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ABSTRACT 

Optimal engineering design specifications are usually derived 

from an iterative design process. Here, different mathematical programs, 

each representing a particular problem assumption, are solved in order to 

gain insight into how and why an ideal design changes as model parameters 

vary. The mathematical technique used in this process is termed sensiti

vity analysis. The focus of this study is on techniques for performing 

such analysis on optimization problems which can be modeled as geometric 

programs. 

A dual based computationally attractive numerical procedure was 

developed to generate the locus of optimal solutions to prototype geo

metric programs corresponding to a large set of program parameter trajec

tories. Coefficient variation can include individual or simultaneous 

changes in any or all cost and exponent values. 

Sensitivity analysis is accomplished by numerically solving a 

specially constructed nonlinear initial value differential equation 

problem. Computational procedures were developed for computing an initial 

value point, differential equation construction and solution, primal/dual 

conversion and problem reconstruction in the event of a primal constraint 

status change. 

A computer program written to carry out this scheme was described 

and used in the design of a batch process chemical plant. Preliminary 

viii 
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results show the sensitivity analysis procedure developed in this study 

is attractive in terms of required computation time and perturbation 

flexibility of model coefficients. 



CHAPTER 1 

INTRODUCTION 

Purpose of Study 

The objective of this study is to develop efficient numerical 

procedures for estimating the magnitude of variations in the optimal 

solution to a mathematical programming problem due to large changes in 

model parameters. 

Specifically, this dissertation focuses on performing sensitivi

ty analysis on mathematical models which are a member of a special 

family of nonlinear programming problems termed prototype geometric 

programs. Here, the term "sensitivity analysis" should be interpreted 

to mean the study of the optimal program solution corresponding to 

variations in normally fixed model variables such as "prices," "tech

nology coefficients," or "resource levels." 

The computational method developed in this study will estimate 

the optimal solution trajectory due to large changes in any or all 

program parameters, without the need to re-solve the problem for a 

series of individual parameter values. A computer program will be 

developed to implement this procedure and to examine its performance on 

a set of sensitivity analysis test problems. 

The end purpose of this study is to help provide a tool to be 

used by designers of engineering and economic constructs, to help answer, 
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and hopefully generate more, "what if" type questions concerning optimal 

design specifications. The results presented here, can provide insight 

into an optimal design which could not be gained solely by examination 

of the optimal design. 

Motivation 

The simplest and most straightforward way to justify the study 

of sensitivity analysis of geometric programs is through an example. 

The following simple problem was first proposed and solved by Zener 

(1971). Some simplifications have been made to facilitate the presenta

tion. It will serve as an introduction to both geometric programming 

and sensitivity analysis. 

A sea cargo company has just won a bid to transport a large 

quantity of ore from Honolulu to San Francisco. Several trips will be 

required to accomplish the job. Transporting the ore will generate only 

three types of expenses; ship rental, crew, and fuel cost. The idealized 

problem model assumes all three cost types are functions of ship tonnage 

and average velocity (denoted T and V respectively). The firm's objec

tive is to select "decision variables" T and V in such a way as to 

minimize total cost. 

Past experience shows monthly rental charges are proportional to 

Ta, where a>0 is an estimated proportionality coefficient. The number 

of trips required is Q/T, where Q is the total contracted ore tonnage. 

Required trip time is L/V, where L is the distance between Honolulu and 

San Francisco. Total rental cost can thus be estimated as 



where is the rental rate set by the ship owners. 

Crew size is independent of tonnage but is proportional to the 

number of trips and time required for the task. Crew cost can be 

estimated as 

C2T"1v"1 ' 

where C^ is the average crew wage rate. 

Finally, fuel expense is a function of the hydrodynamic resis

tance of thfe ship's hull, which is proportional to the hull area. 

9/7 Q 

Present ship technology is such that T and V are the relationships 

to use. Fuel consumption also depends on the total distance traveled, 

namely, QL/T. A fuel cost approximation is thus 

C3T"1/3ve , 

where C^ is a fuel price estimate. 

IX XX 
Total transportation cost is gQ(T,V) = C^Ta V + V + 

CjT"^^V^. The particular mathematical structure of ggCTjV) is called 

a posynomial, as defined in Chapter 2. The mathematical program 

Minimize g„(T,V) 
T,V 

subject to 

(T,V) e Rj , 
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is termed a geometric program. Unfortunately, stationary conditions for 

the problem shown in (1.2.1) are highly nonlinear and intractable to 

solve by hand calculations. As developed later, a "dual" program can be 

constructed for this problem that involves solving only a simple 3 by 3 

system of linear equations in order to select optimal tonnage and ship 

velocity. 

A prerequisite to applying any solution procedure to this 

problem is the estimation of "cost" coefficients C^, C2, and C^, along 

with "exponent" coefficients a-1, and 3. Obviously, if a solution 

exists for optimal tonnage and ship velocity then such values are func

tions of these estimated coefficients. Determining this relationship 

is the goal of sensitivity analysis and this dissertation. 

A few questions asked of, and answered by, geometric programming 

sensitivity analysis for this problem might include: 

1) If a and g were known with certainty, and only cost coeffi-

v 
cients C^, C2> and were in doubt, for which region(s) in the possible 

coefficient "space" would the project be unprofitable, i.e., the "bid" 

be less than the optimal total cost? 

2) Alternatively, what "bid" level would assure a positive 

profit (or minimum rate of return), given that a "worst case" scenario 

on program cost coefficients became reality? 

3) How elastic (a measure of sensitivity) is the optimal total 

cost or the ideal tonnage or ship velocity to coefficient changes? 

4) Given results of 3, what is the "value" (in the expense 

units of the objective function) to either a marginal or large improve

ment in coefficient estimates? 
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5) Assuming fuel consumption can be improved by lowering hydro-

dynamic hull resistance through hull modifications, as measured by 3, 

what are the benefits in total optimal shipping cost from such changes? 

6) Of equal importance, what operating practice change in terms 

of tonnage and ship speed could be predicted due to, say, hull modifi

cations (reflected in 3), changing rental practices (measured by a or 

Cp, or fuel price hikes (indicated by a rising C^)? 

This author as well as the reader could think of many more 

questions concerning this and other problems sensitivity analysis could 

be used to answer. The major concern of this dissertation is the develop

ment of efficient numerical procedures for estimating the locus of 

optimal geometric programming decision and objective values corresponding 

to large program coefficient changes. The intended application of this 

work is primarily towards economic and engineering designs. Specifically, 

situations which might include: 

1) large model parameter uncertainty, 

2) model structure uncertainty, 

3) wide parameter operating ranges, 

4) low implementation tolerances, 

5) future operating or design flexibility, and 

6) model instability testing. 

In summary, motivation for this and other efforts towards developing and 

applying sensitivity analysis tools, is, to quote Geoffrion (1976); 

. .to provide insight into the problem, not just numbers." 
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Overview 

Chapter 2 presents some introductory material on geometric pro

gramming. Included are definitions of a primal, transformed primal, 

dual, and reduced dual prototype geometric programs. Five lemmas impor

tant to this study are also provided. The chapter concludes with an 

example illustrating how this particular type of nonlinear optimization 

process could be applied to an engineering design. The example, de

signing a batch process chemical plant, is later used to explore post-

optimal sensitivity analysis. 

Chapter 3 first reviews the fundamental results of Duffin, 

Peterson and Zener (1967) on prototype sensitivity analysis, along with 

a survey of other, more recent, research. A formal definition of a 

"perturbed" primal and dual geometric program is then developed. Two 

important theorems relating to the behavior of local optima for these 

"perturbed" programs are also established. Chapter 3 concludes with the 

presentation of approximate solutions to both the primal and its 

associated dual in terms of changing both program "cost" and "exponent" 

coefficients. These last results provide the starting'point for the 

computational sensitivity analysis algorithm developed in this disserta

tion. 

Chapters 4 and 5 present this algorithm, along with the details 

necessary for its implementation. The first section of Chapter 4 de

velops a specially constructed differential equation initial value 

problem. The solution function to this problem, it is then shown, 

represents the optimal solution trajectory to a reduced dual geometric 
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program with "parameterized" coefficients. The importance of this to 

sensitivity analysis is that the numerical solution to this differential 

equation problem is much easier to calculate than trying to re-solve the 

mathematical program for a sequence of different coefficient values. 

Later sections of this chapter explore construction of this differential 

equation, solving for the initial starting point, updating program 

parameters at each solution iteration, converting answers to and from 

different mathematical program types, and problem "reconstruction" in 

the event the primal constraint status changes between solution itera

tions . 

The results of Chapter 4 are applied in Chapter 5. Here, the 

selection of a numerical differential equation solution method, and a 

nonlinear equation solution procedure (both needed to implement the 

algorithm) are discussed. A computer program written to carry out the 

steps of the sensitivity analysis scheme is then briefly outlined. The 

chemical batch process capital investment problem present in Chapter 3 

is revisited in order to provide a concrete example of geometric pro

gramming sensitivity analysis and a medium for exploring the solution 

algorithm's performance. 

Four examples are given in Chapter 5. The first deals with 

changing the "price" of a process component. The computational proce

dures developed in this dissertation are used to generate the locus of 

minimum plant investment cost and optimal design variables over a wide 

range of "price" values. The effects of "delaying plant construction 

in an 'inflationary' economic environment" is then considered. Optimal 
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plant cost and design specifications are plotted against a "time" 

parameter in order to show that not only do plant economic factors 

change with "inflation," as measured by a higher investment cost, but 

optimal plant designs are also dramatically altered. By using the 

sensitivity analysis algorithm to "perturb" the right hand side of the 

problem's capacity constraint, the effects of "plant expansion" is 

considered in Example C. The last example presented in Chapter 5, 

Example D, demonstrates the high sensitivity of plant construction cost 

to changes in the "exponent" coefficient of a component expense func

tion. A brief interpretation of the practical significance of the 

sensitivity results is offered for each of these four examples. 

Chapter 5 concludes with a discussion concerning the computa

tional efficiency of the computer program developed for this study. A 

comparison of this and one "alternative" postoptimal analysis procedure 

is offered. 

In the concluding chapter, a brief summary of the geometric pro

gramming sensitivity analysis procedure developed in this study is 

offered, and other research areas are discussed. 

Notation 

For the most part, this dissertation is self-contained though 

the reader is assumed to be familiar with the objectives, notation and 

basic results of mathematical programming. The special class of problems 

which forms the domain of geometric programming are defined and important 

theoretical results relevant to sensitivity analysis are provided. 
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N N N 
Symbols I, R, R , R+, and R++ denote, respectively, the following 

sets: all integers, all real numbers, all real N-tuples, positive N-

tuples, and non-negative real N-tuples. Vectors are assumed to be in 

column form, and matrix algebra always assumes conformability. Matrices 

are denoted by capital letters, e.g., A, or one matrix element in pa

renthesis, e.g., where the range on indices i or j is defined in 

the context. Symbol #(Z) represents the number of elements in an 

arbitrary set Z. 

Lemmas are reserved for results previously established in the 

literature; theorems will denote original work; corollaries denote ideas 

which follow so immediately from a sited theorem as to require no proof. 



CHAPTER 2 

GEOMETRIC PROGRAMMING 

Introduction 

Geometric Programming is a relatively recent technique developed 

to deal with highly nonlinear mathematical optimization problems subject 

to nonlinear constraints. Unlike most other nonlinear programming 

schemes which operate directly on the problem's decision (control or 

policy) variables, geometric programming first selects the optimal way 

to distribute total cost among the various terms of the objective func

tion. Once these allocations are made the optimal decision variables, 

and thus the solution to the original problem, can be determined by 

routine algebraic calculations. Using the nomenclature of geometric 

programming, the original optimization problems to be solved is referred 

to as the primal program, and the one directly solved is termed the dual 

program. Because this thesis relies so heavily on geometric programming 

duality, those aspects utilized later or primal-duality will be developed 

here, along with a simple engineering design example. 

Geometric Programming 

The basic concepts defining geometric programming first appeared 

in the literature when the National Academy of Science published 

Clarence Zener's 1961 paper titled, "A Mathematical Aid in Optimizing 

Engineering Designs." Zener, then working as Director of Science at 

10 
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Westinghouse Corporation, found under suitable conditions many engi

neering design problems modeled by sums of component cost could be 

minimized almost by inspection. 

Although Zener's procedure will not be elaborated here, it 

should be noted his findings originated from the application of the well 

known arithmetic-geometric inequality (Cauchy's inequality). In its 
N 

simplest form, it states if a. ^ 0, x. > 0 and J a. = 1, j = 1, 2, 
J 3 j=i J 

N, then 

The particular nonlinear programming structure involved in Zener's work 

was later called a "geometric" program due to his use of this inequality. 

Richard Duffin, then Professor of Mathematics at Carnegie Mellon, 

noted the applicability of his own, then recently developed, work in 

mathematical programming duality to Zener's efforts in optimizing engi

neering designs. The two, along with a graduate student of Duffin's, 

Elmer Peterson, soon collaborated to author many papers, and most impor

tantly, the now classic book: Geometric Programming-Theory and Applica-

cation. This text was first published in 1967. Commenting on this work, 

Beightler and Phillips (1976) noted; "This landmark publication contained 

all the theoretical developments (relating to geometric programming) to 

date, along with many examples and problems to well illustrate the 

technique ... to engineering design problems." Duffin, Peterson and 

Zener provided many rigorous proofs concerning the primal-dual relation

ships in GP. They also included many useful transformations and 



12 

approximations for expressing many engineering optimization problems in 

what is now called a "prototype geometric" form. 

In a recently published bibliographical note by Rijckaert and 

Martens (1978), over 110 papers on geometric programming were referenced. 

Although most of this work is important for a thorough understanding of 

all facets of the subject, much is not germane to this thesis. There

fore, no attempt will be made here to reference the historical develop

ment of geometric programming. Instead, focus will be limited to those 

facets established in the literature which have direct bearing on the 

computational aspects of sensitivity analysis. 

A geometric program may be stated in a general manner as follows: 

Primal Program (GP-P). Find a decision variable x* which minimizes 

function gg(x) subject to 

(1.1) XerN , 

and forced constraints 

(1.2) g1(x)<l, g2(x)<l, ... gk(x)<l, 

where 
a.t a.„ a. 

(1.3) gk(x) = I cix11 x2 1 » ••• xnX > k=0,l,...,K, 
iel(k) 

and I(k) denotes a set of indices for the sums of products term 

such that I(o) = {1,2,...,tQ>, 1(1) = {tQ+l,... .tg+t^, ..., I (k) = 

{tk-l + 1'*-->tk-l + ̂  

The exponents a„ are arbitrary real numbers forming a matrix 

A, with assumed rank N. Coefficients c., which will be referred to here 
I 

as "cost" parameters, are assumed positive. GP-P is referred to in the 

mathematical programming literature as a posynomial program. 
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The polynomials g.Cx) are termed posynomials due to the assump-
K 

T i I 
tion that ceR+, where T = #(j^I(k)). As a consequence of positive cost 

parameters, Duffin et al. (1967) and others have demonstrated that under 

a logarithm transformation of the primal variables x, geometric pro

gramming is a branch of convex programming. This convex program, in

cluded here for future reference, is termed the transformed primal and 

is defined 

Transformed Primal (GP-TP). Find decision variable z* which mini

mi izes a positive exponential function gg(z) subject to 

z e RN 

and forced constraints 

where 

gk(z) < 1, k=l,2,...,K, 

gk(z) = t c exp ( I a..z.), 
k iel(k) 1 j=l 13 3 

k = 0,1,...,K, 

z . = log x., 
J J 

j = 1,2,...,N. 

Here the primal variable x^ and index set I(k) are the same as those 

defined in GP-P. 

The" particular structure of GP-P or GP-TP allows the development 

of an equivalent problem which is computationally more attractive. The 

mathematical programming problem dual to GP-P, defined above, is defined 

as follows 
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Dual Program (GP-D). Find a decision variable w* which maximizes 

the function 
T w. K 

(2.1.1) v (w) = TT (C./w ) 1  TT A(w). K 

i=l 1 1 k=l k 

where 

(2.1.2) A(w) = I w k = 1,2,...,K, 
K iel(k) 1 

(the normality condition) 

(2.1.3) I w = 1, 
iel(O) 

(orthogonality conditions) , 

T 
(2.1.4) I aw =0, j = 1,2,...,N, 

i=l J 3 

and (non-negatively condition) 

(2.1.5) w e . 

