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ABSTRACT 

In this dissertation we develop four new methods for image 

restoration. The common feature of all these methods is that the object 

estimates have a nonlinear dependence on the image data and that iter

ative methods of solution are needed. The restoration algorithms 

have been compared with some previously developed methods by means of 

computer simulations. 

The problem of restoring noisy images where the spread function 

is known is treated in two ways. First, this restoration problem is 

regarded as a constrained least squares optimization problem. Different 

methods of enforcing smoothness on the restoration are considered. It 

is shown that the use of an arc length penalty function permits better 

restoration of edges than can be obtained by pure quadratic penalty 

functions. We also treat some methods for enforcing upper and lower 

bounds on the restoration. 

The second approach taken on the known spread function restora

tion problem is statistical. Here we consider the image forming system 

as a communication channel in which the unknown object to be estimated 

is one member from a random ensemble. We propose a new approach to 

restoration based on maximum entropy methods. This new approach allows 

one to easily synthesize estimators to comply with various prior con

straints the image restorer wishes to impose. We show how this new 

maximum entropy synthesis procedure relates to previous uses of 

maximum entropy principles for the restoration problem. 

viii 
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The problem of restoring atmospherically degraded images is 

treated in Chapter 4. Here, in addition to random noise in the image, 

we are faced with a randomly changing spread function. We formulated 

two algorithms for restoration that have better noise immunity than any 

previously proposed methods. Both proposed methods are based on pro

cessing a series of short exposure speckle images. The first method is 

an ad^ hoc successive least squares estimation procedure which uses the 

second order moments of the image and the spread function discrete 

Fourier transforms (DFT). The second method, which performs even better 

than the first, is a maximum likelihood estimation algorithm to find the 

object's DFT. The maximum likelihood algorithm uses both the first and 

second moments of the transfer function and the image's DFT. 



CHAPTER 1 

INTRODUCTION 

No image forming system is perfect. The quality of images is 

always limited by factors of instrument design, environment, or usage. 

For an optical system, design factors may include the aperture size, 

aberrations, and the choice of the image sensor. Some possible environ

mental factors are the ambient light level, atmospheric turbulence, tem

perature fluctuations, vibrations, atmospheric aerosols and precipitation. 

Controllable factors of usage (or misusage) such as exposure time, aper

ture selection, motion blur, defocus and light level are also important 

to image quality. Each of these factors can be the cause of some degra

dation in the quality of the detected image relative to the ideal image. 

Processing of the detected image (either by analog or digital 

means) to improve its quality is called image restoration. There is no 

universally accepted definition of what constitutes good image quality. 

Various image quality measures may be defined and the choice may be 

dictated by the application or mathematical convenience (O'Neill, 1962, 

pp. 105-107). 

We restrict our consideration of image forming systems to opti

cal instruments; although some of the image restoration methods we 

discuss might be applied to other types of imagery. A few of the diverse 

kinds of imagery to which restoration methods could be applied are: 

mapping radars, medical ultrasonography, electron microscopy, 

1 
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x-ray radiography, radioisotope scintigraphy, and radio astronomy (Parker, 

Pryor and Ridges 1979, Lewis and Sakrison 1975, Pizer and Todd-Pokropek 

1978, Boardman 1979, and Gull and Daniell 1978). 

The nature of the object depends on the imaging modality. In the 

optical case, the object may be regarded as the radiance distribution 

(the power emitted per unit area per unit solid angle) of the source, 

N(x,y). However, for many cases it may be appropriate to regard the 

object as the relative reflectance distribution, r(x,y) that is bounded 

between zero and one. In the case of scintigraphy, for example, the 

object may be regarded as a spatial function that describes the absolute 

or relative concentrations of certain radioactive atoms. Different 

imaging modalities may require different object models and restoration 

methods. 

Resolution is limited by the diffraction and the aberrations of the 

optical system (Born and Wolf 1965, p. 415; Goodman 1968, pp. 113-132). 

For incoherent image formation there is a linear relationship between 

the object intensity o(x,y) and the intensity of the aerial image 

i(x',y'), Fig. 1.1. The response of the optical system is characterized 

by the point spread function (PSF), s(x',y';x,y). The relation between 

the object and the ideal aerial image is given by the integral equation 

(Born and Wolf, p. 484) 

Image Restoration 

There are many sources of degradation for optical images. 

00 

(1.1) 
•—CO 
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o(x,y) optical 
system 

Kx'.y') 

object image 

Fig. 1.1. Incoherent Image Formation. 

The point spread function s(x',y'; x,y) represents a spatial 

degradation from the ideal image. Ideally, we would want the point 

spread function to be a shift invariant Dirac delta function: 

s(x',y'; x,y) = 6(x-x', y-y'). Then from Eq. (1.1), the ideal image 

would reproduce the object distribution exactly. The nonideal point 

spread function characterizes the spatial degradation. The compensation 

for spatial degradation caused by the point spread function is our prin

ciple concern in this work. 

The measured image i^(x,y) is generally a noisy and transformed 

version of ideal image 

where 8P characterizes the sensor response. The sensor response may 

introduce both spatial degradation, similar to the optical system PSF, 

and also point degradations (amplitude nonlinearities). In addition, 

id(x,y) = ^[i(x,y)J + n(x,y), (1.2) 
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the detected image is degraded by random noise n(x,y). The noise may be 

object dependent; such is the case for photon noise and photographic 

grain noise. Many sources of noise are object independent: dark 

current noise, Johnson noise, etc. In this work we do not address 

special restoration problems arising from sensor nonlinearity or 

object dependence of noise (Andrews and Hunt 1977, p. 120). 

The optical system shown in Fig. 1.1 includes not only the optics 

(lenses, mirrors, stops, etc.), but the medium between the object and 

the optics as well. This medium may introduce the dominant source of 

degradation. Such is the effect of atmospheric turbulence on ground 

based astronomical imagery. 

Our basic image formation model is 

i(x,y) = Jjdx'dy' o(x',y') s(x',y';x,y) +n(x,y). (1.3) 

We assume a linear model. In discrete form 1.3 can be represented by a 

set of linear equations 

i0 = A o. , s. . „ + tin (1-4) 
£,m J ,k j ,k;£,m £,m . 

J» K  

In matrix notation we write 1.4 as 

i = S o + n . (1.5) — 'U — — 

The basic restoration problem is to estimate o(x,y) when given i(x,y) 

or i and s(x',y';x,y). One might try to solve for the object o by 

direct inversion 
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o = S"''i + S^n . (1*6) 
— «\/ — "X. — 

Generally9 the matrix £ Is ill-conditioned (almost singular) and the 

inverse has very large elements. In the extreme, small amounts of noise 

cause the solutions (1.6) to be highly erratic, for examples see 

Phillips (1962) or Frieden (1980). When the point spread function is 

shift invariant, i.e., s(x',y';x,y) = s(x-x',y-y'), then we may attempt 

to determine the object by linear filtering. In the spatial frequency 

domain Eq. 1.3 becomes 

I(u,v) = S(u,v) 0(u,v) +N(u,v), (1.7) 

where I(u,v), 0(u,v) and S(u,v) are the two-dimensional Fourier trans

forms of i(x,y), o(x,y) and s(x,y). An estimate of the object transform 

is found by inverse filtering, 

0(u,v) = S "^(u,v) [I(u,v) +N(u,v)]. (1.8) 

The optical transfer function S(u,v) often contains zeros and always 

goes to zero at high spatial frequencies. Hence, for small amounts of 

noise, the inverse filter solutions are dominated by noise and become 

quite erratic. 

Image restoration is an active research field and has generated 

many diverse approaches. Much effort has gone into overcoming the 

limitations of the inverse filter, producing estimates that are stable 

and obey physical constraints, and developing methods that are suitable 

for large scale two-dimensional problems. Several surveys and books 
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have recently appeared in the field (Frieden 1975, Rosenfeld and Kak 

1976; Andrews and Hunt 1977; and Pratt 1978). 

Overview 

We now survey the work in this dissertation. A distinct 

restoration problem is treated in each of the three following chapters. 

Our development is by no means exhaustive on each chapter topic, because 

we have chosen to emphasize the formulation of several new methods as 

opposed to a more comprehensive treatment of a single method. The common 

theme throughout is the development of iterative, nonlinear approaches 

to restoration. From a computational viewpoint, restoration by the iter

ative solution of nonlinear equations is undesirable. It would be 

preferred if we could achieve our restoration goals by linear processing 

or filtering alone. However, the enforcement of constraints nearly 

always leads to nonlinear systems of equations. We must meet this 

challenge. 

In Chapter 2 we formulate the constrained restoration problem in 

a least squares context (e.g., Phillips 1962, Twomey 1963, and Hunt 1973). 

We explore Tikhonov's (1963) generalization of Phillips' method for 

achieving smooth (regularized) restorations. Also, we formulate a 

filter for Tikhonov's method for the spatial invariant spread function 

case. A smoothing functional based on arc length is proposed and 

corresponding restoration equations developed (Hawman 1977). By 

simulation we show that arc-length regularization can yield better edge 

restorations than are achieved by inverse filter or linear estimates 

based on Tiknonov regularization. 
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We then propose methods of imposing upper and lower bounds on the 

object restoration. Through digital simulation studies we demonstrate 

the improved edge response which results from enforcing positivity on 

high contrast edges. Simultaneous use of arc-length regularization with 

positivity enforcement leads to sharp edge restorations with almost no 

ringing. 

In Chapter 3 we develop a new approach to using maximum entropy 

estimation in image restoration. The approach is based on regarding 

the object as a random process. We use the maximum entropy method of 

Jaynes (1968) for the estimation of a joint probability density for the 

object and noise p(o,n) that is consistent with our prior knowledge of 

the object and the image data. The use of Jayne's method is a way to 

make the joint density of the object and noise p(o,n) reflect a situation 

that is as random as possible. This corresponds to object and noise 

processes which are as rough as possible (i.e., the amplitudes are as 

erratic as possible). This corresponds to a state of maximum ignorance, 

consistent with prior knowledge and image data, regarding the true 

amplitude of the object variates. By means of several examples, we 

demonstrate how our approach can be used to synthesize object estimates 

that are consistent with a variety of constraints. Other maximum en

tropy estimators developed by Burg (1967) and Frieden (1972) are dis

cussed. We show that Burg's form of entropy is a special case of our 

estimator synthesis procedure. By means of digital simulations we 

compare maximum entropy restorations based on the synthesis method with 

those produced by Frieden's method. 
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In Chapter 4 we formulate two new methods for the restoration 

of atmospherically degraded images. In this problem we must compensate 

for severe wave aberrations (several waves) caused by atmospheric 

turbulence. Our development takes its lead from the works of Kennedy 

(1966) and Rnox and Thompson (1974), who first appreciated the use of 

second-order moments in solving this problem. 

First, we review some methods of obtaining diffraction-limited 

information (but not images) through the turbulent atmosphere. These 

are stellar interferometers and speckle interferometry. The ad hoc 

Knox-Thompson method of estimating the object phase is discussed. We 

then explore the effect of noise on the Knox-Thompson phase estimate 

and show that these estimates are surprisingly robust. 

A new least squares method of successive estimation is pro

posed for the processing of speckle images. It is demonstrated that 

this method is less susceptible to noise than the Knox-Thompson method. 

Even better restoration performance is possible using a maximum likeli

hood algorithm. Using multivariate normal models for the noise and 

optical transfer functions of an ensemble of speckle image, we derive 

a maximum likelihood object estimate. An iterative solution procedure 

is developed to estimate the modulus and phase of the objects discrete 

Fourier transform (Hawman and Hershel 1977). In digital simulations 

it is shown that the maximum likelihood estimate is superior in noise 

immunity to both the Knox-Thompson and successive least squares 

algorithms. It is demonstrated that the maximum likelihood algorithm 
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can handle objects which have small gaps (nulls) in the spatial frequency 

spectrum. For those same objects, the Knox-Thompson method fails. 



CHAPTER 2 

CONSTRAINED IMAGE RESTORATION 

As we mentioned in the first chapter, image restoration based on 

the obvious methods of direct matrix inversion or inverse filtering is 

very sensitive to noise. The resulting restorations may be highly 

oscillatory and also noncompliant with physical constraints. Object 

radiances must be positive, but direct inversion or inverse filtering 

frequently produces unphysical negative estimates. Also, prior knowledge 

or simple considerations based on energy conservation may often enable 

one to establish upper bounds for the object radiance. Again these 

bounds are frequently exceeded by inverse filtering or direct inversion. 

To enforce physical bounds and to produce restoration of reason

able smoothness, the solutions must be constrained. There are several 

basic approaches. In this chapter constrained restoration is treated 

within a least squares formalism. In the following chapter, image 

restoration is treated in a statistical framework that forces the object 

estimates to obey constraints by virtue of their functional form. 

Use of constrained restoration can have disadvantages. Often 

constrained restoration requires knowledge in addition to the image and 

the point spread function. For instance, we might require knowledge of 

the object's second-order statistics or its power spectrum. More 

serious, however, is the fact that enforcing bounds on the object 

10 
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solution usually implies that the object estimate is obtained as the solu

tion to a set of simultaneous nonlinear equations. The solution must be 

obtained by iterative numerical methods. On the other hand, there can be 

advantages to constrained restoration in addition to conformity with physi

cal constraints. The restoration of high contrast edge and point sources 

may have higher resolution than unconstrained linear methods. Also res

toration artifacts such as edge ringing can be suppressed to a much greater 

degree than linear methods permit. 

additive noise. Two model types will be used: continuous object—con

tinuous image, and discrete object—discrete image. For treatments 

using the continuous object—distrete image model, see, for example, the 

work of Hou and Andrews (1977) or Hershel (1971). 

Let o(x) and i(y) represent the object and image distributions. 

The image is related to the object by the linear integral equation 

where s(x,y) is the optical spread function and n(y) is additive noise. 

The problem we examine in the chapter is how to estimate the object 

from the image. We assume the spread function is known. Of course, the 

noise function is not known, but we may have knowledge of certain 

statistical properties of the noise. For notational simplicity, we 

consider the image restoration problem in one-dimension. We will con

sider a two-dimensional generalization later. 

Work in this chapter will be based on a linear image model with 

(2.1) 
x 
1 
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Smoothing Constraints 

One of the first practical approaches to solving Eq. (2.1) with 

inexact data was presented by Phillips (1962). He assumed the total 

quadratic content of the noise was known and that smoothness of the 

restoration could be enforced by minimizing the total quadratic content 

of the object's second derivative. That is, minimize 

2 

dx 

1w 
subject to the following constraint: 

x2 

/ 
*1 

x2 

J s(y,x) o(x) dx - i(y) 

L xi 

dy = e2 

Phillip's solution to the discrete form of this problem entailed two 

matrix inversions. Using a conventional Lagrange minimization approach, 

Twomey (1963) showed that this problem can be solved with only one 

matrix inversion. The problem can be written in the following form. 

Find the function o(x) that minimizes 

Q[o] + AR[o] = min, ( 2 . 2 )  

where the functionals Q[o] and R[o] are defined as 

Q[° ]  =  /  
*2 

f 
*1 

x2 

j s(y,x) o(x) dx - i(y) 
xi 

dy (2.3) 
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and 
*2 / \ 

R[°] - / (£f) <i=< • (2-« 
X1 

We call Q[o] the quadratic functional and R[o] the regularizing or 

smoothing functional. 

Twomey also considered other regularizing functionals such as 

*2 2 

• L & )  
and 

R[°l 
= J \T3~i dx (2.5) 

xi 

X2 2 
R[°] = j [o(x) - p(x)] dx . (2.6) 

Xl 

Expression (2.6) might be used to bias the results towards a trial solu

tion p(x). 

Without a regularizing functional, problem (2.2) reduces to 

direct inversion of the image equation. As we indicated in Chapter 1, 

this problem is unstable, i.e., infinitesimal changes in the image 

data can produce finite changes in restoration. Problems of this nature 

are said to be ill-posed. There is an extensive mathematical literature 

on ill-posed problems; see, for example, the books by Lavrentiev (1967) 

or Tikhonov and Arsenin (1977) and the references therein. 



Tikhonov (1963 a,b) showed with mathematical rigor that the 

solution of the integral equation (2.1) could be stabilized using a 

regularizing functional of the form 

where the set of functions k^(x) are strictly positive and continuous. 

Tikhonov shows that for any bound on the maximum error in the object 

estimate there is a corresponding maximum permissible value for the 

quadratic content of the noise (noise power). In addition, estimates 

o(x) that achieve the required error bound can be produced for all 

smoothing weights X ,  within some closed interval (A . ), 
mm max 

provided the noise power requirement is met. Unfortunately, the 

practical use of this result is limited by the inability, in most cases, 

to compute the bound on the noise power. The bound is a function of 

the required accuracy, the weighting parameter limits (A and t 

and the unknown object. The main value of Tikhonov's result to image 

restoration seems to be the theoretical support it gives to the 

numerical methods of Phillips and Twomey, and the generalization of 

the regularizing functional. 

Barakat and Blackman (1973) applied Tiknonov's regularizing 

functional (2.7), for the case n=0, to an optical restoration problem. 

They used a sinc2(x) spread function, which corresponds to a 

diffraction-limited slit aperture. Restorations based on Eq. (2.2) 

2 

dx (2.7) 
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and (2.7) have a linear dependence on the image. This has several 

implications. First, the restoration does not necessarily obey physical 

constraints such as positivity. Second, in a continuous formulation of 

the problem, the object is necessarily bandlimited if the image is band-

limited. Hence, the object estimate cannot be superresolving. 

Barakat and Blackman (1973a) present a restoration example of a blurred 

rectangular object. The maximum edge gradient their restoration achieves 

is only about twice that of the maximum edge gradient in the image. The 

same gradient could be produced by inverse filtering to the cutoff 

frequency. However, the Barakat-Blackman restoration does perform well 

in the suppression of edge ringing. 

The application of Phillips-Twomey method to two-dimensional 

image restoration was first carried out by Hunt (1973). He assumed the 

spread function was shift invariant. Then Fourier transform techniques 

are applicable and the estimation filter can be implemented in the 

spatial frequency domain. 

There is not any unique choice for the regularization functional. 

This functional is merely a way to inject auxiliary information about 

the object into the problem (R. Bellman, 1970, p. 362). The regular

izing functional does not necessarily have to be quadratic in terras of 

the object. Of course, if we take a nonquadratic regularizing 

function, then the object estimate becomes nonlinear with respect to the 

image. Then iterative solution methods are generally necessary. Since 

the solution is complicated by a nonquadratic R[o], this step is 

warranted only if there is some gain in restoration accuracy. 
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A regularization functional based on the concept of arc length 

appears to have merit. L. B. Lucy (1974) suggested arc length as a 

smoothing constraint on the deconvolution of probability distributions 

arising in statistical astronomy. The concept of arc-length regular

ization was independently conceived and proposed by the author for the 

image restoration problem (Hawman, 1975, 1976, 1977). The arc-length 

regularizing function can be written as 

where 8 is a scale factor necessarily required by the different physical 

units of o and x. There do not appear to be any prior values of g 

that have special significance; $ is merely a free parameter that is 

chosen to give "good" restorations. This may seem to make the use of 

(2.8) an artificial and suspect procedure. However, the selection of the 

functions k^(x) in Eq. (2.7) is also arbitrary. None of the regularizing 

functionals we have considered so far has a strong physical justifica

tion. The preference of one over another should be based on accuracy 

and on computational considerations. 

spurious details (e.g., ringing) without greatly smoothing real fea

tures. Results with (2.8) are encouraging. Better restorations of 

edges are achieved using (2.8) than with the functional (2.7) for n=0 

(see Barakat and Blackman, 1973). 

(2 .8 )  

The intuitive motivation for (2.8) is to try to smooth noise and 
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In the next section we derive specific restoration equations 

based on Eqs. (2.7) and (2.8). 

Equations for Constrained Restoration 

We now derive an integro-differential equation for the 

minimization of the sum of the quadratic and regularization functionals, 

Eq.(2.2). We call this sum the objective H[o], where 

H[o] = Q[o] + AR[o]. (2.9) 

Assume that o(x) is the object function that minimizes the objective 

(o(x) is an extremal). We consider small variations about the extremal 

o(x) = o(x) + en(x), (2.10) 

where the variation eri(x) is a continuous function and may be required 

to have continuous derivatives of a certain order (see Appendix D). 

For such variations the objective H[o] is a function of e. Since H[o] 

is a minimum for e=0, we must have 

dH 
de 

_ = Hp + X^l _ = 0 . (2.11) 
:=0 I d£ de J e=0 

First, we find an expression for ̂  . Substituting expression (2.10) 

into (2.3) we obtain 
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x. 

Q(E) =  / d x  J 
X1 L x! 

x, 

dy s(x,y) [o(y) + £ti(y)] - i(x) 

X2 

X 
dz s(x,z) [o(z) + en(z)] -i(x) 

Differentiating with respect to E, we get 

x2 _X2 

4Q = 2 
de /  * f  

xi x i 

dy ri(y) s(x,y) 

/ 
L Xl 

*2 

dz s(x,z) to(z) + ETl(z)] - i(x) 

Interchanging the x and y integrations and evaluating for e=0, we 

obtain 

d£ 
e=0 

x2 x2 

= 2 J dyn(y)|j dx s(x,y) 

XI XI 

f 
xi 

dz s(x,z) o(z) = i(x) (2.12) 
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The regularizating functional R[o] may be generally expressed as 

x2 

R[o] = I F(o,o^, x) dx, J 
X1 

(2.13) 

where 

o ( W W 
d^o(x) 

A k dx 

Evaluating 4^ for e=0 (see Appendix D), we find 
de 

X2 

dR 
de 

dyn(y) 
m , ,k 

I <-« H 
k=0 dy (t->)' 

xn 

(2.14) 

Equation 2.11 for ̂  
dH may be expressed as a single integral. The 

e=0 

integrand must be identically zero, otherwise the sign of n(x) could 

be chosen to give a nonzero result. Thus, we get the following integro-

differential equation for the object restoration o(x): 

x2 x2 k 

J dy J dz s(y,x) s(y,z) o(z) + (-l)k ^~~(k)y 

xi X! 

x2 

• /  dy s(y,x) i(y). (2.15) 

xi 
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Now we shall consider the special forms of this equation corresponding 

to Tikhonov and arc-length type regularization. 

Tikhonov Regularization 

Use of the regularizing functional given by Eq. (2.7) assures a 

solution which is (2n+2) times differentiable (Tikhonov 1963). 

Comparing Eq. (2,13) and (2.7) , substituting for F(o,o^ ,"" ' ,o n̂+"^) 

in Eq. (2.15), we obtain the following equation for the regularized 

object estimate: 

x2 x2 

x 
1 

Note that this is a linear equation for the object estimate. 

It is interesting to consider the special case where the spread 

function s(y,x) is spatially stationary (i.e., s(y,x) = s(y-x)), the 

integral limits approach (-"to00), and the functions km(x) are con

stants. Under these assumptions Eq. (2.16) becomes 

x 

(2.16) 

00 

(2.17) 

—00 
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Taking the Fourier transform of both sides of (2.17), we can easily 

obtain the following expression for the Fourier transform of the 

object 

5(u) = T*(u) I(u) , (2.18) 

|T(u) |2+x £ (2TT)2m k U2M 
m=0 m 

where we have used the definitions: 

oo 
0(u) = j dx o(x)e~ 2̂lTXU , ' (2.19a) 

00 

I(u) = j dx i(x)e (2.19b) 

and 

00 

T(u) = J dx s(x)e J2irxu . (2.19c) 

— OO 

In deriving (2.18) from (2.17), the convolution theorem and the expression 

for the Fourier transform of the derivative of a function (Bracewell 

1965, p. 122) were also used. 

Equation (2.18) represents a family o? object estimates which 

depend on the parameters X, K^, and n. If we choose X=0 (corresponding 

to no regularization), then 2.18 reduces to inverse filtering, 

0(u) = I(u)/T(u). With regularization the estimate 0(u) approaches 
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zero at any zeros of the transfer function T(u), and also approaches 

zero for very large spatial frequencies. The estimate is similar in 

form to the Wiener-Helstrom filter result (Helstrom 1967). 

