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ABSTRACT 

An effective method, based on hodograph theory, has been 

developed for the aerodynamic design of subcritical and shock-free 

supercritical airfoil sections. In addition to the free-stream con

ditions, the input to the design procedure includes a prescription of 

the subsonic part of a target pressure distribution and, for super

critical airfoils, of a presumed stream function on the sonic line. A 

computer program carries out a number of sequential steps that result 

in an airfoil with a pressure distribution close to that desired at 

little computational cost. Thus, the airfoil designer can alter the 

input if design goals are not met and quickly produce another candidate 

airfoil. This is aided by appropriate graphic display of the airfoil 

and its pressure distribution. 
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CHAPTER 1 

INTRODUCTION 

In the last decade there has been much interest in transonic 

aerodynamics. This interest stems mainly from the requirement for 

increased efficiency and, in the case of commercial aircraft, produc

tivity. These requirements have driven the operating conditions of 

aircraft compressors, turbines, and propellers into the transonic 

regime. But the interest in this topic dates back to the post World 

War II era when aircraft first achieved sonic flight. An early result, 

the transonic similarity rule, was derived by Von Karman and Oswatitsch 

in 1947, which allowed the transfer of experimental results from one 

wing section to another, provided that the two sections are geomet

rically similar. 

In practice it is easy to obtain a smooth and continuous 

transition from subsonic to supersonic speeds. The reverse process, 

that is, a smooth and continuous transition from supersonic to sub

sonic speeds has proved extremely difficult to realize.. The decelera

tion of the flow through the speed of sound is, with a few exceptions, 

usually accompanied by shock waves. In the simplest model the super

sonic region may be thought of as containing two families of charac

teristic waves: Those running downstream from a point on the surface 

that carry its expansive disturbances; since these cannot continue 

into the subsonic flow beyond the sonic line, they are reflected at 



the constant-pressure sonic line as waves of equal strength but oppo

site sign. These reflected waves form the second family and carry 

compressive disturbances. These incoming compression waves will them

selves be reflected when they meet the surface and, unless the surface 

is convex enough, the reflections will again be compressive (Oswatitsch 

1960). In any event, waves reflected from the sonic line may coalesce 

to form a discontinuous shock wave. Unfortunately, once local regions 

of supersonic flow occur, shock waves are likely with the attendant 

wave drag and boundary-layer separation losses. A shock-free flow 

would, of course, be desirable as it provides the maximum aerodynamic 

efficiency. 

Because of the profound differences between subsonic and 

supersonic flows, both mathematical and physical, some early investiga

tors doubted whether steady, shock-free, mixed flows (i.e. , flows 

containing subsonic as well as supersonic regions) could exist in a 

stable condition and, felt transonic flight to be impractical because of 

shock waves. In the mid 1950's Morawetz (1956, 57, 58) showed that 

shock-free, two-dimensional, irrotational, near-sonic flows are 

mathematically isolated (i.e., any arbitrary changes in the upstream 

flow conditions or in the airfoil shape that provide a shock-free flow 

will lead to the formation of a shock wave). As a consequence it was 

felt for some time that shock-free flows could not be achieved in 

practice. But wind funnel research carried out by Pearcey (1962), 

Whitcomb (1965) and Spee (1963) led to the development of practical 

supercritical airfoil sections which are shock-free. It is now known 
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that the early doubts about the existence of steady, shock-free mixed 

flows were ill-founded, since we do have many illustrations, both 

experimental and numerical of such flows. 

Of practical interest is the design of airfoil sections that 

have relatively large regions of supercritical flow over the upper sur

face. Of special interest are those airfoils that have a shock-free 

supersonic-to-subsonic transition. 

In recent years, a number of numerical computer methods have 

been developed for the analysis of shock-free airfoils at design and 

off-design conditions with an ultimate goal of avoiding expensive wind 

tunnel experiments. Most of the recent advances have been achieved 

through the use of finite-difference methods, first introduced for 

these problems by Murman and Cole (1971), for the small perturbation 

equation. The accuracy of these methods may be improved by conformally 

mapping the infinite physical domain to a finite computational domain 

(usually the interior of the unit circle) in the case of two-dimen

sional flows and solving the full potential equations. This idea was 

introduced by Sells (1967) for plane subcritical flows and has been 

used by Bauer, Garabedian and Korn (1972), and Jameson (1974) for 

supercritical flows. 

Parallel with these efforts, shock-free supercritical airfoil 

flows have been generated in the hodograph plane by Boerstoel and 

Huizing (1974), Bauer et al. (1975) and Sobieczky (1975). In the 

method of Boerstoel and Huizing, a boundary value problem for the 

elliptic-hyperbolic hodograph equations is solved on the two-sheeted 



hodograph surface using truncated series of particular solutions of the 

Tricomi equation. In the method of Garabedian et al., a finite differ

ence scheme based on analytic continuation into the complex domain was 

used to solve the hodograph equations. The method relies upon the fact 

that solutions of elliptic partial differential equations can be repre

sented by solutions of initial value problems, if the domain of real 

dependent and independent variables is extended to complex values. In 

this method the complex characteristic initial value problem is 

numerically solved by a standard characteristics method. In the method 

of Sobieczky, an analog approximation technique was used to solve the 

mixed-type hodograph equations. More precisely, in the special vari

ables the investigator used the equations for the velocity potential 

and stream function resemble those governing the distribution of elec

trostatic potential in a plane conductor of varying conductivity. He 

then solved the boundary value problem by rheoelectrical techniques 

using an analog computer. This research led to the fictitious-gas 

method for shock-free airfoil and wing design (e.g., Sobieczky 1976, 

Sobieczky and Seebass 1978). More recently, the development of 

sophisticated numerical codes for the analysis of transonic flow fields 

has led to the design of both airfoils and wings by numerical optimiza

tion (e.g., Hicks and Henne 1977). 

This dissertation presents an extension and improvement over 

past procedures for the design of subcritical as well as supercritical 

shock-free airfoils. The design procedure developed is an inverse 

design one based on a hodograph technique suggested by Sobieczky. For 
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subcritical flows the subsonic portion of the pressure distribution is 

prescribed; for supercritical flows the stream function on the sonic 

line is given instead of the supercritical pressure distribution. In 

the special variables we use, the equation for the stream function may 

be solved iteratively using a fast Poisson solver for the subsonic por

tion of the flow; for supercritical flows, the supersonic portion is 

calculated using a characteristics calculation. The results are then 

mapped back to the physical plane to determine the airfoil shape. Both 

subcritical and supercritical results are presented. They show good 

agreement with the direct computation of the flow past the designed 

airfoil. 

In spite of this present emphasis on computational design 

techniques, airfoil design remains somewhat of an art. It falls upon 

the designer of airfoils to make the necessary changes in the input 

design parameters to obtain a practical airfoil configuration. In 

these techniques the physics of the flow are well hidden, and the 

design hints that do emerge are not intuitive. However, the basic 

physical principles of efficient airfoil design have been fairly clear 

from the early days of studying transonic flows. And in the hands of 

design engineers, these techniques can be used as powerful tools in 

achieving their goals. 



