These 

results also allow us to interpret the effect of translation factors in 

terms of the dynamics of the collision process. The assumptions of the 

adiabatic approach, however, limit its application to the low velocity 

region. We develop a new formulation of the problem which is not limited 

by the adiabatic assumptions. This new treatment gives not only the 

correct adiabatic limit but also the exact Born result directly from 

the analytic solutions. In addition, it offers new insights into the 

competing effects taking place in the collision process as a function 

of velocity and, within the approximations made, describes the inter

mediate velocity region which cannot be treated by either adiabatic or 

high velocity, perturbation theories. 
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Chapter 2 establishes the criteria for a vacancy sharing problem 

which lends itself to an analytic treatment. We consider the long-range, 

two-state K-K sharing process for which the translation factors take on 

a particularly simple form. Also, for this case, there exists a pss 

model that describes this process well at very low velocity and may 

serve as a comparison to the present model in this limit. Since the 

levels of interest are on different nuclei separated by a finite distance, 

the basis is non-orthogonal. All terms in the equations of motion are 

evaluated in closed form. We see explicitly the effect of translation 

factors on the overlap and interaction terms making apparent the inter

pretation of this new velocity dependence. The non-orthogonality of 

the finite basis gives rise to non-Hermitian equations of motion inde

pendent of whether translation factors are included. The existing 

prescription for defining an average interaction and restoring hermitic-

ity in the pss formulations may be extended in a consistent way to the 

present problem. We thereby arrive at a new form for the potential, now 

complex. The corresponding equations of motion may be solved analytical

ly in the adiabatic formulation. The resulting expression for the 

sharing ratio merges with the pss theory in the low velocity limit, but 

predicts significant deviation at intermediate velocities while correct

ing the high velocity limit to agree qualitatively with the Born result. 

The translation factors are shown to correct the adiabatic theory for 

the finite time the electron spends in the interaction region. The 

expression for the sharing ratio was evaluated for several systems and 

is shown to compare well with experimental data as well as with the 
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numerical multi-state atomic and molecular orbital calculations using 

translation factors. 

The primary reason in carrying out the analysis in Chapter 2 was 

to establish the effect of translation factors on the vacancy sharing 

process and to give a physical interpretation of their inclusion in the 

adiabatic theory. In addition, the expression derived for the sharing 

ratio gives good agreement to the data for the case of K-K sharing, a 

process which conforms to the criteria imposed. It is possible, however, 

to extend the procedure to other vacancy sharing processes. This may be 

accomplished through a more flexible model which approximates the effect 

of a third level on the two states of interest. In Chapter 3, we modify 

this pss model to include translation factors and show that the result 

reduces to that derived in Chapter 2 in the case of complete adiabatic 

mixing. This pss model gives good agreement at low velocity with many 

K-L vacancy sharing systems but exhibits a divergence (sharing ratio >1) 

as the velocity gets large. The present modification corrects this 

problem and causes the sharing ratio to decrease to zero as v •+• °°. We 

applied our result as well as that of the pss model to the F-Kr system 

for which the data was carried out at high enough velocity to resolve 

the predicted behavior of the sharing ratio. We find that this more 

flexible model is needed to account for K-L sharing, an essentially 

three level process and that the inclusion of translation factors is 

necessary in this velocity range. The present model gives excellent 

agreement with the data and changes dramatically the result for the 

sharing ratio from that predicted in the pss theory. 
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In deriving the equations of motion, we noted that the basis in 

which we expand the wavefunction is non-orthogonal. In general, a 

finite, non-orthogonal basis gives a non-Hermitian set of equations even 

when all terms resulting from Schroedinger's equation are retained. 

Previously, it had been assumed that hermiticity was required to con

serve probability and insure detailed balancing. It can be shown that 

if the Hamiltonian is Hermitian, the expansion in a non-orthogonal basis 

gives a non-Hermitian matrix which, however, obeys unitarity and if cer

tain criteria are met, detailed balancing is insured for |t| •* 00. In 

Chapter 4, we use the potential terms as derived, i.e., not averaged, 

and find exact solutions for the non-Hermitian problem. Several concep

tual differences between the new formulation developed here and the usual 

Hermitian treatment are discussed. Since the correct phasing is re

tained, though, we may take directly the high velocity limit of the 

result for the translation probability and compare to the Bom predic

tion. Because of the limitations of the Hermitian approach, this cannot 

be done within the adiabatic treatment. The low velocity limit may also 

be taken directly and compared with the results of Chapter 2 and the 

zero-velocity models. We find that the correct results are obtained in 

both the high and low velocity regions, thus merging the adiabatic and 

perturbation (Born) predictions in a single, unitary formulation. 

Within the assumptions made, the theory also gives an approximation to 

the intermediate velocity region, which is inaccessible to previous 

theories. There remain, however, aspects of the problem which should be 

dealt with in a more rigorous way through formal scattering theory. 



In the conclusion, we summarize our results and review the 

role of translation factors in the adiabatic collision process and in 

providing a transition to the Born limit. The non-Hermitian approach, 

while offering new insights, can also be seen to raise new questions as 

to the nature of the intermediate velocity region, to the possible appl 

cations of the theory to coupling at small intemuclear distances, and 

to phasing between passes of the electron through two or more inter

action regions. 

Atomic units, m_ = h = e = 1, are used throughout. 
© 



CHAPTER 2 

EFFECT OF TRANSLATION FACTORS IN THE ADIABATIC 
THEORY - A NEW MODEL 

The contribution of translation factors (TF's) in adiabatic 

ion-atom collisions has been demonstrated to be important in the calcu

lation of vacancy sharing ratios for inner-shell excitation [1]. It 

has been noted [2] that the use of stationary orbitals without taking 

into account the translational motion of the electron due to the rela

tive motion of the colliding nuclei leads to spurious asymptotic coup

ling terms in the equations of motion. This causes the coupling matrix 

elements to remain finite at large intemuclear distances. The problem 

has been treated numerically for several systems. In the work of Briggs 

and Taulbjerg [1], a four-state numerical solution was found for the 

Ne-0 system using a MO basis with the "pisine-wave" translation factors 

of Bates and McCarroll [3]. More recently, Rankin and Thorson [4] per-

formed a numerical calculation on HeH with a five-state MO basis in 

which they employ the molecular TF's proposed by Schneiderman and 

Russek [5] choosing a specific form for the switching function fn(r,R). 

They compute the dynamic coupling matrix elements for this system and 

compare the results with calculations not including TF's. The effect 

is to reduce the coupling at large R by requiring the basis functions 

of the system to satisfy Schroedinger's equation at the asymptotic 

limits. By including the electron motion due to the relative motion 
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of the nuclei, then, we are left with the correct dynamic coupling terms 

at all values of the intemuclear distance. The proposed definition of 

diabatic states by Felix Smith [6] has been recently reviewed by Delos 

and Thorson [7], who point out the necessity of including translation 

factors appropriate to the choice of basis states. 

The existing analytic models of Demkov [8] and Nikitin [9], on 

the other hand, do not incorporate translation factors. The Demkov 

model, in general a good approximation for vacancy sharing in inner-shell 

excitation at large R [10], uses a two-state basis with an exponential 

interaction matrix element and constant energy difference in the inter

action region. The model treats the case of transitions due to a change 

in character from atomic to molecular-type orbitals at large intemuclear 

distance and low velocity. In the Demkov formulation, the sharing ratio, 

i.e., the ratio of the vacancy production cross-sections of the high Z 

to low Z atoms has the form of an exponential which goes to zero as 

v -*• 0 and to one as v -*• °°. As the velocity increases, however, the 

effect of translation factors increases and it can be expected that the 

high velocity limit of the formula should be modified. The aim of this 

chapter is to derive an analytic model which incorporates TF's and shows 

directly their effect on the vacancy sharing process. 

In order to isolate the effect of TF's, we choose to examine a 

system which is well-described by the analytic model in the low velocity 

region and in which the dominant processes are understood. The case of 

K-K sharing at large R is represented well by the Demkov formulation at 

low v [10]. Since the coupling is due to a rapid change in character 

of the electron orbital which is initially atomic as the interaction 
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region is approached, an LCAO (linear combination of atomic orbitals) 

basis should serve as a good starting point. The levels are well 

separated from other levels of like symmetry at the coupling region 

justifying a two-state approximation. These considerations can account 

for the success of the Demkov prediction for this case. Schmid [11] has 

treated the problem of atomic translation factors for the general case 

of an electron in an accelerating frame. For a transition at large R, 

however, Schmid's results reduce to the plane-wave TF's of Bates and 

McCarroll which are appropriate to the approximation of a straight line 

trajectory and atomic basis functions, where the electron can be thought 

of as "belonging" to a single nucleus. It is seen that these new basis 

states satisfy Schroedinger's equation for an electron translating with 

a single center. 

In §2.1 the equations of motion are derived and the terms 

resulting from the action of the operators are discussed in relation to 

the dynamics of the system. The overlap and coupling terms are evalu

ated in §2.2. The leading term in the potential integral gives a 

modification to the usual exponential form of the interaction. We derive 

the conditions under which the terms involving the overlap integral, 

due to the nonorthogonality of the basis functions, may be neglected in 

the equations of motion. These considerations define the large R approx

imation in which the resulting analytic solution is valid. In §2.3, the 

equations of motion are solved in analog)' to the Demkov formulation and 

we find an expression for the sharing ratio. The solution is discussed 

in terms of its dependence on velocity and 2 of the collision partners. 

In the low velocity region, our result is shown to merge with the Demkov 



result. However, at high velocities, the effect of translation factors 

is seen to reduce the actual sharing ratio below the Demkov prediction. 

A maximum sharing ratio is predicted and its location is in rough agree

ment with the Massey criterion. Finally, in §2.4, we apply the model to 

several systems. We compare our predictions to those of the numerical 

work of Briggs and Taulbjerg [1] on Ne-0 and Taulbjerg, Vaaben, and 

Fastrup [12] on Ne-Cl and find the high-velocity deviation from the 

Demkov model in their calculations are reproduced by our equation. As 

noted by Meyerhof et al. [13], the experimental data seem to verify 

these results, but are not conclusive. More experimental work is needed 

to verify the nature of this high velocity deviation in K-K sharing 

systems. 

2.1. The Equations of Motion 

Neglecting electron-electron interactions and terms of order m/M, 

we choose the origin at the center of mass of the nuclei (CMN) and reduce 

the problem to an electron in the field of two translating nuclei sepa

rated by a finite distance. The coordinate system is given in Figure 1. 

The internuclear vector R(t) describes the trajectory of center B with 

respect to center A and, in this approximation, is taken as a straight 

line at zero impact parameter. 

We choose an LCAO expansion with the plane-wave translation 

factors of Bates and McCarroll [3]. The wavefunction is 
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R 

Figure 1. Coordinate system for the one-electron, two-center problem. 
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. -i/EAdt -is,v»r -%is 2v2t 
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+ b.W^CrB) e (1) 
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where EA, E? and 4>A(r.) ,<|K(rR) are the eigenvalues and eigenfunctions 
x  a  j  d  

of the stationary atomic states on centers A and B, respectively. The 

basis set is nonorthogonal and overcoraplete. Since the K-shells are 

well-isolated from other levels of like symmetry, we neglect all but 

these levels retaining, however, all terms in the equations of motion 

resulting from the two-state basis. 

The Hamiltonian for the system is 

H = . - h. 
T  T  r 
r A B 

The kinetic energy operator applied to the r dependent parts of 

the wavefunction gives (Appendix A) 

^XC?A) e"lV'r] = e"1SAv*r tA . 2isAc7-5 $ - s*v^] , 
A A 

*iv'r] • «lv"r $i. •; * 2isb<hb $ - sBv2̂ ] • 
15 o 

(2) 



The time derivative of i|>(t) with r fixed is 

1 [(a - la E - *sia s2v )$ + a s.(v? 4>)1 
n n n n A J n n A r. n'J 

A 

x expC-i/Endt) exp(-isAv*r - 3sis^v2t) 

+ i[(b - ib E^-Jjib s2v2)<j>B - b s_(v*^ <j)B) ] 
lvm m m m B ' m m Bv rD nrJ 

D 

x exp(-i/EBdt) exp(iSgV*r - %is2v2t) 

Substituting these expressions in Schroedinger's equation and 

using the equations of motion satisfied by the stationary states, 

-J#2 
T ,  

_A ,A.-* » 
n •ntrA5 ' 

.!sP 
r, 
B B 

VrB> EB 4>BtrB) m Ymv B' 

we find 

i(4 + b v  n r n  m m '  
a lt».b fi/l , 
n rn rn m r. rml 

B A ' 

where 

n 

* ^ -i/EAdt -isAv«r - ,sis2v2t . -i/E^dt 
,A,-*• , n A A ^Ar~± -i „ n 
W e e = "n^A1 e 

m 

B--*- •i/Emdt iV'?"!sisBv2t 

W e e 
_ ^ -i/EBdt 

W e 
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A* B* 
Multiplying through by ij>n and and integrating over the 

electron coordinate r, we arrive at a form for the equations of motion, 

• • r, | 3 ,B* .A - IV•  r12N RI- .J  .A* .B ivri 
[1 - |/dar <J>m <j>n e |z] - a.nifd3r <J>„ 4>m e } 

n n m 

7 
r /• j 3 .B* B .A -ivri ^ /fj3 jA* B jA-1 • U dr <j» — 4 e } + a {/d3r 6 — 6 } 

m Tg n n n rg n 

z ^ 
= -b {/d3r <(£ zA elv*r} exp(-i/AEdt)exp[-Jsi(s2-s2)v2t] 

m  n r .  m  " • • • d a  

C5) 

ib [1 - |/d!r *B eiv*r|2] - b {/d3r 4.0" •» e"lv-r) m «• ' T n Tm 1 J m T m Tn 
3 A B* .A -ivri 

m n m m m n 

• {/d3r <|>A — <J>® e*v r} + b {/d3r <j)B — <|>B} 
n r^ m m m r^ m 

= -an {/d3r 4)®* <p* e'lv"r> exp(i/AEdt)exp[isi(s2-s2)v2t] , 
B 

B A 
where AE a Em " En an<* the <f>' s are the hydrogenic orbitals. 

The diagonal matrix elements can be removed by a phase trans

formation, and, in the notation of Bates [14], the equations can be 

expressed as, 

id(t) = b(t) 

ib(t) = aft) 

ab"sabcbb 

ab ba 

ba ba aa 

basab 

•iAEt -*5i(s2-s2)v2t 
e e e 
i<5 

-i6 iAEt iji(s2-s2)v2t 
e e e 

(6) 
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where the distortion term is 

and 

• E l  
sbahab " cbb sab^ba + Caa 

1 " sabsba 
dt (7) 

sab = s ba 
/• j3 aA*,"*" •> n iv*r a r *n (rA) e 

ab 

ba 

aa 

"bb 

«»r 

rt'r <*C?A) 

/d'r •;*(?,) 

rB 

A8/-"*" A «iv*r 
W e 

aA,->- » -iv*r 
W e 

W • 

C8) 

Without translation factors, all terms are real and the exponen

tials containing the distortion in the two equations are complex conju

gate. The factors in brackets, however, are real and unequal. Though 

all terms of the equations of motion in this two-state basis without TF's 

have been retained, the matrix is not Hermitian symmetric. Hermicity is 

restored by choosing an average interaction and neglecting or averaging 

the diagonal potential terms, c&a and c^, in the factor in brackets. 