Arc Length Regularization 

We now derive restoration equations with constrained arc length 

and draw some comparisons with Tikhonov regularization. Comparing 

Equations (2.8) and (2.13), we see that 

F(S,o(1)) = £l + 32(S(1))2j ' 
(2 .20)  

Substituting the above expression for F in Eq. (2.15), we obtain the 

following integro-differential equation: 

X62 I— II 1 + 3 
Vdx2 

)[1 + f2( 2 ^ ) 2 '  

-3/2 

x2 

' L  
dy s(y,x) 

x„ 

i(y) - r dz s(y,z) o(z) 

X, 

= 0. (2.21) 

The arc-length regularized solutions have been implemented by 

solving a discrete system of equations for the object sample values; 

we shall consider this procedure shortly. Equation (2.21) is suggestive 

of other methods based on analog processing or sucessive substitution, 

where the (k+1) th object estimate is a function of the kth object 

estimate, i.e., o^^x) = /[o'c(x)] . 
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Consider the case of a stationary spread function and an image 

much larger than the width of the spread function. Then we can replace 

xi and X2 by and °°. Equation (2.21) can be written as 

+ g(x) |s(~x) Q Ji(x) - s(x) <g) o(x)J |=0, 

( 2 . 2 2 )  

where 3̂ 2 

g(x) - ] • <2-23> 

and (g) denotes the convolution operation, e.g., 

00 

s(x) © o(x) = | dy s(x-y) o(y) . (2.24) 

— 00 

Taking the Fourier transform of (2.22), we get 

-Xe2(2ir)2 u2 0(u) 

+ G(u) ® £T*(U) I(u) - | T(u) |2 0(u)j = 0 , (2.25) 

where G(u) is the Fourier transform of g(x). This equation is suggestive 

of the following scheme to solve for the object by successive substitu

tion: 

6(5 - Gk(u) ® D^u) 4- |T(u)|* 6k(u) _ (2 26) 

| T(u) | 2 + ATT2 Xg2 u2 

where D^(u) = T (u) I(u) - JT(u)|2 0^(u) , 

a th 
and 0 (u) denotes the Fourier transform of the k object estimate. 

k k 
G (u) is the Fourier transform of g (x) which is defined as in (2.23) 

til 
for the k object estimate. 
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We shall not consider the convergence properties of (2.26) in 

any depth here. The main intent is to give an example of an intuitive 

restoration scheme that follows from (2.21). Fourier methods such as 

(2.26) are very significant for the large scale discrete two-dimensional 

restoration problems. Before leaving this topic, we make a few observa

tions about Eq. (2.26). When the iterations are convergent, then (2.26) 

is equivalent to (2.25). Also, note that if the initial object estimate 

o*(x) is a constant, then G1 (u) = 6(u). Substituting <5(u) for G^(u) in 

(2.26), we see the second object estimate would be given by the Tikhonov 

filter result 

02(u) = T (u) I(u) (2.27) 
|T(U) I2 + 4TT2 XE u2 

if o^x) = a constant. 

In practical implementations of Eq. (2.26), the frequency-domain 

convolution could be carried out by direct multiplication in the spatial 

domain: 

Gk(u)®[T*(u) I(u) - |T(u) |2 0k(u)] 

= JT JĜ X̂ F"1 (T*(U) I(u) - [T(u) |2 6k(u))]j 

High frequencies in the estimate are controlled by the u2 term in the 

denominator of Eq. (2.26). This term would prevent the solutions from 

becoming exceedingly oscillatory. 

Next we consider some limiting cases of the arc-length regulari

zing functional, Eq. (2.20). For smooth objects, or for g small enough, 
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2 
the condition $2£o (x)J < 1 can be satisfied for all positions. Then 

the square root can be expanded in a binomial series 

<°(1)) - [> + <>2(£)2f 

1 + ' 6 t (S ) -  T  (^j > +  • • •  •  ( 2 . 28 )  

Thus, to the lowest order in » arc-length regularization will act 

like Tikhonov regularization. In fact, the estimate is given by Eq. 

(2.27). 

In the case where 32(4^-) >> 1, we have 
\dx/ 

F(s<lM =\/1 + e2(f) -- do 
dx 

(2.29) 

This result explains why arc-length regularization permits better restora

tion of edges than Tikhonov regularization. Strong edges (slopes) are 

penalized at a lesser rate (linearly) by arc-length regularization, than 

they are by Tikhonov regularization (quadratically). The arc-length 

regularization penalizes small variations quadratically just as the 

Tikhonov regularization does. The nonstationary, nonlinear character 

of arc-length regularization comes into play near strong features (strong 

edges) which it tends to reinforce. There may be other regularizing 

functionals that have similar behavior. In fact, there may be regulari

zing functionals which produce better restorations than the arc-length 

functional. One possibility is 

32 {*2? 
F o |~S(1)(x)] = (2.30) 
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/ '\2 
For 32 (4^") <<: 1 this will act like Tikhonov regular izat ion, but near 

/do\^ 
strong edges where $2 >> 1, the penalty approaches a constant. 

Restorations using (2.30) can be expected to smooth strong edges even 

less than the arc-length penalty does, but we have not pursued this 

approach to obtain numerical confirmation of the expected behavior. 

Discrete Restoration Forms 

In this section we develop equations for discrete restoration 

with arc-length regularization. We assume a uniform sampling interval 

for both the object and image values; although we allow the sampling 

intervals of the object and image spaces to be different. The object 

and image samples are defined as 

o = o(x ) , 
n n ' 

and 

'm " 1(yJ • 

S n = sCy^x) » (2.31) 
mn m n 

where ym = xi + (m-l)Ay and x^ = x^ + (n-l)Ax, for m = 1,2,...,M and 

n = 1,2,...,N, and where Ax = (x2~xi)/(N-l) and Ay = (x2~xi)/(M-l). 

In terms of discrete samples the objective functional (see Eq. 2.9) can 

be written as 

]2 

_ 

+ X J! w
n̂ n^—^ = m̂ "n» (2.32) 
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where wn and v are quadrature weights for the numerical integration. 

T 
The object vector jD is defined as j^oj ,02 , • • • . Equation (2.32) 

can be written in matrix notation as follows 

H(o) = (SW o - i)T J(SW o - i_) + XFT(o) W = min. (2.33) 

The object restoration 01 is found taking the gradient of H(£), setting 

it to zero, and solving the resulting system of equations 

T 

JlCo) = f| = wYSMo - WTSTV1 + X pL] „ , 0 . (2.34) 

P-T~l The factor I is an (N+l) by (N+l) matrix. In cases where 

the number of image samples M is less than the number of object samples 

N, the inverse of the spread function operator does not exist. The 

regularization term permits a solution to be obtained. 

Numerical Methods 

In this section we briefly review some numerical techniques 

that can be used to minimize the objective function, or equivalently, 

to solve the gradient system, Eq. (2.34). These techniques are of most 

interest where the gradient system is nonlinear in terms of object. 

Steepest Descent 

In the method of steepest descent, we minimize the objective 

function by making a sequence of steps in the direction opposite to 

the objective function's gradient. Given the kth object estimate, we 

find the object at iteration k+1 by the equation 

St+i = - "k • <2-35> 
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where > 0 and is determined by minimizing the objective function along 

the line o^ - agCo^). If the objective function has a unique global 

minimum, then the steepest descent method is sure to converge to it. 

However, the rate of convergence can be very slow, even for objective 

functions that are purely quadratic (Luenberger, 1973, pp. 145-155). 

The rate of convergence is linear and the error follows 

lofc+i ~ £1 s R l°fc " £1 » (2.36) 

where R depends on magnitudes of the largest and smallest eigenvalues 

of the Hessian matrix. The Hessian matrix of the objective function is 

defined as 

82H(o) 
K(o) = 

3o. Bo. 
1 J J 

(2.37) 

Let A and a denote the largest and smallest eigenvalues of K. The con

vergence ratio R is given by 

O 

= (2.38) (s) • 
Image restoration problems are usually ill-conditioned so that 

R approaches unity, and according to (2.36) the convergence is slow. 

A pure steepest descent algorithm is likely to be a poor choice for 

most image restoration problems, but it has the advantage that one does 

not need to know the Hessian matrix. 

Newton-Raphson 

Near the optimum object vector c), the objective function is 

approximately quadratic. At point o^ we can approximate the objective 



29 

function by the second order Taylor series expansion 

H(o) ~ H(o^) + (o - o^) (f) 
, 1 i ,T 
+ 2 (2 " °k> 

32H 

8 of -k 

(o 0 o^.) , (2.39) 

where 
3H 

9̂ k 
and 

82H 

So.2 
denote the gradient and the Hessian matrix of the 

objective function each evaluated at o^. To determine the next estimate 

of the minimum, we take the gradient with respect to o^ and set it to 

zero. This gives the Newton-Raphson algorithm 

^k+1 = 3c ~ 

92H 

8o 
—k "(t) (2.40) 

Global convergence of the Newton-Raphson algorithm is not assured unless 

the Hessian matrix is positive definite for all object vectors o^. If 

the objective function H(o) is a pure quadratic, then the Newton-Raphson 

algorithm converges to the minimum in one step. For nonquadratic func

tions the convergence of the Newton-Raphson method is second order near 

the minimum, i.e., 

(2.41) i^k+1 ±11 i^. —- ' 

where c is a constant proportional to the magnitude of third order 

derivatives of the objective function (Luenberger, 1973, p. 156). 

For the general image restoration problem in two-dimensions, 

the Newton-Raphson method may be computationally impractical. For an 

4 N by N object restoration, the Hessian matrix has N elements. Thus, 

even for moderate sized objects, say 100 x 100, the storage and 
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computational requirements become formidable. One would rarely use the 

Newton-Raphson method in the form of Eq. (2.40) by actually inverting 

the Hessian. Instead, one would solve the linear system 

inh • (t) (2.42) 

.6 
and update the object = o^ + <So^ • Even so, approximately N mul

tiplications are required to solve (2.41) for an N x N object. However, 

in cases where the two-dimensional spread function is separable, 

s(x,y;£,n) = s (x,£) s (y,n)> then the restoration problem may be 
x y 

treated as two one-dimensional restoration problems. The image is 

first unblurred in the x-direction, and this intermediate result is then 

unblurred in the y-direction to give the final restoration. In the 

2 
separable case the Hessian matrix will have only N elements for an 

N x N object, and for moderately sized objects this is manageable. 

Another descent method that might be used for minimizing the 

objective function H(o) when the Newton-Raphson method is impractical 

is the method of conjugate gradients (Luenberger, 1973, pp. 173-176). 

The conjugate gradient method was applied to image restoration by 

E. S. Angel and A. K. Jain (1978). 

Range Constraints 

Now we consider the problem of constraining the object, or 

certain functions of the object, to lie within certain bounds. For 

example, we might want to minimize the objective H(o>) while requiring 

that 

a. < f.(o) < b. , (2.43) 
x ~ x — x 
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for i = l,...,n and where f^(o) is some function of the object. As 

important special cases of (2.43) we have 

a^ < o^ < (2.44) 

and 

ai < 2 s^Oj < b± , (2.45) 

for i=l n. 

D. P. MacAdam (1970) considered inequality constraints of the 

type (2.44) and (2.45) as defining a solution solid in the object hyper-

space. He derived an algorithm for serial deconvolution that first 

finds a point (object estimate) within the solution solid and then re

fines the estimate to lie near the "center" of the solution solid. Many 

methods have been devised to enforce positive (o^ > 0) object estimates 

(Biraud, 1969; Hershel, 1970; and Frieden, 1972). It was first demon

strated by Biraud that enforcement of positivity could lead to super-

resolution for closely spaced impulsive objects (e.g., double stars). 

In optimization theory the problem of minimizing an objective 

function H(o) is called constrained if there are auxilliary conditions 

such as (2.43) to be satisfied. There are complex algorithms such as 

the method of projected gradients which can be used to assure that the 

descent at every step remains within the feasible region (see Luen-

berger, 1973, Chapter 11). Constraints may also be enforced by trans

forming or modifying the objective function. We can then minimize this 

modified objective function to obtain an object estimate, just as if 

the problem were unconstrained, since the enforcement of the constraints 
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is automatic. We now briefly describe two methods of making these modi

fications to the objective function. 

Barrier Method 

Constraints of type (2.43) can be imposed on the minimization 

of H(o) by the defining of a suitable barrier function which is added 

to H(o). For constraints (2.43) the barrier function can be defined as 

n 

- -ir+^ - v^)-1] <2-46> 
i=l 

The modified objective function is defined as 

H (o) = H(o) + yjB(o) , (2.47) 

where p^ > 0. If the descent algorithm for the minimization of H(o) 

is started at any point that satisfies (2.43), then it will converge 

to a local minimum. Initially, we start with a large value of p^ to 

assure constraint compliance in the descent. The minimum thus obtained 

is not the desired result because the objective has been modified. So, 

the value of p^ is decreased and the descent algorithm is restarted 

from the previous solution. The sequence of solutions o_. approaches 

the true solution _o as p^ approaches zero. 

Unfortunately, this method requires the solution of a family 

of optimization problems. Also, as the value p^ approaches zero, the. 

eigenvalue structure of the Hessian matrix becomes unfavorable and this 

results in slow convergence (Luenberger, 1973, pp. 283-289). The barrier 
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method has been used in image restoration to enforce object bounds such 

as (2.44) by B. R. Frieden (1979). 

Variable Transformation 

Generally, in image restoration, upper and lower bound constraints 

on the object (2.44) are of more importance than general constrains such 

as (2.43). Upper and lower bounds can be enforced by variable transforma

tions. For example, positivity may be enforced by the transformations 

2 
o. = z. (2.48) 
11 

or 
z. 

oi = e 1 . (2.49) 

We then define the modified objective function as H'(z) = H[CJ(Z)]. The 

object estimate is found by minimizing H'_(z) and then using the trans-

A A 

formation, jo = o(z). One possible transformation to enforce bounded a 

object estimate is (Dixon, 1972, Chapter 6). 

J. = -T- f(b. + a.) + (b. - a.) sin(z.)l • 
l 2 L l l i l l J 

(2.50) 

In this case a^ < o^ < b^ for all values of z^. An object representa

tion like (2.50) was used for bounded image restoration by Hershel 

(1970). Other possible transformations for strictly bounded object 

estimates (a. < o. < b,) are 
i - I - i 

o i  = -| JjCb± + a_^) + (b± - a i) tanh(z j.)J (2.51) 

and 

°i = \ [(b. + a.) + (b. - a±) | tan"1̂ )]. (2.52) 
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The representations (2.51) and (2.52) have the advantage over (2.50) in 

that they are strictly monotonic functions of z^. We can show that a 

strictly monotonic transformation will not introduce extraneous minima 

into the transformed objective function. That is all solutions z of 

3H' ^ 9H 
— = 0 imply that o(z) are solutions of -r— = 0. The price paid for the 
a Z — dj3 — 

use of transformations such as (2.48) to (2.52) is that the Hessian ma

trix of the transformed objective function H'(z) is generally not posi

tive definite, even if the Hessian of H(o) is positive definite. This 

situation may require the use of a descent algorithm other than Newton-

Raphson. 

If o^ = o^(z^), then the gradient of the transformed objective 

function can be written as 

3H d°i -*• 
z. 3H* = y 

3z . 3o. dz. i 
—  i l l  

(2.53) 

where z^ is a unit vector. If o^(z^) is monotonically increasing, then 

do^/dz^ > 0 for all z^ and the gradient of H1(z) vanishes only where the 

gradient of H(o) vanishes; hence o^(z^) does not introduce extraneous 

solutions. The Hessian matrix of H1 is 

K' = 32H' 

3z2  ̂ * •; 6)« 

Denote the original Hessian of H(o) by K = 
3^H 
3o. 3o. 

i 3 

(2.54) 

Then 

K' = AKA + D , (2.55) 



35 

doi 
where is a diagonal matrix with elements > 0 and Jg, is a diagonal 

i 
matrix with elements given by the second term in (2.54). If JSC is posi

tive definite, then so is Ji K _A. However, D may have large negative 

3H 9H 
elements due to the factor . At the minimum, = 0 and JC' is posi-

i i 
tive definite, but this is not true everywhere. 

Next, we discuss some examples of restoration with arc-length 

regularization with and without positivity constraints. We discuss a 

modification of the Newton-Raphson algorithm that overcomes the problem 

of the nonpositive-definite Hessian. 

Digital Simulation Studies 

In the numerical examples we consider here, a diffraction-

limited rectangular aperture was assumed. The corresponding spread 

function is 

s(x,y) = r-1 sine2 Jj(x-y)/rJ , (2.56) 

where r is the Rayleigh distance and sinc(x) = (sirnrx) / (TTX) . The ob

jects were specified by 53 sample points and the image was sampled at 

the Nyquist interval, every third grid point in this case. The objec

tive function to be minimized is 

H <°>  •  I  [ l  \n°n  "  *„ ]  +  "£  f 1  +  6 2 ( o n+l  "  °n > 2 ]  

(2.57) 

Here the quadrature weights have been taken as unity; this does not 

result in appreciable error because the image data is band-limited and 

is sampled at the Nyquist rate. 
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To enforce positivity in the restorations, we use the transfor-

2 mation o^ = z .  . In this case, the Hessian of the modified objective 

function is 

& 82H . Pi 3H 
2 Z.Z. — r h 0 

i j 3o. 3o. j 9o. 
i 3 3 

(2.58) 

In the minimization of (2.57) it was found useful to use the modified 

Newton-Raphson method of Goldfeld (Jacoby et al., 1972, p. 121). At 

each iteration a sufficiently large constant is added to each diagonal 

element of the Hessian matrix K'. Consequently, the resulting descent 

direction is a linear combination of the pure Newton-Raphson descent 

direction and the steepest descent direction. It has been found suffi

cient to choose the added constant as a small multiple of the magnitude 

of the most negative element on the diagonal of K'. 

Specific Test Cases 

As the first test case, we used a rectangular object with a 

width 3 times the Rayleigh distance r. Uniformly distributed noise with 

a maximum amplitude equal to one percent of the ideal image was added 

to the image prior to restoration. Figure 2.1(a) shows the object, the 

noisy diffraction-limited image, and the restoration obtained by in

verse filtering. 

The same image data was restored using an arc-length penalty 

2 
function and enforcing positivity with the transformation o^ = Zy For 

the penalty function weight a = 6.67x10"^ and the scale factor 3 = 16.7, 

the results shown in Fig. 2.1(b) were obtained. Comparing the two 



(d) (c) 

Fig. 2.1. A Comparison of Different Restorations of a Rectangular Object. 

The diffraction-limited image data, dashed curve (a), contains 1% relative noise. 
The solid curve in (a) is in the inverse filtered restoration. (b) Restoration 
based on arc length regularization and enforced positivity; a = 6.67 x 10" 5 and 
6 = 16.7. (c) A pure positive restoration, a = 0. (d) Arc-length regularized 
restoration without positivity enforcement, a = 1.0 x 10-t+ and 3 = 10.0. 
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restorations, we find the one shown in Fig. 2.1(b) has edge gradients 

at least 5 times greater than the image or 2^ times the inverse-filtered 

restoration. Also, the spurious oscillations have been greatly reduced. 

If we define the modulation of these spurious oscillations by the factor 

(max - min)/(max + min), then for the case shown, these oscillations 

have been reduced 11-fold. 

It is of interest to know how much of the improvement of the 

restoration shown in Fig. 2.1(b) can be attributed to the arc-length 

constraint and how much to the enforcement of positivity. A pure posi

tive restoration can be obtained by setting the penalty weight to zero 

while still enforcing positivity. Figure 2.1(c) shows such a positive 

restoration without an arc-length constraint. The edge gradients are 

approximately 4 times those of the image, and the spurious oscillations 

have nearly doubled in magnitude. However, note that the enforcement 

of positivity alone effectively gives total suppression of oscillations 

about the zero level. 

The application of the arc-length constraint without enforcement 

of positivity leads to results such as shown in Fig. 2.1(d). Here, 

edge gradients of the restoration are about 3% times those of the image, 

which is not quite as good as when positivity is also enforced (see 

Fig. 2.1(b). However, it is still better than the inverse-filtered 

result. There is residual oscillation about both the upper level and 

the zero level. The magnitude of the upper level oscillation is at 

least 5 and 10 times smaller than those of the inverse-filtered restora

tion and the positive restoration, respectively. 
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The effects of increased noise levels on the restorations were 

examined. Figure 2.2(a) again shows the image and inverse-filtered 

restoration of the rectangular object when the image data now has 8% 

relative noise. The distortion of the image is clearly evident. The 

amplitude of spurious oscillations in the restoration is roughly twice 

that shown in Fig. 2.1(a). Figure 2.2(b) shows a restoration of the 

same image data obtained using the arc-length constraint and enforcing 

positivity. For the case shown, the penalty function weight 

a = 2.00 x 10-tt and the scale factor 8 = 16.7. This restoration shows 

increased spurious oscillation, but the magnitude is approximately 3 

times smaller than the inverse-filtered result. There is also some 

degradation in the edge gradients. The left and right edge gradients 

are approximately 1.5 and 2 times greater than those of the inverse-

filtered restoration. 

As a second test object, we used two closely spaced impulses 

separated by one-half the Rayleigh distance. Figure 2.3(a) shows the 

diffraction-limited image and the inverse-filtered restoration. The 

impulses are clearly not resolved by inverse filtering. The image con

tains 1% relative noise. Figure 2.3(b) shows two restorations obtained 

by using an arc-length regularizing function and enforced positivity. 

As the scale factor 8 is increased, the impulses are less clearly re

solved in .the restoration. 

Restoration of this second test object was also tried using the 

arc-length constraint alone without enforced positivity. In this case, 

the impulses could not be resolved. 
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(a) 

Fig. 2.2. Restorations of a Rectangular Object from 
Image Data with 8% Relative Noise. 

(a) Inverse-filtered restoration, compare with 
Fig. 2.1(a). (b) An arc-length regularized 
restoration with enforced positivity. Image data 
was the same as in (a). The parameters a and 6 
are 2.00 x lO"4 and 16.7. 



Fig. 2.3. Restorations of a Pair of Impulses. 

The image data, dashed curve in (a), contains 1% 
relative noise. The impulses are separated by the 
Nyquist interval, one-half the Rayleigh distance, 
(a) Inverse-filtered restoration. (b) Two arc-length 
regularized resotrations with enforced positivity. 
The solid and dashed restorations are for scale 
factors of 3 = 1.0 and 6 = 10.0, respectively. In 
both cases, a = 1.0 x 10-8. 
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Generally, the restorations shown in the figures with constrained 

arc length and enforced positivity required about 10 iterations. Each 

iteration required about 1 s on the CDC-6400 computer. 

Selection of Parameters 

In practice, the choice of the regularizing function weight a 

and the scale factor 3 is mostly a matter of trial and error. There are 

several things which may help in their selection. For instance, if some 

features in an image are known, such as an edge, then a,3 could be 

selected to give good restoration of this feature. Hopefully, then other 

unknown features would be simultaneously enhanced. Also, our numerical 

experiments show that spurious oscillations are more sensitive in their 

position and amplitude to variations of the parameters than are real 

features. The parameters may then be selected to eliminate to the 

greatest extent the spurious features in a family of restorations. 

In our numerical experiments, the restorations were found to be 

more sensitive to selection of the scale factor 3 than to the selection 

of a. Also, it was desirable to make 3 as large as possible without 

making the system of equations numerically unstable. From Eq. (2.57) 

we see that an optimal value of a will be proportional to the ratio of 

noise variance and object arc length. If a is too large, the restora

tions are overly smooth and resolution is degraded. If a is too small, 

the resolution may be good, but the spurious oscillation is excessive. 

Fortunately, there is considerable latitude in the choice of a suitable 

a. For example, with 3 = 16.7, the restorations of rectangular objects, 

see Fig. 2.1(b), were nearly as good for any a in the range 10~3 - 10-7. 