The difference between the number of dual variables (T) and the 

number of independent linear equations, (2.1.3) and (2.1.4) above, is 

termed the degrees of freedom (or degrees of difficulty) associated with 

the problem. As can be seen from above, this value is T - (N + 1), for 

an exponent matrix with rank N (i.e., every exponent volumn vector 

associated with a primal variable is linearly independent of all others). 

It will become clear later that the value T - (N + 1) determines the 

computational difficulty involved with solving GP-D. Note also, the 

constraints of GP-D are linear in its decision variables (w), a fact 

which greatly simplifies the computation of an optimal dual vector com

pared to solving GP-P or GP-TP. 
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Consider now the following relationships between GP-D and GP-P 

first shown by Duffin et al. (1967), termed the Main Lemma of Geometric 

Programming. 

Lemma 2.1. If x satisfies the constraints of the primal problem 

and w satisfies the constraints of the dual problem, then 

. gQ(x) > V(w), 

or the dual objective provides a lower bound on the primal. Moreover, 

under the same conditions, 

gQ(x) = v00 

if and only if 

N a. . 
c. ir x.1-' 
XJ"1 3 

(2.1.6) wi = 
g0W 

iel(O) 

N a. . 
ij A. c. ?r x. J iel(K), k=l, . .. ,K. 

k 1j=l J 

With regard to the equivalence of the primal and dual problems, necessary 

and sufficient conditions are provided by the First and Second Duality 

Theorems of geometric programming which are, respectively, given as 

Lemma 2.2. Suppose GP-P is superconsistent (i.e., satisfies 

Slater's condition that there exist an interior point within the con

straint space) and the primal function gg(x) attains its minimum value 

at a point which satisfies the primal constraints. Then 

1. The corresponding dual program GP-D is consistent (i.e., 

has a nonempty constraint set) and the dual function V(w) 



attains its constrained maximum at a point which satisfies 

the dual constraints. 

The constrained maximum value of the dual function is equal 

to the constrained minimum value of the primal function. 

If x* is a minimizing point for GP-P, then there are non-

negative Lagrangian multipliers y*, k=l,...,K, such that the 

Lagrangian function 

K 
L(x,y) = g0(x) + I yk(gk(x) - 1) 

k=l 

has the property 

L(x*,y) < gQ(x*) = L(x*,y*) < L(x,y*) 

N K 
for arbitrary x e R+ and arbitrary y e R . Moreover, there is 

a maximizing vector w* such that 

N a. . 
IT 

TT V 

iel(O) 

w* = 
1 N a. . 

iel(k), k=l K 

where x = x* and y = y*. Furthermore 

k=l,2 K. 

If w* is a maximizing point for GP-D, each minimizing point 

x* for GP-P satisfies the system 



n a. . |w* V(w*), 1 
(2.1.8) c. ir x.13 = \ /-v <-

1j = l J (wi/Xk(w*), l 

17 
w* V(w*), iel(O) 

iel(k) 

where k ranges over all positive integers for which A(w*)^>0. 

Lemma 2.3. If GP-P is consistent and there is a point w* with 

positive components which satisfies the constraints of GP-D, the primal 

function gg(x) attains its constrained minimum value at a point x* which 

satisfies the constraints of GP-P. 

As mentioned above, the dual constraints are linear equalities 

due to normality conditions (2.1.3) and orthogonality condition (2.1.4). 

T 
The former constraint specifies a hyperplane in R , which is usually 

called the dual space, where the primal space consists of the column 

space of the exponent matrix A. Duffin et al. (1967) provide reference 

for this dual/primal space complimentarity. Condition (2.1.3) restricts 

T T 
feasible dual space to the positive orthant of R , here noted as R+. 

It should be clear for GP-D with zero degrees of freedom and 

rank of A equal to N, the dual flat consists of at most a single element, 

say w*. Lemma 2.2 thus implies w* solves GP-D, (2.1.3) provides an alge

braic scheme for recovering the optimal primal decision variable (x*), 

and Lemma 2.1 assures the dual objective value will be the same as the 

primal objective. 

The dual solution procedure is somewhat more complicated for the 

more common situation where positive degrees of freedom exist. Fortu

nately, the dual flat can be algebraically represented by construction 

vectors b^, j=0,l,...,d so the solution to the dual constraints is 

A 

[v » — v ' J. \ •** r(r) = b(0) + I r.b^' 
j = l J 
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where reR^ subject to w(r) > 0. The actual details of how these vectors 

are constructed and r^ is selected is of considerable importance to the 

computational aspects of sensitivity analysis, thus the discussion will 

be postponed until Chapter 4. 

In the terminology of geometric programming b^ is termed a 

normality vector and (b^) a nullity matrix. With this notation the 

following unconstrained program can be defined. 

Reduced Dual Program (GP-RD). Find a decision variable r which 

maximizes the function V, where 

d r. T f . K . \(r)k 
(2.1.9) V(r) = Kn( T T  K. 3)  (  T T  W. (r) 1 L R J )  (  T T  AlrJk ) ,  

0 . , i . , i ... j=l J 1=1 k=l 

where 

(2.1.10) w(r). = b. CO) . V . k U) + I r.b. , i=l,2,...,T, 
j = l 3 

( j )  
T b. 

(2.1.11) K =  T T  c. 1 , j=0,l,. . . ,d, 
J i=l J 

Ak(j:) = I b.Cj5, k=l,2,. ..,K, 
iel(k) 

X(r)k = \(°') + I riAic('^' k=l,2,...,K. 
j = l 

Decision vector r is further restricted by: 

d 

and 

(2.1.12) b(0) + I  r.b^ER1 . 
j-1 J 
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Also assumed is the normality condition 

I biC0) - 1 -
iel(O) 

orthogonality conditions 

T 
I a b LUJ = 0, j=l,2,...,N, 

i=l 

T 
and the parameters ceR+. 

Program GP-RD is an unconstrained problem except for the positi-

vity conditions (2.1.12). Fortunately, as a consequence of Lemma 2.2, 

part 3, these remaining constraints will always be inactive for primal 

problems with all active (forced) constraints. Thus, if it is known 

that GP-P has all binding constraints, then the optimal solution, which 

is known to exist by Lemma 2.2, can be found by solving an unconstrained 

program. Fact (2.1.6) from Lemma 2.1 can be used to extract optimal primal 

variables x* from the knowledge of w*, V(w*) and A(w*). These results 

will be further elaborated upon later, along with computational consider

ations needed for their implementation. 

As it stands, neither GP-D or GP-RD are convex programs thus 

the theory of convex programming, and more importantly, solution algo

rithms developed during the past 30 years will not apply. Fortunately, 

the following is easily shown: 

Lemma 2.4. The function (-log V(r)) is convex, and GP-RD is a 

convex program with (-log V(r)) replacing V(r). Moreover, the functions 

V(r) and (-log V(r)) have the same set of minimizing points. 
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With these facts, along with the knowledge that each stationary-

point for a concave function is a globally maximizing point leads to the 

following stationary point condition. 

Lemma 2.5. Dual variable w* solves GP-D and GP-RD if, and only 

if, w* is a solution to the nonlinear system 

T b (j) K -A (j) 
(2.1.13) K - ( T T  w )(T T A ( W ) K ) = 0, j = l,2,... ,d, 

J i=l 1 k=l k 

where 

T b. (j 

(2.1.14) K. = ir c. 1 , j=l,2,. . . ,d. 
3 i=l 1 

In Chapter 3, a modification of Lemma 2.5 to apply to a later 

determined "perturbed" GP-RD will serve as a starting point for geometric 

programming sensitivity analysis. An example of a geometric programming 

problem will be offered next following one final definition. It is in

cluded here for later reference. 

Program GP-P can be extended to include nonpositive cost coeffi

cients as follows: 

Signomial Program (SGP-P). Find a decision variable x* which mini

mizes gQ(x) subject to 

x e R^ , 

and forced constraints 

Gk(x)iak» k=l,2,...,K, 

where 
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Gk« = I  O..C.C 17 X 1J), 
* iEI(k) K1 1 j=l 3 

N a. . 
1J), k=0,l,...,K, 

gQ(x) = ct°G0(X) ,  

a° = sign (g0(x*)) , 

a. . = ± 1 , 
kx ' 

such that ĉ a]ci>Oj k=0,l,...,K. 

Sensitivity analysis for SGP-P will not be directly considered 

in this dissertation. However, results by Phillips (1974) and Rijckeart 

(1974) concerning differential approximations of optimal program values 

for this problem will be reviewed. 

Illustrative Example 

To illustrate how geometric programming is applied to engineering 

designs, consider an example first published by Loonker and Robinson 

(1970) on the minimization of capital investment cost for chemical batch 

processes. Later this problem will be revisited after post-optimal 

sensitivity analysis is discussed. For now, it will serve as a medium 

for illustrating the primal-dual relationships offered above. 

Designing chemical batch (sequential) process plants is made 

difficult by the many interrelations between individual process com

ponents. As an example, consider the simple process "recipe" composed 

of a batch reactor with feed and discharge pumps shown in Figure 2.1. 
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PUMP REACTOR PUMP 

DRYER CENTFGE PUMP 

Figure 2.1. Chemical batch process recipe. 
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For a given hourly throughput, a large reactor is required when small 

pumps are specified and the opposite holds when larger pumps are 

selected. If the design task is to minimize total capital investment 

expense, where the objective function represents a sum of reactor, pump 

and other equipment costs, then a balancing of sizes for each type is 

required. Additional constraints such as plant capacity or technical 

restrictions could also effect the solution. 

The problem to be considered assumes that the plant will produce 

only one product, where the total hourly production rate is fixed. 

Loonker and Robinson (1970) argue that the selection of 

v the product volume per batch, 

t^ the reactor transfer time, 

t2 the heat exchanger transfer time, and 

tg the centrifuge transfer time, 

completely specify the design, and thus the plant investment cost. The 

values of product volume and transfer times will be considered the 

decision variables for this optimization problem. 

Functional mappings from the decision variables to individual 

component investment expenses can be estimated using Bauman's (1977) 

cost exponent rules. In its simplest form, the installation cost for 

process component j (denoted here as P^) could be estimated using the 

posynomial term 

a . 3 a. . 
P = c.v VJ TT t 1J, j = l, 2 , . . . , 8 ,  
J J i=l 
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where a . and a.. are exponent coefficients for volume and residence 
vj IJ R  

times respectively. Bauman suggested selecting parameters c^. and a„ by 

performing an econometric analysis on past expense data. Here the de

pendent regression variable is the recorded component cost, and past 

selected levels of batch volume and residence times form the independent 

variables. 

' From Hellinckx and Rijckaert (1971) the following is assumed to 

be the results of such an econometric exercise: 

P = 592 v0*65, 
reactor 

coo 0.39 
settler ~ v ' 

P = 1200 v0,52, 
dryer 

0 22 
P = 370 (v/tj , 
pump.^ 1 

PPU".P2 • 250 tv/V0'40' 

"exchanger = 210 CAt/-62, 

P  o c n  r  / +  - > 0 - 4 0  pump^ = 250 (v/t3) , 

"centfg " 200 Wt3)°-8S. 

Plant capacity (hourly throughput) is determined by a packaging 

limitation which is fixed at 50 cu-ft per hour. Thus the decision 

variables must satisfy the constraint 

v/(10 + t^ +t2 + t3) = 50. 
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Here the constant 10 represents residence times not accounted for 

in t^, t2> and t3. 

This equality constraint can be transformed into standard geo

metric inequality form by noting the unconstrained minimum investment 

solution occurs at zero capacity. Therefore, the inequality 

v/(10 + ti + t2 + t3^ ^ 50> 

or 

500v-1 + 50v"1t1 + 50v_1t2 + 50v_1t3 < 1 

is always binding. 

The optimization problem may be written in primal geometric form 

(GP-P) as 

minimize gQ(v,t) = 592 v°' 5̂ + 582 v0'3̂  + 1200 v°'52 

+ 370 (v/tp 0,22 + 250(v/t2)°-40 

+ 210(v/t2)0*62 + 250(v/t3)°'40 

+ 200(v/t3)0-85, 

subject to 

g1(v,t) = 500v-1 + 50v"1t1 + 50v-1t2 + 50v-1t3 < 1, 

(v,t) e R4 . 

There are 12 posynomial terms and 4 primal variables, therefore 

the degree of freedom (difficulty) is 7(d=12-4-l) and the dual program 

GP-D is 



26 

12 w , , . 
maximize v(v,t) = ir (c./w.) A(w) , 

i=l 1 1 

where 
8 

I  wi 3 1>  
i=l 

12 
Y a. w. = 0, 

iii ^ 1 

12 
I aw = 0, j=l,2,3, 
i=l J J 

weR 2̂ 

and 
12 

X (w) = I w. , 
i=9 X 

Later, the reduced dual program (GP-RD) associated with this 

example will be derived and solved using computational methods of Chapter 

4. For now, note that Hellinckx and Rijckaert (1971) recognized that 

efficient algorithms developed by Blau and Wilde (1969), Frank (1966), 

Pascual and Ben-Israel (1970), and others were available for solving 

this problem. They report, and computational results by this author 

agree, the dual solution to this problem is: 

w* = .3465, w* = .0240, w* = .4034, 

w* = .0609, w* = .0896, w* = .0045, 
£. O IU 
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w| = .0970, w* = .0171, w*2 = .0589, 

w* = .0204, w* = .1545, w*2 = .1382, 

and 

A(w*) = .6050. 

As shown later, if x* solves GP-P and w* solves GP-D, then-

log(x*) = (A'A)"1 A'(RHS(w*)), 

where 

/w* v(w*), i=l,2,...,8, 

RHS(w*) = / 

(w?/A(w*)? i=9,10,ll,12 . 

Such calculations show the primal solution is v = 750 cu ft, t^ = .11 hr, 

~ 1-47 hr and t^ = 3.42 hr, yielding an optimal total investment of 

$126,303 and a total batch residence time of 14.80 hours. 

Summary 

Some basic geometric programming definitions were given in the 

first half of Chapter 2. These included: prototype, primal, transformed 

primal, dual and reduced dual. Also mentioned were degrees of freedom, 

an important measure of the relative difficulty associated with a solu

tion calculation. 

Five lemmas important to this study were also listed. Lemma 

2.1, 2.2 and 2.3 provide the fundamental primal/dual relationships be

tween programs GP-P (or GP-TP) and GP-D (or GP-DP). 
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Lemma 2.4 shows the log-dual, unlike its associated GP-P, is a 

convex program. The last lemma, 2.5, provides a convenient method for 

solving GP-RD. 

The remaining half of Chapter 2 was given to the presentation of 

an example problem. Here, a simple chemical batch process investment 

problem was offered in order to serve as a medium for illustrating the 

primal/dual relationship defined previously. 

This problem is used later in Chapter 5 as an example of post-

optimal analysis and to provide a numerical demonstration of the sensi

tivity algorithm developed in this study. But for now, the next chapter 

offers a brief literature review and some original contributions. 



CHAPTER 3 

SENSITIVITY APPROXIMATIONS AND EXTENSIONS 

In this chapter, approximate solutions to both a primal geometric 

program and its associated dual will be established as functions of 

changing cost (c^) and exponent (â j) coefficients. Progress towards 

this goal will be made by first reviewing the fundamental results of 

Duffin et al. (1967), along with a survey of other relevant research. 

Conditions on GP-TP and GP-RD establishing existence, continuity and 

differentiability of the optimal decision variables and objective value 

as functions of varying program coefficients are then provided. Two 

possible paths that sensitivity analysis might take, one involving the 

perturbed transformed primal GP-TP and the other the perturbed reduced 

dual GP-RD, are explored. Major emphasis is given to the dual approach. 

The results of this chapter are used extensively in Chapter 4, where the 

computational aspects of geometric programming sensitivity analysis are 

discussed. 

The Beginning: Appendix B 

Historically literature on geometric programming sensitivity 

analysis began when Duffin et al. published the now classic book Geo

metric Programming - Theory and Applications in 1967. Appendix B, sub

titled; The Perturbation of Optimized Parameters Due to Variations in 

the Posynomial Coefficients, contains, among other things, equations for 

29 
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the first order Taylor approximation of the optimal dual and primal 

variables, along with the optimal objective value, as functions of 

locally perturbed cost (c^) coefficients. Beightler and Phillips (1976) 

commenting on the postoptimal geometric programming literature note that 

"much of the results from Appendix B have remained largely unexploited." 