With translation factors, the distortion is now complex and the terms in 

brackets are complex and unequal in the general heteronuclear case. 



Therefore, the matrix is again not Hermitian symmetric, but now the 

problem of finding a suitable average interaction is not as straight

forward . 

We now want to calculate the overlap and potential terms, as 

well as the diagonal energy shifts, to find the effect of translation 

factors on these quantities. For the case of K-K sharing, these inte

grals are readily evaluated. 

If the interaction region is far from the classical turning 

point, v is very nearly constant and parallel to the -z axis over the 

range of the interaction. We set v*r»-vr cos 0 in the exponent of the 

translation factor. For the general case of the origin not at the 

geometrical center of the internuclear axis, 

where in this and the following, the upper sign refers to t > 0 and the 

lower sign to t < 0 and R = |vt|. The integration is over the electron 

coordinate r with R fixed. Converting from spherical to prolate spher

oidal coordinates, we find 

2.2. The Overlap and Potential Terms 

r cos 9 
+ 2R 1 2(sA'sB) 

c,3 .A* .B iv*r 
fd r <J> e 

n Tm 

r3 *ivR(sA-sB)/2 

Te /d£dnd<{> CC2-n2) 

• e 
±ivR£n/2 j 

4> <f>, 
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where £ = (rA+rg)/R, n = (r^-rg)/R and <|) is measured in the plane normal 

to the z-axis. 

The hydrogenic orbitals for this case are 

.A-.-* » 
^CrA) 

a 
3/2 

"°ARA 

/F 
and ,B 

•i(r.) = 
4 /2 /VB 

•Ji 

The integral is evaluated in Appendix B. The factor CC2_T12) = 

(4/R2)r^rg may be eliminated by differentiation with respect to and 

Og. The n integration involves only exponentials and the resulting £ 

integral can be put in the form of exponential integral functions E^x), 

giving 

3/2 
A* B iv»r 21 ('YV ;IVR(SA-Sb)/2 g g 

/d r <T <J>° eiV A = * 
9a. 3a„ A B 

±iR(a2-a£)/2v 
[E,CX A )  -E , (X B ) }  

(9) 

where 

and 

XA = 2 12aA ? 1 h 

XB ~ 2 \2aB -I- • ̂ )) 

Cio) 

The calculation of the potential integrals is carried out in the 

same way with, in the case of h^, (£2-n2) = rg> resulting in a 
A 

single differentiation with respect to ctg, and similarly for h^. The 

exact expressions for the potential terms are 
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h - -a:» r, , ,J» ,Ai,,tS»'S») 3 
ab " •— CVB> E Sc£ 

±»siR(a*-a:h/v 
• (e  A  [Ej(X A )  -E , (X B ) ] |  ,  

(11) 

h - - 2U8 fa « ̂ 3/2 ,i!i"R(VV 3 
ba " 1 T" (Vs> e 15" 

A 

, ;%iR(aj:-a*)/v 
• le. A  [E X CX*)  -E X (X*)]}  

Since the diagonal terms are taken with respect to states on the 

same atom, TF's do not enter and the energy shifts to the asymptotic 

atomic states are 

-2a.R . ~2aAR 

Caa = VA* + * <e " « 

-2cuR "2ctoR 

<T>b * ZA°Be "» 

(12) 

From equations 9 and 11, we see that the first exponentials, with 

R • |vt|, cancel the kinetic energy part of the translation factors in 

the equations of motion (eq. 5) and vanish in the terms of the form 

s , h, . 
ab ba 

In Appendix C, the above expressions for the overlap and poten

tial are evaluated by carrying out the differentiation and taking the 

first three terms in the expansion of Ej for the overlap and the first 

two terms for the potential. Then, setting v=0 we recover the exact 

results for two stationary, heteronuclear states. Finally, setting 
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<*A = otg = a, = Zg = Z, and sA = Sg in eq. C.4 gives the correct 

result for the potential in the homonuclear case. 

The leading terms in R of the overlap and potential are 

Sab * -8(VB 

3/2 ;»SivR(s -s ) 
aD) e A B 

-a.R t^ivR 
A « 

[?2aAv + i(v2-(a2-a£))]2 

-ctgR +*sivR 
(13) 

a e e 
+ A 

[+2ctgv - i(v2+(a2-a|))]2 

-CLR j'sivR 
/2 +JsivR(s.-Sg) Z e e 

hab * "4iC(W e — ;—— • C14) 
[±2afiv+ i(v2+(a2-a2))] 

-a R j^ivR 
V2 ±JsivR(s.-sR) Z e e 

Ka * -4iCctA03/2 e A B 2 . (15) 
b [±2aAv + i(v2-Ca2-aJ))] 

As shown in Appendix C, s^, in the limit of v 0, gives the 

overlap of two stationary states of a heteronuclear system separated by 

a distance R. As R -*• 00, the overlap goes to zero, as expected. With 

the inclusion of translation factors, we now find it also goes to zero 

as v -*• oo. The velocity dependence causes the overlap to fall off faster 

with increasing R than that for two stationary states. Therefore, the 

limiting condition for neglecting these terms is that of the Demkov case, 

i.e., the interaction must occur at sufficiently large R that the over

lap of the stationary states is negligible. For finite v, the approxi

mation improves. The translational motion also has the effect of 

reducing the interaction term. This can be interpreted as accounting 
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for the fact that the electron spends a finite time in the coupling 

region. As v increases, the time the electron is allowed to interact 

decreases. The basis of the adiabatic theory allows for backcoupling 

between levels which is dominant at low velocity. The effect of TF's 

is to introduce a finite interaction time which, at high velocity should 

dominate and the Born limit should be approached. We note from the 

leading terms of s^, h^, and h^, as well as the exact expressions, 

that those factors in the equations of motion involving the overlap are 

small compared to the interaction unless v « — , . The existing 
aB B 

zero-velocity models neglect the overlap terms with the condition otR » 1. 

Since the models account well for K-K sharing at low velocities, the 

approximation is justified even at v=0 and improves as v increases. 

The effect of the distortion on the charge transfer cross-section 

has been analyzed [15,16] for systems such as He +H(ls) -*• H (Is) + H . 

Macomber and Webb [15] evaluated numerically the effects of the complete 

distortion term and various approximations for the distortion, including 

6 = 0 and 6 = /t(c -c,,)dt. They find that at high velocities, the 
•oo eld. OD 

effect of neglecting this term is small. In the limit of low velocities, 

their results show the effect of backcoupling, which is taken into 

account by the coupled equations, dominates distortion and, again, the 

term can be neglected. In the intermediate region, it can cause a 

difference in the cross-section of up to a factor of two in the He2+H 

system which, because of its accidental degeneracy, is expected to be 

particularly sensitive to distortion. 

Therefore, in the low and high velocity regions with which we 

will be concerned, the distortion is negligible. From the previous 



24 

discussion, we also find Is , |2 « 1 and terms of the form s . c,, and 
1 ab1 ab bb 

sbacaa are sma** c°ropared to the interaction. 

The use of a truncated, non-orthogonal basis leads to a non-

Hermitian set of equations of motion, even when all terms generated by 

the finite basis in Schroedinger's equation are retained [3]. We expect 

that in neglecting distortion and overlap, the non-Hermitian character 

will be preserved. From equations 14 and 15, we see this is true, i.e., 

h&b / h*a> As mentioned previously, the first exponentials, which came 

from converting the integrals to prolate spheroidal coordinates with the 

origin at the CMN, are complex conjugates and cancel the kinetic energy 

part of the TF's multiplying this term in the equations of motion. The 

remaining exponential from the integration that is associated with TF's, 

i.e., expf+^ivR), enters both h ^ and h â with the same sign. The real, 

decaying exponentials are those from the Coulomb potential of a nucleus 

a distance R from the electron and is the basis for the usual pss models 

of charge exchange. Without TF's, the constant would go as 1/v, whereas 

with TF's, there is an additional factor giving a 1/v2 dependence. In 

the Hermitian theory, the constant enters only as a phase which, in the 

adiabatic limit, always gives a rapidly oscillating sin2 function which 

is set to its average value of one-half. In the non-Hermitian theory, 

as we show in Chapter 4, the constant plays an important role in attain

ing the correct high and low velocity limits. 

We note that in the homonuclear case, equations 14 and 15 give 

-aR s^ivR 
h . = h. = -2ia3Z V , . (16) 
ab ba ±otv + Jjiv2 
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Thus, the interaction terms are equal, not complex conjugate. 

Therefore, two approaches may be taken. One approach is to 

require hermiticity by choosing a suitable average potential and using 

it and its complex conjugate in the equations of motion. This has the 

effect of restoring orthogonality to the basis and provides solutions 

normalized for all values of R during the collision process. The phase 

information is substantially altered. However, in the usual low velocity 

formulation, the solutions of the equations of motion are forced into 

the adiabatic limit, i.e., oscillatory solutions appropriate for the 

region in which the electron can adiabatically adjust to the change in 

potential due to the motion of the other nucleus. The low velocity 

theory, then, establishes this region between the passes of the electron 

through the coupling region on the incoming and outgoing parts of the 

collision. The interaction regions are well separated in this approach. 

Then, the phasing between them is lost and the connection between the 

double-pass transition probability (wD) and that of single-pass (Wg) of 

wD = 2wg(l-wg) is established. The effect of altering the phase rela

tionship in the interaction terms is thus minimized at low velocity. 

At high velocity, however, we expect this phasing to be very important. 

The second approach is to solve the non-Hermitian equations with 

the potentials as derived. Since the correct phase information is 

retained, matching the exact solutions is justified. The results can be 

compared with the Born prediction at high velocity and with the first 

approach above at low velocity. Finally, both can be compared to the 

predictions of the existing zero-velocity formulations in this limit. 
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In Chapter 4, we develop a theory with the non-Hermitian equa

tions of motion using the potential terms as derived. In this chapter, 

an average potential is found and a model for charge exchange with trans

lation factors is developed in the Hermitian framework. 

According to the prescription of Olson [17], an average inter

action can be evaluated as 

Hl* * "*lVab*Vbal ' 

which, in the notation of equation 4, becomes 

h.2 * "i{<x£l ~lx£> • <xj[l 
B 

C17) 
-%i(sR-s.)v t hi(s -s )v2t] 

• ̂ hab* B A -"V* 

With the expressions for hab and h â> and noting as before that the 

kinetic energy part of the TF's is cancelled by the first exponential 

in the potential terms, this gives for the average interaction, 

H12 = -2i(e.A}3/2-

r -aRR -*siv2t -a.R -Jsiv2t 
Z. e B e Zn e A e 1 

A B 

±2aBv + i(v2+Ca^-ap) ±2a
A
v + i(v2-(a2-a2)) 

(18) 

where e ̂  * = e 
+ljivR _ -Jsiv2t 

In the absence of translation factors, this is of the form 
-a R -a R 

H12 = Bg e + Ba e ' To aPProximate this with a single exponen

tial, Meyerhof [10] has found that setting a = gives a 



•ctR. 
good fit to the K-K sharing data at low v. Then H12 = B e which 

lends itself to an analytic treatment as in the Demkov and Nikitin 

models. 

Equation 18 can be put in the form 

-a-R -ot.R -Jjiv2t 
H12 = CBg e • B; e A ) e 

where the difference between the constants, B and B', is negligible at 

low velocity. Thus, the quantity in parentheses can be averaged as 

before giving H12 = B' e"aR e_Js*v t. The averaging procedure of Olson 

allows the term e-,siv t from the TF's to be factored out such that the 

average taken is simply that of the zero-velocity case. 

Therefore the average interaction term for the Hermitian equa

tions is now 

„ . -aR -Jjiv2t 
Hl2 = Bfv) e e 

where B is, in general, complex. 

2.3. Solution of the Equations of Motion 

We are left with equations having an exponential interaction 

term, with a complex argument, and constant energy difference, AE. We 

may formulate the problem as in the Demkov model and we have, for the 

equations of motion at times t < 0, 

of -QtR -Jsiv2t -iAEt , ia(t) = B(v) e e e b(t) , 

. -aR *siv2t iAEt 
ib(t) = B*(v) e e e a(t) 

(19)  
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where AE is the energy difference of the separated atom states. Let 

Xi = ctv and X2 = AE + *jv2. The adiabatic treatment of the problem can 

be carried out similarly to that of Demkov and Nikitin. The details of 

the solution are given in Appendix D. The procedure is to first de

couple the equations by differentiating with respect to time and sub

stituting from equation 19. With the change of variable z = expC2Xxt), 

the equations are, 

z2a" + 
f  X i ' i X  2 )  

I1 --BCT-. 
za' + IBI 

(2Xx) 
Y za = 0 ,  

z b'' + 1 -
Xj+iX, 

2A1 

IB | 
T2X7T 

zb' + ,1"' 2 zb = 0 , 

where the primes denote differentiation with respect to z. These are of 

a form having Bessel function solutions and, with the normalization con

dition |a(t=-°°) | = l and b(t=-°°) = 0, we have 

a(t) 

b(t) = -i 

CSISU" sech* 
2 X [  V k J 

7 t  I B 
2X, 

sech 

2I7) exprtC*,-i*,)t) ($• eX,t 

rirX„ 

Uxj 
expft(Xl+iX2)t) J%+iA2/2Xi fJlL 

(20) 

for t < 0. The next step in the adiabatic approach is to let t -»• 00 and 

use the large argument expression for the Bessel functions. This gives 

a(t) sech 
"T"X o-* 

2X, 
exp(-JsiX t) cos M .*1* . 

I A1 4X, 
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b(t) -i sech H  
2X, expftiX2t) sin [JjiL e*'1 - -jji (21) 

This is the usual adiabatic solution valid for the region R < Rp. In 

taking this limit, the phasing between t < 0 and t > 0 amplitudes is 

lost and the coupling regions are taken as being far apart. The approxi

mation is valid at sufficiently low velocity and where the non-adiabatic 

regions are well-localized. 

Then, following the matching procedure of the Demkov formulation, 

we find for the transition probability, where the electron passes 

through the interaction region twice in the collision process, 

wD = |b(+«0 2 _ = sech' ft AE + v2/2l . 2 f P i L? av J Sin J 1 IB I e~aR dt (22) 

B(v) enters the solution only as a phase. The sin2 function is rapidly 

oscillating at low v and usually set to its average value of 1/2. In 

calculating the transition probability for the case of a single pass 

through the interaction region, we can use the classical result, 

Wp = 2wsCl-ws) and solve for Wg. This can also be derived by using the 

asymptotic forms of the solutions for a and b in the region R < Rp. The 

transition probability is then found by projecting the asymptotic solu

tion for b(t) in eq. 21 onto the LCAO which represents the molecular 

state into which the K-shell of atom B adiabatically adjusts as R 

decreases. This calculation is done in Appendix D. The resulting 

expression for the single pass K-K sharing ratio is 
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S = exp /27T 
» * 

AE + v2/2 
V /T7 + sr k A B; 

(23) 

where we have used the "average a" of Meyerhof. I. and ID are the A D 

binding energies of the Is electron on atom A and atom B, respectively. 