CHAPTER 3 

MAXIMUM ENTROPY ESTIMATION AND ITS APPLICATION 
TO IMAGE RESTORATION 

In this chapter we consider both the object and the detection 

noise in the image formation problem to be random processes. Our main 

objective is still to solve the image equation for the object with 

given image data. However, we can determine only an estimate of the 

object. A new estimation procedure, based on maximizing the entropy of 

the object and noise random processes, will be developed later. This 

new procedure will be compared with two other types of maximum entropy 

methods. But, before turning to this development we shall discuss some 

preliminary matters. 

The discrete form of the image equation is 

J 

Zs -o. + n= i ; m = 1,...,M . (3.1) 
mj 2 m m 

j=l 

The case of most interest is when the number of object samples J is 

greater than the number of image samples M. In that case the spread 

function matrix S = [sj is singular and there is not a unique solution 

T 
for the object o^ = (o^,...,o^) in terms of the image. We define below 

some different statistical estimates for the object. 

43 
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Statistical Image Restoration 

Bayes Estimation 

A Bayes estimate of the object is based on minimizing the 

expected value of the cost (Van Trees, 1968, p. 54). A cost function 

C(o,jj) is defined in terms of the object estimate and its true value. 

Let p(o,i) be the joint probability density of the object and image 

samples. Then the expected value of the cost can be written as 

E "|c(j3,o)^ = Jc(j3,o) p(c),i) dodji . 

= jdi p(i) J djD CCo,o) p(o|i) , (3.2) 

where p(i) is the joint density of the image samples and p(oJi) is the 

conditional joint density of the object sample with given image samples. 

The second integral in the above expression is known as the conditional 

risk; we denote it as follows: 

C(o,oJi) = Jd£ C(o^,£) p(o|i) . (3.3) 

For any image values the expected value of the cost can be minimized 

by minimizing the conditional risk. 

It is convenient to choose the cost to be a function of the 

absolute error, i.e., C(o^,£) = C(E), where e = |o-oJ • For example, a 

squared error cost function C(E) = E2 is often used because it is mathe

matically tractable. We can find the optimal mean-square Bayes estimate 

by minimizing the cost as follows: 
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-j^r J (o-o) 2  p(o|i) d£ = 0 . 

This yields the estimate 

o = I o p(o|i) d£ = E -|j° li j- • (3.4) 

Thus, the Bayes estimate that minimizes the squared error cost is the 

conditional expected value of the object. It has been shown that this 

estimate is also optimal for a wide class of cost functions (Van Trees, 

1968, p. 59). For example, the conditional expectation is the optimal 

Bayes estimate for symmetric cost functions £C(e) = C(-e)J which are 

strictly convex. 

a f 

If p(o,i) were a jointly normal density, then £ = E{o|ji} would 

be a linear function of the image data. However, in the image restora

tion problem the object values are non-negative. Hence, p(£,i) cannot 

be exactly normal, and also the object cannot be a linear function of 

the image. 

Generally, the density p(oJ_i) is not directly known, but must 

be calculated using Bayes theorem. 

, ,.v P(i|o) p(o) p(i|o) p(o) 

P<°l±) ~ ^ /p(i|o) p(o) do (3<5) 

The density p(iJo) is known if the density of the noise is 

known. The relation is 

p(i|o) = p~(i - S^) , (3.6) 

where P^(*) denotes the joint density of the noise. Substituting 
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Eq. (3.5) into Eq. (3.4) the mean-square estimate can be written as: 

I  i  \  f o  p(i|o) p(o) do 
o = E<oJ i_ I = ~ . (3.7) 

' ) /p(i|o) p(o) d£ 

If a reasonable cost function cannot be specified, then Bayes 

estimation cannot be used. Also, in many situations the integrals in 

Eq. (3.7) may be difficult to evaluate. For these reasons, we consider 

below some other estimation procedures. 

Maximum A Posteriori (MAP) 
Estimation 

MAP object estimation is based on finding an object vector 

for which the posterior object density p(oJji) is a maximum. From Eq. 

(3.5) we see that this is equivalent to maximizing the joint density 

p(o,i) or p(i|o) p(o) with respect to £. For a .given image, the MAP 

estimate gives the object which is most likely to have occurred. 

If the density p(o|.i) has its maximum inside the allowed range 

of £ and the density is unimodal, then the MAP estimate is given by 

the equation 

9 £n p(o|i) 
= 0 . (3.8) 

<*o. 

Using Eq. (3.5) this can be written 

d £n pUjo) 3 S,n p(o) 
= + =- = 0 . (3.9) 

8o 9c) 

Hence, we see the MAP estimate is balanced between the two terms in 

Eq. (3.9). The first term reflects the dependence of the image on the 
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object and second term reflects the influence of prior knowledge about 

the object. 

In some cases we may not have any prior knowledge about the 

object distribution, or we may not wish to regard the object as random, 

but rather as fixed, although unknown. This brings us to the next form 

of estimation. 

Maximum Likelihood Estimation 

First, let us assume that the object is random, but that we do 

not know what density to assume for p(o0. In this case it seems rea

sonable to consider all possible objects as being equally likely. That 

is, we assume p(o) is constant in the object's feasible region and zero 

outside. Inside the feasible region we have 

8 £n p(o) 
?-=- = 0 (3.10) 
So 

and Eq. (3.9) reduces to 

8 £n p(i|o) 

8o 
= 0 . (3.11) 

If the object is regarded as non-random but unknown, the density 

of the image will be denoted as p(iJo) (although if we followed the usual 

convention of mathematical statistics, the notation p(jL ; o) would be 

used). For a given image we can define a likelihood function for the 

object L1(o) as 

L'(o) = p(i|o) . (3.12) 
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The maximum likelihood estimate of the object £ is defined as the abso

lute maximum of L'(o). Thus, L' (6) > L' (o) for all possible values of c>. 

For reasons of mathematical tractability, the likelihood function is 

often defined as the logarithm of p(i|o)« We denote this function as 

L(o), given by 

L(o) = I n L ' ( o )  = S,n p(i|o). (3.13) 

If the unique maximum for L(o) exists in the interior of the feasible 

region, then it can be found from the equation 

9L(o) 9 Jin p(i|o) 

9o 9o 
= 0 . (3.14) 

This is called the likelihood equation, and is the same as Eq. (3.11). 

We see that the MAP estimate of Eq. (3.9) becomes a maximum 

likelihood estimate when we have no prior knowledge about the object 

density. The MAP estimate is sometimes called an unconditional maximum 

likelihood estimate (UMLE) (Middleton, 1960, p. 946). This is because 

maximizing p{o|i) with respect to £ is the same as maximizing p(o,i) 

with respect to this follows from Eq. (3.5). 

The above methods of estimation, Bayesian, maximum a posteriori, 

or maximum likelihood, all require knowledge or assumptions regarding 

the image or object density functions. Bayesian and maximum a posteriori 

(or UMLE) methods have been applied to image restoration by Burke (1974) 

and Hunt (1977). However, what recourse is available if the object and 

image densities are unknown? In this case, the maximum entropy method 

of Jaynes (1968) can be applied to form reasonable estimates of the den

sity functions themselves. 
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The Maximum Entropy Method of Estimating 
Probability Densities 

The entropy of a continuous random variable x is defined as the 

negative of the expected value of the logarithm of its density function: 

H = entropy of x = -E{£n p(x)} = -^p(x) £n p(x) dx . (3.15) 

The entropy of x is a measure of our lack of knowledge about the random 

variable. In forming an estimate of the density p(x), we should seek 

to avoid any biases or unjustified assumptions about the behavior of x. 

That is, we want to avoid letting p(x) represent a state of uncertainty 

that is any less random than warranted. 

The procedure to form such an estimate, proposed by Jaynes, is 

to maximize the entropy of x subject to the constraints imposed by our 

knowledge. [Jaynes (1968) was concerned with the problem of estimating 

prior densities with the constraints imposed by prior knowledge. However, 

it is not an essential feature that the constraints arise only from prior 

knowledge. The procedure can be used even when our knowledge originates 

from a posterior measurement. Then, to be technically correct, p(x) 

should be replaced by the conditional density p(x|y), where y is the mea

sured random variate.] Knowledge of limits on the range of x or knowl

edge of the average value of functions of x are easily formulated into 

constraints as the following development shows. 

Let f^(x) be a function whose average value f is known. Mathe

matically, the problem of finding p(x) is a problem in calculus of varia

tions. The constraints are introduced by means of Lagrange multipliers. 

The following functional is maximized by choice of p: 

G[p] = - I p(x) £n p(x) dx - £ A. I /p(x) f.(x) dx - f. I = max. 

1 * (3.16) 
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Taking the partial derivatives with respect to p, we obtain 

- I n  p(x) - 1 - X1fi(x) = 0 . 

This yields 

p(x) = exp [-1 - £ Aifi(x)] . (3.17) 

From the normalization requirement, _/p(x) dx = 1, it follows that the 

{A^} obey the condition: e = /exP [- I Aif±(x)] dx. Hence the result

ing expression for the density is 

exp r- Z W *>l 
P(x) = ~f 

L- I* . (3.18) 

J exp |_-!£Xif:L(x)J dx 

The Lagrange multipliers in the above expression are deter

mined by subsituting for p(x) in the constraint expressions. This gives 

J  fk(x) exp £- dx = Fk J  exp | - dx, 

(3.19) 

for k = 1,2, •• • . 

This system of equations can also be written as 

9 

9Xk 
In £/exp [- ZXifi(x)] dxj = Fk , (3.20) 

for k = 1,2,*•• . 

The equations for the ^'s are nonlinear and must be solved by numerical 

methods. 

Examples of Maximum Entropy Densities 

We shall illustrate the results of the last section with two 

simple examples. 

Example 1. x > 0 and E{x} = a. 

From Eq. (3.18) we find p(x): 
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/ .-1 -Ax _ 
4 A e , x > 0 

p(x) = I ~ , (3.21) 
( 0 , otherwise 

where A = / e dx = 1/A . (3.22) / o 
Only positive values of A are permissible. To solve for A we use 

Eq. (3.20) 

3 o 1 1 Tt r "l 

"Si ° \ ' Etx} * a" 

Hence, the final expression for the density is 

(a"Vx/a , x > 0  
p(x) = < (3.23) 

(o , otherwise. 

Example 2. < x < 00, E{x} = a and E{x2} = a2 + a2. 

The variance of x is a2. From Eq. (3.18) we find 

p(x) = A-1 exp (-Aix - A2X2) , (3.24) 

where oo 

A = I exp(-Ajx - A2X2) = IT 2 A2 2 exp[AI/(4A2) ]. (3.25) / 
Hence, 

2 
5-nA = hZmr - ^£n A2 + AJ/(4A2) . 

We use Eq. (3.20) to solve for the A's: 

3 
9 A I 

and 

i,nA = -H X\IX2 = a , 

jY ANA = ^ A2_1 + [Ai/(4A2)]2 = a2 + a2. 
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Solving the above, we obtain Ai = a/a2 and X2 = l/(2o2). Substituting 

these values into Eqs. (3.24) and (3.25), we find the density of x: 

p(x) = (2tt) ^ a-1 exp [-Js(x-a)2/a2]. (3.26) 

We recognize this as a normal density with standard deviation a  and 

mean a. 

Synthesis Procedure of Image Restoration Estimators 

Above we have illustrated how the maximum entropy techniques can 

be used to estimate the probability density function of a single random 

variable. We now extend the method to the multivariate image restoration 

problem. Our initial aim is to estimate the joint density of the object 

and noise sample values. This mutual density may then be used to form a 

minimum mean square (or other classical) estimator for the object, our 

final aim. The estimated density is formed by maximizing the entropy 

subject to constraints, where these constraints reflect our knowledge of 

the measured image values and other prior knowledge, e.g., mean square 

values of the noise or object, correlations of object values, correlation 

of noise values, or bounds on either the object or noise. In the forma

tion of the density estimate, there is considerable flexibility, which 

allows the estimate to be tailored for specific situations. When the 

joint density function has been obtained, it can be used to determine 

object estimates by means of either classical or Bayesian estimation 

techniques. 

Let there be J object values to be estimated from M measured 

image values. Associated with each image value is a measurement error 

or noise value. The joint density of these object and noise sample 



53 

values is denoted by p(0^,02>..., Oj, n^, n^, n^) or, using vector 

notation, as p(o,n). The entropy of the object and noise is defined as 

H(<3,n) = - Jd£ dri p(£,n) £n p(o,n) , (3.27) 

where the limits of integration on each variate are fixed by the allow

able range for each variable. 

We turn now to the development of new restoration formulas for 

several cases which are distinguished by different constraints. Later 

we present computer simulation results using some of these restoration 

estimates. 

In the following cases we use minimum mean square error as the 

criterion by which the object estimates o^ are derived from the maximum 

entropy density estimate p(o_,n). That is, we choose o^ such that 

E-|(Oj - Oj)2̂  = f dn p(o,n_) (o^ - °j)2 = min. (3.28) 

This is minimal when 

Oj = = fdSL dn p(o»n) °j 5 j = 1, ...,J. (3.29) 

Similar expressions apply for the noise estimates. Thus, the object and 

noise estimates used below are the mean values derived from the estimated 

joint density of the object and noise samples. 

Example 1. Positive Object. The constraints on the joint 

density p(o,n) are as follows: 

Y s . o . + n  =  i  ;  m = l , . . . , M ( M  c o n s t r a i n t s )  
j mj 3 m m 

(3.30) 



and 

Vn 2 £* m 
2 = e (1 constraint) 

54 

(3.31) 

m 

We also require that all object values be non-negative. 

Since the operation of taking expected values is linear, it 

follows that 

E J Y S. O.  +  n > =  V s .  E / O. 1  +  E -fn 1  = i , 
m j  ]  m j  L  m j  (  j f  \  m f  m  

for 

and 

m = 1,.. . ,M , 

{ s  < }  -  z ' k l -
' m " m ^ 

(3.32) 

(3.33) 

We now have to form the density p(o^n) appropriate to this case 

for later substitution into EQ. (3.29) for form £. By generalizing 

Eq. (3.18) to the multivariate case, it can be shown that the maximum 

entropy estimate of p(o,n) is 

p(o,n) = B(A,p) exp - V A V s . o. + n - p V n 
*-> m L> mj j m L, \ 

j m m 

(3.34) 

where B is the normalization constant, 

B(A,p) = I do dn exp |^- £ / j 

-1 

p Znm 
m 

(3.35) 
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If we let 

^ • 2 k s„< • «-36> j ** m mj 
m 

then the density p(o,n) can be written as 

p(o,n) = B IT exp(-A.o ) I XT exP(-X™n„ ~ P"2) • (3.37) 
L j 3 3 J L" " mJ 

We observe that here the joint density is the product of the marginal 

densities. The marginal density for o^ is 

p(Oj) = Aj exp(-AjOj) . (3.38) 

Since o^ > 0, the above expression for P(°j) will be an admissible den

sity function only if > 0. This requirement determines the feasible 

region in which the solution for the Lagrange parameters Pu's must lie. 

The estimates of the object values are the expected values of 

Oj given by Eq. (3.29), in which the integral dri is unity because of 

the separation of variables given in Eq. (3.37). The resulting object 

estimate is 

00 CO 

° i  ~  / °j^(°j)d0j " ~Aj^/ e*P<-Vj)doj 

The estimate in terms of the X's is 

3. = Y A s . . (3.39b) 
J LT M  
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We now turn to the noise estimate. The marginal density of each 

noise variate is 

P(n ) = C exp (-An - pn2) . (3.40) 
m m m m 

The calculation of E{n } and E{n2} is simpler if we first evaluate the 
m m 

integral 

00 

C 1 = I exp(-A n - pn2) dn = (ir/p)'5 exp[A2/(4p)] . (3.41) I mm m m ^ r l m \ / j 
—00 

Now differentiating both sides of the above equation with respect to 

the parameter Am and using Eq. (3.40) for the density p(nm), we can 

easily obtain the following expression for the noise estimate n^: 

OO 

n = E{n } = I n p(n ) dn = -C —|(TT/P)'5 exp [X2/(4p) ] 1 
m m J m m m dXm 1 m x /JJ 

= -A /(2p) . (3.42) 
m 

In a similar manner, differentiating Eq. (3.41) with respect to p, we 

obtain 

n2 = E{n2} 
m m 

00 

" / "m P(nm)dnm " "C [('/P>!S Wp> ]] 

= (2p)-1 [l + A2/(2p)J . (3.43) 

We note that the object and noise estimates of Eqs. (3.39), 

(3.42) and (3.43) are functions of undetermined Lagrange multipliers, 

{A^,...A^,p}. The multipliers can be determined by substitution of the 
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estimates into the constraint conditions, Eqs. (3.32) and (3.33). The 

following set of equations results: 

s . X 
£ 50 -5X " s 1,1 = 1 M> (3.44a) 
j I X s . 2p •" 

m mi 
m 

and 

+ 7^2 I ̂ " e • (3.44b) 
2P 4p2 m 

This is a system of M + 1 simultaneous nonlinear equations from which 

the M + 1 unknowns {X^,. .. , m̂>p} can be determined. Numerical solutions 

can be obtained by iterative use of the Newton-Raphson method. The 

numerical solution obtained for the parameters is then used in Eqs. (3.39) 

and (3.42) to calculate values of the object and noise estimates. 

Example 2. Bounded Object. The constraint conditions are the 

same as in Example 1, but the object is assumed to be bounded, i.e., 

a < °j < b. In this example the form of object and noise joint density 

is the same as Eq. (3.37) within the allowed range. Outside the allowed 

range the joint density is zero. Of course, the normalization is differ

ent. The noise estimates are unchanged and are given by Eqs. (3.42) and 

(3.43). It remains only to determine the object estimates. 

The marginal density of an object value is given by 

B(A.) exp(-A.o.) ; a < o. < b 

(3.45) 

otherwise, 

where 

B(V " [f expc-yp d°j 
h .  

exp(-A.b)-exp(-A.a) 
3 3 (3.46) 
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Note that, as opposed to the first case, now all real values of are 

admissible. The estimate of o. is 
J 

D b 

°J = e{03} " f do: " "B(Aj) dfr f exp(-Aj°j) d°j 
•'a J J a 

^ b - a exp[A.(b-a)] 
°. = t— —,/ i— . (3.47) 
j Aj exp |X (b-a) ] - 1 

From this expression we see that for all real values of A^ the resulting 

estimate o^ must lie in the open interval (a,b). Note the limits: as 

Aj-*», as and (by repeated application of L'Hopital's 

rule) as ^-*0, o^-*h(a+b). 

Example 3. Positive Object—Bounded Noise. Here we alter the 

noise constraints. We assume the noise is bounded: -a < n < a . The 
m m m 

constraint on the quadratic content of the noise Eq. (3.31) is eliminated, 

but the image constraints, Eq. (3.30) apply as before. The object esti

mate will be given either by Eq. (3.39) or Eq. (3.47) according to the 

limits we choose for the object values. The joint density of the object 

and noise is 

p(o,n) = B exp Y  A  I T  S  . o .  +  n  \  
m m \ j mJ J m) (3.48) 

which is the product of marginal densities for each of the object and 

noise variates. The marginal noise density 

B(A ) exp (-X n ) : In I < a 
m mm 1 m1 - m 

p(nm} = i (3.49) 
; otherwise. 

Using this expression, we obtain for the estimate of nm, 
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1 a
m 

n = E {n } = —• - „ , r . (3.50) 
m m X tanh (X a ) 

m mm 

For any real X , the estimate n is restricted to the open interval 
• ' m  m  

(-a ,a ). v m m 

Object Correlations 

In each of the above cases the joint density of the object 

values factored into marginal densities. This can be interpreted as 

implying that all the object values are statistically independent. This 

result is expected since no prior constraints were imposed to force cor

relations between object values. Such correlations would represent a 

state of less uncertainty and less entropy. However, for most real ob

jects there are dependencies between object values. It is important to 

see if the maximum entropy approach can be used to synthesize object 

estimators that are positive and that also take account of object corre

lations. 

There are several ways object dependencies might be introduced. 

Constraints based on joint second moments of object values, covariances, 

or correlation coefficients could be used in the maximum entropy formal

ism. For example, suppose the correlation matrix of object values is 

known on the average, i.e., 

R = KJ , (3.51) 
vn L 1J J 

where the i,j-th matrix element is 

Rij = E<o,o,> . (3.52) 



60 

The use of the correlation matrix and the image equation as constraints 

leads to the following form for the estimate of the joint object den

sity: 

p(o) = B exp - A A.o. - A X..0.0. 
. 1 1  . .  i j  1  1  
3 ij J 

(3.53) 

In order to evaluate the object estimates E{oj} in terms of the param

eters {A^} and we must he able to calculate the positive orthant 

probability (i.e., the Prob {oj >0, °2 > 0, ... o > 0} ) from the above 
J 

density. Unfortunately, there are no closed form expressions for the 

integral when the exponent is a general quadratic form with an arbitrary 

number of variables (Johnson and Kotz, 1972, p. 45). Solutions for the 

X's could still be obtained by solving a system of equations similar to 

Eq. (3.32), but the integrals for the object expected values would also 

have to be numerically evaluated. The accuracy of quadrature might be 

tied to the convergence of the A's toward the solution in order to reduce 

the computational burden; however, we shall not pursue this approach 

further. 

A change of variables will enable us to obtain closed form object 

estimates, in terms of the X's, that are positive and mutually dependent. 

Example 4. Correlated Object. Positivity can be ensured by the 

transformation: o^ = q? . We now proceed to form a maximum entropy 

estimate of the density of c[. The image equations are one set of con

straints: 

Smiqi + nm ~ ̂  ' m ~ 1» ••'M* (3.54a) 
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Mutual dependence of the object values is imposed by fixing the total 

quadratic difference content of the q^'s; this additional constraint is 

J-l 

I <qi+l - q±)2 = V. (3.54b) 
i=l 

Instead of the quadratic difference content we might use the 

correlation matrix of the q's as a constraint. However, the quadratic 

difference content has the advantage that only one additional Lagrange 

parameter needs to be introduced as opposed to J(J+l)/2 additional 

parameters for the full correlation matrix. 

where y is the additional Lagrange multiplier for the quadratic differ

ence content constraint. From the form of (3.55), c[ and ii are jointly 

independent. The density of c[ is jointly normal. 

The maximum entropy density corresponding to constraints (3.54) 

is 

p(^,n) = D exp | V (f S»dqJ + nm) ' (Vl " "J)' 

D exp - I A.q2 - y £ (q.+i - q.)2 exp -

(3.55) 

(3.56) 

where B is the tridiagonal matrix 
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B = 
AVV 

Ax+y [ -y ,0 ... 
I I 

-y |A2+2y j -y 

I i 
0 I -y i A3+2y 

-y 

-y 

Aj+y 

(3.57) 

T and 2. is the transpose of c^. The range of £ is unrestricted; hence, 

the normalization constant is given by the integral 

00 

= j d£L exP ^ B = 
n/2 | | —ig 

1T B (3.58) 

The object estimate and the expected value of quadratic difference con

tent can be explicitly evaluated in terms of the Lagrange parameters by 

use of Eq. (3.58). We proceed now to obtain these expressions. 

From Eqs. (3.55) and (3.58) we see that the object estimates 

are 

o. = E 
J HI _C-1 _9C_ = 1 l Alii 

9A. 2 TBT 8A. 
3 1  3 

(3.59) 

Note that the determinant of B can be written as follows: 

B = (A 
'A*.1 J 

.+2y) cof (b..) - ylcof (b. ) + cof (b - .)! , 
] JJ L J+1.3 J 

for 2 < j < J-l, (3.60a) 

or 

|B| -  (Ax  + y) cof (bu) ycof (b21) (3.60b) 
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|BI = (Aj + v) cof (bjj) - ycof (bj_^ j), (3.60c) 

where is the (i,j)th element of B and cof (b^j) denotes the cofactor 

of the (i,j)th element. 

From Eqs. (3.60) and (3.59) we find 

L?» . i fziiy 
)*! ( 2 [bT^ 

6, = E 'qH = i rrr^- • (3-61) 

The expected value of the quadratic difference content 

^j+1 ~ can ôunĉ  by differentiating C with respect to y. 