Because some of these results are used extensively in this study, a few 

will be noted here. 

For the case where the degree of freedom is zero, the optimal 

solution to GP-D is determined solely by the constraints: 

(3.1.1)- I w = 1, 
iel(0) 

T 
(3.1.2) I a .w. = 0, j=l,2,...,N, 

i=l J 

and 

T 
welT . 

T 
If w*eR+ solves (3.1.1) and (3.1.2), then it is unique if the exponent 

matrix (here denoted A) has rank N, which is always assumed. With this 

fact and those given in Chapter 2, if the exponents are fixed and cost 

coefficients are allowed to vary for a zero degree problem, then closed 

solutions to optimal primal variables (x*) are 

T 
(3.1.3) log(x|) = I w*( I a ) - a..) log c. + h. , 

3 i=l 1 qel(0) 3q 1J 1 J 

"j = 1,2, .. . ,N, 

where 



31 

li = ^ aia log wa " ^ ( E aia) l0gXk" J q=l iq q k=l qEI(k) iq 

~ C I a.)( I  wI  log w*) 
qel(O) iq i=l 1 1 

K 
+ C I  a-iJ( I  *k* logAk*), i=l,2,...,N, 

qel(O) Jq k=l 

and matrix (a^) is any left inverse of A. 

Optimal dual and primal objective values as functions of varying 

cost coefficients (c^'s) are shown in Appendix B to be 

T w. 
(3.1.4) gQ(x*) = V(w*) = zJ c. 1 , 

i=l 

where 

T K 
z = - £ w* log w? + £ Xk* logAk* 

i=l 1 1 k=l 

The optimal primal variable equations (3.1.3) result from solving 

the system shown in the fourth conclusion of Lemma 2.1 and the optimal 

objective relationship (3.1.4) comes from conclusion 2 of that Lemma. 

It should be noted that (3.1.3) and (3.1.4) provide exact 

formulas for the values involved, which is not the case for positive 

(d> 0) degree of freedom problems. In such situations, which are the 

most common in practice, no elementary formulas can be derived for x*, 

gg(x*) and w* as functions of cost of exponential coefficients. Duffin 

et al. (1967) do provide in their Appendix B first order differential 
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approximations for the cost varying ease. Stationary conditions for 

GP-RD shown in Chapter 2 of this dissertation provide their starting 

point. 

Duality Lemma 2.2 and Lemma 2.3 of the previous chapter can be 

used to show the optimal solution to a consistent and not totally de

generate primal program can be investigated by studying the corresponding 

program GP-RD. In fact, there is a relational mapping from most reduced 

dual programs to GP-P, where the later has an exponent matrix with rank 

N and active constraints. 

As previously stated, if r*eR^ solves GP-RD, it is the solution 

to the nonlinear system 

T r, T 
(3.1.5) VrV(r*) = ( I b.UJ log w(r*)i) - £ CjD log A(r) 

i=l k=l 

- log Kj =0, i=l,2,...,d, 

where (in vector form) 

(3.1.6) w(r) = b^°3 + I r.b^ , 
j=l J 

(3.1.7) X(r) = A(0) + I r , 
j = l J 

and 
T 

(3.1.8) log K = I b. log c. . 
i=l 1 1 
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The Hessian matrix of V(r), here termed the Jacobian matrix of system 

(3.1.5), can be shown to be 

T K 
(3.1.9) J (r) = I (b (i)b (j))/w(r) - I (X (i)X (j))/Kr), , 

IJ q=i q q q k=i K K K 

i»j = 1,2,...,d. 

Existence and invertability of matrix J(r) are crucial factors in geo

metric programming sensitivity analysis as can be seen in this following 

lemma, which provides the main results of Appendix B. 

Lemma 3. l. Assume exponent matrix A of GP-P has rank N and 

0 T 
d=T-N-l >0. If for some cost coefficients c eR+ the corresponding 

T 
program GP-RD has w(r*)eR+ , where r* solves GP-RD and Jacobian J(r*) 

is nonsingular, then 
T 

(i) The vector log = £ b.^ log c. is surrounded by an 
i=l 1 1 

open neighborhood N (K®), and r* determining w(r*) by 
K. 

3.1.6 is also surrounded by an open neighborhood N^fr*), 

such that 3.1.5, 3.1.6, and 3.1.8 give a one-to-one 

mapping K=f(r) and its inverse image r=f *(K) are differ-

entiable. Also, matrix J(r) defined in 3.1.9 is the 

Jacobian matrix for the mapping K-f(r), which is non-

singular on the open set N^fw*), where Nw(w*) is the image 

of N^(r) under mapping defined in 3.1.6 above. 

(ii) Primal program GP-P and its corresponding dual GP-D are 

canonical for each coefficient vector c and the primal 

is superconsistent for each ceNc(c^), where Nc(c^) 
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consists of vectors c mapped into determined by 

T 
log K. = I b.^ log c., j=l,2,...,d. 

i=l 

(iii) If ceNc(c^) then the corresponding (GP-P) has a unique 

, minimizing x** and (GP-D) has a unique maximizing w**. 

Also, if (GP-P) has p>0 binding constraints g(x*:c^) 

then they remain active at c and the Arrow-Hurwicz-Uzawz 

constraint qualification 

Vxg(x**,c)'z > 0 , 

N 
for some zeR , is satisfied. 

(iv) For ceNc(c^) the functions that give x**, w**, and 

V** = V(w**,c) = gQ(x**,c) 

in terms of c are differentiable on Nc(c^) and yield 

the following results (in vector form) 

(a) dV/V** = w**'dc/c° , 

(b) dw = Bdr , 

where the T by d matrix B has components b^*^ defined 

previously, 

(c) dX = Hdr , 

where matrix H has components defined above, 

(d) dr = J-1(w**)dK/K , 

where dK/K is defined as, 
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(e) dK/K = B'dc/c°. 

Finally, the total differential of primal variable x 

yields (in scalar form) 

d x . / x * *  =  7 aT.(dw./w?* + dV/V** - dc./c?) 
^ 3 iel(O) 13 1 1 

K 
+ Y l a . (dw./wf* - DX. /A** 
k=l ielOO ^ 1 1 k k 

- dc./c°) , 

j = 1,2,...,N, 

where matrix A+ = (ajjj) is a generalized inverse of 

exponent matrix A. 

Later in this chapter the differential approximations of Lemma 

3.1 will be extended to include perturbations of all program coefficients, 

that is, both cost (c^) and exponent Câ j)- Local conditions concerning 

existence, continuity and differentiability of optimal program solutions 

in terms of these parameters also will be established. For now, condi

tions guaranteeing the invertability of the Jacobian matrix of 3.1.9 are 

listed, and a brief review of other relevant literature on geometric 

programming sensitivity analysis is offered. 

Appendix B provides this fact concerning the nonsingu'larity of 

Matrix J(w). 

Lemma 3.2. Assume GP-P has degree of freedom d = T-N-l> 0, and 

the nullity vectors (columns of Matrix B) b^, j = l,2,...,d, of GP-RD 
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are linearly independent. If the submatrix with elements b^-^, where 

iel(O) and j=l,2,...,d, has rank d, then Jacobian matrix of (3.1.9) is 

T 
nonsingular for each weR+. 

An obvious extension of Lemma 3.2 is to primal programs with no 

binding constraints at an optima. There the matrix B of GP-RD has 

dimension n^ by d, where n^ = #(1(0)), thus the submatrix described in 

the last Lemma is B. By definition, this matrix has rank d and thus 

the following is established, 

Corollary 3.1. If program GP-P has degree of freedom d = T-N-1>0 

and no binding constraints, then matrix J(w) given in (3.1.9) is non-

T 
singular for W ER+ .  

Later Efforts 

Except for a few geometric programming application articles which 

use the optimal solution approximations of Duffin et al. (1967) Appendix 

B, the work of Theil (1972), Dinkel and Kochenberger (1974), Phillips 

(1974), Rijckaert (1974), and Beightler and Phillips (1976), represent 

the bulk of the published effort on the noncomputational aspects of geo

metric programming sensitivity analysis. This list, of course, excludes 

the theoretical work on the behavior of local optimal sets of a mathe

matical program under parameter perturbations such as Dantzig, Folkman 

and Shapiro (1967), Berge (1963), Evans and Gould (1970), Robinson and 

Day (1974), and Peterson (1976). Also excluded are the papers by 

Bigelow and Shapiro (1974), Robinson (1974) and Fiacco (1976), on per

turbed Kuhn-Tucker points. These latter three publications will be used 
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in the next section of this chapter, while the articles concerned with 

the behavior of local optimal sets will not be discussed. In what 

follows, a very brief sketch of the above mentioned published since 

Duffin et al. (1967) is provided. 

Henri Theil's 1972 article in Management Science titled "Sub

stitution Effects in Geometric Programming" developed expressions for 

optimal dual variables in terms of the objective function's cost coeffi

cients. The discussion was limited to unconstrained posynomial programs. 

Starting with the Lagrangian of such a program, after taking the 

logarithm of the objective, 

T T 
L(w,y,u) = I wi log(wi/ci) - y( £ o^-l) 

i=l i=l 

N . T 
- I u [ I a w) , 
j=l 3 i=l 13 

Theil constructs the stationary system 

N 
(3.2.1) 1 + log w - log c - y - I u.a = 0, 

i 1 j=l J XJ 

i = 1,2,...,T. 

Taking the total differential (with da^ = 0) of (3.2.1), making 

certain approximating assumptions, and using 

T 
I w.d(log c.) = - dy , 
i=l 
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the following can be shown 

dw = (W-WA(A>WA)_1W) d(log c) , 

where 

W = (Vto)'I , 

(3.2.2) d(log c) = d(log c) - w'd(log c) , 

and matrix A = (a. .) of GP-P. 
ij 

The important contribution of this paper can be seen by defining 

S = WA(A'WA) ''"A'W and writing 

S • 
(3.2.3) dw = w.d(log c.) - £ s..d(log c.) , 

x x j_i ij x 

i.= 1,2,...,T. 

Theil calls the term w^d(log c^) of expression (3.2.3) the "direct" 

effect on dual variable w^ of changing cost coefficient c^, as measured 

til 
by "relative price" c^ defined in (3.2.2). Using the fact that the i 

optimal dual variable's value represents (because of the imposed 

t h 
normality condition of GP-D) the percentage contribution of the i 

objective product term to the optimal objective value, he notes the 

"direct" effect, as measured by dw^/d(log c^), describes how a change of 

"relative price" c^ alters the i^ component's cost share. As can be 

seen, if c^ increases by 1 percent, say, the corresponding cost share 

increased by less than 1 percent. The second term 

N 

(3.2.4) - I s..d(log c.) 
J=1 3 
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represents the "technological substitution," or perhaps better termed 

the "cross" effects of changing other cost coefficients. 

Using the positive semidefinite matrix S one can show, see for 

example Malinvoud (1972), the terms (3.2.3) implies an increase in the 

t h, 
"relative price" of the i component will lead to a smaller increase in 

til 
the i cost share than if there were no substitution. Theil also shows 

that d(log c^) can be replaced by d(log c^) in (3.2.3). 

Dinkel and Kochenberg (1974) demonstrate Theil's result shown in 

(3.2.3), the differential change in the optimal dual variable w^ caused 

by perturbing the program's cost coefficients, is really just a special 

case of Duffin et al. (1967) Lemma 3.1. Combining the results of this 

lemma yields 

d. d T 
(3.2,5) dw = I b Cj)( I J.,(w*) ( I b.(1° dc /c )), 

1 j=l 1 k=l i=l 1 11 

i=l,2,...,T, 

which the authors show is equivalent to Theil's equation (3.2.3). 

The major contribution of Dinkel and Kochenberger (1974) is that 

they present a computationally attractive method for implementing the 

results of Duffin et al. (1967) Appendix B. This will be explored in 

the next chapter. 

Rijckaert (1974) and Phillips (1974) independently developed 

approximations for the optimal dual variables associated with signomial 

geometric programs, SGP-P defined in Chapter 2. Using the notation of 

SGP-P and its associated quasi-dual, one can show an approximation to 
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the optimal change of quasi-dual variables, here labeled Aw, is the 

solution to the linear (in Aw) system 

(3.2.6) I a.„Aw. = 0 
iel(0) 

K 
(3.2.7) I I a a Aw = 0, j=l,2,...,N, 

k=0 iel(k) 13 13 1 

(3.2.8) ak I a. (Aw -AA,) = 0, k=l,2,...,K, 
iel(k) 

K 
f 

(3.2.9) I I a..b UJ (Aw /w -AX,/A,), 
k=0 X E I (k) 1X1 

K 
= I I a b UJ (Ac./c.), i=l,2,...,d, 
k=0 iel(k) 1K 1 1 1 

where b.^ is an element of matrix B defined in GP-RD. 
l 

There are T + K equations in (3.2.6-9) that is, one equation for 

each product term and every constraint in SGP-P, and T + K variables 

(w^ ..., w, A^, A£, ..., A^). Schematically representing these 

equations as 

E(w)AZ=P, 

where Z = (w1 A'). It is clear if matrix E evaluated at w is invertible 

then 

AZ = E(w)-1P. 

Fortunately, as Rijckaert (1974) notes, because the right hand side of 

(3.2.6), (3.2.7), and (3.2.8) are identically zero, one only needs to 
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compute the last d columns of E(w)-1, denoted here as E(w)^, yielding 

Z=E(„)d-1 Pd , 

where 
£ 

Pj^ = I I a.,b.^ c./c. , j=l,2,...,d. 
d /n . ',n lk 1 1 x ' ' k=0 iel(k) 

So far, the articles by Theil (1972), Dinkel and Kochenberger 

(1974), Rijckaert (1974) and Phillips (1974) have been extensions of 

Duffin et al. (1967) approach of using problem GP-RD as a starting point 

for sensitivity analysis. Beightler and Phillips (1976) took a different 

direction. 

Using only primal GP-P and the constrained derivative method for 

nonlinear programming sensitivity analysis popularized in Wilde and 

Beightler (1967), the primal variables were partitioned into two groups: 

control and state variables. It is assumed state variables (here 

labeled xg) are "dependent" in the sense that they are determined by the 

remaining control variables (here labeled x ). Using variable selection 

rules and Taylor series approximations for the differentials of GP-P 

objective and constraint equations developed for general nonlinear 

programs in Wilde and Beightler (1967), these equations are solved for 

the state differentials (dxg) in terms of the control differentials (dx£). 

To determine the effects on the optimal primal objective function 

gg(x*) (where x* solves GP-P) for a small change in constraint function 

g^, as measured by Sg^ g^Cx*) - g'(x*'), where GP-P is solved by x*' 
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using new constraint g£ , these authors' show 6g^(x*)/6g(x*) = 

T -1 
V gQ S , where matrix S = (gjc(x*)/x ), k = 1,2,...,K, and j e 
Xs Sj 

(indices of xg). 

Beightler and Phillips' major concern was to develop an effi

cient algorithm for solving signomial geometric programs, not performing 

sensitivity analysis. Their results are limited to expressions describing 

the effect of state variable and constraint changes on the primal objec

tive function. Explicit relationships for the optimal dual and primal 

variables, and objective value specifically in terms of program parameter 

changes are not offered. For these reasons no further details of their 

work will be presented here. Later when computational considerations are 

addressed, the concept of partitioning a program's variables into "state" 

and "control" sets will be explored. 

Local Behavior Extensions 

Duffin et al. (1967) results on the approximate solution to a 

geometric program as cost coefficients are perturbed will be extended to 

include all program parameters. Both exponent (a^j) as well as cost 

(ci) coefficients will be parameterized, that is, assumed to be functions 

of some external parameter, thus allowing them to follow a desired "co

efficient trajectory." A prerequisite to this task will be to establish 

existence and differentiability for an optimal solution of a "perturbed" 

primal GP-P in terms of an external parameter. In the next section, the 

perturbed dual GP-D will be, likewise, considered. To accomplish this 

goal, work by Fiacco (1976), Robinson (1974), and Shapiro (1974) will be 
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exploited. But first, some useful notation pertaining to general non

linear programming, and a definition of a "perturbed" program is stated. 

Some Notation 

General Nonlinear Program (P). Find a decision variable q* which 

solves 

minimize f(q) 
q 

such that 

and 

sk(q) < 0, k=l,2,...,M, 

hj(q) — 0, j—0,l,...,m, 

N 
q e Q, where QcR . 