The result is identical to Demkov's except for the factor of 

vz/2. This simply adds the kinetic energy of the electron due to the 

relative motion of the nuclei to the usual asymptotic energy difference 

of the separated atom states. As the velocity goes to zero, the effect 

of the translation factors diminishes and the function merges into the 

Demkov result. The latter formula correctly predicts that in the low 

velocity limit, the electron, still "bound" to one nucleus, has time to 

adiabatically adjust to the approaching nucleus and the transition 

probability decreases to zero as v ->• 0. In the limit of large velocity, 

however, the Demkov formula predicts a transition probability approach

ing one-half, i.e., a sharing ratio going to one. The actual sharing 

ratio falls below this prediction at intermediate velocities. The depen

dence on v and Z is illustrated in the examples of the next section. 

The fact that the sharing ratio goes to zero at both limits 

implies a maximum which, in general, will be less than one. The value 

of the velocity at which this occurs is readily found from the expres

sion for the sharing ratio. The turning point occurs at vmax = /2(I^-Ig) 

and the maximum value of the sharing ratio is 

max 
exp -2TT 

< 1/2 
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Using the Massey criterion for a rough estimation of the location of the 

maximum of the cross-section, we find 

5 * * 1 * v ^ ' 

which is in approximate agreement with our result. 

The approximations made in deriving the equations of motion that 

have been discussed in previous sections deal mainly with the terms from 

the translation factors. Additional assumptions inherent in the formula

tion are those of the Demkov treatment. These assumptions include: 

1) the velocity of the relative motion of the nuclei is approximately con

stant in the interaction region, 2) the- interaction region is far from the 

classical turning point and the Bessel function can be taken to its 

asymptotic limit as t 0, 3) the energy level difference of the basis 

states is constant in this region, and 4) the inner-shell orbitals which 

constitute the basis functions are well-separated from levels of the 

same symmetry at R ^ R . 
P 

In addition, consideration must be given to the breakdown of the 

Born-Oppenheimer (B-0) approximation in an adiabatic theory. The Demkov 

formulation assumes that the electron passes through the coupling region 

and goes into an adiabatic state for R < Rp. The assumption is equiva

lent to the B-0 approximation and is the basis for arriving at a single-

pass transition probability by projecting onto the adiabatic state to 

g 
which <J) tends as t 0. As mentioned above, the classical relation of 

m 

the single-pass to double-pass probability gives the same result. As 

the velocity is increased and the B-0 approximation begins to break down, 

distinction between single-pass and double-pass disappears and this 
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adiabatic region no longer exists. In both the Demkov model and our 

result, this process is reflected in the exact Bessel function solutions. 

When the argument of the Bessel function at R < Rp is large, the func

tion assumes its asymptotic form. The velocity dependence in the argu

ment, however, causes the argument to become smaller at higher velocity. 

In the Demkov model, this is a v"1 dependence. Perturbation theory 

shows that this fall-off is too slow. In Chapter 4, we find, for the 

homonuclear case, the B(v) from our potential including translation 

factors gives the correct perturbation result. Using B(v) in the argu

ment of the exact Bessel function solution gives a very good estimate of 

where the asymptotic form is no longer valid and the B-0 approximation 

breaks down. 

Finally, in the case of homonuclear systems, AE = 0 and the 

Demkov formula gives a double-pass transition probability of 

w = sin2 (£ ! B | e-0tR dt) 
u -

The present result shows that at high velocities there is a decrease in 

the amplitude of the oscillations given by an envelope function. Our 

formula gives 

wD = sech2 TV 

140| 
sin2 (£ |B| e~aR dt) . (24) 

2.4. Results 

We compare the predictions of our equation for the single-pass 

sharing ratio with the Demkov model, numerical treatments of the problem 

employing translation factors, and the existing experimental data. We 



note that in K-K sharing, the vacancy is created in the 2pa state and 

is shared by the lsa state on the outgoing part of the trajectory. The 

processes by which the initial vacancy is created in the 2pa may include 

2pa-2pir rotational coupling at small intemuclear distances or coupling 

of the 2pa to the continuum at high velocities. For the purposes of 

treating the problem of K-K sharing, however, we need only assume that 

the 2pa vacancy exists as the collision partners separate. 

Though much experimental work has been done in K-K sharing, few 

studies have been carried out to the high velocity region in which the 

effect of translation factors becomes significant. We present the data 

known to us which has been taken in this region. We first consider the 

Ne-Cl system. The numerical and experimental results shown in Figures 

2 and 3 were presented in the work of Meyerhof, Anholt, and Saylor [13]. 

In Figure 2, the experimental results of Winters et al. [18] are plotted 

with the Demkov prediction and our results. The sharing ratios given 

by the Demkov model and our model are also compared in Table 1. We 

applied our equation for the sharing ratio to all the systems considered 

in the experimental and numerical work presented here and found very good 

agreement. The data for the Z^/Zpj = -6 and .9 systems given in Ref. 13 

lie consistently below the Demkov curve at these velocities. Though the 

absolute magnitudes are affected by uncertainties in the fluorescence 

yield, our results show that the inclusion of TF's in Demkov accounts 

for a large part of the discrepancy. In addition, the experimental 

results indicate a slower increase in the sharing ratio with v between 

1/v = .1 and .2 a.u. The data merely suggest these trends, however, and 

more experimental work at higher velocities is required to resolve the 
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1/v (au) 

0.3 0.2 0.1 

Ne + C1 

i  i  

r3 

X  S  M M  — •  —  
v v̂ *v/R^ + 

Figure 2. Ne-Cl: Comparison of model with experimental data. 

K-K vacancy sharing ratios for Ne-Cl, Z./ZH = .6: triangles, 
experimental data of Winters et al.; solid line, Demkov pre
diction; dash-dot line, our results. 
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Ne + C1 

10 r 4 

>i2v 

Figure 3. Ne-Cl: Comparison of model with numerical results. 

K-K vacancy sharing ratios for Ne-Cl: dashed line, numerical 
calculations of Taulbjerg, Vaaben, and Fastruff; solid line, 
Demkov prediction; dash-dot line, our results. 
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Table 1. Ne-Cl: S at 1/v = .083. 
max 

1/v Demkov Present Result 

.05 .3679 .0226 

.10 .1353 .0335 

.15 .0498 .0196 

.20 .0183 .0091 

.25 .0067 .0039 

.30 .0025 .0016 

.35 .0009 .0006 

.40 .0003 .0002 

1.00 1.9 x 10"10 1.7 x 10"10 



predicted maximum of the sharing ratio. Figure 3 shows a comparison 

with the numerical calculation of Taulbjerg, Vaaben, and Fastrup [12] 

using a three-state MO basis with Schneiderman and Russek MO TF's. At 

moderately high velocities, the agreement with our result is quite good 

and at lower velocities, their result also merges with Demkov. In the 

high velocity region, the numerical calculations show the maximum cross 

section and subsequent decrease with increasing v. This high velocity 

deviation appears in the other calculations of Ref. 12, where systems 

with from .6 to .9 were considered. The effect is not a result 

of phasing between interaction regions in the multistate problem as pre

viously thought but, as we have shown, an effect due to the inclusion 

of translation factors. 

Ne-0 has been treated numerically by Briggs and Taulbjerg [1] 

with subsequent corrections in the low-velocity region. The calculation 

lies below the Demkov prediction, though the two curves are fairly close 

at the velocities for which the calculation was done. The data of 

Stolterfolt et al. [19] are in good agreement with the results of Ref. 1 

(Figure 4). In Figure 5, we find our equation is consistent with the 

data and the numerical calculations. Our result for Ne-0 is compared 

with that of Demkov in Table 2. The velocity region considered is well 

below that at which the maximum sharing ratio occurs (1/v 'v- .2 au) and 

where substantial deviations from Demkov are predicted. 

Several considerations are important in the interpretation of 

the data and numerical calculations for the ratio of the cross-sections 

of K vacancies in the collision partners. Rotational coupling of 

2po-2piT at impact parameters larger than R will contribute to the 2pa 



38 

Ne + O 

0.8 0 1.6 2.4 

1/v (au) 

Figure 4. Ne-0: Comparison of numerical and experimental results. 

K-K vacancy sharing ratios for Ne-0, Z^/ZH = .8: solid line, 
Demkov prediction; dashed line, numerical calculations of 
Briggs and Taulbjerg; circles, experimental data of 
Stolterfoht et al. 
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1 

2 

3 
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2.4 0 1.6 0.8 
1/v (au) 

Figure 5. Ne-O: Comparison of model with experimental data. 

K-K vacancy sharing ratios for Ne-0: circles, data of 
Stolterfoht et al.; solid line, Demkov prediction; dash-
dot line, our results. 
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Table 2. Ne-O: S at 1/v = .203. 
max 

1/v Derakov Present Result 

.10 .5931 .0682 

.20 .3518 .1193 

.30 .2086 .1015 

.40 .1237 .0721 

.60 .0435 .0304 

.80 .0153 .0117 

1.00 .0054 .0043 

1.20 .0019 .0016 

1.60 2.3 x 10"" 2.0 x lO-14 

2.00 3.0 x 10"s 2.6 x 10"5 



vacancy production after the radial coupling has occurred. From the 

scaling law for the differential cross-section of 2pa-2p7r coupling by 

Taulbjerg, Briggs, and Vaaben [20], we find that the contribution is 

negligible at these velocities. Another consideration is the ionization 

of the K shell of the high Z partner. For Ne-Cl, the peak of the ioni

zation curve occurs at about 1/v ̂  .06, whereas our predicted peak of 

the sharing ratio from the effect of translation factors is at .1. In 

Ne-0, ionization peak centers around .1 and the maximum of the sharing 

ratio is at .2. In addition, an experimental problem in resolving the 

peak is that of the velocity dependence of the fluorescence yield which 

may dominate in some systems. 

2.5. Conclusion 

This modified version of the Demkov formula should work well for 

the cases to which the Demkov result has been successfully applied at 

low velocities. These include radial coupling processes at relatively 

large internuclear distances in which the levels are well-separated from 

other levels of like symmetry. 

From the examples of the previous section and consideration of 

the equation for the sharing ratio, we find the dependence of the effect 

of translation factors on velocity and Z of the collision partners. For 

cases in which the asymptotic energy level difference is small, the pre

dicted peak occurs at smaller velocities. The equation agrees well with 

the three- and four-state numerical calculations on K-K sharing and 

shows that the existence of a maximum sharing ratio and subsequent 

decrease with increasing velocity is an effect due to the inclusion of 



translation factors. The explicit functional form of the sharing ratio 

that has been derived is particular to the Demkov model. However, the 

effect which we isolated for the simple case of K-K sharing is indepen-

+ iy# p 
dent of the model and form of the coupling, but arises from the e~ 

factor in the interaction term. Thus, the predicted effect of the TF's 

will be present in inner-shell excitation processes in general. 

The experimental work on K-K sharing seems to verify the effect 

at the velocities for which data are available. The data lie consis

tently below the Demkov prediction at moderately high velocities and as 

v increases, there is an indication that the sharing ratio is leveling 

off. However, more experimental results are needed at higher velocities 

to resolve the predicted peak. 



CHAPTER 3 

MODIFICATION OF THE NIKITIN MODEL 
TO INCLUDE MOMENTUM TRANSFER 

The model developed in the previous chapter is appropriate for 

the long range coupling processes in which the two levels of interest 

are well-isolated. The purpose of the procedure is to allow us to 

isolate the effect of translation factors. The qualitative behavior 

of the results of the previous formulation and those of Chapter 4 are 

valid for charge transfer processes in general. The limitations on 

applying the expressions quantitatively are those of the Demkov model 

and are enumerated above. They essentially restrict the class of 

vacancy sharing processes which satisfy these conditions to K-K sharing. 

In order to extend the class of processes to which we can compare quanti

tatively, we need an approach which is more flexible but still consis

tent with the requirements of long range coupling in which plane-wave 

TF's are valid. The Nikitin [9,21] model is more flexible than either 

Demkov [8] or Landau-Zener [22]. It approximates the effect of a third 

level on the MO's of interest by introducing an exponential in AE which 

varies with R. In addition, the mixing of the levels to form the 

adiabatic states in the region R < R^ is left variable, whereas in 

the Demkov case complete mixing is assumed. This makes it appropriate 

to, among other things, the radial coupling K-L sharing process. The 

Nikitin model assumes, however, a stationary state basis which is only 

valid as v + 0. We wish to modify, in a consistent way, the model to 
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incorporate the effect of TF's. In the following, we outline the 

Nikitin approach and the assumptions of the theory which, as we show, 

parallels the Demkov model and the usual adiabatic formulations. A 

frame is found in which the terms from the TF's arise as before. In 

pursuing the derivation, we arrive at a MO picture in which we may view 

the role of our new terms as approximating MO TF's. We find a consis

tent set of expressions for the evaluation of the sharing ratio. We 

compare the results with data obtained by Fortner [23] on the F-Kr K-L 

sharing system. Another procedure, used by Meyerhof [13] and Woerlee 

et al. [24], to fit to K-L sharing is to find a factor from the Nikitin 

model which, when multiplying the exponent of the Demkov sharing ratio, 

raises the slope to conform to the data. The reason for this is to 

avoid the divergence (sharing ratio > 1) of the Nikitin model as v + ® 

while using the more correct slope of Nikitin at low v. We have used 

this method to correct the slope of Demkov as v -*• 0 but allowing the 

effect of TF's to operate as v gets large. We show the results of this 

method for the F-Kr system. More importantly, however, we find that the 

modification introduced by the TF's eliminates this divergence of the 

Nikitin model and causes, instead, the sharing ratio to go correctly 

to zero as v 00. 

3.1. Modification of the Nikitin Model 

The approach of the Nikitin model is to start with a two-state 

basis of non-interacting terms 

4>(t) = &i<Pi expC-i/E^t) + a2<+>2 exp(-i/E2dt) . (25) 
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It is assumed that either the states have been orthogonalized or the over

lap can be neglected. Then, the equations of motion reduce to the form 

U» - I <*»lVl*n> % • 
n=l 

If V contributes only off-diagonal elements and the interaction is taken 

as constant in time over the non-adiabatic region, we have 

i4x = e2 exp(i/AEdt) a , 

(26) 

ia2 = e2 exp(-i/AEdt) ax , 

where AE = Ej-E2. The energy difference is now taken to be of the form 

AE(t) = e2 a exp(-AFvt/£j) + ex , 

where is the asymptotic splitting (R °°) of the levels, a depends 

on the choice of origin and AE is the force difference at the intersec

tion point. The latter quantity provides a method of introducing the 

effect of a third level which may act on the levels unequally. With 

the change of variables T = e2t, a = AFv/exe2, and $ = EL/E2, the 

equations of motion become 

i3a t /3x = exp[ i / f (T)dT]  a2  ,  

(27) 

i3a2/3x = exp[-i/f(x)dx] ax , 

T 
where f(x) = a e +3. 
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In modifying this approach, we note that the interaction matrix 

element must now be evaluated with respect to translating states. The 

basis functions are non-interacting and can be taken approximately as 

atomic states. In the Nikitin model, the usual exponential form of the 

Coulomb interaction is replaced by a constant on the assumption that the 

rate of change of the term splitting is much greater over the coupling 

region than the variation in the interaction matrix element. In the 

translating basis, the additional factor exp(±)siv2t) multiplies the 

usual Coulomb term. We take the new form of the coupling to be 

£2 -

'£2 expC+^iv t) in a(t) 

e expC-Jsiv2t) in b(t) 

This can be obtained from the form derived in Chapter 2 for the average 

-CTR 
interaction by letting e -*• t2. Using this, we find the equations of 

motion (eq. 27) but with the replacement 6 -*• 6 = (e1+Jjv2)/e2. We 

assume that the TF's have a negligible effect on the force difference 

AE from the third level. 