To perform this computation, |B| is expressed as a polynomial in y: 

J-l 

IB| = ^ an(A) y11 , (3.62) 

n=o 

where the coefficients are functions of the vector A = (A ,A ,...A ). 
X £ «J 

Note that |B| is of degree J-l in y and that |B| = 0 if A = 0. For 

fixed values of the X^'s, the coefficients a^ can be found by evaluating 

|B| for J distinct values of y and then solving a linear system of equa

tions for the a 's. 
n 

The expected value of the quadratic difference content is 

i\+i-v2} - <3.63, 
3-1 } 

Using Eq. (3.62) to obtain the derivative of the determinant, we get 

J-l 

| 2(Vl " "/I ]bT 2- t*""1 • 
; ~ n=l 

(3.64) 



64 

Using Eqs. (3.61) and (3.64) in the constraint conditions (3.54), we 

obtain a system of equations which can be solved for the Lagrange 

parameters p}. 

Other Methods of Maximum Entropy Restoration 

There are two other methods of maximum entropy estimation that 

have been applied to the image restoration problem. Burg (1967) devel

oped a maximum entropy method for the estimation of power spectral den

sities from a number of regularly spaced autocorrelation lag products. 

The application of this method to optical images has been considered 

by Frieden (1975); Werneke (1975); and D'Addario (1975). Another method 

has been developed explicitly for image restoration by Frieden (1972). 

In this section we shall describe the philosophy and formulation of these 

two methods and how they compare with the estimator synthesis procedure 

described in the last section. 

Frieden's Maximum Entropy Method 

Frieden's method is based on a discrete "particle" model for 

both the object and noise. The object is treated as an array of sample 

values with the sampling interval Ax determined by the desired resolution 

in the restoration. The object values are assumed to have an amplitude 

quantization of Ao. Thus, the object can be considered to be composed 

of units (particles) of size Ao Ax, Fig. 3.1. 

All units at coordinate x^ are considered to be in the ith cell. 

The number of units in the ith cell is 0^ = o^Ao, where o^ = o(x^) and 

the total number of units in the object is N = ^9^- The essence of 

Frieden's approach is to find the distribution of object particles that 



o(x) 

A °  

i-th cell 

Fig. 3.1. Frieden's Grain Model for the Object. 
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can be formed in the greatest number of ways subject to the image con

straints. 

The number of different ways N identical, but distinguishable, 

particles can be arranged in the object cells with o^ particles in the 

first cell, O2 particles in the second cell, and so forth is given by 

the multinomial coefficient (Leighton, 1959, pp. 330-331) 

NI 
W = : 7^ r . (3.65) 
° 0^102? . ••Oj! 

For a given image, the noise values {nm} are also unknown. 

Logically, the noise set is on the same footing as the object set 

and they are estimated in a similar manner. There is one minor diffi

culty because the noise values may be negative as well as positive. By 

choosing a large enough bias B, the noise can be regarded as a strictly 

positive random variable: 

n = N - B , (3.66) 
m m '  

where B is greater than or equal to the most negative nm> Quantizing 

the noise into units of size AN, the number of noise units in the mth 

noise cell is defined as n = N /AN. Let Q = V n be the total number 
mm m 

m 
of noise units. The total number of ways the noise particles can be 

arranged to form the noise distribution is 

W = r . (3.67) 
n Til ! n0! ... n ! 12 m 

The central principle of Frieden's method is the determination 

of object and noise distributions that can be formed in the greatest 
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number of ways subject to the conditions that these distributions obey 

the image equation and that the sum of the object values is fixed. 

Maximizing &n (WQWn) is equivalent to maximizing WQWn because 

the logarithm is a monotonic function. All 0^ and are assumed to be 

large enough to obey Stirling's approximation, £n n ! ; n £n n. It 

follows that the object and noise estimate are determined by maximizing 

the expression 

- Y o. Jin o, - ~ Y N. S,nN. 
Ao ^ i i AN ^ k k 

-  I !  (  %  s . o . + N  -  B  -  i  \  -  o ,  -  P  i  
m m \ i mi x m ml J  

= max . (3.68) 

The quantities and y' are Lagrange multiplier parameters for the 

constraints. Multiplying (3»68) by Ao, we can reduce the number of 

unknown parameters: 

- Y oin o. - p V N, £nN, - Y X 
i l k k *- m 

*  [  X  S . o . + N  -  B  -  i  |  -  y ( F o .  -  P )  
I y mx l m ml I *•' i J 

= max , (3.69) 

where p = 7^7 , X = X' Ao and y = p'Ao. 
AN m m ' 

Taking the appropriate derivatives of Eq. (3.69) and setting 

them to zero, we find expressions for the object and noise estimates: 
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and 

(3.70) 

(3 .71)  

The values of the Lagrange parameters { m̂) and y can be determined by 

substituting the above expressions into the constraint conditions and 

solving the resulting set of nonlinear equations for the parameters. 

A numerical solution is obtained for the parameters { m̂) and n by use 

of the Newton-Raphson method. 

From the form of Eq. (3.70) we see the object estimate is strict

ly positive. Also, for a general set of A's, the estimate is not band-

limited. The superresolving capability of the algorithm has been 

demonstrated on computer simulated objects (Frieden, 1972), and on 

photographic objects (Frieden and Burke, 1972), and on astronomical data 

recorded on a solid state image array (Frieden and Wells, 1978). 

In Frieden's algorithm the object is regarded as nonrandom. 

That is, the object is regarded as a single, fixed, although unknown, 

set of values. Likewise, the noise is also treated as nonrandom. 

Frieden has termed his estimation procedure as one that has the proper

ties of being both maximum likelihood and maximum entropy. How can the 

procedure be interpreted as having these properties, which are defined 

in terms of probability density functions, when strictly speaking the 

object and noise do not have density functions? 

These particles comprise the microstructure; each arrangement of par

ticles is a microstate. The object itself, the macrostructure, is 

The object (or noise) is considered to be composed of particles. 
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defined by the number of particles in each spatial cell. These numbers 

constitute a macrostate (Sears, 1953, pp. 277-280). In Frieden's 

model, microstructure is regarded as random. If the particles are dis

tributed in the cell at random, then the probability that a particular 

particle will be in the ith cell is p^ = o^/P. Hence, the normalized 

object can itself be considered as a probability density function for 

the placement of the particles. 

The expression - £ o^ £n o^ can be written as -P £ p^ Jin p^ -

P £n P. We recognize that - £ p^ Jin p^ is the form of Shannon's entropy 

expression (Shannon and Weaver, 1949, p. 48). This is the basis for cal

ling the estimate defined by Eq. (3.69) a maximum entropy estimate. The 

entropy of particle placement (entropy of the microstructure) is maxi

mized. Note, however, that the £ °i n̂ °i Et*' (3.69) is not exact; 

it is an approximation to ^£n o.!, Thus, the nature of the term is 

fundamentally different from Shannon's entropy. 

Equation (3.69) can be regarded as defining a maximum entropy 

estimator, but based on an analogy with the Boltzmann entropy expression 

S = k Jin W of statistical mechanics (Sears, 1953). Here W is the number 

of microstates that corresponds to a given macrostate, k is Boltzmann's 

constant, and S is called the entropy. For a closed system, the equili

brium state is the state of maximum entropy. 

Also, if the microstructure, the statistical model of the object, 

is changed, then the estimate will still be based on maximizing JJ,n(WQWn) 

subject to constraints, but this may not result in the £ °£ °£ ex~ 

pression (Frieden, 1973); e.g., see Eq. (3.74). The estimate will be 

maximum entropy in the Boltzmann sense, not Shannon's. 
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Frieden has regarded his maximum entropy estimate as being a 

maximum likelihood estimate as well. His usage of the term "maximum 

likelihood" is not in concordance with the established conventional 

definition of a maximum likelihood estimate (Cramer, 1946, p. 499), see 

Eq. (3.11). As we have presented his method, the object and noise are 

both treated in a logically equivalent manner. The object and noise 

have been regarded as unknown and nonrandom in their macrostructure; 

only the microstructure (fine grained structure) is random. Strictly 

speaking, the macrostructure of the image must also be nonrandom because 

it is specified uniquely through the image equation. Consequently, we 

cannot form a likelihood function for the object c) of the form: 

L(o) = p(i | o) . 

Frieden's estimate can be regarded as a maximum a^ posteriori 

(MAP) estimate (Van Trees, 1968, p. 63), if we view the object as ran

dom with a multinomial probability density function 

N! °1 °2 °m 
P(<y02"-0«> " o I o,! ... o ! ql '2 • 

12 m 

where q^ is the probability that any particular grain is in the ith cell. 

The observation that Frieden's estimate is MAP was also made by D'Addario 

(1975). 

Frieden (1973) applied his estimation procedure to a photographic 

object. The object is assumed to be bounded: 

a < °i < b . (3.72) 
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This is an interesting case because it illustrates the importance of the 

underlying statistical model for the object. Frieden (1972) assumed a 

checkerboard model (O'Neill, 1962) for the object, in which the object 

grains (particles) are regarded as identical and indistinguishable. 

Each object cell is assumed to have b sites available for grains, with 

only one grain allowed per site. Assuming the grain allocation is inde

pendent from cell to cell, the total number of grain arrangements that 

can give rise to a single object o^ is given by a product of binomial 

coefficients: 

( b  -  a \  
W = H I I, (3.73) 

i  \ o . - a /  

where o^, b, a are measured in units of Ao and are here taken as inte

gers. The estimate of the object is determined, as before, by maximizing 

£n W subject to the equality constraints imposed by the image equation. 

Using Stirling's approximation, we find that this is equivalent to maxi

mizing the quantity: 

- X (o-fa) An(o^-a) - £ (b-o^ «.n(b-o1) . (3.74) 
i 

If the image and total energy constraints are used (as in the unbounded 

case above), the resultant object estimate is 

a + be, 
o. J 1 + c s  

1 . ' (3.75) 

where Cj - exp - I j . (3.76) 
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If the grains are assumed to be identical, but distinguishable, 

as they were in the derivation of Eq. (3.70), then different results 

may be obtained. If there are b grain sites in each of the J object 

cells, then the total number of ways of selecting the particles and 

occupied sites for each cell is given by the following expression: 

T ;,c)ac::v j=i J ' 
w " Q±i ... Qjl " I. H _J A 1 • o.77) 

where N is the total number of grains. 

Using Stirling's approximation, we find that.maximizing W as 

given in Eq. (3.77) is equivalent to maximizing the following expression: 

- 2 J] (o.-a) fl,n(o.-a) - J] (b-o.) £n(b-o.) . (3.78) 
j 2 2 j 2 2 

Maximizing this quantity, subject to image and total energy constraints, 

yields the object estimate: 

c. 
J o. = a -

3 2e 
- ^ 1 + 4(̂ "a)ê  » (3.79) 

where e = 2.71828""* , and Cj is given by Eq. (3.72). Note that the 

form of the estimator implies that the inequality a < o^ < b is obeyed 

for all values of c.. 
J 

We can form a bounded estimate in yet another way. The grains 

are taken as identical, and distinguishable. The only relevant param

eter is now assumed to be the number of grains in each cell. The upper 

and lower bounds may be taken as prior knowledge on the object radiance 

distribution. The number of ways the object o can be realized is 
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N' 
W = — r • (3.80) 

o.^! o2! ... o ! 

It follows that the object estimate is obtained by maximizing 

- ^0^ in o, subject to constraints. The constraints will be of two 
i 

types: equality constraints such as the image equation and total energy, 

and inequality constraints such as a < o^ < b. As we saw in the last 

chapter, there are standard techniques for handling this kind of optimiza

tion problem. In general, the solution of this problem will yield an 

object estimate that differs from the estimate given by either Eq. (3.75) 

or Eq. (3.79). 

The above discussion of bounded object estimates illustrates the 

important role of the object's microstructure model. How do we decide 

whether a particular microstructure model is appropriate? The answer 

to this question must ultimately be based on a physical model of the 

imaging system. An excellent discussion of the entropy concept and its 

relation to a photon model for the object has been given by Kikuchi and 

Soffer (1977). 

As mentioned above, in Frieden's maximum entropy method the ob

ject can be regarded as a probability density function for the distribu

tion of its constituent grains. By maximizing the entropy, - Yo.£n(o.), 
X 1 

one determines an object in which the °^'s are as nearly equal as pos

sible while maintaining consistency with the image constraints. In this 

sense, Frieden's method has an inherent smoothing feature. The measure 

of the "smoothness" is the entropy. 

The maximum entropy estimator synthesis method does not have an 

implicit smoothing property for the object. If constraints on the 
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correlation are not explicitly imposed, the joint density function of 

the object factors into the product of marginal densities. Hence, it 

is reasonable to expect that the synthesis method will give restorations 

that have greater spurious oscillation than Frieden's method. Illustra

tions of this behavior will be shown in a later section. 

Burg's Maximum Entropy Method 

Burg (1967) developed a maximum entropy method for the estima

tion of power spectra from a finite number of autocorrelation lag prod

ucts. The method has certain advantages over conventional power spectrum 

estimation procedures and has been applied in the fields of geophysics 

and astronomy. 

Let x(t) denote a random process. Assume that this process is 

weakly stationary. Then the autocorrelation function of x(t) is given 

by 

R(T) = E{x(t) x*(t -X)} . (3.81) 

The power spectrum of the process is defined as the Fourier transform 

of the autocorrelation function: 

OO 

s ( f )  =  J R(x)e j27Tfx dT , (3.82) 

—00 

and the autocorrelation function can be found from the power spectrum 

by the inverse transform: 

00 

R(T) = j  S(f)ej2irfT df . (3.83) 
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Given measurements of the autocorrelation function at a finite 

number of lags, a power spectral estimate is obtained from Eq. (3.82). 

In this estimate, R(t) is assumed to be zero for all III > t . The 1 1 max 

power spectrum estimate is then equal to the convolution of the true 

power spectrum with the Fourier transform of the data window, 

2T sin(2iTfT )/(2nfT ). This function has strong sidelobes which 
max max max 

can lead to undesirable "crosstalk" or "leakage" between adjacent fre

quencies. The sidelobes can be reduced by multiplying the autocorrela

tion data by a suitable window (weighting) function. Then the estimate 

becomes 

/TmaX -i2TTfT 
W(x) R(T)e dt . (3.84) 

-T 
max 

However, as sidelobes are reduced, the resolution in power spectral 

estimates is decreased. The sidelobes can be suppressed about an order 

of magnitude with the sacrifice of a factor of two in resolution (Abies, 

1974). 

There are several problems with the power spectrum estimate 

given by Eq. (3.84). First, the estimate S(f) may not always be posi

tive, and second, the estimate is not self-consistent, i.e., if S(f) is 

substituted into Eq. (3.83) it may not reproduce the original data. 

These problems arise from the tacit assumption that R(x) = 0 for 

IT i > T . An unbiased estimate should be "maximally noncommittal with 
1 1 max 

regard to unavailable data" (Abies, 1974). To obtain this estimate, we 

maximize the entropy of the process with the data acting as constraints. 
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For a stationary process subject only to constraints on the 

first- or second-order moments, it can be shown that the entropy is 

given by (Smylie, Clarke, and Ulrych, 1973, pp. 412-414) 

£n S(f) df . (3.85) 

The measured data is where R(T^) and = kAt; k = 0, ± 1,...,±M. 

The data constraints on S(f) are: 

I\i = f S(f)eJ 
2TTfkT 

df, for k = 0, ±1, ..., ±M. 

(3.86) 

Maximizing H subject to the data constraints leads to the following 

estimate of S(f): 

S(f) = 

M 

I 
L k=-M 

* i2T7kAx f 
6k e 

-1 

(3.87) 

The Lagrange parameters 0^ can be determined from the constraint equa

tions. A closed form solution for the estimate can be derived (Edward 

and Fitelson, 1973). The result is 

-2 

S(f) = 1 + 

M 

k=l 

Yie 
j2iTkATf (3.88) 

The y's are given by the solution of the following simultaneous linear 

equations: 

M 

^ (3.89) 2 "w £ > k 1, ... , M , 

where = R 

£=1 

(k-Jl) 
and is 1 if k = £, but 0 otherwise. 
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The application of Burg's algorithm, Eqs. (3.88) and (3.89), is 

based on an analogous property of optical images and power spectra, 

namely their positivity. If the object transform is known at a discrete 

number of regularly spaced frequencies, then it plays a role analogous 

to the autocorrelation function in Eqs. (3.88) and (3.89). Figure 3.2 

illustrates the analogies involved in applying Burg's algorithm to opti

cal images. 

Applied to the optical images in this fashion, Burg's algorithm 

is only an ad hoc method, not a formal solution of the restoration prob

lem. Burg's algorithm suggests the use of j Jin o(x)dx as a measure of 

the entropy of optical objects. Formally, one must develop the object 

entropy measure in context of the optical problem. In the optical prob

lem the object itself o(x) (based on a reflectance pattern) could be 

considered as a basic random process. For Burg's algorithm, S(f) is 

not the basic process x(t), but a function derived from it. Consequent

ly, o(x) and S(f) may not have exactly analogous roles. Furthermore, 

it is not samples of object transform which constitute the data in the 

optical restoration problem, but samples of the image. Of course, the 

object transform samples could be estimated in some manner from the 

image data and these estimates in turn used in the Burg algorithm. 

Philosophically, such a compounded estimation procedure is not appealing. 

For two-dimensional images, Burg's procedure does not lead to 

a closed-form solution (Ponsonby, 1973, Wernecke, 1975). Hence, the 

Lagrange parameters {9^1 would have to be determined by numerical 

methods. 
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Fig. 3.2. Analogies in the Application of Burg's 
Maximum Entropy Method to Optical Images. 
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The problem of errors in the data has been considered by Abies 

(1974) and Wernecke (1975). Because of errors in the data R^, it may 

be impossible to determine an S(f) that satisfies the data constraints 

Eq. (3.86) and simultaneously satisfies S(f) > 0 everywhere. If con

straints are to reflect our actual knowledge, then Eq. (3.86) must be 

modified. Abies suggested that it be replaced by the single constraint 

Werenecke (1975) has given a more general constraint that takes account 

of the covariance structure of the measurement errors. 

The Relationship between Burg's Method 
and the Estimator Synthesis Method 

Suppose all constraints on the object can be expressed as linear 

functions of the object samples. Then, using Jayne's method, we can 

write the joint object probability density in the form 

for nonnegative object values. The c^'s are constants depending on the 

linear constraints. The expected value of o^ is 

j2irfkAT 
(3.90) 

-c .o. 
l l 

(3.91) 

x 
(3.92) 
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The entropy of the object can be written as 

H = - / p(o) Jin p(o) do^ = " jP(o) 

=  - J  £ n  n  P(O±>] DO 

= - J IT P^) £n PCo^jj do 

= - S Jp(°i) An p(0i) d0;L = X H± (3.93) 

where 

Hi = - p^) £n p(oi) doi . (3.94) 

Thus, we see the entropy of the object can be expressed as a sum of 

entropies of each object variate. This is possible only when the esti

mated joint density for the object factors into a product of marginal 

densities. Using Eqs. (3.94), (3.91) and (3.92) we find the entropy of 

the ith object point: 

Hi • -/f(0i> -tn(°i)]doi 

= Zn (o/> + 1 . (3.95) 

The total object entropy is 

H = I H. = £ (l + An /o.)) . (3.96) 
i i * 

Hence, apart from a constant, Eq. (3.96) has the form of Burg's entropy. 

When the only constraints are the image equation and positivity, Burg's 

method will give the same result as the estimator synthesis method. 
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Using Burg's algorithm, one would maximize £ Jin o^ subject to the con

straints T s .o. = i . In the estimation synthesis approach, one 
j mj j m 

would first determine the joint object density by maximizing 

- Jp(o)£n p(o) d£ subject to the constraints E s^o^j. = i^, and from 

this density one would then obtain the expectation of the object, which 

is taken as its estimate. 

The estimation synthesis method of course is not restricted to 

the noiseless image equation as the only constraint. It has more general 

applicability to image restoration than the ad hoc use of the Burg al

gorithm. A primary advantage of the synthesis method is that noise can 

be treated in a consistent manner and the restorations of noisy images 

are stable. 

Digital Simulation Studies 

In this section we examine some of the performance characteris

tics of maximum entropy restoration algorithms. It is of interest to 

know how parameter variations affect the restorations. Also, we want 

to find out if the various algorithms differ in resolving power. With 

mathematical analysis we cannot easily attack these kinds of questions; 

therefore we turn to computer simulation. 

In the simulation studies we use the same objects that were used 

in Chapter 2. The point spread function used is 

s(x,y) = ^ sine2 ~ , (3.97) 

where r is the Rayleigh distance. The spread function is discretely 

convolved with the object function to obtain the noiseless diffraction-

limited image. Random numbers are added to the noiseless image data g^ 
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to obtain the noisy image. The relation used is 

4m * t1 + 100 ""m"1)] • for m = 1 M' (3'98) 

where p is the percentage of noise, and the u^'s are uncorrelated random 

numbers uniformly distributed between 0 and 1. 

As one test object, we use a rectangular function (the same as 

in Chapter 2). The width of the rectangles is 3 times the Rayleigh dis

tance. The object is represented by 53 samples, and the Nyquist and Ray

leigh distances are, respectively, 3 and 6 times the object sampling 

interval. 

Figure 3.3 shows a comparison of restorations produced by three 

maximum entropy algorithms. The image data have 1 percent noise. The 

same image data are restored in all three cases. The dashed image curve 

in plot (b) is slightly different, although the image data is the same 

in each case. This difference is the result of a normalization provision 

in the plotting program. The amplitude of the rectangle is 0.8; and 1.0 

is full scale on the plot. If the restoration values exceed 1.0, as 

they do in Fig. 3.3(b), then all the plot values are rescaled to avoid 

hard limiting of the plot. Because of this rescaling and the finite 

quantization of the plots, the image curve in (b) differs from the image 

curves in (a) and (c). This peculiarity is present on many of the suc

ceeding plots in this section, but it does not affect our comparisons or 

conclusions. 

Part (a) of Fig. 3.3 shows a restoration based on Frieden's 

maximum entropy algorithm [see Eqs. (3.70) and (3.71)]. The parameters 



(a) Frieden's method. (b) Synthesis method, unbounded. 

(c) Synthesis method, bounded 

Fig. 3.3. Comparisons of Maximum Entropy Restorations of a Rectangular Object. 

The dashed lines show the image data. (a) Frieden's method: p = 100 and 
Bmax = 0.005, (b) synthesis method unbounded, y = 32, (c) synthesis method, 
bounded, y = 1.8. 
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p and B are chosen for minimum rms error. The edge gradients of the 
max 

restoration are 3.3 times those of the image. The spurious oscillations 

about the upper level have the same visibility, defined as (max - min)/ 

(max + min), as for the inverse filtered restoration, see Fig. 2.1(a). 

Parts (b) and (c) of Fig. 3.3 show restorations based on the 

maximum entropy estimation synthesis method. In (b) there is no upper 

bound constraint. The restoration is based on Eqs. (3.39), (3.42) and 

(3.43). Instead of using the parameter e, see Eq. (3.31, we use param

eter y. They are related by the equation, 

e • ̂ 305 £ ̂  • (3'99) 

m 

where p is the noise percentage and i is the mth image sample. For 

uniformly distributed noise, the quantity (p2/300) i2 is the expected 

value of £ n^. The parameter y is selected for minimum rms error. 

Part (b) shows several interesting features. The visibility of 

the spurious oscillations is 2.1 times that of the inversed filtered 

restoration. This is consistent with our expectation that synthesis 

restoration, without explicit object correlation constraints, would be 

more oscillatory in case (b) than in (a). It is also interesting that 

the restoration does not approach zero beyond the rectangle's edges, 

but rather approaches a small constant. This means that the object 

restoration and the noise estimate have mutually offsetting biases. 