CHAPTER 2 

FORMULATION 

We consider steady, two-dimensional, isentropic, compressible, 

and irrotational flow of a perfect gas. The basic equations of motion 

are 

V • p£ = 0, (2.1) 

V x ̂  = 0, (2.2) 

and 

p 
— = constant. (2.3) 

PY 

Here p, p, y and ̂  are the density, pressure, ratio of specific heats 

and velocity. We satisfy the first of the equations by introducing 

the usual stream function 

|1 = ̂  = pu = pq Cos (0), (2.4) 

|1 = ̂  = _pv = -pq Sin (0), 

where u, v are the x,y components of ̂  and 0 is the flow deflection 

angle; we satisfy the second by defining a potential function, <j>, such 

that 

1$ = 3.. (2-5) 

or 
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<t> = u, cp = v. (2.6) 
x y 

Equations (2.4) and (2.6) can be reduced to a single equation in either 

or <j>. To obtain the equation for ijj we proceed as follows: substi

tuting the definitions of u and v from equations (2.6) into equations 

(2.4), we obtain 

<t> = ~ $ , (2.7) 
x p y 

and 

TY- f v  ( 2 - 8 )  

eliminating $ through cross differentiation of equations (2.7) and 

(2.8), we find the equation for ip. A similar procedure may be used to 

find the equation for tj). These procedures yield the following equa

tions for both ip and tj): 

P P 
+ ip = (~)ip + > (2.9) 

xx yy p rx p y 

and 

P P 
$ + (j, = -(-£)$ + (—̂ )d> . (2.10) 
Txx ryy p yx • p vy 

From the isentropic flow relations of a perfect gas the local density 

p may be expressed as a function of the local flow speed ̂  = ]Vcj>| as 

follows: 

f- = {1 + [1 - |v<t>|2]}Y_1 (2.11) 
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or 

2 
P = P(\) = p(*l + A . (2.12) 

X y 
a 

Here a, p^, are the local speed of sound, the far-field density and 

the far-field Mach number (M = q /a ) respectively. With p a function 
00 00 00 

of (V<(>), equation (2.11), equations (2.9) and (2.10) are quasilinear. 

In addition the equations are elliptic in type for M < 1 (subsonic 

flow), hyperbolic for M > 1 (supersonic flow) and parabolic for M = 1 

(sonic flow). Figure (1) is a sketch illustrating a typical flow field 

as well as the flow regions where the equations are of different types. 

To solve equations (2.9) and (2.10) two boundary conditions 

must be provided. The first of these represents the distribution of 

singularities in the far-field and the second represents the flow 

conditions on the airfoil surface. More precisely, in the inverse 

method of airfoil design in which we are interested, the pressure dis

tribution is used as input rather than the airfoil coordinates, and it 

is thus our goal here to compute the shape that a profile must have in 

order to achieve a given pressure distribution. Accordingly, for the 

inverse-design method, neither a Neumann boundary condition for <j> nor 

a Dirichlet boundary condition for ip can be prescribed on the airfoil 

surface since it is unknown. This is contrast to the direct design 

methods where the airfoil geometry is known prior to the design 

procedure. 
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Sonic line M< 1 

OO 

Figure 1. Sketch of shock-free flow past a lifting 
airfoil (stagnation point S, trailing 
edge T). 



CHAPTER 3 

THE HODOGRAPH TRANSFORMATION 

In two-dimensional irrotational flow the nonlinear equations 

(2.9, 2.10) for steady flow can be rendered linear by interchanging the 

roles of the dependent and independent variables. A variant of this 

procedure utilizes a transformation from the physical plane to the 

hodograph plane, i.e., the plane in which the velocity components are 

treated as independent variables. Riemann suggested this technique in 

1858, and Chaplygin applied it to the equations of plane potential flow 

in his classical study of gas jets (1904). The technique is of par

ticular value for the present study. 

To find the equations satisfied by ijj and cj) with the velocity 

components (u,v) or equivalently (q,0) as independent variables, we 

introduce the complex velocity 

u - iv = qe 10, (3.1) 

with u, v, q and 9 being functions of a complex variable 

z = x + iy. (3.2) 

We then have, using equations (2.7, 2.8) and (3.1) in differential 

notation, 

d<|) + i d̂  = (udx + vdy) + i(-vdx + udy) 

10 
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d<j) + i — dip = (u - iv) (dx + idy) 
P 

= qe""1 dz , (3.3) 

and hence, with q and 0 as independent variables, and p a function of q 

only (2.11), we find 

(li + illls 
varq q v80 p 80 ' 

(3.4) 

= el9 (ii. + i i 11-) 
v9z'e q 8q p 8q'' 

Differentiating the first equation of (3.4) with respect to q and the 

second with respect to 0 and equating, we obtain 

•̂ 0 
~— (JliiL + i = e^f- -i- + ± -iL f—) (2 5") 
q 8q p 3q; e K 

q2 80 + 1 dq ^pq^^ 80;" 

Hence, by equating real and imaginary parts, we obtain 

H. = R 11 
39 p 8q ' 

(3.6) 

•  ( 3 - 7 )  

Equations (3.6) and (3.7), coupled with the p(q) relation (2.11) are 

the hodograph equations; they were first derived by Molenbroek (1890). 

For steady, two-dimensional, irrotational flow, we have 

Bernoulli's equation, viz., 
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1 2 j. 
2q + 

iE -
J P 

constant. (3.8) 

Differentiating equation (3.8) and utilizing equations (2.3) we find 

A (~) 
dq pq 

1 2 
(1 - M ) , 

pq 
(3.9) 

and equation (3.7) becomes 

= _ — n - M~) 
9q pq K } 30 ' (3.10) 

It is essential in the present work to introduce the Prandtl-

Meyer function, v, defined as 

V|i-m2| f (3.11) 

in place of the velocity q in equations (3.6) and (3.10), with q* 

being the critical flow velocity. Hence 

3 _ 3 3 v 
3q 3v 3q 

>/ 1-M2 

3v ' 

and equations (3.6, 3.10) become 

^ = - \l |i - M2| ̂  
30 p V 1 1 3v ' (3.12) 

li = - I\/ h _ M2| ̂  
3v p 1 1 30 (3.13) 
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For subsonic flow the hodograph equations (3.12, 3.13) can be also 

written as 

If - If • «.14) 

^ - -k<v> H ' 

where k(v) is defined by 

k(v) = 
V h - M2| 

P(M) 

=  ( 1  +  ^  "  1  M 2)y"X V|l - M - | .  ( 3 . 1 5 )  

It can be easily shown that for supersonic flow the analogous equations 

are 

ii = k(v) M 
36 ; 3v ' 

and (3.16) 

= k(vx 11 
3v K ' 30 ' 

Figure (2) illustrates a typical flow field and its "hodo

graph" representation (with v,8 as independent variables). The region 

of flow bounded by the dotted contour dnc and the airfoil represents a 

region in which every point has a velocity and flow angle equal to 

that of some other point outside this region, e.g., qg = q^ and 
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00 

f / 

Figure 2. Typical flow field and its hodograph 
representation. 



0g = 0^. Therefore, points e and f will correspond to the same point 

in the hodograph plane, which must be considered as a Riemann surface 

of two sheets with a branch cut (lines dn, cn) connecting them. In 

addition, for compressible flows past lifting airfoils the isotachs, 

i.e., lines of constant flow velocity, have a saddle point below the 

airfoil section. This nature of these flows was studied by Lighthill 

(1947) in his hodograph study of compressible flows around airfoils. 

Since the governing equations (3.14) and (3.16) are linear in 

the hodograph plane, there is usually no particular difficulty in 

finding solutions to them, by numerical methods if necessary. In 

addition, of course, boundary conditions must be specified in the 

hodograph plane, i.e., <j> or ip (or their derivatives with respect to v) 

have to be specified along the image of the airfoil surface, which even 

if it were known in advance, is of considerable complexity due to the 

presence of the second sheet in the v - 0 plane. These difficulties 

are easily circumvented if we notice that the second-order derivatives 

of <j> and ip obtained by cross differentiation of equations (3.14, 3.16) 

form the Laplacian operator for subsonic flow and the wave operator 

for supersonic flow. Thus, the equations for the subsonic part of the 

flow are invariant in form under any conformal transformation. 