Uncoupling the equations of motion and converting to the 

•OCT 
variable z = (-ia/ot) e , we have 

a" + 
l,2 

1 ± iB/a 
1,2 a2z' 1,2 

= 0 (28) 

where the primes denote differentiation with respect to z. 

The solutions can be expressed in terms of confluent hyper-

geometric functions and the asymptotic forms are obtained to satisfy 
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the boundary conditions (Appendix E). The procedure follows the usual 

adiabatic approach. With the substitution ax 2 = cx 2 exp[±Jji/f(T)dT], 

the solutions are 

c  C z )  z  +  * ° )  B,e"dl -z/2 tttCi i^o-i^i •—o ̂  
ci<-zJ Bl® a ̂ e e z rcTTIcTT ' t29J 

iB/2a 
-z/2 Uo-iSi rC2ig°+1) 

, x z ->• 0+ , _ -dj 
ci<z) Bie 

ia 

2 

i$/2a , 
e z , (30) 

where the constant is expressed as Bje" 1̂ in the general form of the 

confluent hypergeometric solution. 

As T -*• ®, the wavefunction takes the form 

¥ = {<|>l +a^j<t)2} exp(-iaC0T) 
Cl+a H\r 

(31) 

+ P a^1—j- {aC^! -<J>2> exp( ia£0T) 

The factors 1/(l+a2̂ 2)55 and ^/(l+a2?2)** represent the mixing of <J>j and 

$2 which gives the adiabatic states to which the non-interacting terms 

tend as R « Rp. These factors leave the mixing as variable, whereas the 

Demkov model sets them to 1/2. Also, as in Demkov, the single pass 

transition probabilities are found by forcing the limit as T •+• +00 in the 

region R < R^. Proceeding with the solution, we select the constant 

B! e~dl so that 

c,(z) T~* - r expC-iaCoT) . (32) 
ci*o2c;)'s 
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This gives, 

Bi e 
Ll _ 

a*o.H2oh 

z/2 
a 

1 _-ttCi/2 

Substituting this in eq. 29, we find for the single pass probability of 

staying in state 1, 

pn. = pC<t>x + a£1<J>2 + 4>i) = [cjCz-»•+<») |2 

l+a2Cf 
r(l+2igo)|2 

ra+iflTP-
(33) 

where the projection taken explicitly in Demkov was incorporated 

in the normalization of eq. 29 which was derived from the expression of 

¥ in terms of the adiabatic states <|>x +a£1<t>2 and - <j>2 (eq. 31). 

We now derive the transition probability P12. From the differ

ential equations we have |c2| = 161 j fcj and the initial conditions 

may be expressed as 

|C1(T-»--®) | = 0 and | 3Cj/3T + i j lT + _Q = 1 

The appropriate asymptotic forms are 

CiCO - -> B2 e 
- d i  z / 2  

C,(2) B, e"dl ez/2 1 ' x +00 2 

r(2Uo) 

a 
ai 

a 
ai 

iB/2a . .r 
ii5» t-i)"1"152 

i3/2a 
,1JiO 

, .r2i?0 r( -2 igo)  

rCl+2i?o-iC!) l"ZJ rCl-iCj) 

(34) 

(35) 



With eq. 34 in the initial conditions, we find |cj 

the phase, we note that as T ̂  +«», 
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= (1/a) eaT. To fix 

C,(z) e"ia5oT 

This gives for the constant, 

B, e~dl = o- e-"5'/2 e"z/2 

Since the solution for cx must go as exp(-ia£0x), we choose the second 

term in brackets of eq. 35, giving 

CjCz) ^-> (2a£0)-1 e7̂ 1̂  
~iCi -ia^oT r(l-2ig0) 

rci - i?x) 

and the expression for the single-pass transition probability is 

p2i = PC^-4>^aCl(D2) = |p'|2 = (l + a2̂ ) lc1CT",-+co) 

- i * a2g? lrci-2icp)I2 

- 4a2£§ I rci - iCj) I2 e 1 ' ' , (36) 

where we initialized (c2| = 1 at t = -°° and projected onto the adiabatic 

state <J>i + aCj^to which <f>j tends at R « Rp. 

Finally, we may put the expressions for the probabilities in 

the form, 

Pu = expOSj) sinh(>S2)/sinh(2TrS0) , (37) 

P21 = exp(-ir£2) sinh(TrC1)/sinh(2irC0) , (38) 

where £0, £x, and £2 are given in Appendix E. 
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(39) 

5.2. Adiabatic Formulation of the Collision Process 

The mixing of the non-interacting terms during the collision 

process may be described by the unitary transformation, 

= cos(x/2) ̂  + sinCx/2) <J>2 

= -sin(x/2) (J>1 + cosCx/2) <t>2 

where xCR) 0 for R»Rp, and x(R) 9 for R << Rp« 

Assuming an exponential splitting of molecular terms, we use the 

transformation of eq. 39 to find the Hamiltonian in the <f) basis. Includ

ing the diagonal elements associated with the splitting of the non-

interacting levels, we find, at R « Rp 

H 
X 9 

/-
exp(-aR) + JjAe 

*$A exp(-aR) cos0 
-JjA exp(-aR) sin0 

B exp(-aR) - %Ae 
M exp(-aR) sine + ̂  expf.aR) cos6 

(40) 

where A locates the center of the non-adiabatic region and is given by 

A(Rp) exp(-aRp) = Ae. As we see below, the unitary transformation of 

eq. 39 can be associated with the linear combination of {<j>} which gives 

the adiabatic states of eq. 31. 

Diagonalizing the Hamiltonian, we find the eigenvalues are 

given by 

2 » B e"aR ± JjAe CI - 2 cos6 e'aAR + e-2aAR)^ 
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Therefore, the energy difference of the eigenstates as a function of 

R is 

AU = Ae (1-2 cos6 e_aAR + e-2aAR)J5 , (41) 

where 

tanx - 2H[j/(HlI-H2j) = exp^-ctAR) ' £42) 

For R » Rp, AR ->• +® and tanx °> giving x For R < Rp> tanx 

tanO only if |aAR| » 1, which is the adiabatic criterion of the classi

cal turning point being far from the interaction region. Only under this 

condition is the expression for tanx equivalent to eq. 39 and the trans

formation unitary. 

Solutions of the equations ib(t) = H b(t) are found and the 

transition probability is 

P12 = lim | <4>°|¥(t)>|2 - lira | -b, (t) sin(0/2) + b2(t) cos(e/2) |2 , 

where ^(t) = b1(t) cf>x + b2(t) <f>2. This procedure was carried out above 

with the results in eqs. 37 and 38. Now, the identification between the 

projection of eq. 31 and the unitary transformation (under the condition 

|ctAR| » 1) of eq. 39 can be made, and we find 

aCj (l+a2Ci)_is = sin(0/2) , 

and 

Ae = ex sec6 

(l+a2Ci)_Js = cos(6/2) , 
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In terms of these variables, 

P12 = exp{-Jfir£(l-cos8).} sinh-p£ir5(l+cos0)}/sinh(rc£) , (43) 

where £ ® +̂ v2)/av. In the Nikitin model (without TF's), this 

parameter, called the Massey parameter, is £ - e^/av. 

Then, the incoming part of the collision process can be 

described as 

is the transition matrix. For the outgoing part of the collision, 

where 

is the adiabatic evolution operator for the states and 
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ai C+00)\ /aiCt") 

*(J * Ŝ C"'V S"CV W'' U'>. 

t r 
where Sp(t^) = Sp (-tp) • procedure leads to an expression of the 

double-pass probability «P i 2) in terms of the single-pass probability 

CP12D - The result is 1̂2 = 4P12(1-P12) sin2(T+<{)) where T = U)2-U)I and 

$ = Jj f P AUdt. With eq. 43, lire find 

-*P 

P12 = 4 sin2(T+<J0 exp(^cos9) sinh{?rrg(l-cos8) }^sinh{^(l^cos8)} > 

(44) 

Setting 0 = Jfir represents complete mixing and gives 

&xz - H sech2(V5) 

which is the Demkov result modified for TF's as derived in Chapter 2. 

5.3. Discussion of Results 

Using the expression for P12 in eq. 43, 

S = Pi2/(1-Pi2) = exPC-irC) sinh{JsuC(l+cos0)}/sinh{iriTCCl-cos0)} 

(45) 
In the Nikitin model, £ = e l / a v .  At low velocity, the ratio of 

sinh functions goes to one and the sharing ratio decreases exponentially 

with decreasing velocity. For high v, the exponential goes to one and, 

for the general case of 0 < ipr, sinh{Js7r£(l-cos9)} approaches one faster 

than sinh{*5Tr£(l+cos9)} giving a sharing ratio greater than one. In the 

present modification of Nikitin, c, = (£x + Jjv2)/av. At low velocity, 

Jjv2 « Ej and we have the exponentially decreasing sharing ratio as 
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before. As the velocity is increased, we now reach a maximum in S, 

occurring at vmax = (£x + 2£j) - which approximates that found in the 

Demkov model. With further increase in v, the v2 term dominates and 

S goes to zero. 

The assumption was made that translation factors have a negli

gible effect on the force term AF. Since the levels of interest are 

associated with different centers, the effect of the third level must 

be velocity dependent on one and velocity independent of the other, 

resulting in a velocity dependence of AF. If however, AF is taken as 

an average effect of the other inner-shells, the v dependence may be 

diminished. The question this raises, though, as to the adiabatic mix

ing being a function of velocity is a topic which remains to be explored. 

The prescription in using the Nikitin model is to fit the expres

sion for AU(R), eq. 41, with the molecular orbital energy levels which 

go asymptotically to ̂  and <p2 as R 00. The MO curves are generated 

by a Hartree-Fock calculation or a simpler variable-screening model (VSM). 

The parameters a, 0, and Rp are varied to find the best fit to the form 

for AU. Determining the parameters by this procedure, they are substi

tuted in the expressions for the transition probability, or sharing 

ratio. The Hartree-Fock and VSM calculations mentioned above give the 

eigenvalues as a function of R for stationary molecular orbitals. Corre

lation diagrams for MO's with TF's are not presently available. Indeed, 

TF's appropriate to MO's have not been fully conceptualized. Therefore, 

on a practical level, any velocity dependence of the force term would 

result in a dependence of a, 0, and AU on v which could not be treated 

with existing MO curves. 
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Therefore, using £, a, and 9 as independent variables and let

ting the velocity dependence be confined to £, we may fit to the 

stationary MO's to find a and 9 and substitute in the modified expres

sion for the sharing ratio. Despite these limitations, this procedure 

is consistent with the spirit of the adiabatic formulation. The adiaba-

tic states onto which the solutions are projected are determined by 9 

which, owing to the fit to AU, are also dependent on a. Since the 

projection is valid only in the limit that the electron can adjust to 

the approaching nucleus, vQr̂  » vcou» the adiabatic states should be 

approximately independent of velocity. Then, the effect of TF's is to 

alter only the Massey parameter, £, which governs the non-adiabatic 

coupling. 

3.4. Comparison to Experiment 

We apply the procedure to K-L sharing in the F-Kr system. The 

molecular orbital energy levels are calculated according to the variable 

screening model (VSM) of Eichler and Wille [25]. A basis set of 121 

Hylleraas functions was used. The results for the energy difference 

between the 3a and 4a orbitals are listed in the second column of Table 

3. The expression for AU of eq. 41 was fit to the MO curve (third 

column) giving a = 2.9, Rp = .39, and 0 = 33°. With these parameters 

in the formulas for the single pass probability (eq. 43) and sharing 

ratio (eq. 45) we obtain the results in Table 4. For comparison, we 

plot in Figure 6 the sharing ratio versus 1/v calculated from the Nikitin 

model, the Nikitin model with translation factors, and the experimental 

data. The divergence of Nikitin as the velocity increases is apparent 



Table 3. Energy difference of 3a-4a molecular orbitals in F-Kr. 

R U CVSM) U (fit) 

.02 92.5717 92.8624 

.07 70.5832 76.5302 

.12 61.5452 62.6917 

.17 52.9746 51.1149 

.22 40.4882 41.6443 

.27 31.3330 34.2020 

.32 26.2550 28.7704 

.37 24.2605 25.3238 

.42 24.2311 23.7043 

.47 25.2561 23.5474 

.52 26.7117 24.3703 

.57 28.2435 25.7356 

.62 29.7451 27.3344 

.67 30.9336 28.9788 

.72 32.0050 30.5654 

.77 32.8980 32.0425 

.82 33.6490 33.3880 

.87 34.2387 34.5968 



Table 4. F-Kr: Transition probability and sharing ratio vs. 1/v. 

1/v P12 S 

.02 .0112 .0113 

.04 .0874 .0958 

.06 .1596 .1899 

.08 .2024 .2538 

.10 .2219 .2853 

.12 .2263 .2925 

.14 .2213 .2842 

.16 .2109 .2672 

.18 .1975 .2461 

.20 .1827 .2235 

.22 .1675 .2013 

.24 .1526 .1801 

.26 .1384 .1606 

.28 .1249 .1427 

.30 .1124 .1266 

.32 .1009 .1122 

.34 .0903 .0993 

.36 .0808 .0879 

.38 .0721 .0777 

.40 .0643 .0687 
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E (MeV) 

47.1 11.8 5.2 

1/v (au) 

Figure 6. F-Kr: Comparison of modified Nikitin model with experimental 
data. 

K-L vacancy sharing ratios for F-Kr: triangles with solid 
line, experimental data of Fortner; dashed line, Nikitin 
prediction; dash-dot line, our results. 
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and the sharing ratio becomes greater than one at 1/v 'v .11. The devia

tion from the expected adiabatic behavior sets in long before this, 

however, at 1/v ̂  .3. The inclusion of TF's to the model not only 

corrects the slope at lower v (1/v .2 to .3) but predicts the fall-off 

seen in the K-K sharing model of Chapter 2. We also find the behavior 

of the experimental data is reproduced well. The model predicts the 

location of the maximum of the sharing ratio at 1/v ̂  .12 and the data 

peaks at 1/v ̂  .16. The rapid fall-off after the maximum and the slope 

at the lower velocities coincides well with the data. The absolute 

magnitude of S cannot be determined closer than a factor of two in the 

experimental results. 

The Demkov model has been applied to K-L sharing by adjusting 

the slope to agree with the Nikitin prediction at low velocity. This 

process is carried out simply to avoid the divergence problem mentioned 

above. We applied the procedure to our model in Chapter 2. To match 

the slope at low v required a multiplicative factor of .457 in the expo

nential form of the sharing ratio (eq. 23). This result, as well as the 

modified Nikitin curve, is given in Figure 7. Though the peak is at 

1/v a. .175 and closer to that of the data, the qualitative behavior, 

particularly of the fall-off, is not as good. 

