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ABSTRACT 

The behavior of gas-solid reactors known as compact-fixed and 

moving beds, is analyzed from a theoretical viewpoint. For a compact 

fixed-bed the solution of the energy balance equations is obtained for 

the cases of a uniform temperature inside the solid pellets (i.e., the 

Biot number is zero) and for the case in which there are temperature 

gradients within the pellets (Bi>0). For short contact times, beds 

with Bi >0 have gas- and solid- temperatures which are greater than the 

temperatures within beds with Bi = 0. For long times, the situation is 

reversed. 

For a compact-moving bed the solution of the mass balance 

equations is obtained for the cases of a feed-solid with constant con

centration and a feed-solid with an oscillating concentration. In both 

cases the steady states obtained are unique,and internal recycling is 

observed only for a feed-solid with an oscillating concentration. 

Recycling is that situation when the concentration of the solid falls 

below that of the gas for a bed in which the feed-solid is greater than 

the feed-gas. This occurred when the period of oscillation was smaller 

than the residence time of the solid provided that the residence time 

of the solid was not very short (i.e., provided that B >0.1). 
s 

For both types of beds there is an equivalence between mass 

transfer and energy transfer so that the solutions can be interchanged 

with suitable definitions of dimensionless variables. 

xi 



CHAPTER 1 

INTRODUCTION 

1.1 Metallurgical Beds 

Several metallurgical processes are based on the performance of 

a compact-fixed bed or a compact-moving bed. In a sintering process a 

fixed bed of granular pellets should be heated up so sintering can occur. 

The same kind of bed is used in zinc ore roasting. In a grate pelletiz-

ing plant a compact bed moves slowly in the x-direction while a gas flows 

perpendicular to this direction and into the bed. The solid moves so 

slowly that the compact fixed bed approximation gives useful results in 

describing its performance. A blast furnace (iron, lead, or copper) con

sists essentially of a counter-current bed where the granular material 

moves down from the top and a gas is blown up from the bottom. The same 

kind of bed is used in shaftpelletizing in calcining furnaces and in 

chlorination reactors. Therefore, the performance of those beds is very 

importnat in setting the quality and uniformity of the products coming 

from those processes. 

In this work theoretical models are developed which describe the 

performance of those beds. In a compact fixed bed, the heat transfer is 

modeled considering a temperature gradient inside the pellet. This 

model consists of an analytical solution of the set of differential 

equations obtained from an energy balance in a differential section of 

the bed. In modeling a compactmoving bed, an analytical solution is 

obtained for mass transfer in an isothermal reactor. The solution is 

1 
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a first step in the theoretical understanding of this kind of bed and 

predicts recycling under some operating conditions. 

1.2 Heat Transfer 

A great deal of time and work has been spent in trying to under

stand the heating of compact fixed beds. The problem is difficult 

because of the presence of two phases and the discontinuity of the solid 

phase. Stewart (1961) discusses several ways of attacking this problem; 

he presents a plug flow model, a diffusion model, a cell model, and a 

wave model. In particular, he shows the conditions under which the 

several models give equivalent results. Elliot and Humbert (1961) made 

a good idealized theoretical analysis of heat transfer in a fixed- and 

in a moving-bed, and were able to predict temperature profiles. 

Barker (1965) made a comprehensive review of the literature on 

heat transfer between fluids and solid particles. At that time there 

was a surprising lack of data in areas which could be connected by 

simple experiments. Some time later, Dixon and Cresswell (1979) found 

that much of the experimental data on heat transfer is extremely un

reliable. It seems that since Barker, the lack of data has been 

replaced by unreliable data. 

From a general viewpoint, the several models can be classified 

according to two categories: the continuum or pseudo-homogeneous or 

one-phase models, and the discontinuous or two-phase models. Dietz 

(1979) proposes a two-phase model for the conduction of heat through a 

packed bed composed of uniform sized granular conducting particles. In 
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his model the bed is idealized as uniform spheres packed in a hexagonal 

close-packed array. Dietz obtained an analytical expression for the 

conduction of heat through the packed bed. He found that the geometry 

is of minor importance and he claims that the model can be extended to 

other configurations if the ratio k /k. ̂  100, where k is the particle 
p f p 

thermal conductivity and k^ is the effective bed conductivity. A two-

phase model was also used by Littman, Barile and Pulsifier (1968) and 

Willhite, Kunii, and Smith (1962). Littman et al. (1968) obtained the 

heat transfer coefficient for Reynolds number in the range of 2 to 100. 

Their model takes into account axial dispersion of heat in the gas 

phase and axial conduction in the solid phase. Willhite et al. (1962) 

evaluated the effective thermal conductivities for beds of fine glass 

beads from experimental data on heat transfer perpendicular to the 

direction of fluid flow. A one-phase model was developed by Michelson 

(1972). He gives a numerical technique to solve the set of equations 

obtained using a model of a pseudo-homogeneous packed bed reactor. 

From his technique, it is possible to obtain the heat transfer co

efficient for heat transfer to the reactor wall and the effective 

thermal conducti ity of the bed. Vortmeyer and Schaeffer (1974) show 

the equivalence of the one- and the two-phase models for heat transfer. 

In particular, they obtained a relationship connecting the axial thermal 

conductivity in the one-phase model to the heat transfer coefficient 

in the two-phase model. 

In the area of heat transfer, special attention should be given 

to the work of Furnas (1932). He developed a theory, confirmed by 
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some experiments, on heat transfer in compact-fixed and -moving beds. 

His equation for the heat transfer coefficient is still the best we have 

and is the basis for most of present day design. 

» Most of the work done on heat transfer in a compact fixed bed 

does not consider a temperature gradient inside the pellet. This limits 

the applicability of the results to very small pellets or to pellets 

with a rather high value of thermal conductivity. From the literature 

only one paper has considered the possibility of a temperature gradient 

inside the solid, and it is the work done by Ivantsov and Lyubov (1952). 

They found a convenient change of variables that put the set of 

differential equations in dimensionless form, which is a convenient form 

for using the Laplace transformation. However, they did not write their 

solution in a compact form, because the technique they used to find the 

inverse transform does not favor it. This results in considerable 

difficulty in applying their solution unless the heating process is close 

to the end (i.e., for long heating times) when their solution can be 

used conveniently. 

1.3 Mass Transfer 

A counter-current moving-bed reactor consists essentially of 

the movement of a bed of solids in one direction and the movement of an 

interacting gas, through the bed, in the opposite direction. The 

usually short contact time is long enough to bring about a characteristic 

behavior of the reactor, which has been the focus of a large amount of 

research. The two main points on which researchers have focused their 

attention are the stability of the steady state and recycling. 
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The steady state of these reactors was analyzed by Viswanathan 

and Aris (1975). They showed that the imput and the output can be in a 

steady state while the reactor itself is in an unsteady state. 

Numerical solutions of the mass balance equations show that if a chemical 

reactor is seen as a black box, then the reactor steady state has its 

internal behavior as a constraint. Schaeffer, Vortmeyer and Watson 

(1974) showed theoretically that this kind of reactor can have multiple 

steady states, and Gupta (1979) demonstrated this experimentally. 

McGuire and Lapidus (1965) analyzed packed-bed reactors and considered 

chemical reaction at the surfaces of the pellets. In their analysis, 

they showed the effect of perturbations on taking the system from one 

steady state (before the perturbation) to another steady state (after 

the perturbation). They showed, also, that simplifications in a 

mathematical model can result in a model that does not reflect the real 

situation. 

Recycling can be another characteristic of counter-current 

moving-bed reactors. It can be grossly divided into external and 

internal recycling. External recycling has been studied from two dif

ferent viewpoints. For example, Reilly and Schmitz (1966) worked out a 

deterministic model composed of a set of differential equations which 

was solved by nonlinear-difference equations. Working on the same 

system, Mann, Rubinovitch and Crosby (1979) worked out a statistical 

model for external recycling to obtain different information from their 
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model. Reilly and Schmitz (1966) emphasized the stability and multiplic

ity of the steady state, whereas Mann, Rubinovitch and Crosby (1979) 

used statistical distribution functions to obtain information about 

residence time and the recycling inside the system. Internal recycling 

has only been analyzed from a statistical viewpoint, by Mann et al. 

(1979) and Levenspiel (1972). 

In metallurgy, the blast furnace is considered to be the most 

important counter-current reactor. It was found experimentally that the 

blast furnace shows thermal oscillations (Nakatami, Matoba and Tokura, 

1973), and some carbon recycling (El-Geassy, Shehata and Ezz, 1977). 

The problem of carbon deposition and recycling was analyzed by Mertdogan 

(1974). With a very good literature review, he showed without doubt 

the presence of a large zone of carbon deposition in the upper shaft of 

blast furnaces. The situation is complicated because it was also found 

that there is recycling of alkali oxide vapors which are very deleterious 

to the blast furnace refractories (Rankin and See, 1977). Even though 

internal recycling has been known for a long time, no mathematical 

models (Yagi and Muchi, 1970; Muchi, 1967; Kuwabara and Muchi, 1977a; 

and Kuwabarba and Muchi, 1977b) of blast furnace performance consider 

it. 

Finally, Perlmutter (1972) showed that a counter-current iso

thermal reactor has a unique steady state, but he did not say anything 

about internal recycling even for a very simple model of chemical kin

etics. As a first step in understanding nonisothermal reactors, the 

conditions for internal recycling in an isothermal reactor should be 

analyzed, and that is the goal of the present work. 



CHAPTER 2 

SOLUTIONS TO THE TRANSPORT EQUATIONS 

2.1 Heat Transfer in a Fixed Bed 

In this section two different energy balances for compact-fixed 

beds are written as sets of differential equations. These are solved 

by the Laplace Transform technique to give gas and solid temperature 

as a function of time and position in the bed, and within the pellets 

themselves. One of the sets of equations describes the behavior of 

the bed when the pellet is assumed to have an infinite thermal con

ductivity (i.e., the Biot number, defined later, equals zero). The 

other set describes a bed of pellets with a finite thermal conductivity 

(i.e., non-zero Biot number); in such a bed, there exist temperature 

gradients within the pellets. 

A comparison between the two solutions shows the difference 

between the approximation commonly used (Biot number equals zero) 

and the situation of pellets with a finite Biot number which is an 

approximation closer to the real behavior of beds with non-metallic 

pellets. Also, the solution for Biot number of zero is a limiting 

case for finite Biot numbers; thus the latter solution can be used to 

show the conditions under which the former solution can, in fact, be 

applied. 

The mathematical treatment can be simplified with the following 

assumptions: 

7 
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1. the gas flows as "plug" flow with a constant velocity; 

2. the thermal properties are constant and uniform; 

3. the intra conductivity among particles is negligible; 

4. the radiation effects are negligible; 

5. the particles have a uniform size and are uniformly packed; 

6. the temperature, perpendicular to the bed axis, is uniform; and 

7. the heat transfer coefficient between the gas phase and the 

particles is constant and uniform. 

2.1.1 Particles with Infinite Thermal Conductivity 

Consider a fixed packed bed of void fraction ui, which consists 

of uniform spherical particles of radius rQ and infinite thermal con

ductivity. An energy balance in the bed (Figure 1) gives; 

ST. 
s (1) 

for the solid phase and 

3T 
= hS(T -T ) 

s g' 
(2) 

for the gas phase. 
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GAS 
OUT 

FIXED 
BED 

x = 0  

Va,T< g» 'og 

GAS 
IN 

Figure 1. Diagram representing a compact fixed bed showing 

the coordinates and the boundary conditions for the 
feed-gas. 



10 

The Initial conditions are 

x 
t = — , T = T = T , 

v s g os 
g B 

(3) 

and the boundary condition is 

x = 0, T = T 
g °g 

(4) 

The definitions of the parameters in Equations (1) to (4) can be found 

in Appendix A. 