'Primal GP-P can be cast into this form by letting 

x = q, 

gQ(x) = f(q), 

l-gk(x) = sk(q), k=l,2,...,K=M, 

and 

R+ = Q> 

where h(q) is not defined. For dual GP-D 

w = q, 

V(w) = f(q), 

1_ I = hn(q), 
iel(0) 1 U 
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T 

i=l 
y a. .w. = h.(q), j=l,2 9  •  • • 

N=M 

and s(z) is not used. 

Now define a locally perturbed program. 

Perturbed Nonlinear Program (P(t)). Find a decision function q*(t), 

with the set Q* as its range, for an external parameter t, where q*eQ* 

solves 

A Local Behavior Theorem 

The major goal of this section is to analyze the behavior of 

decision function q*(tg) of P(t) as t varies. Conditions that guarantee 

existence and uniqueness of q*(t), along with the later defined 

Lagrangian variables u*Ct) and y*(t) are provided. Of equal importance 

is that these conditions will be shown to guarantee differentiability of 

these functions in terms of external parameter t. These results will be 

applied to primal geometric program, GP-TP and to GP-RD. The reason for 

following this course is to establish functional properties on w*(t), 

minimize f(q,t) 
q 

such that 

sk(q,t,) < 0, k=l,2 

hj(q,t) = 0, j=0,l 

qeQ > 

M, 

and for every teT, TCR1. 



x*(t), v*(t) and gg(t), where each is the optimal functional'values de

fined previously in terms of parameter t. 

For simplicity in notation, assume the initial value of the 

external parameter (denoted above as t^) is t^ = 0. Practically, this 

implies PCtg) is the "unperturbed" program P. Initially, focus will be 

on a neighborhood of t = 0, but the results are easily extended to 

larger segments of R"*". 

The goal is accomplished by using a lemma adopted from Fiacco 

(1976), and simultaneously shown, using slightly more general assump

tions, by Robinson (1974), and Bigelow and Shapiro (1974). 

Lemma 3.1. If 

(1) the functions defining P(t) are twice continuously 

differentiable in q and differentiable in t about 

a neighborhood of (q*,0)e QXT, where TCR"*", 

(2) the second order sufficient conditions defined in 

Fiacco and McCormick (1968) or equivalently in 

Mangasarian (1969), for a local minimum of P(0) 

hold at q*, with associated Lagrangian variables 

u* and y*, 

(3) the gradients V^s^(q*,0) (for k such that s^.(q*,0) = 

0) and V h.(q*,0) are linearly independent, and 
2 D 

then 

(4) u£ j* 0 when s^(q*,0) = 0, for any k = 1,2,...,K, 

(a) q* is a local isolated minimizing point for program 

P(0) and Lagrangian variables u* and y* associated 

with this program are unique, 



(b) for t in a neighborhood of 0, there exist a unique 

once continuously differentiable vector function 

(q*(t)j u(t)) satisfying the second order sufficient 

conditions of Fiacco and McCormick (1968) or 

Mangasarian (1969) for a local minimum of P(t) such 

that (q(0), u(0), y(0)) = (q*, u*, y*) and thus, 

q*(t) is a locally unique minimizing vector for P(t) 

with associated unique u*(t) and y*(t), 

(c) strict complementarily (condition (iv) above) and 

linear independence of the binding constraint 

gradients (conditions (iii) above) hold at q*(t) 

for yeNyfO). 

With these results, the task now is to apply them to geometric 

programs by properly defining a perturbed primal and an associated 

perturbed dual problem. To help accomplish this, three definitions 

pertaining to the set of values geometric program coefficients are 

allowed to assume is now given. 

Coefficient Trajectory 

This section's purpose is to define the mechanism used to vary 

coefficients of geometric programs. Restrictions governing which values 

a program's coefficients are allowed to assume are first established. 

A set of all possible coefficient trajectories is then defined followed 

by a definition specifying the meaning of the phrase "a coefficient 

trajectory." All three are used extensively throughout the remainder of 

this study. 
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Feasible Coefficient Set (3.1). The set denoted CS is termed a 

feasible coefficient set for GP-P or GP-D, where CS = CXA for CCrJ, and 

for E-'oiT, j = l,2,...,N, A=E1X such that the following re

strictions are satisfied: 

1) If e.eE"1, j = 1,2,. .. , N, and (e , e^,.. . ,eN)eA, then there 

N 
exist no (z^, Z2»...,z^)eR ^ 0 such that 

N 
7 z. e. = 0 
j=l J J 

2) If cs ECS is used to construct GP-RD(t), then there must 

exist a corresponding nullity matrix B, as defined in 

Chapter 2, which satisfies Lemma 3.2 (or 3.3 for uncon

strained GP-P) . 

3) If cs eCS is used to construct GP-P(t), then the objective 

function SQ(z) of the associated GP-TP(t) is strictly 

N 
convex and there exist £eR such that g^OO <k=l,2,...,K. 

4) cs eCS guarantees for GP-RD that log V(r) is twice 

differentiable in r. 

The purpose of the first restriction above is to assure that no 

program coefficient set allows rank of A to be less than N. This was 

included primarily to simplify the later presentation of sensitivity 

algorithms. If this restriction was not enforced, and, say, two columns 

of A became dependent, then the two primal variables associated with 

these columns could be replaced by one variable (see Duffin et al., 

1967). Practically, this amounts to nothing more than redefining a new 
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primal (and a new dual) program with one less variable (and a dual with 

one less linear constraint). But, the scheme used to describe this new 

problem requires a complete new set of primal and dual notation. This 

restriction eliminates the need to change program symbols each time rank 

of A changes. 

The second and last restrictions are used later to help guarantee 

the existence of the Jacobian matrix presented earlier. The third part 

of the definition assures uniqueness of an optimal program solution. 

The following definition formally defines the mechanism used to 

generate a feasible coefficient trajectory. Restrictions have been in

cluded so as to guarantee continuity and differentiability of trajectory 

functions, along with other properties needed to assure the existence of 

solution to a later defined differential equation. 

Coefficient Trajectory Functions (3.2). The set of all functions, 

denoted CT(T,CS), defined on TCR"*" with values in set CS such that: 

1) CT satisfies Wymore's (1980) definition of a set of 

functions. 

2) If ct e CT then ct is continuous and at least once 

differentiable in t eT, where t is termed an external 

parameter. 

3) ct e CT is further restricted so as to satisfy: 

(a) (tg,cs^) e ct if there exist a solution to the non

linear equation system 4.2.1, denoted there as r^, 

where coefficients cs^ were used to construct the 

corresponding GP-RD(tQ). 
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(b) (tp,csP) e ct if differential equation vector function 

4.2.2, denoted there as F(r,t), is continuous, and 

gradient matrix VrF(r,t) exist and is bounded on 

D(ct) = {(t,r): 1t-t0| < 

I tp-tQ| < a; ||r-r°|| < b; 

t E R1; RE Rd} . 

Here it is assumed cs 5̂ is used to construct 4.2.2. 

Feasible Coefficient Trajectory (3.3). The set denoted r(ct) is • 

termed a coefficient trajectory and defined: 

r(ct) = {b:beCS; there exist 

t e T such that (t,b) e ct; ct e CT} . 

With these definitions a "perturbed" transformed primal program 

now will be specified. Its dual counter-part is then considered. 

A Perturbed Primal Program 

In the spirit of the perturbed nonlinear program P(t) defined 

above, a perturbed primal geometric program can also be established. 

For reasons explained later, focus here is on the transformed primal 

GP-TP. In what follows, the notation both of GP-P and GP-TP, along with 

definitions of the last section are used. 
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Perturbed Primal (GP-P(t)). For a given GP-P and CT, find a decision 

N 
function x(t), with range X*CR+, where for external parameter t, x* e X* 

minimizes function ggM subject to 

DN x e R 
+ 

and forced constraints 

gk(x) < 1, k=l,2,...,K, 

where 
N a(t).. 

13 , k=0,1,...,K, gkM = I c(t). TT x. 
K iel(k) 1 j = l 3 

(t, (c(t), A(t))) e c t ,  for ct e CT and T-N-l > 0. 

Perturbed Transformed Primal (GP-TP(t)). For a given GP-TP and CT, 

N 
find a decision function z*(t), with range Z*CR , where for external 

parameter t, z*eZ* minimizes function gg(z) subject to 

DN z e R , 

and forced constraints 

gk(z) <1, k=l,2,.•.,K, 

where 
N 

gi,(z) = I  c(t), exp( I a(t) z ) , k=0,l,... ,K, 
k iel(k) j=l 13 3 

(t,(c(t), A(t)))ect, for ct e CT, and T-N-l > 0. 

The reader should be reminded 

Xj = exp(Zj), j=l,2,...,N, 
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is the defining relationship between GP-P and GP-TP, thus any solution 

to the latter program (in variable z) immediately yields a solution to 

a former (in variable x). GP-TP is used instead of GP-P to facilitate 

the proof of the following. 

Theorem 3.1. If for GP-TP(0) z*eR^ and there exist y*eR +̂ which 

satisfies 

K 
(3.4.1) Vzg0(z*,0) + I y* Vzgk(z*,0) = 0 , 

k=l 

(3.4.2) gk(z*,0) < 1, k=l,2,...,K, 

* K 
(3.4.3) £ y£gk(z*,0) = 0 , 

then 

(a) z* is a local isolated minimizing point of GP-TP(0), 

thus Z* = {z*}, and the associated Lagrange variable 

y* is unique, 

(b) for t eN^fO), there exist a unique and once continuously 

differentiable vector function (z*(t), y*(t)) satisfying 

the second order sufficient conditions of Fiacco and 

McCormick (1968) for a local minimum of problem GP-TP(t), 

such that (z(0), y(0)) = (z*, y*), thus z(t) is a 

locally unique minimum of GP-TP(t) with associated 

unique y*(t), and 

(c) strict complimentary (with respect to an<i 

associated g^(z*(t),t)) and linear independence of 



-the binding constraint gradients hold at z*(t) for 

teN (0). 

Proof: 

That the above results are true is implied by the following 

deductions corresponding to the conditions required by Theorem 3.1: 

(1) The functions defining GP-TP(t) are twice continuously 

differentiable in z because 

7 2? N 

d g.(z,t)/dz. = I a (t)c.(t) exp( £ a (t)z.), 
k J iel(k) 13 1 j=l 1J J 

is defined for k=0,l,...,K and j=l,2,...,N. 

(2) The second order sufficient conditions of Fiacco and 

McCormick (1968), or equivalently the Sufficient Optimality 

Theorem of Mangasarian (1969), for a minimum of GP-TP(O) 

hold at (z*,y*) because; 

(2.1) g^(z,0) is differentiable at z*, 

(2.2) g^(z,0) is convex at z* as shown in Duffin et al. 

(1967), 

(2.3) (z*,y*) solves the Kuhn-Tucker problem as assumed 

in (3.4.1), (3.4.2), and (3.4.3) above. 

(3) The gradients Vzg^(z*,0) (for k such that g^(x*,0) = 1) 

are all linear independent because: 

(3.1) g^(x*,0) satisfies Abadie's (1967) constraint 

qualification which requires that there exist no 

K" 
peR such that 
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I  pkWz*>°) = 0 ' 
keK' K Z K 

where K' is the index set of all binding 

g^(Z*,0) = 1 indices and K" = #(K'). 

(3.2) Mangasarian's Lemma 7.33 implies Abadie's constraint 

qualification holds if Slater's (1950) qualification 

on g^(z*,0) applies. 

(4) when g^(z*,0) = 0, k=l,2,...,K is a well known conse

quence of the duality theory of geometric programming 

stemming from the fact that the dual variable associated 

with each product term of g^(z*,0) = 1 is positive, and the 

sum of these variables are proportional to y£. Chapter 4 

of Duffin et al. (1967) provides reference for these re

sults. 

A Perturbed Dual Program 

At this point, having established conditions on GP-TP(t) 

guaranteeing uniqueness, continuity and differentiability of the optimal 

primal decision function z*(t) and associated objective function value 

(gg(x*(t)) as functions of external parameter t, one could, for example, 

follow the path of Beightler and Phillips (1976) and use the afore

mentioned constrained geometric programming sensitivity analysis. This 

author chooses not to do so. Instead, dual program GP-D and its counter

part GP-RD will be used to derive approximating solutions to optimal 

w*(t), gg(t), V*(t), and x*(t). 
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There are four major reasons for this choice: 

1) Dual variables frequently provide important design as well 

as sensitivity information for the original (primal) problem. 

2) GP-D is itself an important problem whose structure has 

been studied by several authors. 

3) Using GP-RD reduces the original problem: a nonconvex 

objective subject to a nonconvex constraint set, into a computationally 

attractive unconstrained convex program. 

4) For the reasons given, many geometric programming solution 

algorithms solve GP-P via GP-RD, thus much of the information needed for 

sensitivity analysis is readily available from the initial solution 

process. 

With this as a motivation, a perturbed GP-RD will be defined, 

and a theorem guaranteeing the optimal functions w*(t), V*(t), and the 

resulting x*(t) and g*(t) are differentiable is provided. After 

accomplishing this, approximations for these functions will be es

tablished. 

Perturbed Reduced Dual (GP-RD(t)). For a given GP-RD and CT, find 

a decision function r*(t) with range R*CR^, where for external parameter 

teR*, r*eR* maximizes function 

d r. T 
V(r,t) = KQ(t)( TT K (t) 3)( IT w.(r,trwilr'tJ) 

j = 1 J i=l 

K 
• ( it A(r,t) X(r't}k) , 

k=l k 



where 
T 
I a(t) b(t).(0) = 0, j=l,2,...,N, 
i=l 13 x 

w(r,t) = bCt).*-0-1 + I r.b(t).^ > 0, i=l, 
1 j=l 

T b(t). ̂  
K. (t) = IT c(t). 1 , j=l,2,...,d, 
J i=l 1 

XCt).^ = I b(t) (j) , k= 1,2,. . ., K, 
R iel(k) 1 

X(r,t) = A(t)k(0:) + I r X(t), , 
K j=l 3 k 

T-N-l > 0 , 

and 

(t,(c(t), A(t)))ect, for ct e CT. 

Theorem 3.2. If for GP-RD(O), r*sR^ which satisfies 

(Vr log V (r*,0)) . = log K(0) - J b(0).C:,)log w 
J  ̂ -t — 1 

(3.5.1) + I X(0), C;,) logX(r*,0), = 0, j 
k=l . k 

or equivalently 



(3.5.2) 
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K(0) . = ( IT w(r*) .bt°)i ̂  
3 i-1 

K 
) ( ir A(r*,0), 

k=l k 

-X(0). 
(j) 

where 

then 

j —1,2,...,d, 

T bfO) • ̂  
w(r*)eR' K(0). = TT c(0) D(-UJi 

J i=l 
j=lj2,...,d, 

(a) r* is a global unique maximizing point of GP-RD(O), 

(b) for t e N (0), there exist a unique and once continuously 

differentiable vector function r*(t) satisfying the second 

order sufficient conditions of Fiacco and McCormick (1968) 

for a global minimum of problem GP-RD(t), such that 

r*(0)=r*, thus r*(t) is a global unique minimum of GP-RD(t), 

(c) (c(t), A(t)) eT(ct) for cteCT assures that V*(t)=V(r*(t)), 

w*(t)=w(r*(t)) are unique and once differentiable, and 

(d) the resulting x*(t)=x(w*(t)) solves GP-P(t), is unique and 

once differentiable, and for g*g(t) gg(x*(t)), gg(t) = 

V*(t) . 

Proof: 

That the above results are true is implied by the following 

deductions 

(a) For the first statement the following facts apply: 
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1) Any solution to the stationary conditions of a strictly 

concave unconstrained program is a global maximizing 

point. 

2) Equation system (3.5.2) is the stationary system for 

GP-RD(O). 

3) GP-RD(O) is an unconstrained program as shown in 

Chapter 2. 

4) log V(r,0) is a strictly concave function in r, if the 

objective function for GP-TP(O) is strictly convex and 

the program is superconsistent (see Duffin et al., 

1967). 

5) By definition of GP-TP(t), cteCT thus from the defini

tion of a coefficient trajectory function this 

guarantees gg(z) is strictly convex in z and the program 

is superconsistent. 

6) r* solves (3.5.2) by assumption. 

Statement (b) is a consequence of the conditions required 

by Lemma 3.1. 