We conclude that the Nikitin model is better suited to K-L 

sharing processes. The inclusion of translation factors remedies the 

long-standing divergence problem and restores the curve to an adiabatic 

behavior for low and intermediate v. At high v, it correctly predicts 

a maximum in the sharing ratio and a rapid fall-off as v -»• 00. 
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Figure 7. F-Kr: Comparison of modified Nikitin and Demkov models. 

K-L vacancy sharing ratios for F-Kr: dashed line, modified 
Demkov prediction; dash-dot line, our results. 



CHAPTER 4 

UNIFICATION OF TOE ADIABATIC THEORY AND TOE 
BORN LIMIT-A UNITARY, NON-HERMITIAN FORMULATION 

The impact-parameter method of inner-shell excitation in ion-

atom collisions deals, in a semi-classical approach, with the problem 

of an electron in a field of two nuclei separated by a finite distance 

R. The electron-electron interaction may be neglected in inner-shell 

processes or accounted for in an effective potential or in a Hartree-

Fock procedure. In an atomic orbital basis, the separation of the cen

ters introduces a non-orthogonality of the states independent of whether 

translation factors are included. The vacancy sharing problem is 

simplified by truncating the basis to a finite, and usually small, 

number of orbitals and by neglecting all or part of the terms involving 

the overlap. Since we are dealing with transitions between inner-shells 

which are well separated from each other, except at regions of avoided 

crossing, and interact strongly with the nucleus on which they are cen

tered, these approximations, as we have seen, are valid in many cases 

and the results have been successfully applied to explain much experi

mental data. In neglecting the coupling to other levels, however, the 

equations are now non-Hermitian. The usual procedure, as discussed 

above, is to alter the terms, including those of the potential, to 

restore hermiticity and ensure detailed balancing. The molecular orbi

tal basis, appropriate for most adiabatic ion-atom collision processes 

provides an orthogonal set of stationary states. However, use of MO 
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TF's according to existing prescriptions introduces non-orthogonality 

to the basis and the resulting difficulties in deal with an approximate 

set of equations. 

The problem has received some attention, notably by Green [3,26]. 

He shows that despite the fact that the non-orthogonality of the states 

produces a matrix which is not Hermitian synunetric for a truncated basis 

set, detailed balancing is preserved for large |t| provided TF's are 

included and certain criteria are met. Under these conditions, the 

expansion coefficients can be interpreted as probability amplitudes in 

this limit. Green further shows that the criteria are met for AO and MO 

bases. In application to a collision process at finite velocity, there

fore, it may alter the results significantly, and somewhat arbitrarily, 

to force the equations to be Hermitian symmetric and may be unnecessary 

for achieving detailed balancing. 

In particular, non-orthogonality of the translating or station

ary atomic basis states in a general heteronuclear collision has the 

effect of coupling an orbital on center A to all orbitals on center B 

through terms of the form ŵ ere s overlap and h is the 

potential term. The interaction matrix element, h^ , contains the non-

orthogonality of the wavefunctions and we find that with or without TF's, 

h^ t ^ba' Without TF's, all terms are real and an averaging process 

for the potential can be used to produce a symmetrized case in which 

hab = The lack of Hermitian symmetry here is due to the unequal 

nuclear potentials. Restoring hermiticity is not as easily achieved, 

however, when translation factors are included. We find that in the 

homonuclear case, h^ = h â as before, but now the potential terms are 
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complex. Requiring the coupling terms to be complex conjugate was 

accomplished in a consistent approach in Chapter 2 and was shown to be 

analogous to the procedure carried out in the usual zero-velocity models. 

However, due to the complex factors now in the potential, the require

ment of hermiticity may be more severe. In addition, the distortion 

term, as defined by Bates [14], has real and imaginary parts affecting, 

in particular, the intermediate velocity region. 

The problem is simplified somewhat in considering inner-shell 

excitation processes, however, since the electronic energy levels are 

isolated and the overlap is expected to be small. Indeed, we found that 

the overlap is effectively decreased with increasing velocity when TF's 

are included. Many of the approximations of the zero-velocity formula

tions have increased validity at finite v. Using the prescription of 

Olson [17] for an average potential, we saw earlier that the two-state 

problem including TF's may be cast in Hermitian form and solved analy

tically. However, the original non-Hermitian equations may also be 

solved in closed form and the correct phase relationships, important at 

high velocity, retained. We demonstrate in the following that the two 

formulations differ dramatically. The former approach necessitates the 

assumption of an adiabatic region around R = 0, appropriate only to the 

the low velocity region. The latter approach is valid in both the high 

and low velocity regions and may be compared to the Born result and the 

Hermitian, adiabatic results in these limits. 

The purpose of this chapter is to examine the use of non-

Hermitian equations in the problems of inner-shell excitation and pro

pose a new formulation of the charge exchange process. In §4.1 we 



consider the effects of using a truncated, non-orthogonal basis and the 

question of unitarity and detailed balancing. The adiabatic criterion 

of the interaction region being far from the classical turning point is 

discussed. The velocity dependence of the overlap and potential terms 

due to inclusion of TF's is seen to be important in the transition to 

the high velocity limit. To quantitatively analyze these effects, we 

specialize to K-K sharing. The advantages of this case, as we have seen 

are the particularly simple form of the translation factors for long-

range coupling, the well-isolated levels, and the use of atomic orbitals 

appropriate for interactions at large R. In addition, atomic orbitals 

are suitable at the high velocity limit and, therefore, allow us to con

sider the entire range of velocity. The interaction terms and equations 

of motion are given in §4.2, as derived in Chapter 2. The distortion 

and overlap terras are seen to be negligible. We find that the resulting 

equations are non-Hermitian for both homonuclear and heteronuclear colli 

sions when TF's are included. In §4.3, we obtain exact solutions by 

matching the t < 0 and t > 0 solutions with no assumptions on the exis

tence of an adiabatic region between passes of the electron through the 

coupling region. The high velocity limit of the solutions is compared 

to the first-order perturbation results in §4.4. The adiabatic limit is 

also derived and discussed in terms of the corresponding result of the 

Hermitian equations. We can also deal explicitly with detailed balanc

ing and probability conservation as a function of the parameters in this 

formulation. In conclusion, we summarize our results and examine remain 

ing aspects of the prohlem, including the intermediate velocity region 
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and phasing between passes through the coupling region in the adiabatic 

collision process. 

wavefunction must contain eigenfunctions of both atoms in the basis 

since the asymptotic boundary conditions on both centers cannot be 

satisfied by expansion in a truncated basis on a single center. The 

result is a non-orthogonal basis at finite R and v. Since, in practice, 

only a finite number of basis states is retained and the inclusion of 

continuum states is not easily accomplished in the IPM, we are left with 

a non-Hermitian set of coupled equations. The problem has been treated 

by Green and Browne [27]. Expanding the wavefunction as 

where {$n} are linearly independent, but not necessarily orthogonal, we 

may express the coupled equations as 

4.1. The Non-Hermitian Approach 

It is well known in the problem of charge exchange that the 

i|»(r,t) « £n an(t) <|>nCr,t) 9 (46) 

\ I "el'1 ST l*' * 0 (47) 

which gives 

(48) 

where 

T, kn = and Skn = 

If \ps and are any two solutions of the coupled equations and 

Hgl is a Hermitian operator, then adding and subtracting Hgl, 
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-i -r~ I'f' ^ = (lb I H , - i -J- J—)ii> IU* > 
dt ys,vr s el 3t 1 ^r 1 el 3t^s'yr 

Expanding and ^ on the right hand side and using eq. 47, we find 

-i -nr 1> = 0 
dt s1rr 

and, specifically, 

dt" ""s 1 *8 
i i ^ c | i >  = 0  .  

Thus, the coupled equations (eq. 48) imply conservation of 

probability if Hgj is Hermitian, independent of the Hermitian nature 

of T n̂. In general, probability conservation is expressed as 

Z a* S a = 1 . (49) 
n,m n nm m 

If {<$>} is an orthogonal basis set, this reduces to 

En |an|2 = 1 . (50) 

Providing the matrix has an inverse, the set of equations 

(eq. 48) can be put in the form, 

ia = Z (I. S"? T. ) a = Z B a„ , (51) 
n m k nk knr m m nm n 

which is of the form of eq. 6 in Chapter 2. Then, 

i 37" la 12 = £ B a a* - Z B* a* a dt 1 n1 m nm m n m nm m n > 

giving 

i ^ z {a |2 = Z a* (B - B* ) a . (52) 
dt n 1 n' m,n n nm mn m 
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If is Hermitian, the equation gives lanl2 = which is 

incorrect unless the basis states are orthogonal, i.e., = 6^. For 

a non-orthogonal basis, B must not be Hermitian. 

Therefore, we find that if is Hermitian, probability is 

conserved. However, the equations of motion will not be Hermitian 

symmetric when expanding in a non-orthogonal basis. 

Green also addresses the property of detailed balancing. If 

the conditions, 

1. <f>*Cx,y,-z,-t) = en<l>n(x,y,z,t) where en = ±1 

are satisfied, unitarity is preserved and detailed balancing, 

|ank(+00)|2 = l^n 0̂0̂ 2' ensure<*- He ̂ as further shown that these 

criteria are met by a basis of translating atomic orbitals. The first 

property is apparent from the form in eq. 1 with hydrogenic orbitals and 

plane-wave translation factors. The second property is seen to be satis

fied from the exact expression for s ^ in eq. 9 and the subsequent expan

sion in eq. 13 and Appendix C. Finally, the third property was shown to 

be satisfied by the matrix elements of the Coulomb potential. Thus, 

unitarity and detailed balancing are preserved in these equations of 

motion. 

The usual procedure of forcing hermiticity in adiabatic formula

tions has the effect of orthogonalizing the basis in an arbitrary fashion 



by altering the matrix elements, h^ and h^a' derived by the prescrip

tion, 

v12 = 5S{h12 * H21} . 

Without TF's, this reduces to an average of the Coulomb potentials of 

the two nuclei. With TF's, it was shown that for long-range coupling 

and 1 = 0 orbitals, the result gives a complex exponential factor which 

is common to both terms, leaving, once again, an average over only the 

Coulomb potentials. Thus, the simple derivation of an appropriate V12 

is retained. There remains the question of how well this procedure for 

forcing hermiticity approximates the real equations. This relates to 

aspects of the adiabatic formulation. The double-pass probability, w^, 

cannot be found directly from the Hermitian form of the equations. 

Instead, exact solutions for t < 0 are taken to their asymptotic forms 

and projected at R « Rp, where R^ is the location of the coupling 

region, onto the adiabatic states and the single-pass probability, w^, 

is evaluated. Then, the classical relation wQ = 2Wg(l-Wg) is imposed. 

As long as aR^ » 1 and the velocity is sufficiently small, where 

1/a ̂  the width of the coupling region, the formulation is valid and 

should give a good approximation to the original equations. However, 

as the velocity increases, the phasing between passes becomes important 

and the assumption of an adiabatic region breaks down. 

In the high velocity limit, the impact parameter Born (IPB) 

approximation is valid. However, it is not unitary and, since back-

coupling to the initial state is ignored, cannot be extended to the 

intermediate or low velocity regions. 
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The non-Hermitian equations can be solved and the exact solu

tions matched at t = 0 with no assumptions as to the existence of an 

adiabatic region. Since the correct phase relationships are retained, 

the Born result should be approached in the high v limit but, now, 

within a unitary framework. The overlap which, with translation factors, 

depends both on R and v can be seen to vanish as v + « for all R, effec

tively orthogonalizing the wavefunctions in this limit. Also, we may 

evaluate the transition probability wQ = |b(+°°)|2 in the adiabatic 

velocity region directly from the equations without imposing the condi

tion between double- and single-pass mentioned above. In this formula

tion, the adiabatic criterion is seen to emerge in a more natural way 

from the conservation of probability condition. With this approach, 

then, we may merge the high and low velocity limits in a single, unitary 

framework and may compare to the Hermitian, adiabatic theories to 

evaluate the effect of introducing an averaged potential. 

considerations in deriving the equations of motion and evaluating the 

overlap and potential terms apply here. Using a two-state basis of 

hydrogenic Is orbitals with plane-wave translation factors, the equa

tions of motion are 

4.2. Equations of Motion 

We specialize again to the problem of K-K sharing. Most of the 

i6 -iAEt -Jsi(So-sf)v2t D A 
e e e 



70 

i6(t) = a(t) 
h, -s, c 
ba ba aa 
1 -s, s , 

ba ab 

-i5 iAEt %i(Sg-sA)v t 
e e e 

where the terms were defined in Chapter 2. 

As before, we see that the distortion and overlap terms can be 

neglected and the potential terms evaluated in closed form. The leading 

terms in R of the interaction are 

^ab  ̂-4̂ aAaEp e [±2otgV + iCv2+(a2-a2))] ' 

-OLR +*sivR 

3/2  " W  Z A e  e  

-aAR +ijivR 

h  „ A • tn ,3/2 *WVCy»B) zB e 
\a 1 AB [±2aAv + i(vz-(a£-a|)) ] 

where we note, again, that the first exponential in h ^ and h â is 

cancelled by the kinetic energy part of the translation factors in the 

equations of motion. 

In Chapter 2, we defined an average potential and derived its 

form when TF's are included. In this way, we transformed the problem 

into a Hermitian set of equations and discussed the implications of such 

a procedure. Now, however, we taken the terms h ^ and h â as derived 

and solve the exact equations correct potential to first-order). 

We now have 

3/2 r expf-oigR) exp(-Jjiv2t) | 

Hiz s "^VB3 ZA {±20gV + iCv2 + Ca£-ajj)) J 5 

(53) 
3/2 rexp(-aAR) expC-Jjiv t) l 

H21 = -4i(aAaB) ZB j±2aAv + i(>2 - (a^-a2)) j 
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H„ - H„ = -2ia3Z • CS4J 

where the upper sign refers to t > 0 and the lower to t < 0. 

4.3. Solution of the Non-Hermitian Equations 

For the general case of a heteronuclear collision, we have for 

the equations of motion at times t < 0, 

ia(t) = B exp(X t) exp(-iAEt) b(t) 
a a 

i6(t) = exp(X^t) exp(iAEt) a(t) , 

(55) 

where 

Xa = V " 

K = <*.v - *siv5 

4iZACoA°B) 
3/2 

-2aBv + i(v' + CoJ-a|)) 

4iZBCoA°B) 
3/2 

-2aAv + iCv2 - (a£-a|)) 

(56) 

B A -
and AE = E - E is the asymptotic energy difference. The derivation of 

the solution is given in Appendix F. Here, we outline the approach. 