The following change of variables: 

T - T 
oS 

s Tog ~ ToS 

T - T 0 
fl = _S °L_ 

8  T o g - T o S  

T = 

€ = 

hS 
PSCS(1-U) 

t -
X ] 

hS 
o C to v 
wg g g 

X 

(5) 

(6)  

(7) 

(8) 

transform Equations (1) to (4) to the dimensionless forms given by 

a0s 
— -  = 0  -  6 „  
3t g S 

(9) 

for the solid phase, and 

36 
-£ = 

3? S g 

for the gas phase. The initial condition becomes 

(10) 



11 

T = 0, 0 = 0 = 0 (11) 
S g 

and the boundary condition is 

? - 0, 0 =1 (12) 
g 

Equations (9) - (12) are linear so that the method of Laplace 

Transforms can be used to obtain the solution. Therefore, by taking 

Laplace Transforms of those equations with respect to T we obtain: 

0 = (s+l)0 (13) 
g s 

4? + e = 0 (14) 
d£ g s 

with the boundary condition 

c » o, 0 = ^ (15) 
g s 

where the bar over a symbol means the corresponding Laplace Transform 

of the symbol, and s is the parameter in the definition of Laplace 

Transforms. 

The solutions of Equations (13) and (14) which satisfy the 

boundary condition (15) are 

p""£ s-t-i 
0 = —— e (16) 
§ s ^ 

-e s+r 
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The exponential terms in the above expressions can be expanded as 

Taylor series in £. Then 0 and 0 are written as 
s g 

8 s 

and 

-Z x 
rn r , -j n 

e e 
+ -s- j, 5r BrJ • n=l 

-£ 00 >-n f" 1 n+1 

0 =  e
r  , n  + — I -L '- s + 1-

s s(s+l) s , n. 
n=i 

The inverse Laplace Transforms of Equations (18) and (19) are 

and 

s s (s+1)! n=l n! s (s+1) 

From a table of Laplace Transforms we have: 

f1 

f1 

i | -i-1 ^ 
/ / = .T . , e for i^l and integer, 

J (s+1)1) U ^ 

and 

C"1 |i £ (s)l - f(u)du 

o 

From a table of integrals: 

(19) 

! = + e 5 \ £- c~l 1_( (20) 
8 I3.( n-1 n! |s (s+l)nj 

^ • (2D 
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Finally, by substituting these results into Equations (20) and (21), and 

simplifying the intermediate expressions, we obtain: 

CO -G n n-1 —.T I 
9 = 1 - n e g r e r 

i ; ^rr- <22> 
n=l j=o 

for the temperature of the gas, and 

°° -g _ n n -Tj 

0 = 1 - 1  A -  I  ̂- r r -  ( 2 3 )  
n=o n- j=o 

for the temperature of the solid. 

It can be shown that 0^ and 0g satisfy Equations (9) and (10), 

0 satisfies the initial condition (11), and 0 satisfies boundary con-
s g 

dition (12). 0 does not satisfy the initial condition (11) because of 
S 

a discontinuity in 0 at T = 0. Hence 0 and 0 , as given by Eqs. (22) 
g s g 

and (23), are solutions of the boundary value problem given by Equations 

(9) to (12). 

2.1.2 Particles with Finite Thermal Conductivity* 

Suppose that the bed in the previous section has particles 

with finite thermal conductivity. Now the energy balance for the 

solid applies inside the particle and is written 

9T 
s 

3t "s 

92T 0 8T 
s , 2_ s 

» 2 r 8r 
3r 

(24) 

For the gas phase, Equation (2) applies except that the heat transfer 

from the particles to the gas is specified in terms of the temperature 

of the surface of the particles. 
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Thus, 

9T 3T. 
p c to —2. 4* p c iiiv 
g g 3t g g g 3x 

= h S - T 
r=ro S 

(25) 

The boundary conditions for the solid phase are 

3T 

K 
s 3r 

= h T - T 
r=r I g s 

o 
r=r ] •  (26) 

and, 

r = 0., T is continuous, 
s 

(27) 

and for the gas phase 

x = 0, T = T . 
g og 

The initial condition is 

(28) 

t = ^ _ ,  T  =  T  =  T  .  
V S g OS 
g 

(29) 

The following dimensionless variables are used: 

T - T 
, _ s os 
s T - T 

og OS 
(5) 

T - T 
e = _S . 
g T - T 
° og OS 

(6)  

ot r t 
(30) 

5 = 

P = 

hS 
P C <D V 
g g g 

X ; 

and 

(8)  

(31) 



Bi = 
hr 

c 

K 

15 

(32) 

Equations (24) to (28) then become: 

80 
s 

3T 

36 _ 

35 

+ i!!s 

9p2  P  3P 

p=l 

(33) 

(34) 

30 
c 

3p" p=l 
= Bi(0 -

p=r* 
(35) 

and 

T = 0 

C = 0 

p = 0 

6 = 0 = 0 ;  
s g 

9 = 1  ;  

0 is continuous 
s 

(36) 

(37) 

(38) 

The dimensionless number defined by Equation (35) is called the 

Biot number of the system,and it is the ratio between the rate of 

heat transfer between phases and the rate of heat transfer within the 

particle, itself. 

The set of Equations (33) to (38) is linear, and therefore 

Laplace Transforms can be used to obtain its solution. Hence, taking 

the Laplace Transform with respect to x, the equations become (with the 

initial condition (36)): 



3.0 
—£• = e 
35 s P=1 

- 0 

30 c 
3p~ 

- - Bi(0 - 0 
P=1 g s P=l; 

16 

(40) 

(41) 

and 

5 - 1  

p = 0 

0 = -
g s 

0 is continuous, 
s 

(42) 

(43) 

To find a solution to the set, Equations (39) to (43), we 

begin by making the assumption that 

5 = f(5)T(p) 
s p (44) 

Equation (44) together with boundary condition (43) gives the following 

solution to Equation (39): 

- _ f (g) s inh (p>/s) 

S D 
(45) 

where the second constant of integration is included in the function 

f(5). Substituting Equation (45) into Equations (40) and (41) we 

obtain a new set of equations which follow. 

30 

= f (5) s inh (\/s) . 
g 35 

(46) 

f(5) G/s cosh(v's) + (Bi - 1) sinh(\/s)l = Bi 0 
§ 

(47) 
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The boundary condition is now 

S = 0 , 0 = ̂  (48) 
g s 

By solving Equations (46) to (48) and substituting the results into 

Equation (45), we obtain the solution of the Equations (39) to (43). 

This gives 

e exp [" 8 1  s i°" cl (49) 
® s L i/s cosh (Vs)+(Bi-l) sinh (\/s) J 

and 

-£ Bi sinh (p\/s) f E, Bi sinh (/s) 
0 = — 
s ps /s cosh(>/s)+(Bi-l)sinh(/s) eX^ L/S*cosh()/s)+(Bi-l) sinh(/s) 

(50) 

Now the exponential terms in Equations (49) and (50) are expanded into 

a Taylor series in E,; thus 

g s 

and 

e-£ ^ + 00 i_ r Bi sinh (/s) 

Vs cosh(\/s)+(Bi-l)sinh(a/s) . 
n=l 

(51) 

g _ e ^ Bi sinh(p/s) 

S PS Vs cosh(V/s)+(Bi-l)sinh(V^) 

1+ l b-
n=l n-

00 5n Bi sinh (/s) 

. \/scosh(\/s)+(Bi--l)3inh(\/s) I! 
(52) 
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To find the inverse Laplace Transforms of Equations (51) and (52), we 

define the functions: 

Sn = 7 <53) o s 

J _ _1_ Bi sinh (p\/s) _ 

° PS /s cosh (\/s)+(Bi-l) sinh (Vs) 

g = Bi sinh (/s) 

/s cosh (V/s)+(Bi-l) sinh(/s) 

H = H *G n>l (56) 
n n-1 

F = F •§ n>l (57) 
n n-1 

Then Equations (51) and (52) can be changed to 

co n 

9 = e-5H + e"5 I -V H (58) 
g o ^n. n 

and 

oo n 

0 = e"^F + e~? [ ̂-F (59) 
s o £ nI n n=l 

Therefore, in order to find the inverse transforms of 0 and 0 
g s 

requires the determination of the inverse transforms of F and H . 
n n n 

The convolution theorem permits one to write 0^ and 0g as: 
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oo — £ n f v 
0 = e H + I -—|— i H - (u)G(-r-u)du (60) 
« ° n-1 1,1 <0 n-1 

and 

n 
co — £ 

0 = e~?F + I -—f-
s o u- n; n=l 

F (u)G(x-u)du. (61) 
n—l 

o 

Equations (60) and (61) show that 0 and 0 can be found from successive 
g s 

integrations of the functions H , F , and G. From a table of Laplace 
o o 

Transforms we obtain 

H = £-1{H } = 1 . (62) 
o o 

The inverse transform of G and F can be obtained from the inverse 
o 

integral theory. It says that, if: 

«f(T» - f (z) -fg-

then 

(Y+i8 

2iri 0-h» 
Y+i3 

eTZ f(z) dz (63) 

where Y is any plane having the property that all singularities of f(z) 

are to the left of it, as shown in Figure 2. The integral in Equation 

(63) can be calculated from residue theory, which gives 

f(x) = I R„ eZTf(z) 

K * 
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cn 
x 
< 

>-
or 
< 

o 
< 

z = x + iy 

# REAL AXIS (x) 

Figure 2. Imaginary plane showing the poles of f(z) and the 
limit of the real part of the poles at x = y. 
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ZT~ 
where R stands for the residue of e f(z) at the pole z . If z is 

K K K 

a first order pole of f(z), then the residue R^ can be computed by: 

R~ K (64) 

Z"ZK 

More details about the technique can be found elsewhere (Churchill, 1972). 

The poles of FQ and G occur at 

s = 0 (65) 

fs cosh (/s) +(Bi-l) sinh (/s) = 0 (66) 

2 -
Let s = -8 in Equation (66); then the poles of Fq and G are given by 

the roots of 

tan 6 = i=ii (67) 

The roots, of course, are the eigenvalues of the boundary value problem 

defined by the original set of differential equations and boundary 

conditions (Equations (33) to (38)). 

It can be shown that the eigenvalues are first order poles of 

F and G, and that s = 0 is a first order pole of F . Therefore, 
o o 

Equation (64) leads to the inverse transforms of G and F , given by: 

G = T a e ^nT (68) 
i n n=l 

and 
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, , v -K x 
00 a sxn (pon)e n 

F ~ n=i psin o 

where 

2Bi , „ .2 
a = ——_ . N and K = <5 
n K -Bi(l-Bi) n n 

n 

Now Equations (60) and (61), with the aid of Equations (62), (68) and 

(69), can be integrated; after simplification, we have 

CO — F -j 
v e *£J 

= 1  -  I  -~rf -  a, .  
j=l 3 

(70) 

and 

v e~V 
=  9 - 1  ~ j f "  0 4  

j=0 J 

(71) 

where 

" r J , (a K-T)1-1 

a. = £ a e n £ a. , (72) 
J nil n i-1 1'n (1"1)! 