CHAPTER 4 

SUBSONIC FLOW DOMAIN 

We proceed by assuming a conformal map of the subsonic portion 

of the two-sheeted Riemann surface (which can be transformed into a 

simply-connected region through an exponential mapping function fol

lowed by a 1/2-power mapping function) of figure (2), into the unit 

circle. Here part of the boundary of the unit circle corresponds to 

the airfoil surface wetted by subsonic flow; the remaining part corre

sponds to the sonic line, see figure (3). These portions are then 

chosen and the Mach number on the subsonic part of the airfoil is pre

scribed. On the sonic-line segment the Mach number is assigned its 

critical value. However, since Bernoulli's equation (3.8) provides a 

2 2 
correspondence between the values of q and the local sound speed, a = 

(v—1/V) 
constant, p , we may formulate the inverse-design problem in 

terms of either M or p, and our choice of M is only a matter of mathe

matical convenience. In addition, the fact that the prescribed Mach 

number is to be the Mach number distribution of a flow past an airfoil 

places restrictions on the form M may have. A typical choice of M for 

a subcritical airfoil with a cusped trailing edge is illustrated in 

figure (4). Moreover, with the Mach number given on the boundary of 

the unit circle in the mapped plane, and with the subsonic portion 

of the flow inside the circle, we take advantage of the fact that the 

mapping to the E,Q ~ plane is conformal. Thus, the Prandtl-Meyer 

16 
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CO 

i 0 -  P l a n e  

Figure 3. Airfoil subsonic-sonic boundary in the Em
plane (stagnation point S, trailing edge 
T, far field I). 
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Figure 4. Typical input Mach number distribution. 
The location of the trailing edge T is 
not known in advance. 
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function, v, and the flow deflection; angle, 0, are conjugate harmonics, 

i.e., 

F(£o) = v + i6 (4.1) 

or 

V2v(£o) = 0, (4.2) 

V2e(S0) = 0. (4.3) 

Here F(£q) is the mapping function and E,Q ~ re1<A) with r and u being 

the radial and angular coordinate measures in the E, -plane. 
o 

To complete the boundary value problem for v, boundary condi

tions for equation (4.2) are provided through the use of equation 

(3.11) relating v and M; that is, knowing the Mach number distribution 

on the unit circle, we calculate v employing equation (3.11) (see 

Appendix A). We then solve Laplace's equation for v inside the unit 

circle using Fourier series; which accordingly determines the flow 

deflection angle 0 to within a constant. However, the Prandtl-Meyer 

function v is logarithmically singular in q at the stagnation point, 

S, (v a log(q)) which for convenience is positioned at = -1 in the 

mapped plane. Therefore, in order to solve the boundary value problem 

for v with Fourier Series, we first need to subtract the logarithmic 

behaviour at point S. This is done as follows: 

Let 

F(50) = F(5q) - log(50 + 1), 
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GUq) = v(50) -Re(log(5o + 1)}, (4.4) 

H(Cq) = 0(5o) - Im {log(CQ + 1)}, 

then equations (4.1) through (4.3) imply 

F«o> - <K50> + iH(50), (4 .5)  

and 

V2G(?O) = 0, (4.6) 

V2H(?Q) = 0. (4.7) 

Here Re{log(5 +1)} and Im{log(£ + 1)} are the real and imaginarv 
o o 

parts of log(5Q + 1) respectively. Equation (4.6) is then solved in

side the unit circle using Fourier series with the following boundary 

Having obtained the solution for G(r,aj) in the unit circle, we then add 

back the quantity Re{log(5Q +1)} to preserve the logarithmic behaviour 

of v at the stagnation point S. 

By reformulating the definitions for the partial derivatives in 

equations (3.14) in terms of r and uj we obtain 

condition prescribed on |£ | = 1 
o 

G(r=l,w) = \> (1»to) - Re{ log(e âJ + 1)}. (4.8) 

9 _ 8 TT 9 9(o 9 
90 90 9r 90 9ai * 

9 __ 9 to 9 9(o 9 

9v 9v 9r 9v 9ai 



21 

In addition, the Cauchy-Riemann relations satisfied by v and 0 are 

v = — 0 , 
r r w 

v = -r 0•. 
a) r 

We then can write the counterparts of equations (3.14) in the new sys

tem of coordinates as 

<f>r = " 7 K(M) tpu, (4.9) 

and 

<j>u = r K(M) $r. (4.10) 

Equations (4.9) and (4.10) can be reduced to a single equation in 

either \i> or <J>. Eliminating <f> through cross differentiation of equa

tions (4.9, 4.10), we find the equation for \p :  

r2ip + rip + $ = - h K + ̂  K }. (4.11) 
rr rr Yuu K rr r ru) u> 

Here K is a function of M through equation (3.15), and M is a function 

of v through equation (3.11); we may thus write 

Kr = *M Mv Vr' 

K = K_, M v . 
0) H v to 

Equation (4.11) is then written as 

T \ i  + + = £(B)fr2"A + V JJ  (4-12) 

where 
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£(M, = - —Mv 

= - i 1  * S M4 (1 - M2)"3'2 (4.13) 

(for derivation of equation (4.13) see Appendix B). Equation (4.12) 

represents the 5^-plane counterpart of the physical-plane equation for 

the stream function, i|;, equation (2.9). Moreover, we can see that 

through a transformation to hodograph variables followed by a conformal 

transformation to the 5^-plane we need only treat a linear second-order 

partial differential equation instead of a quasi-linear one. The major 

advantage of these two transformations is the unfolding of the two-

sheeted hodograph surface to a single sheet, and the representation of 

the complex airfoil subsonic and sonic free-boundary by a unit circle. 

But this advance is not without attendant complexities, albeit minor 

ones. These difficulties include the presence of point I (figure (3)) 

representing the far-field inside the unit circle, at which the stream 

function is indeterminate, and the singularity in f(M), equation 

(4.13), at M = 1. The first of these difficulties is circumvented 

through a coordinate transformation of the £Q-plane into the £-plane 

(computational plane) in which the unit circle and the circle of radius 

e having point I as origin are mapped into two concentric circles with 

point I as origin figure (5). It should be mentioned here that, should 

we have mapped point I directly to the center of the two concentric 

circles in the 5-plane, this would have required an additional 

iterative process to adjust the input Mach number distribution to 

insure the presence of the branch point n (figure 5) inside the 
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£  -  P l a n e  

Figure 5. Airfoil subsonic-sonic boundary in the 
computational plane (stagnation point S, 
trailing edge T, far field I, branch 
point n). 
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computational plane. It is thus more practical in the present proce

dure to locate the far-field singularily in the g^-plane first, then 

map it to the origin of the £-plane. This process insures the presence 

of the branch point n inside the computational domain. The transforma

tion employed is the bilinear transformation which has the form 

A + B? 
' • o. -iS ,, , . v 

5 " RE " (FT3T) E (4'14) 
o 

where 

A = E (E - 1), 

and 

°I °X 

B = E (1 - E ), (4.15) 
°I °I 

c - «  - i > .  

D -  (1  -  5 0 i >.  

Here r, (o are the radial and angular coordinates measured in the £-

plane, and » B are the position vector of point I in the 

plane, the image of the position vector of point I in the unit circle 

in the f^-plane, and the angular rotation requirfid to preserve the 

location of the stagnation point, S, at E, = -1 in the £-plane respec

tively. The second difficulty is circumvented by assuming that the 

Mach number on the sonic line is slightly less than 1, e.g., M . = 
J b ' sonic 

0.99. It should be mentioned here that an extra difficulty arises in 
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the numerical computation of the normal derivative of the stream func

tion, , due to a - | power singularity at the sonic line (see 
r 3 

Appendix C). 