The equations can be uncoupled and cast into a form having Bessel func

tion solutions given by 

a(t) = A exp(*s(Xa-iAE)t) J_v (z expte^+X^t)) , 
a 

b(t) = C exp(Js(Xb+iAE)t) Jv (zQ exp(*s(Xa+Xb)t)) , 
b 

(57) 
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where 

X - iAE X, + iAE 2CB B, 
v = tt-tt- , v. = * =_ , and z = , a? 
a Xa + *b b a + b 0 a + *b 

With the normalization conditions |a(-<»)| = 1 and bC-00) = 0, we find 

v k v 

A = rCl-va)ftz0) a and C = -i^/B^* r(l-va)(hzQ)  a  .  
(58) 

The amplitude at t=0 for the electron on center B is, then, 

b(0) - -i[B /B )h rci-v ) Chz0)Vi Jv Cz0) 
b 

The equations for t > 0 are found by using eq. 53 with the lower 

sign and R = +vt or by substituting t -»• -t in the t < 0 equations of 

motion and taking the complex conjugate. We derive the forms of the 

solutions as before and have, 

aft) = a exp(-*s(X* + iAE)t) Jv* (z* exp(-%(X* + AjJ)t)) 
a a 

+ 8 exp(-%(X*+iAE)t) J_v* (z* exp(-*5(X* + x£)t)) 

(59) 

b(t) = Y exp(-*5(Xb - iAE)t) Jv* (Zq exp(-*s(X* + X^t)) 
b 

+ 6 exp(-Js(X^ - iAE)t) J_v* (z* exp(-Js(X* + X£)t)) 
b 
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Substituting back into the equations of motion, we find the 

relations between constants, -iCB^B*)15 a = SB* and i^Bj*)*5 6 = YB* 
a  d Si e  d  & 

At this point, the usual adiabatic formulation of Demkov, Nikitin, and 

others of the Hermitian equations is to establish an adiabatic region 

centered at t = 0. This is accomplished by letting t +» in the t < 0 

solutions and t -»• -00 in the t > 0 solutions. Using the large argument 

limit of the Bessel functions, the resulting expressions are of the 

adiabatic form. 

Since the correct phase information, at least to first order, 

is retained in the non-Hermitian equations, we match the exact solutions 

at t = 0. 

We find the equations for a and 8 are, 

V cv 
a 

•v," cO 

rci 

J 
-v  
a 

rB, B*1 
i5 

b a 
B B* 

L a b . < 

C*o> 

\ "o> 

with the result 

v TTZ 

V  c O  J t o  
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6 = 
V TTZ 

rt'-V^o) 2 stnt»S) iJ-v; J-v. Czo' 

ll" 
b a 
FbJ 
a b 

V \ f'o' 
a b 

(60) 

Substituting these relations into the t > 0 expression for b(t) 

and letting t -*• •*», we find the transition amplitude after passing 

through the interaction region is 

b(+oo) = -i 5. 
B* 

V TTZ -Vf T(l-V ) 

(iszp r(l-v*) 2 sin(TTV*) 
D a 

Jv* J-v ^o5 + 

BK8*^ b a 
B B* 
a b 

J-v* V ̂  

(61) 

The solution is valid for the general, heteronuclear case and 

is exact. We can reduce the expressions to that for the homonuclear 

case, in which 

Ba = Bfe = B = -4iZa3/(-2av+iv2) Va ~ Vb = ** 

X& = X^ = A = av - Jjiv z0 = B/X 

(62) 

The solutions take the simple form, 

i(t) = (TTB/^X)** expCsXt) J_^ (B exp(Xt)/X) , 

b(t) = -i('n'B/2X) expteXt) (B exp(Xt)/X) 

(63) 
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for t < 0 and 

(64) 

a(t) = C expC-%X*t) CB* expC-X*t)/X*) 

+ D expC-*sX*t) J_Js fB* expC-X*t)/X*) 

b(t) = iD exp(-%X*t) (B* exp(-X*t)/X*) 

- iC exp(-JsX*t) J ̂  (B* expC-X*t)/X*) 

for t > 0 where 

C = CTTBV2X*)15 sinCB/X + B*/X*) 

and (65) 

D = C*BV2X*)15 cosCB/X + B*/X*) 

The solution for the amplitudes as t + +° is 

aC+°°) = cosCB/X + B*/X*) 

and C66) 

bC+°°) = -i sinCB/X + B*/X*) 

In the next section we compare the limiting forms of these 

solutions to the Born results, derive an adiabatic solution of the non-

Hermitian equations and quantitatively consider unitarity in this 

formulation. 

We note, also, that in the simple case of a homonuclear colli

sion, the transformation |a+> = C|a^ ± |b))/C2)Jj diagonalizes the 

matrix and the result of equation 66 follows immediately. 



76 

4.4. Limiting Forms of the Solutions 

We first consider the homonuclear case. The solutions can be 

expressed as 

a(t) = 

bCt) = 

for t < 0 and 

a(t) = 

b(t) = 

for t > 0. 

The conditions outlined by Green for detailed balancing as 

|t| -*• 00 are satisfied. From this and the explicit forms of the solutions 

we find that the overlap goes to zero and |aC±°°)|2 + |b(±«0|2 = 1. We 

can, however, make further statements on probability conservation during 

the collision process. At any time t, we have 

cos [B Xtl 
X e 

-l sin 
IB Xtl 
X e 

(67) 

|B* -X*t 
cos ^e 

. . |B* -X*t 
1 sin X* e 

B B*1 

X+ ̂  

B B* 
X + X* 

C68) 

W(t),i|»Ct)) = |a(t) |2 + |b(t) |2 + 2Re{a*(t)b(t)sab} 

= cosh^Im (fr e~^ t}J ~ sinh^2Im {pr e"^ t}J Re(satj) 

- sin [2Re lp"e'Xn} " 2Re 111] Im̂ sab̂  ' C69) 

where, expressing |vt| by R, we write 
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Im (l7 e"X t = e"aR|Im {J*} cos(isvR) - Re j|J} sin(JsvR)| 

fB*i • IB*i 
For large velocity, Re and Im go to zero, as well as 

the overlap terms Refs^) and Imfs^) . Then the first term goes to one 

and the remaining terms to zero giving OKt) >4Kt)) large v > i f0r all 

times during the collision. In the low velocity limit, we may approxi

mate the overlap as that of the stationary states, s ^ (1 +aR + a2R2/3) 

• exp(-aR). Since Imfs^) -*• 0, the last term in eq. 69 vanishes. For 

aR » 1, Refs^) -*• 0 and Im{B* exp(-X*t)/A*} 0. Thus, for small 

velocity, we have (Kt) X ) 1 * 

The results can easily be interpreted in terms of the source of 

the non-hermiticity. The Hamiltonian being conservative, the lack of 

hermiticity is due to the non-orthogonality of the wavefunctions. At 

high velocity, the effect of translation factors is to cause the overlap 

to go to zero for all values of R, thus restoring orthogonality to the 

basis states. In the low velocity limit, however, the overlap begins to 

be significant when R is of the order of twice the K-shell radius. The 

normalization condition requires the coupling region to be at large 

enough R„ such that aR„ » 1. This is also consistent with taking the 
P P 

leading term in the expansion of the exponential integral functions. 

The condition is imposed in the modelling of the low velocity collision 

process with Hermitian equations by forcing the solutions to their 

adiabatic limits, which requires the interaction region to be far from 

the classical turning point. We can now take the limiting forms of the 

solutions for the homonuclear case. 
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At high velocity, the distinction between double-pass and single-

pass breaks down and the existence of an adiabatic region can no longer 

be assumed. The correct phasing is retained in the non-Hermitian equa

tions and the matching procedure of the previous section is appropriate 

in this limit. The result for the transition amplitude is 

b(+®) = _i sin[2Re(B/X)] . (70) 

Referring to the expressions for B and X, we find that the argument goes 

to zero as the velocity gets large. Therefore, 

b(«) lar8e v > - 2i Re(B/X) = , [v/2c,)^ " f71) 

This is exactly the Born result for the homonuclear case [28]. In 

addition, the factors B/X and B*/X* correspond to the t < 0 and t > 0 

pieces of the integration in the perturbation treatment. 

In Appendix G, we carry out this matching procedure with the 

Hermitian equations with TF's and find for the transition probability, 

|bO°)|2 = I b CO) |2 = |B|2/|X|2 * V"8 . 

The effect of forcing hermiticity alters the phase relationship in such 

a way that the correct velocity dependence is not obtained in the high 

velocity limit. 

In the zero-velocity limit, i.e., without TF's, the equations of 

motion are Hermitian and an oscillatory, adiabatic state for R « Rp is 

reached as a limiting form of the exact solutions. The effect of the 

procedure is to separate the coupling regions by an infinite distance, 

forcing R^ to be far from the origin, and avoiding singularity as 



v 0 and t 0. No such state can be easily defined for the non-

Hermitian equations since we now have sine and cosine functions having 

time-dependent imaginary parts to the argument for finite R and v. The 

expression for the inner product of iKt), derived for the homonuclear 

case, also suggests this limiting condition. As v gets small, R is 

required to increase in order to retain orthogonality. For any finite 

value of v, then, the wavefunction damps out in the region of the origin. 

The double-pass transition probability is |b(+00)|2 = sin*{2Re(B/X)}, 

which, for small velocity, is a rapidly oscillating function and can be 

set to its average value of one-half. This agrees with the results of 

the adiabatic formulation in the Hermitian theory derived in Chapter 2 

as well as the zero-velocity Demkov model. In Appendix G, we take the 

low velocity limit of the results obtained by matching the exact solu

tions of the Hermitian equations at t = 0. Since the wavefunction 

retains normalization throughout the collision process, the singularity 

of the Coulomb potential at the origin leads to erroneous results as 

v •* 0. This seems to suggest that the normalization of the non-Hermitian 

equations serves to impose an adiabatic condition on the solutions. 

However, these aspects of the problem require a more rigorous treatment 

through considerations of formal scattering theory. 

The non-Hermitian approach predicts that wQ % as v 0 and 

decreases (in an averaged sense) to zero as v + ®, In the Hermitian 

results, we find the same behavior; however, the decrease is charac

terized by an envelope function which gives an exponential fall-off as 

v -* 00. The adiabatic assumptions, necessary in the Hermitian formula

tion, are not appropriate in this limit. However, at low and 
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intermediate velocities, the decrease in w^ with increasing v is 

approximated in these results. It should also be kept in mind that the 

effects of distortion may be significant in the intermediate velocity 

region and were neglected here. 

We now look at the results of the heteronuclear case. In 

Appendix H, we take the high velocity limit of the expression for 

b(+°°) using the small argument approximation, i.e., the first term 

in the Taylor expansion, for the Bessel functions. This gives, for 

the transition amplitude, 

„(«, siC<y>B)3/2 aAzB 

(72) 
2v(*jv2 -AE) + v(v2 - (a2-a2)) 

x —— 
{(2aAv)2 + (v2 - Cot2-a2))2} {(aAv)2 + Cjsv2-AE)2} 

This is exactly the first-order perturbation result using the leading 

term in the interaction. Again, we find that the non-Hermitian equations 

preserve the correct phase information in the exact solutions to yield 

the v~10 dependence of the transition probability in the high velocity 

limit. 

The same considerations as in the homonuclear case apply to the 

adiabatic limit of the heteronuclear expressions. In Appendix I, we 

find the double-pass transition probability at low velocity reduces to 

|b(+°°) |2 sma11 v) G(v) sechC27r Imv ) cos2C2Re zn  + TT Re vj , (73) 
& 0 a 
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where G(v) ̂  0(l/v2) and Im v ^ AE/v. The cos2 function is rapidly 
cL 

oscillating and can be set to its average value of one-half. The 

probability, then, goes to zero as v -»• 0, peaks at a finite velocity, 

and decreases with further increases in v. As in the homonuclear case, 

the behavior of this solution is like that of the Hermitian equations 

(eq. 22), which merges with the correct Demkov result in the zero-

velocity limit. 

4.5. Conclusion 

The non-Hermitian formulation of the charge-transfer problem 

proposed in this chapter has several conceptual differences from the 

usual Hermitian approach. In the latter, a projected single-pass transi

tion probability, Wg, is found by requiring the solutions to go asymp

totically to the adiabatic limit and using the classical relation to 

find Wp. The former uses the exact solutions to give wQ directly. At 

low v, the forms of the solutions in the two approaches are in agreement 

and the relation of w^ to Wg is valid. Thus, Wg may be found in the 

present theory from wQ in this limit whereas the reverse procedure is 

necessary in the Hermitian problem. The high velocity limit, however, 

can only be derived with the non-Hermitian equations in which adiabatic 

assumptions need not be made. The more important aspect of this approach 

is that [b(+°°)|2 is an appropriate quantity at all v, whereas the single-

pass probability is valid only at low v when an adiabatic state is 

established. At intermediate and high velocity, the concept of a single-

pass loses meaning. Though the present theory can account for the 

phasing between passes in the intermediate region and may approximate 



the correct behavior, the neglect of overlap and distortion terms as 

well as the large R expansion of the exponential integral functions 

limit the validity of the solution in this simplified model. 



CHAPTER 5 

CONCLUSION 

From the explicit evaluation of the overlap and potential inte

grals in Chapter 2, we found that the effect of translation factors is 

to reduce these terms with increasing velocity. Thus, the effective 

overlap goes to zero as v + ®. TF's introduce a velocity dependence 

which accounts for the finite time an electron spends in the interaction 

region, an element that is missing in the pss theory and dominates in 

the high velocity, perturbation limit. This suggests that TF's may 

correct the adiabatic theory for a finite interaction time, a small but 

discernable effect at low v, and cause, at higher v, the effect to 

dominate over backcoupling. This is reflected in the expression for the 

sharing ratio derived in Chapter 2. At low v, S increases with increas

ing v according to adiabatic theory. The electron is less able to 

adjust to the approaching nucleus as the velocity increases and the 

probability of transition rises. In the pss theory, the trend continues 

as v •* 00. The competing effect introduced by TF's becomes significant 

as v gets larger and dominates at higher v causing the sharing ratio to 

peak and decrease to zero as v -*• 00. 

These ideas are merely suggested however in the framework of the 

usual adiabatic approach. Imposing hermiticity in order to force the 

asymptotic solutions in the region R << R^ has several consequences. 
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The necessity of choosing an average potential and requiring Hl2 = H*j 

alters the phase relationships somewhat arbitrarily, particularly as the 

velocity gets large. Also, the procedure prevents a direct solution for 

the double-pass probability. Only a projected single-pass result can be 

obtained and an infinite separation of coupling regions assumed. An 

extension of the theory to intermediate and high velocity, in which the 

concept of single-pass becomes ill-defined, cannot be made. The assump

tions, then, of the Hermitian theory restrict its application to low 

velocity. 

These considerations lead us to a new formulation of the problem 

in which the original potential terms are used. Since a translating 

atomic basis satisfies the criteria of Green and the Hamiltonian is 

Hermitian, the solutions obey detailed balancing and the formulation is 

unitary. Thus, we match the exact solutions at t=0 and find wQ direct

ly. At high velocity, the overlap goes to zero and the basis states are 

effectively orthogonalized. In this limit, we obtain the exact first-

order perturbation result in both the symmetric and asymmetric cases. 

Since this approach gives wQ, the breakdown of the single-pass probabil

ity is not a consideration. We see, however, that this matching pro

cedure applied to the Hermitian equations gives a v"8 dependence of w^, 

instead of v~10, and is due to altering the potential. The low v limit 

is also obtained directly from the solution for wQ and is seen to agree 

qualitatively with the forms derived in the adiabatic theory. Since the 

effect of TF's diminishes in this region, the results of the two 

theories should agree. We note, also, that the adiabatic condition 
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of aRp » 1 imposed in the previous approach arises in the normalization 

condition of the non-Hermitian treatment. 