6i 
I a e'V J 6.: -++TJ 

n-1 n i-1 1-n (1"1); 

j+1 . (a K x) 
i-1 

(73) 

a. ̂ - 1 
J »n 

2 > I (74) 
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a.3 
3 >n 

1 + Kn I 
p^n 

a K 
P P 

K -K 
P n 

j-1 

I 
i=l 

i-lTr i-2 j-l , \i-lTr i-2 j-1 
a K a. +(-a ) K a. 
p p i,o n ii i, n 

(K - K ) 
P n 

i-1 

(75) 

j > 2 

s-i 

i a K j-1 

a • ̂  = a•Ji + I V i,n l-l,n L K -K I 
p^ti P n s=i 

3 Kn n n 
K -K 
P n 

3_1 xJ 
s.n 

(76) 

2 >  i > j-1 j > 3 

sin p6-

e. 
j+l,n psin 6 

j > 0 (77) 

= K I 
n ^ 
P̂ n 

a K 
P P 

K -K 
P n 

j 

I 
i=l 

1~1k 1~23"!-1+(-a )1 ha 
a P 1,P n II l.n 

(K - K ) 
P n. 

i-1 (78) 

> 1 

and 

i>' 
8 .  ^ ~ 1  +  
i-3 ,n 

a K 
P P 

p^n 

2 < i < j 

K -K 
P n 

j fa K "I 

I. -Ir^-J 
3=1 L rt nJ 

s-1 

0 

> 2 

33"1 
s.n 

(79) 



During the computations of a_. and , we obtain the series: 

00 oo a sin(p<5 )  

1 a and £ ——:—? 
nil n nil 

If we expand the function f(p)  = p for 0 ) p M in a Fourier series 

of <5 from Equation (67), then 
n 

CO 

f(p) = I Cnsin(p6n )  

n=l 

and we can show that 

0° oo a sin(pS ) 

I a " I " . - 1 
n=l a nil psln n' 

Equations (70) and (71) satisfy Equations (33) to (35) and 

8 (t=0) = 0 
s 

e (5=0) = l . 

0g does not satisfy the initial condition because of a discontinuity of 

0 at T= 0. So, 0 and 0 are solutions of the original set of 
g g s 

equations, Equations (33) to (38). 

Equations (70) to (79) give temperature profiles in a very 

compact way, but they are not in a convenient form for computation. 

It can be shown that the slowest convergent series in those expressions 

behave like the series: 
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00 _ 3/2 « 9 

I (-1) n and £ n 
n=l n=l 

To have a reasonably small error in the computations of such series, 

it is necessary to use a very large number of terms; this requires a 

large storage space and a long computation time. The convergence 

rate can be improved if the a 's and 's are changed to: 

-K t j (-a K t)1 
t-» r-i \ r» n 

a. - I a K e 11 £ j " " , 
J q=1 n n i-1 1' tt t1"1*' 

j+1 , „ 
i? r (a K T) - K-_t n -s n n 

al = a. "1 ^ + (1 — a ) a1? + 
x,n x-j,n n x,n 

T1 
S=1 
i (~i)s "'"k r-t11 ~a â 4.̂  is i n L x+s-l,n n x+s,nj s,n 

+ (-1)1+1K S. a4"l 1 < i < j-2 
n j-l,n aj-l,n 

j > 3 

(80) 

°J,n -b J >1 (82) 

(83) 

a"! t = ot4+ (1-a ) a4-} + K S1 al--}- (84) 
j-l,n 3-2,n n 3~l»n n l,n 3~l,n 

3 > 2 



xJ"1 
0,11 K 

n 

a K 
y p P~ 
H K -K 

p.?n" p n 

j-1 a K 
V P P 
A K -K 
i=l p 11 

I?"1 
i»P 
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(85) 

where 

fj K -K 
Pfn p n 

a K 
P P-
K -K 

L p n J 

j-1 

and 

1 sin p6 
gJ = -i- .. -'n j > 0 (86) 
j+i,n K psxn 5 

n n 

H = s-!", + (i-a ) e^"1  +^l (-i)s-1k fe-JT1 -1 - a Is 
i,n i-l,n n i,n ^ n Ji+s-l,n n i+s,nj s,n 

+ (-1)1+1 KS. . Bj. j < i < j-1 
n j-l,n j,n 

j > 2 

(87) 

J n 
> 

e-Tj' + (i-a ) ê "1 
j-l,n n j,n 

+ K S. g-?""1 3>l 
n l,n j,n J 

(88) 

3 
j"1 = 
"o,n 

a K 
P P y P P y 

H K -K 
p.v'n p. n i=l 

a-R 
P P 

K -K 
up n 

l-l 

4"1 j > 1 
1> P 

(89) 

It can be shown that in Equations (80) to (89) the slowest 

convergent series behave like: 



27 

CO 00 7/2 

£ n and £ n 
n=l n=l 

Due to the faster convergence rates, Equations (80) to (89) were 

used to numerically evaluate the temperatures of the gas and solid 

phases, as given by Equations (70) and (71), respectively. 

2•2 Mass Transfer in a Fixed Bed 

In this section we show how the results of the previous sections 

can be used in related problems of mass transfer in compact beds. 

Suppose we have an isothermal compact-fixed bed of void fraction 

a). For t̂ O the solid and gas are at a uniform concentration, C , 
os 

and for t>0 the gas concentration at x=0 is changed to C -We want to 
og 

find the solid- and gas-concentration profiles, under the following 

assumptions: 

1. the gas passes through the reactor with a constant velocity 

in "plug" flow; 

2. the properties of the gas and solid are constant and uniform; 

3. the particles have a uniform size and are uniformly packed; 

4. the reactor dimensions are much larger than the size of the 

particles; 

5. the concentration in a direction perpendicular to the bed 

axis is uniform; and 
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6. the mass transfer coeffieient between the gas phase and the 

particles is constant and uniform. 

2.2.1 Particles with Infinite Mass Diffusivity 

This problem is similar to the case of an infinite thermal 

conductivity when seeking a temperature profile, and here it is shown how 

the results for heat-transfer can be used to obtain concentration pro

files for both phases when the concentration within the particles is 

uniform. 

The mass balance in the bed with a porosity as is 

3C 

-jf - S<Cs - Cs> 
(90) 

for the solid phase and 

3C 3C 
? + w V„ = h S(C - C ) 

g 3x m s g 
(91) 

for the gas phase. The initial condition for each phase can be 

specified or 

g 
C 
os 

(92) 

and the boundary condition is written as 

(93) 
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The variables in Equations (90) to (93) can be found in 

Appendix A. 

With the following change of variables: 

e = 
c - c 
S OS 

S c -  C 
Og OS 

(94) 

C - C 
a _ _S os 
g ~ C - C 
° Og OS 

T = 
h S 
m 

(1-w) 
t -

X 

V 

h S 
m 

? = —7T~ x 
ui V 

(95) 

(96) 

(97) 

Equations (90) to (93) can be written in a dimensionless form given by 

39 C 
3t 

3 - 9 
g s 

(98) 

for the solid, and 

39 
= 0  -  9  

3? s g 

for the gas. The initial condition is transformed to 

x  =  0 ,  9  = 9  = 0  
s g 

(99) 

E, = 0, 9 = 1 

(100) 

(101) 

Equations (98) to (101) are exactly the same as Equations (9) 

to (12), and so they have a common set of solutions. Therefore, the 

solution of the mass transfer problem in dimensionless form, defined 

by Equations (98) to (101), is given by Equations (22) and (23). 
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2.2.2 Particles with Finite Mass Diffusivity 

When the concentration within the particles is not uniform, 

then the analysis of the previous section for a fixed bed of particles 

with a finite thermal conductivity can be applied. 

The mass balances are 

8C 
s 

at 
= D 

a2c „  dc 
s , 2 s 

2 r 9r 
3r 

(102) 

which applies to the solid phase, and 

, 3C£ 
9C 

- c 

r=r« 

(103) 

for the gas phase. The same initial condition applies, i.e., 

t  =  7 7  C = C = C  
Vg g s os 

but now there are two boundary conditions for the solid; they are 

(92) 

and 

3C 

'sit 
= h 

r=r m 
o 

C - C 
8 s r=r 

r = 0, C is continuous, 
s 

(104) 

(105) 

For the gas phase, Eq. (93) still applies. 0 , 0 and 5, as 
s g 

given by Eqs. (94), (95) and (97), respectively, are convenient 

dimensionless variables, but in this case it is convenient to define 

a dimensionless time as 



D 
S r i. X , 

T 2 ^ V ^ 
r g 
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(106) 

Since the concentration within the pellets, themselves, is not uniform 

then it is also convenient to define a dimensionless radius and a mass-

transfer Biot number; so 

P = (107) 

and 

Bi = 
h r 
m o 

m D 
(108) 

With the introduction of the dimensionless variables, Eqs. (102) 

and (103) become 

ae a2e 0  ae 
s s 2 s 

"T" — 

and 

ap 3p2 P 9P 

ae 
—^ = 0 I - 0 . 

sp=i 8 

The two boundary conditions for solid transform to 

30 
< 

^p" i = Bi 
p=l m 

p=l 

and 

p = 0, 0 is continuous, 
s 

(109) 

(110) 

(111) 

(112) 
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The boundary condition for the gas is Eq. (101), and the initial con

dition for both phases is given by Eq. (100). 

The system defined by Eqs. (109) to (112) and Eqs. (100) and 

(101) are exactly the same as Equations (33) to (41), and so they have 

the same set of solutions. Therefore, Eqs. (70) to (79) can be used 

for the dimensionless-concentration profiles of the gas and solid 

phases. 

2.3 Mass Transfer in a Moving Bed 

Consider a compact-moving bed reactor in which the gas and solid 

pass through the bed as in the countercurrent reactor shown in Figure 3. 

There is mass transfer between the phases, but the concentrations within 

the respective phases are uniform. Two somewhat different cases are 

analyzed. In the first case the concentration of the solid entering the 

reactor is fixed; i.e., C in vFigure 3 is constant. In the second, 
OS 

the concentration of the solid entering the reactor oscillates with time. 

In both analyses the following assumptions also apply: 

1. there is flow of both phases with constant gas and solid 

velocities; 

2. .the dimensions of the reactor are much larger than the size 

of the particles; 

3. the mass transfer coefficient is constant and uniform in the 

bed; 
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SOLIDS 
IN 

vs,cos 

x=0 

GAS 
OUT 

M r  

MOVING 

BED 

x=L 

vs 

SOLIDS 
OUT 

Vg,C •3' og 

GAS 
IN 

Figure 3. Diagram of a compact-moving bed showing the coordinates 
and the boundary conditions for the feed-gas and 
the feed-solid. 
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4. the densities of the gas and solid are constant and do not change 

as a consequence of the mass transfer; and 

5. the mass flux is proportional to the concentration difference 

between the phases. 

2.3.1 Feed Solid of Constant Concentration 

Assume a compact moving bed with void fraction co, as shown in 

Figure 3. For t<0, the bed is composed of reacted pellets with con

centration C , and at t>0 solid with concentration C enters the 
og' OS 

reactor at x = 0. A mass balance in the bed gives 

9C 3C 

(l-») -jf + (l-») vs , hm S(Cg - Cs) (113) 

for the solid and 

9C 3C 
u = h S(C - C ) (114) 

at g 3x m s g 

for the gas. An initial condition and a boundary condition must be 

specified for each phase; they are 

t = £ - , C  =  C  =  C  ( 1 1 5 )  
Vg ' s g og 

t >0 , x = 0, C = C (116) 
s OS 

t > 0 , x = L, C = C 
g og 

(117) 
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The following dimensionless variables are utilized: 

n = Is  " C°S ; (118) 
3 Cos ~ C 

og 

n. -  c' - c°S  !  ( 1 1 9 )  

° OS og 

V 
T = 

V + V 
s g 

tv 
S X 

L ~ L 
; and (120) 

«-!• (121) 

Now Eqs. (113) to (117) transform to 

3n 
= B (n -

35 s g V (122) 

for the solid and 

3n 9n 
rf = B (n - n ) 

91 35 g s g 
(123) 

for the gas, with the conditions 

x = 0, ng  = 0, 

5 = 1 ,  n  =  0 ,  a n d  
O 

(124) 

(125) 
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5 = 0, n = 1 . (126) 
s 

Two additional dimensionless numbers (B and B ) appear in Eqs. (122) 
s g 

and (123); they are inversely proportional to the throughputs of the 

solid and gas, and are defined as 

h SL h SL 
B = -rr-̂ r and B = -2̂ — . (127a,b) 
s (l-w)V g cov 

The coupled Equations (122) and (123) are linear partial 

differential equations, as well as the boundary and the initial conditions 

so the Laplace Transform technique can be used to find their solutions. 