With r and w as our new independent variables, the governing 

equation for ip becomes 

r= f(M){r2v^^^ + (4.16) 
rr r low r r to to 

In the above equation we evaluate v/, v, and f(M) as follows: For a 
r to 

specified position in the £-plane there corresponds another in the E, -
o 

plane at which the Prandtl-Meyer function, v(r,ui)> and hence the Mach 

number M(r,to) are known (see Appendix A). Our knowledge of M(r,<o) 

leads to the evaluation of f(M) equation (4.13). In addition, from 

equation (4.1), since F(S ) is analytic except at the stagnation point, 

S, and, with, v and 0 being conjugate harmonics of F(£ ) , equation 

(4.1), we may write 

X dF(e ) 
F(E ) = ° 

*o' d£ 

e (vr + l 0^), 

-10) 
-e (4.17) 

and under a coordinate transformation to the £-plane equation (4.17) 

thus becomes 

/ , , . dF(£ ) d£ 
_ dF(£) _ o , Ov 

F(5) - d; (df>' 
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' ^ d?
0 

F(0 = F(50) (-jf) 

(4.19) 

Utilizing equation (4.14), we can express (4.18) as 

/̂f.s -iw , i N (BC + DA) i$ 
F(5.) = e (v -- v ) jf-j • e 

r (B - D£e ) 

-iw , 1 , = e (v - V/). 
r r to 

Here A, B, C and D have the definitions given by equation (4.15) 

Equations (4.19) are then used to evaluate v and as follows: 
r ui 

'  1 u  s  
= Re F(0> 

= 4Re{CFU)>, (4.20) 

= -Im {reia3 F(?)} 

= -Im {£ HK)}- (4.21) 

To solve equation (4.16) for the stream function two boundary 

conditions must be prescribed. On the portion of the airfoil surface 

wetted by subsonic flow the stream function is zero (i.e., t/j(1,oj) = 0, 

o>a >_ oj >. w^) on the remaining portion of the unit circle, i.e., the 

sonic line, an arbitrary distribution for the stream function, \b , is 
s 
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prescribed (\|;(1,uj) = \|j (w), w < u < u, ; see figure (5)). We also 
S Ql D 

notice that, since equations (4.9, 4.10) are invariant in form to con-

formal mapping, then our equivalent system of equations in the compu

tational plane must have the form 

K(M) 'K» 
r r 

<j>-j = r K(M) lf/^, 

( A . 2 2 )  

and that at infinity, I, the system reduces to 

r r to 

t>y  =  r  V "  ,  
ui r 

(4.23) 

which are the familiar Cauchy-Riemann equations (or incompressible flow 

equations) expressed in polar coordinates. Here ¥ = K(Mco)ip and K(Mm) 

is equation (3.15) evaluated at the free-stream Mach number, M . 
00 

Equations (4.23) thus suggest the existence of a complex potential, 

P(5), for an incompressible fluid given by 

P(S) = <j>(r ,u>) + i ¥(r,u). (4.24) 

The compressible far-field stream function, ib , is now related to its 
00 

incompressible counterpart, ¥ , via CO 

= K(M ) 

1 Im{P(0}. (4.25) 
K(MJ 
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We consider now the complex potential, P(z), for a lifting air

foil in an incompressible flow field in the physical plane 

P(Z) = AZ + | + C log (Z) + 0 (Z~2,Z~3,...). (4.26) 

Here A, B and C are complex coefficients defining the far-field flow 

velocity and its direction, the orientation of the dipole axis at 

infinity, and the far-field circulation respectively. However, since 

our main interest is directed towards finding the far-field boundary 

condition in the E-plane and to exclude point I (£ = 0) representing 

infinity from the computational domain, we let 

Z = 

o ox 

in equation (4.26) to obtain 

P«o> • (; -A 6 ) + - «„> - 5 108 «o - 5o' + 
O O^J. I I 

0((£ - E )2, ...). (4.27) 
I 

In addition if e (figure (3)) is chosen small enough, i.e., e = 

(£ -5 ) << 1, we can neglect (E - ? ) and powers of (E - £ ) 
° °I ^ O OJ O OJ 

in comparison to (CQ - KQ ) and log (5q - ) in equation (4.27) 

leaving 

p(50) = (g _A g. } - C log tiQ - KQ ). (4.28) 
o Oj I 

The coefficients A and C have the following forms: 
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A = q e ^CO 
ia 

(4.29) 

where qra, a, T are the undisturbed flow velocity, the undisturbed flow 

angle and the far-field circulation respectively. Utilizing equation 

(4.25), we can express the far-field boundary condition for the stream 

function in the 5o~plane as 

Equation (4.30) is then employed in expressing the far-field boundary 

condition in the £-plane, ̂ (C ) , in a procedure similar to that fol

lowed in finding f(M) in equation (4.16). 

plane we must first satisfy the Kutta condition in the computational 

plane. That is, the far-field circulation must be chosen such that the 

stagnation streamlines, i.e., i/j = 0 lines, come in normal to the exter

nal boundary of the computational plane at both the leading and 

trailing edges. 

function, we proceed to solve equation (4.16) iteratively using a 

sixth-order accurate fast Poisson solver devised by Roache (1978). A 

check is then carried out to see whether the stagnation stream lines 

are normal to the body or not. If not, a change in the far-field cir

culation T (see Chapter 6) in equation (4.30) is made and the solution 

lrn{( : •, 
00 O O.J. 

(4.30) 

To obtain a meaningful airfoil configuration in the physical 

Having completed the boundary value problem for the stream 
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process is repeated until the aforementioned condition is satisfied. 

The results obtained are then utilized in finding the inverse-map to 

the physical plane using equation (3.3). 

Since 

6 = <j> (r,oi) , ip  =  iKr,u>) 

then 

dd> = d) ̂  dr + d>dto, Y Tr (i) 

d^ = tys dr + 4'' dto, 
r to 

and (3.3) can be written as 

or 

i0 
dx + idy = —— {(A,dr + d>^dw} - — (ip^dv + ̂ ,duj), 

j q ST
r p vyr to 

dx = C°s(9) + <jj,dco) - Sin(9) (ijvdr + ipsdu)), (4.31) 
q Tr pq r ui 

dy = Sin(8) ((),^dr + <|)^doj) + (^dr + dto) . 
q yr Yo) pq r co 

Utilizing equation (4.22) and noting that along the unit circle (r = 1) 

we have 

dr = 0. 

Equation (4.31) thus becomes 

dx(w) = {K(M) Cos(9)t|j£ + Sin(0)^x} dui, (4.32) 
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dy(u) = - (K(M) Sin(0)i|>- + - Cos(0)iM du. (4.33) 
q r p a) 

Equations (4.32, 4.33) are then numerically integrated along the unit 

circle, starting from the trailing edge T on the airfoil lower surface, 

moving toward the stagnation point S, and finally ending at the trail

ing edge on the airfoil upper surface, i.e., 

O)t+2tt 

x = x + 
o 

dx(w) , 

T " (4.34) 
toT+2n 

y = yQ + dy(u>) . 

Here Xq, yQ are arbitrary Cartesian coordinates representing the 

position of the airfoil trailing edge in the physical plane (in the 

present study x - 1, yQ = 0 for an airfoil chord length of one). The 

resultant airfoil configuration is then checked to see if it is a 

reasonable one. If it is not, then the input design parameters must be 

altered. However, when a reasonable airfoil configuration is obtained, 

very slight modifications in the input Mach number distribution may be 

required in the vicinity of the trailing edge to improve the airfoil 

closure (results illustrating this procedure are shown in Chapter 6). 

When a suitable airfoil configuration is found, the second of equations 

(4.22) is then numerically integrated to find the potential distribu

tion along the airfoil surface wetted by subsonic flow and its sonic 

line, i.e., 
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oi +2tt 
T 

<f>(a),r=l) = (j)o(a5=to^) + | K(M)^£ • dw. (4.35) 
° 

In equation (4.35) it should be noticed that the quantity 

[(^(u^) - <j> (tô , + 2tt) ] represents the jump in the velocity potential 

across the trailing edge of the airfoil which is the same as the far-

field circulation T + some error tolerance depending on the accuracy of 

_3 
the numerical integration scheme (typically 10 ). 

. Results obtained from the solution of the subsonic flow equa

tions (4.22) on the sonic line are then used as initial values for 

solving the supersonic flow equations (3.16) in the hodograph plane 

using the method of characteristics described in Chapter 5. 



CHAPTER 5 

SUPERSONIC FLOW DOMAIN 

In Chapter 4 it was shown that the hodograph equations for the 

flow in the embedded supersonic region are 

<j> = K(M)<j, , (5.1) 
\) y 

and 

<Pd = K(MHv (5.2) 

when M > 1. It follows from equations (5.1, 5.2) that both ip and $ 

satisfy the linear wave equations 

^vv " ̂00 = K(M) Jv 

and (5.3) 

*vv " *00 = 8^" K(M)^ 

which have characteristics of the form 

F = ± 1 '  < 5 ' 4 >  

Introducing the characteristic coordinates £,ri defined by 

C =  v  +  0 (5 .5 )  

n  =  v  -  0 (5 .6 )  

and reformulating the partial derivatives in equations (5.1, 5.2) in 

33 
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terms of the new coordinates we obtain 

_3 3 3g , 5 3n 
3v a? 3v 3 n 3v 

J_ + J_ 
as an ' 

J_ = JL . li + JL . la 
30 3? * 30 3ri 30 

= JL JL 
35 " 3n * 

Written in characteristic variables equations (5.1, 5.2) become 

<f>? = K(M) ij, , 

and (5.7) 

<j> = -K(M) 
n ri 

Equations (5.8) may also be expressed as 

on £ = constant d<j) - K(M)d^ = 0, 

and on n = constant d(f> + K(M)d^ = 0. 