Since the latter approach solves for wQ, which is well-defined 

for all v, it is appropriate to the problem of the intermediate velocity 

region and phasing between passes. Since the distortion term was 

neglected, the present analytic result gives only a rough estimate of 

the behavior of the solution in this region. A numerical solution of 

the non-Hermitian equations is required with consideration given to the 

large R approximation and normalization conditions. As mentioned before, 

more work is required in understanding this approach with a more rigor

ous derivation of formal scattering theory. 

Lastly, we may comment on the modification of the Nikitin model 

in Chapter 3. A limitation in making a complete and consistent modifi

cation to the model was the fit of the analytic expression for the 

energy difference to existing molecular orbital curves. Presently, 

there are no curves available which include translation factors. This 

required us to consider the adiabatic mixing parameter and force differ

ence due to the influence of a third level to be velocity independent. 

The approach gave results in good agreement with the data. However, the 

conceptual problem remains and is of more than formal interest. The 

idea of the adiabatic mixing being velocity dependent is not only a new 

and promising aspect of the problem from the LCAO viewpoint but may lead 

to insights in dealing with the formulation of a prescription for 

molecular orbital translation factors. Since atomic orbitals with TF's 

are well-defined quantities, it may be possible to arrive at a correct 
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MO picture using a transformation representing the appropriate, velocity 

dependent adiabatic mixing. The pursuit of these ideas remains for 

future work. 



APPENDIX A 

ACTION OF THE OPERATORS ON THE BASIS STATES 

The time derivative of the basis states acts on <j) as well as the 

TF's since rA and Tg are now time dependent through the intemuclear 

vector R and gives 

3r 
4r (a (t)/(rj) = {& <j)A + a -5— • $ <f>A - iEAa <|>A 
3t n^ yrnv A nYn n 3t r.Tn n n rn 

A 

2 2 „A, -i/Endt •*'/?'* -
" n V e e 

(A. 1) 

AT ->• 
A 3 «• ^ 3R -• 

Since ^ (r+ sAR) |-*- ® sa 3t = SAV' t̂ e exPress^n reduces to the 

B r̂B 
first term in eq. 3 and similarly for m̂(rg)» where = - SgV. 

The kinetic energy operator gives 

. -is,vr . . -is.vr . . -is.vr 
^W*C'A) • ] * 'r • {cy£) e • 4.\r (e A )) 

-»• ->• 

^ A -is.v*r . . -isAv*r 
=  ̂• {(̂  <|> ) e <J> C-is.v) e } 

r r n-* Tn v A 1 

-*• ->» 

-is v*r 
LA . * ,A1 . A 

= • isA7 * VJ e 

r 2 2j.A . -»• * .A, "1SAV*r 
* ["V *n " 1SAV " W e 
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Since V*|R = ̂  |R, this gives 
A 

'r WnC?A' e A 1 * {?rA*i • 2iSA(7 • \*t> - •*•£> e A 

CA.2) 
B + ls

B
v ' r  

and similarly for <J>m(rg) e 

To see that the translation factors are appropriate for an atomic 

system at large R, we consider the case of atom A moving at velocity 

-s^v with respect to the origin at the CMN in the absence of an external 

potential (set Zg=0). Without TF's, 

a & _ -i/E^dt . . A A -i/E^dt • o r,Ar~*~ ^ n , . r -*• ± ,A . _A. Ai n ,. 
1 3t 'W e 1 * 1 {Y • r. n " lEn*n} e • tA"3' 

A 

The operator acts on the stationary state as usual. Then, Schroeding-

er's equation is not satisfied and the v»^ term gives rise to spurious 

asymptotic coupling. From eq. A.2, the ̂  acting on the translating 

state gives a v*^ term to cancel that of eq. A.3. 



APPENDIX B 

EVALUATION OF THE OVERLAP 
AND POTENTIAL INTEGRALS 

The overlap integral is 

n'r *B .$•* Ri ... .. rr2 „2, ^vR5n „A* ab Ja t <p $e = -g- e /d£ dq d <p (5 -n ) e <P <P 

_/2 ;ijivRCs -sR) a a 

• ««*V S / J« " 1  s:c «« 
A B 

"VA -VB t!slvR5n 

The integration gives 

-^(c^+a^RC 

K d„ -V, 

• i ;  

-«a„-a.)R -*VVR5 ±yvR5 

-'sCa.-ajRri ±JjivRCn 
dn e A B e 

• C  
dC e A B e 

• C  

R/2[±iv£ - (c^-Og)] 

Mo.-cUR ^ivR5 
d? e A B -

R/2[±iv£ - C^-ctg)] 
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With the change of variable £' = 5-1, the expression becomes 

, -O R ±%ivR r -R/2[(aA*Og) ; iv]C 

1 • e T^R D?' ~ 
} Jo [±5» ± l - CotA-aB)/iv] 

-a_R rtivR , r -R/2tCVaii> 1 lvl«' 

" e e ITR d5' 5 • Jo [±C ± 1 - CaA-ag)/iv] 

r e'ux 6u 
Since j ^ + g = -e Ei(-u8) provided |arg$| < tt and Re y > 0, 

2 *R/2(o?-aJ)/iv r r / . Cai-°B)vn 
• AB i«[-R/2K * i(v - ^F5-))] 

- Ei[-R/2K 1 i(v •^4r5-))]} • 

Using Et(z) = -Eif-z), we have 

-a r -a r iJsivRCn ±JsiR(aJ-otJ)/v 
/dCdne A Ae B Be = ?^e B  {E^X^ - EjCXg)} , 

where XA and Xg are defined in eq. 10. Substituting this in the 

expression for the overlap integral above, we get eq. 9. 

Similarly for the potential terms, 

.3/2 7 3 "VA "VB 'y,RSl 

ab = RCc,AaB> A fdz, e e 

_. .3/2 , 3 ,,, "°ArA -ctBrB J*vK'n 

V " "'VB1 B Ul- dn e e 

H 

With the expression for the integral and its complex conjugate in h ̂  

and h^a, respectively, we obtain eq. 11. 



APPENDIX C 

LEADING TERMS IN THE OVERLAP AND POTENTIAL 

Taking the derivatives with respect to and otg in the 

expression for the overlap, 

'ab 
. 21  ,  .3 /2  *'ilvR(sA"sB) ±!iiR(aA"aB)/v 

0A°B Ce.CX^-E.CXb)) 

i«gR [ e-AA 3Xa e-*B 8X3 

XA XB 3°A 

ia. R 
A e"XA3XA e"XB3XB 

XA 30lB* "B ^ 

3a. 
e"XA 9Xa e"XB 8X3 

XA 3oB * *B 3°B 

If the argument is large, the exponential integral function can be 

e"z 1 2 
expanded as E (z) = (1 — + —5- - . . The expression for the 

1 2 Z Z 

arguments, and Xg, are given in eq. 10. For very low v, the second 

term of the imaginary part of X^ and Xg becomes large and for very high 

v, the first term is large. Therefore, in the two limits with which we 

will be concerned, the imaginary part of the argument is large. With 

the requirement aR » 1, which is the condition that the coupling region 

be located far from the classical turning point, i.e., the adiabatic 

condition, we ensure the arguments of Ej are large. Taking the first 

two terms in the expansion, the equation reduces to 
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m 2R2 3/2 *^vRCs -sB) ±>siR(a2-ai)/v 
5ib * • e 

-X. "VI 
"B 

+ a 
A y2 

AB 

With the expressions for X. and X_, this becomes 
A D 

SCU - 8FA 
ab 8CVB 

_/2 J^ivRCs -s ) 
<*„) e A B 

-OgR +*jivR 

-a.R ±%ivR 
a Be e 

[?2aAv + i(v2-(a2-a|))]2 

aA e  

[+2a
B
v - i(v2+(a2-a^))]2 

CC.l) 

If we take the third term in the Ej expansion, we find the correction to 

sab' ls 

,C2) .  321 (  5/2 / A w K i'trh'> 
ab R AB 

-a.R ±JjivR 
e e 

[s2aAv + iCv2-(aJ-aJ))]3 

-otgR *%ivR 
e e 

[+2aBv - i(v2+(a2-a|))]3 

CC.2) 

which decreases faster with R by the power of 1/R. With the expression 

for the overlap, s^ = s^ + s£^ , correct to second order, we set 

v = 0 and have 

sab ̂  8<°A0B)3/2 

-OBR -a R 
a_ e + a. e 4a,a_ -a.R -a„R 
-® A + A_B_ (E A _ E B J 

Ca2-a|)2 R(aJ-aJ) 
2 «,2-\ 3 

CC.3) 
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This is the exact result for the overlap of the two stationary wave-

A B 
functions <p and <j> . 

We follow the same procedure for the potential integrals. Taking 

the derivative and retaining the first two terms of the Ei expansion, 

the expressions for h^ and hba correct to second order are 

2IRZA ,3/2 ^IVRCVSB^ 
ab ~,oO 

A B 

-a R fhivR 
e B e 

ia„ 
-a.R I^ivR -CT„R ^IVR^ 
A B e e e e 

—% *T~ 

ba 

2iRZ . ±»sivRCs -s ) 
—l(a Aa D) 3 / 2e A  B  

AB 

-aAR jhivR 
e A e 

x* 
A 

ia. 
-a R ^ivR -ctgR t^ivR' 
e e e e 

•X|T Y*2  
B 

CC.4) 

Setting v = 0, we recover the exact potential terms for the stationary 

states, 

H„ ^ ba 

4ZA F .3/2 JR e ̂  
Co*a») \Ca2-a|) R AB 

~aAR ~aBR i 
. Ce A - e B ) 1 

2o" I B 

4Z 
B , ,3/2 R e 

R" ("AV 

-a.R 
A 

+ 2aA 

-a R -otgi 
(e A - e B i 

-otpR 
TC.5) 



APPENDIX D 

SOLUTION OF THE HERMITIAN EQUATIONS OF MOTION 

Taking the equations of motion (eq. 19), 

ia(t) = B(v) eXlt e~lX2t b(t) t < 0 

ib(t) = B*(v) eXlt elXat a(t) 

(D.l) 

we differentiate with respect to time. Then substituting from the above 

equations, we have 

a - (Xi-iX2)a + |B|2 e2Xlt a = 0 , 

f> - (Xj+iX2)b + |B|2 e2Xlt b = 0 

_ a2Xit Let z - e . Then 

3 

32 

St*" 

2X*Z IT 

2X,Z C2A, • 2X,Z £•) 

and the equations take the form 

z2w" + (l-2p)zw' + (\2q2zac' + p2 - v2q2)w = 0 , 

where q = X2 = |B|2/X2, v2 = 4p2, and 

i  
Xi-iX2 

P = 4X, 
for a(t) 

X\*iXz for b(t) 
• 4 A j 
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The solution is w = z*3 J^fXz^) giving 

a(t) = Ai J 
±v. 

1 B1 e^i t  

Ai 

bCt) = A, e^1^2^ fMeXit 

±v, [\i 

-

' l  " 2\i 
with v, = " * • > a n d  v ,  =  

2X, 

The normalization condition is | a (t = -°°) | = 1 and b(t = -°°) = 0. 

As t -*• -00, the argument of the Bessel functions goes to zero and 

JvCz) ̂  [Cjsz)v]/[r(v+l) ]. To satisfy the boundary conditions we must 

choose the J_Vi solution for a(t) and J+Vj for b(t). Solving for the 

constants, we find 

feUO* sech1* 
2X 1 

TTX2 

2X l 
and A? = -iA, 

Then, the solutions for t < 0 are 

a(t) = tt 1B 
2Xj 

b(t) = -i filBLl 

sech' 

h 

2\ i 
sech 

2xr; v. * J 

H t ta;  

2X 

J5(Xi-iX2)t 
6 -*5+1X2/2X1 

^(Xi+iX2)t 

»•'") • 

1) *5+1X2/2X1 
fill ̂ Xitl 

CD.2) 

For slow collisions, it is appropriate to take the asymptotic 

limit of the solutions in the region R « Rp. The adiabatic form is 

obtained by letting t 00 in equations D.2. This gives 
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a(t) 

b(t) 

sech llXT 
-JsiX2t e " cos "|B| Xit iuXj 

Xi 4XiJ 

CD. 3) 

uJsf1TX2 
-1 S6Ch l2X7; 

e2 * sin I B 1  _  iirX2' 
4X 1 

The t > 0 solutions are found by the same procedure. Matching 

to the t < 0 solutions in the region R < Rp, we have for the double-pass 

transition probability, 

wQ = |b(+<»)|2 = sech2 

= sech' 

'TTX21 . 
2xJ S l n  

it AE + *sv2 

av 

J^lBl e" a R  
d t j  

' .<» , . -aR 
sm L lBl e dt 

For low velocity, sin can be set to one-half giving 

wQ = H sech2 7T AE + *sv2 

2 av 

There are two approaches to finding the single-pass probability 

Using the classical, low v relationship w^ = 2Wg(l - Wg), 

H sech2x = 2Wg(l - Wg) where x = J ̂  

This gives 

Wg = H CI - tanh x) = — — = \ e~ sech x 
e + e 

We must also be able to arrive at this expression by projecting the 

solutions a(t) and b(t) in the region R < Rp on the linear combination 

of the atomic states which gives the correct adiabatic (or molecular) 
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state to which the atomic state centered on B tends as R -»• 0. To solve 

for the linear combination we diagonalize the matrix at t = 0, 

I"" IX l t=0 " 
-X B 

B* -X 

= 0 
V. - ±  l Bl 

The coefficients a2 and 82 of the adiabatic state are 

'-X2 B ' 
e > 
a2 

.®2. 

= 0 ot2/62 = -1 

where |a2|2 + 112 » 1. Projecting onto this state, we find 

w_ = |a2 a(t=0) + B2 b(t=0)|2 

= h l-sech^x cos(/Hl2dt + i |) - i sech^x sinC/H12dt + i j) |2 

= % sech x [cosh x - sinh x] 

Wg = H e~ sech x 

The requirement of an adiabatic region for R < Rp is equivalent 

to the well-known result of the probability equaling transmission times 

reflection. 



APPENDIX E 

ASYMPTOTIC FORMS OF THE CONFLUENT 
HYPERGEOMETRIC SOLUTIONS 

From the general form for the equation of a confluent hyper-

geometric function, the possible solutions are 

a x(z) = e" d l  z i C l  MCi? x, 2i£ 0  + l, z) 

aj(z) = B 2  e 2~ d l  z i 5> M(1 + i?2» 2i£ 0  + l» -z) 

and 

a 2(z) = B3 e"d2 z'lCl MC-iCj, l-2i£0, -z) 

a2(z) = B„ e"Z_d2 z'1?1 M(1 - i?2, l-2i?0, z) . 