Therefore, when the Laplace Transforms are taken with respect to t, 

then Equations (122) to (125) take the fori: 

dn<, 
(S4-B )  n --rr " Bii  ,  (128) 

g g d? g s 

V. + 3T • BsY (129) 

and 

5 * 1 ,  n  =  0  ( 1 3 0 )  

5  = 0 ,  n = 1/s,  (131) 
S 

where the bar represents the transform of the function, and s is the 

parameter in the definition of the Laplace Transform. 

It can be shown that the solutions of Equations (128) to (131) 

are: 
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- (fi+B -0) e"0 e^+0>S_ (n+B +e)e0e^~9)? 

n = 7 ~ i h (132) 
(ft+B -9) e -(JM-B +0) e 

s s 

B -0 (JH-e)C 0 (n-0)€ 
—  g e e  -  e  e  
n = 
g s (ft+B -0)e-0-(f2+B +0) e0 (133) 

s s 

where: 

&  +  B  = ^ ( s  +  B  +  B  )  ( 1 3 4 )  
s 2 s g 

0 = /(fl+3 )2 - B B (135) 
s s g 

The inverse transforms of n and n > which give the solid- and 
s g 

gas-concentrations as a function of position and time,can be found by 

the same technique previously used. Therefore, the.poles of n and n 
s g 

occur at 

s = 0 

and at 

(G+B -0) e"9 - (JH-B +0) e9 = 0 . 
s s 

The residues at s = 0 are given by: 

B e s -B 

R[n 1 = — r! S—* (136> 
s s-o (B -B ) _ B 

Bs e g 

(B -B )(l-0 _ -
- e s S 

R[n ] = B - 75—t-n (137) 
gJs=o g (B

S"V _ B 



38 

To find the zeros at the second pole we make the change of 

variables: 

(ft+B ) = - /Bis cosh s (138) 
s s g n 

where 

s = v +i u 
n n n 

and i is the complex unit defined as /-l". With this change of variables, 

the zeros can be found from 

0 - S = iniT n = 1, 2..., (139) 
n 

f 

The relationship between 9 and & (Eq. (135)), and the definition of 

leads us to the set of equations: 

/B B cos(u)sinh(v) = v (140) 
s g 

/B B sin(u)cosh(v) = u+nu (141) 
s g 

Equations (140) and (141) define the eigenvalues of the boundary value 

problem given by Equations (122) to (126). 

It can be shown that the poles of n and n are first order and 
s g 

that the residues of n and n are 
s g 

u +nir 

R[rt ] = n 
0 (P + iR ) x 

s s=s 2 n n 
n e 

n 

{e *l[cos -i sin G^] - e ^2 [cos G^-isin G2]} (142) 
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J& U +mr 

R[nr]c_ = -s-s (p + iR ) X 
G s— s + -6 £ n n 

n * s en 

{e ^2+vn[cos(G2~un) -i sin(G2~un)] - (143) 

e~Fl~Vn[cos(G.,+u ) - i sin(G-i-u )]} 
In x n 

Noting that if v + i u is a zero of Eq. (139), then -v + i u is also 
& n n n n 

a zero, we finally obtain the dimensionless concentrations; they are 

(B-B )(l-5) 
B e s s - B 
s g 

n
s 

= (vv + 
B e § - B 
s g 

<=° u +mr f 
Y n - {e~ 1 [P cos G, + R sin G1] -L 2 n In 1 

n=:l e 

_F 
e 2 [p Cos G_ + R sin G„]} (144) 

n I n ^ 

for the solid, and 

(W (1_5) 
_ T, e - 1 . 

n g  B g  - B - B  
B e g - B 
s g 

•aJb" 00 u -Hitt „ 
=& I " {e~ 2 vn [p cos(G?-u ) + R sin(G?-u )] 
Cnil e2 n 2 n n 2 n 
1 s n 

-e-Fl~Vn [P cos(G-,+u ) + R sin(G-+u )]} (145) 
n in n in 

for the gas, where 
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F = ( B  +  B  +  2 d  ) t +  ( d  +  B  -  v  ) 5  ,  
I s g n n s n 

F2 - (Bs + B + 2dn) + (dn + B3 + vn)| , 

G = e (2 x + C) ~ (u + nir)5 , 
1 n n 

Q = e (2x +C) + (u + rnr)? , 
2. n n 

n 
- b 

P = 
n 

n u +n tt n 
n 

2 . v 2 
a + b 
n n 

v 
a + b 

n 
n n u' +nir 

R = = S 
n .2 + b2 

n n 

a = 1 -
n 

d -1 
n .. 

n 

B +B d 
_s a + -H 
2e e 
n n 

B +B 2d -1 
b = = _§ S_ 

2e 
+ n 

n n 

d = 
n 

n 

th v 
n 

e = (u +nir) th v , and u and v are zeros of the set of 
n n n 

Equations (140) and (141) 

n n 
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2.3.2 Feed Solid with an Oscillating Concentration 

Suppose we have the same compact moving bed as in the previous 

section, but now the boundary condition for the solid (i.e., the 

feed concentration) is a function of time. Now the boundary condition 

given by Equation (136) changes to: 

£ = 0, n A J (1 - COSAT) for T>0 • (146) 

where X is the frequency of the oscillation. This boundary condition is 

defined so that ry is always greater than or equal to zero, and it still 

satisfies the initial condition given by Equation (115). Defined in 

this way, the solution of this new problem can be obtained from the 

solution of the previous one. 

Taking the Laplace Transform of Eq. (146) we obtain 

% n T-T- (U7) 
S'° 2s(s +X ) 

The new system of differential equations in Laplace Transform space is 

given by Equations (128) to (130) and (147). It can be shown that 

the solution which satisfies this equation is 

(ttHS -e)e-9e<a+9)«-(a+3 +9)e9 e(B"0)5 

\ 5—2 2 rs Hi . (148) 
2s(s +X ) (n+B -0)e -(fl+B +0) e 

s s 

and 
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z \2 -0 ca+0)€ e (n-e)c 
b e -— (149) 

71(3 2S(S2+A2) (ft+B -0)e"6 - (fl+B +0) e 
s s 

The poles of Eqs. (148) and (149) occur at 

s = 0 (150) 

s = ±iX (151) 

(ftfB -0) e"9 - (B+B +0) e0 = 0 , (152) 
s s v 

Using the same techniques of the previous section, the final 

solution to this problem is 

(B -B )U-0 

1 B e S g - B 

n = ^ 7 7 v v  "  

1 Ce cos G + sin S ] 
n=l 8 e 

n v 
- 2 
e [P cos G„ + R sin G„]} 

n 2 n 2 

1 -F1 ' ' ' ' 
*2 (e [R^ cos G^ - R2 sin G^] -

f ^ 

e F2[S COS G- - S sin G„]} (153) 
2 2 

for the concentration of the solid and 



3 CBs-Bs)(1-5)_ 1 

= 

2 B *-B 
B e s S - B 
s g 

» 

^ y X2(u+mr) r ~F2+V [Pn cos(G2~u) + Rn sin(G2~u)] -

-F -v , , 
e [P cos(G-+u) + R sin (G.+u)]} -

n l n i 

B n=l 8 e4 

B -F' a 1 1 1 f 1 

-=• {e [P1 cos G1 + ?2 sin G^] -

i 
-F„ 
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e [P^ cos G2 + P2 sin Q^\ } (154) 

for the concentration of the gas. In Eqs. (153) and (154) 

p*  ( B s - W g - e i  

F„ = 
(Bs-Bg-9i)^9x 

G„ = X t + 
(X-02)5 + 92 

G„ = A t + 

(x+e2)5 -02 

R1 = P1(BS + Bg + 91} + P2(X+e2) 

P^(X+02) - P2(Bg + Bg + 0X) . 



"C9+ T V 
3 3 u 

= d 
' U T U T 

sLa - & v 

^|z[(Sa+sa) Y z] + zlzx -2(Sa-sa)] j- « 

3-i > - ̂ 
J [_Y - ( a- a)] - a 
5-6 6 

I 7ss N . 
M~7( a- a)]+ j 

t CO 

= T0 

[Z/zB soo (Ze-Y) - z/euxs (Te-Sa+sa)]^^ie_3 = 17 * 

« [z/ZQ uxs (Ze-Y) + z/ZQ so° (Te-§a+sa)] jQ a = 
Z / 

« [z/2e SOO (Ce+Y) + Z/3e UTS (Te+Sg+Sa)]_^le a = z-e 

' fZ/Ze uts (3e+Y) - z/^e S0D (T0+Sa+sa)]z/ie a = T* 

2(*®+z*)+z(E«-T®) z 

•* 

(^B+ZB)+ (£H-TB) 
*  ̂ ̂jr 

' (Te - sa + sa)3<i - (Z9 - Y)Ta = zs 

' (ze-x)zd + (Te-Sa + sa)Ta = Ts 
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R 
n 

2 2 
A. 
1 

+ B 
1 

A. 
1 

and 

B 

B +B +2d 
= s g 

1 e 

Equations (153) and (154) for n and n , respectively, satisfy 
s g 

the set of equations and boundary conditions which give the formulation 

of the problem, i.e., Eqs. (128) to (130) and Eqs. (146). 

2.4 Heat Transfer in a Moving Bed 

In this section we relate the problem of heat transfer (with no 

mass transfer) in a compact moving bed to the problem of isothermal 

mass transfer in the same kind of bed. The purpose is to be able to 

use the results of the previous section in analyzing heat transfer in 

a compact moving bed. 

for t>0 the solid at temperature TQg entering the reactor. We seek 

the temperature of the solid and gas as a function of time and position 

inside the bed under the following assumptions: 

1. the solid and the gas move through the bed countercurrently 

Suppose we have a uniform compact moving bed with void fraction 

with plug flow and with constant velocities; 



2. the dimensions of the reactor are much greater than the size 

of the pellets; 

3. there are no temperature gradients inside the pellets; 

4. the heat transfer coefficient is uniform and constant; 

5. the physical properties of both phases are constant; 

6. the- effects of radiation on heat transfer through the bed 

are neglible; 

7. the thermal conductivity among particles is neglible; and 

8. there• is no heat transfer in a direction normal to the bed axis. 

2.4.1 Feed Solid of Constant Temperature 

The energy balance for the solid is 

9T 
s s 

= hS(T -T ) 
g s 

(155) 
s s s 3x 

and the energy balance for the gas is 

= hS(T -T ) . 
s g 

(156) 

The boundary and initial conditions are 

t 
x T = T = T 

s g og 
(157) 

v 
s 



t > 0 x = 0, T = T 
OS 

(158) 

t >0 x = L, T = T 
og 

(159) 

By defining dimensionless variables as 

T - T 

= • (160) 
OS og 

n ? / ~ l°% , (161) 
OS og 

- - '"(l7VT - f1 (m) 
S g s 

and 

? = f , (121) 

along with 

hSL and B - hSL 

s,h (l-(j)p C v g,h up C v (162 a,b) 
s s s g g g 

then the set of equations which describe the formulation of the problem 

can, of course, be written in a dimensionless form. Hence, 

3ns 
-rf = Bq (n - n ) (163) 
9? s,h g s 

is the energy equation for the solid and 
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9n 3n 

*T « = B„ U (ne ~ (164) 
9r 95 g,h s g 

is the energy equation for the gas. The initial and boundary conditions 

transform to 

t = 0, n = 0 , (124) 

5 = 1 ,  n g  -  0 ,  ( 1 2 5 )  

and 

5 = 0 ,  ns  - 1. (126) 

Equations (163), (164), and (124) to (126) are exactly the same 

as Equations (122) to (126) and so they have the same solution; therefore, 

the problem of heat transfer in a compact moving bed has dimensionless 

temperature profiles given by Equations (144) and (145)with the 

parameters changed to those defined in this section. 