This problem could be overcome by using an estimate synthesis, 

where the noise estimate is forced to be bounded by limits proportional 

to the image values (see example 3 above). The maximum edge gradients 

for the (b) restoration are 5.4 times those of the image. 
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In part (c) , the restoration is based on Eqs. (3.47), (3.42) 

and (3.43) where the upper and lower bounds are 1.0 and 0. The rec

tangular object has amplitude of 0.8. We see that the upper bound con

straint is active and greatly improves the restoration. The visibility 

of the spurious oscillations is 17 percent less than with inverse filter

ing. The maximum edge gradients are 4.6 times those of the image. 

The bounded forms of Frieden's method Eqs. (3.75) or (3.79) were 

not tried. They would probably show even less spurious oscillation than 

the bounded synthesis method used for part (c) of the figure. The syn

thesis method has an inherent tendency to produce a rough object esti

mate, unless point-to-point constraints are explicitly imposed. On the 

other hand, Frieden's method tends to smooth the object. 

Positive restoration algorithms often entail some undetermined 

parameters: a and 8 in the case of the arc length constrained algorithm 

(see Chapter 2), p and B for Frieden's algorithm, and y for the maxi-
max 

mum entropy synthesis algorithms that we consider in this section. The 

parameters of a restoring algorithm define a family of restorations. 

Usually these parameters must be selected by trial and error. If there 

are known features in the object, they can be of great help in selecting 

proper values. 

Figure 3.4 shows the effect of p-variation on restorations of a 

rectangle by Frieden's algorithm. The image data has 8 percent relative 

noise in this case and B is nearly optimal. The rms restoration error 
max y r 

is smallest for p = 200. The edge gradients increase as p increases. 



Fig. 3 . 4 .  Effect of the p  Parameter on Frieden's Maximum Entropy Restoration. 

In all cases B = 0.025 and the relative noise is 8 percent. oo 
max ON 
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Also, as p increases, the visibility of the spurious oscillations in

creases; and as p becomes very large, the number of spurious lobes 

increases. Changes in the number of lobes might be useful as an indi

cator that these oscillatory features of the restoration really are 

spurious. The restoration also exhibits an edge artifact which arises 

because the total energy estimate is slightly too large to be consistent 

with the image data. 

The restorations are sensitive to the particular set of random 

noise values that have been added to the ideal image. Figure 3.5 shows 

restorations with Frieden's algorithm for two different random noise 

sets. The same p and B values were used for both restorations. The 
max 

values are nearly optimal for the first random noise set, but are quite 

nonoptimal for the second set. This behavior makes the selection of 

optimal parameter values more difficult. Optimal values for one part 

of a picture may not be optimal in another part. 

The effect of y on restorations based on the synthesis method 

without an upper bound constraint [see Eq. (3.43)] are shown in Fig. 3.6. 

Here we find that the edge gradient increases as y decreases. The bias 

in the restoration beyond the rectangle edges also decreases as y de

creases. 

Generally, the visibility of the spurious oscillations is greater 

than it is with Frieden's algorithm. Also, the rectangular restorations 

show a negative bias in the width of the object at half maximum ampli

tude. Frieden's algorithm shows almost no width bias. Width bias would 

be an important consideration in many applications (e.g., the estimation 

of asteroid sizes). 



(a) First random noise set (b) Second random noise set 

Fig. 3.5. Restorations for Frieden's Algorithm for Two Different Random Noise Sets, 
t 

In both cases the noise is 8 percent, p = 200, and B = 0.024. 
max 

oo 
oo 



Fig. 3.6. Effect of the y Parameter on Synthesis Method Restoration. 

The noise is 8 percent and the first random noise set is used. 
oo 
vo 
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Figure 3.7 is the same as Fig. 3.6, except that here a differ

ent random noise set is used. In Fig. 3.6 the rms error is smallest 

for y = 16; in Fig. 3.7 the rms error is smallest for y = 2. 

Figure 3.8 shows restorations of the rectangle based on the 

synthesis method with an upper bound constraint [see Eq. (4.47)]. We 

see that for both noise sets these restorations are much better with 

regard to the edge gradients and spurious oscillation than for the un

bounded restorations. Also, there does not appear to be any significant 

bias in the width of the restored rectangle. 

We now consider the ability of maximum entropy restoring algo

rithms to resolve closely spaced impulses. The object used in the fol

lowing cases consists of two equal amplitude impulses separated by 

one-half the Rayleigh distance. The image is sampled at the Nyquist 

interval and the object is restored at an interval 1/6 the Nyquist inter

val. In all cases 1 percent relative noise is used based on Eq. (3.98). 

Figure 3.9 shows the effect of p  on the resolving ability of 

Frieden's algorithm (unbounded). As p increases, the impulses are more 

clearly resolved. 

Figure 3.10 shows that the parameter B as well as p can affect 
max 

resolving ability of Frieden's algorithm. In selecting , it is de

sirable to make it as small as possible while still obtaining numerical 

convergence. The adjustment of B is often touchy. 

Figure 3.11 shows the effect of background contrast on resolving 

ability for Frieden's algorithm. The background consists of a centrally 

placed sin2 pedestal 30 units wide. The contrast is defined as 



(a) Y (b) Y 

(c) Y 

Fig. 3.7. Synthesis Method Restorations Using the Second Random Noise Set. 

The noise level is 8 percent. vo 



(b) Second random noise set (a) First random noise set 

Fig. 3.8. Bounded Synthesis Restorations for Two Different Random Noise Sets. 

In both cases, y = 0.5, (a) first set; (b) second set. 

vo 
to 
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J. 
(a) p = 100 

A 

(b) p = 200 

I 

J 
(c) p = 800 

Fig. 3.9. Effect of p parameter on the Restoration of Two Impulses Using Frieden's 
Algorithm. 

In all cases Bmax = 0.0015. The noise level is 1 percent here and on 
all remaining figures in this chapter. 

vo 
oo 
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(a) B = 0.0020 
max 

(b) B = 0.0015 
max 

Fig. 3.10. Effect of B on Two-point Resolution. 
max v 

In both cases p = 60. vo 



A>-; 

B = 0.0015 
max 

(a) C = 

I 

-A-r: 

B = 0.0018 
max 

(b) C = 40 

X. esssS*r. 

Al 
B = 0.0027 
max 

(c) C = 20 

Fig. 3.11. Effect of Background Contrast on the Restoration of Impulses Using 
Frieden's Algorithm. 

In all cases p = 1600. vo 
U1 
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o - o 

C = P 
q 

C , (3.100) 
c 

where is the amplitude of the object peak and .oc is the minimum value 

of the object between the peaks. As the contrast of the peaks decreases, 

the restoration resolves them less clearly. For a contrast of 20, the 

impulses are not resolved, and the restoration shows some undesirable 

artifacts near the edges of the background pedestal. This background-

related problem can be overcome, at least for positive impulses, by first 

estimating the background and subtracting it from the image (Frieden and 

Wells, 1978). 

Figure 3.12 shows the effect of contrast variation on the ability 

of the synthesis algorithm [Eq. (3.43), unbounded] to resolve the im

pulses. Image data for parts (a), (b), and (c) of the.figure are the 

same as were used in Fig. 3.11. Note that the synthesis algorithm re

solves the peaks at lower contrast than Frieden's algorithm and there 

are not artifacts near the edges of the pedestal. 

Figure 3.13 shows how the y parameter of the synthesis algorithm 

affects the resolution of the two impulses. Here resolving power is not 

a monotonic function of y, and in this respect this case is different 

from Frieden's algorithm and its p dependence. 



(a) C = (b) C = 40 

(c) C = 20 

I 

(d) C = 10 

Fig. 3.12. Effect of Background Contrast on the Restoration of Two Impulses by 
the Synthesis Method. 

In all casesy= 4. 
VO 
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(a) Y « 32 (b) y = 16 

• • • • • • •  

(d) Y = 2 

Fig. 3.13. Effect of the y Parameter on the Restoration of Two Impulses by the 
Synthesis Method. 

The contrast is 20 in all cases. 
VO 
oo 



CHAPTER 4 

RESTORATION OF ATMOSPHERICALLY DEGRADED IMAGES 

Physical optics tells us that the angular resolution of an 

imaging system is approximately A/D, where A is the wavelength of light 

used and D is the diameter of the aperture. For the Mt. Palomar 5 meter 

(200") telescope, the above relation gives a resolution of 1/20 of an 

arc second (taking A as 5 x 10" 7 m). However, this resolution is not 

even approached by the telescope. The typical resolution obtained is 

approximately 1 arc second. This resolution is roughly characteristic 

of all large ground-based telescopes. This limitation is the result of 

atmospheric turbulence, which causes the incoming wavefronts to be dis

torted in a random manner so that most light is scattered into a disc 

much larger than the Airy disc. One arc second corresponds to the Ray-

leigh resolution for a 25 cm (10 inch) optical aperture. The primary 

reason for building telescopes larger than 25 cm has been the collection 

of more light so that dimmer objects may be detected. 

For the last decade there has been increasing interest in the 

problem of how to compensate for the effects of atmospheric turbulence 

on images. Several promising approaches have been developed. These 

approaches can be classified as either active or passive methods. With 

active methods one measures the wavefront distortions introduced by 

atmospheric turbulence and compensates for these distortions by altering 

the figure of certain optical elements. The atmospheric turbulence has 

99 
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a characteristic fluctuation time of approximately 1/100 second. The 

turbulence induced random wavefront deformations have a characteristic 

size (correlation distance) of approximately 10 cm. From the above num

bers, the reader may appreciate that for a large aperture optical sys

tem, active compensation for atmospheric turbulence in real time is a 

complex problem. The emphasis here will be on passive approaches. The 

reader wishing more information of active optics may refer to the March 

1977 special issue of the Journal of the Optical Society of America. 

With passive methods, the emphasis is placed on how to optimally 

collect and process the image data with a fixed optical system. We 

shall review a number of passive methods: Michelson stellar interferom-

etry, Labeyrie speckle interferometry, and the Knox-Thompson method. 

Finally, we shall give the development of some new restoration methods 

based on statistical estimation theory. Before proceeding with the 

treatment of restoration methods, it will be useful to present some 

theory relevant to the formation of images degraded by turbulence. 

Image Formation Theory 

We shall now present some theory pertaining to the effect of 

turbulence on image formation. The imaging problem we are considering 

is depicted in Fig. 4.1. 

Consider a plane wave of amplitude A as shown in the figure. 

After it propagates through the turbulent medium the wavefront is no 

longer planar as it arrives at the entrance pupil of an optical system. 

The wave in the entrance pupil in general will have both amplitude an 

phase variations. The phase variations can be as large as several waves. 
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Incident 
Plane 
Wave 

turbulent 
medium 

pupil function 
\ p(I> 

3 —f — 

t 
instantaneous 
wave front 

instantaneous 
image i(x,t) 

Fig. 4.1. Turbulent Image Formation. 

The complex wave amplitude in the entrance pupil is denoted 

by U(C.,t) and can be expressed as 

U(£,t) = A exp U(£,t) + j<K.i,t)] » (4.1) 

where £(£_, t) is the logarithm of the amplitude variation caused by the 

turbulence and ^(J^t) is the phase variation caused by the turbulence. 

We shall regard £(J;,t) and <J>(j^,t) as random processes in space and time. 

From diffraction theory, the amplitude in the image plane arising 

from the disturbance U(£,t) in the pupil plane can be written (Goodman, 

1968, p. 85): 

a(x,t) = -j(Xf)"1 exp ~ x • xJ^d£_P(£j) U(£_,t) 

• exp £- j x * J£.j » (4.2) 

where P(_£) is the pupil function of the imaging system. 
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The irradiance in the image plane is given by the square of the ampli

tude: 

, 2  

s(x,t) = |a(x,t)| 

= (Xf)"2 Jdg.! Jd&j P(l!) P*(£2) 

U(J.i,t) U*(_§2,t) exp f? - ' ̂  ~ * 

(4.3) 

We assume that £(£_, t) and <}>(£., t) are invariant over small field 

angles. The field angle within which £(£, t) and <j>(ji,t) can be regarded 

as invariant determines the size of the isoplanatic region for the 

atmosphere. In practice, the stationarity of these functions with re

spect to field angle holds only for a field of view of a few arc seconds. 

Equation (4.3) represents the instantaneous point spread function 

for incoherent imaging. The effective spread function for a finite detec

tion time will be given by the time average of this expression over the 

detection time. 

The net spatial transfer function of the combined atmosphere 

optics system will be given by the spatial Fourier transform of the 

spread function: 

T(_u,t) = s(jc,t) e — — dx 

M = (Af)"2 I d£! Id^ P(Il) P*(l2> U(jj ,t) U(£>,t) 

r / 11 -12\ 
* I dx exp -j2irx • lu + —^ I . (4.4) 
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The integral over x yields a delta function which enables us to 

evaluate one of the £ integrals. The resulting expression for the trans

fer function is 

T(u.t) = |d, P(£j) P*+ Afu) 

• U(ii,t) U(£i + Xfu.t) . (4.5) 

We assume that the random process U(^j,t) is both spatially and 

temporally stationary. Also, we assume that it is temporally ergodic. 

The transfer function of a long exposure image [exposure time >> tem

poral correlation time of U(£,t)] approaches the ensemble average of the 

expression in Eq. (4.5). Let T(u) denote this ensemble average. Then, 

we write 

T(u) = Jd£ P(£) P*(? + Xfu) (U(?,t) U*(? + Afu.t)) , (4.6) 

where the brackets denote ensemble averaging. The correlation 

function 

TR(U) = (U(£lft) U(EI + Afu,t)) (4.7) 

was assumed to be spatially stationary; it is not a function of 

hence, it can be factored out of the integral in Eq. (4.6). The trans

fer function in the absence of turbulence can be written as 

I' V") = / dl P(D P*(I + Xfu) , (4.8) 

which is the complex autocorrelation of the pupil function. Thus, we 

have the important result: the expected value of the instantaneous 

transfer function can be expressed as the product of the system's 
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transfer function in the absence of turbulence and the correlation func

tion of the wave amplitude U(£,t). This correlation function is regarded 

as the transfer function of the atmosphere (Barakat and Blackman, 1973b 

on Shack, 1967) . Thus we have 

T(u) = (T(u,t)) = TR(U) TD(U) . (4.9) 

Let us consider the atmospheric part in more detail. From (4.1) 

and (4.7) we can write 

TR(U) = (exp {£(.§) + Mi. + Afu) 

+ j[*(i) ~ <KJL+ Afu)]}) , (4.10) 

where the time arguments of I and 4> have been dropped. Also, the wave 

amplitude A in Eq. (4.1) has been dropped, because we are concerned here 

only with the normalized transfer function. 

It is commonly assumed that the log-amplitude function &(0 and 

the phase function <t>(£) have jointly normal densities (Fried, 1966, 

p. 1374; Shack, 1967, p. 4). This assumption can be supported by argu

ments using the central limit theorem (Metheny, 1976, p. 26). Physi

cally we expect the turbulence statistics to be isotropic. Hence, from 

an interchange of coordinates and ̂ , we see that 

(U(Ii) + M&)] [<f>(£i) " <K£2)]) = 0 • (4-11) 

This means that the quantity £(§.i) + %•(&) is uncorrelated with quantity 

•K^l) - <f>(?2) . Since fc(jj) and <p(£) are normally distributed, it follows 

that £(JLi) + ̂ (iL2) is statistically independent of <J>(£i) - $(£2)- Hence, 
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TR(U) = ^expU(ji) + UJL + xfu)l) 

• (exp[j4»(S.) - j<KJL + Afu)]) (4.12) 

If z is a normally distributed random variable, then (Papoulis, 1965, 

p. 476) 

<exp(z)}> = exp (z) exp ((z - ( (4.13) 

We assume the expected value of SL(0 is stationary and that the expec

tation of $(£) is 0. Let I = (&(£)) • Then, using Eq. (4.13), we can 

write the transfer function as 

TR(_u) =. exp(2£) exp | % ([MO + &(JL + - 2£ ] )| 

• exp | h ([>(£) - <KJL + ̂ fu)l )|« (4.14) 

The turbulent medium neither absorbs nor increases the radiant power of 

the light. Hence, we require that TR(0) = 1. From Eq. (4.14), we see 

that this condition implies 

exp(2£) = exp j-% ([2£(£) - 21 ] . (4.15) 

The variances of i1(0 and <KJL) are denoted by 

a.2 = (U(D-I]2) (4.16a) 

and 

2 _ ' ~ 2 a." = ([<KD - <H > • (4.16b) 

We shall assume the variances are finite. 
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The correlation coefficient of H(0 and Z(£ + n.) is defined as 

P£(n) = o~2 C£(n) , (4.17) 

where 

C^Cn) = (U(0 " U(I+n) - T]) (4.18) 

is the autocovariance function of £.(£). 

For the phase function <j>(0 we have the analogous definitions: 

P^a) = °-2 C^n) (4.19) 

and 

C^n) = <[*(1)-?] [+(i + n) - ?]> • (4.20) 

Since <f> = 0, we have 

C^n) = (cKi) <Kl+n)) = R^n) . (4.21) 

and the autocovariance function is identical with the autocorrelation 

function. 

Using Eqs. (4.15) to (4.21), we obtain from Eq. (4.14) the fol

lowing expression for the expected value of the atmospheric transfer 

function 

TR(U) = exp {—CT£2 [1 - p£(Afu)]} exp {~o^[l - P̂ fu)]} 

(4.22) 

Shack (1967) has noted that a log-amplitude standard deviation 

of 0.5 corresponds to variations in the amplitude of the wavefront equal 

to several times the average value. This is in agreement with stellar 

scintillation data. For a= 0.5 the maximum reduction in the transfer 

function is 22%. An equivalent reduction would be produced by a phase 



107 

variation of only A/12. For = 2ir, which is more realistic for real 

turbulence, we find, expC-a 2̂) = 7 x 10-18; hence the transfer function 

TR(U) is negligible when Xfju is greater than correlation distance of the 

phase function. 

In many studies of imaging through turbulent media, the structure 

function concept is used. The structure function of a random process 

4>(_0 is defined as (Tatarski, 1961, p. 9) 

D(£i,i2) = ([<Kll) - <K£2)]2) • (4.23) 

The mean values of atmospheric random processes undergo slow variations, 

often of large amplitude. Such a process may not have a meaningful vari

ance. The structure function is useful because it is not strongly affected 

by slow variations in the mean. Often, the structure function will be 

stationary when the autocorrelation function is not. 

If the process <(>(_£) has a stationary autocorrelation function, 

we find 

iya) = ( [<KD - <Ki + n)]) 

= 2 [R^O) - R^Ot)] • (4.24) 

If the autocovariance function is stationary, then it has a similar 

relation to the st-ructure function: 

D.(n) = 2 tc.(0) - C (n)] . (4.25) 
<p ~ <p <p -

Equation (4.22), when written in terms of structure functions, is 

TR(u) « exp {-h [D^(Xfu) +D(j)(Xfu)]} . (4.26) 
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This equation was derived by Fried (1966). The quantity 

D(Xfu) = D (Xfu) + D (Afu) (4.27) 
— Jo — <p — 

is called the total wave structure function. From the theory developed 

by Tatarski, the total wave structure function can be shown to obey a 

5/3-law. Fried (1966) gives the following form for the structure func

tion 

D(r) = 6.88 (r/ro)5/3. (4.28) 

To use this in Eq. (4.26), we let r = Af[uJ. This form is valid for 

plane waves (source at infinity). The factor 6.88 is a theoretical value 

for "typical" turbulence, but experimental measurements show that this 

factor can vary by several orders of magnitude. The rQ parameter was 

first introduced by Fried and is typically about 11 cm (Fried and Mevers, 

1974). 

The 5/3-law is not valid for all r, but only in the so-called 

inertial range, 8. < r < L . where iI is called the inner scale of the ° o o o 

turbulence and Lq is the outer scale. Typically, H is a few milli

meters and Lq is a few meters. For many optical imaging problems one 

can assume that Z =0 and L = °°. 
o o 

Diffraction Limited Interferometric Methods 

Direct imaging of astronomical objects through the atmosphere 

is limited by turbulence to angular resolutions of about one arc second. 

There are several techniques which overcome this limit in the restricted 

sense that spatial frequencies out to the diffraction cutoff are 
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utilized; however the information obtained is less complete than in a 

diffraction limited image. 

Fizeau and Michelson Stellar 
Interferometers 

The earliest of these methods are the stellar interferometers 

of Fizeau and Michelson (Born and Wolf, 1965, pp. 271-277). In the 

Fizeau interferometer the aperture of a telescope is masked by two slits, 

as shown in Fig. 4.2. 

Fig. 4.2. Fizeau Stellar Interferometer. 

The light coming from the slits S} and S2 interferes producing 

a fringe pattern. The visibility of the fringes near the center of the 

pattern is proportional to the absolute value of the mutual coherence 

function of the field at the slits. 

If the source is a uniform disc of an angular radius 0, then 

the mutual coherence function is 
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«u<*> - ;eY, '• <4-29) 

— 1*1 

where x is the separation of the slits. By finding the separation Xq 

for which the fringes vanish (|y(x)| = 0) the angular size of the source 

can be found. For the uniform source the relation 

6 = 1.22 — (4.30) 
o x 

o 

The Michelson stellar interferometer is shown in Fig. 4.3. By 

the use of moveable mirrors, the coherence of illumination can be 

examined at separations greater than the diameter of the telescope objec

tive. Michelson and Pease (1921) used this configuration on the Mt. 

Wilson 100 inch telescope to measure the angular diameter of Betelgeuse 

and some other bright stars. The separation of the mirrors Mj and M2 

was approximately 6 m. 

y M2 

Fig. 4.3. Michelson Stellar Interferometer. 
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More information can be obtained about the object if the visibil

ity of the fringes is measured for all separations below the maximum pos

sible separation. The would give |y(x)| as a function of x. In addition, 

if the phase is determined by measurements of the fringe positions, then, 

in principle, the mutual coherence function y(x) can be determined. By 

the Zernicke-Van Cittert theorem, the object could be obtained by taking 

the Fourier transform of the mutual coherence function. 

In practice, measurement of the fringe phase is very difficult 

due to atmospheric turbulence and severe mechanical stability require

ments for the two light paths. From |y(x)| alone the autocorrelation of 

the object can be uniquely found. If the object is symmetric, then it 

can be determined uniquely given |y(x)|. In practice, the measurement 

of fringe visibilities for all separations where |y(x)| is significantly 

larger than zero is cumbersome. As a result, the Michelson stellar inter-

ferometry is usually used only to determine stellar diameters and has 

largely been superseded even in this capacity by the Hanbury Brown and 

Twiss intensity interferometer (Hanbury Brown, 1974). 

Labeyrie Speckle Interferometry 

In 1970, Labeyrie developed a method for obtaining diffraction 

limited information while utilizing the full aperture of a telescope. 

The method is based on processing a large number of short exposure 

images. The atmosphere can be considered to be frozen during each 

k 
exposure. Let i(x) denote the kth short exposure image. The Fourier 

Ic transform of this image is I(u). For each image we have the relation 
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kI(u) = kT(u) 0(u) ; k = 1, •••, N, (4.31) 

Jj 
where T(u) is the combined optical transfer function of the atmosphere 

and optics for the kth image and 0(u) is the object transform. The 

transfer function T(u) generally departs significantly from zero in 

the frequency range from the long exposure cutoff of the atmosphere to 

the cutoff frequency of the optics. With suitable processing, this high 

frequency information on the object can be utilized. 

Direct averaging of the images and dividing out the average 

transfer function does not give good results in removing atmospheric tur

bulence degradation. The reason for this is that the average transfer 

is nearly zero for most of the high frequencies. High frequency object 

content in the average image is dominated by small amounts of noise. 

The squared modulus of the transfer function is nonnegative and 

generally does not average to zero. Thus, from the image ensemble we 

can form the Wiener spectrum of the image: 

<|Ku)|2) = <|T(u)|2) 10 ( u) |2 . (4.32) 

The angular brackets denote the ensemble average. The second-order quan-

2 
tity (|T(u)| ) is statistically stationary over a large field of view. 