CE.l) 

CE.2) 

Using the small and large agrument expansions of these functions, 

we obtain the asymptotic forms 

, F-1 Z-+~v R _-di ITTCI r(l + 2i5o) a^z) > B,e e ___ 

a t(z) 2> B x  e~ d l  z^ 

ax(z) B2 e2_dl ziSl (-z)-1"^2 

(E .3) 

. l M  *-<>- n z-di iCi f r(2i5o) , - r2igo , r(-2iCo) 1 
ai(z) > B 2  e z +  r(l - i£i)J 
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and 

a2(z) B3 e"z"d2 
2-i?1 z"1+i^ 

a2Cz) z"*°* > B, e~z'dz z' i§1 rrC-2ig0) 2i£0 t r(2i£0) 1 
3 LrCI - 15*) 2 + rci • iCi3j 

a2(z) B, e"d2 e±ni F(1 - 2xg0) CE. 
1 J F(1 - iC2) 

a2(z) *Z°=+ Bi> e"d2 

where 

z = . *L *"aT r _ A + 02/4 
0 , So - - , 

_ 3 
= " 25" + ' and ?2 = 2£o - Ci . 



APPENDIX F 

SOLUTIONS OF THE NON-HERMITIAN 
EQUATIONS OF MOTION 

The non-Hermitian equations of motion in the general hetero-

nuclear case are, for t < 0, 

At -iAEt 
id(t) = Ba e e b(t) 

Afat iAEt 
(F. 

ibft) = e e aCt) 

where Aa> A^, Ba, and are defined in Chapter 4. Taking the deriva

tive with respect to time and substituting, the equations may be 

uncoupled, giving 

a - (A - iAE) a + B B, e 
^ a ' a b 

b - (A, + iAE)B + B B, e D a D 

CAa
+Ab)i 

(W 

a = 0 

b = 0 

(Aa+Ab)t 
With the change of variable z = e and 

_3_ 
3t 

32 

at7 

• tW'K- -

- (W 2  Cz s? * z* jp* 

the equations become 

z2a" + 
A - iAE*i 

* --W - • 

B B, 
a b 

(W2 
za = 0 

z b" + 
' Ab + iAE 

VXb 
zb' 

B B, 
a b 

(VV 

= 0 
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where the primes denote differentiation with respect to z. These are, 

again, in a form having Bessel function solutions, 

*5(X -iAE)t %(X +X, )t 
aCt) - A e J-V 

Czo e ) ' 
a 

Js(X^+iAE)t 

where 

b(t) = C e 

^BaBb 
zo " ~Tp * v 

\ ( Z °  6  
b 

) , 

X -iAE 
a 

S ' a V\> , and v. 

(F.2) 

*b 
+iAE 

b X +X, 
a b 

To satisfy the boundary conditions at t = the -v and +v^ solutions 

were chosen for a(t) and b(t), respectively. As t •+• the argument 

of the Bessel functions goes to zero and, with the small argument expres-
z -v 

sion Jv(z) ̂  C*sz)V / [r(v+l)] ,  ja(-°°) | = 1 = AC-^0 a 
) , giving 

z va 
a 

A = r(l-v ) (-=-) . With this and eq. F.2 for a(t) in the equation of 
Si fa 

motion for a(t) (eq. F.l) we find an expression for b(t). Then using 

Jv = "Jv+1 + z Jv 311(1 Vb = 1_V we have 

U • A 
b , n  

rVSi 
^CX^+iAE)t Jj^+X^t 

zo e \ tzo e ' • 
D 

Comparing with the second expression in eq. F.2, 

C = -i Ssl* BJ rci-va) 
V 

Then, we have for the solutions (t < 0), 
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a(t) 

b(t) 

r ( i-va) 
'zo\va , . rj e J-v Czo e 
' a 

-1 
(%)% f2oTa JsCXb+iAE)t JsCX +X.)t rj Ifj ' j„ c«0 • ' * ) 

(F.3) 

The equations for t > 0 are found by letting t 

the complex conjugate, 

-A*t -iAEt 
ia(t) = B* e e b(t) 

-A*t iAEt 
ib(t) = B* e e a(t) 

-t and taking 

CF.4) 

and are solved as before. The solutions are 

a(t) = a e 
-%(Aa+iAE)t ,  . .  j

u .  e  )  
v* -~0 
a 

-Js(X +iAE)t 
+ 6 e a J z e 

-v o 
) 

(F.S) 

-ij(X*-iAE)t , 'Wl+tyt 
b(t) = y e J v* (z Q  e ) 

b 

* f «  j . v .  C z 0  e  )  .  
b 

CF.6) 

We now want to relate y and 6 to a and 6. We use these solu

tions in the first of eq. F.4 and find for the left hand side, 

ia(t) =  , ( :  

+ -Js(\ +iAE)t -JsCX*+^)t 
z e e 
o 

c J_ 
r .  - « * : • *  

< Clo e D 

+ X^)t ~Js^a + ̂tl"I 
s ) - b J a b J] , 



and for the right hand side, 
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* -(X%iAE)t * -(X%iAE)t -^sCX^-iAE) t 

Ba e 
b(t) = Ba e 

* «. *N 
r +A,jt -| 
[y V («; . a b ) • « J.- («: e a » )] 

where we have used 

• v J = ± J . •? — J 
y y*l z Y 

and v = i - v, 
a c 

Equating, we have 

6 = -ia S)H 
and Y - i6 

B* 
(F.7) 

To determine a and (3, we must match the t>0 and t<0 solutions 

at t = 0. The resulting equations can be cast into matrix form, 

/ v J-v* 
a 

V J-v* CV -V 

r ( i-va) 
(Z v 

(f) a 
a 

rB. B*i b a 
ETB7 
a b 

v. 

Taking the inverse of the matrix and using the identity, 

J ,J + J J /• 1-. V+L -V V -(v+1) 
2 sin VTT 

TTZ 

for the Wronskian, we find for a and 8, 
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a - rci-va) 
2 \V TTZ 
_o j a o 
2 J 2 sin (TTV*) 

cl 

k. C'S> J-v t2o' * 
a 

BKB^ D a 
B B* 
a b 

J-v. (*o> \ t'o' 
a b 

(F.8) 

8 = rd-va) |f. 
V TTZ 
a o 
2 sin (TTV*) TT 

. r  l J.v- <2P J-v <zo> -
b a 

B B*l » a n' 
. V C*o> \ 
a bJ a b M  

Finally, we let t -»• 00 and use the small argument expression once 

more for the Bessel functions. With eqs. F.7 and F.8 giving y and 6 in 

the t > 0 solution for b(t) (eq. F.6) we find 

b(+°°) = -i fBb] 
»5 f2Jrvi r(1-v (Z \V 

o a 
B*J aJ 12 J rci-v*) I 2 J 2 

TTZ 

V (2P J- (Z ) + 
V V 0J 
a 

B, B*^ 

JTB*] J-v* ̂ o5 Jv, ^o*1 
a b; a b 

CF.9) 

This solution for the transition amplitude in the general, 

heteronuclear case is exact. 

In the homonuclear case, a, = ctn = a, Z, = ZD = Z, and AE = 0, 
AD AD 

giving 

B = B, = B = ~4iz^3 

a b -2av + iv2 ua * vb = ^ ' 

CF.10) 

X = A, = A = ctv - Jjiv2 and zn - 8/X 
a b o 



The transition amplitude becomes 
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b(+°o) = -i 'B* ' 
-H t  \ 

B ** ir B* 1 
12A* k 4 [2Xj 2 X* sin (i t/2) 

B* 
x* + J 

-h 
B* 
A* 

Using 

J^(z) (3 
>5 • 
* sin 2 

and J ̂ (z) 
• 

cos z 

this gives 

b(+«) -l < sin f-1 
u*. 

\ 

V B* V 
cos 

/ 
X \ ^ 

+ cos 
X* ^ J 

sin 
X \ J 

= -i sin 
! •  X* 

The result for the homonuclear case is found much more easily with the 

transformation |a+) = [|a> ± |b)]//f and direct integration of the 

equation. The procedure is analogous to the well-known two-level 

resonance case which is appropriate to a real potential, i.e., without 

TF's. Here, the solution for the homonuclear problem proceeds formally 

as before, but the non-Hermitian character of the problem in using a 

complex potential requires a more careful interpretation of the solution. 



APPENDIX G 

MATCHING PROCEDURE FOR THE HERMITIAN EQUATIONS 

With the requirement of hermiticity, the equations of motion for 

t < 0 are 

ia(t) = B(v) eXlt e"lXzt b(t) , 

iti(t) = B*(v) e^1* e*^2t a(t) , 

-2ioi Z 
where X! = av, X2 = AE+isv2, and B(v) = ̂  i^^AE) * 

The solutions, normalized for |a(-«0( = 1 and b(-°°) = 0, are 

a(t) = 
'TTIBP 
2XI 

sech' '^2) -
JsC^i-iX2)t . fIB| X,t 

2 X i J  6  J - H +  i \ 2 / 2 X i  [ X j  6  .  

b(t) -1 fiM)3 

.2x1 J 
sech 

TrXj e*s(Xi+iX2)t j 
H+i\z/2\ . (^x,t 

The solutions for t > 0 are 

am . A..* t X' + 1 W tJj 1_ 1 X l / 2JJ£ L.- X' tl 

b(t) = A^ J 
Jj+iX2/2Xj 

fllL e-Xit] 
1 aI 

For the expressions to match, we must have 
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7 T B  
2A 

sech h 
f  \ 

TTXi 
2 A ,  

-*S+iA2/2A M 
- H - i X z n X i  

Ak = -i 
2 A lj 

sech 
7TA2 *g+iA2/2Ai f¥] 

[Ml 
A 

(G.l) 

Then, letting t -»• <*>, 

|b(+~) |2 = J35+i\2/2\i 
[Ml 

^-%+iA2/2Ai [Ml 
CG.2) 

For small velocity, we use the large argument expansion of the 

Bessel function and have, 

|b(+°°) 
sin 

cos 

[ B | 77 j\2 
\i " 2 2Xi, 

' [B I 77 i\2 
11 " 2 2Ai V. * */ 

small v 
> 1 

The same result obtains if we first take the asymptotic forms in the 

region R « Rp and then match at R = 0. Therefore, an exact matching 

procedure for the Hermitian equations in the low velocity region gives 

erroneous results. The single-pass result must be used with the 

adiabatic assumption relating this to the double-pass in order to get 

a correct expression for |b(+°°)|2. 
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|b(+°°) 

At high velocity, we use the small argument expression, giving 

j & p*S+i^2/2Ai 2 

2X7 

r(3/2 + i\2/2A1) 

RC^ + iX 2/2Xx) 

|B| —^5+ i A. 2 / 2 A J 
UxiJ 

=  i B l 2  

XJ • \2
2 

which, for the heteronuclear case gives 

Ibe+co)! 2  l a r? e  v> 1 6  a  2  

[(av)2 +(%v2+AE)2] [(2av)2 + (~v2 + Ca£-a|)) 2] 

* (?(l/v8) 



APPENDIX H 

HIGH VELOCITY LIMIT OF SOLUTION 
OF NON-HERMITIAN EQUATIONS 

The expression for the double-pass transition amplitude in the 

heteronuclear case (non-Hermitian approach) is 

b(+») = -i IS 
zorvb 

rci-vp 
V TTZ' 

2 2 sin (TTV*) 
cl 

{Jv* ̂ o5 J-v (zo^ + B B*) J-v* (zP \ M 
*• b a v a b' a b 

As v -*• large, z small and using J..(z) ̂  [(%z)v]/[r(v+l)], 

b(+°°) -*• -i f
Bbl 

rz*> 
0 

-v* rci-v ) 
b v 3lj rzoi 

V 
a 

12 J rci-v*) I 2 j 2 

TTZ* 

V* -V 

I c>o c>*0) 

^r(v*+i) rci-vj + 

"V Vl 
BbB*r C^Z*) a c^zj 

BaBb 
r(l-v*) T(l+vb r l  

i \ 
2 \ 

/•B*ih z* fB, i _b o b 
B*J v* B 1 aJ b *• aJ 

TTZ 
rCi-va) 

O rci-vi)rci+v, ) T ( i - v n  J 

y {  
rB,*V b 
B* 
a' vb 

( K \  

ay 

1 1 1 
0 V, TT CSC (UV*) I 
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As v -*• % and csc (m;£) ̂  1. Then substituting for and zQ, 

b<~> * -1 {aPSE * } • C"-1' 

which gives 

bM 8i(VB)3/2 aA ZB 

(H .2) 
J 2V(35V2-AE) + v(v2-(a2-oi£)) | 

I [(2aAv)2 + (v2-Ca2-a^))2] [(aAv)2 + (*sv2-AE)2] J 

This is exactly the first-order perturbation result and the two terms 

in eq. H.l correspond to the t < 0 and t > 0 parts of the integration 

in the perturbation treatment. Thus, we reach the correct high v 

expressions in both the homonuclear and heteronuclear cases with the 

unitary, non-Hermitian formulation. 

The only approximations made were in using the small argument 

expression for the Bessel functions and setting csc (TTV*) to one. 



APPENDIX I 

LOW VELOCITY LIMIT OF SOLUTION 
OF NON-HERMITIAN EQUATIONS 

For low velocity, we use the large argument expression for Jv(z) 

and, using v* = 1-v* we find, for the heteronuclear, non-Herraitian 
D & 

solution of the transition amplitude, 

bC+0°) -»• -l *A}h 

lB;J 
zVv* rci-va) r z 0  

rci-v*) [2 

rz ^ 
a 0 

z J k QJ sin (TTV*) 
SL 

. i cosCz + %irv* - 3/4ir) COSCZ^ + ̂TTV - 1/4TT) 
o a o a 

B, B*i h D a 
B B* 
a b 

COS(z* + %TTV* - 1/4TT) COSfz + ̂JTV - 3/41T) 
O £L O a 

If we let 
b a 

B
a
B£ a b 

1 for low v, the quantity in brackets is 

sin(2Rez^ + IT Re V - %TT) . Then, 
0 <* 

|bC+°°) 2 _ Bb h 
* 

rz 1 0 a fZ 1 0 V* ni-V 
2 

1 

I 2 J , 2 . r(v.) 2 sin 

• sin2 (2 Re z^ + TT Re v - J51T) , 
O o 

But 

sin (TTV*) 
= {sin 2(:rRev) cosh 2(frlmV) 

3> & 

+ cos2(tr Re va) sinh2(ir Im 
-1 
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and since sin2 (tt Rev ), cos2(TTRev ) ® • •) H , this factor gives 
a a Kv V 

a 

sin (ITV*) 
a 

^ 2 sech (2ir Im v ) 
& 

The transition probability becomes 

|b(+°°) 2 low v 
(T * \  V*-h rz V 

_b "o a 0 a 
B*J 1 2 .  2 a.J 

v„-h ru-va) 

rev*) 

• h sech(2ir Im v ) sin (2 Re zQ + it Re v& - Jftf) 

(1 .1)  

The sin2 function is rapidly oscillating at low v and can be set to its 

average value of one-half. The remaining factors in front go as powers 

of 1/v and we have 

|b(+°°)|2 *ow v > G(v) sech(2ir Im v) sin2 (2 Re z + IT Re v - %IT) , (1.2) 
a O » 

where 

G(v) ^  l/v 1 1  (with n  ̂  2) and Im v ^ AE/v 
a 

This is similar in form to the expression derived in Chapter 2 

with the Hermitian equations. The transition probability (double-pass) 

goes to zero at low v, peaks, and then decreases with further increase 

in velocity. 
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