2.4.2 Feed Solid with an Oscillating Temperature 

Suppose that, at 5= 0, the temperature of the solid oscillates 

harmonically as given by Equation (146). The set of equations describing 

the system is given by Equations (163), (164), (124), and (125), with 

Equation (126) substituted for Equation (146). Therefore, the solution 

of the problem is given by Equations (153) and (154) which are the 

same equations for the mass transfer case. 



CHAPTER 3 

DISCUSSION 

3.1 Introduction 

In previous sections, temperature and concentration fields were 

determined for two different kinds of reactors. Temperature fields for 

heat transfer in a compact fixed-bed reactor, and concentration fields 

for mass transfer in an isothermal compact moving-bed reactor were 

established. It was shown also that temperature concentration fields 

are governed by identical sets of differential equations, once corre

sponding assumptions are similar, so appropriate changes in the par

ameters will give concentration fields in a compact fixed-bed reactor 

and temperature fields in a compact moving-bed reactor. 

In this section we intend to point out some aspects of those 

fields, restricting our discussion to the original problem each set of 

equations is supposed to solve. We will not pay attention to the fact 

that each set of equations has a related problem it solves. In Appendix 

C it is shown how to apply some of the material discussed in the next 

sections to the related problem. 

3.2 Fixed Bed 

This problem was worked out by Ivantsov and Lyubov (1952) and 

the work here is based on the set of equations and the change of 

variables they proposed. This is because their change of variables put 

49 
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the set of differential equations in a convenient form for using the 

Laplace Transformation to solve them. In our work we did not consider 

the initial solid temperature equal to zero; that is why our dimension-

less temperatures do not look alike. If we take TQg = 0 in Equations 

(5) and (6), we will have the same dimensionless temperature in both 

works. 

The solution they obtained for the infinite conductivity 

approximation is: 

solid: 

t 00 

m -(y+z) v n», / N 
Ti = i- eJ 2 y m (y>z)> 
^ n=o n 

gas: 

-£T = 1 - e-̂ 4"5̂  I y^M^y.z), 
g n=l 

t t 
where —f- and —7 correspond to our 0 and 0 , respectively, y and z 

t t g s 
g g 

corresponds to our £ and t, respectively, and 
CO 

3=0 

00 T 

r = V .,(yz). 
n .f- Tn+jTTjT 

To compare the above expressions with our solutions given by 

Equations (22) and (23), we can rearrange the order of summation in our 

solution. For example, our gas temperature can be expanded to give: 



9 = 1 - e 
S 

•<5+t) [§i + jd 11_ + jlI + 
\TT + 2! L o: + i:J + 

51 

5" 
IT 

5.' 

1 + _L + I_ 
oT lT 21 

U +  ̂+ 4 + 4 
I  o T i r i r i r  

, 2 3 4 
A + ̂  + ̂  + i_ + i_ 
0! 1! 2.' 3! 4! 

• d • « •  ̂

Rearranging the order of summation by taking the very last non-taken term 

in each power of 5 and summing together, changes 0 to: 
O 

9 = 1 - e 
S 

-(C+t) 

f1 
' 1 , __£i_ + liii2 . (gt)3 (go4 

i:o: 2:1! 3:2: 4:3: 5:4: + "• 

+ c 

+ 5" 

+ 5 

r 1 , ft 
[2T0T + 3TT 

[3T0r + ?! 

r_1 
|_4!° 

(ft)2 (?t)3 
4:2: 3TTT 

Ill) 
1 T + ftzT + 

+ 5!1, + .. 

In compact form, the expression for 0 can be written as; 
S 

CO CO 

9 . 1 . e-«+T) i e i -M,„ 
n=l j=o 

(n+j).'j 

or 

9 = 1 - e 
S 

-a+x) ̂  cn M (^x) 

n=l n 
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If we take T =0, then this is exactly the same solution obtained by 
OS 

Ivantsov and Lyobuv (1952). A similar treatment applied to 0g shows 

that both solutions are the same. 

, Considering the finite conductivity problem, there is a dif

ference between our solution and that of Ivantsov and Lyubov (1952). 

The exponential term in their solution in Laplace space is: 

exp 
/'3Bip chi/3Bip sh/3Bip 

/3Bip chv/3Bip + (Bi-1) sh 1/3Bip 
Y* 

where p corresponds to s, and Y* to £ in this work. This exponential 

term corresponds to the exponential term in our Equation (58). In their 

work, as well as ours, this term is expanded in a Taylor series and 

the inverse transform is found by applying the inverse transform integral 

theorem to each term of the resulting series. In our work we have 

simplified this exponential before the expansion. This simplification 

in the expression of Ivantsov and Lyubov (1952) would correspond to 

adding and subtracting Bi sh\/3Bip to the numerator of the fraction, so 

the exponential would become: 

_Y* 
e exp 

Bi sh /3Bip 
Y* 

i/3Bip ch/3Blp + (Bi-1) sfr/3Bip 

So, their final solution contains this exponential term implicitly, 

while ours contains it explicitly. 
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The difference in form of the final solution between this work 

and that of Ivantsov and Lyubov comes from the fact that they used 

only residue theory in their computations, which involves computing: 

where F stands for the fraction involving p in the resulting expansion 

of the exponential term, and we used residue theory followed by the 

convolution theorem, as shown by Equations (63), (64) and (67). That 

combination gave us the possibility of writing the final solution in a 

compact form. 

Equations (22) and (23) give temperature profiles for heat 

transfer in a compact fixed bed under the assumption of Biot number equal 

to zero, and Equations (82) and (83), with their respective parameters, 

give temperature profiles of the same bed under the assumption of Biot 

number different from zero. The parameter 3 in Equation (83), being 

a function of dimensionless radius, permits Equation (83) to be used 

for computation of the temperature profile inside the pellet at any 

point of the bed. The set of differential equations for Bi = 0 does 

not contain any such parameter, so the system is perfectly described 

by the dimensionless variables defined by Equations (5) to (8). For 

Bi f  0, the system needs Bi, in addition to the dimensionless variables, 

for its complete description. The Biot number, defined by Equation (35), 

is a function of h, K , and r , and as such, it does not take a small 
s o 

value of rQ as a necessary and sufficient condition for small 3i. 
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To have Bi equal zero as a good approximation in the description of the 

behavior of the system, we should have one of the two conditions: 

(a) small r and a reasonable h/K or (b) a reasonable r and a small 
os o 

h/K . Of course, a small r and a small h/K will give a small Bi, 
s os 

and also, for a constant h/K , Bi goes to zero as r goes to zero. 
s o 

Anyway, Bi = 0 is an approximation that should be looked at carefully. 

The dimensionless variables defined by Equations (7), (8), 

(32), (33) and (34) are a convenient way to describe the performance 

of a system, but care should be taken when comparing the behavior of 

different systems. The relationships between dimensionless variables 

and real ones (a real variable means a variable having a dimension 

associated with it) involve some parameters of the system being described. 

Changes in these parameters cause changes in the scale of the corre

sponding real variables. This means that real variables do not have the 

same value for the same value of the dimensionless variables in dif

ferent systems with different parameters. Therefore, a dimensionless 

variable describes systems in terms of corresponding values of the real 

variable associated with it. This kind of description is very con

venient for position variables, once the physical conditions are chang

ing from system to system and so, points of the systems having similar 

behavior will not be at a same distance from the same reference point. 

From a practical viewpoint, corresponding time is not adequate for com

paring different systems since we are usually interested in simul

taneous events. 
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The problem of simultaneous events can be solved by defining a 

standard dimensionless time. Calling x the dimensionless time given by 
s 

expression (7), and relating it to the equivalent variable by Equation 

(32), we obtain 

T 

Therefore, defining xg as the standard time, simultaneous temperature 

profiles can be obtained by using t from expression (180), with a con

stant Tg. To have a complete definition of the standard dimensionless 

time scale we need to specify the values of the parameters involved in 

its definition. From expression (180) we see that xg = t for Bi = 1/3, 

so the standard dimensionless time is the time scale for a system having 

Bj = 1/3. Standard dimensionless time is the unit time used in the 

computations leading to Figures 4 to 16. 

Table 1 shows the variation with B.i and standard dimensionless 

time of the parameter a_. given by Equation (83). According to this 

table, for a given j , each a. has a maximum value which moves to higher 

values of Bi as x increases, and for a given x, it moves toward lower 

Bi as j increases. This behavior can be seen forx= 4 and j = 2, 3, 

and 4; for x= 6.5 and j = 4, 5, 6, and 7; and forx= 8.5 and j = 6, 7, 

8, and 9. We can also see that for a given Bi and j, a + 0 as t 

increases, and for a given x and Bi, a^, + 1 as j increases. 

Table 2 shofas the behavior of B_. defined by Equation (84). 

This table shows the same maximum we found in a. when moving 



Table 1. Parameters of the Gas Equation, 

Bi = 0. 02 Bi = -2.0 Bi = 20.0 
T 
S 0. 600 4.000 6.500 8.500 0.600 4.000 6.500 8.500 0.600 4.00 6.500 8.500 

AI 
0. 548 0.019 0.002 10-4 0.447 0.042 0.008 0.002 0.228 0.066 0.041 0.030 

A2 
0. 876 0.092 0.011 0.002 0.073 0.135 0.033 0.010 0.431 0.137 0.087 0.064 

a3 
0. 976 0.239 0.043 0.009 0.895 0.267 0.084 0.030 0.589 0.211 0.137 0.101 

a4 
0. 996 0.434 0.113 0.030 0.961 0.420 0.162 0.067 0.727 0.287 0.190 0.142 

a5 
0. 999 0.628 0.224 0.075 0.987 0.566 0.263 0.125 0.821 0.362 0.245 0.186 

a6 1. 000 0.784 0,369 0.150 0.996 0.694 0.378 0.201 0.887 0.435 0.301 0.232 

a7 1. 000 0.888 0.526 0.257 0.999 0.794 0.496 0.293 0.931 0.505 0.357 0.279 

a8 1. 000 0.948 0.672 0.386 1.000 0.868 0.607 0.394 0.959 0.571 0.414 0.327 

a9 1. 000 0.978 0.790 0.523 1.000 0.919 0.705 0.497 0.976 0.632 0.468 0.375 

o
 

I—I 3 1. 000 0.992 0.876 0.652 1.000 0.952 0.787 0.595 0.987 0.637 0.522 0.423 



Table 2. Parameters 8. of the Solid Equation. 
1 

0.600 
Bi 

4.000 

=  0 . 02  
6.500 8.500 0.600 4.000 6.500 8,500 0 ,600  

Bi = 20. 