(5.8) 

With the stream function ^(9) and the potential <f>g(0) data 

known on the sonic line with coordinates x (0) and y (0) respectively, 
s s 

we then proceed to solve the compatability equations holding along the 

two families of characteristics (equations 5.8) using a step-by-step 

numerical scheme (Massau finite-difference scheme). The basic concept 

of this scheme is the following: 
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Through each point A, B, C, D, E, F of the sonic line (line AF 

figure 6) two Mach lines pass, one of the first family, n = constant, 

(a^, b^, c^, d^, e^, f^) and one of the second family, E, = constant, 

(a^j b^, c^, d^> e^, " Since the flow properties at the points of 

the line AF are known, the constants of equations (5.8) (characteristic 

numbers) for each characteristic line a^....f^, a^...at each point 

of AF, are also known. Consequently, equations (5.8) applied along two 

characteristics of opposite families, e.g., b^ and a^ of figure (6), 

give two equations relating to  ip .  These can be solved to obtain 
(j G 

<f> and \p  o f  point G as functions of <j> and ip  at the points A and B, 
CJ (J 

viz, , 

2 ^A + ̂  + 2K(M) (<{>A ' 

= i ̂A + <^B) + ̂  (h ' V • 

(5.9) 

In (5.9) if we think of M as a specified function of £ and ri on a 

rectangular grid, the coefficient K(M) may be approximated by average 

values such that the numerical step-by-step scheme becomes second-

order accurate in the mesh size, h. The flow deflection angle, 0, and 

the Prandtl-Meyer function, v (and hence the Mach number, M, Appendix 

A), are evaluated at the grid nodes using equations (5.5, 5.6). 

Having solved for the flow properties at all grid nodes, we 

then proceed to search along the two families of characteristics for 

points where the stream function vanishes, as they represent points on 

the airfoil upper surface. 



V (Prandtl-Meyer 
Function) 

Figure 6. Computation of the supersonic flow field in 
the hodograph plane (v-0) using the method 
of characteristics. 



37 

The inverse transformation from the hodograph to the physical 

plane is given by equation (3.3), which we can write at every grid 

point as 

d x  .  SSiM.  d 4 ,  .  sin(e i  
q pq 

, Sln(91 + CosM d 
q pq  

(5.10) 

The Jacobian of the transformation is given by 

j = 3 (x,y) _ 3 (6,ijj) ziltiilx-l 
3(v,0) 3(v,9) 3(x,y) 

pq 

1 

1 3(d),fl) 
2 3(v,6) 

2 { Ve ~ Vv } <  ( 5 * 1 1 )  
pq 

Using equations (3.14, 3.16, 5.11) we find that for subsonic flow 

_ K(M) 2 2, f. ... J Y~ +  (5.12) 
pq 

and that for supersonic flow 

_ _ K(M) r 2 2, 
J = 2~ ~ ̂  ' • (5.13) 

pq v  

Equation (5.12) indicates that the mapping from the hodograph plane to 

the physical plane is non-singular (J # 0) provided the flow is sub

sonic. Moreover, when the flow is supersonic, equation (5.13) 

indicates the possibility of a vanishing Jacobian for M > 1 whenever 
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I'J'gl = l ^ v l *  can easily shown that this condition is satisfied 

whenever a ip = constant line is tangent to the characteristics in the 

hodograph (v - 0) plane, i.e., whenever 

=  0 ,  
v 

or 

= 0. 

The locus of points in the hodograph plane for which J = 0 is known as 

a limit line. In the physical plane the image of such a line is a 

cusped curve along which the physical surface can be thought to be 

folded upon itself. Such limit lines indicate the inconsistency of the 

sonic line data with shcck-free flow. Thus, they are only acceptable 

if they occur below the airfoil's upper surface. However, if they 

occur above or on the airfoil's upper surface, the sonic line data must 

be altered by adjusting the input subcritical pressure or the sonic 

line stream function distributions, or both, and the design procedure 

repeated. 



CHAPTER 6 

COMPUTATIONAL PROCEDURE AND RESULTS 

The first purpose of this chapter is to outline the computa

tional procedure developed for the design of subcritical and shock-free 

supercritical airfoils. A second purpose is to illustrate the use of 

the computer program in an aerodynamic design process and to present 

examples of computed airfoils. 

Computational Procedure 

The design procedure developed in Chapters 4 and 5 was pro

grammed in FORTRAN IV for batch processing on the CYBER 175 University 

Computer System at the University of Arizona. Intermediate results are 

displayed interactively utilizing the DEC System-10 and a terminal with 

graphic capabilities. The final results are given as printed output 

and Calcomp plots. The computer program package consists of sixteen 

subroutines performing calculations and data transfer. The package 

makes use of two permanent files for results to be retained and one 

file for input data. A schematic flow chart of the computer code 

written for the design procedure is shown in figure (7) and explained 

briefly below. 

a. In applying the program, one inputs: 

- Far-field conditions represented by: 

free-stream Mach number M^, free-stream flow angle a, 

39 
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Figure 7. Flow chart indicating the design procedure. 
4> 
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and circulation F"*" (T^ = 0) for a nonlifting airfoil) . 

- Sixteen support points for the Mach number distribution 

(see figure 4) and their angular positions in the Em

plane. 

- Eight support points for the sonic-line stream function 

distribution and their angular positions in the £Q-plane 

(only for supercritical airfoils). 

- An initial guess for the positions of the far-field 

singularity I (£"*" ) and the branch point n (5^ ) in the 
°I °I 

? -plane. 
o 

- The number of grid points in both the r and u directions 

in the computational plane (£-plane). 

- The number of stagnation points in the flow field and 

their angular positions in the E^-plane; two for an air

foil with a sharp trailing edge and one for an airfoil 

with a cusped trailing edge. 

- Error tolerance for closure of the resulting airfoil at 

_3 
the trailing edge (e.g., 10 ). 

A spline-fitting routine AKIMA (1970) is utilized to gener

ate a continuous functional representation for the input 

Mach number distribution on the boundary of the unit circle 

in the £Q-plane using the 16 given support points. A 

similar calculation is also required for supercritical air

foils to represent the sonic-line stream function on the 

arc of the unit circle representing the sonic line. 
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Once the Mach number distribution is known on the boundary 

(|?Q| = 1) the Prandtl-Meyer function v is then calculated 

using equation (A-9). We then subtract the logarithmic 

singularity at any stagnation point and solve equations 

(4.6) and (4.7) using Fourier series, viz., 

N 
G(r,ui) + ill(r,o)) = Z C, e1 u r 

k=0 

where 

The coefficients and B,^ are evaluated using a discrete 

Fourier approximation. That is, 

1 2N 

Ao 2N Z G(1'wk)» 
k=l 

1 2N = — Z G(l,u>k) Cos(kuik), 
k=l 

and 

i 2Ii 

\ * S kf1 G<1,"k) Si°<k»k>-

Results accurate to 10 are obtained for N >_ 128. 