Hence, ^ |T(u.) | ̂ can be determined by obtaining a set of images of a 

source that is known to be unresolvable. Then, from Eq. (4.32), we ob

tain an estimate of the object's modulus. Fourier transformation of 

2 
|0(u)| then yields the autocorrelation function of the object. This 

2 
procedure of estimating |0(u)| was first proposed by Labeyrie (1970). 
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In general, an image of the object cannot be obtained except in 

special cases, for instance, if the object is known to be centrally 

symmetric and bounded. Then the modulus alone determines the object. 

Also, if the object is composite and consists of an extended part and 

a nearby point source, as shown in Fig. 4.4, then the extended part of 

the object is replicated in the sidebands of the autocorrelation func

tion. The separation between the impulse and the extended object must 

be greater than the width of the extended part. This principle is the 

basis of "speckle holography" proposed by Bates and Gough (1974). 

{ 

o ( x  

i 

) 

Mk 
p. 

X  

Fig. 4.4. An Object That can be Recovered from its 
Autocorrelation Function. 

An advantage of the Labeyrie technique is that it can be imple

mented by coherent optical processing methods. The collection of images 

2. 
is recorded photographically. The power spectrum ^|l(u)| ^ can then 

be formed by making a multiple exposure of the Fraunhofer diffraction 

patterns of the successive speckle images. For the study of closely-

spaced binary stars, the fringes present in the image power spectrum can 
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be measured to determine the angular separation, orientation, and rela

tive magnitudes of the components. Further processing may not be re

quired. 

Image Forming Methods in Presence of Turbulence 

We now treat image forming methods in the presence of turbulence. 

The emphasis here will be on methods that significantly extend the fre

quency content in the reconstructed image beyond that present in the 

long exposure image. 

Direct Phase Averaging 

The first approach one might consider is direct phase averaging. 

In this technique a set of short exposure (speckle) images are Fourier 

transformed and the image modulus and phase are averaged separately. 

For the image, object, and transfer function we have the following rela

tionships : 

kI(u) = |kI(u)| e1 a(&> , (4.33a) 

kT(u) = |kT(u)| e1 , (4.33b) 

and 

0(u) = |0(u) le13̂  . (4.33c) 

Assuming the optical system is diffraction limited, then the expected 

value of the transfer function phase is zero, ^<K.u)^ = 0. The image 

phase is given by 

ka(u) = k<Ku) + 3(u) . (4.34) 
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Taking the expectation of Eq. (4.34), we get 

(a(uy> = (<t>(u)) + B(u) . (4.35) 

Since ^<|>(u)^ is zero, the object phase from Eq. (4.35) is 

3 ( u) = ( « ( u) ) • (4.36) 

It would appear from Eq. (4.36) that we have a simple method to obtain 

the object phase. However, there is a serious pitfall in this method. 

in the range -it to n. If the wavefront deviations introduced by the 

turbulence are a few waves, then the phase of the transfer function, and 

consequently of the image also, is nearly uniformly distributed. Equa

tion (4.35) is not correct when each term is reduced to the range -TT to IT 

It is correct for the unreduced, or true, phase angle. 

Consider a single direction in frequency space and the behavior 

of the transfer function T(u) along this direction as shown in Fig. 4.5a. 

Phase angles determined from the image Fourier transforms lie 

4 Re T 

(a) (b) 
"Random 
Spiral" 

View from _u 
direction 

(c) 

Fig. 4.5. Behavior of Transfer Function Phase. 
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The transfer function can be regarded as a kind of random spiral 

as shown in Fig. 4.5b,c. The "true" phase can be defined as the angle 

the transfer function vector rotates as it moves continuously out from 

the origin. The phase at the origin is zero. If we define the true 

phase in this way, then Eq. (4.36) can be used to obtain the object 

phase. But one needs to have some procedure for phase tracking in the 

transform so that one knows when to add or subtract 2TT to the reduced 

phase. Phase tracking works well when the modulus of the transfer func

tion remains large. Trouble usually occurs when the modulus approaches 

or passes through zero. At points where the modulus is small, noise can 

dominate. Noise renders the estimates of the transfer function phase 

meaningless where the modulus is small, even with phase tracking. Be

cause of noise we cannot tell when 2TT should be added to or subtracted 

from the phase. 

If the noise is not severe, phase averaging allows one to deter

mine the object phase in the main lobe of its spectrum. However, due 

to noise it is virtually impossible to track the phase beyond the "first 

zero". 

Knox-Thompson Method 

We now examine a method that has considerable potential for 

overcoming atmospheric turbulence in astronomical imaging. The algorithm 

proposed by Knox and Thompson (1974) is the first real candidate for . 

overcoming atmospheric turbulence, because it can handle large phase 

fluctuation of several waves and also, to a first-order approximation, 

it overcomes the problem of noise propagation in the phase estimates. 
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The Knox-Thompson (KT) method Is an ad hoc addition to Labeyrie 

speckle interferometry. In the KT method, the image transform modulus 

is obtained by the Labeyrie method and the image phase is obtained by 

averaging the product of closely spaced transform components. 

The KT modulus estimate can be written as 

Est{|0(u)|} = [ (11(u)|2) (|T(u)|2) J2, (4.37) 

see Eq. (4.32) above. The object phase can be estimated by the following 

* 
procedure. First, the correlation of I(u_ + Au) and I (u) is written as 

<(l (u+Au) I (u)^ = 0(u+Au) 0 (u) ^T(u+Au) T (u)^ 

(4.38) 

Next, dividing the above equation by its modulus and using Eq. (4.33), 

we obtain an estimate for the object phase differences: 

Est {exp[j 0(u+u) - j g(u)]} 

(I(u+Au) I*(u)) # 1 ( T(u+Au) T*(u)) | 
T<J I(u+Au) I*(u)~yT * T(u+Au) T*(u) • (4.39) 

To apply this estimate, a set of short exposure images is collected as 

in the Labeyrie method. Each image is Fourier transformed, then the 

ensemble averages can be taken for the correlation products in the above 

equation. The transfer function moments are found using an independent 

ensemble of images of an unresolvable "point" source (star). The spacing 

AIJ is chosen to be a small fraction, for example 1/6, of the correlation 

distance of the turbulence. With this spacing, the modulus of the corre

lation term ^T(u+A_u) T (u) ̂ is nearly as large as ^ |T(u) | ̂ , and 



118 

the correlation term will be significant for frequencies beyond the 

effective long exposure cutoff. Thus, Eq. (4.39) enables object phase 

differences to be estimated in the high frequency domain. An estimate 

of a particular object phase can then be expressed as a product of 

phase-difference estimates. 

We now switch to a discrete notation where u. denotes the ith 
—l 

spatial frequency, and 3̂  = 3(IK), 1̂  = I(u^), and = T(IK) . In this 

notation, Eq. (A.39) becomes 

_ t r..r r̂ \ <w:> kw:>I  
Est{expb(e - e ) } = — T t— . 

' L 1+1 lJ» l< W i>l  <wt> 

(4.40) 

Let ~ then an estimate for the nth component of the 

object phase is 

n-1 
Est(B ) = TI Est{exp(jA8, )} , (4.41) 

k=0 

where the phase of the zero-frequency component is taken to be zero. 

Discussion of Error in Knox-Thompson Phase Estimates. Equation 

(4.41) shows that the error in the phase estimate at any spatial fre

quency is dependent on the errors in the phase-difference estimates. It 

could then be expected that the error in phase estimates might build up 

in a random walk fashion as spatial frequency increases. Subsequent, 

analysis below will show that this random walk build up does not neces

sarily occur. To a first order of approximation in the signal-to-noise 
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ratio, the errors in estimates of neighboring phase increments may 

nearly cancel one another (Hawman, 1976a). 

cult to analyze the effect of noise on the KT phase estimates exactly. 

Also, phase error build-up is very sensitive to the location and magni

tude of minima (or zeros) in the object's spatial frequency spectrum. 

In the analysis that follows, we shall show that the error in the phase 

estimate depends almost entirely on the noise at the spatial frequency 

in question, and is almost independent of the noise at intermediate fre

quencies . 

where index k corresponds to spatial frequency. We shall make the fol

lowing assumptions: 

1. Different members of the image ensemble are statistically inde

pendent. It follows that 

Due to the division by (4.40), it is diffi-

For the jth member of the image ensemble, the image equation is 

(4.42) 

0 

0 , (4.43) 

and 
0 . 

2. The noise has zero mean and is uncorrelated. That is 

0 (4.44) 
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for all j and k, and 

<W> - °- (4-45> 

for all k 4 m. 

3. The noise is independent of the transfer function. Hence, it 

follows that 

( j Tk\> = °' <4*46) 

for all k and Z. 

Henceforth, for clarity we adopt a special notation for finite 

ensemble average estimates (sample means). Given N samples of a random 

variable z, the kth sample is denoted by z and the mean of the N 

samples is denoted [z]„ : 
N 

N 

* w I k* • 
k=l 

In this notation, the estimate of the object modulus is 

'f [|T(u)|2f 
N N 

[compare with Eq. (4.37)]. 

Likewise, the actual estimate of phase differences is [see Eq. (4.39)] 

Est! i o(_u) i i  = r i ^ iTr i^ iY ( 4 - 4 y> 
i 1 L N N 

Estjexp [j (*i+1 - |> = F! f2 ' (4.48) 

where 

. iti+i ̂ Li 
F = - — (4.49) 
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2 ~K * ( > 
LTi+l iJN 

This notation is used to remind us that these sample means are random 

quantities and that they have their own statistical means and variances. 

The factor F2, which depends on transfer function moments, is 

determined by averaging over a set of images that is statistically inde

pendent from those used to determine the first factor F^. Hence, the 

contribution of F2 to the error in the phase estimate is independent of 

the factor F^,. In the analysis below, we consider only the contributions 

of Fj to the phase error. 

The variance of F^ is hard to obtain. The phase error in the 

ith phase difference estimate is given approximately by the following 

expression: 

Ht1̂  

N 

If the deviations of are symmetrically distributed about 
N 

its mean value, and if the magnitude of the deviations are much smaller 

than the mean, then 63^ will be nearly the same as [Var{F^>]2. Figure 

4.6 illustrates the relation given by Eq. (4.51). 

* _  
We shall now consider some statistical properties of [I.,, I.] • 

N •k 
The product when expanded is 

I..- I* = 0.^0* T...T* + 0.,n T.j, N* l+l x 1+1 1 l+l i l+l i+1 1 

+ 0* T* N,., + N... N* . (A.52) 
1 1 i+1 i+1 1 
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u llm A 

1»-
Re A 

Fig. 4.6. Relation between Deviations in Mean Correlation 
Product and Incremental Phase Error 6|3^. 

The expected value of this product is 

<Ti+l h) - °i+l °l <Ti+l TJ> • <4"53> 

where we use the assumed noise properties Eqs. (4.44-4.46). 

It is easy to see that the expected value of the finite average 

has this same value: 

([wl] > - <1 f 
N ~ l+l x 3=1 

N 

£  2  < j i 1 + 1
3 i * >  

j=i 

- °i+i °*± <tI+I Tt> • (4-54> 
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*. 
That Is, the average 1^] *s an unbiased estimate of the mean 

^i+l Ii ) * 

Now let us consider the variance of this estimate: 

- >l2 • <*•"> 
N 

Expanding the first term of the variance, we obtain: 

= i2 X 1 ("i,„ ni*»i*„*i> 

(4.56) 

N ^ n m "i+l "i "i+l "i' 

and for n=m we have 

, 2  .  . 2  

n̂i ni* mi _mi.) = (1 Ii+X'1 'zi' > * (4"57) 
1+1 1 1+1 1 

and for n^m we have 

<ni.J.1ni* v.;™i.) " Kwt)!2 • (4-58) 
i+l i i+l i 

Combining Eqs. (4.55-4.58), we get the following expression: 

^{[wl],,} <|I;i+i|2|li|2> " Kwt> 
* > , 2  

(4.59) 

-  tV a r {wJ}-  '  ( 4 - 6 0 >  

is 

The last equation agrees with the fact that an unbiased 
* N 

estimate of variance given by Eq. (4.59) can be further 
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analyzed to show explicitly the contributions due to the turbulence and 

the additive noise. 

Using Eq. (4.42), we obtain: 

< l I i + i l 2 l I i l 2 >  *  l ° i + i l 2 l ° i l 2 <  l T i + i l 2  l T i l 2 >  

+ lo.l2 <IT±12 ) <l»1+1|2> 

+ 0 
i+1 

|2 <lT1+il2 ><lNil2) 

+  < l " i « l 2 >  < l N i l 2 )  • <4-61> 

Substituting Eqs. (4.61) and (4.53) into Eq. (4.59), we get 

• s {i°i+ii2i°ii2 [oT
i+1i2iTii2> 

-1  (Wi  > | 2 ]+  i ° i i 2  <i t Xi2> (i 

<ITi+112) (Ixj2) 

»i+ll2 

, 2  , .  , 2 V  /  .  . 2  
+ 0, 

i+11 

<IN1+1I2) Oil2>j- (4-62) 

Let us illustrate the above result with a numeric example. Consider 

the case where there is no additive noise. Then the principal source 

of error in estimating phase differences is the randomness of the atmo

spheric optical transfer function. For simplicity in this example, 

we regard only the phase of the transfer function as random, but not its 

magnitude. We write: 
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Ti = IT± I exp * (4.63) 

Furthermore, we regard as a normal random process with zero mean. 

In this case, we have 

(Wi) " l̂ llTj (aKp[jMl+1 - •.)]} 

= I Ti+i N Ti! exP [_cf2 (l-P) ] » (4.64) 

where a2 = var{<|>^}, and 

p = (^i+l^i) /a2 * (A.65) 

As a model for the phase correlation function p(r), we take 

p(r) = exp(-r2/r2) , (4.66) 
o 

where rQ is the correlation distance of the turbulence (typically about 

10 cm). If we choose our sampling interval to be 1/6 of the correlation 

distance, then p = exp(-l/36) = 0.973. Suppose the rms phase fluctuation 

in the OTF is 2ir radians. Also, take N, the ensemble size, to be 100. 

Using these values in Eqs. (4.64) and (4.62), we obtain: 

- { [ W H J  "  l 5 o  l 0 i + l ' 2 ' ° i ' 2 ' T i+l' 2 ' T i ' 2  

0 

• (l - exp [-2(2tt)2(1 - 0.973)]) 

2, 2 
= 0.0088 |l±+1l |X±I • (4.67) 

From Eq. (4.51) the incremental phase in the phase difference estimate 

is approximately given by 
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6(3^ « /0.0088 (57.3) = 5.4 degrees. 

This value agrees roughly with the results of simulation studies we will 

consider later. The incremental phase error gives us a lower bound on 

the phase error at any spatial frequency. 

As mentioned earlier, the error in KT phase estimates does not 

build in a random walk manner. Consequently, if the signal-to-noise 

ratio l^/Nj is large for all sample points along the path of successive 

estimation, then the error in phase estimates for any sample may not 

depart greatly from the incremental phase error 6(3^. We now give analytic 

support for this assertation. 

We denote the spatial spectral components of the noiseless image 

by H. The image equation is 

°I. " "H.+V " 0. "T. +>T <4-68) 
X  X I  X  X  I 

Although the notation may appear somewhat cumbersome, careful attention 

is given to ensemble member superscripting below. 

Referring to Eq. (4.41), we see the KT phase estimate at the 

nth frequency contains the following product: 

P = [I I* ] [I .1* 0] ... [1,1?] [I,X*] , 
n n+1 N n-1 n-2JN 2 1JN 1 0JN 

(4.69) 

where each average is computed over the same ensemble. Writing this 

product with the averages shown as summations, we get 

N N N 

? = 2 2 2 kI kI* -i i ""C o qii Q]* N , „ " n n-1 n-1 n-2 1 
k £ q " " - 0 

(4.70) 
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To make the analysis easier to follow, we shall consider the specific 

case where n = 5, 

P = / k k * SL !L * m m * n n * , (4.71) 
L5 l3 L3 2 2 il 

k£mn 

and see if we can determine how noise in the third frequency compo

nent propagates into the phase of the product. Since the noise compo

nents are independent, we can assume there is no noise in the other 

components. Using Eq. (4.68) and retaining only first order terms in N, 

we can write P as 

P = 

k£mn 

ky, k* £ sl * nu 
•" 4 4 3 3 

1 + 3 
"H3 

V  

3 J 

n H  V  
2 2 1 

(4.72) 

The summation over i and m can be factored out: 

P = RQ , (4.73) 

where 

and 

R = 

kn 

Q = 
&m 

*H5 X \ X 

"HI mu* 
4 3 3 2 

£N* "N, 

1 + TT-T + ~ 
£ * nv. 
3 3 

(4.74) 

(4.75) 

If Q can be shown to be real, then the phase of R is equal to 

the phase of P, regardless of the specific set of noise values {N^}. 
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We now examine the conditions for which Q is nearly real. The magnitude 

of Q's departure from realness is a measure of strength with which 

propagates into the phase of P. Q can be written as follows: 

- i Z  !H, V "v V 
Jim •-

o * 

3 . V 

+ zn2 £h3 mH* \ l + (4.76) 

The second term comes from interchanging the indices Z and m and rear

ranging some terms. Observe that Q would be a pure real quantity if 

M.  ̂ £ TIL  ̂
were equal to ^ If the sampling interval is much smaller 

than the correlation distance of the turbulence, and if the object spec-

TIL 
trum is also highly correlated from one sample to the next, then 

is approximately equal to 

As an illustration, we take 

^ = OT exp (j % ) , (4.77) 

where <}> is a Gaussian random process with variance a . The expected 

difference between ^H, mH_ and mH/ is 4 2 2 4 

D = m,,* <!\ ™H2 (4.78) 

|0T| ( |exp[j (V - m<fO] - exp[j(%2 - "V.)] | ) 

= 21OT |2 |l - exp [- % ((%4 - %2 - \ + m̂ 2)2)]} 

(4.79) 
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1c lc 
Denote the correlation coefficient between <j>^ and <f>2 by p2< Then we 

have 

((%4 - %2 - m<f>4 + m<t>2)2) = 4 a2(l-p2) . (4.80) 

Using this expression in Eq. (4.79), we obtain 

D = 21OT|2 -|l - exp [- 2a2(l-p2)]| . (4.81) 

When a2(l-p2) << 1, the expression for D becomes 

2 
D = 4|OT| ct2(1-P2) . (4.82) 

We can interpret D as a measure of the strength (a coupling factor) 

with which the noise can affect the phase of the product P. Note, 

that as the sample spacing decreases, P2 -> 1 and D -»• 0. When the sampling 

interval is sufficiently small, the intermediate noise components are 

effectively decoupled. The only noise components that affect P are those 

associated with the ends of the product chain; referring to Eq. (4.71) 

these would be and N^. If the first component in the chain corre

sponds to the zero frequency, then its noise component does not affect 

the phase of the product P, because the zero frequency is the reference 

point and is defined to have zero phase. Thus, only the noise in the 

last frequency component affects the phase of the product, providing the 

following three requirements are satisfied: 

1. The signal-to-noise |o^/N^| is much larger than 1 for all inter

mediate frequency points along the path of successive estimation. 

If |0i/N1| is not small, then second order noise terms will 

dominate the phase. 
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2. 

3. 

The object phase spectrum must be smooth, otherwise the coupling 

of intermediate noise components is large [see Eq. (4.78)]. 

The sampling interval must be a small fraction of the turbulence 

correlation distance, otherwise the intermediate noise coupling 

is large [see Eq. (4.82)]. 

The Knox-Thompson method works well in simulations for most ob

jects. For the above reasons the KT algorithm is quite insensitive to 

noise. This is a surprising result, because noise is not explicitly 

taken into consideration in formulating the KT estimate. However, since 

the KT algorithm derives phase estimates by successive estimation, and 

for many objects |o^/N^| is not always large, the KT can have some dra

matic failures. In the following sections we formulate some phase esti

mation methods which overcome the limitations of the KT algorithm. 

Dominant Eigenvector Method 

As in the Knox-Thompson method, the eigenvector method is based 

on processing multiple short exposure images. For each exposure the 

image equation (in the spatial frequency domain) can be written in matrix 

form: 

— — 

I, 
1 

T2 

• 
= 

• 

I 
n 

mm 

0 . 

0 0, 

n 

(4.83) 
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When we multiply this equation by its adjoint and take the expec

tation value, we obtain: 

<iiii2>:<iii2> •• 

(vD: <|j2i2) 

<l*ll2> l°ll2 <T1T2> °1°2 ' 

<T2T*> 0,0* 

• 

<IT2I2> I°2I2 

• 

• 

• 

• 

For the above equation all the object products can be estimated 

by the division of corresponding elements; for example, 

*. 

Est{0.0.} = / . 
1 J <T.T?> N i 3/ 

(4.85) 

The matrix of estimated cross products of object spatial fre

quency components is denoted by ^ , 

Est(|01| ) EstCOjOj) 

k -

* 2 
Est(0201) Est(|02| ) 

(4.86) 
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If these estimates were replaced by the true object 

values, then A would be a rank-one matrix of the form: 

A = 

Because of the finite sample sizes, the matrix A will generally be of 

rank n. As the sample size becomes large, we expect A to have approxi

mately the form indicated by the rank-one decomposition. 

A can be expanded in terms of its eigenvectors as follows: 

n 

A = > X. e. e+ , (A.88) 
/ . x ~ x ~ 1 ' 
i=l 

where |A^| > I +̂-jJ f°r is the ith eigenvector, and + denotes 

complex conjugate transpose. As the matrix approaches a rank-one form, 

we have |X^| >> | X ̂ | for j > 1. As we see from Eqs. (4.85-4.87), the 

matrix A approaches the form (4.87) as we average for a longer time. 

Hence, the dominant eigenvector provides an estimate of the object: 

Est{0> = /X~e± . (4.89) 

A version of this method was proposed by Sherman (1976) for 

estimating the high frequency portion of the object spectrum. It has 

the apparent advantage over the KT method of using all transfer func

tion and image correlations and not just those of adjacent sample points. 

' 

A  *  

°1 °2 < 
0, 

(4.87) 

n 
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Potentially, this method could be used on objects that have gaps in their 

spatial spectra. 

However, the simulation studies (discussed at end of this chap

ter) show the eigenvector method is generally more sensitive to noise 

degradation than the KT algorithm. This finding contradicts the conclu

sions of Sherman (1976). Sherman used a hybrid method to obtain his 

object estimates. The low frequency parts of the object are obtained 

by Wiener filtering and the high frequency parts by the above eigenvector 

method. His simulations indicate that the KT algorithm is very noise 

sensitive. 

For two-dimensional objects, size N x N, the matrix A will be 

2 2 6 
N x N . It then requires on the order of N multiplication to determine 

the eigenvector. Thus, this method entails a large computational burden. 

In the next two sections we will discuss other object estimation 

methods that also use the image correlations between non-adjacent sample 

points. 

New Statistical Imaging Methods 

Of the imaging algorithms considered in the last section, the 

Knox-Thompson algorithm was the most successful. However, the Knox-

Thompson (KT) algorithm is strictly an jad hoc method; its formulation 

is heuristic and intuitive. No claim is made that the algorithm is 

optimal in any statistical sense. The KT algorithm does not take mea

surement noise into account. Also, it does not use all possible image 

correlation data. As we will see in later examples, these facts can 

result in some surprising image restoration failures. 
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In this section, we present new restoration algorithms that 

overcome the shortcomings of the KT algorithm and other earlier methods. 

In all of these new methods, more image correlation data is used than 

in the KT method. 

Successive Least Squares Estimation 

The method we develop here processes the same kind of data as 

the Knox-Thompson (KT) method. Assume we have M short exposure images 

(each image is a speckle pattern), such that the atmosphere is frozen 

during each exposure. We consider the discrete Fourier transforms (DFT) 

of the M images as the raw data for our processing algorithm. 

The image equation (in frequency space) is 

I. = T. 0. + N. , (4.90) 
l 11 I 

where 1^, T^ (X, and denote the ith spatial frequency components of 

the image, the instantaneous transfer function of the atmosphere and 

optical system, the object, and the noise. Generally, these four quan

tities are complex valued. 