4.000 

0 

6.500 8.500 

e 

8 

8 

8 

8 

8 

8 

8 

8 

8 

8 

0.548 

0.328 

0.010 

0.002 

-3 
10 

10 
-4 

10 
-5 

10 
-6  

10 
-7 

10 

10 

-8 

0.109 

0.074 

0.147 

0.195 

0.195 

0.156 

0.104 

0.060 

0.030 

0.014 

0.005 

0.002 

0.010 

0.032 

0.069 

0.112 

0.145 

0.157 

0.146 

0.119 

0.086 

0.056 

10-3 

0.002 

0.007 

0.021 

0.045 

0.075 

0.107 

0.129 

0.137 

0.129 

0.110 

0.447 

0.269 

0.152 

0.066 

0 .026 

0.001 

.-3 
10 

10 
-4 

10 
-4 

10 

10 
-5 

0.042 

0.093 

0.133 

0.151 

0.147 

0.127 

0.101 

0.074 

0.051 

0.033 

0.021 

0.008 

0.025 

0.051 

0.078 

0.101 

0.115 

0.118 

0.111 

0.098 

0.081 

0.064 

0.002 

0.008 

0.020 

0.037 

0.057 

0.076 

0.092 

0.101 

0.103 

0.098 

0.089 

0.228 

0.203 

0.167 

0.129 

0.094 

0.066 

0.044 

0.028 

0.017 

0.010 

0.006 

0.066 

0.071 

0.074 

0.076 

0.076 

0.073 

0.070 

0.066 

0.061 

0.055 

0.050 

0.041 

0.046 

0.050 

0.053 

0.055 

0.056 

0.057 

0.056 

0.055 

0.053 

0.051 

0.030 

0.034 

0.038 

0.041 

0.044 

0.046 

0.047 

0.048 

0.048 

0.048 

0.047 
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horizontally along the table, and it can be seen for x = 4 and j = 1, 2, 

and 3. We can also see that, for a given Bi, g decreases as t 

increases, and, for a given Bi and t, 3 shows a maximum which moves 

toward higher j when x increases, and after this maximum S, -> 0 as j 

increases. 

From the above, we should observe that in computing gas tempera

ture we can set the error as behaving according to the series in E,, 

also after some value of j, which depends on t and Bi, a^. can be taken 

equal to 1. This approximation can save some computer time, since each 

ctj is defined as an infinite series whose terms are composed of two 

other infinite series, defined by Equation (88). 

In the computation of the solid temperature profile it is con

venient to calculate the sum of the series until a value of j in which 

starts decreasing, so we can be sure no significant term was left 

behind. 

The computer program prepared to draw temperature graphs fol

lowed the above observations. 

Figures 4 to 7 are graphs of temperature versus distance for 

the gas phase, and Figures 8 to 11 are the corresponding graphs for 

temperature at the solid surface. Both sets of figures show temperature 

profile having Biot number and standard dimensionless time as parameters. 

The limitation in distance on those figures (meaning limitation on 

reactor length) was imposed by the precision of the computations. Modi

fications in the dimension statements in the computer program allows for 

larger distances, but this means larger storage space and longer computer 

time. 
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Figures 4 to 11 show that Biot number = 0 is a limit to the 

behavior of the system. This means Equations (73) and (74) approach 

(23) and (24) as Bi 0. Our plots could not detect differences in 

behavior between curves with Bi = 0.02 and those with Bi = 0.00. 

Therefore, the model seems to be coherent with respect to the limit 

character of the approximation of infinite conductivity. 

Figure 4 shows that Bi = 20.0 gives the highest temperature 

profile, followed by that for Bi = 2.0, with Bi = 0.0 giving the lowest 

one. In Figure 5, presenting gas temperature vs. distance for tg = 

4.0, the effect on gas temperature for different values of Bi up to 

20.0 is small for distances less than about 2.0, while at greater dis

tances there is a tendency for the temperature to be greater for larger 

values of Bi. Figure 6 shows that for a distance value £, the gas temp

erature is highest for low values of Bi, whereas for greater distances 

the order reverses and higher gas temperatures occur for greater values 

of Bi. Figure 7 shows that for distances £<5.0, the highest temp

erature profile is given by Bi = 0.0, while Bi = 20.0 gives the lowest 

one. There is an inversion in the relative position of the curves as 

time increases, and the approximation Bi = 0.0 estimates lower temp

eratures for short times and higher temperatures for longer times. The 

very same behavior can be seen occurring at the solid surface (Figures 

8 to 11). This behavior can be explained considering the finite thermal 

conductivity of the solid. For short times and a large Biot number 

(relatively poor thermal conductivity of the solid) most of the heat 

transferred from the gas remains at the solid surface, so its surface 
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warms up faster than a solid with small Bi. As heat is conducted to 

the interior of the solid faster for a low Bi number, the solid surface 

warms up slower than in a large Bi pellet, but larger amounts of heat 

can be transferred to the low Bi pellet. Therefore, at the beginning 

of the process (Figures 4 and 8), systems with larger Biot number 

should have higher gas and solid temperature profiles. Toward the 

end of the heating process the rate of interphase heat transfer is small 

and the solid with large Bi still needs large amounts of heat to be con

ducted to its interior so it can eliminate the remaining temperature 

gradient inside it; smaller amounts are needed by the solid with small 

Bi, and then the former warms up slower than the latter. At the same 

time the latter requires smaller amounts of heat to be transferred to 

it than the former. Therefore, for larger times (Figures 7 and 11), 

systems with smaller Bi should have solid and gas temperature profiles 

higher than those with larger Biot number. We can state that, in heat

ing a bed of solids, the system with large Biot number requires large 

amounts of heat transferred to it to eliminate a temperature 

gradient inside the pellet when the rate of heat transferer is small, 

while the one with small Bi requires large amounts of heat transferred 

to it when the rate is large. 

Appendix B shows temperature profiles inside the pellet at 

several values of E, and for dimensionless time equal to those used in 

Figures 5 to 7. No plot was drawn for Tg = 0.6 because of a conver

gence problem with the computer program for too small a time. Those 

figures show that the larger the Biot number, the deeper the temperature 

gradient inside the pellet, at all levels of the bed. 
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Appendix C shows an example of application of the material 

discussed in this section to a problem of heat transfer and to its re

lated problem of mass transfer. 

3.3 Moving Bed 

Equations (125) and (126) give solid-and gas-concentration 

profiles as a function of time and position in a counter-current bed 

which operates isothermally and with a feed solid of constant con

centration E, = 0. Equations (134) and (135) give the concentration 

profiles when the concentration of the feed solid at 5 = 0 oscillates 

with a frequency of X. 

Both sets of equations, giving concentration profiles, have 

the same variable x which involves time and position coordinates. To 

separate the influence of time and position in t, we define a new 

variable, x', given by: 

T »  =  
(L/Vs) * 

Thus, x' is related to x by the expression: 

(l-w)B 

T = (l-a»)Ba+oj3g [T* ~ 0 

The use of x1 and £ permits the construction of plots for concentrations 

at real times and positions in the bed, since time and position are now 

defined as independent variables. 



In the figures, which show the concentration profiles, con

centration is plotted against position in the bed at a fixed time. 

As such, it is easier to see the behavior of the bed, since this kind 

of reactor usually works in a vertical position with the gas entrance 

at the bottom and the feed solid introduced at the top. The position 

in the bed is shown as (1-5), instead of 5, because this change makes 

the top of the plot coincide with the top of the reactor. 

The equations for gas- and solid-concentrations can be written 

in two ways according to the value of x'. For x* <1, they are: 

n = n = 0 for 0 < (1-C) < (1-x'), 
s g 

and 

n and n ^ 0 for (1-x1) < (1-5) ̂  1. 
s g 

In addition, when x ' ̂  1 then ri and n 5s  0. n and n ^ 0 means that 
s g s g 

the concentrations are given by the expressions that are the non-trivial 

solutions of the mass balance equations. 

Figures 12 to 16 and 19 show the gas- and solid-concentrations 

when xf <1. For example, Figure 12 shows the dimensionless gas- and 

solid-concentrations for x' = 0.75 with B =0.5 and B =0.1. Since 
s g 

x' = 0.75, the feed solid which first entered the top of the bed has 

only progressed 75 percent of the total bed length; i.e., (1-5) = 0.25. 

Hence, the concentrations of the gas and solid is zero in the bottom 

portion of the bed, and, of course, there is mass transfer only in the 

upper portion where (1-5) > 0.25. 
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Figure 14. Solid- and gas- concentrations at steady-state. 



74 

uJ* 

JL 0.8 

LU 
O 
z 

£ 
CO 

CO 
CO 
LU 
_J 

o 
O) 
z 
LU 

Q 

0.6 

0.4 

f—gas 

1 i 

7 / 

solid 

/EXTRA- r' = 0.5 • 

-

5 
1 

1 " i 
0.2 0.4 0.6 0.8 1.0 

DIMENSIONLESS SOLID AND GAS 
CONCENTRATIONS, T\s AND 7]g 
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Figure 16. Solid- and gas- concentrations showing the discontinuity 

occurring at (1-5) = 0, and the extrapolated solid 
concentration in the neighborhood of the discontinuity. 
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Figure 17. Solid- and gas- concentrations at steady-state. 
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Figure 18. Solid- and gas- concentrations showing the discontinuity 
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Figure 19. Solid- and gas- concentrations showing no difference between 
the concentrations at T' = 1 and at steady-state. 
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The curve for the concentration of solid requires clarification 

because of the anomaly in the neighborhood of the discontinuity at 

(!-£).= 0.25. Similar anomalies can be seen in Figures 13, 15, 16 

and 18. It can be explained in terms of the definition of the system 

at T1 = 0. The equation for the mass balance of the solid, 

3T1s 
=  B  (n  -  nJ  ,  

H sv"g 'V 

is satisfied everywhere and at anytime in the bed, and in particular at 

x' = 0 and Z, =0. Defining the value of ng at ? = 0 as 

n  =  0 for t' < 0, 
s 

and 

implies that 

H = 1 for x' > 0 
s 

an  
lim = 00 

t' ->-0 
c + o 

3? 

Since B is finite, ri has to be infinite so that the boundary condition 
s g 

can be satisfied. This explains also why n  does not satisfy the 
§ 

initial condition. Another consequence of this definition is that there 

is a neighborhood of £= 0 and a very small T' where 

3'H 
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and this causes a local increase in concentration of solid in that 

neighborhood. In Figure 12, for example, the discontinuity in solid 

concentration is at the same plane where the discontinuity occurred at 

T' = 0 and 5=0, and it is a consequence of the definition of the 

system at t' = 0. Therefore, this behavior should not be seen as a 

mass accumulation in the neighborhood of the discontinuity, since below 

them the gas and solid concentrations are zero; i.e., the concentration 

of the solid should not increase, in any physical sense, whereas the 

extrapolated portion of the curve is physically feasible. 

Figure 13 represents the conditions in the same bed of Fig. 12 

for a later time; now the plane of discontinuity has just reached the 

bottom of the bed since T' = 1.0. The steady state profile of this bed 

is shown in Figure 14. - There is very little difference between the gas 

concentration of Fig. 14 and that of Fig. 13 which implies that the 

gas concentration very closely approximates the steady-state concentration 

for t' ̂  1.0. However, a comparison of the solid concentrations in 

Figs. 13 and 14 show that the bed, in total, is not yet at steady-state; 

for the conditions of Bg = 0.5 and = 0.1, steady state is essentially 

achieved for x' > 1.10. These conditions correspond to a bed in which 

the throughputs of gas and solid are very high. 

Figures 15 to 17 show the concentrations in a bed in which the 

throughputs of gas and solid are more moderate and, probably, more 

typical of actual reactors; the throughputs of both phases are an order-

of-magnitude smaller than those of Figures 12 to 14. The anomaly is 

apparent in Figs. 15 and 16 but to a lesser extent than in Figs. 12 and 
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13. Notice, too, that Figs. 16 and 17 compare almost exactly so that, 

for the values of B and B selected, steady-state is achieved for 
s g 

T' ^ 1.0. 

Figures 18 and 19 are for throughputs which are less than those 

of Figures 15 to 17. The anomoly is still apparent at the discontinuity 

in the bed (Fig. 18) and steady-state (Fig. 19) is realized fori1 ^ 1.0. 