With the Fourier series coefficients known we then add back 

the logarithmic singularity to provide the Prandtl-Meyer 

function and the flow deflection angle inside the unit 

circle (|?0| =1) using equations (4.4). 
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Utilizing the input initial guesses for the positions of 

points I and n in the S^-plane, we proceed to search for 

them using Newton's method. For point IfvCM^), 8^ = a] we 

have a Taylor series, viz., 

1 dF<5„> ? 
«o + 0Weo)> 

1  1  °  «o t  

from which we obtain 

F(£ ) - FU1 ) 
1 I I ^ - t  ~  C  ~ 1 

"° °I °t dF̂
0
) 

Here F(E ) = v(E ) + i0(E ) and F(? ), F 1̂ ) are F(£ ) 
o o o Oj o^ o 

evaluated at the free-stream conditions and at the initial 

guess for I respectively. Thus, starting with 

2 1 
r = e: + a? 
i i 

as a second initial guess for the location of point I in 

the ?Q-plane we repeat the above procedure until 

/IrN+l N . , , . 
C?o - error tolerance specified in the program 

-4 
(typically 10 ). Here N is the number of iterations 

required to achieve the numerical accuracy demanded and is 

typically four or five. 
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For point n, which is a saddle point of the surface 

v(r,ui), the following conditions must be satisfied 

vr(50 ) - 0, 
n 

V5o > = 0> 
n 

dF(V or equivalently — 1 = 0. 

° ^o 
n 

dF(?o) 
Again, expanding —— 1 in a Taylor series about 

0 ?o 
n 

point n, we obtain 

dF(S) dF(F) d 2F(5) , 

~U ' + ——2^1 1 + 

° ° 5 d£ K o  0 0 0  
n n n 

from which d?o is expressed as 

,2,  

d£ = E - I 
1 _ dF«o>, / dF«o> 

o o "o d £ 1 1 / 2 '1 
n n so £ / dg 5 o ^o ^o 

• n n 

Thus, starting with 

Z,2 = ̂  + d? 
00 o 
n n 

as a second initial guess for the location of point n in 

the 5^-plane we repeat the above procedure until 
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M+l M 
(5 ~ 5 ) £ error tolerance specified in the program 

n n 
-4 

(typically 10 ). Here M is the number of iterations 

required to achieve the numerical accuracy demanded for 

locating point n in the £ -plane and is typically four to 

five. 

f. A coordinate transformation employing equation (4.14) is 

then carried out to map the two non-concentric circles 

shown in figure (3) into the two concentric ones shown in 

figure (5) in the £-plane. 

g. Having computed v, V/, 0, p and q in the 5-plane and 

prescribed the values of ip on the boundaries we then com

pute f(M) using equation (4.13). 

h. The equation for the stream function (4.16) is then solved 

iteratively using a sixth-order accurate fast Poisson 

Solver devised by Roache (1978). In this procedure a dis

crete Fourier transform is used in the angular direction £5 

transforming the governing partial differential equation at 

every grid node into an ordinary differential equation in 

the radial direction. The Hermite 6 discretization of 

Rubin and Khosla (1977) is used, giving sixth-order 

accuracy at interior grid nodes. The equations used at the 

boundary nodes are fourth-order accurate and are corrected 

in a single step to sixth-order accuracy. The transformed 

ordinary differential equation for the stream function 

which, in conjunction with the two equations provided by 
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the Hermite 6 discretization, constitute a block-tridiag-

onal system of linear equations relating ~ and ~/ at every 
r 

grid node in the computation domain. A banded matrix 

solver is then employed to solve the system of linear 

equations after \vhich an inverse-Fourier transform is car-

ried out to find the values of the function and its radial 

and angular derivatives at every grid point. 

Experience shows that for the designed subcritical air-

foils the number of iterations required to achieve a maxi-

mum percentage error in ~ equal to 0.01% in the entire flow 

field is less than eight. For supercritical airfoils, the 

maximum error rises to 4% in the vicinity of the sonic 

line. This is due to the singularity of the normal deriva-

tive of the stream function on the sonic line (see Appendix 

C). Away from the sonic line the error drops considerably. 

The above error estimates were based on the percentage 

change in the value of the stream function at every grid 

point throughout the computational domain in two successive 

iterations, viz., 

error 

n+l n 
~ .. - ~ .. 
1,] 1,] 

~ ~+~ 
1,] 

For supercritical airfoils experience shows that the number 

of iterations, n, required for convergence of the solution 

is greater than 12. 
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i. Having solved the equation for the stream function (4.16), 

we then check the orthogonality of the stagnation stream 

lines, i.e., ip = 0 lines, at the stagnation points. That 

is, if 

stagnation 

then we assume that the aforementioned condition is satis-

shown below and steps (a) through (i) are repeated. 

If we let the normal derivative of \Jj at the stagnation 

points vary linearly with the far-field circulation F then 

tH = aF + b. 
r1 
stagnation 

Here a and b are constants to be evaluated using results 

obtained from calculating steps (a) through (i) twice with 

different far-field circulations. That is, using we 

obtain the resulting normal derivative at the stagnation 

point ipi. Similarly for T^CF^ = + 0.5) we obtain the 

2 1 
corresponding normal derivative ipUtilizing r^, ips and 

2 
r 2» tys in the above equation we may then express the normal 

derivative at the stagnation point as 

< 10 "6 

fied. If not, the far-field circulation T is changed as 

stagnation 

= ipi  + 
r 
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from which we obtain 

„2 r2  -  r1  ,2 r  = r  -  —^ r  •  {  

i )s  -  ip • 
r Tr 

after setting =0. More generally the far-
stagnation 

field circulation T for the new iteration can be expressed 

as 

/-,ti r.n-1. 
r = rn  -  ( r  -  r  > ^  .  

- .r1) r 

Here (....)n and (....)n ^ refer to the values of the 

quantity (....) at the previous two iterations. Experience 

shows that a maximum of four iterations is sufficient to 

achieve the orthogonality of the stagnation stream lines at 

the stagnation points in the g-plane. For airfoils with 

more than one stagnation point (i.e., airfoils with sharp 

trailing edge) a similar procedure to that explained above 

is carried out after assuming that the normal derivatives 

of the stream function at the stagnation points vary 

linearly with both T and the free-stream flow angle. 

Having satisfied the orthogonality condition of the stag

nation stream lines, we then map the results back to the 

physical plane (equation (3.3)) to determine the airfoil 

shape, which is displayed on a terminal with graphic 

capabilities. It should be mentioned that the design 
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procedure invoked here normally results in airfoils with 

open trailing edges. This can be useful if wake effects 

are to be modeled. 

The trailing edge gap is expressed as a vectorial sum of an 

x-gap aligned with the chord of the airfoil, and a y-gap 

normal to the chord. The x-gap is minimized by the code in 

an iterative process that assumes that the size of the gap 

(Ax) varies linearly with the incremental change of the 

flow deflection angle (A0) in the entire flow field. That 

is, 

Ax = a + b (A9) . 

Here a and b are evaluated in a process similar to that 

used in finding the far-field circulation r explained in 

(i). The process relies on the fact that by adding (A0) to 

the flow deflection angle in the entire flow field, the 

far-field singularity is located at a slightly different 

position, which in turn has a direct effect on the x-gap. 

The iterative process requires computing steps (e) through 

(j) each time a A0 is added to the flow deflection angle 

to locate the new position of the far-field singularity. 

To reduce the size of the y-gap (Ay) at the trailing edge 

of an airfoil (not having a fish-tail trailing edge) the 

values of input Mach number must be reduced in the 

vicinity of the trailing edge. This may be done by 



reducing the value of the Mach number at the support point 

closest to the trailing edge. However, in doing this, 

steps (a) through (i) must be repeated. Moreover, for an 

airfoil having a fish-tail trailing edge the values of in

put Mach number must be reduced at the support point ahead 

of the trailing edge and increased at that after the trail

ing edge, or vice versa, i.e., raised at the support point 

ahead of the trailing edge and lowered at the point after 

it. 

Once an acceptable subsonic boundary configuration (dis

played on terminal) is obtained, we then proceed to solve 

the supersonic flow equations (5.1, 5.2) in the hodograph 

plane using the method of characteristics described in 

Chapter 5. This is followed by a search for points of 

vanishing stream function along the two families of char

acteristics in the triangular computation plane shown in 

figure (6) as they represent points on the airfoil upper 

surface. In addition, the pressure, lift and drag coeffi

cients (C , CT and C ) on the airfoil surface are cal-
p L D 

culated using the following equations: 

Cp[M(cS) ] = • 

2TT-H5, 
T 

C. 
L Cp(oi) • dx(oi) 

T 
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CD = 

2Tr+oim 
T 

Cp(to) • dy(oi) 

Here y, and u> are the ratio of specific heats, the far-

field Mach number and the angular position of the trailing 

edge in the 5-plane respectively. 