1) Using the definition of a coefficient trajectory func

tion, the functions defining GP-RD(t) are twice 

continuously differentiable in r and are differentiable 

in t since cteCT. 

2) By limiting the coefficients used to construct GP-RD(t) 

to r(ct), cteCT assures strict concavity of log V(r,0), 
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thus the second order conditions of Fiacco and 

McCorraick (1968) are satisfied. 

3) As shown previously, GP-RD(t) is an unconstrained 

program thus the remaining conditions of Lemma 3.1 

are not applicable. 

(c) The third statement is a consequence of the fact 

w(r) - b(t)C0) + B(t)r(t) , 

definitions of cteCT and GP-D(t), and Theorem 3.1. 

(d) The last statement is true by the results of statement (c) 

and duality Lemma 2.1 and 2.2. 

Approximation Extensions 

The approximations shown in Lemma 3.1 will now be extended to in

clude all program parameters. The approach is different in that focus 

will be on the perturbed problem GP-RD(t), where the program coefficients 

are assumed to be those of coefficient trajectory r(ct), defined earlier. 

In order to simplify equation representation, matrix notation is util

ized where possible. 

From GP-RD(t) the dual variables of GP-D can be determined from 

w(r) = b^ + Br , 

this differentiating vector w(r) in terms of t yields 

(3.6.1) dw(r) = db^ + dBr + Bdr , 
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where the notation dz should be interpreted as the derivative function z 

in terms of parameter t. The reader should note in (3.6.1) and in what 

follows the terms shown are functions of external parameter t, though 

the notation does not explicitly denote this. 

Define matrix H = (h, .)> k=l,2,...,K, j-l,2,...,d, where 

P b-Cj) h.. = J 1 , 

iel(k) 

then the stationary conditions for GP-RD(t), given in Lemma 2.5 of 

Chapter 2, can be written 

(3.6.2) -B'(log w(r*) - log (c)) + H1 log A(r*) = 0 , 

where r* solves GP-RD(t). 

Taking the differential of (3.6.2) (in terms of t) yields 

(3.6.3) (B'l B-H'I,H)dr = dB1(L' log X(r*) - log c - log w(r*)) 
W A 

+ B'dc/c , 

where 

and 

Iw = diag(l/w(r*).) , i=l,2,...,T, 

,IX = diag(l/A(r*)k) , k=l,2,.. . ,K. 

It can be shown 

(3.6.4) J(r) = (B'IwB-H'IxH) , 

where J(r) is the Jacobian matrix shown in (3.1.8) 
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Assuming the conditions of Lemma 2.2 hold, J(r*) is invertible 

and 

(3.6.5) dr = J *(r*)(dB'(L' log X(r*) - log c - log w(r*)) 

+ B'dc/c). 

Expression (3.6.5) provides an approximation for the change in 

the optimal decision variable r* corresponding to a perturbation of all 

program coefficients. If differential matrix dB = 0, 

dr = J ^ (r*) B'dc/c , 

thus using (3.6.2) yields 

dw = BJ * (r) B' dc/c. 

This is the major result of Duffin et al. (1967) Appendix B, as shown in 

Dinkel and Kochenberger's (1974) expression 

d d T 
dw = I biCj)( I j;i(w*)( l b 00dc /c.) , 

j=l k=l J i=l 

i=l,2,...,T, 

as noted in (3.2.5). 

An estimate of the change in the optimal dual and primal objec

tive function corresponding to perturbations of all program coefficients 

can be also determined. If r* solves GP-RD then it can be shown the 

concave objective function of that program can be written 

(3.6.6) log V(r*,c,A) = b(0)' log(c/w(r*)) + X(0) logX*. 
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The total differential of (3.5.11) is 

(3.6.7) dV/V(r*,c,A) = db^' log(c/w(r*)> 

+ b(0)' dc/c + dX^ logX* , 

using the fact 

VrV(r*,c,A) =0. 

It should be noted, Duffin et al. (1967), and Dinkel and Kochen-

berger (1974, 1977) incorrectly give the expression 

T 
(3.6.8) dV/V(r*,c,b) = £w(r*).dc/c , 

i=l 1 

for the case dA = 0. If dA = 0 the normality differential vector db^ = 

0 and dX^ = 0, yielding from (3.5.12) 

T 
dV/V(r*,c,A) = I b.^dc./c. . 

i=l 

The source of error is due to the former author's use of the dual objec

tive of GP-D: 

(3.6.9) log V(w*,c) = w*(log c - log w*) + X*' logX* . 

Differentiating (3.6.9) yields the expression shown in (3.6.8) only if 

it is assumed 

VwV(w*,c) =0. 

In general, this is not the case since GP-D is a constrained program with 

Lagrangian condition 
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N 
(3.6.10) VwV(w*,c)i = -y - I u 

j-l ^ 13 

i=l,2,...,T. 

The right hand side of (3.6.10) is normally not zero. 

Lemma 2.1 of Chapter 2 and (3.6.7) can be combined to show 

(3.6.11) dgQ/g* = dV/V* 

where g* = gg(x*,c,A) and V* = V(w*,c,A). 

Differentiating expression (2.1.8), 

T ^ log w?V(w*), iel(0) , 

I a . log x? = 
i=l 13 

log w?/X*, iel(k) 

j=l,2,...,N, 

k=l,2,...,K, 

yields 

(3.6.12) dx./x* = I  at. (dw./w* + dV/V* - dc./c.) 
J 3 iel(0) n 1 1 11 

+ 1 C l a* (dw./w. - dXk/X* - dc./c.)) 
k=l iel(k) K 11 

- 7 da.. log x* , 
i=l ^ 3 

j = 1,2,...,N, 

where matrix (at^) is a generalized inverse of matrix (a.jj). 



Summary 

A brief literature review of past published work on geometric 

programming sensitivity analysis was given first in Chapter 3. The im

portant results contained in Appendix B of Duffin et al. (1967) were 

reviewed, and later efforts by Theil (1972), Dinkel and Kochenberger 

(1974, 1977), Phillips (1974), Rijckaert (1974), and Beightler and 

Phillips (1976) was presented. 

The remainder of this chapter extends the work above to include 

all program coefficients; both cost (c^) and exponent (a^.). Results 

established by Robinson (1974), Shapiro (1974) and Fiacco (1976) were 

used to prove Theorems 3.1 and 3.2. Here, it is shown that the optimal 

solution to a "perturbed" primal (via Theorem 3.1), and a "perturbed" 

dual (via Theorem 3.2), exist and is differentiable with respect to an 

external t-parameter. Definitions for feasible coefficient trajectory 

and various "perturbed" programs preceded Theorems 3.1 and 3.2. 

Approximation extensions to Lemma 3.1 to include all program 

coefficients is then offered. The formulas derived in this last section 

of Chapter 3 provide approximations to the optimal reduced dual, dual 

and primal decision variables. Also included, are minimum primal and 

maximum dual objective function approximations. Formula (3.6.5) is 

used as a starting point for the computational algorithm developed in 

this study, as shown in the next chapter. 



CHAPTER 4 

COMPUTATIONAL ASPECTS 

Introduction 

This chapter presents a procedure that traces the locus of 

stationary points of program GP-RD(t) by solving a specially constructed 

nonlinear system of differential equations. Theorem 4.1, developed in 

the first section, guarantees the solution to a particular nonlinear 

initial value differential equation problem is identical to r*(t), which 

solves GP-RD(t). Theorem 3.2 of Chapter 3 can then be used to establish 

a corresponding optimal solution function x*(t) and ggft) for GP-P(t). 

Practically, these results provide a method for generating optimal pro

gram solutions corresponding to program coefficient changes. A major 

advantage of the method developed in this chapter is the optimal solu

tion path corresponding to a "feasible coefficient trajectory," denoted 

by r(ct), can be generated without ever "resolving" GP-P(t) for any 

external parameter value other than an initial t = t^. 

Also considered in this chapter are other computational aspects, 

such as; formation of the appropriate differential equation system given 

information contained in GP-P, possible solution procedures for solving 

initial program GP-RDCtp), primal to dual and dual to primal conversion 

calculations, reconstruction of GP-RD(t) when the primal binding con

straint status changes, and an updating procedure for dB(t)/dt given 

information on dA(t)/dt. 

64 
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Differential Equation Approach 

In this section, a nonlinear initial value differential equation 

system is constructed using definitions and results of Chapters 2 and 3. 

A theorem is then given which guarantees that the solution to this 

initial value problem also solves GP-RD(t), and more importantly, 

(GP-P(t), as program coefficients vary along a feasible coefficient 

trajectory. 

The starting points are the GP-RD(tg) stationary condition 

(3.5.1) of Theorem 3.2 

T bftl • ^^ £ -Xftli ̂ ^ 
(4.2.1) K(t) . - ( IT w(r*). Ji )( I \ (r*,t), ) = 0 , 

3 i=l 1 k=l k 

j=l,2,...,d, 

and the approximation extension (3.6.5) (in vector form) 

(4.2.2) dr/dt = J-1(r*,t)(dB(t)'(L(t)' logX(r*) 

- log c(t) - log w(r*)) 

+ B(t)' dc(t)/c(t)) . 

Symbolically, denote stationary system (4.2.1) as 

. (4.2.3) G(r*,t) = 0 , 

and the differential equation system (4.2.2) as 

(4.2.4) F(r,t) = dr/dt . 
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With this notation the following definition specifies a particu

lar type of initial value differential equation problem and it's 

corresponding "solution." 

GP-Sensitivity Solution Problem (GP-SSP(t^)). Using ct e CT, assume 

GP-RD(t) was used to construct equation systems (4.2.1) and (4.2.2), 

then the problem of finding a vector function r such that 

dr/dt = F(r,t) , 

with initial condition r(tg) = r°, where 

G(r°,t0) = 0 , 

for any (tQ,r^)e D(ct), is termed the "GP-Sensitivity Problem" with 

"solution" function r. 

The reader should remember D(ct) is defined to be the range of 

(t,r) in which F is continuous and V^F exists and is bounded. 

The goal of this section is to show the solution to GP-SSP(tQ), 

namely r, also solves primal geometric program GP-P(t), where both are 

determined by some ct e CT. The following Lemma developed from Theorem 

2.2 of Corduneau (1977) is used in the proof of Theorem 4.2. 

Lemma 2.2. Given initial value problem 

(4.2.5) dr/dt = f(r,t) 

where 

(4.2.6) r(tQ) = r° , 

if 

(a) f(r,t) is continuous on the set 



D = .{ (t ,r): 111 < a, I |r-r°| I < b> , 

(b) matrix function V f(r,t) exists and is bounded on D, then 

there exists a unique solution r(t) to the system (4.2.5) 

satisfying (4.2.6) for 

T = {t: |t| < L = min{a,b/m}} , 

where 

m = sup{||f(r,t)||; (r,t)eT} . 

This lemma can now be used to help construct a proof for the 

following theorem, the results of which provide a computationally 

attractive method for performing geometric programming sensitivity 

analysis. 

Theorem 4.2. If ct E CT, (tg,r )̂E D(ct), and GP-P(t) is used to con

struct GP-SSP(tg), then: 

(1) There exists a unique vector function r which solves 

GP-SSP(tp) over T = {t: |t| < L = min{a,b/m}}, where 

m = sup{||f(r,t)||; (r,t)eD(ct)} . 

(2) r(t) is the optimal solution to GP-RD(t) over t eT. 

(3) w(t) = b(t)^ + B(t)r(t) is the optimal solution to 

GP-RD(t) over t eT. 

(4) x(t) = exp(A(t)lA(t))"1A(t)W(t)) is the optimal solution 

to GP-P(t) over t eT, where 
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Proof: 

log(c(t)i/w(t)iV(w(t)), iel(O), 

W(t) = -

log(ct)iX(t)k/w(t)i, iel(k), 

k=l,2,...,K. 

(1) That the first statement is true is a consequence of the 

following deductions corresponding to the two conditions 

required by Lemma 2.2. 

(a) Because ct eCT is a coefficient trajectory function, 

Definition 3.2 guarantees dr/dt = F(r,t) is continuous 

on the set D(ct). 

(b) Likewise, matrix function V F(r,t) exists and is 

bounded on D(ct), by Definition 3.2. 

(2) Statement (2) is true as seen from the following. 

(a) First, an observation concerning the gradient of the 

stationary condition for GP-RD(t). Using notation 

(4.2.3), differentiate (4.2.1), i.e., 

G(r(t),t) = 0, 

by t and define the resulting function as 

H(r(t),t) = dG(r(t),t)/dt = V^Gfrft),t)dr/dt 

+ VtG(r(t),t) = 0 . 

Assume r^ = tC Q̂) and £Q solves (4.2.1), thus 

G(r°,t0) = 0. 



Integrating H(r,t) from tQ to t, where t eT, yields 

t 

H(r(s),s)ds = G(r(t),t) - G(r0,tQ) = 0. 

c 0  

This implies, since G(r^,tg) = 0, that 

GCr(t),t) = 0, 

t eT. 

(b) The differential equation function F(r,t) was 

originally constructed as follows. Differentiate 

G(r(t),t) with respect to t and solve for 

dr/dt = VrG(r,t)"1(H(r,t) - VtG(r,t)) E F(r,t). 

Note, the existence of V^G ^ is guaranteed by the 

fact that ct e CT was used in the construction of 

GP-SSP(tg). If r solves GP-SSP(tg), then dr/dt = 

F(r,t), t eT, hence 

H(r,t) = 7rG(r,t)dr/dt + V G(r,t) = 0. 

But, from part (a) above it was shown that for such 

a vector function r 

G(r(t),t) = 0 , 

t e T. 

(c) By construction, the last equation system is the 

stationary system for program GP-RD(t). Lemma 3.5 
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implies r(t) is the optimal solution value for the 

decision variables of GP-RD(t). 

(3) Statement (3) is implied by Definition GP-D(t) and GP-RD(t). 

The formula given in (3) for w(t) is just the transforma

tion of the constraints of GP-D(t) into the r decision 

variables of GP-RD(t). By construction, if r(t) solves 

GP-RD(t) then 

w(t) = b(t)C0) + B(t)r(t) 

solves GP-D(t) for t e T. 

(4) Statement (4) is implied by Lemma 2.2 part 3. The equation 

shown equating x(t) in terms of w(t) is derived in (4.5.3). 

To apply the results of this section five questions must be 

answered: 

(1) Given the information contained in GP-P on A(t), dA(t)/dt, 

c(t), and dc(t)/dt, how does one construct the system of nonlinear 

equations shown in (4.2.1), and the nonlinear differential equation sys

tem of (4.2.2)? 

(2) What methods exist for solving for the initial value r(tg), 

i.e., the reduced dual variable which solves both GP-RD(tg) and 

G(r°,t0) = 0? 

(3) Realizing this differential equation approach is a dual, not 

primal-based methodology, how does one convert to and from GP-P(t) and 

GP-RD(t)? 
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(4) How does one "reconstruct" GP-RD(t) when a primal constraint 

changes its binding status, as measured by *£Ct) = 0, for g^(x*,t) <1, 

and A*(t) > 0, for gk(x*(t)) = 1? 

(5) Can an algorithm be developed which will implement this 

differential equation approach? 

The following four sections of this chapter address, respectively, 

the first four questions listed above. The first part of Chapter 5 pro

vides details of an algorithm developed by this author for solving the 

last. 

Construction of (4.2.1) and (4.2.2) 

System (4.2.1) requires a method for representing dual variable 

w(r) of GP-RD, and construction of coefficient functions b(t)^, 

b(t) ̂,... ,b(t) ̂  , from A(t). Use of differential equation system 

(4.2.2) necessitates development of an efficient method for calculating 

the differential matrix dB(t)/dt. This section addresses these issues. 

Construction of b^, B(t) and w(r) 

Using the notation of GP-D, the normality and orthogonality con

straints of that problem can be written 

(4.3.1) e'w = 1, 

and 

(4.3.2) A(t)»w = 0 , 

Construct 

(3.2.3) D(t)w = b , 

where 
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e» = (1,1 1 , 0  0) , 

T (here l's fill the first n^ = #(1(0)) spaces of vector eeR ), 

b' = (1,0,0 0) , 

b' e R 
,N+1 

and 

D(t) = 

Partition w' = (w^, w^, w^) by denoting the first N + 1 elements as 

variables (here labeled r). Likewise, partition matrix function D(t) by 

columns as Dft)^. It is assumed, if necessary, the variables of GP-D, 

or equivalently, the product terms of GP-P have been reordered in such a 

way that the N + 1 by N + 1 matrix D(t)g is nonsingular. 