Figure 19 depicts the behavior of a reactor which is overdesigned from 

the point of view that in the lower third of the reactor there is very 

little mass transfer. The throughputs represented are relatively low 

(Bg = 8 and = 2), and they could be increased without an appreciable 

increase of the concentrations of the exit-gas and the exit-solid. 

Figures 14, 17 and 19 are graphs of (1-?) versus the steady-state 

dimensionless concentrations of gas and solid. They show that the 

concentration of the solid, at any point of the bed, decreases as Bg and 

B increases (except at the boundaries where they are fixed). They also 
§ 

show that the exit-gas concentration increases as B and B increases. ° s g 

From Figures 12 to 19 and also from Equations (125) and (126), we 

conclude that this system has a unique steady-state, and no internal 

recycling occurs at any time. 

Figures 20 to 27 are graphs of (l-£) versus the dimensionless 

concentrations of the gas and of the solid for the case in which the 

concentration of the feed solid (i.e., the concentration at (l-£) = 1) 

oscillates with a frequency X. In these figures the values of t were 

chosen so that, for a given set of parameters, there is one figure with a 



82 

gas 

solid 
0.8 

0.6 -

0.4 

B 5= 5 

A s 0.5 0.2 

0.6 0.4 0.8 1.0 0 0.2 

DIMENSIONLESS SOLID AND GAS 
CONCENTRATIONS, 7]s AND 7?g 

Figure 20. Solid- and gas- concentrations showing no oscillations 
occurring inside the bed when the period of oscillation of 
the feed-solid is greater than the residence-time of 
the solid. 
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Figure 21. Solid- and gas- concentrations showing no oscillations 
occurring inside the bed when the period of oscillation of 
the feed-solid is greater than the residence-time of the 
solid. 
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Figure 23. Solid- and gas- concentrations showing oscillations in the 
solid concentration occurring inside the bed when the 
period of oscillation of the feed-solid is less than the 
residence-time of the solid. 
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Figure 24. Solid- and gas- concentrations at a time when there is 
internal recycling in the upper part of the bed. 
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Figure 26. Solid- and gas- concentrations showing slight internal 
recycling in the upper part of the reactor. 
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low concentration of feed-solid at (1—e;) = 1, and another with a high 

concentration of feed-solid. 

The amplitude of oscillation was taken equal to 1.0 such that 

the dimensionless concentration of the feed-solid ranges from 0 to 1. 

Thus, the feed-solid concentration oscillates from the value of the 

concentration of the feed-gas, defined as C , to a maximum concentra-
og 

tion of the feed solid defined as C .. 
os 

Figures 20, 21 and 22 show the effect of increasing the frequency 

of oscillation. Those figures have the same values of B and B , but 
s g' 

in Figure 20 X = 0.5, and in Figures 21 and 22 X= 20. Figure 22 shows 

the case when the concentration of the feed-solid is low during an 

oscillation and Figure 2 3 shows the bed when the feed-solid has a high 

concentration. In Figures 20 and 21 the period of oscillation, given by 

2tt/X, is longer than the residence time of the solid, while in Figures 

22 and 23 it is less than the residence time. As expected, oscillations 

inside the bed occur for periods of oscillation less than the residence 

time of the solid. 

In Figure 21, the concentration of the feed solid oscillates 

so slowly that within the bed, at a given instant, the concentrations 

of both phases always decrease with distance down from the top of the 

bed. This occurs, of course, because the period of the oscillation is 

very large relative to the respective residence times of the two phases. 

Recycling, in a bed with an oscillating concentration of 

feed-solid, can be characterized as concentrations of solid which fall 

below concentrations of the gas. In Figure 21, the concentration of 
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solid decreases steadily as (1-5) decreases, and all of the minima for 

the concentration of the solid in Figures 22 and 23.- never fall below the 

concentration of the gas. Therefore, those figures show sets of con

ditions for which recycling does not occur, because of the high 

throughput of the gas (i.e., low value of B ) which makes the gas 
3 

concentration essentially 0.0 through the entire bed, as shown on the 

figures themselves. 

In Figures 24 to 2 7, however, there are regions in which re

cycling is apparent because now the throughput of the gas is increased 

by a factor of ten over that of Figures 20 to 23.. These figures also 

show that if we compare the range of solid concentration, at the exit 

point, given by Figures 24 and 25 together, to the range given by 

Figures 26' and 2 7 together, we see that a decreasing throughput of solid 

gives a more uniform concentration of the exit-solid. 

By running the computer program several times, it was observed 

that whenever the period of oscillation was less than the residence 

time of the solid, and B >0.10 there was internal recycling, and for 
S 

Bg < 0.10 we could not notice its presence. Therefore, as a first 

approximation, we take B =0.10 as the transition between recycling 
§ 

and non-recycling conditions. The values of Bg had no influence on 

this transition. 

Appendix C gives sample calculations which show how the graphs 

in this section can be used to solve a problem on mass transfer. 
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3.4 Remarks 

Concerning the models proposed in this work, we should point 

out some important limitations of their applicability. 

The fixed bed, in which we obtained the solution for the bed 

having pellets, with and without internal gradients, has one minor 

limitation, and that is the uniformity of the properties of the bed. 

•Typically such a bed is neither uniform nor is the pellet size uniform. 

Some techniques have been developed which can give a mean value for the 

pellet size, and so the results for uniform bed can be used as an 

approximation. Therefore, our results should be seen as an average 

behavior of the bed, and it is essentially a first approximation to the 

more complicated situation of a bed of pellets with nonuniform radii. 

The solution to the moving bed has some major limitations. The 

isothermal assumption for mass transfer is not very hard to satisfy in 

some processes. However, the assumption of no concentration gradient 

inside the pellet is the most important assumption and the one which 

restricts the applicability of model. For mass transfer it is hard to 

think of a process in which diffusion inside the solid occurs faster than 

interphase mass transfer. Perhaps if we think of a solid with high 

internal porosity, where diffusion occurs essentially in the gas phase, 

we can have a situation satisfying the assumption. The major applicability 

of this model seems to be in heat transfer processes. In beds containing 

metallic materials and/or small pellets, the Biot number of the pellet 

is usually low enough, so that the assumption of a uniform temperature 

inside the pellet gives a good approximation. In this case our model 



can give the solid and gas temperature profiles. F°r both cases of mass 

transfer and of heat transfer, this model shows that if reasonable 

throughputs of solid and of gas are selected, then the system moves 

very quickly towards steady state, and, in fact, steady state is 

essentially achieved in a period equal to the residence time of the solid. 



CHAPTER 4 

CONCLUSIONS 

Two types of gas-solid reactors are analyzed: a compact-fixed 

bed and a countercurrent compact-moving bed. The models consist of 

the solutions of the mass and energy balance equations for various 

boundary conditions. To simplify the conclusions, the discussion is 

in terms of heat transfer in the compact-fixed bed and mass transfer 

in the compact-moving bed. 

In modelling the fixed bed two situations are considered which 

differ according to the heat transfer conditions within the pellets. In 

one, the temperature within the pellets is uniform, and in the other, 

there are temperature gradients. The Biot number, which is dimension-

less, governs the presence of gradients inside the pellet. With a 

large Biot number, the temperature gradient inside the pellet is 

significant; no temperature gradients exist for a Biot number of zero. 

A comparison of the temperature in a bed composed of pellets of a 

very low Biot number and a bed composed of solids of a very high Biot 

number, shows that the bed with a low Biot number has lower temperatures 

for short times than a bed of a high Biot number, while for long times 

the situation is reversed. 

For mass-transfer in moving beds, the mass concentration within 

the pellets is assumed uniform, and there is only mass-transfer 

94 
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between the phases with no reactions. With these assumptions the effect 

of two types of feed-solids is analyzed. In one the field-solid has a 

constant concentration, and in the other, the feed-solid has a harmonically 

osciallating concentration. The equations show that the unsteady-state 

does not last long in this system and is approximately equal to one 

residence time of the solid. This sytem requires two dimensionless 

numbers, B and B , to be specified; B and B are inversely pro-
s g s g 

portional to the feed-rates of the solid and gas, respectively. It is 

shown that the concentration of the solid inside the system depends 

mainly on Bg, while that of the gas depends mainly on B^. The bed with 

feed-solid of constant concentration has a unique steady state and does 

not have internal recycling. The bed with an oscillating boundary con

dition shows no internal osciallation for a period of oscillation for 

the feed solid longer than the residence time of the solid. When the 

bed oscillates internally, the uniformity of the exiting solid is 

improved as Bg is increased. This type of bed has a unique steady state, 

and, under some conditions, internal recycling occurs. Recycling is 

that condition when the concentration of the solid falls below that of 

the gas in a bed which has a feed-solid concentration greater than 

that of the gas. Recycling takes place when the oscillation period of 

the feed solid is less than the residence time for the solid as it 

passes through the bed. For typical feed rates of solid with an 

oscillating concentration, recycling is not observed when B <0.10 
§ 

because, at this value, the gas passes through the bed so rapidly that 

very little mass transfer can take place. 



APPENDIX A 

LIST OF SYMBOLS 
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- Constant in infinite series; e.g., Equations (153) and (154). 

a^, a.^, a^j a^ - Constants in infinite series; e.g., Equations (153) 

and (154). 

a - Indexed constant in infinite series; e.g., Equations (68), (69), 
n 

(144), and (145). 

B^ Constant in infinite series; e.g., Equations (153) and (154). 

B - Dimensionless number for mass transfer defined by Equation (127b). 
g 

B , - Dimensionless number for heat transfer defined by Equation (162b). 
g>" 

Bi - Dimensionless Biot number for heat transfer defined by Equation (32). 

Bi - Dimensionles Biot number for mass transfer defined by Equation (108). 
m 

b - Indexed constant in infinite series; e.g., Equation (144) and (145). 
n 

B - Dimensionless number for mass transfer defined by Equation (127a). 
s 

B , - Dimensionless number for heat transfer defined by Equation 
s) h 

(162a). 

C - Gas concentration for mass transfer. 
g 

Cg - Gas specific heat 

C - Solid concentration for mass transfer. 
s 

cg - Solid specific heat. 

C - Gas concentration defined by Equation (93). 
og 

C - Initial solid and gas concentration defined by Equation (92). 
OS 

d - Indexed constant in infinite series; e.g., Equations (144) and 
n 

(145). 

D - Mass diffusion coefficient in the solid phase. 
s 

e - Indexed constant in infinite series; e.g., Equations (144) and 
n 

(145). 
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f - Indicates a generic function. 

F^, F2 - Variables in infinite series; e.g., Equations (144) and (145). 

I f 
- Variables in infinite series; e.g., Equations (153) and (154). 

F - Variable defined by Equation (57). • 
n 

F - Variable defined by Equation (54). 
o 

G - Variable defined by Equation (55). 

g - Complex variable defined by Equation (64). 

G^, G^ - Variables in infinite series; e.g., Equations (144) and (145). 

f T 
G^, G2 - Variables in infinite series; e.g., Equations (153) and (154). 

h - Complex variable defined by Equation (64) and interphase heat 

transfer coefficient. 

h - Interphase mass transfer coefficient. 
m 

H - Variable defined by Equation (56). 
n 

H - Variable defined by Equation (53). 
o 

i - Integer exponent. 

j - Index of summation in series. 

K - Index of a sequence of residues; e.g., Equation (64). 

K - Indexed constant in infinite series; e.g., Equations (68) and (69). 
n 

K - Thermal conductivity of the particles. 
s 

L - Length of the reactor. 

£ - Indicates Laplace Transform 

n - Index of summation in infinite series. 

P - Indexed constant in infinite series; e.g., Equations (144) and 
n 

(145). 
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i 
- Indexed constant in infinite series; e.g., Equations (153) and (154). 

r - Radial coordinate 

- Residue at the pole ZR; see Equation (63) 

R - Indexed constant in infinite series; e.g., Equations (153) and (154). 
n 

r^ - Radius of the pellet. 

f f 
R^, R^ - Constants in infinite series; e.g., Equations (153) and (154). 