It should be mentioned here that, if a limit line is en

countered in the supersonic flow domain above the airfoil 

.surface, the sonic line data must be altered by adjusting 

the input Mach number distribution and repeating steps (a) 

through (j) or the sonic line stream function distribution 

(in this case steps (h) through (j) are only repeated), or 

both and the design procedure repeated. 

Computational Results 

In this section, a number of numerical computational results 

are presented, and some experience with the algorithm discussed. A 

few examples of computed airfoils are presented in figures (9), (11), 

and (16). It was found out that a large class of subcritical airfoils 

can be computed without much difficulty. For supercritical airfoils 

further work needs to be done. 

Figure (9) illustrates the input Mach number distribution for 

a subcritical airfoil with a cusped trailing edge at = 0.589. The 

equivalent pressure distribution (C^) and the resulting airfoil shape 

are shown in figure (9). A comparison with results obtained from the 



direct computation of the flow field utilizing the designed airfoil 

geometry as input is also illustrated in figure (9). The direct pro

cedure devised by Jameson (1974) utilizes a finite-difference method to 

solve the governing equations after mapping the airfoil into the unit 

circle. In this process the designed airfoil was analyzed at = 

0.589 and C = 0.7493 to determine the pressure. Results obtained from 
1j 

both the direct and the indirect methods indicate that if the compari

son is based on the same and (to the significant figures shown), 

then the resulting angles of attack (A.O.A.) are different, viz., 

(A.O.A.). , . 1.281°, 
inverse-design 

(A.O.A.),, 
direct computation 

= 1.2°. 

In figure (10) the input Mach number distribution for a sub-

critical airfoil with a cusped trailing edge at M = 0.622 is shown. 
CD 

The equivalent pressure distribution and the resulting airfoil shape 

are shown in figure (11). Comparison with the direct computation of 

the flow at M = 0.622 and C_ = 0.7984 show that 
00 L 

(A.O.A.). , . 1.027°, 
inverse-design' 

(A.O.A.),, „ J_. 1.632°. 
direct-computation 

From figures (9) and (11) it can be noticed that good agree

ment with the results obtained from the direct computation of the flow 

is achieved except near the trailing edge. No doubt the y-gap plays 

an important role in this discrepancy. An example illustrating the 



effect of modifying the input Mach number distribution (figure (12)) on 

the y-gap in the vicinity of the trailing edge of a cusped subcritical 

airfoil at M = 0.622 is shown in figure (13). It should be noticed 

that a slight modification in the input Mach number distribution has a 

noticeable effect on the trailing edge y-gap and, consequently, on the 

agreement with the results obtained from the direct computation of the 

flow. 

The input Ma:ch number distribution for a slightly supercritical 

airfoil with a cusped trailing edge at M = 0.642 is shown in figure 

(14). Results obtained from the two stages of the design procedure, 

i.e., computation of the subsonic boundary configuration and the com

plete airfoil shape, are illustrated in figures (15, 16). It should be 

mentioned here that while the y-gap at the trailing edge for sub-

critical airfoils can be controlled easily, more effort is required in 

the case of supercritical airfoils. This is due to the representation 

of the sonic line as part of the subsonic boundary configuration (see 

figure 15). Experience has shown that several modifications of the 

input Mach number distribution at the trailing edge are required to 

obtain a reasonable airfoil. For the supercritical airfoil shown in 

figure (16) four trials were made to reduce the y-gap to 0.016 chords. 
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DTV3RS3 DESIGN ALGORITHM 

CJTPUT MACH NUMSEE DISTRIBUTION 

Airfoil 2C9259 

stagnation 
S J •Doint 1 —1 =—1 

0 >20 o.+o o.so o.ao 1.00 

Angular position in circle plane (© / 2tr radians ) 

Figure 8. Input Mach number distribution for a sub-
critical airfoil with cusped trailing edge 
at M = 0.589. 
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INVSRSS DESIGN ALGORITHM 
PRESSURE DISTRIBUTION AND 

CORRESPONDING AIRFOIL 

 ̂i A • 1 'A'-A 

+ FL06 (Direct) 
Inverse Design 

.00 0.25 o.sa 

x/c 

0.75 I  .00 

Figure 9. Airfoil 809259 

Inverse M = 0.589 CT = 0.7493 00 L 
FL06 M = 0.589 CT = 0.7493 

Li 

CD = 0.0001 A.O.A. = 1.281° 

CD = 0.0001 A.O.A. - 1.20° 
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ET/EHS3 DESIGN ALGORITHM 

o 

o u 

v 
£ 
o 

o 

stagnation 
Tioint 

o 

.00 0.40 0.80 

Angular position in circle plane ( a / 2 vr radians) 

Figure 10. Input Mach number distribution for a sub-
critical airfoil with cusped trailing edge 
at M - 0.622. 
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INVERSE DESIGN ALGORITHM 
PRESSURE DISTRIBUTION AND 
CORRESPONDING AIRFOIL 

A • A A 
FL06 (Direct) 
Inverse Design 

0.00 0.25 0.50 

x/c 
0.75 I .00 

Figure 11. Airfoil 809762 

Inverse M = 0.622 CT = 0.7984 CL = 0.0001 AO.A. = 1.027° 
00 L D 

FL06 M = 0.622 CT = 0.7984 c = 0.0000 A.O.A. = 1.632° 
°° L D 
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m 
INVERSE DESIGN ALGORITHM 

INPUT MACH NUMBER DISTRIBUTION 

Airfoil 809762 

in 
OJ 

Original input 

o 
o 

s 

stagnation 
PQint 

o 

.00 0.20 0.40 QvSO 0-80 

Angular position in circle plane ( ffl/ 2tr radians ) 

1.00 

Figure 12. Original and modified input Mach number 
distribution for a subcritical airfoil with 
cusped trailing edge at Mra = 0.622. 
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INVERSE DESIGN ALGORITHM 
PRESSURE DISTRIBUTION AND 

C GRRESPCNDING AI3E0IL 

Original input 
— Modified input 

Original 
Modified 

G.00 0 . 2 5  O.SO 
x/c 

0.7S 1.00 

Original M 

Modified M 

Figure 13. Airfoil 809762 

= 0.622 CT = 0.7861 C = 0.0001 
i-< L/ 

= 0.622 CT = 0.7984 C = 0.0001 
u U 

A.O.A. = 1.076° 

A.O.A. = 1.027° 



INVERSE DESIGN ALGORITHM 

INPUT MACH NUMBER DISTRIBUTION 

Airfoil 31106^ 

sta-gnation 
•noint 

1 .00 o.ao 0 . 6 0  0.40 0 .20  0.00 

Angular position in circle plane (ffl / 2 TT radians ) 

Figure 14. Input Mach number distribution for a super
critical airfoil with cusped trailing edge 
at M = 0.642. OO 



INVERSE DESIGN ALGORITHM 
PRESSURE DISTRIBUTION AND 
CORRESPONDING AIRFOIL 

sonic line 

1- 1 1— h- 1 > 
0-00 0.25 0.50 0.75 I.00 

x/ c 

Figure 15. Airfoil 811064 

M = 0.642 CT = 0.9430 = -0.0006 A.O.A. = 1.507° 
00 L u 
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INVERSE DESIGN ALGORITHM 
PRESSURE DISTRIBUTION AND 
CORRESPONDING AIRFOIL 

Supercritical pressure 
—a— Subcritical pressure 

,00 0.25 0.50 

x/c 

0 . 7 5  1.00 

Figure 16. Airfoil 811064 

0.642 CT = 0.987 C_ = -0.0009 A.O.A. 
Li D 

= 1.507° 



CHAPTER 7 

CONCLUSION 

A numerical procedure has been developed for the design of sub-

critical and shock-free supercritical airfoil sections. The design 

procedure, is an inverse design one which requires, in addition to the 

free-stream conditions, the prescription of the subsonic portion of a 

target pressure distribution and, for supercritical airfoils, the 

values of the stream function on the sonic line. The procedure relies 

on the fact that for the subsonic portion of the flow the image of the 

airfoil surface wetted by subsonic flow and its sonic line in the 

hodograph plane can be mapped into the unit circle where an elliptic 

boundary value problem for the stream function is solved. A target 

pressure distribution is achieved by an iterative process utilizing the 

input pressure and stream function distributions given on the unit 

circle. For the supersonic portion of the flow a characteristics 

calculation procedure is employed utilizing the sonic line data 

obtained from the computation of the elliptic problem. The results 

obtained from the subsonic and the supersonic flow calculations are 

then mapped back to the physical plane to determine the airfoil shape. 