It should be clear that (4.3.3), which is a representation of 

(4.3.1) and (4.3.2), can now be written 

(4.3.4) D(t)swS + D(t) r = b . 

By assumption, D(t)g* exist, thus 

"state" variables (here labeled w ) and the d remaining as "control" 

denoting its first N + 1 columns as matrix D(t)s and the remaining d 

w S  =  D ( t ) -  D s ( t ) - 1 D ( t ) r
r  

Following the notation of GP-RD, define 
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and 

(4.3.6) B(t) 
__ |'-D(t)s-1D(t)r 1 

where £ is a column vector containing d zero entries, and matrix I is a 

d by d identity matrix. Dual variable w(r) can now be calculated from 

and represented by 

w(r) = b(0) + Br. 

Coefficient functions b(t)^, b(t)^, ..., b(t)^ are defined 

by (4.3.5), and (4.3.6). 

Updating dB(t)/dt 

Using the notation above, matrix function 

B (t) = 

-D(t)"1 D(t)r 

-I 

thus differentiating with respect to t yields 

dB(t)/dt = 

(dD(t)s/dt)_1D(t)r + D(t);1)dD(t)r/dt) 

Unfortunately, matrix function dD(t)s/dt is never invertible. 

be seen from the construction of 

D(t) = 

This can 

P' 1 • L A(t)J 



74 

Differentiating D(t) yields 

dD(t)/dt = 
(dA(t)/dt) 

It is clear, because the first row of this matrix function is always 

zero, that there is no way to select N + 1 linearly independent columns, 

thus submatrix dD(t)s/dt is never invertible. 

Fortunately, the following technique circumvents this problem. 

First, to simplify notation, define the submatrix of B(t), 

and differentiate with respect to t, 

(dD(t) /dt) B(t) + D(t) (dB(t)/dt) = - dD(t)r/dt . 

Matrix function D(t) is_ invertible by assumption, thus rewriting the 

last expression yields 

(4.3.7) dB(t)/dt = -Oct)"1 C(dD(t)r/dt + (dD(t)s/dt)D(t)^D(t)r). 

The following steps can thus be taken in order to update matrix 

dB(t)/dt: 

Step 1) Evaluate matrix function A(t) and dA(t)/dt, given in 

B(t) = -D(t)"1D(t)r . 

Note 

D(t)sB(t) = -D(t)r 

GP-P(t), at tpEDom(ct), cteCT. 
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Step 2) Partition the columns of matrix 

D(t ) = 
P 

into D(tp)s and D(t )r, such that the N + 1 by N + 1 

matrix D(t ) * exist. 
p's 

Step 3) Using the partitioning scheme in Step 2, construct 

dD(tp)s/dt and dD(tp)r/dt. 

Step 4) Using (4.3.7) to update 

dB(tp)/dt 
dB(tp)/dt 

where 0 is a d by d matrix with entries of zero value. 

Getting Started 

Before any sensitivity analysis can take place, the geometric 

program must first be solved for some initial coefficient values. Using 

the notation developed in this dissertation, the task is equivalent to 

solving either GP-P(tg), GP-TPCt^), GP-D(tg), or GP-RDCtg). To implement 

the differential equation methods given previously, the initial value 

r*(tg)> which directly solves stationary system (4.2.1), and indirectly 

solves GP-RDftg), is. also required. Three basic approaches can be taken 

to solve the initial geometric program. The next three subsections deal 

with these methods. The last problem of determining r^ if GP-RDCt^) was 

not used to solve the initial program, is really a matter of conversion 

between program types. This discussion is in a later section. 
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Primal Approach: Using General NLP Software 

Primal program GP-PCt^) or its transformed equivalent GP-TP(tg) 

could be solved using a general purpose NLP software optimization 

routine. Table 4.1 developed from Warren and Lasdon (1979) list a few 

of the more readily available programs, their source, and optimization 

method used. 

Unfortunately, some precautions must be used when applying any 

general NLP code to the primal problem. As was pointed out in Chapter 

2, GP-P is not a convex program, thus no general NLP solution procedure 

can be guaranteed to produce anything but a local optimum. In fact, 

frequently the answer generated by such routines is a local maximum, 

not the required global minimum. The situation is better for GP-TP(tg), 

where its constraint and objective function(s) are concave. As Dembo 

N 
(1980) points out, because of the nonnegativity condition x R+, the 

feasible region of GP-TP is in general not compact. In fact, an 

"infimum," not a "minimum" should be used in its definition. Computa

tional problems occur when exponent matrix A(t^) has a negative term and 

the primal variable associated with it goes to zero or to a negative 

value. This causes the corresponding primal product term to become un

defined. 

One could, of course, circumvent this latter problem by bounding 

these variables from below by using some small positive value limit. 

This still may not be the proper approach if GP-P(tg) is degenerate. As 

shown in Duffin et al. (1967), such problems can have zero valued terms 

in the optimal solution. 
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Table 4.1. General purpose NLP codes. 

Code Name Available From Method Used 

MINOS Systems Optimization Lab. 
Operations Research Dept. 
Stanford University 
Stanford, CA 94305 

Reduced Gradient 

GRG2 

SUMT 

NLPLP 

MINIFUN 

GPM 

Prof. L. S. Lasdon 
Dept. of General Business 
University of Texas 
Austin, TX 78712 

Garth P. McCormick 
George Washington Univ. 
Washington, D.C. 20052 

NLP Software 
835 S. Tracy 
Bozeman, MT 59715 

F. A. Lootsma 
Dept. of Mathematics 
University of Technology 
Delft, Netherlands 

Dept. of Information Science 
Institute of Technology 
University of Minnesota 
Minneapolis, MN 

Generalized Reduced 
Gradient 

Interior Penalty 

Augmented Lagrangian 

Exterior Penalty 

Gradient Projection 
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Another approach to solving the primal is to. apply the following 

"separated" program. 

Separated Primal Program (GP-S). Find decision variables y* and 

z* which minimizes hg(y) subject to 

yeRT , 

zeR^ , 

(4.4.1) hk(y) < 1, k=l,2,...,K, 

N 
(4.4.2) y± - I = 0, j=l,2,...,T, 

i=l 

where 

h,(y) I c. exp(y.) <1, k=0,l,2,... ,K. 
K iEI(k) 1 x 

The equivalence between GP-SP and GP-P can be seen by defining 

= log xi? i=l,2,...,N, 

and using the notational definitions of GP-P. 

To solve GP-SP one could use the codes listed in Table 4.1 by 

exploiting the special structure of this problem, see Dembo (1980) or 

Reklaitis and Wilde (1974). Another, though indirect, method is to 

minimize an augmented Lagrangian function subject to the linear con

straints of (4.4.2). Here the nonlinear constraints of (4.4.1) and 

objective of GP-SP are used to construct this new objective function. 



Dual Approach: Using General NLP Software 

Dual program GP-DCt^) or its equivalent GP-RD(tg) could also be 

solved using the general purpose NLP programs listed in Table 4.1. But, 

both programs have special characteristics which may hamper finding a 

numerical solution. 

As noted in Dembo (1980), the major source of computational 

difficulty is that the dual objective function for both programs is not 

differentiable in terms of the decision variables as these variables 

become zero. This causes most general purpose routines (which use the 

gradient of the objective function) to fail. The reason is that the 

optimal dual variables associated with non-binding primal constraint 

product terms are always zero. Two methods by Phillips and Beightler 

(1973) have been proposed to avoid this "nondifferentiability" problem. 

1) Bound the dual variables from below by restricting w^ > w^ 

> 0, for GP-D(tg), or equivalently, for GP-RD(tg) constraining reduced 

dual r, such that, w^(r) > w^ > 0, where w^ is some numerically small 

value. Four problems frequently emerge using this "bounding" scheme: 

a) The estimated Hessian matrix becomes ill-conditioned at 

points near the solution. 

b) Algorithms tend to "zig-zag" between constraints due to 

the fact that all dual variables associated with a non-

binding constraint converge to their respective bounds -at 

optima. 

c) Poor estimates of optimal primal values can result in the 

possibility that the computed solution is infeasible at 

lower bound w > 0. 
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d) Proper choice of w is made difficult by the fact that 

optimal solution values of dual variables are frequently 

very small. 

2) Another approach is to use quadratic estimates of the indi

vidual terms of GP-D(t) for w^ < w^. Following Dembo (1980), the 

suggested approximation is 

x 2  x  
w. log (c./w.) = mn w. + m„ w. , 0 < w. < w. , i & v. ±, 1j i 1 2 i ' x —l ' 

where 

i i / m1 = -1/e , 

m* = log (ci/£) + 1 , 

i = 1,2,...,T, e = 10-5. 

The advantage here is that the dual program's objective function is both 

continuous and differentiable at w.=0. The work cited above serves as a 
I 

good reference for this approximation technique. 

Specialized GP Codes 

During the past 10 years several computer codes have been written 

which implement algorithms designed specifically to solve geometric 

programs. Table 4.2 provides a listing of some of these codes, litera

ture reference, and solution type the code uses. 

Dembo (1980) undertook an extensive comparative study of several 

of these GP optimization programs. He summarized his results as follows: 



Table 4.2. Specialized GP codes. 
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Code Name Literature References Method Used 

SIGNOPT 

NEWTGP 

GPKTC 

GPROG 

GGP 

SEORGRAD 

DAP 

Templeman, Wilson and 
Winterbottom (1972) 

Bradley (1973) 

Rijckaert and Martens (1975) 

Jefferson (1974) 

Dembo (1972) 

Dinkel, Kochenberger and 
McCarl (1976) 

Reklaitis (1969) 

Modified Fletcher-
Reeves 

GP-RD Stationary 

Transformed Primal 

Modified Newton 

Cutting Plane 

GP-RD Stationary 

Sequential 
Approximation 
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1) Specialized GP codes do appear to offer some advantage in 

computation time as compared to general NLP codes on most GP problems. 

2) GP codes tend to fail less often, a measure of robustness, 

as compared to general NLP programs. 

3) Algorithms for the linearly constrained GP-D do not make use 

of the latest technology developed for general NLP problems subject to 

linear constraints. 

4) No commercial GP production codes exist, thus such codes are 

not.widely available for use. 

Unfortunately, this author was unable to gain access to any of 

the specialized GP codes listed in Table 4.2. Because of this, no 
i 

further discussion of these codes will be mentioned here. 

Primal/Dual Conversion 

Because the sensitivity analysis technique developed in this 

dissertation operates on GP-RD(t), if a primal solution algorithm is 

used to solve the initial (t=tQ) problem, some method for calculating r* 

in terms of x* must be developed. This is denoted here as the primal to 

dual conversion problem. Similarly, a dual to primal conversion process 

must be established to extract the primal solution x* from r*. 

Going from GP-RD(t) to GP-P(t) is easily accomplished by using 

the following "extremality" condition of Lemma 2.1 in Chapter 2 (also 

see Dembo, 1978), 



log (c.A*/w*) - I a log x?, iel(k). 
1 k 1 iel(k) 1J 3 

where 

k—1,2,...,K, 

u CO) u CO * w. = b. J + b. jt* . 
li I 

Rewriting (4.5.1) in vector form, let 

A log x* = W*, 

where 

(4.5.2) W* = 

l°g(ci/w|V(w*), iel(O), 

log (ciA*/wp, iel(k). 

If both sides of (4.5.2) are multiplied by A' then 

A'A log x* = A'W* 

The N by N matrix A'A is nonsingular by the assumption rank (A)=N, thus 

(A'A) * exists and the last expression can be solved yielding 

(4.5.3) log x* = (A'A)~1A'W* , 

or equivalently, 

(4.5.4) x* = exp((A'A)_1A'W*). 

Conversion between GP-P(t) and GP-RD(t) can be carried out for 

duals w?, iel(O), by first using the fact that these variables represent 



84 

til 
the contribution the corresponding i product term component makes to 

the minimum primal objective. Mathematically, this amounts to 

N a. . 
w* = g0(x*)/(ci TT x? 1J) . 

j=l 

Using the GP-RD(t) construction method outlined previously, 

r* = w* , 
1 1 ' 

where the index i ranges over the nonbasis dual variables for D(t)w = b^. 

In order to solve for w?, iel(k), k=l,2,...,K, in terms of 

primal variables x*, the following method is suggested. Using (4.5.1) 

note 
N a. . 

(4.5.4) w* = X*(c TT x? 13), iel(k), 
1 j = l ^ 

k=l,2,...,K. 

By construction 

X *  = 7 w* , 
k iel(k) 1 

Thus there is no unique solution to system (4.5.4). The simplest way 

around this problem is to let the dual variable associated with, say, 

til 
the last product term in the k constraint equal unity. Denote this 

variable as w , , then 
nk' 

N a . . 
lAk = ^nk/^j k=l,... ,K. 
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"til 
All other dual associated with the k constraint can be determined by 

N a. . 
wi = Ak(ci n xi 13̂  ' iel(k), 

j=l 
k=l,2,.. . ,K. 

Reconstruction of GP-RD(t) 

One o£ the remaining problems that must be addressed is how to 

"recpnstruct" GP-RD(t), by adding or eliminating variables, when the 

optimal binding constraint status changes due to parameter variations. 

This section addresses this issue. 

Two situations can occur. If changing a program coefficient 

causes, say, g,(x(t)) to go from a binding (at t=t ) to a nonbinding 
_ P 

(at t=t , ,) status, then GP-D(t ,) variables w(t , iel(k), 
p + 1 v p + 1' P + 1 i 

and A(t + become zero. The opposite case occurs when, say, 

g,,,(x(t)) becomes binding (at t=t ,). Here, new dual variables 
K p + J. 

w(t L ,). , iel(k"), and A(t ,)1M must be added to GP-D(t p + 1J i j > p + l k" ^ p + 1J 

Both cases require the reconstruction of GP-RD(t), either by the 

elimination of n^ = #(I(k')) variables for the first case, or the addi

tion of n^„ = #(I(k")) variables for the second. 

Consider the first case; becomes nonbinding. Because 

the sensitivity analysis technique used in this study is a reduced dual 

technique, dual variables w(t), via r(t), are calculated for every 

parameter change before the primal x(t). Therefore, the true value of 

g^(x(t)) is known only after x(t) has been calculated from r(t). As 

mentioned earlier, neither GP-D(t) or GP-RD(t) is defined for r(t) = 0, 

thus the duality relationships developed in Lemmas 2.1 and 2.2 fail to 
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hold for a dual program which contains these decision variables. One 

could, therefore, face the following situation. 

Assume at ct(tp), gR (x(tp)) = 1, but for ct(t 2), gR (x(tp+1) 

< 1. Calculations from GP-RD(t ) show w(t ). ^ 0, iel(k). A priori, an 
P P 

analyst, would not know the true status ,of g^ (x(tp+1)). Two actions 

could thus be taken. First, GP-D(tp+p might be reconstructed by 

eliminating all w(t)^, iel(k). A second is to assume the problem is 

degenerate (see Duffin et al., 1967), or poorly scaled, both causing 

zero or near zero optimal duals. The first action would allow for proper 

construction of (4.2.1) and (4.2.2), thus the true locus of optimal x(t) 
« 

would be generated and the fact that g^. (x(tp+1)) became nonbinding at 

ct(t p could be correctly recorded. The second would either result in 

complete computational break-down, nonpositive duals, or a duality "gap." 

This author has found, for most problems, it is best not to re

construct GP-RD(tp+̂ ) until one of these last three results occurs. In 

such cases, GP-RD(tp+̂ ) can then be reformed to verify the constraint 

status change. If this also fails, assume the problem is either de

generate or poorly scaled. In the latter case, rescaling the w(t)^, 

iEl(k') should eliminate the problem. 

Now consider the second case; g^„ becomes binding. From a 

practical standpoint, this situation is much easier to handle than the 

first. The reason being, one can easily monitor the status of g^„(t) as 

t changes. If a primal constraint starts to approach unity, this author 

has found it best to decrease the external parameter step sizes for t 



such that g^nC^o) = 1* Then additional duals can be added to GP-RD(t) 

in order to conform with gfcnCtp+i) = 1 in GP-P(t). 