We will use subscripts x and y to denote real and imaginary 

parts. For example, 

1 i = Re(Ii) (4.91a) 

and 

Iy. = Im(I.) ; (4.91b) 

similarly for T^, (h, and KL. Taking the real and imaginary parts of 

Eq. (4.90), we get 
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I ,  =  T . O . - T . O . + N .  ( 4 . 9 2 a )  
xi xi xi yi yi xx 

and 

I .  =  T . O . + T . O . + N . .  ( 4 . 9 2 b )  
yi yx xx xx yx yx 

2 \ 
From the M image DFT's we can form following averages: » 

<I2.) , (l .1 A , /I .1 A , /I .1 A , /I .1 A , and (I .1 .> , N yx ' \ xx yx/ \ xx x]/ \ yx yj / ' \ xx yj / \ xj yx/ ' 

where i and j indicate distinct spatial frequencies. Using Eqs. (4.92a) 

and (4.92b), above we can write explicit expressions for these averages 

in terms of the object, noise, and the transfer function. 

2 \ 
Let us consider the first average * From Eq. (4.92a) 

we get 

2 2 2 2 2 2 
I . = T .0 . + T .0 . + N . - 2 T .T .0 .0 . 
xx xi xx yx yx xx xx yx xx yx 

+ 2 N . (T .0 . - T .0 .) . (4.93) 
xx xx xx yi yi 

Taking the expected value of the above expression, we get 

(l2. ) = (T2.) 02. + /T2.\02. + /N2.") - 2/T.T.)0.0. 
\ xi' \ xx/ xx \ yx/ yx \ xx/ \ xx yx/ xx yx 

+ 2 (N ,T .) 0 . - 2/N .T .\0 . . (4.94) 
\ xx xx/ xx \ xx yx/ yx 

We now assume that the measurement noise is independent of the transfer 

function statistics. Also, the noise is assumed to be zero mean. Hence, 

/N .T A =  / N  . )  ( T  . )  = 0  (4. 9 5 a )  
\ XX xx/ \ xx/ \ XX' 

and 

<"xiTyi) * <Nxi) <Tyi> * 0 * <4'95b> 
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It is not necessary to assume that •'•s zero> but this 

will be true if the deterministic part of the transfer function is real. 

If is real, then a nonzero value of phase for 1\ is due solely to 

turbulence. The distribution of phase for is symmetric about zero 

(for examples illustrating this behavior see Barakat and Blackman, 1973); 

hence, 

<T .1 .) = 0 . (4.96) 
\ xi yi-

For simplicity, in the following treatment we assume Eq. (4.96) holds. 

Using the Eqs. (4.95a), (4.95b), and (4.96), we obtain 

(i2.) = /T2.)O2. + (T2.)O2. + (N2.) . (4.97) 
\ xi7 v xi' xi \ yiV yi \ xi' 

2 
In a similar fashion, for I . and I .1 ., we obtain 

yi xi yi 

(l2.) = (T2.)02. + (T2.)O2. + (N2.) (4.98) 
\ yi/ \ yi/ xi x xi' yi \ yi' 

and 

(l .1 .) = fe2.) - (T2.)) 0 .0 . . (4.99) 
\ xi yi' \\ xi' \ yi' / xi yi 

If we know the transfer function moments /t2.) and \T2.^ 
\ xi' \ yi' 

and the noise moments { 2̂̂  and (N2̂  ) , then from the image data we 

o 9 
can solve Eqs. (4.97), (4.98), and (4.99) for 0 . , 0 . , and |o ./0 .1. 

' ' xi yi 1 xi yi1 

However, the signs of 0 ., 0 ., and the ratio 0 ./0 . are indeterminate. ° xi yi xi yi 

When the turbulence is so severe that the phase of'T\ is approximately 

2 \ 
uniformly distributed from -7r to 7T, then is approximately equal 

2 \ 2 2 
to ^ anc* only the squared modulus of the object, 0^ + 0^ can be 
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found. Thus, while the above equations may be useful, especially in 

2 2 \ 
the low spatial frequency region where T̂

xi) > > fĉ ey do not 

provide a unique determination of the object modulus and phase. 

Now let us consider correlation products of distinct spatial 

frequencies. For example, using Eq. (4.92a), we can write 

I . I .  =  T  . T  . 0  . 0  .  +  T  . T  . 0  . 0  .  +  N  . N  .  
xi xj xi xj xi xj yi yj yx yj xi yj 

-T .T .0 .0 . - T .T .0 .0 . 
xi yj xi yj yx xj yx xj 

+ N .(T .0 . - T .0 .) + N .(T .0 . - T .0 .). 
xx xj xj yj yj xj xx xx yx yx 

(4.100) 

Again we assume that the noise is zero mean and uncorrelated with 

the transfer function, and that the expected value of transfer function 

is real. Also, we assume that the noise is uncorrelated such that 

<N .N A = (N .N A = /N .N A = 0 , (4.101) 
\ xx xj/ \ xx yj/ \ yi y]' 

for i ^ j. 

With these assumptions, the expression for the expectation of 

I .1 . is 
xx xj 

(l .1 .\ = (T .T .) 0 .0 . + /T .T A 0 .0 . 
\ xi xj/ \ xx xj/ xx xj \ yx yj/ yx yj 

(4.102a) 

Similarly, we can obtain 

(l .1 .) = /T .T A 0 .0 . + (T .T .) 0 .0 . , 
\ yx yj/ \ yi yj/ xx xj \ xx xj/ yx yj 

(4.102b) 

(l .1 A = <T .T A 0 .0 . - <T .T A 0 .0 . , 
\ xx xj/ \ xx xj/ xx xj \ yx yj/ yx xj 

(4.102c) 
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and 

(i .1 = (l .T 0 ,0 . - /T .T ,\0 .0 . . 
\ yi xj/ \ xx xj/ yi xj \ yi yj/ xi xj 

(4.102d) 

With this set of four equations we can solve for the object. The trans

fer function moments, such as /T .T . ) , if not known on the basis of a 
\ XI xj/ 

turbulence model, can at least be estimated from the image measurements 

on an unresolved reference star. Suppose we know 0 . and 0 .. Then we 
xi yi 

have four linear equations (4.102a-d) in terms of the unknowns 0 . and 
xj 

Oyj. We can determine 0^ and 0 ̂ so they satisfy the system of equations 

in a least squares sense'. Correlations of the j-point with more than just 

one other point can be used. Let the i index have SL different values, 

where for each of these I points we have estimates for 0 . and 0 .. Then r xi yi 

we have 4JI linear equations in the unknowns 0 . and 0 .. 
xj yj 

The correlations decrease in magnitude as the separation of the 

points increases. Points distant from the j-point are of little value 

in the determination of 0 . and 0 .. 
xi yi 

The low spatial frequencies can be estimated from a long exposure 

image. The low frequency estimates provide a base from which we can 

successively estimate higher and higher spatial frequencies of the object. 

In fact, the zero-frequency component alone provides a starting point 

from which all other spatial frequencies can be estimated using Eqs. 

(4.102a-d). For the zero-frequency (i=0) we know that 0 _ = 0 and 

2 2 i 
^xO =(0TcJ ^0^0^ ̂ 2* Figure 4.7 indicates the correlations 

which could be used for successive estimation. 
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Fig. A.7. Correlations Used for Successive Estimation. 

Since correlations between the i and j point values decrease with dis

tance, a weighted least squares method for determining 0 . and 0 . appears 
y j 

indicated. We will give a brief development of the weighted least square 

formulation for our problem. 

Let denote the following 4 by 2 matrix 

A. = 

T .T. .) 
>X1  XJ '  

0 . 
XI 

(T .T . ) 
\ yi yj7 

•H >
>
 
O
 

T .T 
yi yj/ 

0 . 
XI 

( r  .T A 
\ XI XJ/ 

0 . 
yi 

T .T A 
yi yj/ 

0 . 
yi 

/T .T A 
\ XX XJ/ 

o . 
XI 

T .T 
. XI X]/ 

•H o
 -/T .T A 

\ yi yj/ 
0 . 
XI 

(4.103) 
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Let 0 denote the 2 by 1 column vector 

0 = 

0 . 

0 . 
yj 

(4.104) 

Finally, let Y^ denote the following 4 by 1 segment of image correlation 

data 

(i .i .) \ yi yj' 

(i .i .) \ xi xy 

/I .1 .) 
\ yi xj/ 

Y. ~x (4.105) 

The matrix equation 

A.O = Y. (4.106) 

is equivalent to the system of equations (4.102a-d), 

Now, we define partitioned matrices A and Y as follows 

A = 

~j-£ 

A. 
~ l 

*3-1 

(4.107) 
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and 

Y = 

v 

(4.108) 

- j"l 

Here, we have let i range from j-Jl to j-1; this corresponds to the 

predictor scheme of Fig. 4.7. The matrix equation 

AO = Y (4.109) 

is the linear system for which we want a least squares solution. The 

matrix A is 4£ by 2, Y is 4Z by 1. 

To find 0 we minimize the following quadratic expression in 

terms of 0 

E = (Y - AO.) W (Y - AO) , (4.110) 

where W is a weighting matrix, which is usually, but not necessarily, 

diagonal; and superscript T indicates matrix transposition. Taking the 

derivative of E with respect to the 0 and setting it to zero, we obtain 

(Rao, 1973, p. 221-231) 

which yields 

- 2  A T  W  A  0  +  2 A T W Y  =  0 ,  

0 = (AT W A) 1 AT W Y . 

(4.111) 

(4.112) 

In the computer simulation results, for this algorithm, we use 

a diagonal weighting matrix. The form used is 



142 

W_1 = diag [COV(YYT)J . (4.113) 

This means that an equation in the system (4.102) is given a weight in

versely proportional to the variance of the image correlation. For 

example, Eq. (4.102a) would be weighted by l/Var(I .1 .). In retrospect, 
xi xj 

it would probably have been better to use the following filled weighting 

matrix, 

W-1 = Cov(YYT) , (4.114) 

which takes into account the error correlations among the different 

equations. 

In practice, one cannot exactly know either the expected value 

or the variance of a random variable such as I .1 .. Expected values 
xi xj 

and variances are replaced by the corresponding sample means and sample 

variances. 

The transfer function moments can be obtained as sample means of 

an independent set of measurements on an unresolved point source. Alter

natively, they might be calculated from a turbulence model that only 

requires a small number of parameters to characterize the seeing condi

tions. 

The least squares method of successive estimation presented above 

is somewhat heuristic. Nevertheless, it is better than the KT algorithm 

in a number of respects. First, it takes the noisiness of the data into 

account. This is accomplished by increasing the number of equations.used 

to determine the object at each frequency. The least squares method, 

assures that at each stage more information is used, and is weighted 

proportionately to its accuracy. 
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Second, the least squares method determines the real and imagi

nary parts of the object transform, rather than the modulus and phase 

of the object transform. A serious flaw in the KT algorithm is that 

phase estimate is made separately from the modulus estimate. In the KT 

algorithm, noise can cause the phase to be meaningless wherever the modu

lus is too low. A bad phase estimate at a point can ruin all subsequent 

phase estimates based on this point. 

Maximum-likelihood Method 

The method developed in this section is based on optimal proces

sing of a sequence of short exposure speckle images. The algorithm is 

developed assuming the instantaneous transfer function has a jointly nor

mal distribution. Furthermore, scintillation effects will be neglected 

in this development and noise is assumed to be additive and uncorrelated 

in the frequency domain. This latter assumption is one of the more 

important limitations of the method so far. 

A maximum-likelihood method of restoring turbulence degraded 

images,was treated by Kennedy (1966). His estimate was formulated in a 

way that used a normal joint density for the noise but did not use a 

joint density for the transfer function. His paper was among the earli-

est indicating the importance of statistical moments such as ) 

and (T^*) in estimating the object. Kennedy's paper predates the 

work of Labeyrie and Knox-Thompson. Unfortunately, because it presented 

neither experimental or simulation support, this paper received little 

attention. The approach we follow here differs from Kennedy primarily 

in the assumption that the optical transfer function of the atmosphere 
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has normal statistics. Also, in the present study various methods for 

solving the maximum likelihood equations are developed. The capability 

of the maximum likelihood is illustrated with digital simulations. 

Statistics of the Transfer Function. The instantaneous optical 

transfer function for a telescope can be expressed as 

T(u,t) = jd£ P(§) P*0+Afu) 

• U(£,t) U* (£+ fu,t) , (4.115) 

where U(jj_,t) is the instantaneous complex amplitude of the disturbance 

in the entrance pupil and P(|) is the pupil function of the optical sys

tem [see Eq. (4.5)]. The complex amplitude function can be written in 

terms of the log amplitude function £(£, t) and the phase function <)>(£, t): 

U(£,t) = exp[£(£,t) + j<K£,t)] . (4.116) 

The integral in Eq. (4.115) can be approximated as a sum over a 

finite number of correlation cells (D. Korff et al., 1972). The resulting 

expression is 

N 

T(u,t) ~ J P(ik} P*(-^k + Af-} 

k=l 

• U^.t) U*^ + Xfu,t) . (4.117) 

The random variables (regard time as fixed) U(^,t) and 

*. U (g^ + Xfu_tt) are assumed to be uncorrelated for separations greater 
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than r . The number of terms in the sum is the number of correlation 
c 

cells that fit into the pupil overlap region with separation Xfu, see 

Fig. 4.8. 

correlation cell 

aperture 

Xfu 

Fig. 4.8. Correlation Cells in Pupil Overlap. 

For large phase fluctuations <(>(£,t) and for separations Xfu 

greater than r , T(IJ, t) is the sum of N independent random vectors. 

By the central limit theorem, the real and imaginary parts of T(jj,t) 

will approximate zero-mean normal variates. 

For subsequent analysis of the maximum likelihood method, we 

will assume that samples of the transfer function T(u^,t) have jointly 

normal statistics. As we have indicated above, the marginal densities 

of TOa,t) are normal, but it should be emphasized that joint normality 

for samples of transfer function does not follow from marginal normality. 

Problem Formulation. The image equation for the ith spatial fre

quency can be written as 



I. = T.O. + N. . 
x x x . i 
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(4.118) 

The whole collection of these equations for all spatial frequency 

components can be represented in one matrix equation 

I = OT + N 

where I, T, and N are complex vectors: 

(4.119) 

- [Tl> I2' * ' * Tn ] ' etC* * and 0 is a diagonal 

matrix, 

0 = 0 

0 

0 0 . 

°2 

0 

n 

(4.120) 

The maximum likelihood method is based on knowing the joint den

sity function for _T and N. With this function a conditional density can 

I k be found for the image p(IJO). For a given speckle image 1^, the condi-

^ I tional likelihood function of the object is denoted by p( IJO). For M 

statistically independent images the likelihood function is 

M 
L (O) = n P(1I|O) . 

i=l 
(4.121) 

For the following development, the joint density of the transfer 

function T^ is assumed to be jointly normal. The normal model is used 

primarily for reasons of mathematical tractability. It is not an un

reasonable model, because for the turbulence phase fluctuations of inter

est (greater than 1 wave) we expect, from random walk considerations, 
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that the marginal densities will be normal. The noise N is assumed to be 

independent of the transfer function _T and to have a zero-mean, jointly 

normal density. In addition, it is assumed that the spectral components 

of the noise are uncorrelated. This is a serious limitation; for example, 

object dependent noise (e.g., photon noise) does not have independent 

spectral components. 

The transfer function _T, image spectrum I_, object spectum (), 

and noise spectrum N are complex-valued vectors. Joint density functions 

can be defined for complex random variables just as well as for real 

random variables (Miller, 1974). For _T the joint normal density function 

is 

p(T) = t"11 I £ |-1exp [-(T - t_)+ C_1(T - O] » (4.122) 

where T = E{T} (4.123) 

is the mean value of T, and 

C = E{(T-r) (T - T)+> , (4.124) 

is the covariance matrix of T, and n is the number of components in _T. 

Symbolically, we indicate that T? is normally distributed with mean _r 

and covariance matrix C by the notation: 

T ~«/f(r,C) . (4.125) 

The noise is assumed to be jointly normal with zero-mean, and covariance 

matrix $, i.e., 

N ~ <YF(0, J) 
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For a given object 0 it can be shown (Rao, 1973, p. 524) that the image 

1^ is jointly normal: I ~ «yP(Ojr, 0C0+ + $) . 

The density function for the short exposure image transform is 

P(I|O) = ir_n|?co++$| 

|-(I - 0x)+ (0C0+ + $)-1(I - 0_x)J . 

{k4 

expi - _ 

(4.127) 

For a set of M independent speckle images rih the conditional likelihood 

function for the object is 

M 
L (0) = n P(1l|0.) (4.128) 
c ~ i=l 

-nM. + |-M 
= IT [pep +$ | 

• exp 

M 

-  ̂(̂ 1 - Qt) ̂ 0C0+ + - 0T) 

" i=1 J(4.129) 

To find the maximum likelihood estimate of the object, we merely find the 

diagonal matrix 0 that maximizes the above expression. Because 0 occurs 

in both the mean and covariance of JI, the solution for 0 cannot be ob

tained in closed form. In the next section we derive algorithms for ob

taining the object's discrete Fourier transform numerically. 

Derivations of Object Estimate. It was found useful to develop 

the object estimate as an unconditional maximum likelihood estimate 

(UMLE) as well as a conditional maximum likelihood estimate (CMLE). To 

form the UMLE estimate we use a prior density function for the object 

p(0). The unconditional likelihood function for M independent images is 
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M , 

l„(o) = n pc iio) P(o> 
U i=l 

M 
I! P(1I»0) • (4.130) 
i=l 

For the following development we let p(0) have the form: 

p(0) = K exp 0+ V_1 oj , (4.131) 

where 

V = fv. 6..1 (4.132) 
L I ij-J 

is a diagonal matrix, and 

v. = Var{o.}. (4.133) 
x 1 

It is not essential to use a prior object density, but this leads to a 

more general result. Also, through the v^'s we can inject prior weights 

on the object's power spectrum. These weights can also be used to control 

the smoothness of the object estimate. 

Maximizing Lu(0) is equivalent to maximizing its logarithm, since 

log is a monotonic function. Taking the log of ̂ (Q) and dropping terms 

not containing 0, we define a new likelihood function: 

L*(0.) = F(0) + G(0) , (4.134) 

where 

and 

F(0) = -£n|QCQ+ + J| - Tr(0+V-10) , (4.135) 

G(0) = - (a - 0t)+ (0C0+ + J) a - QD) . (4.136) 

The angular brackets here indicate averaging over the M members 

of the image ensemble. For uncorrelated noise N, the noise covariance 
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matrix $ is diagonal. Generally, object variables will fill the matrix 

(0C0+ + $) • This makes the problem difficult to handle. By a variable 

transformation we can simplify matters. Let P = 0 

where 

P = 

Pi 0 

n 

(4.137) 

pi = ' l/oi • (4.138) 

Observe that the matrix 0C0 + $ can be transformed as follows: 

QCO + ? = ?[? + 

[c + PJP+] (P+)_1 • = P^IC + P$P (4.139) 

The matrix in brackets above contains the unknowns only along the 

diagonal, since P$P+ is diagonal. Note that 

|oco+ + $1 |c + P$P+| |pp+| 
-1 

(4.140) 

and 

(0C0+ + $)-1 = P+ (C + P$P+)-1 P . (4.141) 

Using the above Eqs. (4.140-4.141), we can express the likelihood func

tion in terms of P: 

L (P) = F(P) + G(P) , (4.142) 
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where 

F(P) = - £n|C + P3>P+| + £n|PP+| 

- Tr [(P-1)+ V 1P~1] (4.143) 

and 

G(P) = - ((PI - t)+ (C + P3>P+)-1(P3: - T)) . (4.144) 

Writing both F and G in summation form, we have 

F = - £n|A| + Z |p±| - v± 1 |p±| 2), (4.145) 
i ^ 

and 

G - - I <(I*P* - t*) (llP|[ - Tt)) , (4.146) 
k£ 

where we have let 

A = C + P$P+ , (4.147) 

and have used A^ to denote the (k,£)th element of the inverse of A. 

Note that F depends only on the magnitude of the P^'s and not their 

phases. With Eqs. (4.145) and (4.146) we are ready to develop an algorithm 

to solve for the p's. The Newton-Raphson technique has been used on these 

equations without success. The procedure finally settled on is a relaxa

tion method in which we first solve for the amplitudes, r^ = |p^|, and 

then their phases, q^ = p^/|p^|. 

We first write G so the ith object component is explicitly sep

arated from the rest of the sum. This gives 

G = - a,r? - 2 Re(p.w.) + B. , (4.148) 
l l *1 11 

where 
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2 
»i - * Au < I Ii I > W.149) 

"i = £. Au <V*> " <zl> <4'150» 
SLri a 

and 

13. = 
.?. pk\i k£^i 

+ 2Re U,-:«><!' .]  

- X 'tA1 ̂  • «-151> 
kJl 

For G to be a maximum must satisfy the following equation: 

* 
* w. 
P, = " r, (4.152) 

i w. 1 x 

The resulting expression for G is 

G = ~ airi + 2lwiIri + • (4.153) 

"k 
In maximizing Lu = (F + G) with respect to r^, we must note that a^, w^, 

and are implicitly functions of r^, because the matrix A and the ele

ments of its inverse depend on r^. The solution for the set of r/s is 

based on iterative relaxation. At each stage, the matrix A , A and the 

determinant (A| are updated. Suppose at some stage of the calculation 

the current value of r^ is changed to r\. Let us calculate the updates 

for the matrices A , A \ and the determinant {A(. From the definition 

of A, the updated A matrix is 
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A = A + - r^) 6±jJ (4.154) 

= A + e. u. uT , (4.155) 
x —x —1 

where 

e. = $.(£?- r?) , (4.156) 
X YX X X 

and u^ is a column vector that is all zero except for a one in the ith 

position. The updates of the inverse of A and the determinant |A| required 

by the change Cr̂ r̂ ) are 

:-i ,-i ei <6_1 A"1) 

- " - " TI rT1! W.157) 
1 + E. u. A u. 

x —X ~ —x 
and 

IA | = | A | (l + e. A~J) . (4.158) 

The derivations for the last two equations are given in Appendix A. 

Individual elements of A ^ are modified according to the formula 

- \i -. J1 
a-i • <4-i59> 

1 + £ . A.. 
X XX 

which follows from Eq. (4.157). Using Eq. (4.159), and Eqs. (4.149) to 

(4.151) we can determine the following modifications for ou , w^ and 

a. = a. (1 + e. A^)-1 , (4.160) 

Wi = Wi (1 + Ei Aii)-1 » (4.161) 

**i = ei " £i (1 + £i ̂  Yi ' (4.162) 
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where 

Yi ~ Pk \i Ai£ (Xk I£)P£ 

+ 2Re (tLPt ^ ***A"T* )  

- £> t* • H-163> 
k Z 

Using Eqs. (4.145) and (4.153) for F and G, Eq. (4.158) for the correc

tion of the determinant, and Eqs. (4.160) to (4.162) for updating the 

coefficients a., w., and 3 - ,  we obtain the unconditional likelihood func-
i l i' 

tion in terms of r.: 
l 

L*(r±) = F(r±) + G(r±) 

= 2ln r. - £n fl + e.(r.) A."!| - v.^" r.^ 
x I 11 ill l l 

+ TL + E. (r.) A.^l (-a.r. + 2|w.| r. - e.(r.)y. ) 
[_ l i lij \ 1 1 1 I1 l i l i/ 

+ terms independent of r^ . (4.164) 

The maximum likelihood equation for r^ is 

9L (r ) 
r̂ ~ = 0 . (4.165) 

a r. 
1 

A 

Carrying out the differentiation and using Eq. (4.156) for e^(r^), we 

obtain the following quintic algebraic equation (Hawman and Hershel, 

1977) for r±: 



AIi •iKi'i + {<= Aii d^i2)+ Vi 

- AII *1 [C + AU +I Î1]} 
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where 

~4 
rl 

I 1*3 /  I  OA -1 J,  —1\ " 2 - c|wi|ri - c(c + 2Ai± (J>i v± )ri 

- cVj1 = 0 , (4.166) 

= 1 - A."!" <p. r? . (4.167) n Ti I 

The matrix A is positive definite. From the positive definite property 

of A and C and Eq. (4.159) we can show that both A^ and c are always 

positive, see Appendix B. Consequently, in the algebraic equation 

(4.166) for r^, the coefficient of r^ is positive, the coefficient of 

-4 r^ may be either positive or negative, and the other coefficients are 

all negative. In any case, there is only one sign change for the sequence 

of coefficients. Descartes' rule of signs (Korn and Korn, 1968, p. 17) 

implies that Eq. (4.166) has a unique positive real root for r\. 