An analysis of the numerical solutions obtained with this 

design procedure has been presented in Chapter 6. This analysis 

indicates that only one airfoil configuration is obtained for a desired 

input target pressure and free-stream flow conditions. Experience has 
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also shown that the input Mach number, the free-stream Mach number and 

the sonic line stream function distribution cannot be prescribed 

independently of each other if a practical airfoil configuration is 

sought. Subcritical airfoils with a target pressure distribution and 

shock-free supercritical airfoils with a target subsonic pressure 

distribution, can be found with modest effort when the algorithm is in 

the hands of an experienced user. 

Within the framework of our design procedure it seems possible 

that the procedure can be extended further to study a large class of 

aerodynamically interesting airfoils and their corresponding pressure 

distributions. Moreover, while the results are given for inviscid 

flow, the same procedure can be employed, iteratively, with a 

boundary-layer calculation in order to achieve viscous airfoil designs. 

For supercritical airfoils, the shock-free pressure field should make 

the boundary-layer calculation reliable. With slight modifications to 

the far-field boundary condition the procedure can also be adapted to 

include the design of shock-free cascades. 

An important feature of the present design procedure over past 

procedures is that the map from the two-sheeted hodograph surface to 

the computational plane need not be known to determine the airfoil 

shape in the physical plane. From the engineering point of view, the 

method was found to be sufficiently accurate and flexible providing 

results at moderate cost. Indeed, less than a minute of CYBER 175 CPU 

time is required for supercritical airfoils; even less is required for 

subcritical airfoils. The computer program package is written so that 



only a minimum knowledge of the mathematical theory is needed to con

trol the computations. The design engineer, however, must still use 

intuitive judgments in changing the input design parameters to obtain 

practical airfoil configurations. 



APPENDIX A 

MACH NUMBER AS A FUNCTION OF THE PRANDTL-MEYER FUNCTION 

The governing equations for a steady, isentropic flow of a 

perfect gas are 

c T + -^ = constant, (A-l) 
P 2 

p = constant • pY, (A-2) 

and 

p = pRT. (A-3) 

Here c^, y, R, p, p, T and q are the specific heat at constant pres

sure, the ratio of specific heats, the gas constant, the gas density, 

pressure, temperature and velocity respectively. The local sound speed 

a may be defined as 

a2 = <f£)s (A-4) 

where s is the entropy of the flow. Utilizing equations (A-2) and 

(A-3) we can rewrite equation (A-4) as 

2 Y-l 
a = constant • yp 

= XR 
P 

= yRT. (A-5) 
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Introducing the definitions of c^ = yR/y - 1, the local Mach number, 

M = q/a, and the local sound velocity a, equation (A-5), into (A-l) we 

obtain 

i  q2  1 2 ,A  
T 7 ~o ^ = constant. (A-6) 

Y " X M Z 

Differentiating (A-6) with respect to M, we find 

, , 2 q j 2q2 dM 

^ + T 7 ^ R ? D Q - ( 7 ^ ) ?  0  

or ^ = %-j-—— • (A"7> 
q M(1 + Y M ) 

For subsonic and supersonic flows the Prandtl-Meyer function v is 

defined by 

q 

v = 1 - M21 ^ , (A-8) 

q« 

where q* is the critical flow velocity normalized by the local sound 

speed. Substituting equation (A-7) into the definition of v we obtain 

q 

v(M) = ^ 1 - M2 
q*=1 Md+^M2) 

dM, 

which can be integrated to give 

l(M) = (I_±_l)1/2 tanh-l{(l_z_i)1/2 1 _ m2} _ tanh"1( Vl - M2) 

(A-9) 

for M < 1 
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and (M) = (T + j-)1/? t.an"1{ (Y " j-)1/2 \l M2 - 1> - tan
-1(V M2 - 1) 

Y Y 1 (A-10) 

for M >_ 1. 

An empirical relation (Sobieczky 1977) q = q(v) for M _< 1 is given by 

q(v) = AeV (1 - eU) + B[e2v + (1 - ev)2/3 - 1] + eV + | e2v (A-11) 

where 

A o 26 I  (S ~ 1)6-1 

V (6 +1)S+1 ' 

B * J 
2 \ j y  +  1  

and 

s - I W -

For M > 1 

q(v) = 1 + 0.3914V2/3 + 0.1556V1'23 - 0.09786v3 + 0.0145v5*4. 

(A-12) 

Equations (A-11) and (A-12) can be used in conjunction with the isen-

tropic flow relation 

M = ^ 

V 1 + (1 - q2) 

to calculate M = M(v). 



APPENDIX B 

DERIVATION OF EQUATION (4.13) 

From equation (A-8) in Appendix A it can be shown that 

3M M(l+^M2) 

' V l i  -  m2| ' 

Differentiating equation (3.15) with respect to M, we obtain 

2-y 

|| = M 4 11 - M2 | (1 + M2)Y_1 - • M , (1 + M2)Y_1 
8M 2 /1 1 - M | 2 

M(1 + - M)Y-:L 

I I — {(1 " M2)(l + :L~- M2)'1 - 1} 
V 11 - M | / 

In 
,X+L m3 „ A Y - 1 m2,Y-1 1 •("——) M" (1 + M ) ' . x - . (B-2) 

V ll - IT1 

Direct substitution from (3.14), (B-1) and (B-2) into equation (4.13) 

results in 

f(M) = -(X-^-i) M4(| 1 - M2|)"3/2. (B-3) 
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APPENDIX C 

STREAM FUNCTION SINGULARITY ALONG THE SONIC LINE 

Expanding equations (A-9) and (3.15) near M = 1 we obtain 

v(M-l) = * ̂)x/2\/l - M2 + j (^ ~ ^)3/2 (1 - M2)3/2 + ... 

- { J 1 - M2 + (1 - M2)3/2 + . . . } 

2 2 3/2 ? 5/2 
3(y + x) (1 " MV + 0{ (1 - M V + (C-l) 

K(M-l) = (:Ly^)Y_1 (1 - M2)1/2 (C-2) 

Utilizing (C-l) we may express equation (C-2) as 

1 +4 
K(M-l) = -(3)1/3 (^y^)7"1 3 v1/3. (C-3) 

Near the sonic line (v = 0, r = 1) equation (4.2) reduces to 

v + — v =0 
rr r r 

which has a solution of the form 

(r-1) = constant . log (r), 
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that can be expanded near r=l as 

v(r=l) = constant . (r - 1). (C-4) 

In equation (C-4) it can be shown that the value of the constant is 

equal to - -j (obtained by balancing the coefficients of the normal 

derivatives of ip in equation 4.12). Equation (C-3) may thus be 

expressed as 

K(M-l) = (3)'2/3 (:Ly^)Y~1 J (r ~ 1)1/3 

= D(r - 1)1/3 (C-5) 

where 

1 + 1 

D = (3)"2/3 (Y * 1)Y"1 3 

From equation (4.10) we have 

_ 1 
Vr rk(M) V 

which reduces to 

1 1/"} 
*r(M = 1) = i (r - 1)X/J g(w) (C-6) 

on the sonic line. Here g(u) is a function that depends only on the 

potential distribution on the sonic line, i.e., g(aj) = cj> (r=l,to). 
w 
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