Summary 

The first section in Chapter 4 presents a specially constructed 

initial value differential equation problem. Theorem 4.1 shows the 

solution to this problem also solves GP-RD(t) over an external t-

parameter range where the conditions defining a feasible coefficient 

trajectory are satisfied. 

Five major issues must be addressed before this "differential 

equation" approach can be used for geometric programming sensitivity 

analysis: 

1) Construction and updating of (4.2.1) and (4.2.2). 

2) Solving for an initial program solution. 

3) Converting to and from GP-P(t) and GP-RD(t). 

4) Reconstruction of GP-RD(t) in the event that the primal 

constraint status changes for some coefficient combination. 

5) Development of a computer code to both implement solutions 

to the four previous issues, and to numerically solve the 

initial value problem. 

The remainder of this chapter provided answers to the first four 

issues, while the fifth is dealt with in the following chapter. 



CHAPTER 5 

A COMPUTATIONAL ALGORITHM AND APPLICATIONS 

Introduction 

Using results developed so far on computational considerations 

for geometric programming sensitivity analysis, an algorithm implementing 

the differential equation approach of Chapter 4 was constructed and is 

presented here. The chemical batch process investment problem of Chapter 

2 is also revisited so as to provide both an example of postoptimal 

analysis, and a medium for exploring the algorithm's performance. This 

chapter also includes a discussion of some important numerical results 

pertaining to the efficiency of the differential equation approach advo

cated here, as compared to a more "direct" method. 

Computational Algorithm 

This section presents a computational algorithm developed to 

implement the sensitivity analysis approach of Chapters 3 and 4. A 

FORTRAN coded computer program was written by this author which carries 

out the steps shown below. The following assumes GP-RD(tg) has been 

constructed so as to conform with the binding constraints of GP-P(tQ) at 

an initial solution approximation. 

Step 0. Solve G(r^,tg) = 0, i.e., the stationary conditions of 

GP-RD(tQ). Assign r*(tQ) = r°. 

88 
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Step 1. Construct M >1 mesh points over the external parameter 

range (t^: t^ < t < t^}, where t^ is the final evaluation point. 

Step 2. Apply a numerical integration algorithm (specified later) 

to find rp at t , where r is the approximate solution to the initial 

value differential equation problem given by (4.2.1) and (4.2.2). 

Step 3. Using the metric, calculate integration error 

e(rP) = ( I g.(rP,t )2)1/2. 
j = l 3 P 

Step 4. If e(rP) < TOL, where TOL is a pre-specified integration 

error tolerance, assign r*(t ) = rP and go to step 6. 

Step 5. 'Apply a correction root search algorithm (to be specified 

later) to G(r,t ) = 0 until the s*"*1 iteration yields e^ < TOL at G(RP,tp). 

Assign r*(t ) = r^. 

Step 6. Calculate optimal primal variable values using 

x*(t ) = exp(A(tp),A(tp))~1A(tp)'Z , 

where 
log(w*(tp)iV*(tp/c(tp)i), iel(O), 

log(w*(tp/X*(tp)kc(tp)i), iel(k), 

k=. 1,2,..., K. 

Step 7. Evaluate primal constraint g,_(x*(t_J), k=l,2,...,K. Let 
k p 

p = p+1, and if primal constraint binding status is unchanged, go to 

Step 10. Otherwise, if a previously non-binding constraint becomes 
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binding go to Step 8, and if a previously binding constraint is now non-

binding, go to Step 9. 

Step 8. Reconstruct GP-RD(tp) by adding additional dual variables 

(as described in Chapter 4). Go to Step 10. 

Step 9. Reconstruct GP-RD(tp) by eliminating those dual variables 

associated with g^CO t 1 (as described in Chapter 4). 

Step 10. Update B(t ), derivative function matrix dB(t )/dt,c(t), 
P P 

and derivative coefficient vector dc(tp)/dt, as described in Chapter 4. 

If tp <t^, go to Step 2. 

Figure 5.1 shows the major tasks that must be performed to 

implement this algorithm. They are: 

1) Solve either the initial (t=tg) primal (or equivalently) 

GP-TP(tp) for x*(tg), or the associated dual GP-D (or equivalently 

GP-RD(t0) for w*(tQ)). 

2) Construct perturbed program GP-RD(t). 

3) Select"a numerical integration algorithm to estimate the solution 

to (4.2.2) at tg < ̂  < t^, given initial condition (4.2.1) is satisfied. 

4) Select a numerical root search algorithm to correct, if neces

sary, for integration errors at tp, as indicated by ep>T0L. 

5) Calculate optimal primal variable values and check for a change 

in primal constraint binding status. 

6) Reconstruct GP-RD(tp) if the above status is changed. 

7) Update coefficient functions. 

In Chapter 4 tasks 1, 2, 5, 6, and 7 were discussed. The remainder of 

this section is dedicated to tasks 3 and 4. 
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Figure 5.1. Flow chart of sensitivity algorithm. 
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Integration Algorithm Selection 

Selection of a numerical algorithm for solving the differential 

equation system in (4.2.2) is a multi-objective decision making problem. 

Ideally, the one selected would possess these attributes: 

1) Require a minimum number of function evaluations per step. 

2) Not need higher order derivative evaluations. 

3) Require few intermediate steps between mesh points. 

4) Possess low round-off, local, and hence, global error. 

5) Implementing software easily available, useable, and thoroughly 

tested and documented. 

For the most part, 1 and 2 above are dependent upon which class 

of numerical integration methods the selected algorithm belongs. Follow

ing Burden, Faires and Reynolds (1978), such algorithms can be 

partitioned into four general classes; Taylor, Runge-Kutta, multistep 

predictor-correcting and specialized stiff methods of the backwards 

difference formula type. Algorithms belonging to the first two classes 

were eliminated by this author because of the following. 

Taylor methods of order n > 1 require the calculation of the first 

n derivatives of f(r,t). An inspection of (4.2.2) by the reader will 

reveal that this is a task to be avoided. For this reason, Taylor 

methods such as those of the Euler family, Boyce and DiPrima (1969), 

were not judged to be appropriate. 

Runge-Kutta algorithms, such as, midpoint, modified Euler, Heun 

and k-order Runge-Kutta, require multiple function evaluations at each 

integration step. This can be a very time consuming chore. Differential 
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equation system (4.2.2) requires the Jacobian matrix be evaluated and 

its inverse calculated for each t . Also, matrix functions B(t ) and 
P P 

dB(tp)/dt must be calculated for every function evaluation. For this 

reason, this author followed the advice given in Kublicek (1976), and 

did not use Runge-Kutta algorithms. 

After an initial start-up, numerical integration methods of the 

multistep prediction-correction family require only one function evalua

tion per step and do not require any derivatives of (4.2.2). Algorithms 

using Adams-Bashforth type predictors and Adams-Moulton type correctors, 

see Grove (1966) and Hildebrand (1974), provide a good trade-off between 

step size and global error, for most "non-stiff" problems. Also, well 

documented and tested computer codes are readily available which imple

ment these methods. These facts motivated the use of this type of 

numerical integration in the example in the problems to follow. Specific 

algorithm details are given there. 

Stiff methods, such as backwards differentiation, Gear (1971), 

possess attributes 1, 2, and 5. For problems where the optimal solution 

is highly insensitive to coefficient perturbations (a measure of "stiff

ness") , these techniques should provide fewer intermediate steps for a 

fixed local error tolerance than the Adam's predictor-corrector methods 

above. This will be discussed later in this chapter when numerical con

clusions are offered. 

Applications 

As an illustration of its use, the algorithm of the last section 

implementing the differential equation approach to sensitivity analysis, 
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is applied to the chemical investment problem of Chapter 3. The intent 

is to provide both an example of geometric programming sensitivity 

analysis, as well as explore the algorithm's performance. After a brief 

subsection describing the computer code used for numerical calculations, 

four examples are offered examining the effects of: 

A) changing reactor cost coefficient (c^) by 200%, 

B) delaying plant construction in an inflationary economic environ

ment, 

C) altering plant size, as determined by varying the constraining 

throughput rate, 

D) increasing the exponent coefficient on the reactor expense 

function by 60%. 

The choice of which parameters to change in each of these 

examples was done solely for illustrative purposes. Virtually any other 

combination of feasible cost or exponent perturbations could have just 

as well been selected. 

Computer Program 

A FORTRAN coded computer program was written by this author to 

perform the numerical calculations needed to implement the algorithm of 

the last section. The program uses seven subroutines and a primary 

driver routine. A brief description of each follows. 

A subroutine, denoted as INPROB, is used to update A(t), dA(t)/dt, 

c(t), and dc(t)/dt for particular values of t. Given a GP-P(t) decision 

variable value x(t), this code calculates the primal objective gQ(x(t)) 

and constraints g^CxCt)). This subroutine is called by MAIN and BGEN. 
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Subroutine BGEN calculates the updates reduced dual matrix B(t) 

and vector b(t)^. The matrix function dB(t)/dt and (X(t)^^-') used in 

the construction of equations systems (4.2.1) and (4.2.2) are also pro

duced by BGEN. This subroutine is called by SYSTEM and DIFEQ. 

SYSTEM is a subroutine which constructs and evaluates the non

linear stationary equation system for GP-RD(t). Given a value r(t), 

this code generates the value of each function in (4.2.2), along with 

the L2 error metric e(r(t)). This routine is called by the search 

routine NZSCNT or NEWTON. 

DIFEQ is a routine used to construct and evaluate the differen

tial equation system given in (4.2.2). DGEAR calls this subroutine. 

Subroutine NZSCNT is a modified version of the IMSL routine 

ZSCNT. This program implements the secant algorithm of Wolfe (1959), 

which is a quasi-Newton procedure for solving the simultaneous nonlinear 

equation system (4.2.1). A bounding scheme for insuring w(r(t )) >0 for 
P 

every correction iteration was added to the original ZSCNT code. NZSCNT 

is called by MAIN. 

An alternative to NZSCNT is NEWTON. This is a modified Newton 

procedure for solving system (4.2.1). This routine directly calculates 

the gradient of (4.2.1) and applies the classic Newton search algorithm. 

When the s1̂  trial solution r^ begins to converge on the true solution 

« r^, as measured by error (r^) < TOLNEW, the last calculated gradient is 

used in this and all later searches. This modification can provide a 

nice trade-off between convergence "speed," as measured by the required 

number of search iterations, and total computation time. NZSCNT is 

called by MAIN. 
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DTOP is a routine which converts the value of the decision 

variable r(t) of GP-RD(t) into the corresponding primal x(t). By calling 

INPROB, this subroutine evaluates the constraint status of GP-P(t). If 

a change occurs, a warning flag is set by DTOP informing MAIN that 

GP-RD(t) must be reconstructed for future program coefficient changes. 

DTOP is called by MAIN. 

The last subroutine is DGEAR, an IMSL program used to solve non

linear differential equation systems. Of the several algorithm options 

available in DGEAR, computational experience by this author shows that 

the variable order Newton-Bashforth/Moulton predictor-corrector method, 

using functional iteration and linear extrapolation, is generally the 

most efficient for geometric programming sensitivity analysis. The 

option implementing Gear's (1971) backwards difference formula proved 

superior to the above combination in only one example. This will be 

discussed later. DGEAR is called by MAIN. 

Program MAIN is actually responsible for executing the steps of 

the sensitivity analysis algorithm. It accomplishes its task, roughly, 

as follows: 

Step 0. Initial solution approximation r® to GP-RD(tg) and other 

program parameters are established by MAIN first calling INPROB. 

Step 1. Initial solution r^ is checked by calling SYSTEM. If error 

e(rlj') < TOL, then Step 3 is executed. Otherwise, NEWTON (or NZSCNT) is 

called. 

Step 2. NEWTON (or NZSCNT) first updates (4.2.1) by calling BGEN, 

which, if necessary, updates the program coefficients by calling INPROB. 
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NEWTON (or NZSCNT) checks trial solution r^ by calling SYSTEM until 

e(r^) < TOL. 

Step 3. DTOP is called to calculate xft^), store results, and check 

primal constraint status. If the status has changed, GP-RD(tp) is re

constructed and Step 2 is executed again. 

Step 4. Subroutine DGEAR is next called to integrate (4.2.2) over 

t  < t < t  g i v e n  t h e  i n i t i a l  s o l u t i o n  t o  ( 4 . 2 . 1 )  a t  t  .  D G E A R  r e -
p p+1 & P 

peatedly calls DIFEQ, which is responsible for constructing and evaluating 

differential equation system (4.2.2). 

Step 5. An approximation to the global integration error is checked 

by MAIN calling SYSTEM. If the error is within tolerance, and tp+i < 

tfinal' then Step 3 is executed again. Otherwise, Step 2 is carried out. 

This computer program was used to test the geometric programming 

sensitivity algorithm developed for this study. Beyond this goal, con

cern for the code's numerical properties has not been of central interest. 

Since advanced numerical procedures (see Dembo, 1980) have not been 

installed in the code, it is possible as computation proceeds for the 

problem to deteriorate, in a numerical sense, with round-off error 

buildup eventually contaminating results. The most likely situation for 

this to occur is with problems with either very small dual values, due to 

poor scaling or degeneracy, or using large step sizes with problems having 

extreme parameter sensitivity. 

More on this subject is offered in the last section of this 

chapter when numerical results are discussed. For now four sensitivity 

analysis examples are offered. 
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Example A 

The chemical investment problem of Chapter 3 is used here and in 

the next three examples. To aid the reader, the following are pertinent 

problem facts: 

Decision Variables: 

v the batch volume (cu-ft), 

t^ the reactor transfer time (hours), 

the heat exchanger transfer time (hours), and 

t^ the centrifuge transfer time (hours). 

Component expense functions; (initial coefficient values): 

a 
P . = c.v 'v; (c(tn), = 592, a(tn), = .65), 
reactor 1 ' v Crl ' Crl,v •" 

Pettier = V ̂  tc(t0>2 = 582- a(V2,v = -35'' 

Pdryar = <ctV3 = 1200' '<Vj,v = '52)-

P 
pump 

a. a. . 
^ = c4v 4'Vtx ; (c(t0)4 = 370, a(tQ)4)V = .22, 

a(t0-)4,l = ",22-)' 

a_ a_ ? 
P = c_v b'vt, ; (c(t.)_ = 250, a(tn)_ = .40, 
pump2 5 2 v̂0'5 ' v 0y5,v 

a(Vs,2 = --405' 
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P 
exchanger 

a(-t0')6,2 " ,621 

P 
[ c ( V7 =  2 5 0 '  a ( V7,v  =  * 4 0 ,  

a<-t0')7,3 ~ "-4°]' 

[c(t0)8 = 200, a(t0)gjV = .85, 

a(-t0')8,3 = "*85]' 

Plant capacity constraint: 

v/(10 + ^ + t2 + t3) = RHS(tQ) , 

where RHS(tQ)=50 cubic feet per hour of produced material for 

an initial external parameter value of t = t^. 

Optimization problem: 

Minimize total component expense by proper choice of v, t^, t2, 

and t^, subject to the plant constraint. 

In this example, the reactor cost coefficient denoted here as c^, 

is varied from its initial value of 592 to 1779. The effects of this 

200% change on optimal plant cost can be seen in Figure 5.2. 

represent the actual locus of optimal program objective or design varia

ble values corresponding to the parameter shown on the plot's abscissa. 

It should be pointed out, the graph for this and all later cases 
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The computer routine which generates the information used to construct 

these graphs calculates optimal values at ten or more equally spaced 

points in the parameter range. The plotting routine producing the 

graphs connects points in order to generate a continuous plot. In all 

cases, calculations are accurate to within ±1% of the true solution, 

though plot accuracy is determined by axis scaling and plotter error. 

For the case of a changing reactor cost coefficient, Figure 5.2 

shows the relation between C-^ and minimum plant cost is linear. Figure 

5.3 shows optimal batch volume to be a decreasing nonlinear function of 

. Likewise, Figures 5.4, 5.5, and 5.6 demonstrate optimal transfer 

times t^, t^, and t^ are also decreasing nonlinear functions of reactor 

cost coefficient C'^. 

Calculations by the reader will demonstrate that the overall 

result of increasing is to decrease the physical size of the true 

batch components (reactor, settling tank, and dryer), as measured by a 

falling batch volume, and to increase the pump, heat exchanger and 

centrifuge flow rates. Inspection of the optimal dual variable w^ 

reveals the reactor cost share goes from 34.7 to 60.0 percent of the 

total investment. 