Equation (4.166) was derived assuming an unconditional likelihood 

function. It assumes a prior density for the object. We can obtain the 

conditional likelihood result, which does not assume a prior object den

sity, by letting v^ approach infinity. In the limit, the equation for 

A 
r^ is the following cubic: 

AIi *i'"iI fi+ (<Ixi12> -*i) 

+ ^ rj - c|w.| r± - c2 = 0. (4.168) 
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The moduli can be numerically computed by repetitive application 

of Eqs. (4.166) or (4.168). The positive root is easily found by using 

one-dimensional Newton-Raphson iteration or some other root finding pro

cedure. After the root is found the matrix A is updated. 

Next we consider the computation of the phases, = p^/|p^|. 

Referring to the likelihood function, Eq. (4.142), we see that phase 

information is primarily contained in the G term. Equation (4.146) for 

G can be rewritten as 

g = - I - v «iVi - Tt)> • <4-169) 

ICX, 

For purposes of determining the phases, we regard the r/s as fixed and 

find the q^'s that maximize G. In maximizing G, we impose the constraints 

that the variables q^ have unit moduli. These constraints may be imple

mented by the standard Lagrange multiplier method. We form the augmented 

function H as follows: 

2 
H = G - £ V'qJ " 1) = maX- (4.170) 

& 

To maximize H with respect to the q/s, we differentiate with respect 

*t to the q^ s and set the derivatives to zero. This yields the equation, 

f* " £ (^n1^ Vt + un 5nt) "l 
n 

- 2 VAi r t  - 0 ,  '  (4.171) 

for all n. 



157 

* 
This derivative with respect to the Qn s is not the usual deriva

tive one encounters in complex variable theory (Churchill, 1960, p. 30). 

We define this derivative in Appendix C. Our reason for using it is 

merely to avoid the consideration of separate derivatives of H with re

spect to the real and imaginary parts of qn« The system of equations 

(4.171) can be written in matrix form as follows: 

(B + y) £ = e , (A.172) 

where 

B,. = (i* I.) r.rX* , (4.173) 
ij \ I J/ x j IJ ' 

y.. = v.S.. , (4.174) 
i X] 

and 

e 
x i - h ri ? Tk • <4-175> 

The formal solution for the q.'s is 
^x 

£ = (B + y)"1 e . (4.176) 

2 
The y 's must be determined from the constraint conditions: |q.| = 1, 

K. 1 

for all i. Let be added to the k diagonal element of B and denote 

A 
the modified matrix by B. Then the inverse of B is modified as follows, 

see Eq. (4.159) above: 

The constraint conditions imply that 

I2 
IB"* e.| = 1 , for all i. (4.178) 
j 13 3 
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Using Eq. (4.177), we can write the last equation as follows; 

/ *  y k  * \ /  y k  \  
(ai , , R-1 nikl I0! -1 nik) 

V 1 + \ Bkk / V 1 + \ \k / 

= 0 , 

(4.179) 

where 

and 

a. = £ B7^ e. , (4.180) 
. 1 1  J  
J 

"ik - | Bkj • <4-181> 

To find we rearrange Eq. (4.179) as a quadratic equation and solve 

by successive substitution for each of the Each time, in the 

matrix B and its inverse are updated. The quadratic equation for the 

Pk's is 

2 . „ BkkKI " Re(ji ntt' 
uk + 2 uk "7̂ 1 a 

l\k °i " nikl 

lBtt °i " nik|2 

= 0 . (4.182) 

The above procedure for iterative and simultaneous calculation 

of the phases may seem unnecessary, since one could use the relation, 

'i " "-RJ • (4"1S3> 

to obtain the phases. This equation follows from Eq. (4.152). However, 

in using Eq. (4.183) the phases are found by successive substitution 

along with the moduli, r^'s. In numerical studies, this technique was 

found to have very slow convergence. 
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This slow convergence-of the successive substitution method is 

not unexpected. Since turbulence induced phase disturbances are corre

lated, changes in the phase of a frequency component are coupled to phase 

changes for neighboring frequency components. Perhaps, by using suitable 

weighting (influence) function to distribute changes implied by Eq. (4.183) 

over a local neighborhood, convergence speed can be increased. This 

scheme was not tried. The simultaneous method of estimating the phases 

generally converges satisfactorily in a few iterations. 

Two-dimensional Considerations. The maximum likelihood algorithm 

has not been formulated in detail for the two-dimensional case. For an 

object of N x N pixels, direct application of the foregoing formulation 

2 2 
would entail handling matrices of size N x N . Even for rather small 

objects, N ̂  100, the computational burden could be prohibitive. 

One possibility for making the problem manageable, would be to 

apply the algorithm successively to small regions in the transform space. 

Starting from the low spatial frequencies, higher frequency components 

could be restored. 

Another possibility would be to apply the algorithm to projections. 

Projections of the speckle images could be calculated at various angles. 

The maximum likelihood algorithm could then be applied to this one-

dimensional projection data. At each projection angle the maximum algor

ithm would give an estimate of the corresponding object projection. For 

the set of projection estimates the object could be reconstructed by 

existing techniques (R. M. Mersereau and A. V. Oppenheim, 1974). 
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Discussion of the Maximum Likelihood Method. The maximum likeli

hood (ML) method for estimating an object from multiple speckle images 

has advantages over alternative methods we have considered—Knox-

Thompson (KT), dominant eigenvector (DE), and successive least squares 

(SLS). The ML method allows for noise in a consistent manner. The other 

methods do not make any direct consideration of noise. The ML algorithm 

is limited in the types of noise that can be handled by tractability 

considerations. The noise is assumed to be object independent, Gaussian, 

and uncorrelated in the frequency domain. Thus, the ML formulation would 

apply to many types of noise such as thermal noise or dark current noise. 

The ML algorithm does not directly apply to the important case of object 

dependent photon noise. However, even for the photon noise limited 

images, the ML algorithm may be expected to give better results than an 

estimator which ignores noise entirely. 

The ML method is based on a large set of second moment data for 

the image and transfer function I^ ̂ and ^T^ T^ . On the 

other hand, the KT algorithm is based on the averages of adjacent samples, 

e.g., ^1^ *£+1^ and • By basing the estimate on a larger 

set of correlations, we obtain some immunity to the effect of small gaps 

or regions of low signal-to-noise in the image's spatial spectrum. 

As we indicated in the section on the KT estimate, a region where 

the signal-to-noise ratios is low can ruin phase estimates for 

all higher spatial frequencies. The ML can handle small gaps better 

than the KT method. However, gaps larger than the correlation distance 

of the turbulence cannot be crossed. 
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Digital Simulation Studies 

Digital simulation studies were performed to compare some of the 

algorithms for image estimation in the presence of severe atmospheric 

turbulence. The scope of the simulation work was restricted to a few 

cases to obtain a qualitative assessment of relative algorithm perfor

mance. The study includes the following methods: Knox-Thompson, domi

nate eigenvector, successive least squares, Wiener filtering, and maximum 

likelihood both with and without prior weighting of the object power spec

trum. 

The digital simulations were based on direct modeling of the 

image formation process. Sequences of independent Gaussian random num

bers were generated and then scaled and filtered so as to simulate the 

phase perturbation of an incident wavefront. The correlation distance 

xc and standard deviation aw of the wavefronts were variable input param

eters. The correlation function of the input was chosen to be a Gaussian 

in most cases (an exponential was also tried). The assumption of a Gaus

sian correlation function for the wavefront phase fluctuation is not 

consistent with the 5/3 - law for the wave structure function [see Eq. 

(4.28)]. However, this should not affect our qualitative conclusions 

on relative performance. 

A more important limitation of these studies was the restriction 

of the simulations to one-dimensional cases. Providing that all the 

algorithms can be implemented in two dimensions, the same relative rank

ing as revealed by one-dimensional simulation should prevail. However, 

practical two-dimensional implementation may require approximations for 



162 

the sake of computational efficiency at the expense of image quality. 

So, for the present, the one-dimensional results merely indicate perfor

mance tendencies that might be achieved with a two-dimensional algorithm. 

The uniform rectangular aperture function was used in all cases. 

The magnitude of the incident wavefront was assumed to be uniform (no 

scintillation). For each random wavefront the corresponding optical 

transfer function is computed. Half of the wavefronts are used to form 

a set of N speckle images of the object. The other N wavefronts are 

used to form a set of speckle images of a reference point. 

Estimates of image moments, an(̂  *j ) ' are f°und by 

forming the required averages over the ensemble of image discrete Fourier 

transforms (DFT's). Similarly, the estimates of transfer function mo

ments, and ^T^ T.. ̂  , are obtained by averaging over the ensemble 

of image DFT's for the reference point. 

The reference point speckle images and the object speckle images 

are each corrupted by signal independent, additive measurement noise. 

The noise is assumed to be white. In forming each set of speckle image 

DFT's noise is inserted by the addition of appropriately scaled random 

numbers. The steps of the overall simulation procedure is shown in 

Fig. 4.9. 

We now consider some specific simulation results shown in Figs. 

4.10 to 4.13. For the simulation study shown in Fig. 4.10, the follow

ing conditions apply. The aperture is a rectangle function with a width 

of 16 samples. The object and images are specified by 64 sample points. 
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1. Input simulation parameters N, a , xc» <f>n . 

2. Input aperture and object function. 

3. Calculate the perfect diffraction-limited image. 

4. Generate 2N independent random wavefronts. 

5a. Calculate N speckle image DFT's of reference point 

source. 

5b. Add noise. 

5c. Calculate the estimates of the transfer function 

moments: Tj ̂ 

6a. Calculate N speckle image DFT's of the object. 

6b. Add noise. 

6c. Calculate the estimate of the moments <^I^ ̂  , ^1^ 1^ ̂  . 

7. Find the ensemble average (long term) image. 

8. Apply Speckle imaging algorithm to the moments 

object DFT. 

9. Filter and inverse transform estimated object DFT 

to get estimate for the diffraction-limited image. 

to estimate the 

Fig. 4.9. Steps of Speckle Imaging Simulation. 
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(b) (a) 

(d) (c) 

(f) (e) 

Fig. 4.10. Speckle Imaging of an Extended Object without 
Detector Noise. 
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(b) 

(d) (c) 

(e) 

Fig. 4.11. Speckle Imaging of an Extended Object in the 
Presence of Detection Noise. 
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Fig. 4.12. Speckle Imaging of an Impulsive Object. 



(c) 

(d) 

Fig. 4.12—Continued 



(e) 

l 

(f) 

4.12. Speckle Imaging of an Impulsive Object—Continued 
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(a) 

(b) 

Fig. 4.13. Speckle Imaging of a Test Object that has Zeros in 
Its Spatial Spectrum. 
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(c) 

(d) 

Fig. 4.13—Continued 
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The correlation function of the turbulent wavefront fluctuation is Gaus

sian with a correlation length of 6.4 sampling intervals. Hence, the 

correlation length in this example is 0.4 of the aperture width. The 

standard deviation of the wavefront fluctuations is 0.5 wavelengths. 

Figure 4.10a shows the object (solid line) and the diffraction-

limited image (dashed line). The diffraction-limited image shown assumes 

no turbulence or detector noise. The time averaged image is shown in 

Fig. 4.10b. This average is formed by averaging 100 independent speckle 

images. In the time averaged image the central dip of the object is not 

resolved and the edges are poorly resolved. 

The solid line in Fig. 4.10c shows a Knox-Thompson estimation of 

the diffraction-limited images based on the 100 speckle images. The 

dashed line in this figure shews the perfect diffraction-limited image 

for comparison. A restoration based on the dominant eigenvector method 

is shown in Fig. 4.10d. Figure 4.10e shows a restoration of the same 

image set using the successive least squares method. Three correlation 

product lags were used in this estimate, so that the real and imaginary 

parts for each point in the image estimate were determined by the least 

squares solution of 12 simultaneous linear equations. Finally, Fig. 

4.10f shows a restoration based on the maximum likelihood method. The 

moduli of the object's DFT are first found by numerical relaxation and 

then the object's phases are determined simultaneously by relaxation. 

Four iterations produced the result shown. The restorations shown in 

parts (c-f) of Fig. 4.10, are all based on the same set of 100 speckle 

images. No measurement noise was added. The maximum likelihood estimate 
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gives an almost perfect image estimate. The dominant eigenvector method 

is the poorest and has large spurious lobes. 

The next illustration, Fig. 4.11, shows restorations of the same 

speckle image data in the presence of measurement noise. The turbulence 

parameter is the same as in the last figure. The algorithms illustrated 

in Fig. 4.11 are as follows: (a) Knox-Thompson, (b) dominant eigenvector, 

(c) successive least squares, (d) conditional maximum likelihood, and 

(e) unconditional maximum likelihood. 

The total power signal-to-noise ratio is defined as the ratio of 

the integral of image power to the integral of noise power 

rc 2 2 
|T(co) | | 0(a)) | da) 

SNR = . (4.184) 
0) 

<j>(aO da) 

The SNR is 5.8 for each case except (b), the dominant eigenvector method, 

where the SNR is 93. At a noise level of SNR = 5.8 the dominant eigen

vector method gave completely erratic results. 

The power spectrum weights used in the unconditional maximum 

likelihood restoration shown in (e) were v^ = 3/i. With this degree of 

weighting the restoration suffers some loss of edge sharpness. At the 

noise level shown in this figure, the successive least squares, and the 

maximum likelihood algorithms are yielding restorations with less noise 

than the Knox-Thompson algorithm. 

The next illustration, Fig. 4.12, shows comparative restoration 

results obtained for an impulsive object. The object is defined by 128 

I 
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sample points and the aperture is uniform with a width of 32 sample 

points. The standard deviation of the turbulence is 1.0 wavelength, 

and the correlation distance is again 0.4 of the aperture width. 

Figure 4.12a shows the object (solid line), which consists of 

three impulses, and the ideal diffraction limited image (dashed line). 

Part (b) shows the timed average image obtained by averaging of 100 

speckle images. The speckle image had a power signal-to-noise ratio of 

9.0. 

A restoration based on Wiener filtering of the long-term image 

is shown in (c). The results obtained with the Knox-Thompson, succes

sive least squares, and conditional maximum likelihood are shown in 

parts (d), (e) and (f) of Fig. 4.12. Both the Knox-Thompson, and suc

cessive least squares algorithms yield rather noisy results. The succes

sive least squares algorithm indicates the relative amplitudes of the 

I peaks better than the KT algorithm. The conditional maximum likelihood 

algorithm shown in part (f) is a good restoration which correctly shows 

the relative amplitudes and positions of the impulses. All three speckle 

imaging algorithms shown here exhibit a linear phase error which is mani

fested as a shift of the restored image relative to the ideal image. 

The next illustration, Fig. 4.13 shows an object that has been 

specifically contrived to show that the Knox-Thompson phase esimation 

can break down. This object is specified by the function, 

0(x) = ~ £sin2 + sin2 rect » (4.185) 

where - L/2 £ x £ L/2. The discrete object is formed by 128 samples of 
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the above function. The Fourier transform of this function is 

o(f) - 11 «(f> - i [6(f +"£> + 6<f -1> 

+ 6(f + ̂ ) + 6(f - -^-)J | * sine ̂ r) • (4.186) 

This transform is sketched in Fig. 4.14. 

Re 0 

Im 0 

Fig. 4.14. Test Object Fourier Transform. 

This transform will have zeros at the points 7- , where n is odd. 
1j 

Because of these zeros in the object transform, its speckle images would 

be dominated by noise at or near the zeros. As explained earlier, the 

algorithm will lose its proper phase reference, and the restored higher 

frequency components of the transform will be more or less randomly 

rotated with respect to the lower frequency components. Algorithms 

based on more image correlations than just adjacent components may be 

able to carry the correct phase reference across zeros and small gaps 

in the image spatial frequency spectrum. 
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Figure 4.13 illustrates these effects. The ideal diffraction 

limited image is shown by the dashed line in part (a) of the figure. 

The long-term average image is shown in Fig. 4.13b. This was formed by 

averaging of 100 speckle images. The standard deviation of the turbu

lence is 1.0 wavelength and the correlation distance is 0.4 of the aper

ture width. The power signal-to-noise ratio of speckle images is 514. 

Parts (c), (d) and (e) show Knox-Thompson, successive least squares and 

conditional maximum likelihood restoration. The Knox-Thompson result 

has clearly lost the phase for the higher frequency components. The suc

cessive least square restoration suffers rather severe phase distortion, 

but the general character of the object is maintained. The maximum like

lihood restoration is clearly the best of the three, but still suffers 

mild phase distortion. 



APPENDIX A 

CORRECTIONS FOR THE INVERSE AND 
DETERMINANT OF A MATRIX 

We derive here the correction formulas (4.157) and (4.158). 

The matrix A has a quantity added to its ith diagonal element to 

product the matrix A. That is 

where u. is a column vector with a one in the ith position and zeros 

elsewhere. We assume the inverse of A exists. Pre-multiply both sides 

A (A.l) 

of (A.l) by A this gives 

I 
—1 "-1 T 
A A + e. A u.uT . 
~ l ~ —l—i 

(A. 2) 

Post-multiply the above equation by A ; this gives 
-1 

A _ 1  A _ 1  J. A _ 1  T  A"1 A =A + e. A u.u. A &i ~ —l—i 
(A. 3) 

Post-multiply the above equation by u.. This gives 

"-1 T -1 
A u. (1 + e. u. A u.) . 
~ —l i —i ~ —l 

(A. 4) 

—1 
Solving the last equation for A u^ and substituting for it in Eq. 

(A.3), we obtain 

A 
-1 

(A 1u_i) (uT A 1) . 

(A. 5) 

—1 
Solving this for A , gives the desired expression Eq. (4.157). 
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_ A 

The determinant of the modified matrix A can be expressed as 

|A| = |A| + ei cof(Ai;L) , (A.6) 

where cof(A^^) is the (i,i)th cofactor of A. To see that (A.6) is true, 

one need only consider a minor expansion of the determinant of A using 

the ith column or row. From (A.6) it follows that 

cof(A..) 
|A| (1 + e. -i- ) . ( A. 7) fi + E. 

Using the following expression for the elements of a matrix inverse, 

= lAf1 cof (A^k) , (A. 8) 

in Eq. (A.7), we get 

A = A ^1 + e. A~^ , (A.9) 

which is identical to Eq. (4.158). 



APPENDIX B 

PROOF THAT THE QUANTITIES A^ AND c 
OF EQ. (4.167) ARE POSITIVE 

The matrix A is given by 

A = C + D , (B.l) 

where C is the covariance matrix 

C = E{(T - t)(T - T)T} (B.2) 

and D is the diagonal matrix with positive elements 

D • [+iri 6u] • (B-3) 

We assume that the covariance matrix C is nonsingular. It follows that 

C is positive definite. The proof is as follows: Let x. be an arbitrary 

T non-null vector. By definition, C is positive definite if x  C x  >  0. 

This can be shown by using definition (B.2): 

xT C x = E ̂  x1 (T - T) (T - T) 1 x 

= E 

jx T  (T - T)(T - T)T X | 

{|xT (T - x)|2| > 0 . (B.4) 

Hence, C is positive definite. It follows that A is also positive 

definite: 

T T T 
x Ax = x C  x +  x  Dx 

= xT C x + X d^ x^ > 0 . (B.5) 
i 
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It easily follows that A ^ is also positive definite. Let jjr = A x , 

T 
then from (B.5) we have x. X > 0. It follows that 

£T x = Z A 1 z > 0 » (B.6) 

and this relation holds for any non-zero hence, A is positive 

definite. Letting = u_^ (a vector that is zero except for a one in 

the ith position) , we see that each diagonal element of A is positive, 

that is 

A.?" > 0 , for all i . (B.7) 
li 

The factor c given by Eq. (4.167) is 

c = 1 - A.1 6. rj . (B.8) 
11 'i I 

-1 2 
For c to be always positive, we must show that A^ <j>^ r^ < 1 . Let B 

be defined as follows: 

B = A - d.. u. uT (B.9) 
n -l -l ' 

m 5 + X. dkt ak \  • <B-10» 
kfi 

From (B.10) we see that B is positive definite. A can be written as 

A = B + d.. u. uT . (B.ll) 
ii —i —i 

From Eq. (A.5) we find 

.-1 Bu 

A" " 1 + • (B-12> 
ii ii 
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Hence, it follows that 

a-1 A 2 

Aii *i r± 

i B7* IJ-4 
.-1 , ii li A., d.. = 
ii ii 

1 + BT?" d. • 
ii ii 

< 1 . (B.13) 



APPENDIX C 

A DERIVATIVE OF A REAL FUNCTION WITH RESPECT 
TO A COMPLEX VARIABLE 

Let f be a real function of a complex variable z = x + i y. 

The function f(z) can also be regarded as a function of two real vari

ables, the real and imaginary parts of z. The derivative of f with 

respect to z is defined as 

if , i /|i. ifi) . (c.i 
dz 2 I 8x 8y / 

This type of derivative is used in Eq. (4.171), and makes the separate 

consideration of derivatives with respect to the real and imaginary 

parts of the q's unnecessary. 
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APPENDIX D 

DERIVATION OF AN EULER-LAGRANGE EQUATION 

Let the function o(x) and its derivatives up to order (m-1) 

be continuous. Consider the functional I[o], is defined as a definite 

integral of a function of o,o^\• • • ,o^ and x, 

I [ o ]  =  f  

J a 

F(o,o^ , • • • ,o^m\x)dx , (D.l) 

where 

0(W(X) , . 

dx 

For I[o] tobe an extremum, we show that o(x) must satisfy the following 

Euler-Lagrange equation: 

s * i »>' i  (•&) • '  • 
k=l 

Let the extremal, the function o(x) for which I[o] is an extremum, be 

denoted as o(x). Variations from the extremal can be represented as 

o(x) = o(x) + eri(x), where n(x) is a continuous function with continuous 

derivatives up to order (m-1). The variation n(x) is assumed to obey 

the boundary conditions 

n(k)(x) = 0 , (D.3) 
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for all k < m-1 evaluated at the boundary points, x = a and x = b. The 

function F(o,o^ , • • • ,o^m^ ,x) can be expanded in a Taylor series about 

the extremal o(x): 

TV (1) (m) \ it (" "(1) "(m) \ Flo,o ,***,o ,xl = Flo,o ,...,o >x/ 

+ e 

m 

k=l 

—— n(k)(x) + 0(e2) . 
oO 

(D.4) 

Substituting (D.4) into (D.l), we obtain 

b m b 

I[o] = f F ( o . o < » . - . * )  dx+, f  

^a k=l •'a 

3F (k), . , 
„ (x) dx 

d O  

+ 0(e2) . (D.5) 

Since o(x) was assumed to be an extremal, I[o] must be stationary with 

respect to the variation amplitude e: 

dl 
de = 0 . (D.6) 

E=0 

Therefore, from Eq. (D.5) we find 

b m 

/ 1  
a k=i 

3F (k), x , 
—prr* n (x) dx = 0 
8o W  

(D.7) 

By repetitive integration by parts and application of the boundary con

ditions, Eq. (D.3), we obtain 

D  

/  

m 

n(x) y <-
La 
k=o 

(-D m d (#*) dx = 0 . (D.8) 
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Since the variation ri(x) can be chosen to have the same sign as the quan

tity in brackets, the bracketed quantity itself must equal zero. This 

establishes the Euler-Lagrange equation (D.2). 
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