S - Surface area per unit volume of the bed. 

s - Parameter in the definition of Laplace Transform and index of 

summation of infinite series. 

s - Poles of n and n • 
n s g 

S - Indexed constant in infinite series; e.g., Equations (83) - (85), 
s,n 

and (87) - (89). 

I r 
S^, S2 - Constants in infinite series; e.g., Equations (153) and (154). 

t - Time coordinate. 

Tg - Temperature of the gas. 

Tg - Temperature of the solid. 

TQg - Temperature of the gas at x = 0. 

TQg - Initial temperature of the gas and of the solid. 

u - Dummy variable of integration. 

u^ - Imaginary part of the roots of the set of Equations (140) and (141). 

v - Velocity of the gas. 
s 

v^ - Real part of the roots of the set of Equations (140) and (141). 

v^ - Velocity of the solid 

x - Position coordinate. 

z - Complex variable; see Equation (63). 
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otj - Indexed variable defined by Equations (72) and (80). 

- Indexed constant defined by Equations (74) - (76); and by 

Equations (82) - (85). 

a.. 
in 

ag - Heat diffusivity of the solid. 

$ - Imaginary part of a complex number; see Equation (63). 

gj - Indexed variable defined by Equations (77) - (79); and by 

Equations (86) - (89). 

6 - Roots of the Equation (67). 

n - Dimensionless gas concentration defined by Equation (119) for 
§ 

mass transfer; and dimensionless gas temperature defined by 

Equation (161) for mass transfer. 

ng - Dimensionless solid concentration defined by Equation (118) for 

mass transfer; and dimensionless solid temperature defined by 

Equation (160) for heat transfer. 

y - Real part of a complex number; see Equation (63). 

X - Frequency of oscillations. 

ft - Constant defined by Equation (134). 

a) - Void fraction. 

p - Dimensionless radial coordinate defined by Equation (31). 

p - Density of the gas. 
O 

pg - Density of the solid. 

x - Dimensionless time coordinate defined by Equations (7), (30), 

(96), and (106) for fixed beds; and by Equation (120) for 

moving beds. 
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t - Dimensionless time coordinate defined by Equations (7), (30), 

(96), and (106) for fixed beds; and by Equation (120) for 

moving beds. 

x - Standard dimensionless time defined by Equation (155). 

t' - Dimensionless time coordinate defined by Equation (156). 

0 - Constant defined by Equation (135). 

9^ - Constant defined by Equation (153). 

0£ - Constant defined by Equation (154). 

9 - Dimensionless gas temperature defined by Equation (6) for heat 
S 

transfer; and dimensionless gas concentration defined by 

Equation (95) for mass transfer. 

0g - Dimensionless solid temperature defined by Equation (5) for 

heat transfer; and dimensionless solid concentration defined 

by Equation (94) for mass transfer. 

£ - Dimensionless position coordinate defined by Equations (87) and 

(9 7) for a fixed bed; and by Equation (121) for a moving bed. 
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1.0 r 
B =0.02 

DIMENSIONLESS RADIUS, P 

Figure Bl. Temperature within the pellets located at the bottom 
of the bed (£=0) for T (standard dimensionless time) 
equal to 4 and for various Biot numbers. 
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Figure B2. Temperature within the pellets located part way up the bed 
where 1,25 for T (standard dimensionless time) equal 
to 4, and for various Biot numbers. 
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Bi =0.02 

Cn o.4 

DIMENSIONLESS RADIUS, P 

Figure B3. Temperature within the pellets located at the midlength 
of the bed (5 = 2.5) for t (standard dimensionless 
time) equal to 4, and for various Biot numbers. 
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DIMENSIONLESS RADIUS, 

Figure B4. Temperature within the pellets located part way up the 
bed where E, =3.75 for x (standard dimensionless time) 
equal to 4, and for various Biot numbers. 
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Bi 30.02 

DIMENSIONLESS RADIUS, P 

Figure B5. -Temperature within the pellets located at the top of the 
bed (C=5) for t (standard dimensionless time) equal to 
4, and for various Biot numbers. 



108 

Ixl 
or 
D 

£ 
(Z 
UJ 
Q_ 

LLI 
I-

9 
_j 

o 
CO 

CO 
</> 
UJ 
-J 
z 
o 
(f) 
z 
LLI 

c Bi = 0.02 

DIMENSIONLESS RADIUS, P 

Figure B6. Temperature within the pellets located at the bottom of 
the bed (£=0) for x (standard dimensionless time) 
equal to 6.5, and fof various Biot numbers. 
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Figure B.7. Temperature within the pellets located part way up the bed 
where £ = 1.25 for T (standard dimensionless time) equal 
to 6.5, and for various Biot numbers. 
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Figure E8. Temperature within the pellets located at the midlength 
of the bed (£=2.5) for Tg (standard dimensionless time) 
to 6.5, and for various Biot numbers. 
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Figure B9. Temperature within the pellets located part way up the bed 
where £ = 3.75 for T (standard dimensionless time) equal 
to 6.5, and for various Biot numbers. 
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Bl =0.02 
0.6 '= 

DIMENSIONLESS RADIUS, P 

Figure BlO. Temperature within the pellets located at the top of the 
bed (£=5) for x (standard dimensionless time) equal 
to 6.5, and for various Biot numbers. 
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LlJ 0-6 

DIMENSIONLESS RADIUS, J° 

Figure B.H. Temperature within the pellets located at the bottom 
of the bed (£=0) for x (standard dimensionless time) 
equal to 8.5, and for various Biot numbers. 
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Figure B12. Temperature within the pellets located part way 
up the bed where £=1.25 for T (standard dimensionless 
time) equal to 8.5, and for virious Biot numbers. 
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DIMENSIONLESS RADIUS, P 

Figure B13. Temperature within the pellets located at the midlength 
of the bed (C=2.5) for x (standard dimensionless time) 
equal to 8.5, and for various Biot numbers. 
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Figure B14. Temperature within the pellets located part way up the 
bed where 5=3.75 for x (standard dimensionless time) 
equal to 8.5, and for various Biot numbers. 
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Bi =0.02 

LLI 0.6 
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Figure B15. Temperature within the pellets located at the top 
of the bed (5=5) for T (standard dimensionless time) 
equal to 8.5, and for various Biot numbers. 
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Heat Transfer in a Fixed Bed 

Assume a gas, with entrance temperature of 525°C, is blown into 

a compact-fixed bed initially at 25°C. It is desired to know how long 

the gas must be blown to raise the temperature of the solid so that 

the lowest temperature of the solid in the bed is 400°C. For that period, 

what is the maximum temperature of the solid? The bed properties are: 

to = 0.50 

h = 5.0 Kcal/m2-h-°C 

r = 0.008 m 
o 

K =0.02 Kcal/m-h-°C 
s 

p c = 95.0 Kcal/m3 - °C 
g 8 

p c =0.40 Kcal/m3 - °C 
g g 

v = 6.0 Km/h 
g 

L = 6.40 m 

Approximating the particles as perfect spheres we have: 

3(1-0)) 3(1 - 0.5) _ 187.5 m2/m3 

r 0.008 
o 

The Biot number of the pellets is 

5 x 0.008 „ „ 
B l  0702 =  2* 0  

The dimensionless reactor length is 

_ _ 6.40 x 5 x 187.5 - c n 
L = 0.40 x 0.50 x 6000 
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The lowest temperature of the solid occurs at the center of a pellet 

located the farthest distance from the gas entrance. This dimensionless 

temperature should be 

i 

- 400 - 25 = 0.75 

s " 525 - 25 

Figures A.5, A.10, and A.15 in Appendix B gives 9g vs. p for 5 = 5.0. 

Figure A.15 has 0g = 0.75 at p = 0.0 and Bi = 2.0. 

So: 

T =8.5 
s 

From the definition of T we have 
s 

5.0 x 187.5 6.40 
95.0 (1-0.5) _ " 6000 

t - 26 min. 

The maximum temperature occurs at the surface of the solid located at 

5 = 0 .  F i g u r e  A l l  s h o w s  t h e  d i m e n s i o n l e s s  s o l i d  t e m p e r a t u r e  v e r s u s  

radius at r =0 and 0. From this figure we have 
s 

p =  1, e s  =  l, 

so, 

T - T 
a _ _§ os _ , 
9s " T ~ T 

Og OS 

There £he maximum temperature of the solid is 

T = 525°C, 
s 
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Mass Transfer in a Fixed Bed 

Assume it is necessary to reduce the concentration of a 

species in the solid of a compact-fixed bed. It is decided to do so by 

3 
blowing a gas of a concentration equal to 0.005 Kg/cm . If the initial 

3 
concentration of the solid is 0.25 Kg/cm , how long must the gas be 

blown if the maximum concentration in the solid must be reduced to 

£0.03 Kg/cm ? At that time what is the miminum concentration? The 

properties of the bed are: 

cu = 0.50 

r = 0.02 m 
o 

v = 1 m/s 
S 

L = 2 m 

h = 8.33 x 10 ̂  m/s 
m 

D = 8.33 x 10~5 m2/s 
s 

Assuming the bed is composed of spheres of uniform size, we have 

3(1-0.5) „ 2,3 
= 0 Q2 = 75.0 m /m . 

The Biot number for mass transfer is 

B 1 =  8.33 *10-3+ 0.02. 2,Q 

8.33 x 10 

The maximum value of the dimensionless concentration should "be 

q — 0-03 ~ 0.25 __ Q qq 
s ~ 0.005 - 0.25 0,90 
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This should be the concentration,at the center of the pellet located 

at the farthest distance from the gas entrance (£= 0). Figure A.13 

shows that at the center of the pellet located at E, = 2.50 is 

9 =0.90 and T = 8.50, therefore 
s s 

a c 8.33 x 10~3 x 75 I 2 I 
" 1 - 0.50 I C " 1 I 

or 

t = 9 seconds. 

For this value of T , Figure A. 11 gives 9 vs. p at £ - 0. The 
s s 

lowest concentration occurs at the surface of a pellet located at 

£ = 0. From Figure A.11 this dimensionless concentration is 

essentially 9 = 1, so: 

C = 0.005 Kg. 
s 

Mass Transfer in a Moving Bed 

A counter-current reactor has an entrance gas concentration 

3 3 
of 0.15 Kg/m and an entrance solid concentration of 0.35 Kg/m . We 

want to know the steady-state concentrations of the excit-gas and 

solid, and how long it takes to attain steady-state. The properties 

of the bed are given below: 

oj = 0.50 v = 1 m/s 
S 

h s = 0.50 s"1 
m 

L = 1 m 

v = 0.2 m/s 
s 



123 

For this system B and B are 
s g 

= 0» 50 x 1 _ 
a (1-0.5)x0.2 

0 . 5 x 1  _  ,  

g " 0.5 x 1 

Figure 17 shows a plot of versus steady state solid and gas con

centrations for B = 5, B =1.0, and Figure 16 is the corresponding 
s g 

plot for t = 1. From Figure 17 we obtain the steady state exit 

concentrations. They are: 

n = 0.025 n = 0.20 
s g 

This corresponds to the concentrations: 

c = 0.15 + 0.025 (0.35 - 0.15) 
s 

c = 0.155 Kg/m^ 
s 

c = 0.15 + 0.20 (0.35 - 0.15) 
g 

c =0.19 Kg/m"^. 
g 

From Figure 16 we can calculate how long it takes to attain the steady 

state. It is: 

T =1.0 + 0.05 
s 

or 

1 
t = 1.05 x 

0 . 2  

t = 5.25 seconds. 
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