Example B 

For this example, assume the purchase "price" of reactors, 

dryers and centrifuges is subject to positive "inflationary" growth 

rates. Specifically, assume C^, C^, and Cg represent these prices, 

respectfully, and the following is true: 
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C(t)1 = C(t0)1 c exp(.30(t-t0)), 

C(t)3 = C(t0)3 ( exp(.10(t-t0)), 

C(t)g = C(t0)8 ( exp(.20(t-t0)). 

Here, reactor "price" is growing at a 30%/year compound rate, while 

dryer and centrifuge "prices" are increasing at 10 and 20, respectively. 

Also, assume all other component "prices" are fixed. 

Hypothesize that the actual component purchase date is t > t^, 

i.e., purchases are "delayed" until t. Figure 5.7 shows the minimum 

investment plant cost for purchase delays up to 5 years. Over this 

period, minimum plant costs have risen from $126,303 to $298,220, or a 

change of 137%. For components effected by inflation, their total cost 

share has increased from 70 to 86 percent of investment cost. 

Figure 5.8 shows optimal batch volume is a decreasing concave 

function of investment delay. A similar result holds for t^ + t£ + t^, 

referred to here as the "total variable process time," as can be seen 

from Figure 5.9. 

Adding the fixed process time of 10 hours to variable time 

yields the total batch process time. From Figure 5.9, it is clear the 

effect of delaying the purchase of plant equipment is to decrease the 

optimal process time from 15.0 to 12.5 hours. Plant capacity, as mea-

3 
sured by the hourly throughput rate, is maintained at 50 (f /hour) by 

3 
adjusting the batch volume from 750 to 627 (f ). Calculations also show, 

for example, the flow rate of raw material from storage to the reactor 

3 
must increase from 6,745 to 13,650 (f /hour). This means that pump^ 
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must have twice the flow rate capacity. It seems reasonable that situa

tions could occur where this would be impossible either due to physical 

or practical limitations. 

An interesting conclusion can be made from this example: Optimal 

engineering designs can be altered by "inflation." The reader should be 

warned though, that this example uses "selective," or more properly 

termed, a "discriminating" inflation process. By which it is meant, the 

individual plant components are subject to "different" inflation rates. 

If they were all subject to the same yearly "price" change rate, then 

the initial design specifications would remain the same regardless of 

o 
the delay. This well known economic fact comes from the observation 

that optimal solution to a geometric program is unaffected by a monotone 

transformation of its objective function. Nondiscriminatory inflation 

in component "prices" is equivalent to applying such a monotone trans

formation to total investment cost. 

Example C 

For the examples considered so far, plant capacity has been con-

3 
strained at 50 (f /hr). Here, the effects of increasing plant size up 

3 
to 275 (f /hr) is examined. Mathematically, this is equivalent to 

altering the right-hand-side of the constraint of GP-P(t). 

Figure 5.10 shows minimum total investment as a function of the 

production rate. Total cost has increased from $126,306 to $361,933. 

It is interesting to note, the production rate has increased over 450%, 

but investment cost has increased only 186%. This, along with the 
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concave nature of the plant cost vs. plant size function is indicative 

of an engineering process that is said to "enjoy economies of scale." 

Surprisingly, optimal volume is linear in plant size, while 

variable process time has a nonlinear S-shaped nature. Figures 5.11 and 

5.12 show these facts. 

A practical concern also emerges from an inspection of the last 

two graphs of this example. It seems unlikely that the estimates made 

for the individual component expense functions will remain valid for a 

450% increase in plant capacity. Calculations show the reactor transfer 

3 
rate has risen from 6,745 to 78,225 (f /hr), ..., a 1060% increase. 

Example D ' 

This final example addresses the problem of determining the 

sensitivity of the optimal objective and decision variable values to 

changes in exponent coefficients. For the purpose of clarity, and to 

provide a reference, only the exponent coefficient associated with re

actor expense (a^ will be changed. The reader should compare the 

results here with those of Example A, where the cost coefficient of 

reactor expense was altered. 

Figure 5.13 gives the minimum investment cost associated with 

different values of a, . As can be seen, a 60% increase in the reactor 
l,v 

exponent coefficient produces over $347,000, or 280% increase in plant 

cost. Similarly, plant design characteristics also greatly depend on 

a^ Both optimal batch volume and variable process time are described 

by a decreasing convex function in a^ Figures 5.14 and 5.15 demon

strate this. 
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The message contained in this example should be clear. Any 

error made in estimating this and other exponent coefficients has the 

potential of invalidating both modeling and optimization results. For 

example, if a was known to be equal to, say, .94 (± 5%), then the 
i, v 

minimum investment cost could be anywhere from $290,000 to $450,000. 

The practical significance of this is obvious. If, for example, a 

chemical plant building contractor wanted to bid on this project, then 

they face the following dilemma: If they choose the "worst case" 

scenario, that a1 = .94 (+5%), which has a corresponding component 
i, v 

cost of $450,000, then they probably will be under bidded by a more 

sanguine competitor who estimates a1 = .94 (-5%). The competitor, 
i, v 

more than likely, will "loose his shirt" since even a 1% error on his 

part, i.e., .94 (-4%), will add thousands of dollars to the true cost. 

This, along with the three previous examples, should make it 

clear that sensitivity analysis should be an integral component of any 

mathematical optimization process. Little insight is provided by a 

single "optimum" solution. Rarely, is the model or the data accurate 

enough to justify making decisions based on an optimal solution. The 

optimal solution must emerge from a careful study of the. locus of 

solutions corresponding to ranges of uncertain program parameters. Such 

is the product of sensitivity analysis. 

Numerical Discussion 

In order to provide a reference for evaluating the performance 

of the geometric programming sensitivity analysis method developed in 
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this dissertation, an "alternative" procedure was developed and tested. 

In this section the first method will be referred to as the DE method, 

while the second as the Alternative method. 

The reader should, of course, realize that the results given in 

this section are of a preliminary nature. Exhaustive testing of either 

these methods is beyond the scope of this study. Such a task would re

quire the development of several generations of increasingly sophisti

cated computer routines, implementations and different alternative 

schemes. Many different test problems would need to be solved, using 

dozens of different coefficient trajectory combinations. The results 

offered here are intended only to give the reader a feeling for typical 

computer execution times and the number of problem calculations. 

With the above "disclaimer" understood, the following "Alterna

tive Method" algorithm is offered. 

Step 0. Solve GCr^t^) = 0, i.e., r^ solves the stationary condi

tions of GP-RD(tg). Assign 

Step 1. Construct M >1 mesh points over external parameter ranges 

{t : t„ < t < t... ,}. 
p 0 p final 

Step 2. Update the program coefficient of GP-RD(t^) by evaluating 

ct(tp). Construct (4.2.1) by calculating B(t^) and dB(tp)/dt. 

Step 3. Use the NZSCNT root search code to find a stationary point 

r15 for GP-RD(t ). Let rft ) = rp. 
P P 

Step 4. Call DTOP to calculate primal value and check primal con

straint status. Reconstruct GP-RD(tp), if necessary. Increment p = 

p + 1, and if tp+1 < tfinal go to Step 2. 
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The primary difference between the Alternative and DE method is 

the elimination of the integration step in the former. Here, each 

iteration starts by using the last optimal dual solution as the starting 

point for NZSCNT's root search process. New trial solutions (r^) are 

applied by NZSCNT to equation system (4.2.1) until e(r^) < TOL. Using 

the DE method, the differential equation system (4.2.2) was numerically 

solved using the last optimal solution as an initial value. Then, only 

if the error exceeded a prespecified tolerance was a root search employed. 

Both methods were applied to the chemical investment problems of 

the last section. External parameter range, mesh point and solution 

tolerances were identical. Two measures can be used for direct compara

tive purposes: 1) CPU execution time for University of Arizona's CYBER 

175 computer, and 2) total number of correction (root search points) 

trials. Tables 5.1 and 5.2 contain these results. 

The last column of Table 5.1 shows the total number of times the 

differential equation (4.2.1) was evaluated. The reason for its in

clusion is that for the first two examples no corrections were required, 

thus the bulk of solution time is due to numerical integration. 

Summary 

Chapter 5 began with the presentation of a computational algorithm 

and a computer code description which implemented the sensitivity analysis 

approach developed in Chapters 3 and 4. Figure 5.1 gave a diagrammatic 

view of the major tasks this algorithm performs. 

A brief discussion on selection of integration and root searching 

routines was then offered. For reasons given there, an Adams/Bashforth 



Table 5.1. DE method comparative results for example problems. 

CPU 
Time Number Number DE 

Example (Sec.) Corrections Evaluation 

A .43 0 8 

B .74 0 10 

C .86 101 5 

D 1.37 159 25 

Table 5.2. 

« 

Alternative method comparative results for example problems. 

CPU Number 
Time Correction Number DE 

Example (Sec.) Steps Evaluation 

A .71 107 NA 

B 1.40 218 NA 

C 1.36 204 NA 

D 2.11 380 NA 
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predictor and Adams/Moulton corrector scheme appeared to be best suited 

to solve the nonlinear differential equation system (4.2.2). Numerical 

solution of nonlinear system (4.2.1) could probably be most efficiently 

generated using a modified Newton routine, though without extensive 

testing, an efficient secant procedure might prove more desirable. 

The remainder of this chapter was spent investigating the chemi

cal batch process investment problem first presented in Chapter 3. Four 

examples of sensitivity analysis were given. In each, the procedures 

developed on this dissertation were used to produce the locus of minimum 

investment cost and design specifications associated with various 

problem scenarios. A brief interpretation of these results were given 

for each example. 

Using an "alternative" algorithm for comparison, a discussion of 

some numerical insights gained from these examples ended this chapter. 

The conclusion that "alternative" scheme was, for all cases 

investigated, inferior to the one developed in this study can be made. 



CHAPTER 6 

SUMMARY AND FURTHER RESEARCH AREAS 

Summary 

The algorithm developed in this study to perform geometric pro

gramming sensitivity analysis requires the completion of nine basic 

tasks. Figure 6.1 gives a procedural representation of this. Briefly, 

the process is as follows: 

> Task 1. A model describing the optimization problem must be de

veloped and stated in GP-P prototype form. The work of Avriel (1980), 

Beightler and Phillips (1976), Zener (1971), and Duffin et al. (1967) is 

a good source for equation transformations useful for this purpose. 

Task 2. A "feasible program coefficient trajectory" must be selected. 

This amounts to nothing more than choosing appropriate functions de

scribing program parameter changes in terms of an "external" parameter. 

The physical significance of this latter parameter could be "time," or 

some other convenient measure. The only stipulation is that the "per

turbed" program coefficients satisfy the conditions established in this 

dissertation for a "feasible coefficient trajectory." 

Task 3. Once an initial value for all the program coefficients has 

been selected, an approximation to the optimal solution to GP-Ptt^) must 

be made. General purpose NLP codes or special purpose GP routines can 

be used for this task. The section entitled "Getting Started" in Chapter 
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GP-P(t) 

Solve 
dr/dt = F(r,t) 

Construct 
GP-D(t) 
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GP-D(tJ 
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Figure 6.1. Sensitivity algorithm task flow diagram. 
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4 of this dissertation provides references and a discussion concerning 

this matter. 

Task 4. A "perturbed" dual program must be formulated in standard 

GP-D(t) form. Here, the primal binding constraint status, known from 

the solution to GP-P(tg), is used to determine the structure and number 

of dual variables of GP-D(t). Chapters 3 and 4 provide information 

useful for this task. 

Task 5. Using the techniques developed in Chapters 4 and 5, a "per

turbed reduced dual" program, GP-RD(t),.and its associated stationary 

equation system (4.2.1) is then constructed. 

Task 6. If Task 3 did not produce an exact solution to GP-P(tg), or 

if the "primal to reduced dual" techniques of Chapter 4 were not used to 

determine an optimal r^, then system (4.2.1) should now be resolved. 

The resulting r^ is the initial optimal reduced dual starting point. It 

represents the solution to GP-RD(tg) for initial program coefficients 

ct(tQ), ct e CT. 

Task 7. The initial value differential equation problem, comprising 

nonlinear differential system (4.2.2) and initial condition r(tg) = r^, 

must be constructed and solved for tp>'tQ* Theorem 3.2 of this study 

shows that this is the optimal solution to GP-RD(tp). Procedures for 

solving this problem are discussed in Chapter 5. 

Task 8. • Equations established in a section entitled Primal/Dual 

Conversion can be put to profitable use by convering ?(tp) to x(t), the 

vector value which solves GP-P(t). If the optimal solution for ct(t +̂̂ ) 

is needed, then Tasks 7 and 8 should be repeated until the desired locus 

of optimal solutions has generated. 



126 

Task 9. Now the "hard part" begins. The procedures developed in 

this dissertation will produce optimal problem "specifications" and an 

ideal "objective" value for each set of parameters chosen. The analyst 

must then interpret the generated locus of solution vs parameters. In 

most cases, this should produce more "what if" questions than answers. 

These can be examined by proper choice of coefficient trajectories, 

denoted here as ct, and via the completion of Tasks 2 through 8. 

Other Problems 

Your author, here at the end of his dissertation, finds it very 

disconcerting that this section needs to be written. In the last 120 

pages or so a. problem has been carefully defined and £ solution presented. 

Neither of these, unfortunately, exhaust "the computational aspects of 

geometric programming sensitivity analysis...," the title of this work. 

So, at the risk of providing ammunition to the "critical" reader, the 

following list represents many of the "other problems not considered." 

Though obviously not mutually exclusive, they have been dichotomized 

into three groups under the headings: Theoretical, Numerical and Testing. 

Theoretical 

1) The postoptimal techniques developed in this study apply 

only to prototype (GP-P) programs, not to the more general signomial 

(SGP-P) problems defined in Chapter 2. Questions concerning existence, 

uniqueness and differentiability of perturbed optima could be explored 

using SGP-P. 
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2) The proof of theorems given earlier relied on restrictions 

incorporated into the definitions of a coefficient trajectory function. 

More physically meaningful restrictions might be developed, or at the 

very least, more general conditions guaranteeing integrability of (4.2.2) 

and uniqueness of solutions'to (4.2.1) could be established. 

3) The differential equation method could be applied directly 

to the unconstrained primal problem. The transformed primal (GP-TP) 

would be the starting point here. Some success could possibly be made 

by using this method in conjunction with Fiacco's (1976) penalty func

tions of constrained primals. In either case, the chore of converting 

to and from the dual would be eliminated. 

Numerical 

1) Specialized GP codes such as those listed in Table 4.2 could 

be used to generate initial solutions and thus more efficiently test the 

accuracy of sensitivity methods. In this study, the author was forced 

to rely on published problems, with answers, such as those in Dembo 

(1974), Beightler and Phillips (1976), and Dinkel and Kochenberger 

(1977). 

2) A complete optimization/sensitivity computer routine could 

be developed by incorporating the postoptimal approach developed here 

into one of the specialized GP-codes above. Especially for dual based 

codes, a more efficient computer package could be constructed by using 

the information contained in the final optimization iteration as the 

starting point for the sensitivity procedure. 



128 

3) Using more sophisticated computing methods, such as Dembo 

(1980), would undoubtedly improve memory storage requirements, computa

tion and processing time, along with numerical accuracy. It should be 

mentioned, though, rarely did the computing cost of any Chapter 5 

example problems exceed $2.00, . . . where "printing and paper expense" 

exceeded 50 percent of the total. 

4) A detailed numerical study should investigate the use of 

other integration and root search routines. The special structure of 

either (4.2.1) or (4.2.2) might allow specialized routines to be de

veloped. This might be especially important for larger (d>20) problems. 

Testing 

1) Larger or more computationally intractable examples should 

be examined using this study's sensitivity procedure. A good place to 

start would be the extensively documented GP test problems of Dembo 

(1974). 

2) A much wider variety of coefficient trajectories could be 

tried. This should include many exponent and cost coefficient variations. 

Probably the most interesting results would come from exponent changes, 

where optimal solutions are usually the most sensitive. 

3) A very ambitious researcher might try to categorize tra

jectories into "sensitivity" groups. Here, the idea is to try to make 

general statements regarding certain types of parameter changes and its 

effect on certain problem types. 

4) The method developed in this study should be tested against 

other "alternative" geometric programming sensitivity analysis algorithms. 
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Unfortunately, anyone investigating this area will have to develop their 

own "alternative" scheme, since, for the most part, the one developed by 

this author is the only one that exists! 
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